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Monday July 11 (HPIR Workshop)

Oral Session: CT Imaging (08:00 – 09:30)
Chairs: Frédéric Noo, Jens Gregor
08:00 – 08:22 Introduction.
08:22 – 08:44 Stefan Sawall, Ludwig Ritschl, Michael Knaup, and Marc Kachelrieß: Perfor-

mance Comparison of OpenCL and CUDA by Benchmarking an Optimized Per-
spective Backprojection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 15

08:44 – 09:06 Eric Papenhausen, Ziyi Zheng, and Klaus Mueller: GPU–Accelerated Back–
Projection Revisited: Squeezing Performance by Careful Tuning . . . . . . . . .p. 19

09:06 – 09:28 Florian Pfanner, Michael Knaup, and Marc Kachelrieß: High Performance Par-
allel Backprojection on FPGA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 23

Coffee (09:30 – 10:00)

Oral Session: PET Imaging (10:00 – 12:00)
Chairs: Marc Kachelrieß, Jens Gregor
10:00 – 10:22 Moulay Ali Nassiri, Sami Hissoiny, Jean–François Carrier, and Philippe Després:

Fast GPU–Based Computation of the Sensitivity Matrix for a PET List–Mode
OSEM Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 27

10:22 – 10:44 Sungsoo Ha, Samuel Matej, and Klaus Mueller: Efficiently GPU–Accelerating
Long Kernel Convolutions in 3–D DIRECT TOF PET Reconstruction via Mem-
ory Cache Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 31

10:44 – 11:06 Jingyu Cui, Sven Prevrhal, Guillem Pratx, Lingxiong Shao, and Craig S. Levin:
Fully 3–D List–Mode Positron Emission Tomography Image Reconstruction on
a Multi–GPU Cluster . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 35

11:06 – 11:28 Shoko Kinouchi, Taiga Yamaya, Eiji Yoshida, Hideaki Tashima, Hiroyuki Kudo,
and Mikio Suga: Multi–GPU Based Acceleration of a List–Mode DRAMA To-
ward Real–Time OpenPET Imaging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 40

11:28 – 11:50 J. J. Scheins, L. F. Garcia Lucio, H. Herzog, and N. J. Shah: Efficient, Symmetry–
Driven SIMD Access Patterns for 3D PET Image Reconstruction Applicable for
CPUs and GPUs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 44

Lunch (12:00 – 13:30)

Oral Session: Fidelity (13:30 – 15:00)
Chairs: Ge Wang, Michael Knaup
13:30 – 13:52 Sven Steckmann, Matthias Baer, and Marc Kachelrieß: Fast Bilateral Filtering

of CT–Images . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 48
13:52 – 14:14 Ziyi Zheng, Wei Xu, and Klaus Mueller: Performance Tuning for CUDA–Acce-

lerated Neighborhood Denoising Filters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 52
14:14 – 14:36 Meng Wu, and Jeffrey A. Fessler: GPU Acceleration of 3D Forward and Back-

ward Projection using Separable Footprints for X–Ray CT Image Reconstruction
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 56

14:36 – 14:58 Le Shen, and Yuxiang Xing: Implementations of PI–Line Based FBP and BPF
Algorithms on GPGPU . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 60

Coffee (15:00 – 15:30)

Oral Session: Iterative and Few–View CT (15:30 – 17:30)
Chairs: Klaus Mueller, Ge Wang
15:30 – 15:52 Jens Gregor: Distributed Multi–Core Implementation of SIRT with Vectorized

Matrix Kernel for Micro–CT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 64
15:52 – 16:14 Rolf–Dieter Bippus, Thomas Köhler, Frank Bergner, Bernhard Brendel, Eber-

hard Hansis, and Roland Proksa: Projector and Backprojector for Iterative CT
Reconstruction with Blobs using CUDA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 68

16:14 – 16:36 Junfeng Wu, Xuanqin Mou, and Yanbo Zhang: A Fast Iterative Soft–Threshold-
ing Algorithm for Few–View CT Reconstruction . . . . . . . . . . . . . . . . . . . . . . . . p. 72

16:36 – 16:58 Dmitri Matenine, Sami Hissoiny, and Philippe Després: GPU–Accelerated Few–
View CT Reconstruction using the OSC and TV Techniques . . . . . . . . . . . . p. 76

16:58 – 17:30 Workshop Adjourn and Preview.
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Tuesday July 12 (Fully 3D Meeting)

Oral Session: CT Analytical (08:00 – 09:30)
Chairs: Kai Zeng, Yuxiang Xing
08:00 – 08:22 Frank Dennerlein: Cone–Beam ROI Reconstruction using the Laplace Operator

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 80
08:22 – 08:44 A. V. Narasimhadhan, and Kasi Rajgopal: A New Hybrid–FBP Inversion Al-

gorithm with Inverse Distance Backprojection Weight for CT Reconstruction
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 84

08:44 – 09:06 Marta M. Betcke, and William R.B. Lionheart: Two–Sheet Surface Rebinning
Algorithm for Real Time Cone Beam Tomography . . . . . . . . . . . . . . . . . . . . . . p. 88

09:06 – 09:28 Marc Kachelrieß: Interesting Detector Shapes for 3rd Generation CT . . . p. 92

Coffee (09:30 – 10:00)

Oral Session: PET/SPECT Compton Analytical (10:00 – 12:00)
Chairs: Paul Kinahan, Grant Gullberg
10:00 – 10:22 Xavier Lojacono, Voichiţa Maxim, Andreas Zoglauer, Françoise Peyrin, and

Rémy Prost: A Filtered Backprojection Reconstruction Algorithm for Compton
Camera . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 96

10:22 – 10:44 Harrison H. Barrett, and Roel Van Holen: Analytical Singular–Value Decompo-
sition of Three–Dimensional, Proximity–Based SPECT Systems . . . . . . . p. 100

10:44 – 11:06 Lin Zhou, Kathleen Vunckx, and Johan Nuyts: Multi–Pinhole SPECT Calibra-
tion: Influence of Data Noise and Systematic Orbit Deviation . . . . . . . . . p. 104

11:06 – 11:28 Vladimir Y. Panin, Michel Defrise, and Michael E. Casey: TOF Sinogram
Missing Data Filling Method Based on John’s Equation Consistency Conditions
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 108

11:28 – 11:50 Hideaki Tashima, Takayuki Katsunuma, Shoko Kinouchi, Mikio Suga, Takashi
Obi, Hiroyuki Kudo, Hideo Murayama, and Taiga Yamaya: Restoration of the
Analytically Reconstructed OpenPET Images by the Method of Convex Projec-
tions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 112

Lunch (12:00 – 13:30)

Oral Session: Dose/Spectral (13:30 – 15:00)
Chairs: Sarah Patch, Thomas Koehler
13:30 – 13:52 Wei Xu, and Klaus Mueller: A Reference Image Database Approach for NLM

Filter–Regularized CT Reconstruction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 116
13:52 – 14:14 Maria Magnusson, Alexandr Malusek, Arif Muhammad, and Gudrun Alm Carls-

son: Determination of Quantitative Tissue Composition by Iterative Reconstruc-
tion on 3D DECT Volumes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 120

14:14 – 14:36 Hao Gao, Hengyong Yu, and Ge Wang: Multi–energy CT Based on a Prior
Rank, Intensity and Sparsity Model (PRISM) . . . . . . . . . . . . . . . . . . . . . . . . . .p. 124

14:36 – 14:58 Brian Nett, and Jiang Hsieh: Image Space Beam Hardening Corrections: Con-
siderations for Quantitative Myocardial Imaging . . . . . . . . . . . . . . . . . . . . . . . p. 128

Coffee (15:00 – 15:30)

Poster Session: (15:30 – 17:30)
Chairs: Michael King, Stefaan Vandenberghe

• Johan Nuyts, Jung-ha Kim, and Roger Fulton: Iterative CT Reconstruction
with Correction for Known Rigid Motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 132
• Jochen Cammin, Parmeshwar Khurd, Ali Kamen, Qiulin Tang, Klaus J.
Kirchberg, Christophe Chefd’Hotel, Herbert Bruder, and Katsuyuki Taguchi:
Combined Motion Estimation and Motion–Compensated FBP for Cardiac CT
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 136
• Zhengmin Li, and Birsen Yazici: Acceleration of Image Reconstruction by
Generalized Landweber’s Iteration for X–Ray Cone–beam CT . . . . . . . . . . p. 140
• A. Bousse, S. Pedemonte, N. Fuin, D. Kazantsev, K. Erlandsson, S. Ourselin,
S. Arridge, and B. F. Hutton: Log–Normal Distribution–Based MAP–EM Algo-
rithm for Edge Preserving Emission Tomography Reconstruction . . . . . . .p. 144
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• Julia Wicklein, Holger Kunze, Florian Vogt, Yiannis Kyriakou, and Willi A.
Kalender: An Object–Independent Measure for Improving Misalignment Correc-
tion in C–Arm CT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 148
• Jiao Wang, Ken Sauer, Jean–Baptiste Thibault, Zhou Yu, and Charles Bouman:
Spectrally Focused Markov Random Field Image Modeling in 3D CT . . .p. 152
• Ge Wang, Erik L Ritman, and Hengyong Yu: BIG DIPPER – The First
Gating–Free Dynamic Micro–CT System Design . . . . . . . . . . . . . . . . . . . . . . .p. 156
• Daxin Shi, Yu Zou, and Alexander A. Zamyatin: Weighted Simultaneous Al-
gebraic Reconstruction Technique . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 160
• Arkadiusz Sitek, and Dan J. Kadrmas: Compton Scatter and Randoms Cor-
rections for Origin Ensembles 3D PET Reconstructions . . . . . . . . . . . . . . . p. 163
• Y. M. Levakhina, R. L. Duschka, J. Barkhausen, and T. M. Buzug: Digital
Tomosynthesis of Hands using Simultaneous Algebraic Reconstruction Technique
with Distance Driven Projector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 167
• Hao Yan, Xuanqin Mou, Yanbo Zhang, and Maria Zankl: Single–Scan Scatter
Correction in CBCT by using Projection Correlation Based View Interpolation
(PC–VI) and a Stationary Ring–Shaped Beam Stop Array (BSA) . . . . . . p. 171
• Andrei V. Bronnikov: A New Algorithm for Geometric Self–Calibration in
Cone–Beam CT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 175
• Shaojie Tang, Xiangyang Tang, and Yi Yang: Improving Axial Image Re-
construction by Off–Centering ROI without Data Truncation and 3D Weighted
Cone Beam FBP Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 179
• Paola Solevi, Josep F. Oliver, John Gillam, and Magdalena Rafecas: Image
Reconstruction for AX–PET: Different Approaches to Histograming for Semi–
Continuous Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 183
• Stefan Sawall, Michael Knaup, and Marc Kachelrieß: An Adaptive Genetic
Algorithm for Misalignment Estimation (AGAME) in Circular, Sequential and
Spiral Cone–Beam Micro–CT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 187
• Bruno De Man, Paul Fitzgerald, Kai Zeng, Maria Iatrou, Zhengmin Li, James
Bennett, Hengyong Yu, and Ge Wang: Cardiac CT: Advanced Architectures and
Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 191
• Sebastian Schöne, Thomas Kormoll, Georgy Shakirin, Wolfgang Enghardt,
and Fine Fiedler: Impact of the System Matrix Modeling Complexity on Recon-
struction Quality in Compton Camera . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 195
• Hui Xue, Li Zhang, Yuxiang Xing, and Zhiqiang Chen: An Iterative Recon-
struction Technique for Metal Artifact Reduction . . . . . . . . . . . . . . . . . . . . . . p. 199
• Satoru Nakanishi, Michael D. Silver, and Alexander A. Zamyatin: Low Dose
CT Simulation using Experimental Noise Model . . . . . . . . . . . . . . . . . . . . . . . p. 203
• J. L. Herraiz, J. J. Vaquero, L. Cussó, M. Desco, and J. M. Udias: Automatic
Cardiac Gating of Small–Animal PET from List–Mode Data . . . . . . . . . . p. 206
• Zhi Yang, Michael D. Silver, and Yasuhiro Noshi: Adaptive Weighted Aniso-
tropic Diffusion for Computed Tomography Denoising . . . . . . . . . . . . . . . . . p. 210
• Khodor Koubar, Damien Vintache, Ziad El Bitar, Patrice Laquerriere, and
David Brasse: Analytical Simulation of a MicroCT System . . . . . . . . . . . . p. 214
• Long Zhang, Roel Van Holen, Steven Staelens, and Stefaan Vandenberghe:
Experimental PSF Modeling for Fully 3–D PET Reconstruction . . . . . . . .p. 217
• Jorge Cabello, John Gillam, and Magdalena Rafecas: Quality Assessment of
Monte Carlo Based System Response Matrices in PET . . . . . . . . . . . . . . . . p. 221
• Jingyan Xu, Si Chen, and Benjamin M.W. Tsui: Total Variation Penal-
ized Maximum–Likelihood Image Reconstruction for a Stationary Small Animal
SPECT System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 225
•W. van Aarle, K. Crombecq, I. Couckuyt, K. J. Batenburg, and J. Sijbers: Ef-
ficient Parameter Estimation for Discrete Tomography using Adaptive Modeling
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 229
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Wednesday July 13 (Fully 3D Meeting)

Oral Session: PET/SPECT Iterative I (08:00 – 09:30)
Chairs: Jeff Fessler, Johan Nuyts
08:00 – 08:22 Lijun Lu, Jianhua Ma, Jing Huang, Hua Zhang, Zhaoying Bian, Wufan Chen,

and Zhengrong Liang: Generalized Metrics Induced Anatomical Prior for MAP
PET Image Reconstruction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 233

08:22 – 08:44 D. Kazantsev, S. R. Arridge, S. Pedemonte, A. Bousse, B. F. Hutton, and S.
Ourselin: Robust Anisotropic Diffusion Prior with Anatomical Regularization
for 3D SPECT Reconstruction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 237

08:44 – 09:06 Gengsheng L. Zeng, and Grant T. Gullberg: Null–Space Function Estimation
for the Three–Dimensional Interior Problem . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 241

09:06 – 09:28 Qiu Huang, Tsutomu Zeniya, Yoshiyuki Hirano, Hiroyuki Kudo, Hidehiro Iida,
and Grant T. Gullberg: Evaluation of a Brain Imaging System with Combined
Parallel Hole and Pinhole Collimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 246

Coffee (09:30 – 10:00)

Oral Session: CT Iterative (10:00 – 12:00)
Chairs: Katsuyuki Taguchi, Günter Lauritsch
10:00 – 10:22 Georgios I. Angelis, Julian C. Matthews, Pawel J. Markiewicz, Fotis A. Kota-

sidis, William R. Lionheart, and Andrew J. Reader: Acceleration of Image–Based
Resolution Modelling Reconstruction using an Expectation Maximization Nested
Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 250

10:22 – 10:44 J. Webster Stayman, Yoshito Otake, Ali Uneri, Jerry L. Prince, and Jeffrey H.
Siewerdsen: Likelihood–Based CT Reconstruction of Objects Containing Known
Components . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 254

10:44 – 11:06 Qiong Xu, Hengyong Yu, Xuanqin Mou, and Ge Wang: Dictionary Learning
Based Low–Dose X–Ray CT Reconstruction . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 258

11:06 – 11:28 Jeffrey A. Fessler, and Donghwan Kim: Axial Block Coordinate Descent (ABCD)
Algorithm for X–Ray CT Image Reconstruction . . . . . . . . . . . . . . . . . . . . . . . p. 262

11:28 – 11:50 Andrew D. Foland: Design of the Discrete Skew Geometry and Iterative Recon-
struction of the MV3D Scanner . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 266

Lunch (12:00 – 13:30)

Oral Session: PET/SPECT Iterative II (13:30 – 15:00)
Chairs: Jinyi Qi, Michael King
13:30 – 13:52 Rostyslav Boutchko, Bryan Reutter, and Grant T. Gullberg: Image Reconstruc-

tion on Point Cloud–Based Tetrahedral Meshes in Small Animal SPECT with
Pinhole Collimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 270

13:52 – 14:14 Colas Schretter, Jianyong Sun, and Leif Kobbelt: Online Estimation of B–Spline
Mixture Models from TOF–PET List–Mode Data . . . . . . . . . . . . . . . . . . . . . . p. 274

14:14 – 14:36 Yanfei Mao, and Gengsheng L. Zeng: ML–EM Algorithm with Special Weighting
for Zero–Valued Projections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 278

14:36 – 14:58 Karol Brzeziński, John Gillam, Josep F. Oliver, Carlos Lacasta, and Magdalena
Rafecas: Multiple Resolution PET Data: Image Properties using the List–Mode
ML–EM Reconstruction Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 282

Coffee (15:00 – 15:30)

Poster Session: (15:30 – 17:30)
Chairs: Katsuyuki Taguchi, Jinyi Qi

• Taewon Lee, Jonghwan Min, and Seungryong Cho: Optimization of Digital
Breast Tomosynthesis using the Taguchi Method . . . . . . . . . . . . . . . . . . . . . . . p. 286
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Thursday July 14 (Fully 3D Meeting)
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 439

14:58 – 15:20 Kevin M. Brown, Stanislav Žabić, and Thomas Koehler: Comparison of ML It-
erative Reconstruction and TV–Minimization for Noise Reduction in CT Images
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 443
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Friday July 15 (Fully 3D Meeting)
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08:22 – 08:44 Tom Roelandts, Kees Joost Batenburg, and Jan Sijbers: PDART: A Partially

Discrete Algorithm for the Reconstruction of Dense Particles . . . . . . . . . . p. 451
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10:44 – 11:06 Qiulin Tang, Jochen Cammin, and Katsuyuki Taguchi: A Fully Four–Dimen-
sional, Iterative Motion Estimation and Compensation for Cardiac X–Ray Com-
puted Tomography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 470

11:06 – 11:28 Ludwig Ritschl, Stefan Sawall, and Marc Kachelrieß: Iterative Phase Correlated
Micro CT Image Reconstruction using Spatial and Temporal Sparsity . . p. 474
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Performance Comparison of OpenCL and CUDA by

Benchmarking an Optimized Perspective

Backprojection
Stefan Sawall, Ludwig Ritschl, Michael Knaup, and Marc Kachelrieß

Abstract—The increase in performance of Graphical Process-
ing Units (GPUs) and the onward development of dedicated soft-
ware tools within the last decade allows to transfer performance–
demanding computations from the Central Processing Unit
(CPU) to the GPU and to speed up certain tasks by utilizing
the massiv parallel architecture of these devices.

The Computate Unified Device Architecture (CUDA) devel-
oped by NVIDIA provides an easy hence effective way to develop
application that target NVIDIA GPUs. It has become one of
the cardinal software tools for this purpose. Recently the Open
Computing Language (OpenCL) became available that is neither
vendor–specific nor limited to GPUs only.

As the benefits of CUDA–based image reconstruction are
well known we aim at providing a comparison between the
performance that can be achieved with CUDA in comparison
to OpenCL by benchmarking the time required to perform
a simple but computationally demanding task: the perspective
backprojection.

Index Terms—GPGPU, CUDA, OpenCL, hardware accelera-
tion, backprojection

I. INTRODUCTION

The increase in performance of Graphical Processing Units

(GPUs) and the onward development of dedicated software

tools within the last decade allows to transfer performance

demaning computations from the Central Processing Unit

(CPU) to the GPU and to speed up certain tasks by utilizing

the massiv parallel architecture of these devices [1, 2].

One of the cardinal tools to develop applications that

target GPUs is the Computate Unified Device Architecture

(CUDA) provided by NVIDIA. This parallel computing ar-

chitecture allows developers to implement algorithms in ”C

for CUDA” and to execute them on the GPU [1]. The usage

of GPUs to perform general computations is thereby referred

to as general–purpose computing on graphics processing units

(GPGPU). However CUDA is a homogeneous framework i.e.

it is limited to NVIDIA GPUs and the accordant code can not

be executed on other devices. Recently the Open Computing

Language (OpenCL) became available that is neither vendor–

specific nor limited to GPUs only and thus said to be heteroge-

neous [3, 4]. It provides a framework and methodology which

allows to use the same OpenCL code on different devices from

GPUs and CPUs to handheld and mobile devices as long as

an OpenCL implementation is available for these systems.

Stefan Sawall, Ludwig Ritschl, Dr. Michael Knaup and Prof. Dr. Marc
Kachelrieß: Institute of Medical Physics (IMP), University of Erlangen–
Nürnberg, Henkestraße 91, 91052 Erlangen, Germany.
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As the benefits of CUDA–based image reconstruction are

well known we aim at providing a comparison between the

performance that can be achieved with CUDA in comparison

to OpenCL by benchmarking the time required to perform

a GPU–based perspective backprojection using datasets of

varying size. The possibility to run OpenCL code of hardware

other than a GPU will be briefly discussed in the Results

section.

II. MATERIALS AND METHODS

A. Image Reconstruction

Assume a scanner with source position s, a flat–panel detec-

tor with origin o and a detector plane spanned by the vectors u
and v. The introduction of perspective transform coefficients

ci = (ci0, ci1, ci2) with c0 = v × w, c1 = w × u and

c2 = u× v results in the projection of a voxel r = (x, y, z)T

onto the detector plane at position (u, v) with

u =
c0 · (r − s)

c2 · (r − s)
=

c00x + c01y + c02z + c03

c20x + c21y + c22z + c23

v =
c0 · (r − s)

c2 · (r − s)
=

c10x + c11y + c12z + c13

c20x + c21y + c22z + c23

. (1)

Herein the definition ci3 = −ci · s was used [5]. As

the detector look–up coordinates (u, v) are real–valued an

interpolation is necessary. All implementations presented and

used throughout this paper use a linear interpolation scheme.

A reconstructed image f(r) can be obtained from a number

of n acquired and appropiately preprocessed projection images

p̂(n, u, v) via a perspective backprojection:

f(r) =
∑

n

w(n, r)p̂(n, u, v) (2)

The preprocessing of the projections thereby comprises

intensity correction, redundancy weighting and row–wise con-

volution with the desired filter kernel [6]. The weighting

function w(n, r) is a distance weight defined by w = (c30x+
c31y + c32z + c33)

−2 with some coefficients c3j .

The GPU versions of the backprojection are implemented

in such a way that the volume is divided into smaller sub–

volumes that fit into the shared memory in case of CUDA and

the local memory in case of OpenCL, respectively (compare

listing 1). Shared memory is explicitly used in this case as the

kernels performance is mainly limited by the multiple read

and write operations to the volume. The projection images are
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TABLE I
DESCRIPTION OF THE THREE TEST CASES USED FOR THE PERFORMANCE EVALUATION.

Test Case Number of Projections (Na) Matrix Size (Nu × Nv ) Volume Size (Nx × Ny × Nz) Required Voxel Updates

A 360 5122 pixels 2563 voxels 1.6 GU

B 720 10242 pixels 5123 voxels 85.4 GU

C 1440 10242 pixels 5123 voxels 170.8 GU

TABLE II
PROPERTIES OF THE GPU DEVICES USED FOR THE PERFORMANCE EVALUATION.

Device # of Cuda Cores Shader Processor Clock Memory Size Memory Bandwidth Memory Type

GTX 280 240 1476 MHz 1000 MB 124.1 GB/s GDDR3
Quadro 4000 256 950 MHz 2000 MB 47.3 GB/s GDDR5
Quadro 6000 448 1148 MHz 6000 MB 88.9 GB/s GDDR5

passed to the GPU as chunks of size NSub within a single

texture. The size of NSub is thereby only determined by the

maximum texture size which is 32768 pixels in height for the

used GPU devices. I.e. using a texture size of 10242 results

in NSub=32. This method has been chosen as it has proven

to avoid long memory latency times [7]. Only the voxels

within the field of measurement are reconstructed and voxels

outside are disregarded. The source code of the OpenCL

backprojection kernel can be found in listing 2.

The CPU reference implementation is similar to the GPU

implementations in case of the volume subdivision and projec-

tion chunks. The code is optimized using OpenMP and SSE

intrinsics [8].

// Perspective backprojection

Loop over clusters of NSub projections

Parallel loop over voxels of volume

// Code executed on device

Loop over NSub projections

Calculate position on detector

Get detector-value by texture fetch

Add detector-value to voxel

End of loop over NSub projections

// End of device code

End of parallel loop over voxels

End of loop over clusters of projections

Listing 1: Pseudo-code of the perspective backprojection.

B. Hardware Configuration

All benchmarks were performed on an NVIDIA GeForce

GTX 285, an NVIDIA Quadro 4000 and an NVIDIA Quadro

6000 using CUDA 3.0. The used operating system for all

tests was a 64 bit version of Windows XP equipped with the

GeForce/Ion graphics driver version 260.99. A summary of

the main properties of these GPU devices can be found in

table II. Note that the memory bandwidth was measured using

the corresponding NVIDIA GPU COMPUTING SDK sample.

The CPU reference reconstruction was performed using a

system equipped with two Intel Xeon X5680 processor com-

prising a core clock speed of 3.33 GHz each. Hyperthreading

was enabled. Thus 24 processor cores were presented to the

operating system.

C. Considered Test Cases

The test cases were designed to provide tasks with different

computational complexity and hardware demands. Thus each

test case requires a certain number of voxel updates to be

completed. In this case a single voxel update consists of

loading a rawdata value, reading a value from the volume,

adding both values and storing the resulting value back to

the volume. In case of test C for example a volume of size

Nx × Ny × Nz = 5123 voxels is reconstructed from 1440

projections thus requires 5123 × 1440 = 180 GU with the

unit GU denoting Giga voxel updates. A summary of all test

cases can be found in table I. Note that the values of required

voxel updates presented therein represents the actual number

of voxel updates performed as voxels outside the field of

measurement are disregarded.

To gain insight into the time distribution of the recon-

struction process the total runtime tT of the benchmarks has

been divided into three parts. The first measured asset is

time tIC required for device initialization, memory alloca-

tion, memory deallocation and device shutdown. The second

quantity measured is the reconstruction kernel runtime tK i.e.

the time all calls to clEnqueueNDRangeKernel and the

corresponding CUDA kernel required. Finally, the temporal

demand tUD for uploading and downloading data from and to

the GPU was measured. Thus the total runtime is composed

as tT = tIC + tK + tUD. The kernel runtime is further used to

calculate the Giga updates per second (GUPS) as GUPS = GU
tK

.

Note that the timing was performed using the accordant

functions provided by the CUDA and OpenCL application

programming interface (API) in case of the GPU benchmarks

and using the accordant WinAPI functions in case of the CPU

benchmark.

III. RESULTS

The benchmark results of all test cases are presented in

table III. The first thing to note is that the total runtime of

all tests encompassing OpenCL is higher than in the tests

performed using CUDA although the kernels are direct ports

of one another. On reason for this is the fact that the CUDA

kernels are built during application compilation whereas the

OpenCL kernels are built at runtime. This delay is thereby

reflected in the time required for initialization and clean-up
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TABLE III
PERFORMANCE EVALUATION OF DIFFERENT TEST CASES PERFORMED WITH SEVERAL DEVICES. TOTAL RUNTIME, KERNEL EXECUTION TIME,

DOWNLOAD/UPLOAD TIME AND INITIALIZATION/CLEAN-UP TIME WERE MEASURED.

Initialization & Clean-up Time tIC

CUDA OpenCL
GTX 285 Quadro 4000 Quadro 6000 GTX 285 Quadro 4000 Quadro 6000 CPU

Test Case A 73 ms 15 ms 234 ms 1015 ms 344 ms 359 ms 0
Test Case B 58 ms 463 ms 31 ms 890 ms 234 ms 23079 ms 0
Test Case C 60 ms 267 ms 246 ms 907 ms 243 ms 24541 ms 0

Upload & Download Time tUD

CUDA OpenCL
GTX 285 Quadro 4000 Quadro 6000 GTX 285 Quadro 4000 Quadro 6000 CPU

Test Case A 143 ms 356 ms 144 ms 374 ms 484 ms 498 ms 0
Test Case B 1441 ms 17687 ms 1901 ms 5547 ms 23014 ms 9877 ms 0
Test Case C 1909 ms 37604 ms 1078 ms 8802 ms 48869 ms 35030 ms 0

Kernel Execution Time tK

CUDA OpenCL
GTX 285 Quadro 4000 Quadro 6000 GTX 285 Quadro 4000 Quadro 6000 CPU

Test Case A 221 ms 472 ms 293 ms 345 ms 516 ms 299 ms 515 ms
Test Case B 3251 ms 7164 ms 3661 ms 5829 ms 8400 ms 4847 ms 9375 ms
Test Case C 6515 ms 11364 ms 6843 ms 11573 ms 18253 ms 9783 ms 17329 ms

Total Runtime tT

CUDA OpenCL
GTX 285 Quadro 4000 Quadro 6000 GTX 285 Quadro 4000 Quadro 6000 CPU

Test Case A 437 ms 843 ms 671 ms 1734 ms 1344 ms 1156 ms 515 ms
Test Case B 4750 ms 25314 ms 5593 ms 12266 ms 31648 ms 37813 ms 9375 ms
Test Case C 8484 ms 49235 ms 8167 ms 21282 ms 67365 ms 69354 ms 17329 ms

GUPS
CUDA OpenCL

GTX 285 Quadro 4000 Quadro 6000 GTX 285 Quadro 4000 Quadro 6000 CPU
Test Case A 7.2 3.4 5.6 4.6 3.1 5.4 3.1
Test Case B 26.3 11.9 23.3 14.7 10.2 17.6 9.1
Test Case C 26.2 15.0 25.0 14.8 9.4 15.7 9.7

indicating that the compilation of the OpenCL kernels takes

about 2 s on average. This value corresponds to recently

published work [3]. Another time–consuming asset in the

OpenCL reconstructions seems to be the time required for

transfering data from and to the GPU. Compared to the CUDA

implementation an increase by a factor of about two to three

was measured depicting the early development state of the

driver as one would expect the same time as seen in the CUDA

implementation.

Fig. 1. Gigaupdates per second for the CPU and GPU implementations of
the perspective backprojection.

The kernel runtimes of the OpenCL implementation are

throughout higher than the runtimes of the corresponding

CUDA kernels. This further illustrates the early development

state of the OpenCL drivers compared to the CUDA ones

which have been subject to opimization for several years

now. The time required to execute the kernel seems linearely

related to the memory bandwidth of the GPUs used in the

benchmark in either case (compare figure 1 and table II). A

comparison with the reference CPU implementation though

shows that a reconstruction on a GPU, whether OpenCL or

CUDA is used, is still faster by a factor of up to four. CPU–

based reconstructions with the beta OpenCL driver from Intel

have also been performed. Because of the beta state no timing

values will be given here as this would not provide a fair

comparison until a final release version is available. However

one should note that it was possible to run all OpenCL code

without any modification, except the device selection, using

the software development kit provided by Intel.

IV. CONCLUSION AND DISCUSSION

OpenCL is a promising framework for the cross–platform

and cross–vendor development of applications. Due to its early

development state only few implementations are currently

available. A GPU–based comparison between OpenCL and

CUDA on NVIDIA hardware has shown that the OpenCL

drivers are far less optimized than the CUDA thus still making
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CUDA the framework of choice for now.
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APPENDIX

OPENCL KERNEL CODE

__kernel void PerBackProjOpenCL( int NSub, int KK, int M,

__global float *pdPos, __global float *pdCoeff,

__global float *pdVol, __read_only image2d_t Raw )

{

__local float TmpVol[JSUB*KSUB];

int J = JSUB;

int jj = get_group_id(0);

int j = get_local_id(0);

float x = pdPos[2*(jj*J+j)];

float y = pdPos[2*(jj*J+j)+1];

float z = 0.0f;

float dz = (float)KSUB;

float t =0.0f;

float2 idx;

for(int kk=0; kk<KK; kk++, z+=dz)

{

__global float *SubVol = pdVol +

(jj*KK + kk)*JSUB*KSUB;

__global float *p = SubVol + j;

__local float *q = TmpVol + j;

t=0.0f;

for(int k=0; k<KSUB; k++)

q[k*JSUB] = p[k*JSUB];

for(int n=0; n<NSub; n++)

{

t+=(float)M ;

#define C(a, b, c) pdCoeff[(a*4+b)*4+c]

float w = 1.0f/(C(n,2,0)*x

+ C(n,2,1)*y + C(n,2,3));

float dv = w * C(n,1,2);

float u = w *(C(n,0,0)*x

+ C(n,0,1)*y + C(n,0,3));

float v = w *(C(n,1,0)*x

+ C(n,1,1)*y + C(n,1,3)) + z*dv;

w = 1.0f/(C(n,3,0)*x

+ C(n,3,1)*y + C(n,3,3));

w=w*w;

#undef C

u+=t;

idx=(float2)(v,u);

q[ 0*JSUB] += w*(read_imagef( Raw,

sampler, idx).x); idx.x += dv;

q[ 1*JSUB] += w*(read_imagef( Raw,

sampler, idx).x); idx.x += dv;

q[ 2*JSUB] += w*(read_imagef( Raw,

sampler, idx).x); idx.x += dv;

...

q[13*JSUB] += w*(read_imagef( Raw,

sampler, idx).x); idx.x += dv;

q[14*JSUB] += w*(read_imagef( Raw,

sampler, idx).x); idx.x += dv;

}

for(int k=0; k<KSUB; k++)

p[k*JSUB] = q[k*JSUB];

}

}

Listing 2: OpenCL perspective backprojection kernel.
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Abstract— In recent years, GPUs have become an increasingly 

popular tool in computed tomography (CT) reconstruction. In 

this paper, we discuss performance optimization techniques for a 

GPU-based filtered-backprojection reconstruction implementa-

tion.  We explore the different optimization techniques we used 

and explain how those techniques affected performance. Our 

results show a nearly 50% increase in performance when com-

pared to the current top ranked GPU implementation.   

Index Terms—GPU, FDK, CUDA, Computed Tomography 

I. INTRODUCTION 

GPU-accelerated CT reconstruction has been demonstrated as 
a fast and practical solution for medical and industrial CT. One 
of the most popular reconstruction methods is the FDK algo-
rithm [1] which can provide high-resolution reconstruction 
results. The FDK algorithm consists of two stages, filtering 
and backprojection, in which backprojection is the most time 
consuming part. There has been widespread coverage of re-
search on high performance backprojection algorithms 
[2][3][4][5][6][7]. However, until recently, there has not been 
an effective way of comparing CT reconstruction implementa-
tion performance. Thanks to the great efforts made by Rohkohl 
et al. [8] who created the RabbitCT platform [9] as a standard-
ized framework of comparing CT implementations, such un-
dertakings can now be easily accomplished. Using RabbitCT, 
it is possible to evaluate the performance of different CT back-
projection implementations. In this paper, we focus our efforts 
on GPU-optimization and we take advantage of the RabbitCT 
platform to benchmark the performance. The experimental 
results show that our fully optimized GPU implementation has 
the fastest speed comparable to other implementation’s results 
shown in the website ranking.      

In this paper, we begin in Section II by discussing the relat-
ed work and giving a brief description of the GPU architecture. 
In Section III, we describe how we approached the problem.  
In Sections IV, V, and VI we present three major configura-
tions that we implemented.  Section VII shows some of the 
optimization techniques tried.  Section VIII presents results 
and Section IX concludes our paper.   

II. RELATED WORK AND BACKGROUND 

The first attempt to use graphics hardware for CT reconstruc-
tion has been by Cabral et al [10] using filtered backprojection.  

 
Eric Papenhausen, Ziyi Zheng and Klaus Mueller are with the Computer 

Science Department, Stony brook University, Stony Brook, NY 11777 USA 
(phone: 631-632-1524; e-mail: {papenhausen, zizhen, mueller}@ 
cs.sunysb.edu).     

Mueller and Yagel implemented [11] iterative reconstruction 
algorithms on graphics hardware.  Both of these two works 
were based on the texture mapping suite resident in non-
programmable high-end SGI workstations. Later with the de-
velopment of a new generation of programmable GPUs, Xu 
and Mueller [12][13] demonstrated GPU-accelerated  CT re-
construction and had vast speedups, with respect to their CPU 
counterparts. With the recent development of GPU architec-
tures into main stream multiprocessors, the GPU has unleashed 
its computational power such that it is no longer restricted to 
graphics applications (or applications that have to mimic 
graphics applications), extending their use to general purpose 
applications. Scherl et al [2] implemented CT reconstruction 
with the new general purpose computing API, CUDA. CUDA 
API helped researchers to notice that CT reconstruction on 
GPU is a memory-bounded rather than computational-bounded 
problem. Square-type [4] and line-type [5] decomposition have 
been explored to optimize memory bandwith.  Zheng and 
Mueller [3] addressed the optimization of cache usage. Jia et al 
[7] implement iterative reconstruction method based on solv-
ing minimization problem in CUDA. 

Modern GPUs follow the “Single Instruction, Multiple 
Thread” (SIMT) model of parallel execution. This method of 
execution is ideal for the back-projection algorithm we imple-
ment. A C-like API called CUDA (Computer Unified Device 
Architecture) is used to program the NVIDIA GPUs.   

The GPU used in our experiments was the NVIDIA Ge-
Force GTX 480. This graphics card has 15 streaming multi-
processors; each containing 32 cores. Its theoretical computing 
power is approximately 1.3 TFLOPS. This GPU, like all mod-
ern GPUs, has off-chip memory and on-chip caching mecha-
nisms. Off-chip memory, also known as device memory, in-
curs hundreds of cycles of memory latency and is often the 
bottleneck of a GPU accelerated application. Off-chip memory 
includes global, texture, and constant memory.  However, tex-
ture and constant memory can be cached, replacing the hun-
dreds of cycles of latency with only a few cycles of latency for 
the on-chip cache. The GTX 480 has a peak memory band-
width of 177.4 GB/s for its 1.5 GB DDR5 device memory.   

It was important that any access to global memory be per-
formed in a coalesced fashion. A coalesced memory access 
implies that multiple memory locations are returned in a single 
access. A coalesced memory access will occur when all the 
threads in a warp access consecutive memory locations.   

Execution of a task by a CUDA kernel is organized into 
thread blocks. Thread blocks are organized into a grid. The 
GTX 480 can have a maximum of 1024 threads / thread block.               

GPU-Accelerated Back-Projection Revisited: 
Squeezing Performance by Careful Tuning  
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III. OVERALL METHODOLOGY  

Our implementation is loosely based on the work performed in 
[4].  We use a voxel parallelism approach in which each thread 
block would calculate a section of the three dimensional im-
age. More specifically, each thread computes an array of 
voxels in the Z direction as shown in figure 1. After experi-
menting with different thread block dimensions, we found that 
a dimension of 16 × 16 × 4 yielded the best performance. 

We quickly realized, however, that memory bandwidth was 
the bottleneck. We turned our focus to reducing the total num-
ber of global memory accesses. Access to global memory can 
take 400 to 600 clock cycles of memory latency. In the naïve 
GPU implementation, we have 15 global memory accesses per 
kernel invocation. Our fully optimized configuration, however, 
only has two global memory accesses per kernel invocation. 
We experimented with un-coalesced memory accesses and 
found that it reduced performance by up to 60 percent. 

IV. NAÏVE CONFIGURATION 

The RabbitCT website [9] provided us with a simple CPU im-
plementation of the backprojection algorithm and a dataset 
containing 496 projections. We decided to develop a naïve 
GPU based implementation so we could see the effects of fur-
ther optimizations. For each kernel invocation, this configura-
tion involved storing both the projection image I, and its corre-
sponding projection matrix A, in global memory.   

Figure 2 shows pseudo code for this method. This imple-
mentation has many global memory accesses. There are ap-
proximately four floating-point operations per memory access.  
Increasing the number of operations per memory access is crit-
ical in memory intensive applications such is this. In this con-
figuration, we do not fully use all the capabilities the GPU has 
to offer. We explicitly wrote code to perform bilinear interpo-
lation. The GPU has a hardware mechanism dedicated to per-
forming interpolation. By performing interpolation explicitly, 
we increase the number of registers needed by the kernel. This 
led to a decrease in occupancy.  

Occupancy is very important when it comes to performance. 
The number of threads that can run on a streaming multipro-
cessor determines occupancy. Occupancy is critical in latency 
hiding. A high occupancy indicates that many warps fit into a 
single streaming multiprocessor. This allows the GPU to hide 
latency incurred by memory accesses of one warp, by allowing 

another warp to execute. Occupancy has a number of limiting 
factors. In our experience, the most common limiting factor is 
register usage. Although a high occupancy does not always 
lead to an increase in performance, its role in memory inten-
sive programs is critical. 

 
row = blockIdx.y * blockDim.y + threadIdx.y 

col = blockIdx.x * blockDim.x + threadIdx.x 

FOR k = 0 to L 

 x = O_L +col * R_L 

 y = O_L + row * R_L 

 z = O_L + k * R_L 

 

 w = A[2] * x + A[5] * y + A[8] * z + A[11] 

 u = (A[0] * x + A[3] * y + A[6] * z +A[9]) / w 

 v = (A[1] * x + A[4] * y + A[7] * z + A[10]) / w 

 

 result = interpolate (u, v) 

 result = result / w2 

 f_L[k * L2 + row * L + col] += result 

END 

 
Figure 2: Pseudo-code for the naïve configuration. The call to “interpo-
late” is the implemented interpolation algorithm from [8].  

V. APPLICATION SPECIFIC INTEGRATED CIRCUITS  

This configuration addresses some of the issues presented in 
Section IV. Our implementation utilizes Application Specific 
Integrated Circuits (ASICs) on the GPU for fast 2D texture 
interpolation. This is done through the use of texture memory 
and constant memory. ASICs are special circuits that are de-
signed for a specific task. In this configuration, we store the 
projection image I, in texture memory. Texture memory is 
cached, and allows us to take advantage of the GPU’s hard-
ware interpolation mechanism.   

Figure 3 shows the pseudo code for this implementation.  
We can see that the interpolation method from figure 1 has 
been replaced with a call to the tex2D method. This method 
performs bilinear interpolation for us.  
 
texture<float, 2> texRef 

__constant__ float A[12] 

 

row = blockIdx.y * blockDim.y + threadIdx.y 

col = blockIdx.x * blockDim.x + threadIdx.x 

FOR k = 0 to L 

        result = f_L[k * L2 + row * L + col] 

 

x = O_L +col * R_L 

y = O_L + row * R_L 

z = O_L + k * R_L 

 

w = A[2] * x + A[5] * y + A[8] * z + A[11] 

u = (A[0] * x + A[3] * y + A[6] * z +A[9]) / w 

v = (A[1] * x + A[4] * y + A[7] * z + A[10]) / w 

 

       result += tex2D ( texRef, (u + 0.5), (v + 0.5)) / w2 

       f_L[k * L2 + row * L + col] = result 

END 

 
Figure 3:  Pseudocode for the ASIC implementation 
 
The use of texture memory and its interpolation mechanism 

gave us a large performance increase for a few reasons. First, 
the hardware based bilinear interpolation is faster than the user 

Figure 1. Voxel-driven method in back-projection.   
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implemented interpolation from Section IV. Second, this al-
lowed us to free up registers, which led to an increase in occu-
pancy. Finally, since texture memory is cached, memory laten-
cy was only incurred on a cache miss. It is also important to 
note that the CUDA based interpolation described in [14], is 
slightly different from the method of interpolation of [8]. This 
is why we add the coordinates in the tex2D method by 0.5. 

We store the projection matrix A in constant memory. Con-
stant memory is also cached and works best when each thread 
is accessing the same memory location. The use of constant 
memory yielded a significant performance increase; even be-
fore texture memory was used. The use of constant and texture 
memory allowed us to reduce the total number of global 
memory accesses to two per kernel invocation. This is, howev-
er, a lower bound because each cache miss will incur a global 
memory access. 

VI.  MULTIPLE PROJECTIONS 

While examining our implementation from Section V, we real-
ized that for each kernel invocation, a given thread operated on 
the same array of voxels. The only difference was in the data 
provided by the projection image I, and the projection matrix 
A. With this information, we saw an opportunity to further 
increase performance by letting the GPU operate on multiple 
projections for each kernel invocation.   

After some experimentation, we found that passing 4 projec-
tions per kernel invocation yielded the best performance.  The 
benefits are that this reduces the total number of global 
memory accesses as well as the total number of kernel invoca-
tions by a factor of 4.  The pseudo code in Figure 4 shows that 
there are still two global memory accesses per kernel invoca-
tion; however, each memory access is being used more effec-
tively because we are operating on 4 projections instead of 1. 
 

texture<float, 2> tRef, tRef2, tRef3, tRef4 
 

__constant__ float A[48] 
 

row = blockIdx.y * blockDim.y + threadIdx.y 

col = blockIdx.x * blockDim.x + threadIdx.x 

FOR k = 0 to L 

        result = f_L[k * L2 + row * L + col] 
 

x = O_L +col * R_L 

y = O_L + row * R_L 

z = O_L + k * R_L 
 

// mapping voxel (x,y,z) to projection 1 and backproject 
 

w = A[2] * x + A[5] * y + A[8] * z + A[11] 

u = (A[0] * x + A[3] * y + A[6] * z +A[9]) / w 

v = (A[1] * x + A[4] * y + A[7] * z + A[10]) / w 
 

         result += tex2D ( tRef, (u + 0.5), (v + 0.5)) / w2. 
 

      //repeat for projection 2 with A[12-23] and tRef2 
 

      //repeat for projection 3 with A[24-35] and tRef3 
 

// mapping voxel (x,y,z) to projection 4 and backproject 
 

w = A[38] * x + A[41] * y + A[44] * z + A[47] 

u = (A[36] * x + A[39] * y + A[42] * z +A[45]) / w 

v = (A[37] * x + A[40] * y + A[43] * z + A[46]) / w 
 

       result += tex2D ( tRef4, (u + 0.5), (v + 0.5)) / w2 

       f_L[k * L2 + row * L + col] = result 

END 
 

Figure 4: Pseudocode for the fully optimized configuration.    

 
We found that operating on more than four projections led 

to significant performance degradation. This is because there is 
a decrease in occupancy. We found that the more computations 
the kernel was performing, the more registers the compiler was 
using. At five projections, the occupancy fell below 0.5. This 
offset any performance gains realized earlier in this section. 

VII. OPTIMIZATIONS 

Many of the optimization techniques we employed yielded 
relatively small performance gains. Some optimization tech-
niques yielded no performance gains. The most effective tech-
niques were those that attempted to optimize memory band-
width. In fact, some of the most effective optimizations were 
“common sense” optimizations. One such optimization was 
simply copying the result from the GPU only after the last pro-
jection was operated on.   

Pre-fetching was another important technique we used. The 
pseudo code in figures 3 and 4 both employ pre-fetching. The 
latency of the read at the top of the loop can be hidden by the 
computation following it. The compiler is not sophisticated 
enough to determine whether pre-fetching will be an effective 
optimization, and so it is up to the developer to make it explic-
it. The naïve configuration of figure 2 does not employ pre-
fetching. With this configuration, there is a global memory 
read followed by a memory write. We found that it is usually 
best to try and separate memory accesses to give the GPU an 
opportunity to hide the latency.   

Another effective technique we used was to allocate the re-
sult array, f_L, as page-locked. Page locked memory forces the 
operating system to store this data on one contiguous page of 
memory. This has the benefit of eliminating the need for page 
swaps by the operating system. By allocating memory as page-
locked, memory copies from the device to host, and host to 
device, are faster. Page locked memory reduced the total 
runtime by 0.8 seconds. It is important to note, however, that 
excessive use of page-locked memory will reduce overall sys-
tem performance.   

There were optimizations that we tried that gave us no per-
formance benefits. Techniques like loop unrolling and fast-
math were not effective. This is because these techniques focus 
on reducing the total number of instructions. Since this is a 
memory intensive application, there were not enough instruc-
tions to begin with to hide the memory latency. Any technique 
that increases instruction throughput would see little to no per-
formance impact.   

VIII. RESULTS 

We reconstructed two volumes, 2563 and 5123. We will show 
the runtimes of the various configurations presented through-
out this paper. We will also compare our results to the current 
best known implementation from [5]. The experiments were 
conducted on an NVIDIA GTX 480 GPU, programmed with 
CUDA 3.0 runtime API and with an Intel Core 2 Duo CPU @ 
2.66GHz. We built the program in 32bit mode. 

Table I shows the runtimes of the various configurations we 
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presented. We can clearly see the effectiveness of our ASIC 
implementation.  When compared to the naïve implementation, 
we see a speed up of 2.19 for the 2563 volume and a speed up 
of 3.9 for the 5123 volume. The fully optimized configuration 
yields a speed up of 1.3 for the 2563 volume and a speed up of 
1.78 for the 5123 volume when compared to the ASIC imple-
mentation. Figure 5 presents an axial slice of the reconstructed 
image. We can clearly see the image even though there is some 
noise. The error column of table I is the mean squared error 
measured in Hounsfield units squared. Our results are com-
pared with the “Gold Standard” results from the RabbitCT 
website. The error shown in table I is due to floating point in-
accuracies. More information about how the error is calculated 
can be found in [8]. 
 

TABLE I 
RUN TIMES OF THE THREE CONFIGURATIONS 

Configuration Volume 
Total 

(s) 
Mean 
(ms) 

Error 
(HU2) 

Speed-
Up 

GUPS 
 

Naïve 2563 7.77 15.66 8.04  N/A 0.99  

ASIC 2563 3.53 7.13 8.07  2.19 2.19  

Fully Opt. 2563 2.71 5.47 8.07  1.3 2.86  

Naive 5123 42.6 86.08 8.04  N/A 1.45  

ASIC 5123 10.8 21.82 8.07  3.9 5.73  

Fully Opt. 5123 6.07 12.25 8.07  1.78 10.2  

 

 
Figure 5: Axial slice of the reconstructed image. 

 
Figure 6 presents the global memory throughput of the three 

implementations described in this paper. We can see that the 
fully optimized configuration does not have the highest 
throughput. We suspect that the occupancy is to blame for this.  
The occupancy for the ASIC implementation is 1, whereas the 
occupancy for the fully optimized implementation is 0.66.  
However, the techniques presented in Section VI make up for 
the decrease in bandwidth by decreasing the total number of 
memory accesses. 

Table II compares the fully optimized configuration against 
the best known implementation of [9]. The table shows that 
our optimized configuration is 1.4 times faster for the 2563 
volume and 2.29 times faster for the 5123 volume. It is im-
portant to note, however, the difference in hardware. The GPU 
we used is about 1.1 times faster than the GPU used by the top 
ranked implementation. We estimate that if our implementa-
tions were run on the same hardware, our implementation 
would still be about 2 times faster.   

 
Figure 6: Global memory bandwidth for the naïve, ASIC, and fully optimized 

implementations. 
 

TABLE II 
RUN TIMES OF THE BEST KNOWN AND FULLY OPTIMIZED CONFIGURATIONS 

Configuration Volume 
Total 

(s) 
Mean 
(ms) 

Error 
(HU2) 

Speed- 
Up 

Best Known 2563 3.843 7.75 8.071 N/A 
Fully Opt. 2563 2.713 5.47 8.071 1.4 

Best Known 5123 13.94 28.11 8.078 N/A 
Fully Opt. 5123 6.076 12.25 8.078 2.29 

 

IX. CONCLUSIONS 

We presented a method and analysis of an FDK based back-
projection implementation. Many of our techniques can be 
used in almost any GPU accelerated application. Experimenta-
tion to identify the bottlenecks and trying different methods to 
address them was critical in finding the speed-ups.  
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High Performance Parallel Backprojection on FPGA
Florian Pfanner, Michael Knaup, and Marc Kachelrieß, Member, IEEE

Abstract—Reconstruction of tomographic images, i.e., images
from a Computed Tomography scanner, is a very time con-
suming issue. The most calculation power is needed for the
backprojection step. A closer inspection shows that the algorithm
for backprojection is easy to parallelize. FPGAs are able to
execute many operations in the same time, so a highly parallel
algorithm is a requirement for a powerful acceleration. For
data flow rate maximization, we realized the backprojection in
a pipelined structure with data throughput of one clock cycle.
Due the hardware limitations of the FPGA, it is not possible to
reconstruct the image as a whole. So it is necessary to split up
the image and reconstruct these parts separately. Despite that, a
reconstruction of 512 projections into a 5122 image is calculated
within 13 ms on a Virtex 5 FPGA. To save hardware resources
we use fixed point arithmetic with an accuracy of 23 bit for
calculation. A comparison of the result image and an image,
calculated with floating point arithmetic on CPU, shows that
there are no differences between these images.

I. INTRODUCTION

RECONSTRUCTION of tomographic images is a very

time consuming issue. The most calculation power is

needed for the backprojection step. Listing 1 shows C source-

code for this step. As you can see, every pixel of the resulting

image must be updated for every measured projection. So an

image of size 512 × 512, reconstructed from 512 projections,

requires 134,217,728 pixel updates. Together with the linear

interpolation, which is done for every of these updates, the

reconstruction of the whole image needs over 500 · 106

multiplications and over 500 · 106 additions.

Increasing the core frequency, which was done in the past

decades to execute calculations faster, has reached techno-

logical boundaries. Now, parallelization is used to speed up

algorithms [1].

Also algorithms can be executed much faster if they were

implemented in hardware. The problem is, that such piece of

application-specific integrated circuit (ASIC) is very expensive

during the development process. So ASICs are only cost-

effective for higher production volumes. An alternative to

ASICs is to use programmable hardware circuits, especially

field-programmable gate arrays (FPGAs).

In contrast to normal processors where a program is executed

step by step, all operations in an FPGA are executed in

parallel. Implement an algorithm in an FPGA to achieve higher

calculation rates is no new idea: For example, for crypto-

graphic research FPGAs are used to calculate decryption keys.

In reference [2] FPGAs perform the same task approximately
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800 times faster than a PC at the same cost. On acceleration of

DNA sequencing with FPGAs, speedups up to a factor of 100
are achieved [3]–[5]. Reference [6] describes an acceleration

board containing nine FPGAs with which an speedup of 22

for computed tomography image reconstruction was reached.

In this paper, we want to discuss the performance of FPGAs

in comparison to CPUs and GPUs.

II. FPGA

An FPGA is an integrated circuit which can be programmed.

In contrast to normal processors where a program is executed

step by step, in an FPGA the program describes the behavior

of the logic components and the connections between this

components. Therefore often is spoken of to configure an

FPGA instead of to program an FPGA. As one can see in

Fig. 1. Simplified example illustration of an FPGA [7]

figure 1, the internal structure of an FPGA is very regular.

Each FPGA consists of these base components:

• Configurable Logic Block: Each logic block has a

combinatorial logic (typically a lookup-table) and a flip

flop. The combinatorial logic is programmable during

configuration and combines more inputs to one signal for

the flip flop. Using the multiplexer on the output of the

logic block (see figure 2) it is possible to select between

the result of the combinatorial logic or the signal from

the flip flop as output of the logic block.

• I/O pads: The job of the I/O pads is to connect physical

available connections on the FPGA with the internal

routing channels. As example they can work as level

shifter to cope with different voltage levels between die1

and outlying circuit.

1A die is a small block of semiconducting material, on which a given
functional circuit is fabricated.
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• Routing channels: Programming of the routing channels

allows to set the connections of one logic block below

other logic blocks and I/O pads (see figure 3).

Fig. 2. Simplified example illustration of an CLB [7].

Fig. 3. Example illustration of an switch box as part of the routing channels
[7].

Due to the free configuration and interconnectivity of the

logic blocks any circuit (from simple logic to complex micro

controllers) can be realized.

Besides the base components mentioned above, modern FP-

GAs contains higher level functionality like embedded RAM,

high speed I/O logic, embedded micro controller or multipli-

ers. These items could also be realized with base components

but this needs many resources and runs slower as having these

items directly embedded onto the FPGA die.

III. IMPLEMENTATION OF BACKPROJECTION ON FPGA

After analyzing the source code of the parallel

backprojection found in listing 1, we used the following

approach for implementing the parallel backprojection on

FPGA (see image 4): We create many calculation units

(named thread), each thread is able to reconstruct one

projection. Before reconstruction begins, the sinogram is

split into lines (each line stands for one projection) and

distributed to the threads. Now each thread reconstructs the

image only from ’his’ projection. After that, the outputs from

the threads were added together and the outcome of this is

the reconstructed image.

To save memory resources on the FPGA, all threads calculate

the same pixel at the same time. After reconstruction of

one pixel, the result of each thread is saved and the threads

calculates the next pixel. During this the saved pixel values

can be added. So only one image must be stored in memory,

the intermediate data from the threads are stored in local

registers.

The chosen approach is also able to cope with more

Listing 1: Reference backprojection algorithm.
for (int n=0; n<N180; n++)

{

const double theta = theta0 + n*dtheta;

const float *SinLine = ParSinoC + n*M;

const double a = dx/dxi * cos(theta);

const double b = dy/dxi * sin(theta);

const double c = (x0*cos(theta) + y0*sin(theta) -

xi0)/dxi;

for (int x=0; x<Nx; x++)

{

for (int y=0; y<Ny; y++)

{

double mreal = a*x + b*y + c;

int m = (int) mreal;

if (m >= 0 && m < M-1)

{

double w = mreal - m;

Image[y*Nx+x] +=

(SinLine[m]*(1-w) + SinLine[m+1]*w);

}

}

}

}

thread 1

thread 2

thread 3

thread n

image 1

image 2

image 3

image n

+
reconstructed

image

Fig. 4. Simplified drawing of our approach.

projections than threads: First we split the sinogram into

manageable chunks. Each chunk contains equal or less

projections than threads available. Now we reconstruct an

image of each of this chunks one after another and in the

end we summarizes the resulting images. So every number

of projections can be handled with our FPGA implementation.

The task of a thread is to calculate the backprojection from

one projection for a given pixel. The current pixel position is

calculated in a separate module and is distributed synchronous

to all threads. If we take a look at the code in listing 1 we see

that every thread executes only the code in the innermost for-

loop. So a thread has to calculate the detector position, read

two values from sinogram memory and calculate the linear

interpolation between this two values.

As seen in listing 1, the detector position is calculated as

mreal = a·x+b·y+c. The variables a, b and c depend only on

scanner geometry and projection angle. Every thread has only

one projection so all this variables are constant for each thread.

The calculation of these values needs trigonometrical functions

which are very hard to implement in hardware, respectively

needs a lot of resources. So we decided to calculate this values

on CPU and transfer it together with the sinogram data to the

threads.

Further analysis of the code which is executed by each thread

shows us, that the result of b · y only changes if a new line

starts. So it is not necessary to calculate it for every pixel.
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We calculate q = b · y + c outside of the threads thus each

thread only calculates mreal = a · x + q. The value of q is

pre-calculated for each thread in a separate module. So if the

threads currently reconstruct for example line number 27, the

values of q are simultaneously calculated for line number 28.

If reconstruction of line 27 ends, the calculations of q for line

28 are completed and the results are distributed to the threads.

The reconstruction of line 28 can directly start without any

delay. The calculations of q is done in serial for all threads so

we only need one multiplier and one adder for all threads.

To reconstruct an image as fast as possible we created the

x

X

a

+ybc

pre-decimal positions decimal positions

RAM

>M? RAM

+1 -1

x

x

+

0 0

Fig. 5. Flowchart of one thread.

design in a pipelined structure. Figure 5 shows the flowchart

of one thread (compare it with the code in listing 1). For

maximal reconstruction performance, our goal was a pipeline

throughput of 1. The linear interpolation however needs two

memory accesses so typically a maximal throughput of two

is reached. We used distributed memory blocks in which the

sinogram is stored. These blocks are configured to act as a

dual port memory, so we are able to perform two memory

accesses at the same time. Therewith we reached a pipeline

throughput of one.

The sum up of the thread results is also implemented in

a pipelined structure. Therefore we created an adder tree as

shown in figure 6. In the end, at every clock cycle we get

a new pixel of the reconstructed image. The resulting pixels

are saved in internal memory and transfered to the CPU after

thread 0

+

thread 1

thread 2

thread 3

+

+ result

Fig. 6. Flowchart of an adder tree to sum up the thread results.

reconstruction is completed.

IV. ACCURACY

To save hardware resources we used fixed point arithmetic.

The accuracy of the variables was chosen as 23 bit, in the end

there are no differences2 between an image reconstructed on

FPGA and an image calculated with floating point arithmetic

on CPU (see figure 7).

Fig. 7. The difference (bottom image) between an image reconstructed on
FPGA with fixed point arithmetic (top left image) and an image reconstructed
on CPU with floating point arithmetic (top right image) is zero, so the results
are equal.

V. RESULTS

We implemented this backprojector in a Virtex 5 FPGA

from Xilinx. We used as many threads as possible, on our

device (XC5VSX50T) the limiting factor was the number

of available multiplier units. So we could use at most 47
threads. With further optimizations, i.e., used data format,

2The differences are well below 0.5 so the Hounsfield units saved as integer
are equal.
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or use devices with more multiplier units, the number of

threads could be increased. If we want to reconstruct an image

of size 512 × 512 from 512 projections, we must split the

sinogram into
⌈

512
47

⌉
= 11 sets. For each set we reconstruct

the whole image which needs 512 · 512 = 252144 clock

cycles. For the backprojection of the complete sinogram we

must reconstruct and add up all 11 sinogram sets which takes

252144·11 = 2883584 clock cycles. Our FPGA runs at a clock

rate of 250 MHz, so in theory the reconstruction of the whole

image takes 11.5 ms. Measurements show an reconstruction

time of about 12.9 ms, the additional time is caused by pipeline

prologue and epilogue and communication latency between

CPU and FPGA.

Our consideration is focussed on reconstruction, so we do

not spend much time in communication between CPU and

FPGA. We think it is possible to transfer all necessary data

for the next reconstruction while an reconstruction is processed

by the FPGA. So the communication is done parallel to

the calculation and is no longer the limiting factor. For this

reason the following comparison uses only the measured

backprojection time.

VI. OTHER APPROACHES

Type Hardware GUPS Comment
Leeser et al. [8] LI / i09 CPU 0.027

LI / i09 FPGA 1
Schiwietz et al. [9] LI / f32 CPU 0.0055 incl. FFT

LI / ? GPU 0.71 incl. FFT
Xue et al. [10] ? / f32 CPU 0.018

? / i32 FPGA 0.46
? / i32 GPU 0.42
? / i16 GPU 0.87

Steckmann [11] LI / f32 CPU 19
LI / f32 GPU 31

This paper LI / i40 FPGA 10

TABLE I
BACKPROJECTION PERFORMANCE FOR THE PARALLEL BACKPROJECTION.
ALL VALUES WERE SCALED TO A SINGLE PROCESSING UNIT, I.E. TO ONE

CPU, ONE FPGA AND TO ONE GPU. THE TYPE COLUMN SPECIFIES THE

INTERPOLATION TYPE, NN OR LI, AND THE TYPE OF ARITHMETIC USED:
F+NUMBER OF BITS DENOTES FLOATING POINT ARITHMETICS WHILE

I+NUMBER OF BITS STANDS FOR INTEGER (FIXED POINT) ARITHMETICS.

Due different image sizes and different amounts of projec-

tions a direct comparison of the reconstruction time is not fair.

An alternative is to use a figure called giga updates per second

(GUPS) [12]. The GUPS are nearly independent of the actual

problem size. Table I lists some performance figures found in

the literature and in this paper.

In most cases comparing the cost-to-performance ratio would

be more adequate than just comparing performance. For the

last two entries of table I we determined these ratios to

compare between CPU, GPU and FPGA. Table II shows

the cost-to-performance ratio and the power consumption-to-

performance ratio. This figure shows that performance reached

with a GPU is the cheapest. On the other hand CPU and GPU

have a high power consumption: The same performance build

with an FPGA instead of a CPU saves up to 95 % of electrical

power.

CPU GPU FPGA

Intel Xeon Nvidia GeForce Virtex 5
5460 [11] GTX 280 [11]

GUPS 19 31 10
Cost 1547 $ 276 $ 937 $

Cost per GUPS 81 $/GUPS 9 $/GUPS 94 $/GUPS
Power consumption 120 W 237 W 3,18 W
Power consumption

per GUPS
6 W/GUPS 8 W/GUPS 0.3 W/GUPS

TABLE II
COST-TO-PERFORMANCE AND POWER CONSUMPTION-TO-PERFORMANCE

COMPARISON BETWEEN CPU, GPU AND FPGA.

VII. CONCLUSION

This paper shows that reconstruction which is done in an

modern FPGA outperforms most earlier publications. Only

with high end server processors or with graphic processors

an higher reconstruction rate could be achieved. Note that

the used FPGA device is not the biggest one available: The

device XC5VSX240T has over three times more resources

than our one. With this device it is possible to reach the same

performance figures as with CPUs or GPUs.
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Fast GPU-Based Computation of the Sensitivity
Matrix for a PET List-Mode OSEM Algorithm

Moulay Ali Nassiri, Sami Hissoiny, Jean-François Carrier, Philippe Després

Abstract—One of the obstacle in introducing a list-mode PET
reconstruction algorithm for routine clinical use is the long
computation time required for the sensitivity matrix calculation.
This matrix must be computed for each study because it depends
on the object attenuation map. During the last decade, studies
have shown that 3D list-mode OSEM reconstruction algorithms
could be effectively performed and considerably accelerated
by GPU devices. However, most of that preliminary work 1)
was done for pre-clinical PET systems in which the number
of LORs is small compared to modern human PET systems
and 2) supposed that the sensitivity matrix is pre-calculated.
The time required to compute this matrix can however be
longer than the reconstruction time itself. The objective of this
work is to investigate the performance of sensitivity matrix
calculations in terms of computation time with modern GPUs,
for clinical fully 3D LM-OSEM for modern PET scanners. For
this purpose, sensitivity matrix calculations and full list-mode
OSEM reconstruction for human PET systems were implemented
on GPUs using the CUDA framework. The system matrices were
built on-the-fly by using the multi-ray Siddon algorithm. The time
to compute the sensitivity matrix for 288x288x57 arrays using 3
tangential LORs was 29 seconds. The 3D LM-OSEM algorithm,
including the sensitivity matrix calculation, was performed for
the same LORs in 71 seconds for 62 millions events, 6 frames
and 1 iterations. This work let envision fast reconstructions
for advanced PET application such as dynamic studies and
parametric image reconstruction.

Index Terms—Positron emission tomography, image recon-
struction, list-mode, 3D LM-OSEM, sensitivity matrix, graphics
processing unit (GPU).

I. INTRODUCTION

Many studies have established that list-mode reconstruc-
tion can be a more efficient reconstruction approach for
modern Positron Emission Tomography (PET) scanners than
histogram-mode algorithms, especially for dynamic PET stud-
ies. This increased efficency would be due to the fact that the
number of events acquired in each 3D frame is less than the
number of bins in a full sinogram set.

In this context, the list-mode expectation algorithm
(LMEM) expanded from MLEM and its accelerated version
list-mode OSEM (LM-OSEM) algorithm are worth investigat-
ing. The main obstacle in introducing the list-mode recon-
struction approach for routine clinical use is the relatively

Moulay Ali Nassiri (e-mail: moulay.ali.nassiri@umontreal.ca) and Jean-
François Carrier (e-mail: jean-francois.carrier.chum@ssss.gouv.qc.ca) are with
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long time required to process the sensitivity matrix [1]–[3].
Since modern PET scanners have a large number of lines
of response (LORs), the exact calculation of the sensitivity
matrix could require more time that the reconstruction itself
(order of hours [3]). Also, the sensitivity matrix must be
calculated for each patient based on its own attenuation map
obtained from a transmission scan. Furthermore, for 4D gated
reconstructions, it must be computed for every gate [4]. To
accelerate the calculation of the sensitivity matrix, variance
reduction techniques, based especially on down-sampling the
number of LORs, have been used [1], [2]. These approaches
add errors to the sensitivity matrix and thus degrade the
reconstruction quality [2], [5].

Previous studies aimed at accelerating list-mode recon-
structions either on CPU or GPU devices have assumed a
pre-computed sensitivity matrix [6]–[9]. In order to perform
all steps required for advanced PET reconstruction, a 3D
LM-OSEM algorithm that integrates the computation of the
sensitivity matrix was implemented on a Tesla C2050. The
main objective of this work was to verify if this workload
could be achieved within clinically compatible time frames.

II. MATERIALS AND METHODS

A. List-Mode Ordered-Subset Expectation-Maximisation (LM-
OSEM)

The LM-OSEM algorithm splits the list-mode event space S
into L roughly equal sized disjoint subset data {S1, S2, ..., SL}
and processes the image at each sub-iteration according to :

λmj =
λm−1j

Nj

∑

k∈Sl

pik,j
1

∑J
b=1 pik,bλ

m,l−1
j +

sik+rik
aik εik

(1)

Nj =

N∑

i=1

pi,jaiεi (2)

where λmj is the intensity value in voxel j estimated after
m sub-iterations and Sl is the subset data for l = m mod L.
The coefficients pi,j are the elements of the geometric sys-
tem matrix (SM) computed on-the-fly by using a multi-ray
version of Siddon’s algorithm [10]. Multiple rays per detector
pair were used in the tangential direction (tangential-LORs)
while a single ray was used in the axial direction. Nj is
the sensitivity matrix that accounts for sensitivity variations
due to attenuation and normalization. The computation of
this matrix requires for each LOR i to 1) to estimate the
attenuation correction factors (ACFs) ai by forward-projection
of the PET attenuation coefficient map Mµj obtained from the
transmission scan according to ai = exp(−li

∑j=J
j=1 pijµj),
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where lj is the length of voxel and to 2) retro-project the
sensitivity factors wi = εixai where εi is the normalisation
factor (NF). NF accounts for sensitivity variations due to
non-uniformities in the detector efficiencies and to geometric
factors. Terms sik and rik are the expected mean scatter
counts and expected mean random counts along the ithk LOR
respectively. In this study, these factors are ignored.

B. Monte Carlo simulations

Monte Carlo simulations were performed using the GATE
(Geant4 Application for Tomographic Emission) package [11]
to simulation data acquisition on a Philips Gemini GXL PET
scanner. The Gemini GXL detector head is composed of 28
blocks, each being a set of 22 tangential and 29 axial (ring)
individual GSO crystals. Each block can be in coincidence
with any 15 opposite blocks, resulting in 85, 479, 240 LORs.
Assuming single precision, these LORs require 342 MB of
memory for the normalisation matrix.

A uniform non-attenuating cylindrical phantom (air) with
a diameter of 50 cm and a length of 18 cm was used to
calculate the normalisation factor matrix using Monte Carlo
simulations. The phantom was filled with 5 mCi of 18F. All
the possible camera symmetries (14 rotational, 29 translational
and reflection symmetries) were used to increase the number
of effective counts in each LORs in order to decrease the
statistical noise [12]. The data were then stored in a 3D matrix
(308x330x841) but reordered to allow coalesced GPU memory
access. Because detector response is generally uniform in
our Monte Carlo simulations, only the geometric factors are
corrected.

C. Implementation on the GPU

For this work, a NVIDIA Tesla C2050 GPU was used. This
device has 448 cores and 3 GB of VRAM at 144 GB/s of
bandwidth. Since it supports CUDA compute capability 2.0,
the global memory is cached up to 48 KB per multiprocessor
and supports the floating atomic addition operating on 32-bit
words in global and shared memory. This last feature is very
important in PET image reconstruction. It permit simultaneous
read-modify-write process in the global GPU memory of
parallel threads without data loss. For compilation, gcc 4.4.1
for the C++ code and CUDA version 3.1 for the GPU code
were used.

1) Computation of the sensitivity matrix: The pseudo algo-
rithm presented in Algorithm 1 was implemented to accelerate
the computation of the sensitivity matrix with the GPU. The
attenuation coefficient map (device_µj) is associated to a
3D texture (texAttenuation) and the normalisation factor
matrix (device_NF ) is stored in global device memory as
linear memory to meet alignment requirements. This strategy
allows an adequate use of texture cache and global memory
cache. Each thread is associated to one principal LOR and an
atomic function (atomicAdd()) was used to write values to
the sensitivity matrix (device_Sensitivity).

In the reconstruction algorithm using the multi-ray tracing
approach, more than 90% of the computing time is spent
calculating the pi,j elements of the system matrix. To reduce

this time, the symmetries of the Gemini GXL system were
exploited. For each thread associated to one basic LOR : 1)
the device_µ matrix was forward-projected along the basic
LOR and along to its symmetric LORs (LORsym) using
multiple tracing lines on the fly. The resulting attenuation
corrections factors (ACF) were stored in the W vector.
The size allocated for W is proportional to the number of
symmetries used, 2) the attenuation correction factors and
normalization factors (NF) corresponding to the basic LOR
and to its symmetries LORsym are read, respectively, from W
vector and device_NF and are used to compute the sensitivity
factors stored in W and 3) the W vector is back-projected
in device_Sensitivity matrix using multi-ray-tracing and
exploiting symmetries as in forward-projection.

The strategy to combined the forward-projection and retro-
projection in the same thread permit to avoid to stock the
sensitivity factors in the global memory. But, if we used
to many symmetries, the W vector is stored in the local
memory instead of multiprocessor registers. So the time saved
to compute the elements of the system matrix pi,j is lost
when reading and writing to local memory. Furthermore,
unlike a CPU implementation, it was empirically found that
the computation time does not decrease when more than 8
symmetries are used. So even if the proposed implementation
supports all symmetries, only 4 rotational symmetries and one
reflection symmetry were used.
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When the execution of the ComputeSensitivityMatrix kernel
is finished, all the tables are deleted from device memory
except the sensitivity matrix device_Sensitivity which will
be used in the LM-OSEM algorithm.

2) implementation of the LM-OSEM algorithm: Three de-
vice kernels were used in the implementation of the LM-
OSEM algorithm (Algorithm 2). ComputeGradient computes
the gradient of the image at each iteration and for each
subset event (frame), ImageUpdate updates the image and
GaussianFilter applies a Gaussian filter to the estimated
image. The ComputeGradient kernel is event-based. Each
thread associated to one event forward-projects the image
(device_Image)for LOR’s event, inverts the result to cal-
culate the correction value and back-projects immediately
this value in gradient matrix (device_Gradient) using the
float atomicAdd() function. As for the sensitivity matrix
calculations, the strategy consists in computing the forward
projection and the back projection in the same thread, avoiding
a space allocation in the device global memory for storing
the forward projection results of all threads. Therefore, the
computation performance was improved by cutting down the
access to global memory and freeing more memory space
to store event streams. The ImageUpdate kernel is voxel-
based. It multiplies the current image (device_Image) by its
gradient (device_Gradient) and normalises the result using the
sensitivity matrix (device_sensitivity) voxel by voxel.

III. RESULTS

A. Sensitivity matrix computation

The reconstruction of the sensitivity matrix was computed
for 188x188x57 (FOV= 376 cm) and 288x288x57 (FOV=
576 cm) image arrays of 2x2x3.15 mm3 voxels size. Figure 1
presents the relative mean square error (RMSE) between the
188x188x57 sensitivity images computed for a water phantom
(20 cm diameter, 20 cm length) using different numbers of
tangential-LORs and the reference sensitivity matrix computed
using 10 tangential-LORs. The variation of the RMSE is
small for the tangential-LOR numbers beyond 3. The relative
error image RE(j) = abs(1 − NLOR=3(j)

NLOR=10(j)
) between the

central slices of sensitivity matrix computed for tangential-
LOR numbers equal to 3 and 10 is shown in Fig. 2 . The RE
is less than 1%. Since the computing time is proportional to the
number of tangential-LORs used (see Table I), 3 tangential-
LORs was chosen to compute the sensitivity matrix and LM-
OSEM for 2x2x3.15 mm3 voxels size.

B. LM-OSEM reconstruction

To validate the proposed implementation and to evaluate
the global image quality reconstruction, a cylindrical water
phantom (30 cm diameter, 20 cm length, 2.2 mCi of 18F
) with one cold and four hot spherical lesions of contrast
6 : 1 in the central slice was simulated. The hot lesions of
sizes 11, 13, 17, and 22 mm are positioned radially at 6 cm
from the center and the pattern was repeated three times. The
cold lesion has a diameter of 60 mm and is placed in the
centre of the slice. List-mode data sets of 62 M coincidences
were generated. The Contrast Recovery Coefficients (CRC)

Fig. 1. The relative mean square error between the sensitivity images
computed using different number of tangential-LORs and the reference
sensitivity matrix computed using 10 tangential-LORs.

as defined in the NEMA NU 2007 protocol was used as a
figure of merit. The reconstruction was done for six frames,
1 and 2 iterations using different tangential-LOR numbers.
Figure 3 presents the transverse central slices tangential-LORs.
The difference between the images computed for 2, 3 and 10
tangential-LORs is small. Figure 4 shows that the CRC change
is negligible for tangential-LOR numbers beyond 3.

C. Computation time

Table I reports the computation time of the sensitivity
matrix for 188x188x57 (FOV= 376 cm) and 288x288x57
(FOV= 576 cm) image arrays for 1, 2, 3 and 4 tangential-
LORs. We also present in this table the computation time of
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(a) (b)

Fig. 2. a) Central slice of a 188x188x53 sensitivity matrix computed using
3 tangential-LORs for cylindrical water phantom (20 cm diameter, 20 cm
length). b) Relative error image between this central slice and the central
slice of sensitivity matrix computed using 10 tangential-LORs.

a) b)

c) d)
Fig. 3. Transverse central slices of the phantom described in Sec. III-B
computed by LM-OSEM algorithm using 1 iteration, 6 frames, 62 million
events and : a) 1 tangential-LOR, b) 2 tangential-LORs, c) 3 tangential-LORs
and c) 10 tangential-LORs.

LM-OSEM for 1 iteration, 6 frames and 62 million events. The
time to compute the full LM-OSEM (include computation of
sensitivity matrix) for 188x188x57 array using 3 tangential-
LORs is about 71 seconds.

TABLE I
COMPUTING TIME

Number of tangential-LORs. 1 2 3 10

Time to compute 188x188x57 9.98 s 19.49 s 28.75 s 96.14 s
sensitivity matrix.

Time to compute 288x288x57 23.64 s 46.13 s 70.46 s 231.54 s
sensitivity matrix.

Time to compute LM-OSEM 15.78 s 29.59 s 43.55 s 109.16 s
for 1 iteration, 6 frames and
62 million events.

IV. CONCLUSION

A fully 3D LM-OSEM algorithm was successfully imple-
mented on a Tesla C2050 GPU, including the calculation of
the sensitivity matrix, for a PET system that presents about 85
million of LORs (Gemini GXL). The reported reconstruction
times are compatible with a clinical use. Further work is
required to account for random and scatter events, which

Fig. 4. the Contrast Recovery Coefficients versus number of tangential-LORs
calculated for 22 mm hot lesion in the central slice of the phantom described
in III-B computed by LM-OSEM algorithm using 1 and 2 iterations, 6 frames,
62 million events.

are time-consuming in list-mode reconstruction. The NVIDIA
Tesla GPU appears to be a low-cost, high-performance solu-
tion for advanced PET reconstruction.
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Abstract--The DIRECT represents a novel approach for 3-D 

Time-of-Flight (TOF) PET reconstruction. Its novelty stems from 

the fact that it performs all iterative predictor-corrector 

operations directly in image space. The projection operations now 

amount to convolutions in image space, using long TOF 

(resolution) kernels.  While for spatially invariant kernels the 

computational complexity can be algorithmically overcome by 

replacing spatial convolution with multiplication in Fourier space, 

spatially variant kernels cannot use this shortcut. Therefore in 

this paper, we describe a GPU-accelerated approach for this task. 

However, the intricate parallel architecture of GPUs poses its own 

challenges, and careful memory and thread management is the 

key to obtaining optimal results. As convolution is mainly 

memory-bound we focus on the former, proposing two types of 

memory caching schemes that warrant best cache memory re-use 

by the parallel threads. In contrast to our previous two-stage 

algorithm [1], the schemes presented here are both single-stage 

which is more accurate.    

 
Index Terms—CUDA, DIRECT, GPU, TOF 

I. INTRODUCTION 

IRECT (Direct Image Reconstruction for TOF) [2] is an 

approach for TOF reconstruction that is a more efficient 

alternative to traditional list-mode and binned TOF PET 

reconstruction approaches [3]. In these latter approaches, the 

events are binned by their LOR (Line of Response) and arrival 

time to form a set of histo-projections, one for each angular 

view. In DIRECT, on the other hand, the events are first sorted 

into a (sub)set of angular views and then deposited for each 

view into a dedicated histo-image, each having the same lattice 

configuration and the same resolution as the reconstructed 

image. Here, each corrective update involves simple 3D 

convolutions using the system response (SR) kernel, which can 

be performed efficiently in Fourier space when the SR kernel is 

spatially invariant. However, in practical applications the SR 

kernel is not spatially invariant – its width increases up-to 40% 

towards the edge of the scanner. This prohibits the use of 

efficient Fourier-space methods to accelerate the convolution 
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operations. Since the SR kernel is typically quite large (having 

FWHM 45mm in TOF direction for 300ps resolution and 5 - 

6mm in LOR direction) a spatial convolution within a 

144×144×62 matrix and 120 views can be prohibitively 

expensive for clinical application. We seek to overcome this 

challenge by GPU-acceleration [4][5], using their massively 

parallel computations to meet this challenge.  

 In general, mapping a CPU-based algorithm to the GPU and 

achieving 1-2 orders of speed-up is typically not 

straightforward. An especially critical component in GPUs is 

the memory, which is organized into a hierarchy, with some of 

it on-chip but the majority of it off-chip (but on-board). The 

former is orders of magnitudes faster. As it takes 100s of clock 

cycles to bring off-chip data into on-chip memory, it is of 

utmost importance to re-use these data among the parallel 

threads as much as possible. Also, since on-chip memory is 

quite small, on the order of KB, careful occupancy planning of 

this limited resource is equally important.  

 Since the long DIRECT kernels may traverse the image 

space at arbitrary angles, data access at these off-axis 

orientations is non-sequential. In [1] we presented a two-stage 

scheme that, for these off-axis directions, first resampled the 

data into a storage pattern aligned with the convolution 

direction of the long kernels. This allowed linear access in 

on-chip (shared) memory. By subtracting the smoothing effects 

of the interpolation (sampling) kernel from the convolution 

kernel, we were able to mitigate the blurring effects of the 

interpolation kernel into the convolution. This 2-stage scheme 

was about 10 times faster than the 1-stage scheme and only a 

small amount of artifacts could be observed.  

In the current paper, we chose to go a different route with 

fewer artifacts, if any, using a 1-stage method that does not 

require resampling. Here we aimed for a method that loads the 

data into on-chip memory in such a way that it allows linear 

access at any angle, using a dedicated addressing scheme. For 

this, we investigated two types of on-chip memory: (i) shared 

memory and (ii) texture memory cache.  

Our paper is organized as follows. Section 2 discusses 

relevant GPU details, Section 3 outlines our scheme, and 

Section 4 presents results and conclusions.  
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Fig. 1. Pipeline for proposed forward- and backward-projection scheme. 
.  

II. SOME NOTES ON GPU ARCHITECTURE 

We have implemented all methods on a NVIDIA 480 GTX 

GPU with 1.5GB off-chip memory. This GPU has 480 CUDA 

cores organized into 15 Streaming Multiprocessors (SM) of 32 

processors each. Important for our purposes are the size and 

access of the memory. Each SM has 64KB of on-chip memory 

that can be configured as 48KB of shared memory with 16KB 

of L1 cache, or as 16KB of shared memory with 48KB of L1 

cache. Each SM also has a dedicated 768KB L2 texture cache. 

An important texture memory feature is that it is specifically 

designed to allow fast 2D memory access. It achieves this by 

storing 2D data along a space-filling curve which greatly 

improves access locality. All other GPU memories simply use 

linear addressing and so do not support fast 2D access.  

With regards to shared memory bandwidth, a somewhat 

theoretical estimate is to assume that every clock-tick (the GTX 

480 operates at 1,401 MHz) produces 16 (a half-warp) 4-byte 

data (from 32 banks) per SM and then multiply this number by 

15 (the total number of SMs). This yields 1.344TB/s. Less 

detailed information is available to make such estimates for the 

texture cache. The texture fill rate is rated as 34 (bi-linearly 

interpolated) Gtextels/s, but this number likely includes 

off-chip memory as well. Nevertheless, there are many factors 

that can limit memory bandwidth in practice, both for shared 

and for texture memory, such as bank conflicts and the 

aforementioned optimized 2D access for texture memory and 

possibly cache. We therefore chose to implement and optimize 

for the application at hand methods that use shared memory as 

well as texture memory.    

III. METHODS 

Fig.1 shows the pipeline of our scheme for forward- and 

backward-projection in DIRECT TOF PET. For each iteration 

step from a given view direction, there are four stages: (i) create 

the 2D projection mask; (ii) create the 3D point cloud, (iii) 

build the look-up table, and (iv) load the data and perform the 

forward or backward projection.  

The projection mask is used to index and retrieve, from 

global memory, the list of voxels located along an approximate 

linear path that aligns with the long axis of the convolution 

kernel at the current view direction (Fig. 2a). The width of the 

kernel (LOR) determines the thickness of the path of retrieved 

voxels (Fig. 2b), which are then stored into on-chip memory. 

The computation targets are the voxels connected by the line in 

Fig. 2a. Each such voxel becomes a parallel thread, processing 

the data within the kernel‟s point cloud (Fig. 2b) and weighing 

each by the Gaussian kernel represented by the lookup table.  

We do this for every slice in parallel and also compute the 

z-extent of the 3D-kernel in parallel as well, which we then 

accumulate in a second step (Fig. 2c). Since we can store data 

for only 1-2 such lines at a time, due to limitations of the 

memory, we end up, in our case, with  62·3=186 CUDA blocks, 

with 168 threads each.  

We note that both point cloud and lookup table are simple 

masks and do not require interpolation. Therefore, when stored 

in 1D texture memory, they can be retrieved with fast 1D 

texture fetches during the processing. In the following we 

motivate and describe each of these components in detail. 

A. Create 2D Projection Mask 

As mentioned, for general view directions, it is typical to have 

poor memory locality for forward- and backward-projections. 

Moreover, computing variant kernel resolutions along LOR 

directions will increase the overall computational burden 

exponentially. To solve these problems, we introduce a 2D 

projection mask of the same size as the input volume slice at 

each view direction. The mask consists of several lists based on 

the LOR distance so that elements in each list can share the 

same radial resolution with less error. The error is determined 

by the distance between lists. The distance is chosen to have 

less than or equal to 1 pixel distance within elements in a list. 

For example, for 0 and 90 degrees, the distance between 

elements is 1 pixel, which is the typically the grid size. To 

improve memory locality, the elements are sorted in the TOF 

distance ascending order.   

B. Create 3D Cloud for variant kernel 

The variant kernel for DIRECT TOF PET has non-symmetric 

(in radial direction), ellipsoidal shape. Constructing each kernel 

for a position will increase the overall computational burden 

exponentially. To solve this problem, we introduce a 3D cloud, 

which can fit in all possible non-symmetric, ellipsoidal, variant 

kernels. The value for a point within a cloud is determined by 

the distance from the center of the cloud to the point in TOF, 

LOR, and z-axis directions. The distance can be pre-computed 

and used as index to fetch a corresponding look up table. The 

cloud points are sorted in the TOF distance ascending order, 

layer by layer, to minimize the number of access to volume data 

in projection stage.    

C. Build Look-up Table for variant kernel 

There are three look-up tables (LUTs) according to the TOF, 

LOR, and z-axis directions. Since we know the exact TOF, 

LOR and z distance from the created cloud points, we only need 

a finite number of kernel values in each direction. In the TOF- 

and z-axis directions, their resolutions are invariant and thus 
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Fig. 3. Pseudo code for two different implementation methods in projection. „Run‟ is for parallel loop. „For‟ is for sequential loop.  
.  

Run each block (take a volume slice) 
   Read volume data from global memory & 
   Store in shared memory 
   __sync() 
   Run lists do projection  
      Run list elements  
      Compute radial resolution 
      Set output to zero 
      For cloud points // to avoid bank conflicts 
         Fetch look up table from texture memory 
         Compute shared memory index 
         Read a volume point from shared memory 
         Accumulate output 
      End cloud points 
      Write output to global memory 
   End list elements 
   __sync() 
   Update shared memory for next lists  
   __sync()  
   End lists 
End block       
(a) Method 1: Using shared memory 

.  
(b) Method 2: Using texture cache 

.  

Run each block (take a list) 
   Run list elements  
      Compute radial resolution 
      Set output to zero 
      Run cloud points  
         Fetch look up table from texture memory 
         Read volume data from texture memory 
         Accumulate output 
      End cloud points 
      Write output to shared memory 
      __sync() 
      Parallel sum reduction 
      __sync() 
   Write output to global memory 
   End list elements                 
End block       

their kernel values can be stored in a 1D array. The length of the 

array is determined by the number of cloud points. For the LOR 

direction, there are as many different resolutions as the number 

of lists in a projection mask. Thus, the kernel values for radial 

direction can be stored in a 2D array having same length with 

TOF (and z-axis) LUT.  

D. Projection 

To improve memory locality, (forward- and backward-) 

projection for a voxel proceeds list by list in a projection mask. 

Also, to minimize the number of accesses to volume data, the 

projection proceeds cloud layer by layer and its results are 

stored in different places; after completing the projection, the 

results are combined into a volume, which have the same size 

than the input volume (Fig. 2c).       

IV. IMPLEMENTATION 

As mentioned, we have explored our method with regards to the 

on-chip cache/memory used: shared memory and texture cache. 

The former allows for better user management.  

Fig. 3a shows the pseudo code for the shared memory 

implementation. The advantage of using shared memory is that 

we can manipulate caches of very low latency, as low as 

registers. This allows us to achieve minimum access to the 

input volume data by fetching the data first and then updating 

the data after completing the projection for a list. Moreover, 

accessing volume data stored in shared memory can be as fast 

as accessing to registers as long as there are no bank conflicts. 

To maximize the ability of the shared memory, in our scheme 

each CUDA block takes a volume slice and a cloud layer, and 

all threads in a block run several lists and its elements in 

parallel but the projection for each such element proceeds in 

sequence (along the line) to avoid bank conflicts. Because we 

store the list elements in TOF distance-ascending order, all 

threads are guaranteed to access different banks in shared 

memory.    

Fig. 3b shows the pseudo code for the texture memory 

implementation. The advantage of using texture cache is that 

we are free from indexing problems when fetching volume data 

into texture memory. Also, we can use the fastest cache (shared 

memory) for other purposes. It allows this method to have a 

higher degree of parallelism, on the granularity of cloud points. 

Each thread computes one cloud point multiplication, which are 

then summed via fast parallel reduction to achieve the 

projection result for a target voxel along the line.    

There is a difference in computational overhead for forward 

and backward projection. In the forward projection, the kernel 

resolution in the LOR direction needs to be computed for each 

cloud point. We can do this by moving the „compute radial 

resolution‟ line inside the cloud point loop in Fig.3. Because of 
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this, it is obvious that forward projection is slower than 

backward projection in DIRECT TOF PET. 

 
Table 1. Two different methods for projection stage 

Method 1 Method 2 

Shared memory Texture cache 

Need to compute index No need to compute index 

Partial parallelized Fully parallelized 

V. RESULTS AND CONCLUSION 

As mentioned in Section 2, we tested our algorithm on a 

NVIDIA GTX 480 GPU. The volume size of the test was 144× 

144×62. The projection kernel was 45mm along the TOF 

direction, 5-6mm along the radial direction, and 5mm along the 

z-direction of the Gaussian FWHM (the corresponding cloud 

size has at most 29×5×3 voxels). The most time-consuming 

stage is the projection stage. All other stages took about 

0.00003 seconds each, which is a trivial time compared to the 

time for the projection stage.  

