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Theoretically exact FBP-type inversion algorithm

for spiral CT
Alexander Katsevich

Abstract| Proposed is a theoretically exact formula for

inversion of data obtained by a spiral CT scan with a 2-

D detector array. The detector array is supposed to be of

limited extent in the axial direction. The main property of

the formula is that it can be implemented in a truly �ltered

backprojection fashion. First, one performs shift-invariant

�ltering of a derivative of the cone beam projections, and,

second, the result is back-projected in order to form an im-

age. Another property is that the formula solves the so-

called \long object problem". Limitations of the algorithm

are discussed. Results of numerical experiments are pre-

sented.

I. Introduction

In the past decade it became clear that spiral CT can be

signi�cantly improved if one uses two-dimensional detector

arrays instead of one-dimensional ones. However, accurate

and e�cient image reconstruction from the data provided

by such scanners is very challenging because there does not

exist a theoretically exact and e�cient reconstruction for-

mula. Several approaches for image reconstruction have

been proposed. They can be classi�ed into two groups:

theoretically exact and approximate. See [1] for a recent

review of available algorithms. Most of exact algorithms

are based on computing the Radon transform for a given

plane by partitioning the plane in a manner determined by

the spiral path of the x-ray source [2], [3], [4], [5]. Even

though exact algorithms are more accurate, they are com-

putationally quite intensive and require keeping consider-

able amount of cone beam (CB) projections in memory.

Approximate algorithms are much more e�cient (see e.g.

[6], [7], [8], [9] for several most recent techniques), but

produce artifacts, which can be signi�cant under unfavor-

able circumstances. Despite the progress achieved in recent

years, it appears that no algorithm which would be both

e�cient and theoretically exact have been proposed in the

literature so far.

In this paper we propose the �rst theoretically exact in-

version formula for Spiral CT which is truly of the �ltered

backprojection (FBP) type. This means that the formula

can be numerically implemented in two steps. First, one

performs shift-invariant �ltering of a derivative of the CB

projections, and, second, the result is back-projected in or-

der to form an image. The price to pay for this e�cient

structure is that the algorithm requires an array wider than

the theoretically minimum one. Also, the algorithm is ap-

plicable if radius of support of the patient inside the gantry

is not too big (not greater than � 0:62� radius of gantry).

This research was supported in part by NSF grant DMS-9704285.
The author is with the Department of Mathematics, University of
Central Florida, Orlando, FL 32816-1364. E-mail address: akat-
sevi@pegasus.cc.ucf.edu

Clearly, this limitation is not a big problem in many cases:

for example, when one scans the head or an extremity of a

patient.

II. Inversion formula

First we introduce the necessary notations. Let

C := fy 2 R
3 : y1 = R cos(s); y2 = R sin(s); y3 = s(h=2�);

s 2 Ig; I := [a; b];

(1)

where h > 0; b > a, be a spiral, and U be an open set

strictly inside the spiral:

U � fx 2 R
3 : x21 + x

2
2 < r

2
; a(h=2�) < x3 < b(h=2�)g;

(2)

0 < r < R, S2 is the unit sphere in R3 , and

Df (y; �) :=

Z
1

0

f(y + �t)dt; � 2 S
2
; (3)

�(s; x) :=
x� y(s)

jx� y(s)j
; x 2 U; s 2 I; (4)

�(x; �) := fy 2 R
3 : (y � x) � � = 0g; (5)

that is Df (y; �) is the CB transform of f . Given (x; �) 2

U�(R3 n0), let sj = sj(�; � �x); j = 1; 2; : : : , denote �nitely

many points of intersection of the plane �(x; �) with C.

Also, _y(s) := dy=ds.

As was shown in [10], [8], any point strictly inside the

spiral belongs to one and only one PI segment. Recall

that a PI segment is a segment of line endpoints of which

are located on the spiral and separated by less than one

pitch in the axial direction. Let s = sb(x) and s = st(x)

denote values of the parameter corresponding to the end-

points of the PI segment containing x. We will call

IPI (x) := [sb(x); st(x)] the PI parametric interval. The

part of the spiral corresponding to IPI(x) will be denoted

CPI (x). Also, inside the PI parametric interval there exists

s0 = s0(x) such that the plane through y(s0) and parallel

to _y(s0); �y(s0), contains x.

Fix x 2 U . It is clear that any plane through x intersects

CPI (x) at least at one point. Introduce the following sets:

Crit(x) =f� 2 R3 n 0 : �(x; �) contains y(sb(x)); y(st(x))

or �(x; �) is tangent to CPI (x)g [ f0g;

�1(x) =f� 2 R
3 : � 62 Crit(x) and �(x; �) \ CPI(x)

contains one pointg;

�3(x) =R
3
n f�1(x) [ Crit(x)g:

(6)



By construction, the sets Crit(x);�1;2(x) are pairwise dis-

joint, their union is all of R3 , Crit(x) is closed and has

Lebesgue measure zero, and �1;2(x) are open.

Let e1(s; x) denote a unit vector in the plane through

y(s) and spanned by �(s; x); _y(s) subject to the conditions

that e1(s; x) is perpendicular to �(s; x) and e1(s; x) � _y(s) >

0.

Given y(s); s 2 (sb(x); st(x)) n fs0(x)g, �nd stan 2

IPI (x); stan 6= s, such that the plane through x; y(s), and

y(stan) is tangent to CPI (x) at y(stan). For the excep-

tional values s 2 fsb(x); st(x); s0(x)g, stan is determined

by continuity. This construction de�nes a continuous func-

tion stan = stan(s; x). One can show that s = s0(x) implies

stan = s0(x).

Similarly, let e2(s; x) be a unit vector in the plane

through x; y(s), and tangent to CPI(x) at y(stan(s; x)). We

require also that e2(s; x) is perpendicular to �(s; x). This

determines a continuous vector-valued function e2(s; x) up

to a sign. The �nal requirement to eliminate ambiguity is

e1(s; x) = e2(s; x) when s = stan = s0(x).

For f 2 C
1

0 (U) and k = 1; 2 de�ne

(Bkf)(x) := �
1

2�2

Z
IPI(x)

1

jx� y(s)j

�

Z 2�

0

@

@q

Df (y(q); cos �(s; x) + sin ek(s; x))

����
q=s

�
d

sin 
ds:

(7)

Our main result is the following theorem.

Theorem 1: The operators Bk; k = 1; 2, can be written

in the form

(Bkf)(x) =
1

(2�)3

Z
R3

Bk(x; �) ~f (�)e
�i��x

d�; (8)

where for each x 2 U , Bk(x; �) 2 L
1(R3 ) with respect to

� and

B1(x; �) =

(
1; � 2 �1(x);

3; � 2 �3(x);
B2(x; �) =

(
1; � 2 �1(x);

�1; � 2 �3(x):

(9)

Since the set Crit(x) has Lebesgue measure zero, (9)

immediately implies the following inversion formula.

Corollary 2: Under the assumptions of Theorem 1,

f =
1

2
(B1f + B2f): (10)

An important feature of the double integral in (7) is that

for each x 2 U the integral with respect to s is con�ned only

to the theoretically minimal portion of the spiral IPI (x).

This implies that inversion formula (10) solves the so-called

\long object problem" (see [8] for a de�nition).

III. Practical implementation and numerical

experiments

In this section we discuss e�cient algorithms for com-

puting B1;2f . Fix any y(s0) on the spiral. It is assumed

that the detector plane is parallel to the axis of the spiral

and is tangent to the cylinder y21 + y
2
2 = R

2 (cf. (1)) at

the point opposite to the source. Thus, the distance be-

tween y(s0) and the detector plane is 2R. Stereographic

projections of the upper and lower turns of the spiral onto

the detector plane are denoted by �top and �bot, respec-

tively (see Figures 1 and 2). Let L0 denote the common

asymptote of �top and �bot. The parameter � shown in

these �gures is determined by the radius of support of the

patient: � = 2 cos�1(r=R) (cf. (2)).

Fix now any � 2 S
2. By construction, all points x 2

U such that �(s; x) = � will generate the same vectors

e1(s; x) and e2(s; x). Denoting the corresponding vector-

valued functions by e1(s; �) and e2(s; �), rewrite Bkf; k =

1; 2, as follows:

(Bkf)(x) := �
1

2�2

Z
IPI(x)

1

jx� y(s)j
	k(s; �(s; x))ds;

	k(s; �) :=

Z 2�

0

@

@q

Df (y(q); cos � + sin ek(s; �))

����
q=s

�
1

sin 
d:

(11)

Suppose �rst k = 1. Let �(!); ! 2 R, denote the family of

planes containing y(s) and parallel to _y(s). Intersections

of �(!) with the detector plane generate a family of lines

L(!) parallel to L0 (see Figure 1). Fix any � 2 �(!). By

construction, vectors cos � + sin e1(s; �); 0 �  < 2�,

belong to the same plane �(!). Here, for convenience, we

think of vectors �; e1(s; �), and their linear combinations

as if they are attached to y(s). Let � be a polar angle in

�(!). Since e1(s; �) � � = 0; je1(s; �)j = 1, we can write

(with abuse of notation):

� = (cos �; sin �); e1(s; �) = (� sin �; cos �);

�; e1(s; �) 2 �(!):
(12)

Therefore,

	1(s; �) =

Z 2�

0

@

@q

Df (y(q); (cos(� + ); sin(� + )))

����
q=s

�
1

sin 
d; � 2 �(!):

(13)

Equation (13) is of convolution type. Hence, one appli-

cation of Fast Fourier Transform (FFT) to the integral in

(13) gives values of 	1(s; �) for all � 2 �(!) at once.

Calculation of B2f can be arranged in a similar way.

Fix stan 2 [s � 2� + �; s + 2� � �]; stan 6= s, and let

�(stan) denote the plane through y(s); y(stan), and con-

taining _y(stan). If stan = s, �(stan) is determined by

continuity and coincides with the plane through y(s) and

parallel to _y(s); �y(s). The family of lines L(stan) ob-

tained by intersecting �(stan) with the detector plane is

shown in Figure 2. By construction, given any x 2 U

with �(s; x) 2 �(stan), stan used here is precisely the



Fig. 1. Illustration of the one-parametric family of lines L(!)

Fig. 2. Illustration of the one-parametric family of lines L(stan)

same as stan used in the de�nition of e2(s; x). Since

e2(s; �) � � = 0; je2(s; �)j = 1, we can write (with abuse

of notation):

� = (cos �; sin �); e2(s; �) = (� sin �; cos �);

�; e2(s; �) 2 �(stan):
(14)

Therefore,

	2(s; �) =

Z 2�

0

@

@q

Df (y(q); (cos(� + ); sin(� + )))

����
q=s

�
1

sin 
d; � 2 �(stan):

(15)

Equation (15) is of convolution type and one application of

FFT gives values of 	2(s; �) for all � 2 �(stan) at once.

Equations (11), (13), and (15) imply that the resulting

algorithm is of the �ltered-backprojection type. First, one

computes shift-invariant �ltering of a derivative of CB pro-

jections using (13) for all required !: !min � ! � !max

(cf. Figure 1), and using (15) - for all stan 2 [s � 2� +

�; s+ 2� ��] (cf. Figure 2). The second step is backpro-

jection according to the �rst equation in (11). Since @=@q

in (13) and (15) is a local operation, each CB projection

is stored in memory as soon as it has been acquired for a

short period of time for computing this derivative at a few

nearby points and is never used later.

This discussion shows that for the algorithm to work the

following two conditions must be satis�ed. First, the detec-

tor array should be large enough to contain the parallelo-

gram formed by the lines �l;�r and L(!min); L(!max). We

will call this parallelogram the parallelogram-shaped de-

tector array (PSDA) and its area will be denoted APSDA.

Thus, the size of the detector array required for the al-

gorithm is greater than the theoretically minimum one,

which is bounded by �l;�r and �top;�bot. Its area will

be denoted Amin. The ratio of the two areas is indepen-

dent of the pitch h, but grows as r ! R. For example,

APSDA=Amin = 1:53 if r=R = 1=3 and APSDA=Amin =

1:93 if r=R = 0:5. Second, the segments of lines tangent to

�top and �bot at s = s + 2� �� and s � 2� + �, respec-

tively, and located between �l and �r should be inside the

detector array. This requirement leads to the restriction

r=R � cos(�0=2) � 0:62, where �0 is the unique solu-

tion to the equation tan(2���) = 2��� on the interval

�=2 < � < �.

Consider now two numerical experiments. Parameters of

the data collection protocols are given in Table I.

Shepp disk

phantom phantom

R (radius of the spiral) 3

h (pitch of the spiral) 0.5

axial span of the detector array 1.02 0.96

transverse span of the

detector array 4.74 4.26

number of detector rows 50

number of detectors per row 500

number of source positions

per one turn of the spiral 1500

TABLE I

Parameters of the data collection protocols

In Figure 3 we show the results of reconstructing the 3-D

low contrast Shepp phantom (see Table 1 in [11]). In the

top panel we see a vertical slice through the reconstructed

image at x1 = �0:25, and in the bottom panel - the graphs

of exact (dashed line) and computed (solid line) values of

f along a vertical line x1 = �0:25; x2 = 0. We used the

grey scale window [1:01; 1:03] to make low-contrast features

visible.

In Figure 4 we see the results of reconstructing the disk

phantom, which consists of six identical attened ellipsoids

(lengths of half-axes: 0.75, 0.75, and 0.04, distance between

centers of neighboring ellipsoids: 0.16). In the top panel

we see a vertical slice through the reconstructed image at

x1 = 0, and in the bottom panel - the graphs of exact

(dashed line) and computed (solid line) values of f along a

vertical line x1 = 0; x2 = 0.

As one can see, the algorithm still su�ers from artifacts

that are due to discretization and/or sampling errors. How-



Fig. 3. Reconstruction of the 3-D Shepp phantom

ever, there are no artifacts that could be caused by non-

exactness of a reconstruction scheme. Such artifacts have

been theoretically studied and demonstrated numerically

in [9] in the case of one approximate reconstruction al-

gorithm. In numerical experiments presented in [9] these

artifacts appear as nearly horizontal lines tangent to the

ellipsoids.
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I. Introduction

Since the development of multi-slice helical CT,
cone-beam reconstruction with a helical vertex path is
receiving increasing attention. The current multi-slice
CT scanners are adopting a class of approximate
reconstruction algorithms which can be viewed an
extension of the 2-D FBP algorithm. However, these
approximate algorithms break down as the pitch of
helix becomes large. In fact, major companies are
beginning to develop a large area detector having more
than 100 detector rows which allows a helical scan with
a quite large pitch. This limitation of approximate
algorithms motivated researchers to develop a class of
exact reconstruction algorithms [1]-[6].

The reconstruction problems in helical cone-beam CT
can be divided into the short-object (SO) problem and
the long-object (LO) problem. The SO problem aims at
reconstructing an object having a finite axial support
when the helix is long enough to cover the object support.
The LO problem aims at reconstructing a central region
of interest (ROI) of a long object when the helix is long
enough to cover the ROI but too short to cover the
whole object. In 1998, Tam [1] and Kudo et al. [2]
developed quasi-exact algorithms for the SO problem.
In 2000, Schaller et al. [3], Defrise et al. [4], and Kudo
et al. [5] extended the solutions to the SO problem to
the LO problem. The resulting algorithms are called the
Local-ROI (L-ROI) method [3],[6], the Zero-Boundary
(ZB) method [4], and the Virtual-Circle (VC) method [5]
in the literature. However, it is fair to say that these
algorithms need rather complicated modifications to the
quasi-exact algorithms for the SO problem.

The purpose of this paper is to develop new quasi-exact
FBP algorithms to the LO problem. Similarly to the VC
method [5], the algorithms can be viewed an extension
of the quasi-exact FBP algorithm for the SO problem
developed by Kudo et al. [2]. The main advantage of the
proposed algorithms is their simplicity compared with the
existing quasi-exact algorithms (L-ROI, ZB, and VC).
The algorithms need only a few small changes to the
quasi-exact FBP algorithm for the SO problem although
their derivation involves rather different mathematical
logic. We show simulation results which demonstrate that
the proposed algorithms allow to reconstruct high-quality
images indistinguishable from those by the VC method
[5].

II. Proposed Algorithms

A. FBP Algorithm for Short-Object Problem

We first review the quasi-exact FBP algorithm for the
SO problem derived by Kudo et al. [2] which is the basis
of proposed algorithms for the LO problem. This review
also helps to convince readers what modifications are
necessary to convert the algorithm for the SO problem
into the algorithms for the LO problem.

We use the same notations as in our previous papers
[2],[5]. Let f(�r) denote an object supported inside a
cylinder Ω = {�r | x2 + y2 ≤ Q2} where �r = (x, y, z)T . We
assume that cone-beam projections are measured along a
finite segment of helix:

�a(λ) = (R cosλ, R sinλ, hλ)T ; λmin ≤ λ ≤ λmax (1)

where 2πh is the pitch and the range [λmin, λmax] defines
the length of helix. Let g(u, v, λ) denote a cone-beam
projection measured from the source point �a(λ) where
(u, v) denote the detector coordinates defined such that
the u-axis coincides with the tangential direction of the
helical path �a′(λ). Let D(λ) denote the detector plane
corresponding to �a(λ) where D(λ) contains the z-axis.
We assume that each cone-beam projection is measured
over the finite region on the detector plane B which is
bounded by the cone-beam projection of the upper turn
of helix onto D(λ) and by the cone-beam projection of
the lower turn onto D(λ). The explicit expression of
B can be found in [1],[2]. This region B is known to
be the minimum detector area compatible with exact
reconstruction. Let χB(u, v) denote the indicator function
of B. We also use a notation gµ(s, t, λ) below to denote
a cone-beam projection rotated by an angle µ on the
detector plane where (s, t) denote the coordinates rotated
by the angle µ. Kudo et al. [2] derived the FBP algorithm
for the SO problem. This algorithm is quasi-exact when
the axial support of the object is small compared with the
length of helix such that g(u, v, λmin) and g(u, v, λmax)
vanish over the region B. The algorithm is summarized
as follows.

<Algorithm for SO Problem (Algorithm SO)>

[STEP 1] Weighting

g1(u, v, λ) =
R√

R2 + u2 + v2
g(u, v, λ) (2)



[STEP 2] Computation of Ramp Filtering Term

gFr(u, v, λ) =
1
2π

∫ ∞

−∞
du′h(u − u′)χB(u′, v)g1(u′, v, λ)

(3)

where h(·) denotes the kernel of the ramp filter.

[STEP 3] Computation of Boundary Correction Term

S
(b)
∆ (s, µ, λ) = cU (s, µ)gµ

1 (s, tU , λ) + cL(s, µ)gµ
1 (s, tL, λ)

(4)

gFb(u, v, λ) =
1
4π2

∂

∂u

∫ π/2

−π/2

dµS
(b)
∆ (u cosµ + v sinµ, µ, λ)

(5)

where tU (or tL) denotes the t-coordinate of the point on
which the straight line s = u cosµ + v sinµ intersects the
upper (or lower) boundary of B. The explicit expressions
of cU (s, µ) and cL(s, µ) can be found in Eq. (30) of [5].

[STEP 4] Backprojection

f(�r) =
∫ λmax

λmin

dλ
R ‖ �a′(λ) ‖

[(�r − �a(λ)) ·�1w]2
(gFr(u, v, λ)+gFb(u, v, λ))

(6)

where �1w denotes the unit vector which is directed toward
the detector center from �a(λ).

The key feature of the above algorithm is that the
filtered projection gFr + gFb can be computed as a
sum of the ramp filtering term applied to the truncated
projection χBg1 and the boundary correction term which
only depends on values of g1 along the boundary of region
B.

B. FBP Algorithms for Long-Object Problem

A blind use of the above FBP algorithm to the long
object having a large axial support compared with the
length of helix produces severe low-frequency artifacts [5].
This section describes two quasi-exact FBP algorithms
which are derived from the mathematical logic outlined
in Section II-C.

To describe the proposed algorithms, we need to define
a region on the detector plane called the region A(λ). Its
definition is as follows. Let Pmin = (umin(λ), vmin(λ))
(or Pmax = (umax(λ), vmax(λ))) denote the cone-beam
projection of the end point of helix �a(λmin) (or �a(λmax))
onto the detector plane D(λ). We define the region A(λ)
as a rectangular region bounded below by the straight
line v = vmin(λ) and bounded above by the straight line
v = vmax(λ). Let χA(λ)(u, v) denote the indicator function
of A(λ). In addition to the region B introduced to solve
the SO problem, this region A(λ) plays an important role
in the proposed quasi-exact FBP algorithms for the LO
problem. By using A(λ), the first proposed algorithm is
summarized as follows.

<Algorithm for LO Problem 1 (Algorithm LO-1)>

[STEP 1] Weighting (Eq. (2))

[STEP 2] Computation of Ramp Filtering Term (Eq. (3))

[STEP 3] Computation of Boundary Correction Term

g2(u, v, λ) = χA(λ)(u, v)g1(u, v, λ) (7)

S
(b)
∆ (s, µ, λ) = cU (s, µ)gµ

2 (s, tU , λ) + cL(s, µ)gµ
2 (s, tL, λ)

(8)

gFb(u, v, λ) =
1
4π2

∂

∂u

∫ π/2

−π/2

dµS
(b)
∆ (u cosµ + v sinµ, µ, λ)

(9)

[STEP 4] Backprojection (Eq. (6))

The comparison between the Algorithm SO and the
Algorithm LO-1 shows that we only need to multiply
each cone-beam projection g1 by the indicator function
χA(λ) before computing the boundary correction term
gFb in the LO problem. This can be done quickly in
numerical implementation because χA(λ) does not depend
on u and the explicit expression of χA(λ) is simple. Other
parts (weighting, ramp filtering, and backprojection)
do not need to be changed at all. Therefore, the
Algorithm LO-1 can be easily implemented if one has a
program for the Algorithm SO. Note that all the existing
algorithms (L-ROI, ZB and VC) need rather complicated
modifications in the structure of algorithms to deal with
the long-object.

An alternative form of the Algorithm LO-1 can be
obtained by performing the multiplication by χA(λ) before
computing both the ramp filtering term and the boundary
correction term. This leads to the following algorithm.

<Algorithm for LO Problem 2 (Algorithm LO-2)>

[STEP 1] Weighting

g1(u, v, λ) =
R√

R2 + u2 + v2
χA(λ)(u, v)g(u, v, λ) (10)

[STEP 2] Computation of Ramp Filtering Term (Eq. (3))

[STEP 3] Computation of Boundary Correction Term
(Eqs. (4) and (5))

[STEP 4] Backprojection (Eq. (6))

Note that it is easy to verify that the Algorithm LO-1
and the Algorithm LO-2 produce a same reconstruction
in the central ROI covered by the helix. This is thanks
to the locality of ramp filtering. However, they produce
different reconstructions in the region close to the end
points of helix. The Algorithm LO-2 is also very simple.
The comparison between the Algorithm SO and the
Algorithm LO-2 shows that we only need to multiply
each cone-beam projection g by χA(λ) before using the
Algorithm SO to deal with the long-object.

C. Outline of Algorithm Derivation

Due to the lack of space, we only outline the derivation
of the proposed algorithms. The algorithm derivation is



along the similar line to the derivation of the VC method
[5]. It proceeds according to the following two steps. The
first step is to construct the Radon algorithm by using
the modified Grangeat formula (the Grangeat formula [7]
which allows to combine triangular patches and half-planes
to compute the 3-D Radon derivative). The second step
is to reduce the Radon algorithm to the FBP form to
verify that unmeasurable parts of projections used in the
triangulation are unnecessary to reconstruct the central
ROI when the helix is long enough to cover the ROI.

Let us consider the reconstruction of single point �r0

in the central ROI. Let Π(�ξ, l) denote a plane having
the unit normal �ξ and the radial distance l. Let p′(�ξ, l)
denote the 3-D Radon derivative over Π(�ξ, l). From the
inversion formula of 3-D Radon transform, we know that
the reconstruction of f(�r0) needs p′(�ξ, l) over a limited set
of planes:

P = {Π(�ξ, l) | l − ε < �r0 · �ξ < l + ε, �ξ ∈ S2, l ∈ R} (11)

where ε is a small positive number [7]. By using this fact,
the procedure for the algorithm derivation is outlined as
follows.

[STEP 1] The triangulation for each Π(�ξ, l) ∈ P is
performed in the following way. Assume that the plane
Π(�ξ, l) intersects the helix at N points �a(λ1), . . . ,�a(λN ).
As shown in Fig. 1(a), we consider that the first source
point �a(λ1) covers the lower half-plane which is below the
line connecting �a(λ1) with �a(λ2), the last source point
�a(λN ) covers the upper half-plane which is above the line
connecting �a(λN−1) with �a(λN ), and other source points
cover the triangular patches as in [2],[5].

[STEP 2] The mask function χC(λ)(u, v) on the detector
plane D(λ) to achieve the triangulation defined in [STEP
1] is derived. The resulting mask function depends on the
source point �a(λ). The forms of the mask function χC(λ)

are illustrated in Fig. 1(b).

[STEP 3] We use the mathematical logic similar to [5]
(reduction of the Radon algorithm to the FBP form)
to show that unmeasurable parts of projections (which
exceed the region B for the source points close to the
end points of helix) are unnecessary to reconstruct the
point �r0. This clarifies that the filtered projections can be
computed according to the following steps. Projections
measured from the central part of helix are processed in
the same way as in the Algorithm SO because C(λ) = B
for these projections. However, for projections measured
from the source points close to the end point of helix
�a(λmin) or �a(λmax), the boundary correction term must
be included only from the subset A(λ) ∩ ∂B. This is
because C(λ) for these projections is different from B and
the corresponding boundary ∂B stops at some point Pmin

(or Pmax) defined by the cone-beam projection of the
end point of helix �a(λmin) (or �a(λmax)) onto the detector
plane D(λ) (Fig. 1(b)). Therefore, the boundary term
from the missing boundary part must be excluded from

the computation when processing these projections. This
corresponds to truncate g1 with the indicator function
χA(λ) in the Algorithms LO-1 and LO-2. This is the
rationale behind the use of new mask function χA(λ) in
addition to χB in the LO problem.
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Fig 1: Illustration of triangulation for plane Π(�ξ, l) and
the corresponding mask function χC(λ).

III. Simulation Studies

We compared the proposed algorithms with the VC
method [5] in terms of image quality, computational time,
and simplicity of implementation. The same numerical
phantoms as in [5] are used. The first phantom is the 3-D
Shepp-Logan phantom to confirm how each algorithm
reconstructs low-contrast objects. The second phantom
is the disk phantom to confirm how each algorithm
reconstructs high-contrast objects. These phantoms are
supported inside the cylinder of radius 100 (mm). The
number of helical turns is 2, the axial length of helix
is 150 (mm) (pitch 2πh is 75 (mm)), and the radius of
helix is 350 (mm). The number of cone-beam projections
is 500 per turn and each projection consists of 256×93
detector pixels. Reconstructed images have 256×256×256
pixels. We have implemented the proposed algorithms as
follows. As remarked in [2],[5], all the above algorithms
are numerically unstable because they force to apply
the ramp filtering across the boundary of region B. To
overcome this numerical problem, we used the numerical
stabilization technique based on smoothing the indicator
function χB [2],[5]. This technique computes the filtered
projection gFr + gFb in the proposed algorithms as a
sum of the three terms gF

ramp + gF
fou + gF

bound which
can be computed in a stable way [2],[5]. Furthermore,
we implemented both the single-ROI and multi-ROI
algorithms proposed in [5].

Longitudinal slices of reconstructed images with the
proposed algorithms (LO-1,LO-2) and the VC method are
shown in Fig. 2. For the Algorithm LO-1, we also show
reconstructed images with the multi-ROI implementation.
The proposed algorithms could reconstruct high-quality
images which are indistinguishable from those with the
VC method. The main difference among the Algorithms



Fig 2: Reconstructed images with the VC single-ROI (first column), the LO-1 single-ROI (second column), the LO-2
single-ROI (third column), and the LO-1 multi-ROI (fourth column).

LO-1, LO-2, and VC seems to be the region on which
accurate reconstruction can be achieved. Figure 2
shows that the LO-1 can obtain accurate images on
a slightly larger region compared with the LO-2 and
VC. This is thanks to the fact that the LO-1 discards
less data compared with the LO-2 and VC because the
multiplication by χA(λ) is applied only to the boundary
correction term. Computational times are summarized in
Table 1 (time for the approximate Feldkamp algorithm
is also shown for comparison). The difference of
reconstruction times among the LO-1, LO-2, and VC is
not so much mainly because the dominant computation
in all the algorithms is the 3-D backprojection which
is common to all of them. In terms of simplicity, the
proposed algorithms needed rather simple programming
to implement compared with the VC method. In fact,
a quite complicated routine to compute the boundary
correction term in the VC method (Appendix C of [5])
could be completely eliminated. Thus, we believe that the
proposed algorithms succeeded in dramatically reducing
the complexity of implementation compared with the
existing algorithms (L-ROI, ZB, and VC).

Table 1
Actual computational times measured by a SUN SPARC

ULTRA-1 workstation with 256 M-byte memory.

Feldkamp VC LO-1 LO-2 LO-1
(Full-Scan) (Single) (Single) (Single) (Multi)

120(min) 412(min) 301(min) 296(min) 263(min)

IV. Conclusions

The proposed quasi-exact FBP algorithms for the LO
problem are rather simple compared with the existing

algorithms (L-ROI, ZB, and VC). The algorithms
need only a few small changes to the quasi-exact FBP
algorithm for the SO problem derived by Kudo et al [2].
We will present additional simulation results with more
challenging Schaller’s head phantom at the conference.
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INTRODUCTION

Cone beam computed tomography (CT) based on non-
planar orbits has been an active area of research toward
the goal of producing an exact volumetric reconstruction.
To date, most reconstruction algorithms for non-planar
orbits have been based on the theoretical framework of
Tuy[1], Smith [2] and Grangeat[3]. Of all the
investigated non-planar orbits, the helical scanning
geometry is most promising for clinical application since
it is easy to implement and natural for volume scanning
of the body.

Currently, multi-row detectors with only a few rows (e.g.
four) are widely used in clinical helical CT, and the
reconstruction algorithms involved differ only slightly
from the traditional fan beam methods. This
approximation produces minimal artifact in the
reconstruction because the cone angle is very small. In
order to increase the volume scanning speed and reduce
motion artifacts, and to make more efficient use of the x-
ray tube output, more and more detector rows will be
used. In the near future a point will be reached where the
z-divergence of the beam will become non-negligible.
There is a need, therefore, to develop efficient
reconstruction algorithms which account properly for the
cone beam scanning geometry.

Some approximate algorithms for helical cone beam
tomography have been developed[4,5,6]. They are
efficient and provide good temporal resolution because
only full scan or half scan data are used to reconstruct a
slice and the ramp filtered data remain bounded in the z
direction, keeping the computational intensity low.  They
are approximate in nature however, and will produce
artifacts when the cone angle is increased.

Practical exact helical cone beam tomography algorithms
are made possible by the discovery that only the
truncated data within the region on the detector bounded
by the projections of the adjacent upper and lower turns
of the helix are required to obtain an exact reconstruction
[7,8], not the full data set as utilized in the theory
developed by Tuy, Smith and Grangeat. Quasi-exact
algorithms outperform approximate methods in terms of
reconstructed image quality, yet some researchers have
argued that exact algorithms have the disadvantages of
inferior temporal resolution and increased computational
intensity. We show that an exact algorithm can deliver
computational efficiency and temporal resolution
comparable to that achieved by approximate methods.
With continued research in this area, the advantages of

exact over approximate algorithms will become
increasingly evident.

Exact helical cone beam tomography algorithms can be
categorized as addressing the short object problem or the
long object problem. For the short object problem, the
axial extent of the helix is sufficient to cover the entire
object, providing adequate data for a comparatively
simple solution. For the more complex long object
problem, the helix extends only slightly beyond the ROI.
It is much more difficult to solve than the short object
problem due to the data contamination issue. From a
clinical standpoint, a solution to the long object problem
is required since only a portion of the patient should be
scanned to provide accurate images of the finite volume
of interest. Tam[7] first provided a solution for the long
object problem, but his algorithm required two circular
orbits at the end of helix which is undesirable in practice.
Several exact algorithms for the long object problem
have been developed which do not require the circular
orbits, but reconstruct the ROI using only the helical
orbit data[9,10,11].

In this paper, we present a new solution to the long
object problem using helical data only. It is based on the
method developed by Kudo, Noo and Defrise[8]. We
invoke the concept of accessory paths with upper and
lower virtual detectors having infinite axial extent. We
show that our approach has the advantages of ease of
implementation, good temporal resolution and
computational efficiency. The algorithm possesses the
filtered backprojection structure, which is very desirable
for practical implementation.

ALGORITHM

We propose an algorithm to solve the long object
problem for helical cone beam tomography using
accessory paths with virtual detectors of infinite axial
extent.

Fig. 1 illustrates the data acquisition geometry. The
source path )(θa

�

is a short helical segment of pitch hπ2
and radius R defined by (1), containing a primary helix
(the solid path), a top accessory helix (top dotted path)
and a bottom accessory helix (bottom dotted path)
around a long object ),,( zyxf (the cylinder).

,),sin,cos()( ThRRa θθθθ =
�

                    (1)

where θ   is the rotation angle of the helix.



The detector is normalized to the iso-center and its
coordinate system is defined by unit vectors 

uξ
�

and
vξ
�

:

T
u )sin,coscos,sincos( ηθηθηξ −=
�

            (2)

T
v )cos,cossin,sin(sin ηθηθηξ −=
�

             (3)

)/arctan( Rh=η                                                (4)

uξ
�

is parallel to the helix tangent.

Our objective is to reconstruct a slice (the shaded ellipse
in Fig. 1) from the data collected on the source helix.
From short object problem theory, we know that it is
impossible to exactly reconstruct the slice without
scanning the whole object due to the data contamination
problem.

Our approach employs three different types of detector.
For the data collected from the primary path, we have a
masked detector (Fig. 2b) with the top and bottom
boundaries given by[8]:

)]arctan(
2

)[1()(
2

2

R

u

R

u
huV rr

rr −+=
π

)]arctan(
2

)[1()(
2

2

R

u

R

u
huV rr

rr ++−=
π                    (6)

where ( ), rr vu  is the rotated coordinate system defined

by:

ηη sincos vuur −= (7)

ηη cossin vuvr += (8)

so that ru  is horizontal.

For the data collected from the top accessory path, we
use a detector (Fig. 2a) with no boundary on the top and
with a boundary at the bottom defined by (6) in order to
capture the entire upper portion of the object. For the
data collected from the bottom accessory path, we use a
detector (Fig. 2c) unbounded at the bottom with a
boundary at the top defined by (5) in order to capture the
entire lower portion of the object.

Before explaining our algorithm, we revisit an important
and remarkable property of the filtered masked
projection discovered by Kudo et al. [8]. Namely, the
result of filtering the masked data can be represented as:

).,,(),,(),,( θθθ vugvugvug F
unbounded

F
bounded

F +=       (9)

The bounded term results from ramp filtering the data
within the mask and the unbounded term results from the
unbounded filtering of the boundary data. This property
is the key to an understanding of our algorithm.
According to the above property, we know that for the
central detector (the standard PI detector, Fig. 2b), data

on both boundaries will contribute to the unbounded part
of the filtering result, but for the upper detector (Fig. 2a),
only the data on the bottom boundary will contribute to
the unbounded term and for the lower detector (Fig. 2c),
only the data on the top boundary will contribute to the
unbounded term.

The following conditions on the primary path and
accessory paths must be met in order for our algorithm to
succeed. The primary path must be long enough so that
the ramp filtered part of the projections collected from
the accessory paths do not contribute to the reconstructed
slice. The accessory paths (the dotted paths in Fig. 1)

must be of length ))arcsin(2(
R

r
+π at both ends of the

primary path, where r is the FOV radius. When these
conditions are met, we can obtain the Radon derivatives
needed to reconstruct every point in the slice based on
the whole object. A typical data combination is shown in
Fig. 3. Notice that for points on the accessory paths, one
end of the source rays’ envelope opens to infinity
because we employ a virtual detector of infinite extent
above and below the slice. But remember, the infinite
detector is virtual and the unlimited data is not available
in practice. Fortunately, because of the filtering property
we mentioned earlier, only the data on the bottom
boundary of the upper virtual detector and the data on the
top boundary of the lower virtual detector will become
unbounded after filtering and contribute to the
reconstruction of the slice. The ramp filtered portion of
the filtered projection from the accessory paths will not
contribute to the reconstructed slice. Therefore, only the
data on the boundaries of the upper and lower virtual
detectors are required for exact reconstruction of the
slice. These data are available from the primary path
itself due to the property that the integral over a PI line
can be accessed from either of the two source points that
define the PI line (Fig. 4).  Thus, the slice of interest can
be reconstructed from the primary path data alone.

Explicitly, we can reconstruct the slice using the
following three steps:

• Fully filter the projections (bounded term +
unbounded term) obtained from the primary
path and backproject the filtered results into the
slice.

• Obtain the boundary data for the accessory
paths, do the filtering (unbounded term only)
and backproject the result into the slice.

• Add these two contributions to get a fully
reconstructed slice.

If we need to reconstruct an ROI in a long object, we can
reconstruct every slice in the ROI using the above
approach.
Our algorithm has the following advantages:

(5)



• It is local. Every filtered projection contributes
only to a few slices and it is not necessary to
extend it to cover the entire ROI. This property
makes the computational efficiency comparable
to the approximate methods.

• It has good temporal resolution:  In order to
fully reconstruct a slice with the parameters
used in medical CT, we require only about one
turn of helical data.

• It is relatively easy to implement, requiring only
slight modifications to the short object
implementation.

• Only helical data is needed.
• It possesses the filtered backprojection

structure.

The algorithm can be made global if the filtered
projection is extended sufficiently to contribute to the
reconstruction of the whole ROI, but this increases the
computational intensity and reduces the temporal
resolution.

The pitch of the accessory paths can vary. Our algorithm
is equivalent to Kudo’s virtual circle algorithm [10]
when the pitch of the accessory paths becomes 0
although our derivation differs from that of Kudo. We
calculate Radon derivatives based on the whole object
while Kudo calculated Radon derivatives based on the
ROI defined by the two virtual circles.

In our implementation we chose the pitch of the
accessory paths to be the same as that of the primary path
making the mask B invariant which results in a single
form of the boundary term. This makes it easier to
localize the reconstruction and to implement the
algorithm than is the case using Kudo’s virtual circle
approach [10].

SIMULATION RESULTS

We reconstructed the 3D Shepp-Logan phantom[12]
(Fig. 5, display window [1.01 1.04]) and a disk
phantom[8] (Fig. 6, display window [0.3 1.7]) to test the
ability of the algorithm to reconstruct low contrast
objects and objects with high frequency components in
the z direction, respectively. We added two
homogeneous cylinders at both ends of the phantoms to
simulate the long objects. As demonstrated in the figures,
both phantoms were reconstructed with satisfactory
results.
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Î�ævÚQÔZÕmÚ£å�Öqà�Ó�× á Ó�ÞmÚIÐbÕ á ÚIÐ£ÖAÛ�å�Ö�ÔcÓwÕmÓ�Ö�×�íFÔ ÚIÚ ë ßAÒvÞmÚ�ùJò�ÐbÖ�×©ÔcÓ|Ô ÕmÔÖqàSß�Ú£×vÚIÞmÏqÕcÓ|×vß�ÕcævÚ   �a�g� èlÓwÕmæHG ¿ ø I Ø ø,Äyú�çHÙ ë Ý�ÕcÚIÞcÓ|×vß   � â ½ ÚÓ|Û«å©Ý�ÚIÛ«ÚI×HÕQÕcævÓ^Ô ë Ý�ÕcÚIÞcÓ|×vß5Ó|×�ÕcævÚjü©ÖAÒvÞmÓ|Ú£ÞQÔcå©ÏAÐ£Ú�ÕmÖ5ÞcÚ á Ò©Ð£Ú�ÕcævÚÐbÖ�Û�åvÒ�ÕmÏqÕcÓ|ÖA×5ÕmÓ�Û�Ú�ÖqàSÕcæ©Ó|Ô�Ô ÕcÚ£å�â ½ Ú�ÐIÏq×ÔcÚ£Ú�ÖA×�ÕmævÚ ë ßAÒvÞmÚ�ûqÏÕcæ©Ú�ü©ÖAÒvÞmÓ|Ú£Þ�ÕcÞ�Ïq×©Ô à§ÖAÞmÛ Öqà�ÖA×vÚ«åvÞmÖ��ZÚJÐyÕcÓ|ÖA×ìí �  � í Ô Â ò ò�Ó|Ô�Ý|Ö�Ð£ÏAÝwóÓKJ£Ú á ÖA×�ÏÝ�Ó|×vÚ«Ó�×�ÕcævÚ«üvÖ�ÒvÞcÓ|Ú£Þ�Ôcå©ÏAÐ£ÚAâ�Î�ævÚ á ÚJÐbÖ�Û«å�Ö�ÔcÓ�ÕcÓ|ÖA×/ÖAàÕcæ©Ó|Ô�åvÞmÖ��ZÚJÐyÕmÓ�Ö�×ÖA×ÕcævÚ�Ó|× á Ó^Ð£ÏqÕcÖAÞ�à§Òv×NÐyÕcÓ|ÖA× ¾ä�æ�Ó^Ô"ÕcævÚ�Ó|×�ÕmÚ£Þ�Ô ÚJÐyóÕcÓ|ÖA×'çNÚ£ÕZè"ÚIÚ£×5ÕmævÚ�Ý�Ó|×vÚ�ÏA× á ÕmævÚ�ÔmÑHÒ©ÏqÞmÚ ¾ä�æsíFÔ ÚIÚQÕcæ©Ú ë ß�ÒvÞmÚ�ûqÏHòyâ��×'ÕcævÚ ë ß�ÒvÞmÚ¸ûqç2ä©è"Ú¸Ð£ÏA×�ÔcÚ£Ú�ÕmævÚ¸ÞcÚJÔ Ò©ÝwÕQÖAà�Õcæ©Ú¸Ó�× á Ó�ÞmÚIÐbÕ á ÚbóÐbÖ�Û�åNÖHÔ Ó�ÕcÓ|ÖA× �  � � � â Ò ÚbÕ�Ò©Ô�Ò©× á Ú£ÞmÝ|Ó�×vÚEÕcæ©ÏqÕ �  � � � í Ô òlÓ^Ô�ÚJÑHÒ©ÏqÝ

ÕcÖHJ£ÚIÞcÖEèlæ©Ú£×5ÕmævÚ�Ý|Ó|×vÚ �  � í Ô ò á Öj×vÖqÕ�Ó�×HÕmÚ£Þ�Ô ÚJÐyÕrÕmævÚ�ÔmÑHÒ©ÏqÞmÚ ¾ä�æqâ½ Ú�èlÓ|Ý|Ý�ÒNÔ Ú�ÕcævÓ^Ô�åvÞmÖAå�Ú£ÞcÕZÙ�Ó�×ÕcævÚ�×vÚ��HÕlÔcÚIÐyÕmÓ�Ö�×<ÕmÖsÞmÚ á ÒNÐbÚ�ÕcævÚÐbÖ�Û�åvÒ�ÕmÏqÕcÓ|ÖA×'ÕcÓ|Û�ÚAâ

L - LNM 89O(@247>�P;698;:�3�>�0QC�:*6�@� ×�Õcæ©Ó|Ô0Ô ÕcÚ£åPè"Ú2ç©ÏAÐ��{åvÞmÖ��ZÚJÐyÕ<ÕmævÚ øiÄéÔ Ú£ÕmÔ'ÖqàjåvÞmÖ��ZÚJÐyÕmÓ�Ö�×  ���g� ÕcÖ5Ö�ç�ÕmÏAÓ�×�ÕmævÚ¸à§ÞmÚIÑHÒvÚ£×HÕmÓ|ÏAÝ�ÐbÖAÛ�å�ÖA×vÚI×HÕmÔ ���`� â ù Ð£ÐbÖ�Þ á Ó�×vßÕcÖ�ÕmævÚQÔmÏqÛ�åvÝ|Ó�×vß�ÕmævÚ£Ö�ÞcÙ�ä~ÕcævÚ�à§Ò©×©ÐyÕmÓ�Ö�× ���g� Ð£ÏA×sç�ÚlÞcÚIåvÞmÚIÔcÚ£×HÕcÚ áç{ÙxøiÄsÕcÓ|Û�ÚIÔ�Ý|ÚIÔmÔ�åvÓ ��ÚIÝ>Õmæ©Ïq× � â � × á Ú£Ú á Õcæ©Ú«Ò©× á Ú£Þ�ÔmÏqÛ�åvÝ|Ó�×vßç{ÙhøiÄ�ÖAà � � � Ó|×ÕmævÚ á Ó|ÞcÚJÐyÕQÔ åNÏAÐbÚ�Ý|ÚIÏ á Ô"ÕcÖ5Ï«åNÚIÞcÓ|Ö á Ó|ÔmÏ~ÕmÓ�Ö�×ÖAà¾ä�æsÓ|×�ÕmævÚ5üvÖ�ÒvÞcÓ|Ú£Þ¸Ôcå©ÏAÐ£ÚAâjÎ�æ©Újà§Òv×NÐyÕcÓ|ÖA× ¾ä�æ«Ó^Ô�Ý�Ö�ÐIÏqÝ|ÓRJIÚ á Ö�×2ÏÝ|ÓwÕcÕcÝ|ÚjÔcÑHÒ©ÏAÞcÚ�â ½ ævÚI×0ÕcævÚjÔmÏqÛ�åvÝ|Ó|×vß5ÞmÏqÕcÚ�Ó^ÔQÚIÑHÒ©ÏAÝ	ÕcÖhø�å©Ó ��Ú£Ý^ÔÏqÝ|ÖA×©ß'ÚJÏAÐ�æ�Ï��{Ó^ÔIä�ÔcÑHÒ©ÏAÞcÚJÔ á Ö'×vÖAÕ¸Ö~ÜAÚ£ÞmÝ^Ïqå�âEÎ�æ{Ò©Ô�Õcæ©Ú5Òv× á ÚIÞ óÔmÏqÛ�åvÝ|Ó�×vß5ç{ÙUøiÄ�åvÞmÚIÔcÚ£ÞmÜAÚJÔ�ÏAÝ�Ý�ÕcævÚEÓ|×�à§Ö�ÞcÛ5Ï~ÕmÓ�Ö�×�Ð£ÖA×HÕmÏAÓ�×©Ú á Ó�×Õcæ©Ú�à§Ò©×©ÐyÕmÓ�Ö�× � � � âVÎ�æ{Ò©Ô�è"Ú�Ð£ÏA×ç©Ï�Ð��{åvÞcÖ��ZÚIÐbÕ   � � � ÖA×0Ïq×'Òv×�óá ÚIÞmÔmÏqÛ�åvÝ|Ú á ß�ÞcÓ á âjü�Ó|×©ÏqÝ|Ý|ÙAä�ÏAÔ�è�ÚsÛ5Ï���Ú{ø Ä çNÏAÐ��{åvÞmÖ��ZÚIÐbÕcÓ|ÖA×©ÔÖA×§øiÄ<Ò©× á Ú£Þ�ÔmÏqÛ�åvÝ|Ú á ßAÞmÓ á Ô£ä�ÕmævÚ'çNÏAÐ��{åvÞmÖ��ZÚIÐbÕcÓ|ÖA×¯Ô ÕcÚ£å-ÐbÖAÛ«óåvÒ�Õ�Ï~ÕmÓ�Ö�×0Ð£Ö�Ô ÕlÓ|Ô�ÕmævÚEÔcÏAÛ�Ú�Ï�Ô�à§ÖAÞQÏ�ÐbÝ^ÏAÔmÔcÓ|ÐIÏqÝ�ÏqÝ|ßAÖ�ÞcÓ�Õcæ©Û�â
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Î�ævÚ/åvÞmÖ��ZÚJÐyÕcÓ|ÖA×NÔ�Öqà�ÕcævÚ/à§ÞcÚJÑ�Ò©Ú£×HÕcÓ^ÏqÝ�Ð£ÖAÛ�å�ÖA×vÚI×�Õ�Ô � � � ÏAÞcÚÒ©ÔcÒ©ÏqÝ|Ý|Ù¸ÚIÑHÒ©ÏqÝHÕmÖNJIÚ£ÞmÖQà§ÖAÞ Ô ÖAÒ�Õ�Ô Ó á Ú�ÖqàNÏA×sÞmÚ£Ý^Ï~ÕmÓ�Ü�Ú"ÔcÛ5ÏqÝ|ÝHÓ|×HÕcÚIÞ óÜ~ÏqÝ Ôon¿ ø Ô�p Í ê ØgÔ�prq�s úQíFÔ ÚIÚ ë ß�ÒvÞmÚsöväkt Ôon¿ ø Ô�p Í ê Ø`Ô�p<q	s ú Ø ���� � ÆI�òbâ ½ Ú"ÒNÔ Ú¢ÕcævÓ^Ô�åvÞcÖ�åNÚIÞ ÕZÙ�ÕcÖ�ÞcÚ á Ò©Ð£ÚrÕcæ©Ú¢ç©Ï�Ð��Hå©ÞcÖ��ZÚIÐyÕmÓ�Ö�×�ÕcÓ|Û«Ú�â� ×<Ö�ÒvÞ"ÏAÝ�ß�ÖAÞmÓwÕmævÛ»èlæ©Ú£×<è�ÚQÞmÚIÐbÖ�×©Ô ÕcÞmÒ©ÐyÕrÕmævÚQà§ÞmÚIÑHÒvÚI×HÕcÓ^ÏqÝ	ÐbÖAÛ«óå�ÖA×vÚI×�Õ�Ô � � � ä�è"Ú¢ç©ÏAÐ��{åvÞmÖ��ZÚJÐyÕ�ÖA×©Ý�Ù�ÕcævÚ�Ïq×vß�Ý�ÚVç�ÚbÕZè�Ú£ÚI×¸Õcæ©Ú¢ÐbÖ�Þ óÞmÚIÔcåNÖ�× á Ó|×vß Ô�p Í ê ÏA× á%Ô�prq�s â�Î�ævÚ"Ôcå�Ú£Ú á ÒvåjÖ�ç�ÕmÏAÓ�×vÚ áEá ÚIåNÚI× á ÔÖA×éÕmævÚ�à§ÞcÚJÑHÒvÚ£×HÕcÓ^ÏqÝ"ÐbÖAÛ�å�ÖA×vÚI×HÕIâ'ü©ÖAÞ¸Ú���ÏAÛ�åvÝ�Ú�ä�è�Ú5ç©ÏAÐ��{åvÞmÖqó�ZÚIÐbÕjÏqÝ|ÝVÏq×vß�Ý�Ú«à§ÖAÞ � � � Ïq× á ÖA×vÝ|Ù�ÏAåvåvÞmÖ��{Ó|Û5Ï~ÕmÓ�Ü�Ú£Ý|Ùvu

Û
� ÏA×vßAÝ|ÚIÔà§ÖAÞ�ÕcævÚjà§ÞcÚJÑHÒvÚ£×HÕcÓ^ÏqÝ7ÐbÖ�Û�åNÖ�×vÚ£×HÕ � �9wyx»ì ä�Ówà�ø�Ó^ÔQÝ^ÏqÞmßAÚí�z

Û
á Úbó×vÖAÕcÚIÔ¢Õcæ©Ú�×{ÒvÛjç�Ú£Þ�Öqà>åvÞcÖ��ZÚIÐbÕcÓ|ÖA×©Ô�òyâ7Î�Ö«Ïq×©ÏAÝ�ÙmJIÚlÕcævÚ�Ô å�Ú£Ú á Òvåà`ÏAÐbÕcÖ�Þ5ÖAç�Õ�ÏqÓ|×vÚ á ç{Ù1ÕmævÓ^Ô<Ïq×vß�ÒvÝ^ÏqÞ5Òv× á Ú£Þ�ÔcÏAÛ«å©Ý�Ó|×vß²è"Ú/Ð£ÖAÒv×HÕÕcæ©Ú�Ð£ÖA×HÕcÞmÓ|çvÒ�ÕcÓ|ÖA×'Öqà>ÕcævÚ�åvÞmÖ��ZÚJÐyÕcÓ|ÖA×ÕcÖsÕcævÚ�ç©Ï�Ð��{åvÞcÖ��ZÚIÐbÕcÓ|ÖA×<ÖAàÚIÏ�Ð�æ²à§ÞcÚJÑHÒvÚ£×HÕcÓ^ÏqÝ�ÐbÖ�Û«å�ÖA×©Ú£×HÕIâ�ï"ÏAÐ�æ²åvÞmÖ��ZÚJÐyÕcÓ|ÖA×   � í Ô òEÐ£ÖA×�óÕcÞmÓ|çvÒ�ÕcÚJÔrÕmÖjÝ|ÚIÔmÔVÕmæ©Ïq×'û�ø à§ÞmÚIÑHÒvÚI×�ÕmÓ|ÏAÝ�Ð£ÖAÛ�å�ÖA×vÚI×�Õ�Ô�íFÔ ÚIÚ ë ß�ÒvÞcÚûAòbârÎ�æ{Ò©Ô�ÕcævÚ�×{ÒvÛsçNÚIÞQÖqà7ÐbÖA×HÕmÞcÓ|çvÒ�ÕmÓ�Ö�×©Ô�åNÚIÞQçvÝ|Ö{Ð�Ó^Ô�Ý�ÚJÔcÔ�Õmæ©Ïq×û�øHz Û n øiÄ÷ÆPû�z Û n øâ�Î�æ{Ò©Ôrè"ÚlèlÓ|×5Ï~ÕrÝ|ÚIÏAÔ ÕrÏ�à`ÏAÐbÕcÖAÞ � Ä ÐbÖAÛ«óå©ÏAÞcÚlÕmÖEÕmævÚ�çNÏAÐ��{åvÞmÖ��ZÚIÐbÕcÓ|ÖA×5ÔcÚ£Ú£×Ó�×5ÕmævÚ�åvÞcÚIÜ{Ó�Ö�Ò©ÔVå©ÏAÞmÏAßAÞ�Ïqåvæ�âÎ�ævÚ'Ú£Ý|Ó�Û�Ó|×©Ï~ÕmÓ�Ö�×¯ÖqàlÕcæ©Ú�J£ÚIÞcÖ�åvÞcÖ��ZÚIÐbÕcÓ|ÖA×1Ð£ÏA×¯çNÚ�ÐbÖ�×©Ô Ó á ÚIÞcÚ áÏAÔ¸ÏA×éÏA×vßAÒ©Ý|ÏAÞ�Ò©× á Ú£Þ�ÔmÏqÛ�åvÝ|Ó�×vßNâ � à"è�Ú5ÞcÚJÔ å�ÚIÐbÕ�ÕmævÚ<ÔmÏqÛ�åvÝ|Ó�×vßÐbÖ�× á Ó�ÕcÓ|ÖA×éÕcÖ¬ÞmÚIÐ£ÖA×©Ô ÕcÞmÒ©ÐbÕ � ä7Ïq× á Ó�àlè"Ú5ÞmÚIÐ£ÖA×©Ô ÕcÞmÒ©ÐbÕ�ÕmævÚ5à§ÞmÚbóÑHÒvÚ£×HÕmÓ|ÏAÝ{Ð£ÖAÛ�å�ÖA×vÚI×�Õ � � � ÖA×«Ï	ø,Ä�Òv× á ÚIÞmÔmÏqÛ�åvÝ|Ú á ßAÞmÓ á ä~è�Ú�Ð£Ïq×ç©Ï�Ð��Hå©ÞcÖ��ZÚIÐyÕBø ÕcÓ|Û�ÚIÔlÝ|ÚIÔmÔ�åvÞmÖ��ZÚJÐyÕcÓ|ÖA×NÔ£â
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Î�ævÚ¬ÐbÖAÛ�åvÒvÕmÏ~ÕmÓ�Ö�×-Ð£ÖAÛ�åvÞmÚIÔmÔ Ó|ÖA×1èlÓ|Ý|Ýlæ©Ï�ÜAÚ'ÕcævÚ¬ÔmÏqÛ�Ú'à§Òv×�óá ÏAÛ«ÚI×HÕmÏqÝ�Ô ÕcÚ£åNÔ'Ï�Ô5Õcæ©Ú á ÏqÕmÏêÐ£ÖAÛ�åvÞmÚIÔmÔ Ó|ÖA×�â ½ Ú2è�ÏA×HÕ'ÏqÝ^Ô ÖÕcÖ�åvÞmÚIÔcÚ£ÞmÜAÚ�ÖA×vÝ|Ù�Õcæ©Ú�å�Ú£ÞcÕcÓ|×vÚI×�ÕlÓ|×�à§ÖAÞmÛ5Ï~ÕmÓ�Ö�×'Ïq× á è�Ú�è�Ïq×HÕ�ÕcÖÐbÖ á Ú�Ó�Õ7èlÓ�Õcæ�ÏAÔ�à§Ú£è-ç{Ù�ÕmÚIÔ7ÏAÔ�å�Ö�ÔmÔ Ó|çvÝ|ÚAâ�Î�Ö�ÏAÐ�ævÓ|Ú£Ü�ÚrÕmævÓ|Ô�ÞmÚIÔcÒvÝ�ÕIäè�Ú á ÚIÐ£ÖAÛ�å�Ö�ÔcÚ¸ÕcævÚsÓ�Û5ÏAßAÚ � Ó�×/à§ÞcÚJÑ�Ò©Ú£×HÕcÓ^ÏqÝ�ÐbÖAÛ�å�ÖA×vÚI×HÕmÔ � � � äÏq× á è"Ú�Ð£ÖAÛ�åvÒ�ÕmÚQÖA×©Ý�ÙjÕcævÚ�Ð£ÖAÛ�å�ÖA×vÚI×�Õ�Ô¢Ð£ÖA×HÕmÏAÓ�×vÓ|×vß¸å�Ú£ÞcÕcÓ|×vÚ£×HÕÓ|×�à§ÖAÞmÛ5Ï~ÕcÓ|ÖA×NÔ£â ½ Ú á Ú£×vÖAÕcÚ��cÑHÒ©ÏA×HÕcÓ ë Ð£ÏqÕcÓ|ÖA×B�©ä{ÕcævÚEÚIÝ�Ó|Û�Ó�×NÏ~ÕcÓ|ÖA×Ô ÕcÚ£å ÖAà�à§ÞmÚIÑHÒvÚI×�ÕmÓ|ÏAÝ�ÐbÖ�Û�åNÖ�×vÚ£×HÕmÔ¬íFÔ ÚIÚ ë ßAÒ©ÞcÚ²ùJòbâØÎ�ævÓ^Ô<Ô ÕcÚ£åÐbÖ�ÞcÞmÚIÔcå�ÖA× á Ô"ÕmÖ��K� ¾�|� ¾ä�æ=�K� Ä.��� ävèlævÚIÞcÚ�ÕcævÚ¸åNÏqÞ�ÏqÛ�ÚbÕmÚ£Þ �A� IsÓ^ÔßAÓ|ÜAÚI×2ÏA× á Ð£ÖA×HÕcÞmÖAÝ^Ô�ÕcævÚ5Ð£ÖAÛ�åvÞmÚIÔmÔ Ó|ÖA×2ÞmÏqÕcÚAâ�Î�æ{Ò©ÔIäSÕcævÚ�×{ÒvÛ«óç�Ú£ÞrÖAà	Ð£ÖAÛ�åNÖ�×vÚ£×HÕ�ÔVÓ|ÔrÞcÚ á Ò©ÐbÚ á à§ÞcÖ�Û à`ÏAÐbÕcÖAÞ á Ú£å�Ú£× á Ó�×vß¸Ö�×«ÕcævÚÜ~ÏqÝ|ÒvÚ � â ù Ô�à§ÖAÞ á Ï~ÕmÏ'ÐbÖ�Û«å©ÞcÚJÔcÔcÓ�Ö�×�ä©Ó|×�à§Ö�ÞcÛ5Ï~ÕmÓ�Ö�×¬èlÓ�Ý|Ý�çNÚ«Ý�ÖHÔZÕÓ�à � çNÚJÐbÖAÛ�ÚJÔ�ævÓ�ß�æ�â
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Background

At the previous Fully 3D meeting we presented the
concept of the 'planogram' data format for fully-3D imaging.
The planogram data format is a generalization of the 2D
linogram data format of Edholm et al. [1, 2]. This planogram
format is based on the native acquisition geometry of planar
detectors, illustrated in figure 1, where the natural rectangular
detector coordinates are given by ( , )x yd d1 1  and ( , )x yd d2 2

for two individual detector events that determine a line of
response (LOR).

We can parameterize the LOR orientation by the
coordinates ( , , , )u u v v1 2 1 2  where u x xd d1 1 2 2= −( ) / ,

u y yd d2 1 2 2= +( ) / ,  v x xd d1 1 2 2= − +( ) / ,  a n d

v y yd d2 2 1 2= −( ) / . In this parameterization we assume

the detectors are separated by unit distance so ( , )v v1 2  are the
tangents of the angle of the LOR projected onto the x y−
and y z−  planes, respectively relative to the y  axis. We can
then further parameterize the LOR w.r.t. the y -coordinate as
u x v y1 1= +  and u z v y2 2= + .

If we regard a fixed     ( , , )x y z , then the subset of LORs
passing through that point will appear as a 2D plane in the

    ( , , , )u u v v1 2 1 2 -space, thus the choice of the term 'planogram'
for the data acquisition histogram.

In this case the measured line integral data are defined,

after appropriate scaling by  ( ( ) /1 1
2

2
2 1 2+ + −v v ) (determined

by the angle between the detector surface and the unit normal
vector), as:

g u u v v f x y z y

f u v y y u v y y

1 1 2 1 2

1 1 2 2

1 2

( , , , ) ( , , )

( , , )
/

=

= − −

∞

∞

∫

∫

d

d

-

-1/2

(1)

where we now use x u v y= −1 1  and z u v y= −2 2 . We can
also define backprojection as:

b x y z g x v y z v y v v dv dv1 1 1 2 1 2 1 2( , , ) ( , , , )= + +
−∞

∞

−∞

∞

∫∫ (2)

To adequately sample the function f x y z( , , ) , we assume the
data has been collected from a second detector position
rotated about the z -axis by 90 deg, so that u y v x1 1= −  and
u z v x2 2= − .

x

y

z (scanner axis)

xd1

yd1

xd2

yd2

u1

v1

detector 1

detector 2

v2

u2

LOR

D=1

event 1

event 2

Figure 1. Coordinates used to index a LOR between two detector elements on planar detectors.



Then by symmetry we have:

g u u v v f x y z x

f x u v x u v x x

2 1 2 1 2

1 1 2 2

1 2

( , , , ) ( , , )

( , , )
/

=

= + +

∞

∞

∫

∫

d

d

-

-1/2

(3)

where now y u v x= +1 1  and z u v x= +2 2 .  For this
position we define backprojection as:

b x y z g y v x z v x v v dv dv2 2 1 2 1 2 1 2( , , ) ( , , , )= − −
−∞

∞

−∞

∞

∫∫ (4)

Two key properties of the planogram data formats are
based on Fourier transform relations. We define:

G U U V V g u u v v

u u v v
u U u U v V v V

11111 1 2 1 2 1 1 2 1 2

1 2 1 2
1 1 2 2 1 1 2 2

, ( , , , ) ( , , , )

)

=

⋅

−∞

∞

−∞

∞

−∞

∞

−∞

∞

∫∫∫∫
+ + +

e d d d d
-2i (π

(5)

and

B X y Z b x y z x zx zZ
1101 1, e d d-2i ( X, , ( , , ) )( ) = +

−∞

∞

−∞

∞

∫∫ π (6)

where the subscript indicates w.r.t. which variable the
Fourier transform has been taken.

The quadruple integral in equation (5) is over the

    ( , , , )u u v v1 2 1 2  domain covered by the pair of rectangular
detectors. The limits are implicitly extended to the whole of

  R 4 . Substituting equation (2) into equation (6), and by
symmetry for equation (4), we have the surprising results
that,

B X y Z G X Z yX yZ1101 11111, ,, , , , ,( ) = − −( ) (7a)

and

B x Y Z G Y Z xY xZ2 011 2 1111, ,, , , , ,( ) = ( ) (7b)

The results are a case of the 4D version of the central
section theorem. Equation (7) indicates that fully 3D
backprojection can be performed with only using Fourier
transform operations. An algorithm for analytic
backprojection is:

1 .  C o m p u t e  t h e  4 D  F o u r i e r  t r a n s f o r m
G U U V V11111 1 2 1 2, ( , , , ) .

2. For each yi:

! interpolate B X y Zi1101, , ,( )  using equation (7a).

! compute the inverse 2D Fourier transform to obtain

b x y zi1 , ,( ) .

3. Repeat step 2 for G U U V V2 1111 1 2 1 2, ( , , , ) , using each xi

to interpolate B x Y Zi2 011, , ,( ) using equation (7b).

We have presented results showing that this
backprojection method offers speed improvements of
approximately 15 compared to standard fully 3D sinogram

methods [3].  These speed improvements can be further
leveraged by the use of readily available FFT processors.

Application to iterative reconstruction methods

To investigate the application of this approach to iterative
methods we make two observations:

1 .  Equation (7) (backprojection) does not require that the
data are non-truncated.

2. If we compute the 2D Fourier transform of equation (1),
we derive a version of the 3D central section theorem:

G U U v v F U v U v U U11100 1 2 1 2 1 1 1 2 2 2, , , , ( , , )( ) = + (8)

with a similar version for G U U v v2 1100 1 2 1 2, , , ,( ) .

Equation (8) implies a fast method for forward-projection,
so from equations (7) and (8) we thus have methods for fast
forward-projection and backprojection.  These are suitable for
incorporation into the 3D-OSEM algorithm [4, 5], represented
here in two steps:

g a f
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f
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j
k j
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i
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i S

N

N

( ) ( )

( )
( )

( )

=

=











′ ′
′

+

∈
∈

∑

∑ ∑1
(9)

where f j
k( )  is the k -th estimate of the value of image voxel j ,

gi  is the measured data in planogram bin i , and gi
k( )  is the

k -th estimate of the value of image voxel j .  The probability
of an event from image voxel j  being detected in planogram

bin i  is given by aij  using those LORs comprising the data

subset SN  [6].  The first part of equation (9) can be regarded
as a forward-projection, which can be computed with equation
(8). Typically unmeasured (truncated) data are also estimated,
which can be discarded. The portion within braces of the
second part of equation (9) can be regarded as the
backprojection of the ratio of the measured/estimated data.
This can be computed using equation (7).  We note that  this
approach corresponds to using a line integral model of the aij ,

and that using equations (7) and (8) does not strictly
correspond to the same aij  due to numerical discretization

errors, that is we are using un-matched backprojector/forward
projector pairs.

Implementation

The accuracy of using equation (8) for forward-projection
is illustrated in figure 2.

The version of 3D-OSEM described by equation (9) was
implemented using equations (7) and (8) for backprojection
and forward-projection. The use of two detector positions
leads to a simple sorting of the data into two subsets. The
results of this approach are illustrated in figure 3.  We note
that the use of only two subsets is not an optimal
implementation as figure 3 that 16 iterations are required to
reach a minimum RMS error estimate.
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Figure 2.  Forward projection planogram data using equation (9).  Solid lines in the image indicate the positions of the  profiles
shown on the right  for the Forward projected data (dotted line) compared to the original simulated planogram data (solid line).
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Figure 3. 3D-OSEM method applied to a noiseless spherical object with imbedded hot and cold spheres for two subsets with up
to 20 iterations.

This approach can be used for any iterative method using
repeated 3D backprojection and forward-projection. We will
present further results on the relative timing of this approach
for iterative 3D reconstruction methods as well as the
performance in the presence of statistical noise and with
increasing numbers of subsets.
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Abstract— Our purpose is to optimize penalized block-
iterative algorithms for detection of Ga-67 tumors in the
thorax. We illustrate some of our methods involving psy-
chophysical studies with results from a preliminary channel-
ized Hotelling observer (CHO) optimization for a one-step-
late (OSL) version of the penalized RBI-EM algorithm that
features a 3D uniform quadratic penalty function. The al-
gorithm parameters to be optimized are iteration number
and a penalty weighting parameter β. Use of the CHO is an
efficient means of bounding regions of parameter space that
contain the optimal parameters, although the final determi-
nation of the optimal parameters will be left to human psy-
chophysical studies. From the CHO optimization, we found
that one iteration of the penalized RBI-EM algorithm could
outperform a previously optimized reconstruction strategy
with RBI-EM and post-filtering that required three itera-
tions.

I. INTRODUCTION

By most definitions of image quality, unregularized re-
constructions of SPECT data are substandard. Procedures
for improving the quality of iterative reconstructions usu-
ally involve penalty functions, stopping rules, and post-
reconstruction filters. Whether a particular regularization
scheme actually improves an image will depend on one’s im-
age quality measure. In a series of earlier papers [1-3], we
documented optimizations of the ordered-sets expectation-
maximization (OSEM) [4] and rescaled block-iterative EM
(RBI-EM) [5] algorithms that were aimed at determining
if detection of Ga-67 tumors in the thorax could be im-
proved by modeling the physics of the data acquisition
in the inverse problem. These algorithms used a post-
reconstruction Gaussian filter as a regularizer. This cur-
rent abstract describes the early stages of similar optimiza-
tions of algorithms derived by incorporating 3D penalty-
function regularizers into the RBI-EM algorithm and the
block-iterative interior point algorithm (IPA) [6]. Such
penalized-likelihood methods are often viewed in the con-
text of maximum a posteriori (MAP) reconstruction [7].

One motivation for investigating these penalized algo-
rithms comes from the results of our work with the OSEM
and RBI-EM algorithms. Based on detection-performance
metrics drawn from localization ROC (LROC) [8] stud-
ies with human observers, it was determined [2] that the
OSEM algorithm with nonuniform attenuation correction
(AC) and three-dimensional (3D) detector-response correc-
tion (DRC) did improve detection in comparison to the
OSEM algorithm with only AC or with neither correction.
Even so, it was also seen that a significant difference in
performance existed between our DRC reconstructions and
“ideal” reconstructions that represented an upper bound
on DRC. The Gaussian post-filter may have contributed to
this difference by partially negating the effect of the DRC
in our reconstructions. If this were true, we might expect to

find that regularization with edge-preserving penalty func-
tions [7, 9] boosts observer performance over that obtained
with the post-filter regularization.

To show that one algorithm offers improvement over an-
other in a fair comparison first requires optimization of
each algorithm with respect to its adjustable parameters.
We perform these preliminary optimizations using a combi-
nation of channelized Hotelling observer (CHO) [10] ROC
and human-observer LROC studies. Use of the CHO of-
fers an efficient means of coarsely bounding regions of pa-
rameter space that contain the optimal parameters. The
actual determination of those optimal parameters is then
left to the LROC studies, but the workload for the human
observers is reduced by having applied the CHO. In this
abstract, we illustrate this approach with results from a
preliminary CHO optimization for a one-step-late (OSL)
version of the penalized RBI-EM algorithm that features
a 3D uniform quadratic penalty function. The adjustable
parameters to be optimized in this case are iteration num-
ber and a penalty weighting parameter β. This penalty
function does not have edge-preserving characteristics, but
allows comparison to our past studies with the Gaussian
post-filter. Edge-preserving penalty functions are also to
be investigated for use with the penalized RBI-EM and
IPA algorithms. The inclusion of the penalized IPA al-
gorithm in this research provides a reconstruction method
that is not based on the OSL approximation.

II. METHODS

A. The Phantom

A distribution of Ga-67 citrate in the chest was simulated
with one geometry of the 3D mathematical cardiac-torso
(MCAT) phantom [11]. Background activity levels in the
phantom were set by reference to clinical values. Tumors
were modeled as 1-cm diameter spheres with a tumor-to-
soft-tissue activity ratio of 20:1. Each “abnormal” case
contained one tumor, randomly placed within a 3D map of
likely tumor areas.

B. The Projection Data

Separate analytic projections of the phantom and tumors
were created and then combined into a noise-free tumor-
present projection sets. The projector modeled nonuniform
attenuation in the phantom and the response for a medium-
energy parallel-hole collimator. For the results presented
herein, perfect scatter rejection was assumed so that com-
parisons with our previous optimizations of OSEM and
RBI-EM could be made, but simulations that include scat-
ter are also being done. Separate projections for 93- and
185-keV photons were obtained using energy-specific atten-



uation maps, and then added as a weighted sum based on
the relative abundances and camera efficiencies for these
energies. Projection sets consisted of 128 256 × 256 pro-
jections (pixel width of 0.1585 cm), rebinned to 128 × 128
pixels (pixel width of 0.317 cm). Poisson noise was added
to form data sets of 8 million counts.

C. The Reconstruction Algorithm

For this abstract, we consider a OSL penalized version
of the RBI-EM algorithm [5]. Like the OSEM algorithm,
the RBI-EM algorithm is a block-iterative version of the
maximum-likelihood expectation maximization (MLEM)
algorithm, but unlike the OSEM algorithm, it converges
in the case of consistent data for any choice of subsets.
Our human-observer LROC studies have also shown that
the RBI-EM algorithm is more robust than the OSEM al-
gorithm as the number of projection data subsets is in-
creased in order to accelerate the reconstruction [3]. To

define the penalized RBI-EM algorithm, we let f̂ (j) be the
jth iteration (j = 0, ...,∞) of f , with individual elements

f̂
(j)
n , and consider the detector pixels divided into R dis-

joint subsets S1, . . . , SR. The convention followed here is
that every cycle through the R subsets represents an it-
eration. An RBI-EM algorithm regularized with penalty
function U(f̂ (j)) requires solving the equation

f̂ (j+1)
n =

f̂
(j)
n

∑

m Hmn + β ∂U(f̂ (j+1))

∂f̂
(j+1)
n

× (1)

[

∑

m Hmn + ar
−1
(

∑

m∈Sr
Hmn( gm

[Hf̂ (j)]m
− 1)

)]

,

for f̂
(j+1)
n , where r = (j mod R) + 1, β is the nonnegative

penalty weight, and

ar ≡ max
n

(

∑

m∈Sr

Hmn/
∑

m

Hmn

)

. (2)

For arbitrary U , a closed-form expression for f̂
(j+1)
n is un-

obtainable from Eq. (1). One way around this difficulty is

to replace U(f̂ (j+1)) with U(f̂ (j)), which is referred to as
the OSL approach [7].

Our uniform quadratic penalty function has the form

U(f̂ (j)) =
1

2

∑

k∈V

∑

i∈Nk

wik(f̂
(j)
k − f̂

(j)
i )2, (3)

where V is the full set of voxels in the 3D reconstruction,
Nk represents the 3 × 3 × 3 cube of voxels centered about
the kth voxel, and wik is the distance between the centers
of the kth and ith voxels in Nk, normalized by the voxel
width. The optimization parameters for this choice of U
are the number of iterations and the magnitude of β. Each
combination of iteration number and β shall be referred
to as a reconstruction strategy. For a point of compari-
son, our past studies [3] found optimal observer detection
performance with 3 iterations (32 subsets of 4 projection
angles each) of the RBI-EM algorithm combined with a 3D
Gaussian post-filter with a FWHM of 0.95 cm.

Reconstructions with matrix dimensions of 128 × 128 ×
128 were obtained with strategies using one iteration of
Eq. (1) and four projection angles per subset for values
of β between 0.0 and 1.5. Both the AC and the DRC
procedures that had been used in [2] were included in the
iteration. The attenuation map used for the AC was the
same one used in the creation of the projection sets, and in
that sense was an optimal attenuation correction [12]. No
post-reconstruction filter was applied. For LROC studies,
2D images through the center of the tumor are extracted
from the 3D reconstructions. These are then adaptively
thresholded, interpolated to 256×256 pixels, and then con-
verted from floating-point to byte images for display to the
human observers. For the CHO, the same 2D slices were
extracted, but the thresholding, interpolation, and conver-
sion to greyscales were not applied. Excluding these steps
reduced the computing time and also allowed use of a low-
noise approximation for constructing the CHO that is de-
scribed in Section II-D. For OSEM-reconstructed images,
we have found [13] that omitting these processes has little
impact on the correlation between the CHO and average
human observer.

D. Observer Studies

Our evaluation of reconstruction algorithms uses LROC
methodology to measure human-observer performance of
the Ga-67 tumor detection task. In a standard ROC study,
an observer’s response for an image is a confidence rating
that a tumor is either present or absent. For an LROC
study, the observer is asked to give this confidence rating
and the coordinates of the maximally suspicious tumor lo-
cation. By implementing this detection and localization
task, LROC offers both a better approximation of clini-
cal detection tasks and increased statistical accuracy over
ROC for measuring detection performance [8]. With this
improvement in accuracy comes increased statistical power
for discriminating between reconstruction strategies.