In our experiments the forward projection was slower than 

backward projection by factors of about 0.9 and 0.7 for method 

1 and method 2, respectively. Further, method 2 was faster than 

method 1 by factors of about 1.5 and 1.8 for forward projection 

and backward-projection, respectively. 

In our test case, the number of threads in the projection stage 

was about 23,000 for method 1 and 6,856,000 for method 2. 

Thus, there were about 300 times as many threads for the latter 

due to its better memory cache usage. In addition, the native 2D 

indexing of the texture caches alleviated the need for extra 

index computing to fetch the volume data. All of these aspects 

combined favors method 2 over method 1.  

If we run a DIRECT reconstruction with 120 views, a 144× 

144×62 volume, method 2 will require approximately 24 

seconds per iteration, while the FFT based approach on a 

2.8GHz Dell Precision T5500 single processor takes about 40 

seconds per iteration for the considered 62 slices (31 seconds 

for the 48 slices reported in [6]). It is important to note, 

however, that the FFT based approach assumes a spatially 

invariant kernel, while our GPU implementation can widen the 

kernel width towards the edges of the detector and hence is 

spatially variant which prohibits the log(n) acceleration of 

FFTs.  

In current work, we are working on expanding our algorithm 

to also incorporate the tilt case and we are incorporating the 

presented implementations into the DIRECT reconstruction 

framework.  

 
Table 2. Time performance  

Time [sec] Forward Backward 

Method 1 0.16213 0.14077 

Method 2 0.10932 0.07612 
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Fully 3-D List-mode Positron Emission Tomography
Image Reconstruction on a Multi-GPU Cluster

Jingyu Cui, Sven Prevrhal, Guillem Pratx, Lingxiong Shao, and Craig S. Levin

Abstract—List-mode processing is an efficient way of dealing
with the sparse nature of PET data sets, and is the processing
method of choice for time-of-flight (ToF) PET. We present a
novel method of computing line projection operations required
for list-mode ordered subsets expectation maximization (OSEM)
for fully 3-D PET image reconstruction on a graphics processing
unit (GPU) using the compute unified device architecture (CUDA)
framework. Our method overcomes challenges such as compute
thread divergence, and exploits GPU capabilities such as shared
memory and atomic operations. When applied to line projection
operations for list-mode time-of-flight PET, this new GPU-CUDA
reformulation is 188X faster than a single-threaded reference
CPU implementation. When embedded in a multi-process en-
vironment on a GPU-equipped small cluster, a speedup of 4X
was observed over the same configuration but without GPU
support. Image quality is preserved with root mean squared
(RMS) deviation of 0.05%%% between CPU and GPU-generated
images, which has negligible effect in typical clinical applications.

Index Terms—PET image reconstruction, OSEM, CUDA, GPU,
Cluster, Line projections.

I. INTRODUCTION

POSITRON emission tomography (PET) image reconstruc-
tion methods based on list-mode acquisition have many

advantages compared with those using sinograms, especially
for time-of-flight (ToF), high resolution, and dynamic PET
data. List-mode data can be reconstructed using many iterative
algorithms such as OSEM [1], but it requires forward and
backprojection of individual lines of response (LORs), and
therefore has a much higher computational cost. However,
within a cycle of forward and backprojection, the LORs can
be processed independently, allowing data-parallel implemen-
tation on multi-processor hardware. Programmable graphics-
processing units (GPUs) have emerged as a popular alternative
to multi-core CPU computer clusters for high performance
computation because of potential savings of cost, space and
power. There are many work in exploiting GPU technology
for X-ray Computed Tomography (CT) [2] and Digital To-
mosynthesis [3]. Here, we present our work for acceleration
of list-mode OSEM PET image reconstruction on a GPU using
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the Compute Unified Device Architecture (CUDA) extension
to the C programming language [4]. The goal of this approach
is for ToF PET image reconstruction.

We build on our experience with programming iterative re-
construction algorithms with OpenGL/Cg [5], a programming
library for graphics applications that can be used to implement
general-purpose computing on graphics processing hardware.
Using OpenGL for general-purpose programming has several
drawbacks: The code is difficult to develop and maintain since
the algorithm must be implemented as a graphics rendering
process, performance may be compromised by OpenGL’s lack
of access to all the capabilities of the GPU, for example
shared memory, and code portability is challenging because
the OpenGL code needs to be customized for specific graphics
cards.

CUDA attempts to overcome these challenges by making
the highly parallel computation capability of the GPU more
easily available to the developer in a C-like programming
paradigm. Briefly, the execution model organizes individual
threads into thread blocks. The significance of a thread block is
that its members can communicate through fast thread-block-
specific shared memory, whereas threads in different blocks
run independently. If inter-block communication is necessary,
it must use much slower global off-chip memory. Atomic
operations and thread synchronization primitives are further
provided to allow threads in each thread block to coordinate
memory access and execution. CUDA code has sufficient
flexibility to manipulate the scheduling of the computation,
while the programmer does not need to be concerned with
the details of the hardware implementation since they are
automatically handled by the run-time environment. Another
important advantage is that once the code is written it can
run on future graphics cards, automatically exploiting their
advanced capability without requiring code modification.

In this paper, we propose a method of reformulating back-
projection and forward projection operations of the list-mode
OSEM algorithm efficiently on the GPU using the CUDA
framework, and describe our method of distributing the work
to multiple nodes in a small GPU cluster. We show that
the new reformulation is faster than a CPU reference imple-
mentation, and can exploit all the advantages of the CUDA
platform. Our reformulation supports arbitrarily broad Tubes
of Response (TORs), thus can be easily used for more accurate
reconstruction methods using point spread function (PSF)
model. We further demonstrate how the new reformulation can
be embedded in a multi-GPU environment for further speedup.
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II. MATERIALS AND METHODS

A. MLEM and OSEM Algorithms

The Maximum Likelihood Expectation Maximization
(MLEM) algorithm [6] can be used for reconstructing the im-
age based on a set of lines of response (LORs) measurements.
The fixed point iteration can be summarized as:

x(k+1) = x(k) ◦
[
AT

(
y ⊘ Ax(k)

)]
⊘ AT 1 (1)

where A is the system matrix, y is the LOR measurements,
and x(k) is the image estimation at the kth step. Here ◦ denotes
the Hadamard product (element-wise product), and ⊘ denotes
the element-wise division. For list-mode data [1], y = 1.

The Order Subset Expectation Maximization (OSEM) al-
gorithm [7] was proposed to accelerate the convergence of
the MLEM algorithm without serious degradation of image
quality. The algorithm uses the same algorithm as in Equa-
tion 1, but instead of processing all LORs in each iteration, it
processes only a subset of LORs for each update of the image.

B. Core Methodology

The projection operations are applied on a list of unordered
lines. A naive implementation would result in a set of parallel
threads that execute heterogeneously and access global mem-
ory randomly, which would greatly harm the performance.
Instead, our reformulation overcomes these pitfalls in the
following ways:

In order to prevent the execution of the threads from
diverging within thread blocks, we pre-process the lines and
divide them into three classes, according to their predominant
orientation (determined by calculating an inner product) along
the x, y, and z directions (x and y span the transaxial image
plane, z is the scanner axis). Because PET detectors are
typically arranged in a short cylindrical geometry, the z class
is typically empty. This categorization step can be done very
efficiently using the partition primitive [4] either on the CPU
or on the GPU. The partition operation divides a set of items
into two sets based on whether or not a condition is met. In
this case, the condition is “the line has dominant direction x”.

Shared memory is used to reduce global memory access
time. Since the memory footprint of the reconstructed volume
currently far exceeds the total amount of shared memory (e.
g., 16 kB per multiprocessor for GTX 280 architecture, and
48 kB for the GTX 480 architecture), we process the image
volume slice-by-slice. For each class of lines, the slices are
selected to be orthogonal to the predominant line direction.
Within each thread block, threads work in parallel loading a
slice into shared memory. All calculations are done in the fast
shared memory, after which the slice is copied back to global
memory.

CUDA hides the remaining memory latency by hosting
multiple blocks and multiple warps of threads concurrently.
When a set of threads stalls to wait for memory operations
completion, another will be swapped into context to keep the
execution pipeline optimally occupied.

Fig. 1. Illustration of the CUDA reformulation structure.

C. Forward Projection

In the forward projection step, voxel contributions are
accumulated along each LOR. The workload is distributed by
assigning one thread block to every slice and one thread to
each line intersecting this slice. After loading the data into
the shared memory, each thread takes a LOR, calculates its
intersection with the current slice, and executes a double for-
loop over all the voxels participating in the projection. The for
loop is designed to cover the volume of intersection between
the broad LOR and the slice. Because lines are predominantly
orthogonal to the slice, this loop has fixed bounds and the
computations of all threads are homogeneous. The voxel
values are weighted by kernel values that are computed on-the-
fly on the GPU, and accumulated into a register for a given
LOR. The final value is written to the global memory after
all computation is done. The structure of the reformulation is
shown in Fig. 1, and the code snippet for performing forward
projection of a set of horizontal lines is shown in Listing 1.

Listing 1. CUDA kernel for forward projection of a set of horizontal lines.
__device__
void ForwardprojectHorizontal(float *image, float *

lines_, int linesN, int stride, float *fpValue)
{

extern __shared__ float slice[];
int slice_size = param.Y * param.Z;

for (int x = 0; x < param.X; ++x) {
// Load slice into shared memory
int offset = x * slice_size;
for (int voxel_index = threadIdx.x; voxel_index <

slice_size; voxel_index += blockDim.x) {
slice[voxel_index] = image[voxel_index + offset];
}
__syncthreads();

for (int line = threadIdx.x + blockIdx.x *
blockDim.x; line < linesN; line += blockDim.x
* gridDim.x) {

CUDALor *the_line = (CUDALor*)(lines_ + line);
float t = (x - LineAccessor::get_x0(the_line,

stride, param)) / get_dx(the_line, stride);
float the_line_dy = get_dy(the_line, stride);
float the_line_dz = get_dz(the_line, stride);
float y = LineAccessor::get_y0(the_line, stride,

param) + t * the_line_dy, z = LineAccessor::
get_z0(the_line, stride, param) + t *
the_line_dz;

int centerY = rintf(y), centerZ = rintf(z);
float sum = 0;
for (int yy = max(0, centerY - param.TOR_width);

yy <= min(param.Y - 1, centerY + param.
TOR_width); ++yy) {
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for (int zz = max(0, centerZ - param.TOR_width);
zz <= min(param.Z - 1, centerZ + param.
TOR_width); ++zz) {

float dy = yy - y, dz = zz - z;
float inner = dy * the_line_dy + dz *

the_line_dz;
float d2 = dy * dy + dz * dz - inner * inner;
if (d2 < max_dist) {
sum += slice[yy + param.Y * zz] * Kernel(d2);
}
}
}
fpValue[line] += sum;
}
__syncthreads();

}
}

D. Backprojection
The backprojection step is structurally similar to the forward

projection. The only difference is that instead of accumulating
the weighted voxel values to a register corresponding to each
LOR, we accumulate the weighted LOR values to the current
slice in the shared memory, using float point atomic operations.
After projection of all the lines, the slice is written back to
global memory. The implementation is very similar to the
implementation of forward projection, as shown in Listing 1.

E. Multi-GPU implementation
We implemented a multi-process environment using the

Message Passing Interface (MPI), closely following an earlier
data flow design [8]. Figure 2 shows our implementation:
Each subset is split into k chunks, k being the number of
GPUs. The chunks are sent to the GPU host nodes and
uploaded to the GPUs for forward projection, backprojection,
and multiplicative update. In this environment, the step of
multiplicative update cannot be carried out independently on
all nodes, since it requires that the backprojection of all LORs
in the subset to be done. Therefore, the update image is
downloaded to the host, additively reduced to a fully updated
image in the distributor, and then re-broadcast to all worker
processes via MPI. Each node will then upload the update
image to their own GPUs for the next iteration.

Depending upon available GPU memory and amount of
LOR data, GPU upload of LOR data can be done before
execution of the iteration loop, thereby avoiding redundant
copying for each iteration. Figure 3 shows a possible data
packing scheme to arrange the same element of all LORs in
a continuous chunk of memory, thus allow coalesced access
from the GPU.

F. Evaluation
To evaluate image reconstruction accuracy, a cylindrical

“hot rod” phantom (Figure 7a) comprising rods of different
diameters (1.2, 1.6, 2.4, 3.2, 4.0, and 4.8 mm) was filled
with 110 µCi of a radioactive solution of Na18F, and 28.8
million lines were acquired in a eXplore Vista DR PET
system. Volumetric images of size 103 × 103 × 36 voxels,
were reconstructed using the list-mode 3-D OSEM algorithm.
For simplicity, the usual data corrections for photon scatter
and random coincidences were not applied.

Fig. 2. Algorithm flow for distributed OSEM computation.

Fig. 3. Event data distribution: Packing of subset chunks to contiguous GPU
memory space.

III. RESULTS

The total execution time for backprojection and forward
projection operations of 1 million random lines using our
CUDA-GPU reformulation is 0.12s. This is about 188×
speedup over the CPU code, running on an Intel Core2 6600
CPU in single-threaded mode. A more detailed breakdown of
the contributions of different optimization steps is shown in
Fig. 4. Note that reducing the cost of memory transactions
plays the most important role in all the contributors. For the
same reason, the multi-GPU reformulation did not linearly
scale. The overhead of transferring the update image between
host and GPU memory was only 6 ms, but in a three-node
distributed cluster configuration, LAN network latency added
300 ms to each update cycle.

The proportional relationship between the number of ran-
dom lines and the execution time on several different hardware
architectures is shown in Fig. 5, indicating low overhead and

Fig. 4. Cumulative contributions of different optimization strategies for the
GPU.
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Fig. 5. Execution time for processing varying numbers of randomly generated
LORs for the GPU-CUDA method.

Fig. 6. Number of LORs processed per second, as a function of number of
thread blocks, for different GPUs and data write schemes.

good scaling of the reformulation.
We also show number of lines processed per second as a

function of number of thread blocks in Fig. 6. We can see
that among all configurations, using the GTX 480 architecture
(March, 2010) with 15 thread blocks each containing 1024
threads achieves the peak performance of 9.4 millions lines
per second.

The list-mode data acquired using the cylindrical“hot rod”
phantom (Section II-F) was reconstructed with OSEM using
40 subsets and 2 iterations on both the CPU and the GPU.
Transaxial image slices are visually identical (Figure 7). The
root mean squared (RMS) deviation between the two images
is 0.05% after 2 iterations, which is negligible compared to
the statistical variance of the voxel values in a typical PET
scan (> 10%, from Poisson statistics). We believe that the
small deviation was caused by small variations in how the
arithmetic operations are performed on the CPU and GPU, as
well as the inaccuracy of texture interpolations in the GPU.

IV. CONCLUSION

A new framework for parallelizing iterative PET image
reconstruction algorithms using GPUs based on CUDA frame-
work is proposed. Studies show that the processing time was

(a) (b)

(c) (d)

Fig. 7. Hot rod phantom (a) acquired on an eXplore Vista DR PET
scanner and reconstructed on the GPU (c) and CPU (d) with 40 subsets
and 2 iterations. (b) The normalization map used for both the CPU and GPU
algorithm. Data corrections for photon scatter, random coincidences, photon
attenuation, and detector efficiency normalization were not applied.

reduced by a factor of 188 compared to a state-of-the-art CPU
with only one GPU, while the reconstruction accuracy was
maintained. On carefully designed hardware, multi-GPU is a
viable approach for further speedup.

ACKNOWLEDGMENT

This work was sponsored by a research grant from Philips
Healthcare.

The authors would like to acknowledge helpful discussions
with Peter Olcott and Garry Chinn at Stanford.

REFERENCES

[1] L. Parra and H. H. Barrett, “List-mode likelihood: EM algorithm and
image quality estimation demonstrated on 2-D PET,” IEEE Transactions
on Medical Imaging, vol. 17, pp. 228–235, 1998.

[2] F. Xu and K. Mueller, “Real-time 3D computed tomographic recon-
struction using commodity graphics hardware,” Physics in Medicine and
Biology, vol. 52, no. 12, p. 3405, 2007.

[3] F. Xu, A. Khamene, and O. Fluck, “High performance tomosynthesis
enabled via a GPU-based iterative reconstruction framework,” vol. 7258,
p. 72585A, SPIE, 2009.

[4] NVIDIA, NVIDIA CUDA Programming Guide 3.0. 2010.
[5] G. Pratx, P. D. Olcott, G. Chinn, and C. S. Levin, “Fast, accurate and

shift-varying line projections for iterative reconstruction using the GPU,”
IEEE Transactions in Medical Imaging, vol. 28, pp. 435–445, March
2009.

[6] L. A. Shepp and Y. Vardi, “Maximum likelihood reconstruction for
emission tomography,” Medical Imaging, IEEE Transactions on, vol. 1,
no. 2, pp. 113 –122, 1982.

[7] H. Hudson and R. Larkin, “Accelerated image reconstruction using
ordered subsets of projection data,” Medical Imaging, IEEE Transactions
on, vol. 13, pp. 601 –609, Dec. 1994.

38 3rd Workshop on High Performance Image Reconstruction



[8] Z. Hu, W. Wang, E. Gualtieri, M. Parma, E. Walsh, D. Sebok, Y. Hsieh,
C. Tung, J. Griesmer, J. Kolthammer, L. Popescu, M. Werner, J. Karp,
A. Bucur, J. van Leeuwen, and D. Gagnon, “Dynamic load balancing
on distributed listmode Time-of-Flight image reconstruction,” in IEEE
Nuclear Science Symposium Conference Record, pp. 3392–3396, Oct.
2006.

3rd Workshop on High Performance Image Reconstruction 39



 

Abstract—OpenPET, which has a physical gap between two 

detector rings, is our new PET geometry. In order to realize future 

radiation therapy guided by OpenPET, real-time imaging is 

required. Therefore we developed a list-mode image reconstruction 

method using general purpose graphic processing units (GPUs). 

For GPU implementation, the efficiency of acceleration depends on 

the implementation method which is required to avoid conditional 

statements. Therefore, in our previous study, we developed a new 

system model which was suited for the GPU implementation. In 

this paper, we implemented our image reconstruction method 

using 4 GPUs to get further acceleration. We applied the developed 

reconstruction method to a small OpenPET prototype. We 

obtained calculation times of total iteration using 4 GPUs that were 

3.4 times faster than using a single GPU. Compared to using a 

single CPU, we achieved the reconstruction time speed-up of 142 

times using 4 GPUs. 

 
Index Terms—PET, list-mode reconstruction, OpenPET 

multi-GPU 

 

I. INTRODUCTION 

We have been developing the OpenPET [1], which has a 

physical gap between two detector rings. OpenPET enables new 

positron emission tomography (PET) applications such as 

real-time multimodal imaging, PET image-guided radiation 

therapy, and extension of an axial field-of-view (FOV) with a 

limited number of detectors. Among these applications, our 

focus has been on PET image-guided radiation therapy (Fig.1). 

In particular, tracking a moving target such as a tumor in the 

lung will become realistic if the real-time imaging system is 

realized. Therefore, we are developing a fast and accurate image 

reconstruction method. 

One way to accelerate image reconstruction is by a hardware 

acceleration approach using graphics processing units (GPUs) 

[2]-[6]. It is known that the efficiency of acceleration largely 

depends on implementation where reduced conditional 
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statements and efficient memory accesses are required. In our 

previous study, we developed a new system model which was 

suited to GPU implementation [7]. The developed system model 

enabled us to reconstruct high quality images as well as the 

reconstructed images obtained using the sub-line-of-response 

(sub-LOR) model [8]. 

In this paper, we implement our image reconstruction method 

using multi GPUs to get further acceleration. 

 

II. METHODS 

A. GPU Implementation 

For real-time OpenPET imaging, list-mode image 

reconstruction is essential because time for histogramming 

should be avoided. In GPU implementation, measured list-mode 

data are divided for parallelization. In the forward projection, 

the projection value of each LOR is calculated in each thread. In 

the back projection, the voxel values in each slice are calculated 

in each thread. 

We simply the iteration reconstruction formula as,  
   

j

m

j

m

j exx 1 , (1) 

where xj is the value of the j-th voxel, m is the number of 

iterations, and ej is the image update factor of the j-th voxel for 

each subset. IUF = { e1, e2, … , eJ } is calculated by forward and 

back projecting on a GPU. For N GPUs, the list-mode data set 

are divided into N equal parts. In each GPU, each IUF is 

calculated using the divided list-mode data. The total IUF is 

calculated by adding each GPU’s IUFs (IUF-1, IUF-2, ..., 

IUF-N) on the CPU (Fig.2). Each GPU is controlled by each 

CPU core. Each calculation on the CPU is paralleled by 

OpenMP. 

Multi-GPU based acceleration of a list-mode 

DRAMA toward real-time OpenPET imaging 

Shoko Kinouchi, Taiga Yamaya, Eiji Yoshida, Hideaki Tashima, Hiroyuki Kudo and Mikio Suga 

 
Fig.1 The OpenPET geometry for image-guided radiation therapy. 
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B. System Model for GPU Implementation 

In the developed system model, each voxel is divided into 

some equal sub-voxels (Fig.3). Each element of the system 

matrix is calculated as the sum of the values of the detector 

response function (DRF) derived from the distance between a 

LOR and the center of a sub-voxel as, 

  s siij lenDRFa , (2) 

where aij is a system matrix element of the i-th LOR and j-th 

voxel ( j = 1, … , J ), s is the index for sub-voxels ( s = 1, … , S ), 

lens is the distance between a LOR and the center of the s-th 

sub-voxel, and DRFi is the DRF of the i-th LOR. 

DRFs, which define the detection efficiency distribution 

around LORs, have to be calculated considering geometrical 

arrangement of crystals. In order to reduce memory size 

occupying GPU to store a set of DRFs, we model the DRFs as 

sixth-order polynomial functions (Fig.4). Each DRF is 

approximated by the method of least squares fitting. In this 

 
Fig.3 Developed system model based on sub-voxels. DRFs, which are 

pre-calculated and stored, can model complicated distributions of 

detection probability. 

 

 
Fig.4. DRF modeling by sixth-order polynomial functions. The values of 

sampling points are calculated from an intersection distance between a 

LOR and a crystal. 

 

 
Fig.5 The 3D DRF is divided into a transaxial DRF (DRFtr) and an axial 

DRF (DRFax). DRF(lens) is calculated by DRFtr and DRFax. In our system 

model, the value of DRFtr when lens_tr=0 is calculated as equal to DRFax 

when lens_ax=0. Therefore, DRF(lens) is calculated as the value of 

DRFtr(lens_tr) which is normalized by DRFax(lens_ax)/ DRFax(0). 

Fig.2 Pseudo-code for image update factor calculation using 4 GPUs 

(GPU-1, GPU-2, GPU-3, GPU-4). Each GPU is controlled by a CPU core. 

Each calculation on the CPU is paralleled by OpenMP. List is measured 

list-mode data, list-1, list-2, list-3, list-4 are divided list-mode data, IUF-1, 

IUF-2, IUF-3, IUF-4 are the calculated image update factors on each GPU, 

and IUF is the image update factor for each subset. 

Procedure: Image update calculation 

1 Read list-mode data for each subset: List 

2  Divide list-mode data into 4 parts 

List  → (list-1, list-2, list-3, list-4) 

Parallelization using OpenMP on CPU (Lines 3-22) 

3  { 

4   Forward projection using list-1 on GPU-1 

5   Back projection using list-1 on GPU-1 

6   Calculate image update factor using list-1: IUF-1 

7  } 

8  { 

9   Forward projection using list-2 on GPU-2 

10  Back projection using list-2 on GPU-2 

11  Calculate image update factor using list-2: IUF-2 

12 } 

13 { 

14  Forward projection using list-3 on GPU-3 

15  Back projection using list-3 on GPU-3 

16  Calculate image update factor using list-3: IUF-3 

17 } 

18 { 

19  Forward projection using list-4 on GPU-4 

20  Back projection using list-4 on GPU-4 

21  Calculate image update factor using list-4: IUF-4 

22 } 

23 Add each image update factor: IUF 

IUF  =  IUF-1 +  IUF-2 +  IUF-3 +  IUF-4 

24 Image update using IUF 

     
j

m

j

m

j exx 1  
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system model, even a detailed shape of DRFs that is varying for 

each LOR can be modeled.  

For convenience, we divide the 3D DRF into a transaxial DRF 

(DRFtr) and an axial DRF (DRFax) (Fig.5). Each function is 

defined along axes perpendicular to the LOR: 

 

      0/__ axaxsaxtrstr

s

DRFlenDRFlenDRF

lenDRF

　　 , (3)
 

    


6

0 __ )(
c

c

trsctrstr lenCtrlenDRF , (4) 

    


6

0 __ )(
c

c

axscaxsax lenCaxlenDRF , (5) 

   2_

2

_ axstrss lenlenlen  , (6) 

where lens_tr is the transaxial component of lens, lens_ax is the 

axial component of lens, Ctrc is the coefficient of the c-th order 

of DRFtr, and Caxc is the coefficient of the c-th order of DRFax. 

We store only coefficients of each sixth-order polynomial 

function (Ctrc and Caxc (c = 0, … , 6)).  

 

C. Reconstruction 

Many accelerated image reconstruction algorithms have been 

proposed; one example is the ordered subset expectation 

maximization (OSEM) algorithm [9]. It is known that the OSEM 

algorithm often falls into the limit cycles caused by different 

noise propagation in each subset. To avoid the limit cycle, the 

row-action maximum likelihood algorithm (RAMLA) [10] and 

the Dynamic RAMLA (DRAMA) [11] have been proposed by 

introducing a relaxation parameter. In this paper, we use the 

list-mode DRAMA reconstruction [12]. The iteration formula is 

given by 
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where l is the subset index ( l = 1, … , L ), k is the iteration index 

( k = 1, … , K ), i(t) is the LOR index at which the t-th event is 

detected, xj is the value of the j-th voxel, λ is the relaxation 

parameter, Clj is the normalization matrix, and plj is the blocking 

factor [12]. The relaxation parameter λ is calculated by the 

vector of the image update factor [13].  

 

III. EXPERIMENTS 

A. The Small OpenPET Prototype 

We applied the proposed method to a small OpenPET 

prototype which was developed for a proof-of-concept [14]. 

The geometry of the small OpenPET prototype is shown in 

Fig.6. The width of the opened space was 42 mm, which was 

the same as the width of a detector ring. Each detector was 

composed of 2.9 x 2.9 x 5.0 mm
3
 LGSO crystals. The total 

number of LORs was about 78M.  

We measured a small rod phantom which was filled with 
18

F 

solution. The phantom was placed at the opened space and 

measurements were made for 23 min (Fig.6). The measured true 

count was about 32M counts with a random fraction of 6.0%. 

 

B. GPU Programming Environment 

We used a NVIDIA® TESLA C1060 having 4GB of memory 

and 240 processors for the GPU, which was installed in a 

workstation with the 2.67 GHz Intel Quad-Core Xeon® for the 

CPU. There were 4 GPUs and also 4 CPU cores. We used 

Compute Unified Device Architecture (CUDA, NVIDIA®) 3.2. 

We calculated in double precision on the CPU and in single 

precision on the GPU. 

We compared the reconstructed images and calculation time 

under three calculation environments: 1) using a single CPU, 2) 

using a single GPU, and 3) using 4 GPUs. 

In the list-mode DRAMA, the number of subsets was 100 (L = 

100) and one iteration was done (K = 1, one-pass list-mode 

DRAMA). We included the factor of normalization correction in 

aij but did not include the effect of attenuation and scatter. The 

voxel size was 1.5×1.5×1.5mm
3
 which was half of the crystal 

size. The number of voxels was 56×56×86. 

 

IV. RESULTS 

A. Reconstructed Image 

A reconstructed image, obtained using 4 GPUs, is shown in 

Fig.7(a). The difference image between the reconstructed 

images obtained using a single CPU and a single GPU is shown 

in Fig.7(b). The maximum voxel value is about 1.3×10
-2

 and the 

 
Fig.7 Reconstructed images. (a) A reconstructed image obtained using 4 

GPUs. (b) A difference image between the reconstructed images obtained 

using a single CPU and a single GPU. (c) The difference image between the 

reconstructed images obtained using a single GPU and 4 GPUs.  

 
Fig.6 Geometry of the small OpenPET prototype. 
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minimum voxel value is about -1.2×10
-2

, which means that the 

error between the CPU and GPU performance is within 1.3 %. 

The difference image between the reconstructed images 

obtained using a single GPU and 4 GPUs is shown in Fig.7(c). 

The maximum voxel value is about 8.0×10
-4

 and the minimum 

voxel value is about -6.0×10
-4

. The error caused by the 

difference of the number of GPUs is within 0.1 % which is 

negligibly small. 

 

B. Calculation Time 

The calculation time is shown in Fig. 8. The calculation time 

of the total iteration using a single GPU (144 s) was 41.5 times 

faster than using a single CPU (5977 s). Compared to using a 

single GPU, we achieved the reconstruction time speed-up of 

3.4 times using 4 GPUs (42 s). 

(a)  
 

(b)  

Fig.8 The calculation time per one subset (about 310k events) obtained (a) using 

a single CPU and a single GPU and (b) using a single GPU and 4 GPUs. 

 

V. DISCUSSION AND CONCLUSION 

We implemented the list-mode DRAMA using 4 GPUs for the 

small OpenPET prototype. In the result, the difference between 

the CPU and GPU performance and the difference of the number 

of GPUs did not affect the quality of reconstructed images. The 

calculation time of the total iteration using 4 GPUs was 3.4 times 

faster than using a single GPU. The acceleration factor did not 

reach 4.0 times; this was probably due to time for data transfer 

between the CPU and GPU. Even so, we achieved the 

reconstruction time speed-up of 142 times using 4 GPUs 

compared to using a single CPU. 
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Abstract—Fully 3D PET image reconstruction still remains a 
challenging computational task due to the tremendous number of 
registered Lines-of-Response. Typically, billions of geometrical 
weights have to be repeatedly calculated and evaluated for 
iterative algorithms. In this context, the reconstruction software 
PRESTO (PET REconstruction Software TOolkit) provides 
accurate geometrical weighting schemes for the forward projction 
and backward projection, e.g. Volume-of-Intersection, while 
using all measured LORs separately. PRESTO exploits 
redundancies to realise a strongly compressed, memory-resident 
system matrix. Consequently, the needed time to calculate matrix 
weights no longer influences the reconstruction time. Very high 
compression factors (>300) are achieved by using unconventional 
non-cartesian voxel patterns. However, in the original 
implementation the addressing of matrix weights, projection 
values and voxel values happens in disfavoured memory access 
patterns. This causes severe computational inefficiencies due to 
the limited memory bandwidth using CPUs.  
     In this work, the image data and projection data in memory as 
well as the order of mathematical operations have been 
completely re-organised to provide an optimal merit for the 
Single Instruction Multiple Data (SIMD) approach. This re-
organisation is directly driven by the induced symmetries of 
PRESTO. A global speedup factor of 15 for has been achieved for 
the CPU-based implementation while obtaining identical results. 
In addition, a GPU-based implementation using CUDA on Nvidia 
TESLA C1060/S1070 hardware provides another speed up factor 
of  4 compared to single core CPU processing. 
 

Index Terms— GPU, Iterative image reconstruction, PET, 
SIMD (Single Instruction Multiple Data), Symmetries 
 

I. INTRODUCTION 
Iterative, fully 3D PET image reconstruction for large detector 
systems with multiple rings still remains a challenging 
computational task due to the tremendous number of Lines-of-
Response (LORs). Usually, efficient projectors (e.g. Siddon 
Ray Tracing [1]) represent a reasonable compromise between 
computational burden and accuracy. Here, the reconstruction 
software PRESTO (PET REconstruction Software TOolkit) [2] 
supplements the conventional reconstruction strategies. 
PRESTO allows to use more accurate geometrical weighting 
schemes for the forward/backward projection, e.g. Volume-of-
Intersection [3], while using all measured LORs independently 
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without any data rebinning (e.g [2],[4]). PRESTO exploits 
matrix redundancies due to induced symmetries to realise a 
strongly compressed, memory-resident system matrix [2]. In 
this way, the needed time to calculate matrix weights no longer 
influences the reconstruction time. Nevertheless, for large 
system matrices (several GB after compression) the needed 
reconstruction time was impractical for clinical applications. 
Bottlenecks are coming from the intensive access of matrix 
elements and related floating point operations. Addressing 
matrix weights, projection values and voxel values in dis-
favoured memory access patterns cause severe computational 
inefficiencies due to the limited memory bandwidth of the 
hardware. In this work, the image data and projection data in 
memory as well as the order of mathematical operations have 
been completely re-organised to provide an optimal	  merit	  for	  
the	   approach	   of	   Single Instruction Multiple Data (SIMD) 
with respect to the forward/backward projection. First, the 
applied re-organisation was tested with a CPU implementation. 
Second, the simplified and optimised CPU code has been 
converted into CUDA kernels running on Nvidia TESLA 
C1060/S1070 hardware. Furthermore, the usage of atomic 
functions in case of the GPU hardware has been omitted 
completely in the forward projection as well as the backward 
projection. Usual memory conflicts of independent threads 
addressing same voxels on a single GPU during the backward 
projection no longer occur. This has been realised due the 
voxel-driven evaluation of the backprojection.   

II. METHODS 

A. Symmetries with PRESTO 
The high degree of matrix compression achieved with 
PRESTO is basically founded on the usage of an 
unconventional image representation offering multiple rotation 
symmetries [2]. Exemplarily, Figure 1 shows the general 
image texture applied in PRESTO: a transaxial configuration 
of voxels (left) which is composed of Nsec identically 
structured angular sectors (right). In the given example (Nsec 
=12), a system of four rotation invariant LORs (dashed lines) 
is shown which are symmetric to each other when rotating for 
multiples of 360o/12. All drawn LORs have the same 
geometrical intersection properties with respect to the voxels. 
In addition, the axial symmetry and the self-symmetric sector 
structure can be exploited providing the total number of 
accessible symmetries: Nsymm = 4 ∗ Nsec. Consequently, one 
specific LOR projector can be applied for Nsymm different 
symmetric LORs. In terms, of system matrix weights the  
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Patterns for 3D PET Image Reconstruction  

Applicable for CPUs and GPUs 
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Figure 1: Sketch of a transaxial configuration of voxels as used by PRESTO 
(left) which is composed of Nsec = 12 identically structured angular sectors 
(right). As example a system of four rotation invariant LORs (dashed lines) is 
shown which are symmetric to each other when rotating for multiples of 
360o/12. The drawn LORs have the same intersection properties with respect 
to the voxels. The sector partitioning in radial and tangential direction (right) is 
identical for all sectors. 
 
number of non-zero matrix elements is reduced according to 
the number of accessible symmetries. Any matrix weight can 
be efficiently re-used for Nsymm symmetric LORs. Con-
sequently, a matrix weight is loaded from memory into the 
CPU and directly used for all associated LORs. Multiple re-
loading can be omitted for a single iteration. This significantly 
reduces the data traffic overhead and offers an efficient 
implementation in terms of SIMD (see below). At the end of 
the iterative reconstruction, the unconventional image 
representation can be easily converted into usual Cartesian 
voxels by an accurate volumetric weighting as described in [2].  
 

B. Single Instruction Multiple Data (SIMD) using CPUs 
The symmetry-driven SIMD approach implies the multiple 
usage of a single system matrix element for the group of 
symmetric LORs in one calculation cycle [5]. However, if the 
addressed voxels of symmetric counterparts are distributed 
widespread in Random Access Memory (RAM), i.e. large 
differences between addresses of symmetric voxels, data 
throughput is strongly reduced due to the inefficient usage of 
L1/L2 memory cache. Figure 2 indicates the sector-wise voxel 
identifiers. The original storage pattern of subsequent voxels 
applied by PRESTO was sectorwise (a1, a2, a3,... ,b1, b2, b3,... 
,c1, c2,...etc.). This pattern is inefficient when accessing 
symmetric data simultaneously. Optimal cache usage requires 
the direct access of subsequent memory addresses, because 
RAM content is fetched not in single data words but groups of 
64 bytes (Intel architecture) and buffered in a limited number 
of cache lines. Thus, RAM latency can be efficiently hidden 
when exploiting L1/L2 cache. Cache access needs only a few 
clock cycles whereas RAM access is significantly slower. 
However, cache data is only temporarily available until it is 
overwritten by other data requests. Therefore, an addressing of 
voxels is advantageous where groups of symmetric voxels are 
stored in subsequent memory addresses. The new storage 
pattern is driven by symmetries: (a1, b1, c1, d1,.... a2, b2, 
c2,...). Instead of organising voxels in sectors, symmetric  

Figure 2: Voxels are labeled sector-wise for sector a, b, c, .... with subsequent 
indices (1, 2, 3, ...). In the first implementation of PRESTO voxels were stored 
sector-wise, i.e. subsequent RAM storage positions address subsequent voxels 
of a specific sector (a1, a2, a3, ...). Accessing symmetric LORs simultaneously 
with the SIMD approach requires the sorting/storage of voxels in groups of 
symmetric voxels (a1, b1, c1, ...). 
 
 
voxels are assigned to subsequent memory addresses, thus 
mixing the sector data. In this way, symmetric data can be 
handled with SIMD formalism very efficiently while mini-
mising memory latency (Figure 3). Effectively, the evaluation 
of LORs in PRESTO has been modified from a ray-based to a 
symmetry-based implementation. Now, voxel data and 
projection data are stored according to the applied symmetries.  

 
 
Figure 3: Sketch of the symmetry-based evaluation of LORs. The shown three 
symmetric LORs (thick lines) have identical intersection properties with 
respect to the three sectors (X,Y, Z). The marked voxels (red ellipses) have 
identical weights with respect to the symmetric LORs. Consequently, weights 
can be efficiently re-used if evaluated symmetry-based. 
 

C. Optimised usage of Intel CPU architecture 
Besides memory bandwidth the rate of floating operations is 
also of importance, since billions of them have to be performed 
for image reconstruction. Here, the Intel CPU architecture 
provides special Streaming SIMD Extensions SSE [6] where 4 
floating point operations can be performed simultaneously. In 
addition, the number of clock cycles the CPU is waiting for 
data can be reduced by using the technique of loop unrolling in 
the applied data loops. Both techniques have been used to 
optimise the performance of PRESTO for the CPU 
implementation. 
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D. GPU-based implementation 
The GPU-based implementation is realised with CUDA v1.3 
(Compute Unified Device Architecture) [7] supported by 
Nvidia TESLA C1060/S1070 hardware with 4GB RAM per 
GPU. 
 
1) Ray-driven Forward Projection  
The system matrix is structured according to symmetric LORs.  
All weights (float) and voxel identifiers (integer) for a specific 
set of symmetric LORs (SLORs) are stored subsequently in 
memory. Here, any voxel identifier addresses a unique set of 
symmetric voxels (cf. sec. I.B) in memory. In the implemented 
GPU kernel every block computes a unique SLOR. The 
blockID addresses a whole set of matrix weights, which is 
responsible for a specific SLOR. The kernel executes a loop 
running over all belonging matrix elements. The number of 
threads always corresponds to the number of applied 
symmetries. Therefore, all symmetric LORs are evaluated 
within the same block. Any access of symmetric voxels is 
coalesced into single memory transactions of the device. After 
multiplication with the matrix weight all temporary values are 
thread-wise added in shared memory. After finishing the 
element loop only the final integrals are stored in device 
memory without storage conflicts between different blocks 
resp. threads. 
 
2) Voxel-driven Backward Projection 
In the Backward Projection (BP) temporary results have to be 
added in image space. Consequently, in case of a ray-driven 
evaluation the multiple, simultaneously runnning blocks on the 
GPU can cause memory conflicts during read-modify-write 
access in device memory [8]. Here, atomic functions serialise 
the accesses and avoid information loss. However, intensive 
usage of atomic functions significantly reduces overall 
performance. Therefore, a second (voxel-driven instead of ray-
driven) version of the system matrix is used for the BP. Now, 
the matrix weights are sorted according to addressed voxels 
rather than SLORs. Instead of the voxel identifier as used in 
the forward projection any integer value addresses a unique 
SLOR. This means, the matrix is sorted for groups of identical 
voxel identifiers. For each voxel identifier all touching SLORs 
and assigned matrix weights are stored sequentially. In the 
corresponding GPU kernel the blockID runs over all voxel 
identifiers. Thus, one block evaluates all crossing LORs for a 
specific group of symmetric voxels. Similar to the forward 
projection the number of threads per block is equivalent to the 
number of symmetries, i.e. each thread handles one symmetry. 
Also here any access of projection data is coalesced. BP values 
are added and temporarily stored in shared memory. Only the 
final values are stored in device memory without conflicts 
between different blocks resp. threads.  
 
3) Processing of MLEM Iterations  
The size of the system matrix for typical applications (e.g. in 
sec. I.E) usually exceeds the available memory of a single 
GPU. Therefore, the complete system matrix is segmented into 
several smaller parts, which fit into the GPU memory each. 
This is done for both matrix representations, i.e. the ray-based 
as well as the re-sorted voxel-based configuration. 

First, all parts are loaded from disc and stored in the much 
larger host memory of 24GB. Any part is evaluated seperately 
by copying the matrix data to the device memory and sub-
sequently launching the kernel for the uploaded part. Then, for 
any LOR the ratio between measured data and the 
corresponding value of the current forward projection  are 
calculated. These values in device memory are used for the 
BP. Analogously the BP is performed in several parts. The 
obtained result is copied to the host memory and an iteration 
update is calculated. After uploading the new estimate of the 
image to device memory the next iteration on GPU is initiated. 
 

E. Application for the Siemens BrainPET Scanner 
PRESTO has been successfully applied to the Siemens 
BrainPET scanner [9-10] and results can be found in [2]. 
Images can be reconstructed with PRESTO taking all physical 
LORs (approx. 280 millions) into account without any data 
compression. This results in higher resolution and lower noise 
[2] compared to the sinogram-based image reconstruction of 
the manufacturer using a significant LOR reduction (approx. 
68 million LORs in sinogram space).  
The pre-calculated compressed system matrix of PRESTO 
using volumes-‐of-‐intersection	  weighting	  has	  a	  size	  of	  11	  GB	  
with	   a	   compression factor of 320 (Nsec=80). Using OSEM 
with 4 subsets requires 100 billion matrix element accesses and 
related floating point multiplications per subset. The PRESTO 
reconstruction in the original implementation (without 
optimisations as previously described) was performed on a 
cluster with Intel Xeon X5365 3 GHz CPUs using 3 processes 
resulting in 4 minutes calculation time per subset iteration. 
Effectively, a single MLEM iteration (no subsets) needed 48 
minutes using only one single CPU core. 
 

III. RESULTS 

A. CPU performance 
Compared to the original design of PRESTO a computational 
efficient CPU implementation is now available which provides 
exactly the same numerical results. Numerical differences 
remain at the level of the floating point accuracy. However, the 
aforementioned techniques of code optimisation now provide a 
roughly 15 times faster reconstruction on the same hardware. 
The major improvement is related to the more efficient 
memory access massively using the L1/L2 cache. Benchmarks 
indicate a factor of ≈5 in speedup. Then, the exploitation of 
Intel Intrinsics gives another  factor of  ≈2 and the remaining 
speed-up can be assigned to the loop unrolling (≈1.5). For the 
BrainPET scanner, the calculation time per MLEM iteration 
reduces from 48 minutes to approximately 3 minutes in case of 
using one single CPU core. Note, the memory bandwidth 
becomes the most dominating bottleneck in the evaluation of a 
memory-resident system matrix. Therefore, the utilisation of 
multiple cores of a single CPU provides no further 
improvement in terms of performance. 

B. GPU performance 
Compared to the optimised CPU implementation  (sec. III.A) 
the current GPU implementation provides an additional factor 
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of ≈4 in the reduction of the calculation time. For each 
iteration most time is need for the calculation of the forward 
projection (≈ 45%) and the backprojection (≈ 45%) while 
copying matrix data takes only a small fraction of time (≈7%). 
Furthermore, due to the voxel-based evaluation of the BP 
(avoiding atomic functions) it becomes as fast as the forward 
projection. Note, a benefit of a factor of 4 in calculation time 
(GPU vs. CPU) can only be achieved by four independent 
CPUs with separated memory rather than using multiple CPU 
cores. Multi-core CPUs show no further reduction of 
calculation time due to the severe limitation in memory 
bandwidth.  

IV. DISCUSSION 
 
In 3D PET reconstruction memory-efficient implementations 
can significantly reduce the calculation time [5]. Now, with the 
currently achieved speedup PRESTO becomes an attractive 
and competitive framework for high quality PET image 
reconstruction. The introduced polar symmetries in the 
tomographic plane offer advantageous computational 
optimisations in terms of significant matrix compression and 
performance of matching forward/backward projectors.  Using 
memory-resident system matrices, the memory bandwidth 
becomes the dominant bottleneck for both, CPU-based as well 
as GPU-based implementations. Nevertheless, memory-
resident system matrices allow faster reconstructions (per 
matrix weight) than repeated calculation of  weights on-the-fly. 
Of course, for CPU-GPU benchmarks of such on-the-fly 
applications the merit of GPUs is much more pronounced since 
the calculation effort is much higher. Finally, the accuracy of 
projectors is an issue in terms of image quality. Here, the 
trade-off between accuracy and effort is avoided when using 
pre-calculated system matrices. 
A new version of PRESTO is in preparation which allows to 
use even more symmetries by better exploiting axial shift 
symmetries. For this, the matrix compression can be improved 
by an order of magnitude and the whole system matrix directly 
fits to the GPU memory. Consequently, copying data between 
host and device during iterations can be omitted.  
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Fast Bilateral Filtering of CT-Images
Sven Steckmann, Matthias Baer and Marc Kachelrieß

Abstract—The Bilateral filter is able to get a lower noise level
while retaining the edges in images. The downside of a bilateral
filter is the high order of the problem itself. While having a
Volume size of N with a dimension of d and a filter window
of r the problem is of size Nd · rd. In the literature there
are some proposals for speeding up by reducing this order by
approximating a component of the filter. This leads to inaccurate
results which often implies non acceptable artifacts for medical
imaging.

A better way for medical imaging is to speed up the filter
itself while leaving the basic structure intact. This is theway
our implementation uses. We solve the problem of calculating
the function of e−x in an efficient way on modern architectures,
and the problem of vectorizing the filtering process.

As result we implemented a filter which is 2.5 times faster than
the highly optimized basic approach. By comparing the basic
analytical approach with the final algorithm, the differences in
quality of the computing process is negligible to the human eye.
We are able to process a volume with5123 voxels with a filter
of 25 × 25 × 1 in 21 s on a modern Intel Xeon platform with
two X5590 processors running at 3.33 GHz.

I. I NTRODUCTION

I N medical imaging a common problem is the presence of
noise. In many cases the physical noise source can not be

reduced because of dose or measurement time reasons. For
reducing the image noise while preserving edges nonlinear
filters are of interest. In 1998 the bilateral filter was introduced
in reference [1]. This is a nonlinear filter which is quite
a good choice for image denoising as shown in references
[1], [2]. Bilateral filtering of medical images gets more and
more popular. An early example of medical volume denoising
can be found in [3]. Here they had a 3 dimensional MRT
volume to denoise. Recently the filter has been used to filter
preclinical small animal images to lower the dose [4]. An
image example from this paper can be found in figure 1.
This allows for longitudinal studies. The problem here is the
high computational cost, because the volume used was a 5-
dimensional volume, the 3 spatial directions and the cardiac
and respiratory phase as additional dimension. Furthermore,
the filter was used in reference [5] to reduce noise in cardiac
CT imaging while reducing blooming artifacts. Also during
preprocessing projections a bilateral filter might be an option
[6]. The publication [7] focuses on using the bilateral filter as
regularization while doing iterative reconstruction.

In every case the bilateral filter is computational demanding,
this can also be seen if we have a look at the problem
dimension. A bilateral filter is of computational complexity
of order O(rd · Nd). Here, d is representing the dimension
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Fig. 1. By using a bilateral filter while image reconstruction the image
quality can be improved. The mouse images are taken from [4] where a
new low dose phase correlated image reconstruction algorithm (LDPC) which
uses bilateral filtering is presented and compared against astandard phase
correlated reconstruction (PC). C 0 HU W 400 HU.

of the data,r is the filter radius andN is the volume size
in one dimension. Especially for the cases with more than 3
dimensions an efficient implementation is needed for a broad
usage in medical products.

II. PRIOR ART

There are many publications regarding speeding up bilateral
filtering. Due to the high order problem this is a very interest-
ing topic of research. There are two common ways to speed up
bilateral filtering starting with the original formula. Thefirst
way is to design a filter with a lower complexity hopefully
without degrading the image quality. A good overview about
this topic gives reference [8]. Another method by using a
quantization method can be found in references [9], [10]. The
downside of these methods is the more or less approximation
of the algorithms resulting in slightly degraded image quality
in comparison to the original implementation. For medical
images this is quite not acceptable, so one has to think of the
second way, a better implementation to speed up the bilateral
filter. A publication focusing on bilateral filtering on GPUs
can be found in reference [7] but there were no insight to the
implementation.
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III. B ILATERAL FILTER

First of all let us have a look at the bilateral filter as
described in reference [1]. Although the filter can be described
in multiple dimensions, we would restrict us to one dimension
for convenience here. Bilateral filtering of a functionf(x) is
then defined as

Bf(x) =

∫
dt D(x, t)R(x, t)f(t)∫

dt D(x, t)R(x, t)
(1)

with B denoting the bilateral filtering operator. In our caseD
represents the domain filter part, which gives us the amount
of blurring we want to add to the image. This defines the
maximum reduction of the noise in low-contrast regions. The
functionR represents the range filter, which is responsible to
preserve the edges at high contrast steps. In our case for both
a gaussian-shaped function will be used. Other shapes may
also work well, but we found no benefit by using them.

D(x, t) = e
−

(x − t

σx

)2

(2)

R(x, t) = e
−

(f(x) − f(t)

σf

)2

(3)

The parametersσx and σf are the widths of the gaussian
domain and range filters, respectively. In environments with
more than one dimensionσx can be defined as vector for
every dimension independent.

IV. SPEEDING UP THEBILATERAL FILTER

Now, let us discuss how to speed up the original for-
mula (1). A straight forward implementing will lead to a
slightly degraded performance. All modern processors have
a poor performance for calculating the exponential function
which are present in formula (2) and (3). A better way to do
these calculations. Modern processors also show their peak
performance only if the code makes intensive use of vector
units. These two points must be satisfactorily solved to obtain
highest performance.

A. Range and Domain Filter Approximation

Calculating the exponential function on modern processors
is slow compared to other calculations. So an efficient replace-
ment is needed. In our first analysis we found, the domain
filter can be easily precalculated if one thinks ofx − t being
the look-up for a table. No further calculations are needed.
Doing this for the range filter is also possible, if one thinks
of scalar computing. Computing a look-up table with some
grid points and later on interpolating in between is possible.
But vectorizing a look-up table is quite ineffective or even
impossible if the value depends on single entries within the
vector. A better way would be if the exponential function
was well approximated for an efficient implementation. It
is not necessary to have a good approximation of the full
range, because an inclusion of far away values compared
to our central voxel is not necessary. A range of2σf for
approximation is sufficient for typical tasks. We choose to
approximate the functiony = e−x instead ofy = e−x2

. This

function has the advantage of taking care for valuesx ≥ 0
only. For approximation we choose a computational efficient
polynomial form of an odd degree to get a function which
hasy ≤ 0 ∀ x > 4 to easily clip these components to zero
with a simple vectorial max function. Further tests show that
a degree of 3 is sufficient for a high image quality. The here
used approximation

y = ((−0.0283x + 0.260)x − 0.0832)x + 0.974 (4)

with the final clipping is plotted in figure 2.
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Fig. 2. Approximation of the functione−x by a polynomial of degree three.

B. Vectorization of the Bilateral Filter

An out of the box vectorization of the bilateral filter is hard
to obtain, because on most platforms the alignment of the
data is of interest. First, equation (1) needs to be discretized.
Then the weightW (which is composed of the domain and
the range filter) can be introduced. Here,x stands for an n-
dimensional vector,τ is an offset vector around the central
voxel represented byx:

W (x,x + τ ) = D(x,x + τ ) · R(f(x), f(x + τ )) (5)

f(x) =

τ=...∑
τ=−...

W (x,x + τ )f(x + τ )

τ=...∑
τ=−...

W (x,x + τ )

(6)

No, one dimension (the dimension we are vectorizing in, here
i with the unity vectorei) from the vectorτ can be split off:

τ = j + ei(4i + a) (7)

f(x) =

a=0∑
a=3

j=...∑
j=−...

i=...∑
i=−...

W (x,x + τ )f(x + τ )

a=0∑
a=3

j=...∑
j=−...

i=...∑
i=−...

W (x,x + τ )

(8)

By doing so, one can see this formula can be implemented
by using vectors if the direction ofi is stored linear in
memory. The sum overi represents a whole vector of data.
After finishing one alignmenta, the data volume needs to
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be realigned. This is a copy within the cache and thus a fast
operation. The final implementation can be seen as pseudocode
in listing 1.

Listing 1: Our vectorized fast bilateral filter as pseudocode
void BilateralFilter(

Nj[], // numbers of voxels per dimension
R[], // size of the filter in the desired dimension
vecLen, // length of dimension i
in[], // volume in
out[], // volume out
sRange, // sigma range
sDomain, // sigma domain
) {
// loop over all voxels without the vector dimension i
for( J[] ... ) {

tmpVal = 0; // temporary value array
tmpNorm = 0; // temporary weights array for nomalization
// Lookup value for volume element
JLu = ... + J[1] * Nj[0] + J[0];
for( an = 0; an < 4; an++){

for( i = 0; i < vecLen; i++ )
// allign raw data bar ... for f(J)
AnRaw[i+an] = in[ILu+i];
// reallign bars if not in first round of an
if( an != 0 )

for( ints i = vecLen; i > 0; i++ ){
tmpVal[i-1] = tmpVal[i];
tmpNorm[i-1] = tmpNorm[i];

}

// Loop over surrounding voxels (in the J domain)
// This is also the position to add more dimensions
// Off represents x - tau for all dimensions
for( Off[1] = -R[1]; Off[1] <= R[1]; Off[1]++ )
// Loop over voxels (i, vector direction)
for( Off[0] = -R[0]; Off[0] <= R[0]+3; Off[0]+=4 ){

// Load alligned RawData f(x)
vecInF = AnRaw[vec]; // f(x)
vecInFOff = in[ILu + vec + Off[0]]; // f(x + tau)

vecFDiff = vecInF - vecInFOff;
vecX = vecFDiff * vecFDiff;
// Calculate approximate eˆ-x
vecRangeWeight = polyCalc( vecX, sRange );
vecRangeWeight = max( vecRangeWeight, 0 );
vecDomainWeight = domainLookup( Off );
vecWeight = vecRangeWeight * vecDomainWeight;

tmpVal[vec] += vecWeight * vecInFOff;
tmpNorm[vec] += vecWeight;

}
}

}
// Realign data and add it to out array
for( i = 0; i < vecLen; i++ )

out[i+ILu] += tmpVal[i+3] / tmpNorm[i+3];
}

}

V. M EASUREMENT RESULTS

For our timing measurements a Celsius R670 system
equipped with two Intel Xeon W5590 running at 3.33 GHz
was used. Each processor has4 × 256 kB L2 and 8 MB
L3 cache. The code was compiled using a 64 bit compiler
(Microsoft Visual Studio 2008, Microsoft Corporation, USA).
The parallelization was made by using OpenMP directives.
The implementation furthermore divides the volume into sub-
volumes to gain a higher speed due to a better cache usage. For
the timing measurements we used GUPS (Giga Updates per
second). One update is the process of accessing and processing
one voxel on the input side. One GU (Giga Update) is defined
as10243 updates. We applied the filter to a 3Dvolume with a
size of512×512×32. The size of the filter was25×25×1. This

is a problem which needs a total of 4.88 GU (Giga Updates)
to be finished. Final measurements are taken in GUPS (Giga
Updates Per Second), so these values are independent of the
problem sizes.

Range filter type Vectorized GUPS
analytical 1.47
constant (only domain filter) 6.30
constant (only domain filter) X 5.88
Lookup, 64 entries, NN 2.18
polynomial approximation 1.40
polynomial approximation X 3.64

TABLE I
T IMING MEASUREMENTS WITH DIFFERENT TYPES OF IMPLEMENTATIONS

OF THE RANGE FILTER AND VECTORIZATION RUNNING ON A SYSTEM

WITH TWO INTEL XEON W5590@3.33 GHZ PROCESSORS.

The measurement results are shown in table I. The bench-
mark was performed by using a different set of range filter
implementations with and without vectorization. The starting
position was the analytical implementation of the range filter
which shows a low performance. All versions stated here uses
the domain filter lookup-table. The peak performance was
estimated by disabling the calculations for the range filter
while retaining the the optimization in the code. For this task
the the range filter was set to a constant value of 1. This
shows the high amount of calculations needed for calculating
thee−x function. A first idea was to use a lookup table for the
range filter as well. This works quite well for scalar processing,
but switching to vectorized processing this would massively
degrade the performance. A better way here is to approximate
the e−x function. Despite to the scalar processing with the
poor performance the processing in vectors show this is a good
choice to give the algorithm a speed up of 2.5 in comparison
to the analytical calculation of the range filter.

VI. SUMMARY AND CONCLUSION

In this evaluation we have shown there is much potential
in speeding up a bilateral filter by using some advanced
techniques. In comparison to the analytical and also highly
optimized version the final version using a polynomial ap-
proximation of the range filter and vector processing is 2.5
times faster and achieves 3.64 GUPS. This is a good result,
if you compare it to the prior art by [7]. This group imple-
mented a bilateral filter using an NVIDIA 8800GT GPU and
achieved 2.88 GUPS for their 3D case with a volume size of
2563 and a filter size of93. By generating and comparing
images between the analytical method and the polynomial
approximation the filter was evaluated for his suitability and
we found no relevant differences. There is no strong need of
an exact implementation of the range filtering function. Our
implementation gives many works based on bilateral filtering
in post-processing of medical images or while reconstruction a
chance to be used in clinical routine. The filtering for a whole
volume is finished within a few seconds, an efficient noise
reduction while retaining the edges is possible.
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Abstract—Neighborhood denoising filters are powerful 

techniques in image processing and can effectively enhance the 
image quality in CT reconstructions. In this study, by taking the 
bilateral filter and the non-local mean filter as two examples, we 
discuss their implementations and perform fine-tuning on the 
targeted GPU architecture. Experimental results show that the 
straightforward GPU-based neighborhood filters can be further 
accelerated by pre-fetching. The optimized GPU-accelerated 
denoising filters are ready for plug-in into reconstruction 
framework to enable fast denoising without compromising image 
quality. 
 

Index Terms—GPU, Denoising, Bilateral Filter, non-local mean 
filter, CUDA, Computed Tomography 

I. INTRODUCTION 
There has been growing concern about the high radiation dose 
delivered to patients in cone-beam X-ray CT, and thus recently 
low dose CT has gained substantial interests in research. It 
usually involves lowering X-ray energy or reducing the 
number of projections, or both. In traditional scenarios, these 
approaches suffer from low signal-noise-ratio (SNR). To lower 
the radiation doses without compromising image quality, 
recent research proposes to use iterative reconstruction 
methods together with neighborhood denoising filters [1] as 
regularization steps interleaved with reconstruction steps. 

Neighborhood filters are ubiquitous in image de-noising.  
The bilateral filter (BF) [2] and the non-local means filter 
(NLM) [3] are two of the most popular neighborhood filters 
and there has been widespread coverage of research on using 
these two filters [1] [4-6]. The advantages of these denoising 
filters are that they can help to reduce substantial noise and in 
the meantime preserve edges. However, to achieve the high-
quality denoising effects, these filters require extensive 
neighborhood search which results in long running times. 
There are two major approaches to speed up the denoising 
procedure. One approach focuses on how to approximate exact 
filtering computations [2][3]. Another approach turns to 
parallel computing devices for solutions, most dominantly 
high-performance graphics processing units (GPUs). Our 
earlier works [1] shows that a straightforward GPU 
implementation offered better speed than filtering via TVM 
(Total Variation Minimization). In that study we focused on 
both the quality and speed performance of regularized iterative 

CT reconstruction. In the current paper, we focus on advanced 
accelerating techniques for the various neighborhood filters. 
We show that pre-computation along with a pre-fetching 
scheme is quite effective for denoising filters, especially for 
large neighborhood sizes.  

In this paper, Section 2 presents related work and 
background. Section 3 introduces the overall methodology and 
Section 4 shows results, followed by conclusion in Section 5. 

II. BACKGROUND 
In this paper, we take the NVIDIA GeForce GTX 480 GPU as 
an example to discuss the GPU architecture. A GTX 480 GPU 
card contains 480 processors. These 480 processors are 
grouped into 15 streaming multi-processor (SMP) which can 
perform tasks independently from each other. Each SMP 
contains 32 processors, which allow 32 threads (a warp) to 
execute concurrently. Thus each SMP is inherently based on 
single instruction multiple data (SIMD) design. In the best 
case, the GTX 480 has theoretical computational power 
reaching 1.3 Tera-floating point operations per second 
(TFLOPS) in single floating-point precision which largely 
outperform the CPU computational power.  

GPU device memory is an off-chip memory that stores the 
input data and receives the output from the processors. The 
GTX 480 has 1.5GB DDR5 device memory with peak 
bandwidth 177.4 GB/s. Although the bandwidth of GPU 
memory is much faster than that of the CPU memory, it has 
several limitations. First, each off-chip memory (also called 
device/global memory) access instruction takes several 
hundreds of clock cycle. This latency needs to be alleviated by 
issuing a large amount of threads which will automatically 
enable hardware context switching. Second, the memory 
instructions should better to be coalesced or at least have a 
specified granularity (128 bytes). The maximum GPU global 
bandwidth can only be achieved by issuing 1 memory 
instruction for 128 bytes data. This implies 32 neighbouring 
threads (a warp) should read/write within a 128-byte-aligned 
segment. With proper alignment, sequential mapping of 
threads to memory address will yield a coalesced memory 
access pattern.  

To further reduce the huge costs associated with off-chip 
memory access, the cache can be leveraged. Constant memory 
cache is the simplest type of cache. It is an off-chip memory 
with the similar bandwidth as device memory. To speed up the 
constant data access rate, a GTX 480 contains an 8KB cache 
per 8 processors for constant memory access. Besides the 
constant cache, 32 processors within one SMP share an L1 
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cache and a user-controllable cache known as the shared 
memory. The difference between the L1 cache and the shared 
memory is that the former is automatically scheduled by the 
hardware and the latter can be controlled by the user to 
perform prefetching. The amount of shared memory and L1 
cache in one SMP is user-configurable (16KB + 48KB or 
48KB + 16 KB).  

NVIDIA GPUs can be programmed via a C-like API – 
CUDA. CUDA is a general purpose API which exposes more 
control over how a task is computed on the GPU hardware, as 
compared to graphics-based APIs (CG, GLSL). The task-
hardware mapping is enabled by introducing the concept of 
“block”. Each block is mapped to an SMP.   

The key difference between CPU implementation and its 
GPU counterpart is the parallel programing. While typically 
CPU program will launch one thread, GPU will launch 
millions of threads with the same instruction. A large amount 
of threads are executed in terms of thread blocks, whereas the 
total task is called grid. On the hardware level, each block is 
mapped to a single SMP. In the back-projection stage of the 
CT reconstruction, SMPs are assigned to different regions of 
the resulting volume sequentially. This enables a mapping 
where the grid-block decomposition in CUDA corresponds to 
the volumetric reconstructed 3D dataset. To avoid 
misunderstanding, we use block and grid in this paper only as 
terms in CUDA, not for their geometry meaning.  

III. METHODOLOGY 

A. Straightforward implementation 
Neighborhood filter CUDA kernels are similar to their CG 
implementations — fragment programs. If we assume one 
CUDA kernel function only computes one resulting pixel, a 
neighborhood filter fragment program can be changed into its 
CUDA kernel without much modification. In the SIMD 
architecture, the same kernel/fragment program will replicate 
itself to all different processors. These threads on different 
processors have unique two-dimensional IDs (x, y) to guide 
them to read neighborhood data around (x, y) and output to the 
value at (x, y).  

Here we list the pseudo-code for a 2D neighborhood filter 
kernel: 

Neighborhood_filter_2D 
Obtain the current thread ID (x, y)  

            Collect all pixels’ values in 2D neighborhood within the mask  
Calculate output pixels value defined by filtering algorithm 
Output results (x,y)at the resulting image 

End 

Figure 1. Pseudo-code for 2D neighborhood filter kernel.  

CUDA has more sophisticated controls which are not 
available in CG. CUDA’s execution configuration guides how 
the parallel computations are assigned on GPU hardware on 
streaming-multi-processor (SMP) level. This can be done by 
dividing the 2D image into tiles and assign them to a CUDA 
block. Each of the 2D tiles will be mapped into a SMP. 

To achieve maximum bandwidth in reading, the output 

image is stored in 2D pitched memory and the input is stored 
in a read-only 2D texture. In addition, to confirm the rule that 
each warp (32 threads) writes to a 128-byte segment, each 
thread should output a 4-byte unit. This 4-byte unit can be 4 
characters, 2 short integers or 1 single-precision floating-point 
number.  

B. Pre-computation 
Some of neighborhood filters such as the bilateral filter or the 
non-local means (NLM) filter involve 2 Gaussian weights: σx, 
σy. They define the smoothing parameters in the x, y axis 
respectively.  

Pre-computing techniques can be applied on the filter to 
reduce computational cost. Given the mask size, we can pre-
compute a discrete mask for the 2D Gaussian smooth kernel 
and store it in the GPU’s constant memory. Then once cached 
in SMP, these pre-computed weights will be ready to use 
which will save a huge amount of exponential computations. 
However, the Gaussian in the intensity domain which is 
inherently different from spatial dimension since it is sampled 
in a continuous domain. Although similar pre-computing 
method exists, which discretize the continuous intensity 
domain and lookup the pre-computed weightings, we have not 
explored the speed-quality trade-off of this approximation 
technique. We calculate the intensity Gaussian on the fly, 
therefore let our GPU algorithm is an exact method.  

We store the output volume in 2D pitched memory in order 
to achieve better global memory bandwidth. The output is 
decoupled from the order of the loops in the CUDA kernel 
computation. Switching the order of the loops or changing the 
output storage to YX will result in non-coalesced memory 
writing patterns that downgrade the performance. Furthermore, 
this loop order also indicates the pre-computed weights should 
be organized in XY order. 

C. Prefetching 
We also use the prefetching method to reduce the data-transfer 
cost, based on huge difference between on-chip and off-chip 
memory bandwidth. Prefetching is done according to the apron 
which is the image region served as input of a block of threads. 
The size of the 2D preloading apron is: 

)r+r+(h)r+r+(w pwbpwb 2222 ⋅  (4) 

where wb,and hb are width and height of a 2D CUDA block. rp 
is the patch radius and rw is the windows radius in non-local 
mean filler [3], while for bilateral filter [2] rp = 0.   

The apron is usually larger than the output region and thus 
aprons from different CUDA blocks are overlapped. Since 
neighborhood filters re-use input data in an apron multiple 
times, shared memory can serve as a user controllable cache to 
reduce the off-chip memory access. Then a 2D prefetching 
approach can yield less cache misses which will result in better 
performance.  

The code for loading an apron is listed in Figure 2. The 
LOCAL_BLOCK_W and LOCAL_BLOCK_H are the two 
dimensions of the apron defined in Equation (4). The input 
data is stored in a texture reference 2d_tex. The data fetching is 
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GPU Acceleration of 3D Forward and Backward

Projection Using Separable Footprints for X-ray CT

Image Reconstruction
Meng Wu and Jeffrey A. Fessler

Abstract—Iterative 3D image reconstruction methods can im-
prove image quality over conventional filtered back projection
(FBP) in X-ray computed tomography. However, high compu-
tational costs deter the routine use of iterative reconstruction
clinically. The separable footprint method [1] for forward and
back-projection simplifies the integrals over a detector cell in a
way that is quite accurate and also has a relatively efficient CPU
implementation. In this project, we implemented the separable
footprints method for both forward and backward projection on a
graphics processing unit (GPU) with NVDIA’s parallel computing
architecture (CUDA). This paper describes our GPU kernels for
the separable footprint method and simulation results.

I. INTRODUCTION

Iterative statistical methods for 3D tomographic image re-

construction offer the potential for improved image quality

and reduced dose compared to conventional methods such

as filtered back-projection (FBP). The main disadvantage of

iterative reconstruction methods is the longer computation

time. Most iterative reconstruction methods require one for-

ward projection and one back-projection per iteration. These

operations are the primary computational bottleneck.

The study of fast and efficient reconstruction algorithms

for large 3D images and their implementation on hardware

and in software is important both theoretically and practi-

cally [2]. The separable footprint (SF) projectors approximate

the voxel footprint functions as 2D separable functions [1].

This approximation is reasonable for typical axial or helical

cone-beam CT geometries. The separability of these footprint

functions greatly simplifies calculating their integrals over a

detector cell and allows efficient implementation [1]. GPUs

provide high performance for highly parallel computations [3],

[4]. This paper describes how we adapted the SF projector

algorithm to a high-end multi-GPU platform using the com-

pute unified device architecture (CUDA) API from NVDIA.

There are many ways to adapt the algorithms to GPU. We

investigated several different kernel and memory structures for

GPU implementation to optimize speed. We also compared

GPU and CPU run times by simulating a typical helical CT

scan.

Dept. of Electrical Engineering and Computer Science, University of Michi-
gan, 1301 Beal Ave., Ann Arbor, MI 48109-2122, U.S.A. Email: {febmeng,
fessler} @umich.edu. Supported in part by NIH grant R01-HL-098686.

II. SEPARABLE FOOTPRINT METHOD

Mathematically, any 3D projector and back-projector for

helical or axial CT can be represented in the general form:

g(s, t, β) =
∑

x,y,z

a(s, t, β; x, y, z)f(x, y, z), (1)

b(x, y, z) =
∑

s,t,β

a(s, t, β; x, y, z)g(s, t, β),

where f(x, y, z) and b(x, y, z) denote the image voxel values

at 3D spatial location x, y, z, and g(s, t, β) denotes the mea-

sured projection views. The parameter β indexes the projection

view angles and s, t denote the transaxial and axial coordinates

of a 2D projection view. We assume that the row coordinate t
on the detector is aligned with the axial coordinate z within the

object. The function a(s, t, β; x, y, z) is the system model and

denotes the footprints of the voxel centered at x, y, z blurred

by the detector element size.

The SF method [1] models the (blurred) footprint function

as follows:

a(s, t, β; x, y, z) = v(s, t, β)u(β; x, y)

· F1(s, β; x, y)F2(t, β; x, y, z), (2)

where the footprint functions F1 and F2 approximate the shape

of the true footprint for small cone angles. F1 is a trapezoid

function in the transaxial direction and F2 is a rectangular

function in the axial direction, called the SF-TR method. The

factors u(β; x, y) and v(s, t, β) are simple amplitude functions

described in [1] as the “A2” method, and they require minimal

computation time. The main computational work is related to

F1 and F2. Because F1 depends only on s (detector column)

and F2 depends only on t (detector row), the SF-TR-A2

method has a particularly good trade-off between accuracy and

computation time so we focused on its GPU implementation.

The units of a are cm so that the reconstructed image f has

linear attenuation units 1/cm.

A. Forward projection parallelization

For a single-core system it is natural to work on one

projection view at a time. Likewise, a simple approach to

parallelization is to have each thread work simultaneously on a

distinct single projection view, so that n threads produce n pro-

jection views concurrently. However, parallelizing only over

projection views would be a suboptimal GPU implementation,

because GPUs usually have many more thread processors than
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a multi-core CPU. The thread processors within a GPU are

more suitable for running massively parallel single instructions

than for the complex computations required for an entire

projection view. Thus it can be preferable to use a GPU’s

many threads in parallel to compute a single projection view.

For threads working on a single value of β (a single

projection view), we first initialize an accumulation array:

g(s, t, β) = 0. The key to efficient implementation is to

rewrite (1) using the distributive property of addition and

multiplication and the separability (2) as follows:

g(s, t, β) = v(s, t, β)
∑

x,y

F ′
1(s, β; x, y)·

[∑

z

F2(t, β; x, y, z)f(x, y, z)

]
, (3)

where we define the modified transaxial footprint function:

F ′
1(s, β; x, y) = u(β; x, y)F1(s, β; x, y). (4)

The inner sum over z (within square brackets in (3)) does not

depend on s, i.e., it involves only the axial direction. For a

single view, β is a fixed constant, so one natural approach to

parallelization is to perform the axial summation over z for

several (x, y) locations concurrently, yielding 1D arrays in t:

h(t, β; x, y) =
∑

z

F2(t, β; x, y, z)f(x, y, z). (5)

Then, for each detector row (each t value) we add

F ′
1(s, β; x, y)h(t, β; x, y)

to the running accumulator, i.e.,

g(s, t, β) += F ′
1(s, β; x, y)h(t, β; x, y), (6)

∀s ∈ [smin(β; x, y), smax(β; x, y)],

where smin and smax define the transaxial support of the

footprint for each voxel column (each x, y value):

{s : F ′
1(s, β; x, y) 6= 0} ⊆ [smin(β; x, y), smax(β; x, y)].

After computing (5) for some (or all) of the (x, y) locations,

threads can then compute (in parallel) the footprint values

F ′
1 in (4) for the same set of (x, y) locations. Alternatively

the threads could compute these footprints before computing

(5); this approach might seem slightly suboptimal, because

the transaxial footprints F ′
1 for a given (x, y) location are

not needed until after (5) is computed. However, some of the

geometric factors needed for computing F2 are also relevant

to computing F ′
1, and F ′

1 requires very little storage, so

this alternative approach may be the most efficient. Having

computed the axial sums (5) and the footprint values F ′
1 in

(4), the next step is to perform the accumulation (6).

For a thread working on a single value of β, we can

loop over (x, y), and do the accumulation (6) for each (x, y)
location sequentially. However, in a GPU implementation,

there is a subtlety that in general the footprints of different

voxels overlap, so parallelization across arbitrary (x, y) values

(or arbitrary s values) would cause read-write errors. One

standard way of preventing such errors is to use a mutex

or a conditional variable to ensure that only one thread at

Fig. 1. Parallelization of grouped s locations with disjoint footprints. Because
the maximum of footprints along s direction is 4, we put every 4 consecutive
detector cells into a group. One thread can update the shaded voxels, having
smin at the first detector cell of each group, simultaneously to its own s-group
without memory conflicts. After four steps, all voxels have contributed to the
projection view.

a time is allowed to update the view at given s value. The

CUDA environment has no efficient mechanism for avoiding

such read-write errors. Using shared memory and/or synchro-

nizing after each update could prevent the errors, but would

significantly increase computation time.

To overcome this problem, we choose the set of (x, y)
values that are parallelized during the accumulation (6) such

that their corresponding footprints do not overlap. Instead of

parallelizing over all (x, y) values, we let each GPU thread

processor update only a specific group of detector cells. For

example, Fig. 1 illustrates a simple case where 4 threads are

running for a 16 × 1 detector. Because typically Ns is many

hundreds, and the maximum footprint size along s usually is

small, there is opportunity for substantial parallelization across

s in this way. For example, Ns = 888 for a typical GE CT

scanner and if smax − smin < 10 then more than 80 threads

can work simultaneously with no read-write errors. It is easy

to identify suitable collections of (x, y) locations because we

must compute smin(β, x, y) anyway and we can group together

(x, y) locations that have the same value of smin(β, x, y). We

found that the upper bound on the size of a set is twice the

image transaxial size (2 × Nx). In addition, because each

detector row (t value) is incremented independently in (6),

this accumulation is amenable to parallelization over t. For a

helical scan, the number of z values (slices) is much larger

than the number of t values (detector rows), so we can further

parallelize the method by computing the projection views

having same projection angle β concurrently.
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B. Back-projection parallelization

The back-projection operation for SF-TR-A2 has the form:

b(x, y, z) =
∑

x

∑

y

F2(t, β; x, y, z) ·
[∑

s

F ′
1(s, β; x, y)(v(s, t, β)g(s, t, β))

]
(7)

To implement this operation it is again natural to work on one

view at a time (one value of β). Before starting the loop over

β, we initialize the back-projection array b(x, y, z) = 0. The

first step is to multiply the projection view g(s, t, β) by the

ray-dependent amplitude factors:

g′(s, t, β) = v(s, t, β)g(s, t, β). (8)

This multiplication can be easily parallelized over (s, t) values.

The CPU can do this step very quickly and it has very small

influence on total computational time. The next step is to

compute the inner products along s in (7):

h(t, β; x, y) =
∑

s

F ′
1(t, β; x, y)g′(s, t, β). (9)

Each GPU thread can perform this summation for several

(x, y) locations and t values. For this step each thread needs to

perform up to 10 multiplies and adds, and then store just one

h(t; x, y, β) for each (x, y) and t value. This process yields a

data structure with size Nx×Ny×Nt in GPU global memory,

which can be acceptable storage. After a thread computes

h(t; x, y, β), it increments the back-projection accumulation

array along z as follows:

b(x, y, z) +=
∑

t

F2(t, β; x, y, z)h(t, β; x, y). (10)

Because each thread works on disjoint (x, y) locations, read-

write problems are prevented by parallelizing over all (x, y, z)
locations of the 3D image. By analogy with (5), for a given

z value typically there will be only a very small number of

t values for which F2 is nonzero; in fact typically at most 3

values for a multi-slice CT scanner geometry with the natural

slice thickness. For a helical scan, the number of z values (Nz

slices) is much larger than the number of t values (Nt detector

rows), so each projection view will modify only a small part

of the 3D image. Thus, we need only 3×Nx×Ny×Nt threads

rather than Nx × Ny × Nz to implement (10) efficiently.

III. GPU IMPLEMENTATION AND SIMULATION RESULTS

We implemented the forward and backward projectors on a

GPU with NVDIA’s CUDA environment. We separated the

algorithms into several kernels and optimized the number

of declared threads for each kernel to help ensure all GPU

threads work efficiently. We simulated the geometry of a GE

LightSpeed X-ray CT system with an arc detector of Ns = 888
detector channels for Nt = 64 detector rows with Nβ = 984
views over 360o for a 3D object of size 512× 512× 640. We

evaluated the elapsed time using the average of 5 projector

runs on a 12-core, 4-GPU server with two 2.66 GHz Xeon

X5650 processors and four 1.15 GHz NVDIA Tesla C2050

graphic cards. Because of the “hyperthreading” of the Intel

Nehalem architecture, for the CPU version we used 24 POSIX

threads where each thread computes a set of projection views.

A. Forward projection

The proposed forward projector uses the following steps.

The indented kernel steps following each “parfor” execute in

parallel.

• Initialize projection view array to zero: g(s, t, β) = 0.

• CPU loop: for each projection angle β:

1) GPU kernel 1: parfor each x and y (Nx × Ny):

– Compute and store F ′
1(s, β; x, y).

– Compute and store smin(β; x, y).

2) CPU function: For each x and y:

– Construct voxel sets according to smin.

3) CPU loop: for each detector row group

(loop from 0 to 9 for GE CT scan):

– GPU kernel 2: parfor each s and t ([Ns

10 ] × Nt).

∗ For each voxel set (loop over 2 × Nx):

· Compute h(t, β; x, y, z) in (5).

· Run accumulation (6) into local array.

∗ Increment projection view using local arrays

– GPU kernel 3: parfor each s and t (Ns × Nt):

∗ Scale the projection view by u(s, t, β).

Table 1 shows the computation time of the GPU kernels

and the CPU function for a single 360◦ turn. The CPU

function only reads smin with a loop over (x, y) and then

constructs voxel sets, but it consumes the most time for

forward projection. It is unclear if it can be parallelized. That

means in this algorithm, voxel set construction time in CPU

is one of the largest limitations to GPU acceleration.

TABLE I
FORWARD PROJECTION COMPUTATION TIME FOR 1 HELICAL TURN.

GPU kern. 1 CPU func. GPU kern. 2 GPU kern. 3 Total

7.8 s 9.9 s 2.1 s 1.1 s 20.9 s

Fortunately, most helical CT scan use multiple turns around

the object. Projection views at same projection angle β have

exactly same values of F ′
1, F2, u, v. Only the relevant image

slices f(x, y, z) differ when GPU kernel 2 computes (5).

Therefore, we can use the results from GPU kernel 1 and the

CPU function for every projection view having the same pro-

jection angle β, saving considerable redundant computation.

In addition, we also further parallelized over the projection

views in GPU kernels 2 and 3. There is also a limitation in

this parallelization. Because a CUDA block has at most 512

threads, and we want to put threads with same t value in

one block to use shared memory, we can parallelize at most

8(512/Nt) projection views in GPU kernel 2. In GPU kernel 2,

threads that have same s values use the same voxel sets.

Because these threads use the same F ′
1(s, β; x, y) and smin

values, storing these values in shared memory can significantly

58 3rd Workshop on High Performance Image Reconstruction



Fig. 2. Computation times for CPU and GPU implementations for different
numbers of helical turns when parallelizing over projection views at same
angle.

reduce the time spent reading data from the global memory.

Fig. 2 shows that, in general, more helical turns leads to larger

accelerations in our GPU implementation.

Our test case with a GE CT scan geometry uses about

640 MB for the 3D image, 2 MB for 8 projection views,

10 MB for F ′
1, F2, u, v and other values. The total GPU global

memory used is less than 1 GB. Thus, the Tesla C2050 with

3 GB total memory can easily support our GPU implemen-

tation. The global memory accesses are about 12NxNy in

kernel 1, and 22NsNt in kernels 2 and 3.

B. Back projection

The proposed back projector uses the following steps:

• Initialize image data array to zero, i.e., b(x, y, z) = 0.

• Scale the projection views with u(s, t, β) per (8).

• For each projection view at angle β:

1) GPU kernel 1: parfor each x and y (Nx · Ny):

– Compute and store F ′
1(s, β; x, y).

– Compute and store smin and smax.

2) GPU kernel 2: parfor each x, y and t (Nx ·Ny ·Nt):

– Compute and store h(t; x, y, β) in (9).

3) GPU kernel 3: parfor each x, y and relevant z
(Nx · Ny · 3Nt):

– Compute accumulation (10) array along z.

After computing kernel 1, we loop over projection views

having the same angle β in kernels 2 and 3, as in forward

projection, to avoid redundant computation. The global mem-

ory used in our test case is about 640 MB for the image, 2 MB

for projection views, 64 MB for h(t; x, y, β) and 10 MB for

F ′
1, F2, u, v and other variables. The total global memory is

still less than 1 GB. The global memory accesses are about

12NxNy in kernel 1, NtNxNy in kernel 2 and 3NxNyNt

in kernel 3. Shared memories are used in kernel 2 to store

F ′
1, smin, and smax and the step size along z direction in

kernel 3. Because projection data could be read up to 3Nx

times in kernel 2, we used the GPU texture memory to

store the projection view, so that kernel 2 reads them from

cached texture memory. This may save much computation time

compared to using global memory.

TABLE II
FORWARD AND BACK PROJECTION COMPUTATION TIME OF 24-THREAD

CPU VERSION AND OF GPU VERSIONS FOR 8 HELICAL TURNS.

CPU single GPU dual GPU quad GPU

Forward projection 145 s 52 s 45 s 45 s

Back projection 156 s 114 s 71 s 50 s

C. Using multiple GPUs

Using multiple GPUs in parallel is another acceleration

method. Our sever has 4 Tesla GPUs. Ideally, the computa-

tional time would be reduced by the number of GPU devices.

We used POSIX threads to implement multiple CPU threads,

each of which is assigned to control one GPU device. We used

different strategies to distribute the computation for forward

and backward projection in SF methods. For forward pro-

jection, we divided the projection views by projection angle.

For back projection, we divided the image into several parts

along x or y direction. Table II summarizes the computation

times. Although multiple GPUs provided some acceleration,

the reduction is less than ideal, particularly for more than two

GPUs, presumably due to memory bandwidth limits. More

investigation is needed for this part.

IV. SUMMARY

We presented GPU accelerated implementations of both the

forward and backward projection algorithms for the separable

footprints method. The dual GPU version runs 2-3 times

faster than a 24-thread CPU version on a 12-core Nehalem

system, due to the GPU’s fast massively parallel computational

ability and quick memory access times. Further improvement

of the multi-GPU version is needed. Some of the ideas

developed for the GPU implementation may also benefit a

revised CPU version and we plan to investigate that next to

better understand the relative benefits of CPUs and GPUs for

iterative reconstruction in computed tomography. Either choice

of hardware will involve substantial parallelism and adapting

the algorithms to such architectures is important.
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Abstract—Exact reconstruction is under the spotlight in cone 

beam CT. Katsevich put forward the first exact inversion formula 
for helical cone beam CT, which belongs to FBP type. Also, Pan 
Xiaochuan’s group proposed another PI-line based exact 
reconstruction algorithm of BPF type. These two exact 
reconstruction algorithms and their derivative forms have been 
widely studied. In this paper, we present a different way of 
selecting PI-line segments appropriate for both Katsevich’s FBP 
and Pan Xiaochuan’s BPF algorithms. As 3D reconstruction 
contributes to massive computations and takes long time, people 
have made efforts to speed up the algorithms with the help of 
multi-core CPUs and GPGPU (General Purpose Graphics 
Processing Unit). In this paper, we also presents implementations 
for these two algorithms on GPGPU using an innovative way of 
selecting PI-line segments. Acceleration techniques and 
implementations are addressed in detail. The methods are tested on 
the Shepp-Logan phantom. Compared with our CPU’s 
implementations, the accelerated algorithms on GPGPU are tens to 
hundreds times faster.  
 

Index Terms—Cone beam CT; PI-lines; FBP; BPF; GPU 
 

I. INTRODUCTION 
Cone beam CT in circular and helical trajectory has become 

the mainstream in CT systems nowadays. These geometries have 
the characteristic of fast scanning, high X-ray utilization rate and 
volumetric reconstruction. Since the famous FDK algorithm was 
proposed, many other 3D reconstruction methods have be 
studied and developed. Among them, the exact reconstruction is 
attractive and widely investigated. Exact reconstruction requires 
the data sufficiency satisfaction, that is, each plane across the 
object support must intersect with the source trajectory. Helical 
cone beam CT (HCBCT) satisfies this data sufficiency condition 
for exact reconstruction. PI-line based FBP and BPF algorithms 
proposed in [1]-[4] give an instructive solutions of exact 
reconstruction problem in helical geometry. However, these 
algorithms are very complex and time-consuming for practical 
use. The reconstruction speed is always a problem to be solved.  

There have been a lot of works about how to accelerate 
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reconstruction algorithms especially volumetric reconstruction. 
Multi-core CPUs, cluster, FPGA, and GPU have been effective 
used to make the reconstruction faster [5]-[9]. In this paper, we 
talk about the implementation and acceleration of these two 
algorithms on GPU. Among various GPU programming 
platforms we choose CUDA because we think it is one of the 
most convenient and efficient platforms according to our 
previous work and experiment.  

This paper is organized as follows: Section II gives a brief 
overview of the FBP and BPF algorithms. Section III describes 
our selection of PI-lines and talks about the detailed 
implementations and optimization techniques on GPU. Section 
IV gives the simulation results. In Section V we conclude and 
give an outlook on our future work.  

 

II. BRIEF OVERVIEW OF THE PI-LINE BASED FBP AND BPF 
RECONSTRUCTION ALGORITHMS FOR HCBCT 

The detailed derivation of the Katsevich’s FBP (K-FBP) and 
Pan Xiaochuan’s BPF (P-BPF) algorithms can be found in 
[2],[3]. Here, we only consider the case with a flat-panel 
detector (FPD). We denote the rotation radius by R, the source to 
detector distance by S, the rotation angle by λ and the helical 
pitch by h. The object coordinate and the detector coordinate are 
defined in Fig. 1. The acquired projections are denoted as P(u, v, 
λ).  The main steps for these two algorithms are as follows.  

A. The K-FBP reconstruction method 
1) Calculate the derivative to λ by chain rule and apply a 
cosine correction.  
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In (1), 2 2 2A S u v= + + and the subscript d denotes the 
discretized coordinate, Δ means the discretization step. 
The approximation step in the second line of (1) is 
obtained by central differences.  
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2) Filter the derivation with 1D Hilbert transform along the 
κ-line of angle ψ which is defined by (2).  

 ( , )
tan

Sh uv u
R S

ψψ ψ
ψ

 
= + 

 
 (2) 

Firstly, the result from (1) is rebinned from κ-lines to 
horizontal lines. According to (2), the forward rebinned 
derivation ( , ( , ), )D u v uκ ψ λ  is obtained by interpolating 
along the vertical direction of D(u,v,λ). After the finite 
Hilbert transform, the result denoted as DH is rebinned 
back to the κ-line direction.  

3) Weighted back-projection of the filtered derivative.  
Each reconstruction point x corresponds to a unique 
PI-line passing it. Denote the projection indexes of the 
start and end points of the PI-line as kb and kt. The 
back-projection as shown in (3) is  
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where ρ(k) is an angle weighting function to reduce the 
endpoint artifacts [10]:  
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where ( ) /
bb k bc λ λ λ= − ∆ , ( ) /

tt t kc λ λ λ= − ∆ .  

B. The P-BPF reconstruction method 
1) Derivative of the projection data.  

In P-BPF algorithm, the derivation step according to [4] 
can be computed by (3) in case of helical equidistance 
CBCT which is different form the derivative in K-FBP 
algorithm.  
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Here, we again apply central difference.  
2) Weighted back-projection to PI-lines.  
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We denote back-projection on PI-line from r(λb) to r(λt) 
by Gπ(xπ, λb, λt).  

3) Filtering by finite inverse Hilbert transform.  
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with C representing the integral along the PI-line and 
defined by  
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III. IMPLEMENTATIONS ON GPU 
We give out implementation strategies and techniques in this 

section. The algorithms were written for a NVIDIA GeForce 
GTX 470 card with CUDA Toolkit 3.1 version, but compatible 
for graphics card those compute capability less than 2.0. We 
demonstrate our selection of PI-lines firstly. Then, we describe 
from three aspects of GPGPU implementation techniques: 
storage policies, thread mapping, and detailed implementation 
of each steps.  

A. Selection of PI-lines 
In the literature, PI-lines are commonly selected to be 

emitting-rays from a point at a certain λ to other points at the 
orbit forming a curved fan surface that covers the support 
cylinder. Different form that, our selection is as shown in Fig. 2. 
We refer the equidistant PI-lines as a PI-line group. A PI-line 
group constitutes a curved circular surface. The sampling 
interval on different PI-lines is equal in their orthographic 
projection on the XY plane. Each adjacent PI-line group is 
axially equidistant with a rotation of ΔZ/h. Of course only 
PI-lines within the interested region need to be reconstructed.  