The CHO is a linear discriminant function that has been
shown [14-18] to correlate with humans for many “signal-
known-exactly” (SKE) detection tasks, in which the ob-
server knows the tumor location from the outset. We do not
yet have a modified version of the CHO that can perform
the search and detection task associated with these LROC
studies and still correlate with humans, but we have found
that the average CHO performance in series of SKE-ROC
studies with multiple tumor location agrees with average
human performance in the sense that both indicate similar
significant differences between reconstruction strategies [3,
13, 19].

For a given tumor location, the response of the CHO to
an image is a scalar λ that is a weighted sum of the image
voxels. This sum can be viewed as the inner product be-
tween the image and a template image wcho. Let f̂ be a
3D reconstruction from noisy data that, with equal likeli-
hood, comes from an ensemble H0 of tumor-absent recon-
structions or an ensemble H1 of tumor-present reconstruc-
tions. Post-reconstruction processing such as extraction
of the transaxial slice of interest is performed by opera-



tor S, so that S f̂ is a 2D image intended for the observer.
Then λ = w

†
choS f̂ , where the † indicates a vector transpose.

Comparison of λ to a threshold value determines whether
the CHO decides the image contains a tumor. The CHO’s
overall performance can be quantified by a signal-to-noise
ratio for λ [20],

SNR2 =
[〈λ|H1〉 − 〈λ|H0〉]

2

1
2var(λ|H1) + 1

2var(λ|H0)
, (4)

where 〈λ|Hi〉 and var(λ|Hi) (i = 0, 1) are the mean and
the variance of the distribution of λ for the ith ensemble.

The CHO template is composed of a matrix U of impulse
responses for a set of C 2D prefilters (the “channels”) cen-
tered on the tumor location, a channel covariance matrix

Kchan, and a matched filter. For ensemble Hi, let f̂ i be the
mean 3D reconstruction and let Ki be the voxel covariance
matrix. Assuming S applies only linear post-processing,
we make the definition

Kchan =
1

2
US[K0 + K1]S

†U†, (5)

and express the CHO template as [10]

wcho = U†K−1
chanUS(f̂1 − f̂0). (6)

Substituting Eq. (6) into Eq. (4) leads to the formula

SNRcho =
[

(f̂1 − f̂0)
†S†U†K−1

chanUS(f̂1 − f̂0)
]

1
2

(7)

for evaluating the CHO’s performance.
The channel covariance and matched-filter portions of

the CHO require knowledge of the ensemble statistics of
H0 and H1, and determining these statistics accounts for
the computational expense of using the CHO. Oftentimes,
sets of noisy reconstructions are generated to produce sam-
ple statistics. In doing so, one makes use of the fact that
the number of channels C (C=3 in our CHO model) is
much smaller than the number of image voxels by comput-
ing Kchan directly from the C × C “channelized” images
US f̂ instead of estimating Ki in full. For complex iterative
reconstruction algorithms, this approach is very computa-
tionally intensive [21]. An alternative is to make a low-noise
assumption about the images [22-24] and thus approximate
the ensemble statistics by a recursive procedure using noise-
free data. Let f̂ (k) ∈ Hi be the kth iteration with g, and let
a(k) be the kth iteration with the noise-free data g. Also,

define D(k) as the diagonal matrix with element D
(k)
jj =

a
(k)
j , the jth element of a(k). When f̂ (k) ≈ a(k) + ε

(k) for

small perturbations ε
(k), then f̂ i ≈ a(k) [22], and

Ki ≈ D(k) O(k) Kg [O(k)]† D(k). (8)

The matrix O(k) describes how noise in the data is trans-
ferred into the reconstruction through k iterations. We
determined the specific form of O(k) for the penalized RBI-
EM algorithm by merging the results in [24] for MAP-
type reconstuction algorithms with [22], which treats block-
iterative methods such as the RBI-EM algorithm. As with

the sample statistics approach described above, the chan-
nel covariance should be calculated directly by computing
the product A†A, where

A = K
1
2
g [O(k)]†D(k)S†U†. (9)

The SKE-ROC studies were conducted for 5 tumor lo-
cations. The overall CHO performance for a strategy was
figured by converting SNRcho for each location into an area
under the ROC curve AZ as described in [19] and then com-
puting the average area 〈AZ〉 over location. The computa-
tion time required to evaluate SNRcho for a given strategy
at a single location is on the order of the time required to
perform 2(C + 1) reconstructions with that strategy.

III. RESULTS AND CONCLUSIONS

The results of the ROC studies are presented in Figure 1,
in which 〈AZ〉 is plotted against β for the penalized RBI-
EM strategies that used a subset size of four angles per
subset. The high values of 〈AZ〉 seen for these ROC studies
are partly due to the fact that the tumor contrast and the
number of counts in the data sets were originally set for
use in the LROC studies.

The solid horizontal line at 〈AZ〉 ≈ 0.98 denotes the
CHO performance using three iterations of the RBI-EM
algorithm and a 3D Gaussian post-filter of FWHM = 0.95
cm. The best-performing (〈AZ〉 ≈ 0.99) of the strategies we
tested used β=1.25, but several other strategies also out-
performed the RBI-EM strategy. The effect on CHO per-
formance of using more iterations and different numbers of
subsets is currently being investigated. Also, whether the
precipitous fall-off in performance above β=1.25 will find
a correlation in human LROC studies remains to be seen.
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Abstract – Fan-beam collimation provides the optimal geometry 
for data collection for brain SPECT imaging. For a non-parallel 
projection geometry, there is no symmetry on the projection 
rays, except the periodical property of the projection angle. This 
property is well defined by circular harmonic decomposition 
(CHD). This paper utilizes the CHD to explore the fan-beam 
collimation geometry, including photon attenuation and 
collimator response, for quantitative brain SPECT in three 
dimensions. An analytical solution compensating simultaneously 
for both of the photon attenuation and collimator responses is 
presented.  An efficient algorithm for the solution is formulated 
and implemented by fast Fourier transforms. The reconstruction 
has been validated by experiments on the Shepp-Logan and 
Hoffman brain phantoms at various noise levels. 
 
Index terms—circular harmonic decomposition, point 
spread function, fan-beam collimation. 
 

I. INTRODUCTION 
 

Single photon emission computed tomography (SPECT) 
can provide quantitative information of the tissue functionality 
in three-dimensions (3D).  However, two major problems 
that are causing difficulties in image reconstruction for 
quantitative SPECT arise from the absorption of γ-rays by the 
body and the non-stationary point spread response of the 
collimator (the scatter of the γ-rays can be treated by other 
means and will not be discussed here).  For brain SPECT, 
the attenuation problem can be simplified, because there are 
negligible radioactive nuclides distributed inside the skull and 
scalp and furthermore the attenuation of the skull and scalp 
can be equivalent to that of an enlarged brain tissue of a 
constant attenuation coefficient, as a compensation for 
uniform attenuation in a convex region[1]. Collimator blurring 
makes the image reconstruction more complicated, even for 
the uniform attenuation and parallel-hole collimators[2].  
There does not exist a complete analytical algorithm by now 
that compensates accurately both the attenuation and the point 
spread response effects simultaneously, especially for the fan 
beam collimator geometry in 3D.  L. van Elmbt and S. 
Walrand considered the problem for parallel geometry with 
approximated algorithm[3], while E. J. Soares et al attacked 
the problem of the same geometry for some particular 
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resolution variation functions, such as the Cauchy model[4].  
Other researchers correct either for the non-stationary 
resolution variation or for the constant attenuation, but not 
both.  And most of these work are either for 2D applications 
or for parallel hole collimators[5-9]. 
 

Although many iterative reconstruction algorithms can do 
the job and are flexible to be applied for many kinds of 
complicated collimator geometry[10-12], the computing burden 
is always the drawback.  If an analytical inversion formula 
can be derived for the solution of the projection equation, it is 
an interesting research topic for further investigation for 
practical use.  The derivation itself is also an interesting 
research topic. 
 

Fan-beam collimation is an optimal geometry for brain 
SPECT.  It offers no symmetry for the projections, except 
the periodical property of projection angle.  Circular 
harmonic decomposition (CHD) has been widely used to 
explore the property.  In this paper, we present an analytical 
inversion solution that simultaneously compensates for both 
photon attenuation and collimator response of the fan-beam 
collimated SPECT system. This method considers the 
collimators blurring effect and intrinsic detector response 
together as a system point spread function (PSF).  It doesn’t 
limit the PSF in certain forms, but only based on the 
assumption that the PSF is valid to each individual collimator 
hole.  Our method can be applied to parallel-hole, fan-beam, 
or varying focal-length fan-beam collimator geometry.  It 
greatly reduced the burden of computational complexity.  It 
was validated under a more realistic case of a Gaussian 
response function whose FWHM (full width at half 
maximum) is a function of relative distances (lateral and 
normal to the collimator surface) on both the Shepp-Logan 
ellipse phantom and Hoffman brain phantom. 

II. THEORY 
 

A typical fan-beam collimator geometry is shown by 
Figure 1, restricted on a single slice.  The object activity 
distribution ),,( zyxf  is of our interest. 

 
With the inclusion of uniform attenuation of the brain 

tissues and an 3D collimator response, the measured 
projection data ),,( θzspm  is expressed as: 
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where k(.) is the system point spread function.  Let the lateral 
distance to each individual collimator hole being labeled as s, 
see Figure 1, and a Cartesian coordinate system of l-t is 
chosen such that the t axis is parallel to the focusing direction 
of this hole, then the system response function k(.) can be 
assumed as: 
 

( )Rtzzsllkk +′−′−′= ,),( .    (2) 

 

 
Figure 1. Fan-beam geometry and the coordinate systems. 

 
This assumption simply means that the system response 

is a function of the distances from source activity point to the 
collimator hole in 3D.  This PSF assumption has been 
investigated by many researchers and is consistent in those 
references [13-18]. 
 

Following the method as described by Bellini et al [19] in 
dealing with the constant attenuation, we define /�V� � as the 
distance from point (V� ) on detector to the boundary of the 
object (s,t) with t>0, and let p �V�]� ��  � H[S>- /�V� �� 5@�
S�V�]� �, then (1) become: 
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By polar coordinate system, (2) can be rewritten as: 
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In general we may not have a closed inversion form for 

formula (4).  The purpose of this paper is to derive an 

optimal estimation of f(x,y,z) or f(ρ,ϕ,z) based on the equation.  
In the following, we will use the CHD technique to solve this 
simultaneous compensation problem. The theoretical 
procedure is given as follows. 
 

By Fourier transform on (4) with respect to variable z, 
we have: 
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where k
~

denotes the Fourier transform of k’ for the variable 
z, and p~  and f

~ have the similar meanings.  Note that the 

image property ),,(
~ ξϕρf can be estimated slice-by-slice 

for ¯, indicating that the compensation for the 3D collimator 
response may be uncoupled to a 2D compensation.  This is 
because that the PSF is shift invariant along the rotation z-
axis.  By computing the Fourier series expansion of  on 
both sides of (6) (this is usually called circular harmonic 
decomposition of a function in mathematics), we have the 
following formula: 
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and notation * stands for conjugate operation.  Obviously, 
(7) is only a CHD expression of (6).  Now the reconstruction 
problem becomes a task of solving a linear algebraic equation 
for each n and ¯��
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Given p and M, and looking for f, this is a typical linear 
problem that could be solved by several methods.  Here we 
are using the conjugate gradient algorithm.  Since the 
dimension is significantly reduced from 3D to 2D, efficient 
calculation is expected. 

III. I MPLEMENTATION 
 

Fan-beam projections of the Shepp-Logan ellipse 
phantom and Hoffman brain phantom with different 99Tcm 
activity concentrations were simulated on a circular orbit of 
64 evenly spaced views, taking into account the photon 
attenuation and collimator response effects.  Both the noise-
free projection data and their noisy versions with Poisson 
noise were used to test the reconstruction algorithm. 
 

The reconstruction procedure is as follows: 



1. Perform the transforms on PSF matrix M.  This task 
is a pre-calculated step given the PSF, before image 
reconstruction. 

2. Perform Fourier transform on the projection data for 
variable z, and Fourier series expansion for variable 
�� � 1RWH� WKDW� VLQFH� WKH�36)� LV� SHULRGLF� DERXW� �� VR�

zero padding is not necessary.  But for variable z 
(the shift invariant characteristics), zero padding may 
be needed. 

3. Utilize the conjugate gradient algorithm to solve the 
linear equation (8). 

4. After the ),,(
~ ξρ nf  is obtained, perform two 

times of Fourier inversion transform, relating to z 
DQG� ��WR�ILQG�WKH�VRXUFH�LPDJH� 

 
In our experiment, the response function was chosen as 

the most general Gaussian function.  Because of the CHD 
method, transforms between Cartesian coordinate system and 
polar coordinate system is needed. 

IV. RESULTS AND DISCUSSION 
 

The simulation results of different reconstruction procedures 
are shown in Figure 2, which gives four arbitrary slices for 
illustration and comparison purposes.  Similar results were 
obtained for the Shepp-Logan phantom.  The first row 
contains slices from the original Hoffman brain phantom.  
The second row shows the reconstructed results from the 
blurred projection data containing the photon attenuation and 
collimator response effects.  The third row represents the 
reconstructed images from projection data with Poisson noise 
at a noise level similar to a typical clinic study.  For a 
64x64x32 image, the reconstruction time was less than one 
minute on a PC platform with Pentium III 550 processor. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Hoffman brain phantom results.  Top row 
represents the original Hoffman phantom slices.  Second 
row is the reconstructed image from noise-free projection 
data with attenuation and PSF effects included.  Bottom 
row is the reconstructed image from projection data 
containing Poisson noises. 

V. CONCLUSION 
 

First, our method inherits the idea about angular 
expression in our previous work[20,21], which is beneficial for 
non-parallel ray collimator geometry.  It is not a back-
projection method of source and projections with 
compensation for photon attenuation and resolution variation.  
It constructs a new relationship between source image and 
projection data using CHD technique.  In this relationship, 
the photon attenuation and collimator response can be 
simultaneously considered in 3D.  The compensation can be 
implemented slice-by-slice along the rotation direction after 
Fourier transform, because of the shift invariance along that 
direction.  Second, estimation of source image is efficient 
and accurate via the conjugate gradient algorithm, which 
converges in finite iterations, as demonstrated by Figure 2.  
The simulation study revealed this optimization of the 
proposed algorithm.  The order of matrix M in (8) is only 
NxN size, and the calculation for N slices can be performed in 
parallel at the same time, so the computation is very efficient. 
 

This method considers the periodical property of 
projection rays of non-parallel-hole collimator geometry and 
the shift invariant characteristics of fan-beam configuration 
along the rotation direction.  The periodic property is 
explored by the CHD technique.  The shift invariant 
characteristics are efficiently utilized in the Fourier space.  
This strategy reduces the 3D PSF treatment into 2D task in the 
Fourier space and, therefore, improves the computing 
efficiency.  For the reduced matrix size, the conjugate 
gradient method is a choice for the calculation.  The 
computer simulation is encouraging.  Further validation by 
physical phantom experiments is under progress. 
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Abstract
TomographicSPECT allows us to visualize, in 3D, the

distribution of radiopharmaceuticalsin the body which are
reconstructedfrom a seriesof two dimensionalmeasurements
performedaroundtheinvestigatedobject.ThedSPECTmethod
extendsthesecapabilitiesinto thefourth dimensionandcreates
a seriesof dynamic3D imageswhich canbe obtainedfrom a
singlesetof dynamicdataacquiredusingonly asinglerotation
of the camera.In orderto test the performanceof the method
for Teboroximecardiac images, we have modified the 3D
MCAT digital phantomto modeldynamicchangesof activity
distributions in different organsof the thorax. Experiments
using different acquisition protocols were performed and
the resulting data were reconstructedusing static (FBP and
OSEM) and dynamic(dEM) methods. The imagesobtained
by summingthe data from dynamic reconstructionsover all
time-frameswere as good as or better than thosefrom static
reconstructions(for the scanswhich begun60 or 120 seconds
post injection i.e. after the bolus of activity left the heart).
Including the bolus in the reconstructionsproduceddistorted
images.An importantadvantageof thedSPECTmethodis that
it reconstructsimagesin a form of 3D moviesthatmaybeused
to extract additionaldiagnosticinformation, mainly temporal
information which is not available in static imagesand 3D
spatialinformationnot presentin planarstudies.

I . INTRODUCTION

Single PhotonEmissionComputedTomography(SPECT)
is well recognizedasa powerful diagnostictool to investigate
organfunctionratherthananatomysinceit allows usto image,
in three dimensions, the bio-distribution of radiolabelled
tracerswithin the body. Standardclinical SPECTmethods,
however, image only stationaryactivity distributions. It is
believed that nuclearmedicineprocedureswhich could trace
changing distributions of radio-labelled substanceswould
provide importantinformationfor bothdiagnosisandresearch
(seefor example[1, 2]).

To this endwe haveproposeda dynamicSPECT(dSPECT)
method[3] that allows us to obtain quantitative information
about kinetic processesin the body from the data acquired
using a standardclinical acquisition protocol, one with a
single rotationof a tomographiccamera.The methodcanbe
used with all standard,currently available SPECT systems
includingsingle,doubleandtriple headcameras.Theresultof
the dSPECTreconstruction,which includesattenuationand
resolutionrecoverycorrections,is a4D dataset,composedof a

time-seriesof 3-D SPECTimages(3D movie). The dSPECT
reconstruction is based on a mathematical optimization
procedure where all the dynamic projections are being
consideredsimultaneously, resulting in images with better
signal to noiseratio than in the ”f ast-rotation”method,where
each data set is reconstructedseparately. An important
featureof the methodis that eachdynamic voxel (doxel) is
reconstructedindependentlyand,asa result, it is possiblefor
anobjectto containanassortmentof doxelswheretheactivity
may increase, decrease,increaseand decreaseor remain
constantover theacquisitiontime.

Over the last few years we have investigated the
performanceof the methodusing 2D computersimulations,
phantomexperimentsand patientstudies[3, 4, 5]. The goal
of thesetestshasbeento verify the methodfor a broadrange
of kinetic parameters,to evaluateits accuracy andto optimize
acquisitionprotocols. At the presentstage,however, we are
focusing our researchon a few practical applicationsof the
method. One of suchapplicationsis investigationof cardiac
studiesusingTeboroximeTc-99m.

It hasbeenshown that Teboroximeextraction reflectsthe
true blood flow betterthanothermyocardialperfusionagents
such as Tc-99m MIBI or Tl-201 [6, 7]. Its use has been
limited becauseit is not trappedwithin the cell, but rather,
due to its neutralcharge, is rapidly washedout. Thus, using
standardstaticimagingmethodswith this radiopharmaceutical
is difficult. Imageartifactscanbeproducedandalso,aswill be
shown later in this paper, the location,or even thepresenceof
any defectcanoftennot bevisualizeddueto thedelayof blood
perfusionin thestenoticarea.

In orderto investigatetheseissueswe have adaptedthe3D
mathematicalcardiac torso phantom(MCAT) [8] to model
temporalchangesin activity distributions. Using a dynamic
version of the model (dMCAT) we have simulateddifferent
clinical situationsandacquisitionprotocols,thenassessedthe
diagnosticcontent of imagesobtainedfrom this data using
static and dynamic reconstructions. Although in this work
we presentonly the results of Teboroximesimulations, the
dMCAT phantom is fully versatile and can be used with
other radiopharmaceuticalsusing appropriatecompartmental
models.

I I . METHODS

In our dynamic version of the model (dMCAT) we first
simulatethe time-activity concentrationsof the radiotracerin
different organsof the humanthorax using a compartmental



model approach. A set of differential equationsrepresenting
the flow of activity betweenorgans is solved with kinetic
parametersbeing defined by the user in a MATLAB user
interface. This part of the programhas to be modified for
each tracer so that the equations match the appropriate
compartmentalmodel. The result of this calculation is
displayedon a graph as a set of time activity curves (TAC)
representingconcentrationsin differentcompartments.In our
simulationstheseactivity changeswere modeledassuminga
bolus injection of the tracer. The activity then moves from
the right ventricle to the lungs,next to the left ventricle,and
to the myocardium,the muscles(representingthe rest of the
body)andto the liver. An additionalequationis usedto create
a defect in the heartwith dynamicparametersdifferent from
thoseof a healthymyocardium.Kinetic parametersusedin the
modelwerebasedon experimentalTeboroximestudiesandthe
shapesof theresultingsimulatedTAC’swereadjustedto match
theexperimentalshapes[9, 10]. Figure1 shows anexampleof
the curvesusedin our simulations. As canbe seenfrom this
figure, the injection bolus lasts for about 30 secondsin the
right ventricle,then,for the next 30-60secondsthe activity in
all organsrisesfastandthis periodis followedby muchslower
changes,with the normal myocardiumwashoutcharacteristic
time in therangeof 6-8minutes.

Figure 1: An example of the time activity curves (TAC) used in
TeboroximedMCAT simulations.Thetop partof thefigureshows the
injection bolusas it moves throughthe right ventricleand the lower
part the activity concentrationsin the remaining. Note the changeof
scalebetweentheimages.

In the next stepthesevaluesof activity concentrationare
usedto computethe 4D thorax model (the “truth”) with the
activity in eachorganfollowing aseparatetimeactivity change.
Figure2 shows a volumerenderedimageof the dMCAT with
activities correspondingto 2 minutespost injection. We have
simulatedthe healthymyocardiumand the one with stenosis
(heartdefect) locatedat two different placesin the heart (in
the apex andcloseto the liver). Also, two different levels of

Figure 2: A volume renderedimageof the dMCAT phantomwith
activities in theorganscorrespondingto 120seconds(2 minutes)post
injection.

liver uptake were modeledwith the MCAT option of a liver
positionedhigh in thethorax.

The userthen specifiesthe acquisitionparametersusinga
MATLAB userinterface. The numberof cameraheads,their
startingangle,thematrix andpixel sizes,theangleof rotation,
thetimeof eachcamerastopandthetimebetweentheinjection
and the beginning of the acquisitionarespecifiedto generate
the projectorwithout or with attenuationandwithout or with
2D or 3D collimator blurring. At this point the sinogramsare
calculated.

In our testswe have investigatedall theseoptionsmodeling
slow acquisitionswith dual and triple headsystems,rotating
a maximum180� per head. In all casesthe matrix size was
64 x 64 with 64 or 32 camerastopsand10 or 20 secondsper
projection,respectively. Two differentapproachesweretested:
(i) a short3 minutescanwherethe activity in the objectdoes
not changetoo muchand(ii) a longer10 minutescanduring
which theactivity dropsby about50%,this allowsusto collect
dynamicdatawith betterstatisticsandwith moredatapoints.
Similarly, we have testedacquisitionsstarting(a)at thetime of
injection(at 0 seconds)wherefastmovementof bolusthrough
the heartis strongly influencingthe projectiondata,(b) at 60
secondspostinjectionwith moremoderateratesof changeand
the with increaseand decreaseof activity in the organs,and
(c) at 120secondspostinjectionwhereactivity changesarethe
slowest.

Noiselessas well as noisy projectiondata(accordingto a
Poissonnoise)correspondingto about7-8 countsper second
permilliliter of myocardiumtissueasmeasuredat 120seconds
post injection (based on real patient data) were created.
Additionally, anexperimentsimulatingtriple-headfastrotation
was performedwith the camerarotating for 20 secondsover
120� perhead.This studywasstartedat 60spostinjectionand
continuedfor 10 minutes(30 rotationsin total).

The last part of our MATLAB interface allows us to
reconstructthe data using (i) static reconstructionmethods:
filtered backprojection(FBP) or orderedsubsetsexpectation
maximization(OSEM) or (ii) usinga dynamicapproachwith
2D [11] or 3D [12] dynamicexpectationmaximization(dEM)
reconstructions. All images presentedin this work were
smoothedusinga 3x3gaussianfilter.



I I I . RESULTS AND DISCUSSION

First, in order to check the results for the presenceof
artifacts, the static reconstructionswere comparedwith the
imagesobtainedby summingdynamic imagesover all time
frames. The static images obtained from the data from
both acquisitionswhich startedat the moment of injection
(0-3 minutes and 0-10 minutes) were dominatedby strong
streak artifacts which were due to large variations in the
object createdby the bolus activity entering the right and
later the left ventricle. As expected,the FBP imageswere
much worse than thosefrom the OSEM method. Dynamic
reconstructions,which have theadvantageof creatinga whole
time-seriesof images, displayedsome artifacts in the first
imagescorrespondingto the beginning of the scan,but were
surprisinglygoodfor theremainingtime frames.Theseresults
indicatethat dSPECTcanhandleeven large activity changes.
Summingof the time framesin this casedid not make much
sense, as artifacts from these first frames dominated and
spoiledtheresultingimagesasit is illustratedon Figure4.

Similar comparisonswere performedfor scansstartingat
60 and120secondspostinjection. In this case,althoughFBP
static imageswere bad, the OSEM and summedover time
dEM reconstructionsproducedvery comparableimages(see
Figure 4). Also, therewas not much differencebetweenthe
acquisitionswhichstartedat60and120secondspostinjection.
Careful analysisof this data,however, revealsonedisturbing
effect. Both staticandsummeddynamicreconstructionstend
to averagethe activity distributions over time. Therefore,in
situationswherethereis a defectin theheartit is possiblethat
both normal and stenoticmyocardiumwill have equal levels
of suchan averagedactivity and thereforetheseimageswill
not reveal the location, or even the presence,of the defect.
On the other hand, when reviewing the dynamic time series
reconstructedusing the dSPECT method one can clearly
identify thedefectandanalyseits perfusion.Figure5 presents
two dynamictimes-frames(80and260seconds)corresponding
to the same data as presentedin Figure 4. Changesin
relative levels of activity display clearly the location of the
defect. For comparison,the top two imagespresentthe true
activity distributions, in the middle the results of dSPECT
reconstructionare displayed and the bottom part presents
imagesobtainedusingthe dataacquiredwith the fast rotation
of the triple head camerareconstructedwith OSEM. Since
theseimagescorrespondto only 20 secondstotal acquisition
time they have very poor statisticsand the high noisemakes
their analysispracticallyimpossible.

On the other hand, when reviewing the dSPECT
reconstruction,in addition to spatial information about the
activity distribution, a dynamicseriesof imagesalsocontains
temporalinformationwhichcanbeusedin subsequentanalysis
for diagnostic purposesor in order to separatedifferent
organs. Important applicationsof this approachwould be
the identification and quantitationof heart defects and the
elimination of the problem of overlapping liver and heart
distributions.Thetime activity curvesfor normalanddiseased

Figure 3: Imagesof a transaxialslice of the dMCAT phantomfor
3 minutesacquisitionsstartingat the time of the injection. The true
activity distribution (upper)and the resultsof static OSEM (middle
left), anddynamicdEM summedover all time frames(middle right)
arepresented.In thebottompartof thefigurethetrueandthedSPECT
imagescorrespondingto the2.5minutetime framearedisplayed.

myocardiumandfor the liver arequitedifferent(seeFigure1)
and, indeed,dynamicdatacould be usedin a suchseparation
procedure.

IV. CONCLUSIONS

Performanceof the dSPECTmethodhasbeeninvestigated
for myocardial viability studieswith Teboroximeusing the
MCAT phantom, which was modified to model changing
activity distributions in the organs. The imageswhich were
obtainedby summingtheimagesfrom dynamicreconstructions
over all time-frameswere as good and often better or even
much better than those from static FBP or OSEM. An
importantadvantage,however, of the dSPECTmethodis that
it reconstructsimagesin a form of 3-D dynamicmovies that
may be usedto extract additionaldiagnosticinformation. All
thesefindingsneedto beconfirmedin patientstudieswhichare
currentlybeingperformed.



Figure4: Imagesof a transaxialslice of the dMCAT phantom. The
true activity distribution (upper left) and the results of static FBP
(upper right), static OSEM (lower left) and dynamicdEM summed
over all time frames(lower right) arepresented.
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I. I NTRODUCTION

THE estimation of time-activity curves and kinetic model
parameters directly from projection data is potentially use-

ful for clinical dynamic single photon emission computed to-
mography (SPECT) studies, particularly in those clinics that
have only single-detector systems and thus are not able to per-
form rapid tomographic acquisitions. Because the radiopharma-
ceutical distribution changes while the SPECT gantry rotates,
projections at different angles come from different tracer dis-
tributions. A dynamic image sequence reconstructed from the
inconsistent projections acquired by a slowly rotating gantry
can contain artifacts that lead to biases in kinetic parameters
estimated from time-activity curves generated by overlaying re-
gions of interest on the images. If cone beam collimators are
used and the focal point of the collimators always remains in a
particular transaxial plane, additional artifacts can arise in other
planes reconstructed using insufficient projection samples [1]. If
the projection samples truncate the patient’s body, this can result
in additional image artifacts. To overcome these sources of bias
in conventional image based dynamic data analysis, we and oth-
ers have been investigating the estimation of time-activity curves
and kinetic model parameters directly from dynamic SPECT
projection data by modeling the spatial and temporal distribu-
tion of the radiopharmaceutical throughout the projected field
of view [2–8].

In our previous work we developed a computationally effi-
cient method for fully four-dimensional (4-D) direct estimation
of spatiotemporal distributions from dynamic SPECT projection
data [5], which extended Formiconi’s least squares algorithm for
reconstructing temporally static distributions [9]. In addition,
we studied the biases that result from modeling various orders
of temporal continuity and using various time samplings [5].
In the present work, we address computational issues associ-
ated with evaluating the statistical uncertainty of spatiotemporal
model parameter estimates, and use Monte Carlo simulations to
validate a fast algorithm for computing the covariance matrix

This work was supported by the National Heart, Lung, and Blood Institute of
the US Department of Health and Human Services under grants R01-HL50663
and P01-HL25840 and by the Director, Office of Science, Office of Biological
and Environmental Research, Medical Sciences Division of the US Department
of Energy under contract DE-AC03-76SF00098. This work was developed in
part using the resources at the US Department of Energy National Energy Re-
search Scientific Computing (NERSC) Center.

for the parameters. Given this covariance matrix, the covari-
ance between the time-activity curve models for the blood input
function and tissue volumes of interest can be calculated and
used to estimate compartmental model kinetic parameters more
precisely, using nonlinear weighted least squares [10,11].

II. FAST COMPUTATION OF STATISTICAL UNCERTAINTY

FOR SPATIOTEMPORAL DISTRIBUTIONS

Following our development in [5], time-varying activity con-
centrations within volumes of interest encompassing the pro-
jected SPECT field of view can be modeled by selecting a set
of temporal basis functions capable of representing typical time
variations and having desired smoothness properties. Similarly,
the spatially nonuniform activity concentration within a particu-
lar volume of interest can be modeled by selecting an appropri-
ate set of spatial basis functions. Given a set of temporal basis
functions and sets of spatial basis functions for the volumes of
interest, coefficients for the resulting spatiotemporal basis func-
tions can be estimated directly from the SPECT projection data,
along with the covariance matrix for the coefficients.

A. Covariance Matrix for the Spatiotemporal Basis Function
Coefficients

Denoting the projection of themth spatial basis function along
ray i at anglej by um

ij , and the integral of thenth temporal ba-
sis function during the time interval associated with anglej of
rotationk by vn

jk, the projection equations can be expressed as

pijk =
M∑

m=1

N∑
n=1

amnu
m
ij v

n
jk, (1)

where thepijk are the modeled projections, theamn are the lin-
ear coefficients associated with the time integrals of the projec-
tions of the spatiotemporal basis functions,M is the number of
spatial basis functions, andN is the number of temporal basis
functions. The criterion which is minimized by varying the lin-
ear coefficientsamn is the weighted sum of squares function

χ2 =
I∑

i=1

J∑
j=1

K∑
k=1

(p∗ijk − pijk)2

Wijk
, (2)

where thep∗ijk are the measured projections, theWijk are
weighting factors,I is the number of projection rays per angle,



J is the number of angles per rotation, andK is the number of
rotations. Typically, the weighting factors are either unity for an
unweighted fit or the estimated variances of the projections for
a weighted fit.

Equations (1) and (2) can be rewritten in matrix form as

p = Fa (3)

and

χ2 = (p∗ − Fa)TW(p∗ − Fa), (4)

respectively, wherep is anIJK element column vector whose
[i + (j − 1)I + (k − 1)IJ ]th element ispijk, F is anIJK ×
MN matrix whose{[i + (j − 1)I + (k − 1)IJ ], [m + (n −
1)M ]}th element isum

ijv
n
jk, a is anMN element column vector

whose[m+(n−1)M ]th element isamn, p∗ is anIJK element
column vector whose[i + (j − 1)I + (k − 1)IJ ]th element is
p∗ijk, andW is anIJK×IJK diagonal matrix whose[i+(j−
1)I + (k − 1)IJ ]th diagonal element is1/Wijk. The criterion,
χ2, is minimized by the vector of spatiotemporal basis function
coefficients

â = (FTWF)−1FTWp∗. (5)

The covariance matrix for the coefficientsâ is

cov(â) = (FTWF)−1FTWcov(p∗)WF(FTWF)−1, (6)

where cov(p∗) is the covariance matrix for the measured projec-
tions. Given an estimate of cov(p∗), estimates of the statistical
uncertainties of the coefficientŝa are the square roots of the di-
agonal elements of the covariance matrix given by equation (6)
and are denoted individually bŷσâmn

. In general, the errors in
the coefficients are correlated and the covariance matrix given
by equation (6) has nonzero elements off the diagonal.

For an unweighted least squares reconstruction of the spa-
tiotemporal basis function coefficientŝa (i.e., for W an iden-
tity matrix), an estimate of the symmetricMN ×MN covari-
ance matrix cov(â) can be obtained quickly from equation (6)
as follows. Assuming Poisson noise, the diagonal matrix hav-
ing the modeled projectionŝp = Fâ along the diagonal can be
used as an estimate of the covariance matrix for the measured
projections. Substituting this diagonal matrix for cov(p∗) and
the identity matrix forW, equation (6) can be rewritten as

cov(â) = (FTF)−1FTdiag(Fâ)F(FTF)−1. (7)

We have presented a method for quickly calculating(FTF)−1

in [5]. Using a similar development, the symmetricMN×MN
matrixFTdiag(Fâ)F can be calculated quickly as follows. De-
noting the{[m + (n − 1)M ], [m′ + (n′ − 1)M ]}th element of
FTdiag(Fâ)F byψmnm′n′

, one has

ψmnm′n′
=

I∑
i=1

J∑
j=1

K∑
k=1

um
ij v

n
jk ×

[
M∑

m′′=1

N∑
n′′=1

âm′′n′′um′′
ij vn′′

jk

]
× um′

ij v
n′
jk,

(8)

where âm′′n′′ is the [m′′ + (n′′ − 1)M ]th element ofâ, and
“×” denotes scalar multiplication. Rearranging the summations
yields

ψmnm′n′
=

M∑
m′′=1

N∑
n′′=1

âm′′n′′ ×

J∑
j=1

[
I∑

i=1

um
iju

m′
ij u

m′′
ij

][
K∑

k=1

vn
jkv

n′
jkv

n′′
jk

]

=
M∑

m′′=1

N∑
n′′=1

âm′′n′′

J∑
j=1

αmm′m′′
j βnn′n′′

j

=
M∑

m′′=1

N∑
n′′=1

âm′′n′′γmnm′n′m′′n′′
,

(9)

where the factorsαmm′m′′
j andβnn′n′′

j denote the summations∑I
i=1 u

m
iju

m′
ij u

m′′
ij and

∑K
k=1 v

n
jkv

n′
jkv

n′′
jk , respectively, and the

factorγmnm′n′m′′n′′
denotes the sum

∑J
j=1 α

mm′m′′
j βnn′n′′

j .
Using the factorization given by equation (9), it can be

shown that most of the overhead associated with computing
the symmetric matrix elementsψmnm′n′

lies in calculating the
αmm′m′′

j factors and theγmnm′n′m′′n′′
factors. These calcula-

tions take about[(I/N3) + 1]JQ multiply-and-add operations,
whereQ = (MN)2(MN + 1)/2. By comparison, relatively
straightforward computation of the summations given by equa-
tion (8) takes aboutIJKQ multiply-and-add operations. Thus,
for the computer simulations described in Section III, for which
I/N3 = 1/2, the factorization given by equation (9) reduces the
computation by a factor of about(2/3)IK ≈ 20,000.

B. Covariance Between Integrated Time-Activity Curve Model
Segments

Given an estimate of cov(â), the covariance matrix for the
spatiotemporal basis function coefficients, estimates of the co-
variance between integrated segments of the time-activity curve
models for the volumes of interest can be obtained as follows.

The integral of the time-activity curve model for volume of
interestm, during the time interval associated with anglej of
rotationk, can be expressed as

∑N
n=1 âmnv

n
jk. Thus, the co-

variance of this time integral with the time integral associated
with volume of interestm′ during anglej′ of rotationk′ is

cov

(
N∑

n=1

âmnv
n
jk,

N∑
n=1

âm′nv
n
j′k′

)

=
N∑

n=1

N∑
n′=1

vn
jk cov(âmn, âm′n′) vn′

j′k′ ,

(10)

and the variance of each time integral is

σ2
jkm = var

(
N∑

n=1

âmnv
n
jk

)

=
N∑

n=1

N∑
n′=1

vn
jk cov(âmn, âmn′) vn′

jk.

(11)



As a figure of merit related to the global precision of the time-
activity curve model for volume of interestm, the following ex-
pression yields a squared noise-to-signal ratio calculated as the
mean (over all of the time segments) of the expected values of
the squared errors between the integrated segments of the “true”
and modeled curves, normalized by the mean square value of
the integrated segments of the “true” curve:

ξ2m =

∑J
j=1

∑K
k=1 σ

2
jkm∑J

j=1

∑K
k=1

[∑N
n=1 âmnvn

jk

]2 . (12)

Substituting equation (11) into equation (12), the squared noise-
to-signal ratioξ2m can be calculated quickly by rearranging the
summations, precomputing the inner products of the temporal
basis functions,νnn′

=
∑J

j=1

∑K
k=1 v

n
jkv

n′
jk, and exploiting the

symmetry with respect to the indicesn andn′:

ξ2m =
∑N

n=1

∑N
n′=1 cov(âmn, âmn′)νnn′∑N

n=1

∑N
n′=1 âmnâmn′νnn′ . (13)

III. C OMPUTERSIMULATIONS

To validate the fast algorithm presented in Section II, 1600 re-
alizations of cone beam projection data having Poisson noise
were generated using the simulation apparatus described in [5].

Simulated spatiotemporal distributions were obtained using
the Mathematical Cardiac Torso (MCAT) phantom developed at
the University of North Carolina [12]. The emission phantom
(Fig. 1) was composed of 128 contiguous 1.75 mm-thick slices
and contained the blood pool, three myocardial tissue volumes
of interest (normal myocardium, septal defect, and lateral de-
fect), liver, and background tissue. Projections were attenuated
using the corresponding MCAT attenuation phantom.

The simulated time-activity curves (Fig. 2) mimicked the ki-
netics of teboroxime [13]. The simulated 15 min data acquisi-
tion consisted ofI = 2048 cone beam projection rays per an-
gle (64 transverse× 32 axial),J = 120 angles per revolution,
andK = 15 revolutions, and thus yielded about 3.7 million pro-
jection samples. The projection bins were 7 mm× 7 mm at
the detector, and the detector was 30 cm from the center of the
field of view. The cone beam collimators had a hole diameter of
2 mm, a length of 4 cm, and were offset 1 cm from the detector.
The focal length was 70 cm, which resulted in truncation of the
data (Fig. 1). Attenuation and geometric point response were
modeled using a ray-driven projector with line length weight-
ing [14]. Scatter was not modeled. The amplitude of the simu-
lated blood input function was adjusted so that about 10 million
events were detected using the cone beam collimators.

The spatial basis projection factorsum
ij were defined by for-

ward projecting each of the six known emission volumes com-
posing the MCAT phantom (Fig. 1). Each emission volume was
modeled to contain spatially uniform activity, which yielded
M = 6 sets of spatial basis projection factors.

The temporal basis integral factorsvn
jk were defined by inte-

gratingN = 16 splines spanning 15 time segments having ge-
ometrically increasing length (Fig. 3). Piecewise quadratic B-
splines were used with an initial time segment length of 10 sec.
The resulting curve models were continuous through their first

Fig. 1. Transverse cross section through the MCAT emission phantom, showing
the truncation of data resulting from the use of cone beam collimators.
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Fig. 2. Simulated time-activity curves for the volumes shown in Fig. 1.
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Fig. 3. Piecewise quadratic B-spline temporal basis functions. Sixteen splines
are used to span 15 time segments having geometrically increasing length.
The initial time segment length is 10 sec. The thirteenth spline is shown as
a solid curve.

derivative and yielded errors of less than 2% for noiseless pro-
jections, where the error was defined to be the root mean square
(rms) difference between the simulated curve and the spline
model, normalized by the rms value of the simulated curve [5].

The computational benefit of using the factorization given
by equation (9) to estimate the covariance matrix for the spa-
tiotemporal basis function coefficients was evident in the sim-
ulations. The number of multiply-and-add operations used to
calculateFTdiag(Fâ)F was reduced from about 1.6 trillion to
about 80 million. Using a 194-MHz R10000-based SGI work-
station, it took 34 sec to estimate the 96 coefficients for the
spatiotemporal basis functions, their covariance matrix, and the
squared noise-to-signal ratios given by equation (13).



TABLE I

ACTUAL AND ESTIMATED STATISTICAL UNCERTAINTIES FOR SPATIOTEMPORAL BASIS FUNCTION COEFFICIENTS, FOR 1600REALIZATIONS OF NOISY

PROJECTIONS. THE SAMPLE STANDARD DEVIATIONS OF THE COEFFICIENTS(THE SECOND COLUMN IN EACH OF THE FOUR SUB-TABLES) AGREE CLOSELY

WITH THE SAMPLE MEANS OF THE ESTIMATED STATISTICAL UNCERTAINTIES(THE THIRD COLUMN IN EACH OF THE FOUR SUB-TABLES).

blood pool normal myocardium septal defect lateral defect
n â1n σ̂â1n

â2n σ̂â2n
â3n σ̂â3n

â4n σ̂â4n

sample sample sample sample sample sample sample sample sample sample sample sample
mean sdev mean mean sdev mean mean sdev mean mean sdev mean

1 0.279 0.128 0.131 0.0102 0.166 0.166 -0.0529 1.28 1.29 -0.212 0.747 0.762
2 5.20 0.138 0.140 1.05 0.171 0.174 0.559 1.33 1.35 0.979 1.47 1.46
3 7.65 0.157 0.160 2.30 0.185 0.187 1.36 1.89 1.88 1.38 3.00 2.99
4 8.20 0.172 0.175 3.75 0.331 0.333 1.89 3.04 3.05 2.42 1.95 1.95
5 7.19 0.153 0.160 5.15 0.222 0.219 2.33 1.91 1.94 3.25 1.26 1.27
6 5.40 0.105 0.107 6.30 0.148 0.145 2.70 1.20 1.24 3.58 1.75 1.73
7 3.51 0.0974 0.0953 7.07 0.141 0.140 2.87 1.50 1.54 3.59 0.876 0.864
8 2.00 0.0658 0.0668 7.36 0.108 0.109 2.67 0.886 0.904 3.11 1.08 1.09
9 1.04 0.0545 0.0543 7.21 0.0839 0.0836 2.45 0.600 0.602 2.44 0.593 0.602
10 0.535 0.0464 0.0446 6.71 0.0743 0.0735 2.02 0.560 0.562 1.69 0.418 0.411
11 0.308 0.0361 0.0362 5.98 0.0632 0.0628 1.57 0.486 0.477 1.03 0.364 0.354
12 0.208 0.0305 0.0298 5.13 0.0538 0.0530 1.13 0.397 0.399 0.592 0.296 0.300
13 0.149 0.0250 0.0245 4.20 0.0454 0.0441 0.761 0.327 0.325 0.307 0.258 0.253
14 0.103 0.0197 0.0201 3.28 0.0360 0.0365 0.478 0.268 0.270 0.179 0.206 0.207
15 0.0657 0.0167 0.0168 2.39 0.0303 0.0308 0.268 0.232 0.234 0.0853 0.165 0.170
16 0.0399 0.0169 0.0169 1.64 0.0314 0.0313 0.135 0.270 0.269 0.0651 0.161 0.164

TABLE II

ACTUAL AND ESTIMATED NOISE-TO-SIGNAL RATIOS FOR TIME-ACTIVITY

CURVES, FOR 1600REALIZATIONS OF NOISY PROJECTIONS.

noise-to-signal ξm

ratio (%) (%)
sample sample sample sample
mean sdev mean sdev

blood pool 1.51 0.35 1.56 0.008
normal myocardium 1.13 0.27 1.16 0.003

septal defect 32.5 9.1 32.5 2.6
lateral defect 28.5 8.0 28.6 2.3

liver 0.167 0.031 0.170 0.0001
background 0.242 0.058 0.247 0.0002

Table I shows that the sample means of theσ̂âmn
(the square

roots of the diagonal elements of the estimated covariance ma-
trix) were within 5% of the sample standard deviations of the
âmn (the estimated spatiotemporal basis functions coefficients),
for the blood pool and myocardial tissue volumes. For the liver
and background tissue, the agreement was to within 4%. The
coefficients of variation for thêσâmn

were less than 2%.
Table II shows that the sample means of theξm (the estimated

noise-to-signal ratios) were within 4% of the sample means of
the rms differences between the 1600 sets of time-activity curve
models and their corresponding mean curves, normalized by the
rms values of the mean curves. The time-activity curves for the
septal and lateral defects exhibited the largest variability, be-
cause of their small spatiotemporal support.

IV. FUTURE DIRECTIONS

The fast algorithm presented in Section II will facilitate the
study of the statistical variability that results from modeling var-
ious orders of temporal continuity and using various time sam-
plings, when estimating time-activity curves directly from dy-
namic cone beam SPECT projections. It may also allow com-
partmental model kinetic parameters to be estimated from the
curves more precisely, using nonlinear weighted least squares.
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ABSTRACT: A newly developed 3D image reconstruction technique for Compton camera data is described in this paper.
For Compton cameras, the energies and positions of gamma-ray interactions in at least two detectors from a single incident
photon are recorded using coincidence techniques. Based on this information, the Compton scattering formula establishes a
cone surface from which the incident photon must have originated. Through an extension of the previously developed
rebinning technique, instead of tracing the entire cone surface into the image space, a number of lines on the cone surface
are sampled. All the lines start from the apex of the cone and are evenly distributed over the cone surface. The number of
lines on each cone is determined by the desired spatial resolution. Each line is then projected to a perpendicular imaginary
detector plane. The 2D Fourier transform of the line-projection data on this plane is shown to be one rotated plane of the
3D Fourier transform of the source distribution in the frequency domain. By projecting all of the sampled lines, performing
Fourier transforms on all of the projected data, and summing up all the transformed data in the frequency domain, the 3D
Fourier transform of the source distribution can be obtained. Interpolation and geometry normalization of data points in the
3D frequency domain will subsequently be applied. An image can then be reconstructed by a 3D inverse Fourier transform.
The development of this technique will be discussed in detail.

I. INTRODUCTION

For a Compton scatter camera as illustrated in Figure 1 in which it is assumed that one emitted gamma ray Compton
scatters in the primary detector then undergoes a photoelectric absorption in a secondary detector (this interaction sequence
is defined as a preferred event), a cone surface can be established to determine the possible locations from where the
incident photon was emitted [1-3]. The location and orientation of the cone surfaces are random in space and depend on
where the two interactions occur in these two detectors, as well as the energies deposited. Thus image reconstruction is a
difficult task. One potential 3D image reconstruction technique is the conventional Fourier deconvolution, which is based
on projecting cone surfaces into the image space to establish a data matrix and then deconvolution of the projected data
matrix with the point spread function that was previously determined for the image system [4]. In this study, a rebinning
technique is being developed for the 3D image reconstruction of Compton camera data.

II. METHODOLOGY

Prior to describing the rebinning method for image reconstruction for Compton cameras, some aspects of rebinning need
to be discussed. As illustrated in Figure 2, f(x,y,z) is a function in 3D space and P is an arbitrary plane that crosses the
origin O. A rotated coordinate system (O,X′,Y′,Z′) is established such that the X′-Y′ plane is plane P. The relationship
between the rotated coordinates and the global coordinates is simply a rotation operator RP. Function f(x,y,z) in the rotated
coordinates will be:

[ ].),,(),,( zyxfRzyxf P=′′′ (1)

A rebinning technique for 3D reconstruction of Compton camera data
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Position Sensitive
Primary Detector

Figure 1. Principle of Compton scatter camera. E1 and E2 correspond to the energy
deposited in the primary and secondary detectors, respectively.



When f(x,y,z) is perpendicularly projected onto P, it is projected along the Z′ axis in the rotated coordinates. We denote
this projection as λP(x′,y′) in the rotated coordinate system:

.),,(),( zdzyxfyxP ′′′′=′′ ∫
∞

λ (2)

By taking the Fourier transform of λP(x′,y′) on x′ and y′, we get

(3)

where the Fn operator is the Fourier transform operator of dimension n and u′ and v′ are the frequency components
corresponding to x′ and y′, respectively.
The 3D Fourier transform of f(x′, y′, z′) in the rotated coordinate system gives

(4)

Comparison of equations (3) and (4) yields

(5)

The physical meaning for equation (5) can be stated as: the 2D Fourier transform of line-projection of a 3D function onto
a plane is a directly rotated plane (u′,v′,0) through the 3D transform of the original function in the frequency domain. The
rotated plane in frequency domain has the same orientation as the plane to which the function is projected. This can be seen
as an extension of the central slice theorem of the Radon transform from 2D to 3D, although it is different from the 3D
Radon transform [5-7].
The quickest route to calculate f(x,y,z) with the knowledge of λP(x′,y′) is through equation (5). If a complete set of

projections are available, i.e. λP(x′,y′) are known in every plane that crosses the origin, the Fourier transform of all
projections will give the complete Fourier transform of the original 3D function. So f(x,y,z) can be obtained as

(6)

where R-1P is the rotation operator transforming P from the rotated coordinates into the original coordinates in the
frequency domain. sums up all of the projections to establish the complete 3D Fourier transform of the original function.
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III. REBINNING COMPTON CAMERA DATA

For the Compton camera, instead of tracing the entire cone surface into the source space to reconstruct an image, we
propose to sample lines on the cone surface. All lines originate from the vertex of the cone surface and are evenly
distributed over the cone surface. Consequently, we have two options for sampling λA(x′,y′): 1) predefined planes and 2)
arbitrary planes.

a) Predefined Planes

A series of planes each of which covers an equivalent solid angle and covers half of the sphere (i.e., a total solid angle of
2 is thus subtended) are predefined. Each line is projected onto one and only one plane to which this line is closest to
being perpendicular. All of the planes that have projections from this sampled cone will mark the projected spot with a
weighting factor such that when summing up all the points projected by the lines from one cone, the total weight is 1. In
this manner, each cone represents only one valid event and shall contribute equally to the image.
After all of the cones have been rebinned, the 2D Fourier transform is performed on each of the predefined planes to get

its frequency components. Each Fourier transform undergoes a rotation operation, according to the orientation of the plane,
into the same universal coordinates. Summation of all of the rotated data, interpolation of data points where data are
missing, as well as geometry normalization operations will then be employed. By performing 3D inverse Fourier transform
on the summation of all the data, the original 3D function can be constructed.

b) Arbitrary Planes

An alternative means of calculating λA(x′,y′) can be approached as follows. Each line on the cone surface can be treated
as the norm to a plane, and therefore can define a plane that passes through the origin of coordinates. Since this line serves
as the norm to the projection plane, the projection will be exact, no approximation is introduced as it was in a).
Theoretically there will be the same total number of planes as the total number of lines, and each plane will only have one
projection point. Since the Fourier transform and rotation are both linear operations, one can perform either the summation
or Fourier transform in equation (4).
The second approach is still under development. The computational load seems to be very large for this method, since

there will be one 2D Fourier transform for each sampled line. However, while all the plane sizes are the same, even though
there might be only one point on this plane, there are only limited combinations of how this point is distributed over this
plane. Therefore a table can be constructed a priori for the Fourier transform of every possible projection. By looking up
the corresponding Fourier transform in the table, this time-consuming step may be executed relatively quickly.

III. PRELIMINARY RESULTS

For the rebinning strategy a) in the previous section, if the planes used here are a series of planes rotating along one
single axis, and each plane only covers a small portion of solid angle, the image reconstruction is similar to standard
SPECT. In this case, the filtered backprojection algorithm can be directly applied to the projection data to reconstruct the
image. Figure 3 is an illustration of this case. 5 point sources are simulated using MCNP with 1.6 million preferred events.

Figure 3. Reconstructed image with 5 point sources with equal activity. Only
18 out of 128 slices are shown here. 360 planes are used for projection, and
they all rotate along the same axis with each one covering 0.5-degree angle in
each direction.



With 360 planes rotating along the Z-axis and each covering an equal solid angle, 0.5 degrees azimuthally and 0.5 degrees
in z direction, the filtered backprojection algorithm is adopted. No noise has been added to the simulation. Each slice
covers a 22 cm × 22 cm area and is divided into 128 × 128 pixels. Distance between slices is the same as the space between
pixels within one slice. Though only a very small portion of solid has been taken into account (~0.4%) for 1.6 million cones
(i.e., only a small amount of data is used), the constructed image shows clearly the 5 point sources. Notice there are some
artifacts around the edge of the image space. This kind of artifact is probably due to the fact that the lines are much denser
at the vertex area, and it is possible to filter out this artifact by introducing certain types of filters during the reconstruction.

IV. SUMMARY

A rebinning technique for Compton camera image reconstruction is proposed and under development. Preliminary
results show that this is a promising technique for fully 3D image reconstruction of Compton camera data. The full
manuscript will provide a detailed discussion of this technique. The discussion will cover the derivation of the transform,
analysis of the inverse transform, properties of this kind of transform in space domain as well as in frequency domain, and
discussion on reconstructed images.
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Abstract—The in beam dual head positron camera
BASTEI (Beta+ Activity meaSurements at the Therapy
with Energetic Ions) is used to monitor and control the
applied dose distributions simultaneously to tumour
irradiations with carbon ion beams at the experimental
heavy ion therapy facility at GSI Darmstadt. Therefore,
the PET system has been mounted directly at the treat-
ment site. A fully 3D reconstruction algorithm based on
the Maximum Likelihood Estimator algorithm has been
developed and adapted to a strongly spatial varying im-
aging situation. The scatter and attenuation correction is
applied to the measured list mode data before each itera-
tive step. This requires an attenuation map containing
the information on the tissue composition and densities.
This information is derived from the X-ray computed
tomograms (CT) of the patient and the patient fixation
system including the head rest. The scatter correction
method uses the subtraction of calculated scattered from
measured data. The normalization of scattered events
relative to the unscattered events is done by a global
scatter fraction factor. The results are presented.

1. INTRODUCTION
Since 1997 85 patients mainly suffering from head and neck
tumours have been treated at the experimental heavy ion tu-
mour therapy facility at GSI Darmstadt. The carbon ion ther-
apy is favourable for treating compact, radioresistant tumours
in close vicinity of organs at risk. Therefore, a dedicated
in-beam PET system has been built. During the irradiation β+-
radioactive nuclei are produced by nuclear fragmentation
reactions along the path of the beam. This activity can be
related to the original dose distribution and imaged in-situ by
means of positron emission tomography. The dedicated
positron camera BASTEI has been integrated into the treat-
ment facility, it has a dual-head geometry in order to avoid
interference with the horizontally fixed beam and restrictions
to the patient positioning [1]. The two large-area detector
heads, which have been assembled from components of the
ECAT EXACT PET-scanner, are mounted above and below
the patient couch. The measured list mode data are recon-
structed by a fully 3D noise suppressing Maximum Likeli-
hood algorithm.
Furthermore, the expected counting statistics is limited by
the doses applied per therapy fraction and is usually two to
three orders of magnitude lower compared with those of
typical PET-scans in nuclear medicine. Nevertheless, the
rather simple shape of the activity distributions alleviates the
reconstruction problem.
The individual detector response of the 4 Mio. lines of re-
sponse (LOR) are corrected by means of a normalisation

scan. It is performed with a line source moving through the
field of view (FOV) of the camera.
The process of photon scattering considerably influences the
image quality in PET. For head and neck tumours about 20 %
of the registered true coincidences are influenced by
Compton or Rayleigh scattering, which may destroy the cor-
respondence between the source and the reconstructed radio-
activity distribution especially in highly inhomogeneous
regions of the human body.

2. IMPLEMENTATION
Since the β+-activity distribution is well localized to the
irradiated volume, the scatter correction algorithm requires
the information on the tissue composition and density only
within and nearby the camera FOV. This is derived from the
X-ray CT of the patient (created for treatment planning pur-
pose) which is automatically combined with a CT of the head
rest (Fig. 1) using characteristic landmarks. The created data
set is the basis for the calculation of the attenuation correc-
tion factors. The correct position of these CTs with respect
to the positron camera is derived from stereotactic coordi-
nates used during the diagnostic CT scan and for patient posi-
tioning before the irradiation. The Fig. 1 shows the signifi-
cant influence of the absorption by the head rest on the de-
tector response leading, if not corrected, to image artefacts
in the reconstruction. The dashed line denotes the acceptance
cone of the tomograph
.

Figure 1: The density distribution used for attenuation and scatter cor-
rection obtained from the patient CT and from the CT of the patient
support. A typical tumour location and the acceptance cone of the
positron camera are displayed.

The reconstruction is based on the Maximum Likelihood
Estimation algorithm [2] and has been extended to a three
dimensional image space [3]:
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(n) denotes the activity distribution after the n-th iteration

step, yi
*(n) is the modified measured projection for the i-th

LOR and aij is the element of the transition matrix.
The aim was to model the above described non-standard im-
aging situation as accurate as possible within an acceptable
computation time. The reconstruction is performed by using
an image space with a size adapted to the irradiated volume
(typical image size of 0.5 million voxels with a size of
1.6875 mm). During the treatment with a typical physical
dose of 0.8 Gy per fraction around 100,000 coincidences are
acquired.
The non-zero elements of the transition matrix required for a
particular reconstruction are calculated at run time. In order
to consider the individual crystal response, the volume of
each LOR is sampled by 10 lines whose endpoints are ran-
domly distributed over the crystal volume taking into account
the interaction probability depending exponentially on the
depth of interaction and the spatial orientation of the crystals.
The following pre-iterative correction for each coincidence
channel i are applied:
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where yi
p and yi

r denotes the number of the measured prompt
and random coincidences, respectively. The correction factor
wi

p depends on the length of the emission line within the
image space divided by the total length of the longitudinal
image space axis whereas wi

e is the detection efficiency.
The scatter correction is applied to the measured projections
before each iteration step. Thus, the events registered for
LOR i (yi

meas) can be considered as the sum of the unscat-
tered events from this LOR (yi

unscatt) and of events scattered
into this LOR from outside (yi

scatt):
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The correction step of equation (1) has to be performed for
the unscattered and attenuation corrected events, i.e.:
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where ai is the total attenuation along LOR i.
To calculate the quantity yi

scatt we follow the approximation
of Ollinger [4] and Watson [5] denoted as the Single Scatter
Simulation (SSS). This algorithm approximates the scatter
coincidences in a given LOR by single Compton scattered
events only. At first, a sample of around 1000 scatter points S
is randomly distributed throughout the scatter volume where
the density exceeds 0.1 g/cm3 (Hounsfield > -900).
Figure 2 shows a LOR labelled AB. For each scatter point S
there will be two distinct contributions to the single scattered
coincidences, depending on which side of the scatter point
the annihilation takes place (Q1, Q2).
The first addend in equation (6) supposes that the annihilation
takes place at a point Q1 between S and A. The photon which
reaches the crystal A is unscattered. The scatter contribution

for AB is calculated according to the following formula in a
discrete notation:
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In this expression µ is the linear attenuation coefficient (de-
rived from the merged CT), E and E’ denote the photon en-
ergy before and after the Compton scatter, respectively, de-

pending on the scatter angle θ,
Ω

θ

d

SdPsc ))((
 is the probability

of Compton scatter by the angle θ from S into B and ΩdetB is
the solid angle of the detector relative to S.

Figure 2: Trajectories of scattered photons

The total number of scattered events calculated

∑ ′=
i

i
scatt
u yN (6)

has to be normalized to the number of acquired coincidences.
Because of the limited angle geometry and the low counting
statistics it is impossible to apply the normalization proce-
dure according to Watson [5] which based on a scatter rate
estimation from measured data. As an alternative we calculate
by means of an additional Monte Carlo simulation the global
scatter fraction SF from the n-th solution:
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Introducing eq. (8) into eq. (4) yields the projection value
yi

*(n) for each iteration step.
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3. RESULTS
The algorithm has been validated using point-like 22Na in a
water filled cylindrical phantom (diameter 15 cm, height
15 cm).
Several geometrical configurations were simulated by means
of Monte Carlo and reconstructed with the new scatter cor-
rection algorithm.
The reconstruction algorithm has been applied successfully
to patient data. In dependence on the number of measured
coincidences that contribute to the image space, the recon-
struction time varies between 120  and 240 minutes on a
R8000 processor (75 MHz) of an SGI Power Challenge. The
faster converging algorithm OSEM is taken into account, but
not implemented up to now.
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Abstract|We describe a method for normalization in 3D
PET for use with model-based image reconstruction meth-
ods. This approach is an extension of previous factored nor-

malization methods in which we include separate factors for
detector sensitivity, geometric response, block e�ects and

deadtime. Since our MAP reconstruction approach already
models some of the geometric factors in the forward pro-
jection, the normalization factors must be modi�ed to ac-

count only for e�ects not already included in the model.
We describe a maximum likelihood based approach to joint

estimation of the normalization factors which we apply to
data from a planar source. We then compute block-wise
and block-pro�le deadtime correction factors using singles

and coincidence data, respectively, from a multiframe cylin-
drical source. We have applied this method for reconstruc-
tion of data from the LSO Concorde P4 microPET scanner.

Preliminary results compare favorably with those obtained
using normalization based directly on cylindrical phantom

measurements.

Keywords| 3D PET, Normalization, Image Reconstruc-
tion

I. Introduction

Accurate normalization is essential for accurate quanti-
tative 3D PET. Inaccuracies in normalization factors can
result in artifacts, poor uniformity, and increased noise in
the reconstructed images. Traditional solutions to the nor-
malization problem include direct and component-based
methods. In direct methods, a known source of activity
is scanned, then the normalization factors are estimated
as the ratio between the ideal number of coincidences and
those actually measured [1]. The main problem with this
method is that it requires that a very large number of
counts be detected to achieve acceptable statistical accu-
racy for each line or response (LOR). To maximize the
number of counts over all LORs, direct approaches typi-
cally use a uniform cylindrical source. Unfortunately, this
introduces its own problems since the observation model is
complicated by a substantial scatter fraction.

Ho�man [2] proposed a component-based method which
divides the normalization factors into detector eÆciency
and spatial distortion correction, which accounts for the
radial mispositioning due to the geometry of the scanner.
This model reduces the number of counts required by re-
ducing the degrees of freedom in the normalization model
so that the normalization factors are computed by averag-
ing over multiple LORs. Casey [3] and Badawi [4] extended

This work was supported by the National Cancer Institute under
Grant No. R01 CA59794 and the National Foundation for Functional
Brain Imaging.

this concept to develop sophisticated models accounting
for a wide variety of factors a�ecting detection eÆciency.
Casey's normalization model includes intrinsic detector ef-
�ciency, geometric factors, crystal interference and dead-
time factors, Badawi added time-alignment factors and a
count-dependent block-pro�le to this model.
These models are complex and involve the sequential es-

timation of multiple types of normalization factors, often
from di�erent data sets. This can lead to inconsistent es-
timates since the normalization models are multiplicative.
While optimal estimation of individual components, e.g.
the detector eÆciencies [1], [5], have previously been inves-
tigated, joint estimation of all factors in the component-
based models has not, to the best of our knowledge, pre-
viously been described. Here we present a uni�ed model
in which all factors are estimated simultaneously within
a maximum likelihood framework. This model is speci�-
cally matched to the model-based Maximum A-Posteriori
(MAP) reconstruction methods [6]. The combination of
our previously described system model with matched nor-
malization allows us to explicitly account for the imperfec-
tions in the line-integral model using an accurate physical
and statistical model for coincidence detection. In this way
we build on our previous model, which included e�ects of
detector solid angle, photon pair non-colinearity and in-
tercrystal scatter and penetration, to also include e�ects
arising from the block design, individual detector eÆcien-
cies, geometric e�ects, and deadtime.

II. Methods

A. Normalization within a statistical image reconstruction

framework

We have developed a MAP estimation algorithm to re-
construct 3D PET images [6]. In this approach, the data
are modeled as:

y = Px+ r+ s (1)

where y is the mean of the data, x is the source distribu-
tion, r is the mean of the randoms, and s is the mean of
the scattered events. P is the system matrix describing the
probability that an event is detected, which we factor as:

P = PnormPblurPattnPgeom (2)

where Pgeom is the geometric projection matrix describing
the probability that a photon pair reaches the front faces
of a detector pair in the absence of attenuation and assum-
ing perfect photon pair colinearity. Pblur models photon
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pair non-colinearity, intercrystal scatter and crystal pene-
tration, Pattn contains attenuation correction factors for
each detector pair, and Pnorm is a diagonal matrix con-
taining the normalization factors.

The e�ects of solid angle variation at the detectors rel-
ative to the position of each voxel along a line of response
and the angle between the detector surface and the LOR
are accounted for in Pgeom. Similarly, the e�ects of crystal
penetration that result in mispositioning of events towards
the edge of the �eld of view is included in Pblur. Con-
sequently, these need not be included in the normalization
factors as they are in previous factored methods [3]. Never-
theless, there are geometric factors that are not accounted
for in (2) that we include in our normalization model as
described below.

The normalization model we use here is that the diagonal
matrix Pnorm has elements

Pnorm(i; i) = "d1i"d2ig(l; j; k)
i�b1i;b2idd1idd2i (3)

where we have used i to index the LORs. The speci�c
detectors forming this LOR are denoted d1i and d2i, and
b1i and b2i are the blocks containing these detectors. The
components of this model are as follows:

Geometric factors g(l; j; k)i: (l; j; k)i represent, respec-
tively the radial position l, the view angle j, and the sino-
gram index k, associated with LOR i. The sensitivity of
each LOR is a function of the position of the two detec-
tors in the block and the distance of the LOR from the
center of the �eld of view of the scanner. Our geomet-
ric factor essentially combines the geometric and block-
interference patterns of [3] into a single factor. Since the
scanner is highly symmetric both axially and transaxially,
many LORs are equivalent in these respects. The average
number of LORs sharing the same block and radial posi-
tions is approximately 2.3 � 168 (the number of blocks in
the Concorde scanner - 336 detectors for each of 32 rings in
blocks of 8 by 8). Fig. 1 illustrates the symmetries of the
LORs with respect to the blocks that we use in comput-
ing the normalization: each LOR can have up to an 8-fold
symmetry with respect to a single block. This pattern then
repeats every 8 detectors for an 8 by 8 block design.

Detector eÆciency "d1i ; "d2i : these quantities describe
the intrinsic eÆciencies of the two detectors forming the
LOR. The total number of these factors is equal to the
number of detectors.

Time-alignment factor �b1i;b2i : The time alignment fac-
tor is based on the model proposed by Badawi [4] to ac-
count for di�erences in timing synchronization between dif-
ferent blocks. As the timing windows become misaligned
between any pair of blocks, so the detection eÆciency will
drop. We can characterize the timing properties of each
block by a single delay factor. The time-alignment factor
for each LOR is then a function of the di�erence between
the delay factors for the two blocks for that LOR. The
form of this function can be determined experimentally by
varying the timing between a pair of blocks. We have not
yet performed this experiment so that in the results pre-

Fig. 1. The geometric factors are functions of the radial position of
the LOR and the positions of the two detectors within their respective
blocks. Illustrated here for a 4 by 4 block detector system is a four-
fold symmetry in these factors. An additional two fold symmetry
results from rotating and axially translating the LORs so that each
of the four blocks on the right of the �gure moves to the location of
the left most block.

sented below we instead estimate directly a separate time-
alignment factor for each pair of blocks.

Deadtime factor dd1idd2i : the deadtime factors are esti-
mated separately as described in Section II-C.

B. Normalization factor estimation

We compute the normalization factors from the previous
section using a joint optimization procedure. This di�ers
from the common practice of using rotating rod sources
to compute geometric factors and cylinder data to com-
pute geometric eÆciencies [3], [4]. This provides self con-
sistent estimates of the unknown parameters. Moreover,
by basing the estimation on the model (1), the normaliza-
tion is matched to the speci�c forward projection model
that we subsequently apply during reconstruction. For the
plane source used in our studies, scatter is minimal and we
currently ignore scatter contributions. For the Concorde
microPET scanner, data is initially collected in listmode
format so that we can re-sort into simultaneous prompt
and delayed event sinograms. Prior to computing the nor-
malization factors, we use a Bayesian technique to estimate
the mean of randoms from the separate randoms sinogram
[7].

We model the measurements as Poisson using the model
(1) to give the log likelihood:

L(Pnorm) =
NX
i=1

yi logf"d1i"d2ig(l; j; k)
i�b1i;b2i [Px]i + rig

�f("d1i"d2ig(l; j; k)
i�b1i;b2i)[Px]i + rig (4)

The source distribution x is the known plane source.
We estimate the parameters by maximizing L(Pnorm) us-
ing a grouped coordinate ascent method, updating each
of the di�erent factors in turn using steepest ascent with
a Newton-Raphson line search. We �nd in practice that
e�ective convergence is reached in 5 iterations with 3 sub-
iterations of line search at each main iteration.
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C. Deadtime estimation

We assume for the purposes of computing the count-
independent normalization factors, that the plane source
is of suÆciently low activity that deadtime e�ects are min-
imal. This assumption is reasonable for the LSO detectors
in the Concorde scanner for which deadtime factors are
considerably lower than they would be for a BGO system.
Deadtime is a�ected by the properties of the PMT and

detection electronics [4]. Rather than adopt the exponen-
tial model that was developed by Casey [3], we instead use
an empirical quadratic correction method [4] which relates
observed and true singles rates at each block by

�t =
�a

1 + ��a + ��2a
(5)

where �t is the true singles rate, �a is the detected count
rate, and � and � are experimentally determined param-
eters. We allow a separate deadtime calibration of this
type for each detector block in the system, based on the
measured singles rate for that detector block.
Block detectors also exhibit an additional deadtime ef-

fect, characterized by gradual mispositioning of events to-
wards the middle of the block as the count rate increases [8],
[4]. This mispositioning contributes to a count dependent
variation of sensitivity across the detector blocks, which
we report on below. Our results indicate that these varia-
tions are signi�cant so that we include these factors in our
deadtime correction.
Thus our overall deadtime model for each detector di,

similar to that in [4], is the product of the misposition-
ing deadtime dmp(di) and PMT and electronics deadtime
dpp(bi):

ddi = dmp(bi)� dpp(di) (6)

where bi is the block containing detector di. The deadtime
correction factor for each LOR is then the product of the
factors for the two detectors forming the LOR.
We estimate the factors dmp(bi) by observing the singles

rate at each detector block over a series of I frames, taken
as an F-18 source decays over the expected range of ac-
tivities for the scanner. Since the LSO detectors have a
natural background activity, we model the true activity at
the block as

�(t) = Ae��t + C (7)

where A is the initial singles rate, � is the decay constant,
and C is the background activity. Integrating this activity
over the duration of each frame from time ti to ti+T and
applying the deadtime model (5) we obtain the series of
equations:

A

��T

h
(e��(ti+T ) � e��ti)

i
+ C =

�a;i

1 + ��a;i + ��2a;i
(8)

for i = 1; : : : I where �a;i is the observed total singles rate
at the ith block and � and � are the constants to be es-
timated. This set of equations are solved using nonlinear
least squares to obtain a separate pair of parameters for
each detector block. The mispositioning deadtime param-
eters were computed as described in [5].

III. Experimental studies

A. Plane source experiments

Using the method described above, we estimated nor-
malization factors for the Concorde MicroSystems P4 mi-
croPET scanner. We acquired data for a 90x200x2mm
plane source of volume 38cc �lled with 700 �Ci of FDG.
The �rst frame was collected for 20 minutes, the source
was then rotated by 30 degree increments, with frame du-
rations adjusted to achieve approximately equal counts in
each frame. We windowed each sinogram to take only lines
of response within �15o of the normal to the plane. The
set of six windowed sinograms were then used to estimate
the normalization factors.

B. Deadtime experiments

A 221.6cc cylinder, diameter 5cm and length 15.5 cm,
containing 4.80 mCi F-18 solution was scanned for 19
frames. The duration of each frame was 600s with each
new frame starting 0.5 half-lives after the previous one.
The average singles rate for the �rst frame for each block
was 1:43� 105, the average singles rate for the last frame
was 827 (which was largely due to background radiation
from LSO). The listmode format from the scanner allows
us to acquire separate prompt and delayed sinograms and
the singles rates for each individual detector block. These
data were used to compute the deadtime factors.

C. Cylinder uniformity

Using the new normalization factors, we reconstructed
a 5 cm diameter uniform cylinder. For comparison, we
used a normalization �le generated directly from a 2 hour
duration frame from a uniform cylinder.

IV. Results

Shown in Fig 2 are the block-wise and block-pro�le com-
ponents of the deadtime correction factors. Fig 2(a) shows
the excellent count-rate linearity for the LSO block detec-
tors in the scanner over a wide activity range. The block-
pro�le results indicate that these factors introduce signi�-
cant count-dependent variations in sensitivity as a function
of position in the block which should be included as part
of the normalization process.
In Figs. 3 and 4 we show the e�ects of applying the

model-based normalization procedure described here to re-
construction of a uniform cylinder compared to direct nor-
malization based on a uniform cylinder. In both cases, the
images were reconstructed using 30 MAP iterations with all
algorithm parameters otherwise equal. Fig. 3 shows a sin-
gle transaxial plane, and a pro�le through this plane, from
the reconstructed cylinder. These results indicate some im-
provement in transaxial uniformity and a small reduction
in noise. The latter observation was veri�ed by computing
region of interest variances which found a reduction in the
percent standard deviation to mean ratio from 20% to 18%.
The rise in activity towards the edge of the �eld of view
that can be seen in both pro�les is caused by the presence
of scatter in the sinograms which was not corrected for in
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Fig. 2. Deadtime correction factors: (a) results from �tting the
quadratic deadtime model to singles data from a 4.8mCi cylinder;
shown are the measured vs. true singles rates for 8 di�erent block
detectors; (b) transaxial block pro�le factors computed from coinci-
dence data for a measured singles rate of 20K for 8 di�erent detector
rings; (c) axial block pro�le from same data as (b).

these studies. Fig. 4 shows the axial uniformity as the total
activity in each of the 63 reconstructed slices. Apart from
over-correction in the �rst few planes, the model-based nor-
malization produces improved axial uniformity compared
to the direct normalization method.

The preliminary results presented show encouraging, if
small, improvements in image uniformity compared to a
direct normalization procedure. Further improvements
should be realized as we re�ne our model. In order to com-
pute the normalization factors in our approach, we must
know the position of the plane source relative to the sino-
gram space. Currently we do this by comparing the mea-
sured plane source sinograms with the forward projection
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Fig. 3. Central plane of reconstructed cylinder. Left: model-based
normalization; right: direct normalization.
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Fig. 4. Axial pro�les of reconstructed cylinder using model-based
and direct normalization.

of a simulated plane source, whose angle is adjusted so
that the two sinograms match. Our procedure for perform-
ing this matching needs further re�nement. We will also
modify the time-alignment factor parameterization as we
describe in Section II-A. Finally, we will include compen-
sation for scatter to perform a full quantitative evaluation.
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Iterative Reconstruction Methods for High-
Throughput PET Scanners

James Hamill and Thomas Bruckbauer
CTI PET Systems, Inc., 810 Innovation Drive, Knoxville, TN  37932 USA

e mail: hamill@cti-pet.com
Abstract. Iterative reconstructions for clinical PET
must run fast. We describe a clinical processing
method based on sinogram rebinning, Fourier rebin-
ning for the 3D to 2D data reduction, and iterative
reconstruction using the attenuation-weighted
OSEM method with a projector based on a gaussian
pixel model. When this approach is used, multi-bed
clinical oncology scans can be ready for diagnosis
within minutes.

Introduction

As PET becomes used increasingly in the clinic, the need for
high throughput in whole-body oncology is being met in sev-
eral ways. First, PET scanners with septa to block radiation
on oblique lines of response (two-dimensional, or 2D, scan-
ners) are being replaced by scanners with removable septa
(3D capable scanners), and more recently by scanners with
no septa (fully 3D scanners) to make use of the increased
sensitivity in 3D mode. Second, detectors with a higher
intrinsic count rate capability are being developed to allow
more patients to be scanned in one day, for example, scan-
ners with LSO scintillators instead of BGO. Third, algo-
rithms are being developed to improve image quality. The
most promising of these algorithms are iterative reconstruc-
tion methods.

The iterative approach to image reconstruction is computa-
tionally intensive. One could hope that the arrival of faster
computers every few months will allow the use of increas-
ingly more sophisticated algorithms, yet it has been observed
[1] that, over the last two decades, the number of lines of
response in PET scanners has grown at a rate that outpaces
Moore’s Law which describes the density with which found-
ries are able to pack transistors onto a microchip. Processing
algorithms must also be coded to run very fast.

In this paper, we describe an approach to generating clinical
images with the new generation of 3D PET scanners. The
approach is the same one described in [2] but applied to 3D.
Sinogram rebinning is an important feature of our approach,
in which we reduce the size of the input data sets early in the
reconstruction procedure.

Methods

Images of one position of the patient bed are derived fro
the 3D emission sinogram, a set of normalization coef
cients, and attenuation correction factors (ACF). The sin
grams represent an estimate of true coincidences, si
random events are subtracted from the sinograms dur
acquisition. The ACF’s may be taken directly from a tran
mission measurement, or they may result from a segmen
tion procedure.

To prepare the sinograms for reconstruction, we first mul
ply them by normalization coefficients. [3] Next, each plan
in each oblique segment of the high-resolution sinogram
rebinned radially and angularly. Clinical users often use 1
sinogram bins and 128 angular ones. After rebinning, t
sinogram contains all quanta in the normalized sinogram, b
the arc distortion has been removed and the sinogram b
represent equally spaced, parallel lines of response. T
rebinning algorithm is indicated in Figure 1, where
“source” coordinates are those of the normalized sinogra
with arc distortion; “destination” coordinates are those of th
rebinned sinogram; and left and right edges are determin
by the coordinate transformation which changes the sin
gram bin size and describes the arc distortion. The algorith
integrates the interpolation function (which is a step functio
in the case shown) over the needed range of source coo
nate positions, thereby preserving the counts.

The transformation from 3D to 2D sinogram is performe
with the Fourier rebinning method. [4] Before Fourier rebin
ning is performed, we make the sinograms more consist
by applying the segment-0 attenuation correction to all sin
gram segments. After Fourier rebinning, we form an es
mate of a 2D sinogram of scattered radiation, using Watso
method. [5] To create the inputs required by this method, t
2D emission sinogram is reconstructed and smoothed to c
ate a low-resolution image which is known to be corrupte
by scatter; and the logarithm of the ACF is reconstructed
obtain an image of attenuation coefficients. Both of the
reconstruction steps use a filtered backprojection techniq
which is implemented in frequency space. Next, the attenu
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tion coefficients are removed from the emission sinogram,
and the scatter estimate is subtracted from it.

The reconstruction itself, that is, the inversion of the Radon
transform, is performed with the attenuation-weighted
OSEM method (AW-OSEM). [6] For the forward projector
and the matched backprojector, we use a gaussian voxel
model. [7] Negative sinogram values are set to zero before
the iterative reconstruction begins. Our initial image esti-
mate has the value 1.0 in all voxels. Clinical users often
select the option to use eight subsets and to stop after two
iterations. After reconstruction, the images are filtered tran-
saxially and axially.

The convergence properties of this algorithm were presented
in [2]. In this paper we present new clinical results from a
fully 3D LSO scanner. Although it is not the thrust of this
work, we compare AW-OSEM images to those from another,
older OSEM reconstruction method, [8] in which attenuation
factors are applied to sinograms before reconstruction. We
call the old method UW- OSEM, where UW denotes
unweighted.

Clinical Performance and Patient
Images

This approach is designed to run fast. In a typical clinic
acquistion, images are available about 3 min after all patie
data is acquired in fully interleaved mode when the reco
struction is paralleled to the acquisition. In the case d
cussed in this article, the images were available when
patient left the scanning room. An analysis of the tim
involved indicates that about 45 seconds are used to r
data over the network from the acquisition computer; 50 se
onds to set up the 3D normalization matrix; about 20 se
onds for the scatter correction; and approximately 2
seconds for every iteration on a typical computer configur
tion (Sun Ultra-60 running at 450 MHz).

The comparison of the UW-OSEM and AW-OSEM algo
rithms is shown in Figure 2. Clinicians normally prefer th
results from the new, faster, attenuation weighted algorith

Image quality is demonstrated in Figure 3. The sinogram
for this scan were acquired in 3D on the ECAT Accel, a ne
generation of LSO based PET scanners, in 45 min (9 b
positions, 3 min in emission scan time and 2 min transm
sion scan time each).

Conclusions and Future Work

We have realized an acceptable and, we think, high level
image quality with iterative reconstructions that run in clin
cally realistic times. The keys to doing the calculation fa
enough are: sinogram rebinning and Fourier rebinning
techniques for reducing the number of sinogram bins; a
use of the attenuation-weighted OSEM algorithm. The res
is a procedure that allows routine 3D reconstruction of clin
cal images of as many patient scans as can be acquired
ing the day.

This model does not treat the background of random eve
accurately. Among the techniques to be explored in t
future is NEC scaling. [9]

values to
be rebinned

FIGURE 1. Rebinning method

xsource

xdestination

values to
be assigned

right edge
left edge

FIGURE 2. The left side shows two coronal slices through a typical data set reconstructed with the
previous version of the iterative reconstruction using pre-corrected sinograms and 1 iteration, 30
subsets, and a 10 mm gaussian filter.  On the right side, the same data set is reconstructed with the
new algorithm and 2 iterations and 8 subsets.  The parameters were chosen to generate images
preferred by the clinicians for each algorithm
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The gaussian voxel model should be well suited to fully iter-
ative 3D reconstruction. Schmand showed that the line
spread function of high-resolution LSO and GSO brain scan-
ners is well modeled as a gaussian. [10] See Figure 4. We
are looking for ways to extend our algorithm to that recon-
struction problem.
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A modified bootstrap for importance sampled data1
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Abstract
We are testing a modified bootstrap technique for

importance sampled data from SimSET (a simulation system
for emission tomography). The bootstrap allows us to
simultaneously produce multiple raw data sets from a single
simulation while at the same time reducing the weight
variation caused by importance sampling. This combination
may greatly reduce the CPU time required to produce the
multiple image realizations needed for ROC studies. Initial
testing indicates that the mean and variance of medium and
high count bins in the raw data and high-activity regions of
interest (ROIs) are reproduced relatively accurately.

I.  INTRODUCTION

We are developing a modified bootstrap technique to apply
to emission tomography simulations using SimSET [1].

Despite the use of importance sampling (IS) [2] and the
ever-increasing speed of computers, many problems remain
unwieldy or intractable to study using simulation. One such
problem is the generation of multiple realizations of the same
image for ROC studies. These studies often require hundreds
of image realizations from each of several different activity
distributions. Such data sets can take months or even years of
CPU time to generate.

The problem of generating multiple samples from a
probability distribution when only one data set is available, or
when multiple data sets are difficult to produce, is often
attacked using the bootstrap technique [3, 4]. In this
technique, the available data set is used as an estimate of the
underlying distribution. New data sets are generated by
sampling data points from the original data with replacement.

We have attempted to modify the bootstrap to ameliorate a
problem inherent to the use of importance sampled data:
because the events have different weights, the variance has
different properties than that of the equivalent analog (non-
importance sampled) distribution. The idea underlying our
modified bootstrap is that by sampling events with frequency
proportional to their weight, we can reduce or eliminate the
variation in weight. One can imagine several ways of realizing
this goal: the one we chose is described below in Section II.d.

Figure 1: The simulated phantom.

We have tested this technique by generating 99 positron
emission tomography (PET) data sets and comparing them to

_______________________
1 Supported by PHS grant CA42593

99 data sets from an analog simulation, both in data space and
image space. The results raise as many questions as they
answer, but give substantial cause for optimism.

II. METHODS

A. Simulation Setup
We performed 99 analog simulations of 4 million decays

each. We simulated an elliptical cylinder of water, 40 cm
major axis, 10 cm minor axis, and 3 cm axially. A 6 cm
diameter circular cylinder of activity was centered on the major
axis, 10 cm from the center of the phantom (Figure 1). No
collimators or detectors were simulated; instead, all photons
reaching a target cylinder with energy greater than 400 keV
were considered detected. The target cylinder was centered at
the same point as the elliptical cylinder, with 90 cm diameter
and 3 cm axial extent.

Coincident events were binned into a 64 by 64 distance-
angle array, with the distance bins spanning -20 cm to 20 cm.

B. Bootstrap Implementation/Importance Sampled
Simulation

We created 99 data sets using a modified bootstrap
technique and the data from one simulation. We used the same
simulation setup as described above, except with SimSET’s
stratification, forced detection, and forced non-absorption
features turned on.

Often when bootstrap sampling is applied, it is used to
create multiple realizations with N detected event from a
single simulation or scan with N detected events [5]. We
thought that the resulting overlap in the detected events from
data set to data set might cause significant correlation between
artifacts in the images reconstructed from the resulting data
sets. For this reason, we chose to simulate 664,230
decays—using a short training run, we determined this would
produce an equivalent number of detected events to ten 4-
million decay analog runs.

Our bootstrap technique sampled from this simulation on-
the-fly. Each time a detected event was produced, we sampled
a random number, R, for each of the 99 data sets from the
Poisson distribution with parameter

p = min 0.1
wevent
wmean

,0.5
 

 
 

 

 
 (1)

where wevent is the weight of the current event, wmean is the
average event weight, and the factor 0.1 is to compensate for
the fact that we were simulating ten times as many decays as
needed for one data set. The maximum value of 0.5 is set to
keep the Poisson parameter small, so that a event does not
appear in too many of the data sets. When the sampled R is 0,
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the event is not binned in that data set. Otherwise the event is
binned with its weight adjusted to

woutput =
R*w event

p
(2)

In a more typical bootstrap, woutput would not include the
factor R; instead, R events would be generated. We chose to
create a single event to simplify the modifications needed to
the SimSET software. In the long run, however, we believe it
may be better to generate R separate events.

C. Image Reconstruction
We reconstructed images from the analog and bootstrap

simulation data sets using filtered backprojection with a
Hamming window, cutoff frequency 0.6.

D. Statistical Analysis in Data Space
The 99 data sets from the analog simulations were

compared to the 99 data sets from the bootstrap simulation
using the Student t-test and the f-test [6].  We applied these
tests bin-by-bin, and grouped the results according to the
mean number of counts in the analog simulation data sets.

E. Region-of-Interest Analysis in Image Space
Two square ROIs, 5 by 5 pixels (3.1 cm by 3.1 cm) were

placed on each image. The first ROI was centered in the
cylinder of activity, the other in a zero-activity area on the
other side of the phantom. We computed the sample mean and
variance for the analog images and the bootstrapped images.
We then computed Student t-test and f-test statistics.

III.  RESULTS

A. Simulation Run Statistics
Some simulation efficiency statistics are given in Table 1.

The bootstrap/IS method significantly reduced the cost per
realization—though we must note that the situation we
simulated is one where the IS can help a great deal, something
that is not always true.

Table 1
Simulation Efficiency Statistics

average analog
simulation

average bootstrap
realization

CPU time (seconds) 1320 7.8

Total detected counts 19,905 22,385

Total detected weight 938,647 916,355

Total detected weight-
squared

44.26 million 39.62 million

Quality factor (QF) 1.0 0.95

counts *QF
CPU_time

15.1 2752

B. Data Space Analysis
The results of the Student t-test and the f-test applied bin-

by-bin are shown in Tables 2 and 3. The last four columns
show the percentage of analog-bootstrap bin pairs with p >
0.5, 0.05, 0.01 and ≤ 0.01—the last three being of interest as
common levels for the rejection of the null hypothesis. No
results are shown for 1223 bins for which one data sets
(analog and/or bootstrap) had no counts in any realization.
(The analog data sets had 659 such bins, bootstrap 1191.) The
rest of the results are sorted by the mean number of counts in
the analog data bin. The line for average counts between 0 and
1 should, perhaps, have been omitted, as many of these bins
had a total, over all the realization, of 10 or less events. We
usually wouldn’t apply these tests to Poisson data with less
than 20-30 counts.

However, even in the high count bins, we are seeing
significantly different means and variances for a high number
of bins. The distributions are close, as shown in the fact that
there are also many p-values greater than 0.5 and 0.05.
However, overall the distribution of data is clearly different for
the analog and bootstrap realizations.

Table 2
Bin-by-Bin T-test Comparison

mean counts # of
bins

% p >
0.5

% p >
0.05

% p >
0.01

% p ≤
0.01

0 1223 - - - -

0 to 1 2209 16.3 48.2 60.8 39.3

1 to 5 97 35.1 69.1 81.4 18.6

5 to 10 67 37.3 71.6 80.6 19.4

10 to 30 185 22.2 58.9 77.3 22.7

30 to 50 183 20.8 54.6 70.0 30.1

50 to 70 132 15.2 49.2 59.9 40.2

Table 3
Bin-by-Bin F-test Comparison

mean counts # of
bins

% p >
0.5

% p >
0.05

% p >
0.01

% p ≤
0.01

0 1223 - - - -

0 to 1 2209 8.1 25.3 34.2 65.8

1 to 5 97 23.7 70.1 82.5 17.5

5 to 10 67 26.9 85.1 95.5 4.5

10 to 30 185 37.8 79.5 90.3 9.7

30 to 50 183 26.2 78.7 90.2 9.9

50 to 70 132 30.3 81.1 95.5 4.6

C. Image Space Analysis
Table 4 shows the sample mean and variance for the two

image ROIs. For both ROIs, the means are very close. The
sample variance make clear, however, that this was a matter of
luck. The variances for the ROI with activity have an f-test p-



value of 0.29, so they are also reasonably close. However, the
background variances are significantly different (p = 0.0004).

Table 4
ROI Mean and Variance

Analog
mean

Analog
variance

Bootstrap
mean

Bootstrap
variance

Active ROI 707.2 150.2 707.8 121.3

Background ROI 2.18 73.39 0.19 35.6

IV.  DISCUSSION

This is preliminary work, and as such raises far more
questions than it answers. The modified bootstrap technique
helps to speed up the generation of multiple realizations
tremendously, but we have not shown that these realizations
are close enough to truly independent realizations to allow the
technique to be used.

However, there are a number of ways we can address the
problems. A better way to assign the number of decays for the
bootstrap simulation would help—our use of a short training
run for that purpose will have propagated the noise from the
short run through our entire data set. There are other ways to
implement the bootstrap algorithm that might help. And,
given the tremendous speed-up we achieved, we could
experiment with generating more events.

We do not really expect the bootstrap to perfectly
reproduce the bin-by-bin statistics shown above. As seen
above the performance on image statistics can be very good
even in situations where the underlying data sets do not
perfectly represent the true distributions. We plan more tests
for this technique in image space. The ultimate test will be the
performance of the bootstrap on ROC data sets.

Finally, we note that SimSET is available free of charge
for non-commercial use. However, the bootstrap algorithm is
not in the distributed package, and will not be until we have
carried this investigation considerably further. Contact
simset@u.washington.edu for more information.
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Abstract 

 

The response of a point object in cone beam 
spiral scan is analysed.  Based on the result a 
sufficient condition for the spiral scan long object 
problem employing backprojection is formulated.  
By making use of the sufficient condition a 
general class of exact, backprojection based 
reconstruction algorithms for spiral scan cone 
beam CT is developed which are capable of 
reconstructing a sectional ROI of the long object 
without contamination from overlaying materials 
using spiral scan cone beam data irradiating the 
particular ROI and its immediate vicinity only.  
Also, at each source position the minimum size 
of the region on the detector plane required for 
3D backprojection is reduced, which in term 
brings about reduction in the amount of 3D 
backprojection computation. 
 
 
I.  2D filtering and masking  
 

Spiral scan computed tomography with large 
area detectors is of increasing interest for rapidly 
scanning spacious volumes.  As the cone angle 
increases the artifacts generated in the 
reconstructed images by the approximate 
reconstruction algorithms will become more and 
more serious, and exact reconstruction algorithms 
are required.  It is known that if the spiral path is 
long enough so that every plane intersecting the 
object also intersects the spiral path, the object 
can be reconstructed.  For long objects, however, 
it is highly desirable to scan only the portion of 
the object that is of interest, for the sake of 
reduction in scan time as well as radiation 
protection of the patient in medical imaging.  
However, as a consequence of the divergent 
nature of the X-ray cone-beams different regions 
of the object are correlated.  To reconstruct only 
a region-of-interest (ROI) from a spiral scan 

which covers the particular ROI and its 
immediate vicinity only poses a challenge for the 
imaging community.  This is referred to as the 
long object problem in the literature.  

 
The first solution to the long object problem in 
spiral cone beam CT is the Radon space driven 
(spiral  + 2 circles) algorithm reported in [1,2].  A 
key part of the reconstruction algorithm is the 
data-combination technique in which the radial 
Radon derivative for each plane intersecting the 
ROI is obtained by combining the partial results 
computed from the cone beam data at the various 
source positions that the plane intersects.  The 
method is illustrated in Figure 1 which represents 
a plane Q intersecting the ROI and the scan path.  
Since the partial planes do not overlap and 
together they completely cover the portion of 
plane Q that lies within the ROI, the Radon 
derivative for plane Q can be obtained exactly by 
summing the Radon derivatives for the partial 
planes.  From Figure 1 it is evident that the 
portions of the object outside the ROI do not 
need to be irradiated.  Therefore during scanning 
collimators can be used to block off radiation 
from reaching those portions.   
 
Restricting the cone beam projection data to the 
appropriate angular range for data combination 
can be accomplished by a masking process.  The 
mask consists of a top curve and a bottom curve 
formed by projecting on the detector the spiral 
turn above and the turn below from the current 
source position.  It can be easily seen that such 
masking procedure corresponds exactly to the 
angular range bound by the prior and the 
subsequent source positions as indicated in 
Figure 1.  We shall refer to this mask as the data-
combination mask.  For a flat detector located at 
the rotation axis such that the line connecting the 
source to the detector origin is normal to the  



 

 
 
 
Figure 1. A typical integration plane covering the ROI 

defined by the source positions.  Other 
integration planes may have more or less spiral 
scan path intersections, and may not intersect 
either the top or the bottom circle scan paths. 

 
 
 
detector plane, the equation for the top curve for 
the spiral scan is given by: 
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where u and v are the Cartesian coordinate axes 
of the detector with the v axis coinciding with the 
rotation axis, R is the radius of the spiral, and h is 
the distance between adjacent spiral turns (the 
pitch).  The bottom curve is the reflection of the 
top curve about the origin, i.e. (u,v) -> (-u,-v).  
The shape of the spiral mask is shown in Figure 
2.  The figure assumes right-handed spiral 
rotation.  
 

 

 
 
Figure 2. The mask on the flat detector which defines the 

desired partial plane for Radon derivative 
computation.  For any plane of integration, the 
portion of its intersection line with the detector 
within the mask is the desired partial plane. 

 
 
 
In the backprojection version of the (spiral  + 2 
circles) algorithm [3], the masked cone beam 
data are 2D filtered and then 3D backprojected.  
The 2D filtering is carried out in 2 different 
manners for different parts of the cone beam 
data: the data inside the mask are line-by-line 
ramp filtered in the direction of the projected 
scan path direction, whereas those on the mask 
boundary are processed with a 2D filter which 
includes 2D backprojection at all angles on the 
detector plane.  By virtue of the Radon inversion 
formula the 2D backprojection operation should 
be extended to the entire detector plane extended 
to infinity; in practice it is extended to the extent 
sufficient to cover the entire ROI.  Through the 
line-by-line ramp filtering in the direction of the 
projected scan path direction the data inside the 
mask boundary only affect a localized portion of 
the reconstruction volume.  On the other hand the 
data on the mask boundary affect the entire ROI 
because of the long range of the 2D 
backprojection.  This long range correlation 
caused by the mask boundary data is the crux of 
the long object problem employing 
backprojection driven algorithms. 
 

ROI

Projection of the spiral turn below

Projection of the spiral aboveturn 

u

v



 
II.  Spiral scan long object problem 
 
Recently a number of approaches solving the 
long object problem with only the spiral scan 
appeared in the literature.  In the virtual circle 
(VC) method reported by Kudo et al [4] it is 
found that by utilizing the unique property of the 
PI lines [5], removing the circles in the (spiral  + 
2 circles) algorithm contaminates only a localized 
portion at each end of the ROI, and thus the 
remaining portion of the ROI can still be 
reconstructed without contamination from 
overlaying materials.  In the zero boundary (ZB) 
method reported by Defrise et al [6], the unique 
property of the PI lines is also utilized to remove 
the long range correlation between different 
regions of the object caused by the data on the 
mask boundary.  In the local ROI (LR) method 
developed by Sauer et al [7] and later 
implemented by Schaller et al [8], de-correlation 
between different regions of the object is 
achieved on the φ-planes, which are the planes 
which contain the z axis in the Radon space.  
Subsequently the backprojection version of the 
local ROI method was developed by Tam [9] and 
implemented by Lauritsch et al [10].  Unlike the 
(spiral  + 2 circles) algorithm, with only spiral 
scan it is necessary to scan some portions of the 
object adjacent to the ROI in order to reconstruct 
the ROI without contamination; the spiral path 
required beyond the ROI is referred to as 
overscan in the literature.  For comparison the 
overscan for the (spiral + 2 circles) algorithm is 
zero. 
 
All approaches are theoretically exact solutions 
to the long object problem.  However, even 
among the backprojection driven algorithms very 
different methodologies are employed in 
reconstructing the ROI without contamination, 
and the overscan required by each algorithm is 
substantially different from the others.  It is not 
apparent that the three methods have any features 
in common.   
 
 
III. A sufficient condition 
 

In this paper a sufficient condition for 
backprojection driven image reconstruction 
algorithms for the long object problem with spiral 
scan is derived.  The analysis is based on the 
analysis of the response of a point object 
enclosed inside the spiral path.  It is found that 
the support of the contribution to the 
reconstruction volume from the cone beam data 
on the mask boundary becomes localized when 
certain condition is satisfied.  Each mask 
boundary data point corresponds to a PI line, as 
illustrated in Figure 3, which intersects two 
source positions.  At each of the 2 source 
positions the mask boundary data point, after 
some processing, is 2D backprojected along each 
line intersecting the data point, and then 3D 
backprojected onto the 3D backprojection planes 
defined by the source position and each 2D 
backprojection line through the data point.  Thus 
each 3D backprojection plane intersects the line 
connecting the source position and the data point, 
which is the PI line corresponding to the data 
point.  Since the 2 source positions that acquire 
the mask boundary data point have the same PI 
line, it follows that the 2 source positions have 
the same set of 3D backprojection planes when 
processing the data point.     
 
Consider a fixed mask boundary data point.  If 
for each 3D backprojection plane the data point is 
processed, which includes filtering and 3D 
backprojection, to the same extent at the 2 source 
positions that acquire the data point, then the 
support of the contribution to the reconstruction 
volume from the data point can be shown to be 
localized.  The minimum size of the region on the 
detector plane required for 2D backprojection 
and the subsequent 3D backprojection for these 
mask boundary data can be prescribed using 
projective geometry, and is found to be smaller 
than the minimum size according to current 
understanding, viz. the size required to cover the 
entire ROI.  The extent to which the detector size 
is reduced depends on the spiral pitch, and is 
substantial for small pitch.  The reduction in the 
detector size is important for the reduction in the 
amount of 3D backprojection computation. 
 
Among the three above-mentioned long object 



backprojection driven reconstruction algorithms, 
the VC method and the backprojection LR 
method are found to satisfy the sufficient 
condition, but not the ZB method.  Based on the 
sufficient condition a general class of exact, 
backprojection driven reconstruction algorithms 
for long object imaging in spiral scan cone beam 
CT is developed.  It is found that the VC method 
is a special case of this class of algorithms. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3 Mask boundary data and the corresponding 2 

source positions on the PI lines. 
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A Simple Algorithm for Increased Helical Pitch in
Cone-Beam CT

Michael D. Silver, Katsuyuki Taguchi, Ilmar Hein*

I. INTRODUCTION

A goal of cone-beam CT is to decrease the scan time
needed to image a volume of the patient. Four things are
required to meet this goal: (1) a detector with multiple rows
of sensors, (2) higher bandwidth data acquisition system
and image processor to handle the increased data rates and
need for fast reconstruction, (3) high helical pitch, (4) a
practical reconstruction algorithm that lends itself to fast
reconstruction times. Within the last several years, CT-
systems with first two, then four row detector arrays have
been introduced to the marketplace [1]-[5]. The four row
arrays are actually combinations of finer pitched detectors.
Table I gives a comparison of the detector designs for the
Toshiba Aquilion Multi, the LightSpeed QX/i from General
Electric Medical Systems, the Siemens Volume Zoom and
Marconi Mx8000. All the major manufacturers have
announced plans for an output of 8 and/or 16 slices, which
requires a new or modified detector design from Siemens
and Marconi. Toshiba has presented images taken on a 256-
row prototype detector array [6], [7]. Thus, detector
development for wider cone-angles is underway and will
lead to faster scan times. The manufacturers are working on
the second requirement as computer electronics improve.
This presentation looks at the last two requirements. We
present a scheme for high helical pitch while maintaining a
practical although approximate reconstruction algorithm.

So far, the four row CT-systems have used two-
dimensional reconstruction algorithms [8]-[10]. As more
rows are added, we have found that three-dimensional
backprojection leads to images with better quality than the
two-dimensional approximations [11], [12]. Therefore, we
believe that as more rows are added to the detector, the

reconstruction problem approaches the fully three-
dimensional problem. However, because the cone angle is
not too large, we propose an approximate algorithm that is a
modification of helical Feldkamp [13], [14], where the
maximum helical pitch limit is determined by two-
dimensional arguments as described in the next section.
Moreover, the Feldkamp approach is based on a heuristic
use of one-dimensional convolution (rigorous for two-
dimensional reconstruction) combined with true three-
dimensional backprojection.

We first reported on these ideas at a previous Fully 3D
Meeting [15], [16] and presented some results from image
evaluation at the last RSNA meeting [17]. Recently [18],
we presented how we relate helical pitch, number of views
to reconstruct, and field-of-view based on a weighting
scheme published in Medical Physics [19]. This will be
briefly summarized here. In this study, we show how we
can extend the maximum helical pitch to higher values.

II. REVIEW: HELICAL, CONE-BEAM SCANNING

A. Validity requirements
Backprojection follows the straight-line ray-sum from the

focal spot of the x-ray source through a pixel of interest in
the image volume and onto the two-dimensional detector
array. Typically, the processed signal at this location in the
detector array is weighted and added to the contents of the
voxel. This is repeated for all voxels and for a range of x-
ray source angles. For helical, cone-beam scanning, the
relation between a voxel and a location in the detector array
for a given source angle is given by

TABLE I
Comparison of Four-row CT-Scanners

Toshiba
Aquilion Multi

GE LightSpeed Siemens Volume Zoom
Marconi Mx8000

Detector Rows 34
(4 x 0.5, 30 x 1)

16
(16 x 1.25)

8
(2 x 1, 2 x 1.5, 2 x 2.5, 2 x 5)

DAS Output and
nominal slice thicknesses

4 x 0.5, 4 x (1 to 8) 4 x (1.25,2.5,3.75,5) 2 x 0.5, 4 x (1,2.5,5)

Widths of detector rows are given in mm as projected at isocenter. Nominal slice thicknesses are in mm.
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where γ  is the fan angle (in the x-y plane) of the ray-sum,
          α  is the cone angle of the ray-sum,
          β  is the x-ray source angle,

( )0 zβ is the source angle when the focal spot is in
 the image slice at z,

x,y,z  is the coordinates of an image pixel,
H is the helical pitch: table travel per rotation of the

 source,

and ( ) ( ) ( )2 2, , sin cosL x y R x R yβ = β + + β − .         (3)

L is the distance from the focal spot to the pixel x,y,z times
the cosine of the cone angle, R is the radial distance of the
focal spot to isocenter. The coordinate system moves with
the patient/table so that each image slice is at a fixed z.

Multi-row CT-scanners have detector arrays that are sec-
tions of a cylinder, focused on the source; thus equal an-
gular increments ∆γ and equal axial linear increments sepa-
rate the individual sensor elements. Therefore, γ is a natural
coordinate for the ray-sum but (2) is changed in favor of
detector rows (also known as slices or segments),
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where n  is the relative detector row,
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with W as the full axial height of the detector array as pro-
jected at isocenter. Thus, Hr  is the normalized helical pitch
ratio.

A ray-sum is valid—that is, measured—if γ and n are
locations within the physical detector array. For helical,
cone-beam CT, the key validity equation is (5) combined
with (4). We can solve (4) with 1

2n = ±  for the surfaces of

1,2β  as a function of voxel position x,y,z; 1,2β  represents the
source angular position when the voxel x,y,z enters and then
leaves the cone-beam. These surfaces are warped,
depending on helical pitch. The difference of the two
surfaces shows that up to a normalized helical pitch ratio of
2, all voxels have at least 180° of coverage. Unfortunately,
the voxels don’t have the same 180° range of coverage.

This implies that a reconstruction algorithm could exist that
uses only valid ray-sums up to a normalized helical pitch
ratio of 2. However, such as algorithm could have
additional computational complexities.

B. Weighting Scheme
The helical pitch determines how long a given voxel is

irradiated. Obviously, the higher the pitch, the less the
voxel is within the rotating cone-beam and vice versa. We
adapt the weighting scheme of [19] to helical cone-beam
scanning. Consider the sinogram from a single detector
row. Suppose all the voxels of a given slice are in the cone-
beam for at least π+∆β as shown in Fig. 1a. The weighting
scheme, based on Parker’s half-scan method [20],
introduces a virtual fan-angle, 2Γ, such that 2Γ = ∆β , as
shown in Fig. 1b. Use the same weights as in half-scan
[20], [21] for the redundant (in two-dimensions) triangles
but with 2Γ as the fan-angle.

C. Helical Pitch Limits
Under the condition that we use valid rays-sums, as

described in Section II.a, and that all voxels in a slice are
reconstructed over the same angular range of the source,
then the relation between the angular range of the source
used in the reconstruction, the helical pitch, and the field-
of-view FOV (R is the source radius) can be shown to be
[17]:
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The minimum and maximum values for the helical pitch
correspond to when the virtual fan-angle approaches π and
2 mγ , the true fan-angle, respectively:
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III. INCREASE THE HELICAL PITCH

Keeping the helical pitch below the limit given in (9)
assures that all ray-sums that go into making the image are
valid ray-sums in a three-dimensional sense, although we
use weighting derived from two-dimensional arguments.
Consider again Fig. 1b. For the smaller FOV’s, the ray-sum
values in the region

1sin
2 m

FOV
R

−   < γ < γ 
 

(10)
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, where maxFOV is

the maximum field-of-view for the scanner. This implies
that the range of validity for (7) is increased. Instead of

( )max,Hr FOV being given by when the virtual fan-angle

reaches 2 mγ  , it is given by when the virtual fan-angle

reaches 12sin
2

FOV
R

−  
 
 

. Therefore,  (9) becomes

( )
1
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−
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. (11)

The ratio of the increase is

( )
1 max

1

2sinmax, 2
(max, ) 2sin

2

H

H
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r FOV R

FOVr FOV
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−

−

 
π +  ′  =

 π +  
 

. (12)

Fig. 2 compares the new maximum for the helical pitch
with the previous calculation as a function of FOV. We
demonstrate the efficacy of the higher helical pitch with a
computer simulation of a 16-row cone-beam CT-scanner
using clinical images.
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Fig. 2. Maximum helical pitch as a function of FOV.  Both curves
require valid ray-sums and a simple reconstruction algorithm. The
previous method uses (9) while the new method uses (11). The
curves assume a source radius of 600 mm, a maximum FOV of
500 mm.

Fig. 1a. Sinogram made from one row of the
detector. Similarly shaded regions contain
redundant information (ignoring the cone-angle).

Fig. 1b. Sinogram including two strips of virtual (zeros)
data. Fan angle is increased from 2γm to 2Γ. The shaded
regions contain redundant information (ignoring the cone
angle).
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Abstract

This contribution addresses the reduction of artifacts in
cone-beam tomography (CT and SPECT/PET) that are
caused by imperfect scanner mechanical alignment (i.e.
misalignment). Such artifacts may show up as double
contours, split edges, smearing, loss of resolution, change
in magnification etc. Misalignment is a problem commonly
recognized in SPECT/PET (see for example [12]) whereas
in CT its importance has only recently been emphasized
with the advent of cone beam geometry [5][9][11],
although residual misalignment can be responsible for
stair-step artifacts even in single-row helical scanners [7].
In order to improve the quality of reconstructed images it is
therefore necessary to take care of misalignment errors,
either by proper scanner alignment or by measuring the
errors in advance and forwarding them to the
reconstruction algorithm. As high precision mechanical
components are very expensive it may be more promising
to take the latter approach but the accurate measurement of
misalignment parameters still remains a great problem, in
particular in the case of high resolution microCT (µCT).
Here we investigated a practical approach: Is it possible to
achieve satisfactory artifact reduction by correcting only a
few vital misalignment parameters that can be measured
easily. We used an modified Feldkamp-based circular scan
reconstruction algorithm that we have developed for our
µCT cone-beam scanner [1]. This algorithm incorporates
corrections for all possible misalignment errors.
Misalignment compensation is embedded in the
backprojection.

Cone-beam geometry and scanner misalignment

The key components of a cone beam CT scanner are the X-
ray source, a two-dimensional X-ray detector and a sample
positioner located between them. In µCT typically the tube
and detector remain fixed and the object is rotated while in
medical CT the object is at rest. However cone beam CT
with rotating source and detector has not been realized yet.
In SPECT the detector (gamma camera) is equipped with a
converging collimator, which focuses at some point behind
the object. The detector rotates about the patient along a
circular path. For convenience in this contribution we will
refer to a CT scanner, but our analysis remains valid for
SPECT as well.

In an ideal case the scanner is perfectly aligned, i.e.:
• the straight line between the X-ray focal spot and the

center of the detector is normal to the detector surface;
this is called the central ray that together with central
row of the detector defines the midplane

• the axis-of-rotation (AOR) is parallel to the detector
columns and is projected onto the central column.

There are several reasons why in practice residual
misalignments are unavoidable:
• fine adjustment of  the scanner requires high precision

positioning mechanics, which might be often too
expensive to be worth building into the scanner.

• misalignment may result from an unstable X-ray focal
spot position, which is usually the case in X-ray tubes
with a very small focus size.

There are several degrees of freedom for deviation from
the ideal geometry. If we arbitrarily take the central ray
and the midplane as a reference then the misalignment
errors can be defined as follows (Fig. 1):
• deviation of the AOR from ideal orientation and

position
� tilt (inclination) towards the X-ray tube
� skew (rotation) around the central ray
� horizontal transversal off-center shift, i.e. along

detector rows
� horizontal longitudinal shift, i.e. deviation from

the ideal position between the X-ray tube and the
detector

• deviation of the X-ray source location from the ideal
position
� vertical shift from the midplane
� horizontal transversal shift from the central ray
� horizontal longitudinal shift, i.e. deviation of the

X-ray tube ↔ detector distance from the assumed
value.

Other possible errors (AOR wobble etc.) are assumed to be
negligible or not present at all. For spiral/helical and other
more complex acquisition paths more errors have to be
appended to the list. For example the direction of object
translation (table feed in medical CT scanners) may not be
parallel to the AOR. The scanned object is then
incrementally shifted off-center while being advanced to
the next projection position on the spiral path.
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Fig. 1.  Definitions of misalignment errors

Reconstruction algorithm with misalignment correction

The original Feldkamp reconstruction algorithm consists of
the three main steps:
1) for every detector row and for every projection the

projection pixels are independently weighted and then
filtered, with the same one-dimensional filter being
applied to each projection row. Weighting is done
under the assumption that the midplane is
perpendicular to the AOR and filtration is done along
the projection lines perpendicular to the AOR. In the
case of AOR skew weighting and filtration direction
do not coincide with detector rows.

2) cone-beam backprojection.
An ideal algorithm incorporating misalignment correction
should consist of the following steps:
1) weighting of projections with coefficients corrected

for all errors
2) filtration of weighted projections, rotated to correct for

the AOR skew
3) cone-beam backprojection corrected for tube position

and tube ↔ object ↔ detector distances.
In practice such an algorithm has disadvantages. Before the
entire volume is generated usually single preview slices are
reconstructed, in order to select a region of interest for the
final volume reconstruction and to possibly interactively
tune misalignment correction. In case of the ideal
algorithm a complete weighting and filtration of all
projections is required to reconstruct even a single preview
slice. Thus the reconstruction time would be heavily
dominated by the filtration.
Therefore we developed an algorithm with built in
misalignment correction where weighting and filtration is
done on uncorrected projections. Afterwards the
projections can repeatedly be used for backprojections
without repeated weighting and filtration. The
reconstruction algorithm, which has been described earlier
[3][4], uses homogeneous coordinates for the system
description and employs an incremental, pixel-driven
backprojection.
In the case of a perfectly aligned scanner our algorithm
produces results identical to the Feldkamp algorithm
otherwise additional artifacts are introduced with our

method. However, if AOR tilt, skew and shift errors are
small we expect only a minor additional quality
degradation of the final images. In practice they are
significantly smaller than those inherent to the approximate
Feldkamp algorithm.

Influence of misalignment on image quality

Vertical X-ray tube shift can be interpreted as if the tube
were located on a new, vertically shifted “midplane”. As a
consequence the sharp slice of the reconstructed volume
moves up/down. The quality of reconstructed images is not
be affected otherwise.
Horizontal X-ray tube transversal shift can be interpreted
as if the object were shifted across the field of view and the
AOR were transversally shifted and the detector slightly
rotated. But with proper AOR shift-only correction the
artifacts would be almost eliminated.
Horizontal X-ray tube longitudinal shift changes the
object magnification. In the consequence images will be
reconstructed “not to scale” and therefore cannot be used
for quantitative evaluation of tomograms, but will be
otherwise artifact-free.
AOR tilt moves the object central plane, i.e. the plane
being perpendicular to the AOR and containing the tube
focus. In case of tilt this plane intersects the detector
above/below its central row. As a consequence weighting
coefficients for projection pixels are modified. The visible
effect of the tilt is that slice smearing towards top/bottom
of the object will become unsymmetrical.
AOR skew has the most severe impact on the image
quality in our algorithm, as we filter not only incorrectly
weighted projections (weighting coefficients change their
values due to the AOR skew), but also take slanted rows,
instead of rows perpendicular to the AOR. This leads to
crosstalk between slices. However, if the skew angle is
small and if the object structure changes slowly along the
AOR then the actually filtered and the required rows do not
differ very much.
AOR horizontal transversal shift (off center shift) is
responsible for double contours in reconstructed images. It
can be efficiently eliminated in the backprojection.
AOR longitudinal shift – see X-ray tube.



Misalignment measurement

The critical problem for an effective implementation of our
algorithm is proper measurement of scanner misalignment.
Various procedures have been propose for this purpose
[6][8][9]. Some of them take into account all misalignment
errors, some are restricted to only a few, assuming others
to be negligible. A good overview has been given in [7]
along with their own method, in which several equiangular
circular projections of a metal sphere phantom are
acquired. Two spheres – one below and one above the
midplane – are mounted away from the AOR. In a
superimposed image their shadows form two ellipses – one
in the upper and one in the lower half of the image.
Scanner misalignment parameters are calculated from the
ellipses’ positions, orientations, and sizes.
We have evaluated the ‘two sphere method’ with respect to
cone beam µCT using simulations and experiments. We
simulated the CT acquisition with known scanner
misalignments for cone angles ranging from 5° to 40°. The
AOR skew error could always be determined with at least
1% accuracy. This was, however, not the case for the AOR
shift. Accuracy errors in this parameter are linearly
dependent on the error in the determination of the center of
the spheres. A 1% error in the localization of the sphere
center resulted in an AOR shift error of 0.4 pixel for a 40°
cone angle and of 12 pixel for an 5° cone angle. The other
misalignment errors could also determined with sufficient
accuracy so that artifacts in the reconstructed images were
negligible, apart from the AOR tilt error, which cannot be
determined with this method at all. In practice even a 1%
accuracy error in the detection of the sphere centers will be
extremely difficult to achieve due to noise and potential
distortions in the detector geometry.

Reconstruction algorithm verification

To evaluate our reconstruction algorithm and its potential
to correct for misalignment errors we performed
simulations of the numerical Defrise phantom and we
scanned a physical phantom using typical acquisition
parameters (5122 pixel detector matrix, 2 x 5.7° cone angle,
720 equidistant projections acquired over 360°). The
following projection sets were simulated: misalignment-
free as a reference, AOR tilt of 0.2°, AOR skew of 0.75°,
AOR transversal shift of 20 pixels and a combination of all
three errors, i.e. errors equal to the actually measured for
the physical Defrise phantom.
The Defrise phantom has been well established as the test
object for demonstrating artifacts incurred by approximate
reconstruction algorithms. However, it may not optimal for
investigating the effect of scanner misalignment. Also it
may overemphasize artifacts compared to samples
typically investigated with µCT. Other phantoms, more
suitable to this task need to be developed

Reconstruction artifacts in simulated Defrise phantom

The slice reconstructed with our algorithm in the case of no
misalignment (Fig. 2a) contains characteristic Feldkamp
artifacts. In case of a combined AOR misalignment the
uncorrected image (Fig. 2.b) is heavily distorted. The
image corrected for all three errors (Fig. 2.c) contains only
residual artifacts, resulting from (consciously) imperfect
handling of weighting/filtration in our algorithm. The sharp
part of the image moved down slightly, which results from
improper AOR tilt corrections. Slight horizontal streaks
originating at the ends of the disks result from the AOR
skew error. The AOR shift has been eliminated and leaves
no artifacts. We then restricted our misalignment
corrections to two errors: AOR skew and transversal shift.
The fourth image (Fig. 2.d) shows an image reconstructed
without tilt correction. There are no significant differences
between the c. and d. images, e.g. traces of the tilt error.

a.                                            b.

c.                                              d.

Fig. 2. Sagittal slices reconstructed from simulated
projections: a – ideal case (no misalignment), b – AOR tilt,
skew and shift uncorrected, c – all three corrected, d – AOR
skew and shift corrected only (e.g. no tilt correction)

Images of a physical (scanned) Defrise phantom

Reconstructed images of the physical phantom demonstrate
the influence of misalignment errors on the image quality
in a measured phantom. It is clear that in the real case all
seven misalignment errors are present. The uncorrected
image is heavily distorted. However, the image corrected
for AOR shift, skew and tilt, e.g. assuming other four errors
to be negligible (as actually determined by the dual-ellipse
method), contains only residual artifacts. Furthermore, the
image with AOR shift and skew correction only (e.g. not
tilt correction) does not look qualitatively worse. Hence the
influence of the tilt error is negligible.



                         a.

b.                                             c.

Fig. 3. Sagittal slices reconstructed from measured
projections: a – uncorrected misalignment, b – AOR skew,
shift and tilt corrected, c – AOR skew and shift corrected
(no tilt correction)

Conclusions

This paper concerns the problem of scanner mechanical
misalignment in cone-beam tomography. We have defined
seven misalignment errors which may be present in a real-
world scanner and analyzed their influence on the
reconstructed image quality. We then proposed an effective
approximate implementation of a Feldkamp-based
reconstruction algorithm capable of correcting for all
misalignment errors. In the algorithm a practical approach
is used, with weighting and filtration performed on
uncorrected projections and misalignment correction built
into backprojection. The concept of storing weighted and
filtered projections to be later used in backprojection
proved to be advantageous in terms of saving processing
time.
The problem o reliable measurement of all misalignment
errors in a given scanner remains unsolved, especially for
high resolution µCT scanners with small cone angles.
Existing procedures did not prove to be robust enough to
provide satisfactory results. Therefore we restricted
misalignment correction to two main errors (AOR shift and
skew) to obtain good quality tomograms. We showed that
in a practical case artifacts caused by misalignment are
therewith significantly reduced. However, the algorithm
still preserves its potential to correct for all errors, should
they be known for a given scanner.
The algorithm has been validated on simulated and
physical Defrise phantom. Real data were acquired on a
µCT scanner, whose misalignment had been measured.
Images reconstructed with the proposed algorithm do not
suffer from significant additional (apart from Feldkamp-
specific) artifacts.
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I. Introduction

Positivity in regularized emission computed tomography
(ECT) reconstruction is important for quantitative
accuracy, especially for low-count data. However, it is
often difficult to impose positivity on the reconstruction
without suffering some other drawback, such as speed
or lack of analyzability of the algorithm. A general
framework for positivity-constrained ECT reconstruction
has been the formulation and possibly constrained
minimization of an objective function comprising a data
penalty (usually log likelihood) and penalty term (a.k.a.
“prior” in Bayesian terms). Here we propose to embed
a positivity constraint via a novel prior for 3D ECT
reconstruction.

The prior generalizes a notion of I-divergence proposed
by Csiszár [1], and also bears a superficial similarity to
formulations previously used in ECT [2], [3], [4]. However,
unlike previous formulations, our new formulation also
includes a notion of object smoothness in addition to
positivity. In addition, the priors are convex and
that makes the reconstruction independent of initial
conditions.

In Sec.II, we describe the new priors mathematically
and prove convexity. In Sec.III, we present initial results
showing 2D and 3D reconstructions using our new priors,
and compare these anecdotally to reconstructions with a
conventional smoothing prior. In Sec.IV, we compare our
work with other relevant work.

II. Theory

A. Regularized Likelihood Reconstruction

Let g = {gi; i = 1, ..,M} and f = {fn;n = 1, .., N}
be the emission data and object, respectively. Here, f

and g are 1D vectors obtained by lexicographic ordering
3D entities into 1D vector. The projection data g has
an independent Poisson distribution with the (negative)
log-likelihood function

ΦL(g; f) = −
∑

i

{gi log ḡi − ḡi} (1)

where ḡ = Hf + r̄ is the Poisson mean of g with mean
background events r̄. Note that H is the M × N system

matrix with element Hin indicating the probability of a
photon from pixel n detected in sinogram bin i.

From the Bayes theorem, the maximum a posteriori

(MAP) reconstruction estimate f̂ of the object f is
obtained by optimizing a regularized likelihood objective
Φ(f ;g) with prior (or penalty) objective ΦP (f). Therefore,

the MAP reconstruction f̂ is computed by

f̂ = argmin
f≥0
{ΦL(g; f) + λΦP (f)}. (2)

where λ > 0 is the global weight controlling the influence
of the prior.

B. Conventional Smoothing Prior

The objective function for a conventional smoothing
prior usually takes the following form

Φs
P (f) =

∑

n

∑

n′∈N (n)

wnn′φ(fn − fn′) (3)

where N (n) indicates the neighborhood system, and
wnn′ ≥ 0 the associated weight. The potential function
φ(fn−fn′) penalizes the difference between neighborhood
pixels. For example, for a quadratic membrane prior [5],
φ(fn−fn′) = 1/2(fn−fn′)

2. Note that neither ΦL nor Φs
P

provides a natural positivity enforcement in Eq.(2). Thus,
Eq.(2) is a possibly difficult constrained optimization
problem since one needs to enforce the non-negativity
constraint in the reconstruction.

C. Priors Based on Cross-Entropy

As a stepping stone towards our new priors, we first
consider another, older form based on I-divergence. The
I-divergence between two positive vectors a and b is
S(a,b) =

∑

n(an log an

bn
− an + bn). S(a,b) is also termed

“cross-entropy” in [3], [4] though definitions of cross-
entropy vary. In [3], and [4], priors of the form Φce

P (f ;m) ≡
S(f ,m) or S(m, f) have been proposed. Here, m is an
external “reference” vector chosen empirically. Each fn is
attracted towards its corresponding mn, and positivity of
f is maintained by the form of S. The “reference vector”
m must be determined empirically! (For all mn’s equal,
the cross-entropy prior becomes a max entropy prior.)
In addition to the problem of determining m, there is



no explicit smoothing of f implicit in Φce
P (f ;m). Thus

Φce
P (f ;m) suffers from two problems.

D. A New Prior: Smoothed I-Divergence

To solve these problems while retaining the positivity,
convexity and differentiability desiderata of S(f ,m)
priors, we define a new prior, termed a smoothed I-
divergence prior. In this definition, m is a variable to be
estimated, and themn’s are defined on a lattice coincident
with the fn. The definition of our first form of the prior
is:

Φfm
P (f ,m) =

∑

n

∑

n′∈N (n)

wnn′φ(fn,mn′)

=
∑

n

∑

n′∈N (n)

wnn′{fn log
fn

mn′
− fn +mn′} (4)

where N (n) again defines a neighborhood of n, and
wnn′ ≥ 0 are positive weights. The form of Eq.(4) embeds
positivity in f , and the prior is also differentiable.

To explore Φfm
P further, consider its role in MAP

reconstruction. Since m is now a variable, the
optimization in Eq.(2) (now unconstrained) becomes a
joint estimation:

f̂ , m̂ = argmin
f ,m
{ΦL(g; f) + λΦfm

P (f ,m)}. (5)

We propose to implement this joint estimation by a form
of alternating (on f and m) descent, which for iteration k
becomes

f̂k+1 = argmin
f

{ΦL(g; f) + λΦfm
P (f , m̂k)} (6)

m̂k+1 = argmin
m
{Φfm

P (f̂k+1,m)} (7)

Equation (6), with m̂k fixed can be carried out by a
suitable unconstrained gradient method. Equation (7) can
be solved in closed form and has the interesting solution

m̂k
n′ =

∑

n∈N (n′) wnn′ f̂
k
n

∑

n∈N (n′) wnn′
, (8)

that is, a weighted arithmetic mean of the f̂k
n ’s in

a neighborhood surrounding n′. Plugging Eq.(8) into
Eq.(6), one thus sees the smoothing nature of the new
prior, thus solving the first problem. The second problem
has also been solved: vector m need not be determined
empirically, and its formulation yields an appealing
interpretation.

A second form of the new prior may be obtained by
swapping f , m in Eq.(4) to obtain

Φmf
P (f ,m) =

∑

n

∑

n′∈N (n)

wnn′φ(mn′ , fn)

=
∑

n

∑

n′∈N (n)

wnn′{mn′ log
mn′

fn

−mn′ + fn} (9)

Again, Φmf
P maintains positivity and is differentiable.

When plugged into the alternation Eqs.(6)(7), however,
the update Eq.(8) becomes something different:

m̂k
n′ = exp

[
∑

n∈N (n′) wnn′ log f̂
k
n

∑

n∈N (n′) wnn′

]

, (10)

which is a weighted geometric mean of the neighborhood
pixels N (n′). Again, we get a prescription for m, and a
novel form of smoothing for f . For convenience, we refer
to Eq.(4) as the FM prior, and Eq.(9) as the MF prior,
with the quadratic version of Eq.(3) the MM prior.

E. Convexity

We would like to show the global convexity of
the regularized likelihood objective with the proposed
smoothing priors. Since the Poisson likelihood is convex,
it is sufficient to show that the prior is convex (w.r.t. both
f and m).

The second derivatives of the MF prior objective are

∂2Φmf
P

∂f2
n

=
∑

n′

wnn′
mn′

f2
n

(11)

∂2Φmf
P

∂m2
n′

=
∑

n

wnn′
1

mn′
(12)

∂2Φmf
P

∂mn′∂fn

= −wnn′
1

fn

(13)

It follows, for all yn, zn′ that

∑

n

y2
n

∂2Φmf
P

∂f2
n

+ 2
∑

n,n′

ynzn′
∂2Φmf

P

∂mn′∂fn

+
∑

n

z2
n′
∂2Φmf

P

∂m2
n′

=
∑

n,n′

wnn′

f2
nmn′

(ynmn′ − zn′fn)
2 ≥ 0. (14)

The Hessian matrix is positive semi-definite (w.r.t. f ,m),
and thus the MF prior is convex. For the convexity of the
FM prior, the proof follows by symmetry. Convexity of
the prior or likelihood alone does not guarantee a unique
solution, but when the likelihood and prior are combined
as in Eq.(2), the solution is unique.

III. Results

In this section, we anecdotally explore 2D and 3D
reconstructions using Φmf

P and Φfm
P and show that the

reconstructions are qualitatively similar to those obtained
with a (positivity constrained) conventional quadratic
smoothing prior.

A. Optimization Details

Since the new priors embed positivity constraints, any
unconstrained method can be used to optimize Eq.(6).
Here, we use the Polak-Ribiere form of the preconditioned
conjugate-gradient (PCG) method [6] with a simple
diagonal preconditioner. For the line search, we use the



method of cubic interpolation [6]. We use, for 2D, a
4 nearest-neighborhood (4NN) system with weights=1.0
for each neighborhood pixel, and 4.0 for the center pixel.
For 3D, we use a 6NN system with weights=1.0 for each
neighborhood voxel, and 6.0 for the center voxel.

For comparison, we also performed a series of
2D reconstructions using the conventional quadratic
smoothing Φs

P . We again use a 4NN neighborhood with
weights as above. To maintain positivity, we used the slow
EM-MAP-ICM algorithm presented in [5].

(a) (b) (c) (d)

(e) (f) (g)
Fig. 1. (a) The 64×64 phantom used in the 2-D simulations. The
noiseless anecdotal reconstructions with priors of (b) MF, (c) FM,
and (d) MM. The anecdotal reconstructions of 100K counts data
using regularized likelihood reconstruction with priors of (e) MF,
(f) FM, and (g) MM.

B. Anecdotal Reconstructions

To test the proposed new priors, we first generated
noiseless and noisy sinograms using the 2D 64×64
phantom shown in Fig.1(a). The 2D phantom has an
intensity ratio of (3.3:1:0) for (ellipse:circle:background).
The projection data had dimensions of 65 angles by
96 detector bins. Only Poisson noise is simulated
and no other physical or geometrical blurring effects or
background events are modeled here. The noisy sinogram
is simulated with 100K counts.

The sinograms are then reconstructed using MF, FM
and MM priors as described above, with the same
smoothing parameter value λ = 1.2 for the noiseless
case, and λ = 2.0 for the noisy case. The noiseless
reconstructions are displayed in Fig.1 for (b) MF, (c)
FM, and (d) MM, respectively, while Fig.1(e)(f)(g) are
for noisy reconstructions of MF, FM, and MM. A profile
plot along the center row of the noisy reconstructions
in Fig.1(e)(f)(g) is illustrated in Fig.2 along with the
phantom. The profile result demonstrates the similar
behavior of the new prior to that of a positivity-
constrained quadratic smoothing prior.

A few performance measures are shown in Fig.3. Plots
of log posterior vs. iteration, and rmse vs. iteration
appear in Fig.3(a) and (b), respectively, for the FM results
of Fig.1(f), but we draw no conclusions from these since
the simulations are not yet sufficiently realistic. We also
display the bias and STD (standard deviation) images
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Fig. 2. Profile plots along the center row of phantom, and
regularized likelihood reconstructions in Figs.1 (e) MF, (f) FM, and
(g) MM priors for the noisy data of 100K counts.

for the FM prior using 200 noisy trials of 100K counts
from the same 2D phantom. The bias and STD images
are computed by bias = 1

200

∑

l(f̂
l − f) and STD =

√

1
199

∑

l(f̂
l −

¯̂
f)2 where

¯̂
f is the mean reconstruction over

200 trials, f the phantom, and f̂ l is the lth reconstruction.
The results for MF and MM priors are similar. As λ
increases, the variance as seen in Fig.3(d) tends to become
more uniform.
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Fig. 3. The performance of the FM priors is illustrated by (a) the
log posterior and (b) the rmse vs. iterations. Also, the bias and
standard deviation images over 200 noise trials for the FM prior
regularized reconstructions are shown in (c) and (d), respectively.

We also generated a 3D phantom with 10 slices of
64×64 each. Each slice has two small hot and cold
circles with an ellipse background. The intensity ratio
is (hot:ellipse:cold)=(1.5:1:0.6). The hot and cold circles
in the top slice have diameters of 10 and 12 voxels,
respectively, while each slice below contains hot and cold
circles of reducing diameters at 1 voxel per slice. A
noisy sinogram is generated with 1000K total counts and
reconstructed with a 3D FM prior of 6NN. Here, we show
only 4 slices of the 3D phantom in the top row of Fig.4,
and the FM reconstructions with smoothing parameter
λ = 5.0 in the bottom row of Fig.4. The 3D results for
the MF and MM priors are qualitatively similar.



Fig. 4. This figure shows the anecdotal regularized likelihood
reconstruction of a 3D phantom (10 slices and each with the size
of 64×64) using the FM smoothing prior. The top row shows 4
consecutive slices of the phantom, and the bottom row shows their
corresponding FM reconstructions. The projection data is simulated
with a noisy level of 1 million total counts. The smoothing parameter
for this 3D case is λ=5.

IV. Discussion

To locate our new work within the galaxy of ECT
reconstruction methods, we take a distant (and very

incomplete!) overview of objective-function based
methods in the context of the following desiderata: (a)
speed, (b) need to specify additional parameters beyond a
global weight λ, (c) whether a notion of object smoothness
is contained in the objective. We consider 3 categories
of methods, (where “method” = objective + algorithm.)
We do not consider any cases for which positivity is not
imposed or the objective is non-convex.

The original ECT EM-ML algorithm and its variants
led to a natural positivity imposition, but, in terms of
(b) required a stopping criterion and initial condition
specification. True EM-based methods are also
notoriously slow, thus failing on point (a). Regularization
helps, and EM-MAP approaches [7], [5] incorporating
smoothing, satisfied (c), helped (b), but still suffered in
terms of speed (a). Our own method, if using gradient
based methods as in Sec. III, is likely to be faster than an
EM version.

A second (non-EM) category of methods includes
constrained gradient and coordinate-descent methods for
optimization. Imposing positivity for a gradient method
is often complex and difficult, and requires judicious
specification of algorithm-specific parameters [8], [9] to
attain a good result, thus failing on point (b), though
excelling on point (a) and satisfying (c). To a great
extent, the failing on (b) can be overcome [10] with
improved methods. Sequential Gauss-Seidel coordinate
descent methods [11], [12] incorporate positivity easily,
and can be fast.

A third category of approaches embeds positivity
directly into the prior. Our approach, and ones based
on cross-entropy [2], [4], [3] and max-entropy [13] apply
here. A very similar prior is the independent gamma
prior proposed in [14]. The cross-entropy and gamma
formulations fail badly on point (b), requiring empirical
specification of a pointwise “reference image” as outlined
in Sec. II-C, and no explicit notion of object smoothness is
incorporated in these approaches. (In [2], [4], smoothing

is indeed introduced in an empirical fashion.) Our own
priors thus surmount the difficulties listed above.

A final, nice feature of our formulation is that the
performance of the method (i.e. mean and covariance of f̂)
may be analyzable using the theoretical methods in [15].
To qualify for [15], the objective should be (i) smooth, (ii)
nearly quadratic, and (iii) be used in an unconstrained
optimization. We are currently investigating this issue.
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Abstract| In previous work we developed a list-mode it-
erative reconstruction algorithm (LMIRA) for SPECT ap-
plied to two dimensional image reconstruction. In the 2D
case we calculated the emission radiance distribution on the
circular enclosure of the object. This part is the forward
projection. In the backprojection we sampled the radiance
on the intermediate layer using the geometric properties of
the collimator. In 3D reconstruction we have to calculate
the emission radiance distribution on the cylindrical enclo-
sure. To characterize the radiance on the cylinder we need
additional parameters to localize the position on the layer
and the direction of the escaping photons, this results in a 4
dimensional function. The probabilities used in the LMIRA
update equation are calculated from sampling the radiance
with the cylindrical hole structure of the collimator.

Keywords|List-mode, reconstruction, iterative.

I. Introduction

In binned mode PET the acquired data is often rebinned
to 2D information using single slice rebinning or for exam-
ple Fourier rebinning. In Single Photon Emission Com-
puted Tomography (SPECT) reconstruction it is also pos-
sible not to use the 3D information and perform a 2D slice
by slice reconstruction using the 2D reconstruction meth-
ods. 3D list-mode reconstruction has previously been the
subject of research in positron emission tomography (PET)
[1] and Compton scatter imaging [2]. Fully 3D reconstruc-
tion is useful to incorporate the complete blurring model
to be able to correct for the distance dependent resolution
[3], which is a three dimensional e®ect. Recently we devel-
oped a 2D list-mode reconstruction method for SPECT ap-
plying a new projector backprojector pair. The list-mode
reconstruction approach di®ers in several ways from the
bin-mode methods. Acquiring the data in list-mode for-
mat, one can store the interaction location to a high degree
of accuracy (2k by 2k for example) with greater e±ciency
than achievable with frame mode acquisition. The gantry
angles do not have to be binned into prede¯ned frames, but
one can record the actual angle thereby removing the im-
pact of angular blurring with continuous acquisition. The
actual energy of the interaction can be recorded instead of
attributing the event's energy to one of a limited number of
pre-de¯ned windows. It is obvious that when increasing the
dimensionality in this way it is no longer possible to bin the
data into a matrix. Finally, list mode can also store gating
signals without the need for temporal framing of the data

E-mail: Luc.Bouwens@rug.ac.be

before this information is completely available. The result
is a signi¯cant increase in the ¯delity of recording the pro-
jection data with list-mode acquisition, without a tremen-
dous increase in storage space. In bin-mode acquisition of
SPECT data the number of detector locations is prede¯ned
and rarely exceeds 256x256 detector bins acquired over 120
angular steps. This means data will be grouped together
thereby loosing detailed information. For each bin i it is
possible to obtain the probability of the i-th outcome, given
an emission at the j-th voxel within the object. When the
number of possible detector bins is limited one can calcu-
late and store the entire transition matrix, giving the rela-
tionship between the object space and the detector space.
With this information the probability of detecting an emis-
sion from the j-th voxel can be calculated. To calculate the
maximum likelihood solution to this probabilistic problem,
iterative methods such as expectation maximization max-
imum likelihood (MLEM) [4][5] have been presented. In
list-mode the set of possible outcomes is so large that few
of the outcomes occur maximum more than once and most
of them never occur at all. In binned format this would
mean that most of the elements of the, very large, sino-
gram are zero. Therefore it is more e±cient to acquire the
detected events in a list, together with their detection pa-
rameters such as detector location, gantry angle, energy,
time stamp, etc. Since it is no longer possible to store the
transition matrix, it will be necessary to calculate the prob-
abilities, used in the reconstruction algorithm, on the °y. In
our previous work this was done using a new approach: the
intermediate layer. In previous work we developed a list-
mode iterative reconstruction algorithm (LMIRA) [6] for
SPECT applied to two dimensional image reconstruction.
This reconstruction method used the geometric collimator
model to apply the resolution recovery in a single slice [7].
In this work we deploy a modi¯cation of the projector and
backprojector to ¯t the three dimensional reconstruction
problem. First we will explain the transition of the cal-
culation of the emission radiance distribution from 2D to
3D. Secondly we detail the sampling of the obtained ra-
diance distribution with the three dimensional collimator
structure will be described. Finally we will present the 3D
list-mode reconstruction algorithm.
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Fig. 1. Forward projection of the source distribution onto the inter-
mediate layer.

II. Method

A. 3D emission radiance distribution

In 2D list-mode reconstruction a circular enclosure was
used surrounding the object, called the intermediate layer.
For the 3D problem, using for example a parallel hole or
a fan beam collimator, a cylindrical enclosure will be best
suited. For the imaging of small object with a pinhole or
a cone beam collimator it may be that a sphere is more
appropriate for this speci¯c problem. In this work we dis-
cuss the case of a parallel hole collimator and thus use a
cylindrical intermediate layer.
To calculate the radiance distribution on the intermedi-

ate layer an isotropic emission is generated at each point
in the source distribution. For an isotropic emission gen-
erated at point P (r; Á; z) the contribution to the radiance
in each point on the cylinder has to be calculated. For
the location S(Ã; z) on the cylinder, the emission from the
source element P will be given by the vector FP (Ã; z; µ;∙)
(image 1). To obtain the radiance distribution from P at
S one can use the known expression:

FP (Ã; z; µ;∙) = EP : exp (¡
Z S

P

¹(r;ª; z):ds); (1)

With EP the value of the source distribution at P , and
¹(r;ª; z) the continuous attenuation coe±cient distribu-
tion. The total emission radiance distribution F (Ã; z; µ;∙)
in point S can be calculated by integration of the function
F over the line through the object de¯ned by S, µ and ∙.
In the expression the parameters Ã and z indicate the

location on the cylinder face. The parameters µ is the angle
of the projection of F on the trans-axial slice through the
source point P relative to horizontal x-axis and ∙ is the
angle, obtianed when projection F in the plane given by
the axial line (z-axis) through the location point S and the
normal vector N in S, relative to N . These parameters
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Fig. 2. Parameterizing the direction of the escape vector F.

give the direction of the escape vector F . To incorporate
the detector response in the z direction we will need the
additional parameter ∙ (image 2).
When projecting the source distribution to the interme-

diate layer it is possible to build in the following restriction.
In the axial direction the projection can be limited by the
known geometric parameters of the collimator. Since pho-
tons leaving the intermediate layer, with an angle ∙ greater
than the acceptance angle of the collimator, will never be
acceptable by the collimator holes, there is no need to cal-
culate the projection beyond this point. In this way the
axial projection can be restricted. The angle µ can not
be restricted since the detector is rotating in this direc-
tion. Image 3 shows the emission radiance distribution for
a point source. The right image is the surface plot of the
left image. The top image is the complete distribution and
the bottom image is the restricted radiance for a High Res-
olution parallel Hole (HR) Marconi collimator.
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Fig. 3. Emission radiance distribution for a point source out of center.
Top: complete radiance distribution. Bottom: radiance distribution
restricted by the collimator axial acceptance angle.

B. Sampling the radiance distribution with a collimated de-
tector

Consider data acquired from an object into list-mode in-
formation with the following parameters: axial location of
incidence a, trans-axial location t and gantry angle ±. The
collimator discussed primarily in this paper is a parallel



hole collimator. For each single list-mode event n in the
reconstruction we place a collimator hole over the center of
the detector location (a; t). From the bottom area of the
collimator hole towards the intermediate layer, (i.e. the
cylinder shown in ¯gure 1), we will see a fraction of the
cylinder. Lines drawn from the outermost parts of the col-
limator hole, over the edges of the collimator septa, to the
cylinder restrict the solid angle seen (¯gure 3).

Fig. 4. Backprojection of the cone from a collimator hole through
the cylinder.

When we consider the intersection of the cone coming
from the collimator hole and the cylinder face, all elements
on the cylinder with possible contribution of the radiance
to this speci¯c list-mode event are selected, these elements
are called scanning points. In every scanning point the
emission radiance distribution is parameterized by the an-
gles µ and ∙. The face of the cone will put restrictions
on these angles since the vector of the escaping radiance
has to lay within the cone (image 5). In a ¯rst step one
has to obtain the area on the cylinder face which is the in-
tersection of the cone and the cylinder. Secondly for each
scanning point in this area the restriction on µ and ∙ have
to be applied. This will give the four dimensional region
An(Ã; z; µ;∙)

When we integrate the emission radiance distribution
F (Á; z; µ;∙) over the region An(Á; z; µ;∙), we get the con-
tribution of the emitted photons from the total source dis-
tribution into the speci¯c detector location during projec-
tion. In the backprojection step, An de¯nes the region of
the object into which the counts in the detector bin will
be backprojected and therefor will depict how the detected
photons, for a speci¯c detector location, will contribute to
the backprojected image. It is also possible to use an ex-
pression for the geometric point response in terms of the
autocorrelation of the collimator aperture function for one
collimator hole [8]. This operator can be used to calculate
the individual voxel contributions. When we do not want
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Fig. 5. Selection of the vectors from the emission radiance distribu-
tion in the acceptance cone.

to model the e®ects of attenuation and scatter in the back-
projection, but only the distance dependent resolution, we
can use the basic collimator aperture function. The e®ect
of the mismatched projector/backprojector pair has to be
investigated [9].

C. List-mode reconstruction

Consider a data set of N list-mode events with attributes
being the coordinates, gantry angle, energy level, etc. If
we want to use the ML algorithm we need to calculate
Pj(ln), for n = 1; 2; :::;N and j = 1; 2; :::; J , the probability
density that an item ln would occur in the list, given there
was an emission of a photon in the j-th voxel.
A list-mode maximum-likelihood reconstruction algo-

rithm for PET was previously developed by Parra et. al.
[10], [11] :

x
(k+1)
j =

1

N
:

NX
n=1

P (lnjj):x(k)jPJ
j=1 P (lnjj):sj :x(k)j

(2)

In this equation x
(k)
j is the expected number of photons

emitted from source bin j per unit of time for the kth it-
eration, and sj is the sensitivity for that source bin. N is
the number of list-mode events. J is the number of source
bins.
The nominator in the summation over the list-mode

events N is probability density given above. This can be
seen as the probability that an emission in voxel j will lead
to the detection of the list-mode event ln. The denominator
is the total over all voxel of the probability density func-
tions given the detection of event ln. When we look at the
radiance distribution this will give the probability density
functions of photons coming from the source distribution,
leaving the intermediate layer in a speci¯c direction. In the
previous section we discussed how to restrict the area on
the intermediate layer for a given list-mode event. Doing



this we can obtain the contribution of the radiance distrib-
ution to a speci¯c event. This is equal to the denominator
in equation. The nominator can be calculated from the
radiance for a singe voxel or by using the collimator aper-
ture function. Therefore, the equation can be rewritten as
follows:

Y
(k+1)
jn =

H
An
F
(k)
j (Á; z; µ;∙)H

An
F (k)(Á; z; µ;∙)

(3)

where An is the list-mode speci¯c acceptance area. F
(k)
j

is the radiance distribution for voxel j for the kth estimate,
and F (k) is the total radiance distribution for the kth source
estimate. Since one list-mode event is the detection of a
single photon, the backprojected value is normalized to 1.

y
(k+1)
jn =

Y
(k+1)
jnPJ

j=1 Y
(k+1)
jn

(4)

x
(k+1)
j =

NX
n=1

y
(k+1)
jn (5)

The algorithm updates the estimate of the source dis-
tribution for each list-mode event and sums the individual
results to the ¯nal new estimate for the source distribution.
In this way the integrals can be calculated on the °y and
do not have to be stored. The reconstruction start from
a uniform source distribution to calculate the primary ra-
diance. After a run through the list-mode data set, the
emission radiance distribution is recalculated and used in
the next iteration.

III. Results

Preliminary test of the reconstruction algorithm were
performed on a simple three dimensional Gaussian distrib-
uted sphere with FWHM of a central cross section equal
to 12.5 mm, placed in the center of a 32 cube matrix with
voxel size 3,125 mm. List-mode information for this ob-
ject was derived from Monte-Carlo simulation, where the
data was acquired in projections of 512x512 detector bins
over 360 angles. A high-resolution parallel-hole collimator
was speci¯ed, with hole size 1.4 mm, length 27 mm and
radius of rotation equal to 112 mm. This results in the
maximum diameter of the backprojected cone being 14.4
mm or less than 5 voxels. The initial emission radiance
distribution was derived from a uniform cylinder with ra-
dius 10 cm within the 32x32x32 matrix. As with the 2D
LMIRA, the three dimensional reconstruction is resolving
the object over the di®erent iterations. Further study is
needed to optimize the reconstruction procedure.

IV. Discussion and conclusion

In this study we propose an extention of the 2D list-
mode reconstruction towards fully three dimensional image
reconstruction. Calculating the emission radiance distrib-
ution it is possible to incorporate the e®ects of attenuation
and scatter. This is can be done by using ray-tracing as

implemented in the 2D LMIRA. A di®erent approach could
be using a model based deformation of the radiance based
on the attenuation and electron density maps. The cal-
culation of the 4D radiance function is a computational
intensive task. In our approach this calculation has to be
done once every iteration. The calculation of the intersec-
tion of the cone coming from the collimator hole and the
cylinder could be used more e±ciently to de¯ne the voxel
within the object which can possibly contribute to the list-
mode event. In that way the number of voxel which have
to be taken into account in the reconstruction of a single
event can be reduced signi¯cantly.
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ABSTRACT

In this paper we propose the use of a content-adaptive
mesh model (CAMM) for tomographic image
reconstruction. In the proposed framework, the image to
be reconstructed is first modeled by an efficient mesh
representation. The image is then obtained through
estimation of the nodal values from the measured data.
The use of a CAMM can greatly alleviate the ill-posed
nature of the reconstruction problem, thereby leading to
improved quality in the reconstructed images. In addition,
it reduces the data storage requirement, particularly for
fully three-dimensional (3D) image reconstruction,
resulting in efficient algorithms. The proposed methods
are tested using gated cardiac-perfusion images. Initial
results demonstrate that the proposed approach achieves
the best performance when compared to several
commonly used methods for image reconstruction, and
produces results very rapidly.

1. INTRODUCTION

A great many methods have been developed for
reconstructing tomographic images.  Most of these
methods are based on pixel (or voxel) image
representations. Bayesian priors (e.g., [1]) or
regularization terms (e.g., [2]) are typically used to
combat the effect of noise.

Alternative model-based reconstruction approaches
have also been proposed. For example, cylindrical models
were proposed in [3] and surface models were used in
[4,5].

In this work we propose a new content-adaptive mesh
modeling approach for image reconstruction.  In this
approach, a customized basis representation is computed
for the image, then the parameters of this representation
are estimated from the data.

In a mesh model, the image domain is subdivided into a
collection of mesh elements, the vertices of which are
called nodes. The image function is then obtained over
each element by interpolation from the values of these
nodes [6]. In a content-adaptive mesh model (CAMM),
the mesh elements are placed in a fashion that is adapted

to the local content of the image. A CAMM provides an
efficient representation of the image in that the number of
parameters (i.e., mesh nodes) is typically much less than
the number of required pixels/voxels. In addition, a mesh
model can also be used for motion tracking in an image
sequence, by allowing the mesh to deform over time [7].

The potential benefits of using a CAMM for image
reconstruction are: 1) a CAMM greatly reduces the
number of unknowns, thus alleviating both the
underdetermined nature of the reconstruction problem and
the data storage requirement, particularly for the case of
3D reconstruction; 2) this reduction in the number of
unknowns can lead to a fast computation; 3) a CAMM
provides a natural spatially-adaptive smoothness
mechanism, eliminating the need for regularization terms
in the cost function; and 4) the CAMM provides a natural
framework for reconstruction of moving image sequences.

2. METHODS

2.1 Mesh Tomography Model

Let f x0 5 denote the image function defined over a domain
D, which can be either 2D or 3D in this study. In a mesh
model, D is partitioned into M  non-overlapping mesh
elements, denoted by , 1,2, ,mD m M= � . The image

function is represented as

f x fn
n

N

nx x0 5 0 5 1 6=
=

∑ϕ
1

, (1)

where xn is the nth mesh node, ϕ n x0 5 is the interpolation
basis function associated with xn , and N  is the total
number of mesh nodes used.  Note that the support of each
basis function ϕ n x0 5 is limited to those elements Dm

attached to the node n. In practice, mesh elements with
simple geometry such as 2D triangular or 3D tetrahedral
elements are often used.

Now let n denote a vector formed by the nodal values
of the mesh model, i.e.,

n x x x
T

≡ f f f n1 21 6 1 6 1 6, ,� . (2)

If f denotes the voxel representation of the image function
f x0 5 over D, then from (1) and (2) one can obtain



f n= Φ , (3)

where Φ  is a matrix, composed from the interpolation
functions ϕ n x0 5 in (1), that forms the interpolation
operator from a mesh representation to the pixel
representation.

For tomographic image reconstruction, the imaging
equation is typically written in terms of the voxel
representation f  as

E[ ]g Hf= , (4)

where g contains the measured data, E[ ]⋅  is the
expectation operator, and H  is a matrix describing the
imaging system.

Substituting (3) into (4), we obtain the mesh-domain
imaging equation:

E[ ]g H n An= ≡Φ , (5)

where A H= Φ .

The reconstruction problem becomes that of estimating
n from the given data g. The image f can then be
obtained from (3).

2.2 Reconstruction Algorithms

In this paper we investigate maximum-likelihood and
least-squares estimates of the nodal values in n.