B. Storage policies 
Since bandwidth and latency are always the bottle-neck in 

improving performance, memory optimizations are the most 
important consideration. Texture memory is cached for 2D 
spatial locality, so read-only data like projections and 
convolution kernel are stored in texture memory. Some 

 
Fig. 1.  The object coordinate and the detector coordinate defined in a cone 
beam scan with a helical trajectory.  

 
Fig. 2.  Illustration of the PI-line selection. Left: A group of PI-lines are ΔG 
apart from each other and form a PI-surface. The distance between 
neighborhood PI-surfaces is ΔZ which determines the resolution along z 
direction. Right: The projection of a PI-line group on the XY plane. The 
sampling interval on PI-line is ΔP on the top view. Since it is an orthographic 
projection to the XY plane, the actual interval is a little bit different on each 
PI-line.  
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intermediate result like sine and cosine of projection angles, 
backward rebinning indexes and coefficients can be stored in 
texture memory as a lookup table. Its hardware-based linear 
interpolation is useful in the back-projection step. Constant 
memory is also cached and read-only. It is available to all 
threads in full period of kernel execution. A cache hit reading is 
as fast as a register if all threads within a half warp access the 
same address. Some reconstruction parameters shall be stored in 
constant memory in order to reduce register pressure and gain 
faster fetch. Global memory is suggested to be allocated with 
pitched allocation to ensure correct memory copy to 3D texture 
memory. 

C. Threading mapping 
In CUDA, the maximum threads number within a block is 512. 

However, it is more efficient when each dimension of a block is 
a multiple of 8 or 16. That is, a block of 16 by 16 or 16 by 8 is 
preferred. In the computation within projection domain, with a 
2D grid and block structured threads, each thread is mapped to a 
detector bin on a FPD. A for-loop running on the device deals 
with processing over all projection angles. The loop could be 
within or outside the kernel. In the computation within the object 
domain, mainly the back-projection, threads are mapped 
one-by-one to reconstructed points on a group of PI-lines. In our 
setting, the first dimension of 2D thread grids indexes the points 
on a PI-line and the second dimension indexes different PI-lines 
in a PI-line group.  

D. Detailed implementations of K-FBP and P-BPF 
algorithms 
As described in section II, the derivation step is performed 

using the central difference method. The computation load of the 
derivation steps of K-FBP and P-BPF are almost the same 
except for the additional coefficients in front of each term in (1) 
and (5).  

In K-FBP algorithm, the filtration of derivation is a 1D ramp 
filtering. Since it is shift-invariant, we apply the CUFFT 
function provided by CUDA library to execute fast convolution 
with the Hilbert kernel. Notice this FFT requires zero-padding 
data to the length of a power of 2. While in the P-BPF algorithm, 
the derivative-back-projection results to a Hilbert transform of 
the objection function in theory, so this step involve a finite 
inverse Hilbert transform. This transform is performed with a 
convolution in spatial domain. Each thread processes a single 

PI-line.  
According to our PI-lines selection, the back-projections on 

PI-line are similar in both K-FBP and P-BPF algorithms. For 
each PI-line within a group, the only difference between each 
other is the start- and end- rotation angle. The numbers of 
PI-lines and the number of samples on them, as well as the 
projection angle interval of these two algorithms are all the same. 
So the threads are balanced on loads and are utilized efficiently.  

Sampling the reconstructions on PI-lines to uniformly spaced 
regular object grids is the final step. An eight point 
neighborhood is used for the interpolation related to each voxel.  
Normalized tri-linear interpolation is applied.  

Notice that this resampling procedure inevitably causes 
memory access confliction since different threads could access 
one voxel memory at the same time. We need a strategy to avoid 
two threads mapping to the sample points on PI-lines operate on 
one reconstruction voxel, i.e., never write the same address at 
the same time. One way to solve this is to perform the sampling 
in a serial mode on CPU. However, it will take some extra time. 
We suggest an alternative way: map the threads to sample points 
far enough from each other as Fig. 3 implies. In this way, the 
points on PI-lines are made into several groups (e.g. 9 groups: △,

○,□,and their gray and dark version in Fig. 3). The point in 
the same group are processed by threads simultaneously, 
different groups are processed in serial. Since the neighboring 
points are put into different group, there will be no probability 
for memory access confliction to happen.  

 

IV. SIMULATION RESULTS 
In our validation, we test on the 3D Shepp-Logan phantom. 

Our experiments are carried on an Intel Core i5 CPU 760 @ 
2.8GHz PC with 4.0 GB DDR3 1333MHz RAM. The graphics 
card is NVIDIA GTX 470 which has 448 CUDA cores and 
1280MB graphics memory. The parameters of our CT scan are 
shown in TABLE I.  

We used the two algorithms on CUDA to reconstruct a 2563 
volume. The PI-line based reconstructions are close to the true 
value. Under the scanning condition mentioned above, the 
K-FBP and P-BPF results have little difference. Projection data 
with zero mean and standard derivation of Gaussian noises were 
also tested with our algorithms. The results are shown in Fig. 4 
and Fig. 5.  

The CUDA K-FBP takes 3.68 s and the CUA P-BPF takes 

TABLE I 
PARAMETERS OF THE EQUIDISTANCE HELICAL  CONE BEAM SCANNING 

PARAMETER Value 
Source to detector distance (S) 832 mm 
Scanning radius (R) 416 mm 
Helical pitch (h) 89.6 mm 
Object size 256×256×256 mm3 

Projections per rotation 720 
Scanning range -120 – 120 mm 
Detector array size 256×128 
Detector width (Δu) 2 mm 
Detector height (Δv) 2 mm 

 

 
Fig. 3.  Illustration of sampling. Each mark stands for a sample point. The 

marks in the same shape and color are apart enough from each other to avoid 
memory access conflict. Those points are resampled in parallel at the same time.  
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2.13 s. We tested an implementation of Katsevich algorithm on 
CPU based implementation [11] and it takes 133.2 s. The CPU 
implementation of our scheme of BPF takes 1062 s. Note the 
CPU codes were not fully optimized and just for rough 
comparison.   

 

V. CONCLUSION AND DISCUSSION 
In this paper, we studied the GPU implementations of the 

K-FBP and P-BPF types of PI-line reconstruction and presented 
a novel selection of PI-lines. To verify our new method, we 
tested the algorithms on the Shepp-Logan phantom. Simulation 
results from our method accords well as expected. The 
acceleration on CUDA makes these computationally expensive 
algorithms more practically usable.  

We also made some profiling of speed to check the overall 
acceleration performance of our algorithms by NVIDIA’s 
Compute Visual Profiler. The results indicate that it is possible 

for further optimization. Moreover, we limit the scanning 
parameters not over the texture dimensional limitation (2048 
maximum) on GPU in this work. One may need extra process to 
deal with huge number of detectors or angles to cover long 
objects [12]. The NVIDIA’s latest “Fermi” architecture brings 
many new features on general computing, but in this paper we 
did not study them. We will present more optimization 
techniques in the conference.  
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Fig. 4.  Reconstruction results. The first row are implementation results based 
on [11]. From second to bottom rows are reconstruction results of K-FBP 
without noise, P-BPF without noise, K-FBP with noise and P-BPF with noise. 
The left column are slice images at y = -31.5 mm, the middle column are slice 
images at z = -0.5 mm, and the right column are slice images at x = -0.5 mm. 
The display window is [1.0, 1.05]. 
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Fig. 5.  Profiles of the CUDA implementation results of the second and the 

third rows  in Fig. 4 at location x = -0.5 mm and y = -31.5 mm for noiseless case.  
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Abstract— We describe an implementation of SIRT for execu-
tion using a cluster of multi-core PCs. Algorithmic techniques
are presented for reducing the size and computational cost of
a reconstruction including near-optimal relaxation, scalar pre-
conditioning, orthogonalized ordered subsets, and data-driven
focus of attention. Implementation wise, a scheme is outlined
which provides each core mutex-free access to its local shared
memory while also balancing the workload across the cluster, and
the system matrix is computed on-the-fly using vectorized code.
Experimental results show the efficacy of the approach.

I. INTRODUCTION AND BACKGROUND

Advances in computer technology have made iterative recon-
struction a feasible alternative to filtered backprojection, even
for computationally demanding applications such as micro-CT
that require vast amounts of data to be processed. Our work is
centered around SIRT (Simultaneous Iterative Reconstruction
Technique) which has been applied to a wide range of inverse
problems in medicine and biology [1]. In this paper we describe
how SIRT can be distributed across a small cluster of four
multi-core PCs in a manner that facilitates cone beam recon-
struction of a high-resolution mouse image in about 5 minutes.
We first summarize algorithmic techniques that reduce the num-
ber of iterations needed as well as the cost of each remaining
iteration [2], [3]. As an added benefit, the amount of data
being communicated between the PCs is also reduced thereby.
We then address parallel implementation issues in the form of
mutex-free multi-threading, a block based workload distribution
scheme, and a vectorized kernel for quickly computing the
system matrix on-the-fly. Our approach, which builds on earlier
work [4], is scalable in that the resulting code supports use of
an arbitrary number of cores and PCs. We present experimental
results for both the standard Shepp-Logan phantom and high-
resolution mouse data.

II. SIRT: RELAXATION, SCALAR PRECONDITIONING AND
ORTHOGONALIZED ORDERED SUBSETS

Let x and b denote image and log-normalized projection data,
A the system matrix that connects the two, and R and C two
diagonal matrices of inverse row and column sums of A. Then
SIRT solves the weighted least-squares problem

x∗ = argmin(Ax− b)TR(Ax− b) (1)

using the relaxed iterative update scheme

x(k+1) = x(k) + α CATR(b−Ax(k)). (2)

We refer to the literature for details e.g., [2], [5], [6].

A. Near-Optimal Relaxation

SIRT is a Richardson Iteration. Convergence is thus guar-
anteed if 0 < α < 2/λmax. The fastest rate of convergence
is obtained for α∗ = 2/(λmin + λmax) [7]. Here λmin and
λmax respectively refer to the smallest and largest eigenvalues
of matrix CATRA. Both eigenvalues are strictly positive.

We have previously shown [2] that λmax=1 which implies
1≤α∗=2/(λmin + 1)<2. Figure 1 illustrates that α∗ is close
to 2 even when λmin is relatively close to 1. Since λmin� 1
is a more likely condition encountered in practice, we use α=
1.99 in all our work. Empirical comparisons of residual norms
consistently find α=1.99 to converge twice as fast as α=1.00
in terms of requiring half as many iterations to achieve the
same result.

B. Scalar Preconditioning

Matrix C merely serves to precondition the normal equations
associated with (1). We have introduced an alternative scalar
preconditioning scheme [2]. The resulting PSIRT algorithm is
given by

x(k+1) = x(k) + α p ATR(b−Ax(k)) (3a)
p = 1/‖A‖1 (3b)

where ‖A‖1=maxj
∑
iaij denotes the maximum column sum

of the system matrix. The advantage of PSIRT over SIRT is
best seen when ordered subsets are introduced and the code is
executed in a distributed environment. SIRT requires matrix C
to be recomputed each iteration on a per subset basis which is
costly as it requires a global reduction of equally many image-
sized data structures. In contrast, PSIRT need do so only during
the first iteration as the set of scalars replacing the matrices can
conveniently be stored for future use.

0.001 0.01 0.1 1

1.2

1.4

1.6

1.8

2α*

λ min

Fig. 1. Optimal value of relaxation parameter α as function of λmin, the
smallest eigenvalue of iteration matrix CATRA.
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C. Orthogonalized Ordered Subsets

Iterative reconstruction algorithms can be accelerated using
an ordered subsets updating scheme. Conventional wisdom
dictates that the subsets should be made as “orthogonal” as
possible in the sense that the next set of projections should
provide as much new information as possible. That is, suppose
we want to divide N projections into M subsets in such a way
that if projection k belongs to subset k, so do projections k+M,
k+2M, etc. (Visually, the projections of each subset are spread
out in a spoked wheel fashion.) Let projection 0 form the basis
of ordered subset 0. The projection most orthogonal to 0 and M
is projection M/2 which therefore should form ordered subset
1. Next we should form ordered subsets based on projections
M/4 and 3M/4 and so forth.

Algorithmically, we use a priority queue to maintain a list of
open projection intervals with higher priority assigned to wider
intervals [4], [8]. The desired ordered subset projection index
sequence is obtained by continually bisecting the projection
interval associated with the top element of the priority queue
as this is guaranteed to be widest. When multiple projection
intervals are equally wide, they are all extracted and sorted
according to a tie breaking scheme. Non-empty left and right
projection intervals that result from the bisection are added to
the priority queue before the process is repeated.

III. FOCUS OF ATTENTION PROBLEM REDUCTION

Focus of attention is a data-driven preprocessing method
that allows concentrating the computational resources on the
object data while ignoring irrelevant background data [3].
Intuitively, imagine a set of shadowgrams acquired by shining
a light at an object from multiple view angles. Backprojecting
these shadowgrams yields a region enveloping the original
object. Focus of attention likewise works by thresholding the
projection data and then determining the contiguous convex set
of voxels enveloped thereby. This reduces the overall cost of
the subsequent reconstruction computation proportionally. Not
only do that many fewer voxels need to be considered when
computing and applying the non-zero entries of the system
matrix, but voxels deemed background need not be considered
when performing the global reductions described below. Also
important, what typically starts out as an underdetermined
system of questions ends up overdetermined since unknowns
are eliminated at a faster rate than equations. Focus of attention
thus has a regularizing effect.

With reference to Fig. 2(a), each projection is thresholded
and an octagonal hull is extracted using a fast gift wrapping
algorithm [9]. The sides of these octagonal hulls define wedge-
shaped planar surfaces emanating from where the x-ray source
was located for the corresponding projection. As shown in
Fig. 2(b), the voxels contained within the intersection of these
planar surfaces is itself a convex hull. These are the only
voxels considered during reconstruction. The final step involves
backprojecting the convex hull from the image space to the
projection space in order ensure consistency between the two.

(a)

(b)

Fig. 2. Focus of attention intersects polytopes corresponding to 2D octagonal
hulls obtained in (a) the projection space to form a 3D computational region
of interest in (b) the image space prior to reconstruction.

Fig. 3. The object portion of each projection is divided into blocks of work
that are assigned to the cores across the cluster in a round-robin fashion. Same
colored blocks can be processed concurrently. Actual execution block sizes are
smaller than those shown.

IV. MULTI-THREADED AND DISTRIBUTED COMPUTING

Multi-threading requires that different threads be prevented
from simultaneously updating the same data in shared memory.
Although unique data access can be ensured using mutex-locks,
the threads easily end up having to wait on each other as a
result. We avoid this bottle-neck by dividing each projection
into blocks of data that can be processed concurrently as
the associated voxel updates refer to non-overlapping image
subvolumes. As indicated by Fig. 3, each block is assigned to
one of four queues, with adjacent blocks assigned to different
queues. We use a round-robin strategy to statically assign spe-
cific blocks to the execution threads associated with the cores
(one each). This allows the threads to process large amounts of
data without interfering with each other. However, the threads
must syncronize locally on each PC before switching from one
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queue to the next and before switching from one projection to
the next. This is achieved using a single mutex-locked condition
variable.

Computed on-the-fly on a ray-by-ray basis, our system matrix
is based on trilinear interpolation in the image space, cf. [10].
Depending on where a projection ray intersects a voxel, the
interpolation extends either to the neighboring voxel to the left
or the one to the right and likewise in the up-down direction.
Thus, if we divide each projection into blocks that are at least
three voxel widths times the system magnification wide, we are
guaranteed that multiple threads can compute independently
of one another without interfering with each other’s data.
Empirically, we have found a premagnification block size of
9x9 to yield good performance.

Execution in a distributed computing environment entails
distributing the system matrix and the associated work across
the nodes of the cluster while adding the message passing
needed to synchronize the various local computations. We
distribute the projection data in the form of the above blocks in
a round-robin fashion to the nodes, and let each node maintain
a full copy of the image and other auxiliary data structures. As
a result, an image-sized global reduction must be performed
each iteration to complete image update vector

u(k) = ATR(b−Ax(k)). (4)

During the first iteration, an image-sized global reduction is
likewise required in order to establish preconditioning scalar
p = 1/‖A‖1. Following these global reductions, the local image
copy can be updated. To summarize,

x(k+1) = x(k) + α p MPI(u(k),
∑

). (5)

Ordered subsets are accounted for by adding an outer loop that
controls the extent of the forward and backprojections.

V. VECTORIZED MATRIX KERNEL

Repeatedly having to compute the rows of the system matrix
is costly. Fortunately, the computation is CPU rather than
memory intensive and it takes place in the image space which
is three dimensional. Combined, this implies that the matrix
kernel is a prime candidate for vectorization.

Using compiler intrinsics to access Intel’s SSE instructions,
we rewrote our Siddon like code for advancing along the
projection ray to simultaneously do so in the x, y, and z
directions. Conditional statements were furthermore replaced
by computation to the extent possible to prevent costly reloads
of the vector registers. The code for computing the trilinear
interpolation coefficients at each step was vectorized in a more
traditional sense, namely, by making four otherwise sequential
computations take place in parallel.

VI. EXPERIMENTAL RESULTS

We provide experimental results for a C code implementation
using first the standard Shepp-Logan phantom and then mouse
data. Starting from an initial estimate of x(0)=0, reconstruction
is in both cases based on just 2 iterations of PSIRT using 30

TABLE I
TIMING IMPROVEMENT FOR SHEPP-LOGAN PHANTOM.

Task Sequential Matrix Kernel Vectorized Matrix Kernel
k=0 k=1 Matrix k=0 k=1 Matrix

CPU 144.1 s 124.6 s 91.3 s 68.9 s 54.4 s 28.1 s
MPI 41.2 s 20.5 s — 41.5 s 20.8 s —

ordered subsets as we have found this to produce a high-quality
image with good contrast.

The computing environment consists of four networked Dell
Precision T7500 PCs, each equipped with dual quad-core Xeon
processors running at 2.26 GHz. The interconnection is via 10G
InfiniBand. POSIX threads are used to allow the cores on each
PC to compute concurrently while accessing shared-memory.
OpenMPI based global reductions are used to synchronize the
computation across the PCs and tie together the distributed-
memory defined thereby.

A. Shepp-Logan Phantom Reconstruction

We reconstructed a 512 × 512 × 512 image of the Shepp-
Logan phantom from 360 projections, each 384×384. We timed
the code before and after vectorizing the matrix kernel. Table I
provides a summary of the results. The times listed under the
k=0 and k=1 headings are total CPU and MPI communication
costs associated with PSIRT for those iterations. The times
listed under the matrix headings are per iteration costs for
computing the matrix elements.

We make the following observations. First of all, CPU and
MPI communication costs are much higher for k=0 than for
k=1. This is a direct result of the scalar preconditioning that
sets PSIRT apart from SIRT. Secondly, a 3.25x reduction is seen
to have taken place with respect to the cost of computing the
matrix elements. This implies that the vectorization performs
as intended. Thirdly, an overall 2x improvement is achieved.
While this is due mainly to the faster matrix computation, a
1.25x reduction in the CPU cost associated with performing the
PSIRT update also plays a role. The latter reduction is partly
due to an increase in the premagnification workload block size
from 3x3 to 9x9, and partly due to a change in how the data
produced by the matrix kernel is laid out and processed.

B. Mouse Reconstruction

The mouse data is from a MicroCAT II (Siemens Preclinical
Solutions, Knoxville, TN). This circular orbit cone beam micro-
CT system was configured to acquire data for 360 projections
spaced one degree apart using 1.23x magnification, a fan
angle of 9 degrees, and a cone angle of 18 degrees. Each
projection was downsampled to 512 × 1022 resulting in an
effective detector pitch of 160µm. The image volume was set
to 512× 512× 1022 with isotropic 130µm voxels accordingly.

Focus of attention preprocessing reduces the number of
projection rays considered from 188 million to 110 million,
the number of voxels from 268 million to 65 million, and
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TABLE II
TIMING AND WORKLOAD STATISTICS FOR MOUSE.

PC CPU Time Data Processed Per Iteration
k=0 k=1 Matrix Blocks Rays Matrix

0 125.5 s 92.8 s 60.5 s 234.8 K 27.34 M 7.441 B
1 125.7 s 92.6 s 60.4 s 234.8 K 27.36 M 7.443 B
2 125.7 s 92.8 s 60.4 s 234.8 K 27.35 M 7.441 B
3 126.0 s 92.8 s 60.3 s 234.8 K 27.35 M 7.440 B
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Fig. 4. Timing results for the mouse using 1–8 cores on 4 PCs (top) and 8
cores on 1–4 PCs (bottom); wallclock times (left) and corresponding speedup
factors (right); CPU time only (solid lines), and total time including MPI
communications (dot-dashed lines). Note the different axes on the plots.

the number of system matrix elements from 110 billion to 30
billion. The computational savings are thus quite substantial.

Figure 4 summarizes timing results for different cluster
configurations. We note a decrease in overall reconstruction
time as more cores are used as well as when more PCs are
used. Although the speed-up is sublinear, there is clearly a
benefit to using more resources. Indeed, when using all 8 cores
on all 4 PCs, a mere 5 minutes is needed to complete the
computation. About 70 percent of this is CPU time with the
other 30 percent being spent on MPI communication. As the
current trend towards increasing the number of cores per CPU
continues, a single PC will eventually suffice. At that point, we
speculate that a change in how memory is accessed may bring
linear speed-up about. We discuss this next.

Table II provides timing and workload statistics for the
5 minute reconstruction. We make the following observations.
First of all, the PCs appear to be well load balanced. They

take within a fraction of a percent of the same time to process
close to the same amount of data. This implies that the block
based workload distribution scheme performs as intended.
Secondly, the cost of computing the system matrix is about
60.5 seconds. The cost of performing the PSIRT update is
thus about 32.3 seconds which in turn implies that the cost
for computing matrix C during the first iteration must be about
32.7 seconds. This is unexpected. Performing the PSIRT update
involves forward projecting the current image estimate and then
backprojecting the correction. In contrast, computing matrix
C merely involves extracting the column sums of the system
matrix. The latter computation should be twice as fast as the
former. The fact they take equally long indicates that cache
contentions and other memory access issues are at play. This
may explain the sublinear CPU time speed-up above.

The non-vectorized precursor implementation showed near-
perfect linear speedup [4]. Indeed, efficiency measures of 99
and 95 percent were observed when respectively increasing the
number of cores and the number of PCs. This behaviour was
expected to carry over following vectorization. The memory
access patterns resulting from the ray-driven system matrix
computation and use in combination with the data-driven,
block-based workload distribution scheme were consequently
not taken into consideration. With vectorization having reduced
the time spent computing, the cost associated with accessing the
large image-sized data structures is no longer negligible. Efforts
are underway to reduce this impact.

VII. CONCLUSION

Using complementary algorithm and implementation im-
provements, we have shown that competitive reconstruction
times can be achieved for PSIRT, a modified version of SIRT
targeted for parallel computation, when using a small cluster
of inexpensive, commodity multi-core PCs.
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Abstract— Using blobs allows modeling the CT system’s 

geometry more correctly within an iterative reconstruction 
framework. However their application comes with an increased 
computational demand. This led us to use blobs for image 
representation and a dedicated GPU hardware implementation to 
counteract their computational demand. Making extensive use of 
the texture interpolation capabilities of CUDA and implementing 
an asymmetric projector/backprojector pair we achieve 
reasonable processing times and good system modeling at the 
same time. 
 

Index Terms—Nvidia CUDA, blob driven projection, ray 
driven projection, interpolation, beam shape model. 

I. INTRODUCTION 

The aim of this work is twofold. We aim at modeling the CT 
system’s geometry correctly eventually accounting for the more 
subtle effects influencing image quality and resolution. And we 
want to achieve this within reasonable processing times for 
iterative reconstruction algorithms such as SART [1] or 
Maximum Likelihood [2]. 

We decided to use blobs as proposed in [3] which, apart 
from a favorable image representation, allow to model major 
effects independent of the projection angle. An efficient blob-
driven projector/backprojector that correctly models divergent 
beam geometry and finite detector pixels has been described in 
detail in [4] for a standard CPU implementation.  

Most approaches described in literature utilizing graphics 
hardware use ray or voxel-driven approaches and make use of 
nearest neighbor or linear interpolation to calculate the image 
or projection values at dedicated positions [5][6][7]. Only few 
literature can be found on GPU acceleration using blob-based 
image representations such as [8], which uses a blob-driven 
approach for both forward- and backprojection. In order to 
avoid synchronization effort for write operations (e.g. atomic 
CUDA operations [8]) due to overlapping blob footprints on 
the detector we extend the approach taken in [4] by a ray-
driven forward projection algorithm. 

II.  METHODS 

A. System Geometry 

As implemented in most commercial CT systems, this work is 

based on a focus centered, cylindrical detector as shown in 
Fig. 1. The detector is parallel to the rotation axis z and the 
transaxial plane is defined by the x and y axis. Fan angle , 
cone angle  and detector coordinate system (u,v) are shown. 
For the approximations used below,  is assumed to be small. 

 

B. Forward Projection 

For forward projection we use a ray driven algorithm since this 
avoids synchronization effort for write operations due to 
overlapping blob footprints on the detector. In order to 
evaluate the line integral we need to calculate the contribution 
of all blobs to the beam and follow the scheme first introduced 
in [9] and extended to blobs in [10]. The blobs’ contributions 
are evaluated slice-by-slice along the fastest changing 
transaxial slice index, x or y. This can be interpreted as 
sampling the image along the ray at each slice intersection 
using an appropriate interpolation kernel as shown in Fig. 2. In 
all of the following x and y can to be interchanged if the main 
direction of the ray is in x instead of y. 

Fig. 3 shows the local beam geometry for a divergent beam 
traversing a blob at distance d to its center. If beam divergence 
is neglected locally (within the neighborhood of 4x4 grid 
points), the blob’s contribution to the ray can be expressed in 
terms of distances ,  magnification , angle γ 
and footprint  of a spherically 

symmetric basis function  and some normalization 
factor K (symbols  as defined in Fig. 3):  

  (1) 

In order to calculate the interpolation weights for the 16 
nearest neighbors to the point P at which the ray intersects a 
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slice, the distances  need to be calculated according to the 

geometry in Fig. 4 (γ  and β as defined in Fig. 4): 

  (2) 

For an efficient implementation we want separable 
interpolation kernels. However due to the mixed term in  
even for separable blob footprints the resulting weights will in 

general not be separable in i and j. If however the cone angle 
 is small and so are the possible values for γ  we can 

approximate  and  (coordinates x, y, z 
normalized to grid spacing): 

  (3) 

with implicitly defined  depending on i and  depending on 
j. Inserting  and  into eqn. (1) and using a separable 
footprint  we get an interpolation 
kernel separable in i and j:  

  (4) 

C. Backprojection 

The backprojection is based on the blob-driven approach 
described in detail in [4]. Fig. 5 shows the geometry to 
calculate the necessary footprint on the detector.  

 
The ray through the center of the blob hits the detector at 

position  at distances  and  to the nearest detector 
pixel center. The weight (footprint) for one detector element 
can be again calculated via eqn. (1). If the angle γ is assumed 
approximately constant over all rays passing through the blob 
the 4x4 detector footprint can be calculated by 

  (5) 

In contrast to the forward projection there is no ray-
direction dependent tilt (the angle β  in Fig. 4) since the 
detector is focus centered. A direct consequence is that no 
additional approximations have to be made to ensure 
separability of footprints [4]. 
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Fig. 5 Beam geometry for calculation of the blob footprint on the detector.  
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Fig. 4 Interpolation at intersection  of the ray with a 

slice. Distance  of a blob center at grid point  to 
the ray with direction . 
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Fig. 3 Beam geometry for calculation of the mean contribution of a blob to a 

given ray at distance d by integration over the sensitive detector area 
for focus geometry with cylindrical detector. The beam is locally 
approximated by a beam of parallel rays (green shaded area).  
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Fig. 2 Slice by slice sampling along the fastest index changing direction 

of the ray shown in 2D. For 3-D the slices for 2-D interpolation 
are perpendicular to the drawing plane extending into z-direction 
as indicated. 

3rd Workshop on High Performance Image Reconstruction 69



 
 
 
 
 

D. Implementation 

The implementation makes use of the multi-processing 
capabilities of the graphics board, as opposed to adapting the 
problem to the accelerated graphics pipeline [5]. Using the 
native CT geometry, each thread thus calculates the direction 
of the ray hitting a detector bin (during forward projection) or 
the mapping of the image grid point onto the detector (in 
backprojection). 

For separability we use Gaussian kernels for image 
representations instead of Kaiser-Bessel functions. The optimal 

Kaiser-Bessel function found 
in [11] has order 2, 

 and radius 2. This 
is well approximated by a 
Gaussian with standard 
deviation . Where 
necessary the calculated 
footprints are cut-off to the 
4x4 interpolation kernel and 
re-normalized to the sum of 
the full footprint. 

 A 4x4 interpolation with 
separable weights  

  (6) 

can be calculated via 4 bilinear interpolations (Fig. 6). If 
 denotes the image values and the bilinear interpolation 

at  is denoted by  with 
, we obtain 

  (7) 

The weights needed to perform fast 4x4 interpolation 
(eqn. (7)) are precalculated into lookup tables which are 
accessed via texture mapping and bi-/tri-linear interpolation 
depending on the number of free parameters. The capability of 
CUDA (Nvidia Corp, Santa Clara, CA) to have textures of 4 
channels allows to store the weights  and  for each 
dimension x and z into a single texture. 

Due to the ray-driven forward- and blob-driven 
backprojection write operations to the same memory location 
by different threads are completely avoided. During forward 

projection the projection data is segmented into tiles and each 
tile is processed by a single block of threads. Additionally each 
ray is sampled by multiple threads with the result being 
accumulated in shared memory. The final projections are 
updated after all threads of a block have finished. For 
backprojection each thread operates on multiple image grid 
points. The threads of each block process image grid points in 
an interleaved fashion such that the write operations to the 
image occur approximately simultaneously to contiguous 
memory locations. The block sizes have been empirically 
optimized. Image and projection read-access are realized by 
mapping the memory to 3D and 2D textures utilizing bi-linear 
interpolation via a single lookup.  

E. Linear interpolation 

For comparison the projector and backprojector have also been 
implemented using bi-linear interpolation. In this case no 
footprints need to be calculated. The basic kernel routines are 
identical except that interpolation is performed by accessing 
the corresponding textures (image slice or projection data) 
directly via bi-linear interpolation. 

III.  EVALUATION  

A. Simulation / Reconstruction 

The FORBILD head phantom has been analytically simulated 
with a distance of the source/detector from the rotation axis of 
570/470 mm, with a detector of 512 x 64 square pixels of edge 
size 0.91 mm and with circular trajectory. Matching image size 
was 512x512x81 with a cubic grid spacing of 0.5 x 0.5 x 0.5 
mm. The presented forward and back-projection have been 
embedded into an SPS iterative reconstruction [2] using a 
Gaussian noise model for line integral measurements. 100 
iterations and Huber regularization with δ=16HU are used. 
Poison noise has been added to the projections. Fig. 7 shows 
the central slice from sample reconstructions. 

B. Image Quality 

Fig. 8 and 9 show comparisons for the blob interpolation using 
4x4 footprints and the linear interpolation. In order to achieve 
comparable reconstructions, the regularization weight β was 
tuned to obtain the same background SNR level in both 
images. This meant using a slightly stronger regularization for 
linear interpolation due to the additional noise being 

   
 (a) (b) 

Fig. 7. Reconstructions of simulated FORBILD head phantom, central 
slice. (a) FBP with ramp filter. (b) Iterative ML reconstruction 
with Huber penalty, δ=16HU, β=0.3.  
Level 50 HU, window 2000 HU 
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introduced. Fig. 8 shows the smoother background noise 
structure obtained with blob interpolation and less 
regularization, Fig. 9 the enhanced resolution in the fine 
structures of the phantom when using blobs. 

C. Timing 

The processing times shown in table 1 have been measured on 
an Nvidia Tesla C2050 board with 3 GB total memory and 14 
multiprocessors and ECC (Error Correction Code) enabled. 
The times have been measured for 512 projections of 128x512 
detector bins. The fan covered the full image width at the 
center of rotation. Image slices were 5122 and a total of 266 
slices were covered by the cone for a circular trajectory and 
thus updated in BP. The times shown are pure GPU kernel 
runtimes, memory transfers are not included. 

IV.  DISCUSSION 

The timings for linear interpolation compare well to what is 
found in literature taking into account the fact that we use 
native system geometry in order to avoid any re-binning steps. 
This might come with some loss in potential processing speed, 
since planar projections allow further speedup as successfully 
shown in [5]. Nevertheless the method described here shows 
that a 4x4 blob footprint can be used resulting in acceptable 

overhead. The higher impact on the forward projection can be 
explained by the fact that for a ray-driven projection the 
geometry is calculated only once per ray and thus sampling 
(interpolation) along the ray is more dominant compared to the 
voxel/blob-driven backprojection with a geometry calculation 
for each image grid point. In addition there is a reduced 
locality of interpolations in the volume (for FP) as compared to 
interpolation in the 2D projection views (for BP). 

We conclude from the above results that using GPUs and 
adequate implementations of the projectors, iterative 
reconstruction using blobs for image representation becomes 
feasible. This, along with avoiding re-sampling, will allow 
applying detailed system modeling for enhanced 
resolution/noise tradeoff. Strictly speaking the method 
presented here results in an asymmetric projector-
backprojector pair, mainly due to the limited footprint used in 
projection and image space. The asymmetries increase with an 
increasing mismatch in projection and image sample spacing. 
This effect will need close attention. 
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Table 1 
Processing times for projections on an Nvidia Tesla C2050 board for 
512 projections of 128x512 each. The image volume consisted of slices 
of size 5122 with 266 slices within the FOV. 
 

forward proj. linear  2.3 s 
 blob 4x4 8.6 s 
backprojection linear 3.3 s 
 blob 4x4 5.4 s 

 

 

   
(a) (b) 

 blob 4x4, β = 0.3 linear, β = 0.4 
 

 
(c) line profile 

   
Fig. 9. Line profiles through fine structures of the central slice. 

Comparison of blob and linear interpolation. Regularization 
parameters chosen for matched background SNR. 

  
(a) (b) 

 blob 4x4, β = 0.3 linear, β = 0.4 
 SNRBG = 30.7 SNRBG = 30.4 
Fig. 8. Different noise structures at center of rotation for blobs and linear 

interpolation. Regularization parameters chosen for matched 
background SNR. Level 50 HU, window 300 HU 
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Abstract—Iterative soft-thresholding algorithms with total 

variation regularization can produce high-quality reconstructions 
from few views and even in the presence of noise. However, these 
algorithms are known to converge quite slowly, with a proven 
theoretically global convergence rate O(1/k), where k is iteration 
number. In this paper, we present a fast iterative soft-thresholding 
algorithm for few-view fan beam CT reconstruction with a global 
convergence rate O(1/k2),which is significantly faster than the 
iterative soft-thresholding algorithm. Simulation results 
demonstrate the superior performance of the proposed algorithm 
in terms of convergence speed and reconstruction quality. 
 

Index Terms—CT Reconstruction, Few-View, Fast Iterative 
Soft Thresholding，Total Variation Regularization 
 

I. INTRODUCTION 
It is well-known that image reconstruction from a limited 
number of projections in fan beam computer tomography (CT) 
is an ill-posed problem, because sparse angle data acquisition 
does not satisfy Nyquist sampling theorem. Recently, an elegant 
and promising theory of compressed sensing(CS) shows that a 
high-quality signal or image can be reconstructed from far 
fewer measurements than what is usually required by the 
Nyquist sampling theorem, provided that the signal or image is 
known to be sparse[1],[2]. Many CT images can be assumed to 
be sparse, because the X-ray attenuation coefficient often 
remains (almost) constant within organs and sharp variations 
are usually confined to the borders of internal structure. It is 
encouraging that the image reconstruction in CT can be cast as a 
compressed sensing problem based on l1 norm minimization 
constrained by projection data. 

A challenge of utilizing the idea of “CS” consists of 
developing the efficient algorithm for the optimization. 
Constrained, total variation (TV) minimization algorithm has 
been proposed in [3]-[7]. The algorithm alternates between a 
projection on convex sets (POCS) operation for projection data 
constraint and an adaptive steepest descent operation for TV 
minimization. However, there are no standard stopping and 
parameter selection criteria for the steepest descent operation. 
To overcome these limitations, Yu et al have developed a class 
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of iterative soft-threshold algorithm (ISTA) [8],[9] for 
few-view reconstruction, in which the image is reconstructed 
using simultaneous algebraic reconstruction technique (SART) 
operation followed by a soft-threshold operation, however, the 
algorithm requires thousands of  iterations , the convergence 
speed of ISTA is quite slowly, which hampers its possible use in 
clinical applications. In parallel, K. Choi et al [10] have 
proposed a first-order method developed by Nesterov [11] for 
cone beam CT reconstruction with few-view data .Although 
this method is proven to converge in function values as O(1/k2), 
each iteration  requires two back projection operations which is 
time-consuming in iterative CT reconstruction. 

Based on the work of Yu et al [8], we propose a fast iterative 
soft-thresholding algorithm (FISTA) for CT reconstruction 
from few-view data in this paper. It is inspired by the similar 
work in image denoising and debluring [12], [13], matrix 
completion [14], multi-task learning [15] and MRI imaging [16]. 
This algorithm preserves the computational simplicity of ISTA 
and converges in function value as O(1/k2) which is much faster 
than  O(1/k) of  ISTA. And this algorithm requires only one 
back projection operation per iteration. 

This paper is organized as follows. Section 2 describes the 
fan beam system model and the SART reconstruction method. 
Section 3 introduces the FISTA and applies it in few-view fan 
beam CT reconstruction. Section 4 gives the simulation results, 
including reconstruction accuracy and convergence speed 
comparison among the proposed method, ISTA [8] and SART. 
Finally, discussion and conclusion are in Section 5. 

II. MATERIALS 

A. Imaging model 
In this paper, the image is described by a vector x of length n 

with individual element , 1, 2,ix i n= . When it is necessary to 
refer to a pixel in the context of 2D image we use the double 
subscript form ,s tx , where ( 1)i s w t= − × + ; 1, 2,s h= ; 

1,2,t w= ; and  integers s and t are, respectively the height 
and width of the 2D image. Vector b represents measured 
projection data with a length of m being the product of the 
number of projections and the number of detector elements; A is 
the system matrix, where element ,j ia is computed by 
calculating the intersection length of the jth ray through the ith 
pixel. The image reconstruction in few-view fan beam CT is 
reduced to solve the following linear system equation: 

Ax b=                                             (1) 
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B. SART 
SART is a well-known iterative reconstruction method for 

solving the above ill-posed problem, which can be expressed as: 
,1 1

1

1 ( )
m

j ik k k k
i i j j

ji j

a
x x b A x

a a
λ+ −

=+ +

= + −∑                        (2) 

where ,1
0m

i j ij
a a+ =

= >∑ , ,1
0n

j j ii
a a+ =

= >∑ , jA  is the jth row 

of A, k is the iterative number and 0 2kλ< <  is a free 
relaxation parameter. The reconstructed image quality of SART 
method is very poor with prominent streak artifacts for the 
few-view CT reconstruction. Regularization is needed for 
improving reconstructed image quality. In this paper, we adopt 
the total variation regularization which is widely used in 
medical imaging field. Then the image reconstruction with total 
variation regularization in CT can be reformulated as following 
optimization problem: 
                      { }2

1
min ( ) 2

x
F x Ax b xμ≡ − + ∇                         (3) 

III. ALGORITHM  
Problems of the Eq. (3) can be solved using a variety of 

algorithms, including dual formulation [17],[18]，second-order 
cone programming[19], Bergman algorithm[20],[21], Domain 
decomposition methods[22],[23].However, the implementation 
of all these methods for CT reconstruction is not 
straightforward and is complicated. 

A.   Fast iterative Soft-Thresholding algorithm 
In general, we consider the following general optimization 

problem: 
{ }min ( ) ( ) ( ), n

x
F x f x g x x≡ + ∈ R                      (4) 

where : ng →R R is a continuous convex function, which is 
possibly nonsmooth, and : nf →R R  is a smooth convex 

function of type 
1,1

C  i.e., continuously differentiable with 
Lipschitz continuous gradient fL : 

( ) ( ) ff x f y L x y∇ − ∇ ≤ −  for every , nx y ∈ R  (5)     

⋅  denotes the standard Euclidean norm and fL is the Lipschitz  
constant of f∇ . Then, FISTA can be summarized as follows: 
Algorithm III.1 FISTA [12] 

1. Initialize 1 0 1, 1y x t= =  
2. For k=1 to K do 

3. 
2

1arg min ( ) ( ( )
2

fk k k k

x f

L
x g y x y f y
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+ −
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−
= + −  

6. Until stop criteria 
Theorem III.1 [12] Suppose { }kx  and { }ky are iteratively 
obtained by the FISTA, then we have  

               
0 *

* *
*2( ) ( ) ,

( 1)
fk

L x x
F x F x x X

k

−
− ≤ ∀ ∈

+
                  (6) 

where *x  is the optimal solution for problem (4) 
For simplicity, algorithmIII.1outlines FISTA with a fixed step 

size based on the known Lipschitz constant Lf. Although the 
Lipschitz constant of the large scale system matrix in iterative 
CT reconstruction can not be obtained, the algorithm can be 
modified with a variable, adaptive step size and still preserve its 
rate of convergence.  

B. Algorithm development 
The total variation regularization problem (3) is a special 

instance of problem (4) by substituting 2( )f x Ax b= − , 

1
( ) 2g x xμ= ∇ . Our proposed FISTA for solving problem (3) 

can be summarized in the following pseudo code: 
Algorithm III.2 

1. Initialize 1 0 1, 1y x t= =  
2. For k=1 to K compute 

, 1

1

1 ( )
m

j ik k k k
i i j j

ji j

a
x y b A x

a a
λ −

=+ +

= + −∑  

3. Compute the total variation              
2 2

, , 1, , , 1( ) ( )k k k k k
s t s t s t s t s td x x x x+ += − + −  

4. Compute the adaptive threshold μ using a dichotomy 
searching method[24]. 

5. Apply the soft threshold operation when ,
k
s td μ< , we 

adjust the value of , 1,,k k
s t s tx x + and , 1

k
s tx + to make , 0k

s td = ; and 

when ,
k
s td μ≥ , we can reduce the values of 2

, 1,( )k k
s t s tx x +− and 

2
, , 1( )k k

s t s tx x +−  to perform the filtering. For more details of this 
operation see equation (3.8)-(3.11) in [8] 
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8. Until stop criteria 
In this paper, we consider the original imaging Phantom as 

the optimal x∗ . The stop criterion is defined as the Relative 
Reconstruction Error (RRE) under a predefined threshold [24]: 
                               *k kE x x x∗= −                                     (7) 

IV. SIMULATION RESULTS 
All experiments are conducted in MATLAB environment on 

a 2.80 GHz Intel(R) Core(TM) CPU with 6 GB memory. To 
validate the performance of our proposed method we perform 
simulation studies using a 2D modified Shepp–Logan phantom. 
The size of phantom is 256× 256 where the size of one pixel is 
assumed 1mm×1mm. Circular equiangular fan beam geometry 
is adopted. The maximum fan angle is / 4π .The distance 
between the fan-beam source and rotation center is 500 mm and 
the one dimensional detector array is at 500 mm from the 
rotation centre. The detector array consists of 280 elements, 
each of which has a size of 1mm. We first equiangularly select 
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different number of projections over a full scan range and 
acquire the corresponding projection data based on the discrete 
imaging model in section 2.  Then we reconstruct images using 
our proposed method for different number of projection data. 
For comparison, we also reconstruct images using the ISTA and 
SART method. For all the above methods, the relaxation 
parameter in SART iteration formula was set to be the constant 
1.0, the adaptive threshold for each iterate is obtained using 
projected gradient method[24].  

For fair comparisons, we first reconstruct images from 21 
projections and tight support of the imaging phantom has been 
incorporated into the reconstruction process, which is similar as 
in[8] Then we reconstruct images from 21, 31, 41 projections 
respectively, without considering the support of imaging 
Phantom. Reconstructed results are given in Fig.1. 
Corresponding RRE and the CPU time are listed in Table I. It 
can be observed that the results obtained by the FISTA are not 
only visibly better, but also superior in terms of both CPU time 
and RRE.  

 

 

 

 
Fig.1 Reconstructed images of a modified Sheep-Logan phantom from different 
number of projection. The 1st, 2nd, and 3rd columns are reconstructed using the 
SART method, ISTA method and the proposed method, respectively. The 1st 

row is from 21views with support, and the 2nd, 3rdand 4th rows are from 21, 31, 41 
views without support, respectively. The display window is [0, 0.5] 

 
The RRE curves of the three methods are shown in Fig 2 in 

terms of the CPU time. When the number of projection is 21 and 
the tight support is considered in reconstruction process, the 
ISTA and the FISTA reach a 0.1046, 0.0584 relative error 
taking 137.2, 18.01 minutes, respectively.  In this situation, the 
FISTA is about eight times faster than ISTA and the RRE is 
much smaller than the ISTA.  

 
To validate the stability of the proposed algorithms against 

data noise, we repeat the reconstructions from projections 
corrupted by Poisson noise, assuming 50000 photos per 
detector element. The reconstruction results are listed in Fig.3, 
and the corresponding RRE and CPU time are given in Table II. 
The converging curves are plotted in Fig.4. It can be seen from 
the above results that the proposed algorithm has the similar 
performance for noisy projection data compared to the 
noise-free counterparts. 

V. DISCUSSION AND CONCLUSION  
Our proposed algorithm can be regard as a two-step method, 

i.e., each iteration depend on the last two iterations, rather than 
only on the last one. An advantage of this algorithm compared 
to ISTA is that it converges to the optimal solution much faster 
with similar memory requirement. This is very attractive for 
large scale optimization problems such as few-view CT 
reconstruction. 

In conclusion, we introduce a FISTA method for few-view 
fan beam CT reconstruction. Simulation results have suggested 
that our proposed method converges much faster than ISTA.  
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Fig.2 RRE curves for image reconstructions from different number of 
projection. The numbers of projections are set to (a) 21, (b) 21, (c) 31, (d) 41, 
respectively, where the horizontal axis is CPU time (in minutes), the vertical 
axis displays the RRE 

TABLE I  
RRE AND CPU TIME (IN M) FOR THE RECONSTRUCTION RESULTS IN FIG 1  

 SART ISTA FISTA 
View RRE 

 
Time 
  (m) 

RRE Time 
(m) 

RRE Time 
(m) 

21  0.1777 117.6 0.1046 137.2 0.0584 18.01 
21  0.4877 117.6 0.3350 137.2 0.0584 18.01 
31 0.1853 182.6 0.1419 202.9 0.1200 53.79 
41  0.1703 238.2 0.1047 257.9 0.0223 69.12 
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(c)                                                       (d) 
Fig.4 RRE curves for image reconstructions from different number of noisy
projection. The numbers of projections are set to (a) 21, (b) 21, (c) 31, (d) 41, 
respectively, where the horizontal axis is CPU time (in minutes), the vertical 
axis displays the RRE 

 

 

Fig.3 Reconstructed images of a modified Sheep-Logan phantom from 
different number of noisy projection. The 1st, 2nd, and 3rd columns are 
reconstructed using the SART method, soft-threshold filtering method and the 
proposed method, respectively. The 1st row are from 21views with support,
and 2nd, 3rdand 4th rows are from 21, 31, 41 views without support, 

 

 

 

 
Fig.3 Reconstructed images of a modified Sheep-Logan phantom from different 
number of noisy projection. The 1st, 2nd, and 3rd columns are reconstructed using
the SART method, ISTA method and the proposed method, respectively. The 1st

row is from 21views with support, and the 2nd, 3rdand 4th rows are from 21, 31, 41
views without support, respectively. The display window is [0, 0.5]. 
 

TABLE II 
RRE CPU TIME (IN M) AND FOR THE RECONSTRUCTION RESULTS IN FIG 3    

 SART ISTA FISTA 
View RRE 

 
Time 
  (m) 

RRE Time 
(m) 

RRE Time 
(m) 

21  0.1921 105.6 0.1055 111.1 0.0951 14.24 
21  0.5606 154.8 0.3458 166.1 0.2849 11.4 
31 0.2100 230.5 0.1600 227.9 0.1200 25.18 
41  0.1931 274.4 0.1159 276.9 0.1048 33.3 
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GPU-Accelerated Few-view CT Reconstruction
Using the OSC and TV Techniques

Dmitri Matenine, Sami Hissoiny, and Philippe Després

Abstract—The present work proposes a promising iterative
reconstruction technique designed specifically for X-ray trans-
mission computed tomography (CT). The main objective is to
reduce diagnostic radiation dose through the reduction of the
number of CT projections, while preserving image quality. The
second objective is to provide a fast implementation compatible
with clinical activities. The proposed tomographic reconstruction
technique is a combination of the Ordered Subsets Convex
(OSC) algorithm and the Total Variation minimization (TV)
regularization technique. The results in terms of image quality
and computational speed are discussed. Using this technique,
it was possible to obtain reconstructed slices of relatively good
quality with as few as 100 projections, leading to potential dose
reduction factors of up to an order of magnitude depending on
the application. The algorithm was implemented on a Graphical
Processing Unit (GPU) and yielded reconstruction times of
approximately 185 ms per slice.

Index Terms—CT, cone-beam CT, low-dose imaging, few-
view CT, iterative reconstruction, statistical reconstruction, com-
pressed sensing, total variation minimization, high-performance
computing, GPU, GPGPU

I. INTRODUCTION

X-ray tomography or Computed Tomography (CT) is a
widely used medical volumetric imaging modality. It relies
on multiple X-ray projections to mathematically reconstruct
a 3D distribution of attenuation coefficients. This modality
has a number of specialized clinical applications and is still
actively developed [1]. The vast majority of reconstruction
algorithms used in the clinic date back to the 1980’s, an
epoch when computational resources were very limited by
today’s standards [1]. One of the most widely used algorithm
for Cone-Beam CT (CBCT) applications, for instance, was
published in 1984 [2]. This analytical technique, dubbed FDK,
yields satisfactory results at the cost of a relatively high
ionizing radiation dose.

CT nowadays accounts for a large proportion of radiation
dose to the population, with associated risks of complications
for the patient, including radiation-induced cancer [3]. The
reduction of the CT radiation dose is therefore an important
issue and has attracted the attention of the scientific commu-
nity, media and different governmental regulation agencies.
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Iterative reconstruction techniques offer a realistic model
of X-ray photons attenuation in the subject and are po-
tentially superior to analytical approaches for low-dose ac-
quisitions [1]. Non-analytical algorithms can be classified
either as algebraic [4], expectation-maximization [5]–[7] or
compressed sensing [8] based. The present work is based
on an expectation-maximization algorithm, which iteratively
conforms the image to the acquisition data. On the other hand,
compressed sensing theory is used to regularize the image, in
order to handle the noise and artifacts which arise from low-
dose acquisitions.

Iterative reconstruction is characterized by a high computa-
tional cost. In order to create software suitable for clinical ap-
plications, the proposed algorithm was partially implemented
on a GPU. This hardware allows the parallel execution of
multiple threads.

II. MATERIALS AND METHODS

The voxelized Nurbs-based Cardiac Torso (NCAT) phan-
tom [9] was used to generate human-like volumetric atten-
uation data. The numerical phantom contained the linear
attenuation coefficients of the tissues, denoted µj where j
is a unique identifier attached to the voxel. Projection data
were obtained with raytracing through the numerical phantom,
using Siddon’s algorithm [10]. The source was considered
punctual and the rays infinitely thin. Each ray was given a
unique identifier i. The exact radiological path was stored in
two vectors, one containing the attenuation lengths for each
ray lij and another containing the references to the traversed
voxels. To obtain a maximally compact dataset, the vector
lengths depended on the individual length of each ray. The
acquisitions were simulated for a narrow cone-beam geometry,
with a rectangular 320x9 detector.

The reduction of diagnostic radiation dose can be performed
through the reduction of the number of projections, but also
through the reduction of the number of incident photons per
projection. In order to simulate the effects of a reduced radia-
tion dose, a noise model was used to deteriorate the simulated
projection data. The noise associated with the photon statistics
follows a Poisson distribution. At the numbers of photons
involved in diagnostic radiology, the Gaussian distribution
represents a very good approximation [11]. Therefore, the
noise was modeled as an additive Gaussian process, with a
variance proportional to the signal intensity. In this work, the
detector intensity reading was considered as a sum of photon
counts, which is not exactly the case (see e.g. [12]).

The reconstruction was based on a data correspondence step
immediately followed by a regularization step. The attenuation
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assumed a mono-energetic photon beam

Yi = die
−ti , (1)

where Yi denotes the detector photon count, di denotes the
incident photons count and ti =

∑
lijµj . The data correspon-

dence step maximizes the following log-likelihood function:

L(µ) = −
∑

i

(die
−ti + Yiti). (2)

This function was show to possess a unique maximum [7] with
respect to µ, which corresponds to the best fit of the image
estimate to projection data Y . The solution is a transcendental
function and a good approximate solution is given by

µ
(n+1)
j = µ

(n)
j + µ

(n)
j

∑
i lij

[
y
(n)
i − Yi

]

∑
i lijt

(n)
i y

(n)
i

, (3)

where n denotes the iteration number and yi = die
−t(n)

i is the
estimated photon count [7]. It is possible that µ(n+1)

j < 0 even
if µ(n)

j > 0, so the non-negativity should be enforced [7]. As
shown by Kamphuis and Beekman, the convergence rate of the
algorithm can be accelerated by updating µ after projecting
and back-projecting only a few (e.g. two) projections in
sequence [13], [14]. The algorithm is known as the Ordered
Subsets Convex (OSC) algorithm:

µ
(n)
s+1 = µ(n)

s + µ(n)
s

∑
i∈S(s) lij

[
y
(n)
i − Yi

]

∑
i∈S(s) lijt

(n)
i y

(n)
i

, (4)

where s is the index of the subset and S is the function
generating the subsets of rays associated with the selected
projections. A full step is completed when all projections have
been used to update µ. For every sub-step, the authors suggest
to select the projection subset the farthest apart from all the
previously used projections. In the current simplified version
of S implemented, the algorithm performs a linear search for
the largest group of unused adjacent projections. If multiple
groups of the same size are found, one of them is selected
randomly to be projected and back-projected. The outcome
is similar to the one described in [14]. The frequent update
of µ introduces a slight bias in the solution [14]. However,
for the simulation parameters discussed below, this bias is
negligible compared to the levels of noise present in OSC
reconstructions.

The discrepancy between the attenuation model used in
OSC and noisy projection data is corrected through the use
of compressed sensing concepts. Each resulting image of a
full OSC iteration step is regularized within image space by
Total Variation (TV) minimization [15]. The total variation of
an image is a scalar defined as the sum of the values of the
norm of the gradient of the image. For a two-dimensional (2D)
image,

||µ||TV ≡
∑

a,b

|~∇µa,b| (5)

=
∑

a,b

√
(µa,b − µa−1,b)2 + (µa,b − µa,b−1)2,

where a, b are the pixel indices. The gradient is not defined at
the borders of the image and is set to zero, which is acceptable
for typical medical images, where the subject is relatively far
from the border. The total variation is minimized by iterative
gradient descent. The differentiation of the total variation is
rather cumbersome, and the final result in 2D is:

va,b =
2µa,b − µa−1,b − µa,b−1

[ε+ (µa,b − µa−1,b)2 + (µa,b − µa,b−1)2]1/2
(6)

− µa+1,b − µa,b
[ε+ (µa+1,b − µa,b)2 + (µa+1,b − µa+1,b−1)2]1/2

− µa,b+1 − µa,b
[ε+ (µa,b+1 − µa−1,b+1)2 + (µa,b+1 − µa,b)2]1/2

,

where v is the local value of the TV gradient and ε is a small
value that prevents division by zero [15]. The image regu-
larization is performed iteratively by subtracting the gradient
and calculating the new gradient. Sidky et al. [15] suggest 20
gradient steps like the following:

µ
(q+1)
a,b = µ

(q)
a,b − cdA

v
(q)
a,b√∑
a,b v

2
a,b

, (7)

where c is an empirical constant (0.2 suggested by Sidky et

al. [15]) and dA ≡
√
∑
a,b

(
µ
(n)
a,b − µ

(n−1)
a,b

)2
is the norm of

the difference between the images. This last correction factor
allows to regularize the image proportionally to the changes
induced by the latest correspondence step. One can note that
dA cannot be calculated after the first OSC iteration. In the
present work, no regularization is performed on the result of
the first iteration.

Beekman et al. [14] suggest to perform the OSC recon-
struction with a large number of subsets |S|i (e.g. 50 subsets
of 2 projections each for a 100-projection acquisition) and
reduce by a factor of ten the number of subsets for the final
iteration only, in order to suppress the artifacts caused by
the bias. On the other hand, the convergence rate of the data
correspondence step should be continuously reduced in order
to achieve better results when using the TV technique [15].
The latter is easily implemented for the OSC algorithm, by
simply reducing the number of subsets after each iteration.
The continuous function chosen is a decreasing square root,
scaled and translated in order to start at the maximum number
of subsets and finish at the minimum. The true number of
subsets is computed as follows:

|S|(n) = round

[
|S|i − |S|f√
nmax − 1

√
nmax − 1− n+ |S|f

]
, (8)

where |S|f is the final number of subsets and n ∈ [0, nmax−1].
As a result, the convergence rate is significantly reduced only
at the end of the reconstruction, to avoid compromising the
OSC acceleration.

The combined OSC-TV algorithm was implemented for
execution on NVIDIA R© GPUs using the CUDATM program-
ming interface. The OSC step is performed as follows: the
number of threads per block is equal to the maximum number
of voxels traversed by any ray. In future work, there is interest
into subdividing the rays into groups of similar length to avoid
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idle threads. For a ray, the corresponding lij , µ
(n)
s vectors and

the references to the voxels are loaded to the shared memory.
One block may treat as many rays as the cache memory
capacity permits – one to eight depending on the simulation
geometry and GPU hardware used. The backprojection step
requires to update voxel values, thus read/write operations per-
formed concurrently must be avoided. For a single projection,
it is known that radiological paths do not intersect physically
in the volume. However, rays directed towards two or more
contiguous detector bins can travel close enough to each other
to traverse the same voxel at some point. Using a worst-
case scenario, a computation method to find a "safe" distance
between detector bins was established. For the geometry used,
1/16th of the rays of a projection can be backprojected in
parallel. The projection and backprojection steps are integrated
in one kernel, which allows a single data load for both steps.
The TV regularization is performed in 2D for individual slices,
because the cone-beam is relatively narrow. The rays traverse
few different slices and they may be considered independent.
Each slice is subdivided into square regions loaded to the
shared memory blocks, typically 16x16 voxels. The number
of executed threads is equal to the number of pixels in a slice.
Each thread computes the va,b by consulting the neighbors
stored in shared memory. Other operations like matrix sums,
sums of all elements of a matrix or multiplication by a scalar
were performed using the Thrust [16] for CUDA library.

III. RESULTS AND DISCUSSION

Up to ten 256x256 slices could be reconstructed in a single
launch, limited by the size of the PC RAM. Fig. 1 shows
the reconstruction of a slice for different methods. The FDK
filtered backprojection displays characteristic radial streaking
due to the low number of projections, 100 in this case.
The Gaussian noise is also transferred to the image. The
OSC reconstruction alone yields an image free from streaking
artifacts. Since no noise management strategy is used, the
resulting image is noisy too. The OSC-TV reconstruction
yields the reconstruction closest to the reference image. The
structures are relatively uniform and the density values are
close to the phantom values since the additive noise is zero-
centered. However, the noise affects the shape of the bound-
aries of the structures. This effect is the major limitation of
the TV method, which is not based on the attenuation model
but on an image-space regularization criterion. The effects of
noise are exacerbated by using a narrow window-level setting.
The uniform regions of the phantom are "patchy" on the
reconstruction. The overall image quality is still superior to
the other methods, in these conditions. These results explain
the motivation for the reduction of the number of views.
The OSC-TV algorithm is able to eliminate the streaking
artifact for a few-view acquisition, while the noise remains
problematic. Moreover, the reduction of the number of views
allows a significant reduction of the dataset, accelerating each
reconstruction step by a constant factor.

The convergence of the OSC and OSC-TV methods were
compared. The convergence criterion studied is the normalized

Window-level [0-1] Window-level [0.6-0.8]

Reference data

FDK

OSC

OSC-TV

Fig. 1. Phantom and different reconstructions. The left column shows the
full span of gray values and the right – a narrow window-level setting. Note
the radial streaking and noise for FDK filtered backprojection. Note that only
noise remains for OSC iterative reconstruction. The noise is mostly suppressed
by OSC-TV reconstruction (bottom-left); however, uniform regions of the
phantom appear patchy when using a narrow density window (bottom-right).
The reconstructions are originally 256x256 voxels and are cropped here to
show the region of interest.

root-mean-square deviation (NRMSD), defined as follows:

NRMSD(n) ≡
(

1

µmax − µmin

)
√√√√
∑
j

(
µj − µ(n)

j

)2

jmax
, (9)

where µ denotes phantom voxel values and µ(n) the result
of the n-th iteration of the reconstruction algorithm. The
normalization is performed with respect to the phantom voxel

78 3rd Workshop on High Performance Image Reconstruction



0 2 4 6 8 10 12
10

-3

10
-2

10
-1

Iterations completed

N
R

M
S

D
 (

di
m

en
si

on
le

ss
)

OSC
OSC-TV

Fig. 2. Progression of the NRMSD error with completed iterations number.
Note the convergence towards a different solution for OSC, compared to a
steady but slowing convergence of OSC-TV.

values extrema. The progression of NRMSD is shown in
Fig. 2. The OSC algorithm converges towards the phantom (to
zero-error) only for two iterations, and then converges towards
another image consistent with the noisy data. The OSC-TV
algorithm shows a steady convergence towards the reference
data. Approximately ten iterations are necessary to obtain a
stationary solution.

The contrast-to-noise ratio was also measured. The regions
of interest were 15x15 voxels, taken from the central slice,
within muscle and lung areas known to be uniform in the
phantom. The results are respectively 5.27, 13.2 and 125 for
the FDK, OSC (result of 2nd iteration) and the final result of
OSC-TV. The OSC-TV algorithm outperforms the FDK by a
factor of more than 20. However, this metric does not reflect
how the organ boundaries are affected by noise.

The OSC-TV algorithm implementation was benchmarked
in terms of reconstruction time. Reconstructions were per-
formed on a NVIDIA R© Tesla C2050 GPU, using single-
precision floating point operations. The total reconstruction
time for the acquisitions discussed above (slices of 256x256
voxels, 100 projections) was of 0.185 s per slice. The recon-
struction of a helical narrow cone-beam acquisition over 256
slices would then require approximately one minute.

A wide cone-beam problem will increase the complexity
of the problem with the raytracing of oblique rays. To strike
a good balance between acquisition time and reconstruction
time, it is possible to acquire the image with a relatively
narrow cone-beam e.g. 16 detector rows and a carefully chosen
CT pitch. The radiological path data will be relatively compact
and reusable for all slices via simple translation in axial
direction. The cone-beam problem for a system composed of
a non-translated source and a large acquisition panel cannot
be simplified in this way. Current optimization consists of
expressing the OSC algorithm in a form more suitable for
implementation on GPU. The goal is to reduce the dataset
required to model a wider beam.

IV. CONCLUSION

The present study has shown the potential of the combined
OSC-TV reconstruction algorithm to reduce the diagnostic
CT dose by a factor of up to an order of magnitude, de-
pending on the application. This algorithm delivers accurate
reconstructions in presence of noise, while requiring fewer
projections. The use of GPU demonstrates the capacity to
reduce reconstruction time. Current work focuses on further
image quality evaluation, including reconstruction of more
realistic data samples, as well as code optimization intended
to accommodate wider beams and higher volume resolutions.
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Cone-beam ROI Reconstruction using the Laplace Operator
Frank Dennerlein

Abstract— A novel filtered-backprojection (FBP) algorithm for
3D reconstruction in the circular geometry is presented. This
algorithm achieves data filtering in two steps. The first step
is a 2D Laplace filtering of the projections, which acts locally
on the data and can thus be carried out accurately even in
presence of (transaxial) data truncation. In a second step, a non-
local 2D filtering operation is applied on the outcome of step
1. First simulation studies show that our algorithm is implicitly
more resistant to truncated projections than many standard FBP
methods without the need to involve an explicit data extrapolation
scheme.

I. INTRODUCTION

Cone-beam X-ray computed tomography (CB-CT) has be-
come a widely-used imaging technology with various appli-
cations in the medical field, in the field of non-destructive
testing and in the security sector. Practically-available flat-
panel volumetric CT scanners can provide 3D images from
projections obtained during a single rotation of the system
around the stationary object. In most such scanners, 3D recon-
struction is carried out using analytical filtered-backprojection
(FBP) algorithms, such as the Feldkamp algorithm [1]. These
algorithms are both efficient and robust and also yield high
image quality in the practical application [2].

Achieving high image quality becomes more difficult, how-
ever, when projections are truncated, particularly when only a
portion of the entire width of the object was captured during
acquisition. Truncated projections can be caused by limitations
in the detector size, but also by a narrow collimation of the
X-ray beam just to the region of interest. The straight-forward
application of a filtered-backprojection method on truncated
data typically causes inacceptable high-intensity artifact struc-
tures in the reconstruction results close to the boundaries of
the field-of-view.

While some specific scenarios of truncation still allow ac-
curate reconstruction using dedicated analytical reconstruction
methods [3], [4], other truncation cases can only be tackled
in practice using approximate methods. The most common
approach is to try to extrapolate in each projection image the
measured values explicitly beyond the image boundaries in
case of truncation and to perform conventional reconstruction
from the extrapolated projections; see e.g. [5], [6].

In this paper, we suggest an approximate truncation
resistant algorithm for computed tomography (ATRACT) that
does not require an explicit extrapolation of projection data,
but nevertheless achieves similar results than the extrapolation
methods in case of data truncation. Section II presents the
notation and the convential Feldkamp reconstruction method.
ATRACT is derived and discussed in section III, and numerical
reconstruciton results from simulated CB data are presented in
section IV. The paper ends with discussions and conclusions,
in section V.

Siemens AG, Healthcare Sector, Corresponding author: Frank Dennerlein,
E-mail: frank.dennerlein@siemens.com. The concepts presented in this paper
are based on research and are not commercially available. The author would
like to thank Dr. B. Scholz and Dr. G. Lauritsch (both Siemens AG) and Dr.
F. Noo (Univ. of Utah) for discussions about this manuscript.

II. PRELIMINARIES

A. Geometry and Notation

The presentation in this paper is based on the planar, circular
acquisition geometry with a flat detector, as displayed in Fig. 1.
We denote the spatial distribution of the object density with the
function f(x) where x = (x, y, z) and assume that the X-ray
source moves along the trajectory a(λ) = (R cos λ,R sinλ, 0)
during the scan. The quantity λ then corresponds to the
azimuthal angle of the source and R to the scan radius. Data is
acquired with a planar 2D detector that is parallel to the vectors
eu(λ) = (− sin λ, cos λ, 0) and ev(λ) = (0, 0, 1), orthogonal
to ew(λ) = (cos λ, sinλ, 0) and at distance D from the
source. Points on the detector are specified using u = (u, v),
where u and v are coordinates measured along the axes eu(λ)
and ev(λ), respectively. The point u = (0, 0) is set to the
orthogonal projection of a(λ) onto the detector. We assume
that a rectangular detector is used that measures radiation on
all points u ∈ D with D = [−um, um] × [−vm, vm] .

Data acquisition in this geometry then yields a function

g(λ, u, v) =

∫ ∞

0

f (a(λ) + tα(λ, u, v)) dt (1)

where α(λ, u, v) is the unit direction vector of the ray con-
necting a(λ) with the point u on the detector plane. CB data
at fixed λ and with u ∈ D will here be called one projection
image.

Fig. 1. 3D circular cone-beam acquisition geometry with a flat detector.

For each λ, we introduce the set Ωλ = {u | g(λ, u, v) ̸= 0}
that describes the shadow of the object on the detector plane
for the projection λ; see Fig. 2. If Ωλ ∈ D, we will call
the projection image non-truncated. If Ωλ exceeds the area
D (along u), we will call the the projection (transaxially)
truncated. Furthermore, let us use hR(·) and hH(·) to denote
the spatial representation of the ramp filter kernel and the
Hilbert filter kernel, respectively.
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B. Feldkamp reconstruction
The Feldkamp algorithm [1] is a popular method for to-

mographic image reconstruction in the circular CB geometry
described above. Feldkamp’s method computes an estimate
f (FDK)(x) of the object function f(x) by backprojecting
filtered projection data gF according to

f (FDK)(x) =

∫ λ2

λ1

RD

[R − x · ew(λ)]
2 gF (λ, u∗, v∗) dλ. (2)

Here, u∗ and v∗ describe the coordinates of the CB projection
of x onto the detector and gF is defined for transaxially non-
truncated data as

gF (λ, u, v) =

∫ ∞

−∞
hR(u − u′)g1(λ, u′, v) du′. (3)

The function g1 corresponds to the weighted CB data

g1(λ, u, v) =
D m(λ, u)√
D2 + u2 + v2

g(λ, u, v). (4)

For reconstruction from a full circular scan, the function
m is given as m(λ, u) = 0.5. For reconstruction from a
partial circular scan, m(λ, u) is usually set heuristically to a
Parker-like weighting function to approximately equalize the
redundancies in the CB data set [7], [8].

Note that the convolution in (3) is not affected by axial
truncation, but that the Feldkamp filter operation applied on
the measured data inside D only allows us to compute

g
(FDK)
F (λ, u, v) =

∫

|u|≤um

hR(u − u′)g1(λ, u′, v) du′. (5)

The difference between this computable g
(FDK)
F and the func-

tion gF as defined in (3) becomes 0 only along the lines v0 for
which g1(λ, u, v0) = 0 for all |u| > um. Since the distribution
of values of g1 inside Ωλ typically strongly deviates from
0, however, this condition is usually significantly violated
in presence of transaxial data truncation. Because of this
and because of the infinite support of hR(u), transaxial data
truncation along a specific line prohibits a correct computation
of gF along this entire line, and thus creates truncation artifacts
in the reconstructions.

Fig. 2. Illustration of the 2D flat panel detector. An arbitrary line on the
detector (e.g., the one indicated as bold black) can be parameterized using
the angle µ between the line normal vector and the u-axis and the distance
|s| between the line and the origin u = (0, 0).

A common way to reduce truncation artifacts is to explicitly
extrapolate the measured CB data prior to the filtering opera-
tion. This requires an estimation of the values of g(λ, u, v) at
points that are inside Ωλ but outside D. Several data extrap-
olation schemes have been suggested that produce satisfying
results [6], but all these methods require an additional heuristic
data extrapolation step.

III. RECONSTRUCTION THEORY

We now derive a new reconstruction algorithm for the
circular CB geometry that we call ATRACT and that has the
goal to also achieve satisfying results without the need for
explicit data extrapolation.

A. Concept 1: Modification of Filter Operation

The ATRACT method follows the scheme of equations
(2) and (4) in section II-B, but uses an alternative method
to achieve the filtering defined in (3). Let us for simplicity
focus on the single CB projection at λ = λ0 only and assume
that this projection is non-truncated. As demonstrated in the
appendix A of [9] and in [10], the outcome of 1D ramp
filtering (in u) of this weighted projection g1 can also be
obtained through the following 2D operations:

Step 1: Computation of the 2D Radon transform of g1 using
the notation defined in the caption of Fig. 2 over the range
s ∈ [−∞, ∞] and µ ∈ [0, π)

p1(µ, s) =

∫∫

Ωλ

g1(λ0, u, v)δ

(
u ·

(
cos µ
sinµ

)
− s

)
du (6)

Step 2: Differentiation of p1 with respect to s

p2(µ, s) =
∂

∂s
p1(µ, s) (7)

Step 3: Weighting of p2

p3(µ, s) = − 1

2π

R

D
| cos µ| p2(µ, s) (8)

Step 4: Convolution of p3 with the Hilbert kernel hH(s)

p4(µ, s) =

∫ ∞

−∞
hH(s − s′)p3(µ, s′) ds′ (9)

Step 5: Computing the inverse 2D Radon transform of p4

gF (λ0, u, v) = p5(u, v) = R−1{p4(µ, s)} (10)

The operator R−1 in (10) denotes the inverse of the 2D
Radon transform in parameters µ, s. This operation could be
implemented using the classical, ramp-filtered FBP algorithm;
see [2] and others. Here, however, we will apply a different 2D
Radon inversion formula that will allow us to simplify some
of the steps listed above.
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B. Concept 2: Alternative 2D Radon inversion
In this section, we present a novel algorithm for the inverse

2D Radon transform operator R−1 that occurs in step 5 of
the previous section. For convenience, let p(µ, s) := p4(µ, s)
be the intermediate filter result defined in (9). Let furthermore
pR(µ, s) and pH(µ, s) denote the outcomes of the 1D convo-
lutions of p(µ, s) with the ramp kernel hR(s) and the Hilbert
kernel hH(s), respectively.

Starting from the classical, ramp-filter based 2D Radon
inversion formula [2], we can develop

R−1{p} =

∫ π

0

pR(µ, s∗)dµ (11)

=
1

2π

∫ π

0

∂2

∂s2
PH(θ, s)

∣∣
s=s∗dµ (12)

with s∗ = u cos µ + v sin µ and with PH denoting the
antiderivative of pH in s:

PH(µ, s) =

∫ s

−∞
pH(µ, s′)ds′. (13)

In this derivation, we used the facts that (∂/∂s)PH(µ, s) =
pH(µ, s) and that (∂/∂s)pH(µ, s) = 2πpF (µ, s). Differenti-
ating parts of the integrand in (12) twice with respect to u
yields

∂2

∂u2
PH(µ, s)

∣∣
s=s∗ =

∂2

∂s2
PH(µ, s)

∣∣
s=s∗ cos2 µ (14)

and the corresponding operation with respect to v gives

∂2

∂v2
PH(µ, s)

∣∣
s=s∗ =

∂2

∂s2
PH(µ, s)

∣∣
s=s∗ sin2 µ. (15)

The combination of these two findings (14) and (15) yields
(

∂2

∂u2
+

∂2

∂v2

)
PH(µ, s∗) =

∂2

∂s2
PH(µ, s)

∣∣
s=s∗ , (16)

which can be substitututed into (12), to finally obtain

R−1{p} =

(
∂2

∂u2
+

∂2

∂v2

)∫ π

0

1

2π

∫ s∗

−∞
pH(µ, s′)ds′dµ.

(17)
According to (17), the inverse of the 2D Radon transform of
p(µ, s) can thus be obtained through: (i) Hilbert filtering of p
in s, (ii) computing the antiderivative in s of this filter result,
(iii) backprojecting this antiderivative into the image domain
and (iv) computing the 2D Laplacian of the backprojection
image.

C. Novel 3D Cone-beam Reconstruction Formula
Using the findings described above, we can substitute (17)

into (10) and then simplify and rearrange the resulting filter
operation from section III-A. Note in this context that the two
Hilbert convolutions in R−1 and in (9) cancel each other and
that similarly, the computation of the antiderivative cancels
the differentiation in (7). Note also that the 2D Laplace
operator in (17) can already be applied before computing
the 2D Radon transform in step 1 of section III-A, i.e.,
directly on g1. The application of the resulting filter operation
together with equations (2) and (4) then yields the new CB
reconstruction algorithm ATRACT, which can be written as

Step 1: Cosine- and Parker-like weighting as in (4)

g1(λ, u, v) =
D m(λ, u)√
D2 + u2 + v2

g(λ, u, v) (18)

Step 2: 2D Laplace filtering (local operation)

g2(λ, u) =

(
∂2

∂u2
+

∂2

∂v2

)
g1(λ, u, v) (19)

Step 3: 2D Radon-based filtering (global operation)

gF (λ, u, v) =
1

4π2

R

D

∫ π

0

| cos µ|g3(λ, µ, s∗) dµ (20)

where s∗ = u cos µ + v sin µ and where

g3(λ, µ, s) =

∫

Ωλ

g2(λ, u)δ

(
u ·

(
cos µ
sinµ

)
− s

)
du (21)

Step 4: 3D Cone-beam backprojection

f (ATRACT)(x) =

∫ λ2

λ1

RD

[R − x · ew(λ)]
2 gF (λ, u∗, v∗) dλ (22)

Note that f (FDK) and f (ATRACT) are mathematically identical
for non-truncated CB data but that ATRACT and Feldkamp’s
method perform differently for reconstruction from truncated
data. An intuitive reason for that is that the filtering operation
in our new FBP formula consists of a purely local and a
subsequent global component. The local component in (19)
produces the intermediate function g2 that can be obtained
accurately for all points in D, even in presence of data
truncation. Data truncation thus only affects the integration in
(21) that can then only be evaluated over u ∈ D, yielding an
approximate filtered projection g

(ATRACT)
F . Note, however, that

the values of g2 are by construction much closer distributed
around 0 in most regions throughout Ωλ than the values of
g1. We thus hypothesize that the restriction of the integration
domain in (21) does not significantly change the outcome of
the total filter operation.

IV. NUMERICAL EVALUATION

We now briefly evaluate our new algorithm from section III-
C, and compare its performance to that of the Feldkamp
method. All reconstructions are here based on simulated
CB data of the FORBILD head phantom [11] to which we
added noise while assuming an emission of 200000 X-ray
photons per ray. First, reconstruction was carried out from non-
truncated data using a circular short-scan (Experiment A). In
Experiment B, we reconstructed from full-scan CB data that
was truncated at all detector boundaries in each projection
image. Note that both experiments involved a scan radius
R = 750 mm and a square detector that was virtually placed at

TABLE I
GEOMETRY PARAMETERS

Exp. A Exp. B
scan interval 240◦ 360◦

angular increment 1◦ 1◦
detector pixel size ∆u = ∆v 0.7 mm 0.35 mm

detector size um = vm 154 mm 49 mm
voxel size ∆x = ∆y = ∆z 0.5 mm 0.25 mm
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Fig. 3. Experiment A: Slices through the short-scan reconstructions (240
degrees) obtained from non-truncated CB data using (left) Feldkamp and
(right) the new method, visualized in the window [0; 100] HU. (Top) Slice
z = 0 mm, (bottom) slice z = 30 mm.

the z-axis, so that D = 750 mm; additional simulation param-
eters are listed in table I. The Feldkamp reconstruction were
obtained using a smooth kernel with Gaussian apodization.
ATRACT was implemented using the discretization ∆µ =
0.25◦ and ∆s = 0.3 mm (in Exp. A) or ∆s = 0.15 mm (in
Exp. B), resp.

Fig. 3 presents the results of experiment A, which indicate
that the both methods perform very similar for reconstruction
from non-truncated data. Visually, we observe no significant
difference in the noise-resolution behavior and also no differ-
ence in terms of CB artifacts.

Fig. 4 displays the results of Experiment B: it shows the
filtered projections g

(ATRACT)
F and g

(FDK)
F for λ = 0◦ next

to the reconstructed slice z = 0 mm. For comparison, this
figure also presents the results obtained with the Feldkamp
method after constant extrapolation in u of CB data along
each truncated detector line. We observe that among the 3
described approaches, ATRACT handles data truncation in a
visually most robust way; it allows us to recover nicely the
homogeneous background region inside the phantom, whereas
the Feldkamp methods clearly show a radial gradient in the
axial slice. Interestingly, ATRACT seems to react to truncation
with a globally almost constant offset on the reconstructed
densities and this offset can be nicely compensated by adapting
the grayscale window during visualization.

V. DISCUSSION AND CONCLUSION

In this paper, we presented a novel approximate, truncation
resistant algorithm for computed tomography (ATRACT). This
algorithm, which was derived for the circular CB geometry,
requires as a first filtering operation the application of the
2D Laplace transform on the projection images. From non-
truncated short-scan and full-scan data, the ATRACT algo-
rithm yields results that are identical to those obtained with
Feldkamp up to discretization effects. An important feature
of our new algorithm, however, is that it can effectively
suppress the structured artifacts that are caused by transaxial
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Fig. 4. Experiment B: Reconstruction from severely truncated, full-scan CB
data, for (top) Feldkamp (center) Feldkamp with constant extrapolation and
(bottom) the new method. (Left) The filtered projection images at λ = 0◦ and
with u ∈ D and (right) the reconstructed slices at z = 0 mm in the window
of width 800 units on the Hounsfield scale.

truncation, without involving an explicit data extrapolation
scheme. First experiments using the FORBILD head phantom
show that ATRACT yields visually very promising results
from severely transaxially-truncated data. In that scenario, it
even outperforms the Feldkamp method that applies constant
data extrapolation to resolve the truncation. Our algorithm
may thus be a viable candidate for practical region-of-interest
tomography applications, but further studies are needed.
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A new hybrid-FBP inversion algorithm with inverse distance
backprojection weight for CT reconstruction

A V Narasimhadhan and Kasi Rajgopal

Abstract— This paper presents a new hybrid filtered backpro-
jection (FBP) algorithm for fan-beam and cone-beam scan. The
hybrid reconstruction kernel is the sum of the ramp and Hilbert
filters. We modify the redundancy weighting function to reduce
the inverse square distance weighting in the backprojection to
inverse distance weight. The modified weight also eliminates the
derivative associated with the Hilbert filter kernel. Thus, the
proposed reconstruction algorithm has the advantages of the
inverse distance weight in the backprojection. We evaluate the
performance of the new algorithm in terms of the magnitude
level and uniformity in noise for the fan-beam geometry. The
computer simulations show that the spatial resolution is nearly
identical to the standard fan-beam ramp filtered algorithm
while the noise is spatially uniform and the noise variance is
reduced.

I. INTRODUCTION

The ramp-FBP reconstruction algorithms have advantages
such as good spatial resolution, computational efficiency,
simplicity in implementation, and tailoring the ramp kernel
for different clinical applications. It has been noticed that
the weight in backprojection step is source of noise increase
[1], [2]. Algorithms have been developed to improve the
noise performance [3], [4], [5] of the fan-beam ramp-FBP
reconstruction algorithms. On the other hand a new class of
Hilbert filtering based Hilbert-FBP reconstruction algorithms
[6], [7], [8] have emerged which have some new properties
such as spatial uniformity in noise and reduced divergent
beam artifacts due to inverse distance weight or no weight
in the backprojection. It has been shown that Hilbert-FBP
algorithms show loss of resolution compared to conventional
ramp-FBP algorithm due to smoothing introduced by approx-
imation involved in implementing the derivative [9], [10].

This paper presents a new hybrid-FBP algorithm for
fan-beam reconstruction where the hybrid filter consists of
a ramp and Hilbert filters with inverse distance position
dependent weight in the backprojection. The algorithm is
further extended by heuristic extrapolation to helical FDK
algorithm to obtain approximate 3D reconstruction algo-
rithm. The elimination of derivative associated with Hilbert
filter avoids any loss of resolution due to discretization
of derivative operator by two- or three-point difference.
The proposed algorithm has better uniformity of noise and
resolution properties and reduces divergent-beam artifacts.
The spatial uniformity in noise and increase in computational
efficiency is obtained due to the inverse distance weight in
the backprojection.

The paper is organized as follows. In section 2, we intro-
duce notation for the fan-beam scan geometry followed by
two inversion formulae. Section 3 gives the new hybrid-FBP

RU

y

x

s

Source

Detector

u

u

L

γ

n
e

0

g(   ,u)λ

FOV

u

λ)a(

θf

γ*

x
λ

( λ)u

ew
(λ)

δ

δ

Fig. 1. Equispaced fan-beam scanning geometry and relation with parallel-
beam geometry given by parameters ~n and s. ~θf represents the direction
of ray, which is to be measured. The vectors ~eu(λ) and ~ew(λ) span the
detector co-ordinates.

algorithm and is extended to cone-beam geometry in Section
4. In Section 5, we present the numerical evaluation of the
algorithm and it is followed by discussion and conclusion in
Section 6.

II. NOTATION AND BACKGROUND

Figure 1 shows equi-spaced fan-beam geometry and re-
lated parameters. Let f(~x) with ~x = (x, y) be the object
density to be reconstructed and g(λ, u) be the equi-spaced
detector fan-beam projection data collected with a circular
scan trajectory. In circular scan tomography, the source
follows a circular trajectory which is parameterized by an
angular parameter λ given by ~a(λ) =

(
R0 cosλ,R0 sinλ)

where R0 is the radius of the circle, λ represents the angle
of rotation of the source-detector assembly.

The fan-beam FBP-type inversion algorithms have been
derived by using relation between the parallel-beam and fan-
beam parameterization given in [11]. Two inversion formulae
are given here. The first one is standard ramp-FBP formula
for reconstruction from fan-beam equi-space detector projec-
tions g(λ, u), given by

f(~x) =

∫

∧

dλ
R2

0

L2
gF (λ,U(x, y, λ) (1)

where

U(x, y, λ) =
R0(−x sinλ+ y cosλ)

(R0 − x cosλ− y sinλ)
(2)
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and
L(x, y, λ) = (R0 − x cosλ− y sinλ). (3)

The ray defined by (λ,U(x, y, λ)) contains the point (x, y),
L is the distance from source position obtained by projecting
the point (x, y) the on ray passing through the origin. The
filtered projections gF are given by

gF (λ,U(x, y, λ) =

um∫

−um

duhR(u
′−u)w(λ, u) R0√

R2
0 + u2

g(λ, u)

(4)
where hR(u) is the ramp-filter kernel,

hR(u) =

∞∫

−∞

dω|ω|exp(j2πωu). (5)

The second inversion formula is a hybrid-FBP reconstruc-
tion formula given by [9]. It is derived by Kudo et al. using
the Hamaker’s relation [12] between the Hilbert transforms
of the fan-beam and parallel-beam projections

f(~x) =

∫

∧

dλ
R2

0

L2
(w(λ,U)gR(λ,U)+

∂ w(λ,U)

∂u

∣∣∣∣∣
u=U

gH(λ,U))

(6)
where U = U(x, y, λ) is as defined in (2), and the two
filtered fan-beam projections are given by

gR(λ, u
′) =

um∫

−um

duhR(u
′ − u) R0√

R2
0 + u2

g(λ, u) (7)

and

gH(λ, u′) =
1

2π

um∫

−um

duhH(u′ − u) R0√
R2

0 + u2
g(λ, u) (8)

where hH(u) is the kernel of Hilbert filter.
The weighting function w(λ, u) allows for explicit han-

dling of redundancies in the fan-beam data. Equation (6) is
the key to the derivation of the new hybrid-FBP fan-beam
reconstruction algorithm in the next section.

III. HYBRID FILTERING ALGORITHM WITH INVERSE
DISTANCE BACKPROJECTION WEIGHT

In the second inversion algorithm, the redundancy weight-
ing can be applied in the image domain as part of the
backprojection step. This allows flexibility in defining the
redundancy weight for each point individually. We propose
to modify the redundancy weighting function to obtain back-
projection with an inverse distance weight. The derivative
associated with the redundancy weight in the second term
in (6) is eliminated by using the Dennerlein’s redundancy
weight function.

Let w′ be the modified redundancy weight function defined
as

w′ =
w(λ,U)

L
, (9)

then the equation (6) can be rewritten as

f(~x) =

∫

∧

dλ
R2

0

L
(w′gR(λ,U) +

∂ w′

∂u

∣∣∣∣∣
u=U

gH(λ, U)) (10)

Dennerlein et al. [8] has suggested the valid redundancy
weight given by

w(λ, γ∗) = ||~x− ~a(λ)||
2R0 cos γ∗

(11)

and proved that w(λ, γ∗) +w(λc, γc∗) = 1. The parameters
λc and γc∗ represents the redundancy line of the correspond-
ing line at λ and γ∗. By using equation (11), Dennerlein
et al. [8] derived fan-beam algorithm without backprojection

weight. We have ||~x−~a(λ)|| = L

cos γ∗ , which is the distance

from source position to image point to be reconstructed,
where γ∗ = arctan(U/R0). Substituting this in (11), the
w′ can be written as

w′ =
R2

0 + U2

2R3
0

. (12)

The derivative of the w′ is given by

∂w′

∂u

∣∣∣∣∣
u=U

=
U

R3
0

. (13)

The new hybrid-FBP inversion formula with inverse distance
weight and derivative free Hilbert filter is obtained by sub-
stituting (12 and 13) in (10), given by

f(~x) =

∫

∧

dλ
R2

0

L
(gR(λ,U) + gH(λ, U)) (14)

where U(x, y, λ) is given by equation (2), gR(λ, u),
gH(λ, u)) are given below.

gR(λ, u) = (hR(u) ∗ (
1√

R2
0 + u2

g(λ, u)))
R2

0 + u2

2R2
0

(15)

gH(λ, u)) =
1

2π
(hH(u) ∗ ( 1√

R2
0 + u2

g(λ, u)))
u

R2
0

(16)

The new algorithm has identical resolution properties as
the ramp-FBP algorithm. At the same time, it also gives
better uniformity in noise and increase in computational
efficiency due to the inverse distance position dependent
weight in the backprojection.

IV. EXTENTION TO HELICAL CONE-BEAM GEOMETRY

The new fan-beam inversion algorithm can be extended
to the cone-beam geometry using the known heuristic ap-
proaches that are used in deriving approximate cone-beam
inversion solutions. The heuristic approach involves 1D fil-
tering of projections along the detector rows followed by
cone-beam backprojection from the 2D planar projections.
This approach has been successfully shown to work well
for smaller cone angles in both circular and helical scan
reconstructions [13], [14].
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TABLE I
FAN-BEAM IMAGING PARAMETERS

Imaging Parameter Value
Number of pixels (Npic) 5122

Object radius (R) 250 mm
Scanning radius (R0) 570 mm
Source to detector distance (D) 1140 mm
Detector element size (∆u) 1.65 mm×1.65 mm
Number of Detector columns (N ) 672
Number of views over 2π 1160

In the fixed coordinate system (x, y, z), the X-ray source
location can be expressed as

~a(λ) =
(
R0 cosλ,R0 sinλ,

P

2π
λ) (17)

where R0 denotes the distance between the X-ray source
and the rotation axis (i.e. the z-axis), the pitch length, P ,
indicates the translation distance of the imaged subject along
the z-axis during one full turn of the source. Let f(~x) be
the 3D object function, where ~x = (x, y, z)T denotes a
particular location in the image space. The helical cone-beam
projections g(λ, u, v) using flat panel detector is a function
of u, v and λ.

A. Extending proposed algorithm to helical cone-beam data

The proposed fan-beam algorithm can also be extended
to helical cone-beam data and is given by for a particular z
slice

f(~x) =

z

h
+π
∫

z

h
−π

dλ
1

L
(gR(λ,U, V ) + gH(λ,U, V )) (18)

where gR, gH , U , V and h are given by

gR(λ, u, v) = (hR(u)∗(
R0√

R2
0 + u2 + v2

g(λ, u, v)))
R2

0 + u2

2R3
0

(19)

gH(λ, u, v) =
1

2π
(hH(u)∗( R0√

R2
0 + u2 + v2

g(λ, u, v)))
u

R3
0

.