A. Maximum-Likelihood Estimate

The maximum-likelihood (ML) estimate is obtained as

( ){ }ˆ arg max log ;ML p=   n
n g n , (6)

where ( );p g n  is the likelihood function of g

parameterized by n. In this paper, we assume a Poisson
likelihood, which characterizes emission tomography

The ML estimate can be computed by using the
following expectation-maximization (EM) algorithm [8]:

( )
( 1)

( )

j
j s t

s ts j
tts tk k

t k

+
 
 =    

∑∑ ∑
n g

n A
A A n

, (7)

where ( )k
sn is the value of node s in iteration j, gt  is the

recorded count for observation t , and A ts is the ts entry of
matrix A .  We refer to this algorithm throughout as
MESH-EM.

B. Least-Squares Estimate

The least-squares estimate is obtained as the solution of
the following optimization problem:

2ˆ arg minLS = −
n

n g An , (8)

where ⋅  is the Euclidean norm. This quadratic objective
function has a unique solution, provided that A  is of full
rank. In this study, we used the conjugate gradient
algorithm [9] to perform the optimization. We refer to this
reconstruction algorithm as MESH-LS.

3. RESULTS

A. Evaluation Data
The proposed CAMM-based reconstruction algorithms

were tested using the 4D gated mathematical cardiac-torso
gMCAT D1.01 phantom [10], which is a time sequence of
16 3-D images.  The field of view was 36 cm; the pixel
size was 5.625mm. Poisson noise, at a level of 4 million
total counts per 3D time-frame image, was introduced into
the projections to simulate a clinical Tc m99  study. To
validate the concept of our proposed new approach, in our
initial study a single slice (No.70) was chosen, which has
approximately 55,000 counts per frame and a total of 16
frames. No attenuation correction was used. Each image
frame was reconstructed separately, and a single mesh
structure was used for all frames.

B. Reconstruction Methods Considered

In addition to the two proposed reconstruction
algorithms, we also considered three well-known
reconstruction procedures for comparison purposes: (1)
filtered back projection (FBP); (2) pixel-based ML-EM
reconstruction [8] with spatial post-filtering; and (3) a
pixel-based MAP method with a spatial Gibbs prior
[1,11].

The coefficients used for the spatial Gibbs prior are
α = 1, β = 1 2. , δ = 3, γ = 0 35.  [11]. For the spatial post-
filtering a 2D Butterworth spatial filter with a cutoff
frequency of 0.2 cycles/pixel was used. For consistency in
the comparison, the same post-filtering was also applied to
MESH-EM and MESH-LS methods in the final results.
Each of the iterative reconstruction algorithms was run for
30 iterations.

C. Mesh generation

The mesh structure was estimated from the projection
data using the following procedure. First, the projection
data were summed over the 16 frames.  From these
summed projections an image was reconstructed using
FBP. The resulting image, denoted by f x0 5, provides a
rough estimate of the heart summed over all 16 frames.

Based on f x0 5, we generated a mesh structure using a
procedure similar to the one we proposed in [12]. In that
paper we proposed a very fast and effective method for
mesh generation, in which error-diffusion halftoning of a
gradient-magnitude image is used to generate mesh nodes
whose spatial density is proportional to the local rate of
intensity change in the image.



The method reported in [12] was presented as an ad hoc
approach, but we have since derived a theoretical basis for
this concept, which shows that the correct image to use in
place of the gradient magnitude is the following:

ϑ x x x x0 5 0 5 0 5 0 54 9= ∇ ∇ ∇max , ,xx xy yyf f f2 2 2 . (9)

From this image, we compute a feature map as follows:
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In our preliminary experiments, the “Heart region” and
“Background” were estimated using a simple intensity-
based segmentation procedure.

The mesh node locations are obtained from this feature
map [12] by error-diffusion halftoning, from which the
mesh structure is obtained by Delaunay triangulation (see
Figure 1). A total of 609 mesh nodes are used in the mesh
shown in Figure 1, only about one-seventh the number of
pixels. Note that the algorithm places mesh nodes densely
in the important heart regions, and sparsely in the
background. This mesh was used as a basis on which to
reconstruct each of the image frames in the sequence.  In
another paper submitted to this conference, we describe
how the mesh can be used to track motion in a 4D
smoothing algorithm for gated studies.

Figure 1. Content-adaptive mesh model of the torso,
including the heart, using 609 mesh nodes.

D. Results

For visual comparison, images of frame 14, obtained by
different reconstruction methods, are presented in Figure
2. The MESH-EM algorithm appears to produce the best
images, accurately capturing the heart wall and applying
appropriate smoothing in the background.  The MESH-LS
algorithm does not perform as well, possibly because it is
based on a suboptimal statistical representation of the
noise.

In Figure 3 we show the peak-signal-to-noise ratio
(PSNR) versus the frame number. In Table 1 we
summarize the execution time, memory requirement and
PSNR averaged over all frames for various algorithms.
According to all of these criteria the MESH-EM algorithm
exhibits the best performance.

We also tested the proposed methods using a much
coarser mesh structure (only 353 nodes). In this case, the
speed of MESH-EM is further improved (reduced from
4.5 seconds to 3.9 seconds in runtime), but the image
quality is almost preserved (average PSNR reduced from
27.4 dB to 26.9 dB, which is still better than that of the
other methods in Table 1).

A final note is that the MESH-EM algorithm can be
further accelerated using an ordered-subsets framework
[13,14]. Preliminary results indicated that our mesh based
ordered-subsets EM algorithm is about 4 times faster
when compared to a voxel-based ordered-subsets EM
algorithm [14]. We plan to furnish detailed, complete
results of these comparisons by the time of the conference.
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Figure 2. From left to right in top row: Original phantom, Filtered-backprojection reconstruction, ML-EM reconstruction. Bottom
row: MAP reconstruction, MESH-LS reconstruction, and MESH-EM reconstruction.

Figure 3. PSNR vs. frame number for various
reconstruction methods.

TABLE 1. COMPARISON OF RECONSTRUCTION METHODS

Execution
Time [sec]

Memory
requirement [Mb]

Average
PSNR [dB]

FBP 0.12 0 23.8
ML-EM* 5.7 5.1 (4096x4096) 26.7
MAP* 9.3 5.1 (4096x4096) 26.5
MESH-LS* 8.3 4.2 (4096x609) 26.4
MESH-EM* 4.5 4.2 (4096x609) 27.4
 * Obtained by prestoring the system matrix as a sparse matrix
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I. INTRODUCTION

$�� %DVLF�LGHD

Lately, a new class of reconstruction algorithms has
emerged which further extend the domain of approximative
reconstruction for multislice spiral CT.
The underlying idea is the following simple observation: if
it was possible to find an image plane so that the focus does
not leave this plane during a half turn of the spiral, we
would be able to choose (or interpolate), for each
projection angle and each fan parameter, rays that are fully
contained in the image plane. A simple 2D reconstruction
of these rays would yield an H[DFW reconstruction of this
image plane. Of course, we know that this is impossible for
a spiral scan path, but it turned out fruitful to take this idea
as a starting point for approximations. All of the algorithms
described shortly in the following are based on this idea.

%�� $GYDQFHG�6LQJOH�6OLFH�5HELQQLQJ��$665�

The Advanced Single Slice Rebinning (ASSR) reconstruc-
tion method, ([1]-[3]) tries to match image planes directly
WR�D� �VHJPHQW�RI�D�VSLUDO�SDWK��.DFKHOULHß et al. reconstruct
these images from overlapping π intervals and reformat the
tilted images to axial planes in a second step. The images
are reconstructed from overlapping scan intervals of π. The
main drawback of the ASSR algorithm lies in the fact that it
is useful only for the maximum pitch (approximately 1.4
times the number of rows for typical CT scanners) or,

                                                          
a All authors are with Siemens Medical Solutions Group, D-91301
Forchheim, Germany. E-Mail: karl.stierstorfer@med.siemens.de.

alternatively, requires severe detector masking by software
for lower pitch values resulting in poor dose usage. Even at
the optimum pitch, the dose usage is only 70 %. Another
drawback of ASSR is that the average distance of the focal
spot from the tilted image plane - which is a measure of the
quality of the approximation to the basic idea described in
section A - increases with pitch, hence degrading image
quality.

&�� $GDSWLYH�0XOWLSOH�3ODQH�5HFRQVWUXFWLRQ��$035�

The Adaptive Multiple Plane Reconstruction (AMPR)
scheme [4] solves the pitch restriction problem of the ASSR
by introducing a second tilt angle, with a tangent to the
spiral as the hinge line. By reconstructing, for each of the
overlapping reconstruction intervals, several images,
rotated by different angles around this hinge, a much larger
fraction of the dose can be used.

'�� 6HJPHQWHG�0XOWLSOH�3ODQH�5HFRQVWUXFWLRQ��6035�

The Segmented Multiple Plane Reconstruction (SMPR)
algorithm presented here goes one step further: it uses only
a small VHJPHQW (typically less than one eighth of a full
turn) of the spiral to reconstruct a ERRNOHW (stack) of
VHJPHQW� LPDJH� SDJHV. Since the segments are small, the
pages of a booklet can be matched almost perfectly to the
spiral path. Then, for all segments of a π interval, all book-
lets belonging to a segment and its complementary segment
LQ� DOO� URWDWLRQV are reformatted to the desired (e.g. axial)
planes. In a last step, images from segments of a π interval
are combined to a full image. Essentially, the steps of
reconstruction (convolution and backprojection) and z-
interpolation are interchanged with respect to conventional
multislice spiral algorithms.
In principle, the match of the pages to the spiral path will be
the better the shorter the segment is. For a 16-row scanner,
we found that eight segments are sufficient for good image
quality. The 64-row reconstructions were done with 32
segments.

II.  ALGORITHM

$�� 6HJPHQW�LPDJHV

The first step is the reconstruction of segment images. For
each of the segments, a fraction of 2π/1VHJ (1VHJ is the
number of segments per rotation) of one rotation (plus some
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overlapping to provide smooth transitions from one
segment to the next) is used to reconstruct a ERRNOHW of at
least 1URZV (the number of detector rows) pages. For each
page, the rays closest to the image plane are selected for
convolution and 2D-backprojection. Hence, we obtain per
rotation a total of 1VHJ 1URZV segment images. The segment
images are reconstructed with the finally desired field of
view. It can be shown that, by doing this, the information
available in the data is used almost perfectly if 1VHJ is suf-

ficiently large. Figure 1 gives an impression of a typical
segment image.

%�� 6WDFN�UHIRUPDWLRQ

The next step is to reformat the pages of a segment and its
complementary segment from all rotations to the desired
(e.g. axial) image planes. This can be done in a pixelwise
fashion, in z direction only. In this step, the final image
slice thickness can be adjusted by changing the width of the
weight function used for reformation.
The location of the segment pages is shown in Figure 2 for
the case of 1VHJ=1URZV=6. The pages contributing to one of
these reformatted segment images are shown in the same
shade.

&�� 6HJPHQW�DGGLQJ

The final step is a simple adding of the reformatted segment
images of at least one half turn to a complete image.

III. TRANSITION TO FELDKAMP ALGORITHM

A theoretically interesting aspect of the SMPR approach is
that, by using smaller and smaller segments, we finally end
up with filtering and backprojecting only one (parallel)
projection at a time onto planes which are spanned by the
projection vectors of one detector row. Taking into account
the second step of reformatting to axial planes and  the final

step of combining segments it becomes clear that this is
equivalent to a spiral version of the Feldkamp algorithm

which involves a filtering parallel to the spiral path fol-
lowed by a 3D backprojection. Hence, the SMPR algorithm
provides a smooth transition from an algorithm which utili-
zes a 2D-backprojection to a 3D-backprojection algorithm.
A byproduct of this consideration is that a canonical filter
direction for the filter step of the spiral Feldkamp recon-
struction is obtained.

IV. RESULTS

To test the algorithm we used the simulation program
DRASIM (Siemens Medical, Forchheim) to produce a test
data set of a thorax phantom (geometry definition by Katja
Sourbelle, FORBILD project) for a fan-beam scanner with
64x1mm rows and a pitch of 80. The data were reconstruc-
ted with the SMPR using 1VHJ=32 (Figure 3) and, for
comparison, also with the AMPR algorithm (Figure 4).
The SMPR image is obviously almost free of artifacts
whereas the AMPR image exposes severe artifacts, particu-
larly near the strongly tilted ribs.

V. CONCLUSION

A substantially improved approximative reconstruction
algorithm for multislice spiral CT has been presented.
While the limits of the algorithm have not yet been probed,
results are excellent. A drawback of the algorithm is the
large amount of intermediate segment images which has to
be handled during the reformatting step.
From the theoretical point of view, an interesting aspect of
the algorithm is that it provides a smooth transition from a
2D reconstruction approach to a 3D Feldkamp-type spiral
algorithm.

Fig. 1. A typical segment image (1VHJ=32).

Fig. 2. Demonstration of the spiral path together with some sample
booklets. Pages which are reformatted together are shown in the
same shade.
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Fig. 3. Typical axial image of a thorax phantom at pitch 80, reconstructed
with SMPR using 32 segments. The field of view is 400 mm; the display
window is 200 HU. Almost no artifacts are visible.

Fig. 4. Axial image of a thorax phantom at pitch 80, reconstructed with
AMPR. The field of view is 400 mm; the display window is 200 HU;
same slice location as figure 3. Severe artifacts are visible, particularly
near the ribs.

(163,13): −784

Fig. 5. MPRs of stacks of axial images, thorax phantom at pitch 80.
Top: reconstructed with SMPR using 32 segments, bottom: recon-
structed with AMPR. Display window 200 HU. Again, the SMPR
images are almost free of cone artifacts while severe artifacts are
visible in the AMPR image. The fine vertical streaks are spiral artifacts
which are independent of the type of reconstruction.



 

INTRODUCTION

a) Selection of a number of 2D surfaces, called rebinning
surfaces,  which partition the 3D field-of-view.
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b) Rebinning: estimation of a complete 2D tomographic
data set (sinogram) for each selected surface using the
measured CB projections.
c) 2D reconstruction of each selected surface from its
estimated sinogram.
d) Axial Interpolation:  1D interpolation of the
reconstructed surfaces to obtain the transaxial slices to be
visualized.

Several rebinning algorithms have been proposed, which differ
mainly by the type of surface for which rebinned 2D data are
estimated. These surfaces can be transaxial slices orthogonal to
the axis of the helix [SSRB, 10], tilted planar slices  "tailored''
to the slope of the helix [9,14,1,3], or even non-planar
surfaces as in Heuscher [2] to further improve the possibility
to select rays lying as close as possible to the rebinning
surface. We present in the following section a unified
derivation of the various rebinning methods.

Rebinning algorithms only involve a 1D ramp filtering of the
data, and avoid the cone-beam backprojection. This numerical
simplicity results in less discretization errors than the exact
algorithms. The price to pay for this improvement is that
rebinning is approximate and introduces cone-beam artefacts
when the pitch of the helix becomes too large.

Therefore, the aim of this paper is to combine the best of the
two classes of algorithms: we propose to use a quasi-exact
algorithm, the ZB method, to correct a first image
reconstructed using a rebinning algorithm. The additive
correction is obtained by applying the ZB method to the
residual error, i.e. to the difference  between the measured
projections and the cone-beam projections of the first image
estimate. This approach is motivated by the fact that the
discretization artefacts induced by the exact algorithm only
affect the correction image, and hence are expected to be
smaller than when the exact algorithm is applied directly to the
measured data.

The performance of the combined algorithm is evaluated using
synthetic data for mathematical phantoms and for data obtained
by reprojecting high resolution CT scans.

A combination of rebinning and exact
reconstruction algorithms for helical

cone-beam CT
Michel Defrise, Frédéric Noo, Hiroyuki Kudo

Cone-beam X-ray transmission computerized tomography (CB-
CT) has been applied to the non-destructive evaluation of
industrial samples, and a small number of prototype clinical
scanners have also been used for specific applications (cardiac
and vascular imaging), where fast imaging is an essential
requirement and only high contrast structures must be
visualized. The recent introduction of multi-row scanners now
allows a wide-spread utilization of CB-CT in radiology, and
the continuing development of large area x-ray detectors will
reinforce this trend.

The acquisition of cone-beam projections allows faster
imaging than standard or spiral single-row CT, but presents
challenges for 3D image reconstruction. Despite significant
advances, the definition of a clinically acceptable, fast and
accurate, cone-beam reconstruction algorithm is still an open
problem, especially  for the helical geometry where the x-ray
source moves along a segment of helix relative to the patient.
Accurate algorithms for helical CB-CT have been derived by
discretizing exact or quasi-exact analytical inversion formulae
for the 3D divergent-beam x-ray transform [4,7,8,12]. These
algorithms yield accurate reconstructions even when the ratio
between the pitch of the helix and the axial slice width exceeds
two orders of magnitude. Unfortunately, the numerical
complexity of these algorithms significantly increases the
reconstruction time and the discretization errors and affects the
resolution. These limitations of the exact algorithms motivate
an active research for approximate algorithms for helical CB-
CT.  

In this paper we introduce a new quasi-exact algorithm for the
long-object problem in helical CB-CT, which combines a
rebinning method with the quasi-exact ZB method [4].

Rebinning algorithms are based on the factorization of the 3D
reconstruction into a set of independent 2D reconstructions.
This  factorization can be viewed as a four-step procedure:



PLANAR AND NON-PLANAR REBINNING ALGORITHMS

The first contribution of this paper is to give a unified and
formal derivation of the various rebinning algorithms which
have been proposed in the litterature [1,2,3,9,10,14,15]. We
determine the mathematical properties, in particular the
symmetries, of the surface allowing the best rebinning, given
some reasonable quality figure. This surface is shown to be the
solution to an integral equation which can be solved by means
of an iterative algorithm. A proof of the convergence of this
algorithm and of the unicity of the optimal rebinning surface
is given. We also investigate how much can be gained by
rebinning onto non-planar surfaces as opposed to planes, and
conclude that rebinning onto planar surfaces is sufficiently
accurate as long as the radius of the field-of-view does not
exceed about half the radius of the helix (figure 1).

For the combined algorithm described in the next section, we
rebin on tilted planes, the orientation of which optimize the
mean square axial distance Q between the rebinning plane and
the measured rays used to build the corresponding 2D data set
[3]. We generate a short-scan fan-beam data set rather than a
parallel-beam data set, and the mean square axial distance Q is
calculated taking into account both the fan-beam redundancy
weight (Parker's weight) and the distance dependent weight in
the 2D fan-beam backprojection.

Figure 1: Root mean square axial distance (mm) between the
rebinning surface and the measured rays used to build the 2D
data set, versus the radius of the FOV (mm). Helix radius 400
mm. Pitch 100 mm. The 3 curves correspond from top to
bottom to: SSRB (rebinning on transaxial planes), optimal
tilted plane, optimal non-planar surface.

THE COMBINED ALGORITHM

We denote the unknown 3D image by f and the 3D X-ray
transform (the CB projector) by X. The data are denoted as
g=Xf.
Recall first the steps of the ZB algorithm [see 4 for details]:

a) Weighted backprojection of the subset of cone-beam
data g located, in the detector, along the boundary of Tam's
window B1. This backprojection operator is denoted XB

* and
is defined so as to yield an image f1  = XB

*g the cone-beam
projections of which,  g1  = X f1 , are equal to the data
along the boundary of Tam' window:  g1 = g on B.
b) Reprojection: Calculation of the cone-beam projections
of the first image estimate f1 and subtraction from the data
to get modified data  g2 = g -  g1 . Note that  g2 = 0 on B.
c) Reconstruction of the modified data by  

i)   setting  g2 = 0 outside B,
ii) applying a 1D ramp filter along the direction

tangent to the helix,
iii) backprojecting as in Feldkamp's algorithm.

We denote this procedure as FB-FDK [6] and the result as  
f2 =  FB-FDK g2.
d) Addition of the two images after applying a smoothing
filter S designed to match spatial resolutions: f = S  f1 +
f2.

The key to the quasi-exactness of the ZB method is the
property that X f1 = g on B. This property is satisfied by the
image f1  = XB

*g constructed in step a above, but this image
has no resemblance to the true image f, and therefore the
applied correction  f2 (and the associated discretization errors)
may be large.

In the combined algorithm proposed in this paper, we build an
alternative image  f1 which also satisfies  X f1   = g on B    but   
is in addition a good approximation to f. This is done using a
rebinning algorithm (described in the previous section, and
denoted by Freb):

a) Initial reconstruction by rebinning:  freb =  Freb g
b) Calculation of a first image estimate as

f1  = XB
*(g- X  freb ) +  freb

where XB* is the weighted backprojection of the data along
B, defined above.

The last three steps are as in the ZB method:
c) Reprojection: calculation of the cone-beam projections
 g1  =  X f1   of the first image estimate, and subtraction
from the data:  g2  = g -  g1

d) Feldkamp's reconstruction:  f2 =  FB-FDK g2

e)  f = S  f1 +  f2

One easily checks that the property X f1  = g on B is satisfied
exactly (within discretization errors)  by the image
 f1  = XB

*(g- X  freb ) +  freb  used in this combined algorithm.
This guarantees the quasi-exactness of the algorithm. The
advantage over ZB is that this f1 image is a good
approximation of the original object, and therefore the
correction term  f2, and the associated discretization errors,  are

1 Tam's window B is the region bounded, in the detector, by the cone-
beam projection of the upper and lower turns of the helix [11,13].
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smaller.  The most time consuming steps in the combined
algorithm are the calculation of  g1 (step c) and the Feldkamp's
step (d).

For the results presented in the following section, we have
implemented a simplified version of the algorithm in which
we skip step b) and simply use  f1  = freb instead of  f1  = XB

*(g-
X  freb ) +  freb.  This approximation is motivated by the fact
that the image freb obtained by rebinning may be already
sufficiently accurate to guarantee that X freb   g along B.  A
comparison between the approximate and exact versions of the
combined method will be presented at the conference.

RESULTS

We have evaluated the performance of the combined algorithm
using simulated data for a head phantom similar to that used
by S. Schaller [5]. The phantom is contained in a sphere of
radius 100 mm. Data were simulated for a helical path with
1.5 turns and a pitch P=108 mm. The radius of the helix was
R=400 mm and there were 1200 vertices per helix turn. The
first and last vertices were at locations z=±81 mm. As defined,
the helix did not extend over the whole axial extent of the
phantom, and we are therefore dealing with a long object
problem.

Data were simulated on a virtual rectangular detector located at
a distance D=400 mm from the cone vertex, i.e. at the
isocenter. The detector pixel size was 0.5 x 0.5 mm. There
were 400 channels and  200 detector rows.

The angle between the optimal rebinning tilted plane and the
transaxial plane was η=3.4 degrees, and the planar rebinning
algorithm used the central 134 rows of the detector (maximum
cone angle 4.8 degrees).  The maximum distance between a ray
used for rebinning and the corresponding tilted plane was 2.5
mm, to be compared with 7.8 mm with the SSRB method
(η=0). The difference  between  these two figures illustrates the
benefit expected from the planar rebinning algorithms. For all
reconstructions, the ramp filter was apodized with a Hamming
window cut-off at the Nyquist frequency.

Figures 2, 3 and 4 show reconstructions on a grid of
400x400x200 cubic voxels of 0.5 mm, displayed with a gray
scale in the range [1.0,1.1]. The results illustrate the important
improvement in image quality obtained by rebinning on tilted
planes instead of transaxial planes in SSRB [9,14,1,3]. A
reconstruction using optimal non-planar rebinning surfaces
(not shown) was practically identical to the reconstruction
using tilted planes, as could be expected from  figure 1.

The results in figures 2,3,4 also demonstrate that the artefacts
observed with the rebinning algorithm are largely suppressed
by the combined rebinning-ZB algorithm introduced in this
paper.  These data also confirm that the short-scan helical
Feldkamp (FDK) algorithm (bottom right images) is not

superior to planar rebinning, even though FDK uses a "true"
cone-beam backprojection.

Figure 5 shows a comparison of the new combined algorithm
with the ZB method. Some improvement is observed,
especially in the longitudinal section where the streak artefacts
caused by the 4 disks are suppressed by the combined method.
On the other hand a new artefact is observed around the dark
ellipse in the transaxial section. Note that all these results
have been obtained with the simplified version of the
combined method, as described in the previous section.

A more detailed study using data obtained by reprojecting a
high resolution CT scan will be presented at the conference.
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Figure 2. Central longitudinal section x=0. Gray scale
[1.0,1.1]. Top left: SSRB, top right: planar rebinning, bottom
left: combined rebinning+ZB, bottom right: short-scan FDK.



Figure 3. Central transaxial section z=0. Gray scale [1.0,1.1].
Top left: SSRB, top right: planar rebinning, bottom left:
combined rebinning+ZB, bottom right: short-scan FDK.

Figure 4. Transaxial section z=19 mm. Gray scale [1.0,1.1].
Top left: SSRB, top right: planar rebinning, bottom left:
combined rebinning+ZB, bottom right: short-scan FDK.

Figure 5. Comparison between the combined method (left
column) and the ZB method (right column) for a transaxial
section z=19 mm and for a longitudinal section (x=0). Gray
scale [1.0,1.1].
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Linköping University, SE-581 83, Sweden
turbell@isy.liu.se ped@isy.liu.se

Abstract— The original PI-method is a non-exact method for 3D-
reconstruction using cone-beam projections acquired from a helical
source trajectory. In the new PI-FAST method, our aim is to reduce
the artifacts while keeping the algorithmic simplicity. The detector is
still bounded by the Tam-window, which makes the data capture com-
plete and non-redundant. Also, the filtering step still consists of 1D
ramp-filtering but comprises the following novelty. Using the princi-
ples of fast backprojection we are able to do the backprojection in two
steps interleaved with by rampfiltering. This unusual order is shown
to be advantageous by exploiting frequency-distance coherence in pro-
jection data. The first backprojection step lumps together projection
data over shorter angular intervals along directions which correspond
to various velocities in projection space. By rampfiltering these data
instead of the original projection data we obtain less unwanted inter-
action in the z-direction of the volume and a substantial improvement
in image quality.

I. TWO-STEP FILTERED BACKPROJECTION USING LINKS

Filtered backprojection of 2D parallel data, p(�; t), can
be expressed as filtering with the ramp-filter g(t)

~p(�; t) = p(�; t) � g(t) (1)

followed by backprojection

f(x; y) =

N��1X
i=0

~p(�i; y cos �i � x sin �i) (2)

over a projection angle interval of length �N� � �0 = �.
It has been shown to be efficient to perform the backpro-

jection summation (2) recursively [1], [2] in log2N� steps.
In [3] the process is descibed as iterative summing of fil-
tered projection values along a sinusoid in the sinogram.
We will utilize a simplified version of this fast backpro-
jection technique that performs the calculations in two
steps. First, small intermediate summations along lin-
ear segments approximating the sinusoid are calculated
and stored. We call the linear segments links. In the sec-
ond step the values of the links are combined in build-
ing over � a sinusoid to yield the final result. The rea-
son for the computational gain is that the value of a link
will be used for several pixel values in the second step.
It should be noted, however, that this potential speedup is
not our main reason for using the two-step backprojection.
More interestingly we will show that we may postpone
the ramp filtering till the first step of the backprojection
has been performed.

Figure 1 shows an arbitrary link from (�iA ; tA) to
(�iB ; tB) where iB = iA + n and tB = tA + d. The link

t

d

n��

��iA �iB

tA

tB

Fig. 1. The link value is a summation of projection values along the link.

value ~I(�iA ; tA; d) is calculated as

~I(�iA ; tA; d) =

iA+n�1X
i=iA

~p(�i; tA + d
i� iA
n

) (3)

The tilde on ~I indicates that the link value is a summa-
tion of filtered projection data. Although the end points
(�iA ; tA) and (�iB ; tB) preferably are choosen as sample
points in the sinogram, the intermediate values along the
link require an implicit 1D-interpolation each in (3). The
link length n is constant in the algorithm. It has to be short
enough for the line elements not to deviate significantly
from the true curved sinusoid. A reasonable choice [3] is
n � pN�.

The endpoints of a link corresponds to a ray each in
the image domain. The intersection (x; y) of the two rays
(�iA ; tA) and (�iB ; tB) is given by

�
x
y

�
=

�� sin �iA cos �iA
� sin �iB cos �iB

�
�1�

tA
tB

�
(4)

A pixel value is computed by summing the values of the
links that build up the sinusoid of the pixel. See Figure 2.
For each step l along the �-axis, we use values of the four
links surrounding the sinusoid segment to interpolate the
contribution to the pixel value. For notational simplicity
we denote the four link-values ~Jl, ~Kl, ~Ll, and ~Ml. The
pixel value is obtained as

f(x; y) =

N�=nX
l=1

(wl

�
wl+1 ~Jl + (1� wl+1) ~Kl

�
+

(1� wl)
�
wl+1 ~Ll + (1� wl+1) ~Ml

�
) (5)
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Fig. 2. A pixel value is the sum of interpolations between groups of four
links.

where the interpolation weights wl depend on the t-
distance between the sinusoid and the link starting point.

By combining equations (1) and (3), the link value can
be written as

~I(�iA ; tA; d) =

iA+n�1X
i=iA

�
p(�i; tA + d

i� iA
n

) � g(t)
�

=

 
iA+n�1X
i=iA

p(�i; tA + d
i� iA
n

)

!
� g(t) = I(�iA ; tA; d) � g(t)

(6)

where I(�iA ; tA; d) naturally denotes the link value calcu-
lated from unfiltered projection data. The change of or-
der between summation and convolution is possible since
the links are linear and equidistantly spaced along the t-
axis. Equation (6) tells us that we may indeed switch the
order between rampfiltering and the first backprojection
step, the link computation. The right hand side convo-
lution should be seen as a one-dimensional convolution
along the t-axis where all links of constant �iA and d par-
ticipate in one filtering event.

II. THE ORIGINAL PI-METHOD

The original PI-method [4] is an approximate recon-
struction method for the helical cone-beam geometry in
Figure 3. The source moves along a helical trajectory of
radius R and pitch P around the z-axis. We define the
pitch as the distance, measured in an arbitrary length unit,
between two consecutive turns of the helix. The effective
area of the 2D detector is limited in height to a beam win-
dow between two consecutive turns of the source helix.
See Figure 3(b). The physical construction and geometry
of the detector may vary as long as all measurements are
confined to this window, the PI-window. The cone-beam
projections pC(�; ; s) and the corresponding rays inside
the PI-window are parameterized so that � is the projec-
tion angle,  is the fan-angle, and 2s is the detector height
coordinate on a detector wrapped onto the source trajec-
tory cylinder. The rows of this detector are aligned with
the curved helix. The top boundary of the PI-window is
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Fig. 3. Geometry for helical cone-beam acquisition. (a) Example of focus-
centered detector. (b) A detector on the PI-window. (c) A pseudo-parallel
beam together with the planar virtual detector. (d) Nutating PI-surfaces.

therefore at height s = P=4 and the bottom boundary at
s = �P=4.

The first step of the PI-method is a re-sampling step
from cone-beams to pseudo-parallel beams according to

p(�; t; s) = pC(�; ; s) = pC(� � arcsin
t

R
; arcsin

t

R
; s) (7)

Note that the detector height coordinate s is left un-
changed. The re-sampling can thus be performed row-by-
row and is then identical to the well-known 2D procedure
known as parallel rebinning. We observe that the resulting
beam shown in Figure 3(c) is divergent when seen from
the side, but parallel when seen from along the rotation
axis. Also shown is a virtual planar detector orthogonal
to the projection direction placed on the rotation axis. The
pseudo parallel beam intersects this planar detector on a
perfectly Cartesian grid contained in a rectangle. The hor-
izontal rows of this detector have constant value of s.

The PI-method then proceeds with a pre-weighting
with the cosine of the cone-angle for each ray. This is fol-
lowed by 1D ramp-filtering of data along the horisontal
lines of the virtual planar detector. The voxel values are
finally obtained by 3D backprojection of the filtered data.
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III. APPROXIMATIONS IN SOME PREVIOUS HELICAL
CONE-BEAM ALGORITHMS

In order to track the inexactness of the PI-method, we
will now study the set of object points entering the rect-
angular window of the planar detector at the same time.
These points lie on a surface, which we will call a PI-
surface. It can be shown that each object point belongs
to one and only one PI-surface [5]. The complete set of
PI-surfaces has a nutation around the rotation axis and
fills up the complete volume to be reconstructed. See Fig-
ure 3(d).

We assume that the projection system is rotating up-
wards in which case the points of a PI-surface enter the
rectangular detector window on a perfect line on the up-
per boundary simultaneously. See Figure 4. As the ro-
tation of the projection system continues, the projection
of the PI-surface moves downwards on the detector. Un-
fortunately, it starts immediately to deviate from the line
shape and occupies instead an elongated area with a non-
horizontal mid-line. However, after a rotation of exactly
180Æ, all points on the PI-surface are again lined up hor-
izontally, now along the lower boundary of the window,
and exit the rectangular window simultaneously.

The algorithms found in [6], [7], [4] utilize the observa-
tion that the object points on nutating surfaces are concen-
trated along slanted lines in-between entrance and exit.
The 1D ramp-filtering in these algorithms is performed
along these slanted lines or curves. The filtered data is
then backprojected in two dimensions onto the nutating
surface or in three dimensions into the volume. The fact
that some of the object points on the nutating surface are
projected above such a slanted line and some below is not
handled in the filtering step of these algorithms, but will
be addressed by the new PI-FAST method.

Consider a neighbourhood of points on a PI-surface.
They are projected onto a neighbourhood on the detector.
Furthermore, they have similar velocities in the t-direction
on the detector. Unfortunately, the projection values of
this detector neighbourhood are contaminated by object
points belonging to other PI-surfaces. However, on the de-
tector, the projection of these contaminating points have
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Fig. 5. The links needed for a PI-surface of a helix of pitch P = 1. Note
that the number of links in both �- and t-direction is small compared to a
typical case to simplify the illustration. This makes the links sprawl out
in the s-direction more than in a typical case.

different velocities in the t-direction. Only links of the
same slope d

n have the same projected t-velocity [8]. By
not filtering links of different slopes together, PI-FAST
aims to decrease unwanted interaction between neigh-
bouring PI-surfaces during the filtering event.

IV. THE PI-FAST RECONSTRUCTION METHOD

For each PI-surface let us construct a complete set of
link values I(�; t; d). The links are positioned in the 3D
(�; t; s) projection space. The (�; t)-coordinates of the links
are identical to the 2D case since we may regard the re-
construction as 2D when seen from along the rotation axis.
The s-coordinates require some further analysis.

Given a PI-surface and the values of �iA , tA, �iB , and tB
we use (4) to compute the (x; y)-coordinate of the point
on the PI-surface corresponding to the link. Knowing
(x; y), the z-coordinate of the point is uniquely given by
the equation of the PI-surface. The link endpoint coordi-
nates sA and sB can then be calculated by projecting the
point (x; y; z) onto the virtual planar detector from pro-
jection angles �iA and �iB respectively. Analytical expres-
sions of these geometry calculations are found in [9].

The complete set of links for a PI-surface will approx-
imately follow the projection tracks of the points in the
PI-surface from their movements in the projection space.
See Figure 5. At the entrance projection angle �iin of the PI-
surface, the links will all start at s = P=4 and at the final
projection angle �iin + � the links will all end at s = �P=4.
In-between these two angles, the links will spread out in
the s-direction.

When the end-points of the links have been calculated it
is possible to calculate each link value along the line seg-



ment between the link end point as

I(�iA ; tA; d) =

iA+n�1X
i=iA

p(�i; tA + d
i� iA
n

; sA + (sB � sA)
i� iA
n

)

(8)

The implicit 1D interpolation in the t-direction for the 2D
case in (3) has here become an implicit 2D interpolation
on each (t; s)-plane. If we insert the re-sampling step in
(7) into (8), we may construct the link values directly from
the cone-beam data pC(�; ; s) without the intermediate
re-sampling step in (7). There is furthermore no need to
initially re-sample the original cone-beam data to rows of
constant s since the mapping between the actual physical
detector sampling points and the (�; ; s)-system also can
be inserted into (8). The sampling points of the terms of
the summation in (8) will then not coincide with the pro-
jection data sampling points even in the projection angle
direction. An implicit 3D-interpolation is thus necessary
for each term in (8). To avoid aliasing, it may be necessary
to have a smaller step size in the summation along the �-
direction than the sampling distance step used in (8).

Once the link values of a PI-surface have been com-
puted they may be ramp-filtered as described in the right
hand side of (6). The filtered links are then combined into
pixel values according to (5). This backprojection step is
identical to the 2D case, but will nevertheless perform a
3D backprojection. It does not have to consider the link
positions in the s-direction, since this information is al-
ready taken care of in the first backprojection step in (8).
The pixels on the PI-surfaces are finally interpolated onto
a suitable final 3D sampling grid, such as a cubic grid,
for presentation and analysis. Note that this interpolation
only is performed along the z-direction, since the pixels
on the PI-surfaces already are positioned on a Cartesian
(x; y)-grid.

We summarize the computation steps in the PI-FAST al-
gorithm as

1: Pre-weight the projection data with the cosine of the
cone-angle of each ray.

2: for all PI-surfaces do
3: Compute the link values according to (8) using the

appropriate mappings to the acquisition geometry
of the original data.

4: Ramp-filter the link values as in (6).
5: Compute the pixel values of the PI-surface using (5).
6: end for
7: Resample the pixels of the PI-surfaces in the z-

direction onto a Cartesian grid.

V. EXPERIMENTAL RESULTS

Figure 6 shows the reconstruction results of a phantom
consisting of homogeneous spheres. For comparison the
result of a so called multi-slice method with 2D backpro-
jection [10] found in present 4-row scanners is included.
Noise-free projection data was generated on a 64-row de-
tector with a fan-angle of �30Æ and cone-angle of �7:13Æ.
Further experiments and details are found in [9].

(a) Phantom (b) Multi-slice, � = 0:134

(c) PI-method, � = 0:050 (d) PI-FAST, � = 0:034

Fig. 6. Reconstruction results of the sphere clock phantom [9] together
with the root mean square error. Radius R = 2:0 length units, pitch
P = 1:0 length units, N� = 256 projections per half turn, fan-angle
�30Æ, cone-angle �7:13Æ on a 64 row detector with 255 elements per
row. Slice reconstructed on 256� 256� 1 voxels of side 1

128
length unit.

Greyscale interval [�0:05; 0:05].
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Why do Patients and Their Care-Givers Need 3D and 4D Imaging?
Thomas F. Budinger M.D., Ph.D.

Imagine you finally decide to learn the status and prognosis of your lower back pain.  From your MRI

study the local orthopedic or neuro-surgeon makes an 8 cm midline incision over your lower vertebrae.

While looking at the X-ray view-box in the operating room, as well as what can be seen of your spinal

cord and the disc after removing some bony bridges, the surgeon retracts your cord and chisels out part

or all of your disc.  He then adds some shims or screws to help support your vertebrae.  This scenario

could apply to cervical vertebrae or knee surgery.  Having benefited from these repairs you later

encounter an episode of robotic surgery of your clogged coronaries, or a blind biopsy of your prostate

because your PSA is high or your breast because your mother has breast cancer and somebody saw

something suspicious on a mammogram.

In all of these procedures few physicians would claim they had confidence that what they were able to

see, allowed them to do their best for you.  In fact, most would complain that the lack of anatomical

landmarks and adequate surgical exposure limit diminished their effectiveness and therefore the safety

and efficacy of their procedures.

Therefore, how can fully 3D imaging scientists practically change the practice of medicine?  The answer

lies in a few realistic examples from which one can extrapolate to many surgical and non-surgical

procedures that promise to improve the quality and effectiveness of medical care.

Now imagine the surgeon has made perhaps three 1 cm incisions in your back and through a stereo

projection system in the operating room, the surgeon can visualize your vertebrae in virtual reality from

a previously obtained Spiral (helical) CT.  The surgeon can also visualize the spatial position of the

operating instruments relative to the bony architecture of your spine.  At his oral command he can move

your virtual reality anatomy to improve viewpoints and can call on additional MRI or even SPECT or

PET bone blood flow information to aid in the surgical decisions.  The surgeon’s tools move around

unbroken bony bridges and the remodeling operation is nearly bloodless and nearly atraumatic.  A

similar scenario can be portrayed for cardiac surgery.

In short, 3D imaging is a method of achieving surgical exposure without surgery.  Why cannot this be

done by in-situ endoscopy without prior imaging?  Because the 3D relations of a wide field of view is

needed for safe and accurate surgery.

In addition to improved visualization of the spatial relationships, 3D data acquisition methods and

reconstruction methods enable the realization of entirely new areas of medical imaging.  One example is

the recent discovery that multidetector helical CT can characterize coronary atheroma with clinically

useful diagnostic resolution.  The breakthrough here is a direct result of speed of volume coverage that

in effect negates motion-based blurring.  The volume coverage provides adequate data acquisition

during a data collection sequence synchronized with the EKG window.



Other examples of 3D and 4D methods are dynamic MRI for studying the motion of bony joints and of

the heart.  Of particular interest is our proposed method for evaluating the motion of the human vertebral

column.  Even methods of in-vivo microscopy, as for example 50 µm resolution imaging, of the human

cortex require 4D acquisition methods and motion compensation algorithms.  As shown in the

accompanying figures, the evolution of instruments continues to make demands on scientists who can

create algorithms to optimize the data collection from these new geometries.  Examples of these

applications alert us to the importance for 4D algorithms that encompass the following applications:

• Motion compensation and motion imaging in SPECT and PET

• Kinetic parameter extraction in dynamic SPECT

• Tensor tomography

• Diffusion tensor imaging

• Cardiac motion parametric imaging

• Motion parametric imaging

• Shoe fit optimization by dynamic MRI.

Examples of current medical applications and horizons will be given in this presentation.

Evolution of X-ray CT

1st - generation CT Later - generation CT Electron Beam CT

Spiral CT Multidetector CT

n > 8
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Image Reconstruction Algorithm for a SPECT System with a
Convergent Rotating Slat Collimator

Gengsheng L. Zeng
University of Utah, Salt Lake City, UT 84108, USA

Daniel Gagnon
Marconi Medical Systems, Cleveland, OH 44143, USA
Abstract — In this paper we suggest the use of a
convergent rotating slat collimator in a SPECT system
that contains strip-shaped CdZnTe detectors. This
imaging device is able to provide high spatial and
energy resolution for small animal imaging. A novel
design method and reconstruction technique are
proposed for use in this system.

I. Introduction
A parallel, slat collimator shown in Figure 1 was

proposed in 1975 by Keyes [1]. This collimator can be
mounted on a gamma camera for SPECT (single photon
emission computed tomography) imaging. This
collimator does not consist of holes. Instead, it is made
of parallel plates. One advantage of a slat collimator
over a hole collimator is its better geometric efficiency
[4]-[7]. However, this slat collimator can only measure
a one-dimensional profile, and therefore cannot be used
to directly measure a two dimensional image. A planar
image can only be reconstructed using one-dimensional
profiles. Three-dimensional imaging requires two
motions: Collimator rotation and detector rotation as
illustrated in Figure 1.

The idea of using a rotating collimator was later
adopted in applications of semiconductor detectors
[2][3] and NaI(Tl) Anger cameras [4]-[7].

In this paper we propose using a convergent
rotating slat collimator for SPECT, and the development
of a reconstruction algorithm.

This research is directed towards building a small
animal SPECT imager with both high spatial resolution
and excellent energy resolution. CdZnTe semiconductor
chips have been used to build a gamma ray detector
[8][9]. The detector is strip-shaped, like the detector
depicted in Figure 1. However, the collimation slats are
arranged so that they have a focal line in front of the
detector, as illustrated in Figure 2. This design enables
us to achieve a sub-millimeter spatial resolution. The
distance between the focal line and the detector is
referred to as the collimator’sfocal length. The focal
length will be determined by the object size. A smaller
object requires a shorter focal length.

II. Methods

A. Projection data
A common feature of slat collimator is that the

measured projection is a weighted planar integral rath
than a line integral.

Let’s first assume that the detector is infinitely
narrow. We have an approximate “point detecto
between adjacent collimator slats. The planar integ
that this point detector measures is weighted by a fac
of , where is the distance between the poin
detector and the point-object.

If the detector is not narrow, we can treat it as row
of independent point detectors, each one having its o
weighting factor of . The integrated effect of eac

factor yields a distance dependent weightin

factor in the planar integral. The measured projectio
value is the sum of all measurements from a row
individual “point-detectors.” The goal behind this work
is to develop a method to remove the weightin

factor from each “point-detector.”

collimator rotation

detector rotation

Figure 1. A Parallel rotating slat collimator

Rotation 1:

Rotation 2:

1 r⁄ r

1 r i⁄

1 r i⁄

1 r i⁄
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B. Introduction of a small tilt angle

In order to remove the weighting factor from

the projection data, we modified the convergent slat
collimator shown in Figure 2 by tilting every slat a small
angleδ, as indicated by the broken lines in Figure 3.

C. Algorithm
Let us consider the local coordinate system shown

in Figure 4. This local coordinate system is centered at
an arbitrary “point-detector” which measures a
weighted planar integral of the plane labeleda. Since
the collimator slats are tilted by a small angleδ, after the
collimator rotates 180˚ (Rotation 1 in Figure 1), another
“point-detector” will be rotated to the location where the
previous “point-detector” was located. The new “point-
detector” measures a weighted planar integral of the
plane labeleda’. If planea is tilted up by a small angle
δ, then planea’ is tilteddown by a small angleδ.

The measurement at planea is given as

(1)

and the measurement at planea’ is given as

. (2)

By subtracting Eq. (2) from Eq. (1) and multiplying the

difference by a constant , we have

(3)

Equation (3) can also be expressed as:

(4)

.

The portion of Eq. (4)

is readily recognized as an approximation of the part

derivative of , with respect to variableδ, and

multiplied by a constant , because

. (5)

Using the local coordinate system presented in Figure

and recognizing the fact that ther’s in and

 cancel out, we have:

(6)

and

(7)

1 r i⁄
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Figure 2. A convergent collimator.
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Figure 3. A convergent collimator with a small tilt-angleδ.
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Here, is the Radon transform of

objectf.

The Radon inversion formula reconstructs the

image by backprojecting the second-order derivative
of the Radon transform, i.e., by backprojecting

.

The reconstruction procedure is as follows:

i) Measure data at planea, see Eq. (1).

ii) Rotate the collimator 180˚ and measure data at plane
a’, see Eq. (2).

iii) Take the difference of the above two measurements

and normalize it by a constant , See
Eq. (7). [Note: This step could also be the very last

step in the reconstruction, because is
a constant.]

iv) Sort the data according to the detector orientation,
then store the data in the Radon space.

v) Take the derivative of the data along the radial
direction in the Radon space, obtaining the second-
order derivative of the Radon transform.

vi) Backproject the data according to the Radon
inversion formula:

(8)

where is a point in the 3D image space and is th
direction of the detector, which is thew direction in
Figure 4. The angleθ is the angle of Rotation 1
indicated in Figure 1 and corresponds to th

position where is parallel to the axis of Rotation 2
The angleϕ is determined by Rotation 2 and the startin
angle is arbitrary. The Radon transform of the objectf is
denoted byp, and

. (9)

D. Data sufficiency condition
In order to guarantee a sufficient measurement

the data, we require that every point in the region-o
interest should see a backprojected plane fromALL
orientations.

Let us define thefocal pointof the collimator to be
the point directly in front of the detector center on th
focal line. To obtain a sufficient data measurement, t
focal point position must have a non-planar trajector
Figure 5 illustrates two examples that can be used
acquire a complete data set.

III. Discussion
In this paper we outlined the development of

reconstruction method for SPECT imaging utilizing
convergent rotating slat collimator. The metho
introduced a small tilt-angle for the slats and
differential technique to remove the 1/r weighting factor

w∂
∂

f r α w, ,( )r rd αd∫∫=

f r α w, ,( )r rd αd∫∫

f

w
2

2

∂

∂
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Figure 4. Local coordinate systems: The
cylindrical system and the

Cartesian system .
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in the projection data, which were then converted into
Radon data. The Radon inversion formula was used to
reconstruct the image. A data sufficiency condition for
this imaging geometry was also discussed.
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Focal Point

Focal Point Trajectory

Figure 5. The focal point needs to be deviated from the central position in order to acquire
a complete data set for convergent collimation. Two exemplary scan trajectories are
shown on the right.



ImageReconstructionin 3D Short-ScanSPECT
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Abstract

Physical factors such as photon attenuation degrade
image quality and quantitative accuracy in single-photon
emissioncomputedtomography(SPECT).It isoftenconsidered
(especially in situations with non-uniform attenuationand
distance-dependentspatial resolution(DDSR)) that adequate
compensationfor the effectsof thesephysicalfactorsrequires
dataacquiredover 2� . However, as the analysisin this work
suggests,one may needdataacquiredonly over � to correct
adequatelyfor the effects of some of the physical factors.
Reductionof thescanninganglein SPECTimagingis desirable
becauseit can reducethe scanningtime and thus minimize
patient-motionand other artifacts, and becausescansover
less than 2� can allow the detectorto be rotatedat a fixed
distancecloserto the patient. Also, in certaincases(e.g., in
cardiacSPECT),onecanchoosethescanningangularrangefor
obtainingmaximumnumbersof photons. This work focuses
on investigationof accurateimagereconstructionin 3D SPECT
from datathatareacquiredwith parallel-beamcollimationonly
over � andthatcontaintheeffectsof photonattenuation(either
uniform or non-uniform)andDDSR. For simplicity, we refer
to such a scanningconfigurationas 3D short-scanSPECT.
This work mayhave significanttheoreticalaswell aspractical
implicationsfor imagereconstructionin SPECT.

I . BACKGROUND

Single-photonemissioncomputedtomography(SPECT)is
an important nuclear medicine imaging modality. Physical
factors in SPECTsuch as photon attenuationand imperfect
spatial resolution degrade image quality and quantitative
accuracy [1,2] andshouldbeadequatelycorrectedfor. Because
these physical factors are generally spatially variant, it is
often considered(especiallyin the situationwith non-uniform
attenuationanddistance-dependentspatialresolution(DDSR))
that adequatecompensationfor the effects of thesephysical
factorsrequiresdata measuredat projection anglesover 2� .
However, as the analysisbelow suggests,it appearspossible
that (at leastundercertainconditions)dataacquiredonly over� canbeusedfor adequatelycorrectingfor theeffectsof some
physical factorssuch as photon attenuation. The reduction
of the scanninganglein SPECTimaging is desirablebecause
it can reducescanningtime and thereby minimize patient-
motion and other artifacts. Also, in certain cases(e.g., in
cardiacSPECT),one can choosethe scanningangularrange
for obtainingmaximumnumbersof photons[3, 4]. This work
focuseson investigationof accurateimage reconstructionin
3D SPECT from data that are acquiredwith parallel-beam

collimation only over � andthat containthe effectsof photon
attenuation(either uniform or non-uniform) and DDSR. For
simplicity, we refer to sucha scanningconfigurationasthe3D
short-scanSPECT.

I I . MATHEMATICAL RATIONALES

A. Redundant Information and Reduction of
Scanning Angle
In sometomographicimagingsystems,the datameasured

over
� � contain redundantinformation. One example is

measurementof the 2D Radon transform [5], �������
	�� , of a
real function over

� � , where � is the detectorbin index and	 is the measurementangle. Such measurementscontain
redundantinformation because,in the absenceof noise and
otherinconsistencies,the measurementsfrom conjugateviews
aremathematicallyidentical,i.e.,������
	��������������
	�� � ��� (1)

It is well known that such information can be exploited for
reducingthescanninganglefrom

� � to � becausethe maximum
difference between the values of the real angles on the two sides
of Eq. (1) is � .

In fan-beam computed tomography (CT), the quantity� ��������� is usedto denotethemeasuredtransmissiondata,where� indicatesthedetectorbin index and � themeasurementangle.
Although the fan-beammeasurements(except for thosewith��� � ) from conjugateviews arenot mathematicallyidentical,
one can still show that the fan-beamdata acquiredover

� �
containsredundantinformation,i.e.,� ����������� � �!�������"� � � �$# ��������� (2)

where
# ����� is a known andreal function of � , and its explicit

form dependsuponthedetectorconfigurations[6,7]. It canbe
shown that %'&)(�* �$# �����,+-� �.# ���!/�0�12� , where �!/�0�1 is a positive
finite numberand 3 �43'56�!/�0�1 . In most practical situations,�$# ���!/�0�17�98 � . Therefore,the maximum difference between
the values of the real angles on the two sides of Eq. (2) is� � �.# ���!/�0�12� , which is lessthan

� � . It is well known that
suchredundantinformationcanbe exploited for reducingthe
scanninganglefrom

� � to � � �$# ��� /�0�1 � , which is referredto
astheshort-scan(or half-scan)fan-beamCT [8,9].

In diffraction tomography(DT) [10, 11], one can derive
a quantity :;�=<��
	�� from the measureddata at a particular
angle 	 , where < canbe interpretedasthespatialfrequency of
the measureddatafunction. It hasbeenshown that :;�=<��,	>�
measuredat anglesover

� � containsredundantinformation
[12], i.e., :;�?<��,	��@�A:;���B<��
	�� � � �$# �?<C����� (3)



where
# �=<C� is a known andreal functionof < , andtheexplicit

form of
# �?<C� is determinedby theDT scanningconfigurations.

Also, it can be shown that %'&)(>* �.# �=<C�,+D� �$# �?<)/�0�17�E8 � ,
where <$/F0�1 is a positive finite number and 3 <G3H5 <)/�0�1 .
Therefore,the maximum difference between the values of real
angles on the two sides of Eq. (3) is � � �.# �=< /�0�1 � , whichis less
than
� � . Again,suchredundantinformationhasbeenexploited

for reducingthe scanninganglefrom
� � to � � �.# �=< /�0�1 � in

DT, which is referredto astheminimum-scanDT [13].
In summary, thedataacquiredover

� � in sometomographic
imagingsystemscontainredundantinformation,which canbe
exploited for reducingthe scanninganglesand/or to reduce
noisein thereconstructedimage[12,14,15]. Theaboveanalysis
suggeststhat,becausethephysicalscanninganglemustbereal,
themaximumscanninganglesaredeterminedby the maximum
differences between the values of the real angles on the two
sides of the equations thatcharacterizetheconsistentconditions
of (or, equivalently, the redundantinformation in) the data
functionsin theseimagingsystems.

B. Redundant Information and Possible Reduction of
Scanning Angle in SPECT
Now weconsider3D SPECTwith parallelbeamprojection.

When the effects of photon attenuation and DDSR are
considered,from themeasureddataonecanobtaintheso-called
modifiedsinogram,which canbeexpressedreadilyasI �����
	���JK�.� L�M2NFO$PRQ7STVU,W�X,Y7Z\[^]_ Za`cb�deW�X
]_�f Zg`cbih?j,b
k L^L M �$l M J7l�m����$leno �=	>��� N no2p �=	����qJ7lr�tsG���>�-�$l=�
Je�uJ7lwv N ��� (4)

where � and J are the 2D detectorindices, m>��xG��y>�
J7� is the
3D radioactivity-distribution function; no �=	��z� ��{4|2}�	��
}�~a�q	��
and no p �?	��"���!�R}�~r�q	��
{�|2},	�� are two orthogonalunit vectors;xF���^{4|2},	$� N }�~a�q	 ; y@������}�~r�q	$� N {4|2}�	 ; �@��xG��y���JK� is theknown
3D attenuationfunction; and s������
Jtv N � is the known distance-
dependentspatialresolutionfunction. The full-width-at-half-
maximum(FWHM) of the latter function is dependentof the
distance

N
. In this work, we considersG������Jqv N � only asa shift-

invariant resolutionfunction. However, it can be a generally
shift-variantresolutionfunction.

1) Possible reduction of scanning angle in SPECT with uniform
attenuation

Obviously, from inspectionof Eq. (4) it is unclearwhether
the data acquired over 	 � � �C� � � � contain redundant
information in 3D SPECT with the effects of non-uniform
attenuationandageneralDDSR.However, whenonly theeffect
of uniform attenuationis considered,the modified sinogram
becomesthe3D exponentialRadontransform(ERT) [16], and
we have demonstratedpreviously that the 3D ERT acquiredat	9�E� �t� � � � containredundantinformation,i.e.,:;�?<$/��,< j �,	�����:;���B<)/��,< j �
	�� � �D	 l �?<$/������ (5)

where:;�=< / �,< j �
	�� is the2D Fouriertransformof themodified
sinogramI �����
Jt�,	�� with respectto � and J , andwhere 	 l �?< / �

is aknown andpurely imaginary functionof <)/ . Wepreviously
developedalgorithmsthat exploit suchredundantinformation
for controlling noisein reconstructedSPECTimages[14,15,
17].

Can such redundantinformation in the ERT be exploited
for reductionof the scanningangle?The analysisin Sec.II.A
suggeststhat, becausethe physical scanningangle must be
real, the maximumscanningangleis the maximum difference
between the values of real portions of the angles on the two
sides of the equations (e.g., seeEqs. (1-3) that characterize
the redundantinformation.) In Eq. (5) of the ERT case,
because	 l �=<)/�� is purely imaginary, we speculatethat it may
have no impacton thedeterminationof themaximumphysical
scanningangle, which must be real, and thus that the ERT
acquiredonly over 	���� �C� � � can be used for accurately
reconstructingimages in SPECT with uniform attenuation.
Our numericalstudiespresentedbelow seemto supportour
hypothesisstrongly.

Furthermore, for SPECT with uniform attenuationand
certainDDSR functionssuchasthe Cauchyfunction [18,19],
one can show that the 2D Fourier transformof the modified
sinogramsatisfiesEq.(4). In thissituation,	 l �?< / �,< j � becomes
afunctionof < / and < j . However, mostimportantly, 	 l �?< / �,< j �
remainspurely imaginary. Therefore,the maximum difference
between the values of the real angles on the two sides of Eq. (5)
remains to be � . This observation leadsus to speculatethat
accurateimagesmaybereconstructedfrom dataacquiredover� in SPECTwith uniform attenuationand DDSR of certain
forms. We investigatedtheoreticallyas well as numerically
the image reconstructionfrom data acquired from only �
in SPECTwith uniform attenuationand DDSR. Indeed,our
numerical investigation below suggeststhat the quality of
imagesreconstructedfrom dataacquiredover � appearto be
comparableto thatof imagesreconstructedfrom dataacquired
over
� � .

2) Possible reduction of scanning angle in SPECT with non-
uniform attenuation

So far, it hasbeengenerallybelieved that one needsdata
over

� � for accurateimage reconstructionin SPECT with
non-uniformattenuation. However, the seeminglypromising
numerical results below obtained for SPECT with uniform
attenuationleads naturally to the question: Can accurate
imagesbe reconstructedfrom the dataacquiredonly over �
in SPECTwith non-uniform attenuation? In an attempt to
answerthis question,we arecurrentlyconductinga theoretical
investigation, which appearsto be an exceedingly difficult
task despite the fact that an analytic solution has recently
been derived for full-scan SPECT with the effect of non-
uniform attenuation[20, 21]. On the other hand, we also
conductednumerical researchon image reconstructionfrom
dataacquiredover � in SPECTwith non-uniformattenuation.
Thesenumericalresults,which arepresentedin Sec.III below,
indicate(at leastfor thecasesthatwestudied)thatthequalityof
imagesreconstructedfrom dataacquiredover � is comparable
to thatof imagesreconstructedfrom thedataacquiredover

� �
in SPECTwhenattenuationis non-uniform.



We investigatednumericallythe imagereconstructionfrom
dataacquiredonly at 	���� �C� � � in short-scanSPECTwith
theeffectsof bothnon-uniformattenuationandDDSR.Again,
the resultsof thesenumericalstudies,as shown below, seem
to suggestthat the quality of imagesreconstructedfrom data
acquiredover � appearto be comparableto that of images
reconstructedfrom dataacquiredover

� � .
3) Reconstruction Algorithm

Although we speculatethat one may needdata acquired
only over 	���� �C� � � for accurateimage reconstructionin
short-scanSPECT, it remainsunclearwhether“closed-form”
algorithmscan be derived to accomplishsuchreconstruction
tasks. On the otherhand,onemay useiterative algorithmsto
reconstructimages(i.e., to obtain solutions m����� � in Eq. (4))
from knowledge of the data I �����
	���JK� over 	�� � �C� � � .
Additive iterative algorithmscanbe devisedfor obtainingthe
solution in Eq. (4). An important questionis whethersuch
algorithmsconvergeand,if so,whetherthey convergeuniquely
to the correct solution. It may be possible to prove the
convergenceof such additive iterative algorithms in certain
situations.However, for adatafunctionthatcontainstheeffects
of non-uniformattenuationandDDSRasshown in Eq.(4), it is
generallydifficult (if not impossible)to prove theconvergence
of additive iterative algorithms.More importantly, theadditive
iterative algorithms [22], in general, cannot guaranteethe
positivity of the solutionsandthuscanbe susceptibleto noise
andother inconsistenciessuchassamplealiasingthat always
accompaniesexperimentallymeasureddata.

For the purposeof simplicity, Eq. (4) can be rewritten
symbolicallyas1� ��yC�@� LK�^� M x�sG��xG��yC�C����x>� ��y������K� (6)

where the real and non-negative functions � ��yC� and ����x��
denotethe data and image functions with domains � � and��1 , respectively, and s���xG��yC� denotesthekernelof theimaging
transformation,which,asshown in Eq.(4), is alsonon-negative.
The task here is to find, from knowledge of the data � ��yC�
(or, equivalently, I �����
	���JK� over 	;��� �C� � � ), a non-negative
solution ����x>� (or, equivalently, m����� � ) that satisfiesEq. (6) (or,
equivalently, Eq. (4).) BecauseEq. (6) (i.e., Eq. (4)) is an
inherentlynon-negativeintegralequation,weproposeto usethe
algorithm

� Zr�$d���b ��x���� � Za�$b ��x��  ��¡ M y�s���xG��yC� L���¡ M y s���x���yC� � ��yC�  � � M x�s���x���yC�C� Zr�.b ��x>�
(7)

to obtainthesolution ����x�� (i.e.,theimagefunction m����� � ), where¢ is thenumberof iterations.
The algorithm in Eq. (7) is related to the expectation

maximization(EM) algorithm[23–27], which hasbeenshown
to yield the maximization-likelihood solution when the data

1The symbols£ and ¤ heredenotegeneral3D spatialcoordinates
in theimageanddataspaces,respectively, andshouldnotbeconfused
with theCartesiancoordinates£ and ¤ in Eq. (4).

Fig. 1: Representative slicesof theactivity map,superimposedon the
attenuationmaps.
function � ��yC� contain Poisson noise [24]. Even in the
absenceof Poissonnoise, from the perspective of solving
the positive integral equation, it can be shown [28] that
the algorithm in Eq. (7) converges in the sensethat the
Kullback-Leiblerdiscrepancy between� Zr�$d���b ��x�� and � Zr�$b ��x>�
approacheszero monotonically at a rate faster than � �� � .
(Recall that it is generallydifficult to prove the convergence
of additive algorithmsfor Eq. (4).) If a unique solution to
Eq. (7) exists, one can show that � Zr�$d���b ��x�� converges to
that unique solution.2 Additionally, from a practical point
of view, the algorithm in Eq. (7) is easy to implement
becauseit involvesonly forwardandbackwardtransformations
and, more importantly, guaranteesthe positivity of the
solution. Numerical investigation suggeststhat the EM
algorithmis generallylesssusceptiblethanadditive algorithms
to the unavoidable noise and inconsistenciescontained in
experimentallyacquiredSPECTdata[22].

I I I . NUMERICAL RESULTS

We conducted computer simulation to evaluate the
possibility of short-scan SPECT reconstruction, as we
stipulatedabove. We considereda SPECTcardiacstudy. The
3D radioactivity map hasa uniform concentrationinside the
myocardiumand is zeroelsewhere. The 3D attenuationmap
is non-uniform, with a value of �C�a¥§¦^{4% P � inside the chest,
exceptfor thelungs,whichhavenoattenuation.Representative
slicesof theradioactivity map,superimposedontheattenuation
map, are shown in Fig. 1. For purposesof comparison,we
also considereda uniform attenuationmap that is obtained
from the non-uniformoneby removing the lungs. We useda

GaussianDDSRof theform s������
Jtv N �@� �¨
©$ª�«)ªS O (K¬®�� [ ª dej ª¨�«)ªS°¯
to model the blurring effect in the data, where the standard
deviation ±^� N �R�²±C³R�´± � N dependslinearly uponthedistanceN � NoiselessSPECTprojectiondata,coveringthefull

� � view,
was generatedwith Poissonnoise subsequentlyto produce
noisydata.Thesimulatedprojectiondataconsistof ¥ � � views
of ¥ �$µ ��¶
&2·�~g&$¸\� ku¹ � ��&$(�~a&.¸a� sinogramswith abin sizeof �t� � ¦ k�C� � ¦^{4% ¨ � Thesimulatednoisy

� � datahaveabouttenthousand
countsperslice.

In reconstruction,all the simulatedviews were used for
producing“full-scan” reconstruction,whereasonly half of the
views, ranging from ��º � to ¹ ��º � � are used for generating
“short-scan” reconstruction. Both modes of reconstruction
generated¥ �.µ k ¥ �.µ k-¹ � imageswith a �t� � ¦ k �C� � ¦ k �t� � ¦^{�%�»
voxel size. In the resultsshown below, we consideredthree
typesof reconstructions:(a)EM reconstructionfrom theshort-
scandataover � ; (b)EM reconstructionfrom full-scandataover

2Wearecurrentlyinvestigatingtheexistenceof theuniquesolution
to Eq. (4) and the conditionsunderwhich the uniquesolution may
exist.



� � ; and(c) FBPreconstructionfrom short-scandataover � .
Figure 2 shows representative slices of the images

reconstructedfrom noiselessandnoisydata,whichcontainonly
the effect of uniform attenuation. Theseresultsdemonstrate
qualitatively that, for both noiselessand noisy data, images
reconstructedfrom the short-scanand full-scan data are
of essentiallysimilar quality. These reconstructionshave
effectively removedtheeffectsof attenuationthatcanbeclearly
observed in the FBP reconstructions(in the form of reduced
imagebrightnesstoward thecenter).Notice herethat the total
numberof countsin the short-scanreconstructionis only half
of that in the full-scan reconstruction. However, for a fixed
scanningtime, one would expect the short-scandatato have
approximatelythe samenumberof countsas in the full-scan
data. When this factor is taken into consideration,it would
be interestingto comparequantitatively the noise properties
betweenreconstructionsfrom both short-scanand full-scan
data,wherethe former have high signal-to-noiseratio thando
thelatter.

Figure 3 shows representative slices of the images
reconstructedfrom noiselessandnoisydata,whichcontainonly
theeffectof non-uniformattenuation.Again,theseresultsshow
that, for both noiselessand noisy data, imagesreconstructed
fromtheshort-scanandfull-scandataareof comparablequality.
Thesereconstructionshave compensatedeffectively for the
effectsof attenuationthat canbe clearly observed in the FBP
reconstructions.It is alsointerestingto notethedifferencesin
theattenuationartifactsin theFBPimagesbetweenthisandthe
abovecase.

Wesubsequentlyintroducedtheeffectof aGaussianDDSR,
with ±C³¼� �t� � {4% and ± � �;�C� � � � into the simulateddataand
repeatedthe studiesabove. Figure 4 displaysrepresentative
slices of the imagesreconstructedfrom noiselessand noisy
data, which contain the effects of both uniform attenuation
and GaussianDDSR. Again, theseresults suggestthat, for
both noiselessand noisy cases,images reconstructedfrom
the short-scanand full-scan data are of comparablequality.
Thesereconstructionshave compensatedeffectively for the
effectsof uniformattenuationandDDSR,which canbeclearly
observedin theFBPreconstructions.Finally, Figure5 displays
representativeslicesof theimagesreconstructedfrom noiseless
andnoisy data,which containthe effectsof bothnon-uniform
attenuationandGaussianDDSR. Again, theseresultsindicate
that, for both noiselessandnoisy cases,imagesreconstructed
from theshort-scanandfull-scandatahave comparablequality
andthattheeffectsof non-uniformattenuationandDDSRhave
beencompensatedeffectively for.

IV. CONCLUSIONS AND DISCUSSION

It has been observed that the redundant information
contained in some tomographic imaging systems can be
exploited for devising short-scan configurations in these
imaging systems[8, 9, 13]. We have shown previously [14,
15,17] that redundantinformationexists in dataacquiredover� � in SPECTwith uniform attenuationand DDSR of certain
forms. Theseobservationsled us to hypothesizeor speculate

that one may need data acquiredover � insteadof
� � for

accurateimagereconstructionin 3DSPECT, andthusto suggest
the conceptof short-scanSPECT. We proposethe use of a
non-linearEM algorithm to reconstructimagesin short-scan
SPECT. It can be shown that this EM algorithm converges,
and that it convergesto the uniquesolution if sucha unique
solution exists. We also performeda numericalinvestigation
to verify andevaluateaccurateimagereconstructionin short-
scanSPECT. Theseresultsindicate(at leastfor the examples
studied)that the quality of the reconstructedimagesin short-
scan3D SPECTappearsto be essentiallysimilar to that of
reconstructedimagesin full-scan3D SPECT. We arecurrently
performinga detailedquantitative evaluationof imagequality
andaccuracy andwill reportits resultsin thenearfuture.

We are also conducting a theoretical investigation on
the possibility of obtaining analytical solutionsin 3D short-
scanSPECTwhen the effects of attenuationand DDSR are
considered.Recentwork [20,21] on the analyticalsolutions
for 2D full-scan SPECTwith only the effect of non-uniform
attenuationmayprovideusefulinsightsinto ourinvestigationof
short-scanSPECT. Investigationsonsuchanalyticsolutionscan
be theoreticallyimportantin understandingthe reconstruction
problemsin short-scanSPECT. For example,the existenceof
such an analytical solution3 will imply that the solution of
Eq.(4) is unique,andconsequently, thatthenon-lineariterative
algorithmin Eq.(7) convergesto theuniquesolution.

In thiswork, wediscussonly theimagereconstructionfrom
data acquiredat anglesfrom 0 to � . In fact, this can be
consideredasa specialcaseof the so-called� -scheme short-
scan SPECT thatwehaveproposed.Basically, in the � -scheme
short-scanSPECT, the data can be acquiredover disjointed
angularintervals. We speculatethat,aslong asthesummation
of theseintervals without conjugateviews is larger than or
equalto � , imageswith quality comparableto that of images
in full-scan SPECTmay be reconstructed. Our preliminary
numerical investigation has confirmed this observation and
suggeststhat reconstructionfrom dataacquiredover disjointed
angular internals converges even faster than that from data
acquiredfrom 0 to � in short-scanSPECT.4

Thiswork is theoreticallyintriguingbecauseit posesseveral
theoretically interestingand challengingquestions. Does a
uniquesolutionexist in 3D short-scanSPECTwith the effects
of attenuationand DDSR?If so, underwhat conditionsdoes
sucha solution exist? Researchintendedto provide answers
to thesequestionsis currentlyunderway. Also, the practical
implications of this work seem to be significant because
the proposed� -schemeshort-scanallows dataacquisitionsat
desiredprojectionviewsat which theemittedgamma-raysmay

3For instance,the Tretiak-Metz method is an analytic solution
to the reconstructionproblemin 2D full-scan SPECTwith uniform
attenuation.It is highly susceptibleto datanoiseandinconsistencies.
However, its existenceguaranteesthatthereis a uniquesolutionto the
inversionof theERT from its knowledgeover ½4¾ .

4This is understandablebecause,from the numericalperspective,
thelineartransformationassociatedwith dataacquiredover disjointed
angularinternalsgenerallyis betterconditionedthan is that for data
acquiredfrom 0 to ¾ in ¾ -schemeshort-scanSPECT.



Fig. 2: Imagesreconstructedfrom simulateddatawith theonly effect of uniform attenuation.Representative slicesin theimagesreconstructed
from noiseless(left panel)andnoisy(right panel)short-scandata(1strow), thefull-scandata(2ndrow), andFBPreconstructionfrom short-scan
data(3rdrow). 50and20iterationswereusedin thecaseof noiselessandnoisydata,respectively, sothattheir totalcomputationcostis identical.

Fig. 3: Imagesreconstructedfrom simulateddata with the only effect of non-uniform attenuation. Representative slices in the images
reconstructedfrom noiseless(left panel)andnoisy(right panel)short-scandata(1st row), thefull-scandata(2ndrow), andFBPreconstruction
from short-scandata(3rd row). 50and20 iterationswereusedin thecaseof noiselessandnoisydata,respectively.

Fig. 4: Imagesreconstructedfrom simulateddatawith the effectsof bothuniform attenuationandDDSR.Representative slicesin the images
reconstructedfrom noiseless(left panel)andnoisy(right panel)short-scandata(1st row), thefull-scandata(2ndrow), andFBPreconstruction
from short-scandata(3rd row). 50and20 iterationswereusedin thecaseof noiselessandnoisydata,respectively.

Fig.5: Imagesreconstructedfrom simulateddatawith theeffectsof bothnon-uniformattenuationandDDSR.Representativeslicesin theimages
reconstructedfrom noiseless(left panel)andnoisy(right panel)short-scandata(1st row), thefull-scandata(2ndrow), andFBPreconstruction
from short-scandata(3rd row). 50and20 iterationswereusedin thecaseof noiselessandnoisydata,respectively.



undergo the leastattenuationandblurring, thusproviding the
freedomfor significantly reducingthe scanningtime and for
obtainingdatawith a high signal-to-noiseratio. One clinical
study that may benefitfrom sucha � -schemescanis cardiac
imagingwith SPECT.
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Abstract

In this work we present a new 4D approach for reducing
noise in gated SPECT perfusion images while preserving
accurate cardiac motion. The method is based on motion-
compensated temporal smoothing using a deformable
content-adaptive mesh to model cardiac motion. We use a
new, fast method for initial mesh generation. This mesh is
then deformed to track cardiac motion and smoothing is
performed along motion tractories through the space-time
coordinate system.

I. INTRODUCTION

The quality of SPECT images is adversely affected by
noise caused by low photon counts. The problem of noise is
especially serious in gated studies, where the counts are
divided into a number of time intervals to obtain an image
sequence [1]. Because of their relatively high noise level,
gated images can potentially benefit most from appropriate
image processing.

In this paper we propose a new spatial-temporal
processing method for gated images that uses motion
tracking based on deformable mesh modeling of the
images. In nuclear medicine, spatial-temporal processing
has become popularly known as four-dimensional (4D)
processing to reflect the use of three spatial dimensions plus
time. Therefore, we will use the terms “4D” and “spatial-
temporal” interchangeably, although our preliminary
studies are based on a single slice of a gated image
sequence, so that we only have two spatial dimensions plus
time.

4D processing is an example of multichannel image
recovery, which we reviewed in [2]. The basic idea of this
approach is to exploit the statistical correlations between
the desired signal components of different image frames in
a sequence or other collection of related images.

Methods of 4D processing have received increasing
interest lately. Our group has proposed several 4D methods
designed for reconstruction of motion-free images, such as
those obtained in dynamic PET studies [3]. Lalush and Tsui
[4] applied 4D image reconstruction to cardiac SPECT
images, but did not incorporate motion estimation explicitly
in their techniques. In the broader image-processing field,
motion-compensated processing is a well-known approach
to reduce the noise in an image sequence [5]. In the nuclear
medicine field, Klein et al. [6] developed a motion-

compensated summing method using motion estimation,
based on the optical-flow method [7,8], for obtaining a
single image from a gated PET study.

In this paper we propose the following method. We
represent the images and account for motion in a gated
SPECT sequence by way of a content-adaptive mesh model
(CAMM) (Fig. 1), which is allowed to deform over time.
We apply temporal smoothing along the trajectories that the
nodes of this mesh traverse through the space-time
coordinate system (see Fig. 2). This approach aims to
reduce noise, while avoiding potential distortions of the
cardiac motion.

Figure 1. Mesh structure used in our experiment.
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Figure 2. Deformable mesh (shown for frames 1, 8, and 16),
and motion trajectories for some selected mesh nodes
throughout the sequence.



II.  METHODS

A. Motion Field Modeling
In a CAMM, the image domain is subdivided into a

number of mesh elements, the vertices of which are called
nodes. By deformation of the individual mesh elements, a
deformable CAMM can be used to describe the image
motion through the inter-frame displacement of the nodes
[9]. Such a deformable CAMM is well-suited for modeling
complex, non-rigid motion, such as that of the heart.