(20)

U(x, y, λ) =
R0(−x sinλ+ y cosλ)

(R0 − x cosλ− y sinλ)
(21)

V (x, y, z, λ) =
R0(z − hλ)

R0 − x cosλ− y sinλ
(22)

h =
P

2π
(23)

V. NUMERICAL EVALUATION STUDIES

A. Fan-Beam scan parameters

The fan-beam scan parameters used in the simulations are
given in Table. I.

B. Image quality

We evaluate the quality of image in terms of noise and
resolution properties.
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Fig. 2. The comparison of local PSF between the (a) Standard fan-beam
and (b) Proposed fan-beam algorithm

1) Resolution performance: To obtain the PSF (point
spread function) at different locations of ~x, 11 cylindrical
objects with tiny circular base of radius 0.15 mm were
placed along the positive x-axis. Cylindrical objects are
assumed to be 2D delta function. Many geometric factors
affect image quality in fan-beam tomography in practice,
such as focal spot size, the anode angle, the size of detector
elements, the type of x-ray emission (pulse or continuous)
and the source-to-origin distance . For the simulation of fan-
beam data of high density (500HU) cylindrical objects, we
discretize the detector pixel and source (focal spot) 11× 11
and 3×3 respectively rather than a single point. To simulate
continuous X-ray emission during acquisition of PSF data,
five different projections were simulated for each fan-beam
projection uniformly spaced around the nominal position for
the desired projection. Totally, we simulate 5445 line integral
to compute the PSF data.

The PSF estimate at specific position of interest ~x was
obtained on a Cartesian grid of 512 × 512 square pixels of
side 0.005 mm. To measure the spatial extent of the PSF
in all directions, we plot the PSF profile along radial lines
as function of some angle β with the x-axis. We computed
the mean and standard deviation of FWHM for all values
of β uniformly sampled over the interval [0 2π). The fig.
2 shows the mean and standard deviation of the FWHM
measured from the reconstructed PSF at uniformly spaced
locations along x-axis. It is verified that the resolution level
(FWHM) of the proposed fan-beam algorithm and resolution
level of standard fan-beam algorithm are identical since both
algorithms are free from derivative term and rebinning.

2) Noise Performance: The noise performance analysis
should be done at a matching resolution. It is seen from fig. 2
that the resolution is identical in proposed and standard fan-
beam algorithms. We simulate noisy projection data using
a cylindrical phantom of constant density 1000 HU with
Poisson noise based on an emission of N0=3× 106 photons.
The noise uniformity was quantified by measuring the noise
mean and standard deviation of the reconstructed image
within circular ROIs along the circular path and along the
diameter as shown in fig. 3(a) and 3(b).

It is observed from fig. 4(a) and (b) that the mean variation
of the noise along both angular and radial directions is signif-
icantly less in the case of the proposed fan-beam algorithm
compared to conventional fan-beam algorithm. Similarly, the
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(a) (b)

Fig. 3. Noise uniformity study using simulated noisy water cylindrical
phantom. Noise mean and standard deviation are measured with in ROIs
located (a) along the circular path and (b) along the diameter.

0 100 200 300 400
997

998

999

1000

1001

1002

1003

ROI angle, degrees

M
ea

n
 v

al
u

e,
 H

U

 

Conventional
Proposed

−300 −200 −100 0 100 200 300
997

998

999

1000

1001

1002

1003

Distance,mm

M
ea

n 
va

lu
e,

 H
U

 

Conventional
Proposed

(a) (b)

0 100 200 300 400

4

6

8

10

12

14

ROI angle, degrees

S
td

 D
ev

 

Conventional
Proposed

−300 −200 −100 0 100 200 300

4

6

8

10

12

14

Distance,mm

S
td

 D
ev  

Conventional
Proposed

(c) (d)

Fig. 4. Comparison of mean and standard deviations of reconstructions with
standard and proposed fan-beam algorithms from noisy projection data. (a)
Angular and (b) radial variation of mean value. (c) Angular and (d) radial
variation of standard deviation.

plots in fig. 4(c) and (d) show that the standard deviation
is reduced considerably and is also more uniform in case
of proposed algorithm. We observe in fig. 4 that there is
uniformity of noise spatially both along radial as well as
angular distances in the proposed algorithm than in standard
fan-beam algorithm. This is attributed to the inverse distance
backprojection weight.

C. Cone-beam artifacts

The approximations in the derivation of standard FDK
and proposed FDK methods lead to contamination of re-
construction by cone-beam artifacts. To show the cone-beam
artifacts, helical scan projection data has been simulated
for the modified clock phantom. Fig. 5 shows two types
of artifacts: windmill artifacts and cone artifacts. Wind-mill
artifacts are caused by aliasing in the z-direction of the
detector, and look like alternating dark and bright streaks
extending radially from the upper and lower ends of the
spheres. The cone-artifacts in fig. 5 show up as pairs of
dark and bright regions extending from the spheres. It is
observed that the cone-beam artifacts are slightly less using
the proposed FDK algorithm.

(a) (b)

Fig. 5. Cone-beam artifact comparsion between the standard Helical FDK
(a) and Proposed Helical FDK (b). Simulation uses pitch value 31.25 mm

VI. CONCLUSION

In this work, we proposed a new hybrid-FBP inversion
algorithm with inverse distance weight in backprojection for
fan-beam and cone-beam reconstructions in 2D and 3D CT
respectively. The algorithm also eliminates the derivative in
the Hilbert filtering term. In terms of computational complex-
ity, proposed algorithm is better than conventional fan-beam
algorithm because proposed algorithm uses inverse distance
weight. The proposed algorithm does not have any processing
steps affecting the resolution, therefore the resolution is
identical to standard fan-beam algorithm. Comparing with
reconstructed image using standard helical-FDK, the cone-
beam artifacts are slightly less in the reconstructed image in
the proposed method.
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Two-Sheet Surface Rebinning Algorithm for Real
Time Cone Beam Tomography

Marta M. Betcke and William R.B. Lionheart

Abstract—The Rapiscan RTT80 is an example of a fast cone
beam CT scanner in which the x-ray sources are fixed on a
circle while the detector rows are offset axially on one side of
the sources. Reconstruction for this offset truncation presents a
new challenge and we propose a method using rebinning to an
optimal two-sheet surface.

Index Terms—Cone beam CT, rebinning, surface rebinning

I. INTRODUCTION

The importance of high speed acquisition of the CT data
is clear. In medical applications for instance cardiac or lung
imaging at present require gating techniques to keep up with
the rapid motion of the organ, which however diminish the
quality of the reconstructed images. In other time critical ap-
plications such as security screening of luggage faster scanners
mean lower equipment costs. The main speed limiting factor
in the state of the art cone beam scanners is the mechanical
motion of the gantry. One way to speed up data acquisition
is to replace the mechanically rotating gantry by a stationary
ring of sources, which can be quickly switched electronically,
and multiple stationary rings of detectors. This configuration is
used on the Rapiscan RTT80 luggage scanner. However, as a
consequence of this design no detectors can be placed opposite
to the source. In fact due to engineering and cost factors in the
RTT80 the detectors are installed only on one side of the ring
of sources and their axial offset from the plane of sources is
substantial (of the order of the detector axial length), see Fig.
1. This new geometry requires new reconstruction algorithms
different from those devised for the standard cone beam CT.

In this contribution we present a two-sheet surface rebinning
algorithm for this new type of CT with a cone beam that
is truncated by two transaxial planes both the same side of
the source. The more general approach, a multi-sheet surface
rebinning is described in [1], [2], [4], where we also present
a rigorous mathematical derivation and discuss the properties
of the multi-sheet surface rebinning methods in more detail.

II. DEFINITION OF OFFSET GEOMETRY

We are going to follow the conventional notation for the
cone beam geometry. We assume that the sources and detectors
are located in the planes parallel to the xy plane, while object
motion through the system is along the z-axis. Furthermore al-
though naturally the detectors are arranged on the cylinder for
the sake of notational convenience we are going to parametrise
measured rays by their intersection with a virtual detector

Department of Computer Science, University College London, Malet Place,
London WC1E 6BT, UK, corresponding author, email: m.betcke@ucl.ac.uk

School of Mathematics, University of Manchester, Oxford Road, Manch-
ester M13 9PL, UK

plane containing the z-axis, where the coordinate parallel to
the xy-plane is denoted by u and that parallel to the z-axis
by v. This is no restriction as the cylindrical detector can be
easily mapped to the flat detector and vice verse. In practice
the RTT80 detector array is a polygonal prism approximating
a cylinder, which means that sampling on the cylinder is not
uniform. Figure 2 shows the image of the active section of the
cylindrical detector on the central flat detector.

The angular coordinate λ where Λ = {atan2(sjx, s
j
y), j ∈

1, . . . , ns}, uniquely identifies the source, here the pair
(sjx, s

j
y) denotes the x and y coordinates of the source and the

ns the number of sources in the ring. We use the sequence
of sources in the ring, ΛA = (λi), λi ∈ Λ in which each
source in the ring has been switched on an equal number of
times, together with the function z : ΛA → R to describe
the translation of the system with respect to the object at
each source, which is the generalisation of the concept of the
trajectory to the system with multiple sources.

In summary the offset geometry of the RTT80 system is
a necessary consequence of using static switched sources to
increase speed, but this comes at the cost of truncating the cone
beam data asymmetrically. As well as increased speed we have
the additional benefit that the sources can be switched in any
order which potentially has many advantages. In particular
for the multi-sheet rebinning algorithms the source firing
sequences using multi-threaded helices are preferable to a
single helix.

III. MOTIVATION FOR USING MORE THAN ONE SURFACE

Rebinning methods have been extensively used in practical
reconstruction, because of their efficiency and local data
dependence. In [6] a common framework for all the rebin-
ning methods has been introduced, which allows a rigorous
understanding of the relation between the different rebinning
methods including SSR [5], [10], ASSR [8], [9], and on this
basis it was possible to derive an optimal surface rebinning
algorithm. While the existing rebinning methods use a single
surface, here we suggest that for offset systems like that one
described in the previous section using more then one surface
may be beneficial.

In [3], [4] we extended the optimal surface framework
to systems with an asymmetric detector, which results in
a nontrivially constrained optimisation problem. The major
problem with this approach is that the resulting optimal surface
has a nonzero curvature, while the rays used to approximate
the data on the surface are straight lines. This necessarily
results in parts of the rays diverging from the surface which
in turn results in large axial deviation of the rays form the
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Fig. 1. Illustration of the offset geometry with an exaggerated z-scale. In the
RTT80 the source ring has a larger radius than the detector ring. The yellow
area indicates where detectors are active for the indicated source.

Fig. 2. The image of the active cylindrical detector on the virtual flat panel
detector containing the z axis. As usual u and v are coordinates of the virtual
detector, with the origin being the orthogonal projection of the the active
source on the virtual detector plane. The functions v1,v2 are the lower and
upper bounds, of the active area of the virtual flat detector, respectively.

rebinning surface. A further disadvantage of that method is
a nonuniform utilisation of the detector data. In this section
we show how the disadvantages of the single surface can be
overcome by using a multi-sheet surface. In what follows we
will limit ourselves to the natural choice of two-sheets, a more
general case is described in [1], [2], [4].

IV. TWO-SHEET SURFACE

We define the two-sheet surface ζ0 as a pair of surfaces
(sheets) represented by the graphs of two functions ζt0, ζ

b
0 of

(x, y) (labels are t =top, b =bottom).
Let f : R3 → R be a volumetric function describing the

x-ray density of the object to be imaged. We will assume
suppf ⊂ Ω, where Ω is a cylinder coaxial with the z axis

and of a smaller radius than the detector array and source
ring. Let fζs0 denote the values of f restricted to the sheet ζs0
where s is b or t. As fζs0 are functions of x, y they can be
projected on the xy-plane and hence treated as a planar image
for the purpose of the reconstruction. Analogously, each ray
(parametrised by (λ, u)) can be projected to the (x, y) plane.

We restrict our attention now to the case where ΛA is a
permutation of Λ. For each two-sheet surface ζ0 we define
the corresponding rebinning function V0 : ΛA × R → R as a
function which to each ray on the surface (λ, u) assigns the
approximating cone beam ray (λ, u, v), precisely its vertical
coordinate v.

We associate a rebinning surface ζ0 with its rebinning
centre λ0. In contrast to the single surface rebinning the two-
sheet surface rebinning needs cone beam projections from
the sources within the angular range of 2π. We are going to
select a subsequence Λ0 ⊂ ΛA, with Nc rebinning centers per
revolution, such that the sources in Λ0 are fired in equal time
intervals, i.e. every T/Nc seconds where T denotes the time
for firing the entire sequence ΛA. For the rebinning to ζ0 we
consider the data collected during the shortest possible time
interval centered at the time of firing of the rebinning centre
λ0. In what follows we assume every source is fired exactly
once, for more general case see [1], [2].

For the reconstruction of a volume Ω we need all the pairs
(ζm, Vm) which intersection with Ω is not empty, ζm∩Ω 6= ∅.

Due to the periodicity of the firing sequence ΛA the con-
struction of (ζm, Vm) can be restricted to one period, here one
revolution. If moreover the firing sequence is a multi-helix (i.e.
it looks the same seen from each source’s perspective), then
by a symmetry argument the problem reduces to computing
only one pair (ζ0, V0), exactly as in the case of the continuous
helical trajectory. In what follows we limit out description to
this case, in general case simply every rebinning centre has to
be treated separately.

V. TWO-SHEET SURFACE REBINNING

In order to formulate the two-sheet rebinning method we
need to define the following family of 2D fan beam transforms
(FBT):
FBT on a sheet ζs0 (s is t or b).

ps0(λ, u) =
√
R2 + u2

∫ l0(u)+∆l(u)

l0(u)−∆l(u)

dlfζs0 (X(λ, u, l), Y (λ, u, l)).

(1)
FBT on the entire surface ζ0 (including all its sheets)

p0(λ, u) = pb0(λ, u) + pt0(λ, u). (2)

Mixed FBT on the surface ζ0

g̃0(λ, u) =
√
R2 + u2

(∫ l0(u)

l0(u)−∆l(u)

dlfζb0 (X(λ, u, l), Y (λ, u, l))

+

∫ l0(u)+∆l(u)

l0(u)

dlfζt0(X(λ, u, l), Y (λ, u, l))

)
. (3)

The mixed FBT is motivated by the following relation between
itself and the surface FBP p0,

p0(λ, u) = pb0(λ, u) + pt0(λ, u) = g̃0(λ, u) + g̃0(λc, uc), (4)

11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 89



(a) (b)

Fig. 3. (a) Parametrisation of the rays in the plane. (b) Complementary rays
in the plane.

where the (λc, uc) is the set of complementary variables, i.e.
the parametrisation of the ray (λ, u) but when traced in the
reverse direction from its end point here considered to be its
intersection with the source circle, see Fig. 3(b). Such defined
mixed fan beam transform yields a quantity which is closely
related to the data measured by the RTT. This naturally leads
us to the key point of two-sheet surface rebinning method,
which is to approximate the mixed fan beam transform with
the collected RTT data

g̃0(λ, u) + g̃0(λc, uc) ≈ g0(λ, u) + g0(λc, uc), (5)

where g0(λ, u) = w0(λ, u)g(λ, u, V0(λ, u))). Here w0 is the
weight that reweighs the cone beam ray into a ray in the plane.
We notice, that through the relation (4) we then automatically
obtain an approximation for p0, which in turn is a superposi-
tion of the FBT on each of the sheets of p0. Thus we found
a relation between the transforms on each sheet and the RTT
data, however in contrast to the single surface rebinning this
relation is implicit, hence it will require a solution of a system
of equations instead of a simple interpolation.

We are now in the position to outline the key stages of the
two-sheet rebinning method, which will be discussed in more
details in the following sections:
• Choose the rebinning pair ζ0 = (ζb0, ζ

t
0) and V0

• Reconstruct the images on a stack of two-sheet surfaces
ζm sufficiently covering the volume Ω

• Recover the volumetric image f through the solution of
the system of equations resulting from (4) and (5).

VI. OPTIMAL TWO-SHEET SURFACE

We choose the pair (ζ0, V0) which minimizes a certain cost
function subject to the detector constraints. We incorporate
the constraints directly into the cost function using Lagrange
multipliers. In the following we focus on a particular cost
function, the weighted square axial deviation, with weights
compatible with the approximation in (4)

Q(ζ0, V0) =
∑

λ∈ΛA

∫ um

−um

du

(∫ l0(u)

l0(u)−∆(u)

dlwQ(l)
(
δbz(λ, u, l)

)2

+

∫ l0(u)+∆(u)

l0(u)

dlwQ(l)
(
δtz(λ, u, l)

)2
)

(6)

+ µ1(v1 − V0) + µ2(V0 − v2),

Fig. 4. The optimal two-sheet rebinning surface for a four threaded helix
source trajectory indicated by the blue dots. The red point indicates the
rebinning centre for this two-sheet surface.

δzs(λ, u, l) = z(λ) + lV0(λ, u)− ζs0(X(λ, u, l), Y (λ, u, l)).

This strictly convex optimization problem can be solved by a
globally convergent alternating iteration

Ṽ0(λ, u) = WV (u)

(∫ l0(u)

l0(u)−∆l(u)

dlwV (l)
(
ζb0(X,Y )− z(λ)

)

+

∫ l0(u)+∆l(u)

l0(u)

dlwV (l)
(
ζt0(X,Y )− z(λ)

)
)

(7)

V0(λ, u) =





Ṽ0(λ, u) : v1(λ, u) ≤ Ṽ0(λ, u) ≤ v2(λ, u)

v1(λ, u) : Ṽ0(λ, u) < v1(λ, u)

v2(λ, u) : Ṽ0(λ, u) > v2(λ, u)
(8)

and

ζs0(x, y) = Wζ(x, y)
∑

λ∈ΛA

wζ(L) (z(λ) + LV0(λ,U)) , (9)

where L ≤ L0 for s = b and L ≥ L0 for s = t.
The optimal two-sheet surface and the rebinning function

are shown in Fig. 4 and 5 The utilisation of the detector is
quite uniform up to the scanning speed being too fast resulting
in overusing the 1st row, which can be easily corrected.

VII. RECONSTRUCTION AND DECONVOLUTION

A. 2D Reconstruction

We recall that due to the linearity of the underlying ray
transform the image on the surface is a superposition of
the images on all its sheets. The reconstruction of this su-
perimposed images on the surface can then be performed
by a filtered backprojection algorithm, with appropriately
modified weights to be in agreement with (4). One possibility
to achieve this is to use the fan to parallel rebinning (but
using only rays in the same direction) followed by a standard
parallel filtered backprojection, which automatically produces
the correct weighting.
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Fig. 5. The image of the optimal rebinning function V0, which has been
quantised to the detector resolution, each ray being represented by a pixel,
which colour value codes the detector row number. The columns of the image
correspond to the horizontal detector coordinate u and the rows to the the
source numbers λ.

(a)

(b)

Fig. 6. Reconstruction with two-sheet surface rebinning algorithm, rendered
views: (a) modified Shepp-Logan phantom, where 3% Gaussian noise has
been added to the simulated data, slices correspond to xy and xz planes
through the centre; (b) five string bass guitar, imaged with RTT80 scanner,
rendered in artificial colour map.

B. Recovery of the Volumetric Image

The key to the recovery of the volumetric image is the fact
that due to the linearity of the ray transform the deconvolution
and reconstruction steps can be interchanged, i.e. we can
reconstruct the superimposed image first and then deconvolve
the volume image rather then the data. If we consider an or-
dered set of subsequent surfaces ζm, m ∈ {m′ : ζm′∩Ω 6= ∅},
we obtain a system of coupled linear equations for all surfaces
which intersect the volume

Fm(x, y) =
∑

s∈{t,b}
f(x, y, ζsm(x, y)). (10)

(10) simply accumulates the conditions that for each two-sheet
surface, at each point (x, y), the image value on the surface

is the sum of the image values on each of its sheets. For
the discretised volume this implies that for the problem to
be solvable at least two two-sheet surfaces have to intersect
one voxel. In practice more surfaces are used, yielding an
overdetermined problem.

The system (10) admits a very efficient solution. Most
important, it de-couples into independent blocks for each fixed
value of (x, y), hence it admits full parallelisation. Moreover,
the system matrix is band limited yielding a local dependence
on the data and hence allowing the solution to be computed
“on the fly” after just a small part of the data has been
acquired. Further simplifications can be undertaken to reduce
the cost of the solution to be feasible for real time application.

On the voxel grid taking advantage of the independence of
the equations between different pairs (xi, yj), we obtain much
smaller mutually independent systems of equations. Thus for
each pixel ij on the voxel grid we obtain the system Aij f̂ =
bij where

Aijmk =
∑

s∈{t,b}
δ(k, ζ̂sm(i, j)), bijm = Fm(xi, yj) (11)

Here δ(i, j) = δij the Kronecker delta and ζ̂sm(i, j) is the
z-index of the voxel containing (xi, yj , ζ

s
m(xi, yj)), and f̂

denotes the voxel discretization of f . These systems are in
general overdetermined and in principle could be solved by a
least squares fit. However, in practice due to the errors in the
right hand side, it is necessary to include some regularisation.

ACKNOWLEDGEMENT

The authors would to thank like Rapiscan Systems Ltd and
EPSRC (grant number EP/E010997/1 and EP/H02865X/1) for
generous support of this work. We are especially grateful to Dr
Edward Morton (who invented the RTT system), Ken Mann
and the rest of the RTT80 development team at Rapiscan who
have given us access to technical details of the system and
data.

REFERENCES

[1] M M Betcke and W R B Lionheart. Multi-Sheet Surface Rebinning
Methods for Cone Beam CT with Offset Detector. Part I: Multi-Sheet
Surfaces: Data Approximation and Reconstruction. in preparation 2011

[2] M M Betcke and W R B Lionheart. Multi-Sheet Surface Rebinning
Methods for Cone Beam CT with Offset Detector. Part II: Deconvolution
of the Volumetric Image. in preparation 2011

[3] M M Betcke and W R B Lionheart. Optimal Surface Rebinning for Cone
Beam CT with Constraints on the Detector. in preparation 2011

[4] M M Betcke, W R B Lionheart and E.J Morton. System and method for
image reconstruction by using multi-sheet surface rebinning, US Patent
Application 12835682, 2010

[5] H Bruder, M Kachelriess, S Schaller, K Stierstorfer, and T Flohr. Single-
slice rebinning reconstruction in spiral cone-beam computed tomography.
IEEE Tran. Medical Imaging, 19(9):873–887, 2000.

[6] M Defrise, F Noo, and H Kudo. Rebinning-based algorithms for helical
cone-beam CT. Phys. Med. and Biol, 46(11):2911–2937, 2001.

[7] H Turbell. Cone-Beam Reconstruction Using Filtered Backprojection.
Thesis no. 672, ISBN 91-7219-919-9, Linköping Univ., Sweden, 2001.

[8] M Kachelriess, T Fuchs, S Schaller, and WA Kalender. Advanced single-
slice rebinning for tilted spiral cone-beam CT. Med. Phys., 28(6):1033–
1041, 2001.

[9] M Kachelriess, S Schaller, and WA Kalender. Advanced single-slice
rebinning in cone-beam spiral CT. Med. Phys., 27(4):754–772, 2000.

[10] F Noo, M Defrise, and R Clackdoyle. Single-slice rebinning method for
helical cone-beam ct. Phys Med. Biol, 44(2):561–570, 1999.

11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 91



Interesting Detector Shapes for 3rd Generation CT
Marc Kachelrieß

Abstract—Third generation CT scanners typically comprise
detectors which are flat or whose shape is the segment of a
cylinder or a sphere that is focussed onto the focal spot of
the x–ray source. There appear to be two design criteria that
favor this choice of detector shape. One is the possibility of
performing fan–beam and cone–beam filtered backprojectionin
the native geometry (without rebinning) and the other criterium
is to enable the use of focussed anti scatter grids. It is less
known, however, that other detector shapes may also have these
properties. While these designs have been evaluated for 2D CT
from a rather theoretical standpoint more than one decade ago
we revisit and generalize these considerations, extend them to
3D circular, sequential and spiral cone–beam CT and propose
an optimal design in terms of detector costs.

Index Terms—Keywords: fan–beam CT, cone–beam CT, third
generation CT

I. I NTRODUCTION

T ODAY’S clinical CT scanners are third generation scan-
ners. They have an x–ray source and detector arrange-

ment that rotates around the object. In most cases the geometri-
cal shape of the detector approximates a segment of a cylinder
whose axis runs through the x–ray focal spot and is parallel to
the rotation axis of the scanner. Other scanner types such as
C–arm CT scanners or micro–CT scanners utilize flat panel
detectors. All these designs have one property in common:
they allow for filtered backprojection in the native geometry
and do not require rebinning.

At least since 1996 it is known that detector shapes other
than circular or linear exist that also allow for filtered backpro-
jection in the native geometry [1]. Our aim is to analyze these
shapes with respect to their practicability for third generation
clinical CT scanners with a particular focus on minimizing
detector costs for compact scanners where the radiusRM of
the field of measurement (FOM) is close to the radiusRF of
the focal spot trajectory. Prior art related to our present work
can be found in references [2]–[7].

II. FAN–BEAM CT

We assume the source to follow on a circular, a sequential
(multiple circles) or a spiral trajectory. First, let us restrict to
the in–plane geometry. The source positions and the detector
positionsd are parameterized by the projection angleα and
the detector channel indexχ and given as as

s(α) =

(
sin α

− cosα

)
and d(α, χ) = s(α)+r

(
− sin(α + β)

cos(α + β)

)

whereβ = β(χ) is the angle within the fan andr = r(χ) is
the distance of the detector to the x–ray source. Our aim of

Prof. Dr. Marc Kachelrieß: marc.kachelriess@imp.uni–erlangen.de, In-
stitute of Medical Physics (IMP), University of Erlangen–Nürnberg,
Henkestr. 91, 91052 Erlangen, Germany.

(a) Parallel (b) Optimum,a = 3/2

(c) Equiangular,a = 1 (d) Flat, a = 0

Figure 1. Illustration of the different interesting detector geometries. The
dashed circle illustrates the source trajectory, the innercircle is the edge of
the FOM and is of sizeρ = 2

3
. The 21 detector elements are shown as thick

lines with small ticks indicating the center of each detector element. The black
curve is the curve at which the detector centers are located.

finding interesting detector geometries is equivalent to finding
actual representations of these two functions. The typicalthird
generation CT geometry with equiangular sampling, like it is
used in clinical CT, corresponds to choosingβ(χ) = χ and
r(χ) = const. In this caseχ, that counts the detector elements
(or channels), would be linearly related to the angle of the
detector element within the fan.

Reference [1] shows that fan–beam filtered backprojection
is possible iff the relation betweenβ andχ is

√
a tan(β) = tan(

√
aχ), (1)

with a ∈ R, up to trivial slope offset transforms inβ or in χ.
Chosing a = 1 yields β(χ) = χ which corresponds to

the standard equiangular clinical CT detector. Taking the limit
a → 0 yields β(χ) = arctan(χ) corresponding to the flat
detector CT scanner. In this case the detector indexχ is the
position on the linear, or flat, detector.

A. Minimal Detector Fan–Beam

Let us try to find a detector with minimal cost. We know
that the spatial resolution obtainable is given by how dense
the ray’s distances to the isocenter are sampled. Letξ denote
a ray’s distance to the isocenter. Given a detector geometry
specified byβ(χ) with samples equidistant inχ we find
ξ(χ) = sin β(χ) which is not equidistant inξ unless we
chooseβ(χ) = arcsinχ such thatξ = χ. This parallel
beam sampling scheme, however, does not allow for fan–beam
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2

Parallel Optimal Equiangular Flat
‖ a = 3/2 a = 1 a = 0

ρ = 1
2

, Φ = 60◦ 1.000 1.005 1.047 1.155
ρ = 2

3
, Φ = 84◦ 1.000 1.018 1.095 1.342

ρ = 3
4

, Φ = 97◦ 1.000 1.031 1.131 1.512
ρ = 4

5
, Φ = 106◦ 1.000 1.042 1.159 1.667

ρ = 9
10

, Φ = 128◦ 1.000 1.083 1.244 2.294
ρ = 1 , Φ = 180◦ 1.000 1.283 1.571 ∞

Table I
RELATIVE DETECTOR SIZESχMAX /ρ FOR VARIOUS DETECTOR SHAPES

AND FOR VARIOUSFOM SIZESρ. Φ IS THE CORRESPONDING FAN ANGLE.
ALL CASES ACHIEVE THE SAME SPATIAL RESOLUTION.

filtered backprojection in the native geometry because it is
not of type (1). It can still be used for image reconstructionif
some resampling or rebinning step converts the data to another
geometry.

To start our search for the optimal detector that allows to do
filtered backprojection in the native geometry we useξ(χ) =
sin β(χ) and equation (1) to obtain

ξ′(χ) =
1/ cos2(

√
aχ)

(
1 +

(
tan(

√
aχ)/

√
a
)2

)3/2
.

This derivative corresponds to the radial sampling distance
assuming equidistant sampling inχ.

For a given FOM radius0 ≤ ρ ≤ 1 the requiredχ–range
is −χmax ≤ χ ≤ χmax. With ξ′

max = max0≤χ≤χmax ξ
′(χ) being

the most sparse sampling occuring in the range of interest,
which determines the spatial resolution, the number of detector
elements required to achieve a given spatial resolution across
the FOM is proportional toχmaxξ

′
max. It can be shown (in the

full paper) that this detector cost function is minimized for

a = 3/2

regardless of the value ofρ. This is the smallest and most
cost–efficient detector that allows for fan–beam filtered back-
projection reconstruction without rebinning. In the following,
only casesa ≤ 3/2 will be considered. Then,ξ′

max = 1 and
we are free to useχmax as a surrogate for the detector cost.

Table I gives numerical examples of the normalized detector
costs for various ratiosρ = RM/RF for the flat detector
a = 0, the cylindrical detectora = 1, the optimal detector
a = 3/2, and for the parallel beam sampling detector. It
is quite remarkable of how little additional size is required
by the optimal detector, compared to a CT system sampling
in parallel beam geometry. For example the case where the
radius FOM isρ = 80% of the radius of the focal spot
trajectory the optimal detector only requires about 4% more
detector elements than the parallel case, while the typicalthird
generation curved detector demands 16%, and a flat detector
needs as much as 67% more detector elements.

It should be emphasized that the notion of parallel sam-
pling detector, optimal detector, equiangular detector and flat
detector, as we use it in this paper, does refer to the angular
sampling of the rays only, i.e. to a specific functionβ(χ). In
all cases we are dealing with a fan–beam CT system (also in
the parallel beam sampling scheme). And in neither of these

b������� �������� �
������ ������

χ

�	
 �	
r-1(χ)

r(χ)

r0(χ)

r+1(χ)

β

ξ

Figure 2. Transversal and axial view of a cone–beam scanner to illustrate
the ray’s entry, mid and exit points and the corresponding distancesr−1(χ),
r0(χ) and r1(χ). To show the detector behind the FOM we scaledr(χ)
by a factor of two, for convenience. The transversal view shows thea = 1
detector. The axial view on the right side will be of importance later when
calculating the detector window needed for circle scans.

cases we have discussed so far where physically one should
place the detector elements along the ray, apart from being
behind the object, which is obvious.

B. Detector Shape

How does the detector look like, for arbitrarya? Up to now
we only know how the detector elements’ angular distribution
β(χ) looks like. We do not know at what distancer(χ) to
the focal spot to mount the detector elements. For image
reconstruction the distance of a detector element to the focal
spot is irrelevant as long as detectorχ is found under an angle
β(χ). For technical reasons, however, the shape of the detector
array becomes of great interest. We want to consider three
cases: sampling equidistant inξ, sampling with0 < a ≤ 3/2
and sampling witha = 0. These cases correspond to the
following angular distribution of detector elements:

β‖(χ) = arcsin(χ)

βa(χ) = arctan(
1√
a

tan(
√

aχ))

β0(χ) = arctan(χ).

In most cases one would arrange the detector elements (or
small tiles of detector elements) to have their surface normal
pointing towards the focal spot. For example, this would allow
to build efficient anti–scatter grids. The curver(χ) is found
by solvingr(χ)β′(χ) = 1:

r(χ) =
1

β′(χ)
. (2)

The four most interesting detector designs are illustratedin
figure 1 for a fan angle ofΦ = 84◦. The reason why the
flat detector is not flat is our choice of orienting the detector
elements with their surface normal pointing towards the focal
spot.

C. Spatial Resolution

So far we have learned about optimal detector placement
assuming that the spatial resolution is limited by the radial
sampling (sampling inξ). On average this may be true. In
reality, however, the shape of a beam plays a role as well.
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Figure 3. Spatial blurring, given by the finite detector thickness, scaled to
have a value of one in the isocenter (solid curves). The dashed curves show
the spatial resolution induced by the finite source size.

What needs to be done now is to consider a finite size
detector element, and to consider a finite size focal spot. Let
r−1(χ) be the distance of the focal spot to the point where
the ray parameterized byχ enters the field of measurement,
and letr+1(χ) be the point where the ray leaves the field of
measurement. Further, letr0(χ) be the distance of the focal
spot to the mid point of the ray’s intersection with the field of
measurement (figure 2).

Modelling the focal spot and the detector response as a
rectangular function shows that the homogeneity of the spatial
resolution is low for the flat detector, better for the cylindrical
detector and high for the optimum and the parallel sampling
detector (will be shown in the full paper). Results are given
in figure 3.

III. C ONE–BEAM CT

Now, let us extend the detector from a one–dimensional
curve to a two–dimensional surface:

s(α) =




RF sin α
−RF cosα

d̄α




and

d(α, χ, b) = s(α) +
1√

r2(χ) + b2




−r(χ) sin(α + β)
r(χ) cos(α + β)

b


 .

The valued̄ = d/2π, whered is the table increment per full
rotation. In case of a circle scan,d̄ = 0. In case of a sequential
scan (multiple circles), longitudinal offsets between thecircles
are implied.

The angleβ(χ) within the fan again is a function of
the detector channel indexχ. The detector’s longitudinal
dimension is parameterized here using the detector row index
b. This parameterization appears to restrict the shape of the
cone–beam detector to be flat in the longitudinal direction.
However, a close analysis of the filter operation, that takes

Χ

-Π

Π

bHΧL

(a) Parallel

Χ

-Π

Π

bHΧL

(b) Optimum,a = 3/2
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Figure 4. Illustration of the Tam windows for the four cases we are interested
in (solid curves). The ticks on the horizontal axis are placed at χ = ±ρ for
the parallel case and at±χmax for the other cases, withρ = 1

2
, 2
3
, 3
4
, 4

5
, 9
10

.
Note that the plot fora = 0 is significantly truncated both horizontally and
vertically: only three of five tick marks appear on the positive and negative
abszissa, and its maximumb–value which is slightly larger than10π, does
not fit into the plot as well. The dashed curves correspond to the detector
window needed when performing sequential (multiple circlescans) instead of
spiral CT.

place along the line of intersection of the detector surface
with a plane running through the focal spot, shows that the
same functional dependencyβ(χ) applies as for the fan–beam
case while the detector shape is not restricted to be flat in the
longitudinal direction (shown in the full paper). Since carrying
out the convolution along those lines of intersection requires
longitudinal rebinning of the detector surface we are free here
to chooseb as our second detector parameter.

A. Minimal Detector Windows for Spiral and Sequence Scans

For cone–beam image reconstruction it is useful to know the
minimal set of detector elements required to conduct image
reconstruction. For spiral CT this detector window is called
the Tam window. One may define similar windows for other
scan trajectories, e.g. for the sequential scan that consists of
several circle scans (this derivation will be provided in the full
paper).

Figure 4 shows the Tam windows for spiral CT (solid
curves) and the corresponding data windows for sequential
CT (dashed curves) for the four detector shapes of interest.
Again, the parallel and the optimal detector require the least
detector area.

Interested in minimizing the detector costs one may think of
two cases. The first case is the standard case where the detector
height, i.e. its longitudinal size, is fixed and the detectorrows
are parallel to thex–y–plane. Here, the detector area, and
thereby its costs, would be given by the smallest rectangle (in
the χ–b–domain) enclosing the Tam window. In the second
case we may think of a special Tam window detector just
covering the Tam window. Tables II and III show numerical
values of the required detector areas.
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4

Parallel Optimal Equiangular Flat
‖ a = 3/2 a = 1 a = 0

ρ = 1
2

, Φ = 60◦ 1.333 1.375 1.612 2.370
ρ = 2

3
, Φ = 84◦ 1.465 1.636 2.151 4.745

ρ = 3
4

, Φ = 97◦ 1.540 1.873 2.633 8.045
ρ = 4

5
, Φ = 106◦ 1.590 2.093 3.072 12.27

ρ = 9
10

, Φ = 128◦ 1.713 3.030 4.889 47.45

Table II
RELATIVE DETECTOR AREAARECT/(ρd) REQUIRED FOR SPIRALCT

IMAGING ASSUMING DETECTORS TO BE RECTANGULAR IN THE

χ–b–DOMAIN .

Parallel Optimal Equiangular Flat
‖ a = 3/2 a = 1 a = 0

ρ = 1
2

, Φ = 60◦ 1.000 1.010 1.099 1.356
ρ = 2

3
, Φ = 84◦ 1.000 1.036 1.207 1.938

ρ = 3
4

, Φ = 97◦ 1.000 1.064 1.297 2.650
ρ = 4

5
, Φ = 106◦ 1.000 1.091 1.373 3.490

ρ = 9
10

, Φ = 128◦ 1.000 1.192 1.636 9.512

Table III
RELATIVE DETECTOR AREAATAM /(ρd) REQUIRED FOR SPIRAL OR

SEQUENTIAL CT IMAGING ASSUMING DETECTORS TO BE COVERING ONLY

THE TAM WINDOW.

B. Minimal Detector Windows for Full Circle Scans

For the circle scan there is no such concept as the Tam
window. In contrast to the sequence and spiral trajectoriesthe
longitudinal range of the volume is limited for circle scans.
We therefore need to define the data window in a different
way: let us simply find out what detector region is required
to reconstruct all slices betweenz = −1 and z = 1, i.e. all
voxels withx2 + y2 < ρ2 and−1 ≤ z ≤ 1.

To do this, we will distinguish the simple Feldkamp case
where each voxel needs to be viewed under 360◦, and the more
sophisticated case where some voxels are viewed by less than
360◦ but by more than 180◦. Several reconstruction algorithms
make use of this fact either to reduce the required detector size
or to improve scan coverage [8]–[14]. The derivation of the
corresponding detector windows will be presented in the full
paper.

Plots of the required detector windows for these two situa-
tions regarding full circle scans are given in figure 5.

IV. SUMMARY

Summarizing, we find that substantial cost savings in terms
of the number of detector elements and electronics required
and in terms of the amount of szintillator material required
are possible with appropriate detector designs, which was
already indicated in reference [7]. In addition we found the
detector witha = 3/2 to be both highly cost–efficient and
to allow for the filtered backprojection reconstruction in the
native geometry. The designs analyzed appear to allow for
practicable solutions that may be of high importance especially
for compact CT scanners.
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Figure 5. Illustration of the data windows for a circle scan.The ticks
on the horizontal axis are placed atχ = ±ρ for the parallel case and
at ±χmax for the other cases, withρ = 1
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enclose the detector area needed to reconstruct all slices from z = −1 to
z = 1. Since some voxels within these slices will be seen by less than 360◦

a dedicated reconstruction algorithm that includes voxel–specific weighting
is necessary for reconstruction. The dashed curves show thedetector area
needed to illuminate all voxels under the full 360◦ range. In this case a
simple modified Feldkamp reconstruction will be sufficient.
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A filtered backprojection reconstruction algorithm
for Compton camera

Xavier Lojacono1, Voichiţa Maxim1, Andreas Zoglauer2, Françoise Peyrin1, Rémy Prost1

Abstract—In this paper we present a filtered backprojection
reconstruction algorithm for Compton Camera detectors of γ
particles. Compared to iterative methods, widely used for the
reconstruction of images from Compton camera data, analytical
methods are fast, easy to implement and avoid convergence issues.
The method we propose is exact for an idealized Compton camera
composed of two parallel plates of infinite dimension. We show
that it copes well with low number of detected photons simulated
from a realistic device. Images reconstructed from both synthetic
data and realistic ones obtained with Monte Carlo simulations
demonstrate the efficiency of the algorithm.

Index Terms—Gamma-ray detection, Compton camera, Comp-
ton transform, analytical reconstruction, FBP.

I. INTRODUCTION

Detection of gamma rays of wide energy spectrum is
necessary in various applications: in medical imaging for
the monitoring of the ion radiation therapy [1], [2], [3], in
astronomy [4], in homeland security [5]. The Compton camera
is the natural choice in these applications since it is able
to detect and locate gamma rays coming from an arbitrary
direction (electronical collimation) and of wide energy range.
Generally, image reconstruction algorithms employed with the
Compon camera are iterative, mostly based on the Maximum
Likelihood Expectation Maximization. Some analytical meth-
ods were proposed in the literature see e.g. [6], [7], [8], [9]. In
[10] a new method for the inversion of the Compton transform
was introduced, which is fast, exact for an idealized camera
and do not need any mechanical collimation. We propose here
an efficient algorithm based on a backprojection formulation
for its implementation. We show that the method is robust
when applied to a low number of detected photons.

II. COMPTON CAMERA AND MODEL

Compton camera enables to detect γ particles through
Compton scattering without mechanical collimation. The op-
erating principle of a two-detector camera is represented in
Figure 1. A γ particle originating from the source is Compton
scattered when crossing the scatter detector and then absorbed
in the second detector.

From the energy deposed in the scattering detector and the
initial energy of the original γ particle one may calculate the

1. Université de Lyon, CNRS, Inserm, INSA-Lyon, CREATIS, UMR5220,
U1044, F-69621, Villeurbanne, France
2. University of California, Berkeley, Space Sciences Laboratory, 7 Gauss
Way, Berkeley, CA 94720-7450, USA
Corresponding authors: {lojacono,maxim}@creatis.insa-lyon.fr

Fig. 1. Geometry of a two detectors Compton camera. The point M of the
source emits a γ particle, scattered at the point D(u1, u2, 0) then absorbed
in the second layer. The Compton angle β corresponds to the half opening of
the cone. The point M is on the surface of the Compton cone.

scattering angle β, by the Compton angle equation :

cosβ = 1− mec
2∆E

(E0 −∆E)E0
, (1)

where mec
2 = 511 keV, E0 is the initial energy of the γ

particle and ∆E is the transferred energy to the electron in the
scattering process (cf. figure 1). The two points of interaction
define a vector −→w indicating the direction of the scattered γ
particle. The vector −→w , the angle β and the point D where the
first interaction took place, define a cone (the Compton cone)
with apex D, axis directed by −−→w and half-opening angle β.
The source of the γ particle giving rise to the event is then
localised on the surface of this cone.

We choose the coordinate system Oxyz such that the scatter
detector lies in the horizontal plane z = 0. Let α be the polar
angle and δ the azimuthal angle of the vector −−→w directing
the axis of the cone. We denote by C (u1, u2;α, δ, β) the cone
of apex D(u1, u2, 0) with axis −−→w and half-opening angle β.

Let f be the function modeling the source. Following [10],
we define the Compton transform Pf as the application that
maps to a point (u1, u2) ∈ R2 and a vector of parameters
(α, δ, β) ∈ [0, π2 ) × [0, 2π) × [0, π] the average number of γ
particles that have been scattered at D(u1, u2, 0) with an angle
β, in the direction −→w defined by the two polar angles α and
δ. The Compton transform may be expressed (see [10]) as:

Pf(u1, u2;α, δ, β) = K(β,E0) (2)

×
∫

M∈C (u1,u2;α,δ,β)

f(M) cos θ dS,

where K(β,E0) is the cross section of the Compton scattering
given by the Klein-Nishina formula and θ is the polar angle of
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the vector
−−→
DM . Note that the model (2) is slightly different

from the one employed in [6], [7], [8] and [9].
Following [10] the inversion of (2) leads to:

f(x, y, z) =

∫ ∞

−∞

∫ ∞

−∞

∫ π
2−α

0

b′β(α, β)

K(β,E0)
(3)

× F2(Pf)(η1, η2;α, ω + ε
π

2
, β)

× J0(2πzb(α, β)
√
η21 + η22)dβ

× exp(2iπ(xη1 + yη2))(η21 + η22)dη1dη2,

where ω is the polar angle of the two-dimensional vector of
coordinates (η1, η2), ε is a constant that may take the values
1 or -1 and

b(α, β) =
sinβ√

cos2 α− sin2 β
. (4)

Although the parameter α appears in the right hand expression
of equation (3), this expression is constant w.r. to α. For
instance, setting α = 0 leads to the inversion formula from [6],
modulo the slight difference between the projection models.

Equation (3) may be compared to the projection-slice the-
orem for the inverse Radon transform. Similarly, a direct
implementation would require interpolation of the data in the
Fourier domain. In order to avoid it, we first express (3) in
polar coordinates:

f(x, y, z) =

∫ ∞

−∞

∫ π

0

∫ π
2−α

0

b′β(α, β)

K(β,E0)
(5)

× F2(Pf)(r cosω, r sinω;α, ω + ε
π

2
, β)

× J0(2πzb(α, β)r)

× exp(2iπr(x cosω + y sinω))|r|3dβdωdr.
Let Hz be the filter from the right hand expression of (5),

that is:

Hz(r, β;α,E0) =
b′β(α, β)

K(β,E0)
J0(2πzb(α, β)r)|r|3. (6)

For some given angles α, β, ω and variable r,
F2(Pf)(r cosω, r sinω;α, ω + επ2 , β) represents a line from
the 2D Fourier transform of the function Pf(·, ·;α, ω+επ2 , δ).
From the projection-slice theorem, it also represents the 1D
Fourier transform of the Radon projection of angle ω, denoted
Pω , of the same function Pf(·, ·;α, ω + επ2 , δ). Replacing
the 2D transform with its 1D counterpart in (5) gives:

f(x, y, z) =

∫ ∞

−∞

∫ π

0

∫ π
2−α

0

Hz(r, β;α,E0) (7)

× F (Pω[Pf ]) (r cosω, r sinω;α, ω + ε
π

2
, β)

× exp(2iπr(x cosω + y sinω))dβdωdr.

which can be interpreted as a filtered backprojection with
kernel Hz . Note that discrete calculation of equation (7) does
not require any interpolation of the data in the Fourier domain.

We have also used an additional Hamming filter in our
implementation of equation (7). Zero padding of Pω[Pf ] is
necessary in order to prevent spatial domain aliasing. The

influence of the zero padding is critical when β get close to its
upper limit π

2 − α and for large values of α. Incidentally, the
zero padding also reduces the bias from zero-setting the mean
of the image in the discrete version of the inversion formula.

III. RESULTS

A. Reconstruction from deterministic projections

The data from this section are calculated according to the
projection model (2). The scatter detector has finite extent and
is sampled in N ×N square elements. We consider that only
the centers of the elements are sensitive. The absorber is of
infinite width and resolution. An isotropic spherical source of
radius R = 3 cm is placed with the center at 10 cm above the
center of the scatter detector.

Compton projections are then calculated for some given
angle α and for Nδ and Nβ equispaced values of the cor-
responding parameters, in their respective domain.

Due to structure of formula (7), it is convenient to calculate
by the Inverse Fast Fourier Transform simultaneously all the
values f(x, y, z) corresponding to given values of z. Those
2D images are then stacked to obtain the 3D volume. Figure
2 shows two slices from the reconstructed image of the source.
Both of them cut the source at its center. Less artefacts are
visible in horizontal slices than in vertical ones, where they
appear below the source especially close to the detector.

(a) f(x, y, z0), z0 = 10 cm (b) f(x0, y, z), x0 = 17 cm

Fig. 2. Spherical source of radius R = 3 cm centered at (17, 17, 10).
Compton camera with a scatter detector of 34x34 cm2 discretized in square
elements of 1x1 cm2. The images were reconstructed from projections with
α=0.5 rad, Nβ=40 equispaced samples of β in

`
0, π

2
− α

´
and Nδ=40

equispaced sampes of δ in [0, 2π). Circles show the exact source location.

A deviation between the exact altitude and the one of
the reconstructed source may be observed. This deviation is
related to the dimension of the scatter detector: the finite
size of the scatterer leads to truncated acquired Compton
projections and the reconstructed sources are then shifted down
towards the dectector. The shift increases as the inclination
α gets toward its upper limit π/2, as it may be seen by
comparing Figures 2 (b) and 3 (a). Figure 3 shows the same
source reconstructed: (a) from data simulated with a 34× 34
cm2 scatterer and (b) from data simulated with a 68 × 68
cm2 scatterer. The inclination α was set to 1rad in both
experiments. The error in the vertical direction is much lower
for the larger detector.

The influence of the inclination α is also illustrated in Figure
4. Panels (a) and (b) show two slices from the 3D image
reconstructed for parameter α set to 0. In this case most
of the projection images Pf(·, ·;α, δ, β) have their support
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(a) 34x34 cm2 (b) 68x68 cm2

Fig. 3. Influence of the size of the scatter detector. Simulations using a
spherical source with R = 3 cm, Nβ = 20 and Nδ = 60 samples from
the angular parameters. The inclination is α = 1 rad. The size of the scatter
detector is indicated below the images.

between the limits of the scatter detector. The reconstructed
images present low errors and almost no artefacts although the
sampling in δ and β are very coarse. When a quite large value
of α is chosen, here α = 1.1 rad in panels (c) and (d), the
quality of the reconstructed image degrades. Apart the shift
in the vertical direction already discussed, aliasing artefacts
may be observed together with a degradation of the contrast.
Once again, these defaults should be related to the finite size
of the scatter detector. They diminish when the detector size
is augmented. Note that the case α = 0 was already treated
for a similar Compton projection model in [6].

(a) α= 0 rad (b) α= 0 rad

(c) α= 1.1 rad (d) α= 1.1 rad

Fig. 4. Spherical source with R = 3 cm and scatter detector of 34×34 cm2.
The number of samples in β and δ is Nβ = 10 and Nδ = 20 respectively.

In Figure 5 we show the 3D reconstructed image of the
sphere, using cubic spline interpolation and isosurfaces on a
stack of 2D images.

Fig. 5. Three dimensionnal reconstructed image of the spherical phantom
for α=1 rad and Nβ = 20, Nδ=60. The dimension of the scatter detector is
68× 68 cm2.

B. Reconstruction from Monte Carlo simulations

We simulated a Compton camera with scatterer made of a
stack of three strip detectors and an absorber made of 64×64
scintillating crystals. Each strip detector is composed of 3x3
Silicium (Si) wafers of size 6.3 × 6.3 cm2, for a total size
of 19.4 × 19.4 cm2. The elements of the absorber are 0.5 ×
0.5 × 2 cm3 Cesium Iodide (CsI) crystals. The total size of
the absorber is 36.8 × 36.8 × 2 cm3. The distance between
the lower layer of the scatterer and the absorber is 5 cm and
the distance between two consecutive layers of the scatterer is
1 cm (see figure 6). The simulated camera has ideal position
and energy resolution, except for the Doppler effect.

Fig. 6. Perspective of the designed camera.

A monochromatic spherical source of radius R = 1 cm
is placed with the center at 10 cm above the center of the
upper scatterer (all components of the camera are centered at
x = y = 0). The absolute z coordinate of the center of the
sphere is z = 24 cm. The source emits isotropically γ particles
of energy 100 keV.

Monte Carlo simulation of the emission-detection process
was done with the MEGAlib library [11] based on Geant4
[12]. For each of the detected photons we consider the index
of the scatter detector in which the first interaction took place,
the angular parameters of the direction of the scattered photon
α and δ, the Compton angle β and the coordinates of the first
interaction in the plane of the scatterer, u1 and u2. The data
are then binned according to all those parameters in 3×Nα×
Nδ ×Nβ ×N ×N bins.

The quality of images depends especially on the number
of events detected but also on the binning parameters. When
the number of detected events is small, we recommend to
choose the number of bins small as well. The main advantage
of this method rests on using not only events from the bin
corresponding to α = 0 rad, as in [6], but all Compton
scattered γ particles with parameters satisfying at β < π

2 −α.
One image is reconstructed per scatterer and α bin, all of them
representing the source, then the mean image is calculated. The
mean image has a greater signal to noise ratio than individual
ones, as can be seen in figure 7.

As expected, the reconstructed images degrade as the num-
ber of detected events diminish. An illustration is given in
Figure 8.

A reconstructed image is shown in three dimensions in
figure 9. The total number of events is 249450, distributed in
Nα = 10, Nδ=30, Nβ=10 and N = 32 bins. The quality of the
reconstructed image is lower than for deterministic data (figure
5), and the sphere is slightly elongated in the vertical direction.
In this last example, for each scatter detector we reconstruct
all the 10 images of 34×34×16 cm3 in about 2.7 seconds. The
implementation was done in Matlab on an Intel Core i7 CPU,
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(a) α ∈ [0, π
20

) rad, 4143
events.

(b) α ∈ [0, π
20

) rad, 4143
events.

(c) Average image on all
α values and all scatterers,
249450 events

(d) Average image on all
α values and all scatterers,
249450 events

Fig. 7. Images of a 100 keV monochromatic source. Number of bins: N =
32, Nβ = 10, Nα = 10 and Nδ = 30. Horizontal ((a) and (c)) and vertical
((b) and (d)) slices through the center of the sphere. First row, reconstructed
image for one scatterer events and one alpha bin (α ∈ [0, π

20
)). Second row,

average image on the three scatterers and all Nα values of α.

(a) number of events = 5000 (b) number of events = 5000

(c) number of events = 1000 (d) number of events = 1000

(e) number of events = 300 (f) number of events = 300

Fig. 8. Images from Monte Carlo simulated data. Sampling parameters:
N = 16, Nβ = 10 and Nδ = 30. The parameter α is in the interval
[ 3π
20

; 4π
20

).

Q820@1.73 GHz. The most time consuming, not included in
the previous value, is the binning of the list mode data in
projection maps. At that time, we have not optimized this part.

IV. CONCLUSION

We proposed a filtered backprojection algorithm for the re-
construction of images for Compton camera. We demonstrated
the efficiency of the method on both deterministic and Monte
Carlo simulated data. The last ones are more representative
of experimental data and allow to simulate reconstruction in

Fig. 9. Three dimensional reconstruction of the phantom using isosurfaces.
The total number of events is 249450, distributed in Nα = 10, Nδ=30,
Nβ=10 and N = 32 bins.

realistic conditions. The proposed algorithm behaves well even
when the projections are truncated, coarsely sampled and when
the number of detected events is small. Assessment with data
from a detector with both finite spatial and energy resolution
is in progress.
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Analytical singular-value decomposition of
three-dimensional, proximity-based

SPECT systems
Harrison H. Barrett and Roel Van Holen

Abstract—An operator formalism is introduced for the de-
scription of SPECT imaging systems that use solid-angle effects
rather than pinholes or collimators, as in recent work by Mitchell
and Cherry. The object is treated as a 3D function, without
discretization, and the data are 2D functions on the detectors.
An analytic singular-value decomposition of the resulting integral
operator is performed and used to compute the measurement
and null components of the objects. The results of the theory are
confirmed with a Landweber algorithm that does not require a
system matrix.

Index Terms—SPECT, singular value decomposition.

I. INTRODUCTION

WE use the term proximity-based imaging to refer to
any imaging method in which an image detector is in

close proximity to a self-luminous object, with no intervening
image-forming elements. Examples include bioluminescence
and fluorescence imaging in small animals, diffuse optical
tomography and autoradiography.

An interesting recent development in this field is the demon-
stration by Mitchell and Cherry[1] of SPECT imaging of a
mouse confined between two parallel scintillation detectors,
without pinholes or collimators. Not only were excellent
photon-collection efficiency and surprisingly good lateral res-
olution observed, but Mitchell and Cherry also showed with
both pseudoinverse and iterative algorithms that some measure
of three-dimensional (3D) information could be recovered
from the two highly blurred images.

In this paper we present an analytical singular-value decom-
position (SVD) applicable to the Mitchell-Cherry geometry
and related proximity-based SPECT systems, and we use it
to discuss the 3D measurement functions and null functions.
The analysis uses an idealized detector model but no other
approximations; in particular, the object is treated as a function
of continuous variables in 3D, not a voxel array, and no system
matrix is ever introduced. The SVD is thus for an operator
rather than a matrix.
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The approach we use, described in Sec. 7.2.10 of Barrett
and Myers[2] (B&M hereafter), has also been used by Burvall
et al.[3], [4] for SVD of 3D microscopy and tomosynthesis.

II. MATHEMATICAL MODEL

We model the two detectors in the Mitchell-Cherry config-
uration as planes perpendicular to the z axis and separated by
a distance L. Detector 1 lies in the plane z = 0 and detector 2
is in z = L. The detectors are assumed to have infinite lateral
(x-y) extent and perfect resolution. A point in either detector
plane is specified by a 2D vector rd with Cartesian components
xd and yd (subscript d indicating detector). The 3D object is a
function f(x, y, z) or f(r, z), where r = (x, y), and the image
on the mth detector (m = 1, 2) is denoted gm(rd).

Neglecting noise (as we shall throughout this paper), we
can write

gm(rd) =

∫

∞
d2r

∫ L

0

dz f(r, z)hm(rd, r, z) , (1)

where the subscript∞ on the 2D integral indicates that it runs
over the infinite plane.

If we assume further that the system is shift-invariant in x
and y, we have

gm(rd) =

∫ L

0

dz

∫

∞
d2r f(r, z)hm(rd − r, z) , (2)

where hm(rd−r, z) is the response at point rd on detector m
for a point source at (r, z). If the detectors are identical, we
also have

h2(rd − r, z) = h1(rd − r, L− z) . (3)

If we denote the mixed continuous/discrete data vector as g =
{g1(rd), g2(rd)} and define the imaging operator such that
g = Hf , then the adjoint (back-projection) operator is given
by

[H†g](r, z) =
2∑

m=1

∫

∞
d2rd gm(rd)hm(rd − r, z) . (4)

To be specific to proximity-based imaging, we use a
simple solid-angle model discussed in Sec. 4.1 of Barrett
and Swindell, Radiological Imaging[5], where the detector is
considered to be a plane and hm(rd, z) is just proportional
to cos3 θ, with theta being the angle that a gamma-ray path
forms with the normal to the detector.
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For detector 1 and a point source at depth z and r = 0,

cos θ =
z√

r2d + z2
, (5)

where rd = |rd|. If we neglect attenuation in the object, the
response function for this point source is [cf. (4.4) in Barrett
and Swindell]

h1(rd, z) =
cos θ

4π(r2d + z2)
=

cos3 θ

4πz2
=

z

4π(r2d + z2)3/2
. (6)

Similarly, for m = 2,

h2(rd, z) = h1[rd, (L− z)] =
(L− z)

4π[r2d + (L− z)2]3/2
. (7)

Because of the rotational symmetry, the 2D Fourier transform
of h1(rd, z) is given by the Hankel transform,

H1(ρ, z) = 2π

∫ ∞

0

rddrd J0(2πrdρ)
z

4π(r2d + z2)3/2
, (8)

where ρ = |ρ|. The integral is easily performed with the help
of a tabulated integral, with the results

H1(ρ, z) = 1
2 exp(−2πρz) ; (9)

H2(ρ, z) = 1
2 exp[−2πρ(L− z)] . (10)

III. SINGULAR-VALUE DECOMPOSITION

The starting point for SVD is the projection/back-projection
operator H†H, given by

[H†Hf ](r, z) =

∫

∞
d2r′

∫ L

0

dz′ f(r′, z′) p(r− r′, z, z′) .

(11)
with

p(r− r′, z, z′) =
2∑

m=1

∫

∞
d2rd hm(rd − r, z)hm(rd − r′, z′) ,

(12)
where a change of variables shows that the integral is a
function of r − r′. Thus the kernel of H†H is the cross
correlation of hm(rd, z) and hm(rd, z

′), summed over the two
detectors.

We seek eigenfunctions and eigenvalues of H†H. As in
Sec. 7.2.10 of B&M, we make use of the lateral shift invari-
ance and write the eigenfunctions as

uρ,n(r, z) = ũρ,n(z) exp(2πiρ · r) , (13)

where the eigenfunctions are indexed by the continuous 2D
spatial frequency ρ and an integer index n. We adopt the con-
vention that n = 1 denotes the eigenfunction that corresponds
to the highest eigenvalue for a given spatial frequency.

With (13), we can write the projected and backprojected
eigenfunction as

[H †Huρ,n

]
(r, z) = exp(2πiρ·r)

∫ L

0

dz′ ũρ,n(z′)P (ρ; z, z′)

= exp(2πiρ · r)

2∑

m=1

Hm(−ρ; z)

∫ L

0

dz′ ũρ,n(z′)Hm(ρ; z′) ,

(14)

where we have used (11) and (3.134) in B&M to factor the
two terms in P (ρ; z, z′).

The exponentials in (14) cancel and the eigenvalue problem
becomes

2∑

m=1

Hm(−ρ; z)

∫ L

0

dz′ ũρ,n(z′)Hm(ρ; z′) = λρ,nũρ,n(z) .

(15)
Because the integral is a constant, independent of z, it follows
that ũρ,n(z) must have the form

ũρ,n(z) = Nρ,n

2∑

m=1

γnm(ρ)Hm(−ρ; z) (16)

where Nρ,n is a normalizing factor.
To find the coefficients, we substitute (16) back into (15),

yielding
2∑

m=1

Hm(−ρ; z)
2∑

m′=1

γnm′(ρ)

∫ L

0

dz′Hm(ρ; z′)Hm′(−ρ; z′)

= λρ,n

2∑

m=1

γnm(ρ)Hm(−ρ; z) . (17)

Because the functions Hm(−ρ; z) are linearly independent,
(17) has a solution only if

2∑

m′=1

Bmm′(ρ) γnm′(ρ) = λρ,nγnm(ρ) , (18)

where

Bmm′(ρ) =

∫ L

0

dz′Hm(ρ; z′)Hm′(−ρ; z′) . (19)

Because hm′(r; z) is real, Hm′(−ρ; z) = H∗m′(ρ; z) (where
asterisk denotes complex conjugate), so for each ρ, Bmm′(ρ)
is an element of a 2× 2 Hermitian matrix B(ρ).

In matrix form, (19) becomes
[
B11(ρ) B12(ρ)
B∗12(ρ) B22(ρ)

] [
γn1(ρ)
γn2(ρ)

]
= λρ,n

[
γn1(ρ)
γn2(ρ)

]
.

(20)
For each ρ, (20) is a 2 × 2 eigenvalue problem, easily

solvable in Matlab or even analytically. There will be two
orthonormal solutions, γn(ρ) for n = 1, 2, corresponding to
nonzero eigenvalues, and because the matrix is Hermitian and
positive definite, both eigenvalues will be real and greater than
zero.

The solution of (20) gives the eigenfunctions of H†H for
nonzero eigenvalues through (13) and (16). Explicitly,

uρ,n(r, z) =
1√
λρ,n

exp(2πiρ · r)
2∑

m=1

γnm(ρ)H∗m(ρ; z) .

(21)
With the reciprocal square root as the normalizing factor,
these eigenfunctions satisfy the mixed continuous/discrete
orthonormality condition,
∫

∞
d2r

∫ L

0

dz u∗ρ,n(r, z)uρ′,n′(r, z) = δ(ρ− ρ′) δnn′ . (22)
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IV. APPLICATION TO PROXIMITY-BASED IMAGING

With the expressions above for H1(ρ, z), the matrix ele-
ments defined in (19) are given by

B11(ρ) = B22(ρ) =
1

16πρ
[1− exp(−4πρL)] ; (23)

B12(ρ) = B21(ρ) =
L

4
exp(−2πρL) . (24)

Because of the symmetries in the matrix B(ρ), we can
rewrite (20) as
[
B11(ρ)− λρ,n B12(ρ)

B12(ρ) B11(ρ)− λρ,n

] [
γn1(ρ)
γn2(ρ)

]
= 0 .

(25)
Setting the determinant of this matrix to zero shows that

λρ,n = B11(ρ)±B12(ρ) , (26)

where, by convention, n = 1 corresponds to the larger
eigenvalue (the + sign above).

The eigenvalues are plotted in Fig. 1 for ρ up to 1/L (one
cycle per detector spacing). For higher frequencies, the two
eigenvalues are nearly equal and they fall off as 1/ρ.

Fig. 1. Plot of eigenvalues vs. spatial frequency ρ for
0 < ρ ≤ L−1.

Given the eigenvalues, we can readily find the two eigen-
vectors, which satisfy

γ1(ρ) =
1√
2

[
1
1

]
, γ2(ρ) =

1√
2

[
1
−1

]
. (27)

The result is

ũρ,1(z) =
1√

2λρ,1
exp(−πρL) cosh(2πρ∆z) ; (28)

ũρ,2(z) =
1√

2λρ,2
exp(−πρL) sinh(2πρ∆z) , (29)

where ∆z ≡ z − L/2. These ũ functions are just linear
combinations of H1(ρ; z) and H2(ρ; z), even and odd about
the center plane, z = L/2.

V. MEASUREMENT AND NULL COMPONENTS

Any object can be decomposed uniquely into its measure-
ment and null components, f(r, z) = fmeas(r, z)+fnull(r, z),
where Hfnull = 0. The eigenvectors of H†H with nonzero
eigenvalues constitute a basis for measurement space, so the
measurement component of any object must have the form,

fmeas(r, z) =

∫

∞
d2ρ

2∑

n=1

Cn(ρ)uρ,n(r, z) , (30)

and the coefficients can be found from the orthonormality
condition (22):

Cn(ρ) =

∫

∞
d2r

∫ L

0

dz u∗ρ,n(r, z) f(r, z) . (31)

Once we have determined the measurement component of any
object, the null component is given by fnull(r, z) = f(r, z)−
fmeas(r, z).

Because the mapping from f(r, z) to fmeas(r, z) is linear,
we can describe it with a 3D point response function (PRF),
which is a convolution in the lateral variable r and a general
linear mapping in z:

f(r, z) =

∫ L

0

dz0

∫

∞
d2r0 pmeas(r−r0, z, z0) fmeas(r0, z0) ,

(32)
where

pmeas(r; z, z0) =

∫

∞
d2ρ exp(2πiρ · r)Pmeas(ρ; z, z0) .

(33)
Thus the measurement component is given by

fmeas(r, z) =

∫

∞
d2ρ exp(2πiρ · r)Pmeas(ρ; z, z0)F0(ρ) ,

(34)
where Pmeas(ρ; z, z0) is the transfer function from object
space to measurement space, given by

Pmeas(ρ; z, z0) =
2∑

n=1

ũρ,n(z)ũ∗ρ,n(z0) . (35)

Fig. 2. Plot of Pmeas(ρ; z, z0) vs. ρ for z0 = 0.3L and z
varied from 0.1L (upper curve) to 0.9L (lower curve) in

steps of 0.2L.
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A representative result of this analysis for the Mitchell-
Cherry configuration is shown in Fig. 2, where we investigated
Pmeas(ρ; z, z0) for z0 = 0.3L and varied z from 0.1L to
0.9L. This plot can be interpreted as the Fourier transform of
the measurement component in plane z for a point source at
the 2D origin in plane z0. We see that the transfer function is
much larger near detector 1 (small z) than it is in the true
object plane, indicating that a reconstructed image will be
concentrated near the detectors, not in the interior where the
object is actually located.

VI. LANDWEBER ALGORITHM

To further investigate the tomographic properties of the
system, we implemented a Landweber algorithm in the 2D
frequency domain. The update algorithm is given by

F̂ (k+1)(ρ, z) = F̂ (k)(ρ, z) + η
[ 2∑

m=1

Hm(ρ, z)Gm(ρ)

−
∫ L

0

dz′ F̂ (k)(ρ, z′)
2∑

m=1

Hm(ρ, z)Hm(ρ, z′)
]
, (36)

where 0 < η ≤ 1. A positivity constraint can be implemented
by clipping negative values of f(r, z) between iterations.

We experimented widely with the number of iterations (up
to 106 in some cases) and maximum spatial frequency (up to
100/L, or 100 cycles per detector spacing). We made many
runs with different objects, with and without the positivity
constraint, and with various values for η.

Fig. 3. Landweber reconstruction of an object consisting of
two disks. Top left shows the object, as a function of z

(vertically) and radius r from the center of the disks
(horizontally). Bottom left shows the reconstruction, and

bottom right shows z-axis projections of object and image.

Under all conditions, the Landweber algorithm gave images
highly concentrated at the detector surfaces. An example is
shown in Fig. 3, where the object consisted of two disks,
one of radius 0.5L at z = 0.4L and one of radius 0.1L at
z = 0.8L. The image was reconstructed from noise-free data
with 1,000,000 Landweber iterations, a positivity constraint
and η = 1. The displacement of the disks from the detector
planes is not discernible from the reconstructed image.

Next we noted that, in (36), η can vary during iteration,
and it can also depend on z and ρ in any way desired; if
the algorithm converges at all, it will always lead to a least-
squares solution in the sense that the normal equation [B&M
(1.194)] is satisfied with HG = H†HF̂(k).

Thus we can define a new version of Landweber, identical
to (36) except that η is replaced by η0A(ρ, z). Different
choices of A(ρ, z) will lead to reconstructions with different
null functions. This measure turned out to be successful,
as illustrated in Fig. 4, which shows the results of 100,000
iterations with η0=1 and A(ρ, z) =

√
ρL · sin2(πz/L), and

with a positivity constraint applied every 10 iterations.

Fig. 4. Accelerated Landweber reconstruction of the two-disk
object. The layout is the same as in Fig. 3 with A(ρ, z)

added in the upper right (ρ horizontal, z vertical).

VII. SUMMARY AND CONCLUSIONS

The SVD of the imaging operator in this problem has been
computed analytically, without discretization of the object or
image. The results show that null functions severely limit the
ability to perform 3D reconstructions, even with a positivity
constraint. Nevertheless, at least for simple disk objects, it was
found that a judiciously accelerated version of the Landweber
algorithm leads to reasonable reconstructions. The interaction
of the acceleration factor with the positivity constraint controls
the nature of the null functions in the reconstruction. The ac-
celeration factor is not equivalent to a Bayesian prior because
the convergent image agrees with the noise-free data.
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Multi-pinhole SPECT Calibration: Influence of Data
Noise and Systematic Orbit Deviations

Lin Zhou, Kathleen Vunckx and Johan Nuyts

Abstract—Previously it has been proved that the geometry of a
multi-pinhole SPECT system with circular orbit can be uniquely
determined from a measurement of two point sources, without
the knowledge of the distance between them. In this paper, we
report that this conclusion only holds if the motion of the camera
is perfectly circular. In reality, the detector heads systematically
slightly deviate from the circular orbit, which may introduce non-
negligible bias in the calibrated parameters. An analytical linear
model was extended to estimate the influence of both data noise
and systematic deviations on the accuracy of the calibration and
the image quality of the reconstruction. It turns out that applying
the knowledge of the distances greatly reduces the reconstruction
error, especially in the presence of systematic deviations. In addi-
tion, we propose that instead of using the information about the
distances between the point sources, it is more straightforward
to use the knowledge about the distances between the pinhole
apertures during multi-pinhole calibration. The two distance-
fixing approaches yield similar calibration accuracy, but fixing
the inter-pinhole distances is more preferable since it facilitates
simultaneous animal-calibration data acquisition. Our theoretical
results are supported by reconstruction images of a Jaszczak-type
phantom.

I. INTRODUCTION

For small animal single photon emission computed tomog-
raphy (SPECT), geometrical calibration is often needed to
obtain an accurate description of the system geometry. In [1],
[2], it has been proved mathematically that for a multi-pinhole
SPECT system, we only need two radioactive point sources
to have a unique solution of the calibration, without using
the distance information between the two points. However,
our preliminary tests with measured data indicated that if the
distance between the point sources is not fixed, the calibration
of the multi-pinhole system may be unstable and the dimension
of the reconstruction may suffer from a large scaling effect.

One of the assumptions in [1], [2] is that the gamma camera
follows a perfect circular motion during the acquisition. In
reality, there are always slight deviations between the circular
orbit and the actual orbit due to gravity, mechanical impreci-
sions, or other reasons [3], [4]. For each acquisition position,
the ensemble of the detector and the pinhole collimator can be
considered as a rigid object subject to 6 degrees of freedom,
including small translations and rotations in 3 directions. In
general we call these systematic deviations in the context
of this paper. The systematic deviations will introduce bias
on the calibration results if one assumes perfect camera
motion during the calibration. However, since the deviations

The authors are with the Dept. of Nuclear Medicine, K.U.Leuven, B-3000
Leuven, Belgium.

This work is supported by F.W.O. grant G.0569.08, by IUAP grant - NIMI
and by IMIR project of K.U.Leuven.

are expected to be very small, the bias was assumed to be
negligible in the previous studies.

In this study, we extend an analytical linear approximation
model, which was previously used to estimate the noise propa-
gation property in single pinhole calibration [5], to investigate
the influence of data noise and systematic deviations on the
multi-pinhole calibration result. The procedure first estimates
the bias and variance on the estimated parameters (calibration
accuracy), and uses these to predict the resolution loss and
image deformation in the reconstructed images (reconstruction
accuracy). With this method, the stability and accuracy of the
calibration result with and without the prior knowledge of the
distance are further explored. Furthermore, we propose that for
multi-pinhole calibration, it is more straightforward to extract
the distance information from pinhole positions rather than
from point source locations due to practical considerations.

II. METHOD

A. Principle of Calibration

1) Calibration Procedure: To perform a geometric calibra-
tion, normally we put N radioactive point sources (in our case
N = 3) in the center of the field of view (FOV) of the pinhole
SPECT camera, and acquire the data using the same geometry
and same protocol as the animal/phantom scan. Initial values
are given to all the geometrical parameters and the point
sources locations. With the initial estimates, we can calculate
the coordinates of the point source projections. All the param-
eters are then fitted by comparing the estimated projections
to the mass centers of the measured point projections using a
penalized least squares fitting procedure [6].

2) Distance as Prior Information: In order to increase the
robustness of the calibration result, we always use the knowl-
edge about the distances between the point sources during the
calibration. For 3 point sources, it is achieved by transforming
the Cartesian coordinates of the point sources into 3 translation
coordinates, 3 rotation angles and 3 distances. For 2 point
sources, one obtains 3 translation coordinates, 2 rotation angles
and 1 distance. The distances describe the configuration of
the rigid calibration phantom. The translations and rotations
describe the specific position of the calibration phantom in
the FOV. Therefore, if we have a rigid calibration phantom
with known inter-point distance(s), only the translations and
rotations need to be estimated to determine the point source
positions.

Similar to the calibration phantom, the configuration of
our multi-pinhole plate is also rigid. Therefore we can apply
the same approach to use the inter-pinhole distances as prior
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information. Taking the pinhole offsets and the pinhole-to-
detector distance as Cartesian coordinates to denote the pin-
hole position, the coordinate transformation will end up with
3 translation coordinates, 3 rotation angles and 3 × (I − 2)
independent distances, with I the number of pinholes (I ≥ 3).
Once these distances are accurately known, we can fix them
and only estimate the translations and rotations during the
calibration.

B. Calibration Accuracy

We use P to denote the unknown parameter set that needs to
be estimated, which consists of both camera-specific parame-
ters and point source locations. We use U0 to denote the ideal
projection coordinates and U as the projection coordinates
which are disturbed by either the measured noise or by
systematic deviations. The difference is thus ∆U = U − U0.
We assume

∆U = M∆P (1)

where ∆P is a column matrix with the small variations in
the unknown parameters P , and M is a matrix containing the
first-order derivatives of the projection coordinates U0 to each
parameter of P .

The least squares solution of the linear system of (1) yields

∆P = (MT M)−1MT ∆U (2)

where T denotes the matrix transpose.
If the projection coordinates U are only disturbed by

zero mean Gaussian noise, the noise is characterized by its
covariance matrix Cov(U). The calibration accuracy can then
be expressed by the covariance matrix of P :

Cov(P ) = (MT M)−1MT Cov(U)M(MT M)−1 (3)

The variances on the parameters are the diagonal elements of
the covariance matrix.

If the projection coordinates U are subject to systematic
deviations, we represent the difference between the deviated
point projections and the ideal point projections as ∆U .
Applying this ∆U to Eq. (2) results in ∆P which in this
case represents the bias on the estimated parameters.

C. Reconstruction Accuracy

To evaluate the quality of the reconstruction image, we
need figures of merit for the loss in the spatial resolution and
the image deformation. They are calculated by analytically
reconstructing a grid of points which is considered sufficiently
covering the field of view of the multi-pinhole system. For a
point on the grid Xq = [xq, yq, zq]

T , the projection rays that
go through this point can be generally written as

AqXq + Bq = 0 (4)

With noise or systematic deviations on the data, we have
an estimation error (variance or bias) on the calibration result,
introducing small variations in the estimated parameters. This
yields matrices A′

q and B′
q . As a result, Eq. (4) is typically

overdetermined. In this case, we estimated the coordinates

of the ’reconstructed’ point source XR
q as the least squares

solution of the linear equation Eq. (4):

XR
q = −(A′T

q A′
q)

−1A′T
q B′

q (5)

The loss of spatial resolution is estimated based on the
distance (denoted by Siq(θ)) between the reconstructed point
XR

q = [xR
q , yR

q , zR
q ]T and the corresponding back-projection

ray through the i-th pinhole aperture along angle θ. At each
projection angle θ, we decompose Siq in three directions as
Siq = [sx

iq, s
y
iq, s

z
iq]

T , and take the longest length among all
three dimensions, all acquisition angles and all points on the
grid with back-projection rays through all pinhole apertures as
the measure of the resolution loss.

Res. Loss = max
i

(max
q

(max
θ

(max
ϵ

(∥sϵ
iq(θ)∥)))) (6)

where ϵ ∈ (x, y, z) indicates the direction of the measure and
∥ · ∥ represents the Euclidean norm.

The image deformation is evaluated from the relative dif-
ference in the distance between any two points on the grid
before and after the reconstruction. Let p and q be the index
of the two points, the corresponding relative difference Tpq is
defined as

Tpq =
∥XR

p − XR
q ∥ − ∥Xp − Xq∥

∥Xp − Xq∥
× 100% (7)

We take the maximal value of Tpq among all points combina-
tions on the grid as the image deformation.

Img. Def. = max
p

(max
q

(∥Tpq∥)) (8)

D. Truncation Modeling

In reality, a point source will not typically be detected
through every pinhole aperture at every projection angle. This
data truncation is modeled by only preserving the columns or
rows in U , M and cov(U ) corresponding to those projection
points that are located in the FOV of the aperture and in the
valid detector area.

III. STUDIES

The studies were performed with both the proposed analyti-
cal method and a real measurement, based on our self-designed
7-pinhole collimators [7], for a typical acquisition setting. The
calibration phantom in use was a Bequé phantom [5] which
consists of three radioactive point sources (see Fig. 2, top left).
The data were acquired at 64 projection angles equally spread
over 360◦.

We used four different calibration methods:
• fitting all parameters, including all distances,
• fixing only the inter-point distance(s),
• fixing only the inter-pinhole distances,
• fixing both the inter-point and inter-pinhole distances.

combined with three point source settings (see Fig. 2, left):
• projection data of all 3 point sources,
• projection data of the 1st and the 2nd point source,
• projection data of the 1st and the 3rd point source

which are referred to as 3PS, 2PS-sub12 and 2PS-sub13,
respectively.
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Fig. 1. Plot of typical systematic deviations (translations and rotations
of the detector head) acquired from previously acquired calibration data.
Different line types represent different degrees of freedom. The translations
are expressed in mm, the rotations in degrees.

A. Analytical Evaluation

For the analytical study, the detector distance and the focal
length of the pinhole collimator were chosen to be 206 mm and
176 mm, respectively. The electrical shifts, tilt angle and twist
angle were set to zero. The calibration phantom was positioned
horizontally in the center of the field of view. The inter-point
distances were 26 mm, 19 mm and 26 mm, respectively.

The proposed analytical linear model was applied to evalu-
ate the reconstruction accuracy of different calibration methods
combined with different point source settings. The influence
of both noise and systematic deviations were investigated. The
error on the determination of the centroid of the projection
points due to noise was modeled by a Gaussian distribution
with a standard deviation of 0.6 mm. The systematic deviations
used were estimated from a previous calibration procedure.
The deviation patterns of all 6 degrees of freedom are plotted
in Fig. 1.

The grid of points used to evaluate the reconstruction
accuracy distributed on two concentric spheres that cover the
field of view. To model the truncation, the truncated point
projections due to the limited FOV of each pinhole were
removed using a mask generated based on the measured
sensitivity of that pinhole aperture.

The analytical results were verified by numerical simula-
tions with 100 noise realizations.

B. Jaszczak Phantom Reconstruction

To visually inspect the influence of calibration errors, we
reconstructed a Jaszczak-type phantom using the calibrated
parameters obtained from different calibration approaches. The
Jaszczak-type phantom consists of 6 sets of hollow rods having
a diameter ranging from 1.5 mm to 3.0 mm in steps of 0.3 mm.
The phantom was filled with 37 MBq 99mTc and scanned
on a clinical dual-head gamma camera (E.cam, Fixed 180◦,
Siemens Medical Solutions) equipped with our self-designed
multi-pinhole collimators. The diameters of the pinholes were
1.5 mm. The calibration data were acquired immediately after
the phantom scan. The three point sources were filled with 1.85
MBq 99mTc each and were scanned using the same geometry.

The dimension of the reconstruction image was 72×72×88
with 0.63 mm3 voxels. The ordered subset expectation maxi-
mization (OSEM) [8] algorithm was used for reconstruction.
Corrections for decay and scatter were applied, attenuation
was ignored.

IV. RESULTS

A. Analytical Evaluation

In Table I, we list the resolution loss and image defor-
mation of detector head 2, due to data noise and systematic
deviations, respectively. The figures between the brackets are
the corresponding values acquired from numerical simulations
presented for validation purpose. In all cases the reconstruction
accuracies predicted by our linear approximation model are in
good agreement with those obtained from simulations.

We can see that, first, with the given systematic deviations,
the reconstruction errors due to noise are negligible compared
with those due to bias. Second, regardless of the cause of the
error, the image deformation always improves if we applied the
prior knowledge of either the inter-point or inter-pinhole dis-
tances during the calibration. Third, the reconstruction image
will suffer from very large image deformation if no distance
is fixed. This deformation results in a reduction of the object
dimensions by 15-30%. Fourth, with the given point source
position, the 2PS-sub12 leads to similar resolution accuracy
as 3PS, whereas 2PS-sub13 results in very bad resolution in
the reconstruction.

B. Jaszczak Phantom Reconstruction

Fig. 2 shows trans-axial slices of the reconstruction images
of the Jaszczak phantom, reconstructed using the data of
detector head 2. If no distance is fixed during the calibration,
the reconstruction image is obviously scaled. However, once
we fix either inter-point or inter-pinhole distances, the defor-
mation becomes negligible. The resolution with 2PS-sub12 is
comparable with that of 3PS. The resolution with 2PS-sub13
is however much worse. These findings are all in accordance
with Table I.

V. CONCLUSION

In this study, we extended an analytical linear approximation
model to investigate the influence of data noise and systematic
deviations on multi-pinhole calibration. We use this method to
estimate the bias and variance on each geometrical parameter
(calibration accuracy), as well as the resolution loss and
image deformation in the reconstructed image (reconstruction
accuracy). Results show that the reconstruction errors are
dominated by small systematic deviations from the camera
orbit, rather than by noise on the estimated coordinates of
the point source projections. It is also shown that if no prior
knowledge about any distance is applied, the dimension of the
reconstruction image may be considerably scaled due to biased
parameters. The two distance-fixing methods yield similar
calibration accuracy, but fixing the inter-pinhole distances is
preferable since it facilitates simultaneous animal-calibration
data acquisition. The resolution loss in the reconstructed
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Fig. 2. Trans-axial slices of Jaszczak phantom reconstructions. Top / middle / bottom group: with 3PS / 2PS-sub12 / 2PS-sub13 calibration setting. Left
to right in each group: with four different calibration methods (No distance fixed, inter-point distance(s) fixed, inter-pinhole distances fixed and all distances
fixed).

TABLE I
RECONSTRUCTION ACCURACY (TRUNCATED PROJECTIONS)

3PS 2PS-sub12 2PS-sub13
Due to data noise Res. Loss Img. Def. Res. Loss Img. Def. Res. Loss Img. Def.
No distances fixed 0.029 (0.028) 0.772% (0.822%) 0.034 (0.033) 1.129% (1.105%) 0.038 (0.035) 0.873% (0.920%)
Inter-point distance(s) fixed 0.026 (0.026) 0.054% (0.056%) 0.030 (0.033) 0.133% (0.122%) 0.037 (0.039) 0.086% (0.081%)
Inter-pinhole distances fixed 0.012 (0.013) 0.056% (0.061%) 0.022 (0.021) 0.113% (0.103%) 0.016 (0.016) 0.058% (0.057%)
All distances fixed 0.012 (0.012) 0.042% (0.042%) 0.022 (0.023) 0.113% (0.112%) 0.016 (0.016) 0.057% (0.055%)
Due to systematic deviations Res. Loss Img. Def. Res. Loss Img. Def. Res. Loss Img. Def.
No distances fixed 2.38 (2.18) -19.2% (-17.8%) 1.88 (1.89) -31.0% (-28.6%) 3.02 (2.84) -14.4% (-14.2%)
Inter-point distance(s) fixed 2.42 (2.36) 2.91% (2.79%) 2.20 (2.10) 3.54% (3.35%) 3.18 (3.22) -4.03% (-4.44%)
Inter-pinhole distances fixed 2.00 (2.04) -2.73% (-2.91%) 1.70 (1.67) 2.21% (-2.29%) 3.29 (3.30) -4.13% (-4.56%)
All distances fixed 1.93 (1.94) -2.14% (-2.22%) 1.80 (1.70) 2.73% (2.52%) 3.29 (3.30) -4.13% (-4.56%)

images can be significantly reduced by carefully positioning
the point sources, and it is possible to obtain similar results
with 2 and 3 point sources.
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TOF Sinogram Missing Data Filling Method Based 
on John’s Equation Consistency Conditions 

Vladimir Y. Panin, Michel Defrise, and Michael E. Casey 

    Abstract– PET scanner design and exploitation may result in 
only partial information in sinogram azimuthal and radial 
content. Gaps between the detector blocks or malfunctioning 
hardware are typical causes for such incomplete data sampling. 
The iterative reconstruction algorithms straightforwardly use 
the available portion of data. Contrary to this, the commonly 
used analytical algorithms such as FORE + FBP require all 
data. In TOF, data are transaxially redundant and the exact 
interpolation of data can be achieved. 

In previous work we used transaxial TOF consistency 
conditions to restore fine azimuthal sampling of mashed 
sinograms of high count data to evaluate resolution 
performance. In this work we explore block structure related 
missing data and consider low count scans. Here not all radial 
information is available for a given azimuthal view and vice 
versa. The usage of John’s equation based Consistency 
Conditions (CC) can then be advantageous due to locality. 

I. INTRODUCTION 

he gap filling procedure for analytical reconstruction is of 
interest, since some scanners were built with a significant 

portion of missing transaxial information [1]. Typically this 
implies that a significant gap exists between block detectors. 
Also, in practice, a detector block can fail to work 
consistently and must be switched off. However, the scanner 
must be in use before block replacement. The iterative 
method will handle the missing information naturally; 
however, the algorithm convergence rate, resulting in a bias 
–noise tradeoff, will need to be taken into account. The 
analytical method (which is still one of the reconstruction 
options due to unbiased property) can provide a clearer 
picture of the effect of the missing information. 

In the past, non-TOF data consistency conditions (CC) 
were used for transaxial-missed information filling [2]. The 
gaps were filled by enforcing a consistency constraint in 
Fourier space and by retaining measured information in 
sinogram space by the iterative procedure. Recently, a 
Fourier based TOF gap filling was used in the iterative 
manner [3, 4]. 

The transaxial John’s equation CC, introduced in [5], is 
especially convenient for interpolation of missing 
information in TOF sinograms due to locality. The Fourier 
transform-based methods are based a knowledge of complete 
radial information, which is not available. On the other hand, 
John’s based CC requires a knowledge of neighborhood 
values and partial derivatives to fill a particular sinogram 
bin. The potential disadvantage of the John’s equation-based 
CC is that the derivative term has a noise amplification 
effect. 

                                                           
V. Y. Panin and M. E. Casey are with Siemens Healthcare, Molecular 

Imaging, Knoxville, TN 37932, USA. 
M. Defrise is with University Hospital UZ-VUB, Department of 

Nuclear Medicine, Laarbeeklaan 101, B-1090 Brussels, Belgium. 

In this work we will concentrate on the failing transaxial 
block scenario as an example of the gap filling procedure. 
Missing information caused by missing or defective block 
looks like oblique strips in a parallel-beam sinogram. 
Therefore, at a given azimuthal view, only part of the radial 
information is available. Note that this missing information 
can be partially restored by using the axial redundancy of 3D 
TOF PET data, if not all blocks fail in the axial direction. 
Nevertheless, even in this case, the application of the FORE 
algorithm is questionable, partially due to the fact that a fully 
sampled segment zero must be available in the rebinning. 
While a similar local axial CC [6] can be exploited to use 
available polar angle information for axial interpolation, in 
this abstract we consider the case when transaxial 
information is lost over an entire axial range. 

II.  METHOD 

In this section we review the basic principles behind 
transaxial John’s equation based CC, presented in [5]. 

To simplify the presentation we first consider 2D PET 
data for a slice ( )yxf , . This corresponds to segment zero of 

3D PET data for some slice( )zyxf ,, . The data are 

parameterized as 

( ) ( ) ( )∫
∞
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where f is the emission distribution, r are radial sinogram 
coordinates, φ are azimuthal sinogram coordinates, and the 

TOF profile is Gaussian:( ) 2
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Parameterizing φφ sincos 00 trr −=  and 

φφ cossin 00 trt +=  results in ODE: 
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An estimate of an unmeasured view ( )2,, φtrp  can be 

generated by integrating this equation from φ1 to φ2, with a 
measured view ( )1,, φtrp  as the initial value. We solve ODE 

(3) using Euler’s method, with a step value equal to the 
angular difference between adjacent views in the full size 
sinogram, defined as 

T 
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Fig. 1. Schematic representation of sinogram interpolation. Non-TOF sinogram is pictured for better illustration. The gap strip was 
divided in half. Each half was filled from one azimuthal size with small overlapping in the center axis of gap strip. 
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A k-step solution, with view coordinate φφ ∆= kk , can be 

recursively obtained step by step from data at 1−kφ : 

( ) =+− kkkkk trtrp φφφφφ ,cossin,sincos 0000       

  
( )++− −−−−− 110101010 ,cossin,sincos kkkkk trtrp φφφφφ

( )110101010

2
2 ,cossin,sincos −−−−− +−

∂∂
∂∆ kkkkk trtr

tr

p φφφφφφσ

K,2,1=k .            (5). 

As presented in Fig. 1, the estimation process starts at a 
rectangular grid in the ( )00,tr coordinate system of initial 

data at φ1. Then sinogram values will be known on a 
rectangular grid rotated in the targeted coordinate system 
( )tr,  for a given k. In order to resample these values to a 

regular sinogram rectangular grid, we used cubic 
interpolation provided by IDL package software. Such 
interpolation estimates the value of a sinogram pixel using 
its four neighbors. Therefore the initial azimuthal view φ1 
must be chosen appropriately so that the neighboring radial 
pixels required for interpolation are not in the gap. 

In a step by step solution of ODE, the derivative term 
should be an estimate of the current grid, which is rotated 
in ( )tr, . It is convenient to rewrite these derivatives w.r.t. r0 

and t0 as: 
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The computation of the derivatives in (6) was done using the 
simplest finite difference rules. Only the four closest 
neighboring points are used to estimate the derivative for a 
given ( )00,tr . For example, a derivative w.r.t. r0 was 

estimated as 

( ) ( ) ( )( )00000
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, trptrrp
r

trp
r

−∆+
∆

=
∂
∂

,   (7) 

where ∆r0 is the step size of the rectangular grid in the radial 
direction. The choice of the right (∆r0> 0) or left (∆r0< 0) 

neighbor in derivative computing is important. When 
performing the recursive procedure (5), more than one radial 
neighbor at the original azimuthal angle is effectively used in 
derivative computing. Therefore, only the neighbor that is 
located away from the side with the gap position should be 
used, to ensure that only available data are used. A similar 
problem does not exist in the time direction, since all data 
are available. Despite the fact that the sampling interval in t0 
is fairly large in practice, the t derivatives can be calculated 
with good accuracy because the TOF data are essentially 
band-limited in the variable t. The derivatives w.r.t. t0 were 
scaled by additional factors, close to one, derived for a 
Gaussian TOF model kernel and a given sampling interval. 

With the assumption of a small azimuthal angle ∆φ and 
oblique polar angles, the recursive relation (5) can be 
extended to oblique segments [5]. 

The derivative term in (5) can be ignored when TOF 
resolution is sufficiently small. Then eq. (5) is equivalent to 
an interpolation based on the most likely annihilation point, 
similar to the TOF mashing method described in [7]. In this 
inverse mashing (IM) method [5] there is no need to solve 
ODE step by step. For any arbitrary angle φ, data are directly 
resampled from the rectangular grid in ( )00,tr  to the 

targeted rectangular grid in ( )tr, . Such a method is similar 

in performance to a small radial offset from the center of the 
FOV [5]. 

A technical challenge of the method includes the choice of 
an appropriate azimuthal range to fill a particular sinogram 
bin. The gap filling procedure should be tailored for a 
particular application. In our example of the single block 
filling in Fig. 1, the few azimuthal samples on each side of 
the missing strip in the sinogram were used to interpolate 
missing data for a particular radial coordinate. The number J 
of azimuthal samples is chosen depending on the size of the 
gap, due to the missing block. Each chosen azimuthal view 
produced a few extrapolated views in the direction toward 
the gap. Each azimuthal sample uses a few radial samples in 
the position radially close to a considered sinogram bin to be 
filled. The J estimated values of a sinogram bin thus 
obtained from the various azimuthal samples are averaged to 
reduce noise.  

The obliqueness of the gap strip led to an additional 
challenge in the interpolation of non zero TOF bin 
sinograms. In the example in Fig. 1, interpolated information 
from larger azimuthal index views (the process represented 
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by the red color), should be “shifted” in the direction of 
increasing radial index, as is dictated by eq. (3) in the case 
of non-zero TOF bins. Therefore, the interpolated value 
region might include samples from the gap region. To 
exclude computational complications, we decided to use 
values from previously interpolated steps at smaller radial 
indices. Therefore, the interpolation is performed from left 
to right in the radial direction in interpolation from larger 
value azimuthal samples (red) and from right to left in 
interpolation from smaller azimuthal angles (blue). At the 
beginning of the interpolation process we used a priori 
information that sinogram values must be zero at the gap 
positions that are outside of the object. 

LOR space sinograms with non-equidistant radial 
sampling were considered in the present work (in [5] arc 
corrected sinograms were used), since the block gap 
structure is natural in such a representation. 

III.  RESULTS 

The experimental investigations were performed on a 
Siemens 3 ring mCT scanner, which consists of 48 transaxial 
and 3 axial blocks. The sinograms contain 168 azimuthal 
views, obtained by regular non-TOF mashing of adjacent 
azimuthal samples. The scanner has gaps with size equal to 
one crystal width, causing a regular small size pattern gap 
structure, which is significantly reduced by this mashing 
procedure. For this we used a Siemens regular crystal gap 
filling procedure, based on simple linear azimuthal 
interpolation. We applied the gap filling procedure proposed 
in this paper to correct for artificially produced relatively 
large size gap structure. 

The 20 cm diameter Ge-68 phantom was placed 15 cm off 
center. Two scans were considered. One was a high count of 
10 hours and another was a low count of three minutes 
duration. 

Initially, the fully sampled data were processed by a 
standard reconstruction tool in order to obtain reference 
analytical TOF FORE+FBP reconstruction and a scatter 
estimation. The scatter estimation was used later in the 
sinogram with missing information in order to exclude any 
effect related to scatter estimation with missing information. 
In general, scatter estimation is based on iterative emission 
reconstruction, where missing information is handled 
straightforwardly. Then an axial row of 3 blocks (coinciding 
with the transaxial view) were excluded during list mode file 
histogramming, simulating a transaxial block failure. The 

block consists of 14 virtual crystals, resulting in a 7 bin wide 
gap in the azimuthal direction. The edge gap azimuthal 
coordinates were defined for each radial coordinate of the 
gap structure. We used azimuthal samples as distant as 5 
views from the gap edges. A normalization file with missing 
blocks was also produced. Fully corrected for attenuation, 
normalization and scatter, a sinogram with missing 
information was produced. 

Fig. 2 shows the results of a block size gap filling 
procedure in the sinogram domain. The gap region looks less 
noisy in 3 minutes due to the averaging from multiple 
adjacent azimuthal view radial neighborhoods. The CC 
filling was little sensitive to sinogram noise. The CC 
sinogram was different from the original by 19% in the gap 
filled region for 10 hours of acquisition. 

Fig. 3 represents TOF FORE+FBP reconstructions. The 
reconstructions from original fully sampled data (no missing 
blocks) were considered as gold standards. It was observed 
earlier that TOF information allows for a significant 
reduction of artifacts when reconstructing inconsistent data. 
Nevertheless, the ad-hoc reconstruction from incomplete 
data results in an image with streak artifacts and reduced hot 
sphere values. This can be observed in the difference image 
with respect to the gold standard.  

The presented sphere value reduction was deducted by 
comparison of the maximum value inside small spheres (8 
and 12 mm diameter) and the ROI of a large 25 mm 
diameter sphere. The smallest 4 mm diameter sphere is 
difficult to observe in ad-hoc reconstruction due to 
background artifacts. These artifacts are quite obvious in a 
high count image and masked by noise in a low count image, 
but can still be observed in the coronal view of the 
difference image. The CC also produced some correlated 
differences of smaller amplitude, compared to that of the ad-
hoc reconstruction, in the case of high count data. This can 
be due to the introduction of the correlation in interpolated 
data. However, the hot sphere values were not affected, as 
can be seen in the difference image and sphere value 
reductions. 

IV.  CONCLUSION 

The considered phantom had hot spheres placed relatively 
far from the center of the FOV. From this setup we 
previously observed the advantage of the usage of exact CC 
[5]. Here the IM method was able to produce only slightly 

Fig. 2. Sphere phantom sinograms. Non-TOF sinogram (after interpolation all TOF bins were summarized) is presented 
for better illustration, plane 40 (direct plane). Sinogram picture were truncated in radial direction. 

Original sinogram, 10 hours Gap filled sinograms by presented CC method 

3 mins 10 hours 
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different results (not shown) in the reconstructed image, 
even though the CC method indeed performed better in the 
sinogram filling region. This might be explained by the fact 
that a relatively small amount of information was lost, when 
compared to reconstruction from a significantly mashed 
sinogram [5]. Nevertheless, the results suggest that the local 
transaxial CC can be used as a single pass method to 
accurately fill sinogram gaps of large size. 
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Abstract—We have proposed the OpenPET geometry which has 

gaps between detector rings and physically opened field-of-view. 

The image reconstruction of the OpenPET is classified into an 

incomplete problem because it does not satisfy the Orlov’s 

condition. Even so, the simulation and experimental studies have 

shown that applying iterative methods such as the maximum 

likelihood expectation maximization (ML-EM) algorithm 

successfully reconstruct images in the gap area. However, the 

imaging process of the iterative methods in the OpenPET imaging 

is not clear. Therefore, the aim of this study is to analytically 

analyze the OpenPET imaging and estimate implicit constraints 

involved in the iterative methods. To apply explicit constraints in 

the OpenPET imaging, we used the method of convex projections 

for restoration of the images reconstructed by the analytical way in 

which low-frequency components are lost. Numerical simulations 

showed that the similar restoration effects are involved both in the 

ML-EM and the method of convex projections. Therefore, the 

iterative methods have advantageous effect of restoring lost 

frequency components of the OpenPET imaging. 

 
Index Terms—Image restoration, Iterative methods, Positron 

emission tomography, Reconstruction algorithms 

 

I. INTRODUCTION 

We have proposed and have been developing the OpenPET, 

an open type positron emission tomography (PET), which has 

physically opened field of view (FOV) [1]-[6]. The physically 

opened gap enables to access patients during PET scan (Fig. 1) 

and it makes possible various applications. The OpenPET has 

mainly three possible applications: (1) in-beam PET during the 
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radiation therapy [7]-[9], (2) simultaneous multimodal system 

such as PET/CT that can image exactly the same time and area, 

and (3) whole body PET with limited number of detector rings 

[4]-[6]. 

There are two types of imaging region in the OpenPET 

imaging: (1) in-ring and (2) in-gap (Fig. 2). The OpenPET can 

obtain exact images in the in-ring regions. However, it cannot in 

the in-gap region because the Orlov’s condition is not satisfied 

[10]. According to the Fourier slice theorem, the truncated 

region in the frequency domain, where the OpenPET cannot 

completely acquire the frequency components, is expressed as 

two cone-shaped regions as shown in Fig. 3. Hence, the 

OpenPET image reconstruction is incomplete problem. Even so, 

the simulation and experimental studies have shown that 

applying iterative methods such as maximum likelihood 

expectation maximization (ML-EM) and ordered subset 

expectation maximization (OS-EM) algorithms successfully 

reconstruct images in the in-gap region [1], [2]. Therefore, we 

expect that the iterative methods have a restoration effect of 

compensating the lost frequency. However, the restoration effect 

of the iterative methods for the OpenPET has not been analyzed. 

It is not preferable to use instruments in that data or image 

acquisition process is unclear, especially in the clinical 

situations. Because the imaging process of the iterative methods 

is not clear, we need to evaluate the effect using analytical 

methods and explicitly known constraints. The aim of this study 

is to clarify the characteristics and imaging process of the 

OpenPET imaging. 

Restoration of the Analytically Reconstructed 

OpenPET Images by the Method of Convex 

Projections 

Hideaki Tashima, Takayuki Katsunuma, Shoko Kinouchi, Mikio Suga, Takashi Obi, Hiroyuki Kudo, 

Hideo Murayama, and Taiga Yamaya 

Accessible open space

OpenPET detector rings

Axial FOV  
Fig. 1.  Schematic illustration of the OpenPET geometry. 
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II. METHODS 

A. Reconstruction Method 

In this study, we use the direct Fourier method (DFM) as an 

analytical reconstruction method and the method of convex 

projections, which is also known as the projection onto convex 

sets (POCS) [11], [12], for the restoration of lost frequency 

components. Because the DFM cannot use entire data acquired 

in the OpenPET, reconstruction results are compared with the 

ML-EM with the same data sets as the DFM. Let reconstructed 

image by the DFM be fDFM (x, y, z). Functions to give the 

constraints are written as follows: 
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where rBG is the radius of the phantom background.. The 

function which only has the value in the cone-shaped unknown 

frequency region in Fig. 3 is written as follows: 
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Let F3 and F-3 be the 3D Fourier transform and the inverse 3D 

Fourier transform operator, respectively. The POCS algorithm 

employed in this study is described as follows: 
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This algorithm is repeated until fn(x, y) converges. 

B. Computer Simulations 

We applied the reconstruction method to simulation data. The 

simulated OpenPET geometry is as shown in Fig. 2. Each one of 

the two detectors consists of 24 rings with the axial length of 150 

mm, and the gap is 100 mm. The simulated phantom is a disc 

phantom that consists of three discs with the diameter of 75 mm 

and the thickness of 12.5 mm placed 12.5 mm away from each 

other and cylinder-shaped background with the diameter of 150 

mm and the axial length of 75 mm. The ratio of the background 

to the discs was 1:4. The projection data of the phantom was 

acquired by forward projection. The disc phantom was 

reconstructed by the three methods: (1) DFM, (2) DFM with 

POCS, and (3) ML-EM. In addition, we reconstructed 

projection data of the disc phantom acquired with conventional 

PET geometry which is the same size as the simulated OpenPET 

geometry but does not have open gap by DFM, named (4) DFM 

full ring, for reference. We applied the reconstruction 

algorithms to both noise-free projection data and noisy data to 

check reconstruction stability. 

 

III. RESULTS 

Fig. 4 and Fig. 5 show the reconstruction results by each 

method. The number of iteration in the POCS was 2000. The 

iteration number of the ML-EM was 50. The transaxial and 

sagittal images of the center slices and their profiles on the 

horizontal centerlines are shown. The reconstructed image by 

the DFM was degraded by artifacts and valleys between discs in 

the image were almost vanished while the reconstructed image 

by the DFM full ring clearly shows the valleys. The degradation 

was significantly restored by applying the POCS. The profile 

along axial direction after applying the POCS was very well 

agreed with the profile of the ML-EM. The transaxial profile 

was also restored by applying the POCS but the profile was less 

agreed with the ML-EM than the axial profile was. In the case of 

noisy projection data, we adjusted counts in the disc phantom so 

that the noise level of the projection data becomes about 5 % 

keeping the ratio of the background to the discs 1:4. The 

x

y

z

θ

8
0
0
 m

m

150 mm 100 mm 150 mm

in-ring in-gap in-ring

 
Fig. 2.  Simulation geometry and FOV of the DFM of the OpenPET. The DFM 

can only use projection data with the angle of θ so the feasible FOV is described 

as the diamond shape in axial direction. 

νx

νy

νz

θ

 
Fig. 3.  Truncated frequency in the in-gap region of the OpenPET imaging, in 

which vx, vy and vz are frequencies in x, y and z directions, respectively.

Frequency components inside the cone region are truncated. 
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restoration effect was also observed in both DFM with POCS 

and ML-EM but patchy pattern was appeared in the background 

area after applying the POCS, which was not observed in the 

case of ML-EM. The patchy pattern differed when we added 

different noise by changing the random seed. Fig. 6 shows that 

the average image of reconstruction images from 100 different 

noisy projection data in which random seeds are different 

became uniform. 
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Fig. 4.  Center slices and profiles along horizontal centerlines of images 

reconstructed by each method. The images and profiles of the DFM are restored 

by the POCS and similar to the reconstructed images by the ML-EM.  
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Fig. 5.  Reconstructed images of projection data with Poisson noise of about 5 % 

by each method.  

Transaxial Sagittal

 
 

Fig. 6.  Average image of the images reconstructed by DFM with POCS from 

100 noisy projection data generated using different random seeds. 
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IV. DISCUSSION 

The results showed the POCS is effective for the restoration 

of lost frequency in the OpenPET imaging. The axial profiles of 

the restored images by the POCS were very well agreed with 

those by the ML-EM. Therefore, the both methods have similar 

lost frequency restoration effect especially in axial direction. 

However, the transaxial images and profiles of the ML-EM 

contain overestimation in the edge of the object while the results 

of the POCS do not. This indicates that the ML-EM has effect to 

amplify some components that is not amplified by the POCS. 

Although the POCS in this study successfully improved images 

reconstructed by the DFM, it generated patchy pattern when the 

projection data contains noise. However, by averaging multiple 

trials of the reconstruction of noisy projection data with different 

random seeds, the pattern disappeared. This means that the 

patchy pattern depends on the initial noise pattern appeared in 

the reconstructed image by the DFM and the POCS enhances it. 

Further investigation is necessary to clarify the imaging process 

in the iterative image reconstruction methods of the OpenPET. 

 

V. CONCLUSION 

In order to investigate the restoration effect in the iterative 

OpenPET image reconstruction, we applied the image 

restoration method that can apply explicit constraints to the 

analytically reconstructed OpenPET images. By using the 

known frequency components obtained by the DFM and 

non-zero constraints in the object domain, the POCS method can 

restore lost frequency components in the DFM and obtain the 

similar images as the ML-EM algorithm. Therefore, the iterative 

methods seem to involve the frequency restoration effect and are 

effective for the OpenPET imaging. Future work includes, 

development of an analytical method that uses all available data 

in the OpenPET imaging and comparison with the ML-EM 

using all available data. 
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Abstract— Low-dose CT is becoming more popular in recent 
years due to growing concerns on radiation exposure in medical 
scans. Regularized iterative CT reconstruction is a promising way 
to overcome the resulting noise and streak artifacts. We have 
recently described an approach that uses non-local means (NLM) 
filters in the regularization step. Traditional NLM filters evaluate 
reference neighborhoods in the current image for filtering. This 
can lead to poor results when the image is severely contaminated 
under very low low-dose conditions. We introduce a method that 
instead uses reference regions in artifact-free priors, that is, 
reconstructions that contain no artifacts but have similar 
anatomical and pathological structures. This requires (i) a 
comprehensive database containing a representative sample of 
possible anatomical, pathological, noise and streak images, and (ii) 
a suitable search+match strategy to locate the contaminated 
micro-feature and links it to its clean counterpart. We find that 
our method performs much better than traditional NLM under 
these adverse conditions, while being computationally efficient. 

I. INTRODUCTION 
Low-dose CT has attracted more attention in recent years since 
it can reduce the radiation exposed to the scanned patients. To 
reconstruct a volume in low-dose CT, iterative methods are 
often applied to obtain a numerically optimized solution. 
However, severe noise or streak artifacts may still persist, 
making accurate diagnosis difficult. To suppress these artifacts, 
regularization is usually incorporated into the reconstruction 
process. One form of regularized CT reconstruction alternates 
the core reconstruction algorithm and the regularization step in 
each iteration step. In previous work [7], we have demonstrated 
the successful application of one neighborhood filter, the 
bilateral filter, as a regularization operator within an iterative 
algebraic reconstruction framework. In more recent work [6], 
we expanded on this idea by introducing (and comparing) a 
wider selection of neighborhood filters. Specifically, we found 
that the non-local means (NLM) filter [1] performs exceedingly 
better because it bases the filtering on redundant areas that exist 
in the image, using a patch-based similarity matching procedure 
to identify relevant pixels. In this context, a patch is a small 
adjacent area around a pixel. 

NLM replaces the value of each pixel px with the weighted 
sum of the values of neighborhood pixels py, whose weights are 
determined by the patch similarity between px and py: 
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Here x and y are pixel locations, Wx is the neighborhood of x, P 
is the patch size of each pixel, t is the index within a patch, Ga is 
a Gaussian kernel and h is the parameter of NLM to control the 
overall smoothness of the filtering. Although NLM works well 
for artifacts suppression in modestly contaminated images, for 
more severe artifacts arising from very few projections or 
extremely low SNR, the regularization effect can still be quite 
limited. This is due to the fact that NLM depends on a high 
degree of redundancy inside an image and takes advantage of 
this redundancy to eliminate noise. However, when the matched 
neighborhood regions are heavily corrupted, the redundancy is 
too poor to be reliable.  

In this paper, we modify the original NLM filter and 
introduce a reference-based NLM (RNLM) filter to take 
advantage of existing artifact-free patches that match the 
imaged original features. In this scheme, the reference images 
contain no artifacts but have similar anatomical and 
pathological structures than the image to be regularized. To find 
such reference regions, we propose (i) the construction of a 
comprehensive database containing all possible anatomical, 
pathological, noise and streak image regions, and (ii) a suitable 
search+match strategy that can locate the contaminated image 
regions in the database and link them to their clean counterparts. 
Our experiments indicate that the method allows even severe 
artifacts to be effectively reduced. 

The paper is organized as follows: Section 2 presents related 
work and background, Section 3 describes our reference-based 
NLM algorithm and its workflow, Section 4 presents results, 
and Section 5 ends with conclusions. 

II. RELATED WORK AND BACKGROUND 
Much work on reference-based filtering has appeared in 
computer graphics. Petschnigg et al used this type of approach 
in conjunction with a bilateral filtering module [3] for digital 
photography. Their work, called Joint Bilateral Filter, uses 
flash and non-flash image pairs to retain good aspects from both 
images for noise reduction, detail preservation and retention of 
ambient illumination. Another application is the colorization of 
grey-level images [4]. Here, a user provides the grey-level 
image to be colorized and a (color) reference image of a similar 
scene. To find the RGB color of a grey-level (target) pixel, the 
algorithm then searches the grey-level converted reference 
image for pixels with similar grey-level neighborhoods than the 
target pixel and then chooses the original color of the best 
matching reference pixel. In our proposed scheme, the 
reference images are a set of artifact-free medical images and 
the converted images used for patch matching which are these 
same images but degraded by some measurable artifact model. 
The artifact-free feature counterparts are then retrieved and 
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Fig. 1.  Matching procedure (only one 
patch is shown in each image for ease of 
illustration).  The red dot is the central 
(target) pixel of the yellow dashed 
window, which is the neighborhood 
area the filter operates on; the other dots 
and squares (purple, green, cyan) 
denote a pixel and its patch in the 
(original, converted reference, 
artifact-free reference) image. 

 

used for regularization. 
In the CT reconstruction literature, Yu et al. [9] proposed the 

PSRR method which replaces regions in a low-dose CT 
reconstruction with their embodiments in a normal-dose CT 
reconstruction, when unchanged. The NLM filter relaxes the 
need for registration as it (i) performs the registration on the fly 
via its patch-based search mechanism and (ii) utilizes features at 
a much smaller scale, exploiting the potentially large number of 
redundancies that might exist there. On the other hand, Kelm et 
al. [2] describe an approach that reconstructs volumes at two 
different thicknesses, from the same acquired projection data. 
They reconstruct the thicker slices at higher SNR, while the 
thinner slices have lower SNR. We extend this method to 
high-quality imagery not necessarily acquired simultaneously.   

III. METHODOLOGY 
Our method uses a set of artifact-free reference images R and 
their converted images C containing similar artifact types and 
distribution than the input image I. We call a reference image 
and its converted image a reference image pair. To obtain the 
reference image, a comprehensive population of common CT 
anatomical and pathological images is required. Further, to 
obtain the corresponding converted image a simulation must be 
performed to generate in the reference image every possible 
artifact type that may appear in the input image. This imagery 
then forms a comprehensive database D comprising both the 
clean reference images and every artifact-corrupted image.  

A. The Reference-Based NLM (RNLM) Filter 
Like the NLM, the RNLM works within a local neighborhood 
and computes the individual weight for each pixel inside this 
neighborhood as this pixel’s contribution to the central pixel. 
However, there are two modifications (see Fig. 1). First, for 
NLM, the weight computation is based on the similarity 
between patches from the same input image I (comparing the 
red and the purple patches), while for RNLM, the central patch 
is still from input image I but the other patches are from the 
converted reference images C (comparing the red and the green 
patches). Second, the RNLM is a weighted sum of 
neighborhood pixels inside the reference image R (cyan dot in 
the reference image) and not from the input image I. Finally, the 
RNLM could have several reference image pairs to increase the 
effective patch-searching range. Formally: 
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where x and y are pixel positions, Wx is the neighborhood of x, P 
is the patch size of each pixel, RP is the set of reference image 
pairs, i and t are index of corresponding set, Ga is a Gaussian 
smoothing kernel and h is the parameter to control the overall 
smoothness of the filtering.  

We choose the converted image instead of the clean reference 
image for patch matching since the latter would increase the 
patch difference, resulting in a much smaller weight after the 
exponential function is applied. By simulating the artifacts in 
the reference image we obtain a much more realistic 
comparison in the matching stage. Our results indicate that this 
strategy is well chosen. 

We note that in our scheme RP also includes the input image, 
but only when the denominator of (2) is very close to zero. This 
occurs when the neighborhood size is not big enough to contain 
similar patches than the central patch, which is quite rare. In that 
case, RNLM degenerates to normal NLM.  

In (2), the pixel and neighborhood positions are directly 
taken from the input image. Therefore, image alignment or 
registration should be performed in advance. For now, we have 
employed image slices that were adjacent to the target image 
and so this step has been omitted. In fact, when the 
neighborhood is big enough, a rough alignment is sufficient to 
perform the patch matching. Future work will extend our 
current (proof-of-concept) framework in this direction.  

B.  The Database 
First, suitable reference image pairs must be identified by 
matching the input image in the database D. A typical database 
is shown in Fig. 2. In this paper, we consider only two artifact 
types commonly appearing in low-dose CT – streak artifacts 
due to too few projections in a full viewing range (180˚) and 
noise due to low-dose projections. Therefore, the corresponding 
database is three-dimensional with each of anatomic feature, 
streak and noise taking up one axis. More artifact types could 
also be added according to the specific configuration of the data 
generation.  

In this database, along the anatomic axis only ideal images 
which are artifact-free and generated with a full number (180) 
of projections are listed (green strip in Fig. 2). This axis 
contains every related anatomical image on hand. These ideal 
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Fig. 2. A three dimensional database D for matching the input image: The 
anatomic axis (green strip) contains only ideal images which are artifact-free, 
generated with the full number (180) of projections and is used as reference 
images; the anatomic-streak plane (orange area) contains only streak images 
which are noise-free, and along the streak axis the number of projections used 
for reconstruction decreases so that the streak artifacts increase; the 
remaining space beside the orange plane contains different anatomic images 
with every combination of artifacts; along the SNR axis, the noise level 
increases.  

Fig. 4. Pseudocode for the similarity metric for noisy items. 

Fig. 3. Pseudocode for database matching. 

1.  for each noisy item of a selected streak item S 
    Subtract the noisy item from S to get image D 
    for each line of D 
      Compute the absolute mean of the block  
               area around that line  
  A perturbation magnitude spectrum P is obtained 
2.  Subtract the input image from S to get image ID 
     for each line of ID 
    Compute the absolute mean of the block area  
          around that line 
   Obtain the perturbation magnitude IP 
3.  for each line of IP 
    if IP value is within spectrum P 

      Pick the noise level with the closest value  
  else  
      Set the line as ineffective 

4.  Pick the top 10% of the effective lines according to the closest value 
and return the most often selected noise level 

1. for each ideal item 
Compute similarity value VI with input image I 

  Insert into the ordered list according to VI 
    Pick top M items as reference images R 
2. for each reference image R 
  for each streak item of R 
   Compute similarity value VS with input image I 
   Update current largest value 
  Pick the streak item S with the largest VS 
3. for each selected streak item S 
  for each noisy item of S 
   Compute similarity value VN with input image I 
   Update current largest value 
  Pick the noisy item No with the largest VN 
4. Return M pairs of (R, No)

items are the reference images used in the RNLM filter. Along 
the streak axis the number of projections decreases from 180 to 
20, while along the SNR axis the noise level increases from 
noise-free (ideal) to SNR 5. The anatomic-streak plane (orange 
plane in Fig. 2) contains only noise-free images (we call streak 
items), while the remaining space contains noisy items, one for 
each ideal and streak item. Note that streak (noise) items with 
no streaks (noise) are items that apply in the regularization 
when only one of the two respective artifacts is present.  

C. Database Matching 
In our current work, we first find an appropriate reference 
image pair and then perform the regularization for the entirety 
of the target image. Given the (contaminated) input image, our 
reference image pair must satisfy two constraints: (i) the 
reference image must contain similar anatomical features than 
the input image and (ii) its converted counterpart must have 
similar artifact types than the input image. Finding such a 
matched reference image pair is equivalent to do 
high-dimensional space matching. The associated computations 
could be very complicated and time consuming. However, 
because of the special configuration of the database space, 
which is generated from items along the anatomy axis, it is 
sufficient to perform the search + match operation only along 
the yellow arrows in Fig. 2. We devise the search routine as 
shown in Fig. 3 to effectively reduce the computational 
complexity of the matching in terms of the number of loops 
from O(A·S·N) to O(A) + O(S) + O(N) to find each reference 
image pair, where A, S and N stand for the number of anatomic 
(we have not considered pathologies in the current work), streak 
and noise configurations, respectively. Thus, along each search 
direction (yellow arrow in Fig. 2) the candidate items only 

differ from each other in one aspect – the structural difference 
for ideal items, the streak difference for streak items and the 
noise level difference for noisy items. This allows for efficient 
similarity comparison. 

D. Similarity Metric 
The choice of similarity comparison metric varies with image 
type. For ideal item comparison, since the items are 
artifact-free, regardless of the type of input image, the structural 
differences dominate the similarity evaluation. Therefore, any 
common image evaluation metric (RMS, CC, etc.) works well. 
Similarly, for the comparison of streak items, which are 
noise-free and structurally similar to the input image, the streak 
level difference dominates the evaluation.  

However, using this same metric will make the comparison 
fail to find the similar noise level items. We expect a metric to 
evaluate the noise level as the magnitude of perturbation around 
the ideal image profile, while common metrics would boost 
such difference and end up suggesting noise-free items. To 
obtain the appropriate perturbation magnitude description, 
since we know the noise-free items of these noisy candidates, 
subtracting the noisy from the noise-free items will reveal the 
level of noise contained in each noisy item. So we perform the 
comparison as Fig. 4. For step 2, although the input image and 
the streak item are anatomically quite similar to one another, the 
subtraction not only reveals the noise level but also inevitably 
keeps the effect from structural difference. To eliminate such 
unwanted side effects, we discard (in step 3) the line out of the 
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                       (a)                               (b) E-CC: 0.48                           (c) E-CC: 0.69                        (d) E-CC: 0.76                          (e) E-CC: 0.78                      

Fig. 7. Target images: (a) perfect, (b) low-dose reconstruction; Regularization results: (c) traditional NLM, (d) reference image-based using the perfect 
reference images for matching (e) reference image-based using the target artifact-matched reference images for matching. 

Fig. 5. One of two reference image pairs matched from the database (left: 
perfect, right: target artifact-matched low-dose reconstructions. 

    Ideal   30   25    20    15      10      5   Input Ideal    30   25     20    15 10  5 Input

Fig. 6. The spectrum for mean magnitude of noise perturbation for the selected 
streak item under all noise levels: the left shows all lines of the images while 
the right shows only effective lines; from column 1 to 7 the noise level 
increases, while column 8 shows the mean magnitude of noise perturbation for 
the input image.

range of the magnitude spectrum as one dominated by structural 
differences, and right after that (in step 4), we pick only the top 
10% suggested solutions. 

IV. RESULTS 
We tested our algorithm using the NIH Visible Human brain 
(size 2563). To generate the database D, we first picked 
representative image slices from the volume to represent 
various anatomical items. Then after simulating the projections 
of each slice, we chose different numbers of projections 
(180,120, 90, 60, 45, 30, 20) and noise levels (noise-free, SNR 
30, 25, 20, 15, 10, 5) in the projections to generate a complete 
database of corrupted and uncorrupted CT reconstructions 
using the OS-SIRT 5 reconstruction algorithm [5]. A new slice 
was chosen from the brain volume, 30 X-ray projections were 
simulated, noise with SNR 12 was added, and an OS-SIRT 5 
reconstruction was performed. This (target) image is shown in 
Fig. 7b, along with its non-corrupted counterpart in Fig. 7a.  

Using the database matching we obtained 2 reference image 
pairs (SNR 10 with 30 projections and SNR 10 with 20 
projections, respectively). One of these pairs is shown in Fig. 5. 
To determine the noise level of these, the magnitude spectrum 
was evaluated (plotted in Fig. 6). Using the two reference image 
pairs, we regularized the target using traditional target 
image-based NLM (Fig. 7c), RNLM using the perfect reference 
images for matching (Fi. 7d), and RNLM using the target 
artifact-matched reference images for matching (Fig. 7e). All 
NLM use a 7×7 window and optimized parameter settings. We 
observe that RNLM is clearly superior to NLM, and that 
matching the target artifacts brings additional significant 
improvements (see for example, the locations pointed to by the 
three arrows). Each result is also evaluated by a perceptual 
quality metric E-CC (edge-based correlation coefficient) [8] in 
Fig. 7. In terms of computational performance, RNLM is 

similar to NLM, and with GPU acceleration its runtime is 
around 0.1s for a megapixel image. There is constant overhead 
for indexing, while database matching is a preprocessing step. 

V. CONCLUSIONS AND FUTURE WORK 
We have extended NLM-filtering for regularization in an 
iterative CT reconstruction framework to reference 
image-based NLM filtering, where the reference image is 
another artifact-free image with similar anatomical features 
than the target. Future work will generalize this procedure to a 
pixel- or region-based matching approach, involving more than 
two reference-image pairs for regularization. This affects 
mostly the anatomy and pathology dimension. For the latter, we 
also plan to enrich the database with specific pathologies. 
Finally, we also plan to incorporate rough registration for better 
window placement.  
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Determination of Quantitative Tissue Composition
by Iterative Reconstruction on 3D DECT Volumes

Maria Magnusson1,2,3, Alexandr Malusek2,3,4, Arif Muhammad2 and Gudrun Alm Carlsson2,3

Abstract—Quantitative tissue classification using dual-energy
CT has the potential to improve accuracy in radiation therapy
dose planning as it provides more information about material
composition of scanned objects than the currently used methods
based on single-energy CT. One problem that hinders successful
application of both single- and dual-energy CT is the presence
of beam hardening and scatter artifacts in reconstructed data.
Current pre- and post-correction methods used for image recon-
struction often bias CT attenuation values and thus limit their
applicability for quantitative tissue classification.

Here we demonstrate simulation studies with a novel iterative
algorithm that decomposes every soft tissue voxel into three base
materials: water, protein, and adipose. The results demonstrate
that beam hardening artifacts can effectively be removed and
accurate estimation of mass fractions of each base material can
be achieved.

Our iterative algorithm starts with calculating parallel pro-
jections on two previously reconstructed DECT volumes recon-
structed from fan-beam or helical projections with small cone-
beam angle. The parallel projections are then used in an iterative
loop.

Future developments include segmentation of soft and bone
tissue and subsequent determination of bone composition.

Index Terms—Iterative reconstruction, Dual energy CT, Tissue
classification, Tissue composition, Tissue decomposition

I. INTRODUCTION

Computed tomography (CT) measures spatial distribution
of the linear attenuation coefficient, μ(x, y, z), [1]. The re-
constructed μ-values are affected by quantum noise, scatter,
and beam hardening. Scatter and beam hardening lead to
cupping and streak artifacts in reconstructed images. Pre-
processing with a water beam hardening correction algorithm
[1] is used in practice. For head imaging, post-processing to
remove severe streaks and cupping caused by beam hardening
in bone is performed. In this case, however, the received μ-
values for bone are inaccurate.

CT techniques have developed rapidly in recent years. To
speed up image acquisition, spiral and multi-slice imaging
techniques are used. Helical scanning with multi-row detectors
increases the speed even further and provides reconstructed
volumes, see for example [2]. Dual Energy CT (DECT) with
two rotating X-ray tubes was introduced by Siemens for
heart scanning. Later, by using two different tube voltages,
it was used to improve segmentation of anatomical structures
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Radiation Physics, 3Center for Medical Image Science and Visualization
(CMIV), Linköping University, SE-581 83 Linköping, Sweden. 4Dept. of
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39/64, 180 86 Praha 8, Czech Republic. Corresponding author: Maria Mag-
nusson, E-mail: maria@isy.liu.se.

volume

recon−
structed

virtually
measured

projections
parallel

CT−scanner

fan−beam or
small cone−
angle helical
projections from

generation
of
parallel 
projections

recon−
struction

Fig. 1. Calculation of virtually measured parallel projections.

with tissue compositions too close to be discriminated with
conventional CT scanners [3].

In single-energy CT, the historically first tissue classification
method was performed by assigning CT numbers into groups
(for instance bone, soft tissue, etc.) delimited by threshold
values. A more elaborate method currently used in clinical
practice was developed by [4]. They assumed that each tissue
was a mixture of two base materials and derived formulas for
the determination of weight fractions of these two materials.

In [5], it was demonstrated that DECT can be used to
determine electron densities and effective atomic numbers.
In [6] it was showed that DECT can be used to quantify
mass fractions of three materials (water, hydroxyapatite and
aqueous iron nitrate). In [7] the method was applied for
the determination of (i) iron content in liver composed of
soft tissue, fat, and iron, and (ii) bone-mineral density in a
trabecular bone composed of calcium hydroxyappitite (CaHA),
yellow- and red-marrow. All these applications may help in
non-invasive medical diagnostic methods. None of the DECT
applications suggested so far, however, has considered to
use the data about quantitative tissue classification for the
suppression of beam hardening and scatter artifacts. In this
respect, our approach is novel. In [8], a first 2D variant of the
algorithm applied to a simple phantom was described.

II. METHODS

A. CT scanning and reconstruction

Our iterative algorithm starts with calculating parallel pro-
jections on a previously reconstructed volume obtained from
fan-beam or helical projections with small cone-beam angles,
see Fig. 1. The parallel projections are then calculated on the
reconstructed volume by using the method by Joseph [9]. The
parallel projections are then used in the iterative loop illus-
trated in Fig. 4. The reconstruction method used in the iterative
loop is therefore simple parallel filtered backprojection, see
e.g. [1].
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Fig. 2. Threshold classification in the LAC diagram separates lung, soft, and
bone tissues. The different tissue attenuation coefficients were taken from [10].

B. Segmentation of Body Tissues

A CT scan of a body part can only contain certain organs
and tissues. The linear attenuation coefficient μ [cm−1] for
different tissues can be plotted for two X-ray tube voltages, 80
and 140 kV, in a linear attenuation coefficient (LAC) diagram,
see Fig. 2. In a first step, these tissues are classified using
a threshold classification to for instance lung, soft, and bone
tissues, as indicated in the figure. This might, however, not
be sufficient. There is, for example a risk that bone marrow
will be classified as soft tissue. Topologic information may
then be taken under consideration, e.g. a procedure of image
segmentation. In the current work, however, only soft tissue
were considered. In the second step, the soft tissues are
classified using the three-material decomposition method as
described in the next section.

C. The Three Material Decomposition method

We extended the method by Schneider [4] to dual-energy
CT (DECT) as the three-material decomposition method. It is
important to choose a proper set of base materials. For our
case with soft tissue decomposition we chose water, protein
and adipose.

The mass attenuation coefficient is defined as μ/ρ, where
μ [m−1] is the linear attenuation coefficient and ρ [kg/m3]
is the density. Suppose that the three chosen base materials
have mass attenuation coefficients μ1/ρ1, μ2/ρ2, and μ3/ρ3,
that are taken at two different energies E1 and E2. Moreover,
assume that the mass fractions w1, w2 and w3 for the three
materials are

w1 + w2 + w3 = 1. (1)

If the volume of the mixture is the sum of volumes of indi-
vidual components, then the density ρ of the three materials
mixture in a volume V [m3] with mass m [kg] can be written

ρ =
m

V
=

m
m1

ρ1
+ m2

ρ2
+ m3

ρ3

=
1
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The linear attenuation coefficients for the mixture of tissues,
μ(E1) and μ(E2) for energies E1 and E2, respectively, are
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Fig. 3. Vector diagram for the three-material decomposition method.

Now by combining equations (2) and (3), we get a system of
linear equations,

(
μ(E1)−μ3(E1)

ρ3
μ(E2)−μ3(E2)

ρ3

)
+ M

(
w1

w2

)
=

(
0
0

)
, (4)

where

M =[
μ(E1)−μ1(E1)

ρ1
− μ(E1)−μ3(E1)

ρ3

μ(E1)−μ2(E1)
ρ2

− μ(E1)−μ3(E1)
ρ3

μ(E2)−μ1(E2)
ρ1

− μ(E2)−μ3(E2)
ρ3

μ(E2)−μ2(E2)
ρ2

− μ(E2)−μ3(E2)
ρ3

]

(5)

The solutions to (4) are the weight fractions w1 and w2 of the
first two materials. w3 is obtained from w3 = 1 − w1 − w2.

Using the vector notation M̄ = (μ(E1)/ρ, μ(E2)/ρ)T for a
mixture of interest (and similarly for base materials M̄1, M̄2,
and M̄3), equation (3) can be written

M̄ = w1(M̄1 − M̄3) + w2(M̄2 − M̄3) + M̄3. (6)

This equation is illustated in Fig. 3.

D. The Iterative Reconstruction Algorithm

The iterative reconstruction algorithm is illustrated in Fig. 4.
As indicated in the figure, the iterative loop consists of two
parts, one for each energy. Fuchs used a somewhat similar
iterative reconstruction algorithm, which was only in one
part, however. It is described and referenced in [13]. Note
that the projections are reconstructed with a full ramp-filtered
backprojection. The iterative reconstruction algorithm can be
described as follows.

• Two sets of virtually measured parallel projections de-
noted PM,U1 and PM,U2 are generated as shown in
Fig. 1 for two different X-ray spectra corresponding to X-
ray tube voltages U1 and U2. All other data are initialized
to 0.

• The virtually measured projections are submitted to the
parallel filtered backprojection algorithm which computes
the reconstructed volumes μ1 and μ2 with linear atten-
uation coefficients corresponding approximately to the
effective energies E1 and E2 (see section III-C) of the
polyenergetic X-ray spectra U1 and U2.

• Our tissue classification method described in sections II-B
and II-C (the tissue in a voxel is a mixture of three basic
tissues) gives the classified reconstructed volume μC.
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Fig. 4. Our iterative reconstruction algorithm. After a number of iterations,
the µ1 and µ2 volumes will contain reconstructions corresponding to effective
energies E1 and E2, respectively, and the µC volume will contain classified
tissue voxels. The three volumes will be free from beam hardening distortions.

• Then monoenergetic projections PE1 and PE2 at ener-
gies E1 and E2, and polyenergetic projections PU1 and
PU2 for spectra U1 and U2 are calculated.

• The polyenergetic projections are then subtracted from
the virtually measured projections, giving a (small) error
term. The error term is added to the monoenergetic
projections and the result is submitted to the next iteration
of filtered backprojection.

The error term will diminish with each iteration. The final
result is the reconstructed volumes μ1 and μ2 for energies E1

and E2 and the μC volume containing classified tissue voxels.
The μ1, μ2 and μC volumes will be free from beam hardening
distortions.

III. EXPERIMENT

A. Considerations for the iterative reconstruction algorithm

For simulation of measured X-ray projections, the MAT-
LAB/C program take was used [11]. A fan-beam CT geom-
etry with cylindrical detector, 360 projections, 256 detector
elements, a fan-beam angle of 19◦, and a source-to-isocenter
distance of 0.7 m was simulated. The energy spectra were
produced by X-ray tube voltages of 80 kV and 140 kV (the
latter voltage was used in combination with an additional Sn
filter) provided by Siemens under a non-disclosure agreement.
Their principal appearances are shown in Fig. 5.

The fan-beam projections were reconstructed through fan-
beam filtered backprojection, see e.g. [1]. (We believe that this
can be replaced with helical projections with small cone-angles
and subsequent 3D reconstruction.) The virtually measured
parallel projections were generated as described in Fig. 1 and
then served as indata to the iterative loop in Fig. 4. The number
of parallel projections were 180 with 255 detector elements.
The calculation of projections on the classified reconstructed
voxel volume was also performed using [9].

B. The mathematical phantom

A mathematical phantom similar to the Shepp-Logan phan-
tom, but without the bone ring, was used in the experiment,
see Fig. 6, The large ellipsoid R0 of size 44.16 cm was filled

N E( )

E [keV]80 140

number of photons,

photon energy,

Fig. 5. The principal appearance of a 80 kV spectrum and a 140 kV with
Sn filter spectrum.

TABLE I
EFFECTIVE ENERGIES AND LINEAR ATTENUATION COEFFICIENTS FOR THE

TWO SPECTRA.

X-ray Eff. energies, µmE [1/m] µmE [1/m] µmE [1/m]
spectrum Eeff [keV] for Water for Protein for Adipose

80 kV 49.9 22.69 28.15 20.79
140 kV+Sn 88.5 17.73 22.70 16.93

with water. The other ellispoids, R1 − R5, numbered from
top-to-bottom and from left-to-right, were composed of three
base materials: water, protein and adipose and their mixtures
with known mass fractions as given in Table II, left.

C. Linear attenuation coefficients and effective energies

To generate projections through the mathematical phantom,
the linear attenuation coefficients of each material were cal-
culated by using

μ(E) = ρ[σCo(E) + σIn(E) + σPh(E)], (7)

where ρ[g/cm3] is the density of the material and σ[cm2/g]
is the mass attenuation coefficient of the coherent scattering
(Rayleigh scattering), incoherent scattering (Compton scat-
tering) and the photoelectric effect, respectively, see e.g.
[11]. The mass attenuation coefficients for water, protein and
adipose were obtained from [12].

The effective attenuation coefficient μmE [m−1] for water
was calculated as energy-fluence weighted linear attenuation
coefficient for water,

μmE =

∫ Emax

0
E N(E) μ(E) dE

∫ Emax

0
E N(E) dE

. (8)

Then, using the μ(E)-curve for water, the energy value
corresponding to μmE for water, was taken as the effective
energy Eeff . Then the effective attenuation coefficients for
adipose and protein were taken as μ(Eeff ) in the attenuation
curves for adipose and protein, respectively, see Table I.

D. Result

The reconstruction results for the 0th iteration (equal to
normal reconstruction without any iteration) and the 7th it-
eration are given in Fig. 6. For comparison, reconstructions
for monoenergetic effective energies, 49,9 kV and 88.5 kV,
are given in Fig. 6. Note that the results after 7 iterations
are very similar to the monoenergetic reconstructions whereas
the results after 0 iterations are affected by beam hardening
cupping artifacts. The material decomposition results for the
0th iteration and the 7th iteration are given in Fig. 7. Moreover,
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TABLE II
QUANTITATIVE EVALUATION OF WEIGHT FRACTIONS MEASURED IN %.

Reg- Wa- Pro- Adi- iter.0 iter.7
ion ter tein pose W. Pr. Ad. W. Pr. Ad.
R0 100 0 0 -22 11 111 99 0 1
R1 0 75 25 -79 80 99 3 75 22
R2 0 0 100 0 0 96 0 0 100
R3 0 25 75 -76 29 147 3 25 72
R4 30 40 30 -45 46 99 32 40 28
R5 0 100 0 -72 106 66 -1 100 0

80kV spectrum, 0 iter

 

 

20 22 24 26

80kV spectrum, 7 iter

 

 

20 22 24 26

49.9keV mono

 

 

20 22 24 26

140kV+Sn spectrum, 0 iter

 

 

16 18 20 22

140kV+Sn spectrum, 7 iter

 

 

16 18 20 22

88.5keV mono

 

 

16 18 20 22

Fig. 6. Reconstruction results after 0 (left) and 7 (middle) iterations
corresponding to 80 kV (up) and 140 kV+Sn (down) spectrum. Right: Fan-
beam filtered backprojection results for monoenergetic effective energies,
49,9 kV (up) and 88.5 kV (down).

Table II show mean values measured in a 5 × 5 area in
the center of each region. Note that the weight fractions are
unaccepable after 0 iterations and sufficiently accurate after 7
iterations.

IV. DISCUSSION, CONCLUSION AND FUTURE WORK

We have presented a novel iterative reconstruction algorithm
for dual-energy CT that is able to determine the quantitative
three-material composition in each voxel. Besides, the algo-
rithm effectively removes beam hardening artifacts.

The algorithm was evaluated using computer simulations
with a Shepp-Logan like phantom consisting of mixtures of
water, protein, and adipose tissue. The simulations demon-
strated that the proposed iterative algorithm was able to
accurately reconstruct mass fraction values of all base material
in the mixture.

Currently, low voxel values are considered as adipose mixed
with air in the iterative loop. Therefore, Fig. 7, lower right,
seems to contain a ring of adipose. If topologic information
were taken under consideration, this could have been avoided.
In the future, the algorithm should include segmentation of
soft and bone tissue and subsequent determination of bone
composition.

Future plans also involve application on real measured CT
volumes obtained with both fan-beam and helical projections.

water weight fraction [%]

 

 

0 50 100

protein weight fraction [%]

 

 

0 50 100

adipose weight fraction [%]

 

 

0 50 100
water weight fraction [%]

 

 
protein weight fraction [%]

 

 
adipose weight fraction [%]

 

 

Fig. 7. Weight fraction result for water, protein and adipose after 0 (up) and
7 (down) iterations.

Also, it would be possible to consider and compensate for
scatter and statistical noise. Then, however, the geometry
of the original measured helical cone-beam projections must
replace the parallel projections in the iterative loop.
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Abstract—In this article, we propose a compressive sensing 

(CS) approach for multi-energy computed tomography (CT). This 

approach utilizes prior knowledge on the rank of a spatial spectral 

matrix after certain transform, energy-dependent intensity (linear 

attenuation coefficient) characteristics, namely spectral 

properties, of structures and/or base materials, and image sparsity 

after a sparsifying transform. The spatial spectral matrix is 

formed with the row dimension in space and the column 

dimension in energy. Real images are presented as a mixture of a 

low-rank matrix and a sparse matrix, where the low-rank matrix 

corresponds to the background over energy under the 

aforementioned transform, while the sparse matrix stands for the 

distinct spectral features under the sparsifying transform. Also, 

the energy-dependent intensity information can be incorporated 

into the PRISM in terms of the spectral curves for base materials. 

In this case, we can transform the reconstruction of spectral 

images into the estimation of a material composition matrix, 

which is independent of energy. 

 
Index Terms— Compressive sensing (CS), low rank, sparsity, 

spectral priors, multi-energy computed tomography (CT). 

 

I. INTRODUCTION 

Since Hounsfield’s Nobel Prize winning breakthrough, x-ray 

computed tomography (CT) has been widely applied in clinical 

and preclinical applications and produces a huge amount of 

tomographic grey-scale images. Currently, over 100 million 

medical CT scans are performed in USA alone annually, and a 

huge number of micro-CT scans are done in research 

institutions and pharmaceutical companies worldwide. 

Physically, the x-ray spectrum contains much information, and 

CT images need not be only in grey-scale. Just as television 

technology is now in true-color, the future of CT will be multi-

energy generating much richer information. Multi-energy CT is 

also referred to as spectral, spectroscopic, energy-selective or 

energy-sensitive CT. To convey the power of multi-energy CT 

vividly, we can also call it “true-color CT” occasionally. 

The x-ray detection technology by photon-counting is the 

key to achieve multi-energy CT. A primary example is the 

Medipix detector family.  Particularly, a Medipix3 detector 

recognizes each x-ray photon along with its energy range 
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effectively and efficiently [1]. Clearly, such multi-energy 

detectors give full spectral information, reveal elemental 

composition of materials, support novel contrast-enhanced 

studies [2, 3], and opening new possibilities for functional, 

cellular and molecular imaging [4-7]. 

In this article, we propose a compressive sensing (CS) [8-

10] approach for multi-energy CT. This approach utilizes prior 

knowledge on the rank of a spatial spectral matrix after certain 

transform, energy-dependent intensity (linear attenuation 

coefficient) characteristics of structures and/or base materials, 

and image sparsity under certain transform. 

The PRISM is motivated by the recent work on data analysis 

in statistics, so-called Robust Principle Component Analysis 

(RPCA) [11] and our recent work on 4D CT [12]. The PRISM 

we propose here considerably differs from RPCA and RPCA-

4DCT, and is pertinent to multi-energy CT. A distinct feature 

of the PRISM is that both rank insufficiency and image sparsity 

are regularized in the transform domain. 

 

II. METHODOLOGY 

A. PRISM 

The objective of multi-energy CT is to recover a spectral 

sequence of images 

},,{ ESij NjNixX ≤≤= ,     (1) 

where xij is the ith pixel in the jth spectral image, NS  and NE  

are the number of pixels and the number of energy bins 

respectively. In this work, we model a spatial spectral image as 

a matrix with its row dimension in a spatial variable and 

column dimension in a spectral variable. Furthermore, we 

represent X as the sum of a low-rank matrix and a sparse 

matrix, i.e., 

SL XXX += ,        (2) 

where XL is the low-rank matrix that has a low rank after an 

appropriate transform, and XS is the sparse matrix after a 

sparsifying transform. 

Two main unique merits of the decomposition (2) are as 

follows. First, the low-rank model is pertinent to multi-energy 

CT since attenuation maps at different energies are intrinsically 

correlated, which can be mathematically characterized by the 

low-rank matrix. For instance, X composed of the same 

material everywhere following the same spectral variation 

would have rank 1. Second, (2) allows us to model a broad 

class of situations where images of interest can be 

Multi-energy CT Based on a Prior Rank, 

Intensity and Sparsity Model (PRISM) 

Hao Gao, Hengyong Yu, and Ge Wang 
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approximated by a sum of a correlative (low-rank) background 

and a sparse perturbation (sparsity) from the background. For 

example, in multi-energy CT spectral images to be recovered 

are usually with respect to the same phantom at various 

energies, and consequently low-rank component XL 

corresponds to smooth spectral variation while sparse 

component XS characterizes spectral jumps. 

Next, we consider the regularization of low-rank and sparse 

components in the transform domain in addition to the 

regularization of the total image, i.e., 

||||||)(||||)(||)( 11* XXTXTXR tSSLL λλλ ++= ∗ ,  (3) 

where TL (resp. TS) is a transform for the strengthened low-rank 

property (resp. sparsity), ||·||* the nuclear norm for penalizing 

the matrix rank, which is defined as the sum of its singular 

values {σk} with the regularizing parameter λ* , i.e., 

∑=
k kX σ*|||| ,        (4) 

||·||1 the L1 norm for promoting the sparsity, which is defined as 

the absolute sum of its entries with the regularizing 

parameterλ1, i.e.,  

∑=
ji ijxX

,1 |||||| ,          (5) 

and ||·|| is certain regularizing norm on the total image with the 

regularizing parameter λt. In this study, we select both TL(X) 

and TS(X) to be the isotropic total variation transform (TV), 

∑ ∂+∂+∂=∇
ji ijzijyijx xxxX

,

222 )()()( ,    (6) 

and the total image regularizing norm to be the TV norm, i.e., 

 1||||  |||| XX ∇= .         (7) 

The treatment of (2) in the transform domain is 

advantageous since there are many cases in which a 

transformed X is of a lower rank (resp. sparser) than X itself. 

Now, we formulate the multi-energy CT problem as the 

following PRISM-based optimization problem 

111**

2
2

),(

||||||||||||

||||
2

1
minarg),(

XXX

YAXXX

tSL

XX
SL

SL

∇+∇+∇+

−=

λλλ

,      (8) 

where ||·||2 denotes the L2 norm, A the system matrix [21], X is 

defined by (2) and Y acquired spectral data that can be 

modeled with additive Gaussian noise N as follows: 

},{ Ejjj NjNAXYY ≤+== .              (9) 

Note that the above PRISM-based inversion has utilized 

prior knowledge on the rank of a spatial spectral matrix after 

certain transform, which is non-specifically related to the 

energy-dependent intensity (linear attenuation coefficient) 

characteristics of structures and/or base materials, and image 

sparsity after a sparsifying transform. 

In the next section, we will compare the PRISM (8) with 

other two models: the L2 model 

2
22

2
2 ||||||||minarg XYAXX

X

λ+−= ,    (10) 

and the TV model 

11
2
2 ||||||||

2

1
minarg XYAXX
X

∇+−= λ .    (11) 

B. Intensity/Spectral Priors 

Suppose that we know the intensity (linear attenuation 

coefficient) curves of base materials with respect to the energy, 

 },,{ EBkj NjNkbB ≤≤= ,     (12) 

where NB is the number of base materials, and bkj the 

attenuation coefficient of the kth material at the jth energy. 

Using the intensity/spectral priors B, we have an alternative 

representation of X. That is, the attenuation at the ith pixel for 

the jth energy is a linear combination of bkj, i.e., 

∑=
k

kjikij bzx ,         (13) 

or in the matrix form 

ZBX = ,           (14) 

where Z is now a material composition matrix with its row 

dimension in a spatial variable and column dimension in a 

material variable, i.e., 

},,{ BSik NkNizZ ≤≤= .      (15) 

With intensity/spectral priors, the reconstruction of X is a 

consequence of the reconstruction of Z. The most apparent 

benefit of Eq. (14) is that Z is independent of energy. 

Moreover, all zik’s are between 0 and 1. In contrast, X is 

spectrally dependent; the values of xij’s may differ greatly due 

to the spectral dependence, which may cause numerical 

difficulties.  Then, we have a similar decomposition for Z 

SL ZZZ += .        (16) 

Again, ZL (resp. ZS) is the low-rank (resp. sparse) component 

after certain transform. 

Now, the PRISM with specific intensity/spectral priors can 

be further formulated as 

111**
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||||||||||||
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1
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YAXZZ

tS
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L
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ZZ
SL

SL

∇+∇+∇+

−=

λλλ

,   (17) 

where X is related to ZL and ZS through (14) and (16). In (17), 

we have transformed the original PRISM (8) into an enhanced 

PRISM, with the reconstruction of the spectrally independent 

variables.  

More generally, if all the bases materials are not known, we 

have a hybrid representation of X as follows, 

BZZXXX SLSL )()( +++= ,     (18) 

where B represents the partial intensity/spectral priors, ZL 

(resp. ZS) is the low-rank (resp. sparse) component 

corresponding to the known materials, and XL (resp. XS) is the 

low-rank (resp. sparse) component corresponding to the 

remaining portion. Consequently, we formulate the PRISM-

based inverse problem as follows: 

11**11**
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||||||||||||||||
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ZZXX
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∇+−=

λλλλ

λ
,   (19) 

where X is related to XL, XS, ZL and ZS  through Eq. (18). 
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In summary, we have proposed three variants of the generic 

PRISM: (i) the PRISM without specific intensity/spectral 

priors defined by (8), (ii) the PRISM with specific 

intensity/spectral priors of all the base materials as defined by 

(17), and (iii) the PRISM with specific intensity/spectral priors 

for only part of the base materials as defined by (19). Other 

variants of the PRISM can be similarly defined.  All models 

can be solved based on the split Bregman algorithm for the 

RPCA-4DCT model [12]. 

 

III. RESULTS 

In this proof-of-concept study, we worked in 2D, rather than 

3D, in a 128 by 128 spatial grid. Projection data were acquired 

in the equidistant fan beam scanning geometry with a scanning 

trajectory of a 10cm radius, being  similar to a typical micro-

CT setting. The data were then contaminated with 1% Gaussian 

noise and only 16 views of data were used. 

 

A. Phantom 

A circular phantom of a 2.0cm diameter (Fig. 1(a)) was 

designed to simulate a mouse, and it contained 10 circular 

inclusions each of which was made of a different material 

(Table I). While Objects 1-8 were used to simulate the unique 

biologically relevant spectral characteristics, Objects 9-11 were 

intended to quantify the image resolution. 

The NIST Report 5632 by Hubbell and Seltzer provided 

tables of x-ray mass attenuation coefficients and mass energy-

absorption coefficients from 1 keV to 20 MeV for Elements Z 

= 1 to 92 and 48 additional substances of dosimetric interest 

(http://www.nist.gov/pml/data/xraycoef/index.cfm). Based on 

these tables, Tuszynski published an open source package 

(http://www.mathworks.com/matlabcentral/fileexchange/12092

-photonattenuation-2) to interpolate the attenuation and energy 

absorption coefficients for x-rays and gamma-rays in various 

materials including mixtures and compounds, with additional 

functions that provide x-ray attenuation and absorption mean 

free paths and x-ray fractional transmission and absorption 

coefficients in these 140 materials, homogenous mixtures and 

chemical compounds based on these materials. The attenuation 

coefficients used in this study were interpolated using 

Tuszynski’s open source package. The spectral curves of the 

attenuation coefficients of 8 typical materials are plotted in Fig. 

1(b). In particular, our simulation was focused on 12 energies, 

centering at 24Kev, 30Kev, 36Kev, 42Kev, 48Kev, 54Kev, 

60Kev, 66Kev, 72Kev, 78Kev, 84Kev and 90Kev respectively. 

Fig. 2 shows the attenuation maps at the 4
th
, 8

th
 and 12

th
 energy 

bins, and the spectral curves of Objects 4-7 that are of the most 

interest. The display windows for (a)-(c) of Fig. 2-7 are [0, 

1.1], [0, 0.5] and [0, 0.5] respectively. 

 

B. PRISM v.s. L2 or TV model 

The results reconstructed based on the L2 model (10), the 

TV model (11) and the PRISM (8) are in Fig. 3, 4 and 5 

respectively. As shown in Fig. 3, the L2 model did not 

reconstruct an image satisfactorily, which was blurred with 

artifacts. Not surprisingly, the spectral curves showed 

significant errors (Table II). On the other hand, from Fig. 4, the 

TV model offered much better image quality than the L2 

model. However, the TV model also missed the fine features, 

such as Objects 9-11 in Fig. 1(a). 

In contrast to either the L2 model or the TV model, it is 

observed in Fig. 5 that besides the major spectral properties 

such as those of Objects 4-7 in Fig. 1(a), the PRISM also 

showed significant improvements in terms of resolving the 

smaller objects due to the global spectral spatial 

characterization by the matrix decomposition into a low rank 

“background” and sparse “features”. However, some small 

features are still missing, due to the limited number of views. 

 

C. PRISM with Specific Intensity/Spectral Priors 

With specific intensity/spectral priors, the images 

reconstructed based on the PRISM (17) and (19) are plotted in 

Fig. 6 and 7 respectively. Please note that the intensity/spectral 

prior matrix B defined by (12) can be directly obtained from 

the spectral curves in Fig. 1(b). 

With these intensity/spectral priors, the PRISM 

reconstructed the spectrally-independent images that indicate 

the material composition for each pixel. Subsequently, the 

spectral images are plotted in Fig. 6. It is clear that the PRISM 

with specific intensity/spectral priors is able to “see” all the 

small features now. 

Next, we tested the use of partial spectral priors, which 

consist of the spectral curves for 5 known mixed materials as 

listed in Table I, (i.e., Objects 4-11), and reconstructed the 

images according to (19). From Fig. 7, we conclude that even 

partial spectral priors helped resolve the small features 

effectively. Indeed, the image quality associated with the 

PRISM with partial intensity/spectral priors (19) was better 

than that with the PRISM without spectral priors (8), and worse 

than the PRISM with full intensity/spectral priors (17). See 

Table II for the quantitative summarization. 

 

 

 

 
Fig. 1. Multi-energy CT phantom. (a) The geometric setting of the phantom 

with 11 objects (Table I), and (b) plots of the linear attenuation coefficients 

of the employed 8 base materials with respect to energies (The x-axis unit: 

Kev; the y-axis unit: cm-1). 
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TABLE II 

RECONSTRUCTION ACCURACY BASED ON VARIOUS MODELS. THE METRICS IS 

DEFINED AS ||X- X0||/|| X0|| WITH ||⋅|| AS THE L2 NORM. 

 

L2 TV 

PRISM 

no spectral 

priors 

full spectral 

priors 

partial 

spectral priors 

0.317 0.086 0.071 0.057 0.065 

 

TABLE I 

PARAMETERS OF THE OBJECTS IN THE PHANTOM (FIG. 1) AND THE NAMES OF 

THE ASSOCIATED MATERIALS. 

 

Objec

t 

Center (cm) Radius (cm) Base Material 

1 (0.00,  0.00) 1.0000 Soft Tissue 

2 (0.00, 0.00) 0.1667 Water 

3 (0.56, 0.00) 0.1667 Blood 

4 (0.28,-0.48) 0.1667 0.2% Gold+99.8% Blood 

5 (-0.28,-0.48) 0.1667 0.3% Iodine+99.7% Blood 

6 (-0.56, 0.00) 0.1667 1.0% Barium+99.0% Water 

7 (-0.28, 0.48) 0.1667 0.3% Gadolinium+99.7%  Blood 

8 ( 0.28, 0.48) 0.1667 10% Calcium+90% Water 

9 (0.28, 0.00) 0.0899 10% Calcium+90% Water 

10 ( 0.14,-0.24) 0.0444 10% Calcium+90% Water 

11 (-0.14,-0.24) 0.0222 10% Calcium+90% Water 

 

Fig. 5. Multi-energy CT reconstruction based on the PRISM without specific 

spectral priors. (a)-(c) Reconstructed attenuation coefficient maps at the 4th, 

8th, 12th energy bin respectively, and (d) plots of the average attenuation 

coefficients for Objects 4-7 (Fig. 1). The display windows for (a)-(c) are [0, 

1.1], [0, 0.5] and [0, 0.5] respectively. 

Fig. 4. Multi-energy CT reconstruction through the TV regularization. (a)-(c) 

Reconstructed attenuation coefficient maps at the 4th, 8th, 12th energy bin 

respectively, and(d) plots of the average attenuation coefficients for Objects 

4-7 (Fig. 1). The display windows for (a)-(c) are [0, 1.1], [0, 0.5] and [0, 0.5] 

respectively. 

Fig. 3. Multi-energy CT reconstruction through the L2 regularization. (a)-(c) 

Reconstructed attenuation coefficient maps at the 4th, 8th, 12th energy bin 

respectively, and (d) plots of the average attenuation coefficients for Objects 

4-7 (Fig. 1). The display windows for (a)-(c) are [0, 1.1], [0, 0.5] and [0, 0.5] 

respectively. 

Fig. 7. Multi-energy CT reconstruction based on the PRISM with partial 

spectral priors. (a)-(c) Reconstructed attenuation coefficient maps at the 4th, 

8th, 12th energy bin respectively, and (d) plots of the average attenuation 

coefficients for Objects 4-7 (Fig. 1). The display windows for (a)-(c) are [0, 

1.1], [0, 0.5] and [0, 0.5] respectively. 

Fig. 6. Multi-energy CT reconstruction based on the PRISM with full 

spectral priors. (a)-(c) Reconstructed attenuation coefficient maps at the 4th, 

8th, 12th energy bin respectively, and (d) plots of the average attenuation 

coefficients for Objects 4-7 (Fig. 1). The display windows for (a)-(c) are [0, 

1.1], [0, 0.5] and [0, 0.5] respectively. 

Fig. 2. Ground truth of multi-energy CT phantom. (a)-(c) Ideal normalized 

attenuation coefficient maps at the 4th, 8th, 12th energy bin respectively, and 

(d) plots of the average attenuation coefficients for Objects 4-7 (Fig. 1). The 

display windows for (a)-(c) are [0, 1.1], [0, 0.5] and [0, 0.5] respectively. 
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Image space beam hardening corrections:
Considerations for quantitative myocardial imaging.

Brian Nett1 and Jiang Hsieh
GE Healthcare, 3000 N. Grandview Blvd., W-1180, Waukesha WI 53188, USA

Abstract—The case of quantitative myocardial imaging
presents unique challenges with respective to beam hardening
artifacts. There is a desire to make quantitative assessments of
the attenuation in the myocardium in order to assess pathology
such as non-perfused regions. The area of interest in this case is
directly adjacent to a region of high contrast (i.e. the opacified
left ventricle). There are other iodinated objects such as the great
vessels in close proximity. Additionally, there are bones within
the scanning field of view such as the spine, which is adjacent
to the heart. There have been a variety of techniques proposed
over the years to correct for beam hardening. These techniques
include iterative techniques which require full knowledge of the
spectrum. A more pragmatic approach can be achieved strictly
with image data by segmenting the image into multiple materials
and correcting for non-linearity by adding correction images of
higher order contributions from different materials. Recently, an
automated empirical procedure for determining the weights of
the higher order contributions and cross terms was proposed by
Kyriakou et al. In this method the corrected image is achieved
by combining the individual basis images such that the final
image has the maximum flatness. The image with maximum
flatness is achieved by minimizing the total variation of the
combined image. In the presented work by Kyriakou et al.
the image was segmented into water and bone using a soft
thresholding procedure. In this work we have implemented an ex-
tended version of the correction scheme which includes separate
components for water, iodine and bone. The performance of the
method has been assessed in phantom data where quantitative
metrics are improved by including iodine as a third material.
Additionally, the technique has been demonstrated using clinical
projection data. These results demonstrate a reduction of the
beam hardening artifacts typically present between the aorta
and the left ventricle when the correction is applied.

I. INTRODUCTION

Cardiovascular disease (CVD) is the leading cause of death
in western civilization. There is strong motivation for im-
proved cardiac care, given the prevalence of coronary heart
disease was 17 million in the United States alone in 2006 [1].
One method to improve the initial diagnosis and monitoring
of the treatment is through improved cardiovascular imaging.
Computed tomography is an important tool in cardiac imaging
and has been used extensively for imaging the coronary
arteries [2]. Historically, imaging of the myocardium has been
done using nuclear medicine exams. One option is to merge
nuclear medicine with CT to provide both coronary anatomy
and myocardium perfusion measurement. Another option is to
measure the myocardial perfusion or related metrics directly
on the CT scanner. In this case a dynamic contrast injection
followed by sequential imaging can be used to measure

1Author Contact: Brian.Nett@ge.com

perfusion in the myocardium. Alternatively, even if only one
contrast enhanced image is acquired significant information
can be gained about tissue health. Additionally, the cardiac
reserve can be determined given a scan of the heart in rest
and in a stress induced state. Each of these exams requires
quantitative measurements. One of the limitations of standard
single spectrum CT imaging is the non-linear beam hardening
artifacts (for example [3], [4], [5]). This paper presents an
image space method for beam hardening artifact correction
with material components for both iodine and bone.

There have been numerous beam hardening corrections
proposed since the early years of computed tomography. In
general these corrections can be separated into projection
based techniques and image space techniques. The projection
space techniques typically segment the object into multiple
materials and use a polyenergtic forward projection which
models the true energy spectrum of the system (for exam-
ple [6]). However, this type of correction requires accurate
knowledge of the energy spectrum and requires significant
computational effort as during each iteration polyenergetic
forward projection must be performed for each material. A
more pragmatic approach to the problem is to use an image
based approach, which does not require specific knowledge
of the energy spectrum or a polyenergetic forward projection.
This type of correction algorithm has been implemented and
studied for many years [7] and extended to the cone-beam case
where it was demonstrated that the projection operator does
not need to match the original geometry exactly [8]. In these
implementations the relative weight of multiple basis images
is typically determined empirically using phantoms similar
to the object of interest [9]. Recently, Kyriakou et al. [10],
[11] presented an automated method to determine the relative
weighting of multiple basis images. In the work of Kyriakou
et al. the image was separated into two components water and
bone using a soft thresholding procedure. Quantitative imaging
of the myocardium requires measuring relatively small atten-
uation differences in tissue near multiple contrast enhanced
objects (i.e. iodine) and bones, and it has been demonstrated
that for projection based beam hardening correction using
three materials is critical [6]. Kyriakou et al. also noted the
possibility of an extension to include additional materials such
as iodine. Here we present the first study to our knowledge
of their image flatness optimization method applied with three
basis materials. This extension was motivated by the clinical
scenario of quantitative myocardial attenuation measurements.
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II. METHODS

A. Summary of the Empirical Beam Hardening Correction

Here we briefly describe the method proposed by Kyriakou
et al, which will be employed for this study. We use the same
notation as the original paper for convenience, and do not
claim any new theoretical contribution here. The problem of
beam hardening in CT images comes from the fact that the
inversion processes typically used, such as filtered backpro-
jection [12], do not take the energy dependence of the x-ray
beam into account. In reality the projection measurement q(L)
along each line L is dependent on the energy spectrum used,

q(L) = −ln
∫
dEw(L,E)e−

∫
dL µ(E,r), (1)

where: w(L,E) is the energy dependent x-ray spectrum, which
is also technically dependent on which path is taken through
the object, and µ(E, r) is the x-ray attenuation which is
the desired quantity to reconstruct. The most basic beam
hardening correction is to treat the object as if it is a uniform
water cylinder and correct for the energy dependence of the
beam passing through the object. This correction helps remove
the cupping artifacts which results from beam hardening,
but does not address the wide streaks of artificially lower
attenuation values which occur between objects that vary
significantly in attenuation properties from water. In order
to correct for this type of beam hardening artifact a higher
order correction is required. The object may be decomposed
into two different materials with different energy dependen-
cies f1(r)ψ1(E) (water) and f2(r)ψ2(E) (bone). A water-
equivalent density object is defined f̂1(r), where by definition
f̂1(r)ψ1(E) = (f1(r)+f2(r))ψ1(E). The aim is then to solve
for the projections of the water equivalent density object, p̂1
,using a Taylor expansion which yields,

p̂1(p0, p2) = p0 + c01p2 + c11p0P2 + c02p
2
2 + ..., (2)

where the relative values of the coefficients are determined
emperically. As the FBP reconstruction operator is linear we
may also solve,

f̂1(r) = f0(r)+ c01f01(r)+ c11f11(r)+ c02f02(r)+ ..., (3)

by finding the coefficients which yield the best combination.
Each of the image volumes besides f0(r) is generated by
reconstructing some combination of synthetically generated
projection data. The metric for determing the best combination
of these images will be addressed shortly. The results presented
by Kyriakou et al. correspond to solving for the coefficients in
Eq. 3. In this paper we extend the method to include a third
category, where we now refer to the three materials as f1(r)
(water), f2(r) (iodine), and f3(r) (bone). The expression for
the projections of the water equivalent density object now
becomes,

p̂1(p0, p2, p3) = p0 + c010p2 + c110p0p2 + c020p
2
2

+c001p3 + c101p0p3 + c002p
2
3 + c011p2p3 + ...,

(4)

which again leads to the possibility to solve for the optimal
coefficients in image space

f̂1(r) = f0(r) + c01f01(r) + c11f11(r)

+ c02f02(r) + c001f001(r) + c101f101(r)

+ c002f002(r) + c011f011(r) + ....

(5)

The method proposed to find the optimal combination of
images by Kyriakou et al. is to find the set of coefficients
which produce the image which is most flat. The metric of
total variation was selected for this task. Thus, from this set
of basis images we seek the image with the minimum total
variation. We solve this problem using the same minimization
procedure described by Kyriakou et al., where we use a fixed
number of iterations (i.e. 20 iterations).

We next describe a few implementation details which may
be different from the original implementation. The beam hard-
ening correction was implemented strictly as post-processing,
using DICOM image data. The forward projection data were
generated using the same geometry with which the data was
acquired. The distance driven model was used to calculate the
forward projection [13].

The segmentation of the object into two materials was
performed in the same manner as described by Kyriakou et
al. using a soft threshold based on the image intensity values,
where: pixels below 100 HU are treated as water, pixels above
1500 HU are treated as bone and pixels in between are treated
as a linear combination of water and bone. In the numerical
phantom results for three material decomposition parameters
were(below 100 HU wat., 100-900 HU wat./iodine, 900-1100
HU iodine/bone, above 1100 HU bone). In the case of clinical
data we found that there was significant overlap in HU values
for pixels which were predominately iodine or bone. There-
fore, we used an automatic segmentation procedure which
incorporated an adaptive spatial weighting based on the initial
segmentation. We note that any segmentation method which
decomposes the object into the appropriate iodine and bone
classes may be used. For instance in the case of myocardial
perfusion it has been suggested to use simple measures of the
dynamics of each pixel to determine the decomposition [6].

B. Image Data

Numeric simulations were performed with a simple geo-
metrical phantom composed of multiple cylinders. In the first
case each of the cylinders was filled with the equivalent of
blood with 3% iodine concentration. These cylinders were
placed in a background of water. This will be referred to
as the two material phantom. In the second case the same
geometry was used, but this time the outer cylinders were
replaced with bone equivalent material. Therefore, this will be
referred to as the three material phantom. Projections through
the phantom were calculated analytically and summed over ten
energy bins sampled from the energy spectrum of a 100 kVp
x-ray tube. In the simulations multiple sampling rays were
used: focal spot 3 · 3, detector cell 3 · 3, and view direction
2. The projection values were generated with the CatSim x-
ray simulator [14]. In addition to the numeric simulations
patient data was acquired. This patient was scanned with a
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ROI Num Mono Uncorrected Two Material Three Material
R0I-1 -12 -124 -85 -44
ROI-2 -16 -133 -88 -46
ROI-3 -30 -219 -162 -81
ROI-4 14 -35 -18 -9

TABLE I
THE MEAN VALUES IN HU FROM THE ROIS SHOWN IN FIG 2 FOR THE

PHANTOM CONTAINING THREE MATERIALS.

tube potential of 120 kVp, and the heart rate varied from 38-
48 bpm during the acquisition. The reconstructions presented
here correspond to 75% of the interval from R-R period.
Note that for all images reconstructed here no advanced beam
hardening corrections, which are commercially available, have
been applied.

III. RESULTS

A. Numeric Simulations

The first set of results are from the numeric simulations
described above. Two phantoms with the same geometry will
be presented, a two material phantom and a three material
phantom. We first present the segmentation of the images
from the three material phantom (Fig 1.) In this case a soft-
thresholding procedure was used to separate into water and
bone (2 mat.) or a combination of water, iodine and bone
(3 mat.). In the case of the three material segmentation there
is some signal leakage between the iodine material (f2) and
the bone material (f3), but the majority of each material is
correctly categorized. These material classifications are used as
input to the beam hardening correction results demonstrated in
Fig 2. The two material method provides significant correction
when the phantom consists of only two materials (Fig 2- top
row). However, when the phantom has significant contributions
from three materials the correction based on two materials
leaves some residual artifacts (Fig 2- middle row). The extent
of these artifacts can be greatly reduced using three materials
in the correction (Fig 2- lower row). A quantitative comparison
of the reconstruction values is given in Table I. The four
regions of interest (ROIs) are given in Fig 2. For comparison,
images were reconstructed with a monochromatic spectrum
at 70keV. From Table I it is clear that the two material
correction provides a reduction in the artifacts compared with
the uncorrected values. However, the three material correction
yields results which are closer to the expectation in all cases.

B. Clinical Reconstructions

In addition to numerical experiments we demonstrate the
two and three material image based corrections with clinical
data. We first demonstrate the segmentation of the image
which is used as the input to the algorithm (Fig 3). There
is some leakage between the iodine (f2) and bone material
images (f3), but the majority of the components are well
separated (Fig 3-lower row). The results of the two material
and three material correction are shown in Fig 4 and Fig 5. In
these exams there is often a signal deficit observed, in between
the left ventricle and the aorta/spine, due to the non-linear
effects of beam hardening. In each of the cases shown (Fig 4 -

3 / 
GE Title or job number / 

1/10/2011 

𝒇𝟐 (2 mat .) 

𝒇𝟐 (3 mat .) 

Uncorrected  

𝒇𝟑 (3 mat .) 

Fig. 1. Example of linear segmentation based on the HU value in the cylinder
phantom, where each image is displayed over the full range of values.

4 / 
GE Title or job number / 

1/10/2011 

Orig. w/ 2 mat  Corr. w/ 2 mat  

Orig. w/ 3 mat  Corr. w/ 2 mat  

1 

2 3 

4 

ROI Def. Corr. w/ 3 mat  

Fig. 2. Comparison of reconstruction results for the cylinder phantom.
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7 / 
GE Title or job number / 

1/10/2011 

𝒇𝟐 (2 mat .) 

𝒇𝟐 (3 mat .) 

Uncorrected  

𝒇𝟑 (3 mat .) 

Fig. 3. Demonstration of the segmentation into two materials (upper right)
and three materials (bottom row), where each image is displayed over the full
range of intensity values.

5 / 
GE Title or job number / 

1/10/2011 

ROI Def. 

Uncorrected 

2 Material 

3 Material 

51 HU 

76 HU 54 HU 

Fig. 4. Comparison from a clinical case which demonstrated the typical signal
reduction between the left ventricle and the aorta/spine. [W=200,L=100]HU

Fig 5) a reduction of this artifact was observed, and quantified
in the figures.

IV. CONCLUSION

We have demonstrated that using three materials (i.e. water,
iodine, and bone) within an empirical beam hardening cor-
rection has the potential to provide improved accuracy when
compared with two materials. Results from a clinical case of
gated CT reconstruction demonstrate that when using three

9 / 
GE Title or job number / 

1/10/2011 

ROI Def. 

Uncorrected 

2 Material 

3 Material 

-6 HU -39 HU 

-32 HU 

Fig. 5. Comparison of another slice from this clinical case which demon-
strated the typical signal reduction between the left ventricle and the aorta.
[W=200,L=50]HU

materials there is a reduction in the signal deficit that often
occurs between the aorta/spine and the left ventricle.
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Iterative CT reconstruction with correction for
known rigid motion.

Johan Nuyts1, Jung-ha Kim2, Roger Fulton2

Abstract—In PET/CT brain imaging, correction for motion
may be needed, in particular for children and psychiatric
patients. Motion is more likely to occur in the lengthy PET
measurement, but also during the short CT acquisition patient
motion is possible. Rigid motion of the head can be measured
independently from the PET/CT system with optical devices. In
this paper, we propose a method and some preliminary simulation
results for iterative CT reconstruction with correction for known
rigid motion. We implemented an iterative algorithm for fully 3D
reconstruction from helical CT scans. The motion of the head is
incorporated in the system matrix as a view-dependent motion
of the CT-system. The first simulation results indicate that some
motion patterns may produce loss of essential data. This loss
precludes exact reconstruction and results in artifacts in the
reconstruction, even when motion is taken into account. However,
by reducing the pitch during acquisition, the same motion pattern
no longer caused artifacts in the motion corrected image.

Index Terms—CT, motion correction, reconstruction

I. I NTRODUCTION

For PET brain imaging with current PET/CT systems,
usually a low dose CT measurement is acquired for attenuation
correction of the PET images. Because of the long scan dura-
tion, patients frequently move during PET scanning, which
causes motion artifacts in the reconstructed images. With
optical devices, this motion can be measured, and the resulting
information can be used to compensate for the time dependent
pose of the head during PET reconstruction [1], [2]. When
such an optical device is installed for the PET acquisition, it
can be used to detect the (less likely) patient motions during
the fast CT acquisition as well. Here, we evaluate an iterative
maximum likelihood algorithm that is adapted to compensate
for the measured motion. It is assumed that the motion is
rigid, and therefore the problem at hand is simpler than the
problem of correcting for breathing motion that occurs during
slow cone beam CT scanning [3], [4]. Instead of modelling
the motion as a change of the object to be imaged, we can
assume a stationary object imaged by the rigid CT-system, and
incorporate the motion into the orbit of the CT-system.

In the following section, we first present the maximum
likelihood algorithm implemented for 3D reconstruction from
helical CT acquisitions with a clinical scanner. The algorithm
without motion correction is illustrated on a clinical data set.
Then, a few preliminary simulation experiments are presented
to evaluate the artifacts caused by motion, when that motion is
or is not taken into account during reconstruction. Comparison

1Nuclear Medicine, K.U.Leuven, U.Z.Gasthuisberg, Leuven, Belgium
2School of Physics - The University of Sydney and Medical Physics -

Westmead Hospital, Sydney, Australia
Corresponding author: JN, Johan.Nuyts@uz.kuleuven.be

of simulations with a pitch of 2 and a pitch of 0.5 indicate
that motion correction is more effective for CT-acquisitions at
low pitch.

II. M ETHODS

We have implemented a version of the so called MLTR
algorithm [5], for reconstruction from data acquired on a
clinical CT-scanner. This algorithm maximises the likelihood
L(µ), which for the case where detector blurring and scatter
are ignored, is given by

L(µ) =
∑

i

yi ln ȳi − ȳi (1)

ȳi = bie
−
∑

j
lijµj , (2)

whereµj is the linear attenuation coefficient at voxelj, yi
is the transmission value measured at detectori, and lij is
the intersection length of projection linei with voxel j. The
algorithm can be written as

µnew
j = µj +

∑
i lij(ȳi − yi)∑
i(lij ȳi

∑
k lik)

. (3)

A derivation is given in appendix A. This algorithm is also
a special case of the class of algorithms derived in [6]. It is
straightforward to accelerate MLTR with subsets [7], by re-
stricting the backprojections in the numerator and denominator
to the current subset in every subiteration.

The projector/backprojector was implemented using the
distance driven approach [8]. When motion is included,
the detector and source are translated and rotated, and the
(back)projection is computed using this moved CT-system. A
different rotation and translation can be assigned to each indi-
vidual view (where ‘view’ denotes the set of simultaneously
acquired detector values at a particular position in the helical
orbit). The detector motion is the inverse of the known patient
motion. This method is analogous to one previously described
for motion correction in SPECT [9], [10]. An alternative
approach would be to move the image instead of the CT, as
was done in [11] for SPECT, but because of the high number
of views in CT, moving the CT should be more efficient.

Fig. 1 compares the MLTR reconstruction and the recon-
struction using the analytic algorithm from the manufacturer,
for a patient CT scan acquired on a Siemens Biograph 16
PET/CT system. The scan contained 9918 views with 1160
views per rotation, a pitch of 2 and a collimation of 16×
0.75 mm were used. For this test, MLTR was applied with 10
iterations and 290 subsets (i.e. each subset contained 4 views
per rotation).

132 11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine



Fig. 1. Reconstructions from a clinical CT-scan. Left: the clinical recon-
struction obtained with the commercial software. Right: the reconstruction
obtained with MLTR.

The good agreement validates the (back)projector used
in MLTR. The MLTR-reconstruction is slightly sharper and
noisier, because it deblurs the unavoidable blurring from the
projector.

III. S IMULATION EXPERIMENTS

A. Helical scan with motion, pitch = 2

For a first experiment with somewhat realistic object motion,
a 5 seconds extract from the motion record from an awake rat
during a microPET brain scan was used [2]. The three original
rotations and translations are shown in figure 2. The rotations
were used without change, the translations were multiplied by
3 to obtain reasonable values for human imaging.

A 3D phantom composed of ellipsoids was used as the ob-
ject, and helical scans were simulated. During simulation, the
motion was created by rotating and translating the voxelized
object using linear interpolation. When a fixed translation and
rotation was applied and corrected for during reconstruction,
no artifacts were observed. This indicates that the mismatch
between simulated motion (movement of the object with linear
interpolation) and the motion during reconstruction (movement
of the detector with distance driven interpolation) does not
cause noticeable artifacts. Hopefully, the same will be true for
the mismatch between true patient motion and the proposed
motion model.

The object was scanned using a standard helical orbit
with pitch equal to 2. The motion was interpolated to give
it the same duration as the entire helical scan. As shown
in fig. 3, the motion caused considerable artifacts, which
were strongly reduced with motion correction. However, some

Fig. 2. The three rotations (in degrees) and translations (in mm) obtained
from the small animal experiment.

Fig. 3. Transaxial slice, coronal slice and projection image of 1) the
true image, 2) the reconstruction without motion correction and 3) the
reconstruction with motion correction, for a simulated CT scan with pitch
= 2.

artifacts persisted after motion correction. When the MLTR
reconstruction with motion correction was started from the
true solution, the algorithm did not change the initial image.
This indicates that (some of) the motions cause loss of data,
and that the resulting missing data problem does not have a
unique solution.
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Fig. 4. Transaxial, coronal and sagittal slices of 1) backprojection of a
uniform sinogram for the ideal helical orbit, 2) the same for the motion
corrected orbit and 3) the reconstruction with motion correction. Helical orbit
with pitch = 2.

This is further illustrated in fig 4, where the reconstruction
with motion correction is shown together with the backpro-
jection of a uniform sinogram (all sinogram pixels set to 1).
For the ideal orbit, the backprojection fills the reconstruction
volume well. However, for the motion corrected orbit, parts
of the volume are very poorly sampled by projection lines,
which results in missing data. The persistent artifacts show up
in regions that are poorly sampled during backprojection.

The six motion components were also applied one at a
time, and reconstructions with motion compensation were
computed. This revealed that significant reconstruction errors
occurred for only two of the motion components: translation
in the axial direction, and rotation in the coronal plane. It was
verified that the combination of the four other components
did not produce noticeable artifacts after reconstruction with
motion compensation.

B. Helical scan with motion, pitch = 0.5

To increase the robustness to patient motion, a scan with
a reduced pitch of 0.5 was simulated. Because such a scan
would take more time, the motion pattern was repeated three
times during the scan. In absence of motion, a low pitch scan
yields redundant data, and such redundancy should increase
the robustness against local loss of information. As shown in
fig 5 this was indeed the case, and for this motion pattern
an artifact free reconstruction was obtained from MLTR with
motion correction. Note that there are still regions that are
poorly sampled. However, these samples now contain more
information, because they are produced by projection lines
with more variation in the acquisition angle.

IV. D ISCUSSION AND CONCLUSION

A fully 3D maximum likelihood reconstruction for he-
lical CT was extended to include view-dependent motion,

Fig. 5. Transaxial, coronal and projection images of 1) MLTR reconstruction
without motion correction 2) MLTR reconstruction with motion correction for
a helical orbit with pitch = 0.5.

Fig. 6. The three rotation components of fig 2, after smoothing for better
visualisation.

enabling correction for known rigid patient motion. Experi-
ments indicate that some motions may cause loss of essential
information, and as a result, artifacts are seen even after
motion correction. For this experiment, these residual artifacts
were mainly caused by translation along the rotation axis
and rotation in the coronal plane. In contrast to transaxial
translations, a translation along the rotation axis tends to
shift part of the object (temporarily) out of the field of view,
and therefore may lead to loss of essential angular sampling.
Rotations in the coronal or sagittal plane can also move parts
of the object out of the field of view. It is not yet clear why
in this experiment, the rotation in the coronal plane caused
more problems than the one in the sagittal plane, since the
motions are of the same order (fig 2). A possible explanation
is that the coronal rotation curve has more abrupt changes
than the sagittal one. This is better seen in fig 6, which
shows smoothed versions of the three rotation curves from
fig 2). We assume that the coronal rotations yielded more
residual artifacts, because sudden rotations cause more loss
of information than slow rotations.
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The robustness to patient motion can be improved by using
helical orbits with low pitch. In the simulation presented here,
all artifacts were eliminated if the scan was done with a pitch
of 0.5. Reducing the pitch tends to increase the radiation
dose. However, our current minimal dose brain CT protocol
corresponds to an effective dose of 0.04 mSv. Therefore, even
with a moderate dose increase the CT dose would still be
very small compared to the PET related dose (typically a few
mSv). To optimise the acquisition protocol, more studies with
true patient motion data should be carried out, and the results
should be validated with measured phantom data.

An alternative way to increase the robustness would be to
introduce some regularization. For example, it has been shown
that a regularization based on minimum total variation [12]
improves the reconstruction in limited angle tomography. If
the scan is only acquired for attenuation correction, strong
regularization would be acceptable.

In both CT and SPECT, projection views are acquired se-
quentially by rotating the detector during acquisition. We show
here that the expedient, originally proposed for SPECT, of
performing fully 3D reconstruction from views that have been
repositioned and reorientated in response to observed patient
motion, is also applicable in CT. However axial bed motion
in spiral CT is an additional complication not encountered
in SPECT that affects data sufficiency. In both modalities it
must be assumed that no motion occurs while an individual
projection view is being acquired. This assumption appears
reasonable in CT as each projection view is acquired over a
very short time interval.