The image domain D  is partitioned into M  non-
overlapping mesh elements, denoted by Dm,

1,2, ,m M= � , defined by the nodes. The image motion is
then derived from the inter-frame displacement of these
nodes as follows. Over a particular element Dm, the motion
field is described as

d x x d0 5 0 5=
=

∑ϕ n
n

N

n
1

, (1)

where dn and ϕ n x0 5  are the displacement vector and
interpolation basis function associated with node n,
respectively, and N  is the total number of mesh nodes.
Note that the support of each basis function ϕ n x0 5  is limited
only to those elements Dm associated with node n .

In practice the nodal vectors dn  in the motion model in
(1) are unknown, and must be determined from the
observed data. To track the motion between image frames,
a natural approach is to displace the mesh nodes so that the
corresponding mesh elements in the two frames achieve the
best match in terms of their image values.

Let fr x0 5  and ft x0 5  denote, respectively, the image
functions of a reference frame and a neighboring frame in
the sequence, known as the target frame. As a matching
criterion the following objective function is adapted for our
application from [9]:
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where the first term is the matching error accumulated over
all M mesh elements between the two frames, the second
term Ed  is a measure of mesh regularity (to be defined
below), and Wm is a constant chosen for trade-off between
mesh matching accuracy and mesh regularity.

The mesh regularity measure Ed  in (2) is defined as:

Ed n l
ln

N

n

= −
∈ℑ=
∑∑1

2

2

1

x x1 6 , (3)

where N  is the total number of mesh nodes in the image,
and ℑn is the set of immediate neighboring mesh nodes that
are connected to node n.

The nodal vectors dn  are then solved numerically by
minimizing the objective function in (2) with a gradient

descent algorithm. More details of the implementation can
be found in [9].

B.  Spatial-Temporal Processing
Let fk  and �fk  denote image frame k (in vector form)

before and after processing, respectively, with k = 1,...,K.

Further, let f f f= 1
T

K
T T

� and � � �f f f= 1
T

K
T

T
�  represent the

entire image sequence before and after processing,
respectively. Then the proposed 4D processing framework
can be described as a separable operation of the following
form:

�f H H f= ⋅s t1 6 (4)

where H s and H t  represent the spatial and temporal
processing operators.

In this paper, a spatial low-pass Butterworth filter
(described in the next section) is used for the operator H s in
Eq. (4).

The temporal processing operator H t  is implemented as
a finite impulse response (FIR) filter along the motion
trajectories. For each voxel x  in frame k the image value is
processed by H t  according to the following equation:

�f h l fk t k l k l

l K
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where d x,k l 0 5  denotes the relative motion between voxel x
in frame k and its corresponding voxel in frame k+l . The
filter coefficients ( )th l  are defined as:
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where γ  is a parameter used to control the degree of
temporal smoothing, and C is a normalization constant
defined so that the filter has unity DC response. Filters that
are more optimal will be considered in future studies.

III.  EXPERIMENTS

A.  Evaluation Data
The proposed spatial-temporal processing algorithms

were tested using the 4D gated mathematical cardiac-torso
(gMCAT) D1.01 phantom [10]. The field of view is 36 cm;
the pixel size is 5.625mm. Poisson noise, at a level of 4
million total counts for the entire sequence was introduced

to represent a clinical 99mTc  study. In this preliminary
study, a single slice (No.70) was used. This slice had

approximately 45.5 10×  counts per frame (a total of 16
frames). No attenuation correction was used.

B. Mesh generation
The mesh structure was constructed using a new method

we have proposed [11]. A total of 389 mesh nodes were
used in the mesh shown in Figure 1, which is only about
one-tenth the number of pixels. Note that the algorithm
automatically places the mesh nodes densely in the
important heart region, and sparsely in the background.



C. Motion Field Estimation
The noisy projection data were first reconstructed by

using the maximum-likelihood expectation-maximization
(MLEM) algorithm [12]. In this step image frames were
reconstructed in an independent, frame-by-frame fashion.
To help suppress the noise level in the reconstructed
images, individual frames were smoothed spatially with an
order-5 Butterworth filter with a cutoff frequency of 0.3
cycles/pixel. Afterward, level equalization was applied to
enhance the image features in the relatively weak right-
ventricular region.

The resulting sequence was then used for motion
estimation based on (2), where the parameter mW  was set to

0.95. The mesh structure in Fig. 1 was used as the initial
mesh. In our experiment the nodal positions were updated
only for nodes belonging to a circular region of interest
containing the heart. This served to reduce the
computational burden.

In Figure 2 we show the deformable mesh obtained by
the procedure described above. For illustration purposes,
mesh structures are shown for frames 1, 8, and 16. In
addition, the motion trajectories of some selected mesh
nodes are also shown throughout the sequence.

D. Results
In this section we present results obtained from

processing of images reconstructed using the MLEM
algorithm. For comparison, the following processing
methods were considered: (1) spatial-only filtering
(“Spatial”), in which an order-5 Butterworth filter with a
cutoff frequency of 0.3 cycles/pixel was applied to the
reconstructed images; (2) the proposed 4D processing
method (“ST-DM”), applied to the MLEM reconstructed
images; and (3) the same smoothing filters as in (2), except
that motion compensation was omitted (“ST-NM”). The
purpose of evaluating the third method is to demonstrate
that, while temporal smoothing without motion
compensation can reduce noise, it yields a significant
degradation of the representation of cardiac motion.

In Figure 3 we present some reconstructed images for
visual evaluation. Note that “Original” is the phantom
degraded by the system blur to represent an approximate
best case image for comparison. The image results suggest
that both ST-NM and ST-DM can significantly reduce the
noise level in the reconstructed images. However, the
images from the ST-NM method suffer from significant
motion distortion. This is evident when viewing the images
as a cine loop (movie),2 but it can also be measured
quantitatively. Failure to compensate for motion (in the ST-
NM method) also reduces the frame-to-frame variation in
the left ventriclar volume (Figure 3), which we expect will
distort measurements of ejection fraction.

To quantify these observations, we plot in Figure 4 the
time activity curves (TAC) for a small region in the left
ventricular wall vs. the frame number, computed for images
obtained by the three methods. The total squared errors
between the original TAC and TACs obtained by the

                                                          
2 Image sequences available for cine viewing at
http://www.iit.edu/~branjov/3D01.htm

Spatial, ST-NM, and ST-DM methods were 3.45, 0.50 and
0.28, respectively. Again, the best performance was
achieved by the proposed ST-DM method. In future studies
we will evaluate quantitatively the effect of the algorithms
on ejection fraction measurements, perfusion-defect
detection, and apparent wall motion.

IV.  DISCUSSION

In this paper we demonstrated that one can improve the
quality of the reconstructed images in gated SPECT by use
of spatial-temporal processing with deformable content-
adaptive mesh modeling. Such an approach can effectively
suppress the noise in the images without distorting cardiac
motion. By the time of the conference, we hope to extend
our implementation to 3D volumetric reconstruction of
gated image sequences.
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Figure 3. Results obtained by maximum-likelihood expectation-maximization. “Spatial” denotes spatial
smoothing only. “ST-NM” denotes spatial-temporal smoothing without motion compensation. “ST-DM” denotes the
proposed spatial-temporal smoothing with motion compensation achieved using a deformable mesh. “Original”
denotes the phantom degraded by the system blur to represent an approximate best-case image for comparison.

Figure 4. Time activity curves (TAC) for a small region in the left ventricular wall vs. the frame number. Note the
failure of ST-NM to capture the motion at frame 8 and 9.
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Abstract
The dynamic expectation maximization algorithm (dEM)

has been developed to determine the kinetic information of
various metabolic processes from SPECT projection data
acquired with a single slow camera rotation. Depth-dependent
detector response compensation (DRC) has been tested as a
means to improve the accuracy of these reconstructions. As
well, by limiting the number of temporal frames in a dSPECT
reconstruction, it is hoped that improved image quality will
result. With this reduction in temporal frames, it becomes
possible to use block-iterative type reconstruction methods to
decrease reconstruction time.

To test the effect of DRC in the dEM algorithm, a series
of computer simulations have been performed using the
dMCAT phantom modified to model the kinetic response
to Tc-99m Teboroxime. Reconstructions indicate that the
inclusion of three dimensional DRC with the dEM algorithm
improves image quality compared to no DRC. Furthermore,
dynamic reconstructions are able to provide additional
information, namely kinetic parameters, not attainable with
static reconstruction methods. A reduction in the number of
temporal frames reconstructed resulted in slightly increased
image quality and time activity curve accuracy, but at the
expense of decreased temporal resolution. Such a reduction
may be acceptable if the temporal changes present are not great
compared to the data acquisition time.

I. INTRODUCTION

In a conventional SPECT study, it is possible for the
distribution of the radiotracer within the body to change over
the acquisition time. If such a temporal change is significant,
inconsistent projection measurements will result when acquired
with a conventional slow camera rotation [1]. Often such a
temporal change may be the result of physiologcal changes in
the body related to organ function and as such, may provide
information useful for diagnostic purposes. In order to obtain
estimates of these dynamic processes, dynamic SPECT using
multiple fast rotations of a SPECT camera has often been used
in the past [2]. However, such data collection often results in a
low signal to noise ratio, thus resulting in poor reconstructed
images. Alternative methods of dynamic SPECT have been
proposed that produce tomographic kinetic information, while
maintaining a conventional slow camera rotation. We will
denote such a data acquisition technique as dSPECT (dynamic
SPECT) and will present in this paper, improvements to the

1This work was supported in part by grant number HL 50349 from
the National Heart, Lung and Blood Institute

dynamic expectation maximization algorithm (dEM) for
determining the temporal behaviour of activity within an object
from data acquired in such a manner.

In our method of dSPECT, temporal changes in the
radiotracer distribution within an object are represented in
terms of linear inequality constraints over time [3]. Once
transformed into this representation, it is possible to use a
modified version of the expectation maximization algorithm in
order to reconstruct the changes in activity that occur over the
data acquisition time.

In conventional SPECT, it has been determined that in
most cases, improvements in reconstruction accuracy and
lesion detectability result when the 3D depth-dependent
nature of SPECT spatial resolution is taken into account in
the reconstruction process [4]. This aids the reconstruction
by making the projection data more consistent as each object
voxel is sampled over a number of detector elements at each
projection angle. This is similarly the case in dSPECT and it
has been shown that reconstruction accuracy improves when
multiple projection angles are acquired simultaneously at
the same time point [3]. Thus, the inclusion of 3D detector
response compensation (DRC) into the dEM algorithm should
result in improved dSPECT reconstruction quality, and hence
more accurate kinetic estimates.

Because of the rather large computational demand involved
in reconstructing a dynamic SPECT data set, previous
implementations of the dEM algorithm have focused on
reconstructing transverse slices with depth-dependent detector-
response within each slice only. As well, at each projection
angle, a separate radiotracer distribution was reconstructed.
While such a method results in high temporal resolution, this
quickly produces an overabundance of data when reconstructed
with fully 4D methods (eg., 64 − 128 × 128 × 128 images
≈ 500MB of data). Because of this, when a high degree of
temporal resolution is not required, it would be advantageous
to reduce the number of temporal frames reconstructed. As
well as reducing computer requirements, this should provide
improved image quality as the data from each temporal
frame is better supported across a subset of projection angles.
Computation time can also be reduced in this scenerio as it
allows for block-iterative reconstruction methods to be used as
we shall see.

II. DYNAMIC EXPECTATION MAXIMIZATION

The dEM algorithm [5] reconstructs a series of three
dimensional spatial images of the tracer distribution within the
object. For example, from dSPECT projection data acquired of



a 128 × 128 × 128 object over 64 projections, the current dEM
algorithm reconstructs 64 different 128 × 128 × 128 images,
where each image corresponds to one of the 64 time frames
when a projection was acquired.

A. Linear Inequality Temporal Constraints
For a given object voxel, any change in activity from one

time frame to the next can be represented in terms of the activity
difference over the time frames. Two possibilities exist for how
the activity can vary over two consecutive time frames. These
are:

i) Decreasing activity from one frame to the next.

x0 ≥ x1 ≥ 0 or x0 − x1 ≥ 0 (1)

ii) Increasing activity from one frame to the next.

0 ≤ x0 ≤ x1 or x1 − x0 ≥ 0 (2)

In both cases, the differences have been written so as to
provide a positive quantity. As well, when the difference
between two consecutive time frames is equal to zero, we
have x0 = x1 (ie., static behaviour). Over all J time frames,
we can denote the differences in activity within the kth voxel
as the vector x̃k, and relate it to the voxel activity xk by the
matrix-vector product,

x̃k = Akxk (3)

where Ak is a matrix of size (J × J) and xk and x̃k are vectors
of length J , representing the activity and the activity difference
respectively, within the kth object voxel over the J time
frames. It should be pointed out that each object voxel will
have a corresponding difference matrix Ak, which can then be
combined together in a large matrix A for the entire object.

The simple temporal constraints of (1) and (2) are sufficient
to describe a variety of clinical circumstances (eg., washout
from the kidneys, accumulation in the liver or bladder, etc.)
[6], but they are not able to describe other cases comprised
of a combination of both increasing and decreasing behaviour.
For such cases, it is possible to formulate a difference matrix
by using a combination of (1) and (2) that, when operating
on the activity vector, will produce positive activity differences
at each time and with the desired overall temporal behaviour.
With a temporal link established through the use of the linear
inequality temporal constraints, we can now turn our attention
to determining the activity difference vector x̃k. For this, we
will make use of iterative reconstruction methods, particularly
the expectation maximization algorithm [7], although it will be
seen that any non block-iterative reconstruction method (eg.,
ART, MART, etc) will suffice at this point.

B. Dynamic Projection Operator
In the conventional expectation maximization (EM)

algorithm, a forward projection operator is applied to the
estimated activity distribution within the object at each
projection angle. This estimated projection is then compared

to the actual collected data for the same angle and then
backprojected into the object space in order to arrive at a
scaling factor for each object voxel. Mathematically, the
projection and backprojection operations can be written as
matrix-vector products so that the EM algorithm for SPECT
can be written,

xn+1
k =

xn
k

∑I,J
i,j=1 Cijk

I,J
∑

i,j=1

Cijkyij
∑K

k′=1 Cijk′xn
k′

(4)

where xk represents the estimated activity in the kth object
voxel, Cijk is the projection matrix that maps the voxelized
three dimensional activity distribution into the two dimensional
camera space, and yij represents the actual measured values in
the ith detector element at the jth projection stop. Here the
object activity distribution xk is assumed to remain fixed over
all the projection measurements acquired and so the size of
the projection operator is (I ∗ J × K) where I is the number
of detector elements, J is the number of projection stops, and
K is the number of object voxels in the reconstructed three
dimensional object space. The projection operator, Cijk can
be written as a matrix comprised of the following:

C =











(Ci1k)
(Ci2k)

...
(CiJk)











(5)

where the (Cijk)’s represent the projection of the kth object
voxel into the detector element i at the jth projection angle.

In the dynamic case however, the projection operator is no
longer an (I ∗ J × K) matrix since the object distribution is
different at each projection angle, but rather is a (I ∗J ×K ∗J)
matrix. In the dynamic case, the dynamic projection operator
(for a single detector head) can therefore be written as,

C̃ =











(Ci1k) 0 0 0
0 (Ci2k) 0 0

0 0
. . . 0

0 0 0 (CiJk)











(6)

The use of a Gaussian diffusion projection matrix for
modelling the three dimensional depth dependent camera
response has been shown to be both computationally efficient
and accurate in static SPECT reconstruction algorithms [4].
For this reason, it was chosen to use this method in order to
perform the projection and backprojection steps in the dEM
algorithm. Due to space limitations, the reader is directed to
[4, 8, 9] for more information on Gaussian diffusion DRC.

C. The Dynamic EM Algorithm
As mentioned previously, for any temporal behaviour, an

appropriate linear difference matrix can be obtained so that the
difference in activity between any two consecutive time frames
will always be a positive quantity. As positivity constraints
in the unknown variable are inherent in the expectation



maximization algorithm, it is natural to proceed to use this
algorithm in order to solve the dynamic SPECT problem.

Following along the lines of the static EM algorithm (4), a
dynamic version can be obtained using the activity differences.
Thus, the dEM algorithm can be written as,

x̃
n+1
k =

x̃
n
k

∑I,J
i,j=1(C̃A−1)ijk

I,J
∑

i,j=1

(C̃A−1)ijkyij
∑K

k′=1(C̃A−1)ijk′x̃n
k′

(7)

where the vector x̃k is the activity difference vector for the
kth voxel and is related to the activity by equation (3). Notice
that the projection step is actually a projection of the estimated
activity distribution within the object at the appropriate time
interval. Following reconstruction, the activity difference vector
is converted into the activity vector by xk = A−1

k x̃k.

Given the amount of data produced in a typical dSPECT
scan, it is often desireable to reduce the number of unknown
variables in order to reduce computational demands. In order
to do this, when a high degree of temporal resolution is not
required, the number of frames reconstructed can be reduced
by altering the dynamic projection matrix such that the tracer
distribution remains constant over a subset of angles. Thus,
if the number of projection angles is J , and N is the desired
number of temporal frames (N ≤ J), then over each J/N
angles, the object activity vector x can be held constant. In
such a case, the projection matrix can be written,

C̃ =
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Similarly, the sizes of the difference matrix Ak and the activity
vector xk shrink to (N × N ) and (N × 1) respectively. As
each temporal frame is reconstructed based upon the projection
data of a few angles, it is possible to apply block-iterative
reconstruction methods at this point in order to decrease
reconstruction time, for example, grouping the subsets as
{

(Ci1k) ,
(

Ci(J/N+1)k

)

, ...
}

,
{

(Ci2k) ,
(

Ci(J/N+2)k

)

, ...
}

, etc.

III. SIMULATIONS

To test the accuracy of the fully 4D dEM algorithm,
simulations were performed using a version of the dMCAT
[10] model modified to model the extraction and washout
of Tc-99m Teboroxime [11]. Kinetic parameters used in
this model were based on those found from compartmental
modelling of Teboroxime within canine myocardium [2].

Two scenerios were simulated with the dMCAT consisting
of a healthy myocardium and the same myocardium with an
anterior wall defect. Projection data starting at 1 min post-
injection was created using an analytic projector model of a dual

head SPECT camera. Detector heads were placed in the 90◦

configuration and acquisition proceeded from LAO and RAO
to LPO and LAO respectively for each head (ie., 90◦ rotation
per head) in a circular orbit of radius 30 cm. A total of 32
projections per head (20 s per projection) were acquired into
64 × 64 pixel matrices with a pixel size of 6.25 cm. For both
heads, a low energy, high resolution collimator was simulated
with a FWHM of 1.59 cm at 30 cm. Noiseless projection data
was generated and scaled to 5 million total counts and randomly
generated Poisson noise added.

Reconstructions were carried out using the static MLEM and
the dEM algorithms both with and without the inclusion of 3D
detector response. dEM was used with high temporal resolution
using all 32 time frames, as well as with 8 and 16 frames. In all
cases, a total of 150 iterations were performed.

IV. RESULTS AND DISCUSSION

In Figure 1, the impact of using 3D DRC can be seen on
a single short axis slice shown at t = 2 min. Reconstructions
were performed both with and without 3D DRC. It is apparent
from these reconstructions, that when DRC is applied to a
dEM reconstruction, improved images result. In this time
frame, it appears that the inferior wall of the myocardium is
better distinguished in the DRC reconstruction. Additionally,
contamination from the liver into the myocardium also appears
to be lessened in the 3D DRC image compared to the no DRC
image. In both cases, reconstructed time activity (TA) curves
disagree to some extent with true TA behaviours, although the
general trend for each organ is obtainable and in fact, the initial
fast uptake of tracer into the myocardium is distinguishable in
the first two time frames.
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Figure 1: Short axis slice of dMCAT phantom at t = 2 min obtained
from dEM reconstruction with and without DRC.

Figure 2 shows sample images of the same short axis slice
reconstructed with differing numbers of temporal frames.
Images produced from 16 or 8 frames appear very similar, but
slight differences can be seen between the dEM and static
MLEM reconstructions. At the time frame shown, contrast
between the myocardium and the defect appears slightly



greater in the dEM reconstructions compared to the MLEM
result. Additionally, the effect of activity uptake into the liver
is reduced in dEM vs static reconstructions as the dynamic
reconstruction is able to account for the increasing liver activity
over time, thus minimizing streak artifacts in the inferior heart
wall. Regional TA curves appear very similar in all dEM
reconstructions, although the initial fast myocardial uptake is
no longer apparent when decreased to 16 temporal frames.
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Figure 2: Short axis slice of dMCAT phantom at t = 2 min obtained
from dEM reconstruction with fewer temporal frames and with DRC.

It was seen in this simulation that the location of the
myocardial defect was able to be determined through both
dynamic and static reconstructions. With static methods,
images depict an average activity within each object voxel. In
this simulation, the data acquisition was started soon enough
and was short enough so that the average activity within the
myocardium was higher than that in the defect. However, if the
acquisition is started later, or if the acquisition time is longer,
a static reconstruction may depict the defect with a greater
activity, thus giving the appearance of a healthy myocardium.
If reconstructed with a dynamic method such a dEM, this effect
will not occur as the defect and healthy myocardium can be
distinguished based on their dynamic parameters. However,
as one decreases the number of temporal frames in a dEM
reconstruction, this effect may become more important.

V. CONCLUSION

A fully 4D dynamic expectation maximization algorithm
has been presented for use in dynamic SPECT imaging using
slow acquisitions. Depth-dependent spatial resolution is
modelled through an incremental Gaussian diffusion, while
temporal constraints are enforced in the object at each time
frame. These constraints can model a wide range of temporal
behaviours, and can be reduced in number in order to decrease
reconstruction time and computer requirements. Additionally,
reducing temporal frames allows for the possibility of
performing an adaptive framing method whereby temporal
frames are finely sampled when rapid changes in activity occur
and are more coarsely sampled during slow changes.

In computer simulations, the inclusion of DRC in this
algorithm has resulted in increased reconstruction accuracy
compared with no DRC. As well, by limiting the number
of temporal frames in the reconstruction, slightly improved
reconstructions result as each reconstructed frame is supported
by multiple projection angles. However, one must be cautious
of reducing the number of temporal frames too much as a
resultant decrease in temporal resolution follows.

VI. REFERENCES

[1] B. Bok, A. Bice, M. Clausen, D. Wong, and H. Wagner,
“Artifacts in camera based single photon emission
tomography due to time activity variation,” Eur. J. Nucl.
Med., vol. 13, pp. 439–442, 1987.

[2] A. Smith, G. Gullberg, P. Christian, and F. Datz, “Kinetic
modeling of teboroxime using dynamic SPECT imaging
of a canine model,” J. Nuc. Med., vol. 35, pp. 484–495,
1994.

[3] T. Farncombe, Functional Dynamic SPECT Imaging
Using a Single Slow Camera Rotation. PhD thesis,
University of British Columbia, 2000.

[4] H. C. Gifford, M. A. King, R. G. Wells, W. G. Hawkins,
M. V. Narayanan, and P. H. Pretorius, “LROC analysis of
detector-response compensation in SPECT,” IEEE Trans.
Med. Imag., vol. 19, pp. 463–473, 2000.

[5] T. Farncombe, S. Blinder, A. Celler, D. Noll, J. Maeght,
and R. Harrop, “A dynamic expectation maximization
algorithm for single camera rotation dynamic SPECT
(dSPECT),” IEEE Nuclear Science Symposium
Conference Record, 2000.

[6] A. Celler, T. Farncombe, C. Bever, D. Noll, J. Maeght,
R. Harrop, and D. Lyster, “Performance of the dynamic
single photon emission computed tomography (dSPECT)
method for decreasing or increasing activity changes,”
Phys. Med. Biol., vol. 45, pp. 3525–3543, 2000.

[7] L. Shepp and Y. Vardi, “Maximum liklihood
reconstruction for emission tomography,” IEEE Trans.
Med. Imag., vol. MI-1, pp. 113–122, 1982.

[8] A. W. McCarthy and M. I. Miller, “Maximum likelihood
SPECT in clinical computation times using mesh-
connected parallel computers,” IEEE Trans. Med. Imag.,
vol. 10, pp. 426–436, 1991.

[9] M. A. King, T.-S. Pan, and D.-S. Luo, “An investigation
of aliasing with Gaussian-diffusion modelling of SPECT
spatial resolution,” Trans. Nucl. Sci., vol. 44, pp. 1375–
1380, 1997.

[10] P. Pretorius, W. Xia, M. King, B. Tsui, and K. Lacroix,
“A mathematical model of motion of the heart for use
in generating source and attenuation maps for simulating
emission imaging,” Med. Phys., vol. 26, pp. 2323–2332,
1999.

[11] A. Celler, S. Blinder, D. Noll, T. Tyler, F. Duclercq,
and R. Harrop, “Investigation of the dynamic SPECT
(dSPECT) method for teboroxime using a 4-D kinetic
thorax model dMCAT,” in Sixth International Meeting
on Fully Three-Dimensional Image Reconstruction in
Radiology and Nuclear Medicine, submitted, 2001.



TransferFunctionRestorationin 3D ElectronMicroscopy via
IterativeDataRefinement

C.O.S.Sorzano
�
1� , J.J.Fernández

�
2� , R. Marabini

�
3� , G.T. Herman

�
3� ,Y. Censor

�
4�

andJ.M.Carazo
�
1�

5thApril 2001

�
1� CentroNacionaldeBiotecnología,CampusUniversidad

Autónomas/n,28049Cantoblanco,Madrid,Spain.�
2� Dept.ArquitecturadeComputadoresy Electrónica.

UniversidaddeAlmería.04120Almería,Spain.�
3� Centerfor ComputerScienceandApplied Mathematics,

TempleUniversity, Philadelphia,PA, 19122-6094,USA.�
4� Dept.of Mathematics,Universityof Haifa,Mt. Carmel,

Haifa 31905,Israel.

Abstract

Three-dimensionalelectronmicroscopy (3D-EM) aimsat
obtainingstructuralinformationof macromolecularcom-
plexeswithin a typical resolutionrangeof between2 to
0.3 nm from the projectionimagesproducedby an elec-
tron microscope.As any otherimagingdevice, the elec-
tron microscopeintroducesa transferfunction (calledin
this field ContrastTransferFunction,CTF) into the im-
ageacquisitionprocesswhichmodulatesthedifferentfre-
quenciesof the projectionsignal. Thus, the 3D recon-
structionsperformedwith theseCTF-affectedprojections
is alsoaffectedby an implicit 3D transferfunction. De-
pendingon the preparationprocedure,the effect of this
CTFis quitedramaticlimiting severelytheachievableres-
olution. In this work we make useof the Iterative Data
Refinementtechniqueto obtainCTF-freereconstructions.
It is shown that theapproachcanbesuccessfullyapplied
to noiselessaswell asto noisydata.

1 Intr oduction

The structuralinformationof biological complexes,i.e.,
their shapeandspatialconformation,is vital in molecu-
lar biologyascomplementaryinformationto biochemical
studies. This knowledgecan help, for example,in new
drugdevelopmentandin theunderstandingof many dis-
eases.Nowadays,the 3D structureof a protein can be
addressedusing two different approaches:one predicts
theconformationalstateof thecomplex basedon its bio-
chemicalpropertiesandthepossiblesimilarity with other
proteinswhosestructureis known; andtheotherapplies
3D reconstructionalgorithmsto datacollectedby some
experimentaltechnique.Thereexist severalpossiblebio-
physicaltechniquesfor visualizinga protein,suchasX-
rays,NMR or electronmicroscopy (EM). Themaindraw-
backsof thefirst two arethatthey areveryrestrictivewith
respectto the rangeof proteinsthat canbe studied.3D-
EM is a techniquewhich providesonly medium-low res-
olution structuralinformation of macromolecules,how-
ever, it doesnot needspecialconditionsof thespecimens
and it hasbeenestablishedas a useful techniquein the
field of structuralbiology.

Oneof the limiting factorsof 3D electronmicroscopy
is that it is difficult to obtain high resolutionstructural
detailsdue to the strongeffect of the microscopetrans-
fer functionon theexperimentalprojections.Particularly,
aswill be shown later, the CTF introducesseverephase
shifts and eliminatesall information at certainfrequen-
cies. One way of obtaininghigher resolutionresultsis
by compensatingfor the effect of the microscopetrans-
fer function. Several suchmethodshave beenproposed
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[1, 6, 7, 12, 14, 16], but they usually apply somekind
of Wiener-like division by the transfer function in the
Fourierspace,andalsoamplify noiseat thosefrequencies
wherethetransferfunctionhassmallmagnitude.

In this work we apply the Iterative Data Refinement
(IDR) techniqueintroducedby Censor, Elfving andHer-
man [2] and further studiedby Hermanandco-workers
[8, 9, 11] to remove the effect of the microscopeimper-
fection and,thus,obtainhigh resolutionstructuralinfor-
mationaboutthemacromoleculesunderstudy. Although
in this work only simulationswith phantomshave been
carriedout, the resultsareencouragingenoughto justify
futuretestson experimentaldatasets.

2 Materials and methods

Contrast Transfer Function

Imageformationby an theelectronmicroscopeis dueto
two different physicalprocessesduring the electronin-
teractionwith thespecimen:first, a shift in theelectrons
phase,andsecond,anelectrondirectionchange.Bothef-
fectsarecombinedto producea singlemodulationtrans-
fer functioncalledContrastTransferFunction[5, Chapter
2.II]. A cross-sectionalplot of sucha modulatingfunc-
tion, typical for cryomicroscopy, canbeseenin Figure1.
Notice that the sign changesand the crossingsof 0 are
responsiblefor a contrastinversionin the projectionim-
ageandfor thecompleteeliminationof theinformationat
certainfrequencies.A parametricmodelof this transfer
functionis givenin [15], andit is usedin thesimulations
presentedin this work.

Iterati veData Refinement

This techniquewasfirst introducedin Censor[2] in the
context of 2D medicaltomography, seeSection10.5 in
[3]. Theunderlyingideais to changeiteratively thepro-
jection imagesso that the processconvergesto the ideal
(without transfer function) projections. Calling gk

i the
projectionin thedirectioni attheiterativestepk, gk theset
of projectionsatstepk, Pi theprojectionoperatorin thedi-
rectioni, Ci thecontrasttransferfunctionoperatorfor that
image,andR the reconstructionoperator, the IDR algo-
rithm is formulatedasgk� 1

i � µk� 1g0
i ��� Pi 	 µk� 1CiPi 
 Rgk

Figure1: CTF usedin thecryomicroscopy simulations.

whereµk � 1 is a relaxationparameterappliedat iteration
k � 1 and g0 representsthe set of experimentalimages.
Basically, theprocedureproceedsasfollows: afirst recon-
structionis donewith the experimentalimagesg0, then
every projectionis modified following a mixture of the
original projections,the reprojectionof the just recon-
structedvolumeandthissamereprojectionaftertheCTF.
Thenew setof imagesis againusedfor reconstructionand
soon. ART+blobs[10] hasbeenusedasthereconstruc-
tion operatorR.

Simulations

For the sake of objective assesmentof quality, simula-
tionswith aphantomhavebeenrunfollowing theFigures
of Merit approachdescribedin Sorzano[13]. The phan-
tom correspondsto bacteriorhodopsin,whosestructureis
known at atomicresolution(3.5Å) [4]. The surfaceren-
deringof thisstructure,calculatedfrom avolumesampled
at 2Å/pixel, canbeseenon Figure2.

Computationalprojectionshave beendonesimulating
the cryomicroscopy conditions. In cryomicroscopy the
specimensareembeddedin ice, andare then imagedat
very low electrondosesto preserve structuraldetails. As
a consequence,the projection imagesthat are obtained
with this techniqueare extremely noisy, with signal-to-
noiseratioslower than1.0. The CTF thathasbeenused
for the projectionsis shown in Figure 1. 2000 images
were taken all over the projectionspace,a selectionof
theseprojectionsis shown in Figure 3. Angular Gaus-



Figure 2: Bacteriorhodopsinphantomfiltered at 17Å
(maximumresolutionpermittedby thesimulatedCTF).

Figure3: A selectionof projectionssimulatingcryomi-
croscopy imagesfrom thebacteriorhodopsinphantom.

siannoise(N(0,5))andshift Gaussiannoise(N(0,2))have
beenaddedto simulatethe positionaluncertaintyin 3D
electronmicroscopy.

3 Results

Threedifferent reconstructionshave beenperformedto
testtheefficacy of theIDR algorithm: thefirst onewith-
out any CTF correction,the secondonewith phasecor-
rection,andthethird with amplitudeandphasecorrection
via IDR. Figure4 shows the resultsfor eachcasewhile
Table1 shows the L2 andL1 measuresof the error [13]
betweeneachreconstructionandtheoriginalphantomand
the maximumresolution[5, Chapter5.V] achieved with
eachmethod.Table1, aswell asthe 3D reconstructions

Correctiveaction L2error L1 error Resolution

No action 0.995844 0.961378 28Å
Phasecorrected 0.996125 0.963414 20Å

IDR 0.997908 0.967625 17Å

Table1: Reconstructionsimilarity measureafterdifferent
correctiveactions.

performedwith the differentdegreesof CTF correction,
show that the IDR techniqueachievesbetterreconstruc-
tionswith higherresolution.

4 Conclusions

The IDR’s ability of removing the transferfunction ef-
fect with noiselessdatahasbeenproved in [9]. In this
work we have extendedthoseresultsto extremelynoisy
data. At the sametime, we have shown the importance
of applyingCTF correctionto 3D electronmicroscopy in
order to obtain high resolutionreconstructions.Further
work mustbedoneto tunetheIDR freeparametersto the
specificcasesof cryomicroscopy and negative staining.
However, thesepreliminaryresultsencourageus to pro-
ceedfurtheron experimentaldatasetswith this CTF cor-
rectiontechniquewhichallowstheapplicationof particu-
lar transferfunctionsto eachprojectionandwhichavoids
the noiseamplificationeffect causedby mostothercor-
rectionmethodsusedsofar.
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Abstract
Continuous scanning mode in 3D whole body PET studies

has the advantage of axial sensitivity uniformity over the
majority of the axial FOV. However this scan mode requires
large data handling compared to conventional discrete scans.
In this work, we have implemented and evaluated a new
continuous 3D scan method using 'on-the-fly' Fourier rebinnig.
In this method, sinograms for the pair of rings are added in
real-time into the sinograms of the incremented ring pairs by
moving the bed axially one detector width at a time. For a N-
ring scanner, 2N-1 sinograms are transferred to a host
computer at each bed position and rebinned into direct 2D
sinograms using Fourier rebinning. Phantom and human
studies showed that the axial image uniformity is achieved.
This method can minimize the time for offline data processing
and makes the continuous 3D scan more practical in clinical
whole body studies.

I.  INTRODUCTION

3D whole body PET scan offers the advantage of high
sensitivity and can reduce patient dose while maintaining high
signal to noise ratio (S/N). In conventional whole body scan,
acquiring at distinct bed positions overlapping several slices
results in an axially varying sensitivity profile due to the
cylindrical geometry. In order to minimize the axial non-
uniformity, it is necessary to optimize the number of
overlapping end slices [1] and maximum ring differences being
incorporated in the final images.

Several investigators have shown that the continuos axial
sampling method is effective for the elimination of the axial S/N
non-uniformity in the reconstructed images [2, 3, 4, 5]. This
sampling method can be implement using conventional
histogram mode acquisitions by moving the bed in a small
discrete step or using list mode acquisitions by moving the
bed in a true continuous motion. However, due to the vast
amount of data produced by this scan mode, the total axial
distance that can be covered is limited by the available memory
and disk space. And the computation time for data to be re-
sorted and added into sinograms may decrease the throughput
of the continuous 3D scans.

In this work, we report on a new implementation of the 3D
continuous scan mode using ‘on-the-fly’ Fourier rebinning, in
which the bed is moved by axial width of detectors and
synthesized sinogram data sets are transferred and rebinned
into 2D sinograms at each bed position. This method does not
require large memory and disk space and can improve data
processing efficiency.

II. MATERIAL AND METHODS

A. Data Acquisition
All data were acquired on a Shimadzu SET-2400W PET

scanner [6], which is a 32-ring system with an axial detector
width of 6.25 mm and an axial FOV of 200 mm. In 3D mode, all
possible coincidence pairs of 1024 sinograms are acquired. The
front-end data acquisition system consists of large-scale
acquisition memories (1GB) and a microprocessor that controls
data collection in histogram mode, real-time corrections for
dead time and decay of radioisotopes, and data transfer to a
UNIX host computer with a storage disk. The acquisition
software was modified for the continuous scan mode to move
the bed by the axial width of detector, shift the memory
address for sinogram matrices at each bed position, and write
the data acquired to the disk sequentially, as described below.

For a N-ring scanner, N2 sinograms ),,,( 21 rrsqk φ  are

acquired for the pair of rings (ri, rj) at the k th bed position. In

the continuous scan mode, ),,,( 21 rrsqk φ  are added into 2N-

1 sinogram data set ),,( rsph ∆φ in real-time as follows:

),,,(),,( 21
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krkrsqrsp
k

kk
kh ++=∆ ∑

=

φφ                (1)

Where

1,,2,1,0 −+= nNh L ,

max21 ,,2,1,0)( rrrr ∆±±±=−=∆ L ,

}1,0max{min +−= nhk ,

}1,min{max −∆−= rNhk .

In this work, we used 1max −=∆ Nr . With n bed positions,

N+n–1 data sets are acquired and each data set ),,( rsph ∆φ
consists of 2N-1 sinograms except for last N-1 data sets . An
example of the data sets is shown in Figure 1.

Lines of response (LOR's) corresponding to larger ring
differences (larger azimuth angle) are measured less frequently
than those with smaller ring differences. In general, LOR's with
ring differences of ∆r are measured N-|∆r| times. In our
implementation, the sets of ring difference data remain
unscaled relative to each other. This means the sinograms
being weighted by the number of times they are measured,
which is able to improve S/N ratio in the final reconstructed
image [3].



After the acquisition at the k th bed position, ),,( rsph ∆φ  is

transferred to the host computer. After the data transfer is
completed, the memory buffer can be reuse for a new data set.
As a result, the total size of sinogram data sets for a 3D
continuous scan is given by (2N-1)× (N+1)×Nb, not
depending on the number of bed movements, where Nb is the
number of bytes of memory buffer per sinogram.

Fig. 1: Schematic representation of the lines of response and
3D data matrices for the continuous 3D whole body scan with
a N = 6-ring scanner, which is indicated by the shaded
detectors . In the 3D data space, each square corresponds to
one oblique sinogram for the pair of rings (r1, r2), and each 6x6
matrix corresponds to sinogram data set at each bed position.
The shaded area in the sinogram matrices  is an example of
synthesized sinogram data set, which is transferred and
processed at each bed position.

B. Data Processing

To correct the transferred 2N-1 sinograms for detector
efficiency variations, normalization correction factors are
calculated from the conventional 3D normalization data by
averaging normalize factors of the same ring differences in a
similar way as (1). Attenuation correction factors are calculated
from attenuation maps, which are reconstructed and assembled
from 2D whole body transmission scans with conventional
discrete bed motions.

The corrected sinograms are rebinned into 2D direct
sinograms using Fourier rebinning [7]. In a given oblique
sinogram, the azimuth angle is approximately constant, so a 1D
interoperation across different oblique sinograms is not
required. As a result, one data set transferred at each bed
position can be processed independently, because it includes
pairs of oblique sinograms with opposite values of ∆r, which
are merged to calculate discrete 2D Fourier transform as
equation (6) in [7]. The resulting 2D data sets are reconstructed
using 2D filtered backprojection or ordered subset EM (OSEM)
algorithm [8].

C. Phantom and Human Studies
Phantom studies were performed in order to determine the

axial uniformity in S/N using a 3D continuous data collection
protocol compared with the conventional 3D whole-body scan
protocol in the same total scan time. A 15cm diameter, 60 cm
high cylindrical phantom containing about 2 mCi of F-18 were
acquired. In the conventional discrete scans, data were
acquired with 200 sec x 3 bed positions overlapping end slices
of 5 or 10, and maximum ring difference of 22 was used for
reconstruction. In the continuous scan, data were acquired
with 10 sec x 60 bed positions. The percent standard deviation
of the reconstructed images were calculated by drawing a 8 cm
diameter ROI at the center of each image plane.

3D Whole body scans of a normal subject were also
acquired in the conventional discrete scan and the continuous
scan. In the discrete scan mode, emission data were acquired
with 4 min x 3 bed positions overlapping 5 slices, 90 min after
injection of 4 mCi 18FDG. Transmission data were extracted
from a 2D simultaneous emission and transmission scan
acquired with 2 min x 3 bed positions. Attenuation correction
factors were calculated from the reconstructed attenuation map
processed with the non-linear Gausssian filters [9]. In the
continuous scan mode, emission data were acquired with 12
sec x 60 bed positions. Emission images were in all cases
reconstructed using OSEM reconstruction with 1 iteration and
24 subsets [6]. A post-reconstruction 2D Butterworth filter
with 16 mm cut-off was applied to the images. No axial
smoothing and weighted summation of overlapped images
were performed.

III. RESULTS

Figure 2 shows the axial variation in standard deviation of
the uniform cylinder for the discrete scan (solid line) with
different overlap and for the continuous scan (circles).  These

r1

r2

on-the-fly Fourier rebinning of 2N-1 sinograms



plots show that the continuous scan provide a better noise
uniformity, while noise is amplified considerably near the gaps
between bed positions in the discrete scan. Using 10 slice
overlap, axial nonuniformity is slightly improved while the axial
coverage is shortened.
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Fig. 2: Standard deviation/Mean of the 3D cylinder in a 10 cm
diameter ROI placed at the center of the reconstructed image.
The data were  acquired using the discrete scan (solid lines)
with overlapped slices of 5 (top) and 10 (bottom) and using the
continuous scan (circles).

Figures 3 and 4 show coronal and sagittal cross sections
from the normal subject scan using the conventional discrete
scan (left) and the continuous scan (right). The images in the
top rows have not been attenuation corrected and the images
in the bottom rows have been attenuation corrected using the
same attenuation map for the both scan modes.

As shown in these figures, in the discrete scan, there is an
increase in noise and visual artifacts at the end of the slices of
each axial FOV indicated by the arrows. In the continuous
scan, these noise amplifications were eliminated and the spine
appears much more clearly, indicating the overall improvement
in S/N.

Fig. 3: Coronal cross sections through a normal subject using
the discrete scan (left) and the continuous scan (right). The
bottom images  have been attenuation corrected.

Fig. 4: Sagittal cross sections through a normal subject using
the discrete scan (left) and the continuous scan (right). The
bottom images have been attenuation corrected.



IV.  DISCUSSION

The main advantage of the continuous scan is the axial S/N
uniformity as shown in Fig. 2. In addition, the overall
improvements in S/N of the whole body images can be seen in
Fig. 3 and Fig. 4. In the continuous scan, all the data points in
the central slices are sampled with all the detectors in the axial
direction hence the detector efficiencies in the axial direction
are averaged. As a result , S/N of the data corrected for detector
efficiencies is slightly improved [10].

In this work, we have implemented continuous 3D whole
body PET scanning using on-the-fly Fourier rebinning. This
implementation has only required a slight modification to the
acquisition software and a small size of acquisition memory
and storage disk not depending on the axial coverage.
Compared to the complete 3D data set, the size of sinogram
data set that is transferred and processed at each bed position
is small enough to be easy to handle . The program can be
easily modified to improving axial sampling by decreasing the
bed motion step and increasing the number of data set. But an
axial sub-sampling is usually unnecessary in clinical whole
body studies, because the axial resolution improvement is  not
significant [5].

The one drawback of the small step bed motion is that
there is a dead time introduced between each bed motions.
During the patient scan, it was found that this dead time loss is
less than 8% of total acquisition time, which is not critical in
clinical studies. It may be possible to modify the acquisition
software for the microprocessor to move the bed in a true
continuos motion and to be triggered at sampling time intervals
to synthesize continuos sinograms.

V. SUMMARY

We have implemented the continuous scan for 3D whole
body PET studies  using the on-the-fly Fourier rebinning, in
which sinograms are synthesized in the acquisition memory
and transferred and processed after the acquisition at each bed
position. Improved data processing efficiency can make the
continuous 3D whole body scan more practical in routine
clinical studies , while maintaining the axial S/N uniformity
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Scatter Correction for Positron Emission
Mammography
Jinyi Qi and Ronald H Huesman

Abstract—We have previously presented a regularized list mode
maximum likelihood reconstruction algorithm for the positron
emission tomograph that is being developed at our laboratory.
Here we will present a scatter correction method for this algorithm.
The mean scatter sinogram is estimated using a Monte Carlo sim-
ulation program. It is then incorporated into the forward model of
the reconstruction algorithm. With the assumption that the back-
ground activity is nearly uniform, the Monte Carlo scatter simu-
lation need only run once for each PEM configuration. This saves
computational time and makes the Monte Carlo scatter correction
viable in clinical situations. The propagation of the noise from the
estimated scatter sinogram into the reconstruction is theoretically
analyzed. The results provide an easy way to calculate the required
number of events in the Monte Carlo scatter simulation for a given
noise level in the image. The analysis is also applicable to other
scatter estimation methods provided that the covariance of the es-
timated scatter sinogram is available.

I. I NTRODUCTION

A rectangular positron emission tomograph (Fig. 1), dedi-
cated to imaging the human breast, is under development at our
Laboratory [1]. The tomograph consists of four banks of detec-
tor modules (two banks of 3×3 modules left and right and two
banks of 3×4 modules top and bottom). Each module consists
of an 8×8 array of 3mm×3mm×30mm lutetium oxyorthosili-
cate (LSO) crystals. The maximum field of view (FOV) of the
system is 96×72×72 mm3. For each crystal, the system dig-
itizes the depth of interaction (DOI) of the photon with three
bits. Each detector is placed in coincidence with all detectors in
the other three banks, giving rise to 172 million possible lines of
response (LORs). The system operates exclusively in fully 3D
mode.

The data from the new tomograph is stored in list mode format
because the total number of detections will generally be far less
than the total number of LORs. We have developed a list mode
likelihood reconstruction algorithm for the tomograph [2]. The
DOI information was explicitly modeled in the forward projec-
tion for each LOR.

Here we present a scatter correction method for the list mode
likelihood reconstruction algorithm. The scatter sinogram is es-
timated using a Monte Carlo simulation program. The results
are then incorporated in the forward model of the reconstruction
algorithm. For breast imaging with F-18-labeled deoxyglucose
(FDG), we can assume that the FOV is filled with uniform ac-
tivity and that features such as cancerous lesions account for a

This work was supported by the U.S. Department of Health and Human Ser-
vices under grant P01 HL25840, by the National Cancer Institute under grant
R01 CA 59794, and by the Director, Office of Science, Office of Biological and
Environmental Research, Medical Sciences Division of the US Department of
Energy under contract DE-AC03-76SF00098.

J. Qi and R.H. Huesman are with the Center for Functional Imaging, Lawrence
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Fig. 1. PEM Geometry.

small fraction of the radioactivity, so we only need to run the
Monte Carlo scatter simulation once for each system configu-
ration. For each data set, we can scale the scatter sinogram by
the ratio of the total events between the Monte Carlo simula-
tion and the data set, assuming the scatter profiles are the same.
This saves a large amount of computation time. We also theo-
retically analyzed the noise propagation from the Monte Carlo
scatter sinogram into the reconstructed image. Such analysis
is also useful in determining the total number of events that is
required for the Monte Carlo scatter simulation. Using Monte
Carlo simulation to estimate scatter sinogram is not a new idea.
It is, however, the application of the method to the PEM recon-
struction and the theoretical analysis of the noise propagation
that make this paper novel.

II. T HEORY

A. List Mode Likelihood Reconstruction with Scatter Correc-
tion

Histogrammed PET data are generally modeled as a collec-
tion of independent Poisson random variables. By treating the
detections in each LOR separately, we can derive the appropri-
ate log-likelihood function for list mode data [2]:

L(x) =
K∑

k=1

log


 N∑

j=1

p(ik, j)xj + sik


 −

N∑
j=1

εjxj , (1)



wherexj is mean activity inside thejth voxel of the unknown
image,p(i, j) is the probability of detecting an event from the
jth voxel in theith LOR, si is the mean scatter in theith LOR,
ik is the index of the LOR of thekth detection,εj ≡ ∑

i p(i, j),
K is the total number of detections, andN is the total number
of image voxels.

The maximum likelihood (ML) estimate can be found by
maximizing (1). A popular ML algorithm for PET reconstruc-
tion is the expectation maximization (EM) algorithm [3], [4],
[5]. However, the ML solution is unstable (i.e. noisy) because of
the ill-conditioness of tomography systems. Hence some form
of regularization (or prior function) is needed to reconstruct a
reasonable image. The prior function used in [2] is a Gaussian
prior whose logarithm is of the form

βU(x) =
β

2
(x − m)′R(x − m), (2)

whereβ is the smoothing parameter,m is the estimated mean
of the unknown image,R is a positive definite (or semidefinite)
matrix.

Combining the likelihood function (1) and the image prior
(2), the reconstruction is found as:

x̂ = arg max
x≥0

[L(x) − βU(x)] . (3)

For further simplification,R is chosen to be a diagonal ma-
trix, so the EM algorithm can be used to solve (3). The EM
update equation is [2]

x̂n+1
j =

1
2

(
mj − εj

βrjj

)
+√√√√1

4

(
mj − εj

βrjj

)2

+
x̂n

j

βrjj

K∑
k=1

p(ik, j)∑N
l=1 p(ik, l)x̂n

l + sik

,

whererjj is the(j, j)th element ofR.

B. Estimate Mean Scatter Sinogram using Monte Carlo Simu-
lation

The scatter correction method described in the previous sec-
tion requires the mean scatter sinogram being known before the
reconstruction starts. For conventional PET systems, a scatter
sinogram can be estimated by single scatter simulation, decon-
volution of emission sinogram, dual energy windows, or Monte
Carlo methods. Most analytical scatter estimation methods re-
quire fitting an computed scatter sinogram to the tails of the
emission sinogram that consist of pure scatter events. This is
not practical for PEM geometry as the whole FOV is filled with
activity. Therefore, we adopt the Monte Carlo method here.

The Monte Carlo scatter simulation requires both emission
and attenuation maps. Generally they are obtained from an ini-
tial reconstruction without scatter correction. One advantage of
breast imaging with FDG is that the background is quite uni-
form. If we assume that whole FOV is filled with uniform ac-
tivity and that features such as cancerous lesions account for
a small fraction of the radioactivity, then we only need to run
the Monte Carlo simulation once for each system configuration.
This will saves a large amount of computational time.

The Monte Carlo simulation program estimates the scatter
sinogram by tracing all 511 keV photon pairs randomly gen-
erated inside the FOV. For each photon, it first computes the
interaction point based on the attenuation length. Then, it deter-
mines whether it is a photo-electric or Compton interaction. If it
is photo-electric, it dumps all of its current energy; if it is Comp-
ton, it computes the energy deposited and the new direction of
the photon using the Klein-Nishima formula, and continues to
trace the photon until the photon has dumped all its energy or
traveled outside of the system. A photon is detected when the
energy deposited at one detector is greater than a preselected
threshold. A coincidence event is recorded if both photons are
detected. The Monte Carlo simulation program histograms sep-
arately the scattered and unscattered (true) events.

For each individual data set, the scatter sinogram is then esti-
mated by

ŝi =
total events in the data

total events in Monte Carlo Simulation
sMC

i , (4)

wheresMC
i is the number of scatter events in theith LOR in

the Monte Carlo simulation. This assumes the scatter fraction
and profile in each data set are the same, as most scatters are
generated from the uniform background.

C. Noise Propagation

Noise is inevitable in the Monte Carlo scatter sinogram. Be-
cause the Poisson nature of the counting process, the longer it
runs, the less the noise is. This presents a trade off between time
and accuracy. In this section, we analyze how the noise in the
scatter sinogram propagates into the reconstruction.

We denote the MAP reconstruction in (3) asx̂(y, ŝ) to indi-
cate that̂x is dependent on estimated scatter sinogramŝ. Since
y andŝ are independent, we first focus on noise fromŝ and as-
sumey noisefree (i.e.y = ȳ = Px + s). We can approximate
x̂(y, ŝ) using a first order Taylor series expansion at the point
ŝ = s:

x̂(y, ŝ) ≈ x̂(y, s) + ∇sx̂(y, s)(ŝ − s). (5)

This approximation is similar to that presented in [6]. From (5),
we have the following expression for the covariance of noise in
the reconstruction caused by the noise in the estimated scatter
sinogram

Σ(x̂) ≈ ∇sx̂(y, s)Σ(ŝ)[∇sx̂(y, s)]′ (6)

whereΣ(ŝ) is the covariance matrix of the estimated scatter
sinogram.

To compute∇sx̂(y, s), we follow the idea presented in [6].
We restrict our attention to the situations where the solution of
(3) satisfies

0 =
∂

∂xj
[L(y|x, s) − βU(x)]

∣∣∣x=x̂(y,s), j = 1, . . . , M.

(7)
While this assumption precludes inequality constraints, it should
work fine here because of the uniform background. Differentiat-
ing (7) with respect tosi by applying the chain rule and solving



the resulting equation, we get [6]

∇sx̂(y, s) =
{
−∇xx [L(y|x, s) − βU(x)] |x=x̂(y,s)

}−1

∇xs [L(y|x, s) − βU(x)] |x=x̂(y,s) (8)

where the(j, k)th element of the operator∇xx is ∂2

∂xj∂xk
, and

the(j, l)th element of the operator∇xs is ∂2

∂xj∂sl
.

From (1) and (2), we can derive

∇xx [L(y|x, s) − βU(x)]

= P ′ diag
[

yi

(P x̂+s+r)2
i

]
P + βR

and

∇xs [L(y|x, s) − βU(x)] = P ′ diag
[ −yi

(P x̂ + s)2i

]
.

Then

∇sx̂(y, s) =
{

P ′ diag
[

yi

(P x̂ + s + r)2i

]
P + βR

}−1

P ′ diag
[

yi

(P x̂ + s)2i

]
. (9)

Substituting (9) into (6) results in

Σ(x̂) ≈
{

P ′ diag
[

yi

(P x̂ + s + r)2i

]
P + βR

}−1

P ′ diag
[

yi

(P x̂ + s)2i

]
Σŝ diag

[
yi

(P x̂ + s)2i

]
P

{
P ′ diag

[
yi

(P x̂ + s + r)2i

]
P + βR

}−1

(10)

In general,̂x is a slightly blurred version ofx, so the projec-
tion P x̂ + s is approximately equal to the mean of the data,ȳ.
Therefore, we can simplify the above expression to

Σ(x̂) ≈ [F + βR]−1P ′ diag

[
σ2

ŝi

ȳ2
i

]
P [F + βR]−1, (11)

whereF = P ′ diag
[

1
ȳi

]
P is the Fisher information matrix

andσŝi
is the variance of̂si. Eq. (11) is the covariance matrix

of the noise in the reconstruction that is propagated from the
estimated scatter sinogram.

The covariance of noise in the reconstruction caused by the
Poisson noise in the data is [6]

ΣPoisson(x̂) ≈ ∇yx̂(ȳ)Cov(y)[∇yx̂(ȳ)]′

≈ [F + βR]−1F [F + βR]−1. (12)

Adding (11) and (12), we get the covariance of the total noise

Σtotal(x̂) = [F + βR]−1P ′ diag

[
σ2

ŝi

ȳ2
i

+
1
ȳi

]
P [F + βR]−1

(13)
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Fig. 2. (a) Reconstruction without scatter correction. (b) Reconstruction with
scatter correction. The images are top view slice (upper left), front view
slice (lower left), and side view slice (lower right) through the center voxel.
Images in (a) and (b) are individually scaled as indicated by the gray level
bars.

It shows that the noise from the scatter sinogram is equivalent
to an increase of the noise in the data by a factor of1 + σ2

ŝi
/ȳi.

σ2
ŝi

/ȳi is equal to the scatter fraction of theith LOR divided by
the ratio between total number of detection in the Monte Carlo
simulation and the total number of detection in the data. For
example, if the average scatter fraction is 30%, and the Monte
Carlo simulation has 30 times as many events as the data, then
the noise variance increase in reconstruction cause by the scatter
sinogram will be about 1%. Equation (13) can be used to deter-
mine the number of events required in the Monte Carlo simula-
tion and to design better simulation strategy.

III. SIMULATION RESULTS

In simulation we assume a subject weighing 70 kg and an in-
jection of 1 mCi of FDG, which is uniformly distributed within
the body. This activity density within the 72× 72 × 96 mm3

field of view and an imaging time of 60 s gives about 16 million
disintegrations within the imaging volume.

The Monte Carlo simulation uses the appropriate energy-
dependent cross sections for the interaction of photons in water



(in the field of view) and in LSO detector. The average detection
efficiency is about 13% for an energy threshold of 270 keV. Of
all the detected events, there are about 35% unscattered events,
32% events scattered in the FOV, and 33% events scattered in
the detector (not scattered in the FOV).

Fig. 2 shows some example reconstructions of a simulated
flood source with and without scatter correction. The images
shown are three orthogonal slices through the center voxel: top
view slice (upper left), front view slice (lower left), and side
view slice (lower right). The reconstructed image without scat-
ter correction (Fig. 2a) shows brighter at the center of FOV and
darker at the corners, especially in the front view slice. The
scatter corrected image (Fig. 2b) shows more uniform activity
distribution. Note the gray level maps in Fig. 2a and Fig. 2b are
different. Here we have only corrected for the scatters in the
FOV. We are looking for a better way to deconvolve the scatters
in the detector as they are more localized.

IV. CONCLUSION

We have implemented the Monte Carlo scatter correction
method for the list mode likelihood reconstruction algorithm
for the PEM and shown some results based on computer sim-
ulations. For breast imaging with FDG, we can assume that the
FOV is filled with uniform activity and that features such as can-
cerous lesions account for a small fraction of the radioactivity.
This specific application of PEM allows us to run the Monte
Carlo scatter simulation only once for each scanner configura-
tion. The scatter sinogram for each individual data set can then
be estimated using the total number of detections. This saves a
large amount of computation time.

We also theoretically analyzed the noise propagation from
the estimate scatter sinogram into the final reconstructed image.
The results show that the noise propagated from the estimated
scatter sinogram is equivalent to increasing the noise variance
in each LOR by a factor of1 + σ2

ŝi
/ȳi. If we assume the scatter

fraction for each LOR is the same, then this factor is a con-
stant for all LORs and it provides a easy way to calculate the
required number of events in the Monte Carlo scatter simulation
for a given noise level in reconstruction. This noise analysis is
applicable to other scatter estimation methods provided that an
estimate of the covariance of the estimated scatter sinogram is
available.
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Abstract| We describe an approach to fast iterative re-

construction from fully 3D PET data using a network of
PentiumIII PCs con�gured as a Beowulf cluster. To facili-
tate the use of this system, we have developed a browser-

based interface using Java. The system compresses PET
data on the user's machine, sends this data over a network,
and instructs the PC cluster to reconstruct the image. The

cluster implements a parallelized version of our precondi-
tioned conjugate gradient method for fully 3D MAP image

reconstruction. We report on the speed-up factors using the
Beowulf approach and the impacts of communication laten-
cies in the local cluster network and the network connection

between the user's machine and our PC cluster.

Keywords|3D PET, Beowulf cluster, distributed comput-
ing, iterative reconstruction

I. Introduction

Iterative reconstruction of clinical PET images using sta-
tistically optimal algorithms can require an hour or more
of computation on a single-processor computer for fully 3D
data sets. Dramatic reductions in computation time have
been achieved by converting fully 3D data sets to 2D us-
ing rebinning algorithms and then using iterative 2D re-
construction methods [1]. Further reductions have been
achieved using the ordered-subsets EM (OSEM) algorithm
which can achieve acceptable results in just a few passes
through the data. However, these speed-ups are achieved
at a price: the rebinning methods, even if exact for true
line integrals, are unable to accurately model the true phys-
ical response of the scanner. Similarly, the OSEM method
never optimizes the likelihood objective function and the
results can be highly dependent on the number of subsets
and number of iterations that are used. In our work [3],
[2] we have concentrated on using convergent algorithms
to compute maximum a posteriori (MAP) or equivalently
penalized-ML solutions to the PET reconstruction prob-
lem. The more accurate models that we use with fully 3D
data sets have been shown to improve image resolution [3]
but inevitably lead to longer computation times.

Our approach to reducing reconstruction time is to use
rapidly converging methods such as the preconditioned
conjugate gradient method. Further reductions can be
obtained using multiprocessor computing. Previously we
have used multithreading methods to parallelize the code
across multiple CPUs in a single symmetric multiproces-

This work was supported by the National Cancer Institute under
Grant No. R01 CA59794 and the National Foundation for Functional
Brain Imaging.

sor (SMP) server. This arrangement is attractive since the
servers typically have shared memory and hence there is
minimal overhead incurred in distributing data across the
processors. In tests with a four processor server, we were
able to achieve speed-up factors of approximately 3.4 rel-
ative to a single processor. Unfortunately, the number of
processors in standard servers is usually limited to four and
the cost is high relative to single or dual processor systems.
For this reason we have recently investigated the use of a
Beowulf PC cluster that allows us to use a large number
of low cost systems to achieve substantial speed-up relative
to a single computer. Vollmar et al [5] recently reported
the use of a PC cluster for 3D PET reconstruction. Their
approach di�ers from that described here in that the for-
ward and backprojection were based on on-the-y compu-
tation rather than a precalculated system matrix. Similarly
Labbe et al [6] present a set of forward and backprojection
operators suitable for cluster and parallel computing but
again these are based on on-the-y computation.

The Beowulf cluster is simply a network of Unix or Linux
workstations. For the purposes of code parallelization, the
cluster is con�gured with a head-node that controls the
program and a set of worker-nodes that handle processes
spawned by the head node. The di�erence between the
Beowulf cluster and a multiple CPU server is that the for-
mer do not have shared memory, and data must be trans-
ferred via a local ethernet between processors. This is of-
ten the bottleneck in performance of these clusters and of
particular importance in PET image reconstruction where
the data sets and image volumes are large. Here we re-
port on our progress using a combination of multithreading
and distributed computing on a Beowulf cluster consisting
of 9 dual 933MHz PentiumIII computers connected via a
100mb/s switched ethernet.

A second goal of our work was to decouple the computer
used for reconstruction from that used to acquire data. To
do this we have developed a web-browser based interface
to our distributed computing code using Java. Thus data
can be processed using the cluster from any computer con-
nected to the Internet. While data transfer may be slow for
standard Internet connections, the availability of Internet2
connections at many research facilities make this approach
viable. We report on an experiment we have performed by
reconstructing data residing on the PET system computers
in the Nuclear Medicine clinic at UCLA using the cluster
at the Signal and Image Processing Institute at USC.
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II. Methods

A. MAP Image Reconstruction

We use a MAP estimation algorithm to reconstruct PET
images [3]. In this approach, the data are modeled as:

y = Px+ r+ s (1)

where y is the mean of the data, x is the source distribu-
tion, r is the mean of the randoms, and s is the mean of
the scattered events. P is the system matrix describing the
probability that an event is detected, which we factor as:

P = PnormPblurPattnPgeom (2)

where Pgeom is the geometric projection matrix describing
the probability that a photon pair reaches the front faces of
detector pair in the absence of attenuation and assuming
perfect photon pair colinearity, Pblur models photon pair
non-colinearity, inter-crystal scatter and crystal penetra-
tion, Pattn contains attenuation correction factors for each
detector pair, and Pnorm is a diagonal matrix containing
the normalization factors.
Reconstructions are computed as the maximizer of a pos-

terior probability equal to the sum of the log-likelihood of
the data, y, conditioned on the image, x, and the log-prior,
which has the form of a Gibbs energy function:

ln p(yjx) =
P

ifyi + yi ln(yi)g
�
P

j

P
k2Nj

k>j

�jkV (xj � xk) (3)

where V (x) is the potential function.
As in our previous work on PET image reconstruction, a

preconditioned conjugate-gradient algorithm was used for
optimization. In particular, the following preconditioned
Polak-Ribiere form of conjugate gradient method was used.

x(n+1) = x(n) + �(n)s(n) (4)

s(n) = d(n) + �(n�1)s(n�1) (5)

d(n) = C(n)g(n) (6)

�(n�1) =
(g(n) � g(n�1))0d(n)

g(n�1)0d(n�1)
(7)

The PCG algorithm is initialized with s(0) = d(0) and
iteratively computes the conjugate directions. It it neces-
sary to check that s(0) is an ascent direction. In the case
that s(n)

0

g(n) < 0, s(n) is a descent direction and the algo-
rithm is reinitialized with s(n) = d(n). The step size, �(n),
is computed at each iteration using a Newton-Raphson line
search to maximize the objective function. We incorporate
a positivity constraint by using a bent-line search as we
describe in [3].
Here we report on application of this algorithm, using

the PC cluster, to data collected in 3D mode using the
CTI ECAT HR+ scanner. The data from the HR+ scan-
ner was a standard 3D dataset rebinned with a span of 9
and a maximum ring di�erence of 22. There were 239 sino-
grams each of size 288 (elements) by 144 (angles) giving
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Fig. 1. Architecture of the PC cluster.

a total emission sinogram size of 40 MB. Attenuation cor-
rection requires a second sinogram of the same size, thus
the total data for a single frame is on the order of 80MB
in size. These �le sizes are important when considering
the impact of reconstruction via a browser over an inter-
net connection. The other �les that are required are ei-
ther small (such as the factored normalization �le) or can
be stored on the cluster (such as the forward projection
matrix, P). Voxel sizes used in our reconstructions were
2:25mm�2:25mm�2:42mm for the HR+ and images were
of size 128 � 128 � 63 so that the image is of size 4MB
when saved as 4-byte real values. Thus, transfer times for
the reconstructed images back to a remote user are small
compared to those for sending the data to the cluster.

B. Beowulf Clusters and Code Parallelization

B.1 System setup

We built a Beowulf cluster consisting of one master node
and eight worker nodes. Each worker node is a rack-
mounted dual processor Intel Pentium III 933 MHz sys-
tem with 512MB of RAM and 20GB of disk space. The
master node is also a rackmounted dual processor Intel
Pentium III 933 MHz system, but has 1GB of RAM and a
36GB hard drive. The master node has dual network inter-
face cards, allowing the cluster to have a private network
but still be accessible from the Internet. The con�gura-
tion of the cluster is shown in Fig 1. We con�gured the
system with the Linux operating system (RedHat v. 7.0;
Linux kernel version 2.4). We also installed the Local Area
Multicomputing (LAM) 6.5.1 version of the Message Pass-
ing Interface (MPI) software onto each node. MPI is an
open standard for communicating data between computer
processes; LAM is an implementation for use on clustered
computers and provides a programming environment that
is portable to other architectures.

B.2 Code parallelization

Analysis of our algorithm's performance on a single com-
puter revealed that two operations dominated computa-
tion: the back projection of the sinograms into image
space and the forward projection of the image into sino-
gram space. Computation of the gradient in (6) requires a
forward and back projection; a second forward projection
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is required prior to doing the line search to compute �(n)

in (4). We distributed the processing of these key oper-
ations across the cluster. Ignoring communication costs,
we are able to achieve roughly a factor-0:75 � N speed-up
on the forward and backward projections using N nodes
of the cluster. This number is less than N because the
workload is not perfectly balanced across the processors,
but still represents a dramatic improvement in computing
time. Were we to communicate the sinogram data during
the iterations of the algorithm, the high cost of passing
these results among the nodes would rapidly consume the
gain in performance. Fortunately, we can decompose our
problem such that the slave nodes never need to receive or
transmit sinogram data once the iterations have begun.

The forward and back projection operators are both lin-
ear transformations, and represented as a factored system
matrix as described above. During back projection, each
element of the image may be a function of several elements
of the sinograms. Each sinogram is transformed by the sys-
tem matrix to contribute to the reconstructed image. We
can partition this transformation based on arbitrary sets
of sinograms, apply the system matrix separately to these
sinograms to obtain their contribution to the reconstructed
image, and then sum these partial results to obtain the en-
tire transformation. In our distributed implementation, we
assign each node a range of sinograms for which it is re-
sponsible. The node keeps updated versions of the data for
these sinograms, and backprojects them into imagespace
when requested by the head node. These results are sent
back to the head node, where they are combined into a
single image.

The forward projection problem can also be decomposed
into functions producing individual sinograms; however,
each operation will still require the full image that is being
forward projected. Fortunately, the communication cost of
transmitting images to each node is relatively small com-
pared to the cost of transmitting sinogram data or per-
forming the reconstruction computation. During forward
projection, the head node broadcasts the image to each
node; the nodes are responsible for producing the same
sinograms that they will use during backprojection. Dur-
ing the iterations, the nodes generate any sinogram data
they will need, and thus do not need to communicate their
sinogram data to other nodes of the cluster. We distributed
some additional computation to the nodes to eliminate the
need to send any sinogram data to any other nodes; the
e�ects of this distributed processing are small compared to
the gains from distributing the projection operations.

A second layer of parallelization is used on each node,
as each has dual processors. The projection problems are
again decomposed based on sinograms, and two threads
are spawned on each node to handle the projections. In
this case, we achieve better load balancing as the node
can dynamically assign sinograms to the threads as soon
as they have �nished processing. The computation of the
image prior (3) is also multi-threaded on the head node.
This operation may be distributed to the cluster in future
work; however, this would require broadcasting of image

SERVER
java servlets

CLIENT
java applet

1: User Inputs Data Fi les
& Parameters

2: Compression

3: Reconstruction Request (Compressed Data)

6: Progress Report

5: Reconstruction
Starts

7: Reconstructed Image

4: Decompression

Fig. 2. Architecture of the web interface to the 3D PET reconstruc-
tion program. The user supplies the data �les and parameters
to the java applet. The applet compresses the data �les and
submits a reconstruction request to the server. The server de-
compresses the data �les, starts the reconstruction and sends the
reconstruction progress to the applet, which displays it in the
client browser. When the reconstruction �nishes the server sends
the reconstructed image to the applet which displays the results
in the client browser.

vectors and the cost of communication may outweigh the
bene�t of distributed processing.
The projection routines are also used during initializa-

tion, so improvements to them will reduce start-up costs.
Additionally, the geometry matrices used in projection can
be hundreds of megabytes in size, and are needed on each
node. These matrices are used repeatedly for a particular
scanner and voxel size, thus we store copies of these �les
on the local hard drive. This reduces the network burden
further.

C. Java Browser-based Interface

We developed a Java based interface to the 3D MAP re-
construction program that allows users across the Internet
to run reconstructions on our Beowulf PC cluster. The
interface consists of two components, a client module and
a server module. Fig. 2 illustrates the architecture of the
interface.
The client module was implemented as a Java applet

and can run on standard web browsers. The user supplies
the data �les (emission �le, normalization �le, etc) and
parameters (number of bed positions, number of frames,
etc) for the MAP reconstruction and submits a reconstruc-
tion request. The client module collects the parameters
and data �les for the reconstruction and sends them to
the server. The server module was implemented as a Java
servlet. It receives the data from the client and starts the
reconstruction. Text messages describing the reconstruc-
tion progress are sent to the client. The applet displays
the reconstruction progress in the browser. When the re-
construction �nishes the applet receives the reconstructed
images and statistics about the reconstruction process.
The data sizes used in 3D PET reconstructions are large.

The data size we used for HR+ reconstruction was 80MB
per frame. To reduce transfer time the applet compresses
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Speed Improvements with Cluster Size
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Fig. 3. Speed increase to the iterative portion of reconstruction code
for di�erent sized clusters.

the data �les before sending the reconstruction request to
the server side. The compressed data is transferred over
the network and received by a servlet on the cluster. The
servlet decompresses the data before starting the MAP re-
construction.

D. Network Connections

To evaluate performance over Internet2, the PC-cluster
server was connected through a 100mb/s network to the
University of Southern California backbone to Internet2.
The client computer containing the data was similarly con-
nected through the UCLA computer network. The link be-
tween USC and UCLA is part of the California Research
and Education Network-2 (CalREN-2). CalREN-2 is a
high-performance advanced-services network with a min-
imum communication bandwidth of 622Mbs.

III. Results

We performed reconstructions on our cluster using dif-
ferent numbers of nodes to assess the bene�t of using dis-
tributed processing. Figure 3 shows the performance gains
achieved on both the initialization and the main loop of the
program for reconstruction of HR+ 3D data. The chart
show that we achieved better than N=2 increases in pro-
cessing speed, where N is the number of nodes in the clus-
ter, for up to 8 nodes. Our performance begins to atten
with the 9th node, which reduced the iteration time of the
reconstructions by a factor of 4.36. This represents a signif-
icant performance gain over using a single dual-processor
machine. Figure 4 shows the key components of a recon-
struction iteration for the HR+ data as computed with dif-
ferent sized clusters. Forward and back projection clearly
dominate the computation time when the algorithm is per-
formed on a single node. As the number of nodes increases,
the times for these operations are greatly reduced. When
the ninth node is added to the cluster, the line search re-
quires almost as much time as the forward and back pro-
jection. This �gure indicates that to achieve further gains
by adding more nodes we must either distribute additional
processing or perform better load balancing.
Additional overhead for data transfers over Internet2

Allocation of iteration time for different cluster sizes
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Fig. 4. Usage of computing time in a single iteration of reconstruc-
tion. Forward projection lagtime is the di�erence between when
the head node �nishes its portion of the forward projection and
when all nodes are �nished; some of this time may be used by
the head node to perform additional computation.

were minimal. For example transfer of the combined trans-
mission and attenuation correction �le (80MB) in uncom-
pressed format took 54 seconds. from UCLA to USC.
Typically we can achieve 50-75% compression using the
compression applet which will reduce the transfer time to
between 27 and 13.5 seconds. However, the time taken
to compress the two �les is approximately 2 minutes on
a 450MHz UltraSPARC workstation, which exceeds the
transfer time required for the uncompressed �le. For sys-
tems with slower Internet connections, the trade-o� be-
tween compression and transfer times will be di�erent and
use of compression will be appropriate. This preliminary
study demonstrates the feasibility of using remote PC-
clusters for image reconstruction , particularly for PET
sites with access to fast networks. Furthermore, the cluster
presents a relatively low-cost approach to achieving prac-
tical reconstruction times in 3D iterative PET reconstruc-
tion.
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Abstract--.  Convergence proper ties of the Maximum
Likelihood Expectation Maximization (MLEM) algor ithm
depending on the activity distr ibution in the field of view is
extended to MLEM/Ordered Subsets EM (OSEM) where
different types of regular ization are applied.
I t will be shown that although different par ts of the image
converge at different rates, pure and post filtered
MLEM/OSEM achieves reasonably uniform resolution.
By contrast, inter  iteration filter ing (IF OSEM) with smoothing
filters, such as Gaussian, renders images with varying spatial
resolution that is dependent on the sur rounding activity.
Fur thermore, a similar  effect is noticed on images reconstructed
with MAP using a Gaussian root pr ior .
We conclude that resolution non-uniformity is entirely due to
the filter ing.

Index Terms—iterative reconstruction, OSEM, convergence,
resolution

I. INTRODUCTION

The major advantage of iterative over analytical algorithms is
the option of emission and detection process to be accurately
modelled [11]. Furthermore, iterative algorithms allow
statistical noise models to be included as well as
incorporation of prior knowledge.   Also, provided that some
kind of regularisation is used, images obtained with iterative
algorithms are more acceptable.
On the other hand, filter-back projection (FBP) as a linear
algorithm produces images which have nearly spatially
invariant, object independent resolution.

Pure MLEM/OSEM produces images which possess
unacceptable noise properties as the iteration number
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increases.  That is why regularisation is needed.   Different
types of regularisation can be used such as early stopping,
based on different criteria [9], inter-iteration filtering (IF)
where filtering is used in between the iterations [6,10], post
filtering where one keeps on iterating up to the convergence
after which post filtering is applied [12] as well as
incorporating penalty term in the objective function leading to
MAP algorithms [1,7,8].
Defining criteria for stopping the iteration before the image
becomes too noisy is very difficult since different parts of the
image converge at different rates leading to non-uniform and
object dependent resolution [1]. To avoid this problem post
filtering can be used after the convergence is achieved, but
this leads to long reconstruction times.
Previously it was shown that standard regularisation penalties
produce non-uniform resolution even for space-invariant
tomographs [2] and a modified penalty was proposed that
improved resolution properties.
This abstract concentrates on the non-uniform convergence
properties and the influence of the activity distribution
present in the image.
Even though some people desire and expect non-uniform
resolution based on the idea that high-counts regions provide
higher resolution as mentioned in [2], there are applications
where uniform resolution or at least object independent
resolution is of crucial importance.  One obvious application
would be to dynamic PET studies where there are different
activity distributions in different frames and hence different
resolution properties. Also, for cross-patient studies or single
patient studies taken over a period of time, the same
resolution properties across the image are desirable [3].
Post and inter–filtering as methods of regularising an image
were compared previously [6] and it was concluded that the
coefficient of variation (CV) and contrast of the inter-filtering
was slightly better.  However, that analysis did not account
for the distribution of the radioactivity in the image itself.
Our experiments show that smoothing filters, such as Metz
and Gaussian, incorporated directly into reconstruction either
as the part of the image updating process (inter-filtering) or
as a prior (MAP with Gaussian root prior) influence the
resolution properties of the object surrounded with a large
activity.  Images obtained in this way have spatially varying
resolution.
Section I reviews the algorithms used and the methods are
presented in Section II. The experimental results are

Object Dependency of Resolution and
Convergence Rate in OSEM with Filtering
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presented in Section III. Finally, we conclude with a
discussion.

I.ALGORITHM DESCRIPTION

Images for this study were reconstructed with OSEM through
various schemes.  OSEM requires projections to be organised
into a number of subsets.  The subsets were chosen as shown
in [6]. It is worth mentioning that one pass through all the
subsets is considered one full iteration.  The number of
subsets used was fixed to 10 subsets for all reconstructions.
A uniform image as a starting point was used in all
experiments.  In the case of post-filtering plain OSEM needed
to be run to the convergence after which images were filtered.
The convergence point was determined by the stability of
resolution/coefficient of variation.
Inter-iteration filtering incorporated filtering directly in the
reconstruction process where the filtering process itself was
applied at different intervals i.e. filtered every 5 subsets, every
10 and every 20.
Additionally, maximum a posteriori (MAP) with a Gaussian
root prior was implemented where it was assumed that
images are locally smooth and as such pass unaltered by
Gaussian filter.  Gaussian outputs a “weighted average”  of
each pixel's neighbourhood, with the average weighted more
towards the value of the central pixels and therefore
providing gentler smoothing than the one obtained with
simple averaging.  The prior will only be applied if the pixel
values possess huge variations.  The approach is similar to
median root prior but differs in that instead of smoothness,
privilege is given to those solutions, which are roots of the
median [8].
The reconstructions were implemented using the object-
oriented software library PARAPET [15,16].

II. METHODS

In the experimental study we have used simulated and real
data. The real data were obtained from a HiDAC, 3D small
animal PET scanner, which has about 1mm resolution.
The camera consists of four planar, rectangular detector
banks each consisting of 8 HiDAC modules, rotating
backwards and forwards every 6sec over 180°.
The data acquired in list mode was rebinned into 0.5mm bins
where the axial field of view was set to 100mm and diameter
to 60mm. The maximum acceptance angle was 59.03°
discretized in 15 steps.  We have used 160 views for the
rebinning, resulting in the projection data of size 15 × 160 ×
161.  Data were reconstructed on a grid 161 × 161 × 244
cubic voxels of side 0.5mm.
The simulated data was forward projected and the resulting
sinograms were used for reconstruction purposes. The sizes
and angles were the same as for the experimental data.

The effects of attenuation, scatter or noise were not simulated
so that only resolution effects could be examined.
Furthermore, we have simulated two cylinders and two line
sources placed such that one lied in between the cylinders and
the other one is placed a bit further apart.  The line sources
were longer than the cylinders.
The real data consisted of a 1h scan of a germanium cylinder
(external length 7.2cm and source length 6.2 cm with
external diameter 3.6cm and source diameter 3cm) with a
10cm long aluminum oxide ( Al2O3) filament line source
aligned to it.
These configurations are similar to the 2D case in [1], to
illustrate the effect of convergence of FWHM by surrounding
activity (Fig. 1a).
Resolution was measured by FWHM of the line source where
two values were recorded, one obtained from the part of the
line source surrounded with the activity and the other one
from the opposing end where there was no surrounding
activity present.
A Gaussian smoothing filter with FWHM = 2mm was used in
all experiments.  This filter was incorporated directly into the
reconstruction either after the normal OSEM image update
(inter filtering) or as a prior (MAP with Gaussian root prior)
or applied to the converged images reconstructed with pure
OSEM (post filtering).

III. EXPERIMENTAL RESULTS

The analysis of the inter filtered case showed that the part of
the image sandwiched between the two cylinders failed to
achieve the same resolution as the one obtained in the post
filtered case (Fig.1b and 1c).  This indicates that application
of inter filtering with smoothing filters renders images with
spatially varying resolution.  The more frequent the filter is
applied the bigger the difference in the resolution properties
between the two parts of the line sources (Fig. 2a). As the
frequency of filtering is decreased the effect is less
pronounced and the resolution properties approximate to the
nonregularized case (Fig. 2b).
Furthermore, images reconstructed with MAP with Gaussian
root prior showed that the same effect, i.e. non-uniform
resolution, is present (Fig. 1d)
We conclude that these resolution non–uniformities are due
exclusively to the filtering with smoothing filters (IF OSEM)
or the interaction between likelihood function and the prior
for MAP.  Moreover, resolution properties depend on the
object in the case of inter-iteration filtering whereas this
effect is not present in the case of post-filtering.  .
Similarly, simulations of the line source and the two cylinders
placed this time further apart did not show this effect.  Hence
showing the object dependency once again.
Furthermore, the real data was reconstructed using 3D pure
and post-filtered OSEM, IF OSEM where filtering was
performed as explained in section II. Once again it was



confirmed that smoothing filters incorporated in the
reconstruction produce images with spatially varying
resolution (Fig. 3).

IV. DISCUSSION

We have investigated object dependency and the convergence
rate in the pure and regularized OSEM (post/inter filtering)
as well as MAP with the Gaussian root prior.  It was found
that once a smoothing filter is applied either as a part of
image updating process (IF OSEM) or in MAP the obtained
images have spatially varying resolution depending on the
activity distribution in the image.
Figures 2a, 2b give a clear intuitive explanation for this
behavior in the interfiltering case.  There are two competing
effects on the FWHM. The normal OSEM update decreases
the FWHM, while the filtering step increases it.  At the
convergence, the balance between these two updates is
influenced by two factors: the frequency of filtering (higher
the frequency, higher FWHM) and the convergence rate of
pure OSEM in that point (slower convergence, higher
FWHM).   This latter factor gives an interesting connection
between the object dependency of the local convergence rate
and the resolution obtained in an inter filtering case.  It is
clear that this connection will also exists when filtering
occurs after every subitertaion, which in the case of  1 subset
is the original EMS algorithm.  It is also clear that exactly the
same behavior will happen in any algorithm, i.e. with
different update steps than (OS) EM, that uses interfilterinng.
This is because any algorithm will have different local
convergence rates depending on surrounding activity.  So we
generally conclude: for any iterative algorithm, interfiltering
with spatially invariant smoothing filtering will lead to object
dependent resolution.
This situation is very similar to the case analyzed in [4].
Instead of intefiltering, there, a (smoothing) filtering term is
added to the likelihood.  It was found that having a spatially
invariant penalty term leads to object dependent (and hence
non-uniform) resolution.  In this case, no obvious connection
with the convergence rate is present.  Indeed, the analysis in
[4] is independent of the algorithm used to find the MAP
maximum. In contrast, for interfiltering, the object
dependency will vary if a different algorithm is used, as the
local convergence rate would be different.
It is likely that, similar to the MAP case [3,4,5], uniform
resolution could be obtained in an interfiltering case by
adapting the filter locally.  We plan to investigate this in the
future.  To do this, the fixed-point equations for EMS (and its
variations) will have to be analyzed. This is worthwhile as we
found that when no surrounding activity is present,
interfiltering gives a better resolution vs. noise (measured as
CV in a uniform region) trade-off compared to postfiltering
(data not shown but see also [6]).

At the moment, it is unclear if a filtering approach is better
than using a penalty term. To investigate this, we included
some results on MAP with a Gaussian root prior. Although
this algorithm does not correspond to maximizing an
objective function (there is generally no penalty term
associated with a root prior), we used this algorithm because a
clear connection exists with the filter. We were surprised to
see (Fig. 1d) that the FWHM obtained by this algorithm is a
lot smaller than in the case of postfiltering (and hence
interfiltering). Obviously, this will depend on the choice of
beta, and one would have to look at the corresponding noise
properties. We leave this for future work.

Figure 1a.  Resolution vs. subiteration number (nonregularised OSEM) for two
parts of the line source (part of the line source aligned with a cylinder – triangles,
and part of the line source on its own – squares)

Figure 1b.  Resolution vs. subiteration number (post filtered OSEM) for two
parts of the line source (part of the line source aligned with a cylinder –triangles,
and part of the line source on its own – squares)

Figure 1c Resolution vs. subiteration number (inter filtered OSEM) for two parts
of the line source (part of the line source aligned with a cylinder –triangles, and
part of the line source on its own – squares)
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Figure 1d. Resolution vs. subiteration number (MAP with Gaussian root prior)
for two parts of the line source (part of the line source aligned with a cylinder –
triangles, and part of the line source on its own – squares)

Figure 2a. Resolution vs. subiteration number for inter-filtered OSEM where
filtering was applied twice in every full iteration

Figure 2b. Resolution vs. subiteration number for inter-filtered OSEM where
filtering was applied every four full iteration

Figure 3 Comparison of resolution vs. plane number for real data of inter and
post filtering
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 I. INTRODUCTION

Spiral Computed Tomography (CT) with area detectors is
of increasing interest for scanning large volumes in a short
time and achieving isotropic resolution. When the cone-angle
is large, exact reconstruction algorithms are needed which go
beyond approximate solutions.

A major problem of spiral cone-beam CT is the so-called
long-object problem, which concerns the exact reconstruction
of a region-of-interest (ROI) of a long object using projection
data of a pure spiral scan covering the ROI and its immediate
vicinity only. This problem has been recently solved with
different approaches: the Virtual Circle method [1], the Zero
Boundary method [2], and the Local ROI technique [3].
Although all these methods are theoretically justified, they
have different approaches and therefore some differences in
numerical behavior and in effectiveness are expected.

The purpose of this study is to evaluate the performances of
these algorithms regarding image quality and practicability.
Here, we concentrate on Filtered-Backprojection-type (FBP)
algorithms. A comparison between Radon- and FBP-based
algorithms for the Local ROI method can be found in [4].
Image quality is determined on the basis of image artifacts,
spatial resolution and noise properties. For practicability, the
computing time as well as the overscan range required for the
ROI reconstruction (i.e. the z-extension of the spiral below and
above the ROI) are compared.

 II. DESCRIPTION OF THE METHODS

The reconstruction of a short-object from axially truncated
projections can be performed with an exact (or quasi-exact) 3D
Filtered Backprojection (FBP) approach, as proposed in [5][6].
The method is based on the generalization of Grangeat's
formula for calculating the Radon data and requires the cone-
beam projections to be measured in some region B on the
detector which is bounded by the projection of the upper and of
the lower turn of the spiral. A straightforward implementation
of the filtering step is the 4-step algorithm, which consists in
performing some line integral derivatives on the cone-beam
projection, backprojecting them on a virtual detector (which is
large enough to cover the cone-beam projection of the whole
object) and applying a final derivative filter. Alternatively, the
filtering step can be carried out by convolution with an 1D

ramp filter plus some boundary correction term involving only
data at the boundaries of the region B [5][6] (these boundaries
will be referred below as the mask boundaries). The 4-step
algorithm is the basis of the Local ROI method whereas the 1D
ramp filter approach is the basis of the Virtual Circle and of
the Zero Boundary methods.

A. The Virtual Circle Method (VC)

One solution to the long-object problem is to add two
supplementary circle scans at the bottom and at the top of the
ROI [7]. However, this is not practical for medical imaging. It
can be shown that the particular projection data of the circle
scans needed for the reconstruction of the ROI can be
synthesized from the data of the spiral scan. Therefore a real
measurement of the circle scans is not necessary and the
synthesized data are regarded as virtual data.

B. The Zero Boundary Method (ZB)

Since only the data on the boundaries of the region B
cause troubles in the long-object problem, the Zero Boundary
method treats them separately. The image to be reconstructed
is expressed as the sum of two partial images. The first image
can be reconstructed such that its cone-beam projections are
equal to the data on the mask boundaries, exploiting the
property that each point in the field-of-view belongs to one and
only one PI-line. The second image can be reconstructed from
the projections with zeroed mask boundaries, using a standard
3D FBP with ramp filtering and cone-beam backprojection.

C.  The Local ROI Method (LR)

In the Local ROI technique [3], the Radon derivative data
are grouped on φ-planes (meridian planes) containing the z-
axis. The Radon derivative data on different φ-planes are
computed for different portions of the object, which are called
local ROI's. Each local ROI is defined by the parallel
projection of the spiral scan path onto the corresponding φ-
plane, so that the contributing cone beams are not
contaminated by object information outside the local ROI. A
(global) ROI consisting of the intersection of all local ROI's
can be reconstructed without interference from the parts of the
object outside the ROI. The Local ROI method was formulated
as a Radon-based algorithm [8], as well as an FBP-based 4-
step algorithm [9][10].



 III. SIMULATION EXPERIMENTS

Image quality is evaluated with simulated projection data.
The scanner geometry is based on standard parameters of
medical scanners: the radius of the focus path is 57 cm and the
detector is at the distance 43.5 cm from the z-axis. We take
1056 projections per rotation. We choose a table feed value of
12.8 cm per turn, which corresponds to a full cone-angle of
7.2°. For this large angle, approximate algorithms usually do
not perform well any more.

Different phantoms are used for this study: a 3D
anthropomorphic Head Phantom [11] for the investigation of
artifacts, simulated ideal delta points for the evaluation of
spatial resolution, and a homogeneous water sphere phantom
of 20 cm diameter for the study of noise properties. The
simulations are done for a flat detector with square pixels of
dimensions (0.88 mm)2, which corresponds to a square pixel
size of (0.5 mm)2 at the center of rotation. For the Head
phantom and the water sphere, the simulated detector has
512×256 pixels.

The VC and the ZB methods have been implemented as
originally published in [1] and [2], respectively. The filtering
of the 4-step in the LR method has been implemented with the
help of the linogram method [12], yielding an improvement in
efficiency and accuracy, compared to the original published
algorithm [10].

 IV. EVALUATION OF IMAGE QUALITY

A. Visual Image Impression and Artifacts

The reconstructions of the Head Phantom for the three
methods are shown in Fig. 1. The results of the reconstruction
of the whole object are compared with a ROI reconstruction.
For the whole object reconstruction, the spiral consists of 2.97
turns covering a z-range of [-19 cm, 19 cm]; the ROI
reconstruction is obtained from projections of 2 turns covering
the range [-12.8 cm, 12.8 cm]. The reconstructed volumes
consist of 5123 voxels of dimensions (0.5 mm)3.

Fig. 1: Reconstruction of the 3D Head phantom for the three different algorithms. First row: VC. Second row: ZB. Third row: LR.
a) xy-plane at z=0 b) yz-plane at x=0 with reconstruction of the whole object, c) yz-plane at x=0 with ROI reconstruction, d) difference
between b) and c) - Window settings: a) to c) (C50, W80)  d) (C0,W20)
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The images are of good quality for all algorithms. The
different objects of the phantom are well represented despite
the relatively large cone-angle. The ROI reconstruction does
not bring additional artifacts, which proves that the methods
for short- and long-object reconstructions are equivalent.

A noticeable artifact is the wave in the axial slice, which
comes from the small air bubbles of the right inner ear and is
present for all methods. At the moment, we do not understand
the origin of this artifact.

The ZB method presents some small artifacts in the region
of the frontal sinus, which is probably due to a resolution
mismatch between the 2 partial images. Some small artifacts
are also to be seen in the VC method. None of these artifacts
are present for the LR method, but we can notice
undershooting around some of the high contrast objects. This
undershooting is probably related to the calculation of the
derivative filters in the 4-step algorithm.

B. Spatial Resolution

We simulate an ideal delta point at the origin of the
coordinate system (x=y=z=0) and reconstruct the 3D Point
Spread Function (PSF) for each algorithm. The reconstruction
is performed with a voxel size of (0.02 mm)3.

The in-plane Modulation Transfer Function (MTF) is
obtained from the 3D PSF in the slice z=0 by averaging the
radial profiles over all angles and performing a subsequent
Hankel transform (see Fig. 2).
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Fig. 2: In-plane MTF for the LR (solid line), the VC (dashed line)
and the ZB method (dotted line). The Nyquist frequency is 10 lp/cm.

The VC and ZB methods should have a similar behavior
since they both apply a ramp filter. The difference noted here
comes from the difference in the current implementations since
the ZB method uses a Hamming window in comparison to the
Shepp-Logan window used for the VC method. This also
explains why the MTF of the VC method extends beyond the
Nyquist frequency, thus causing a risk of aliasing. The ZB and
LR algorithms cut off at the Nyquist frequency, while LR
yields better frequency representations than ZB.

To characterize in-plane resolution, we choose the 5% value
(ρ5) of the in-plane MTF value. The values can be found in
Table 1. A Nyquist frequency of 10 lp/cm is expected from the
horizontal detector aperture.

To determine axial resolution, we calculate the Slice
Sensitivity Profile (SSP) which is derived from the 3D PSF by

taking the profile along z at the position x=y=0 (see Fig. 3).
Axial resolution is characterized by the value of the Full Width
at Half Maximum (FWHM) of the SSP (see Table 1).
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Fig. 3: SSP for the LR (solid line), the VC (dashed line) and the
ZB method (dotted line)

The VC and the ZB methods have an identical SSP since
they are almost equivalent in the axial direction (no filtering).
We obtain a FWHM of about 1.27 collimated slices. The axial
resolution of the LR method is less good (about 1.5 collimated
slice widths). Moreover, we notice the undershooting already
seen in Fig.1.

Note that the PSF’s of the algorithms are shift-variant due
to the magnification effect of the cone-beam backprojection.

Table 1
In-plane / axial spatial resolutions and noise level

for the three methods

LR VC ZB

ρ5 [lp/cm] 8.7 12.5 7.9

FWHMSSP [cm] 0.074 0.063 0.064

σNoise [HU] 9.7 14.2 6.7

C. Noise Properties

In order to model real quanta noise, we add attenuation
dependent randomized gaussian noise to the original intensity
projections before taking the logarithm. To compare the noise
performances of the algorithms, we simulate and reconstruct a
sphere of diameter 20 cm of constant density. As a measure of
noise, the standard deviation of pixel gray values is evaluated
in an area of (2 cm × 2 cm) centered in the slice z=0.

The amount of noise is strongly related to spatial resolution
(see Table 1). Thus, the VC method with its superior spatial
resolution shows more noise than the other methods.

 V. PRACTICABILITY

A. Overscan

As shown in Fig. 1.c, the three methods require different
overscan ranges to reconstruct a ROI. This overscan depends
on the transaxial radius of the ROI (see Fig. 4). For objects of
small radius (radius < 0.5 of the scan path radius), the LR
method needs a larger overscan than the other two methods.
The minimum spiral length required for exact ROI



reconstruction is still unclear and is subject to further
investigations.
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Fig. 4: Overscan expressed in terms of turns of the spiral as a
function of the radius of the object: LR (solid line), VC (dashed line)
and ZB method (dotted line).

For the Head Phantom (maximal object radius = 12 cm),
we find overscan values of  4.6 cm, 5.2 cm and 10 cm along
the z-axis for the VC, ZB and LR methods, respectively, which
corresponds to a minimal theoretical ROI size of 16.4 cm, 15.2
cm and 5.6 cm. Since the object is not a cylinder but an
ellipsoid, the real size of the ROI’s might be larger. Note that
the ROI that can be exactly reconstructed usually is not
cylindrical but has slanted edges with respect to the xy-plane.

B. Reconstruction Time

The reconstruction time of the three non-optimized
implementations presented here for the reconstruction of the
ROI of the Head phantom are given in Table 2. The times have
been obtained on a Pentium 450MHz with 512 MB memory.

The reconstruction times are quite long in comparison to
standard 2D CT reconstruction algorithms. The VC and ZB
methods are much faster than the LR method because of the
simple filtering step. The ZB method requires more effort due
to the separate treatment of the projection data on the mask
boundaries consisting of 3D re- and backprojection, but on the
other hand the backprojection is much faster since the size of
the filtered detector is smaller.

Table 2
Reconstruction time in hours for the ROI reconstruction of Fig. 1.c.

LR VC ZB

100 45 51

C. Data Handling

The VC and LR methods are quite attractive since they are
of real FBP-type. The ZB method in comparison requires
many steps for creating the 2 partial images and therefore also
a lot of disk memory to save the temporary results. On the
other hand, the FBP for VC and LR has to be done on a virtual
detector which is much larger than the original detector
depending on the reconstructed ROI size, whereas the FBP of
ZB can be done on the original detector. However it is possible
to perform multi ROI reconstructions as proposed in [1].

 VI. CONCLUSION

All three algorithms achieve an image quality good enough
to match the requirements of clinical applications. However,
the long computation times are prohibitive for any usage
beyond research applications.

In terms of image quality, all algorithms investigated here
are comparable. It turns out that the three algorithms have a
good stability and that the main factor affecting the image
quality of the reconstructions is the filter design. In the current
implementations, the images of the LR method show less
artifacts, while the VC algorithm yields the higher spatial
resolution. In terms of practicability, the VC method is
superior to the ZB and LR methods. For most clinical
applications, it requires fewer projections and less computing
time to reconstruct a given ROI. The overscan strongly
depends on the size of the objects; while the LR method is not
competitive for small objects (e.g. head), the amount of
overscan is comparable for larger objects like thorax or
abdomen.
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Abstract 

 

In backprojection cone beam CT each cone beam image is 
first filtered, then 3D backprojected into the object space.  
In this paper the filtering point spread function (PSF) is 
derived analytically.  It is found that the PSF is in the form 
of 1D Hilbert transforms.  The PSF finds applications in a 
number of aspects in long object imaging, including 
backprojection implementation of the local ROI algorithm, 
elimination of the second intersection artifact, reduced 
pitch spiral scanning for increased S/N, and reduction of 
spiral overscan in long object imaging.   
 
 
I.  Filtering point spread function 
 

Backprojection cone beam image reconstruction [1,2,8,9] 
consists of two steps: a 2D step and a 3D step.  First, each 
cone beam image undergoes 2D filtering.  Then the filtered 
image is backprojected into the object space in the 3D step.  
2D filtering consists of the following 4 sub-steps: (1) 1D 
projection of the cone beam image at angle θ; (2) 
Differentiation of the projections; (3) Backprojection of the 
projection derivative in the same direction.  Sub-steps (1) 
through (3) are carried out for θ in the angular range [η-
π/2, η+π/2] forming a backprojection image, where η is the 
angular displacement (from the u axis) of the direction t

�
 

which is the projection of the scan path tangent on the 
detector.  Finally, (4) take the derivative of the 
backprojection image in the projected scan path direction 
t
�

.  The filtered image Y after these 4 sub-steps can be 
written as: 
 
 Y = Dt{ ])()P()D[B(d )r( θθθθ θ∫ }M(X)        (1)    

 
where  X is the cone beam image, M the data-combination 
masking operation [5], P(θ) the projection operation in the 
direction θ, Dr(θ) the differentiation operation w.r.t. the 
spatial variable r for the projection at angle θ, B(θ) the 
backprojection operation in the direction θ, and Dt the 
differentiation (spatial) operation in the projected scan path 
direction t

�
.  The reason that the projection and 

backprojection operations in Equation (1) are carried out for 
θ in the angular range [η-π/2, η+π/2] is to ensure that the 
product of the derivative d/dt with d/dr has the same sign 
for all the angles within the range; otherwise the signs of 
the product at different angles will be inconsistent. 

 
The sub-steps (1) through (3) can be combined into a 1D 
convolution step as follows: 
 
Theorem 1.  The combined operations of sub-steps (1) 
through (3) in the angular range [χ-π/2, χ+π/2] is 
equivalent to the 1D Hilbert transform in the direction of 
the unit vector χ�  which makes an angle χ with the detector 

u axis:   
 

 ∫
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&& ,                           (2) 

where χ&H  is the 1-D Hilbert transform in the direction of 

the unit vector χ� . χ&H  can be expressed as a 2-D function 

in Fourier space 

 )sign()( kikH
���
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For the cases where the projection/backprojection angular 
range is less than π, we have the following results: 
 
Theorem 2.  The combined operations of sub-steps (1) 
through (3) in the angular range [θ1, θ2], where θ1 ∈  [η-
π/2, η+π/2] and θ2 ∈  [η-π/2, η+π/2], is equivalent to the 
sum of two 1D Hilbert transforms:  
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II  Backprojection implementation of local ROI algorithm 
 

An exact backprojection driven spiral scan cone beam CT 
algorithm for ROI reconstruction using the local ROI 
technique was reported in [3,4].  For views in the interior of 
the spiral where the entire cone beam images undergo the 
filtering operation in Equation (1), the 2D filtering 
operation can be simplified to the efficient 1D ramp 
filtering operation in the direction t

�
.  For the views near 

the two ends of the spiral, the projection operation P(θ) is 
applied to only part of the masked cone beam image M(X).  
This is illustrated in Figure 1 which shows the projection 
operation for the cone beam images in the view angular 
range [π, 2π] measured from the spiral top.  The point C0 
on the u axis is determined by the angular displacement of 
the current source position from the spiral top.  During the 
projection operation, the line integrals on line segments 
which cross the u axis to the left of C0 are computed 

 



  

between the u axis and the bottom mask boundary, and the 
line integrals on line segments which cross the u axis to the 
right of C 0 are computed between the top and the bottom 
mask boundary.  
 
Applying Equations (2) and (4) yields the result that the 

d [B( )D ( )P( )rθ θ θ θ∫ ]  portion of the 2D filtering can be 

formulated as a superposition of spatially variant 1-D 
Hilbert transforms tH & , uH &  and ),( vuH ρ&  in the directions t

�
 

of the projection of the tangent of the spiral path, u
�

 of the 
horizontal detector axis and ),( vuρ�  of the unit vector 

pointing from the point C0 to the detector pixel (u,v), 
respectively [10].  These 1-D Hilbert transforms are 
illustrated in Figure 2. 
 
 
 

 
Figure 1.   Limits for integration line segments for source 

positions in the angular range [π,2π] from the spiral 
top  

 
 
 
 

 
Figure 2: 1-D Hilbert transforms contributing to the 

filtering of a cone-beam projection around the 
upper border of the ROI as illustrated in Figure 1 

 
 

 
III. Elimination of Second Intersection Artifacts 
 
A key part of the exact spiral cone beam CT reconstruction 
algorithm is the masking operation M to restrict the 
projection data to the appropriate angular range required 
for data combination [5].  The mask consists of a top curve 
and a bottom curve formed by projecting on the detector 
the spiral turn above and the turn below from the current 
source position.  Such masking procedure corresponds for 
the most part to the angular range bound by the prior and 
the subsequent source positions for data combination.  
Portions of some line integrals intersecting the mask, 
however, do not conform to the proper data combination 
angular range.  Consider the top mask boundary and the 
line L illustrated in Figure 3, where the spiral path which 
projects onto the mask boundary scans from right to left.  
Line L intersects the mask boundary at 2 points M1 and M2, 
in other words the integration plane defined by the line L 
and the current source position intersects the scan path at 
M1, M2, and the current source position.  It can be easily 
seen that M1 is the next source position after the current 
one, and M2 is the next source position after M1.  Thus the 
portion of the line segment that corresponds to the data 
combination angular range, i.e. the x-ray data in the angular 
range bounded by the previous source position below and 
the next source position above, is the segment to the right 
of M1.  It is this segment alone that should be included in 
the projection operation P(θ), i.e. line integration. 

Figure 3. A line of integration intersecting the top mask 
two times. 

 
 
 
In the literature it has been shown [8,9] that the filtering 
operation of Equation (1) can be simplified using 
techniques such as 1D ramp filtering, Fourier space 
convolution, or linogram.  In arriving at these results it is 
assumed that the entire line segment is included in the 
projection operation.  That is to say not only the segment to 
the right of M1 but also the segment to the left of M2 is 
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included in the projection operation.  Such unneeded 
contribution to projection occurs whenever the line of 
integration intersects the mask boundary more than once.  
We refer to such cases as second intersection artifacts. 
 
Errors arising from such line integration occur on the line 
segment after the second intersection point M2. A method 
to correct for these artifacts in backprojection cone beam 
CT image reconstruction was reported in [6].  It was shown 
that the projection lines that intersect the top mask 
boundary more than once are those that lie within the 
angular range �

�
�= [τ(-W/2)-π/2, τ(∞)+π/2], where τ(∞) is 

the angle the tangent to the top mask boundary at u = ∞ 
makes with the u axis, τ (-W/2) is the angle the tangent to 
the top mask boundary at the left edge u = -W/2 of the 
detector makes with the u axis; τ(∞) = η = tan-1(h/2πa) is 
also the angle of the projection of the scan path direction on 
the detector.  For the correction of the second intersection 
artifacts for the upper mask boundary, the combined 
operation BDrP is applied to the cone beam image in the 
limited angular range θ ∈  �

�
�on the affected portions of 

the line segments.  Applying Equations (2) and (4) yields 
the result that the d [B( )D ( )P( )rθ θ θ θ∫ ]  portion of the 2D 

filtering results in two Hilbert transforms: (½ tH & ) in the 

directions t
�

 of the projection of the tangent of the spiral 
path, and (½ α&H ) in the direction of the unit vector α�  of 

the line which makes an angle α ∈ �
�
 with the detector u 

axis, intersects the pixel to be filtered, and tangential to the 
mask boundary.  These two Hilbert transforms are sketched 
in Figure 4a and 4b respectively.  

 
Figure 4.  1D Hilbert transforms: a. tH &    b. α&H  

 
 
 
 
IV.   Increasing S/N with reduced pitch scanning 
 
Increase the x-ray dosage in spiral cone beam scan to obtain 
higher S/N can be achieved by reducing the spiral pitch to 
1/3, 1/5, 1/7,…, of the original spiral pitch [11].  Take the 
case of pitch = 1/3.  Instead of combining cone beam data 
using the standard mask [5], the masked formed by 
projecting on the detector the second spiral turn above and 
the second turn below from the current source position is 
used.  Data combination performed in this way contains 
overlapping portions, and the overlap is such that there is a 
data redundancy of factor 3.  With the reduced pitch = 1/3, 
the modified mask boundary is the cone beam projection 
from the current source position of the second spiral turn 
above and the second spiral turn below, rather than the 
spiral turn above and the spiral turn below.  Since there are 
approximately 3 times the number of source positions in the 
pitch = 1/3 scan compared to the pitch = 1 scan, the total 
radiation exposure in the former is thus increased threefold 
compared to that of the latter, resulting in higher signal-to-
noise ratio. 
 
There is a flaw in this method, however, because a small 
number of integration planes which intersect the spiral path 
only once also intersect the spiral path with reduced pitch 
only once rather than 3 times.  To correct for this flaw, one 
solution is to calculate the contribution of these integration 
planes to the cone beam image filtered with the combined 
operation BDrP, multiply this portion by a factor of 2, and 
add the result to the filtered cone beam image.  The 
procedure is as follows.  Construct the two common 
tangents at angles τ(∞) and τ(-∞) respectively connecting 
the top and bottom mask boundary curves diagonally.  Then 
apply the combined operation BDrP to the cone beam 
image in the limited angular range θ ∈  �

�
�= [τ(-∞)-

π/2, τ(∞)+π/2], and only to those projections which do not 
intersect either the top or the bottom mask boundary.  
Applying Equations (2) and (4) yields the result that the 
procedure can be simplified as follows: for each angle 
α ∈ �

�
, 1D Hilbert transform along the 2 lines in the 

direction of the unit vector α�  which makes an angle α with 
the detector u axis and are tangential to the top and the 
bottom mask boundaries respectively.  This procedure is 
illustrated in Figure 5.    
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Figure 5. 1D Hilbert transforms illustrated at 2 of the 

angles ∈ �
�
.  

 
 
V.   Reduction of spiral overscan in long object solution 
 
The results in Equations (2) and (4) are also applied to 
reduce the amount of overscan in the backprojection local 
ROI algorithm [3,4].  Briefly, the Hilbert transforms shown 
in Figure 2 can be used to determine which portion of the 
ROI is affected by the cone beam data at each source 
position near the spiral ends; those data that do not affect 
the ROI will not be needed.  The details will be presented in 
[7].  
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Hilbert transform along all tangents to each mask boundary
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I. INTRODUCTION

Only in the recent past cardiac volume imaging with CT
was boosted to high quality imaging using multislice
detector technology. Whereas magnetic resonance imaging
is highly effective imaging the morphology and functional
dynamics of the human heart due to its excellent low
contrast detectibility and its capability of diffusion imaging,
CT has its domaine in detecting coronary artery disease by
visualizing the coronary anatomy. Hence it can
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Siemenstr. 1, 91301 Forchheim, Germany,
Phone: +49-9191-188793
Fax:     +49-9191-189996
e-mail: herbert.bruder@med.siemens.de

be very useful to detect stenotic malformations and in case
of negative prediction avoid additional catheter study with
classical angiography. Moreover, cardiac CT imaging might
have the potential to detect soft plaques in an early stage of
development thus providing a powerful tool to diagnose
risk for infarction. Early cardiac CT techniques using
prospective triggering in sequence mode are now extended
by retrospective imaging methods in spiral scanning. The
breakthrough of this technology came with multislice
detectors in the last two years [1],[2]. Calcium scoring, for
example, thus becomes a reliable and efficient tool to
predict plaque frequency and increase in the coronary
arteries [3].
Cardiac volume imaging currently implemented with four
slice detector systems is characterized by continous data
sampling and retrospective volume reconstruction of the
human heart at any phase in the heart cycle. In principle the
temporal resolution is adjustable. In clinical use, however,
single and biphasic reconstruction using one or two heart
cycles generating one dataset for a single image proved to
be sufficient.
 The method, however, neglects the cone angle of multislice
data and hence is suitable only for a small number of
detector slices. In addition, in order to generate a new
volume stack for a new selectable heart phase a repeated
reconstruction has to be performed for the whole image
volume. These disadvantages can be overcome by using the
method proposed in this paper. The basic idea is to
reconstruct a set of segmented (tilted) volume stacks called
booklets consisting of several booklet pages which in a
second step, are reformatted to axially segmented volume
stacks, and only in a third step these are temporally
rebinned to a complete CT dataset for any selected heart
phase selected.

II. METHOD
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In this section we will give a short description of the basics
of Segmented Multiple Plane Reconstruction (SMPR)
which will be presented in detail at this same conference in
another presentation. This new reconstruction scheme for
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multislice spiral CT is based on the idea that the spiral
focus path can be decomposed into small, overlapping
segments s0. One turn of the spiral is divided into Nseg

subsegments. In each of  these segments a stack of image
pages Is0,t(x,y) called booklet are defined (1≤ t ≤ Ntilt; Ntilt

denotes the number of booklet pages, which should at least
equal the number of detector slices). The image pages are
tilted in two directions in order to optimally fit the spiral
path and  to optimally use the multislice detector data. For
each of these pages a set of x-rays is identified to be used
for convolution and conventional 2D-backprojection. Due
to the tilt of the segment pages the foci associated with
these x-rays are very close to the corresponding page, thus
largely avoiding cone artifacts. We use the parallel
geometry in order to employ a 2D- Fourier backprojection
algorithm for image reconstruction.
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After 2D-backprojection a set of image pages for each
segment booklet is generated which for themselves do not
represent  CT images, because only a small number of
projections according to the length of the predefined
segments are utilized for each  2D-backprojection.
In a first step this stack of tilted booklet pages  has to be
reformatted to axial segment images located at different
image positions zimg. This is required because the x-rays
used for each separate backprojection  are adapted to tilted
booklet pages.  An axial segment page Iso,

zimg at z-position
zimg is calculated  using the following equation:

),(,0)),((
),(

1
),( ������

���	���	
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��� ⋅∑ −⋅=   (1)

The weighting function h controls the reconstruction slice-
width, H represents the sum of all weights and zt(x,y)
denotes the pixel-dependent z-position of the booklet page
Is0,t(x,y).
After reformation a stack of segmented axial booklet pages
is generated, which for themselves still do not represent
complete CT images.  Most importantly, each reformattet
segment booklet corresponds to a time coordinate of the
simultaneously recorded ECG, thus a phase consistent
formation of complete CT images is possible as described
in the next section.
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The volume reformation described in the previous section
has to be performed for each of the segment booklets to
cover the whole image volume of the heart. Thus, for each
segment s0, an image volume stack Vz0,s0 is generated. In a
second step, the axial segment images of the volume stacks
have to be temporally rebinned and  added to complete CT
images.

For this purpose a set of corresponding time coordinates
T0,n are extracted in each heart cycle of the patient’s ECG,
which has been recorded simultaneously to the scanning
procedure (1≤n≤N; N number of heart cycles contained in
the ECG). For each z-position  zimg we have to identify
Nseg/2 axial segment images which have to complement
each other to an angular range of π. Appropriate segments
can be retrieved either from one heart cycle in case of
single phase rebinning or from a multitude of heart cycles
in case of multiphasic rebinning. In principle, using a
multitude of heart cycles for temporal rebinning provides
adjustable temporal resolution.
However, in this study we restrict ourselves to single and
biphasic rebinning algorithms, respectively (Fig 2). For a
scanner rotation time of Trot=0.5s which is provided by
almost all advanced commercial scanners thus we get a
temporal resolution  of at least 250 ms, which in case of
biphasic rebinning is even superior. We present an
algorithm which automatically decides whether single
phase or biphasic rebinning is used. The rebinning mode
depends on the actual patient’s heart rate.
In case of biphasic rebinning the CT dataset is composed of
segments acquired in consecutive heart cycles. The number
of segments ∆s1, retrieved from the first heart cycle is given
by:
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TH denotes the length of the first heart cycle.
Hence we conclude that the single phase mode is active, if
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'% . Then ∆s1 ≥ Nseg/2, which means

that all of the segments required to complete a CT dataset to
an  angular range of  π are retrieved from only one heart
cycle.
The single phase mode is also activated at heart rates below
a certain threshold depending on the pitch. The temporal
resolution in case of biphasic rebinning  is given by
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where ∆s2 denotes the length of the second data sector
sampled in the second heart cycle.

If  a new  heart phase T1,n is selected, the presented
algorithm allows for a very fast rebinning of a new volume
stack belonging to the desired heart phase by only adding
other suitable axial segment images to complete a CT
image. Nowadays cardiac volume imaging algorithms



repeatedly have to reconstruct a new volume stack for each
change of heart phase. A fast change of heart phase,
however, is very useful for adjusting the appropriate time
instant to image coronary anatomy properly.
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In order to guarantee gapless volume coverage of the heart
volume it is required to adjust the table feed. The z-
coverage zV  of  each axial segment volume stack depends
on the number of detector slices Nr and  is given by:
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where S is the collimated slice-width and f ≤1 denotes a
geometrical factor which restricts the size of the target
volume due to the obliqueness of the pages in each booklet.
Hence, the precise value of f also depends on the image
field of view. As can be seen from fig. 2 in case of the
biphasic rebinning mode the spiral feed must not exceed
half of the z-coverage zV in consecutive heart cycles. Due to
the possibility of interpolating missing pages at the top or
the bottom of a segment booklet this limitation can be
relaxed. Putting all together, in case of the biphasic
rebinning mode a maximum table feed characterized by the
maximum pitch value pmax can be calculated (here the pitch
is defined as table feed per spiral rotation divided by the
collimated slice-width):

)1)1((
max

+−⋅⋅≤ �(�
'%

���%
� (4)

In case of the single phase rebinning mode pmax is given by:
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As an example: for a 16 slice detector with gantry rotation
time Trot=0.5s and f = 0.85 we get the following pitch
values pmax:

60 bpm: pmax ≤ 6.6 (single phase rebinning)

90 bpm: pmax ≤ 5.5 (biphasic rebinning)
(bpm=beats per minute).

Using a collimated slice-width of S = 1mm the entire heart
can be scanned in about 11s! even if the biphasic rebinning
mode is applied.  As can be derived from equation (3) the
temporal resolution is in the range of 125 – 250 ms for a
0.5s rotation scanner.

III. SIMULATION RESULTS

We present a simulation study based on a semi-
anthropomorphic phantom of the human heart and thorax.
In order to demonstrate the potential of the Segmented
Cardiac Volume Reconstruction we simulated a realistic
dynamic behaviour of the coronary arteries. We show axial
and Multi-Planar-Reformattings (MPRs) for a 16 slice
detector system.
Excellent image quality is achieved both in the single phase
and biphasic rebinning mode at different heart rate (Fig 3).

IV. CONCLUSION

A new cardiac volume reconstruction technique, called
Segmented Cardiac Volume Reconstruction (SCVR) has
been presented. The method is based on an algorithm which
takes into account the conical shape of projection data in
multislice CT. Thus the new algorithm is well suited for
multislice data with a large number of detector slices. In
addition, the new algorithm allows a very fast recalculation
of an image volume for a new selection of the heart phase
within the heart cycle. This is a major advantage when
adjusting the appropriate heart phase in order to visualize
the coronary arteries. We think that SCVR will become the
method of choice for cardiac imaging when larger cone
angles in multislice CT, become more common place.
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Fig 1: Parallel projection view of  a segment booklet for a
16 slice detector. For better visibility, only four of the
booklet pages are shown. In addition the virtual detector
located in the center of rotation (Dc)  and the physical
detector (DP) are shown. It should be pointed out that a
curved physical detector in fan-beam geometry will show
up as a concave detector after horizontal parallel rebinning
of multislice detector data

Fig 2 Principle of the Segmented Cardiac Volume
Reconstruction (SCVR). The segmented volume stacks are
reformatted to axial segmented volume stacks. In a second
step a temporal rebinning procedure using temporal
information from the patients ECG retrieves phase
consistent segmented volume data and adds them to
complete CT-images at the desired z-positions zimg. The
biphasic rebinning mode is shown in the figure below.

Fig 3: Oblique MPR of anthropomorphic heart phantom. A
16 slice detector with 1 mm collimated slice-width
operating at pitch 6 was simulated. At a heart frequency of
90 bpm the biphasic rebinning mode was active. Both
calcium and soft plaques are clearly delineated in the model
of coronary artery.
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Abstract-- We are developing a micro-computed tomography 
for imaging lung nodules. The purpose is to enhance the 
physician performance in accessing the micro architecture of 
the nodule for classification between malignant and benign 
nodules. The basic components of the micro CT consist of a 
microfocus X-ray source, a specimen manipulator, an image 
intensifier detector coupled to charge-coupled device camera 
and an image processing unit. Three-dimensional image 
reconstruction was performed on a slice by slice technique. A 
standard fan-beam convolution and back-projection algorithm 
was used to reconstruct the center plane intersecting the X-ray 
source. The preprocessing of the 3-D image reconstruction 
included the correction of the geometrical distortions and the 
shading artifact introduced by the image intensifier. The main 
advantage of the system is to obtain a high spatial resolution 
which ranges between 5 mmmm  and 25 mmmm . In this work we report 
on preliminary studies performed with the micro CT for 
imaging resected tissues of normal and abnormal lung. 
Experimental results reveal micro architecture of lung tissues, 
such as alveolar wall, septal wall of pulmonary lobule, and 
bronchiole. From the results, the micro CT is expected to have 
interesting potentials for high confidential differential 
diagnosis. 

I. INTRODUCTION 

Lung cancer is the leading cause of cancer deaths in the 
world. Early detection and treatment of lung cancers are 
crucially important to achieve high survival rate. There is 
hope in the possibility of early detection of lung cancer with 
the helical low-dose CT [1]. Computer-aided diagnosis is a 
promising approach to detect suspicious lesions on the 
thoracic CT images and alert physicians to these regions 
[2]. The detailed examinations of the small nodule lesions 
depend on the malignant potential. The differential 
diagnosis is ordinarily concluded by histological diagnosis 
from biopsy. It is often the case that biopsy technique 
becomes difficult according to nodule size is small. The 
advance of CT technology, such as a multi-slice CT 
scanner, provide fully 3-D images of pulmonary nodules 
with a high spatial resolution which ranges between 300 
and 500 mµ . There has been a considerable amount of 
interest in the use of 3-D thoracic CT images to observe 
small pulmonary nodules for differential diagnosis [3].  A 
number of investigators have developed feature extraction 
and classification methods for characterizing pulmonary 
nodules [4]-[8]. However, these spatial resolutions have 
limitation for the quantitative diagnosis of micro tissues that 
form the small pulmonary nodule. Then, it becomes 
necessary to develop a micro-computed tomography which 
enables to analyze the micro architecture of lung tissues.  

In recent years, there has been an increasing interest for 
developing the micro CT system. Ruegsegger et al. 
developed two systems based on multiple fan beam scanner 
[9]. One of their systems is realized for bone samples and 
small laboratory animals with a spatial resolution of 20 mµ
and another system is used for the examination of patients 
with a spatial resolution of 120 mµ . Johson et al. developed 
a volumetric micro CT with a spatial resolution of 
50 mµ based on cone-beam scanner for quantification of 
pulmonary arterial wall [10]. Since the size of lung tissue 
such as alveolar wall is the order of several mµ , a 
visualization of lung tissues requires the higher spatial 
resolution. Ritman et al reported that the spatial resolution 
of 2 mµ was achieved with synchrotron X-rays [11]. The 
spatial instruments require realizing the synchrotron-based 
system. 

We present a micro CT system for analysis the micro 
architecture of lung tissues. The basic components 
consisted of a microfocus X-ray source, a specimen 
manipulator, an image intensifier detector coupled to 
charge-coupled device camera and an image processing 
unit. From results of the application to normal and 
abnormal lung tissues, we will demonstrate the availability 
of the micro CT for analysis of the lung micro architecture. 

II. METHODS 

Fig. 1 shows the block diagram of the micro CT. The CT 
mainly consists of a microfocus X-ray source, a specimen 
manipulator, an image intensifier detector coupled to CCD 
camera and an image processing unit. The minimal size of 
the microfocus X-ray source is 7 mµ . The detector size of II 
can be chosen from three different sizes of 9, 6, 4.5 inch. 
The CCD array has three different areas corresponding to 
the II size with 1300 by 1030 pixels or 1300 by 512 pixels. 
The source-to-specimen distance and source-to-detector 
distance can be varied to obtain the desired magnification. 
The micromanipulator precisely positions the specimen 
table in the X-ray beams and rotates it under computer 
control through 360 degrees for projection data acquisition. 
This system can handle objects up to 200mm in diameter 
and up to 200mm in height. The acquisition time of 1800 
views through 360 degrees is approximately one minute. 
The table position and motions and camera operations are 
under the control of the host computer with two CPUs 
(Pentium III Xeon, 500MHz) and 512MB main memory. 
The host computer receives the projection images and 
performs all data preprocessing, and image reconstruction is 
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Fig.1.  System overview 

Fig.2. Abnormal tissue (peripheral type of lung
adenocarcinoma)  (a) Resected lung tissue.  (b) Optical
microscope image. (c) Soft X-ray image. 

(a)

(b) 
Fig.3. Micro CT images of the abnormal lung tissue.
(peripheral type of lung adenocarcinoma)  (a) Resolution :
24 mµ . (b) Resolution : 6 mµ .

performed. Since the system geometry is a cone-beam 
geometry with a single circular orbit of the X-ray source, it 
is possible to apply cone beam reconstruction techniques
[13] based on the Feldkamp algorithm [12]. These 
techniques provide approximate 3-D reconstructed images 
because they do not satisfy sufficiently the requirement for 
exactly 3-D image reconstruction [14]. In this CT, a 
standard fan-beam convolution and back-projection 
algorithm is used to precisely reconstruct the center plane 
intersecting the X-ray source. The preprocessing of the 3-D 
image reconstruction includes the correction of the 
geometrical distortions and the shading artifact introduced 
by II. The spatial resolution on the CT image ranges 
between 5 mµ  and 25 mµ . The slice thickness is achieved up 

to the order of several mµ .

III. RESULTS 

In the preliminary study, we investigate how the spatial 
resolution affects on quantitative diagnosis of micro lung 
tissues. We used three kinds of lung tissues, normal lung 
tissue, peripheral type of lung adenocarcinoma, and 
pulmonary adenocarcinoma in emphysematous lung.  In 
order to compare between two different spatial resolutions 
in micro CT images, we reconstructed two volumetric 
micro CT images with different resolution of 6 mµ  and 
24 mµ  for each lung tissue specimen. The measurement 
condition used in this experiment is as follows; the size of 
the microfocus X-ray : 9 mµ , X-ray tube current : 0.1mA, 
X-ray tube voltage : 60kV, slice thicknesses : 6 mµ  and 
24 mµ , and the number of slice : 30slices. Each tissue is 
reconstructed into 1024 x 1024 x 30 cubic voxels (each 
voxel has 6 mµ  or 24 mµ  on a side). 

Fig.2 shows the resected specimen, optical microscopic 
image, and soft X-ray image of the peripheral type of lung 
adenocarcinoma. In these figures the width of the alveolar 
wall where cancer cells are spread ranges from 12 mµ  to 
59 mµ . Fig. 3 shows the peripheral type of lung 
adenocarcinoma with two different spatial resolutions of 
24 mµ  and 6 mµ . Using the resolution of 24 mµ , the alveolar 
wall of abnormal area is revealed due to wall thickening, 

while the alveolar wall of normal area can not be identified. 
With the resolution of 6 mµ , the alveolar walls of both 
normal and abnormal areas can be easy to identify.  Fig. 4 
shows the 3-D display of the stacked slices of the peripheral 
type of lung adenocarcinoma with two spatial resolution of 
24 mµ  and 6 mµ . Using the resolution of 24 mµ , the 3-D 

Host computer 
Micro CT system 



(a)

(b) 
Fig.4. 3-D display of the stacked Micro CT images of the
abnormal lung tissue (peripheral type of lung
adenocarcinoma)  Resolution : 24 mµ . (b) Resolution : 6 mµ .

Fig. 5. Abnormal tissue (pulmonary adenocarcinoma in
emphysematous lung)  (a) Resected lung tissue.  (b) Optical
microscope image. (c) Soft X-ray image. 

structure of  the alveolar wall of abnormal area can be easy 
to identify. While with the resolution of 6 mµ , the 3-D 
structure of the alveolar walls of both normal and abnormal 
areas are revealed. 

Fig. 5 shows the resected specimen, optical microscopic 
image, and soft X-ray image of the pulmonary 
adenocarcinoma in emphysematous lung. In these figures 
the width of the alveolar wall where cancer cells are spread  
ranges from 12 mµ  to 59 mµ . Fig. 6 shows slice images of 
the pulmonary adenocarcinoma in emphysematous lung 
with two different spatial resolution of 24 mµ  and 6 mµ .

Using the resolution of 24 mµ , the alveolar wall of 
abnormal area is revealed due to wall thickening, while the 
alveolar wall of normal area can not be identified. With the 
resolution of 6 mµ , the alveolar walls of both normal and 

abnormal areas can be easy to identify.  Fig. 7 shows 3-D 
display of the stacked slices of the pulmonary 
adenocarcinoma in emphysematous lung with two spatial 
resolutions of 24 mµ  and 6 mµ . Using the resolution of 

24 mµ , the 3-D structure of the alveolar wall of abnormal 
area can be easy to identify. While with the resolution of 
6 mµ , the 3-D structure of the alveolar walls of both normal 
and abnormal areas are revealed. 

IV. CONCLUSION 

We have presented a micro CT for imaging pulmonary 
nodules. The spatial resolution of 5 mµ  allows physicians to 

(a)

(b) 
Fig.6. Micro CT images of the abnormal lung tissue (pulmonary
adenocarcinoma in emphysematous lung) (a) Resolution :
24 mµ . (b) Resolution : 6 mµ .



(a)

(b) 
Fig.7.  3-D display of the stacked Micro CT images of the
abnormal lung tissue (pulmonary adenocarcinoma in
emphysematous lung) Resolution : 24 mµ . (b) Resolution :

6 mµ .

analyze the micro architecture of lung tissues, such as 
alveolar wall, septal wall of pulmonary lobule, and 
bronchiole. This CT allows for the first time to document 
changes of tissue components between normal and 
abnormal area. Future work we will have to show if 
structure indices are sufficient to predict the likelihood of 
malignancy of the pulmonary nodule. The high spatial 
resolution micro CT images provide the basic data set and 
then might help to improve the performance of physician 
diagnostic decisions. 
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Abstract—Dynamic cone-beam reconstruction algorithms are
required to reconstruct 3D image sequences on dynamic 3D CT
combining multi-row 2D detectors and ultra-fast rotating gantry. 
In order to compensate for time evolution and motion artifacts,
we propose to use a dynamic particle model to describe the object 
evolution. One main interest is to process data acquisition on
several half-turns in order to reduce the dose delivered per
rotation with the same signal to noise ratio. We describe the
dynamic particle model and its approximations, the dynamic
cone-beam CT acquisition model and the dynamic cone-beam
reconstruction algorithm based on a cone-beam to fan-parallel
beam rebinning approach.

Index Terms—Dynamic tomographic imaging, fully four-
dimensional image reconstruction, CT Fluoroscopy, cone-beam,
particle model, motion compensation, time evolution.

I. INTRODUCTION

HE purpose of dynamic computed tomography (CT)
imaging is to reconstruct tomographic image sequences of 

dynamic  organs in order to take into account the dynamic
nature of a living human body. The description of dynamic
organs includes both time evolution and motion. In this
publication, we mainly focus on dynamic 3D Computed
Tomography combining multi-row 2D detectors and ultra-fast
rotating gantry. The main applications are 3D CT Fluoroscopy 
for interventionnal radiology, to help the radiologist to guide
biopsy needles through soft tissues like the lung, radiotherapy
planning to better delineate the tumour and healthy tissues
during motion, heart diagnostic imaging to study heart kinetic 
or to reconstruct coronary arteries.

LETI is involved in the European project DynCT (IST -
1999 - 10515) dedicated to both real time and off-line motion 
compensated reconstruction and visualisation for dynamic
computed tomography. Only the real time case is described
here. In this presentation, we introduce the theoretical
framework of a new dynamic cone-beam reconstruction
algorithm based on a dynamic particle model. Standard
approach tends to use a short scan acquisition over one half-
turn without motion compensation [Taguchi, 2000]. But it
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implies to increase the dose delivered per rotation to preserve 
the signal to noise ratio. Using the dynamic particle model to
compensate for dynamic evolution, it becomes possible to
increase the acquisition time window over several half-turns,
up to 4 in our case, in order to reduce the dose delivered per
rotation to the patient with the same signal to noise ratio.

In [Hsieh, 1997] the impact of various reconstruction
algorithms on 2D CT Fluoroscopy is investigated and inherent 
limitations of the CT Fluoroscopy in terms of time lag and
delay is demonstrated. In [Taguchi, 1998], the authors propose 
to use a feathering technique to suppress an image artifact
which rotates like a radar search line and sometimes hinders
accurate observations. In [Ritchie, 1996], the reduction of in
plane motion artifacts is achieved using a pixel-specific back
projection technique in 2D. In [Schäffter, 1999] a motion
compensated projection reconstruction algorithm is proposed
for the reduction of blurring artifacts in MRI using motion
estimation applied on a first set of low resolution
reconstructed images. The new algorithm proposed here uses
also this double reconstruction principle. It allows to
compensate for both time evolution and motion.

II.THE DYNAMIC PARTICLE MODEL

We consider the image function f as the map of the physical 
property we want to study, in the present case the X-ray linear 
attenuation coefficient or the density. This function f is
defined in a (O, x, y z) cartesian coordinate system. We
represent by f (M, t) = f (x, y, z, t) the value of the function f at 
the point M of coordinate (x, y, z), at the time instant t. We
suppose here that the function f is sufficiently smooth and
vanishes outside a ball Ω of radius R0.

In order to define the particle model, we describe at the
reference instant t0 the object as a continuum of particles
associated with each point M of the support Ω. We define the 
trajectory Γ(M, t) associated with this point M as the set of
positions this point M will take at each time value t within Ω.
By definition, M corresponds to the initial position along the
trajectory Γ(M, t):
Γ(M, t0) = M (1)

In the following, the image sequence will be reconstructed
at discrete time samples ti.

In the more general case where both time evolution and
motion have to be taken into account, the function f may vary
along the trajectory Γ. Thus, the general function expression
associated with the dynamic particle model is given by the
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formula f(Γ(M,t),t), where Γ(M,t)∈Ω and t∈R. This
corresponds to a continuous expression of the discrete particle 
models used in computer graphics to describe deformable
objects [Lombardo, 1996].

One example is a flying ball of constant radius which
content might vary along time due to contrast product
injection or to matter exchange with the neighbouring flying
balls. In the special case of matter conservation and non-
compressible material, it would be equivalent to assume the
content remains constant along time.

The time evolution compensation will be based on the first 
order approximation of the expression f(Γ(M,t),t), in the
neighborhood of the discrete time sample ti:

f(Γ(M,t),t)≈f(Γ(M,ti),ti)+[<∇f,
t∂

Γ∂
(M,ti)>+

t

f

∂

∂
(Γ(M,ti),ti](t-ti)

(2)
where ∇f is the gradient of f and < , > the scalar product.

When the object fulfills the mass conservation principle and 
is irreducible, the term in bracket [] is null and we get: 

( )( ) ( )( )it,it,Mft,t,Mf Γ=Γ (3)

However, in the reality, some important tissues like the lung 
are reducible and since the organs may move outside the field 
of view, the mass conservation principle is not always
fulfilled. Thus we need to consider the general case.

In order to later simplify the computation, we introduce a
cartoon like step-by-step motion law :
Γ(M,t) = Γ(M,ti) for ti≤t<ti + 1 (4)

Then, since
t∂

Γ∂
is null, the first order approximation (2) of 

the dynamic model becomes:

( )( ) ( )( ) ( )( )( )ittit,it,M
t
f

it,it,Mft,t,Mf −⋅Γ
∂
∂+Γ=Γ (5)

In this case, this formula (6) can be approximated by a
linear prediction law with respect to t between two time
samples, for instance ti and ti – T, where T is the rotation
period of the continuously rotating scanner:

( )( ) ( )( )

( )( ) ( )( ) ( )itt
T

Tit,it,Mfit,it,Mf

it,it,Mft,t,Mf

−⋅
−Γ−Γ

+Γ≈Γ






 (6)

III. THE DYNAMIC CONE-BEAM CT ACQUISITION MODEL

1. Dynamic cone-beam projection

We consider the cone-beam geometry associated with a
curved multi-row detector centred on the X-ray source F as
described on the figure 1.

The dynamic cone-beam geometry is parametrized by the
angle β between (F,O) and y axis, the angle γ between the
detector column and the (F,O) axis, the row height qd with
respect to the trajectory plane, and the acquisition time t (see
fig. 1). It is defined as follows : 

( ) ( )
( )
∫=γβ

γβ∈ dq,,DM
dc dMt,Mft,q,,fX (7)

where D(β,γ,qd) is the straight line between the source point F 
and the detector cell Ad. In order to model a continuously
rotating acquisition process, we state the following relation :
β(t) = β0 + ω.t (8)
where ω defines the angular rotation speed. For a CT scanner
with a 0.5 s rotation period, ω = 4π rad.s-1.

In the following, we assume the angle γ belongs to [-γm,+γm]
where γm is the half fan angle. In our case we choose

.rad
6

m
π=γ

z

y

x

F

Source trajectory

γ

O

qd
α

β

Cylindrical detector

Ad

Gd

R

Figure 1 : cone-beam geometry.

2. Dynamic fan-parallel projection

The reconstruction will be done via the line rebinning
approach in fan-parallel projection as suggested in [Grass,
2000].

The fan-parallel geometry is defined by a virtual planar
detector placed on the rotation axis with coordinates p parallel 
to the trajectory and q parallel to the rotation axis. We define
ϕ as the angle between the virtual detector and the (0,x) axis.

z

y

x

F

Source trajectory

O

p

ϕ

Planar detector

q

 Figure 2 : fan-parallel-beam geometry.
The dynamic fan-parallel projection is defined as follows :

( ) ( )
( )
∫=ϕ
ϕ∈

ρ
q,p,DM

f dMt,Mft,q,p,fX (9)

In the ideal case, the full fan-parallel projection data set is



available for each t. Then, the short scan dynamic fan-parallel
reconstruction formula is:

f(Γ(M,t),t) = ∫
π ϕΓϕ0 d t) t)],(M,[A,(HDYf (10)

where Yf is the weighted fan-parallel projection:
Yf(ϕ,A,t) = Xfp,f(ϕ,A,t).w(A) (11)

and w(A) = 
2

q
2

p-
2

R

2
p-

2
R

+

A [Γ (M, t)] is the fan-parallel projection of the point Γ(M,t)
onto the virtual detector, with detector coordinates p,q.

HDYf is the weighted projection Yf convoluted along the
transverse row by the ramp filter HD(p).

IV. THE DYNAMIC CONE-BEAM RECONSTRUCTION ALGORITHM

The reconstruction algorithm described here is dedicated to 
3D CT fluoroscopy, assuming a real-time reconstruction
processing at a frame rate of 12 frames per second for a gantry 
rotation period T of 0.5 s.

1. The sliding window principle

Let us consider the discrete fan-parallel angles :
ϕi = i ∆ϕ (12)
where ∆ϕ is the angular step between two reconstructed
frames. In the following, we assume ∆ϕ = 2. γm.. It means we
divide the full rotation in constant angular positions separated 

from the full fan angle 2. γm equal to
3
π . For a 0.5 s gantry

rotation period, this corresponds to a frame rate of 12 images 
per second.

The associated discrete reconstruction time ti associated
with the last projection of the angular range [ϕi, ϕi+∆ϕ] is :

ti = 
( )

ω

βγ+ϕ∆+ϕ
0m

-i (13)

where
ω

γm  corresponds to the rebinning latency delay to

begin the fan-parallel reconstruction.

We define the overscan ϕ angular range to compute
f(Γ(M,ti),ti) as the ϕ sliding window [ϕi- n.π, ϕi+∆ϕ] where n 
represents the number of half-turns on which we want to
smooth the data to improve the signal to noise ratio or to
reduce the dose. 

The associated β angular range defined by the following
rebinning equation (14) is the β sliding window

[ϕi-(n.π+
2

β∆
),ϕi+

2

3
∆β], where ∆β=∆ϕ=2.γm.

The sliding window principle is that a new frame is
computed for each new ti value. This new frame corresponds
to a shift of the β sliding window from ∆β, and the associated 
shift of the ϕ sliding window from ∆ϕ.

2. The cone-beam to fan-parall-beam rebinning

We get the following rebinning equation :

Xfpf(ϕ, p, q, t) = Xcf(β, γ, qd, t) (14)
with : 

β = ϕ - γ

γ = arc sin 




−

R

p
(15)

qd = q 














−pR

FGd
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However, we need to compute Xfpf(ϕ, p, q ti) at ti, the
reconstruction time associated with the time range [ti – 1, ti].

When the time difference (ti-t) is small, we can use a nearest
neighbour interpolation:
Xfpf(ϕ,p,q,ti) = Xfpf(ϕ,p,q,t) (16)

Otherwise, if the sliding window is larger than 2π, using the 
linear interpolation model associated with equation (6) we get 
the following extrapolation formula :

Xfpf(ϕ,p,q,ti)=
( )
T

T-t-ti

Xcf(β,γ,qd,t) + 
T

 t-ti Xcf(β,γ,qd,t-T)

(17)
where T is the gantry rotation period.

3. Block reconstruction

We split the ϕ angular range into elementary projection blocks 

of size ∆ϕ =
3

π
. We denote BHDYf(Γ(M,t),t,ϕi) the partial

block backprojection over the projection angular [ϕi, ϕi + ∆ϕ]:

BHDYf(Γ(M, t),t,ϕi) = ( )[ ]( ) ϕ∫
ϕ∆+ϕ

ϕ=ϕ Γϕ d t, tM,A,HDYfi
i

(18)
For seak of simplicity, we assume here we want to

reconstruct the function at the instant t = t0. Thus Γ(M,t) = M. 
The following result can then be generalized for each ti time
by shifting the sliding window.

From the reconstruction formula (10), we get:

f(M,t0) = ( ) ϕϕ∫
π

d t[M],A,fHDY
0

0 (19)

Since ∆ϕ = 
3

π
, we can decompose this integral into 3 terms 

associated with 3 partial block backprojections sectors [0, 
3
π ],

[
3
π ,

3
2π ], [

3
2π ,π]:

f(M,t0) = ∑
=

ϕ
2

0i
)t(M,fBHDY
i0 , (20)

The dynamic evolution compensation will take place in the 
estimation of each partial block backprojection as described in 
the next section.

4. Dynamic evolution compensation

Given an angular sector i, let us take a set of Nb partial
block projection acquired in the past for the same angular
















range modulo π :
ϕij = ϕi – j.π j = 0,...., Nb - 1

We get for each M point a set of values along the Γ(M,t)
trajectory for each associated block instant BHDYf(Γ(M,tij),tij

ϕij), where tij is the time associated with ϕij according to
equation (13). Using the first order approximation (2) of the
dynamic particle model, we get :

f(Γ(M,tij),tij) ≈ f(M,t0)+[<∇f,
t∂

Γ∂
(M,t0)>+

t

f

∂

∂
(M,t0)](tij-t0)

(21)
Under the piecewise constant motion hypothesis (4), as no

motion occurs during the block angular range, the same
relation holds for the partial backprojection:
BHDYf(Γ(M,tij),tij,ϕij) ≈ BHDYf(M,t0,ϕi0) + a(M,ϕi0).(tij-t0)

(22)
Thus, the terms BHDYf(M,t0,ϕi0) and a(M,ϕi0) can be
computed by linear regression on the discrete sample set:

( )( ){ } { }1-Nb,...0,j, t, tM,BHDYf ijijij ∈ϕΓ .

In order to apply such a linear regression, we need to have
at least two samples belonging to the sliding window.
Otherwise using the same relation, we can only compensate
for motion, and not for time evolution. The motion
compensation equation is given by:
BHDYf(Γ(M,tij),tij,ϕij) = BHDYf(M,t0,ϕi0) (23)

This is equivalent to choose a zero order regression model. 
In every case, it is important to note that using an overscan
range within the sliding window, the dynamic evolution
compensation by regression introduces a principle equivalent
to the feathering technique used by different authors in CT
fluoroscopy [Taguchi, 1998].

5. Motion estimation

In the previous sections, we have assumed we can measure
the motion field between M and Γ (M, tij). However, as this
motion field is unknown, we need to estimate it. We present
here only the basic idea. Detailed explanation will be given in 
the final version.

The first order approximation (2) can be interpreted as the
sum of a spatial shift term and a time evolution term. In first 
approximation, we will assume here that the shift can be
approximated by a translation motion at constant speed:

Γ(M,t) = M + D(M).
( )

T

 tt2
0

−
(24)

where D(M) is the displacement of the point M after a π
rotation of the gantry and T is the gantry rotation period.

The reconstruction process without motion compensation
will produce a blurred image. However, the reconstruction
after a π rotation will produce the same blurred image, shifted 
from the displacement vector D(M). Thus, using a correlation 
principle, it will be possible to estimate this displacement
vector. Such a correlation approach should not be too much
disturbed by time evolution.

In order to reduce the blurring spread, the image sequence
needed to evaluate the motion should be reconstructed with

the smallest temporal resolution corresponding to a half-turn
rotation.

In fact, we need to get the full motion field over the region 
to reconstruct. The actual technique we use is a block
matching approach as for motion estimation in MPEG coding
[Sikora, 1997].

One other important issue is the ability to detect when the
particle trajectory goes outside the region of interest. In the
approach described here, we can detect it since the correlation 
fails. The prediction should be applied only to those points
which are inside the region of interest. To manage this issue,
we estimate for each motion vector a confidence factor
associated with the correlation factor, and we take it into
account within the estimation of the prediction rule
coefficients given by the equation (22).

V.CONCLUSION

In this paper, we present the outline of the theoretical
framework for time evolution and motion compensation in
dynamic cone-beam reconstruction algorithm using a dynamic 
particle model. The principle described here for a line
rebinning algorithm can also be applied to direct cone-beam
reconstruction algorithm such as Feldkamp algorithm.

However, according to [Grass, 2000], this line rebinning
approach can be generalized to reconstruct a larger region of
interest by correctly handling the line shadow zone region.
The approach described here can also be extended to such a
case. Further investigation are needed to extend this dynamic
approach to indirect plane rebinning algorithm via the first
derivative of the Radon transform using Grangeat formula.

Preliminary results will be presented at the conference.
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Image to Volume Weighting Generalized ASSR for

Arbitrary Pitch 3D and Phase{Correlated 4D

Spiral Cone{Beam CT Reconstruction
Marc Kachelrie��, Theo Fuchs, Robert Lapp, Dirk{Alexander Sennst, Stefan Schaller, Willi Kalender

Abstract|The next generation of medical CT scanners will

measure up to 16 slices or more simultaneously which will re-

quire dedicated cone{beam reconstruction algorithms. The

basic requirements for medical CT are high image quality

and fast reconstruction (reconstruction of a complete vol-

ume within a few minutes is desired). Due to the small

cone{angle (typically a few degrees only) approximate cone{

beam reconstruction will be the method of choice. A very

promising candidate is the advanced single{slice rebinning

(ASSR) which rebins the cone{beam data to parallel beam

data on tilted reconstruction planes (R{planes) and uti-

lizes 2D reconstruction algorithms to obtain tilted images

[Med. Phys. 27(4), 754{772 (2000)].

In its original form ASSR allows to reconstruct 3D data

for a �xed pitch obtained with a non{tilted gantry. However,

medical demands are manifold: the pitch must be freely se-

lectable, gantry tilt scans are required and, last but not

least, cardiac applications require phase{correlated 4D re-

constructions. We have therefore generalized the ASSR al-

gorithm by adding the following three attributes: a) the

table increment per rotation is now correctly taken into ac-

count as the vector dd, b) the restriction on the optimality

of the R{planes is loosened to allow for more than one R{

plane per reconstruction position and c) the �nal volume

is generated using adjustable weigths for the tilted images.

These weights are used to balance between image quality

and dose usage and to select a desired cardiac phase in the

�nal volume. This (tilted) image to (cartesian) volume (I2V)

weighting approach can be performed in real{time. To eval-

uate the new method we have simulated cone{beam rawdata

of a thorax and a cardiac motion phantom.

The generalized ASSR approach in combination with I2V

shows very good results even for low pitch (p < 1:5) scans.

Since slightly more artifacts appear for the low pitch case

with full dose usage (equal weights for all planes) it is nec-

essary to provide real{time access to the weights. The car-

diac reconstructions are of high image quality but slightly

lower temporal resolution as compared to the gold standard

180
�
MCI.

Keywords|Computed tomography (CT), Cone{beam Spi-

ral CT (CBCT), 3D reconstruction, 4D reconstruction

I. Introduction

F
UTURE medical CT scanners will scan signi�cantly

more than four slices simultaneously. Major CT ma-

nufacturers have announced scanners of up to 16 slices for

the end of 2001. Neglecting the cone{angle of the scanner

as it is done in today's 4{slice reconstruction algorithms

will then yield unacceptable image artifacts [1]. Therefore,

there is a need for fast and e�cient cone{beam reconstruc-

tion algorithms. Although a large number of more or less

e�cient algorithms have been developed in the last decade

Institute of Medical Physics, University of Erlangen{N�urnberg,
Krankenhausstr. 12, 91054 Erlangen. Corresponding author: Marc
Kachelrie�, E{mail: marc.kachelriess@imp.uni{erlangen.de

[2], none of them meets all requirements of medical CT:

a) correct handling of the gantry tilt, b) arbitrary spiral

pitch while using the full detector area and c) the abil-

ity of performing a 4D cardiac reconstruction. Whereas

the gantry tilt problem can be solved in principle for all

the existing algorithms by simply reformulating the coor-

dinate transformations solving the other restrictions is not

straightforward.

We therefore generalize the ASSR (advanced single{slice

rebinning) algorithm [3] to ful�ll these requirements. The

ASSR algorithm, as an advancement of Noo's single{slice

rebinning algorithm [4], �ts tilted reconstruction planes

to the spiral trajectory to perform a rebinning from the

3D cone{beam data to 2D parallel{beam data on these

R{planes. The reconstruction then uses a standard 2D

method (e.g. �ltered backprojection) and the set of recon-

structed tilted images is interpolated in the z{direction to

obtain the �nal volume [3] (a similar method which has

never been evaluated was proposed in [5]). Since ASSR has

turned out to be very promising [6], [7] two generalizations

thereof have been proposed: one for the case of arbitrary

gantry tilt [8] and one to allow for arbitrary pitch [9]. The

results are encouraging and led to the development of an

even further generalization to combine these approaches.

The new approach presented here uses the rebinning equa-

tions of reference [8] together with the idea to losen the

restriction of the R{planes to allow for more than one R{

plane per reconstruction position [9]. A novel idea of our

approach is to weight each available image before it is inter-

polated into the �nal volume. The weights can be chosen to

trade o� between high image quality and high noise (i.e. as-

signing smaller weights to R{planes which are less optimal)

or lower image quality and lower noise (i.e. assigning the

same weight for each plane regardless of its optimality).

As a spin{o�, the generalized ASSR combined with I2V

allows to perform 4D reconstructions for low pitch scans

with periodically moving objects. The weights of images

corresponding to cardiac phases which should not appear

in the volume are simply set to zero. Details of cardiac

CT scanning and the restrictions on the maximum pitch

as a function of the patient's heart rate can be found in

references [10], [11], [12].

In this paper, we will outline the generalized ASSR al-

gorithm and the weight selection and give some descriptive

examples.



II. Simulations

To evaluate our new approach we have simulated spiral

cone{beam data corresponding to the in{plane geometry

of a typical medical CT Scanner (1160 projections per ro-

tation, 672 detector channels per detector row, and a fan

angle � = 52�) using a dedicated x{ray simulation tool

(ImpactSim, VAMP GmbH, M�ohrendorf, Germany). Two

phantoms have been simulated: the thorax phantom de-

scribed in the phantom data base http://www.imp.uni{

erlangen.de/forbild and the cardiac motion phantom de-

scribed in [11].

For the thorax scan in standard mode we have chosen a

collimation of 16 � 1 mm and we have performed simula-

tions for 4 mm, 8 mm, 16 mm and 24 mm table increment

per rotation.

Since shorter rotation times and thinner slices are ex-

pected for the future we have simulated the cardiac motion

phantom for a wide range of heart rates fH with 0.375 s

rotation time (160 rpm), 12�0:5 mm collimation and a ta-

ble increment of d = 2 mm. This allows to cover the heart

(typically 12 cm to 15 cm axial length) within less than

30 s (single breath{hold). Evaluating the thorax phantom

in cardiac mode yields too huge data sets due to the highly

overlapping and �ne sampling in z. Thus we scaled the tho-

rax scan by a factor of 2 in the z{direction, i.e. 12� 1 mm

and d = 4 mm (even so, the rawdata �le size is 2.5 Gigs).

III. Reconstruction

The reconstructions shall be centered about the views

n��R where ��R is the so{called reconstruction increment

and should be chosen small enough to ensure full detector

usage and resolution [3]. The integer n counts the recon-

struction positions. For each reconstruction position �R

an optimal R{plane which minimizes the mean square de-

viation �mean of the plane to the spiral trajectory within

the interval �R � �=2 to �R + �=2 can be computed [8].

Using these planes only, reconstruction for low pitch would

be possible, but parts of the detector would remain un-

used and thus would have to be collimated out. Since we

want to be able to use the full detector, our new approach

allows to reconstruct more than one tilted image from a

given reconstruction position. Assuming M images per re-

construction position the set of all R{planes is given (in

normal representation) as

Rnm : nnm � r � anm = 0

with m = 1; : : : ;M . The anm are chosen equidistant in

m as anm = an +m�aM . The increments ��R and �aM

together with the value of M are chosen to ensure full de-

tector usage. The normal vectors nnm are chosen for a

given anm to minimize the mean square deviation

�2

nm
=

1

�

�R + 1

2
�Z

�R �
1

2
�

d�
�
nnm � s(�)� anm

�2

with s(�) being the spiral source trajectory and �R =

n��R. The minimization procedure is described in [8].

IV. Image Weights

We make use of two possibilities of weighting the individ-

ual images prior to volume interpolation. For a standard

reconstruction, the image weights are chosen as

wnm =

�
1

�nm

�q
with q � 0 :

The quality parameter q is used to balance between best

dose usage (q = 0, making full use of non{optimal R{

planes) and best image quality (q = 1, only using the

optimal R{planes and neglecting non{optimal ones).