In these experiments, we have ignored the patient bed
and/or head holder, which remains stationary while the patient
moves. If ignoring the head holder would cause only limited
and localised artifacts, it could simply be erased in the final
reconstruction, and instead a correct image of the head holder
could be inserted, since its position, shape and attenuation are
known a priori. However, for large patient movements and
head holders with significant attenuation, it may be necessary
to take the stationary head holder into account during recon-
struction.

APPENDIX A
A DERIVATION OF THE MLTR ALGORITHM

Suppose that the current reconstruction isµ, and that in each
iteration, the new reconstructionµ+∆µ is obtained by adding
a fairly small update∆µ. It is assumed that at each iteration,
the likelihood can be well approximated as a truncated series
expansion:

L(µ+ ∆µ) ' T1(µ,∆µ) (4)

= L(µ) +
∑

j

∂L

∂µj
∆µj +

1

2

∑

j,k

∂2L

∂µj∂µk
∆µj∆µk

where the derivatives are evaluated in the current reconstruc-
tion imageµ. Because the second derivatives are negative,
and because2∆µj∆µk ≤ ∆µ2

j + ∆µ2
k we can introduce a

surrogate functionT2 such that we have

T1(µ,∆µ) ≥ T2(µ,∆µ)

= L(µ) +
∑

j

∂L

∂µj
∆µj +

1

2

∑

j,k

∂2L

∂µj∂µk
∆µ2

j . (5)

T1(µ, 0) = T2(µ, 0) (6)

T2 is easily maximised because all terms in∆µj are separated.
We obtain the update expression

∆µj = − ∂L

∂µj

/∑

k

∂2L

∂µj∂µk
(7)

This update maximisesT2(µ,∆µ), and by (6) and (5), it
also increasesT1(µ,∆µ). To the extent that approximation
(5) applies, also the likelihoodL(µ + ∆µ) will increase.
Evaluating (7) yields (3).
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Abstract—The image quality in cardiac computed tomography 

(CT) is still limited by motion artifacts due to insufficient 

temporal resolution of even the fastest commercially available 

scanners.  At the same time, current protocols for retrospectively 

gated cardiac CT expose patients to a relatively large radiation 

dose. Motion-compensated image reconstruction has the potential 

to solve these problems. We present a 4D approach (3D + time) 

that first estimates cardiac motion from reconstructed 3D images 

and then incorporates 4D motion information into an FDK-type 

image reconstruction algorithm with motion tracking. We observe 

increased sharpness of clinically relevant anatomical landmarks 

such as coronary arteries. Additionally, the ability of motion-

compensated reconstruction to improve the effective temporal 

resolution allows to increase the cardiac gating window, using a 

projection data range significantly larger than that of the typical 

short-scan. By utilizing more of the available data, the image noise 

can be reduced. 

 
Index Terms—cardiac computed tomography, motion 

compensated filtered backprojection, motion estimation 

 

I. INTRODUCTION 

A major limiting factor in diagnostic cardiac computed 

tomography is the heart motion which is fast compared to the 

time it takes to acquire sufficient projection data for image 

reconstruction. The results are motion artifacts that can mimic 

cardiac diseases or obscure the detection of such diseases and 

in general degrade the image quality. The reconstruction of 

dynamically deforming objects from projections is the subject 

of active research in computed tomography. A general 

approach consists of first estimating the motion of the scanned 

object and then incorporating motion information into the 

reconstruction process. The 4D images can then be 

reconstructed by solving these two sub-problems either 

sequentially or iteratively. 

Estimating cardiac motion is a challenging task. During the 

cardiac cycle the heart undergoes a complex transformation 
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including contraction, expansion, and twisting. Such non-rigid 

deformations are best described by fields of motion vectors 

that are not restricted by assuming a specific transformation 

model. Smooth and realistic motion vectors can then be 

obtained by imposing a regularization scheme. 

While it is desirable to develop a mathematically exact 4-D 

reconstruction algorithm for arbitrary non-rigid deformations, 

it is unlikely that such an algorithm can ever be achieved given 

that already the motion estimation (ME) for non-rigidly 

deforming objects is a challenging and highly ill-posed 

problem. Therefore, we aim at developing an approximate 4-D 

motion-compensated reconstruction (MCR) algorithm that 

provides clinically acceptable image quality for diagnostic 

cardiac CT. 

Several motion-compensating algorithms for dynamically 

deforming objects have been described in the literature (for 

example [1],[2],[3]). An empirical, approximate method 

proposed by Schäfer [4] does not use transformation models 

but instead tracks the deformation of the object during the 

filtered backprojection, using a given motion vector field 

(MVF) directly. It has been shown [5] that Schäfer's method 

with fan-beam geometry is a very good approximation of an 

exact method for affine transformations if they are limited to 

isotropic scaling, rotation, and translation. Schäfer’s method 

was later extended to fan parallel-beam geometry for 

diagnostic, cardiac helical CT by Stevendaal [6],[7]. 

 

The aim of this study is to: 

1. obtain a reasonably accurate motion estimation in the 

presence of motion artifacts; 

2. apply motion-compensated reconstruction to reduce 

motion artifacts; 

3. reduce image noise by reconstructing images form a 

larger projection data range. 

II. MATERIALS AND METHODS 

A. Cardiac Motion Estimation 

The transformation from one cardiac phase to another is 

described by a 3D motion vector field with 3D vectors v(θ0, θi, 

x(θ0)), where θ0 is a reference phase, θi is a target phase, and 

x(θ0) is a coordinate in the reference image. Motion vector 

fields are estimated between a reference phase θ0 and 19 other 

cardiac phases θi, i ≠ 0, which are equidistantly spaced 

throughout the R-R-phase. 

Combined Motion Estimation and Motion-

compensated FBP for Cardiac CT 

Jochen Cammin, Parmeshwar Khurd, Ali Kamen, Qiulin Tang, Klaus J. Kirchberg, Christophe 

Chefd’Hotel, Herbert Bruder, Katsuyuki Taguchi 
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The motion vector fields between a pair of two phases are 

estimated by 3D to 3D image registration based on a fluid-type 

demons algorithm [8]. The fluid approach allows to cope with 

the sometimes large deformations between cardiac phases [9]. 

The sum of squared differences of image pixel values serves as 

similarity metric that is minimized during the optimization 

process using a gradient descent algorithm. In each iteration 

step a corrective motion vector fields is obtained, smoothed 

with a Gaussian filter, and composed with the previous MVF 

[10]. The registration algorithm is implemented in a multi-

resolution approach in order to increase speed and stability. 

Using vector composition, inversion [11], and linear 

interpolation, the MVF between an arbitrary pair of cardiac 

phases θi and θj can be calculated according to the following 

formula: 
 

v(θi, θj, x(θi)) = v(θi, θ0, x(θi))           (1) 

+ v(θ0, θj, [x(θi)+ v(θi, θ0, x(θi))] ),  
 

where v(θi, θ0, x(θi)) is the inverse of v(θ0, θi, x(θ0)). The 

cardiac cycle is assumed to be periodic. 

B. Motion-compensated Filtered Backprojection 

The image reconstruction algorithm comprises the following 

elements: 

1. tracking of the image voxel motion during backprojection 

(e.g., Schäfer’s method [4]); 

2. helical, direct cone-beam filtered backprojection with ramp 

filter [12], [13], [14], [15]; 

3. redundancy weighting for fan-beam reconstruction (e.g., 

halfscan weighting); 

4. choice and weighting of data range based on ECG signal 

[16]; 

5. geometrical consideration of the z-flying focal spot [17]. 

C. Combined motion estimation and motion –

compensated reconstruction 

The first step of the combined ME-MCR approach is to 

reconstruct images from projections without any motion 

information (denoted as f
(0)

).  

Next, the demons-based motion estimation algorithm 

estimates 3D motion vectors v
(0)

 between 20 cardiac phases. 

Last, motion-compensated reconstruction is performed using 

the vectors v
(0)

 to obtain images f
(1)

. 

D. Data sets and reconstruction phases 

The algorithm was applied to and tested on clinical ECG-

gated CT projection data from a patient with a heart rate of 

52.2 beats per minute. The data was acquired on a 64 slice 

scanner at The Johns Hopkins Hospital (Sensation 64, Siemens 

Healthcare, Forchheim, Germany). Quiescent cardiac phases 

with minimal motion were determined manually to be at 5% of 

the R-R phase (end-diastole), 40%-R-R (end-systole), and 

70%-R-R (mid-diastole). 

III. RESULTS 

A. Estimated motion vector fields 

Fig. 1 shows MVFs overlaid over reconstructed images for 

the motion from end-systole (40% R-R phase) to end-diastole 

(5% R-R phase) in the top row and from end-systole to mid-

diastole (70% R-R phase) in the bottom row. The images in the 

last column, where the MVF is overlaid over the difference 

image between reference and target phases, show that the 

expansion of the ventricles is captured well by the motion 

estimation because the length of the motion vectors reflects the 

narrowing of the myocardium. 

The motion of finer details, however, is not yet accurately 

described by the current algorithm. For example, motion 

vectors of the right coronary artery (RCA, indicated by circles 

in Fig. 2) are significantly shorter than the actual displacement 

of the RCA as can best be observed in the difference images. 

Consequently, we do not expect that the current algorithm can 

fully compensate for motion artifacts of all anatomical 

structures of interest. 

B. Motion-compensated reconstruction 

Fig. 2 shows an axial slice reconstructed without (f
(0)

) and 

with  motion compensation (f
(1)

) using half-scan weighting. The 

RCA shows strong motion artifacts in the f
(0)

 image. In 

contrast, the motion-compensated reconstruction produces 

significantly fewer motion artifacts resulting in a much sharper 

RCA.  

C. Image quality with increased scan range 

We compared the profiles across right ventricle, inter-

septum, and left ventricle as shown in Fig. 3, top, for four cases  

of reconstruction: helical FDK (f
(0)

) with data from 0.5 and 3.3 

rotations and MCR (f
(1)

) with data from 0.5 and 3.3 rotations 

(Fig. 3, bottom). A 5x5 median filter was applied in all cases. 

The profile in f
(1)

 with data from 0.5 rotations is slightly wider 

than the corresponding profile in f
(0)

. This effect could be a 

result of the approximate nature of the motion-compensated 

algorithm or a spill-in effect from the ventricles and requires 

further study. Using data from 3.3 rotations one can notice that 

the profile in the transition regions from ventricles to inter-

septum is steeper for the f
(1) 

image compared to the f
(0)

 image. 

This indicates that the motion-compensation indeed produces 

sharper images. 

We also compared the standard deviation of pixel values in 

small regions-of-interests (ROIs) around the myocardium. As 

shown in Fig. 4, the standard deviation, and therefore the 

image noise, decreases with increased scan range (from 0.5 

rotations up to 3.3 rotations). The use of motion compensation 

does not reduce the noise, which is confirmed by similar values 

of the standard deviations for the f
(0)

 and the f
(1)

 image for a 

given scan range. However, motion compensation makes it 

possible to use a projection data range significantly larger than 

the typical short-scan while maintaining the sharpness of 

images, see Fig. 3. 

IV. CONCLUSIONS 

We present a combination of algorithms to estimate cardiac 

motion, based on a fluid demons model, and then perform 

motion-compensated image reconstruction by extending 

helical, direct cone-beam filtered backprojection with motion 

tracking. 

Strong motion artifacts, most notably around the RCA, are 
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Fig. 2: Axial slice reconstructed at 40% of the R-R phase without (left) and 

with motion compensation (right) using half-scan weighting. The inserts in the 

lower right corners show a magnified area around the RCA (yellow circle). 

 

reduced significantly compared to the original FDK 

reconstruction. Another benefit is the ability to use a larger 

projection data range for reconstruction compared to 

reconstruction with half-scan weighting. Noise and uniformity 

are improved, but currently at the cost of some image blurring.  

In the future we will improve the motion estimation methods 

to improve the accuracy of the motion vector fields, and iterate 

motion estimation and motion-compensated reconstruction for 

even further improvement. 

 

 

 

   

   
Fig. 1: Top row: MVF from 40%R-R to 5%R-R. a) reference image at 40%R-R;  b) target image at 5%R-R; c) difference image reference-target. 

Bottom row: MVF from 40%R-R to 70%R-R. d) reference image at 40%R-R;  e) target image at 70%R-R; f) difference image reference-target. 
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Fig. 3: Top: path of the profile across the inter-ventricular septum (IVS) 

indicated by the straight yellow line. Also shown are the right coronary artery 

(RCA), right ventricle (RV), and left ventricle (LV). The pink line indicates 

the path of ROI’s used for evaluation of the image quality. Bottom: Profiles 

for images reconstructed without and with motion-compensation and using 

data from 0.5 and 3.3 rotations. 

 

 
Fig. 4: Standard deviations of pixel values insides ROIs in the myocardium. 

The x-axis is the consecutive ROI index around the left ventricle along the 

path indicated by the pink line in Fig. 3. Standard deviations from both f(0) 

and f(1) are shown for four different projection data ranges (0.5, 1.2, 2.25, and 

3.3 rotations). 
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Acceleration of Image Reconstruction by
Generalized Landweber’s Iteration for X-ray

Cone-beam CT
Zhengmin Li and Birsen Yazici

Abstract— Low-dose data acquisition is required for the imag-
ing of rapidly moving objects, and the number of projections is
usually sparse. In this case, severe artifacts will be introduced
by conventional Filtered-backprojection (FBP) method. However,
Iterative reconstruction (IR) has been shown to achieve great
image quality improvements with the advantage of better noise
tolerance and handling of sparse data. The main repellant for
using IR in clinical situations was the slow speed.

In this paper, we introduce an acceleration procedure based
on the generalized Landweber’s iteration (GLI) method for
X-ray CT image reconstruction from cone-beam projections.
Compared to conventional iterative methods, GLI can accelerate
the reconstruction of high frequency components and preserve
the stability of the solution when the system matrix is ill-
conditioned.

Specifically, the relaxation parameter in GLI is selected to
be a linear operator, which can shape the response to singular
functions of the forward operator. We study various linear
operators, and their behavior with respect to speed up the con-
vergence. Basically, we choose the linear operator as polynomials.
Compared to conventional iterative methods which updates the
image by multiplying a constant to the difference of measured
and calculated projections, GLI methods update the image by
several reprojection-backprojection of the difference of measured
and calculated projections.

At last, we compare the performance of using various linear
operators by numerical experiments. Computational complexity
is also analyzed. While our primary interest is in X-ray CT
image reconstruction, it can be applied to radar, acoustic and
geophysical imaging, to name a few.

Index Terms— Cone-beam reconstruction, acceleration, gener-
alized Landweber’s iteration (GLT), singular value decomposition
(SVD).

I. INTRODUCTION

In X-ray CT image reconstruction, iterative methods can
improve image qualities compared to conventional FBP meth-
ods with respect to artifact reduction, spatial resolution, and
signal to noise ratio(SNR). However, the speed of iterative
methods is very slow, and is not practical in clinic appli-
cations. Intensive research effort has been made on finding
optimization methods to speed up the convergence rate, such
as ordered subsets methods [6], simultaneous ART(SART) [8],
and preconditioned conjugate gradient methods [7], in which
suitable pre-conditioners are used to speed up the convergence
rates.

Department of Electrical, Computer, and Systems Engineering, Rensselaer
Polytechnic Institute, Troy, NY. Corresponding author: Zhengmin Li, E-mail:
liz7@rpi.edu

Landweber-type iteration [1] is a general iterative scheme
including steepest descent method, algebraic reconstruction
technique (ART), GLI and so on. In GLI, the relaxation
parameter acts as a pre-conditioner to improve the condition
number of a system matrix, which significantly reduces the
number of iterations needed to match a stopping criterion. It
is selected to be a linear operator which is approached by
matrix addition and matrix multiplication.

GLI methods first find application on PET/SPET imag-
ing in 1990s. To the knowledge of the author, there is no
application on X-ray CT image reconstruction. This paper
aims at introducing GLI methods to X-ray cone-beam CT,
we reproject and backproject the difference of measured and
calculated projections to update the reconstructed image, find
ways to select the optimal relaxation parameter to accelerate
the iteration process, compare various acceleration methods by
numerical simulations.

This paper is organized as follows: firstly, the GLI methods
is reviewed, and the convergence property is proved. Then,
the relaxation parameter is optimized. Finally, numerical sim-
ulations are provided to evaluate the performance of GLI
reconstruction method with various relaxation parameters.

II. GENERALIZED LANDWEBER’S ITERATION

Fredholm integral equation of the first kind has the follow-
ing form:

Ff = g, g ∈ L2[0, 1], (1)

GLI is the solution of Equation (1) that has the following form:

fk+1 = fk +DF†(g −Ffk) (2)

where D is a linear operator to be specified. It is important
to study Equation (2) with respect to its response to singular
functions of the operator F after a finite number k of itera-
tions, and to show how to construct D and choose k to provide
a desired response.

For discrete model:

Ax = b

GLI has the following form:

xk+1 = xk + βDA†(b−Axk) (3)

where β is a gain factor usually set to β = 1
σ2
1

(σ1 is the largest
eigenvalue of A), D is a shaping matrix(polynomial function
of βA†A). If the order of the polynomial function used to
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represent D is l, then each iteration needs (l+1) forward and
backward projections. When D = I , the GLI becomes the
Landweber iteration.

A. Spectra Theory of GLI

For a compact operator F , a singular system (un, vn;µn)
is defined as follows:
{(un;µ2

n), n = 1, 2, · · · } is a characteristic system of FF†

and (vn;µ
2
n) is a characteristic system of F†F . Thus,

µ2
nFF†un = un

µ2
nF†Fvn = vn

where 0 < µ1 ≤ µ2 ≤ · · · ≤ µn. λn = 1
µ2
n

is the eigenvalue.
{µn} are called singular values and {un}, {vn} are called
singular functions of F . {un}, {vn} are orthonormal sets.

Usually, the spatial frequencies are defined as the reciprocal
of singular values, and the associated image components are
defined as the projection of the image on the corresponding
singular vectors. Therefore, high spatial frequency components
of the object are defined as components on singular vectors
associated with small singular values, and low spatial fre-
quency components as components on singular vectors with
large singular values.

For GLI, we let the operator D satisfying the following
equation:

Dvn = pnvn, n = 1, 2, · · · , (4)

where 0 < pnλn < 2 for all n and the sequence {pn}∞n=1 is
bounded.

After derivation, GLT can be written in the following form:

fk =
∞∑

n=1

[1− (1− pnλn)k]µn < g, un > vn (5)

For regularization, we want to eliminate the noise which
correspond to high frequency components. It means to elimi-
nate λn such that λn = 1

µ2
n
< a, a is the cutoff value. So that,

the iterative part in Equation (5) should approach to the step
function as follows:

Ha(λ) =

{
1, λ ≥ a;
0, λ < a.

(6)

B. Convergence Proof

Firstly, Equation 2 can be written as follows,

fk+1 = fk +DF†(g −Ffk) := T [fk](x) (7)

To prove there exists a solution fk that approximates the
original image, T should be a contraction operator. It means
that

||T [f1](x)− T [f2](x)||2 ≤ K2||f1 − f2||2 (8)

K2 < 1 should be satisfied.
Substituting Equation (7) into Equation (8), we get

||T [f1](x)− T [f2](x)||2 = ||[I −DF†F ](f1 − f2)(x)||2
≤ ||I −DF†F||2||(f1 − f2)(x)||2

In L2 norm, we assume λmax is the maximum eigenvalue
of the matrix determined by [I−DF†F ], {λn, n = 1, 2, · · · }

are eigenvalues of matrix determined by F†F , {pn, n =
1, 2, · · · } are eigenvalues of matrix determined by D, then
the contraction condition changes to

λmax(I −DF†F) < 1 (9)

So, we have

|1− pnλn| < 1

0 < pnλn < 2

III. DETERMINATION OF THE LINEAR OPERATOR D
Specially, the linear operator D is selected to be F (F†F),

F is a polynomial function. According to Equation (4),
pn = F (λn), the iterative part Rk(λ) = 1 − [1 − pnλn]k in
Equation (5) approaches to the step function Ha(λ), as shown
in Figure 1.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

1.2

Convergence with repect to number of iterations 

R
k

lambda

 

 

k=1
k=2
k=5

Fig. 1: The iteration part Rk approaches to 1 faster as the
number of iteration increases (6th order polynomial is
used)

Finding an optimum polynomial for a given cutoff value a
and a given number of iteration k is nontrivial. The optimal
polynomials is obtained by using a mean-square approxima-
tion to the function Ha(λ). Firstly, we need to design a
polynomial function F (σ) such that P (σ) = σF (σ) is as
close to one as possible for σ ∈ (0, 1]. Suppose P (σ) is lth
order,

P (σ) = σF (σ) = c1σ
1 + c2σ

2 + · · ·+ clσ
l (10)

where c1, c2, · · · , cl are scalars.
The least square criterion

min

∫ a

0

P 2(σ)dσ +

∫ 1

a

[1− P (σ)]2dσ (11)

is used to design P (σ). Intuitively, frequency components with
singular values between 0 and a will be recovered slowly,
while components with singular values between a and 1 will
be recovered quickly.

Minimizing Equation (11) with given order l and cutoff
value a leads to the following set of linear equations.

l∑

i=1

ci
i+ j + 1

=
1− aj+1

j + 1
, j = 1, 2, · · · , l (12)
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By the above equation, we can determine the linear operator
D. It is easy to show that using a higher order polynomial
function results in a faster reconstruction of high frequency
components, at the expense of slower reconstruction of low
frequency components, as shown in Figure 2.
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1.5
Convergence with repect to order of polynomials 

R
5

lambda

 

 

1st order
3rd order
6th order

Fig. 2: Convergence speed is faster as the order of polynomi-
als increases

IV. SIMULATION RESULTS AND ANALYSIS

In analyzing the computational efficiency of an iterative
method, the number of forward and backward projections usu-
ally serves as a better indicator than the number of iterations
does. If the order of the polynomial function used to represent
D is l, then each single generalized Landweber iteration will
need l + 1 forward and backward projections.

We choose several sets of D = F(βA†A) to evaluate the
GLI’s acceleration property. The polynomial function F (·) can
be chosen

1) F (λ) = 31.5−315λ+1443.75λ2−3465λ3+4504.5λ4−
3003λ5 + 804λ6

2) F (λ) = 25.94897− 126.47λ+ 200.738λ2 − 100.03λ3

3) F (λ) = I

Fig. 3: Performance with various shaping matrix

To reduce the computational load, we use the standard head
phantom of 56×56 pixels. Fig.3 shows the performance com-
parison of different shaping matrix. It shows that with higher
order polynomial, the iteration converges faster. It means that
high order shaping matrix accelerates the reconstruction of
high frequency components. Fig.456 shows the image obtained
by 6th order generalized Landweber’s iteration.

Fig. 4: Image obtained by constant step length

Fig. 5: Image obtained by 3rd order shaping matrix

Fig. 6: Image obtained by 6th order shaping matrix

Further detailed simulation results will be provided by the
time of the conference.

V. CONCLUSION

Iterative reconstruction methods applied to X-ray CT image
reconstruction is a challenging new area. If we want to benefit
from their capability to handle low-contrast, noisy and sparse
projection data, solutions of the low iterative reconstruction
speed should be provided firstly. GLI aims at accelerating the
iterative process by shaping the forward projecting matrix, to
speed up the convergence of high frequency components. Our
simulation results show that compared to standard iterative
methods, GLT has robust and fast convergence. Further com-
parison will be provided by the time of conference.
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APPENDIX I
SINGULAR VALUE EXPANSION

Many imaging problem can be modeled as the following
linear equation

Ax = b (13)

where A ∈ Rm×n, x ∈ Rn, b ∈ Rm.
When A is full rank, the equation can be solved by using

Moore-Penrose pseudo-inverse. However, when A is not full
rank, the pseudo-inverse is best computed by singular value
decomposition.

let U ∈ Rm×m and V ∈ Rn×n, the matrix A can be
decomposed as follows

A = UΣVT (14)

where Σ is an m× n diagonal matrix having the form

Σ =




σ1 0 0 · · · 0 0
0 σ2 0 · · · 0 0
0 0 σ3 · · · 0 0
...

...
... · · ·

...
...

0 0 0 · · · σp 0




and σ1 ≥ σ2 ≥ · · · ≥ σp ≥ 0. p = min{m,n}. The σi are
termed the singular values of the matrix A. The columns of
U are termed the left singular vectors, while the columns of
V are termed the right singular vectors.

Using SVD, the pseudo-inverse of a matrix can be easily
computed as follows,

A† = VΣ†UT (15)

where the matrix Σ† takes the form

Σ† =




1
σ1

0 0 · · · 0 0

0 1
σ2

0 · · · 0 0

0 0 1
σ3
· · · 0 0

...
...

... · · ·
...

...
0 0 0 · · · 1

σp
0




If the matrix A is rank deficient, then one or more of its
singular values will be zero. Hence, the SVD provides a mean
to compute the pseudo-inverse of a singular matrix.
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Log-Normal Distribution-based MAP-EM Algorithm
for Edge Preserving Emission Tomography

Reconstruction
A. Bousse1, S. Pedemonte2, N Fuin1, D. Kazantsev2, K. Erlandsson1, S. Ourselin2, S .Arridge2, B.F. Hutton1

Abstract—We propose a novel edge-preserving recon-
struction method. It is based on a MAP-EM algorithm
with a random Markov field prior such that the neigh-
bouring structure is updated during the reconstruction
in order to preserve the object feature edges. The esti-
mation of the neighbouring structure is performed via
a statistical test that takes into account the log-normal
probability distribution of a ML-EM reconstruction.
Our method was tested on 2-D simulated data and a
3-D real phantom with promising results.

Index Terms—emission tomography, ML-EM, MAP,
edge-preserving prior.

I. Introduction
The word tomography refers to the reconstruction of a

functional object from its integrals along a set of lines.
Such a reconstruction is performed by solving an inverse
problem

Pf = g (1)

where P is a line integral operator, using miscellaneous
numerical methods such as filtered backprojection (FBP)
or algebraic iterative methods (see [6] for a review). In
emission tomography, g is a finite-dimensional vector rep-
resenting the number of detected counts in a finite number
of elements and f is a square-integrable function repre-
senting the activity distribution. Due to the compactness
of P, the generalised inverse P† is unbounded [8]. Inverse
problem (1) is therefore ill-posed in the sense that small
perturbations on g strongly deteriorate the reconstruction
of f . Noise can be reduced using a high sensitivity ac-
quisition system, but this leads to poor image resolution.
On the contrary, a high resolution acquisition system may
result in an unacceptable noise level. One way to limit the
effect of noise is to include a Markov random field (MRF)
prior to encourage neighbouring voxels to have similar
values. Such a prior generally decreases image resolution
and affects the object edges, unless special attention is
given to the potential function [11], [2]. Another approach
is to introduce anatomical prior (such as MRI or CT data)
in the reconstruction process. Algorithms can be based on

1Institute of Nuclear Medicine–UCL, University College London
Hospitals NHS Trust, 235 Euston Road (T-5), London NW1 2BU,
UK

2Centre for Medical Image Computing, University College London,
London NW1 9EE, UK

Email: a.bousse@ucl.ac.uk

pre-segmentation of the different tissue classes [4] as well
as on local anatomical information [3], [10]. Each of these
approaches rely on a high quality registration (misregistra-
tions create artifacts) and suffer from lack of robustness
(unobserved features in the anatomical image might be
invisible in the reconstruction). Nevertheless, the concept
of classes can be introduced as an unobserved variable that
can be estimated jointly with the activity distribution. In
this paper we propose a novel reconstruction algorithm
that determines if two neighbouring voxels belong to
the same tissue class, using the log-normal a posteriori
properties of the ML-EM reconstructed image, and then
utilises this information for a MAP-EM reconstruction.

II. Method
A. Background

For the sake of simplicity, f is replaced by a vector f
whose entries fi represent the activity at the corresponding
voxel. Inverse problem (1) can be rewritten as

Pf = g (2)

where P is the system matrix i.e. [P]i,j = pi,j is the
probability that a particle emitted from the j-th voxel
is detected on the i-th bin. Due to the counting process
nature of the acquisition in emission tomography, the
gi’s are independent Poisson random variables centred
on
∑
j pi,jfj . Without a priori knowledge on the activ-

ity distribution, f can be estimated by maximising the
log-likelihood of the observation using a regular MLEM
algorithm [9]. If the a priori distribution p(f) is known,
a maximisation a posteriori of the data and the object
joint likelihood [5] leads to a smoothed reconstruction.
Generally, p(f) takes the form of a Markov random field
(MRF) that encourage neighbouring voxels to have similar
values. It can be written as

p(f ,V) = Z−1 exp


−β

∑

i

∑

j∈V(i)

ϕ(|fi − fj |)


 , (3)

where ϕ is a non-decreasing function, V is the neighbouring
structure (i.e. V(i) denotes the neighbouring voxels of
the i-th voxel) and β > 0. Such a model does not
take into account the existence of classes differentiating
two neighbouring. This can be partially overcome if β is
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replaced by neighbouring-dependant βi,j being small if i
and j are likely to be in two different pre-determined tissue
classes. Let us now consider the following neighbouring
structure, denoted W: two voxels i and j are neighbours
if and only if: (i) j ∈ V(i); (ii) i and j belong to the same
class. Thus, if i and j are neighbours with respect to V
but from different classes, replacing V by W in (3) allows
a reconstruction that does not oversmooth the edges of the
different features in f .

Let us assume for now that p is a Gaussian MRF i.e.
ϕ(x) = x2. IfW is unknown, it has to be estimated from an
observation of the activity distribution f . Let us consider
two voxels indices i and j such that j ∈ V(i), and the
following hypothesis:
• H0: j ∈ W(i)
• H1: j /∈ W(i)

Under H0, marginalising p(f ,W) leads to

p(fj |fi,W) ∝
∫

RN−2
p(f1, . . . , fN |W )d{fk, k 6= i, j}

∝ e−βϕ(|fi−fj |)

which means that if ϕ is symmetric, conditionally to fi, fj
follows a distribution centred on fj . Therefore, normalising
by the conditional standard deviation (STD) σj|i allows to
perform a bivariate statistical test to verify if H0 is true
i.e. H0 is rejected if |fi−fj |/σj|i too large. However, as the
fk’s are unknown, this test cannot be directly performed.

B. Algorithm
Let f̂ (k) be the k-th estimate of f from an ML-EM

algorithm, and a(k) be the k-th estimate from the non-
noisy data Pf . It is possible to demonstrate that

y(k) = log
(

a(k)
)

+ U(k)η, (4)

where y(k) = log
(

f̂ (k)
)

, η = g−Pf is the shifted Poisson
noise of parameter Pf and U(k) is some deterministic
matrix (see [1] for details). As each entry in η is inde-
pendently distributed and using the Central Limit The-
orem, y(k) (resp. f̂ (k)) is approximately Gaussian (resp.
log-Gaussian). This approximation allows to perform a
statistical test such as the one proposed in section II-A. If
both voxels i and j are neighbours and belong to a same
tissue class, y(k)

i − y(k)
j should follow a centred Gaussian

distribution. The null hypothesis H0 can be rejected if and
only if

|y(k)
i − y

(k)
j |/σi,j > c(α), (5)

where c(α) is a threshold such that the probability of a
normalised centred Gaussian random variable to be larger
than c(α) in absolute value is equal to α, and σi,j is the
STD of y(k)

i −y
(k)
j . For a given reconstruction f̂ (k), this test

performed on neighbouring pairs leads to an estimation of
the tissue class-based neighbouring structure W.

A joint estimation iterative algorithm can be derived
from the previous observations. Let finit be the initialisa-
tion. We proceed as follows:

1) K ML-EM iterations using data g, initialised from
finit, leading to f̂EM

2) Estimation of W using f̂EM and the statistical test
3) MAP-EM reconstruction using data g and the prior

distribution p(·|W), initialised from f̂EM, leading to
our final estimate f̂log

Note that the statistical test (5) cannot be performed on
f̂log, as (4) does not hold after MAP iterates. For the rest of
this paper, we shall refer to this algorithm by the log-test
method.

C. Experimental protocol
As the STD σi,j in (5) is unknown, we chose to estimate

it by listing the differences y(k)
i − y(k)

j for all j ∈ V(i). If
H0 is true for each j in V(i), σi,j can be estimated from
the y(k)

i − y(k)
j ’s. If an edge is present between i and one

of its neighbours, then σi,j is underestimated, potentially
resulting in an oversmoothing of the estimated activity.
However, as we do not have an efficient estimator at our
disposal, we chose to rely on this method.

We tested our method using two-dimensional (2-D) and
three-dimensional (3-D) phantom thorax data. The 2-D
data were obtain by projecting a 128 × 128 phantom
representing a trans-axial slice of the thorax (see Fig. 1),
with a pixel size of 6×6 mm2. The projector/backprojector
pair simulates a high-resolution collimator modeling the
resolution with a distance-dependent point spread func-
tion (FWHM 10mm@10cm). For the 3-D reconstruction,
a SPECT study of a thorax phantom with a cardiac insert
(Data Spectrum, Hillsborough, NC, USA) was performed.
The phantom was filled with 99mTc in a concentration
similar to typical clinical values. The activity in the my-
ocardium was about 15 times that of the background.
There was no activity in the lung compartments. The
phantom was scanned with a dual headed SPECT sys-
tem (Infinia, GE Healthcare, Haifa, Israel) equipped with
LEHR collimators, using standard acquisition parameters
for clinical cardiac studies: 20% energy window centred at
140 keV, matrix size 128×128, pixel size 4.42×4.42 mm2.
A total of 60 projections were acquired over 180o. The
distancd-dependent resolution model was included in the
projector/backprojector pair for both 2-D and 3-D case.
The distent-dependent point spread function was obtained
from point-source measurements at different distances.
The projector/backprojector pair was implemented using
CUDA for GPU acceleration [7]. Attenuation and scatter
correction were not implemented.

Our algorithm was performed with K = 5 ML-EM
iterations before proceeding to the statistical test. We
fixed c(α) = 1.64, which corresponds to a probability
α = 0.1 of rejecting H0 when H0 is true. In (3) we used
the Huber potential function [2], defined by

ϕ(x) =
{
x2 if |x| ≤ T
T 2 + 2T |x− T | if |x| > T,

for both reconstructions using V and the neighbouring
structure W resulting from our statistical test. We shall
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refer to the MAP reconstruction using V as the Huber prior
method, as it makes use of a standard neighbouring struc-
ture with the Huber function. As both prior only differ by
the number of neighbours, we used the same β value for
the Huber prior and the log-test prior. The performances
of each method were assessed by investigating the contrast
and the noise at each iteration. For both 2-D and 3-D
cases, the contrast was calculated in a neighbourhood
of the myocardium as follow: let M be a mask of the
myocardium i.e. the set of voxel indices contained in the
latter, and B be a local background region. The contrast
is defined by

Contrast(f̂) =
∑
i∈M f̂i∑
j∈B f̂j

× |B||M| .

In the 2-D case, the contrast can be easily calculated for
the data are simulated from a phantom. In the 3-D case,
the position of the myocardium was determined from a
segmented CT-scan of the phantom. The 2-D noise was
quantified by calculating the coefficient of variation (COV)
in the reconstructed myocardium, using a Monte-Carlo
(MC) estimation from 30 noises instances:

COV2 =

√√√√√ 1
|M|

∑

j∈M

∑P
p=1

(
f̂j,p − f̂j

)2

P f̂j
2 ,

where p = 1, . . . , P = 30 is the noise instance index, f̂j,p is
an estimate of the activity at the j-th voxel from the p-th
projection realisation and

f̂j = 1
P

P∑

p=1
f̂j,p

is the MC estimate of the average reconstructed value at
the j-th voxel. In 3-D we chose to quantify the myocardium
homogeneity which can be considered as a regional STD:

COV3 =
√

1
|M|

∑

i∈M

(
f̂j − f̂

)2

where f̂ =
(∑

i∈M f̂i

)
/|M| is the average reconstruction

value over the myocardium. The curves of the COV versus
contrast after convergence of the 3 methods are shown in
Fig. 4 and 5, for β = 0.5.

III. Results
The 2-D and 3-D reconstructions are displayed in Fig.

1, 2 and Fig. 3. The noise and inhomogeneities are reduced
in the myocardium area when a prior is used. The Huber
prior performs better than the log-test method in the
background, in term of noise reduction. However the log-
test method preserve the edges better than the Huber
prior, and the reconstructed myocardium appears more
homogeneous. These observations are confirmed by the
reconstruction noise versus contrast curves shown in Fig. 4
and 5. Both MAP reconstruction outperform the ML-EM
algorithm for 2-D and 3-D. In the 2-D case, the noise is

no priorphantom

log−test Huber prior

Fig. 1. 2-D thorax phantom and reconstructions using the 3
proposed methods

log test priorno prior Huber prior

Fig. 2. Same as in Fig. 1 with magnification

Fig. 3. 3-D reconstructions using three proposed methods at 3
different trans-axial slices
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Fig. 4. Coefficient of variation (calculated with several noise
instances) versus contrast at each iteration of the three proposed
reconstruction method, in the 2-D case
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Fig. 5. Regional coefficient of variation (calculated over the my-
ocardium) versus contrast at each iteration of the three proposed
reconstruction method, in the 3-D case

more reduced using the Huber prior than using the log-
test method, but the latter provides a better contrast.
It also outperforms the Huber prior in 3-D in term of
regional STD versus contrast. The sudden shape change
of the log-test method reconstruction profile curve in Fig.
5 can be explained by the use of MAP-EM algorithm
after a regular EM algorithm. Note that the voxelised
appearance of the reconstructed myocardium using the
log-test method (see Fig. 2) is due to the algorithm that
modifies the neighbouring structure. Increasing β reduces
the noise and inhomogeneities in a similar fashion for both
Huber and log-test priors and lead to similar observation
(better noise versus contrast on a 2-D thorax phantom for
the Huber prior, better regional STD versus contrast for
the log-test prior for 3-D real data).

IV. Conclusion
We have proposed a MAP reconstruction algorithm

based on a log-normal mean test that gives promising
results. It provides noise results comparable to the Huber
prior and outperforms the latter in term of contrast. Sev-
eral aspects needs to be improved. The variance estimation

requires a special attention, especially when it is estimated
near or a potential edge. This could be treated for example
by separating the voxels at each side of a pre-estimated
edge and estimating two different variances. In addition,
the voxelised-shape of the reconstructed features could
be limited by performing a fuzzy segmentation instead
of a statistical test, using weights being functions of the
Gaussian distribution p-values.
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An Object-Independent Measure for Improving
Misalignment Correction in C-Arm CT
Julia Wicklein, Holger Kunze, Florian Vogt, Yiannis Kyriakou and Willi A. Kalender

Abstract—Misalignment in c-arm CT is a frequently discussed
problem. Numerous methods for misalignment correction were
investigated, but up to now no appropriate measure for geometry
correction algorithms has been given. We present a new object-
independent measure for geometry comparison in c-arm systems.
Our approach is based on a virtual object and assigns one single
value to compare geometry calibrations. Invariance towards
variable calibration phantom positions as well as its independence
towards different c-arm systems is demonstrated. We describe the
characteristic behaviour for several causes of misalignment and
the results of a simulated dataset are presented.

Index Terms—C-arm CT, misalignment correction, geometry
comparison.

I. INTRODUCTION

A common step of every computed tomography
reconstruction algorithm is the back-projection operation
[1]. During this step, typically a voxel is projected onto the
detector and the detector value is added to the voxel value.
To perform this step precise knowledge of the geometry for
every projection is needed. Small geometrical errors - so
called misalignment - result in artifacts or blurring [2].

While in classical CT gantries, the hardware is adjusted
to fulfill this requirement, c-arm devices suffer from
mechanical instabilities so that adjustment cannot achieve the
requirements on the geometrical accuracy. Therefore typically
a calibration step as described in [3] is used to obtain the
precise knowledge about the acquisition geometry. Following
this approach, it is assumed that the acquisition system moves
exact enough in the same way around the patient during the
scans as it did during the calibration.

For systems not moving reproducibly, several algorithms
have been proposed to reduce misalignment, but usually no
suitable objective measure for geometry correction systems
was given. In [2] and [4] misalignment correction methods
trying to optimize geometry calibration were introduced. The
results are presented by calculating difference images from
misaligned and corrected images to ideal references. The
geometry parameters before and after correction are presented
without an objective measure for the degree of refinement.
In [5], a geometry parameter correction is done via a
semi-automatic calibration method. Line profiles of manually

Julia Wicklein and Willi A. Kalender are with the Institute of Medical
Physics (IMP), University of Erlangen–Nürnberg, Henkestraße 91, 91052
Erlangen. Holger Kunze, Florian Vogt and Yiannis Kyriakou are with Siemens
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selected regions of interest (ROIs) of the reconstructed
images before and after correction are calculated as measure
for the correctness of their misalignment correction algorithm.

In [6] the modulation transfer function (MTF) was used to
measure the quality of the calibration. However this measure
lacks the possibility to compare two calibrations and analyze
the influence of each projection on the measure. Further on,
the MTF includes also detector sampling and focal spot size
which complicates the comparison of calibration results for
different system configurations. Therefore, we propose an
object- and system-independent measure for misalignment in
c-arm systems.

II. GEOMETRY CALIBRATION

Fig. 1. Perspective projection of a point F on the detector plane (F ′). S
is the position of the source and S′ it‘s projection. D is the source-detector
distance.

Via calibration, the intrinsic and extrinsic parameters of
the acquisition system are estimated providing information
about its optical parameters, position and orientation. In [3]
a detailed description of c-arm calibration is presented. It is
achieved by calculating a projection matrix for each position
of the trajectory, including the misalignment parameters of the
system. The projection matrix P of size 3x4 is defined:

P = A· [R − t],

with

A =




D/∥u∥ s uS′

0 D/∥v∥ vS′

0 0 1


 ,

∥u∥ = pixel width, ∥v∥ = pixel height and s is a skew of
the detector. R ∈ R3x3 and t ∈ R3x1 describe the rotation and
translation from the world coordinate system to the detector
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coordinate system. P describes compactly how a 3D point F =
(xw

F , yw
F , zw

F ), given in homogeneous coordinates, is mapped
onto a 2D point on the detector plane (see Fig. 1):




px

py

pz


 = P




xw
F

yw
F

zw
F

1


 ,

where p(P, F ) =

(
px/pz

py/pz

)
=

(
uF ′

vF ′

)
= F ′ defines

the projection function of F .

Fig. 2. The calibration phantom introduced in [3]. It consists of an empty
cylinder with beads regularly arranged on a helical trajectory.

Fig. 2 shows the calibration phantom introduced in [3].
It consists of an empty cylinder with several markers of
known positions. After detecting the 2D marker positions in
the projected image, the 2D/3D correspondances are used
for determining the projection matrix. This is done for each
projection image of the trajectory and combined to one table
of projection matrices.

III. GEOMETRY COMPARISON

Given two tables of projection matrices, we define the
back-projection mismatch (BPM) as a comparison measure
in the following way: A virtual object that consists of a
spherical volume of radius r is generated. M 3D points are
regulary distributed inside this cube and arranged around the
center of rotation.
For BPM, the distances between projections of the M 3D
points are compared. Fig. 3 shows an example for one single
point Fj and two different calibrations k1 and k2.

The comparing function BPMacq(k1, k2) for two calibra-
tions k1 and k2 over N projections is defined:

BPMacq(k1, k2) =
1

NM

N∑

i=1

M∑

j=1

∥p(Pk1,i, Fj)−p(Pk2,i, Fj)∥2,

where Pk1/2,i denotes the i-th projection matrix of the
k1/2-th calibration with i = 1, ..., N . Fj denotes the j-th point
with j = 1, ..., M .
It is also possible to calculate the BPM for one single
projection (BPMimg).

Computing the mean value BPMsys of several calibration
comparisons results in a measure for the reproducibility of a
system.

Fig. 3. Calculation of the back-projection mismatch (BPM) illustrated for
one point Fj out of M .

BPMsys =
2

K(K − 1)

K−1∑

k1=1

K∑

k2=k1+1

BPMacq(k1, k2)

The position of the calibration phantom relative to the
3D trajectory can not be assumed to be identical for all
performed calibrations. This results in a global translation and
rotation, which does not influence the visual impression of the
reconstruction. The reconstructed volumes are just translated
or rotated. Therefore, the comparison of different calibration
phantom positions requires rotation and translation invariance
in our calculation of the back-projection mismatch. This is
achieved by applying a rigid transformation to the points:

F ′
j = RoptFj + topt, j = 1, ...,M,

where Ropt is a 3x3 rotation matrix and topt is a 3x1
translation vector. This transformation is applied for one of the
two compared projections and the error function is redefined:

BPMopt
acq(k1, k2) =

1

NM

N∑

i=1

M∑

j=1

∥p(Pk1,i, F
′
j)−p(Pk2,i, Fj)∥2

R and t are estimated by minimizing BPMopt
acq(k1, k2).

This can be achieved for example by Levemberg-Marquardt
optimization according to [7].

IV. CHARACTERISTICS OF THE BPM

Simulations with equiangularly distributed projections
were performed, using a detector of size 1240x960 with a
pixel size of 0.308 mm, a source-isocenter distance (d2) of
785 mm and a source-detector distance of 1200 mm. Different
kinds of geometrical errors were added to the simulation
results to create misalignment. The BPM with and without
Levemberg-Marquardt optimization was estimated for several
misaligned projection tables to point out the characteristic
behaviour of our measure.
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(a) (b)

Fig. 4. Scanner geometry: x/y-direction of the world-coordinate-system (a).
y/z-direction of the world-coordinate-system (b).

A. Influence of the Misalignment Parameters on the BPM

1) Detector Translation: For a detector translation t in u-
or v-direction, the BPM without the global optimization was
calcuated and the error measures are:

BPMacq = BPMimg = ||t||2
A translation of the detector of 1.0 pixel in u- or v-direction
produced a BPM of 1.0 pixel. The same results were achieved
for a partial scan over 200 degree.
The algorithm including the global optimization was also
applied on full and partial scans. For the full scan over
360 degree and a detector translation of 1.0 pixel in u-
direction, a constant BPMimg of 1.0 pixel was obtained for
all projections. A detector translation in v-direction produced
a BPMopt

acq of 0.05 pixel. The small BPM was achieved by
applying a translation of the points in positive z-direction
(see Fig.4(b)). This compensated the detector translation in
v-direction and corresponds to the visual appearence of the
particular misalignment inside the reconstructed image. The
calculation for the partial scan minimized BPMopt

acq for a
detector translation of 1.0 pixel in v-direction to at least
0.043 pixel. The corresponding translation along u-direction
resulted in BPMopt

acq =0.421 pixel.

BPMopt
acq is minimized over the complete set of projections.

In the case of partial scans, this does not necessarily lead to
a constant value for all projections. As it can be seen in Fig.
5, the curve progression for the optimized calculation of a
constant detector shift is not linear in this case.

Fig. 6 shows the result for a local misalignment. It becomes
clear that the optimized calculation converges to the curve
without transformation for a decreasing local error extension.

2) Source Translation: A translation of the source was also
applied on scans over 360 degree and 200 degree. BPMacq
for a source translation of 1.0 pixel in u- or v-direction was
0.53 pixel for both scan types. It can be derived from the
position of the virtual object between source and detector
according to:

BPMacq = ||t||2 ∗ d1

d2

Fig. 5. BPMimg for 200 degree scan with constant detector-translation of
1.0 pixel in u-direction, with and without optimization.

Fig. 6. BPMimg for 200 degree scan with detector-translation at projections
95-105, with and without optimization.

where d1 = D − d2 and t describe the size of the source
translation (see Fig. 7). It is equally calculated for both
translation directions.

Fig. 7. Calculation of the back-projection mismatch (BPM) for a source
translation of length ||t||2 without optimization.

Calculations of BPMopt
acq gained the same results in the

case of the full circular scan and a translation in u-direction.
The translation in v-direction reduced BPMopt

acq to 0.05 pixel
for the same reason as for the detector translation. For the
partial scan type, BPMopt

acq was 0.225 pixel for a source
translation along u-direction. The translation along v resulted
in BPMopt

acq of 0.043 pixel.
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3) Detector Rotation: A rotation of the detector was sim-
ulated in terms of a skew according to [4] (see η in Fig. 8).
This led to BPMopt

acq of 9.2 pixel and BPMacq of 13.7 pixel
for one degree of rotation and a full circular scan. For the
partial scan, BPMacq was the same as for the full scan and

BPMopt
acq was 5.0 pixel.

Fig. 8. Detector rotation at zero degrees around y-axis.

4) Angular Sampling: Another cause for misalignment
artifacts are deviations from the equiangularly distribution of
the projectionset. For a constant sampling the BPM calculation
without optimization depends on the distance from the virtual
points from the isocenter. Including the optimization transfor-
mation, BPMopt

acq for the full circular scan became zero, as
expected.

B. Influence of the Virtual Object on the BPM

The arrangement of the points inside the object has also
a certain influence on the BPM. For example if they are
arranged on a regular grid inside a cube, the BPM differs
dependent on the respective projection angle. This results in
a four times sinusoidal curve for 360 degree scans. Fig. 9
shows the amplitude for a detector rotation of 1.0 degree and
a virtual object consisting of 216 points. It was insignificantly
small with a standard deviation of 0.016 pixel compared to
the mean value of nearly 15 pixel.

Fig. 9. BPM (without optimization) for a detector rotation of 1.0 degree.

V. RESULTS

Simulations of the Forbild head phantom were performed
to illustrate misalignment and its influence on the BPM. Fig.
10 (a) presents the original head phantom simulated with
720 projections, using a detector size of 620x480 pixel and
a pixel size of 0.616 mm. Fig. 10 (b) shows the phantom
simulation, reconstructed with a misalignment of 1.5 pixel

detector and source translation in u- and v-direction and a
detector rotation of 1.0 degree. This resulted in BPMopt

acq of
3.6 pixel. Fig. 10 (c) shows the phantom with a misalignment
of 2.0 pixel detector and source translation in u- and v-
direction, a detector rotation of 2.0 degree and 1.0 degree of
angular sampling. The corresponding BPMopt

acq was 7.6 pixel.

(a) (b) (c)

Fig. 10. Head phantom (C/W=0/500HU) (a); with a detector and source
translation of 1.5 pixel in u- and v-direction and a detector rotation of
1.0 degree (BPMopt

acq =3.6 pixel) (b); with a detector and source translation
of 2.0 pixel in u- and v-direction, a detector rotation of 2.0 degree and an
angular sampling of 1.0 degree (BPMopt

acq =7.6 pixel) (c).

VI. CONCLUSIONS

In this paper we described a new object-independent mea-
sure for misalignment correction in c-arm CT. Simulations of
different misalignment causes were made to demonstrate the
characteristic behaviour of our approach. It is sensitive to all
types of misalignment and assigns one significant and system
independent value to compare two geometry calibrations. We
demonstrated the strong correlation between our measure and
the visual impression of the respective misalignment level, as
shown in Fig. 10.
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Spectrally Focused Markov Random Field Image
Modeling in 3D CT

Jiao Wang, Ken Sauer, Member, IEEE, Jean-Baptiste Thibault, Member, IEEE, Zhou Yu, Member, IEEE, and
Charles Bouman, Fellow, IEEE

Abstract—Markov random fields (MRFs) are a broadly use-
ful and relatively economical stochastic model for imagery
in Bayesian estimation. The simplicity of their most common
examples allows local computation in iterative optimization, and
statistical descriptions of image ensembles which discourage
dramatic behavior, particularly under models with strictly convex
potential functions. This simplicity may be a liability, however,
when the inherent bias of minimum mean-squared error or
maximum a posteriori probability (MAP) estimators attenuate all
but the lowest spatial frequencies. For applications where more
flexibility in spectral response is desired, potential benefit exists
in models which accord higher a priori probabilities to content
in higher frequencies. This paper illustrates the gains possible
with MRF design similar to inner bone emphasis in conventional
X-ray CT reconstruction.

I. INTRODUCTION
X-ray CT imaging appears to be a rich potential field

of application for iterative reconstruction techniques [1]–[6].
Among the approaches promoted for clinical application, sev-
eral take advantage of a priori image modeling in the Bayesian
estimation view of the problem, in which the regularization
function has an probabilistic interpretation. The Markov ran-
dom field (MRF) model has long played a prominent role in
this sort of Bayesian image estimation. It is economical in
its parameterization of multidimensional random phenomena,
but provides a powerful ensemble of models and effective
regularization in inverse problems. A generic Gibbs distri-
bution, whose equivalence to the MRF is established by the
Hammersly-Clifford Theorem [7], has the form

pX(x) = Z!1 exp(!U(x)). (1)

The normalization constant Z is essential in MRF parameter
estimation, but is not of great interest in the present setting,
where we estimate only the image. In most common MRFs,
the probability measure for the realization x of the random
field X may be written in the form

U(x) = !
!

{i,j}"!

wi,j"(xi ! xj), (2)
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with ! the collection of cliques describing the neighborhood
of each pixel, {wi,j} the set of weights for penalizing local
differences according to relative spatial locations, ! a scaling
factor, and "(·) describing the penalty as a function of the
magnitude of local pixel differences.
The set {wi,j} is typically chosen to penalize differences

between pairs of image pixels inversely proportionally to
distance between sites, or some such minimally committal
form. Gauss-Markov models [8] feature a log prior of

log pX(x) = !(1/2)!xT Rx + constant, (3)

which incorporates inverse spatial covariance of the model into
the matrix R, equivalently considered the regularizing norm.
The implicit spectral model of X is therefore the inverse of
the power spectral density modeled by R. Second-order MRFs
meant to be invariant to rotation have essentially one degree
of freedom in choosing the weighting coefficients: the ratio of
diagonal to horizontal and vertical weights. This limits spectral
description to a crude low-pass model.
In this paper we explore the potential of larger neigh-

borhoods in MRFs considered from the point of view of
probabilistic modeling of spatial frequency content. This leads
naturally to the inclusion of frequency response in the design
of stochastic inverse operators, and is useful for the design of
explicit characteristic image behavior such as noise and spatial
resolution trade-off for practical applications. We consider
particularly the preservation of detail in bone structure in X-
ray CT.

II. FREQUENCY RESPONSE IN LINEARIZED INVERSE

While we may apply new stochastic models with both
quadratic and non-quadratic penalties in the function " of (2),
we begin with linear analysis for approximation of the fre-
quency response characteristics of inverse operators. Consider
the inverse problem posed by

y = Ax + n, (4)

in which the distribution of the noise in n dictates a quadratic
log-likelihood function with norming matrix (e.g. inverse
covariance)D. Under quadratic MRFs as described above, the
maximum a posteriori probability estimate, which coincides
with the minimum mean-squared error (MMSE) estimate of
x, is

x̂ = (AT DA + !R)!1AT Dy. (5)
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Fig. 1. (a) Two-dimensional R(!) for conventional 2nd-order MRF; (b)
1-D FIR design for frequency emphasis near 0.5. (c) R(!) from McClellan
transformation of 1-D filter; (d) corresponding MRF clique weights.

In this case, using a frequency-domain representation of the
total transformation, the system response to x is

G(#) =
AD(#)

AD(#) + !R(#)
, (6)

where AD(#) is a local spectral representation of the operator
AT DA, and the filter exhibits the familiar Fourier represen-
tation of the Wiener filter for shift-invariant linear filtering as
solution to the estimation problem. The bias toward zero of
the estimate of each frequency component in x̂ is observed as

!R(#)

AD(#) + !R(#)
.

That is the reduction of magnitude according to noise-to-signal
ratio in the pursuit of MMSE at each frequency.
Particularly if we wish to make the estimator adaptive to

local texture or boundaries, large a priori probabilities of
prominent narrow-band signal components may be appropri-
ate. Conditioned on detection of a known texture category
through either hard or soft classification, or in objects charac-
terized by presence of strong elements of a known frequency
band, it may be desirable to suppress noise differentially by
an R(#) which treats specific frequencies as having high
probability. The very simple spectral model of the signal to
be recovered which is implied by low-order MRF models
allows little tuning of the inverse operator to specific spectral
characteristics. Expanding the number of two-member cliques
enriches the a priori modeling greatly in its ability to focus
spectral characteristics.
Figure 1 includes a simple example in two dimensions.

The most common formulation of 2nd-order MRF weights
implies the inverse signal power spectral density on the top
left. The estimator resulting from this image model strongly
attenuates the normalized frequencies above 0.3. As is obvious
in (5), the linear least-squared error estimator biases the signal
only toward zero, as all components of the expression are

positive. Within conventional estimation, this is desirable, but
if perceived image qualities become more important than
quantitative measure, or if a particular spectral component’s
amplification is desired for greater visibility, negative values
in R(#) present another option. This notion immediately
challenges the stochastic image model’s correctness, as it con-
tradicts the non-negative definiteness of the autocorrelation,
and makes the a priori image model decidedly improper.
However, we observe that the great majority of MRFs, which
penalize only pixel differences, are also improper probability
densities. In the Gaussian case, this penalty presents a rank-
deficient inverse covariance matrix. Improper densities are
routinely and profitably applied in Bayesian estimation [9],
with reliance on combination with likelihood functions to
formulate stable estimates. From the equations above, we note
that the condition

!R(#) > !AD(#) (7)

maintains stability in the MAP estimate provided the a pos-
teriori density is viable for the entire observation space of
Y .
As an example, consider the inverse (improper) spectral

density R(#) shown in Figure 1. This function is con-
structed through one-dimensional non-uniformly spaced fre-
quency sampling design, with negative values between nor-
malized frequency 0.5 and 0.6, intended to boost intermediate
frequency components. The resulting filter in Fig. 1(b) is
transformed into an 11 " 11 two-dimensional equivalent via
the McClellan transform to form the function R(#) of Fig.
1(c). The corresponding set of coefficients in Fig. 1(d) includes
negative values, which positively sanction some larger local
differences.

III. NON-QUADRATIC MODELS

Non-Gaussian MRFs do not strictly follow the linear
analysis of estimator forms and properties explained above.
Nonetheless, we will attempt to exploit what we learn in the
linear case to extend these ideas to Bayesian estimation under
more general models. Despite differences in the energy func-
tion and consequent variation in rendering of discontinuities,
we conjecture that the spatial frequency properties of the linear
case will to a great degree be shared by nonlinear estimates.
Much innovation has been focused on the function "(·), with

the classical quadratic smoothing penalty often replaced by
alternatives which penalize large differences less dramatically
in order to better preserve discontinuities in pixel values
[10], [11]. Strict convexity of the negative log a posteriori
probability density is highly desirable for reliable convergence
and stable estimation. At a minimum, positive-definiteness of
the Hessian of the negative log a priori density requires the
diagonal terms satisfy

!

i"Nj

wij
$2

$x2
j

"(xj ! xi) # 0 (8)

over the entire feasible set for the image X . Nj is the
neighborhood of pixel j, composed of all pixels which are
part of cliques including site j.
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For image quality and favorable numerical behavior, forcing
"(·) to have quadratic shape at the origin has proven valuable.
We have found the q-Generalized Gaussian MRF (q-GGMRF)
[12], with

"(") =
|"|p

1 + |"/c|p!q
, (9)

to provide both appropriate low-intensity smoothing as well
as edge preservation. The parameter q forms the penalty
for large differences, and is typically chosen near 1.2, with
p = 2. The threshold c determines the location of approximate
transition from low-intensity, Gaussian behavior to edge mode.
This model features an upper bound on the individual second
derivatives in (8) and therefore relatively simple conditions
for meeting (8) on a reasonable feasible set. These conditions
are quite restrictive for the q-GGMRF, and for such designs
as featured in Fig. 1(d), we sacrifice the convexity of the log
prior. Though the total log a posteriori probability may remain
convex in most regions of interest, we expect it will be non-
convex in sparsely sampled regions, where the likelihood term
is relatively weak.
In order to accelerate each voxel update in ICD algorithm,

we have proposed a 1D optimization using a quadratic substi-
tute function to upper bound the local 1D log prior function
[6]. We form the substitute function by replacing each function
"(xi ! xj) in (2) with fij(u). The function fij(u) is chosen
to have a simple quadratic form

fij(u) = aiju
2 + biju + cij , (10)

so that it is easy to minimize. Let x̃j be the current state of
the voxel whose value is to be optimized. The coefficients
aij , bij , cij are chosen such that fij(u) and "(xi ! u) are
tangent to each other at u = x̃j and fij(u) is greater than
or equal to "(xi ! u) for all u. With non-negative wij , this
substitution guarantees descent of the true cost function with
simplified computation of the derivatives of f . In the presence
of negative weights resulting from our MRF spectral design,
we propose a modified substitute function with a simple linear
form

fij(u) =

"
aiju

2 + biju + cij , wij # 0
biju + cij , wij < 0,

(11)

so that the convexity of the substitute log prior is guaranteed
by giving the sub-function properties above to the components
of U(x) having negative coefficients. Although the true cost
function may be non-convex, this modified substitute function
guarantees monotonic descent to at least a local minimum of
the true cost.

IV. MRF DESIGN APPLIED TO X-RAY CT
We apply the MRF design above to Bayesian three-

dimensional reconstruction from axial X-ray CT scans on a GE
LightSpeed VCT scanner. While the reconstructions are fully
three-dimensional, our expanded MRF design is restricted
to the transaxial direction; in the axial direction we use a
conventional, first-order Markov description in a separable
model. Similar design, however, may easily be applied in three
dimensions.

The data producing Figure 2(a) are combined from multiple
realizations of acquisitions taken at the highest available dose
setting to form a scan set equivalent to a single very high dose
acquisition, providing accurate detail in a conventional filtered
backprojection (FBP) reconstruction. We therefore view the
first image as “ground truth” in this experiment. FBP allows
linear filter selection for varying frequency response shapes,
with Fig. 2(b) image illustrating a choice emphasizing interior
bone structure. In the first Bayesian reconstruction, we apply
the q-GGMRF with a conventional 3 " 3 neighborhood in the
(x, y) plane. This model has proven effective in broad clinical
applications but, for the particular choice of parameters shown
in Fig. 2(c), limits detail content in the trabecular bone regions.
For a first case with the spectral MRF design, we consider

the linear case resulting from the quadratic a priori. We use
the coefficients from Figure 1 for the in-plane regularization.
Although R(#) is negative at some frequencies, the response
in (6) is everywhere positive, and the estimate is well-posed.
The result in Fig. 2(d) shows an emphasis of the typical
inner bone frequencies similar to that of bone-enhanced FBP,
while still suppressing noise at the higher frequencies. Thus in
this case, we see the potential to fruitfully control frequency
response of the Bayesian inverse operator.
An axial clinical scan appears in Figure 3. The first image

again illustrates the result of conventional MAP reconstruction
under the q-GGMRF, small-neighborhood prior, with good
noise suppression, soft tissue rendering, and high frequency
bone detail such as in the inner ear, but limited trabecular
structure. Fig. 3(b) matches our linearized analysis, with a
quadratic log-prior density and coefficient design from Fig. 1.
In several aspects of interior bone detail and narrow bone edge
rendering this reconstruction has advantage over the previous.
Finally, Figs. 3(c) and (d) result from applying the same
coefficients to the q-GGMRF model. This result illustrates the
greater tolerance to discontinuities of the q-GGMRF, while
retaining the enhancement of the spatial frequency band as
in the linear estimation case. The last image shows there
little cost in reducing the size of the original spectral MRF
design for reduced computation. In the optimization of these
results, we monitored the second derivatives for the condition
of (8), and found they remained positive throughout, despite
the negative coefficients. Thus the non-convexity issue may be
minor in practice.

V. CONCLUSION

The MRF discussed has not been particularly carefully
designed in order, or in frequency characteristic. Surely better
results and/or lower order MRFs with similar results will be
possible with further experimentation and analysis of bounds
for convexity of the log a posteriori density. However, we
have shown that some degree of useful manipulation of the
spatial frequency response of Gaussian MRF-based Bayesian
estimators is possible even with relatively simple design.
This result comes, of course, at the expense of added

computation due to the larger neighborhood involved in each
pixel’s update. Reconstructions with the 11 " 11 neighbor-
hood spectral design consumed approximately double the
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(a) (b) (c) (d)

Fig. 2. (a) “Ground truth” image, taken from high-dose scan of a pig cadaver’s head; (b) filtered backprojection reconstruction using bone-enhancing filter;
(c) MAP reconstruction with conventional image model and parameters adjusted for soft tissue rendering; (d) MAP reconstruction with spectral design of
11 ! 11 MRF coefficients and Gaussian MRF model. Optimization was achieved with iterative coordinate descent.

(a) (b) (c) (d)

Fig. 3. (a) MBIR reconstruction of clinical axial head reconstruction with conventional q-GGMRF; (b) MBIR with quadratic penalty, 11 ! 11 spectrally
designed MRF; (c) MBIR with q-GGMRF, 11 ! 11 spectrally designed coefficients. (d) same, with 7 ! 7 neighborhood.

reconstruction time of the conventional MRF estimate in
a straightforward serial implementation, although this could
be efficiently optimized on modern hardware. An adaptive
implementation, which could apply these more complicated
priors parsimoniously, may also eliminate the majority of
that cost. The degree to which the iterative forward and
backward projection operations dominate computational cost
will affect the relative computational penalty such modeling
enhancements incur.
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Abstract — In contrast to the current “ultrafast” micro-CT 

systems that scan over many cardiac and respiratory cycles aided 
by gating at high dose, here our biomedical imaging group (BIG) 
proposes the architecture and specifications for Dynamic Interior 
Pulsed Plural-sourcE Rotating-gantry (DIPPER) micro-CT. This 
patent-pending gating-free scanner targets volumetric micro-CT 
of a 2cm diameter ROI with 50ms scan speed and 100µm voxel 
resolution at reduced radiation dose. In this paper, both the 
biological rationale and physical feasibility are presented. 
Numerical results are included as well, assuming a 7-source 
symmetric arrangement. 
 

Index Terms — Computed tomography (CT), interior 
tomography, multi-source, ultrafast imaging.  
 

I. INTRODUCTION 

ince its introduction in 1973, x-ray CT has revolutionized 
clinical imaging. With the development of x-ray CT, better 

image quality and lower radiation dose have been actively 
pursued. In the 1990s, single-slice spiral CT became the 
standard scanning mode [1]. In 1991, we conceptualized the 
spiral cone-beam scanning mode to solve the long object 
problem [2]. In 1998, multislice spiral CT was introduced. 
Currently, clinical CT scanners are being rapidly developed 
with an increasingly larger cone angle and perform 100 
million scans annually in the USA. On the other hand, there 
are strong demands for the ability to image small animals such 
as mice, rats, and rabbits as models of human diseases. In past 
years, an explosive growth has occurred in micro-CT 
development. Significantly improved CT performance is 
desirable and yet nontrivial in terms of spatial, contrast and 
temporal resolution, computational efficiency, and radiation 
dose. Among these, two widely recognized challenges that are 
of current interest to us and the whole field [3] are to have (1) 
a much faster scanning speed without gating for dynamic 
physiological processes that are not  cyclically  repetitive and 
(2) a lower radiation exposure to patients and animals. 
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According to the World Health Organization, 
cardiovascular disease is the number one killer of humans. It 
was predicted that this disease would remain the single 
leading cause of death with almost 20-million people dying 
from it in 2015. Given its high prevalence and mortality, 
major clinical and preclinical efforts are imperative. Because 
the heart is the fastest moving organ, cardiac imaging must be 
a priority driving force for CT/micro-CT development. High-
speed imaging performance is needed to provide quantitative, 
time-resolved measurements of not only periodic but also of 
transient phenomena, such as irregular contraction of hollow 
organs, convective transport through microvasculature, and 
random distortion within tissues. Organs of particular interest 
are the heart, lung, GI tract, joints, and skeletal muscles. 
Gating-free fast-scanning techniques are necessary for these 
organs when the popular physiological gating approach cannot 
be applied.  

As a major aspect of preclinical research, mouse, rat, 
rabbit and other animal models that mimic human physiology 
and pathology are popular nowadays. Because these animals 
are small, high spatial resolution is required to provide the 
equivalent anatomic detail of a clinical CT scan. More 
importantly, these animals have heart and respiratory rates that 
can be ten times that of humans, and temporal resolution must 
be much higher just to prevent motion blurring in micro-CT 
images. 

To address the above challenges, our BIG DIPPER 
system uses smaller detector arrays, allows more imaging 
chains to be packed into the gantry, and makes gating-free 
ultrafast micro-CT possible. Currently, irregular heart motion 
cannot be tomographically studied. This is a serious problem, 
since cardiac contraction asynchrony itself is known to cause 
myocardial damage. Similarly, gut and ureteral peristalsis, 
bladder emptying, and joint motions are not periodic and at 
present cannot be quantified in 3D. Furthermore, tissue 
perfusion could be measured with contrast agents, which 
requires injection of a contrast bolus or inhalation of radio-
opaque gas. The passage of these materials is transient, can 
only be imaged within a small fraction of time, and must be 
repeated frequently to describe the washin and washout. At 
the same time, the BIG DIPPER system physically reduces x-
ray exposure outside an ROI (encompassing the organ of 
interest) roughly proportional to its transaxial extent, and 
totally avoids scattering from x-rays outside the ROI. This 
system also uses advanced reconstruction algorithms which 
allow minimization of the radiation dose by reducing the x-ray 
flux and number of angles of view required for a scan. 

BIG DIPPER – The first gating-free dynamic 
micro-CT system design 

Ge Wang, Erik L Ritman, Hengyong Yu 
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Together, the concern about cumulative x-ray exposure will 
be effectively addressed for longitudinal studies. Finally, our 
BIG DIPPER system will not only open new measurement 
possibilities for micro-CT but also will serve as a testbed for 
ultimately implementing this approach in clinical and 
industrial CT scanners. 

II. METHODOLOGY 

A. Landmark-based Interior Tomography 

While classic CT theory targets theoretically exact 
reconstruction of a whole cross-section or volume from 
nontruncated projections, biomedical applications of 
CT/micro-CT often focus on small internal regions of interest 
(ROIs) such as cardiac structures. The conventional CT 
approach cannot exactly reconstruct an internal ROI only from 
truncated line integrals through the ROI since this interior 
problem does not have a unique solution [4]. When applying 
traditional CT algorithms for interior reconstruction from 
truncated projections, features outside an interior ROI may 
create disturbing artifacts overlapping features of interest, 
rendering the image inaccurate or useless. Over the past 
decades, lambda tomography was developed as a branch of 
applied mathematics that recovers gradient-like information in 
an ROI from local data. However, lambda tomography is not 
appealing because of its nonquantitative gray-scale 
tomographic images. 

By our definition, the “interior tomography” approach is 
the theoretically exact solution to the interior problem. In 
2007, we showed that the interior problem can be exactly and 
stably solved assuming a known subregion in an ROI [5-8]. 
Similar results were also reported by Kudo et al. [9-10] 
Precise knowledge of a subregion is available if we have air 
gaps, water, blood, or other quantitative landmarks. More 
generally, such prior knowledge can be acquired in sequential 
or multiresolution studies. However, the precise subregion 
knowledge may be unavailable in important cases such as 
perfusion cardiac CT/micro-CT. 

B. CS-inspired Interior Tomography 

Classic sampling theory states that a signal must be sampled at 
least twice as fast as its maximum frequency to capture all 
information. Surprisingly, an emerging theory – compressive 
sensing (CS) – has the power to sample compressible signals 
at a rate much less than the Nyquist rate and yet allow 
accurate reconstruction of these signals. The main idea of CS 
is that most signals are sparse in an appropriate domain; that 
is, a majority of their expansion coefficients are close or equal 
to zero. Typically, CS starts by taking a limited amount of 
samples using a least-correlated measurement matrix, and then 
the signal is exactly recovered with an overwhelming 
probability from the limited data via the  norm 
minimization, which is closely related to the total variation 
(TV) minimization in a number of imaging cases [11]. We 
recently proved that exact interior reconstruction is 
theoretically achievable with an interior ROI-focused scan if 
the ROI is piecewise polynomial [12-14], which suggests that 

interior tomography can be further developed in the CS 
framework without precise subregion knowledge. 

C. Multisource Interior Tomography 

The multisource strategy is well known and has greatly 
improved the scan speed of the CT scanners. However, as 
demonstrated by the dynamic spatial reconstructor (DSR) in 
the 1980s and depending on the actual geometry used, the 
proximity of adjacent x-ray sources limits the transaxial extent 
of the x-ray beam [15]. DSR dealt with this problem by 
sequentially exposing overlapping fluorescent screen areas 
and observed them with optical lenses but this significantly 
compromised the imaging speed and image quality. The 
Siemens dual-source scanner is a recent success but the 
imaging speed is still insufficient in cases of irregular and fast 
heart rates. Furthermore, it is more challenging to use triple 
sources and impossible to go beyond that in the global 
scanning mode. 

To overcome the source/detector packing problem 
inherent in the multi-source global scanning mode, the 
multisource interior tomography (MIT) scheme was proposed 
that integrates multiple imaging chains within a gantry that 
only focus on an ROI [16]. The advantages of MIT include 
multiplication of scan speed and data rate, reduction of 
detector area and radiation dose, avoidance of scattering 
associated with x-rays outside an ROI, and yet quantitative 
imaging. This MIT scheme opens a new direction in the so-
called “source-war” after the “slice-war.”  

III. ARCHITECTURE 

A. Biological Rationale 

The patent-pending BIG DIPPER system will enable, for the 
first time, numerous dynamic studies on small animals. Of 
primary interest are irregular deformation and transient 
perfusion in mice and rabbits. We will study mice because 
they present the most challenging spatio-temporal resolution 
demands. We will study rabbits because they are large enough 
to challenge the interior tomography approach. In clinical 
practice, a reproducibility and accuracy of 20% seems to meet 
diagnostic needs. This is not surprising. For example, both the 
perfusion reserve of the heart and the ventilatory reserve of 
the lung are about 500%. Hence, significant impairment 
would be readily detected with 20% imprecision of the 
measurement. This accuracy can be translated into the 
preclinical world. In particular, the mouse has a heart of 5mm 
diameter and 1mm wall thickness. The resting heart rate is at 
least 300bpm, and the ejection/filling phase is 100ms in 
duration. A 20% difference in volume would be 13mm3, 
which would mean a change in heart radius of 175µm, a 
dimension detectable with 100µm voxels. Similarly, a 50% 
ejection fraction would move a 32mm3 volume in 50ms, 
inducing a change in heart radius of 0.5mm, which is also 
eminently quantifiable with 100µm voxels. Therefore, our 
intended 50ms scan speed and 100µm voxel resolution are just 
over the critical threshold to be useful for heretofore 
impossible gating-free high-speed micro-CT imaging of 
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cardiac, intestinal, and urinary tract contractions, and joint 
space deformation, as well as high-contrast fluid movement.  

B. Physical Analysis 

We plan to use the carbon nano-tube (CNT) x-ray source, 
because it has a small focal spot, a pulsable capability, and a 
compact size. This source is of 7cm width, 100µm focal spot, 
25μs-15ms programmable pulse duration, and 1,000 hour 
lifetime at 50 kVp and 1mA with a 1mm aluminum filter. It 
can produce ~1.5x109 photons/mm2/s at a 16cm distance 
between the source and the detector. With a 0.5ms x-ray 
pulse, the flux into each 100µm-length detector cell at this 
distance is ~0.75x104 x-ray photons [17-18], giving quantum 
noise 1.2%. Since multiple views and advanced algorithms are 
used for micro-CT, image noise ~0.1% will be expected. A 
low-lag, high-conversion efficiency (Lanthanum Bromide or 
Lutetium Silicon Oxide) crystal plate will convert x-rays to 
light. Each x-ray photon will generate ~750 accessible light 
photons. We will use the Cook Corporation PCO CMOS1200 
system of 6.6cm lateral width and 200fps (frames per second) 
at 10 bit A/D and 1200x1024 pixels with 3 electron read-out 
noise. The readout rate can be increased to 800fps in a 2x2 
binning mode. Conservatively assuming 50% capture of x-ray 
photons and 5% efficiency of the Fiber Optic plate coupling 
the crystal plate to the CCD camera, a CCD detector cell will 
receive ~1.4x105 light photons [17-18]. Clearly, the focal spot 
size, detector cell size and imaging geometry support 100µm 
voxels. The reason excluding the use of a direct x-ray detector 
is its relatively slow speed. The source will be collimated to a 
square area of the detector array at an adjustable distance from 
the source. The sample stage stack will be also adjustable. A 
frequency-dependent quantum accounting diagram (QAD) 
and detective quantum efficiency (DQE) model [19] will be 
used for a systematic analysis to avoid any secondary quantum 
sink, which is a major source of DQE degradation. 

C. Overall Design 

In collaboration with Agile and Moog, we will assemble 7 
pairs of x-ray sources and detector arrays on the gantry of 3 
turns per second. If an interior reconstruction misses an 
intended ROI in an initial test scan, the animal holder can be 
re-aligned. This BIG DIPPER prototype is shown in Fig. 1. 

 
Fig. 1. Surface rendering of the BIG DIPPER micro-CT scanner in front 
view. 

Pure Mode – As shown in Fig. 2(a), the x-ray sources will 
be sequentially pulsed for 0.5ms duration in 0.7ms intervals. 
Each frame of raw data can be retrieved within 5ms (200fps). 
After 9 pulse-read cycles, an x-ray source will fill in the space 
between two contiguous source positions, resulting in 63 
views. The x-ray source has a 100µm focal spot causing a 
50µm penumbra at the axis of rotation. The angular motion of 
the source in 0.5ms produces a 94μm blur at the surface of the 
2cm-diameter ROI, approaching zero towards the cylindrical 
center. Each imager will be rotated and translated for 
alignment. 

Mixed Mode – As shown in Fig. 2(b), a mixed 
multiplexing scheme is also attractive, in which the odd 
indexed sources are pulsed for 1.5ms as an example, while the 
even indexed detector arrays are read over that period. Then, 
the even indexed sources and odd indexed detector arrays will 
be similarly operated, and so on. To compensate for the 
increased blur due to the motion of the source over an 
extended duration, a somewhat-reduced rotation speed, a 
multisource limited-angle/uneven-few-view CT method, a 
line-source CT scheme, and a deblurring algorithm can be 
used. 

 

 
Fig. 2. Operational modes of the BIG DIPPER system. (Top) The pure mode in which only one x-ray source can be on at any given instant, and 
(Bottom) the mixed mode in which either odd or even indexed sources are simultaneously on to increase the x-ray flux. 
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D.  Numerical Results 

From the mouse dataset in [18], pilot results were obtained 
using our interior CT techniques [12, 20], as shown in Fig. 3. 

 
Figure 3. Interior reconstruction (the raw data from Dr. Otto Zhou’s group). 
The 1st row shows FBP results from 400 complete projections, and the 2nd 
and 3rd rows are the interior reconstructions from 80 local projections 
regularized using the gradient-search [12] and soft-thresholding [20] 
techniques, respectively. While the left column is from the original data, the 
right is from Poisson data assuming 7,500 x-ray photons undergoing 
attenuation towards every detector cell of 100µm side-length on the virtual 
plane through the axis of rotation. The number of iterations is 100. The 
window is [0, 0.1]. 

IV.  DISCUSSIONS 

The BIG DIPPER proposal is a fortunate coincidence. First, 
the 50ms scan speed and 100µm voxel resolution are just over 
the critical threshold to be biologically useful. Second, these 
indices are just made technically feasible with the 
contemporary source, detector, slip ring, and reconstruction 
techniques such as interior tomography and compressive 
sensing. Third, our team has the expertise for this undertaking. 

Since Hounsfield’s work, the CT architectures have been 
dictated by the large width of the detector array to cover a full 
transaxial slice of the patient or animal, even though in many 
cases only local structures are of interest. The fundamental 
reason for this large detector width is the lack of theory and 
methods that are now presented as interior tomography. As 
such, this project may induce major changes from wide-
detector-based systems to local-scanning-oriented designs, 
from classic global FBP to CS-inspired interior reconstruction, 
and from gating-based to gating-free ultrafast CT imaging.  

Given the unconventional nature of our BIG DIPPER 
system design, we anticipate many technical details to be yet 
worked out. We are confident that our framework should be 

correct. Peers’ critiques and collaboration will be highly 
welcome and deeply appreciated. 
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Abstract—In this work, we propose a statistically weighted 

simultaneous algebraic reconstruction technique (wSART) for 

computed tomography (CT) imaging. The wSART algorithm is a 

generalization of the conventional simultaneous algebraic 

reconstruction technique (SART) which accounts for the statistical 

information of the measured projection data.  We validate our 

proposed algorithm by use of real phantom data collected from 

Aquilion ONETM scanner. Our preliminary results showed that the 

wSART algorithm can efficiently suppress the streak artifacts 

induced by photon starvation. 

 
Index Terms—CT reconstruction, weighted SART, iterative 

reconstruction algorithm  

 

I. INTRODUCTION 

Radiation dose delivered to patients during x-ray CT 

examinations and its risk to induce cancer has been received 

great concerns in recent years [1]. As a consequence, many 

efforts have been devoted to reducing patient dose, such as kV 

or mA modulation. On the other hand, low dose imaging 

technique can degrade image quality which could cause 

diagnostic difficulties. For example, photon starvation [2] 

occurs easily in the low mAs imaging protocol which will 

consequently introduce streaking artifacts in reconstructed 

images.  

It is well-known that analytic reconstruction methods such as 

filtered backprojection (FBP) algorithm can suffer from physics 

induced artifacts since the reconstruction formula was derived 

from pure mathematical model without considering any physics 

phenomena like photon starvation [2]. One possible remedy of 

analytic methods regarding photon starvation could be sinogram 

domain preprocessing. Wang [3] et. al. demonstrated that  

nonlinear filtering in sinogram domain can effectively suppress 

streaking artifacts in low dose CT imaging.  

An alternative approach to mitigate the photon-starvation 

induced streaking artifacts is to employ iterative reconstruction 

(IR) algorithms. IR algorithms which consider physics and 

statistics information are generally referred to as statistical IR, 

which contains expectation maximization (EM) type [4] and 

penalized weighted least square (PWLS) [5][6] type algorithms. 

Another type of popular IR algorithm referred to as algebraic 

reconstruction technique (ART) [7] [8] type algorithm, is based 
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on solving a large system of linear equations. To accommodate 

the statistical information in ART, Kohler [9] et. al. modified the 

standard ART reconstruction formula with application to PET 

imaging, where a weight function estimated by means of 

Gaussian error propagation was introduced. One disadvantage 

of the standard ART algorithm is that it is hard to be parallelized 

though some scheme has been proposed to “parallel ART” [10]. 

The reason for caring about parallelization is that IR algorithms 

generally involve huge number of operations on comparison 

with the conventional FBP algorithm. This heavy computational 

load disadvantage could be rescued by parallel computation 

suited hardware such as the graphics processing units (GPU) if 

the algorithm can be easily parallelized. SART is a variant of the 

standard ART algorithm which can be easily parallelized [11]. 

Although claimed in [9] their weighted ART scheme can be 

extended to SART, Kohler et. al. did not release their detailed 

reconstruction formula. In this paper, we propose a weighted 

scheme for SART algorithm which accommodates the statistical 

information. We apply our proposed algorithm to the low mAs 

x-ray CT imaging protocol and demonstrate its potential to 

mitigate the photon starvation induced streaking artifacts. For 

evaluation we use raw data obtained with Aquilion ONE
TM

 CT 

scanner (Toshiba America Medical Systems, Tustin, CA, USA). 

 

II. STATISTICALLY WEIGHTED SART ALGORITHM 

A. The SART Algorithm 

We model the x-ray CT projection as a linear system of 

equations 

                                pAx  ,                                            (1) 

where the matrix A is referred to as the system matrix, the vector 

x is the image volume to be reconstructed and the vector p 

represents the measured projection data. Equation (1) generally 

contains a large system of equations for currently available 

commercial CT scanners since each datum collected from a 

detector cell represents one equation which consequently 

corresponds to one row of the matrix A.  Let ai,j denote the (i, j) 

entry of the matrix A, xj be the j
th

 element of the image volume 

and pi be the i
th

 datum read from a detector bin. One can use the 

Siddon’s algorithm [12] to compute the entries of the system 

matrix A. The imaging task here is to invert Eqn. (1) to produce 

the image x from measured projection data p.  

 The SART scheme has been proposed in [7][8] to invert Eqn. 

(1) which takes the form 

Weighted Simultaneous Algebraic 

Reconstruction Technique 

Daxin Shi, Yu Zou and Alexander A. Zamyatin 
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The quantity )(k
jx in Eqn. (2) is the j

th
 element of the image 

volume x from the k
th

 iteration. The multiplier )(k is referred to 

as a relaxation parameter.  

B. The Statistically Weighted SART 

To account for the statistical information, we assign each 

detector bin with a weight denoted by wi. Statistical weight 

assigns lower weight to data with higher variance, that is, to data 

which is less reliable. Also, to equalize noise in raw data after 

log conversion, and consequently, in the reconstructed image, a 

method proposed in [16] can be used. 

 Note that noise variance in the before-log raw data is roughly 

proportional to the data value, due to Poisson statistics. 

However, since we seek to equalize noise in the after-log 

projection data, we need to use a different model (see more 

discussion in [17]). The noise variance in after-log projection 

data is expressed by the following model: 

 
2
21

ii
i

I

k

I

k
V  ,  (3) 

where Ii is the before-log data value of the i
th

 detector bin and k1, 

k2 are scaling constants, that are found by fitting to experimental 

measurements [18]. It can be shown that k1 is energy dependent 

(that is, affected by beam hardening), while k2 depends only on 

DAS settings, and is mainly determined by contribution of 

electronic noise. Fig. 1 shows an example of experimental data 

used to find values of k1, k2. 

 

 
Fig. 1. An example of experimental data used to find values of k1, k2. The x-axis 

coordinates are inversely proportional to the before-log mean values; the y-axis 

shows variance in the after-log data.  

 

 The statistical weight wi is inversely proportional to the noise 

variance (3): 
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Thus, low photon counts receive a small statistical weights, and 

high counts receive larger statistical weight. Also, we suggest 

using a count cup value, (for example IC = 1000), above which 

data are considered reliable and receive a full weight. 

The reconstruction formula in Eqn. (2) needs to be modified 

to accommodate the weights information indicated by Eqn. (4). 

We propose the change of Eqn. (2) as follows          
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Because the weighting function wi is built into it, hereafter, 

Eq. (5) will be referred to as weighted simultaneous algebraic 

reconstruction technique (wSART). It should be noted that 

unlike in [9], when the weights  

cwi             for all i,                             (6) 

where c is a constant not necessarily equal to one, our proposed 

reconstruction scheme, Eq. (5),  reduces exactly to the standard 

SART without changing the relaxation parameter. In this sense, 

wSART is a generalization of the traditional SART. 

C. Weighted Ordered Subset SART (wOS-SART) 

As in the ordered subset EM [13] and ordered subset SART 

[14], we propose the weighted ordered subset SART 

(wOS-SART), in the subsection. Partition the total number of 

projection bins into N subsets. Each subset contains n projection 

data. Let Niter denote the prescribed number of iterations. The 

symbol )(t
ip denotes the i

th
 projection datum in the t

th
 subset. The 

wOS-SART algorithm is as follows: 

1. make an initial guess of the image )0(
jx   

2. for k = 0, … , Niter -1 

3.           )(),0( k
j

k
j xx 

 

4.           for subsets t = 0, … , N-1 

5.              
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6.   end t 

7.        
),()1( kN

j
k

j xx 
 

8.   Apply additional physical constraints on )1( k
jx  

9.    end k 

10. Output 
)( iterN

jx  

Line 5 in the algorithm above is the application of Eq. (5) to 

each subset. This step can be implemented with a parallel 

computing device such as GPU’s. Line 8 is optional. However, 

one can apply some meaningful physical constraints such as 

positivity or smoothness to control the image quality of the final 

output. These physical constraints could also be enforced on the 

image for each subset, i.e., after line 5.   
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III. RESULTS 

We implemented our proposed wOS-SART algorithm in 

Section II-C with a NVIDIA GTX 480 GPU board. We set the 

relaxation parameter )(k equal to one. The forward projection 

was computed by use of a ray driven algorithm. The 

backprojection was implemented via a conventional pixel driven 

scheme. Because the forward projection operator and the 

backprojection operator are an unmatched pair in our current 

implementation, all the entries of the system matrix A were not 

cached. A matched pair of forward projection and 

backprojection operator could be used for implementation by 

caching all the entries of the system matrix A as in [11]. 

 We validate our proposed algorithm with real phantom data. 

In our experiment, shoulder phantom data were collected from a 

Aquilion ONE
TM

 scanner assuming a standard fan beam 

scanning geometry. A total number of 1200 projection views 

evenly sampled within the range [0, 2π) were acquired.  A 

simple partition strategy was employed to form 80 subsets. Each 

subset contains 15 equally sampled views within the 2π range. 

To set up the weight function for each detector bin, the 

counts-related raw data were collected. The scanning protocol 

assumes 80 mAs exposure. Under this protocol, we expect to 

observe streaking artifacts due to the photon starvation 

procedure in the reconstructed images by use of the standard 

OS-SART algorithm. Our result shown in Fig. 2A agrees with 

this prediction. The image reconstructed by use of the proposed 

wOS-SART algorithm is shown in Fig. 2B. It can be seen that 

the streaking artifacts are greatly suppressed.  

 

 
 Fig. 2. (a) Image reconstructed by use of the standard OS-SART algorithm. 

The streaking artifacts can be observed. (b) Image reconstructed by use of the 

wOS-SART algorithm. The streaking artifacts are greatly suppressed. 

 

IV. CONCLUSION AND DISCUSSION 

In this paper, we proposed a modification of the standard 

SART algorithm, namely, weighted simultaneous algebraic 

reconstruction technique (wSART), which can accommodate 

the weighting functions. The wSART and its variant 

wOS-SART are generalizations of their counterpart SART and 

OS-SART, respectively. Our preliminary results showed that the 

proposed algorithm can successfully suppress the streaking 

artifacts induced by the photon starvation in the low-dose 

imaging case. Although not shown here, our algorithm can also 

be employed to suppress the artifacts in conventional iterative 

reconstruction algorithms with application to helical cone-beam 

CT [15] by proper definition of the weights.  
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Compton Scatter and Randoms Corrections for
Origin Ensembles 3D PET Reconstructions

Arkadiusz Sitek and Dan J. Kadrmas

Abstract—In this work we develop a novel approach to
correction for scatter and randoms in reconstruction of data
acquired by 3D positron emission tomography (PET) applicable
to tomographic reconstruction done by the origin ensemble (OE)
approach. The statistical image reconstruction using OE is based
on calculation of expectations of the numbers of emitted events
per voxel based on complete–data space. Since the OE estimation
is fundamentally different than regular statistical estimators such
those based on the maximum likelihoods, the standard methods
of implementation of scatter and randoms corrections cannot
be used. Based on prompts, scatter, and random rates, each
detected event is graded in terms of a probability of being a true
event. These grades are utilized by the Markov Chain Monte
Carlo (MCMC) algorithm used in OE approach for calculation
of the expectation over the complete–data space of the number of
emitted events per voxel (OE estimator). We show that the results
obtained with the OE are almost identical to results obtained
by the maximum likelihood–expectation maximization (ML–EM)
algorithm for reconstruction for experimental phantom data
acquired using Siemens Biograph mCT 3D PET/CT scanner.
The developed correction removes artifacts due to scatter and
randoms in investigated 3D PET datasets.