For cardiac 4D reconstruction we additionally use the

cardiac phase c(�) 2 [0; 1), which is a function of the view

angle � and describes the cardiac motion relative to R-R,

to weight the images. The user desires to reconstruct the

images at the reconstruction phase cR. The mean square

deviation of the cardiac phases contributing to reconstruc-

tion position �R = n��R from the target phase cR is de-

�ned as

�2

n
=

1

�

�R + 1

2
�Z

�R �
1

2
�

d�
�
c(�)� cR

�2
:

Here, we implicitly assume a proper handling of the modulo

property of the cardiac phase. We de�ne the cardiac weight

as

wn =

�
1

�n

�q0
with q

0
� 0

and again we have a quality parameter available to adjust

the image quality.

V. Image to Volume Weighting

The �nal step is to perform an interpolation from a set

ffnm(x; y; z)g of tilted images (each with weight wnm) to a

cartesian volume f(x; y; z). In general, this can be achieved

by convolving the reconstructed planes with a three dimen-

sional interpolation kernel k(x; y; z) followed by proper nor-

malization:

f(x; y; z) =

X
nm

wnmfnm(x; y; z) � k(x; y; z)

X
nm

wnm1nm(x; y; z) � k(x; y; z)
: (1)

The indicator function 1nm is 1 if (x; y; z) 2 Rnm and 0

elsewhere. Since ASSR does not require interpolations be-

tween image pixels in the x and y direction, the interpola-

tion kernel reduces to a function of z only: k(z). Its shape

is currently chosen triangular and care is taken that the

z{kernel is wide enough to avoid gaps in the �nal volume:

the denominator of (1) must be positive 8x; y; z. Using lo-

cal kernels k(x; y; z; x0; y0; z0) and spatially varying weights

wnm(x; y; z) may be of advantage but is not discussed here

because this is beyond this short paper's scope. More so-

phisticated I2V methods such as modifying the kernel and

the weights as a function of the cardiac information are

under further investigation.
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Fig. 1. ASSR, 16�1mm collimation, 8 mm table increment. Coronal
and sagittal MPRs of the thorax phantom. I2V using all planes
(q = 0, top) vs. I2V using optimal planes only (q = 1, bottom).
Noise is increased by a factor of 1.7 for the latter case. (0/100)

VI. Results

In general, using non{optimal planes due to overlapping

data acquisition shows no signi�cant disadvantage as com-

pared to the maximum pitch (p = 1:5) approach (original

ASSR) except for the longer reconstruction time. This is

demonstrated in �gure 1 showing di�erences only in image

noise which is increased by a factor of 1.7 for the reconstruc-

tion using only the optimal planes (this reconstruction is

equivalent to a p = 1:5 scan with fewer slices). The in-

crease in noise can be understood as follows: to achieve a

table increment of 8 mm, a collimation of 5� 1 mm would

su�ce (pitch 1.5). Thus, only 5=16{th of the detector are

used by q =1 which is roughly 1=1:72.

To demonstrate di�erences apart from the image noise

between the ASSR approach only using the optimal planes

(q = 1) and the one making full use of the patient dose

(q = 0) it is necessary to look at transaxial planes (as we

have seen that no signi�cant di�erences can be observed

in MPR displays for the geometry we simulated). There-

fore, �gure 2 shows a slice in the shoulder region where

attention should be paid to the four spheres representing

the humerus. Especially one of the spheres is surrounded

by artifacts for q = 0 whereas they are imaged artifact{

free for the optimal q = 1 case. A similar behavior can

be observed for the ribs (no images shown). The streaks

emerging from these spheres may lead to misdiagnosis: the

real patient anatomy contains more complex objects close

to the lung. An example may be the heart which is often

�lled with contrast agent. Making use of I2V's real{time

capabilities and evaluating the volume as a function of q

helps to resolve such ambiguities.

The reconstructions of our virtual heart phantom (phan-

tom and motion function are de�ned in [11]) in �gure 3

(fH = 70 min�1 and 130 min�1) demonstrate the capabil-

ity of I2V ASSR to resolve motion. We have chosen q
0 =1

for these reconstructions, except for the non{cardiac image

which has been produced with q
0 = 0 to force equal weights

for all planes. The images show optimal quality for low

heart rates and less optimal quality for the high heart rate

case. This is not surprising, since ASSR is a partial scan

algorithm that makes use of 180� data always and its tem-

q
=
0

q
=
1

Fig. 2. ASSR, 16� 1 mm collimation, d = 8 mm. The slices show
a slight decrease of noise and an increase of artifacts when using
all planes with equal weights (q = 0, top) in comparison to using
only the optimal planes (q =1, bottom). (0/100)

poral resolution is trot=2. In that respect, it is similar to

the partial scan cardiac algorithm 180�MCD [11].

Reconstructions of the same data and the same slices

using the multi-slice gold standard 180�MCI (Multi-slice

Cardio Interpolation, images not shown here) are slightly

superior due to the better temporal resolution of the multi{

phase approach 180�MCI. However, 180�MCI is not suited

for cone{beam scanners since 180�MCI does not take into

account the cone{beam nature of the x{rays. To demon-

strate this, we have reconstructed the thorax phantom in

the cardio mode (q0 =1) using ASSR and 180�MCI. The

results (�gure 4) show clearly the advantages of ASSR over

180�MCI. Especially in the humerus severe geometric dis-

tortions appear in 180�MCI. Some of the spheres appear

to be egg{shaped. Artifacts are also apparent in the ASSR

reconstruction. These are due to using only a few recon-

struction positions (q0 = 1). In general, for ASSR no ge-

ometric distortions appear and the artifacts are less severe

than for 180�MCI.

VII. Discussion

Our results indicate that there is no signi�cant disadvan-

tage of performing overlapping data acquisition and using

non{optimal reconstruction planes instead of doing a high{

pitch scan with optimal planes only. For transaxial planes,

however, it seems to be of interest to be able to change the

weight strategy on{line.

Of course, if the tube current is not the restricting factor

of the scan, overlapping data acquisition should be avoided

and the pitch should be set to 1.5, which is the optimal

pitch for ASSR. Low pitch should be used only if one in-

tends to accumulate dose to further decrease the image

noise.

For the new cardiac approach, promising results can be

obtained for the cardiac motion phantom within a wide

range of heart rates.



fH = 70 min�1 fH = 130 min�1

� = 18 HU � = 19 HU

Non{cardiac (zero exponent)

� = 40 HU � = 33 HU

Slow motion phase (cR = 0%)

� = 38 HU � = 26 HU

Medium motion phase (cR = 30%)

� = 37 HU � = 28 HU

High motion phase (cR = 50%)

Fig. 3. ASSR for various weighting strategies and low (left column,
70 min�1) and high (right column, 130 min�1) heart rates. The
MPRs extend over 17 mm in the z{direction and show the 3 mm
calci�cations. Image noise � is given for a circular ROI centered
in the lower heart region. (0/500)

180�MCI ASSR (cardio mode)

Fig. 4. 180�MCI and ASSR for fH = 70 min�1. (0/100)

The conclusions that can be drawn from a simulation

study are restricted, however. The algorithms, the weight-

ing strategies and the cardiac reconstruction will undergo

further evaluation using real patient data and the expertise

of radiologists.
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I. INTRODUCTION
Iterative reconstruction techniques for reconstruction of

Positron Emission Tomography (PET) data are usually too time
consuming on most single processor machines that are afford-
able. This is especially true for the HRRT (High Resolution
Research Tomograph) which demands sinogram dimension of
unsurpassed size (presently one 3D data set consists of 2209 si-
nograms with 256 radial elements and 288 views), [1]. 

One strategy to drastically improve reconstruction time is
the use of Fourier Rebinning (FORE), [4]: the 3D scan is trans-
formed into the format of a 2D scan with 207 sinograms (in
case of the HRRT) preserving the information of the 3D data.
Thus the reconstruction problem is reduced to reconstructing
independent 2D slices and offers a very convenient approach to
cluster computing.

In a previous work we used this approach to scale down the
reconstruction time with implementations utilizing RPC or
Syngo1 communication facilities on a Windows NT network of
commodity PCs and with the first version of our dedicated re-
construction cluster (seven four-processor-systems, Intel PIII
@ 700 MHz, 1 GB RAM, switched fast ethernet), [6].

These previous results have encouraged us to upgrade our
dedicated cluster to Myrinet networking equipment [8] as we
could identify fast ethernet bandwidth as the limiting factor
(less so for special purpose network topologies with multiple
fast ethernet cards per node). We think that we now have a
good basis to tackle a more complex reconstruction method for
cluster adaption: OSEM3D in the implementation of C. Michel
[9]. This reconstruction method has produced the best results
for the HRRT data so far and is more suitable for an adequate
treatment of the sinogram gaps that result from the detector ge-
ometry of the HRRT.

We are also in the process of developing a complementary
suite of tools to integrate cluster reconstruction for HRRT and
ECAT7 data into our clinical routine.

II. MATERIAL AND METHODS

A. Previous work based on RPC and Syngo
The BeeHive package was mainly developed to utilize idle

Windows NT user work stations for distributed computing of
FORE-preprocessed sinograms, [5]. It consists of three compo-

nents: (a) the �busy bees� (slaves) which are installed (auto-
matically) on all NT machines, (b) the �BeeKeeper� compo-
nent that is responsible for adding new bees to the beehive, and
(c) the �QueenBee� (master) which distributes work among the
�bees� and collects results. The idea is roughly this: have a sin-
gle scheduling thread on the master maintain a list of jobs and a
list of workers (a single thread to keep the algorithm simple
and to avoid network bottlenecks/deadlocks). Distribute the
jobs in a round-robin way, use redundancy where possible and
allow for runtime reconfigurations of the slaves, have one sin-
gle binary (90 KB) that is easy to maintain (network update,
single click de/installation). As the original reconstruction
problem by virtue of FORE-preprocessing is rendered
�embarrassingly parallel�, we did not see the need to rely on
the usual message passing libraries (MPI, PVM, s. section B).

As described above, by using FORE the 3D-data sets are
transformed (�rebinned�) to independent 2D-data sets that can
be reconstructed by any fast 2D reconstruction method, e.g.
OSEM. Currently, we are using Cologne-HOSP, [3], that is
based on Schmidlin�s HOSP algorithm, [2], and has been port-

1 Syngo by Siemens AG is “a common language for software applications in
the field of medical technology“ (www.syngo.com).
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ed to Solaris Sparc, IRIX, Linux x86, PowerMac and Windows
NT.

One disadvantage of the original RPC version is the polling
approach of the scheduler which can create a lot of network
overhead: each Bee is queried periodically for status informa-
tion which can be a serious handicap when the cluster is inho-
mogeneous (too much time spent on slow machines). Syngo
offers a powerful set of tools based on the ACE framework,
[10], for implementing a pushing mechanism instead: the
scheduler is notified about the status of a reconstruction bee
automatically (proxy-return objects). Using Syngo also facili-
tates integration into the HRRT software environment (data-
base access, reconstruction queues, visualization tools) as this
is also based on the Syngo framework. Machines that only run
a Syngo hosted reconstruction engine (backend) do not need a
full Syngo distribution, a very small and easily maintainable
subset suffices that does not create any overhead if not running.

We found that the simple RPC-based approach works fine
for small homogeneous clusters (8 machines, speedup approx.
a factor of 7) and that the more refined Syngo approach still
gives good performance for homogeneous clusters of more
than twice that size, s. Figure 1 and Table 1.

B. HeinzelCluster, BeeHive over Myrinet GM
The HeinzelCluster consists of seven SGI 1450 nodes, [15]:

each has four Intel PIII Xeon processors @ 700 MHz, 1 MB
L2-Cache, 1 GB RAM; all networked with full duplex fast
ethernet on a Bay Stack 28115 switch; Myrinet M2M-PCI 64
A-2 cards and a Myrinet M2M SW16 switch and currently run-
ning Window NT. We decided against using Gigabit Ethernet
as an alternative to Myrinet because this technology is limited
to about 35 MB/s sustained data transfer by the IP stack han-

dling, [11]. Myrinet is not much more expensive and gives
much better performance: with our own Myrinet GM-based
software (s.b.) we can transfer blocks of 52 MB size with a sus-
tained rate of 130 MB/s and still expect more with the new
generation �Myrinet 2000� hardware. 

However, superior performance requires using special im-
plementations of the message passing standard MPIch, [8], or
adapting existing applications to GM, [12], a Myrinet propri-
etary message passing driver that is available for all major plat-
forms.

We favor GM over standard message passing interfaces
such as MPI and PVM (parallel virtual machine) because (apart
from one scatter-gather function) we think that GM offers all
the MPI functionality we need (s. C)�and on a standard NT
system it just requires installing a single driver (like another
regular ethernet card). As is pointed out in [13], MPI and PVM
implementations handle network problems and hardware mal-
functions usually quite ungracefully: GM is more robust and
can resend lost packets automatically. 

We have developed a little API that just requires linking
one library and using one initialization sequence in order to
send GM messages to any node of the cluster. The result is a
Myrinet-GM based version of BeeHive that is fast, slim and
conceptually very simple: on the QueenBee (master) and on
each Bee (slave), i.e. on each of the seven cluster nodes, one
GM event loop is running in its own thread and continuously
polling for messages from other nodes (latency is known to be
extremely good). Surprisingly, this creates very little overhead
and allows for straight-forward event handling by implement-
ing hooks that start appropriate worker threads, e.g. we send a
message string that starts with a predefined identifyer (arbitrary
integer): �4711��receive sinogram of known dimensions (rest
of message) and start reconstruction thread.

As can be seen from Fig. 2, with Myrinet-based BeeHive
we visibly reduce idle time between �number crunching� peri-
ods.

C. OSEM3D acceleration
Porting the original Alpha version of OSEM3D (mostly

ANSI C) to Windows NT was a straight-forward task. Our
strategy to reduce reconstruction time (1 iteration for current
HRRT data sets using the direct port on one Intel Pentium
III@700 MHz takes about 11 h) consists of three steps: (a) par-
allelization for one node with four processors (shared memo-
ry), (b) higher level parallelization for the seven nodes to in-
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Figure 2: (a) CPU usage of one SGI 1450 node (four processors) of
the HeinzelCluster during Syngo-based reconstruction of FORE-pre-
processed data. This reconstruction involves 26 CPUs on seven nodes. 
(b) Same reconstruction job with Myrinet-GM-based implementation
of BeeHive: observe the difference in idle time between productive
intervals.

(a)

(b)

# CPUs (Bees) Speedup Syngo Speedup Myrinet

8 7.36 7.72
12 9.86 11.25
16 12.55 14.98
20 16.16 17.81
24 17.40 21.34
26 19.67 23.32

Table 1: Comparison of speedup BeeHive Syngo 
vs BeeHive Myrinet.



volve a reasonable number of CPUs (probably all) in the
OSEM3D reconstruction, (c) platform specific optimizations.

We chose to work on (a) first, because a profile run clearly
shows that more than 80% of the total wall time is spent inside
the routines for forward and backprojection (which is the case
for many iterative algorithms). 

Thus we adapted the forward and back projection routines
for multi-threaded execution with a wrapper routine (outer
loop) leaving most of the original (unoptimized) engine un-
touched. This was an easy choice (and something Fortran com-

pilers do by default on high perfomance platforms, [13]), e.g.
the back projection algorithm is voxel driven so every thread
takes over the voxels of 207/threads planes. 

In case of the SGI 1450 running 4 threads, approx. 75% of
the 229 min total time have been spent in either the forward or
back projection routine, i.e. have been executed in parallel
(which is acceptable for modifying only two routines and leav-
ing almost everything else �as is�). The speedup of about 3 cor-
relates nicely to the number of processors (4) and the time
spent in parallel mode.

Apart from details in the thread synchronization (POSIX vs
NT/2000), this approach should work for all multi-processor
systems.

Approach (b) tackles parallelization with a much coarser
granularity and is similar for the calculation of the �Normfac�
data (precomputed factors needed only once for all iterations)
and the main iteration loop. We propose to run the innermost
loop (over the segments) of the pseudocode listing in Figure 3
in parallel. It follows that the theoretical speedup can not ex-
ceed the number of segments, which is 15 for the current con-
figuration of the HRRT. After completion of the isegment-
loop, the cimage volumes of all nodes must be collected and
added (52 MB per cluster node) and for parallel execution of
the next segment all nodes have to be synchronized by updat-
ing their local image buffer (another 52 MB per cluster node).

Finally, we believe that with (c) there is a significant poten-
tial for platform specific tuning we should investigate. Howev-
er, we want to perform these optimizations last in order to stay
as close to the original code as long as possible. Here the most
relevant optimizations will be directly linked to the challenge
of using the Pentium III�s advanced (and often neglected) fea-
tures more efficiently. First tests with the new Intel 5.0 compil-
er plugin for the Microsoft Visual 6 C++ compiler have been
encouraging. In specific, we have successfully vectorized por-
tions of code using compiler intrinsics (rather than Assembler
code). With the Streaming SIMD extensions (SSE) of the PIII

that can give a speedup of up to 4 on single precision float op-
erations. Furthermore, the PIII processor is rather dependent on
proper alignment of operands for many of its more efficient op-
erations (the Alpha processor is much more lenient, admitted-
ly). All these changes will also be beneficial to potential Linux
applications (on the Intel platform) of the code.

D. BeeQ, Vinci and clinical routine
In previous versions of BeeHive we used the BeeKeeper

component for automatic network enabled update of the Bee
service. With BeeQ we have extended the original concept:
BeeQ is running as a service (similar to a Unix daemon) on ev-
ery node of the HeinzelCluster and can run any program local-
ly that does not require a graphical user interface. Communica-
tions have been realized with named pipes (but could easily be
changed to TCP/IP sockets). BeeQ redirects stdin and stdout to
log files and/or reports output directly (much in the fashion of
telnet). It maintains a dynamic list of all processes it controls
and allows to suspend and kill them. It has a built-in ftp client;
processes information which jobs should run concurrently and
which not and in what sequence; it can communicate with oth-
er instances of BeeQ on the cluster for load balancing. We in-
tend to use BeeQ for monitoring a �heart beat� function and if
necessary restart essential services.

In addition to the obvious need for a reconstruction cluster
with HRRT data sets, we intend to use the HeinzelCluster also
for reconstruction of especially demanding data sets from our
ECAT HR and ECAT EXACT scanners (e.g. multi-frame,
multi-bed studies). Data transfer from the Sun workstations
running CTI�s ECAT 7 software has been realized via ftp and
gives a performace of 9.5 MB/s. For routine handling, it is nec-
essary to incorporate the cluster reconstruction option into the
console�s user interface. This can be realized with a CAPP
module that sends commands to the cluster via rsh to a redirec-
tor module that forwards stdin to BeeQ. 

We currently can communicate with instances of BeeQ
through a terminal-like tool that runs on the Windows platform
from anywhere in the network (utilizing the network protocols
TCP/IP or NetBUI), a subset of its functionality will be avail-
able as an IDL module (call external).

Reconstructions of HRRT data usually produce image vol-
umes exceeding 50 MB: there is a new challenge to visualize
these image volumes and the even more demanding sinograms

execution time
[min]

PC PIII
600 Mhz

SGI 1450
1 Thread

SGI 1450 
4 Threads

Compaq
Alpha EV67

Normfac 259 212 73 76
1 Iteration 569 453 156 132

Total 828 665 229 208

Table 2: Multi-threaded implementation vs direct port. �Normfac�
refers to a file of precomputed factors, s.b.

for ( iter ) {

 for ( isubset ) {

  zero ( cimage )

  for ( isegment ) {

   forward3D ( image, &estimate )

   corrections ( trues, norm, atten, 

              &estimate )

   backproj3D ( estimate, &cimage )

  }

  image = image * cimage

 }

}

  

   

Figure 3: Pseudocode for OSEM3D (non-parallel) main loop.
image and cimage are image volumes, trues, norm and atten
hold the appropriate projection data for segment isegment.



(> 300 MB, short integer format) efficiently. With Vinci, we
have developed an application for Windows NT/2000 (C++
with MFC) that is entirely true color based and takes advantage
of some features every modern PC graphic board offers. We
have incorporated the reslicing engine that drives the MPITool,
[16], which has been the institute�s workhorse for visualization
so far. Vinci also supports the ECAT7 data format and can be
integrated into the Syngo frontend on the HRRT console; it
only requires moderate hardware resources (memory require-
ments depend on how many image volumes you want to look
at simultaneously) and was designed to run well on midrange
laptop systems. In addition, we use parts of its true color en-
gine for online visualization of reconstruction results. 

III. RESULTS
With BeeHive over Myrinet and HRRT data we are quite

close to the theoretical maximum speedup of the cluster while
having the benefits of a simple scheduling approach. However,
there is still some work ahead to speedup the preprocessing
steps: we have started work on running FORE on more than
one CPU. This is even more important for the more computa-
tionally demanding FORE-J, [17], and FORE-X, [18], flavours
which we hope to evaluate for HRRT data in a collaboration
with M. Defrise and X. Liu of the Department of Nuclear Med-
icine, Free University Brussels, Belgium.

With approach (a) of our strategy to accelerate OSEM3D
one cluster node already performs in the range of an Alpha
EV67. It remains to be seen how much more acceleration ap-
proaches (b) and (c) will provide.

IV. CONCLUSION
HeinzelCluster with BeeHive over Myrinet is a suitable

platform for several reconstruction strategies, especially for
HRRT data. Future work with this platform might include list-
mode reconstruction with correction of motion artefacts.

V. ACKNOWLEDGMENTS
S.V. thanks M. Schmand, M. Lenox, J. Bao, P. Luk, M. Ca-

sey and R. Nutt for fruitful discussions and a most stimulating
environment during S.V.�s stay at CTI.

VI. REFERENCES
[1] K. Wienhard., M. Schmand, M.E. Casey, K. Baker, J.

Bao, L. Eriksson, W.F. Jones, C. Knoess, M. Lenox, M.
Lercher, P. Luk, C. Michel, J.H. Reed, N. Richerzhagen,
J. Treffert, S. Vollmar, J. Young, W.D. Heiss, R. Nutt,
�The ECAT HRRT: Performance and First Clinical Ap-
plication of the New High Resolution Research Tomo-
graph.,� IEEE MIC, Conference Record, 2000.

[2] P. Schmidlin, M.E. Bellemann, G. Brix, �Iterative recon-
struction of PET images using a high-overrelaxation sin-
gle-projection algorithm,� Phys. Med. Biol. 42: 569-582,
1997.

[3] S. Vollmar, W. Eschner, K. Wienhard, U. Pietrzyk, �Itera-
tive reconstruction of emission tomography data with a-

priori-information,� Conference proceedings of the 1998
IEEE nuclear science symposium and medical imaging
conference, Toronto 1998.

[4] M. Defrise, P.E. Kinahan, D.W. Townsend, M. Sibomana,
D.F. Newport, �Exact and Approximate Rebinning Algo-
rithms for 3-D PET Data,� IEEE Transactions on Medical
Imaging, Vol. 16, No. 2: 145-158, 1997.

[5] S. Vollmar, K. Wienhard, �BeeHive: Cluster-Computing
im NT-Netzwerk�, Conference Proceedings of the 16th
DV meeting of the Max-Planck-Society, Göttingen, No-
vember 1999.

[6] S. Vollmar, M. Lercher, C. Knöss, C. Michel, K. Wien-
hard, W.D. Heiss, �BeeHive: Cluster Reconstruction of
3-D PET Data in a Windows NT network using FORE�,
IEEE 2000, Lyon.

[7] Intel Corporation, Intel Architecture Optimization Refe-
rence Manual, Order Number: 730795-001.

[8] Myrinet networking hardware, http://www.myri.com.
[9] C. Michel, M. Schmand, X. Liu, M. Sibomana, S. Voll-

mar, C. Knöss, M. Lercher, C. Watson, D. Newport, M.
Casey, M. Defrise, K. Wienhard, W.D. Heiss, �Recon-
struction strategies for the HRRT�, IEEE 2000, Lyon.

[10] D. Schmidt, �The ADAPTIVE Communication Environ-
ment (ACE)�, http://www.cs.wustl.edu/~schmidt/
ACE.html.

[11] c�t, 16/99, p. 152, http://www.heise.de/ct
[12] Myricom, Inc., �The GM Message Passing System�, ht-

tp://www.myri.com/scs/GM/doc/gm.pdf
[13] K. Dowd, C. Severance, �High Performance Compu-

ting�, O�Reilly, 2nd edition 1998.
[14] LAM/MPI Org, University of Notre-Dame, �Top 10 rea-

sons to prefer MPI over PVM�, http://www.lam-mpi.org/
mpi/mpi_top10.php.

[15] SGI 1450 overview, http://www.sgi.com/servers/1450/
[16] U. Pietrzyk, A. Thiel, K. Herholz, W.D. Heiss, �A hybrid

image registration method employing interactive and au-
tomated techniques�, Neuroimage, 7:789, 1998.

[17] M. Defrise, X. Liu, �A fast rebinning algorithm for 3D
PET using John�s equation�, Inverse Problems 15 1047-
1065, 1999.

[18] X. Liu et al, �Exact Rebinning Methods for 3D PET�,
IEEE Trans Med Imag MI-18 657-664, 1999.



 

INTRODUCTION

The reconstruction of 3D PET data is a computationally
intensive task, especially for dynamic or whole-body studies
involving several scans of the same patient. Depending on the
available computational hardware, on the type of studies and
on the required patient throughput, reconstruction time may
still limits the clinical applications of 3D PET. This
motivates continuing research for faster reconstruction
algorithms for 3D PET data. The fastest methods to date are
based on rebinning methods [1-7] which factor the 3D field-of-
view into a stack of parallel transaxial slices and estimate,
starting from the measured data, the 2D Radon transform (the
sinogram) of the tracer distribution in each of these slices.
Rebinning thereby reduces the redundant 3D data to a stack of
independent 2D sinograms which can be reconstructed using
either 2D filtered-backprojection (FBP) or 2D iterative
algorithms such as OSEM.

A practical rebinning method is the Fourier rebinning
algorithm [FORE 4,5,6,8]. This algorithm is based on the
application of the frequency-distance relation to the 2D Fourier
transform of each oblique sinogram. The frequency-distance
relation is accurate only for large values of the frequency. This
is why the accuracy of FORE decreases with increasing values
of the angle θ between the LORs and the transaxial slices.
Nevertheless, this algorithm is used routinely by several
groups and was shown to be sufficiently accurate for most
clinical studies with the current multi-ring PET scanners
which have axial apertures not exceeding about θmax≈15
degrees.  In addition to its approximate character,  a second
limitation of FORE is that it modifies the statistical properties
of the data: contrary to the measured 3D data, the rebinned
sinograms are not distributed as independent Poisson variables
and hence should not in principle be reconstructed using
standard statistical algorithms such as OSEM. In fact, OSEM
is a very robust algorithm which has been applied with good
results to 2D data rebinned using FORE [8,9,10].

Owing to these two limitations -the approximate character of
FORE and its complex effect on data statistics- it is likely that
fully 3D iterative algorithms [see e.g. 7] will eventually
replace the rebinning algorithms, at least if the available
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computation power increases more rapidly than the number of
LORs acquired by the scanners. Todate, however, fast
reconstruction using rebinning algorithms remains attractive
for scanners such as the ECAT HHRT [14,15] which acquire
data sets which are still too large for a routine application of
3D iterative algorithms. But these scanners are precisely those
for which the axial aperture is largest (it exceeds 20 degrees),
and for which the approximation in FORE may degrade axial
resolution. This was recently demonstrated  with phantom
studies on the ECAT HRRT scanner  [15,16].

These observations suggest to investigate the potential benefit
of applying an exact rebinning algorithm, FORE-J [12,13], to
the HRRT scanner. This algorithm is exact but can be applied
directly to axially truncated data,  avoiding the reprojection
step required  by the reprojection method [3DRP, 17] or by the
other exact rebinning algorithm described in the literature,
FOREX [18]. The algorithm FORE-J is based on the property
that the 3D X-ray transform of a function -the quantity
sampled by a 3D PET acquisition- must be solution to the 2nd
order partial differential equation (PDE) first studied by F.
John. From a practical point of view, FORE-J is easy to
implement since it has the same structure as FORE. The only
modification is a small correction added to each oblique
sinogram prior to rebinning. The calculation of this correction
is fast numerically but involves a second derivative of the data
with respect to the axial variable z, a quantity which is
sensitive to noise.

Until now, FORE-J has only been applied to simulated data
which did not model the axial undersampling used in practice
or the effect of gaps in the detectors.
The aim of the present paper is to evaluate the practical
usefulness of the algorithm using data from the ECAT HRRT
scanner. In particular we
- compare FORE-J with FORE in terms of spatial resolution
and clinical image quality,
- investigate the influence of the detector gaps on the use of
rebinning algorithms,
- investigate stable yet accurate methods to estimate the second
derivative in the FORE-J correction term.

IMPLEMENTATION OF FORE-J

The HRRT scanner has an axial field-of-view of 25.2 cm and
comprises 104 "rings" of detectors. Each "ring" has an
octogonal geometry. The list mode data from the HRRT are
reorganized into sinograms with 256 radial elements and 288
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angular samples. The radial sinogram sampling interval is
1.22 mm. Because of the junctions between the eight sides of
the octogonal detector, the sinograms cannot be measured in
eight diagonal bands called "gaps". In the angular variable,
each gap covers about 6 samples out of the 288.

To reduce the amount of data to store and process, axial
angular undersampling (compression) is normally used in the
HRRT scanner. In this paper we use the current  sinogram set
which consists of 2209 sinograms (Span 9, ring difference 67,
325.7 Mbyte) and recovers 88% of the LOR information.

Before applying Fourier based rebinning the gaps in each
sinograms are filled with a linear interpolation in the angular
direction, using the standard routine in the ECAT software.  

The basic equation of the FORE-J algorithm is [12,13]

Preb( ,k , z0 ) =
1

max 0

max

∫ d (P( ,k ,z0 +
k

, )

+ ( max − ) ∂3P( ,k , z0 +
k

, )

∂ ∂z2 ) ≠ 0

In this equation, Preb( ,k,z0) is the 2D Fourier transform of
the rebinned sinogram for the transaxial slice z0 and P( ,k,z, )
is the 2D Fourier transform of a measured oblique sinogram,
where  is the tangent of the angle θ between the oblique
LORs and the transaxial plane, and z is the axial coordinate of
the mid-point of the LORs. The variables  and k denote
respectively the radial and azimuthal frequencies. The first term
in the RHS corresponds to the FORE algorithm, and the
second term (second line) is the additive correction in the
FORE-J method. The frequencies ω=0 (in practice smaller than
some small threshold) are rebinned using a single-slice
rebinning approach, using only small values of θ.

For the result presented in this abstract, the second derivative
of the sinograms with respect to the axial variable z (the slice
index) was estimated using a three point mask (1,-2,1).
Alternative methods will be tested.

After rebinning, each sinogram was reconstructed using 2D
filtered-backprojection with a ramp filter (rectangular window
cut-off at Nyquist's frequency). For the brain scan shown
below, the resulting image was smoothed with a 3D gaussian
filter with a FWHM of 1.6 pixel.

RESULTS

Simulated line source

A line source located in the central transaxial slice (FWHM
2.4 mm) was simulated as a digital 3D image, and 3D data

were generated by ray tracing (Joseph's reprojection method
with linear interpolation) through this digital image. The axial
and transaxial FWHM of the reconstructed line source was
estimated as a function of the position along the line.

Figure 1 shows the results obtained with FORE-J, with and
without simulated gaps. In the absence of gaps, the transaxial
and axial resolutions are almost independent of the radial
position, as could be expected since the algorithm is exact and
the simulation did not model the position dependence of the
detector  response. When the gaps are present and are filled by
interpolation before rebinning, the axial resolution is degraded
by about 0.5 mm. Note that the effect of the gaps on the
resolution depends on the radial position.

The comparison with the approximate algorithm FORE (figure
2) illustrates the potential improvement of image quality
allowed by the use of an exact rebinning algorithm, at least for
a large aperture scanner such as the HRRT.

Figure 1. FWHM of the reconstructed simulated line source as
function of the radial distance from the axis of the scanner. The
axial (full curve) and transaxial (dashed  curve) resolutions are
shown for the case where the detector gaps are not simulated
(red) and  for a simulation including the gaps (blue).

Figure 2. FWHM of the reconstructed simulated line source as
function of the radial distance from the axis of the scanner. The
axial (full curve) and transaxial (dashed  curve) are shown for
the FORE (red) and FORE-J algorithms (blue, same data as in
figure 1) . The simulation includes the detector  gaps. The full
horizontal line indicates the FWHM of the simulated line.



Brain scan

An FDG brain scan was reconstructed using both FORE and
FORE-J, with a voxel size of 1.22 mm. The total
reconstruction time for the two algorithms was respectively
500 s and 717 s. The reconstructions are very similar but
FORE-J introduces faint artefacts which appear  as horizontal
lines in the coronal and sagittal slices, and as rings in the
transaxial sections (figures 3). These artefacts are not visible
with FORE (not shown) and are tentatively attributed to noise
propagation in the calculation of the second derivative. These
artefacts are hardly visible on the smoothed images in figure 4
and 5, which would be used in practice. A close inspection of
these images, and a comparison with a 3D OSEM
reconstruction (8 subsets, 2 iterations, about 4 hours per
iteration) reveals several details in the cortical structures which
are better reproduced by the FORE-J reconstruction than by
FORE. One example shown in figure 6 is the separation
between the cortex and the cerebellum (tentorium cerebelli).

CONCLUSION

Even though the spatial resolution is also limited by the
presence of gaps and by the axial undersampling, the exact
rebinning algorithm FORE-J significantly improves the axial
resolution for the ECAT HRRT scanner. The implementation
of FORE-J only requires a minor modification of FORE,
which only slightly increases the total reconstruction time.
FORE-J appears to better reveal some fine details in the brain
scan. However, the preliminary implementation of FORE-J
introduces low level artefacts. Alternative methods to discretize
the second derivative term in FORE-J will be investigated, and
additional tests with phantom ("point" source) and clinical data
will be presented at the conference.
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Figure 3. Reconstruction of the brain scan with the exact rebinning algorithm FORE-J, followed by 2D filtered-bacprojection
with a rectangular window. Note the ringing artefacts in the transaxial slice.



Figure 4. Reconstruction of the brain scan with the exact rebinning algorithm FORE-J, followed by 2D filtered-bacprojection and
3D Gaussian post smoothing (FWHM 1.6 pixel).

Figure 5. Reconstruction of the brain scan with the approximate rebinning algorithm FORE, followed by 2D filtered-
bacprojection and 3D Gaussian post smoothing (FWHM 1.6 pixel).

Figure 6. Coronal slice of the brain scan. Left: 3D OSEM with scatter correction, 8 subsets, 2 iterations. Middle: FORE+FBP as
in figure 5, Right: FORE-J+FBP as in figure 4 (both without scatter correction). The gray scale is the same for FORE and
FORE-J, but not for 3D OSEM. Note the different noise structure and better contrast in the scatter corrected 3D-OSEM image,
and  the finer detail (arrow) seen in FORE-J than with FORE.
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V � h W � o I S%Y�Zy��vJX | c i a6k z���c�ILP�Z;��YFa,NQUJP�ILZ;PFP�Z;�@NQbJK�YVP�UJ��YVILNQb�M I YVH}a6NQUXPVILZ@PPVZ@WJP�N%�VZ@��Y�ILNQb_s7NQP,s7UJtLt ] | c�zle�G�v Z_ILb#n o Ô r ÑnÑ Õ.h+aegsk Ô�� m oOÑ~�e�4�4��[�]d]^]

� � r u Ñ qso z r�h Ñ aYr Ñ�zPÒ.f~}OÔ kPh ��f q.aYÕ�c Ñ Õ.h�r�q ud[Pf q g.h-aeg | Ô a �¨Ñ o Ñ aYr Ñ b
| �N� �^c � [�]^]d]M¡e¢y� o K ]#NQb�v�a�P2STbX�;ZQv:d���YVNQ\�Z@P � F%i�hQg v hQgQgQg v�G.N�\�ZWJUJ\JtLILK�HJZ@[ o

V � | W v o p o �OP�N�M bJZ�STbJ[ p o k o c�Z�zlILZ@PVP�NJvRX p P�N�M i ST��YVILNQb�STt Y�Z@PVb�S%Y�I x#Z�Y�NYVHXZ�e I STtLuQNQPVI Y�HJrûs7NQP,r�SyxXILr�I��@ILbJu tLILRQZ@tLILHJN�N�[JK6ILb�Z@r�ILKVK�ILNQb�YVNQr�NQu iP2STWJH#]#v Z [�]^]^]£_ oºq.a�k�b�c Ñ Õrb [Pf q g4h+aeg v�x#NQt o � F vXbJN o�F v�WJW o m j4j�i m �Q� v�%�Q� m o
V � n W f_o G o ��Z;P�r�STb�STbJ[ K o � o I Z�]#Z@P�v=X p tLuQZ@\JP2STIL� PVZ@�@NQbJK�Y�PVUX�@Y�ILNQb�YVZ@�2H ibJI�¤�UJZ@K}�;STb�\�Z?r�ST[XZ�@NQr�WJUXYVS%YVILNQbJSTtLt ]`Z(���@ILZ@b#Y�v Z¥[�]d]^]¦_ o^q.a�k�b

c Ñ Õrb [Pf q g.h-aeg vJx#NQt o � h v�bXN o�| v�WJW o m gQg i m g � v �%�Q� |Xo
V � F W k o v o ��r�I YVH�v�v o � o~k STPVW�v f_o I UJZ@HJtLtLZ@HJbJZ@P�v�e o�f U�STt Y�ILZ@PVI�v0STbJ[a o ��§Z;bJSTPV[�v^X���ILbJuQtLZ@KlY�P2STbXKVr�ILKVK�ILNQb_K��;STbJKlW�Z@P�s7NQPVr�Z@[qW�NQK�Y i ILb��VZ@��YVILNQbs)NQPR¤�U�STb#YVI YVS%Y�I x#Z�M HJNQtLZ�\�N�[X]�zle�G/ILr�STuQILbJuJv Z [�]^]d]¨_ o^q4a�k(bq� � r u b

z r hBb v�x#NQt o nQnJv�bXN o�| vJWJW o � |Qh � i � |Q|.F v �%�Q� j�o
V � m W�I o e o c�STUJ\�Z i ^>I Y�HJZ@PVK�W�N�NQbASTbJ[ f_o I UXZ;HXtLtLZ;HXbJZ@P�v,XVG.PVZ;S%Y�r�Z@b�Y�NTsSyxXI{STtl[�S%Y2S}ILbAY�HJPVZ@Z i [JILr�Z@bJK�ILNQb�STtlz�elG�v Z©� b^� � r u bpc Ñ Õeb v.x#NQt o.hQj vWJW o � j � j�i � jTh nJv �%� j4j�o
V � j W v o � oMk STP�W�v f_o I UXZ;HXtLtLZ;HXbJZ@P�v�� o�ª U�v�STbJ[\« o � o=¬ STb3vX���ILb iuQtLZ@K+YVPVSTbJKVr�ILK�KVILNQb�ILb�x#NQtLUJr�Z i ILr�STuQILbJu�z�elG`M I Y�H�S�®�¯�°4L+KOKVNQUJP��@Z#v Z

npo�Ò k�bqc Ñ ÕrbtsMh Ô.u b vJx#NQt o n g v�WXW o � h � i � nQnJv �%�Q� FXo
V � j W k o K o ��IL[J[XNQb�v±XVa�STK�Yq��STtL�@UJt{S%Y�ILNQb(NTsFY�HJZ}Z(xXST��Y�P2ST[XILNQtLNQuQIL��STtlW�S%YVHs)NQP�S�YVHXPVZ@Z i [JILr�Z@bJKVILNQbJSTtpL+G�STP�P2S@]�v Z c Ñ Õrb npo�Ò k�b v:x#NQt o � h v:bJN o:h vWJW o�h.FQh i�h.F.F v �%� j.FXo
V �%�yW v o � o�k STPVW3v=k o v o ��r�I Y�H�v f_o I UXZ;HXtLtLZ;HXbJZ@P�v I o e o c�STUX\�Z i^>I Y�HJZ@PVK�W�N�NQb�vOSTbJ[4� o ��ILbXZ;K;vmX�Qyr�STuQZ{¤�U�STtLI Yy](r�Z�STK�UJPVZ@r�Z@b#Y_s7NQPZ�xQSTtLU�S%Y�ILNQb`NTs�zle�G¦KV�;STbJbXZ;P�W�Z@P�s7NQPVr�STbX�;Z � ST\JK�Y�P2ST��Y��2v Z�� bM� � r u b

c Ñ Õrb vJx#NQt o�| � v�bXN o7F v�WJW o � |Q| z i � | nQz,v �%�Q� jXo



� ������� �	��
 � �
���������
�� ��� � �������	��� � ! � ���"��#%$ �����
& �	�'���"�(
)��*+��
��,���

-/.10,03254/6,798;:<2>=@?BA%6�.10�7<C	DFEG6,H�2;0�=I?BJ,0�7�KMLONPNPQRETSI?<KMU<6,N'0�2%VPW6,U<.XQRE@=Y?BZ�LO[YU<0�QR.�\]E;0�2G2@=
^`_ba1cedgfihjcek�l�monpmTqjrtsIuRmGn(nvrxw�mGyzmTu>{|np}puR~@�r���~@�������v�R~@uY{z�I�/q~@upn�qzr�������~;{zmGno~o�������IuRm��O��m�~@��q���~@u�uRmTyG�<���Rm��I�R{j~@r�uRmGn���yz�Y��bmG��{�rt�Iu�np~;{j~���mGyzm]�pqbmTnP~>qr�up�v�I{M ¡�@y/{��pyzm�m�nvrxw�mGyzmTu>{5yjmT���IuI�q¢{�y��p��{�rt�Iu%~@��s>�Iy�r�{����/qi��£�r�up�imF{��Rmr���~Ys>mTq�qz�R�;�����;¤>mT��mTu>{¥~>y��{�rt ¡~>��{�q9{��Rm����I�/�p~>y�rtq��Iu¦�> vnvr�w3mGyzm;uY{`yzmG���Iupqb{zy��p��{�r��Iu§~@�ts>�@y�r�{����/q ¡�@y¨�Rm;��r���~@�3q���~@u�u�r�uRs�}�r�m;�tn�q¥r�uR ¡�@y���~;{�r��Ru©~>���I�I{�{��Rmoq�mTupqzrx{�r�¤�rx{b}�> `{��RmGq�m/~@�ts>�@y�r�{����/q�{j�����T¤@mT��mTu>{�nv�py�r�uRs%{��Rmq���~@u�u�r�uRsª��yz�Y���mTnv�pyjm@�«�¬��®�¯ dg°�aOk±���"yzmT���Iupq¢{�y��p��{�rt�Iu3²(���IuRmi�1��mG~@�³~@��s@�@y�rx{�����qi²´ mT��rt��~@�,���µq���~@u�u�r�uRs�²v¶)�;¤>m;��mTu>{�~>yj{�rt ¡~>��{zqi�

·;¸/·z¹�º,»,¼�½�¾�¿3º9ÀÁ¼�¹
Â Ã¦Ä'Å�ÆiÇpÈ�É@ÆGÅvÆ�Ê�ËYÈzÌ�ÍIÅ¦Í@Î�Ï/ÆTÐ�ÌeÑ�Ë>ÒpÓ�Ô�ÕzÑ�Ë@ÅvÅvÆ�Ê�ÕGÖG×pÌ�Ø@ÙTÓ�ÍIÅvÆiÚÛ ÆGË>Ï�ÕjÑGË>ÅvÅvÆGÊzÕGÖpÅvÆGÑ�ÆGÕzÕ�Ì�ÈzË>ÈjÆTÕ�ÕjÍ@Ü�ÝvÌ�Õ�ÈjÌeÑ�Ë>ÈjÆTÐ%ÊzÆGÑ�Í@Å�Õ�ÈjÊzÞ�Ñ�ÚÈjÌ�Í@Å	Ë@Ò�ÉIÍ@ÊzÌtÈzÝvÏMÕ�Ù�Ô¥ÝvÍIÕjÆ)Ë>Ò�É@ÍIÊjÌ�ÈjÝvÏMÕß|ÝvÌeÑ�Ý	Ë>ÊzÆ]ÑiÍIÅ�Õ�ÌeÐ�ÆGÊjÆTÐÎÁÍ@Ê�ÜvÊzËIÑ�ÈzÌ�ÑGË>Ò<ÜvÞvÊzÜ3ÍRÕ�ÆTÕoÝ�Ë;×@Æ/ÈzÍ]à3ÆMÆG×;Ë@Ò�Þ3ËYÈjÆTÐ�ÎÁÍ@ÊFÅpÞvÏÆ�ÊzÌ�ÑGË>ÒÕ�ÈzË>à�Ì�Ò�ÌtÈbáIÖ�Ë>ÊjÈjÌ�ÎgË@ÑiÈzÕGÖBÊzÆGÑiÍIÅ�Õ�ÈjÊzÞ�Ñ�ÈzÌ�ÍIÅâÈjÌ�Ï/ÆTÕË>Å�Ð�ÈjÝvÆ]ÕjÆ�Å�ÕjÌtÈzÌ�×RÚÌ�Èbá�ÈjÍ�Ë>Ò�ÒäãpÌ�Å�ÐvÕoÍ@Î�Õ�á�Õ�ÈjÆGÏåÌ�ÏÜ�Æ�ÊjÎÁÆGÑ�ÈzÌ�ÍIÅ�ÕGÙ©æ¢Å�Ë(ÊjÆTË>Ò�Ì�Õ�ÈjÌeÑ©ÆGÅ�Ú×pÌ�ÊzÍ@Å�Ï/ÆGÅRÈ�ÏÍY×@ÆGÏ/ÆGÅRÈ�Ì�Õ/Ë>Ò�ß¥Ë;ápÕ�Ì�Åp×IÍ@Ò�×@ÆGÐ�ÐvÞvÊjÌ�ÅvÉ]ÈzÝvÆ�ÕjÑGË>Å�ÚÅvÌ�ÅvÉ©ÜvÊzÍ�ÑiÆTÐ�ÞvÊzÆ@Ù<Ô¥ÝvÆ¨Ü�Ë>ÈjÌ�Æ�ÅRÈ�Ë>Å3ÐÝvÌ�Õ�ç;Ý�Æ�Ê�ÍIÊjÉRË>Å�Õ<Å�Æ�×@ÆGÊ�Õ�ÈzË;áÑiÍIÏÜvÒ�Æ�ÈjÆGÒ�á�ÏÍ>ÈzÌ�ÍIÅvÒ�ÆTÕjÕGÙoÔ¥ÝvÆ�ÆG×;Ë@Ò�Þ3ËYÈjÌ�Í@Å�Í>Î`ÈjÝ�Æ/Ð�Ì�è,Æ�ÊzÆ�ÅRÈ¦ÊzÆiÚÑiÍIÅ�Õ�ÈjÊzÞ�Ñ�ÈzÌ�ÍIÅ%Ë>Ò�É@ÍIÊjÌ�ÈjÝvÏMÕ�ß|ÌtÈzÝ%ÊzÆGÕjÜ3ÆTÑ�È�ÈjÍ/ÏÍ>ÈjÌ�Í@Å(Ë>ÊjÈjÌ�ÎgË@Ñ�È�Õ�ÌeÕÈjÝ�Æ�ÊzÆiÎÁÍ@ÊzÆ�Ë@ÅvÍ>ÈzÝvÆ�Ê�Ì�ÏÜ�Í@ÊjÈzË@ÅIÈ¥Ë@ÕjÜ3ÆTÑ�ÈTÙäéêÆ�Ý3Ë;×@Æ�Ð�ÆTÕ�Ì�É@Å�ÆGÐ5Ð�Ì�Î¡ÚÎÁÆ�ÊzÆ�ÅRÈ`Ð�ápÅ�Ë>ÏÌeÑ�Ë@ÒRÜ�Ý�Ë>ÅRÈjÍIÏMÕäË@Å�ÐFÈzÆGÕ�ÈjÆTÐ©ÈzÝvÆ¥ÊjÆTÕ�ÞvÒ�ÈjÌ�ÅvÉ¦Ò�ÆG×@Æ�ÒpÍ@ÎË>ÊjÈjÌ�ÎgË@ÑiÈzÕ¥ÎÁÍIÊ�Ð�Ì�è�ÆGÊjÆGÅRÈ�ÝvÆ�Ò�ÌeÑ�Ë>Ò�ÊjÆTÑiÍIÅ�ÕbÈzÊjÞ3Ñ�ÈjÌ�Í@Å�Ë>Ò�É@ÍIÊjÌ�ÈjÝ�ÏÕGÙ�æ¢ÅÜ�Ë@Ê�ÈzÌ�Ñ�ÞvÒ�Ë@Êoß�Æ/ÊjÆTÕbÈzÊjÌeÑ�ÈzÆGÐ�Í@ÞvÊ�Õ�ÆGÒ�×IÆGÕ�ÈjÍ(ÈjÝvÆÆG×;Ë@Ò�Þ3ËYÈjÌ�Í@Å�Í>Î¥Ë>Ü�ÚÜvÊzÍ;Ç�Ì�ÏMËYÈzÌ�×IÆ%Ë>Ò�É@ÍIÊjÌ�ÈjÝ�ÏÕGÖäß|ÝvÌ�Ñ�Ý�Ë>ÊzÆ5Í>Î|ÈzÝvÆªà�Ë@Ñ�ãRÚ1ÜvÊjÍ@ëbÆGÑiÈjÌ�Í@ÅÈbápÜ3ÆIÙ�ìvÍIÊ�ÈzÝvÆ�ÑiÍ@ÏÜ�Ë@ÊjÌeÕjÍ@Å�ß|Ì�ÈjÝµË)ß�Æ�Ò�Ò�ãpÅvÍYß|Å'Ë@Ñ�íRÞvÌeÕjÌtÈzÌ�ÍIÅÕzÑ�ÝvÆ�ÏÆ�ß�Æ�Þ3Õ�ÆTÐ%ÕjÌ�ÅvÉIÒ�Æ§Ð�ÆiÈzÆGÑiÈjÍ@Ê�ÊzÍYßµÑ�Ì�Ê�ÑiÞ�Ò�Ë@Ê�ÊzÆGÑ�Í@Å�Õ�ÈjÊzÞ�Ñ�ÈzÌ�ÍIÅî¡ï ÒtÈzÆ�ÊzÆGÐªà�Ë@Ñ�ãRÚ1ÜvÊzÍ>ëbÆGÑiÈjÌ�Í@Å3ð�Ë@Õ|Ë/ÉIÍ@ÒeÐ(Õ�ÈzË@Å�ÐvË>Ê�Ð9Ù
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òxï�l�ï�d%ðOñea	f¢Õ�Íz×�ØvÓ�Ì{Õ ¨ ©«ª�¬x��Ì�ÍeÌ�Î}Ï z���P7{}|�~¤Ê�Ë�Í<ÊNÔ_ÑrÙ�Ù�Ì{Õ`Ø%ÑIÐ�Î
ÞrÌ{Ñr×�Ì_Ê�Ù`É[Ô�ÍrÓxÓ�ÖnÊ`Ñ4Ê�ËvÌªÕ`Ír×�Ì�Ø�Ù`ÑrùXÌ{ÔhÊ�ÉxÑIÐ�ÙtÍ~Ö¤ÍrÕ ¨,©«ª�¬x� z�P�{�|�~_ÝzÑrÐvÓ�Ö
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¼ ¨e©Üª�¬x��Ì�Í,Ì�Î+Ï z���P7{}|�~���Ú5Û ©«ª�¬Ý z'P7{}|�~ÅÞ ß:õrã
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â°ËvÌ¬Ë�ÍzÓxÒ¦Ü:Û�É[Î�Ê�Ë�Õ¹ÑrÒ¨Ê`ËvÌ7Õ�Ì4ÍrÕ`Ö�×#×�Ì�Ê`Ù�É�ÔªÊ`Ù�É�ÍrÐvÞrÓ�Ì{ÕpÔ�ÍzÐ�ä
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Ì{Ô_Ê`Ù�Úv×�ÑzÒªÊ�ËvÌ0Ù`Ì7Õ�Ú�ÓlÊ�ÉxÐvÞØvÙ�Ñzí�Ó�Ì{Õ{åªæ§Ð�ØvÙ�ÍIÔhÊ�É�Ô�ÌrÝ�ÑrÒ¹Ô_ÑIÚvÙ�Õ`ÌrÝ
Û�Ì�ÎjÑDÐ�ÑzÊ¬Ù�Ì{Ô�ÑrÐ�Õ�Ê`Ù�Ú�Ô_ÊAÏrÑIÓlÜÚv×�Ì{Õ¡Ê`Ë�ÍzÊ�ÍzÙ�Ì�Ô_ÑrÐ�Ê�ÉxÐ�ÚvÑIÚ�ÕnÉxÐ&Ê�ËvÌ�|fÔ_Ñ�ÑIÙ�ÎjÉ�Ð�ÍzÊ`ÌrÝGävÚjÊ(ÙtÍ<Ê�ËvÌ�ÙÊ`Ë%Í<Ê¬Ô�Ñr×�ØvÙ�É�Õ`Ì¤Í�í�ÐvÉxÊ`Ì�Õ�Ì�ÊAÑzÒ@Õ`ÓxÉ[Ô_Ì7ÕªÕ�Ø%ÍrÔ_Ì7Î0ä�Ö�Í�Ù�Ì{Ô�ÑrÐ�Õ�Ê`Ù�Ú�ÔhÜÊ`É�ÑrÐ#É�ÐIÊ�Ì�Ù�Ï<ÍzÓ º » Îrå7CªÑ<Û�Ì�ÏIÌ�Ù7Ý{ä
Ì{Ô{ÍzÚ�Õ`Ì°ÛpÌ°ÍzÙ�ÌpÉ�Ð�Ê`Ì{Ù`Ì7ÕXÊ�Ì{Î¤É�Ð�Ê`ËvÌÌ_ì¸Ì{Ô_Ê4ÑrÒ@Ê`Ë�Ì#ÍIÔ�ç�ÚvÉ[Õ�ÉxÊ`É�ÑrÐ�Õ�Íz×�ØvÓ�É�ÐvÞ�Ý¸Û�Ì�Ô�ÍrÐ�Õ�Í<Ò¯Ì{ÓxÖfÎjÉ[Õ�Ù�Ì�Þ�ÍzÙtÎÊ`Ë�É�Õ�Ù�Ì{Õ�Íz×�ØvÓ�É�ÐvÞ#Õ�Ê`Ì{ØSåápÑr×�ØvÚjÊ�ÉxÐvÞ&Ê�ËvÌ�òvÑrÚ�Ù`É�Ì�Ù�Ê`ÙtÍzÐ�Õ�Ò¯ÑrÙ�×�Û�ÉxÊ`Ë$Ù`Ì7Õ�Ø
Ì{Ô_Ê�Ê�ÑH|&ÑrÒË¹ç
å¹õjÝvÍIÕ°ÉxÐéó�ô_öOÝvÖ�ÉxÌ{Ó�Î�Õ
ó Ú:ô ç ©Üï+ð ñ�¬ zB|�~�õtQsëW��� ´ ¥ Æ ¯�°± � ³�´Hö ¡ì Î z�è�{�é�{+� � ~.÷ á�â�ã z�P�~
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ÍzÐ%ÎàÛ�ËvÌ{Ù`Ì þ ©«ª�¬Â z'P7{�ç Ú ~_Ý þ ©«ª�¬Ý z'P7{�ç Ú ~hÝDÍrÐ�Î ¦ �x� z�P�{�ç Ú ~�ÍrÙ`Ì
Ê`Ë�ÌtòvÑIÚvÙ`É�Ì�ÙAÊ`ÙtÍzÐ�Õ�Ò¯ÑrÙ�×�Õ°Û�ÉlÊ�Ë�Ù�Ì{Õ`Ø%Ì7ÔhÊ�Ê`ÑL|DÑzÒ:Û ©«ª�¬Â z'P7{}|�~°ÍzÐ�ÎÛ ©«ª�¬Ý z'P7{}|�~hÝvÍzÐ%Îtv �x� z�P�{�|�~_ÝjÙ`Ì7Õ�Ø
Ì{Ô_Ê`É�ÏrÌ�Ó�ÖråË¹ç�Ú�Í<Ê�ÉxÑIÐ�í¬ÍzÓ�ÓxÑ<ÛªÕ�Ú�Õ�Ê`ÑnÎjÙtÍ~ÛCÕ�ÑI×�Ì�Ô�ÑrÐ�Ô�ÓxÚ�Õ`É�ÑrÐ�Õ�Ízä
ÑrÚjÊ Ø
ÑzÜÊ`Ì{Ð�Ê`É[ÍzÓjÍzÓ�É�ÍIÕ�É�ÐvÞ¬Ì_ì¸Ì{ÔhÊtÕ�å�æOÊ�Ô�ÍzÐ�ä%Ì�ÍrÙ`ÞIÚvÌ{Î4Ê�Ë�Í<Ê Ê`Ë�ÌpËvÌ{ÓxÉ[Ô�ÍrÓ�á�âÎvÍzÊ�Í0É[Õ(Í<Ê¤Ó�Ì{ÍIÕXÊ#ÍzØvØvÙ�Ñ~ëjÉx×�ÍzÊ`Ì�Ó�Öfä�ÍrÐ�ÎjÓ�Éx×�ÉxÊ`Ì{ÎCÓxÑIÐvÞrÉxÊ`Ú�ÎvÉxÐ�ÍrÓxÓ�Ö



ä�Ö�Ê`ËvÌ4í�ÙtÕ�Ê°è{Ì�Ù�Ñ(ÑrÒGÊ`Ë�Ì4Ù�Ì{Ô_Ê�ÍrÐvÞrÚvÓ[ÍzÙ�ÎjÌ_Ê�Ì{Ô_Ê`ÑrÙ�Ù�Ì{Õ`Ø
ÑrÐ�Õ`ÌªÒ¯ÚvÐ%ÔhÜÊ`É�ÑrÐGÝjÛ�ËvÉ�ÔtËNÑjÔ�Ô�ÚvÙ�Õ°ÍzÊ�çeÚÀQ¢¡���� ó�ô_öOå��jÍ<Ê�É�Õ�Ò¯Ö�ÉxÐ�Þ�Ê�ËvÌ¡üªÖjç�ÚvÉ[ÕXÊÕ�Íz×�ØvÓ�ÉxÐvÞ�Ô�ÑrÐ�ÎjÉxÊ`É�ÑrÐ0Û�ÑrÚvÓ[Î«Ê`Ë�Ú�Õ�Ù�Ì{ç�ÚvÉ�Ù`ÌnÍ�Õ�Íz×�ØvÓ�ÉxÐvÞ�É�Ð�Ê`Ì�Ù�Ï<ÍzÓº » ° Qs�L�e�vå�òvÙ�Ñr×¹Ë¹ç
å�íjÝIÉlÊ°Ô�ÍzÐ�ä
Ì¬Õ`Ì�Ì{Ð�Ê�Ë�Í<ÊpÊ`ËvÌªÒ¯ÚvÐ�ÎvÍr×#Ì{ÐjÜÊ�ÍrÓ�Õ�Íz×�ØvÓ�ÉxÐ�Þ�ÉxÐ�Ê`Ì{Ù`Ï<ÍrÓFÝvÛ�Ë�É�ÔtËfÎjÌ�Ê`Ì�Ù�×�ÉxÐ�Ì{Õ�Ê�ËvÌ(Õ`Ø�ÍrÔ�ÉxÐ�Þ#ÑrÒ Ê`ËvÌ
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ABSTRACT

Images from dual detector positron emission
mammography (PEM) systems are commonly reconstructed
by backprojection methods of classical tomography.
Characteristics of 3–D PEM images were investigated using
analytic models and computer simulations, in particular depth
resolution and the quality of images in the third dimension
normal to the detectors. These modeling tools provide insight
into the depth blurring observed in 3-D images from
experimental line source and breast phantom studies acquired
with detectors built using pixellated arrays of LGSO crystals.
Approaches to improved 3-D breast imaging are discussed.

I. INTRODUCTION

Positron emission mammography (PEM) with F-18
fluorodeoxyglucose (FDG) has the capability to image regions
of increased metabolic activity in the breast, which may prove
useful in the detection, staging and treatment of breast cancer.
Several groups, including our own, have built or are
developing dedicated PEM imaging systems. System designs
include parallel planar detectors [1-3], curved plate detectors
[4] and small ring configurations [5, 6]. Clinical breast
imaging with FDG is an area of active research [7-9].

With dual detector PEM the breast is imaged between two
static parallel planar detectors. There is incomplete angular
sampling in planes perpendicular to the detectors. Image
reconstruction is commonly performed in planes parallel to the
detectors using the backprojection method of classical
tomography [10]. In a simulation study 2-D iterative
reconstruction in perpendicular planes was implemented after
single slice rebinning [5]. For both methods there is blurring
between the detectors due to incomplete angular sampling.

The goal of this work is to provide a better understanding
of some aspects of classical tomography reconstruction
performance for 3-D PEM image formation. In particular,
depth resolution and the quality of images normal to the
detectors will be investigated. Analytic and computer
modeling will be used and results from physical experiments
will be presented.

II. ANALYTIC MODEL

In this section a model of the angle-dependent point source
sensitivity will be used to estimate the intensity of a point
source in different reconstructed image planes. These values
will be used to estimate resolution normal to the detectors.

A. Point Source Sensitivity

Consider a simple PEM detector model where the two
planar detector heads are parallel and separated by a distance
D (Figure 1). Assume that each detector has an efficiency s for
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Figure 1. Diagram of the geometry of the point source
between the two PEM detectors.

detection of an annihilation photon and that photons are
detected at the front surface of the detectors.

Now suppose that a point source of activity A (positron
emissions/sec) is located at position P that is a distance L from
one of the detector heads. The photon flux density from
annihilation photons (counts/sec/unit area) on the surface of
that detector is

     f r A d A L L r( ) ( /( )) cos ( / )( /( ) )/= = +2 22 2 2 3 2π θ π (1)

where r is the distance from the orthogonal projection of point
P onto the detector surface and θ is the angle from normal
incidence. Equation (1) can be integrated for the photon flux
within an acceptance angle θmax from normal incidence,

F A( ) ( cos )max maxθ θ= −1 (2)

The total flux will be the same on the opposing detector.

The geometric efficiency for detection of annihilation
events is 1− cos maxθ  and the total sensitivity is

s2 1( cos )max− θ . Use of a larger acceptance angle in image
reconstruction will increase sensitivity, which should decrease
statistical noise in the resulting images and enable better
detection of smaller and lower contrast tumors. Increasing the
acceptance angle will degrade image uniformity, however [3].

B. Depth Resolution for an Ideal Detector and Circular Pixels

Reconstructed images are formed in planes parallel to the
detectors by backprojecting counts along the lines of response
connecting the detection locations of the annihilation photons.
The resulting images are the sum of a focused image of
activity in the desired plane and blurred images of activity in
other planes. The point spread function normal to the detectors
can be derived for the case of an ideal detector with infinitely
small pixels and backprojection into circular image pixels.

In the image plane containing the point source, all events
within the axial acceptance angle will contribute to the pixel
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Figure 2. Diagram of circular pixels of radius R in different
image planes.

containing the source point (Figure 2). Now consider a circular
pixel of radius R that is located a distance z from the point
source along a line perpendicular to the detector face. The
maximum angle from the normal of annihilation photons
originating at point P  that pass through this circle is
θz R z= arctan( / ). If the maximum acceptance angle for image
reconstruction is θmax, then the photon flux from point P
contributing to reconstructed counts in this pixel is

F Az z( ) ( cos(min{ , }))maxθ θ θ= −1 (3)

The normalized point spread function (PSF) perpendicular to
the detector follows from equations (2) and (3) as

PSF z

R z

z( ) ( cos(min{ , })) /( cos )

min{( /[ ( / ) ] ) /( cos ), }

max max
/

max

= − −

= − + −

1 1

1 1 1 1 12 1 2

θ θ θ

θ
(4)

A measure of the imaging resolution perpendicular to the
detector face is given by the full-width at half-maximum
(FWHM) of the PSF. From equation (4) this is

FWHM R( ) ( cos ) /[ ( / )( cos ) ]max max max
/θ θ θ= + − +1 1 1 4 1 2 1 2

(5)

For the discrete case where the image of a point source is
reconstructed into square pixels that are the same size as the
detector pixels, the image counts are usually spread among a
few pixels in the focal plane. The maximum pixel value is a
factor β < 1 times the total image counts and is dependent on
the location of the point source with respect to the
discretization grid. For this more general case an expression
for the PSF normal to the detectors has not yet been derived,
however we have found empirically that the FWHM of small
point sources often can be modeled by

 
FWHM R( ) [ ( / )( cos )] /

{ [ ( / ) ( cos )] }

max max

max
/

θ β θ

β θ

= − −

− − −

2 1 2 1

1 1 2 1 2 1 2 (6)

which reduces to equation (5) when β=1.

As an example, consider the case of circular pixels 3.39
mm in diameter (area 9 mm2). The dependence of the PSFs on
maximum acceptance angle is shown in Figure 3. The
resolution normal to the detectors improves when the

Depth PSF for Ideal Detector and 
Circular Pixels, Different θθθθ−−−−max values
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Figure 3. Point spread functions normal to the detector for
different maximum acceptance angles (θmax) of coincidence
events (equation (4)). An ideal detector is modeled and the
circular image pixels are 3.4 mm in diameter.
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Figure 4. Full-width at half-maximum of the PSFs normal to
the detector as a function of the maximum acceptance angle of
coincidence events contributing to the backprojection images
(equation (5)). An ideal detector is modeled and the circular
image pixels are 3.4 mm in diameter.

acceptance angle increases because the point sources are
increasingly blurred in non-focal planes (Figure 4).

III. NUMERICAL SIMULATIONS AND PHYSICAL 
EXPERIMENTS

A. Point Source

Point source acquisitions were simulated for a PEM system
with pixellated detectors. The computer program for these
simulations employed ray-tracing and numerical integration
methods. Photons were assumed to be detected at the surface
of the detectors. The detector heads were modeled as 29 x 29
arrays of 3.3 mm pixels, the same geometry as PEM detectors
we have built [3]. The detector separation was 18 cm.

Image reconstruction was by classical tomography with a
pixel size of 3.3 mm and image plane spacing of 3.3 mm.
Images were reconstructed with acceptance angles of 5, 10, 15
and 20 degrees. Depth resolution improves with increasing
acceptance angle, though there is considerable blurring in the
images (Figure 5) and in vertical profiles through the point
sources (Figure 6). The FWHM of the profiles are 10.6, 5.2,
3.6 and 2.7 cm for 5, 10, 15 and 20 degree acceptance angles,



respectively. The widths predicted by equation (6) with β =
0.29 are 11.2, 5.6, 3.7 and 2.8 cm, respectively.

B. Line Source

Coincidence data were acquired with a PEM system built
with a pixellated detector array of LGSO crystals (Hitachi,
Inc.). Each detector head was 10 cm x 10 cm with a 29 x 29
crystal array; the individual crystals were 3 mm x 3 mm x 10
mm and the crystal pitch was 3.3 mm. The crystals were
coupled to an array of 4 x 4 Hamamatsu R7600-00-C8
position sensitive photomultiplier tubes. The rest of the
detector design has been described elsewhere [3].

Three line sources were filled with F-18 and placed
midway between the detector heads, which were separated by
18 cm. Images were reconstructed in the central 21 slices with
a spacing of 3.3 mm using 10 and 20 degree acceptance
angles. Blurring normal to the detectors is more severe for the
smaller acceptance angle (Figure 7). Depth resolution differs
for the line sources because of the more limited angular range
of lines of response near the edge of the detector.

C. Breast Phantom with Tumors

A 6 cm thick box phantom simulating a compressed breast
was filled with 33 nCi/cc F-18 and imaged for 10 min with the
previously described PEM system. The distance between the
detector heads was 7.5 cm. Simulated tumors 12 mm, 10 mm,
8 mm and 4 mm diameter were filled with activity in a 10:1
tumor:background activity concentration ratio. Images were
reconstructed for 21 slices with a 3.3 mm spacing using a
coincidence acceptance angle of 20 degrees. The three larger
tumors are visible in their focal plane, but there is appreciable
blurring normal to the detectors (Figure 8).

IV. DISCUSSION

The analyses and simulations of this paper were simple
ones and they represent an initial effort toward quantifying
depth-dependent blurring for PEM. This is an important issue
since classical tomography is widely used for dual detector
PEM image reconstruction. Depth-dependent blurring as well
as sensitivity, image uniformity and image noise are all
affected by the maximum acceptance angle chosen for
reconstruction.

The analytic expression for the PSF normal to the detector
could be improved by generalizing it to model discretization
of the detectors and of the backprojected images. The
computer simulations of the PEM system could be made more
realistic by better modeling photon interactions in the source
region and detector.

Image reconstruction by classical tomography has
advantages and disadvantages for dual detector PEM. One
advantage is high sensitivity since all of the coincidence data
within a given acceptance angle can be used in image
reconstruction, reducing statistical noise. It is fast enough that
image reconstruction can be implemented in real-time as part
of data acquisition [2].

The major disadvantage of classical tomography is that
activity from neighboring planes is blurred into the image

      A B

         
Figure 5. Images normal to the detector face of reconstructions
of a point source for (a) 10 degree and (b) 20 degree
acceptance angles. The detectors would be positioned at the
top and bottom of each image.
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Figure 6. Profiles normal to the detectors for a point source
simulation and image reconstruction with different acceptance
angles. The images corresponding to the 10 and 20 degree
curves are shown in Figure 5.

plane, not removed as for computed tomography. It would be
interesting to investigate whether low contrast lesions can be
detected or localized better in classical tomography images or
in limited angle computed tomography images reconstructed
from the same dataset, particularly for compressed breasts. A
broader question is whether there are better methods for
extracting 3-D information from coincidence data acquired
with dual detector PEM.

A more general challenge for PEM is the optimization of
detector design (e.g. planar detectors, curved detectors, ring
detectors), detector motion (static, few or many detector
positions), image reconstruction method (classical
tomography, computed tomography, iterative reconstruction),
breast positioning (uncompressed vs. compressed) and other
factors for the desired detection or quantitation task.



A (10 degree acceptance angle)

    
B (20 degree acceptance angle)

    
Figure 7. Images of line sources from an experimental acquisition for (a) 10 degree and (b) 20 degree acceptance angles. (left)
Focal plane image parallel to the detectors, (center) image normal to the detectors and (right) vertical profile through the center
line source of the image normal to the detectors. Only the center 21 slices spaced at 3.3 mm were reconstructed.
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Figure 8. Images of a compressed breast phantom with simulated tumors from an experimental acquisition. Image reconstruction
was with a 20 degree acceptance angle. (a) Focal plane image parallel to the detectors, (b) image normal to the detectors through
the upper two tumors of (a), (c) image normal to the detectors through the tumors on the right side of (a), (d) vertical profile
through the left tumor of (b), (e) vertical profile through the right tumor of (b).

V. CONCLUSION

Three-dimensional imaging for a dual detector positron
emission mammography system has been investigated for
image reconstruction by classical tomography. Analytic
models and computer simulations of a PEM system provide
insight into the blurring normal to the detectors observed in
reconstructed PEM images from experimental line source and
breast phantom acquisitions. Improved methods of extracting
3-D information from PEM coincidence data would be
beneficial.
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Abstract
This paper investigates a novel approach of reconstructing

the principal directions of a diffusion tensor field directly from
magnetic resonance imaging (MRI) data using a tensor
tomography data acquisition approach. Because tensor
eigenvalues are assumed to be known, the reconstruction of
principal directions requires less measurements than the
reconstruction of the full tensor field. The tensor tomography
data acquisition method (rotated diffusion gradients) leads to a
unique reconstruction of principal directions while the
conventional MRI acquisition technique (stationary diffusion
gradients) leads to an ambiguous reconstruction of principal
directions if the same number of measurements are used. A
computer generated phantom was used to simulate the diffusion
tensor field in the mid-ventricular region of the myocardium.
The diffusion model in this study depends upon the fiber
structure of the myocardium. An iterative algorithm was used in
the reconstruction. Computer simulations verify that the
proposed method provides accurate reconstructions of the
principal directions of a diffusion tensor field.

I. INTRODUCTION

Magnetic resonance imaging (MRI) has been shown to be
effective for imaging diffusion tensor fields through a process
known as diffusion-weighted imaging (DWI). In some imaging
applications such as cardiac imaging, the primary objective is
to use DWI to determine the principal directions of the diffusion
tensor field where a complete understanding of the tensor field
itself is of secondary interest. It has been established for isolated
perfused myocardium that water diffusion anisotropy measured
by MRI faithfully parallels histologic anisotropy. In a cardiac
study the knowledge of the principal directions of the tensor
field provides myocardial fiber organization [1]. Myocardial
fiber architecture is a key determinant of the electrical and
mechanical properties of the myocardium. On the other hand,
the eigenvalues of the diffusion tensor in cardiac tissue may be
assumed to be known. These values are similar to diffusivities
reported in other human tissues, which are less than half the
diffusivity of water at 37o [1].

This paper is concentrated on two tasks. The first is
presentation of a novel approach of reconstruction of principal
directions directly from diffusion-weighted MRI data, assuming
known eigenvalues. Because a priori information is
incorporated, the reconstruction of principal directions requires
less measurements than in the case of the reconstruction of a full
tensor field. This can be an important asset, because some DWI
measurements strongly suffer from systematic errors such as
eddy current artifacts [2]. Reducing the number of
measurements may be beneficial when it is desired to use only
artifact-free measurements. The second goal of this paper is to
show that a MR tensor tomography diffusion-weighted imaging
(TTDWI) approach [4,5] is more effective for reconstructing
principal directions than the standard MR DWI techniques.

II. METHODS

A. DWI imaging: Tensor tomography versus the
conventional MRI technique.

One of the approaches used in DWI is projection
reconstruction (PR) imaging [3]. In PR imaging radial lines are
acquired in Fourier space instead of rectilinear lines as in 2D
Fourier transform imaging methods, for example, echo-planar
imaging (EPI). The PR signal during readout can be expressed as

 , (1)

where is the readout gradient, ρ is the spin density, γ is the
gyromagnetic ratio, G is the amplitude of the diffusion
weighting gradient, is the direction of the applied diffusion
weighting gradient, Λ is the length of one lobe of the diffusion
pulse, D is the diffusion tensor, and ∆ is the separation between
each start of the two gradient pulses.

Taking the Fourier transform of , (1) can be rewritten
as

 , (2)

where g2 is a constant and is the direction of the readout
gradient [4]. According to (2), the PR signal can be presented as
a “projection” [which is proportional to the Fourier
transform of  in (1)] of the two functions ρ and D.

The transition from (1) to (2) is made by applying the well-
known Fourier section theorem. Our goal is to reconstruct a 3D
diffusion tensor field using fully 3D reconstruction [5].
However, in the following analysis we will restrict our attention
to slice-by-slice data acquisition, where the readout direction is
defined by the projection angle θ. The necessary information is
provided by data sets with different choices of . This vector
has a direction in 3D as shown in Figure 1.

The goal behind DWI is the reconstruction of D, assuming
that ρ is a known function. In practice, ρ is reconstructed using
(2) when g is set to zero. In the conventional MR DWI technique
measurements are made with stationary diffusion gradients, i. e.

is a constant vector. The same function is either projected at
every angle θ, as in the case of PR, or acquired line by line in
Fourier space, as in the case of EPI. The standard reconstruction
technique for PR DWI is the filtered backprojection (FBP)
method, for EPI it is the Fourier inversion formula. Exponential
terms of D are reconstructed and D is obtained by taking a
logarithm. Therefore, conventional DWI provides
reconstruction of for some set of fixed . For 3D
symmetric tensor imaging it is necessary to use six different
to obtain six different data sets. By appropriate choices of ,
conventional MR DWI reconstructs the diffusion tensor
components Dxx, Dyy, etc. from six data sets.
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The tensor tomography DWI (TTDWI) approach is similar
to the PR technique but uses the rotating diffusion gradients
when is a function of θ. In order to reconstruct a 3D tensor

field, the six different should also be used and all data sets are
used simultaneously during the reconstruction process. Because
a different function is projected depending on the projection
angle, a special reconstruction technique is required [4, 5,6].

B. Parameterization and reconstruction of principal
directions when eigenvalues are known
1) 2D case

The main idea can easily be demonstrated in 2D case. The
2D tensor for each pixel can be represented in terms of known
eigenvalues and eigenvectors:

, ,  . (3)

The unknown eigenvectors can be parameterized by the angle
Φ, which ensures orthogonality and normalization:

, , . (4)

Note that Φ and Φ+π are equivalent, because the principal
eigenvectors are defined up to sign. Because the function
is the unknown variable, one can expect that only a single set of
measurements of diffusion-weighted gradients is necessary to
reconstruct principal directions.

Conventional DWI provides reconstruction of ,
where at some fixed φ. The expression

 can be rewritten:

. (5)

Equation (5) can be solved with respect to Φ:

(6)

where integers k1, k2 and k3 are chosen to ensure that
. A single measurement of diffusion-weighted

gradients provides two different Φ in general. Therefore, the
principal directions are not uniquely defined.

The source of this ambiguity can be seen from other points
of view. To define all eigenvalues and eigenvectors it is neces-

sary to know all components of a symmetrical tensor and stan-
dard MRI DWI provides reconstruction of them. Suppose we
know a priori λ1, λ2 and reconstruct, for example, Dxx (from
measurement when φ=0). Can we then define Dyy and Dxy? It is
known that two invariants exist for 2D second order tensors:

 . (7)

Given λ1, λ2, and Dxx it is clear that the sign of Dxy is not
defined.

The source of ambiguity can also be presented graphically.

Because , the value of

is the same for an equiva-

lent . According to Figure 2(a) there are two that

provide the same  in the general case.

We present here an empirical conjecture that the TTDWI
method removes this ambiguity. Our results show that the
TTDWI method derives a unique estimate of the direction of the
principal component in fewer measurements than are required
in conventional DWI. It can be shown that only one root in (6)
satisfies (5) simultaneously for all φ. In the TTDWI method we
do not reconstruct , because φ is not fixed, but instead
we reconstruct . We can only fit Φ to projection measure-
ments at the angles corresponding to one . However,
we should not have duality of Φ, because only one Φ satisfies
(5) for all φ. In the TTDWI method only projection measure-
ments over corresponding to one is necessary to
define Φ for any given pixel whereas from our above arguments
measurements for multiple are needed for the conven-
tional DWI method. Later we present a simulation that seems to
suggest that our conjecture is correct for the case we present in
the next section.

2) 3D case, primary anisotropy

This case has a simple graphical interpretation. Only the
first principal direction is to be reconstructed. The other two
eigenvectors that correspond to the same eigenvalues can be
defined arbitrarily in the plane perpendicular to the first
principal direction. The tensor components are independent of
this particular choice. We can define three eigenvectors for a
given voxel using two angles Θ and Φ (similarly ϑ and φ are
illustrated on Figure 1).

(8)

where and is only considered. Then

 is defined as and

(9)
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Because the two functions and are unknown,

one can expect that two measurements with two different are

necessary when reconstructing the principal directions. This is

true in the case of TTDWI, because each is a function of θ.

However in the case of conventional MR DWI, where are

fixed, it is necessary to take three measurements to uniquely

define the principal directions. Taking into account that

and , the

equation is satisfied for

equal vales of . As it can be seen in Figure 2(b), each

and define a cone. Intersection of these two cones defines

which provides the same and . In general,

there are two such  in the upper hemisphere.

3) 3D case, secondary anisotropy

The existence of secondary myocardial anisotropy in the
cross-fiber direction was previously established [1]. In this case
it is necessary to estimate all three principal directions. They
can be parameterized by three Euler’s angles: , , and

for each voxel. We omit the corresponding notation here.
The three different measurements (three different nonstationary

) may be required to reconstruct these three functions in

TTDWI. In the case of a stationary , that is conventional MR
DWI, three measurements are not enough to obtain unique
estimates of the principal directions. This can be understood in
terms of 3D tensor invariants:

. (10)

Providing, for example, Dxx, Dyy and Dxz, Dyz and Dxy are
defined up to sign change. Four measurements may be enough.
(Measurement components must be chosen carefully. It is a bad
choice to measure Dxx, Dyy and Dzz among these four

measurements. The tensor estimation still will be ambiguous.)

C. Reconstruction algorithm
For the purposes of this abstract we restricted our attention

to the more simple case of primary anisotropy. Only the first
principal direction was estimated. Since the MR DWI model in
(2) is nonlinear, the reconstruction with nonstationary
requires use of iterative methods [6,7]. In order to estimate
principal directions, the least squares differences between
modeled and measured projections can be minimized:

(11)

where

(12)

and

(13)
In order to minimize (11) with respect to the angle

functions, a gradient-type algorithm was applied. Note that the
minimization problem is complicated due to the fact that the
objective function is periodic with respect to the angle
functions; therefore, L has an infinite number of minima. We
implemented the gradient descent (GD) algorithm to minimize
L. At each iteration this algorithm updates each angle function
for a given voxel by its corresponding derivative of L. This
algorithm relies on an arbitrarily chosen relaxation parameter ε,
that defines the step size in the gradient direction. This
parameter should be small enough to not over shoot the
downhill direction. The choice of a very small value of ε leads
to slow convergence, however, it allows to stay near one of the
many minima.

III. RESULTS

A computer generated phantom was used to simulate the
diffusion that might be expected in a cardiac study. The phantom
is comprised of a circular cylindrical tube. The phantom
simulates the mid-ventricular wall of the left ventricle. The spin
density ρ is assumed to be uniform inside the phantom and zero
outside. The fiber structure of the myocardium is helical. The
principal vectors of the diffusion tensor are referenced to a
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Figure 2. The source of ambiguity in reconstruction of principal directions from data acquired by standard MR DWI when is fixed. (a) 2D
case. Given , and provide the same d. The principal vectors located in the upper half can be chosen. (b) 3D primary
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helical fiber structure with material coordinates (XR, XF, XC),
which are orthogonal. The fiber axis XF is located on the plane
of the wall normal to the radial axis R. The fiber angle in the
circumferential direction has a variation which is continuous
and linear. The angle changes from 60o to -60o, varying from
the endocardial to the epicardial wall in a radial direction. The
axis XC is the cross-fiber in-plane axis and the axis XR coincides
with R. The phantom was chosen to be independent of the z
coordinate so that one slice of the reconstruction was enough to
represent the entire phantom.

The phantom represented a 32x32 slice image of a
cylinder with an inner radius R1 = 7 and an outer radius R2=14.
This grid size was chosen in order to achieve a comprehensive
visualization of the vector field of the principal vector. The
eigenvalues of the myocardial diffusion tensor were λ1 = 1.6,
λ2= λ3=0.7. The spin density ρ was equal to 1 inside the
cylinder and zero outside the cylinder. The parameter g2 was
0.7, so .

The projection and backprojection operation of the GD
algorithm were implemented, using a ray-driven operator.
Thirty two projections of the slice were generated over

. The sampling bin width was equal to the
reconstructed pixel width. Two projection data sets were used
with two fully 3D rotated diffusion gradient directions

(14)

. (15)

The initial condition for the iterative algorithm was uniform:
 and  for every voxel.

Figure 3 shows the behavior of the LS norm in (11) as a
function of the iteration number. Because the data is noise-free,
the algorithm converged to L=0. We chose 4000 iterations for
the final reconstruction of the noise-free data. This
reconstruction is nearly identical to the original phantom. (The
angular difference between phantom and reconstruction
principal directions was .) A smaller iteration
number, however, can be used. Figure 4 presents the
reconstructed vector field of the first principal vector showing
the fiber structure of the heart for one transaxial slice. The first
principal direction is well reconstructed in the case of noise-
free data from only two diffusion-weighted projection data sets.

IV. DISCUSSION AND CONCLUSION

We have developed a novel approach to reconstructing
the principal directions of the diffusion tensor field. We have
also demonstrated that MR TTDWI data acquisition is more
efficient than standard MR DWI data acquisition. Further work
is needed to prove this result mathematically. Our approach
requires use of an iterative algorithm. Further work is required
to increase the convergence rate. The choice of an optimal
direction of the diffusion gradient direction during acquisition
needs further investigation. Acquisition and reconstruction of
real data is currently underway.
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Complete Source Trajectories for C-Arm Systems and a
Method for Coping with Truncated Cone-Beam Projections

Hermann Schomberg
Philips Research Hamburg, Röntgenstraße 24–26, 22335 Hamburg, Germany

1 Introduction

A C-arm system, such as the one shown in Figure 1, may be
used to acquire X-ray cone-beam projections of a patient’s three-
dimensional (3D) region of interest (ROI) while the X-ray source
moves along some trajectory around the ROI. Then, a 3D image
of the X-ray attenuation coefficient within the ROI may be re-
constructed from the acquired cone-beam projections.

In fact, C-arm systems are being used in this way, see e.g. [1, 2].
Typically, the source moves along a circular arc spanning an angle
of 180◦–200◦, and the image is reconstructed by a variant of the
algorithm of Feldkamp, Davis, and Kress [3]. As the cone-beam
does not cover the whole patient, the projections are truncated.
This is usually handled by extending the projections in a simple
manner parallel to the plane containing the source trajectory. In
practice, the true trajectory differs slightly from its ideal, but this
deviation can be measured [5, 6] and taken into account during the
reconstruction. The reconstructed image is subjected to a surface
or volume rendering process designed to extract and visualize
only the high contrast structures of the object under examination.

The reconstructed image itself is usually cluttered by severe
artifacts. Nevertheless, the high contrast structures, such as bones
or blood vessels filled with intraarterially injected contrast agents,
are well recovered. This is because such structures stand out well
against the background and are also reconstructed at the correct
geometric locations.

Accurate images of medium contrast structures, such as blood
vessels filled with intravenously injected contrast agents, or low
contrast structures, such as soft tissue organs, are not obtained
in this way. If this is to be improved upon, the following condi-
tions will have to be met: First, the data acquired by the C-arm
system must provide (after some preprocessing) accurate, though
sampled, cone-beam projections of the object function (the X-ray
attenuation coefficient). Second, the sampling density along the
trajectory and on the detector surface must be sufficiently high.
Third, the source trajectory must be complete in the sense that ev-
ery plane that intersects the ROI contains a source point. Fourth,
the cone beam projections must not be truncated. Under these
conditions, any standard exact cone-beam reconstruction algo-
rithm will produce an accurate estimate of the object function
within the ROI. It has been tacitly assumed that the object func-
tion varies only spatially. Imaging moving parts of the human
body, such as the beating heart, is not considered here.

Measuring accurate cone-beam projections of the object func-
tion presents a number of technical challenges, but no funda-
mental obstacles, and is also not considered here. Making the
sampling density sufficiently high is not a fundamental problem
either. The problem of designing source trajectories that are both
complete and realizable by appropriate C-arm systems is dis-
cussed and solved in Section 4. The remaining requirement for
non-truncated cone beam projections cannot be satisfied by any
realistic C-arm system when the object to be imaged is part of

Figure 1. Integris Allura C-arm system (Philips Medical Systems, Best,
The Netherlands).

a human body. As in the fan-beam case [4] one can show that
truncated cone-beam projections leave the object undetermined.
To cope with this fundamental limitation we suggest in Section 3
to extend the truncated projections in a relatively simple fashion
so as to fake non-truncated projections of an imaginary object
that is somewhat bigger than the ROI, and to apply a suitable
cone-beam reconstruction algorithm to the extended projections.
It will be argued in Section 3 that an image thus obtained can be
expected to differ, inside the ROI, from the true image merely
by some unknown, but smooth, nearly constant, and fairly weak
ghost image. The reconstructed image would therefore still allow
the detection of fine anatomical details.

2 C-Arm Systems

A typical C-arm system, such as the one shown in Figure 1, is
equipped with a point like X-ray source and a planar X-ray detec-
tor, usually an image intensifier, which are mounted to the ends
of a C-arm. The C-arm is held by another arm, which we refer to
as the C-arm suspension. The C-arm suspension is attached to an
L-arm, which is mounted to the ceiling (or floor). The L-arm can
be rotated about a vertical axis. The C-arm suspension can be
rotated about a horizontal axis attached to the L-arm. By rotating
L-arm and C-arm suspension about their axes, the orientation of
the plane containing the C-arm may be changed. The C-arm it-
self may be rotated within this plane about an axis perpendicular
to this plane. All three rotation axes meet in a single point, the
isocenter. Also, the straight line from the X-ray source to the
center of the detector surface passes through the isocenter. The
rotations themselves are effected by servo motors. When one or
more of the the arms rotate, the X-ray source moves along a cor-
responding trajectory. The trajectory is confined to the surface
of an isocentric sphere and further constrained by the electrome-
chanical design of the joints connecting the arms.



3 The Reconstruction Problem
Points in space will be referenced with respect to a right-handed
Cartesian coordinate system, the laboratory system, which we
attach to the isocenter of the C-arm system such that the z-axis
points upwards and the y-axis along the patient table. The object
to be imaged is represented by a function f : R3 → R. The
source trajectory is represented by a smooth mapping a : � →
R3, where � = [λ−, λ+] is a bounded interval. When the source
is at position a(λ), the sensitive area of the detector defines a
plane D(λ) ⊂ R3. The sensitive area of the detector itself is
represented by the disk D0(λ) ⊂ D(λ). The set of unit vectors
θ ∈ S2 such that the ray {a(λ) + sθ | s ≥ 0} hits D0(λ) is
denoted by S0(λ). The source point a(λ) and the unit vectors in
S0(λ) define the cone C0(λ) = {a(λ) + sθ | s ≥ 0, θ ∈ S0(λ)}.
The biggest centered ball contained in all cones C0(λ), λ ∈ �,
is denoted by B0, its radius by r0. This ball is also the biggest
centered ball within which we can hope to obtain an accurate
reconstruction. In practice, r0 lies between 100 and 150 mm. We
define the function g : � × S2 → R by

g(λ, θ) =
∫ ∞

0
f (a(λ) + sθ) ds. (1)

The function g(λ, ·) represents the (non-truncated) cone-beam
projection of f with vertex a(λ). The data acquisition process
provides (a sampled and noise contaminated version of) the func-
tion g̃(λ, u, v) = g(λ, θ̃(λ, u, v)), where (u, v) are local coordi-
nates in the detector planeD(λ) and θ̃(λ, u, v) ∈ S0(λ) is the unit
vector pointing from a(λ) to the point (u, v) on D0(λ). Thus,
g(λ, θ) is available only for λ ∈ �, θ ∈ S0(λ). Using these data,
we wish to reconstruct f in the ball B0. When the object is a
part of a human being, the acquired cone-beam projections are
inevitably truncated, i.e., the support of f extends beyond B0,
and there exist λ ∈ � and θ ∈ S2 \ S0(λ) such that g(λ, θ) �= 0.

For a stable and accurate reconstruction of f in B0 it is neces-
sary that the source trajectory a satisfy the following complete-
ness condition (see [7] and the references cited therein): Every
plane that intersects the ball B0 contains a source point a(λ).
A source trajectory satisfying this condition will be called com-
plete with respect to B0. The normals of the planes that contain
a source point a(λ) and intersect the ball B0 form an umbrella-
shaped surface

U(λ, r0) = {rθ | |r| ≤ r0, θ ∈ S2, a(λ) · θ = r} (2)

within B0. Using the correspondence between planes and their
normals, the completeness condition may be rephrased as fol-
lows: The collection of the surfaces U(λ, r0), λ ∈ �, fills the
ball B0 completely.

In general, it is hard to prove by argument that a given trajectory
is complete with respect toB0. However, a computer may be used
to draw a large number of surfacesU(λ0, r0), . . . , U(λN, r0)with
λn = n(λ+ − λ−)/N , n = 0, 1, . . . , N , and it may be checked
visually whether these surfaces will densely fill B0 as N → ∞.

In the remainder of this section, we assume that the source
trajectory is complete with respect to B0. Then, if the cone-
beam projections were not truncated, f could be reconstructed
inside B0 using an appropriate cone-beam reconstruction algo-
rithm, such as the filtered backprojection algorithm described

in [8]. This algorithm is designed to act on g̃(λ, u, v) rather than
on g(λ, θ).

The development presented in [8] also allows one to derive the
explicit reconstruction formula

frec(x) = 1

8π2

∫
�

∫
S2

K(x, λ, θ)g(λ, θ) dθ dλ (3)

with the kernel

K(x, λ, θ) =∫
S2

|a′(λ) · β|
‖x − a(λ)‖2 M(λ,β)δ′

ε(β · φ(λ, x))δ′
ε(β · θ) dβ. (4)

Here, a′ is the derivative of a; δ′
ε is a regular and smooth ap-

proximation to the derivative of the δ-function; M is a smooth
weighting function accounting for the fact that a plane can contain
several source points [7, 8]; and

φ(λ, x) = x − a(λ)

‖x − a(λ)‖ . (5)

When the conditions are right, one expects frec to tend to f inside
B0 as δ′

ε tends to δ′. A discretized version of (3) could provide the
basis for a (computationally inefficient) reconstruction algorithm.

More interestingly, the kernel (4) highlights an important prop-
erty of the reconstruction problem: Since δ′

ε is concentrated near
zero, δ′

ε(β ·φ(λ, x)) is appreciably nonzero only when β belongs
to a neighborhood of the circle S2 ∩ φ(λ, x)⊥, and δ′

ε(β · θ) is
appreciably nonzero only when β belongs to a neighborhood of
the circle S2 ∩ θ⊥. The mentioned two circles are identical if
θ and φ(λ, x) are parallel; otherwise they have only two points
in common. As a result, K(x, λ, θ) is appreciably nonzero at
most when θ and φ(λ, x) are nearly parallel, i.e., when the ray
{a(λ) + sθ | s ≥ 0} comes close to x. In addition, K(x, λ, θ)

depends smoothly and weakly on λ and θ whenever a depends
smoothly on λ and the ray {a(λ) + sθ | s ≥ 0} does not come
close to x. Although the reconstruction process is not strictly
local, it is still semi-local.

The reconstruction problem of 2D CT has similar properties
[9]. It is also possible to extend the ideas presented in [9] to the
3D case: From (3) we find that

frec(x) = f0(x) + f1(x) (6)

with

f0(x) = 1

8π2

∫
�

∫
S0(λ)

K(x, λ, θ)g(λ, θ) dθ dλ, (7)

f1(x) = 1

8π2

∫
�

∫
S2\S0(λ)

K(x, λ, θ)g(λ, θ) dθ dλ. (8)

The function f0 is well determined by the available data, but f1
is completely undetermined. Owing to the semi-local nature of
the reconstruction process, f0 will be fairly smooth well outside
B0 and decay quickly there. Conversely, f1 will be fairly smooth
well within B0. Also, a crude guess of the truncated portions
of the cone-beam projections should suffice to compute a fair
approximation to f1 inside B0. Already a crude guess of the
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Figure 2. A C-arm system drawn as a series of links and joints.

integrals along the lines that pass through a centered ball B1 a
little larger than B0 should suffice for this purpose.

These observations suggest the following method for coping
with truncated cone-beam projections: 1. Choose a centered ball
B1 somewhat bigger than B0. For each λ ∈ �, let D1(λ) be
the perspective projection of B1 from a(λ) onto D(λ). 2. Ex-
tend each truncated cone-beam projection g̃(λ, ·, ·) radially from
D0(λ) to D1(λ) using, for example, the 1D extension method
proposed in [9] in radial direction. 3. Reconstruct f in B0 by
applying the filtered backprojection algorithm described in [8],
or some other suitable cone-beam reconstruction algorithm, to
the extended projections.

An image reconstructed in this way can be expected to differ
inside B0 from the true image merely by some unknown, but
smooth, nearly constant, and fairly weak ghost image.

4 Complete Source Trajectories
To specify and design source trajectories, we adopt a method
commonly used in robotics [10]. The first step is to model the
C-arm system by a series of rigid links connected by revolute
joints. Figure 2 illustrates the idea. There are four links, denoted
by l0, l1, l2, l3, and three joints, denoted by j1, j2, j3. Link l0 is
fixed to the laboratory. Link l1 represents the L-arm, link l2 the
C-arm suspension, and l3 the C-arm. Joint jk connects links lk−1
and lk , k = 1, 2, 3. Each joint defines an axis of rotation, and
these axes intersect in the isocenter.

Next, a right-handed Cartesian (xk, yk, zk)-coordinate system
is attached to link lk , k = 0, 1, 2, 3. There is some freedom
in the choice of the origins and orientations of these coordi-
nate systems; we make the choices indicated in Figure 2. In
the jargon of robotics, the coordinate system attached to link l3
is called the tool frame. The coordinate system attached to link
l0 is called the base frame and coincides with the laboratory sys-
tem introduced in Section 3. The angle between the xk−1-axis
and the xk-axis, measured about the zk−1 axis, is denoted by θk ,
k = 1, 2, 3. Each triple (θ1, θ2, θ3) defines a configuration of the
C-arm system. Figure 2 illustrates the configuration associated

with (θ1, θ3, θ3) = (0,−π/2, 0).
A point in space may be specified by its coordinates in either

of the four coordinate systems. It is explained in [10] how to
transform the coordinates of the point from the tool frame to its
coordinates in the base frame: If the point is represented by x3
in the tool frame, then it is represented by

x0 = R(θ1, θ2, θ3)x3 (9)

in the base frame, where R(θ1, θ2, θ3) is a rotation matrix. This
matrix can be derived from the information provided in Figure 2
and is given by (see also example 3.3.3 in [10])

R(θ1, θ2, θ3) =

 c1c2c3 − s1s3 −c1c2s3 − s1c3 c1s2

s1c2c3 + c1s3 −s1c2s3 + c1c3 s1s2
− s2c3 s2s3 c2




with ck = cos θk and sk = sin θk , k = 1, 2, 3.
In the tool frame, the source is always at position xsrc =

(−rsrc, 0, 0)T , where rsrc is the distance between source and
isocenter. When the angles θ1, θ2, θ3 are chosen as functions
of the parameter λ ∈ �, then xsrc moves along the trajectory

a(λ) = R(θ1(λ), θ2(λ), θ3(λ))xsrc, λ ∈ � (10)

in the base frame. Thus a trajectory may be specified by three
angular functions θk(λ), k = 1, 2, 3.

To design trajectories that are complete with respect to B0, we
may simply guess appropriate angular functions. Whether a can-
didate trajectory is complete with respect to B0 may be checked
as described in Section 3. The mechanical and electromechanical
constraints of the C-arm system will have to be obeyed. Angle
θ1 is preferably chosen constant, but for a complete trajectory
the other two angles must vary. Accordingly, the C-arm system
must allow a simultaneous rotation of the C-arm and the C-arm
suspension while cone-beam projections are being taken.

To realize a trajectory, the parameter λ is replaced by a smooth,
monotonically increasing function of time, say τ : [t−, t+] → �,
and the resulting functions θk(τ (t)) are used to drive the corre-
sponding servo motors of the C-arm system. For physical reasons
the first and second derivatives of the entailing trajectory a(τ (t))

must vanish as t ↓ t− and t ↑ t+. This may be achieved by a
proper choice of the function τ . Alternatively, the original tra-
jectory may be augmented at both ends with extra segments for
acceleration and deceleration.

The left panel of Figure 3 illustrates a favorable source trajec-
tory found in this way. In this and the following examples, the
distance between source and isocenter is 810 mm, and the radius
of B0 is about 125 mm. The right panel of Figure 3 shows 28
umbrella-shaped surfaces within B0, as described in Section 3.
As can be seen, this trajectory is complete. Figure 4 illustrates
four additional complete trajectories. The angular functions for
all five example trajectories are given in Table 1. The definitions
involve some magic constants which depend on the geometrical
parameters of the underlying C-arm system. As indicated in the
table, these example trajectories have various merits and may
impose additional technical requirements on the C-arm system.

As with a circular arc, the true trajectory will deviate a little
from the prescribed trajectory, but these deviations can be mea-
sured and taken into account during the reconstruction. With
high-end C-arm systems the deviations are also reproducible.
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Figure 3. A complete source trajectory. The small ball in the left panel
represents B0. The right panel illustrates the filling of B0 with umbrella-
shaped surfaces, as described in Section 3.
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Figure 4. Four additional complete source trajectories.

Illustration Definition (0 ≤ λ ≤ 1) Comments

Figure 3

θ1(λ) = − π
180 36

θ2(λ) = π
180 (22.5 − 225λ)

θ3(λ) = π
180 (45 − 90λ)

L-arm at −36◦
θ1, θ2 linear

Figure 4
top left

θ1(λ) = 0

θ2(λ) = π
180 (22.5 − 225 sin2(πλ/2))

θ3(λ) = π
180 18 sin(2πλ)

L-arm at 0◦

Figure 4
top right

θ1(λ) = 0

θ2(λ) = π
180 (22.5 − 225 sin2(πλ))

θ3(λ) = π
180 12 sin(4πλ)

L-arm at 0◦
trajectory closed

Figure 4
bottom left

θ1(λ) = 0

θ2(λ) = π
180 (−90 − 360λ)

θ3(λ) = π
180 15 cos(4πλ)

L-arm at 0◦
trajectory closed
requires 360◦ rotation for j2

Figure 4
bottom right

θ1(λ) = − π
180 90

θ2(λ) = π
180 a2(λ)

θ3(λ) = π
180 a3(λ)

L-arm at −90◦
trajectory closed
a2, a3 shown in Figure 5
requires 210◦ rotation for j3

Table 1. The definitions of the five example trajectories.
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Figure 5. The functions a2 (solid) and a3 (dashed) referenced in the last
row of Table 1.
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Computation of Unmeasured 3rd Generation VCT
Views from Measured Views - Preliminary Results
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Abstract| We generalize work done in [1] by computing
unmeasured cone beam projections from measured projec-
tions. We do this by solving a characteristic boundary value
problem for an ultrahyperbolic di�erential equation [2]. One
potential use for this technique is reduction of cone-angle
artifacts su�ered by approximate volumetric reconstruction
techniques, including Feldkamp. By working in the Fourier
domain, we convert the 2nd order PDE into a family of 1st

order ODE's. A simple 1st order integration is used to solve
the ODEs.

Keywords| ultrahyperbolic partial di�erential equation,
cone-beam CT

I. Introduction

W
E compute unmeasured volumetric computed to-
mography (VCT) views from measured views by en-

forcing range conditions [2] requiring that VCT data satisfy
the ultrahyperbolic partial di�erential equations:

�
@2

@�i @�j
�

@2

@�j @�i

�
u(�; �) = 0 for i; j = 1; 2; 3 (1)

By solving a characteristic boundary value problem for
these equations, unmeasured views corresponding to un-
measured axial scans are computed. See Figure 1.
Fritz John's range conditions in equation 1 were pub-

lished in '38 and the idea of computing unmeasured views

Applied Science Lab, GE Medical Systems, PO Box 414, Milwau-
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Fig. 2. Source trajectory is a horizontal circle above the patient.
Unmeasured cone-beam projections are computed for focal spot po-
sitions within the circle

has been considered for tomosynthesis type systems. In [1]
Edholm & Danielsson showed that cone beam projections
measured by a circular source trajectory lying in a single
plane could be used to compute parallel beam projections
of a di�erent object. Their derivation uses fundamental
geometric arguments, as does the derivation in [3] showing
the necessity of John's equation 1 for xray-transforms of
smooth, compactly supported functions. The same mea-
sured cone beam projections are used to compute unmea-

sured cone beam projections of the same object. See Fig-
ure 2. The projections are computed in [3] much as we do
in this paper, by solving John's equation 1 in the Fourier
domain. The tomosynthesis geometry allowed us to solve
analytically, whereas the helical system we consider here
requires a change of variables which creates a nasty forcing
term in the right-hand side of the transformed equation.
We have not found an analytical solution, so the results
presented here were computed using crude �rst-order inte-
gration.
John �rst introduced the ultrahyperbolic equation in a

di�erent form, equivalent to 1 by a linear change of vari-
ables. The original equation's variables did not correspond
to the xray transform used in computed tomography, but
did permit a mean-value theorem [4] and even analytic solu-
tions for special geometries [5],[6]. A mathematically exact
inversion formula exploiting John's equation was presented
for \bounded" objects in [7].
Normalized VCT data measures line integrals of a three

dimensional imaging object's linear attenuation coeÆcient
(LAC). The 1-dimensional source trajectory along which
we measure cone beam projections with a 2-dimensional
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Fig. 3. X�(�; �) integrates � along the line passing through � and �.

xray detector with pixels parameterized by (�1; �2), pro-
viding 1 + 2 = 3 dimensions worth of boundary value (BV)
data on a characteristic surface. For a constant-pitch helix
of pitch p � 0 where the FS moves a distance p

2�
during a

single rotation, we measure on the 1 + 2 = 3 dimensional
surface de�ned by

z = p� where �1; �2 are free

We change variables to parameterize 3rd-Gen data and
rewrite the consistency conditions in the new coordinate
system. Notice that 1 is written in terms of six variables.
Figure 3. Our measured data represents line integrals of
a function de�ned in R3 and therefore should be a func-
tion of three independent variables. However, in a 3rd-Gen
system, the radii of rotation are �xed so we only measure
u for varying �, z, �1, and �2; where (�; z) parametrize
focal spot (FS) positions and (�1; �2) correspond to pixel
location on a at panel xray detector. See Figure 1. In
order for our dimension count to be correct there can be
only one independent constraint upon u:Modulo �rst order
identities on u, all three of the conditions in 1 boil down
to the single constraint:

@u�2
@�

� �
@u�1
@z

= (2)

�1

(�+ d)

�
2�1u�2 + �1�2u�2;�2 +

�
(�+d)2 + �21

�
u�2;�1

�

subject to the boundary conditions which we measure

u(�; p�;�1; �2) = f(�;�1; �2) (3)

where � and d represent source-to-iso and iso-to-detector
distances, respectively. Notice that the left hand side of 2
is �rst order with respect to z and �. Although standard
numerical solvers for partial di�erential equations (PDEs)
can be used to solve 2, it is also possible to transform this
single PDE into a coupled system of ordinary di�erential
equations (ODEs), which we solve with a �rst-order inte-
gration. Numerical results are presented in Section II.
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Fig. 4. Source trajectory for results presented here is comprised
of circles connected by a short helical segment, shown in bold red.
Each iteration of the PDE solver computed views along one of the
blue helical segments. Ideally, the helix is longer, but computational
costs prohibited us from using a full rotation helix to generate these
preliminary results.

II. Numerical Results

Preliminary results are presented here for a source tra-
jectory failing the Kirillov-Tuy completeness condition. We
consider here only data measured on a short segment of a
constant pitch helical segment source trajectory. Results
are computed both with and without noise in the mea-
sured data. The incompleteness of our measured data im-
plies that a wedge of Fourier components comprising less
than 2% of the Fourier components of our computed pro-
jections are inaccessible. We therefore �ll in these missing
Fourier data both with and without noise. We hope to
extend our numerical solver to handle complete source tra-
jectories consisting of two axial scan trajectories connected
by a constant pitch helical scan. (Remember, an axial scan
corresponds to pitch p = 0!)

A. System Con�guration

Noise-free test data of a simple phantom object was
simulated assuming a 512� 512 array with pixel pitch of
1:5e � 3 m, source trajectory with helical pitch 150 mea-
sured at isocenter, and 984 views per 2� gantry rotation.
The FS moves on a radius of 0:541m; whereas the detec-
tor is slightly closer to the z-axis, rotating at a distance of
0:408m: With this system geometry and helical pitch, the
FS moves 0:128m in a single rotation. Note that we are
working nowhere near the theoretical maximum pitch for
exact reconstruction. With this (perhaps suboptimal) dis-
cretization, dz <<< d� and at each iteration of our PDE
solver, only a few neighboring projections contribute to
the next step. See Figure 4. In the tests presented here we
solved only for projections on a thin ring around the center
of our phantom to reduce computation time.

Our phantom object is unbounded, consisting of one
large ellipsoid full of water and containing several homo-
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Fig. 5. Projection measured with FS at (�; z) = (0; 0). The spine
parallel to the z-axis is barely visible.

geneous density inclusions: one thin rod parallel to the
patient axis, two smaller ellipsoidal air pockets which are
surrounded by three higher density rings. The rod simu-
lates a spine, the air pockets simulate lungs, and the rings
simulate ribs. Object centers, dimensions, and densities
listed below:

tissue type center eccentricities/radii density
(cm) (cm) = LAC

water body (0; 0; 0) (20; 10; 1e6) 190
spine (�4; 0; 0) (1; 1; 1e6) 304
lung1 (2;�4; 0) (3; 3; 8) 0
lung2 (2; 4; 0) (3; 3; 8) 0
rib1 (0; 0;�5) 1=8:5 304
rib2 (0; 0; 0) 1=8:5 304
rib3 (0; 0; 5) 1=8:5 304

Table 1. Di�erent tissue types, their sizes, positions, and
attenuation coeÆcients are listed above.
The linear attenuation coeÆcient (LAC), u 2 C0 is

bounded and for each (�; z) pair, has compact support
in �1, and �2. However, the LAC is \unbounded" with
respect to the detector, since the water body and spine
are longer than the detector. We should note that this is
a relatively benign with little frequency content in the z-
direction. A projection taken with focal spot in the central
plane is shown in Figure 5.

B. Noise-Free Results

Boundary value data as described in 3 from source po-
sitions on the helical source trajectory were �rst simulated
without noise and used to solve equation 2. The central
columns from each projection with a full of spot position
in the middle blue circle shown in Figure 1 were compiled
to create a 2D axial sinogram. The reconstruction of that
central plane is compared to the mathematically exact im-
age in Figure 6. Notice the slight shading across the image
and broadening of the rib. These errors are due to inaccu-
raies in our �rst-order numerical solver, since our data is
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Fig. 6. Reconstruction via standard 2D �ltered-backprojection of
true and computed sinograms. No noise was added to the projections
from which the second sinogram was computed.

noise-free. Vertical and horizontal pro�les across this same
reconstructed slice are shown in Figure 7.

C. Noisy Results

The same code was run to test robustness to noise where
both additive and multiplicative noise were added to all
\measured" projections as follows:

unoisy(�; �1; �2) = utrue(�; �1; �2)(1 + 0:005X) + 0:05Y
(4)

where X;Y 2 N(0; 1). Projections in the axial sinogram
computed from noisy BV data are compared to noisy sino-
gram projections with the same noise levels in Figure 8.
Whether the di�erences are repeatable for di�erent real-
izations of the experiment remains to be determined.

III. Conclusion

For \bounded" objects, 3rd-Gen helical VCT data can be
reconstructed exactly once the 3rd-Gen version of John's
equation has been solved. To reconstruct a volume using
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Fig. 7. Notice that Gibbs ringing is the largest source of error in the
vertical pro�le (bottom) but that the shading artifact can be seen
in the horizontal pro�le (top). In both cases, locations of edges are
accurately recovered.

β = π/4

β = π/2

β = 3π/4

β = π

Fig. 8. Pro�les of projections computed from noisy boundary value
data as well as noisy projections measured directly are both plotted
in heavy dots. The di�erence between these noisy pro�les is plotted
below in a thin black line.

2D �ltered backprojection, we solve for all projections cor-
responding to focal spot positions on the cylinder, saving
at each iteration only data on the central columns to gen-
erate 2D axial sinograms. Because our numerical scheme
was low order, we were forced to solve for all projections
anyway. A higher-order solver would allow us to take larger
step sizes, and more importantly, improve our solution ac-
curacy. However, a high-order scheme is elusive [10].
Our next task in this e�ort is to incorporate boundary

value data from 2 circles + helix source trajectory, elim-
inating the need to \�ll in" inaccessible Fourier compo-
nents. This is straightforward numerical work. Our next
task, developing an exact method for \unbounded objects"
will require more e�ort. Views of unbounded objects are
not exactly recovered using this technique. Whoever as
the size of the at panel detector rate increases errors due
to the unbounded object problem decrease. Although the
errors are likely to be small, a mathematically exact solu-
tion analogous to that in [8],[9] is required to complete our
analysis.

References

[1] Edholm, P.R., Danielsson, P.E., \A Theorem on Divergent Pro-
jections," Three Dimensional Image Reconstruction in Radia-
tion and Nuclaer Medicine, P. Grangeat & J.L. Amans, eds.,
pp. 35-45, (1996).

[2] John, F., \The Ultrahyperbolic equation with 4 independent
variables", Duke Math. Journal, pp. 300-322, (1938).

[3] Patch, S. K., \Almost-Everywhere Extrapolation using 2D
Transforms from Cone Beam Data", U.S. Patent #6,173,030,
(2001).

[4] Asgiersson, L., \"Ueber eine Mittelwertseigenschaft von Loesun-
gen homogener linearer partieller Di�erentialgleichungen zweiter
Ordnung mit konstanten KoeÆzienten", Mathematische An-
nalen, 13, pp. 321-346, (1938).

[5] Owens, G., \An Explicit formula for the solution of the Ultra-
hyperbolic Equation in four Variables", Duke Math Journal, 9,
pp. 272-282, (1942).

[6] Owens, G., \A Boundary-Value Problem for Analytic Solutions
of an Ultrahyperbolic Equation" Duke Math Journal, 20, pp.
29-38, (1953).

[7] D. Finch, \Cone Beam Reconstruction with Sources on a Curve,"
SIAM J. Appl. Math, 45 #4, pp. 665-673, (1985).

[8] Tam, K., US Patent #5,390,111, \Method and System for Pro-
cessing Cone Beam Data for Reconstructing Free of Boundary-
Induced Artifacts a Three Dimensional Computerized Tomogra-
phy Image," 1993.

[9] Kudo H., Noo, F., Defrise, M., \Cone-beam �ltered-
backprojection algorithm for truncated helical data," Phys. Med.
Biol., 43, pp. 2885-2909, (1998).

[10] J. Hu, C. Ingrassia, S. Lowitsch, J. Park, A. Pineda, D.
Reynolds, N. Valdivia, Final Report of the IMA Summer Work-
shop of Mathematical Modeling in Industry, July, 2000, posted
at www.ima.umn.edu.

[11] Greenleaf, A., Uhlmann, G., \Non-Local Inversion Formulas for
the X-ray Transform," Duke Mathematical Journal, 58, no. 1,
pp. 205-240, (1989).

[12] Kirillov, A.A., \On a Problem of I.M. Gelfand", Sov. Doklady,
pp. 268-269.

[13] Tuy, H.K., \An inversion formula for cone-beam reconstruction,"
SIAM J. Applied Math, 43, pp. 546-552, (1983).

[14] Grangeat, P., \Mathematical Framework of cone beam 3D re-
construction via the �rst derivative of the Radon transform,"
Mathematical Methods in Tomography - Lecture Notes in Math-
ematics, pp. 66-97, (1991).

[15] Helgason, S., The Radon Transform, Birkhauser, 1980.
[16] Natterer, F., The Mathematics of Computerized Tomography,

Wiley, 1986.



A Generalized Model for 3D Compton Scatter in Single Photon Emission Computed  
Tomography Using Slice-by-Slice Blurring and Scatter Projection Rebinning 

 
Chuanyong Bai1, Gengsheng L. Zeng2, Grant T. Gullberg2 

1ADAC Laboratories, 540 Alder Drive, Milpitas,  CA95035 
2MIRL/CAMT, 729 Arapeen Drive, SLC, UT84108 

 

Abstract 
The modeling of 3D Compton scatter in SPECT is 

complicated by the use of a variety of collimator geometry. To 
date, effective and efficient modeling of 3D Compton scatter 
in parallel-beam SPECT has been made possible by Frey and 
Tsui [1], Zeng et al [2], and Bai et al [3]. For fan-beam and 
cone-beam SPECT, the model in [3] can effectively model 
first order 3D Compton scatter. But for varying-focal-length 
fan-beam and cone-beam SPECT, no effective scatter models 
have been developed so far. 

We propose in this work a generalized model for 3D first 
order Compton scatter in SPECT for different collimator 
geometry. The slice-by-slice blurring technique in [3] is used 
to generate a complete set of first order Compton scatter 
projections; the scatter projections are then properly rebinned 
according to the specific collimator geometry to obtain the 
scatter estimation. When generating the complete set of scatter 
projections, a set of virtual planar detectors with parallel-beam 
collimation are used to orbit around the object for scatter 
detection. Detailed discussion of this generalized model is 
provided in the METHODS section. 
  

I. INTRODUCTION 
In SPECT data acquisition, Compton scattered events are 

detected inevitably along with the primary (non-scattered) 
events due to the finite energy resolution and finite spatial 
resolution of the detectors. A photon usually loses part of its 
energy and changes its direction after being Compton 
scattered. Improper handling of the scattered photons can thus 
lead to the incorrect positioning of the source photons, and as 
a consequence, the reconstructed images can be degraded both 
quantitatively and qualitatively.  

The primary difficulty for Compton scatter compensation 
in SPECT imaging is to obtain accurate scatter estimation. 
There are two major categories of techniques to obtain scatter 
estimation. One is the direct scatter estimation from data 
acquired using scatter energy window(s). Techniques in this 
category are easy to implement but not accurate. The other 
one is the modeling of the scatter from the attenuation map 
and the emission map during image reconstruction.  
Techniques in this category can be accurate but are difficult to 
implement, especially when complicate collimator geometry is 
used. 

There are many techniques developed for the modeling of 
Compton scatter in SPECT. 1) Using Monte Carlo simulation 
for each specific scan [4-6]. 2) Using physical measurement to 
obtain the scatter response of a specific scan setup, the 
measured response is used as a characteristic of the given 

SPECT system [7]. 3) Using ideal integration based on the 
scatter cross-section described by the Klein-Nishina formula 
[8-9]. 4) Using ray driven projector/backprojector to model 
first order Compton scatter [10-12]. 5) Using a slab derived 
scatter model [13-18]. 6) Using an effective scatter source 
estimation model [1,19]. And 7) using a slice-by-slice blurring 
technique to model 3D first order Compton scatter [2-3, 21]. 
While almost all these techniques are effective to model 
scatter for parallel-beam SPECT, only [3] and [20] have 
shown to be effective and efficient for fixed-focal-length fan-
beam and [3] for fixed-focal-length cone-beam SPECT. 

In this work, we develop a generalized model for 3D first 
order Compton scatter in SPECT, using the slice-by-slice 
blurring technique [3] and scatter projection rebinning 
technique. The application of this model in SPECT with slant-
hole collimator, annular collimator, and fan-beam and cone-
beam collimators with both fixed-focal-length and varying-
focal-length are discussed. 
 

II. METHODS 
A. The slice-by-slice blurring technique for first order 

Compton scatter 
There are three basic principles for the slice-by-slice 

blurring model for first order Compton scatter described in 
[3]. (1) For each projection angle, photons emitted from a 
point source and scattered at a scattering point can only be 
detected at a certain position at the detector surface due to the 
assumption of perfect collimation. This means that when the 
position of point source is given, there is a one-to-one 
relationship between the positions of the scattering point and 
the detecting point, and thus the scattering angle for the 
detected scattered photons is unique for each scattering point. 
Figure 1 shows an example in fan-beam geometry. (2) For a 
given point source, on a scattering slice which is parallel to 
the detector surface, the photon energy and scattering angle 
dependent factor of the scatter probability (given by the Klein-
Nishina formula) has a 2D distribution. This 2D distribution 
can be approximated using a 2D Gaussian function, 
considering the energy detection probability, the energy of the 
incident photon, and the detection energy window. (3) The 2D 
Gaussian function of the scattering slice which is closer to the 
detector surface (and thus further from the point source) can 
be obtained by a slice-by-slice blurring from the 2D Gaussian 
function of a scattering slice which is further away from the 
detector surface. 

The generation of scatter estimation using this technique 
includes three steps. Step 1: the generation of the intermediate 
scatter source image (ISSI) from the attenuation map using 



slice-by-slice blurring. The value of each element of ISSI is 
the production of the source intensity, the effective attenuation 
from the point source to the scattering voxel, and the 
scattering angle dependent factor of the scatter probability at 
the scattering voxel. The solid angle subtended by the element 
with the origin at the point source is also considered. Step 2: 
the generation of the effective scatter source image (ESSI) 
from ISSI, which is a voxel-by-voxel multiplication operation 
of the ISSI and the linear attenuation coefficient map. And 
step 3: the projection of the ESSI using a slab-by-slab blurring 
model to generate the final scatter estimation [21].  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The slice-by-slice blurring model includes the non-
uniform attenuation from the source to scattering point in Step 
1 and from the scattering point to the detecting point in Step 3. 
The geometric point response effect of the SPECT system can 
also be included in Step 3. In Step 2, the effective non-
uniform scatter probability of a scattering voxel is considered. 
Using this model, one can accurately estimate 3D first order 
Compton scatter along a give direction for any scattering 
media.  
 
B. A generalized model for 3D Compton scatter 

When photons shine on a scattering voxel, they can be 
scattered to a 4• solid angle, theoretically. We can divide this 
4• solid angle to a series of sub-solid angles. The scattered 
photons in each sub-solid angle can then be detected by using 
a planar detector with parallel beam collimation. In this way, 
we can obtain a complete detection of the photons that are 
scattered by the scattering voxel. Figure 2 illustrates the basic 
idea of generating a complete set of scatter projections.  

The generalized model includes the following two steps. 
Step 1. Using the slice-by-slice blurring model to generate a 
set of scatter projections, assuming that we use a set of virtual 
planar detectors with parallel collimation to detect the 
scattered photons. Each parallel scatter projection contains the 
scatter estimation for the corresponding sub-solid angle, and 
thus the set of parallel scatter projections form a complete 
scatter estimation. Step 2. For a given SPECT geometry, 

using an appropriate rebinning process to obtain the scatter 
estimation for all the detector bins. In this step, the set of 
generated scatter projections in Step 1 is used for rebinning. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
C. Implementation of the model  
1. Slant hole collimation, planar detectors 

For planar detectors with slant hole collimation [22], the 
collimation in each segment is essentially parallel. Figure 3 
shows the geometry of a bilateral slant-hole collimator. The 
collimation directions of different segments are different. For 
each segment, one only needs to generate a series of parallel 
projections, which have different distances in the direction of 
the collimation, using virtual planar detectors (dashed lines in 
Figure 3) with parallel collimation. For a detector bin i on the 
slant detector, the rebinning procedure is to first determine its 
interception position (k, i) with one of the parallel scatter 
projections k , and then estimate its scatter using the scatter 
values of the bins closest to (k, i) of projection k. If we use 
bin _ size ⋅ cos(β)  as the bin size in the slant direction, and 
bin_size in the parallel direction, no interpolation is needed for 
the rebinning. Here bin_size is the slant-hole collimator bin 
size and β  is the slant angle. For this special collimation 
geometry, one can incorporate the asymetric geometric point 
response of the detector in Step 3 of the slice-by-slice blurring 
model during the generation of complete scatter estimation. 

 
2. Parallel collimation, annular detectors 

Figure 4 shows the geometry (transaxial cross section) of 
a SPECT system with annular detector and parallel 
collimation. In the axial direction of the detector, the 
collimation is also parallel. A complete set of scatter 
projection can be obtained by using a set of virtual parallel 
detectors evenly distibuted along the annular ring. For a 
detector bin corresponding to angle C in Figure 3, an accurate 
way to estimate its scatter is to generate a virtual parallel 
scatter projection (with same bin size as the annular detector) 
for this angle and pick up the scatter value directly. If only the 

Figure 2. A complete scatter estimation can be obtained through 
slice-by-slice blurring model, using one virtual planar detector 
with parallel collimation at each sub-solid angle.  

Figure 1. Photons that are originated from source SS and 
scattered at scattering point SC can only be detected at point D 
on the detector surface under the assumption of perfect 
collimation. 
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parallel projection in the neighboring angles A and B are 
generated for the sake of decreasing computational burden, an 
interpolation step should be taken for the rebinning. 
Explicitly, we first find the bins (A, i) and (B, j) on the planar 
parallel detectors at angles A and B that correspond to the 
detector bin in direction C. If their values are S(A, i) and S(B, 
j), then the scatter at the detector bin in angle C can be 
expressed as: 

 
S(A,  i) ⋅ (B - C) + S(B,  j) ⋅ (C - A)[ ]/(B - A) .          (1) 

 

Detector

Collimator

Central projection

i

k
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Note that here we simply consider the angular 
interpolations between neighboring projections. To be more 
accurate, a small compensation of solid angle difference 
should be made due to the longer distances from (A, i), and 
(B, j) to the center of rotation than the detector bin at angle C. 
One can project the bin to parallel projections A and B and 
then sum up the values of the projected bins. Thus equation 
(1) becomes: 

A)-/(BA)-(Cj) S(B,C)-(Bi) S(A,
ji









∑ ⋅+∑ ⋅      (2) 

 
3. Fixed-focal-length fan-beam and cone-beam collimation,  

plane detectors 
Figure 5 illustrates the geometry of a SPECT system with 

fixed-focal-length fan-beam collimation in the fan direction 
and parallel collimation in parallel direction. For each angle 
from the focal point to a detection bin in the fan direction, we 
generate a scatter projection using a virtual planar detector 
(dashed lines in Figure 5) with parallel collimation. The 
rebinning step assigns to the detector bin the scatter value of 
the central bin of the virtual parallel scatter projection. If one 
uses less number of angles than the number of bins to generate 
the scatter responses, the scattered value at each detector bin 
can be obtained with a simple angular interpolation as is the 
same as described in equation (1). However, when 
compensating for the changed solid angle, equation (2) should 
be slightly modified to reflect the fact that the projected bin(s) 

on one of the neighboring virtual projection are closer to the 
center of rotation, and thus the subtended angles are increased. 

When performing SPECT scans using fixed-focal-length 
fan beam SPECT systems, sometimes a non-circular orbit is 
used [23] to avoid truncation or to make the line of focus 
remain fixed to the center of the organ of interest, etc. For 
these scans, the focal-point orbit function should be used to 
determine the relative position of the center of object matrix to 
the focal point and the detector surface at different projection 
angle for proper scatter projection rebinning and solid angle 
compensation.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

For planar detector with fixed-focal-length collimation, 
the generation of the complete set of scatter projection is 
three-dimensional. The scatter projection rebinning is also 
three-dimensional.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4. Varying-focal-length  fan beam and cone beam 

collimation, planar detectors 
For varying-focal-length fan beam collimation and planar 

detectors, one can use the same scheme as for fixed-focal-
length fan beam collimation and planar detectors to obtain the 
scatter estimation. The difference is that when rebinning, one 
should use the focal-length function [24, 25] to determine 
which parallel projections should be used for rebinning. The 
direction of these scatter projections are determined by the 

Figure 3. Bilateral slant-hole parallel collimation. 
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detector bins and the position of the focal points 
corresponding to these bins.  

For varying-focal-length cone-beam collimation, the 
generation of complete set of scatter projections should be 
three-dimensional, and the interpolation described in equation 
(2) should also be three-dimensional. 

It should be noted that for SPECT imaging using varying 
focal-length fan-beam or cone-beam collimation and planar 
detector, the focal point closest to the detector surface should 
be out of the object of interest to avoid multiple images. 
However, this restriction is not needed for scatter estimation 
using this generalized scatter model. 
 

III. DISCUSSION 
The scatter model proposed in this work is based on the 

assumption that a complete first order 3D Compton scatter 
projection can be obtained by using a set of virtual planar 
detectors with parallel collimation. This assumption is 
accurate when enough number of parallel scatter projections 
are generated. Simulation studies for fixed-focal-length fan 
beam SPECT will be presented. Simulation studies for 
varying-focal-length fan-beam and cone-beam collimation 
will be performed when a proper simulator is available. 
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Abstract

This paper proposes an accurate row-action type
iterative method which is appropriate to reconstruct
sparse objects from a limited number of projections. The
main idea is to use the Lp norm with p ≈ 1.1 to pick up
a sparse solution from a set of feasible solutions to the
measurement equation. We also show that this method
works well in the 3-D blood-vessel reconstruction.

I. Introduction

Image reconstruction from a limited number of
projections is a well-investigated subject in tomographic
reconstruction fields. For example, this problem possesses
applications in visualization of 3-D blood-vessel structure
from angiographic projections and cardiac imaging with
various modalities [1]. In spite of a lot of works, however,
it is fair say that successful reconstruction algorithms
which can be used in clinical routine do not exist. This
paper proposes an iterative reconstruction algorithm
which is very powerful for sparse objects. Here, the
sparse objects refer to objects which have non-zero pixel
values only on a relatively small number of pixels. Such
objects appear in many instances of tomographic imaging.
In particular, we have the following three applications
in mind. The first application is the reconstruction
of cerebral or cardiac blood-vessel structure from a
limited number of angiographic projections measured
with a C-Arm or rotational-angiographic devices (digital
subtraction technique is normally used to eliminate
unnecessary background objects). The second application
is the cardiac SPECT or PET imaging where the cross
section can be approximately regarded as a sparse
object because the isotope normally concentrates only
on the heart. The last interesting application is the
reconstruction of tomographic dynamic sequences. This
problem can be also formulated as the reconstruction of a
sparse object in the following way. Let t denote time and
assume that we have a good reconstruction ft at time t.
Then, ft+1 − ft becomes a sparse object if the motion
in the cross section is not so large. Therefore, we can
reconstruct ft+1− ft from a limited number of projections
gt+1 at time t+ 1 if an accurate reconstruction algorithm
for sparse objects exists, which leads to an accurate
reconstruction of ft+1.

The proposed algorithm is outlined as follows. The
tomographic reconstruction problem can be formulated as
solving a linear equation A�x = �b where �x is an image
vector, �b is a set of measured line integrals, and A is

an m × n matrix relating �x to �b. When the number of
projections is small, many feasible solutions to A�x = �b
exist because m < n. To pick up a good solution having
sparsity from a set of feasible solutions, we formulate the
problem as a bound-constrained minimum norm problem
(PPB):

minimize ‖ �x ‖p
p /p subject to A�x = �b and 0 ≤ �x ≤ 1

where ‖ �x ‖p denotes the Lp norm of �x and the inequality
0 ≤ �x ≤ 1 can be understood componentwise. The value
of norm parameter p has a large effect on the solution.
The best value of p for sparse objects is p = 0 because
limp→0 ‖ �x ‖p

p is equivalent to the number of non-zero
pixels. This choice allows to pick up an object which
has minimum number of non-zero pixels. However,
‖ �x ‖p

p /p is non-convex and is non-differentiable when
0 < p < 1 which makes it impossible to use well-known
convex optimization techniques to construct an iterative
algorithm. To overcome this drawback, we use p ≈ 1.1 (a
slightly larger value than 1). For this choice, ‖ �x ‖p

p /p
is both convex and differentiable so that we can use
standard convex optimization techniques. Furthermore,
p ≈ 1.1 still allows to pick up a sparse solution to
A�x = �b compared to the use of ordinary Euclidean norm
p = 2. We construct an iterative method for the above
constrained minimization problem by using the dual
coordinate ascent method [2]. This method converts the
original problem (PPB) into a dual problem by using
the so-called Lagrangian duality. Since the dual problem
corresponding to (PPB) becomes a simple unconstrained
maximization problem, we solve it by using the coordinate
ascent method. In the primal space, this method can be
considered as a variant of Bregman’s method for convex
programming excepting the bound constraint 0 ≤ �x ≤ 1
[3]. The resulting algorithm is of row-action type similarly
to the Algebraic Reconstruction Technique (ART). The
iteration converges fast by using a projection access order
proposed in the literature [4].

We believe that this method possesses some important
applications in tomography. As a first step, we have
applied this method to the reconstruction of 3-D blood-
vessel structure from a limited number of cone-beam
projections. The simulation results demonstrate that an
accurate reconstruction is possible from only 8 projections
for which the Feldkamp method and the ART method are
not valid anymore. Furthermore, we apply the method
to real-data measured with the cone-beam tomographic
imaging system using a synchrotron radiation x-ray
source [5].



II. Proposed Method

A. Problem Formulation

In tomography, the goal is to reconstruct an object
from line-integral projection data. A discrete version of
the projection process can be represented as

A�x = �b
where A = (aij) is a real m × n matrix representing the
projection operator, �x = (x1, · · · , xn)� is a real vector
representing the object, and �b = (b1, · · · , bm)� is the
corresponding projection data. Let �cj denote the j-th
column of matrix A.

For convenience to explain the method, we first consider
the following minimum norm problem (PP):

minimize ‖ �x ‖p
p /p subject to A�x = �b (1)

where 1 < p < 2. We use p ≈ 1.1 for sparse objects
as mentioned in Section I. Though the problem (PP) is
simpler than the problem (PPB), it is still a nonlinear
constrained optimization, and is difficult to solve directly.
However, its dual will be an unconstrained optimization.

B. Lagrangian Duality

From the reference [6], the Lagrangian dual of the
problem (PP) is the following maximization problem
(DP):

maximize D(�y) = �b��y− ‖ A��y ‖q
q /q (2)

where �y = (y1, · · · , ym)� is a real vector, and q = p/(p−1).
Let �z(�y) = (z1(�y), · · · , zn(�y))� be a vector function whose
j-th component is zj(�y) = |�c�j �y|q−1sign(�c�j �y). If �x

∗ solves
the problem (PP), then there exists �y∗ such that �x∗ =
�z(�y∗) and �y∗ solves the problem (DP). Conversely, let �y∗

solve the problem (DP), then the vector �x∗ = �z(�y∗) solves
the problem (PP).

C. Solving Maximization Problem (DP)

Obviously, the number of the unknowns in the problem
(DP) is less than that in the problem (PP). Furthermore,
the problem (DP) is an unconstrained maximization which
is easier to solve than the problem (PP).

Differentiating (2), we get the following equations:

D′
yi
(�y) = 0, i = 1, · · · ,m. (3)

Equation (3) is a system of nonlinear equations which
yields a solution of (2). Using the newton-like iteration
to each equation in parallel, we get

y
(k+1)
i = y(k)

i − β D
′
yi
(�y(k))

D′′
yiyi

(�y(k))
, i = 1, · · · ,m. (4)

where β is the relaxation parameter. We define

∆i(ω1, · · · , ωn) =

bi −
n∑

j=1

aij |ωj|q−1sign(ωj)

(q − 1)
n∑

j=1

(aij)2|ωj |q−2

,

then for i = 1, · · · ,m, (4) can be written as

y
(k+1)
i = y(k)

i + β∆i(�c�1 �y
(k), · · · ,�c�n �y(k)), (4′)

In fact, for convenience to implement, we use the
sequential Gauss-Seidel type iteration scheme (5) in our
program:

y
(k+1)
i = y(k)

i +β∆i(ω
(k,i)
1 , · · · , ω(k,i)

n ), i = 1, · · · ,m, (5)
where ω(k,i)

j =
∑i−1

l=1 aljy
(k+1)
l +

∑m
l=i aljy

(k)
l is another

expression of �c�j �y in the iteration. Equation (5) can be
regarded as the coordinate ascent method applied to
maximize D(�y).

D. Algorithm

According to the duality, if �x∗ and �y∗ are solutions
of the problems (PP) and (DP) respectively, then
x∗j = |�c�j �y∗|q−1sign(�c�j �y

∗), j = 1, · · · , n. Though
it is difficult to get an explicit iteration scheme for
�x, we can get one for ω(k,i)

j . We define �µ(k,i) =

(y(k+1)
1 , · · · , y(k+1)

i−1 , y
(k)
i , y

(k)
i+1, · · · , y(k)

m )�, �µ(k,i+1) =
(y(k+1)

1 , · · · , y(k+1)
i−1 , y

(k+1)
i , y

(k)
i+1, · · · , y(k)

m )�, �µ(k,m+1) =
�µ(k+1,1), ω(k,i)

j = �c�j �µ
(k,i), and ω(k,m+1)

j = ω
(k+1,1)
j . Let

�Ω(k,i) = (

i−1︷ ︸︸ ︷
0, · · · , 0,∆i(ω

(k,i)
1 , · · · , ω(k,i)

n ),

m−i︷ ︸︸ ︷
0, · · · , 0)�. Then

from (5), we obtain

�µ(k,i+1) = �µ(k,i) + β�Ω(k,i). (5′)

Taking an inner product with �cj , we finally get

ω
(k,i+1)
j = ω(k,i)

j + βaij∆i(ω
(k,i)
1 , · · · , ω(k,i)

n ), (6)

j = 1, · · · , n.
Note that (6) is a row-action type iteration. Note also that
(6) is exactly the ART method when p = 2. Unfortunately,
the iteration is instable when the denominator of ∆i in (6)
is near 0. In our program, we set the denominator to a real
constant MIN if its value is less than the constant MIN .

The algorithm is summarized as follows.

[STEP 1] Give an initial vector �ω(0) = (ω(0)
1 , · · · , ω(0)

n )�

such that �ω(0) = A��y(0) for some �y(0).

[STEP 2] For k = 0, 1, · · ·, do the following iteration until
k is large enough or ‖ �ω(k) − �ω(k+1) ‖ is small enough.

[STEP 2.1] Let �ω(k,1) = �ω(k).

[STEP 2.2] For i = 1, · · · ,m, do the iteration (6).

[STEP 2.3] Let �ω(k+1) = �ω(k,m+1).

[STEP 3] Suppose �ω∗ is the final result of [STEP 2], then
�x∗, whose j-th component is x∗j = |ω∗

j |q−1sign(ω∗
j ), is the

required result.

E. Dealing with Bound Constraint

In this subsection, we consider the bound-constrained
minimum norm problem (PPB). This problem is equivalent
to the following problem:



minimize F (�x) =
n∑

j=1

f(xj) subject to A�x = �b

where f(t) =
{
tp/p 0 ≤ t ≤ 1
∞ otherwise . The Lagrangian dual

of the above problem is

maximize �b��y −G(A��y)

where G(�x) =
n∑

j=1

g(xj), g(t) =




0 t < 0
tq/q 0 ≤ t ≤ 1
t− 1/p t > 1

.

Similarly to the previous (PP) case, we can get the
following iteration scheme which is like the iteration (6).

ω
(k,i+1)
j = ω(k,i)

j + βaij

bi −
n∑

l=1

ailg
′(ω(k,i)

l )

n∑
l=1

a2ilg
′′(ω(k,i)

l )

.

Unfortunately, g(t) does not have the second derivative
at t = 1. Therefore, we define g′′(1) = q − 1 for
implementation. And we set the denominator of the
fraction in the above iteration scheme to a real constant
MIN if its value is less than MIN . Suppose �ω∗ is the
final result of the above iteration, then �x∗, whose j-th
component is x∗j = g′(ω∗

j ), is the solution of the problem
(PPB).

III. Experimental Results

A. Simulation Studies

We have applied the proposed method to
reconstruct 3-D blood-vessel structure from a limited
number of cone-beam projections. We have used
the 3-D blood-vessel phantom developed by the
phantom group of Siemens (http://www.imp.uni-
erlangen.de/forbild/english/results/index.htm). The
x-ray source positions are located on the circle with
uniform angular interval over 180◦. The number of
source positions is 8 or 4 and each projection consists
of 256 × 256 pixels. The reconstructed image has
256 × 256 × 256 pixels. We have compared the proposed
method with the conventional ART method which has
been often used to this kind of limited-data problem in
the literature. We used a projection data access order
proposed in [4] which allows a fast convergence. By
using this data access order, ten iterations were enough
to obtain satisfactory images. The computations were
performed with a PC with a Pentium III 700 MHz
processer and the required computational time for ten
iterations was about 30 minutes which is reasonable in
practice. Five transaxial slices of reconstructed images
after ten iterations are shown in Fig. 1 and Fig. 2
together with the corresponding slices of the phantom. In
Fig. 3, we also show 3-D graphic display corresponding
to the reconstructed images which is generated by using
the volume rendering software. The threshold value to

pick up the blood vessels from the reconstructed images
is manually optimized dependent on each method. The
proposed method succeeds in accurately reconstructing
the fine blood-vessel structure whereas the ART method
produces severe artifacts which make it impossible to
recognize thin blood vessels. These results strongly
demonstrate that the use of Lp norm with p ≈ 1.1 is
very powerful for sparse objects compared to p = 2
corrsponding to the ART method. Furthermore, the
use of bound constraint 0 ≤ �x ≤ 1 could improve the
reconstructed images.

B. Real Data

We have also applied the proposed method to real
data measured with our cone-beam tomographic imaging
system using a synchrotron radiation x-ray source [5].
The cardiac blood-vessel phantom is used as a test object.
The result will be presented at the conference. We are
also applying the proposed method to cardiac SPECT
data. The current result shows that the proposed method
more accurately recovers the sharp boundary of blood
pool compared with the ART method.

IV. Conclusions

We have proposed an accurate iterative method which
is appropriate to reconstruct sparse objects from a limited
number of projections. The main idea of the proposed
method is to use the Lp norm with p ≈ 1.1 to pick up
a sparse solution from a set of feasible solutions. The
algorithm is of row-action type and can be efficiently
implemented similarly to the ART method. We have also
shown that this method works well in the 3-D blood-vessel
reconstruction from a limited number of cone-beam
projections.
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Abstract

We reporton our first resultson the useof AlgebraicRecon-
structionTechniques(ART) on helical cone-beamComputer-
ized Tomography(CT) data. Two variantsof ART have been
implemented:astandardonewhichconsidersasinglerayin an
iterative stepanda block versionwhich groupsseveral cone-
beamprojectionsin calculatinganiterative update.Both seem
to producehigh-quality reconstructions,althoughthe number
of cycles throughthe datato achieve those(between15 and
20),while nothuge,is largerthanthenumberof cyclesthrough
thedataneededfor reconstructingvolumesfrom dataacquired
from differentmodalities(1 iterationfor PET dataand1 to 4
iterationsfor EM data). The reasonfor thatmaybedueto the
unevencoverageof pointsby thedatacollectiongeometry, re-
sultingin a slower rateof convergence.

I. Introduction

Algorithmsfor imagereconstructionfrom projectionsform the
foundationsof modernmethodsof tomographicimagingin ra-
diology, suchashelicalcone-beamX-ray computerizedtomog-
raphy (CT). Helical cone-beamCT is an imagemodality in
which thecone-beamdataacquisitionis performedwith aheli-
cal motionof theX-ray source-detectorrelative to thepatient.
Thevalueof thehelix pitchdeterminesthespeedof dataacqui-
sition, the biggerthe pitch value,the fasterthe acquisitionis.
In [1] we showed that it is possibleto obtainhigh-qualityre-
constructionsfrom helicalcone-beamCT datausingART (Al-
gebraicReconstructionTechnique)even whenappliedto data
acquiredwhenusingaconsiderablybig pitch value.

An imagemodelingtool, which wasdescribedin a general
context in [2, 3] and utilized in image reconstructionalgo-
rithmsin [4, 5], is therepresentationof imagesandvolumesus-
ing blobs, which areradially symmetricbell-shapedfunctions
whosevalueat a distancer from theorigin is

bm � a � α � r ��� 1
Im

�
α � ���

1 	 �
r 
 a � 2 � m

Im

�
α
�

1 	 �
r 
 a � 2 � � (1)

for 0 � r � a andis zerofor r  a. In thisequationIm denotes
themodifiedBesselfunctionof orderm, a is the radiusof the
supportof the blob andα is a parametercontrolling the blob

shape.A volumeis representedasa superpositionof N scaled
andshiftedversionsof thesameblob; i.e.,as

f
�
x � y � z ��� N

∑
j � 1

c jbm � a � α � � �
x 	 x j � 2 � �

y 	 y j � 2 � �
z 	 z j � 2 � � (2)

where ��� x j � y j � z j ��� N
j � 1 is the set of grid points in the three-

dimensional(3D) Euclideanspaceto whichtheblobcentersare
shifted.Oncewehavechosenthesegrid pointsandthespecific
valuesof m, a andα, the volume is determinedby the finite
set � c j � N

j � 1 of real coefficients; the taskof the reconstruction
algorithmin this context is to estimatethis setof coefficients
from theprojectiondata.

Theaim of [4, 5] wasto studythechoicesof thegrid points
andof theparametersm, a andα, combinedwith implementa-
tion of thealgorithmto estimatethecoefficients,from thepoint
of view of obtaininghigh-qualityreconstructionsin a reason-
abletime.

II. Helical cone-beam reconstruction us-
ing ART

It hasbeenpointedout in [6] that applyingthe simplestform
of ART to cone-beamprojectiondataacquiredon a circular
trajectorycanresultin substandardreconstructions,andit has
beensuggestedthat a certainalterationof ART leadsto im-
provement.However, besidesanillustrationof its performance,
no properties(suchas limiting convergence)of the algorithm
have beengiven. We still needa mathematicallyrigorousex-
tensionof thecurrentlyavailabletheoryof optimizationproce-
duresto includeacceptablesolutionsof problemsarisingfrom
cone-beamdatacollection.We discussthis phenomenonin the
context of reconstructionusing ART with blobs from helical
cone-beamdatacollectedaccordingto thegeometryof [7]. In
[1] we showed that ART canindeedproducehigh-quality re-
sultswhenappliedto helicalcone-beamdata.In this paperwe
will concentrateonhow to improvetheconvergencerateof the
reconstructionalgorithmby makinguseof a block-ART algo-
rithm.



A. Standard ART

For this discussionwe adoptthe notationof [8], becauseit is
naturalboth for theassumeddatacollectionandfor themath-
ematicsthat follows. We let I denotethenumberof timesthe
X-ray sourceis pulsedas it travels its helical pathmultiplied
by thenumberof lines for which theattenuationline integrals
areestimatedin thecone-beamfor asinglepulse.ThusI is the
totalnumberof measurementsandweuseY to denotethe(col-
umn) vectorof the individual measurementsyi � for 1 � i � I.
We let N denotethe numberof grid pointsat which blobsare
centered;our desireis to estimatethecoefficients � c j � N

j � 1 and
therebydefinea volumeusing(2). For 1 � i � I, we let ai j be
theintegralof thevaluesin the jth blobalongtheline of theith
measurement(notethattheseai j canbecalculatedanalytically
for theactuallinesalongwhich thedataarecollected)andwe
denoteby A the matrix whosei jth entry is ai j. Then,usingc
to denotethe (column)vectorwhose jth componentis c j, this
vectormustsatisfythesystemof approximateequalities:

Ac � Y � (3)

In thenotationof [8] thetraditionalART procedurefor find-
ing asolutionof (3) is givenby theiterations:

c � 0� is arbitrary�
c � n  1�

j ! c � n �j " ω � n � yi # ∑N
k � 1 aikc � n �k

∑N
k � 1 a2

ik

ai j � (4)

for1 � j � N �
n ! 0 � 1 � �$�%� � i ! n modI " 1 �

whereω � n � isarelaxationparameter. While thisprocedurehasa
mathematicallywell-definedlimiting behavior (see,e.g.,Theo-
rem1.1of [8]), in practicewedesireto stoptheiterationsearly
for reasonsof computationalcosts. We have found that for
theessentiallyparallel-beamdatacollectionmodesof fully 3D
PET[9], FourierrebinnedPET[10] andTransmissionElectron
Microscopy [11], onecyclethroughthedata(i.e.,n ! I) is suffi-
cientto provideuswith high-qualityreconstructions.However,
our preliminaryexperimentsindicatethatthis doesnot happen
with helicalcone-beamdata.

We conjecturethat the reasonfor this is the following. Let
usassociatewith the jth blob thevalue

s j ! I

∑
i � 1

ai j � for1 � j � N � (5)

For the parallel modeof datacollection the valuesof s j are
nearlythesamefor all theblobs.However, this is not thecase
for cone-beamdata. If we usethe datacollection geometry
of [7], the blob coefficientscloserto the helical sourcetrajec-
tory will havehighers j valuesthantheblobcoefficientson the
oppositesideof thetrajectoryand,ascanbeseenin (4), thisre-
sultsin someblob coefficientsbeingupdatedmorefrequently
thanothers,makingit harderfor theiterativealgorithmto con-
vergeto anacceptablesolution.

B. Block-ART

It is naturalto considerinsteadof the row-actionalgorithmic
scheme(4) its block-iterativeversion,in whichall themeasure-
mentstakenby a numberof pulsesof theX-ray sourceform a
block. A powerful theoryis developedfor this in [8]. Let M be
the numberof blocks,Yi be the L-dimensionalvectorof those
measurementswhich form the ith block andlet Ai be the cor-
respondingsubmatrixof A (we assumethateachblock hasthe
samenumberof measurements).Theorem1.3of [8] statesthat
the following block-iterative algorithmhasgoodconvergence
properties:

c � 0� is arbitrary�
c � n  1� ! c � n � " AT

i Σ � n �'& Yi # Aic � n �)( � (6)

n ! 0 � 1 � �$�%� � i ! n modM " 1 �
where Σ � n � is an L * L relaxationmatrix. This theory cov-
ers even fully-simultaneousalgorithmic schemes(just put all
the measurementsinto a singleblock). Therearealsogener-
alizationsof the theory which allow the block sizesand the
measurement-allocation-to-blocks to changeas the iterations
proceed.

A variation on sucha block-ART algorithm is to perform
component-dependentweighting in the updateof blob coeffi-
cients. The essenceof this approachis to introducein (6) a
second(N * N) relaxationmatrix ∆ � n � in front of theAT

i . Then
weneedto answerthefollowing: For whatsimple(in thesense
of computationallyeasily implementable)pairs of relaxation
matricesΣ � n � and∆ � n � canwe simultaneouslyobtaindesirable
limiting convergencebehavior andgoodpracticalperformance
by theearlyiterates.Examplesof the∆ � n � to bestudiedarethe
diagonalmatrix whose jth entry is the reciprocalof the s j of
(5) or, alternatively, the reciprocalof a similar sumtakenover
only thosemeasurementsi which arein the block usedin the
particulariterative step.A recentlyproposedsimultaneousre-
constructionalgorithmwhich usesj-dependentweightingap-
pearsin [12], whereit is shown that a certainchoiceof such
weighting leadsto substantialaccelerationof the algorithm’s
initial convergence.

Herewe definethe weightsto beusedin the updatesbased
on thefollowing idea. Supposethatwe have takentheprojec-
tion dataof anobjectfor which all theblob coefficientsc j are
1. Then,it appearsdesirableto have a uniform assignmentof
the blob coefficientsafter a singlestepof a modifiedversion
of (6), assumingthat the initial assignmentof the blob coeffi-
cientsis zero.AssumingthattheΣ � n � is theidentity matrix,we
canachieve this aim by choosing∆ � n � to bea diagonalmatrix
whose jth entry is inverselyproportionalto the sum over all
linesin theblock of theline integral throughthe jth blob mul-
tiplied by the sumof the line integrals throughall the blobs.
Themathematicalexpressionfor this is

L

∑
l � 1

+
a , � i - 1� L  l . j N

∑
k � 1

a , � i - 1� L  l . k / � (7)



In order for this to work we have to ensurethat the valueof
(7) is not zero. This is likely to demandtheforming of blocks
which correspondto morethanonepulseof theX-ray source,
sincetheraysforming a block shouldintersectall blobsin the
reconstructionregion.

III. Results

BothART (4) andtheblock-ART (describedby (6) and(7)) al-
gorithmswereusedto reconstructamodified3D Shepp-Logan
phantom[13] in which thevaluesrangefrom 0.00to 2.00,us-
ing datacollectedfrom two helix turns,with 300 projections
taken per turn and 64 rows and 128 channelsper projection
(i.e. I ! 2 * 300 * 64 * 128 ! 4,915,200).The coneandfan
anglesof the cone-beamwere9 � 460 and21� 000 , respectively.
The reconstructedvolumesconsistedof a 95 * 95 * 191 blob
coefficientsarray(2) organizedon a bccgrid (see[4]) thatwas
interpolatedto a cubicgrid with 128 * 128 * 128 voxels. Fig-
ure1 showsa � x � z � -sliceof thevolumereconstructedusingthe
standardART algorithm(a) andthe block-ART algorithm(b)
anda � y � z � -sliceusingthethestandardART algorithm(c) and
the block-ART algorithm(d). The grayscalewindow usedto
show thesliceswas[1.00,1.03].Bothalgorithmswereexecuted
for 17cyclesusingω � n � ! 0 � 01for thestandardART algorithm
and0 � 1 asa relaxationparameter(multiplying theidentityma-
trix Σ � n � ) for theblock-ART algorithm. For theblock-ART al-
gorithm,themeasureddatawasgroupedinto 75blocksformed
by 8 cone-beamseach. As onecansee,the visual quality of
thesereconstructionsis similar, althoughtheblob-ART recon-
structionseemsto producea moreuniform backgrounginside
theskull of thephantom.Thetimeneededfor bothreconstruc-
tions is similar sincethe block-ART algorithmonly carriesa
small overheadfor computingthe weightsfor eachparticular
(blob,block)pair. (Thisoverheadcanbeeliminatedby precom-
putationandstorageof theweights.)

IV. Discussion

Wepresentedhereourfirst resultsontheuseof ART techniques
for thereconstructionof helicalcone-beamCT data.Ourfuture
work will concentrateon how to optimize the algorithms,by
bothspeedingup theexecutionof asinglecycleandimproving
therateof convergenceof thealgorithms,andtheevaluationof
thesealgotihmsandotherblock-ART variants.
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Figure 1: Slicesof reconstructedShepp-Loganphantomusing the standardART algorithm (a) and (c), and the block-ART
algorithm(b) and(d), showedusingthegray-scalewindow settingsof [1.00,1.03](images(a) and(b) show a (x � z)-slicewhile
images(c) and(d) show a (y � z)-slice).Bothalgorithmswereexecutedfor 17cycles.