I. INTRODUCTION

Noting the novel nature of the OE estimator used in this
work for 3D PET reconstructions, new approaches to handle
degrading effects such Compton scatter and randoms need to
be developed. In this work, we propose a new algorithm to
correct for these effects in OE reconstruction.

Current state–of–the–art statistical methods used in tomo-
graphic reconstruction of photon–limited emission tomography
data are based on iterative approaches in which the estimates
of voxel activities are repeatedly updated until certain stopping
criteria are achieved. Examples of such algorithms include
maximum likelihood expectation maximization (ML–EM) or
maximum a posteriori (MAP) reconstructions (for review see
[1]. In this work we consider the data acquired in the list–
mode format. This indicates that every detected event is
handled separately and in general it is assumed that every
detected events carries different tomographic information. A
Compton Camera (CC) is a device for which the number of
ways in which an event can be detected reaches the order
of 109 and number of detected events is usually an order
of magnitude lower. This indicates that for CC the data

A. Sitek is with the Department of Radiology, Harvard Medical School
and Brigham and Women’s Hospital, Boston, MA, 02115 USA e-mail:
asitek@bwh.harvard.edu.

D.J. Kadrmas is with the Utah Center for Advanced Imaging Research,
Department of Radiology, University of Utah, 729 Arapeen Drive, Salt Lake
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The work was supported by in part by the American Heart Association,
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cannot be binned without loss of information. Also for PET,
considering advances in instrumentation made in the last 20
years (scanners utilizing time–of–flight (TOF) and depth–of–
interaction (DOI) information) one can foresee that in the
future the photon–limited data will have to reconstructed in
the list-mode format simply because the number of possible
LORs increases whereas number of detected events is constant
due to natural limitations imposed by limits of radiation dose
delivered to the patients and limitations on data acquisition
times. Therefore, it is expected that in the future list–mode
reconstruction may become a method of choice used in PET.

With this in mind we developed a new method that is
designed specifically for the list–mode data format. Note
however, that it may also be used for binned data since
it is a special case of more general list–mode format. The
nature of the photon-limited data lead us to development
of this algorithm that stochastically determines expectations
of the number of events occurring per voxel ( number of
radioactive decays per voxel). Note the difference between
standard estimators in which voxel activity is sought and our
approach. The OE is not a point estimator in which a single
solution is sought but rather an all possible configurations
of origin locations are considered and average (expectations)
is calculated. The result of this calculation is a number of
emissions per voxels which divided by voxel sensitivity gives
an estimate of voxel activity.

The most common approach to correction for scatter and
randoms in iterative methods (eg. ML–EM) is to add a priori
estimates of the scatter σ̂k and randoms r̂k to the forward pro-
jection step in every iteration. The index k indicates projection
bin. In OE approach iterations are not used and the standard
approach of incorporating σ̂j and r̂j in the reconstruction does
not apply.

This work presents a statistically sound algorithm for incor-
poration of the estimations of σ̂j and r̂j the OE reconstruction
that effectively corrects for these effects.

II. METHODS

A. Origin Ensemble Reconstruction

Below we present the OE algorithm for PET reconstruction.
For more details and derivation of this algorithm refer to our
previous publications [2], [3]. The algorithm below calculates
the expectation of number of events emitted per voxel using
Poisson probabilities defined in complete–data space [3].

1 Divide the reconstruction area into voxels i = 1...I
2 For each detected event (n = 1...N ), randomly place it

on its LOR (xyz coordinate) within the contour of the
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body determined by attenuation maps and determine the
voxel which contains this location.

3 Randomly select an event n (from 1 to N ) and note the
voxel i in which event n is located and the total number
of events contained by this voxel ci.

4 Select a new location (xyz coordinate) for event j on the
LOR corresponding to event n and determine voxel j
that contains this location and the total number of events
contained by this voxel cj .

5 Accept the new location with a chance equal to:

min

(
1,
εi(ci − 1)ci−1(cj + 1)cj+1

εjc
ci
i c

cj
j

)
(1)

6 Go to 3. Repeating 3 through 6 N times constitutes 1
iteration.

After many iterations the system reaches equilibrium in
which the average number of events per voxel ĉi is indepen-
dent of the iteration number. This average number per voxel
is estimated by averaging values of ci in the last few hundred
iterations. In general, the number of iterations needed to reach
equilibrium varies depending on N and on complexity of the
system, but it is on order of 1,000 to 10,000 iterations.

Note that during the execution of the algorithm, the agree-
ment of the prediction of the projection data with the actual
measurement is never calculated and not explicitly guaranteed.
Still, it can be shown that the above algorithm calculates
expectation values of the number of events emitted per voxel
using the Poisson probability distribution in complete–data
space [3], and also that the resulting image of activities
(average number of emissions per voxel divided by sensitivity
of the voxel) is close to the maximum likelihood image [3]
(image that maximizes likelihood calculated in incomplete–
data (projection) space).

Interestingly, to correct for attenuation in OE for PET, the
average number ĉi obtained by the above algorithm needs
to be divided by the sensitivity of the voxel εi, where εi is
defined as the probability that event emitted in voxel i is
detected, and this is the only modification needed. Taking all
this into account, the OE estimate of attenuation corrected
voxel activity f̂i is defined as f̂i = ĉi/εi.

B. Implementation of Compton Scatter and Randoms Correc-
tions for ML–EM

In this work, we used the established ML–EM algorithm as
a reference point to comparatively investigate the quality of
OE reconstructions. We assume that for every detected event
n, the estimated rate of scatter σ̂n and randoms r̂n is known
for the LOR in which event n was detected. Usually scatter
and randoms rates are estimated for a limited number of LORs.
These values need to be appropriately interpolated to obtain
values of σ̂n and randoms r̂n for all possible LOR. The esti-
mation of scatter can for example be done using single scatter
simulation (SSS) which is based on analytical calculation of
single scatter sinograms and scaling them appropriately using
outside–of–body scatter tails. The randoms rates for 3D LORs
can be estimated using delayed window coincidences. We used

standard list-mode ML–EM algorithm:

ρ̂a+1
i = ρ̂ai

1

εi

N∑

n=1

αin∑N
j=1 αjnρ̂

a
j + r̂n + ŝn

(2)

where αin is a probability that event emitted in voxel i is
detected in LOR in which detected event n was detected and
by ρ̂ the EM estimate of activity in voxel i is indicated.

C. Implementation of Compton Scatter and Randoms Correc-
tions for OE

The problem of scatter and random coincidences is ap-
proached for OE reconstruction by using the ”good event/bad
event” concept specific to OE reconstruction. In the OE
approach, the image is constructed from the origins of those
events that are conditionally located in the reconstruction
region (”good events”). However, each event has only a finite
chance of inclusion as a good event. A stochastic decision is
made each time an event is considered by the OE algorithm
(step 3 of the algorithm) - about whether the event should be
treated as a good or bad event. If it is decided by chance
that the event is bad, then it is simply removed from the
image, at least for the time being. Such an event will remain
in the ”trash bin” until it is considered again by the OE
algorithm, when a stochastic decision is made again about
whether the event remains a bad event or becomes a good
event. The probabilities used to determine the ’worthiness’
of an event are precomputed constants, based on the count
rates of the total, random, and scatter coincidences for the
event LOR. We denote that for a given event n pnT , pnR,
and pnS are probabilities that event detected prompt event
is true, random, or scatter, respectively. For a given LOR
with gk of the total number of detected prompts and σ̂k and
r̂k estimated number of scatter and randoms in bin k, the
probability that an event detected in this bin is a scatter or
random is pnS = σ̂k/gk and pnR = r̂k/gk, respectively. It
follows that pnT = 1− pnS − pnR.

Based on the above, steps 3 and 4 of the algorithm described
in section II-A are modified to include scatter and randoms
as summarized in Figure 1. Note that if data are binned and
gk > 1, then every detected event in k will have the same
values of pnS , pnR, and pnT , but each may have different
status in terms of ”good/bad” status assignment.

D. Statistical interpretation of the above algorithm

As shown in our previous work [2], [3], the assignment
of origins of all detected events N to voxels defines a state
s in the ensemble of all possible assignments Σ. If B is
the number of voxels, it follow that there are BN states
in the ensemble. We also introduced probability π(s) that
governs the ensemble with

∑
s∈Σ π(s) = 1. This probability is

dependent on locations of the event origins (number of event
origins per voxels). For detail and derivation of the algorithm
see [2]. In the current work, we increase the dimensionality
of the ensemble by assuming that every detected event can
either be ”good” or ”bad” (number of states in the ensemble
increased to 2BN ). However, the probability in the extended
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Fig. 1. Schematic representation of modified steps 3 and 4 of the original
algorithm presented in section II-A. Effectively, the correction for scatter and
randoms is achieved by using of the above modification.

ensemble πE(s) is identical to π(s), except that the value
of this probability is calculated only based on locations and
number of ”good” events in voxels. This choice follows from
the same logic and arguments that lead us to derivation of
π(s) [2].

E. Experimental Setup

The 3D data were acquired on a Biograph TruePoint with
TrueV (Siemens Medical Solutions). A brain phantom with
two compartments was imaged [4], [5]. The activity ratio low
ad high activity was 1:0.4 and the total number of acquired
counts was 27.6 M. Attenuation maps were obtained with CT
and ”additive” correction factors (including attenuation, LOR
normalization, deadtime, and calibrations) were calculated.
Data was binned in seven oblique sinograms. Sinograms
corresponding to scatter and randoms were obtained using
manufacturer software. The 3D data were reconstructed into
963 voxel volumes with 0.40728 cm voxel size. The ML–
EM image was obtained using 2000 iterations, while the
OE images were obtained using 2000 iterations of the OE
algorithm. Images corresponding to the last 100 iterations of
OE were averaged to obtain estimates of expectations. The
reconstruction times needed for one iteration were 134 sec and
26 sec for ML–EM and OE, respectively. Note that neither of
these method was optimized for reconstruction time.

Fig. 2. Two columns correspond to two different slices reconstructed using
different methods. In first row image corresponding to 2000 ML–EM iterations
with scatter and randoms corrections is presented. In second and third row
the OE images with scatter and randoms corrections off and on are presented,
respectively. For both rows no regularization was used (β = 1). Fourth row
correspond to images obtained with corrected OE approach with regularization
β = 0.98. The value of β < 1 indicates regularization turned and the lower
the value of β the stronger the apparent smoothing is obtained.

III. RESULTS AND DISCUSSION

The results are presented in Figure 2. All reconstructed
images (ML–EM and OE) were post–filtered using Gaussian
filter with full width at half maximum (FWHM) of 0.765
cm. This was done to improve the visual perception of the
images. Note that results of both methods are expected to
be noisy knowing that fact the results of both methods are
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Fig. 3. Preliminary results of the application of the OE reconstruction method
to torso phantom 3D PET data. On the left no correction is used and on the
right scatter and randoms correction were applied.

close to the maximum likelihood solution [3]. We also used
β–parameter regularization [6] which is a unique approach to
regularize the results of the OE. It is based on modification
of probability distribution that governs the ensemble which
results in apparent noise suppression in the reconstructed
image (for more details please refer to [6]). We found that
images obtained with OE (β = 1) are slightly noisier that ML
image which is in contradiction to our previous findings where
ML images were slightly noisier than OE [3]. We attribute this
to inaccuracies in the calculation of the voxel sensitivities in
this work. For the ML–EM calculation of the sensitivity matrix
is an easy task which consist of a simple backprojection of
normalization factors using the same backprojection operation
as in the ML–EM algorithm. In OE approach, the exact system
matrix is needed (accurate intersection lengths of LORs with
voxels are needed). In the actual implementation used in this
work, in order to determine the sensitivity matrix, we used
backprojection with a step size equal to 0.1 pixel which may
be the explanation for slight noise increase compared to ML–
EM image. We will investigate this issue in the future work.

Note that effects of the scatter and random correction is not
dramatic as pictured in Figure 2 as the scatter and randoms
fractions for small object investigated in this work are small.
For the actual data set used here there scatter and random
fraction was 14% of total prompts. It is clear however that
contrast between cold and hot regions of the phantom is
increased (Figure 2row 2 and 3). For larger objects with we
currently investigate the effects and expect that they will be
more prevalent. This is confirmed by some preliminary results
shown in Figure 3 for which the scatter and random fraction
was equal to 38% of total prompts.

In the future work, we plan to perform a quantitative
analysis of the correction algorithm proposed in this work and
investigate the affect in inaccuracies in the sensitivity matrix
on results of the OE reconstruction.
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Digital Tomosynthesis of Hands using
Simultaneous Algebraic Reconstruction Technique

with Distance Driven Projector
Y. M. Levakhina, R. L. Duschka, J. Barkhausen, T. M. Buzug

Abstract— Digital tomosynthesis (DT) is an X-ray tomographic
technique for producing a three-dimensional stack of cross-
sectional images, based on a limited number of low-dose two-
dimensional projections, acquired over a limited angular range.

Currently, DT has mainly been investigated for the breast and
chest imaging. Another application of DT may be an orthopaedic
imaging of hands. A three-dimensional reconstruction with a
high in-plane resolution, a low dose and potentially low costs
make DT attractive for hand imaging comparing with the planar
radiography or computed tomography.

However, it should be noted that an accurate image recon-
struction in DT is a challenging task due to the high degree of
data incompleteness. Images are affected by the residual blur
of structures that are located above and below the plane of
interest. A human hand consists of 27 bones and therefore the
artifact problem becomes even more acute in this case, since
the magnitude of artifacts is related not only to the chosen
reconstruction type but also to the size and contrast of the
artifact-generating object.

The study presented in the current work has been performed
to show a capability of Simultaneous Algebraic Reconstruction
Technique (SART) for hand visualization in tomosynthesis. A
distance-driven type for the projector and backprojector operator
has been used to make the calculation fast and accurate. Studies
have been carried out on a phantom with an uniform background
and millimeter-sized balls, a dried finger bone and an in toto
hand phantom. A Siemens Mammomat Inspiration device has
been used to acquire the projection data.

Experimental results show that SART is able to reduce out-of-
plane artifacts caused by bone tissue. It provides reconstruction
with acceptable quality in only one iteration with the recovered
visibility of the obscured trabecular structures as well as the joint
spaces and the margins.

I. INTRODUCTION

Tomosynthesis is a decades-old imaging technique that un-
dergoes renewed interest nowadays with an increasing number
of researchers working in this field. Now tomosynthesis can
be digitized due to the suitable large-area flat-panel detectors
that were not available until recently.
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The concept of conventional tomosynthesis was presented
by Ziedses des Plantes [1] in 1932 in his work on geometric
tomography. The term ”tomosynthesis” and the first ”shift-
and-add” (SAA) reconstruction algorithm were introduced by
Grant in 1972 [2]. In conventional geometric tomography, a
detector and a receptor are moving in the opposite directions
across the patient, bringing one plane that contains the fulcrum
of motion in the focus. Structures located at this plane appear
sharp on the resulting image, at the same time all structures
above and below this plane appear blurred.

Digital tomosynthesis (DT) offers the possibility to produce
an arbitrary number of in-focus slices reconstructed from a
limited number of high-resolution projection views, taken over
a limited angular range.

A three-dimensional reconstruction with the ”depth of vi-
sion” and a high in-plane resolution, a low dose and a
potentially low costs make DT attractive for the hand imaging,
compared with the planar radiography or computed tomogra-
phy [3]. First steps have already been done that show the value
of tomosynthesis for hands imaging, e.g. an imaging of the
hand joints for arthritis assessment, based on the projection
data, simulated using micro-ct [4] or a clinical evaluation on
the in toto hand phantoms [5].

An accurate image reconstruction in tomosynthesis is a chal-
lenging task and artifacts are unavoidable due to the limited
tomography nature. Reconstructed slices are affected by so-
called structural noise, i.e. structures which are located outside
the plane of interest appear as a blur on the target plane.
Various reconstruction approaches have been developed in
order to improve an image quality in tomosynthesis, including
pre-processing of the projection data, post-processing of the
reconstructed tomograms, matrix inversion tomosynthesis, etc.
[6]. Iterative reconstructions such as algebraic and statistical
maximum likelihood approaches have also been adopted from
CT.

In the work presented here, we investigate capability of
Simultaneous Algebraic Reconstruction Technique (SART) [7]
for tomosynthesis of hands. In tomosynthesis with a breast
phantom as an object of study, SART results in satisfactory
reconstruction in only one iteration [8]. However, it is known
that the magnitude of in-plane artifacts depends on the contrast
and the size of the artifact-generating object [9]. This may
become a problem in the imaging of hands, since hands
contain bones, that are known to be tissue with the high X-ray
absorption and expected to produce the significant structural
noise.

11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 167



To demonstrate the ability of SART to suppress the struc-
tural noise caused by the bone tissue, a dried finger bone
and an in toto hand phantom have been studied. Additionaly,
an uniform phantom with millimeter-sized balls located in
one plane has been used to analyze artifacts propagation
through the slices. The projection data has been acquired
with the Siemens Mammomat Inspiration device. To make the
calculation fast and accurate, a distance-driven type for the
projector and backprojector operator adopted from CT [10]
has been used. To our knowledge, such projector type has
never been applied for tomosynthesis case before.

II. MATERIALS AND METHODS

A. Tomosynthesis system

A tomosynthesis device is equipped with an X-ray tube,
a large flat-panel detector and a compression paddle. The
compression paddle is needed to fixate an object and avoid
s motion blur. During an image acquisition in tomosnythesis
the X-ray tube and the detector move around the patient over
a limited angle taking a limited number of planar radiographs.
The measurement lasts for approximately 30 seconds. The
motion of the X-ray tube and the detector can be along a line,
i.e. parallel path motion or over an arc i.e. isocentric motion
[6].

~150mm

Front view

Iso-center

Table
Detector

X-ray tube

-25o

0o

~240mm

~6
08

m
m

0o

Side view

Compression paddle

Reconstructed 
slices

Fig. 1: Schematic drawing of a tomosynthesis device. The
X-ray tube rotates over a limited ±25o arc while making a

number of exposures. The detector remains fixed.

For the current study and the implementation of the re-
construction algorithm we assume the imaging geometry of
the Siemens Mammomat Inspiration, that is shown in Figure
1. The X-ray tube moves in approximately 50o arc and the
detector stays fixed. This kind of motion is called a partially
isocentric motion.

B. SART - Simultaneous Algebraic Reconstruction Technique

Simultaneous Algebraic Reconstruction Technique (SART)
is an iterative reconstruction approach that considers the
tomographic reconstruction problem as a system of linear

equations Af = p and searches for the solution in terms of
L2 norm minimization min ‖Af − p‖2. The volume to be
reconstructed is subdivided into N number volume elements,
and an X-ray attenuation coefficient for the ith voxel is denoted
by fi. The projection data p has M elements, the number M
is equal to the number of detector elements times the number
of projection views. The matrix A is NxM system matrix that
models an acquisition process i.e. represents the forward and
backprojection operator. The formula for one SART update is
given by eq. (1), where only the subset of {j} is included that
describes the current projection view.

f
(n+1)
i = f

(n)
i +

∑
j

aij
pj−aj

T f (n)

N∑
i=1

aij

∑
j

aij
(1)

The update term is calculated considering all rays for the
given projection view angle simultaneously. One iteration is
completed when all angles are used. In the current work
projections views are used in a random manner. The operations
aTj f and aip are the forward and backprojections respectively.

C. Distance-driven projector and backprojector

A commonly used method to model the forward and back-
ward projection operator in tomosynthesis (i.e. to calculate the
system matrix A) is the ray tracing approach. However, it is
known from CT experience, that such approach provides non-
sequential memory access pattern and tends to introduce the
high-frequency artifacts in the backprojection.

In CT an alternative approach exists, called distance-driven
[10]. This method avoids both, the sinogram-domain and
the image domain high-frequency artifacts and has a high
computational performance.

The method is based on the fact that every source position
defines a bijection that associates all points on the detector
to the points within an image and vice versa. So, in the
two-dimensional case the method works as follows: for every
source position the pixel and the detector boundaries are
mapped onto an arbitrary axis, e.g the x-axis. A loop is
running through the all intercepts for every row (or column) of
interest, providing a sequential and predictable memory access
pattern. The normalized length of an overlap between the pixel
and the detector defines a contribution coefficient of a pixel
value into the forward projection or a detector value into tha
backprojection.

In the three-dimensional case voxels and detector cells are
mapped onto a common plane (e.g. xy), in order to determine
their overlapping area. In practice, voxels and detectors are
mapped through their horizontal and vertical boundaries ap-
proximating their shape as a rectangle. The area of an overlap
is given by the multiplication of the overlap in x- and y-
axis. The contribution pd,f of the pixel f to the detector d
is calculated according to the equation (2).

pd,f =
t

cosα cos γ

ox
wx

oy
wy

f (2)
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Here, t is the isotropic voxel size, α and γ are in-plane
and out-of-plane angles between the line of interest and z-
axis, ox and oy are overlapping lengths between the projected
voxel f and the projected detector d along the x- and y-axis,
normalized by the projected detector size wx and wy . For
the detailed description and discussion of the distance-driven
method we would recommend the paper by De Man and Basu
[10].

Distance driven technique, briefly presented above, can be
adapted for tomosynthesis as well, having some benefits from
inherent geometrical properties of the setup. Due to the fact
that the tomosynthesis device is equipped with a flat-panel
detector that remains fixed during an acquisition, we can
use the detector plane as a common plane for the bijection
calculation. This way one calculation step may be spared, since
no projection of the detector elements is needed. Projection or
mapping of the pixels may be considered as a scaling while
no changing in the shape occurs i.e. projected pixels remain
square. So, the mapping operation may be replaced by the less
expensive and simple adding operation.

III. RESULTS AND DISCUSSION

The Siemens Mammomat Inspiration tomosynthesis device
was used to measure the projection data. The tube moves in
the arc over approximately 50o angular range above the fixed
flat-panel detector (24cmx30cm), with 0.085 µm the detector
element size, acquiring 25 two-dimensional projections. The
number of reconstructed slices depends on the object thick-
ness, the reconstructed slice thickness is 1 mm. Projections
were acquired in the cranio-caudal CC-view. The scanning
direction of the X-ray tube is from the left to the right relative
to all images shown below.

SART reconstruction was initialized with a zero-valued
image. In all reconstructions no aliasing artifacts that ray-
driven type of backprojector may introduce have been noticed.
The backprojection of the set of projections onto one arbitrary
plane of interest elapsed approximately 20 sec on Core 2 Duo
E6600, 2.4GHz personal computer. Potentially, an implemen-
tation on GPU, that has become so popular in the recent years,
may significantly increase the performance.

The phantom with an uniform background and millimeter-
sized balls was used to show the distribution of the out-of-
focus artifacts, caused by the dense structure. The location of
all balls is in one plane that is parallel to the detector plane. In
Figure 2 the top row shows SART reconstruction of the slice
with balls seen in the focus plane and two slices, located in
3 mm and 6 mm below the plane with balls. The bottom row
shows the same slices, reconstructed with BP.

BP reconstruction is displayed with narrower window width
and different window level to achieve a visually comparable
contrast and a background level. Since the balls are high-
contrast structures, artifacts caused by them are also visible
outside of their plane on both, SART and BP reconstructions.
Here, we can see the distribution of the magnitude of the arti-
facts depending on the size of the structure. Artifacts become
less pronounced on the slice that is located 6 mm below the
plane with balls. Additionally, they are partially reduced in

Fig. 2: Different slices of the phantom with millimeter-sized
balls. a. in the focus plane, SART, 1 iteration; b. 3 mm from
the focus SART, 1 iteration; c. 6 mm from the focus, SART,
1 iteration; d. in focus plane, BP; e. 3 mm from the focus,

BP; f. 6 mm from the focus, BP. X-ray tube moves from left
to right relative to the images.

SART reconstruction. Moreover, we can see that SART gives
good reconstruction already after the first iteration.

Three slices of SART reconstruction of a dried finger bone
are shown in Fig. 3. It is necessary to point out, that different
trabecular structures are visible on the presented slices, i.e. the
features are reconstructed in their correct layers.

Fig. 3: Dried bone. SART, 1 iteration, three arbitrary slices.
X-ray tube moves from the left to the right relative to the

images.

SART and BP reconstructed slice of the hand phantom and
a magnified selected region of interest (ROI) with in-focus
structures are shown on Fig. 4 and 5 respectively. The hand
is lying on the table in a prone position. The slice is located
27 mm above the table. The little finger and the thumb are
located below the given slice and therefore appear blurred,
demonstrating the formation of out-of-focus artifacts. As it
is expected, we can observe a loss of contrast in the ROI
with BP reconstruction due to the similar artifacts produced
by the tissue above and below. At the same time, the trabecular
structures and the joint margins are visible with the good visual
contrast on SART reconstruction.

Another slice of the same hand is presented in Fig.6 and 7.
The slice is located 15 mm above the table and brings another
parts of hand into the focus. In this case we can see the little
finger and the thumb.
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Fig. 4: Hand. Selected tomosynthesis slice, located at 27
mm above the table, and the selected ROI, obtained with
SART, 1 iteration. X-ray tube moves from the left to the

right relative to the images.

Fig. 5: Hand. Selected tomosynthesis slice, located at 27
mm above the table, and the selected ROI, obtained with BP.

X-ray tube moves from the left to the right relative to the
images.

IV. CONCLUSION AND OUTLOOK

The main aim of this work was to show the potential of
Simultaneous Algebraic Reconstruction Technique for hand
imaging in tomosynthesis. The special feature of the im-
plementation was the usage of the distance-driven projector
and backprojector, adopted from computed tomography. This
type of projector offers fast and accurate results with the
attractive possibility of GPU implementation to increase the
performance.

The propagation of the out-of-focus artifacts through the
reconstructed volume, caused by the density of the object and
the suppression of such artifacts by SART was demonstrated.
Moreover, SART provides a good reconstructed image already
after the first iteration. It proofs that SART can be successfully
used in tomosynthesis of hands, offering the possibility to
increase the visibility of obscured trabecular structures, joint
and bone margings, and as a consequence, improve the de-
tectability of lesions and diagnostics of diseases.
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Abstract—In the scatter correction for x-ray Cone Beam (CB) 

CT, the single-scan scheme with moving Beam Stop Array (BSA) 
offers reliable scatter measurement with low dose, and by using 
Projection Correlation based View Interpolation (PC-VI), the 
primary fluence shaded by the moving BSA (during scatter 
measurement) could be recovered with high accuracy. However, 
the moving BSA may increase the mechanical burden in real 
applications. For better practicability, in this paper we proposed a 
PC-VI based single-scan scheme with a ring-shaped stationary 
BSA, which serves as a virtual moving BSA during CB scan, so the 
shaded primary fluence by this stationary BSA can be also well 
recovered by PC-VI. The principle in designing the whole system 
is deduced and evaluated. The proposed scheme greatly enhances 
the practicability of the single-scan scatter correction scheme. 
 

Index Terms—scatter, correlation, view interpolation, BSA 
 

I. INTRODUCTION 
In CBCT imaging, there are generally two types of scatter 

correction strategies: model-based and measurement-based. A 
typical measurement-based method is the beam stop array (BSA) 
method [1, 2]. It is reliable with respect to the scatter 
measurement, but the (primary) beam stop based measurement 
causes that a part of the primary fluence is lost. Hence, in total 
two sets of scans are needed to get complete projections. A 
relatively dose-practical BSA method is that of Ning et al (2004) 
[2], where a sparse-view scan with BSA is performed preceding 
a full-view normal scan (without BSA). The scatter fluence in 
the sparse views is estimated by spatial interpolation based on 
the measurements. The scatter fluence in other views is 
estimated by angular interpolation of the sparse-view scatter 
fluence estimates. Thus, in this method there exists a 
compromise between dose consideration and the scatter 
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estimation accuracy in other views, i.e. accuracy is decreasing 
with sparser views; but to estimate more accurately by 
increasing the views, dose would be increased.  

Giving a high priority to the dose consideration, the single 
scan scheme with moving BSA was developed [3]. In this 
method, the scatter measurement is performed in each view, so 
the scatter estimation is quite accurate; however, the adopted 
spatial interpolation (SI) performs not quite well in restoring the 
BSA-shaded primary fluence, although the BSA was designed 
as moving in a 2D raster mode, in order to decrease the 
cumulated SI error. Recently, the moving BSA method has 
attracted many researchers [4~6], and a theory breakthrough 
has been reported in restoring the BSA-shaded primary fluence, 
i.e. the projection correlation based view interpolation (PC-VI) 
[6]. PC-VI far outperforms the traditional SI, and it works well 
when the BSA shadows between neighboring views do not 
overlap (PC-VI requirement). Consequently, under the PC-VI 
framework, the moving BSA is more aimed at fulfilling PC-VI 
requirement, rather than at reducing the cumulated SI error, and 
hence, great flexibility in the BSA moving mode became 
possible, e.g. a 1D moving and a rotating mode (Fig. 1). The 
PC-VI based moving BSA method has achieved a balance on 
the dose practicability, accuracy in both scatter measurement 
and primary restoration, and flexibility of BSA movement.  

Even so, the moving BSA still means a heavy demand for the 
mechanical implementations. In this paper, we present the 
design of a stationary ring-shaped BSA that replaces the 
moving BSA. We deduce and investigate the principle for the 
ring-shaped BSA design in the context of PC-VI. With this 
ring-shaped BSA, an effect equivalent to using a moving BSA 
is generated, so the PC-VI requirement is fulfilled and PC-VI 
works well in restoring the BSA-shaded primary fluence. The 
proposed method is joining the advantages of both the BSA and 
the moving BSA methods reviewed above, namely, the BSA is 
not necessarily moving; and a single-scan is enough for both the 

Single-scan scatter correction in CBCT by using 
projection correlation based view interpolation 
(PC-VI) and a stationary ring-shaped beam stop 

array (BSA)  
Hao Yan, Xuanqin Mou, Yanbo Zhang, Maria Zankl 

Fig. 1 The PC-VI based moving BSA setup 
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scatter measurement and the primary fluence acquisition with 
high accuracy. For this reason, the proposed method is 
supposed to be a large improvement to the BSA measurement 
based scatter correction. 

II. PRINCIPLE FOR THE STATIONARY RING-SHAPED BSA DESIGN  

A. Seminal work on PC-VI  
 Denoting the x-ray focal spot as ξ and the detector cell as 

η, the weighted x-ray transform g(ξ;η) of an object f is:    
   ( ) ( )( ) ( )( ); ;g f t dt X fξ η ξ η ξ ξ η ξ η= + − = −∫R .   (1) 

where X(f(ξ;η)) is the CT data, the normalized line integral of f. 
Under a flat panel CBCT setup, ξ=ξ(λ, r, d) and η=η(u, v, z), 
where  u and v are the 2D detector coordinates; λ is the azimuth 
angle; r and d are the source-to-centre and centre-to-detector 
distances; z is the longitudinal coordinate. In the following text, 
g(ξ(λ, r, d),η(u, v, z)) is abbreviated as g(λ, u, v), or further as g. 
Denoting gxy as the partial differential of g to variables x and y, 
and by using * to refer to the Fourier transform, and simplifying 
g*(λ, k1, k2) as g*, the essential formula for PC-VI is:  

    
1 1 2 2 2

* * * *1
2 1 2

2

2 , 0k k k k k
kjg g k g k g k

r d kλ

⎛ ⎞
≅ ⋅ − + − ≠⎜ ⎟+ ⎝ ⎠

.    (2) 

It indicates that the high spatial frequency information of g is 
mainly contained in neighboring angular projections (gλ), 
besides in g itself. Based on (2), the PC-VI was developed [6]. 
The PC-VI requirement is quoted as below: 

PC-VI requirement: PC-VI works when angularly nearby 
pixels are complete, e.g. the calculation of g(λ+dλ,  u, v)  
requires the knowledge of g(λ, u ̃, ṽ) or g (λ+2dλ,  u ̃, ṽ), where ũ 
represents pixel u and its neighborhood. 
 According to the PC-VI requirement, the locations of shaded 
pixels are supposed to be changing between neighboring views; 
hence a moving BSA is required instead of a stationary one, 
since which always blocks pixels at the same position. 

B.  Ring-shaped BSA design: the basic idea 
We notice that a traditional BSA has a planar shape and is 

placed before the x-ray emitter; thus, it rotates together with 
x-ray source [2] [3]. As a result, when this BSA is static, it 
blocks the same positions of the flat panel in each view. 
According to this observation, we have designed a stationary 
BSA that does not rotate with the x-ray source. The design 
sketch of this idea is shown in Fig. 2. 

The stationary BSA is a thin-walled PMMA ring-shell in 
which embedded with iso-tropically distributed lead balls. As 
shown in Fig. 3(a), this ring-shaped BSA can be placed fixedly 
between the trajectories of the x-ray source and the flat panel 

when |OH|<l<r, i.e. (d2+hU
2)1/2<l<r. Different from the 

angularly rotating planar BSA, relative displacements between 
the blocker (and shaded pixels) positions in neighboring views 
are generated by this ring-shaped design, and this is coincident 
with the PC-VI requirement. To satisfy the PC-VI requirement 
perfectly, a deduction for the parameters tuning is necessary, 
and the related symbols are given in the caption of Fig. 3. 

C.  Ring-shaped BSA design: parameters deduction 
We make deductions with the basic ideas as illustrated in Fig. 

3(b) and (c). For an arbitrary lead ball centered at B(l⋅cosψ, 
l⋅sinψ, ζ), we need to locate its shaded pixels in two adjacent 
views (ξ0, ξ1). This involves three steps: (1) Calculate the 
position of η0 and η1 under the global coordinates (XYOZ); (2) 
transform the results of (1) to the local coordinates (UO’V) to 
get the local position of the shade pixels; and (3) calculate the 
amplification factor a(ξη) to get the shadow size, and then get 
the shadow boundary e.g. η1+ , η1−  , η1

+ and η1
−

  for shadows 
centered at η1 (and similarly η0+ , η0−  , η0

+ , η0
−

  for shadows 
centered at η0), as seen from Fig. 3(c).  

On this basis, we can study the condition under which these 
two shadows do not overlap, to satisfy the PC-VI requirement. 

For arbitrary ξ (r⋅cosλ, r⋅sinλ,  z0+p⋅dλ/2π), the line ξBη is: 

  
0

cos sin
cos cos sin sin 2

x l y l z
r l r l z p

ψ ψ ζ
λ ψ λ ψ π λ ζ
− − −

= =
− − + ⋅ −

.  (3) 

The related flat panel plane UO’V is: 
    ( )( ) ( )( )cos cos sin sin 0x d y dλ π λ λ π λ⋅ − ⋅ + + ⋅ − ⋅ + = .    (4) 

Denoting the angle between UO’V and ξBη as β,         

         '2 UO V
πβ = − •ξη n ,                              (5) 

(a) 

(b)    (c)  
Fig. 3 Parameters illustration (a) Left: 3D view; right: top view. The radius 
of the ring-shell and each lead ball are equal to l and σ, respectively. The 
azimuth angle of the lead ball is denoted as ψ. The view interval is denoted 
as dλ. The pitch of the spiral source trajectory is denoted as p. The half 
detector length in U and V direction is denoted as hU and hV. (b) The 
deduction illustration. a represents the amplification factor. B is the lead 
ball centre, and the azimuth interval between the adjacent lead balls is ψm. 
(c) Local details of (b). The angle between ξη and the flat panel is denoted 
by β; η1+ and η1−  represent the shadow boundary in U direction; η1

+ and 
η1

−
  represent the shadow boundary in V direction. 

 
Fig. 2 Design sketch of the ring shaped BSA setup 
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where ξη is the direction vector of ξBη; and nUO’V is the normal 
vector of UO’V,  

( )0cos cos , sin sin , 2r l r l z pλ ψ λ ψ π λ ζ= − − + ⋅ −ξη .  (6)                                                  

( )' cos ,sin ,0UO V λ λ=n .                             (7) 
From (5) ~ (7), we get 

                ( )cos
sin

r l
B
ψ λ

β
ξ

− −
= .                                   (8) 

As shown in Fig. 3(c), the magnification factor to determine 
the size of the lead ball shadow can be approximated by: 

       
( )sin cos

B
a

r l
ξη ξ ξη

β ψ λ
≈ =

− −
.                  (9) 

If one transforms the global coordinate XYOZ to the local 
coordinate UO’V, (3) can be expressed under UO’V. Then we 
can get the local coordinate (u, v) of arbitrary η:  

            ( ) ( )
( )

sin
cos

l r d
u

r l
ψ λ

ψ λ
+ −

=
− −

,                                   (10) 

       ( )( )
( )( )

0
0

2
cos

z p r d
v z

r l
π λ ζ

ψ λ
+ ⋅ − +

= −
− −

.                  (11) 

By transforming (10) and (11) back to XYOZ and substituting 
them into (9) with the global coordinates of ξ and B, we get: 

( ) ( ) ( )
( )

22 2
0

2

2 cos 2

cos

r d r l l z p
a

r l

ψ λ π λ ζ

ψ λ

+ − − + + + ⋅ −
=

− −
. (12)                   

Since the lead balls are distributed iso-tropically on the ring 
shell and B is selected arbitrarily, we assume z0=0 and select 
two specific x-ray focus position λ=0  and λ=dλ, to simplify the 
deduction. By substituting λ=0 and λ=dλ into (10), (11) and 
(12), respectively, we get the local coordinates u, v and the 
magnification factor a for the line ξ0Βη0 and ξ1Βη1. On this 
basis, we can estimate the shadow boundary, e.g. u(η1−)≈
u(η1)–a(η1)·σ. Recalling Fig.3 (b) and (c), either u(η1+)<u(η0−) 
or v(η1

+)<v(η0
−) should be correct to fulfill PC-VI requirement, 

and note that the later does not hold unless pitch (p) is very large, 
so we make a further deduction for u(η1+)<u(η0−) :  

     ( ) ( ) ( ) ( )( )0 1 0 1u u a aη η σ η η− > ⋅ + .                    (13) 

By substituting u, v and a of the line ξ0Βη0 and ξ1Βη1 into 
(13), we get the principle for this ring-shaped BSA design: 
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⎜ ⎟
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 (14) 

D. Principle for the ring-shaped BSA design: system setup 
For the ring-shaped BSA design, both (d2+ hU

 2)1/2<l<r and 
(14) should be satisfied. To make the design practicable, it is 

necessary to study on the parameters tuning. 
Firstly, a general investigation is performed by fixing basic 

parameters (row 1, table I) and tuning other parameters (row 2, 
table I). Each time only one parameter is varying and others are 
temporarily fixed (row 3, table I). By this procedure, two values 
are investigated, the first is G in (14); the second is the lead ball 
shadow size (denoted as S, and S≈2a·σ). The former is for 
fulfilling the PC-VI requirement, and the later is for better 
PC-VI performance, considering that restoration is much easier 
when a smaller fraction of detector is blocked. From the general 
investigation, we would like to report the results directly: the 
key parameters influencing G are dλ and r; and (14) is more 
likely to be fulfilled with smaller r and larger dλ; we also learn 
that the key parameters influencing S is r and l, and fewer pixels 
are shaded with larger r and smaller l. 

Secondly, a detailed investigation of the key parameters is 
performed by varying   (dλ, r) and (r, l), with other parameters 
fixed (row 3, table I). As shown in Fig. 4(a), when G=0, dλ is 
equal to around 2π/930, nearly invariable for varying values of 
r, i.e. G is mainly determined by dλ, and the critical point of 
total view number is ~930; As shown in Fig. 4(b), both r and l 
determine S, and tuning r seems more effective due to the 
limited range of l, recalling (d2+ hU

 2)1/2<l<r. 

E. CBCT setups with embedded exemplary ring-shaped BSA  
The exemplary ring-shaped BSA contains 400×8 lead balls: 

the 400 columns are equally distributed over 360 degrees; and 
the 8 rows are quasi-equally distributed along the axis direction. 
Its projection image on a large enough flat panel is shown in Fig. 
5(a), where the physical size of the flat panel is marked by the 
vertical lines. Fig. 5(b) displays two adjacent projections and 
the result when they are super-posited. Based on the former 
studies, we assign r=750, d=337.5, l=485, two exemplary 
setups with dλ of ( )ⅰ  2π/880 and (ⅱ) 2π/1080, are adopted. 
Accordingly, the top-left quarters of the super-posited views are 
shown in Fig. 5 (c), where the lead ball shadows in adjacent 
views do not overlap for ( )ⅰ , and slightly overlapped for (ⅱ). 
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Fig. 4 Detailed investigations: (a) G with (dλ, r) (b) S with (r, l).

TABLE I   PARAMETERS TUNING  
Parameters Values 

Fixed hU=345, hV =100, σ=1.5 

Varying 

ζm=0.0920*(750-l), ζ∈[-ζm: ζm/4 : ζm] 
ψm=0.1636, ψ∈[-ψm: ψm/15 : ψm] 

l∈[485:5:520] d∈[300:5:400] 
r∈[650:5:950]; d λ=2π/n, n∈[540:9:1080] 

Temporarily fixed r=750, d =337.5, l =485, dλ=2π/880, ψ=ψm, ζ=ζm

(The unit for d λ and ψ is deg, unit for other parameters is mm) 
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F. Evaluations and results 
Circular CBCT scans of the Visible Human [7, 8] have been 

simulated with the hybrid technique in [6]. Three setups are 
investigated, i.e. ( )ⅰ  , (ⅱ) and a laterally moving BSA [6] as a 
reference. With the BSA measurements, the scatter corrections 
have been performed, as in [3]. The accuracy is nearly identical 
for the three setups because in which lead balls are distributed 
closely enough and rather similarly (~10% pixels are shaded).  

On this basis, PC-VI is employed to restore the shaded 
primary information, and its performance can be evaluated 
independently in the projection domain with 

PC-VI 0
,

PC-VI
0

,

( , , ) ( , , )

( , , )
u v

u v

View u v View u v
mean

View u v
Error

λ

λ λ

λ
Β

Β

∈

∈

⎛ ⎞−
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

∑
∑

,(15) 

where Β represents the set of the shaded pixels. Similarly with 
(15), |Error|SI is also calculated for using SI. From the results in 
table Ⅱ. It shows that with the stationary ring-shaped BSA, the 
performance of PC-VI is similar to the setup with the moving 
BSA. The error in setup (ⅱ) is slightly larger than that of ( )ⅰ . 

Further investigations have been performed in the 
reconstructed images of a representative slice with severe 
blocking (passing through most of the shadow centers). As 
demonstrated in Fig. 6, PC-VI works well for both setups and 
the results are generally similar to the blocking-free images. 

III. DISCUSSION AND CONCLUSION 
A formula ((14)) based principle is proposed for designing a 

stationary ring-shaped BSA to replace the physical moving 
BSA. A study on parameters tuning is performed (Fig. 4), and 
then a guide in designing the ring-shaped BSA is formulated. 
For the exemplary setups (Fig. 5), PC-VI works well, even for 
setup ( ⅱ ) where the shadows slightly overlap (Fig. 6). 
Compared with a moving BSA, the accuracy of using a 
ring-shaped BSA is generally the same (table Ⅱ). Thus, using a 
ring-shaped BSA instead of a moving BSA is indeed feasible.  

As observed from table Ⅱ, PC-VI performs better under 
setup ( )ⅰ  than (ⅱ), although the later is provided a denser 
view sampling (and under which PC-VI performs better, see 
[6]). The reason might be, compared with setup ( )ⅰ , the case of 
( )ⅱ  is not so perfect that PC-VI requirement is violated slightly; 
Thus PC-VI is less powerful. On the other side, no evident 
degradation is observed in the images from Fig. 6. The reason 

might be the view sampling under setup (ⅱ) is finer, which 
alleviates the image distortions and counterbalances the 
negative effect of violating PC-VI requirements, since in the 
case of ( )ⅱ , the total view number is slightly increased over the 
critical point. And that also explains why fewer steaks have 
been observed under setup (ⅱ) for the SI case.  

Although (14) is derived for the flat panel based setup, it is 
straight-forward for the so-called native geometry with a curved 
detector, and under which the design is much easier, since the 
radius range of the ring is much larger, i.e. d<l<r. In our 
example, blockings are concentrated in only a few slices, since 
it was our aim to maximize the primary blocking errors in 
typical slices, to evaluate our method under extreme conditions. 
The blockings can be adopted as other distributions, and under 
which when the blockings are averaged over more slices, better 
results can be achieved. Furthermore, our results are also 
applicable for beam stop strips/lines. 

In conclusion, the stationary ring-shaped BSA serves like a 
virtual moving BSA in the CB scan, so it performs well as a 
replacement of the previously used moving BSA, establishing a 
PC-VI based single-scan scheme with more practicability. 
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Fig. 6 Representative slice: the reconstructed images (1st row) and the enlarged 
details (2nd row). Displayed window ([-500, 900] HU) 

TABLE ⅡCOMPARISONS:  STATIONARY BSA AND MOVING BSA 
Mean absolute error appurtenance setup 

|Error|SI |Error|PC-VI

( )ⅰ  1.279% 0.346% 
stationary BSA 

(ⅱ) 1.276% 0.416% 

moving BSA Lateral mode[6] 1.180% 0.399% 

(a)  

-ψm ψm

 

(b)          

(c)     
Fig. 5 Exemplary setups (a) Full view image of the ring shaped BSA on a large 
flat panel. (b) Adjacent projections and the super-posited results. (c) The 
top-left quarter of the super-posited projections under the setup of ( )ⅰ , (ⅱ).
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Abstract— Geometric misalignment leads to severe artifacts in 

computed tomography (CT). We suggest a general theory for 
identification of unknown geometric parameters in cone-beam CT 
and derive a new computational algorithm to obtain the geometric 
parameters directly from the scan data. In contrast to many 
existing approaches, our method requires no dedicated 
calibration devices and allows us to calibrate the system using an 
arbitrary phantom or even the patient data. The theory is based 
on the formalism of the consistency conditions for linear integral 
operators; the algorithm makes use of the quadratic optimization 
of the consistency conditions. In the practice, the suggested 
approach can be viewed as a new concept of “self-calibration”, 
where the user does not need to be aware of the calibration 
procedure and plays no role in it, which can be a great advantage 
in applications of cone-beam CT in interventional radiology and 
radiotherapy.  
 

Index Terms—cone-beam CT, geometric calibration, 3D image 
reconstruction, image quality 
 

I. INTRODUCTION 
CT, SPECT and PET systems are vulnerable to small geometric 
misalignments of their parts, which causes artifacts in the 
images. Correction for geometric misalignment has always 
been in the focus of research.  Several methods have been 
suggested (see [1-12] and references therein). Most of the 
approaches reported to date make use of special calibration 
devices to acquire the calibration data set. Using the calibration 
data set, the user can identify the geometric parameters of the 
system; these parameters are utilized then in the reconstruction 
algorithms. The use of calibration tools generally provides good 
and reliable results. However, this approach requires the 
calibration measurement to be performed on a regular basis. 
This can become problematic for compact and mobile systems 
like, for instance, in-room CT, dental cone-beam CT, or C-arm 
systems which have no particularly fine mechanical stability. 
Also, the calibration measurement requires the regular 
availability of the trained service personnel; otherwise it may 
lead to errors and image artifacts. To have a fully automatic 
calibration procedure without intervention of the user would be 
a great advantage in most modern applications in preclinical, 
interventional and dental CT imaging. 
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In this paper we present a new method for geometric 
calibration that is fully automatic and requires no special 
calibration device. In fact, no dedicated calibration procedure is 
needed and the system is able to calibrate itself automatically. 
The method can be applied with an arbitrary phantom or even 
with the patient data (or with the object data in biomedical or 
industrial imaging). The methods for geometric calibration 
without dedicated phantoms have been recently developed in 
the field of microtomography [8-12].  The authors of [8-10] 
make explicit use of the symmetry in a 360-deg cone-beam CT 
scan and manipulate the data in the detector plane, which may 
prove to be impractical in medical imaging with the limited 
angle of the gantry. While the methods suggested in [8-10] are 
based on finding the misalignments from the projection data, a 
new interesting idea has been proposed in [11,12], where the 
reconstructed image itself was used to determine the parameters 
of misalignments by optimization of an image quality criterion. 
This image-based method does not require any dedicated 
phantoms and can be applied to the patient data. One limitation 
of this approach lies in the use of the assumption that the 
reconstructed image is blurred due to the presence of the 
geometric misalignments, which might not always be the case. 
The image-based methods require a 360-deg scan and the 
convergence in a more complicated case with variable 
misalignments at each projection angle (such as detector sag) 
has not yet been shown. 

Unlike all these methods, our approach does not require the 
presence of any symmetry in the data, is not limited to the 
transformations in the detector plane, works with the short 
scans as well as with the non-planar source trajectories, and can 
be applied to find all geometric parameters of the system, 
including geometric uncertainties due to the gantry sag at each 
projection angle. The suggested algorithm demonstrates strong 
convergence and extreme robustness in the presence of noisy 
data and requires no change of its parameters for different scans 
and no intervention of the user whatsoever. The approach can 
be applied in any tomographic modality, including CT, 
cone-beam CT, SPECT and PET. In this paper, the geometric 
self-calibration problem is formulated in such a way that covers 
all potential cases with rotating gantries as well as the 
micro-CT desktop systems. 

 

 

 

A new algorithm for geometric self-calibration in 
cone-beam CT 

Andrei V. Bronnikov 
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Fig. 1.  Schematic of cone-beam geometry and misalignments. 

II. THEORY 
Consider a general mathematical model of computed 

tomography in the form of equation 

,gAf            (1) 

where A is the linear integral operator, f is the function 
describing the image, and g are the scan data. In 2D 
parallel-beam CT, the operator A is the Radon transform. 
Equation (1) is the most general mathematical model that can 
be used in x-ray CT, cone-beam CT, SPECT and PET.  

Equation (1) is an idealized model; in the practice, the ideal 
conditions do never exist. Different factors should be taken into 
account, such as statistical noise, scatter, beam hardening, 
photon attenuation, etc. The geometric misalignment is one of 
the most important sources of distortion of the ideal 
mathematical model. To various scale, all tomographic systems 
show problems with mechanical stability and misalignment. 
Fig. 1 presents a schematic of typical misalignments in 
cone-beam CT. 

Let us collect n geometric parameters of the cone-beam CT 
system into vector 

T
vu yxDRdd ,...],,,,,,,,,,[   , 

where du, dv  are the linear displacements of the detector; , ,   
- are the angles of the slant, tilt and skew of the detector surface; 
,   are the angles of the rotation axis with respect to the ideal 
coordinate system; R, D are the distances from the source to the 
rotation axis and from the source to the detector, and ∆x, ∆y are 
the linear displacements of the rotation axis. The acquired data 
will be denoted as g to demonstrate the dependency on  . 
Equation (1) can be rewritten as 

.gAf            (2) 

Obviously, an attempt to solve equation (2) will lead to the 
artifacts in the image because the data g are not necessarily in 
the range of the operator A. To find the artifact-free solution we 
need to consider equation  

, gfA            (3) 

where  is the parameter of the linear integral operator A . We 
assume that the data g are in the range of operator A and 
equation (3) can be resolved. To invert A we need to know  .  

In the present paper we consider the problem of finding vector 
  from equation (3), using the acquired data g of an arbitrary 
object. The right-hand-side of equation (3) obeys the equation 
of the consistency conditions  

,0
 gP          (4) 

where 
P  is the orthogonal projector onto the orthogonal 

complement of the range of operator A . We refer the reader to 
[13] and the references therein for further details on the 
orthogonal projectors and consistency conditions. Equation (4) 
shows that the vector of the geometric parameters of the system 
can be obtained from g alone by solving (4) with respect to . 
The similar problem was solved by the author in [13], where the 
parameter of the attenuated Radon transform has been found.  

III. ALGORITHM 
Equation (4) is a non-linear equation with respect to . It can 

be resolved by minimization of the quadratic functional  

2
 gP  .            (5) 

Minimization of (5) is achieved by application of the Newton 
iterations 

 gP
kkkk


 1 ,  k=0,1,2….     (6) 

where k is the number of iteration,   is the relaxation 
parameter, and  

k is the pseudoinverse of the Fréchet 

derivative of the functional  gP
k

 . We assume that  can be 

computed by the numerical approximation of the derivative. 

The pseudoinverse is defined as   ,
1    where the 

asterisk denotes the adjoint operator (a transpose matrix in the 
discrete setting). Note that, by definition, matrix   has 
dimension n  n and in the case of a few unknown geometric 
parameters its inversion is trivial. The projector can be 
computed as ,   AAIP where 

A is the operator of the 
image reconstruction algorithm (e.g., the Feldkamp algorithm).  

 It is useful to note that algorithm (6) allows us to determine 
any unknown vector  , including the cases when the 
components of the vector are related to the geometric 
uncertainties at each projection angle, for instance, the gantry 
sag. These uncertainties can be represented as 

,],...,,[ 21
T

n  where n can be any large number (the 
number of projections). 

In the case of numerical approximation of the Fréchet 
derivative, the algorithm requires n+1 computations of the 
projector P  at each iteration. However, application of the 

modern ultra-fast cone-beam reconstruction technology enables 
us to compute a single iteration just in seconds on a PC [14].  

176 11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine



 
 
 
 
 

 
 

 

IV. RESULTS 
The algorithm has been applied to the computer-generated 

data computed with the Shepp-Logan phantom. The Gaussian 
noise was added to the projections. First, a single component of 
the vector  , the lateral displacement du= 9.5 pixels has been 
used to simulate the misalignment. The parameter has been 
determined after 10-14 iterations of the algorithm starting with 
the zero value. The minimum of the functional   served as the 
stopping criterion; the minimum always ensured the closest 
solution. The images are shown in Fig.2. Correction for 
misalignment is demonstrated. We observe a good convergence 
to the true misalignment value with the noisy data, which 
demonstrates the robustness of the approach.  

The algorithm has been verified with short-scan 200-deg 
CBCT data acquired with a Catphan phantom. The application 
of the suggested method allowed removing the characteristic 
artifacts due to misalignments in the system (Fig. 3).  

Finally, the algorithm has been applied to determine the 
variable detector sag. Usually, the detector sag is reproducible 
and once found it can be used for accurate reconstruction. Fig.4 
shows stable estimation of the variable detector sag from the 
noisy projections of the Shepp-Logan phantom. 

V. CONCLUSIONS AND DISCUSSION 
A new general theory and an algorithm for geometric 

calibration of tomographic systems are proposed. The method 
does not require the use of any dedicated calibration tools and 
can be used with an arbitrary phantom or with the patient data. 
The algorithm demonstrates stable convergence and can be  

 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4. Determination of the unknown detector sag at each angle. Solid line: true 
value; dotted line: estimation by the proposed algorithm (n = 200 values for 200 
projections have been determined). 

 
applied in the fully automatic “self-calibration” mode. The 

latter can play a great role in such applications of cone-beam 
CT as preclinical, interventional and dental imaging. To our 
knowledge, this paper demonstrates for the first time estimation 
of the variable angle-dependent detector sag without the use of 
dedicated calibration hardware. These results indicate that the 
proposed approach can become the method of choice in many 
applications of cone-beam CT in interventional radiology and 
radiotherapy. 

 
Fig. 3.  Experiment with a physical Catphan phantom. The top: a slice of the 
Catphan phantom reconstructed from the data acquired without geometric 
calibration; the bottom: reconstruction with geometric parameters obtained by the 
proposed algorithm (du= 4.71 mm,  = 1.21 deg). 

 
 
Fig. 2.  Shepp-Logan phantom. On the left: a slice reconstructed from the 
uncorrected data with 10% noise (bottom) and without noise (top); on the right: 
reconstruction with geometric parameters obtained by the proposed algorithm.  

11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 177



 
 
 
 
 

REFERENCES 
[1] G.T. Gullberg, B.M.W. Tsui, C. R. Crawford and E. R. Edgertorn  

“Estimation of geometric parameters for fan beam tomography”, Phys. Med. 
Biol. 32 pp. 1581–94, 1987. 

[2] S. G. Azevedo, D. J. Schneberk, J. P. Fitch and H. E. Martz , “Calculation of 
the rotational centers in computed tomography sinograms”, IEEE Trans. 
Nucl. Sci. 37 pp. 1525–40, 1990. 

[3] A.V. Bronnikov, “Virtual alignment of X-ray cone-beam tomography system 
using two calibration aperture measurements,” Opt. Eng., 38(2), pp. 
381–386, 1999. 

[4] F. Noo, R. Clackdoyle, C. Mennessier, T.A. White and T.J. Roney  Analytic 
method based on identification of ellipse parameters for system calibration in 
cone-beam tomography Phys. Med. Biol. 45, pp. 3489–508, 2000. 

[5] L. von Smekal, M. Kachelriess, E. Stepina, and W. A. Kalender, “Geometric 
misalignment and calibration in cone-beam tomography,” Med. Phys. 
31(12), pp. 3242–3266, 2004. 

[6] K. Yang, A. L. Kwan, D. F. Miller, and J. M. Boone, “A geometric 
calibration method for cone beam CT systems,” Med. Phys. 33(6), pp. 
1695–1706, 2006. 

[7] Y. Cho, D.J. Moseley, J.H. Swierdsen, and D.A. Jaffray, “Accurate 
technique for complete geometric calibration of cone-beam computed 
tomography systems”, Med. Phys. 32 .4., pp. 986-983 2005. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
[8] D. Panetta, N. Belcari, A. Del Guerra1, and S. Moehrs, “An 

optimization-based method for geometric calibration in cone-beam CT 
without dedicated phantoms”, Phys. Med. Biol. 53, pp. 3841–3861, 2008. 

[9] V. Patel, R. N. Chityala, K. R. Hoffmann, C. N. Ionita, D. R. Bednarek, and 
S. Rudin. “Self-calibration of a cone-beam micro-CT system”, Med Phys. 
36(1): 48–58, 2009. 

[10] K.M. Holt, “Geometric calibration and distortion calibration for CT from 
scans of unknown objects using complementary rays”, Proceedings of the 
SPIE, Volume 7258,  pp. 72581Q-72581Q-11, 2009. 

[11] Y. Kyriakou, R. Lapp, L. Hillebrand, D. Ertel, and W. Kalender,  
“Simultaneous misalignment correction for approximate circular cone-beam 
computed tomography,” Physics in Medicine and Biology 53, 6267–6289, 
2009. 

[12] A. Kingston, A. Sakallariou, A. Sheppard, T. Varslot, and S. Latham, “An 
auto-focus method for generating sharp 3d tomographic images,” Proc. SPIE 
Developments in X-Ray Tomography VII, 7804  p.78040J, 2010. 

[13] A.V. Bronnikov, “Reconstruction of the attenuation map using discrete 
consistency conditions”, IEEE Trans. Med. Imaging 19(5), pp. 451-462, 
2000. 

[14] A.V. Bronnikov. Ultra-fast cone-beam reconstruction software. [Online]. 
Available: www.bronnikov-algorithms.com/soft/CBCT_Software.pdf 

178 11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine



 

 
Abstract—It is well-known that the cone angle in the data 

acquisition along a circular source trajectory (axial scan) causes 
artifacts in reconstructed images. The underlying reason for this 
issue is that the axial scan does not satisfy the so-called data 
sufficiency condition (DSC) because of the cone angle. In addition, 
the cone angle results in data inconsistency between the conjugate 
rays that are 180° apart in view angle. Based on this observation, a 
voxel-wise three-dimensional (3D) weighted cone beam (CB) 
filtered backprojecdtion (CB-FBP) algorithm to address the 
conjugate ray inconsistency for image reconstruction in axial scan 
has been proposed and successfully employed in diagnostic CT 
scanners for extensive clinical applications at cone angle up to 
4.25° that is equivalent to the 64×0.625mm detector dimension. 
The key in the 3D weighted CB-FBP algorithm is its favorable 
weighting to the contribution from the ray with the minimum cone 
angle out of the conjugate ray pair. With increasing cone angle 
beyond 4.25°, the CB artifacts deteriorate rapidly and accordingly 
the measure to reduce the cone beam artifacts becomes essential. 
In fact, we have observed that the minimum cone angle of the 
conjugate ray pair corresponding to a voxel in a transverse image 
slice reduces with its distance from the axis of rotation (AOR). 
Thus, rather than placing the center of a region of interest (ROI) 
at the AOR as usual, we propose to place the ROI away from the 
AOR, i.e., off-centered, so that the minimum cone angle of the 
voxels within the ROI can be effectively reduced. A numerical 
simulation is conducted in this work and preliminary results show 
that, in terms of reducing CB artifact, the proposed scheme for 
imaging an off-centered ROI with the 3D weighting scheme 
significantly outperforms the FDK and the original 3D weighted 
CB-FBP algorithms for imaging a centered object.  

 

Index Terms—Cone beam, filtered backprojection, volumetric 
CT, artifact 

I. INTRODUCTION 
The FDK algorithm for a circular source trajectory (namely 

axial scan) has been extensively employed in the applications of 
biomedical CT imaging [1, 2]. However, with increasing cone 
angle, the CB artifacts associated with the FDK algorithm 
become severe, since the circular trajectory does not satisfy the 
so-called data sufficiency condition (DSC) [3]. In the past 
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decades, a large number of reconstruction algorithms with 
‘circular plus’ [4, 5] and helical trajectories [6-12] have been 
proposed to satisfy the DSC. However, the axial scan is the most 
desirable in the clinic for physiological and interventional 
imaging and patient comfort, which necessitate the pursuit to 
improve its accuracy of image reconstruction. 

In addition to the DSC, an insight into the root cause of CB 
artifacts associated with the FDK algorithm is the data 
inconsistency between the conjugate rays that pass through the 
voxel to be reconstructed in opposite directions (namely, 
conjugate ray inconsistency). The conjugate ray inconsistency is 
voxel dependent and increases with the distance between the 
image slice (reconstruction plane) and the central plane 
determined by the circular source trajectory (namely, 
reconstruction plane z-distance). The FDK algorithm treats the 
contribution from the conjugate rays equally and results in 
severe CB artifacts. It has been proposed and proved that the CB 
artifacts caused by the conjugate ray inconsistency can be 
reduced substantially with adequate weighting scheme [11-13]. 

A 3D weighted axial CB-FBP algorithm has been proposed 
and employed for diagnostic imaging in state-of-the-art clinical 
CT scanners with detector z-dimension up to 64×0.625 mm (or 
equivalently 4.25° full cone angle) [11]. However, advanced 
clinical applications have been driving the community of image 
reconstruction researchers to explore and offer the image 
reconstruction solutions for the axial scan at cone angle larger 
than 4.25°. Along with an experimental evaluation, we propose 
here to deliberately place the region of interest (ROI) within an 
object to be scanned away from CT gantry’s axis of rotation 
(AOR) and reconstruct the images with the 3D weighted 
CB-FBP algorithm [11, 12]. In such a way, the average 
minimum cone angle corresponding to the voxels within the 
ROI in an image slice can be effectively reduced, leading to the 
anticipation of reduced CB artifacts within the ROI that is 
clinically relevant. 

II. GEOMETRY AND ALGORITHM 

A. Cone Beam Geometries for Axial Reconstruction 
The native CB geometry is shown in Fig.1(a), where O-xyz  

represents the coordinate system, and S  is the source focal spot. 
P(x, y, z) denotes a point within the object to be imaged. The ray 
emanating from focal spot S and passing through point P(x, y, z) 
is uniquely determined by its view angle η, fan angle γ, and cone 
angle α. In the native CB geometry, the circular source 
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trajectory can be expressed as 

( ) ( ) ( )min maxsin , cos ,0 , , ,ST R Rη η η η η η= ⊆          (1) 

where ηmin and ηmax correspond to the starting and ending points 
of the circular source trajectory, respectively. 

Through a row-wise fan-to-parallel rebinning, the so-called 
cone-parallel geometry is attained as shown in Fig.1 (b) [11]. 
The ray emanating from focal spot S and passing through point 
P(x, y, z) is uniquely determined by its view angle β, distance t 
from the AOR, and cone angle α. Since the noise uniformity and 
image generation speed can be improved significantly, the 3D 
weighted CB-FBP algorithm for the reconstruction of 
off-centered object in an axial scan will be discussed in the 
cone-parallel geometry. 

  
(a)            (b) 

Fig.1. Diagrams showing the (a) native CB, and (b) cone-parallel geometries, 
in which the 3D weighted CB-FBP reconstruction algorithm is derived. 

 
Fig.2. The diagram showing a pair of conjugate rays in axial scan, where SP (PA 
or PB) represents the direct ray with cone angle (α or α’), and S’P (PA or PB) the 
conjugate ray with cone angle (αc or α’c), respectively. Note that the z-distance 
between P (PA or PB) and the central plane is l. 

B. FDK Algorithm in Native CB Geometry 
The FDK algorithm in the native CB geometry can be 

expressed as [1] 

( ) ( )
max

minmax min

, , cos , , ,f x y z g d
η

η

π α α η γ η
η η

≈
− ∫ 

  
                (2) 

( ) ( ) ( ), , , , ,g g hα η γ α η γ γ= ⊗

             
(3) 

( ) ( ), , , , ,g fα η γ α η γ= R                 (4) 

where h(γ) is the ramp filter kernel used in the equi-angular 
fan-beam geometry. R

 
is a projection operator on object 

function  f(x, y, z) in the native CB geometry. 

C. Conjugate Ray Inconsistency in Cone-parallel Geometry 
The conjugate ray inconsistency means that the conjugate ray 

pair that are 180o apart in view angle β are not identical. In the 
cone-parallel geometry, the ray determined by (αc, βc, tc) = (αc, 
π+β, -t)

 
is the conjugate ray of the ray corresponding to (α, β, t). 

Note the minus sign in front of the distance from the AOR.   

D. 3D Weighted CB-FBP Algorithm in Cone-parallel 
Geometry 
The 3D weighted CB-FBP algorithm in the cone-parallel 

geometry can be expressed as [11] 

( ) ( ) ( )
max

min

3
max min

, , co s , , , , , ,df x y z w t l s t d
β

β

π α α β α β β
β β

≈
− ∫     (5) 

where w3d(α, β, t, l) is the 3D weighting function and satisfies 

( ) ( )3 3, , , , , , 1.d d c c cw t l w t lα β α β+ =
           

(6) 

In a full scan (βmax - βmin = 2π), w3d(α, β, t, l)
 
can be designed as 

( ) ( )
( ) ( )

( ) ( ) ( ) ( )3 3

tan
, , , , .

tan tan

k l
c

d d k l k l
c

w t l w l
α

α β α
α α

= =
+

     (7) 

E. 3D Weighted CB-FBP Algorithm for Off-centered Object 
in Cone-parallel Geometry 
As illustrated in Fig.2, let object A be centered in the data 

acquisition geometry at (x, y, z) = (0, 0, 0), and object B that is 
identical to object A be off-centered at location (x, y, z) = (x0, y0, 
z0). The relation between the object functions f(x, y, z)

 
and fτ(x, y, 

z) can be expressed as, 

( ) ( ) ( )0 0 0, , , , , , ,f x y z f x y z f x x y y z z= = − − −τ τ      (8) 

where τ is the displacement operator. After the displacement, 
point PA in object A is translated to point PB

 
in object B, i.e., 

( ) ( ) ,B Af P f P=τ
                  (9)

 In the 3D weighted CB-FBP algorithm, a favorable weight is 
given to the data corresponding to the ray with the smaller cone 
angle in the conjugate ray pair, while a unfavorable one to that 
with the larger cone angle. In general, the smaller the cone angle 
is the more favorable the weight. In Fig.2, it is noted that cone 
angle α′ becomes smaller but cone angle α′c becomes larger 
than their counterparts α and αc prior to the displacement. It 
should be straightforward to understand that the inequality 
minimum(α′, α′c) ≤ minimum(α, αc) holds for point PB at a 
larger distance from the AOR than that of PA. Shown in Figs. 3 
and 4 are the orthogonal sectional views of the minimum cone 
angle in the cases corresponding to objects A and B, 
respectively. Because of this inequality, there should exist less 
CB artifacts in the reconstruction at point PB than that at point 
PA, if the 3D weighting scheme is applied. Hence, if the ROI to 
be imaged can be placed away from the CT gantry’s AOR, less 
cone beam artifact is anticipated. 
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(c) 

Fig.3. The minimum cone angle of the voxels in the three orthogonal planes (a) 
O-xz, (b) O-yz and (c) O-xy with (x0, y0, z0) = (0, 0, 0).
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(c) 

Fig.4. The minimum cone angle of the voxels in the three orthogonal planes (a) 
O-xz, (b) O-yz and (c) O-xy with (x0, y0, z0) = (0, 10cm, 0)

  
The 3D weighted CB-FBP algorithm for an off-centered 

object in the cone-parallel geometry can be expressed as 

( ) ( ) ( )1
0 0 0, , , , , , ,f x y z f x y z f x x y y z z−= = + + +τ ττ

   
(10)

 where τ-1 is the inverse of the displacement operator τ, and 

( ) ( ) ( )
max

min

3
max min

, , co s , , , , , ,df x y z w t l s t d
β

β

π α α β α β β
β β

≈
− ∫ τ τ

 
(11)

 

( ) ( ) ( ), , , , ,s t s t h tα β α β= ⊗τ τ

           
(12) 

( ) ( ), , , , ,s t g tα β α β=τ τσ               (13) 

( ) ( ), , , , ,g fα β γ α β γ=τ τR               (14) 

 
 (a)           (b) 

 
  (c)            (d) 

Fig.5. Images at the outmost slice reconstructed by (a) the FDK algorithm 
with the center of the Forbild head phantom located at (x0, y0, z0) = (0, -10cm, 0), 
(b) the 3D weighted CB-FBP algorithm with the center of the ROI located at (0, 
-10cm, 0), (c) the FDK algorithm with the center of the ROI located at (0, 0, 0), 
and (d) the 3D weighted CB-FBP with the center of the ROI located at (0, 0, 0) 
(the green circles represent the CT gantry’s AOR). 

III. PERFORMANCE EVALUATION 

A. Geometry Parameters 
The capability of the proposed scheme of off-centering the 

ROI to improve the image reconstruction accuracy is evaluated 
using the Forbild head phantom [14] simulated under a circular 
source trajectory, in which the detector is assumed with 
z-dimension 64×0.625 mm, the distance from x-ray source to 
the AOR of the CT gantry is 541.0mm. Each detector row is 
made up of 888 detector cells with a dimension of 0.625mm 
along the z-direction. 1160 projections are acquired along the 
angular range [0, 2π], i.e., a full scan. The matrix of 
reconstructed transaxial images is 512×512, and the 
reconstruction field of view (FOV) is 256mm, corresponding to 
voxel size 0.5×0.5×0.625mm3. 

B. Weighting Parameters 
The weighting parameter k(|l|)

 
required by the 3D weighting 

function w3d(α, β, t, l) is empirically determined and listed in 
Table I. For an image to be reconstructed at the z-distance that is 
not listed in Table I, a linear interpolation scheme can be 
employed to get the corresponding value. 
TABLE I. THE WEIGHTING PARAMETERS EXPERIMENTALLY DETERMINED IN A 
FULL SCAN UNDER THE CT SCANNER SPECIFIED IN SUBSECTION III.A. 
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Index of detector row z-distance (mm) k(|l|) 

± 32 19.6875 13.75 
± 31 19.0625 9.5 
± 30 18.4375 9.0 
± 29 17.8125 7.5 
± 28 17.1875 6.5 
± 27 16.5625 5.0 
± 26 15.9375 4.0 
± 25 15.3125 3.5 
± 24 14.6875 3.0 
± 23 14.0625 2.5 

≥ 22 or ≤  -22 ≤ 13.4375 0.0 

IV. RESULTS  
The outer most image slices of the Forbild head phantom 
reconstructed by the FDK algorithm are presented in Fig. 5 (a) 
and (c), while those by the 3D weighted CB-FBP algorithm are 
in Fig. 5 (b) and (d), respectively. The red ellipses encircle the 
ROI that we are interested in. Comparing the left and right 
columns, it is observed that the 3D weighted CB-FBP algorithm 
outperforms the FDK algorithm when the ROI is either close to 
or away from the AOR. More importantly, a close inspection of 
Fig. 5 (b) and (d) tells us that there exists less CB artifact 
surrounding the high contrast objects in the ROI when the ROI 
is further away from the AOR (Fig. 5 (d)).  

V. DISCUSSIONS AND CONCLUSIONS 

The data redundancy of a full axial scan is two and the FDK 
algorithm treats each ray of the conjugate pair indiscriminately 
with an equal weighting factor one. In fact, except the voxels 
located along a CT gantry’s AOR, the cone angle corresponding 
to the conjugate rays of a voxel is unequal. It is not hard to 
understand that the contribution from the ray with the smaller 
cone angle in the conjugate ray pair is better in terms of cone 
beam artifact and thus should be given a favorable weight. This 
was the foundation upon which the previously published 3D 
weighted CB-FBP algorithms [11, 12] were based. Moreover, 
we observed that the further the voxel is away from the AOR, 
the smaller of the minimum cone angle of the conjugate ray pair, 
which results in smaller average effective cone angle (see Fig. 3 
and 4) and thus less cone beam artifact as demonstrated in Fig. 5. 
This means that the ROI to be reconstructed in an axial scan 
should be placed away from the AOR. This sounds 
contradictory to the conventional belief that the image quality at 
the area close to the AOR is the best, but is the main argument 
we are making in this paper. 

It is clinically feasible to off-center the ROI within an object 
to be imaged in an axial scan, especially in the cases where the 
dimension of the object is readily smaller than the scan FOV of 
a CT scanner, e.g., head, neck or extremities. It is noticed that an 
off-centered ROI may result in suboptimal dose efficiency if the 
x-ray tube current remain constant in the scan. However, the 
suboptimal dose efficiency of scanning an off-centered object 
can be improved or even better than a centered object if the 
current of the x-ray tube is modulated in the scan according to 
the object’s location that can be estimated from the scout 
projection images. Especially, imaging an off-centered object 

may effectively decrease the radiation dose delivered to a 
specific region in the object to be imaged, such as the eye lens in 
a head scan. 

    It is very interesting to note that off-centering an anatomic 
structure (ROI) may occur naturally or by displacing CT’s 
patient table in the clinic. Examples of the former case include 
sinus in the head and kidney in the body, while that of latter 
include the cervical spinal cord in neck and the heart in thorax. 
It should be pointed out that the FBP image reconstruction 
algorithm is susceptible to latitudinal data truncation because 
the ramp filter is not a local operator. Hence, any latitudinal data 
truncation should be avoided when the ROI is displaced from 
the AOR. If the data truncation does occur in practice, e.g., the 
heart in thorax, rather than using the 3D weighted CB-FBP 
algorithm presented here, one needs to use the 3D weighted 
CB-DBPF (derivative backprojection filtering) algorithm (see 
[15] for detail).  
   Finally, it should be pointed out that the results presented thus 
far are obtained at cone angle 4.25°. We are obtaining the 
results at larger cone angle and the results will be presented in 
the final manuscript for the conference’s proceeding. 
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Image reconstruction for AX-PET: different
approaches to histograming for semi-continuous

data
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Abstract—AX-PET is a unique PET device based on axially
oriented crystals and orthogonally placed Wavelength shifter
strips, both individually readout by Geiger-mode Avalanche
Photo Diodes (G-APD, also know as SiPM). The AX-PET
design was conceived in order to simultaneously improve spatial
resolution and sensitivity by reducing the parallax error. The
peculiar design of AX-PET yields discrete transaxial and depth
(x and y) coordinates, while the axial coordinate is continuous.
In order not to lose resolution, various approaches to treat the
axial coordinate were explored to deal with the semi-continuous
coordinates. A data set suitable for this task was processed
and reconstructed by using different techniques, and the results
are presented. This new approach better model the z pdf but,
depending on the used technique to estimate the weight, might
introduce some blurring in the final image.

Index Terms—AX-PET, MLEM, continuous coordinate

I. INTRODUCTION

Spatial resolution and sensitivity are of major importance
in determining the performance of Positron Emission To-
mography (PET) scanners. A PET prototype, AX-PET, was
developed, based on axially oriented crystals whose axial
coordinate can be retrieved by an hodoscope of Wavelength
Shifter (WLS) strips interleaved with each LYSO crystal layer
[1][2]. This unique design provides the chance to increase the
sensitivity by adding more crystal layers without blurring the
DOI (Depth Of Interaction). One of the drawbacks of the
innovative concept is that it requires the conception of new
reconstruction approaches in order to fully exploit its potential.

II. THE AX-PET CONCEPT

The main feature of AX-PET is the axial orientation of the
scintillation crystals (see Fig. 1), instead of a radial orientation,
as in most PET scanners.

The crystals are arranged in 6 layers of 8 crystals per layer.
Each LYSO crystal is 100 mm long, with a transversal section
of 3×3 mm2, each individually readout by a G-APD (i.e.
SiPM) providing discrete transaxial coordinates (x,y) of the
gamma interaction point and the deposited energy. In order to
locate the gamma interaction in the axial direction i.e. z, the
crystal layers are interleaved by arrays of 26 WLS strips each,
also individually readout by G-APDs.

P. Solevi, J. F. Oliver, J. Gillam, and M. Rafecas are with IFIC
(CSIC/Universidad de Valencia), E-46071 Valencia, Spain.

M. Rafecas is also with the Department of Atomic, Molecular, and Nuclear
Physics, Universitat de València.
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Fig. 1. A module of the AX-PET demonstrator with 8×6 LYSO crystals,
axially oriented and orthogonally interleaved with WLS strips.

Fig. 2. AX-PET gamma detection and z reconstruction principle.

As shown in Fig. 2, the scintillation light produced by the
gamma interaction in LYSO is emitted isotropically. Part of
the light is trapped within the crystal and collected by the
photo-detector placed at one end of the scintillator bar. In
order to enhance the light collection the crystal surfaces are
polished and the end face opposite to the readout is coated with
Aluminium film. A fraction of the light escaping the crystal
is absorbed by the WLS strips and, after conversion toward
longer wavelengths, is detected by G-APDs. The strips which
are activated by the event contribute to the computation of the
z coordinate by a Centre Of Gravity (COG) method yielding
a continuous z coordinate by:

z =
∑

i=0,..,n

ziqi, (1)

where qi provides the fraction of ADC counts on each strip
belonging to a cluster i.e. the set of adjacent WLSs with over-
threshold signal.
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Fig. 3. Picture of the measurement setup for the 8 capillaries as acquired at
ETH.

The amount of light detected by each strip guarantees the
z reconstruction capability down to an energy of at least 200
keV. The AX-PET design provides 3D reconstruction of the
gamma interaction point with parallax free resolution. In the
transaxial plane (x,y) the resolution is limited by the size of
the crystals i.e. 3×3 mm2 cross-section yielding σx,y = 0.87
mm. In the axial direction the final resolution achieved is σz =
0.64 mm. Estimates of resolution are based on measurements
and take into account the contribution from the positron range
and the finite source size.

A. Experimental data

Two AX-PET modules were fully assembled, set in coin-
cidence and used to acquire data from different sources. The
data treated in this article refer to a set of acquisitions of 8
thin capillaries placed in the transaxial plane with a 5 mm
pitch in z. The capillaries were filled with a solution of 18F,
placed on a rotary table and measured, rotating the table by
10 degrees steps over 180 degrees.

The data were processed in order to select ”golden” events
i.e. coincidences in which only 1 LYSO crystal per module
was activated and 1 cluster of WLS strips was associated to
each hit crystal. Photo-peak energy deposition in the LYSO
was required in order to suppress accidental and Compton
events.

III. MOTIVATION & METHODS

AX-PET is a device with 3D positioning capability of
the gamma interaction point. It provides discrete transaxial
coordinates, x and y, and continuous axial coordinate. The best
way to deal with a continuous coordinates in reconstruction,
while avoiding precision loss in data histograming, is to utilize
the list-mode approach [3]. However, the list-mode approach
often requires on-the-fly calculation of transition probabilities,
the result of which is a trade-off between the accuracy of
modeling and the computation time. The alternative to list-
mode is data-binning yet this can only be conducted at the

Fig. 4. Schematic drawing of an event in which two strips per cluster per
LYSO are fired. The two data sets are represented by the blue dashed line
(scheme I) and the black solid lines (schemes II, III).
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Fig. 5. Distribution of the weight for a selected WLS strip (Nb. 13 on module
1, placed in the middle of the WLS array) according to the data processing
scheme II (top) and III (bottom). The weights are computed for one data set
acquired with the capillaries in Fig. 3.

cost of data precision. In order to retain system resolution
in x and y we decided to avoid sinogram-space histograms,
and to use alternative LOR histograming using crystal ID. At
the same time some discretization in z is clearly required in
order to bypass the problems involved in on-the-fly calculation.
Different approaches might be foreseen, in particular highly
granular pre-calculated system matrix elements are expected
to produce the best results. However, because of the continuous
z, discrete System Matrix (SM) elements must be interpolated
at the measurement level. Interpolation can be performed by
exploiting the discrete information obtained by the WLS strips
before the CoG calculation.

In order to explore this different technique, the data set
described was processed and reconstructed by using three
schemes:
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• Scheme I: each event is represented by one LOR
whose z endpoints were computed by using the CoG,
binned according to the 3.2 mm WLS pitch and his-
togramed for reconstruction. By referring to the exam-
ple in Fig. 4, this means z1 =

∑
i=1,2 z1,iq1,i and

z2 =
∑
j=1,2 z2,jq2,j . However, using a discretized SM,

only the line (S1,1, S2,2) is available in reconstruction
of histogrammed data. While the most accurate of the
possible discrete measurements, this does not capture the
full pdf of this LOR.

• Scheme II: each event is represented by at least one
LOR. All the LORs arising from the combination of all
the strips fired in one event are counted. Each strip has
a weight wi given by the fraction of ADC counts i.e.
qi (see Eq. 1, Fig. 5). The distribution of the weight
in a strip reflects the morphology of a cluster: unitary
weight is assigned to a cluster formed from a single
strip, ∼0.5 for 2-strip cluster, while the peak around
0.2 in Fig. 5 suggests a most probable 3-strip cluster
configuration. The weight of each LOR is then computed
as the product of wi of the activated strips. For example
as in Fig. 4 LORa is histogramed with an assigned
weight wa = w1,1w2,1, in order to provide a unitary total
weight per event. In this scenario the new element can
be expressed still referring to Fig. 4 as:

ai,j′ =
∑

i=a,b,c,d

ai,jwi. (2)

Now, the weights allow the composition of a floating-
point histogram (much like the case in Kernel Density
Estimators [4]) for use in pre-binned image reconstruc-
tion. Whilst not fully conforming to MLEM requirements
this approach allows us to more accurately estimate the
measurement histogram and thus retain the speed and
accuracy advantages of a pre-calculated histogram based
approach to image reconstruction (see Fig. 5, top).

• Scheme III: each event is processed as in scheme II,
but the weights of each WLS strip are computed in
a different way. In order to avoid spreading the LOR
over a large number of strips, the weight distribution is
modeled as continuous gaussian distribution having σ as
the experimental axial resolution i.e. σz = 0.64 mm:

f(z) =
1√

2πσz2
e
− (z−zCoG)2

2σz2 . (3)

To each strip a weight wi = f(zi) is assigned, normalized
to 1 over the entire cluster. By using this approach, it
is possible exclude data whose strips have an almost
negligible contribution. In the current scheme, given the
small σ with respect to the WLS pitch, most of the weight
is assigned to the strip to which zcg belongs, explaining
the two peaks at about 0 and 1 in Fig. 5 (bottom).

To reconstruct the images, a dedicated reconstruction algo-
rithm, based on Maximum-Likelihood Expectation Maximiza-
tion (MLEM) was employed [5]. The System Matrix (SM)
was computed using multi ray-tracing techniques. It models
in details the special geometry of the system and takes into

Fig. 6. Transverse image of the 8 reconstructed capillaries having 1.4 mm
inner diameter placed at 5 mm pitch in z (30 iterations). Data are processed
according to scheme I (top), scheme II (middle) and scheme III (bottom).

account crystal attenuation and penetration effects (inner layers
screen outer layers).

IV. RESULTS & DISCUSSION

The two data sets were reconstructed using a SM with 64
rays per LOR to take into account the finite size of detectors.
The SM was computed for 1×1×1 mm3 voxel size over
30×30×83 mm3. In Fig. 6 an example of reconstructed images
of the capillaries are presented for the 3 schemes.

The data processed by scheme II were more blurred than
ones with scheme I, as can be observed in the comparison of
the axial profiles (see Fig. 7). But scheme III almost reproduce
the profile of scheme I .The difference arises from those
more external LORs in a cluster, contributing small weights
in the global statistics, but still included in the reconstruction.
Scheme III improves the resolution, giving a smaller weight
to peripheral strips in the cluster. Further studies should be
focused on the estimation of the optimum σ value. The value
actually used is driven by the experimental estimation of the
axial resolution, that might be not directly correlated to the
signal spreading over WLS strips. All schemes are limited by
LOR granularity that can not model the z resolution properly.

V. CONCLUSION

AX-PET is a unique PET device based on axially oriented
crystals and Wavelength shifter strips, both individually read-
out by Geiger-mode Avalanche Photo Diodes (G-APD). Even
with high sensitivity, it provides high resolution with discrete
transaxial x and y coordinates and continuous axial coordinate.
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Fig. 7. Profile of the 8 reconstructed capillaries: scheme I (black dashed
line, circles), scheme II (red solid line, triangles), and scheme III (blue dotted
line, squares).

Even if list-mode proves to be the optimal method to deal with
continuous coordinates, in the current work the advantages of a
pre-computed system matrix (which is by definition discretized
in measurement space) using data measured on a continuous
domain were investigated. We explored the possibility of
interpolating discrete SM elements at the measurement level.
This approach explored here is aligned with current attempts to
exploit all information available in the reconstruction process,
and avoid data pre-processing [6]. Each event was built using
all LORs arising from the WLS clusters in the two modules,
assigning a real-valued (float) weight to each LOR, then
histograms were created for subsequent reconstruction. Two
techniques were used to compute the weights: one directly
used the ADC counts from the measurements, the other as-
sumed a continuous gaussian distribution of the signal over the
strips. These approaches better model the pdf in z, while intro-
ducing some blurring. Further improvements are expected by
combining this representation with a highly granular System
Matrix. The results indicated that, while performance is clearly
dependent on the weighting function applied, this method
may provide an improved means of image reconstruction in a
continuous-measurement scenario. However, a more complete
quantitative investigation is required before further conclusions
can be drawn.
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An Adaptive Genetic Algorithm for Misalignment

Estimation (AGAME) in Circular, Sequential and

Spiral Cone–Beam Micro–CT
Stefan Sawall, Michael Knaup, and Marc Kachelrieß

Abstract—The reconstruction of volumetric datasets based on
micro–CT scans is a common task in every small animal imaging
lab. The used reconstruction algorithms thereby rely on the exact
knowledge of the scanner geometry. If this geometry is misaligned
or not known accurately severe artifacts in terms of edge blurring
and a loss in spatial resolution appear in the reconstructed
images as long as no geometry calibration is performed. We
propose a novel method for misalignment estimation of micro–
CT scanners using an adaptive genetic algorithm (AGAME) that
does not rely on dedicated calibration phantoms. Furthermore
not only the misaligned scanner geometry is estimated but also
the direction vector of table movement as well as the displacement
between different imaging chains within a scanner. The algorithm
is validated using simulations of a micro–CT scanner indicating
that the misalignment can be estimated up to a relative error
of less than 1 % compared to the simulated geometry which is
sufficient to reconstruct volumes without misalignment artifacts.
To assess the quality of the algorithm in a real world scenario
the calibration of a micro–CT scanner is performed and several
reconstructions with and without misalignment estimation are
carried out proving that the AGAME algorithm is able to
succesfully estimate all geometry parameters.

Index Terms—micro–CT, misalignment, calibration, genetic
algorithm

I. INTRODUCTION

THE reconstruction of volumetric datasets based on

micro–CT scans is a common task in every small animal

imaging lab. The used reconstruction algorithms thereby rely

on the exact knowledge of the scanner geometry. If this

geometry is misaligned and hence not known accurately severe

artifacts in terms of edge blurring and a loss in spatial resolu-

tion appear in the reconstructed images as long as no geometry

calibration is performed (see fig. 1). Despite the geometric

parameters for each source–detector–unit, called thread, it is

necessary to quantify the deviation between different threads

to ensure that particular reconstructions might be superpo-

sitioned and thus increases the number of parameters to be

estimated. To examine objects with a large longitudinal extent

a sequence scan protocol or even a spiral acquisition might be

performed. This however makes the knowledge of the table

increment vector necessary to ensure that consecutive volumes

might be stitched together accurately. We therefore propose a

robust method based on an adaptive genetic algorithm that

Stefan Sawall, Michael Knaup and Prof. Dr. Marc Kachelrieß: Institute of
Medical Physics (IMP), University of Erlangen–Nürnberg, Henkestraße 91,
91052 Erlangen, Germany.
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Fig. 1. Geometry parameters of a single thread. Nominal geometry (solid
lines) compared to the misaligned geometry (dashed lines).

is capable of estimating the misalignment of each source–

detector–thread, the deviation between these threads and the

table increment vector. This method does not rely on dedicated

calibration phantoms with known geometric properties as these

are expensive and difficult to manufacture.

A. Perspective Transform and Transform Coefficients

Assume the viewpoint of a given thread s, a detector plane

o+uu+ vv and a point r. One is now interested in the point

(u, v) that results from the projection of the point r onto the

detector plane spanned by u and v

o + uu + vv − s = µ(r − s) (1)

for some µ ∈ R. A multiplication of this equation by the

perspective transform coefficients ci

c0 = v × w, c1 = w × u and c2 = u × v (2)

with w = o − s and elemination of µ yields the searched

coordinates

u =
c0 · (r − s)

c2 · (r − s)
=

c00x + c01y + c02z + c03

c20x + c21y + c22z + c23

v =
c1 · (r − s)

c2 · (r − s)
=

c10x + c11y + c12z + c13

c20x + c21y + c22z + c23

. (3)

Herein the definitions r = (x, y, z)T , ci = (ci0, ci1, ci2)
T and

ci3 = −ci · s were used [1]. Concluding from equation 3 the

accurate knowledge of the parameters ci or the parameters

used in their calculation defined by equation 2 is crucial for

the reconstruction of artifact free images of a given thread and

thus have to be estimated.
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σu,v ∆w0 ∆w1 ∆w2 ∆u0 ∆u1 ∆u2 ∆v0 ∆v1 ∆v2 ∆d0 ∆d1 ∆d2 E2

0.2 0.72 % 0.02 % 0.20 % 0.02 % 0.91 % 0.33 % 0.82 % 0.83 % 0.13 % 0.10 % 0.13 % 0.00 % 0.20
0.4 0.75 % 0.05 % 0.20 % 0.02 % 0.93 % 0.33 % 0.84 % 0.85 % 0.15 % 0.13 % 0.13 % 0.02 % 0.40
0.6 0.71 % 0.07 % 0.22 % 0.03 % 0.97 % 0.37 % 0.84 % 0.87 % 0.17 % 0.15 % 0.15 % 0.02 % 0.61
0.8 0.83 % 0.01 % 0.21 % 0.04 % 1.02 % 0.36 % 0.89 % 0.96 % 0.21 % 0.19 % 0.17 % 0.02 % 0.80
1.0 0.97 % 0.08 % 0.23 % 0.04 % 1.05 % 0.35 % 0.97 % 1.02 % 0.24 % 0.21 % 0.21 % 0.03 % 1.03

TABLE I
SIMULATED MICRO–CT CALIBRATION AND THE MEAN RELATIVE ERRORS OBTAINED BY THE AGAME ALGORITHM. NOISE WITH STANDARD DEVIATION

σu,v WAS ADDED TO THE PROJECTED POSITIONS OF THE METAL BEAD ON THE DETECTOR PLANE. THE AGAME ALGORITHM WAS ABLE TO ESTIMATE

THE MISALIGNMENT WITH A RESIDUAL MEAN SQUARE ERROR SHOWN IN THE LAST COLUMN OF THIS TABLE.

Fig. 2. Scan of a contrast–enhanced mouse. Left: Reconstruction with nominal scanner geometry and magnified image parts. Right: Reconstruction with the
parameters estimated by AGAME and the corresponding ROIs. Note that the slices do not exactly match due to the different geometries used for reconstruction.
(Grey scale settings: center=170 HU, width=800 HU)

B. Estimation Task

We assume a micro–CT system with a number of T distinct

source–detector–systems. For each thread t ∈ T the parame-

ters s, o, u and v (see equation 2) have to be estimated.

As the calibration algorithm must not depend on dedicated

calibration phantoms only a single metal bead is used as

phantom. To acquire the data necessary for the misalignment

estimation this metal bead is placed at an arbitrary position

on the table and a number of N sequence scans is performed

using all threads of the acquisition system. After each scan

the table is moved by a constant table feed d. This results

in NTP projection images p(u, v) where P is the number of

projections acquired per scan and thread. The projection of

the metal bead onto the detector plane yields the coordinates

ûntp and v̂ntp for each projection image which for example

can be found by segmentation and center of mass evaluation.

The estimation task then consists in finding a parameter

vector Ω = {st,ot,ut,vt,d, r0, . . . , rN−1} that minimizes

the mean squared error E2(Ω) between the measured bead pro-

jections and the estimated projections untp(Ω) and vntp(Ω):

E2(Ω) =
1

NTP

∑

n∈N

∑

t∈T

∑

p∈P

(
(untp(Ω) − ûntp)

2

+(vntp(Ω) − v̂ntp)
2

) (4)

The parameters rn denote the bead positions and are calcu-

lated as rn = r0 + n · d, n ∈ N . We restricted ourselves to

the case of a linear table movement. However also non–linear

models are possible.

In the literature several methods are proposed to optimize

reduced forms of equation 4 that imply the use of numeri-

cal methods like the Levenberg-Marquardt algorithm [2, 3].

These methods require an accurate knowledge of the initial

misalignment parameters which might be difficult to assess in

real world situations. If the initial parameters are not known

accurately these methods tend to get stuck in local minima.

Hence a method is required to find a suitable approximation

to a global optimum. To achieve this we propose the usage of

an adaptive genetic algorithm.

II. A GENETIC ALGORITHM FOR MISALIGNMENT

ESTIMATION

Genetic algorithms have been widely used in engineering

and science to address high dimensional optimization prob-

lems [4, 5, 6]. They have proven to provide good estimates to

global optima by mimicing the natural process of evolution.

A genetic algorithm thereby operates on a population, a set

of individuals each representing a possible solution to the

optimization problem. Each parameter of such a solution

vector is called allele in analogy to biology. The population,

once initialized with random values or known estimates, con-

secutively undergoes the processes of reproduction and muta-

tion until certain termination criteria are met. In case of the

proposed misalignment estimation each individual represents

one solution vector Ω and each allele is a 32–bit floating point

value representing one component of the vectors describing the

system geometry (compare equations 1–3).
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A. Algorithm Outline

The proposed genetic algorithm to find a solution to equa-

tion 4 is structured as follows:

1) Create initial population

2) Evaluate fitness for each individual

3) While termination criterias are not met do

a) Perform reproduction with elitism

b) Perform mutation

c) Evaluate fitness for each individual

d) Go back to 3 if termination criteria are not met

B. Creation of the Initial Population

Based on the nominal geometry of the imaging system a

number of I distinct individuals Ωi is created and each of

their alleles ωij ∈ Ωi is perturbed by adding a random number

chosen from a normal distribution with mean zero and standard

deviation σj . The latter is chosen to correspond to the assumed

error in the allele. If not even the order of magnitude of the

error can be estimated σj should be set to one.

In our case we use I = 50. The nominal geometry is

assumed to be known.

C. Reproduction

To prevent search space domination of single individuals a

rank selection is used [7]. I.e. individuals for reproduction are

not chosen based on their fitness values F (Ω) = E(Ω)−1 but

rather on their rank compared to all other population members.

E.g. rank one is assigned to the individual with the highest

fitness value whereas the rank I is assigned to the individual

with the lowest fitness value. Reproduction is then performed

by randomly selecting alleles from the two chosen parents to

generate the child individual.

To ensure that the best individuals of former populations

are not lost and to ensure convergence the elitism principle is

applied. Thus the B best individuals are stored and inserted

into the new population after the mutation process.

In total we have I = B + C with C being the number of

childs generated. In our case of I = 50 we used B = 3.

D. Mutation

Each individual is mutated by a probability of p = I−1.

If an individual Ωi is selected for mutation we proceed as

follows. M = 10 of its alleles ωij are randomly chosen and

randomly perturbed by adding a gaussian random number with

mean zero and standard deviation τj . A large value for τj

thereby results in a broad exploration of the search space

whereas a small value allows to converge to more accurate

solutions. Thus the mutation step widths need to be adaptive

to assure both properties [8]. To achieve this we extend each

individual with its own values τj and initialize them with

τj = σj . If an allele Ωij is chosen for mutation it is altered

using its corresponding mutation step width. After the allele

has been modified the used mutation step width is perturbed

by adding a gaussian random number with mean zero and

standard deviation 10−4 mm.

Note that mutation could also be performed by algorithms

like a gradient descent or a Levenberg–Marquardt method.

Here, we did not make use of this alternative.

E. Termination Criteria

In the literature several methods are proposed as terminta-

tion criteria [8, 9]. We stop the genetic algorithm if the

fitness value of the best individual does not change within 100

iterations. Note that other criteria are possible, e.g. terminate

the algorithm based on the number of iterations or a threshold

on the resulting fitness values.

III. TEST METHODS

A. Simulations

To assess the capabilities of the algorithm the calibration

procedure of a micro–CT system under different noise con-

ditions was simulated using sequence scans consisting of

9 single scans. All simulations are based on the nominal

geometry of our in–house micro–CT that comprises a source–

isocenter distance of 170 mm and a isocenter–detector dis-

tance of 39 mm. A matrix of 1024×1024 detector elements

with a pixel pitch of 50 µm was used. The simulated ta-

ble increment vector between consecutive scans was d =
(0.0 mm, 0.0 mm, 3.0 mm). In each simulation the nominal

geometry was perturbed by gaussian noise with zero mean and

a standard deviation of 1 mm. Furthermore the detector was

rotated around the three coordinate axes by angles obtained

from random gaussian noise with mean zero and standard

deviation 5◦. Furthermore the simulated bead projections on

the detector were perturbed with gaussian noise of mean zero

and a standard deviation σu,v varying from 0.2 to 1.0 detector

elements with step size 0.2. Ten perturbed geometries have

been simulated for each noise level and the mean relative

error ∆ =
xref −xest

xref
·100 % between the simulated (xref ) and

estimated (xest) parameters was evaluated and is presented in

table I. If the reference value is zero the mean relative error

was calculated as ∆ = xest · 100 %. Note that the quantities

o and s are summarized by w = o − s. The calibration was

carried out applying the proposed AGAME algorithm with a

population size of I = 50 and a number of B = 3 elite

members.

B. Measurements

The data were acquired using a dedicated in–vivo cone–

beam micro–CT scanner (TomoScope Synergy Twin, CT

Imaging GmbH, Erlangen, Germany). The source–detector–

thread consists of a micro focus x–ray source mounted at a

distance of 170 mm to the isocenter and a flat panel detector

with a matrix of 1024×1024 pixels each of size 50 µm. The

flat panel is located at a distance of 39 mm from the isocenter.

To calibrate the system N=9 sequence scans of a single

metal bead with a size of approximately 200 µm have been

acquired each comprising 720 projections over a range of

360◦. The trajectories of the metal bead within the projection

images were analyzed and used as input for the genetic algo-

rithm which was able to fit these trajectories with a residual
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w0 w1 w2 u0 u1 u2 v0 v1 v2

Nominal Geometry 0 µm 209 mm 0 µm 50 µm 0 µm 0 µm 0 µm 0 µm 50 µm
AGAME Estimation 36.86 µm 208.98 mm 0.53 mm 49.99 µm 0.17 µm 0.10 µm 0 µm 1.03 µm 49.98 µm

TABLE II
PARAMETERS OBTAINED BY THE AGAME ALGORITHM USING A SEQUENCE SCAN CONSISTING OF N = 9 MEASUREMENTS IN COMPARISON TO THE

NOMINAL PARAMETERS.

mean square error (see equation 4) of 0.01 squared detector

elements. A comparison of the nominal geometry to the

estimated geometry can be found in table II. The used table in-

crement was supposed to be d0 = (0.0 mm, 0.0 mm, 3.0 mm)
and the calibration resulted in a table feed vector of d =
(0.01 mm, −0.02 mm, 3.02 mm).

After the calibration a contrast–enhanced mouse scan orig-

inating from a protocol acquiring 720 projection images over

360◦ was reconstructed. The mouse was scanned within the

scope of another project that covers all institutional require-

ments on animal care and handling.

The scans were reconstructed using a speed optimized

Feldkamp–algorithm (RayConstruct GmbH, Nürnberg, Ger-

many) and its results are shown in figure 2.

IV. RESULTS

Table I shows the mean relative errors of all relevant scanner

parameters obtained by the AGAME algorithm applied to

simulated data. All estimated values show relative errors no

greater than 1.00 % thus indicating that the AGAME algorithm

is able to accurately estimate the misalignment. Note that

the residual error is related to the simulated noise in such

a way that the best residual error is in the dimension 2σ2.

Thus the residual error obtained by the AGAME algorithm

which is presented in Table I further confirms the capabilities

of the algorithm. The results of the real scanner calibration

are shown in table II. The reconstructions obtained by using

the nominal and estimated geometry can be found in figure 2.

For comparison reasons the left part of the figure shows the

mouse reconstructed using the nominal geometry. Due to the

misalignment the bones as well as the object borders in the

corresponding regions of interest appear blurry. The right hand

side of figure 2 shows a similar slice and inserts reconstructed

with the parameters estimated by the AGAME algorithm. The

blur seems to be removed and object borders appear sharper

than in the uncorrected reconstructions. Note that the slice

positions and orientations do not exactly match due to the

different geometries used for reconstruction.

V. CONCLUSION AND DISCUSSION

AGAME is a new algorithm to estimate the misalignment

of micro–CT systems. It was proven by simulation that the

algorithm is capable of accurately estimating all geometric

parameters required for image reconstruction as well as the

table feed vector. The algorithm was further assessed to

calibrate a real micro–CT system. As no dedicated calibration

phantoms are required the calibration is cheap and fast. The

comparison of images reconstructed with nominal parameters

and estimated parameters showed that the AGAME algorithm

can significantly improve image quality.
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Abstract—We recently started a new collaborative project to 

develop improved Cardiac CT architectures and reconstruction 

algorithms. This paper presents a status update of the initial work 

in this project and we expect to be able to show several new 

results by the time of the conference. Firstly, we summarize the 

cardiac CT application needs and performance requirements. 

Secondly, we report on a study of cardiac CT architectures, which 

is still in progress. The architecture analysis requires in-depth 

understanding of the reconstruction process in terms of noise 

propagation, spatial resolution, Radon space completeness, and 

image artifacts. Thirdly, we present an evaluation framework 

based on simulations and measurements. We started implementing 

and verifying some advanced system models in our simulation 

framework. Finally, we present a high-level overview of the 

different challenges in cardiac CT and how different 

reconstruction techniques can overcome some of these challenges. 

 
Index Terms—Cardiac CT, Computed Tomography, 

Reconstruction, Simulation 

 

I. INTRODUCTION 

The overall goal of this project [1] is to develop novel 

cardiac CT architectures and the associated reconstruction 

algorithms, and to define the next-generation cardiac CT 

system. The specific aims are to (1) design, analyze and 

compare novel cardiac CT architectures with novel sources and 

scanning trajectories; (2) develop analytic and iterative cardiac 

CT reconstruction algorithms for ROI-oriented scanning and 

dynamic imaging for the proposed cardiac CT architectures; 

and (3) evaluate and validate the proposed architectures and 

algorithms in theoretical studies, numerical simulations, 

phantom experiments and observer studies. On completion of 
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this project, we will have singled out the most promising 

cardiac CT architectures and algorithms to achieve 16 cm 

coverage, 50 ms temporal resolution, 20 lp/cm spatial 

resolution, 25 HU noise level, and 1 mSv effective dose 

simultaneously for the entire examination.  

II. CLINICAL REQUIREMENTS 

To study the clinical requirements in cardiac CT, we 

performed a literature study, talked to a number of clinical 

experts and summarized the cardiac CT needs.  

We summarize the most important cardiac CT applications: 

• Coronary CT angiography (CCTA): Iodinated contrast 

agent is injected during cardiac CT to highlight the 

coronary arteries and assess the presence of flow-limiting 

lesions that indicate coronary artery disease (CAD). The 

current standard method to diagnose CAD is catheter 

coronary angiography (CCA), which is an invasive method 

that carries risk of morbidity and mortality. It has been 

reported that almost 40% of patients undergoing CCA for 

stable chest pain have no obstructive CAD.  In this patient 

population, it would be beneficial to avoid the risks 

associated with CCA.  Recently published results indicate 

that CTA can play a significant role in ruling out CAD in 

patients with atypical chest pain and equivocal stress test 

results [2]. Furthermore, there is active research in 

demonstrating the efficacy of CCTA in coronary plaque 

assessment, since most myocardial infarction events occur 

from the rupture of non-stenotic lesions. Studies have 

correlated calcified, intermediate, and lipid-rich plaques as 

identified with IVUS or histology to CT attenuation values 

[3-4]. 

• Myocardial Perfusion: SPECT MPI (Myocardial Perfusion 

Imaging) is the gold standard for the assessment of 

perfusion defects assessing myocardial perfusion in Rest 

and Stress images. CT is being investigated as a tool to 

assess myocardial perfusion and therefore ultimately 

provide anatomic and functional information.  

Investigators are reporting on different protocols 

mimicking stress and rest SPECT perfusion protocols, rest 

and Delayed Enhancement MR protocols, etc. [5-6]. The 

goal is to be able to identify a perfusion defect, to 

characterize it as viable or fixed, determine based on the 

type of defect the treatment options, and also quantify the 

extent of the infarct. Current technology limitations have 
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restricted these protocols to be used as investigational 

tools. 

• Triple Rule Out: In patients presenting in the Emergency 

Department (ER) with symptoms of Acute Coronary 

Syndrome (ACS), it is important to rule out coronary 

artery disease, aortic dissection, and pulmonary embolism 

(PE). PE is a sudden blockage in a lung artery, usually due 

to a blood clot that traveled to the lungs from one of the 

legs.  

• Calcium scoring: Calcium scoring is performed with a 

non-contrast CT Cardiac scan, which images the 

coronaries and quantifies the calcium buildup in the walls 

of the coronary arteries. AHA’s 2010 Recommendations 

for Calcium Scoring Methods suggest use of calcium 

scoring as a surrogate for cardiovascular risk assessment in 

asymptomatic adults at intermediate risk and low to 

intermediate risk, but not at low risk [7]. 

• Cardiac structural and functional evaluation:  In 2010, the 

ACCF / SCCT / ACR / AHA / ASE / ASNC / NASCI / 

SCAI / SCMR reported [8] that appropriate applications of 

CCT for heart function and heart structure include 

evaluation of ventricular morphology and systolic 

function, evaluation of native or prosthetic valves, 

evaluation of cardiac mass, pulmonary vein anatomy, 

pericardial anatomy, noninvasive coronary vein mapping 

in preparation for EP procedures or pacemaker placement, 

and bypass graft patency assessment. 

This summary only gives a high-level snapshot of the 

underlying clinical requirements. Based on the above clinical 

applications, we derived the desired cardiac CT performance 

characteristics summarized in the introduction. In addition, 

dual energy capability is desired to diagnose vulnerable plaque 

and possibly for improved perfusion imaging. Currently there 

is no commercial CT scanner that satisfies all of these 

requirements simultaneously. The goal of this project is to 

define the architecture and develop algorithms to 

simultaneously achieve all these performance requirements. 

III. ARCHITECTURE STUDY 

In recent years, a number of new CT technologies have been 

developed, including distributed X-ray sources, field emitters 

based on carbon nanotubes, photon-counting detectors, fast CT 

gantries with high-performance bearings, interior ROI 

reconstruction, etc. The overall goal of the architecture 

definition is – based on these new technologies – to design, 

analyze, refine and identify superior cardiac CT architectures. 

No new cardiac CT architectures were announced at RSNA 

2010 and the situation remains that different companies still 

lead in different areas: Toshiba has the widest collimation 

(160mm). Siemens chose to focus on temporal resolution 

(~100ms). GE has the highest spatial resolution. Only GE and 

Siemens currently offer dual energy capability. All companies 

try to minimize radiation dose using a variety of approaches 

ranging from image pre- and post-processing approaches 

(AIDR, iDose, IRIS) to full-blown statistical iterative 

reconstruction (Veo). 

We have developed about 20 initial cardiac CT concepts. 

Some concepts are dedicated cardiac CT scanners and some 

other concepts are general-purpose CT scanners with specific 

cardiac CT capabilities [1].  We developed sketches, high-level 

geometrical descriptions, and a first-order IQ and complexity 

analysis. The analysis of the architecture is still in progress and 

will be performed in greater detail and reviewed with the team 

and with key clinical and industrial contacts. Figures 1-6 

summarize some of the concepts that are included in the 

architecture study. 

 
 Fig. 1.  Baseline Architectures: this includes all commercially available 

CT architectures, including a high-resolution system, a 160mm coverage 

system, and a dual-source system. 

 

Fig. 2.  Saddle-curve Architectures: Line sources with longitudinally offset 

focal spots were previously proposed by GE researchers [9-12] and can be 

used to implement a saddle trajectory. A composite-circling scanning mode 

was proposed by Virginia Tech researchers [13] as an alternative to solve the 

short object problem. 

 

Fig. 3.  Inverse Geometry Architectures: Inverse-geometry CT (IGCT) 

developed collaboratively by Stanford University and GE Global Research 

[14-16] consists of multiple focal spots each emitting a relatively narrow x-ray 

beam through a small portion of the field-of-view. It has the potential to 

provide very good dose-efficiency and large coverage without image quality 

compromises. 
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Fig. 4.  Interior CT Schemes [17-21]: interior CT is achieved by 

collimating x-rays to an ROI. This requires centering the ROI. More ideas 

were proposed by others including “aggressive” and “dynamic” bowties [22]. 

 

 
Fig. 5. Hybrid CT architectures [23]: A spectral detector can be embedded 

in a conventional detector array to implement color interior CT for 

characterization of plaques and other features. 

 

 

Fig. 6. Instant CT architectures [24-25]: Similar to EBCT, an instant CT 

scanner is optimized for temporal resolution. The Virginia Tech authors 

recently introduced a stationary interior cardiac CT concept according to 

interior tomography and compressive sensing.  

IV. SIMULATION STUDIES 

We have started the simulation studies by building models 

for high-resolution and multi-spectral CT acquisitions, all using 

the proprietary simulation environment CatSim [26]. We 

initially focused on developing and validating a model for the 

highest-resolution clinical CT scanner today, the CT750HD. 

We achieved good agreement with real measurements. Figure 7 

shows a comparison between simulations with and without 

focal spot wobble. The impact of wobble on aliasing is 

obvious. In addition, we measured a large increase in spatial 

resolution. We also developed a photon-counting (PC) 

simulation model in CatSim (not shown). 

 

 
 Fig. 7.  CatSim simulations : noise-free simulation of the nCAT phantom 

without (left) and with (right) focal spot wobble. In addition to an increased 

MTF, wobble successfully eliminates aliasing artifacts. The window-level was 

200HU – 1000HU. 

V. RECONSTRUCTION METHODS 

Our algorithm development is categorized into three classes: 

(1) global reconstruction, (2) interior reconstruction, and (3) 

dynamic reconstruction. While global reconstruction 

algorithms will be used to produce key image quality and 

radiation dose indexes, all these types of algorithms will be 

developed and optimized for the selected cardiac CT 

architectures. The main cardiac CT challenges are summarized 

here along with some reconstruction technologies that may 

help address them: 

• Temporal resolution 

o Multi-sector reconstruction [27] 

o Motion-compensated reconstruction [28] 

o Sparse view reconstruction [29-30] 

o Limited view reconstruction [31] 

o Interior reconstruction [17-21] 

• Spatial resolution 

o Advanced beam width models [32-33] 
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• Wide-coverage 

o Multi-source reconstruction [34] 

• Dose reduction 

o Statistical reconstruction [35-38] 

o Non-linear Regularization [] 

VI. CONCLUSION 

Cardiac CT is undoubtedly one of the most demanding CT 

applications, simultaneously requiring a number of very 

challenging performance aspects. This abstract gives only a 

flavor of the work that will be performed as part of this project. 

By the time of the conference, we will have completed the 

clinical requirements study and the cardiac architecture 

development study. We will also show more progress in the 

simulation and reconstruction developments. 

ACKNOWLEDGMENT 

The authors would like to thank the members of the project 

steering committee – Darin Okerlund (GE Healthcare), Bob 

Senzig (GE Healthcare), Jiang Hsieh (GE Healthcare) and Hao 

Lai (GE Global Research) – for their valuable advice and 

support. 

REFERENCES 

[1] H. Yu, B. De Man, J. Carr, M. Frontera, K. Zeng, J. Bennett, P. 

Fitzgerald, M. Iatrou, H. Shen and G. Wang, “How to Define the Next 

Generation Cardiac CT Architecture?”. In the First CT meeting, Salt 

Lake City, July 2010. 

[2] S. Schroeder, et al., “Cardiac computed tomography: indications, 

applications, limitations, and training requirements: report of a Writing 

Group deployed by the Working Group Nuclear Cardiology and Cardiac 

CT of the European Society of Cardiology and the European Council of 

Nuclear Cardiology.” Eur Heart J (2)9:531–56,2008. 

[3] C. Caussin et al., “Coronary plaque burden detected by multislice 

computed tomography after acute myocardial infarction with near-

normal coronary arteries by angiography.” Am J Cardiol 92(7): 849-52, 

2003. 

[4] AW Leber, A Knez, et al., “Accuracy of multidetector sprial computed 

tomography in identifying and differentating the composition of 

coronary atherosclerotic plaques: A comperative study with 

intracoronary ultrasound.” J Am Coll Cardiol 43:1241–1247,2005. 

[5] P. Soman, R. Taillefer, E.J DePuey, et al.  “Enhanced detection of 

reversible perfusion defects by Tc-99m sestamibi compared to Tc-99m 

tetrofosmin during vasodilator stress SPECT imaging in mild-to-

moderate coronary artery disease.”  JACC (37); 458-462, 2001. 

[6] K., Nieman, M. Shapiro, M.  Ferencil, M., et al. “Reperfused Myocardial 

Infarction: Contrast-Enhanced 64-Section CT in comparison to MR 

Imaging”. Radiology 247(1): 49-55,2008. 

[7] ACCF/AHA, JACC (2010): “2010 ACCF/AHA Guideline for 

Assessment of Cardiovascular Risk in Asymptomatic Adults: Executive 

Summary; Recommendations for Calcium Scoring Methods.” JACC 56 

(25), 2010. 

[8] ACCF/SCCT/ACR/AHA/ASE/ASNC/NASCI/ SCAI/SCMR, JACC: 

“2010 Appropriate Use Criteria for Cardiac Computed Tomography.”, 

2010. 

[9] C. Wilson, M. Vermilyea, J. Simpson, “Rotating notched transmission 

X-ray for multiple focal spots”, US patent 6947522 B2, 2005. 

[10] J. Price, W. Block, M. Vermilyea, “Extended multi-spot computed 

tomography x-ray source”, US patent 6983035 B2 , 2006. 

[11] J.D. Pack, F. Noo, H. Kudo, “Investigation of saddle trajectories for 

cardiac CT imaging in cone-beam geometry”, Phys Med Biol, 49(11): 

2317-2336, 2004. 

[12] H.Y. Yu, et al., Exact BPF and FBP algorithms for nonstandard saddle 

curves. Medical Physics, 32(11): 3305-3312, 2005. 

[13] H.Y. Yu, G. Wang, “Cone-beam Composite-Circling Scan and Exact 

Image Reconstruction for a Quasi-Short Object”, International Journal of 

Biomedical Imaging, ID 87319, 2007. 

[14] B. De Man, et al. Multi-source inverse geometry CT : a new system 

concept for X-ray computed tomography. in Proceedings of SPIE, Vol. 

6510, Paper No. 65100H. 2007. 

[15] B. De Man, et al. “Inverse geometry CT: the next generation CT 

architecture?” in IEEE NSS-MIC, Honolulu, 2007. 

[16] S. Mazin, et al., “Inverse-geometry volumetric CT system with multiple 

detector arrays for wide field-of-view imaging”. Medical Physics, 34(6): 

p. 10, 2007. 

[17] D. Langan, et al. “An iterative algorithm for soft tissue reconstruction 

from truncated flat panel projections”, in SPIE. 2006. San Diego, CA. 

[18] Ge Wang and Hengyong Yu; Can interior tomography outperform 

lambda tomography? Proceedings of the National Academy of Sciences 

of the United States of the America (PNAS); 107(22) E92-E93, 2010 

[19] Qiong Xu, Hengyong Yu, Xuanqin Mou and Ge Wang; Statistical 

interior tomography, Developments in X-Ray Tomography VII, August 

2010, San Diego, California 

[20] Ge Wang, Hengyong Yu, Kriti Sen Sharma, Chris Wyatt, Linbing Wang, 

Tea Andric, Joseph Freeman, Steve Wang, Michael Feser, SH Lau, 

Wenbing Yun; Interior reconstruction for multi-scale CT facility; First 

International Meeting on Image Formation in X-ray Computed 

Tomography, June 2010, Salt Lake City, Utah 

[21] Hengyong Yu, Qiong Xu, Xuanqin Mou and Ge Wang; Recent Progress 

in local reconstruction; Statistical interior tomography, Developments in 

X-Ray Tomography VII, August 2010, San Diego, California 

[22] E. Tkaczyk, et al., “X-ray filter having dynamically displaceable X-ray 

attenuating fluid”. US patent 2007. 

[23] B. De Man et al., “Method for Performing Image Reconstruction using 

Hybrid Computed Tomography Detectors”, US patent 7,372,934 B2, 

2008. 

[24] B. De Man, et al., “Stationary Computed Tomography System and 

Method”. US patent 7,280,631 B2, 2007. 

[25] G. Wang, H.Y. Yu, and Y.B. Ye, “A scheme for ultrafast tomography”. 

Med Phys, to appear, , 2008. 

[26] B. De Man, S. Basu, N. Chandra, B. Dunham, P. Edic, M. Iatrou, S. 

McOlash, P. Sainath, C. Shaughnessy, B. Tower, E. Williams. 

“CATSIM: a new Computer Assisted Tomography SIMulation 

environment”. in SPIE, 6510, 65102G. 2007. San Diego, CA. 

[27] T. Pan et al, “New multi-sector reconstruction for cardiac CT”, IEEE 

NSS-MIC, 2002. 

[28] G. Wang et al, “Preliminary study on helical CT algorithms for patient 

motion estimation and compensation”, IEEE Trans. Med. Im., 14(2), 

1995. 

[29] De Man, P. Edic, S. Basu, “Phase-weighted sparse-view iterative 

reconstruction for cardiac CT”, in ECR, Vienna, 2003. 

[30] B. De Man, P. Edic, S. Basu. “An iterative algorithm for time-resolved 

reconstruction of a CT scan of a beating heart”, Fully 3D Meeting, 2005. 

[31] G.-H. Chen, J. Tang, S. Leng, “Prior image constrained compressed 

sensing (PICCS): A method to accurately reconstruct dynamic CT 

images from highly undersampled projection data sets”, Med. Phys. 35, 

660, 2008. 

[32] J. A. Browne, “Maximum-likelihood X-ray computed tomography finite-

beamwidth considerations”, Appl. Opt., 34(23), 1995. 

[33] B. De Man, “Iterative reconstruction for reduction of metal artifacts in 

CT”, ftp://134.58.179.7/pub/nuyts/publications/thesis_BrunoDeMan.pdf 

[34] Z. Yin, B. De Man, “3D analytic cone-beam reconstruction for less than 

a full scan using a multi-source CT system”, IEEE NSS-MIC, 2007. 

[35] J. Nuyts et al, “Iterative reconstruction for helical CT: a simulation 

study” Phys. Med. Biol., 1998. 

[36] B. De Man, “An iterative maximum-likelihood polychromatic algorithm 

for CT”, IEEE Trans. Med. Im., 2001. 

[37] K. Sauer et al, “A local update strategy for iterative reconstruction from 

projections”, IEEE Trans. Sig. Proc., 2002. 

[38] J. Fessler et al, “Statistical image reconstruction for polyenergetic X-ray 

computed tomography”, IEEE Trans. Med. Im., 2002. 

[39] J.-B. Thibault et al, “A three-dimensional statistical approach to 

improved image quality for multislice helical CT”, Med. Phys., 2007. 

194 11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine



 

Impact of the System Matrix Modeling Complexity 
on Reconstruction Quality in Compton Camera 
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I. INTRODUCTION   
A Compton camera is a device with electronic collimation 

allowing detection of single gamma rays of a very wide 
energy range (0.2 - 10 MeV). Therefore, it is obvious to use a 
Compton camera for applications in astronomy [1], homeland 
security [2] and medical imaging [3] if wide energy range 
photons have to be measured.  

A particular application of a Compton camera in medical 
imaging can be the dose monitoring of ion radiation therapy. 
Up to now the only method for such monitoring is positron 
emission tomography (PET) [4]. Due to inherent limitations of 
the PET technique – the distortion of the measured β+-activity 
by metabolism and blood flow [5], [6] – a direct quantification 
of the delivered dose is not feasible. Imaging of prompt 
gamma rays produced during the irradiation is expected to 
overcome this problem. In contrast to up to 20 min half-life of 
radiotherapy relevant positron emitters, the time scale of 
prompt gamma ray emission is in fs - ps range. Thus it is not 
affected by metabolism or blood flow. 

Therefore, another approach currently under investigation is 
dose monitoring by means of detection of prompt gamma 
rays. Because of the wide energy spectra of prompt gamma 
rays produced during ion therapy, a Compton camera is 
proposed to be a solution. Its basic feasibility in this context 
has been shown by means of simplified simulations (Fig. 1) 
[7]. 

 

 
Fig. 1. Reconstructed images of annihilation points distribution acquired with 
the PET scanner (left) and Compton camera (right). A distribution of positron 
emitters was simulated from a real treatment plan of carbon ion irradiation at 
GSI, Darmstadt, Germany. All important features as maximum particle range, 
emptiness of cavities and high activity in bone structures can be observed in 
the image reconstructed from data virtually measured by a simplified Compton 
camera. 

This paper examines the impact of different levels of 
modeling complexities of the system matrix on the quality of 
reconstructed images. 
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II. IMAGE RECONSTRUCTION OF COMPTON CAMERA DATA 
The aim of the image reconstruction is to find an image b’ 

with maximum similarity to the unknown study object b. This 
study object is mapped to a hardware response (measurement) 
h by the system matrix (SM) A: 

A: bØ h                                      (1) 
The definition of the SM is a crucial point in image 

reconstruction. An application independent and extensible 
method for SM calculation [8] was used: 

A. Model elements 
Corresponding to the operating principles of a two plane 

Compton camera the event space H has the attributes P and 
E1, R and E2, describing event location and energy deposition 
to the scatter and absorber detector, respectively. Every valid 
measurement of the camera is located in this space. The output 
of a physical camera always has uncertainties [9]. Therefore, 
the event space attributes can be represented as probability 
distributions or simplified to scalars. Additionally, there is the 
implicit attribute q, the scattering angle from the Compton 
formula, which is defined by E1 and E2.  

The image space B defines properties of the activity 
distribution of the origin and reconstructed object. The image 
space attributes Q and E0 are the location and energy of the 
photon emissions, respectively. 

As mentioned above, the system matrix A maps a study 
object to a measurement. The SM elements aij are the 
probabilities that an emission in a discrete region j of the 
image space (of Qj, E0,j) will result in a contribution to the 
event space region i (of E1,i, E2,i, Ri, Pi, qi). The mapping is 
done by 

∑=
j jiji bah ,                             (2) 

where b and h are a study object and a camera measurement 
within a task, respectively. 

B.  System matrix layering 
A matrix element aij can be factorized into sub-probabilities 

aij = aij(X0)·aij(X1)·… for independent random variables 
X0, X1,… [10]. The appropriate selection of this splitting 
reduces the complexity of the algorithm, simplifies the 
implementation, and dramatically reduces the computational 
costs by skipping most of the calculations due to aij = 0 if 
aij(Xk) = 0 at least for one k. 

Two classes of sub-probabilities can be distinguished: 
1) Plausibility probabilities 

The plausibility tests work on the redundancies coming out 
of the SM definition, e.g. based on the Compton kinematics. 
These tests are the major source for reduction of the 
computational costs. If the event attributes are probability 
distributions, these plausibility probabilities are real-valued; in 
case of scalars they are binary-valued. 
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2) Transition probabilities 
Different physical effects influence the probability of photon 

detection. A logic photon state machine is used in order to 
model this. The simple state machine shows possible photon 
interactions, reduced to those related to a successfully 
measured event (Fig. 2). 

Within this state machine a state is determined by a set of 
positions of the photon, a set of directions, and energy. Each 
transition describes an abstract photon interaction. The 
probability of a transition towards the final state is a 
sub-probability in terms of the SM and can be calculated 
separately. The final state corresponds to a successful 
measurement. 

 

 

Fig. 2. State diagram for 
the logic photon state 
machine. It illustrates the 
states with a set of 
locations, a set of 
directions, and energy of 
the photon. A transition 
which meets the 
mentioned condition 
(box brackets) leads 
towards an event (final 
state) and is associated 
with a sub-probability 
(blue). 

C. CURRENT IMPLEMENTATION 
Currently there are two plausibility tests implemented. They 

check for E1,i + E2,i ≙ E0,j and for the spatial localization of Qj 
onto a conical surface defined by the apex Pi, the axis RiPi, 
and aperture of 2·qi (aka cone projection). Both 
implementations are done with respect to the stochastic nature 
of the event attributes. 

Figure 2 illustrates the implemented state machine. The 
transition probability can be calculated for four of the charted 
transitions: Tdirscat, Tscat1, Tscat2, Tabs. For all of them algorithms 
were developed and implemented. 

III. SIMULATION AND RECONSTRUCTION 
Derived from Compton camera hardware currently under 

construction [9], measurements were simulated by means of 
Geant4. The simulated Compton camera consists of scatter 
and absorber detectors made of CZT and BGO, respectively. 
They are located at x = y = [-20, 20), z = 250 with a 
segmentation of 40 × 40 pixels and x = y = [-40, 40), 
z = 300 mm with 80 × 80 segments, respectively. 

The scene (study object) is a mathematical line source at 
y = [-150, 60), x = z = 0 mm as shown in Fig. 3. So the 
reconstruction capabilities in terms of both, point broadening 
and distribution recovery can be examined. Simplifying the 
analysis of the results, a monoenergetic emission of 

E0 = 2.2 MeV was chosen. This is a frequent emission from 
hydrogen neutron capture during proton irradiation. 

Using one set of 1900 events several image reconstructions 
were computed with different system matrix complexities. 
This was implemented by either including certain transition 
probabilities or not. The gold standard reconstruction 
algorithm ML-EM was utilized. For evaluation and 
comparison of the reconstruction results five preliminary 
figures of merit (shown in Tab. 1) were selected. Each scores 
a different aspect of quality. Due to the non-expansion 
characteristics of the scene they are applied to either the x- or 
y-projection of an image space slice at z = 0 mm. 

 

 

Fig. 3. The emission scene used in all 
performed simulations. It is defined 
by a line source of E0 = 2.2 MeV at 
y = [-150, 60) and x = z = 0 mm. 
Therefore, this source has no spatial 
expansion. 

 
Tab. 1. Figures of merit and their description used for evaluation and 
comparison of the reconstruction results. The arrows indicate better results. 

xSD 
ä 

Standard deviation of Gaussian fit of 
x-projection. 

yRMSE 
ä 

Root mean square error over all pixels in 
y-projection. 

yRSD 
ä 

Standard deviation of the reconstruction 
within the non-zero region of the known 
emission scene distribution in y-projection. 

yRR 
â 

Percentage recovery rate of the reconstruction 
into the non-zero region of the known 
emission scene distribution in y-projection. 

yCR 
â 

Contrast ratio of the mean values of the 
reconstruction in zero and non-zero regions of 
the known emission scene distribution in 
y-projection.  

 

 
Fig. 4. Comparison of the impact of different SM complexities on 
reconstruction quality. Shown is the 7th iteration of ML-EM computed from the 
same set of 1900 events. 
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IV. RESULTS 
The results of four different system matrix complexities are 

presented here. The least complex one applies the plausibility 
probabilities and no transition probabilities (no TPs). The 
transition probabilities Tdirscat, Tscat2, and Tabs are added step by 
step in order to increase the SM complexity. Due to the 
monoenergetic emission spectrum, Tscat1 has no effect. 

The impact of the SM complexity on the reconstruction 
quality is depicted in Fig. 4 by utilizing the figures of merit 
mentioned above. Figure 5 shows equal information in a more 
descriptive manner. These comparisons outline, in general, a 
gain of quality by increasing the system matrix complexity. 
Additionally, the transition probabilities’ strong mutual 
influence is signalized, e.g. by the impact of Tdirscat.  
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Fig. 5. Results of reconstructing one set of 1900 events using different SM complexities. Shown is the 7th iteration of ML-EM. 
Left: Image space slice at z = 0 mm. Center: x-projection of reconstruction with Gaussian fit. Right: y-projection of 
reconstruction and known scene distribution. 
1st row:  No transition probabilities. 2nd row: Tdirscat. 3rd row: Tdirscat, Tscat2. 4th row: Tdirscat, Tscat2, Tabs. 
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Abstract—Metal artifact reduction (MAR) is a major problem 

with X-ray computed tomography. In this article we propose a 
hybrid iterative reconstruction technique for metal artifact 
reduction. This method is mainly composed of three steps: a 
pre-iteration step in which an approximate solution is obtained; a 
simple thresholding sinogram segmentation performed to get an 
estimation of the metal projection region (MPR); a post-iteration 
step initialized with the formal solution in which data in the MPR 
is ignored. In both iteration steps total variation (TV) regularized 
iterative construction is adopted, taking advantage of TV, which 
effectively selects an ideal solution from all feasible solutions. 
This method is easy for implementation and successfully 
suppresses metal artifacts. 
 

Index Terms—Metal Aritfact Reduction (MAR), Iterative 
Reconstruction, Total Variation (TV), HIMAR 
 

I. INTRODUCTION 
It is well known that metal artifact reduction (MAR) is a 

major problem with X-ray computed tomography [1]. The 
presence of high attenuation objects, which are mainly 
composed of metallic parts, always leads to heavy streaking 
artifacts in the reconstructed image, especially when the 
conventional filtered back-projection (FBP) algorithm is 
employed. These artifacts not only blur the image, causing 
serious degrading of image quality, but also bring trouble into 
medical diagnosis. 

 Mathematically the artifacts are caused by inconsistencies 
in Radon space. Metal objects greatly attenuate X-ray beam, 
producing an insufficient number of photons that reach the 
detector. Decreasing X-ray attenuation by using less 
attenuating materials or increasing the X-ray energies can help 
for metal artifact reduction. However, these approaches are not 
practical. Briefly speaking, current metal artifact reduction 
approaches can be classified into two categories: projection 
interpolation methods and iterative methods. The main idea of 
interpolation methods is to treat the metal projection region 
(MPR) in sinogram as “bad data” and replace it with linear or 
polynomial interpolation from the uncontaminated adjacent 
projection data. These methods are based on the assumption 
that the measured data of MPR, which is affected by metal 
objects, is “useless” or “corrupted”. Usually a segmentation of 
sinogram should be adopted to identify the MPR before 
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interpolation by various techniques: either directly done in 
sinogram by thresholding or by a reprojection operator with a 
pre-reconstruction-and-segmentation of metal objects in the 
image domain [2]. Variational model is also applied for MPR 
segmentation [3]. There are a lot of interpolation techniques for 
the compensation of the missing data. Kalendar et al proposed a 
metal artifact reduction method fitting the data hollows with 
linear interpolation [4]. Lewitt and Bates bridged the data gap 
by polynomial interpolation [5]. Image inpainting methods are 
also effective for estimation of the projection data in the metal 
shadows, e.g. directional interpolation, curvature based 
sinogram inpainting through Euler’s elastic [6] and TV 
inpainting [3]. Zhao et al. developed a multiresolution 
algorithm with a wavelet based interpolation [7]. 

Interpolation methods are effective and easy for 
implementation. However a major shortcoming of interpolation 
methods is that they rely on an accurate segmentation of the 
MPR to ensure effective removal of the affect of metal. As a 
result, these methods are usually not able to deal with 
complicated cases, where it is difficult to tell exactly which part 
of the measured data belongs to MPR in the sinogram.  

Various iterative reconstruction algorithms have been 
known for years, such as the expectation maximization (EM) 
type algorithms and algebraic reconstruction technique (ART) 
type algorithms. Statistical model and prior knowledge can be 
taken into consideration in iterative reconstruction, which is 
suitable for ill-posed problems with missing data. Ge Wang et 
al developed EM-type and ART-type metal artifact reduction 
algorithms [8]. Iterative methods always achieve better image 
quality than interpolation methods, but they are 
computationally expensive. However, with the fast 
development of CPUs and GPUs, the computation speed is no 
more a bottleneck for application of iterative algorithms in 
actual CT. 

In this work, we propose a hybrid iterative metal artifact 
reduction technique, HIMAR, which contains pre-iteration and 
post-iteration steps. This method takes advantage of TV 
regularized reconstruction from complete projection data that 
offers an approximate solution, suppressing most artifacts 
except for heavy streaks intersecting the metal objects. Then an 
iterative “correction” is performed from incomplete data that 
excludes data in MPR, also in a TV-regularized form. With the 
combination of the two iteration steps streaks are rapidly 
removed. This Method neither requires a good estimation of the 
MPR. It is easy for implementation and only a few dozens of 
iterations are required  in pre-iteration and post-iteration steps 
respectively to get an image with good quality. 

An Iterative Reconstruction Technique for Metal 
Artifact Reduction 

Hui Xue, Li Zhang, Yuxiang Xing and Zhiqiang Chen 
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II. METHODS 

A. TV-regularized Iterative Reconstruction 
CT data measurement can be modeled by a discrete linear 

system: 
 ,p Mf=  (1) 
where f  is the image vector, M  is the system matrix, and p  
is the measured data. The CT reconstruction problem is usually 
formulated as  
 

( )2

2

1arg min ,
2f

f p Mf J fλ= − +  (2) 

where the first term is known as a data fidelity term, the second 
term is the penalization term or regularization term. The 
regularization term ( )J f  can be chosen to be some prior 
knowledge of the image. λ  controls the tradeoff between the 
data-fit and the penalty terms. 

In the last two decades, total variation regularized 
algorithms has attracted increasing interest in computer 
tomography. In these algorithms ( )J f  is chosen to be the TV 

norm 
TV

f  of the reconstructed image f . The TV norm of an 
image, which is in fact the l1-norm of the gradient of image, is 
defined as 
 

1
,

TV
f f dx= ∇∫  (3) 

where ( )f x∇  represents the image gradient.  
The unconstrained form (2) can be reformulated as a 

constrained form, or called a TV minimization problem, which 
is more convenient for implementation: 
 2*

2
arg min . . 0.

TV
f

f f s t p Mf and fε= − < ≥  (4) 

TV minimization algorithm was first proposed by Rudin et 
al for image denoising [9]. It has been widely used in image 
processing, medical physics and compressive sensing. In 
computerized tomography, particularly when complete 
projection data is unavailable, TV regularized reconstruction 
algorithm is a good choice. Sidky et al developed an effective 
POCS-TV scheme which perfectly handles few-view, 
limited-angle and bad-detector problems [10]. Under certain 
assumption that the image is piecewise constant, the TV norm 
is usually sparse, or approximately sparse, which is usually the 
case in medical imaging and other applications. The 
minimization of TV takes the advantage of sparseness and 
effectively seeks the solution with the sparsest gradient, hence 
suppressing the artifacts and greatly improving the image 
quality. 

It is reasonable to assume that  iterative reconstruction 
algorithms with TV regularization be effective for metal artifact 
reduction. Xiaomeng Zhang et al give results of POCS-TV for 
metal artifact reduction [11]. Our experiments also prove that 
the solution of TV regularized iterative algorithm is nearly 
accurate for monoenergetic projection data. However, X-ray 
beams are usually polyenergetic, hence beam hardening 
becomes the dominant cause of metal artifact [1]. Beam 
hardening introduces a nonlinear effect in the measurement and 

leads to low-frequency comet-tail artifacts around high 
attenuation objects. Experiments show that even after hundreds 

of iterations, streaking artifacts still remain among metal 
objects. 

 
Another kind of techniques also perform iterative scheme to 

suppress metal artifacts, ignoring the data in MPR or replacing 
them with interpolation [8]. These techniques require a good 
approximation to the contour of MPR. Experiments in III 
illustrate that when the segmentation is not perfect, heavy 
streaks are suppressed in contrast to the formal techniques, but 
star-shaped artifacts severely degrade the image quality near 
the metal objects. 
 

B. Hybrid Iterative Metal Artifact Reduction Technique 
In this work, we propose a hybrid iterative metal artifact 

reduction method named HIMAR. The scheme, which is 
composed of three steps, is shown in Fig. 1. The key concept of 
HIMAR is to take advantage of TV minimization and to 
reconstruct an approximate image from complete projection 
data before iteratively “correcting the image” that excludes 
unreliable data in MPR. It successfully removes streaks and 
converges much faster than reconstruction only from 
incomplete data as POCS-TV-I in III. 

Step 1 of HIMAR gives an approximate solution 0f  of (4). 

0f  is of good quality and used as the initial value for (5). The 
only job is to remove the streaks. In fact, the segmentation in 
step 2 results in a subset of p , which is defined as Sp , that 
excludes most of the MPR. Step 3 solves the optimization 
problem that decreases the constrains to a subset of the 
constraints in (4), removing the affection of metal and 
suppressing streaks. 

Start

Step 1:Pre-Iteration 
TV regularized reconstruction  

Step2: Segmentation 
Sinogram segmentation by thresholding

Step3: Post-Iteration
TV regularized reconstruction, Data in MPR ignored

End
 

Fig. 1.  The flow chart of the hybrid TV-regularized iterative metal artifact 
reduction technique. 

TABLE I 
SIMULATION PARAMETERS 

Parameter Value 

Source-to-rotation-axis distance 100cm 
Source-to-detector distance 160cm 
Radius of FOV 20cm 
Numbers of projections 360 
Angle range of projection 0~2π 
Detector width 80cm 
Numbers of detectors 512 
Image size 256×256 
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 2*

2
arg min . . 0,S STV

f
f f s t p M f and fε= − < ≥  (5) 

where SM is the corresponding system matrix of Sp and is also 
a subset of M . 
Algorithm HIMAR: 
Step 1: Pre-Iteration step. TV regularized iterative 
reconstruction is adopted to get an approximate solution 0f . 
Step 2: Segmentation step. Sinogram segmentation is applied in 
the initial sinogram by simple thresholding to get a mask of 
MPR, which is defined as S . 
Step 3: Post-Iteration step. TV regularized iterative 
reconstruction with 0f  as the initial value. Data in MPR is 
treated as “bad data” and ignored during the iteration. 

 When metal objects are present, 0f  may be smooth and 
edge-preserved due to the minimization of TV. However streaks 
that spread across the image connecting metal objects are 
strengthened as “pseudo edges”. In both pre-iteration and 
post-iteration steps, POCS-TV is adopted to solve the 
constrained problem (4).  

 

III. RESULTS 
We validate our method on numerical experiments. A 

polychromatic fan-beam projection simulator is built by 
Siddon’s ray driven algorithm. The simulation parameters are 
shown in Table I: 

We simulate polychromatic transmission data with the 
polyenergetic spectrum shown in Fig. 2. The spectrum of the 
X-ray tube is obtained by Monte Carlo simulations with a 
highest energy of 160keV [12]. In the simulation we use a water 
bath phantom. The phantom is composed of three cylinders 
made of different materials inserted into the cylindrical water 
bath as shown in Fig. 2, and three tiny iron cylinders are placed 
to test the metal artifact reduction algorithm. The linear 
attenuation coefficients are from NIST Standard Reference 
Database [13]. 

Reconstruction results are shown in Fig. 3. (a) shows that the 
FBP result is full of metal artifacts. In (c) POCS-TV algorithm 
offers a much smoother image, but heavy streaks sill remains 
among the three metal objects. As a result, the reconstructed 
values that lie on the region of the streaks are no more reliable. 
(d) adopts a similar idea with [8], ignoring the missing data 
from the very beginning. We call this technique POCS-TV-I. 

Although the three cylinders of alcohol are well reconstructed, 
obviously the area near the metal objects is seriously degraded 
and full of star-shaped artifacts. Notice that only POCS-TV or 
POCS-TV-I does not converge to a good result. (e) is the result 
of ART, which looks like (c) but is more noisy. (f) gives the 
reconstruction result when metal objects are not present for a 
reference. The reconstructed image of HIMAR is shown in (b). 
The streaks are successfully suppressed and the adjacent area of 
the iron cylinder is much smoother than in (d). The average and 
standard deviation of the linear attenuation coefficient for each 
cylinder is calculated as in Table II. Result of our method has a 
much lower standard deviation than (a), (c) and (e). In order to 
show that (b) is superior to (d) in the adjacent area of metal 
objects, we calculate the average and standard deviation of the 
linear attenuation coefficient of water in the three dashed circle 
as in Table III. In the next simulation, Gaussian distributed 
noise is added to the projection data at a level of 1% (20dB) to 
illustrate that HIMAR is robust to noise. The reconstruction 
results of HIMAR, FBP and POCS-TV are shown in Fig.4. 

IV. CONCLUSION  
We have proposed a new technique for metal artifact 

reduction. Our method is easy for implementation and 

 
(a)                                           (b) 

Fig. 2. (a) The X-ray spectrum; (b) The water bath phantom. 1: water, radius: 
15cm; 2: 60% alcohol, radius: 4cm; 3: 80% alcohol, radius: 4cm; 4: alcohol, 
radius: 4cm; 5: iron, radius: 0.6cm, 0.8cm, 1cm. 

TABLE IV 
LINEAR ATTENUATION COEFFICIENTS AT 70KEV 

Material ATTENUATION COEFFICIENTS 

Water 0.195cm-1 
Alcohol 0.153cm-1 
80% Alcohol 0.162 cm-1 
60% Alcohol 0.170 cm-1 
Iron 6.671 cm-1 

 

TABLE III 
LOCAL MEAN AND STANDARD DEVIATION OF LINEAR ATTENUATION 

COEFFICIENTS, WATER 

lable 
HIMAR POCS-TV-I 

MEAN STANDARD 
DEVIATION MEAN STANDARD 

DEVIATION 
1 0.189cm-1 0.0378cm-1 0.190cm-1 0.0650cm-1 
2 0.190cm-1 0.0293cm-1 0.190cm-1 0.0548cm-1 
3 0.190cm-1 0.0204cm-1 0.190cm-1 0.0412cm-1 
Reference* 0.194cm-1 - - - 

*The average linear attenuation coefficient of water in Fig.3 (f). 

TABLE II 
LOCAL MEAN AND STANDARD DEVIATION  OF LINEAR ATTENUATION 

COEFFICIENTS 

 ALCOHOL 80% ALCOHOL 60% ALCOHOL 

Reference 0.151 cm-1 0.159cm-1 0.167 cm-1 
HIMAR 0.151 cm-1 

(0.0021 cm-1) 
0.161 cm-1 

(0.0019 cm-1) 
0.167 cm-1 

(0.0030 cm-1) 
POCS-TV 0.151 cm-1 

(0.0200 cm-1) 
0.160cm-1 

(0.0121 cm-1) 
0.168 cm-1 

(0.0112 cm-1) 
POCS-TV-I 0.151 cm-1 

(0.0036 cm-1) 
0.162 cm-1 

(0.0024 cm-1) 
0.166 cm-1 

(0.0038 cm-1) 
ART 0.150 cm-1 

(0.0230 cm-1) 
0.159 cm-1 

(0.0161 cm-1) 
0.168cm-1 

(0.0157 cm-1) 
FBP 0.152 cm-1 

(0.0353 cm-1) 
0.160 cm-1 

(0.0260 cm-1) 
0.167 cm-1 

(0.0263 cm-1) 
The figure in the Parentheses is the standard deviation. 
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successfully suppresses metal artifacts. It does not require 
accurate and robust segmentation algorithms for the 
identification of MPR. Only a few dozens of iterations is needed 
to obtain an image with good quality. 

 

 

APPENDIX 
We present the reconstruction results of POCS-TV for 

monoenergetic projections for comparison in Fig. 5. Linear 
attenuation coefficients at 70keV are used for simulation. The 
reconstruction is nearly accurate. 
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(a)                                      (b)                                     (c) 

 
(d) 

Fig. 4.  Reconstruction results with 20dB noise. (a) FBP; (b) HIMAR, 20 iterations 
for pre-iteration step and post-iteration step respectively; (c) POCS-TV,40 iterations. 
The display window is [0 0.5]. (d) profile along the central column. 

 
(a)                                      (b)                                     (c) 

 
(d)                                      (e)                                     (f) 

 
(g) 

Fig. 3.  Reconstruction results. (a) FBP; (b) HIMAR, 20 iterations for pre-iteration 
step and post-iteration step respectively; (c) POCS-TV,40 iterations; (d) 
POCS-TV-I, 40 iterations; (e) ART,40 iterations; (f) results when no metal objects 
are present for reference. The display window is [0 0.5]. (g) profile along the central 
column of Fig .4(b), (c) and (f). 

 

 
Fig. 5.  Results of polyenergetic projection. Up: image reconstructed by 
POCS-TV; Down: profile along the central column. 
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Abstract—We suggest a method to obtain system noise model 

experimentally without relying on assumptions on statistical 

distribution of the noise; also, knowledge of DAS gain and 

electronic noise level are not required. Evaluation with ultra-low 

dose CT data (5 mAs) shows good match between simulated and 

real data noise. 

 
Index Terms—Computed tomography, low dose simulation 

 

I. INTRODUCTION 

Advances in technologies have enhanced the clinical 

applications of computed tomography (CT). However, 

concerns have been raised about the harmful effects of 

radiation from medical imaging.  Reducing patient dose by 

reducing X-ray exposure naturally increases noise in the 

images and the key question becomes how far can the dose be 

decreased and maintain physician confidence in the 

examination. A multitude of strategies, such as automatic 

exposure control methods, raw data filters, post-processing 

techniques and iterative reconstruction  have been developed to 

reduce the amount of noise for a radiation exposure given to 

the patient and thus maintain the image quality.  However, 

testing these methodologies on clinical subjects becomes an 

issue due to the use of multiple exposures to the patients. Thus, 

it becomes necessary to simulate an increase in image noise 

from the clinical data since scanning a patient many times at 

multiple doses is not prudent or ethical due to the detrimental 

effects of ionizing radiation. 

Our proposed method has been designed to allow the 

capability to simulate lower tube current values in CT images 

by adjusting the noise levels for a given data set.  Additionally, 

it may allow to determine how much x-ray dose is necessary 

for a given clinical problem, as well as for testing and 

development of reconstruction methodology and image 

processing algorithms that are sensitive to image noise. Thus, 

this noise simulation tool enables a practical way for protocol 

development and clinical research without the use of additional 

dose to the patient. 

Noise in CT data is generally has two components; quantum 
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noise, which is intrinsic to photon production and detection, 

and electronic noise. To accurately simulate the image 

degradation from a decrease in dose, the resultant image must 

accurately reflect the noise texture and streaks characteristic of 

that decrease in dose. This decrease in image quality is 

proportional to the decrease in photons and therefore must be 

accurately modeled at the pure raw (photon count) level—that 

is, at the data acquisition—before data processing, 

normalization, and reconstruction. Hence, image-based noise 

addition tools [4-6] will not exactly reproduce these effects.  

This noise simulation tool creates a precise measure of the 

scanner noise since the tool is based on noise measurements 

directly from the system and added to pure raw (photon count) 

data.  This methodology allows for accurate determination of 

the noise produced from the detector, data acquisition system 

(DAS) system performance, and the x-ray generation.  

Quantum noise is often described by Poisson’s statistics [1-3], 

or compound Poisson [4], where the variance is proportional to 

the measured signal. Electronic noise is a fixed value that adds 

in quadrature to quantum noise. This gives the behavior shown 

in Fig 1. 
 

 

Fig. 1. Noise signal ratio as a function of signal of pure raw (photon count) 

data. The total noise is dominated by electronic noise at very low signal and 

by quantum noise at higher signals. 

 

For clarity, let us consider an example with simulated data. 

We start with analytic noise-free data set expressed as pure raw 

data, Fig. 2A. The noise tool adds Gaussian noise, Fig. 2B. The 

noise added data is then used to create the projections (after 

corrections and logarithmic conversion), Fig 2C. The image is 

then reconstructed normally with the additional noise in the 

data. Thus this tool accurately simulates the effect of increased 

quantum noise due to a decrease in the number of photons 

being detected. 

Low Dose CT Simulation  

Using Experimental Noise Model 

Satoru Nakanishi, Michael D. Silver, and Alexander A. Zamyatin 
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Fig. 2. (a) Simulated noise-free pure raw data of an analytic chest phantom. 

Two profiles shown, one is in AP view (directly from top x-ray tube position) 

(blue), where photon counts do not drop to very low levels; and another profile 

is in LR view (from the side) (purple) where counts through the long path-

length become very low (photon starvation effect). (b) Noise added by 

simulation. (c) Raw data after logarithm inversion. 

 

Recently an analytic method of noise emulation for low dose 

data has been proposed [8-10]. Authors achieve good accuracy 

of low-dose noise simulation by simulating each step in 

imaging chain, including wedge, detector electronics, etc. In 

[10] authors did not have true information about system design, 

but inferred it statistically by various measurements of raw 

data. In [8,9] authors have accurate information about system 

design; however such information is usually not open for 

public use. 

In this study we suggest a method to estimate system noise 

by experimental approach, without relying on assumptions on 

statistical distribution of the noise; also, knowledge of DAS 

gain and electronic noise level are not required. In particular, 

we suggest generating a noise table for each scan condition 

(tube voltage, collimation, etc) by scanning a series of water 

cylinders of various sizes at various tube current settings. 

II. PROPOSED METHOD 

The proposed method consists of two main steps:  

Step 1: generate noise table for each scan condition 

Step 2: Given standard dose data, generate a low dose data 

by using the noise table from Step 1. 

Step 1 can be described in the following sub-steps: 

1) For a fixed scan condition, collect water cylinder data 

with various diameters and tube current settings (mA). By 

changing the mA we can collect a wide range of raw data 

values, form very low to very high. Data needs to be collected 

with gantry rotation turned off, to ensure that data are constant 

in the time direction.  

2) Processing data in the time direction, we can obtain mean 

value and variance. Coupling these two values, we obtain a 

knowledge of expected noise level at a particular measured 

signal level. 

3) By combining data from various scans we obtain a single 

noise mode curve, as shown in Fig.3. 
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Fig. 3. Experimental system noise model curve. 

 

Given the noise table, we can simulate low dose data with 

various tube current settings. Suppose we are given a noise 

reduction ratio, r, for a particular study, and a standard dose 

mA. Then we proceed as follows: 

1. Find the target low dose count pure raw values by 

multiplying the given standard dose values by r. 

2. Use the noise model to find the expected variance at this 

count value. 

3. Given the mean value and the variance, generate the 

random value according to the noise model described above. 

III. EVALUATION 

Evaluation of the noise simulation tool has shown accurate 

results from phantom testing as shown in the images below. 

Noise was added to a 290 mAs image which produced the 

simulation data at 5mAs, as shown in Fig.4.  The difference in 

standard deviation of noise between the simulation data and the 

actual scan data was several percent.  

Similar evaluations of the noise simulation tool have been 

done on the anthropomorphic phantom shown in Fig. 6-7.  The 

simulation creates low dose data from a scan which was 

acquired at 120 kVp, 290mAs medium FOV, 0.5mm slice 

thickness, 320 row and rotation time of 0.5 sec. The data shows 

good correlation between standard deviation of the noise from 

the 5 mAs acquired scan and the simulated  5 mAs as well as 

features in the noise including streaking. 
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Fig. 4. Evaluation with real water cylinder data. 

 

 
Fig. 5. (a) 290 mAs data (b) 5 mAs Acquired Data; (c) 5 mAs 

simulated Data. 

 

 
Fig. 6. Evaluation with real body phantom data. 
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Abstract— This work presents a method to obtain 

automatically the cardiac gating signal in a PET study of rats, by 

employing the variation with time of the counts in the cardiac 

region, that can be extracted from list-mode data. In an initial 

step, the cardiac region is identified in the image space by 

backward-projecting a small fraction of the acquired data and 

studying the variation with time of the counts in each voxel inside 

said region, with frequencies within 2 and 8 Hz. The region 

obtained corresponds accurately to the left-ventricle of the heart 

of the rat. In a second step, the lines-of-response (LORs) 

connected with this region are found by forward-projecting this 

region. The  time variation of the number of counts in these 

LORs contains the cardiac motion information that we want to 

extract. This variation of counts with time is band-pass filtered to 

reduce noise, and the time signal so obtained is used to create the 

gating signal. The result was compared with a cardiac gating 

signal obtained from an ECG acquired simultaneously to the 

PET study.  Reconstructed gated images obtained from both 

gating information are similar. The method proposed 

demonstrates that valid cardiac gating signals can be obtained 

for rats from PET list-mode data.  

 
Index Terms— Image reconstruction, Positron emission 

tomography, Cardiac Gating, self-gating, automatic gating, list 

mode data 

I. INTRODUCTION 

ARDIAC motion blurs  PET imaging of the heart, 

which causes a degradation of spatial resolution. This 

leads to incorrect SUV values and inaccurate quantitative 

measurements. It is especially important when a ROI in the 

left ventricle is used to obtain the blood input function [1].  

Cardiac and respiratory gating has been used for years in 

humans [2] and small animal PET scanners [1,3]. In these 

studies, cardiac motion was estimated by hardware-based 

mechanisms, recording for instance ECG signals and volume 
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changes. However, this additional equipment may not be 

available or may not work properly, and thus, it would be 

highly desirable to reconstruct an adequate cardiac gating 

signal without any additional equipment.  

Automatic gated motion detection has been proposed to 

correct for cardiac and respiratory motion in humans [4-7]. In 

these works, in order to estimate respiratory and cardiac 

motions, the variation of the number of counts with time was 

studied in the whole acquisition [4], as a function of the counts 

in a few axial slices [5], as a function of counts in some voxels 

of the reconstructed images [6], or as a function of counts in 

large sinogram bins [7].  

However, to the best of our knowledge, these kind of 

automatic cardiac gating methods have not been applied yet to 

small animal PET acquisitions. Cardiac frequency of rats, of 

the order of 4 Hz, is significantly higher than human one. This 

implies that the number of counts detected in each cycle is 

small, and thus the determination of the cardiac motion is 

more challenging than for human PET acquisitions. 

In this work, we present the results of a cardiac-gated study 

of a rat obtained without any external signal, performed with 

the ARGUS scanner [8], a small animal PET scanner that 

achieves a resolution of 1 mm with iterative reconstruction 

[9]. This demonstrates the ability of performing cardiac gating 

in rats based only on list-mode PET data.  

Due to the low number of coincidences acquired in each 

cardiac cycle, it was necessary a precise selection of the region 

with the most significant variations in the expected heartbeat 

frequencies (left ventricle). In these small-animal acquisitions, 

we were unable to employ methods based on the variation of 

counts in the whole acquisition or on each slice, because they 

do not provide enough signal-to-noise ratio (SNR) to 

determine the cardiac motion. 

The proposed procedure for obtaining the cardiac gating 

signal is general and may be applied to other PET scanners, as 

long as their sensitivity is high enough to collect enough 

number of counts in each heartbeat. 

II. MATERIALS AND METHODS 

A. Data Acquisition 

The data was acquired with the high-resolution small-animal 

PET scanner ARGUS [8]. This scanner acquires data in list-

mode files that are by default stored as LOR-histogram files 

[10]. Nevertheless, it may also acquire and store data for 

dynamic and gated acquisitions in list-mode files. These files 

store the LOR number, which defines crystal detector pair, for 
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each measured coincidence in an event-by-event basis, plus 

time information. External information from respiratory and 

cardiac measurements can be included in the list files in steps 

of the order of one ms. The transaxial FOV of the scanner was 

68 mm and the axial one 48 mm. Two acquisitions of 10 and 

30 minutes of a 220 g Wistar rat injected with 35 MBq of 

FDG were used for this study. 

The procedure followed to locate the cardiac region and the 

cardiac motion is schematically displayed in Fig. 1. 

 

 
 

Fig. 1.  Flowchart of data processing. 

 

B. Automatic Location of the Cardiac Region 

In this section we describe the main steps followed to find 

automatically the position of the left-ventricle. To this end we 

used the variation of counts with time at typical heartbeat 

frequencies of rats. Only those voxels located at the cardiac 

region have a significant count variation at those frequencies.  

For this analysis, it is not necessary to use all the acquired 

data. A small fraction of the measured coincidences of about 

30 seconds is enough to find the cardiac region accurately.  

Thus, the total time required to obtain and verify that a useable 

cardiac signal is available is very modest. This would allow 

for on-line implementation of this procedure during data 

acquisition. 

In a first step, list-mode data are fully-3D back-projected, 

without any filtering, into a low resolution image of 55  55  

21 voxels. These images are stored in steps of 33 ms. The size 

of the voxels and the temporal bin size ensure well enough 

spatial and time resolution, while also accumulating enough 

number of counts in each voxel. Several thousands of these 

images are obtained, corresponding to about 1 minute 

acquisition. Image samples obtained with this procedure  are 

shown in Fig. 4.  This requires less than one minute in a single 

CPU. In case necessary, this could be speed-up  using modern 

and powerful GPUs [11]. A sinogram with all the counts 

accumulated in the time bins is also stored for further analysis. 

The variation of counts in each individual voxel of the 

back-projected images along time frames is then analyzed in 

the frequency domain with a FFT algorithm. The resulting 

spectrum is smoothed using an average window to obtain the 

maximum amplitude of the signal (Max) inside the spectral 

range explored of 2 Hz - 8 Hz. On the other hand, the 

background (bg) level of the spectral amplitude spectrum is 

also obtained. The cardiac motion signal-to-noise ratio (CM-

SNR) obtained in the frequency domain is then defined as:                   

 

2

Max bg
CM SNR

bg

 
   

 
 (1) 

 

An image of 555521 voxels containing the values of the 

heartbeat SNR is stored. A threshold of 1/3 of the maximum 

CM-SNR value is used in order to separate the cardiac region 

from the rest of the image. The region obtained for the left-

ventricle can be compared with an FBP image computed from 

the accumulated sinogram. Despite the poor image quality of 

this image, it allows for a quick verification of the correct 

region identification (see Fig. 3). 

C. Automatic Cardiac Gating 

Once the cardiac region has been identified, LORs 

connected to it are determined by fully-3D forward-projection 

of the cardiac region identified in the image with the method 

previously described. Again, this requires less than 1 minute in 

a single CPU. A binary (connected / not connected) mask is 

obtained for all the LORs. Only those data in the list-mode 

acquisition that appear in a LOR connected to the cardiac 

region are used to study cardiac motion. This is a very 

important step in order to increase the SNR for the cardiac 

signal. Thus, all events in the list-more data are read and 

weighted by the binary mask. The resulting total number of 

coincidences organized in 33 ms time bins are stored. 

The 1-dimensional data obtained from the selected LORs 

are analyzed in the Fourier domain. A significant peak at 4 Hz 

can be found, as shown in Fig. 2. In order to reduce the effect 

of variations of the heartbeat of the rat during the PET 

acquisition or any cardiac arrhythmia, the Fourier analysis 

may be performed using a sliding time window of a few 

minutes. This will be further investigated in a future work.  

The time data is then band-pass filtered at the central 

frequency of the peak. A second-order Butterworth filter was 

used for this task. The filtered data represent the variation of 

counts in the left ventricle caused by the heartbeat. In order to 

obtain a gating signal from them, it is required to choose the 

phase of the cardiac cycle that will represent the time mark. 

Zero-crossing of the signal with the time axis, estimated from 

linear interpolation to increase time resolution, was employed. 

In the last step, using the gating signal as a reference, list-

mode data are then divided into several (seven, in the example 

presented here) independent gated frames. Data are stored in 

LOR-histogram files for each gate, which is the usual format 

used for this scanner.  

The gated frames are finally reconstructed separately with 

the fully-3D iterative reconstruction code FIRST [9] with 1 

iteration and 40 subsets. The number of voxels in these gated 

reconstructed images was set to 175 × 175 × 61. FIRST (fast 

iterative reconstruction software for (PET) tomography) 

implements a fully 3D iterative reconstruction of PET data 

based on a realistic model of radiation emission and detection.  
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D. Validation of the Results 

The dependence of the quality of the automatic location of 

the cardiac region on the length of data used was studied via 

the detectability of the cardiac region defined based on the 

Rose model of statistical detection as [12]: 

 
3 B

C B
Detectability




  (2) 

where C is the average value in the cardiac region, B is the 

mean background evaluated 10 mm away from the cardiac 

region and B is the background standard deviation. 

In order to validate the method, the resulting gated signal 

was compared to the one obtained with an external cardiac 

signal, which can be considered as gold standard. The external 

signal was acquired by equipment specifically developed to 

record and analyze the ECG signal from small animal and to 

yield the binary gate signal indicating the beginning of every 

cardiac cycle. This external gate is also available in the data 

acquired in this work.  

Thus, gated-data based on this external signal or with the  

self gate obtained with the method proposed in this work, were 

reconstructed. The resulting images are shown in Fig. 5. 

III. RESULTS 

 The frequency spectrum for the counts of a voxel located in 

the left ventricle is shown in Fig. 2. It can be seen that, due to 

cardiac motion, there is a clear peak at around 4 Hz. This peak 

is not present in voxels far from the cardiac region other. The 

position and width of this peak corresponds to the ones seen  

in the spectrum of the external ECG gating signal. 

 

 
 

Fig. 2.  Frequency spectrum of the counts in a voxel in the left-ventricle (left), 

obtained with the procedure described in this work, and  from the external 
ECG gating signal (right). 

 

The results from the method outlined in this work to locate 

the cardiac region can be seen in Fig. 3. On the left, the image 

obtained from the CM-SNR in each voxel is shown. In the 

center, a reconstructed low-resolution FBP image obtained 

with the same data used to locate the heart is displayed. On the 

right, the FBP image is shown combined with the SNR image 

after being segmented with a threshold. It can be seen that the 

region with highest CM-SNR correspond to the left ventricle. 

The impact on the ability of identifying the cardiac region 

of the number of data used, is shown in Fig. 4, where the 

detectability of the cardiac region, as defined in (2), increases 

with the number of data. In the first case (A), 500 time bins of 

33 ms were used. The detectability is then 1.1, which indicates 

that the cardiac region could only be detected with difficulty. 

In the second case (B), the number of time bins  is 1000 and in 

this case, the resulting detectability is 6.4, high enough to 

identify the heart adequately. In the last case (C), with 4000 

time bins (132 seconds of acquisition), the detectability jumps 

to 24.3.   

 

 
 

Fig. 3. Low-resolution image with the CM-SNR values, which gives the 

location of the cardiac region (left), low-resolution FBP image obtained from 
a small fraction of the data (center), and both images combined with the 

threshold applied to segment the cardiac region (right). In the three cases, 

transverse (above) and coronal (below) views of the images are shown. 

 

 
               ( A )                                   (B)                                      (C)         

 
Fig. 4.  Detectability of the cardiac region as a function of the number of time 

bins of 33 ms taken for the analysis.. 500 bins (A), 1000 bins (B), and 4000 

bins (C).In the three cases, the transverse (above) and coronal (below) view of 
the images are shown.  

 

Finally, the images reconstructed with the 3D-OSEM 

iterative reconstruction software FIRST, gated with the 

external signal and with the method proposed in this work are 

compared in Fig. 5.  

 

 
 

 
 

Fig. 5.  Image reconstructed from five seven frames gated from the external 

ECG signal (top) and from the self-estimated signal (bottom). In both cases,  

transverse (above) and sagittal (below) view of the images are shown. 
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Transverse and sagittal views of each reconstructed gated 

image is shown in Fig. 5. It can be seen that in both cases the 

motion of the heart is adequately frozen.  

IV. CONCLUSIONS 

In this work, an automatic cardiac gating procedure for 

small-animal PET acquisitions is proposed.  The results shown 

here, demonstrate that it is possible to obtain the gating signal 

in a list mode PET acquisition of a rat, simply by studying the 

variation with time of the counts in the cardiac region. 

Furthermore, we propose a procedure to automatically identify 

the heart in the image space by means of fast back-projecting a 

small fraction of the acquired data. This localization procedure 

can be also used for other purposes, such as cardiac 

segmentation. 

These results have been compared with the ones obtained 

with a gating signal from external ECG recording and 

analyzing equipment. The agreement between both sets of 

gated images is very good, with a high correlation between 

them. The method is currently being applied to more 

acquisitions and it is being extended to mice. Automatic 

respiratory motion detection in rats will also be explored in a 

future work. 

This code has been tested with acquisitions from the small-

animal PET scanner ARGUS. This procedure is quite general 

and may be applied to other PET scanners. It only requires 

list-mode data and that the count rate in these studies is high 

enough to have good SNR. 
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Abstract— With increasing awareness of radiation safety, dose 

reduction has become an important task of modern CT system 
development. This paper proposes an adaptive weighted 
anisotropic diffusion method and an adaptive weighted sharp 
source anisotropic diffusion method as image domain filters to 
potentially help dose reduction. Different from existing 
anisotropic diffusion methods, the proposed methods incorporate 
an edge-sensitive adaptive source term as part of the diffusion 
iteration. It provides better edge and detail preservation. Visual 
evaluation showed that the new methods can reduce noise 
substantially without apparent edge and detail loss. The 
quantitative evaluations also showed over 50% of noise reduction 
in terms of noise standard deviations, which is equivalent to over 
75% of dose reduction for a normal dose image quality. 
 

Index Terms—Inhomogeneous diffusion, anisotropic diffusion, 
denoise, computed tomography, image domain. 

I. INTRODUCTION 
With increasing awareness of radiation safety, dose 

reduction has become an important task of modern CT system 
development. Dose reduction methods can range from 
hardware improvement to optimizing data logistic chain to 
new processing algorithm development and improvement. 
Within all the possible solutions, image domain noise 
reduction provides a final means of noise reduction and affects 
how the images will be presented in terms of the structural 
sharpness and noise texture, therefore, it becomes critical.  

Many methods have been developed for the purpose. In a 
recent trend, as an adaptive processing tool, anisotropic 
diffusion (AD) has been widely used in noise reduction and 
feature enhancement in the image processing field. It has a 
number of advantages over conventional finite impulse 
response (FIR) filters and better suited for non-stationary and 
wide spectral noise situation. Via controlling diffusion 
coefficient, AD can achieve discontinuity-selective and 
direction-selective. The early and one of important 
publications in AD is [1], in which AD was first proposed as a 
powerful image processing tool. The paper provided the 
theoretical background for AD and demonstrated effective 
edge preserving and detection.  From mathematical view, [2] 
pointed out the possible instability issue in the algorithm of [1] 
in the way of calculating the diffusion coefficient and 
proposed a Gaussian filtering type regularization fix. [3] takes 
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the extreme of anisotropic diffusion by zeroing-out the 
filtering strength in the gradient direction. The filtering is only 
on the contour or tangent direction of the local features. This 
represents a class of anisotropic filtering methods, known as 
mean curvature motion. The class of AD methods, like [1] 
used a scalar diffusion coefficient. This kind of diffusion is 
nonlinear and made to be anisotropic by implementation. [4] 
introduced diffusion tensor into the diffusion processing and 
realized anisotropicity in mathematical sense. By properly 
selecting diffusion tensor elements, [4] presented an edge-
enhancing diffusion (EED). By selecting the elements 
differently, the same author proposed a coherence-enhancing 
diffusion (CED) in [5]. EED emphasizes on discontinuity 
enhancement while CED emphasizes on coherence or 
continuity enhancement. Scalar approach has the advantages 
of achieving AD processing with easy implementation and fast 
processing, while the tensor approach is more elaborated in 
anisotropicity, but with higher cost in implementation and 
processing time. In recent development, [6] adopted the tensor 
approach with an structural boost after the AD processing. The 
improvement, such as visibility of the small vessels in CT has 
been demonstrated. 

Further boosting structural features using an 
inhomogeneous term has been suggested in [4], but there were 
few studies in literature on this aspect. Although a recent paper 
[7] used  inhomogeneous diffusion equation for image 
denoising, the paper was still focused on AD part of the 
algorithm. In this paper, we propose an adaptive weighted AD 
(AWAD) and its variation, adaptive weight sharp source AD 
(AWSSAD). Both approaches include an edge-adaptive 
inhomogeneous term, therefore, can achieve image denoising 
with better edge preserving. In the view of physics, the 
inhomogeneous term in diffusion equation brings in the 
external exertion or energy to a system so that the system's 
behavior is a combination of the intrinsic modes of the free 
system (the homogeneous diffusion) and a forced external 
will. This is exactly what we want: use AD for primary edge-
preserving denoising and further boost the structural 
information by inhomogeneous term with preferred weight to 
the edges.  Our methods are 3D processing approaches. Both 
of them have demonstrated great potentials of reducing dose. 

The rest of the paper is arranged as follows: first, we will 
introduce the theoretical part of the algorithm in next section. 
Then, we will show some image examples to demonstrate the 
effectiveness of the method in the result section. In final 
section, we discuss and conclude the paper.  

Adaptive Weighted Anisotropic Diffusion For 
Computed Tomography Denoising 

Zhi Yang, Michael D. Silver, and Yasuhiro Noshi 

210 11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine



 
 
 
 
 

II. MATERIALS AND METHOD 

A. Anisotropic diffusion 
Anisotropic diffusion is given by 

 )uD(
t
u

∇•∇=
∂

∂
 (1) 

where "•" represents inner product of two vectors and D is data-
dependent diffusion coefficient with directional preference. In a 
general form, 
 ( )( )z,y,xuDD =  (2) 
is a function of location (x, y, z) and the image value u at that 
location, which steers the time-evolution of the image ( )z,y,xu  
to achieve anisotropic diffusion. Therefore, the pixels associated 
with large D are more filtered and with small D are less 
filtered. As a partial differential equation, to solve (1) requires 
an initial condition and boundary condition. For image 
denoising, the original image 0u  is the initial condition: 

 00),,,( utzyxu t ==  (3) 
Neumann boundary condition is assumed so that the  

directional derivative in the normal direction of the boundary 
is 0 and therefore avoids the energy loss on the image 
boundary during the diffusion process: 
 0un =∂  (4) 

B. Adaptive weighted anisotropic diffusion 
The proposed adaptive weighted anisotropic diffusion 

(AWAD) is given by 

 )uu(W)uD(
t
u

0−+∇•∇=
∂
∂

 (5) 

The inhomogeneous term in (5) acts as a structural boost term, 
or source term, where W is the source weight. Different from 
[4] and [7], W is an edge-dependent coefficient for an image 
feature selective boosting:  

 )z,y,x(Le1W −−=  (6) 
where, 
 )z,y,x(u)z,y,x(L sΔ=  (7) 

 )w,v,u(h)z,y,x(u)z,y,x(u 0s ⊗=  (8) 

A B

Fig. 1 Liver images (A) Before image filtering; (B) After AWAD; (C) 
After AWSSAD, where the ROIs for the quality measures used in Table 
I. The larger ROI is ROI 1 and smaller one is ROI 2. The observing 
window level and range is 80/800 HUs. 

C 
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where ⊗ is the convolution operator and us is the smoothed 
version of original image u0(x, y, z) by a smoothing kernel h(u, 
v, w), which can be a boxcar filter or other types of low-pass 
filters (such as Gaussian kernel filter). L is an edge map of the 
original image. In our implementation, Laplacian of the 
original image is used; however, any edge detection method, 
such as gradient method or local curvature method [6], etc. can 
be used. Laplacian of the smoothed original image has the 
advantage of retaining sharper edges, but reducing the slow 
changed features and uniform regions to zero-mean or near 
zero-mean. 

For AD part, we adopt the scalar diffusion coefficient in [1], 
which is: 

 2)k/s(1
1)s(D

+
=  (9) 

 )uG(s σ∇=  (10) 

 dkk 0=  (11) 
where Gσ means taking Gaussian smoothing of image u with 
filter standard deviation of σ, k0 is a constant coefficient and d 
is the averaging standard deviation of s. In practice, we found 
the processing without above Gaussian smoothing still 
produce reasonable result.  

C. Adaptive weighted sharp source anisotropic diffusion 
To further boost the image features, mainly edges, we can 

apply unsharp filter to the image to obtain an edge-sharpened 
version of u0 :  

 ⎟
⎠
⎞

⎜
⎝
⎛

−
−

−
−

= u
1w2

w1u
1w2

w)u(S 00  (12) 

and equation (5) becomes: 

 )u)u(S(W)uD(
t
u

0 −+∇•∇=
∂
∂

 (13) 

where This is the adaptive weighted sharp source anisotropic 
diffusion (AWSSAD).  

III. RESULTS 
Both AWAD and AWSSAD have been tested for CT image 

noise reduction under a variety of scan conditions. In 
numerical implementations, A typical parameter settings for 
both algorithms are k0 = 1, w = 0.8, and σ = 0 (means no 
smoothing in (10)). The other parameters are related to the 
numerical implementations, such as iteration time increment 
that should be set to 1/2N or smaller. N is the number of 
processing dimensions, which is 3 in our case; termination of 
iterations should be determined by the preset NRR or other 
requirements.  

Fig. 1 shows the images (A) before processing, (B) after 
AWAD, and (C) after AWSSAD. The CT data was acquired 
with 80kV and 80mAs. It shows that the severe noise in Fig. 
1(A) has been great reduced in Fig. 1(B) by AWAD, in the 
meantime, the structures are well maintained and the image 
texture look still natural. Image in Fig. 1(C) was processed by 
AWSSAD. It has better structural sharpness, but with slightly 
less noise reduction. Table I shows the quantitative measures 
of the image quality improvement in terms of noise reduction 
ratio (NRR) and contrast-to-noise ratio (CNR), where NRR is 
given by 

 
0

0t

SD
SDSD

NRR
−

=  (14)  

where SD0 is the standard deviation in the image before noise 
reduction and SDt is the standard deviation after noise 
reduction. CNR is given by 

Fig. 2 Subtractions of the images in Fig. 1. (A) Original - AWAD; (B) Original - AWSSAD. The observing window level and range is 0/200 HUs. 

A B
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CNR is a metric calculated from two regions of interest (ROI 1 
and ROI 2) with different mean values (A1 and A2) ans 
possibly different standard deviations (SD1 and SD2) of the 
same image. The CNRs of before and after processing tell the 
degree of CNR improvement. In Table I, the CNR of 
processed images has substantially high CNRs with AWSSAD 
slightly lower than AWAD, but better sharpness. From values 
of the NRRs, both AWAD and AWSSAD reduce noise 
dramatically. It is known that the potential dose reduction is in 
a quardratic order of the noise reduction. Thus, the NRRs 
showed in Table I indicates a great potential of dose reduction 
by AWAD or AWSSAD.  Fig. 2 shows the difference images 
of both (A) AWAD and (B) AWSSAD to the original image, 
respectively. In Fig.2(A), Except the couch and patient's 
peripheral edges are slightly observable, most tissue structures 
are hardly seen. In Fig. 2(B), the structural residues are further 
suppressed. This means both AWAD and AWSSAD provides 
great degree of noise reduction and structural information 
preservation. Similarly, we can observe apparent image quality 
improvements in Fig. 3, a cardiac perfusion image acquired at 
120kV, 53mAs.  

IV. DISCUSSIONS AND CONCLUSIONS  
AWAD and AWSSAD incorporate an adaptive source 

boosting term as part of the AD iteration. It provides effective 
edge and detail preservation, therefore, well suited for the  
image quality improvement for the diagnostic purpose. From 
quantitative and visual evaluations of the performance, 
evidently, both AWAD and AWSSAD  can be used for dose-
reduction in CT imaging.  
 

Table I 
Data ROI Mean StdDev CNR NRR

1 -117.869 263.624 N/A
2 29.31 253.184 N/A
1 -117.343 59.659 77%
2 36.164 51.418 84%
1 -118.039 84.772 68%
2 34.742 76.361 70%

Original 0.5696

AWSSAD 1.8963

AWAD 2.764

 
Table II 

Data ROI Mean StdDev CNR NRR
1 245.243 54.602 N/A
2 204.987 41.816 N/A
1 244.367 25.048 54%
2 205.261 19.082 54%
1 244.64 27.929 49%
2 205.136 19.925 52%

Original 0.835

AWSSAD 1.651

AWAD 1.7723
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Fig. 3 Cardiac perfusion images (A) Original image, (B) AWAD, and (C) 
AWSSAD results. The observing window level and is 80/400 . 
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Analytical simulation of a microCT system
Khodor Koubar, Damien Vintache, Ziad El Bitar, Patrice Laquerriere, David Brasse

Abstract—In micro-CT imaging, many approaches have al-
ready been performed to correct artifacts due to degrading
phenomena such as beam hardening and scattering. The aim
of our study is to develop a reliable analytical simulation toolkit
taking into account the polychromaticity of the source spectrum
and the detector defaults. This toolkit will then be used to validate
and optimize correction methods in order to reduce artifacts in
image reconstruction.

Index Terms—X-ray computed tomography, image reconstruc-
tion, artifacts, beam hardening.

I. INTRODUCTION

A. Context

A cone beam micro-CT system has been constructed
at the “Institut Pluridisciplinaire Hubert Curien” (IPHC -
CNRS/IN2P3/UDS), Strasbourg, France. This system de-
scribed in [1] consists of an X-ray source, an X-ray detector
and 3D translation and rotation stages.
The X-ray source is a commercially tube (L8601-01, Hama-
matsu) with a tungsten anode and a 150 µm beryllium exit
window. With a selected output power less than 4 W, the
size of focal spot is 5 µm. The maximum bias voltage is
90 kV with a maximum anode current of 250 µA. The X-
ray source operates in continuous mode with a 39 degrees
maximum beam angle.
The X-ray detector is a commercially available flat panel
sensor (C7942, Hamamatsu) composed of a CsI scintillator
plate and a two dimensional photodiode array (CMOS) leading
to an active area of 120x120 mm2 and 2240x2368 active pixel
elements. The pixel size is 50x50 µm2.
Analytical and iterative reconstruction algorithms have been
implemented on graphical processor in order to compute the
image reconstruction in a quasi real time [2]. The speedup
obtained with such hardware architecture for the image recon-
struction allows us to consider different methods to correct
artifacts introduced by beam hardening and scatter events.
In order to validate the correction, simulated data are of-
ten required. Two approaches can be used : Monte Carlo
or analytical methods. The main drawback of Monte Carlo
simulations is the high computation time. Many corrections
have already been published to correct scattering [3]–[6] and
beam hardening [7]–[9]. This article focuses on an original
analytical simulation of micro-CT systems where the main
idea is to calculate the length of each ray going through the
materials once and for all, leading to a highly parallelizable
method.

Université de Strasbourg, IPHC, 23 rue du Loess 67037 Strasbourg,
France CNRS, UMR7178, 67037 Strasbourg, France Corresponding author:
Khodor Koubar, E-mail: khodor.koubar@iphc.cnrs.fr

II. SIMULATION OF THE MICRO-CT SYSTEM

A. Simulation of the X-ray tube

In the theory of Breamsstrahlung production, the electron
reaching the anode with an initial kinetic energy of T0 is
deflected by the nuclear field and has a small probability
of emitting a photon. According to the Tucker, Barnes and
Chakraborty (TBC) model [10], the number of X-ray photons
produced with an energy E is described by the following
equation :

NB(E) =
α r2

eZ
2

A

∫ T0

E

B(E, T )

T
(T +m0c

2)

(
1

ρ

dT

dx
)−1exp(−µT (E)

T 2
0 − T 2

ρ Ctanθ
)dT

(1)

With :
α, the fine-structure constant,
re, the radius of the electron,
A, the atomic mass of the anode,
Z, the atomic number of the anode,
ρ, the density of the anode material,
µT (E), the linear attenuation coefficient of the anode material,
T =

√
T 2

0 (E)− ρ Cx, the kinetic energy of the electron
going through a distance x inside the anode. C is a constant for
a given energy and was empirically determined by Thomson
and Whiddington.

The expression in equation (1) can be summarized in three
steps :

• The probability of an electron to interact with the anode,
represented by ( 1

ρ
dT
dx ), the mass stopping power of the

anode.
• B(E, T ), the number of photons produced per electron
• The attenuation of the generated photons inside the anode

represented by the exponential term where θ is the anode
angle.

Two attenuations layers were introduced in the equation.
The first layer represents the exit window of the X-ray tube
made of beryllium and the second layer describes an additional
filter, the goal of which is to reduce the low energy only
contributing to the delivered dose.

Considering these two modifications, equation (1) becomes :

NB(E,α) =
α r2

eZ
2

A

∫ T0

E

∫ +α

−α

B(E, T )

T
(T +m0c

2)

(
1

ρ

dT

dx
)−1exp(−(µT (E)(

T 2
0 − T 2

ρ C
)
sin(π2 − θ)
sin(π2 − φ)

+

µw(E)
ww
cosφ

+ µF (E)
wF
cosφ

))dTdφ

(2)

Where φ represents the angle between the normal to the
detector plane and the direction of the photon with a maximum
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Fig. 1. Geometry of the target inside the X-ray tube

value α defined by the size of the detector. µw(E) and ww are
the linear attenuation coefficient and the width of the X-ray
tube exit window. µF (E) and wF are the linear attenuation
coefficient and the width of the filter as described in figure 1
representing the geometry considered in equation (2).

The X-ray spectrum generated by the micro focus tube
operationg at 40 kV and 200 µA is represented in figure 2,
with blue stars. The low energy photons are attenuated by
the 150 µm beryllium exit window of the X-ray tube and an
additional Aluminium filter of 0.5 mm.

B. Simulation of the X-ray detector

The X-ray mass attenuation coefficients, µ/ρ, of the CsI
scintillator plate over the energy range of interest was cal-
culated using data from NIST (National Institute of Standards
and Technology). In figure 2, the number of photons generated
by the X-ray tube is represented with the blue stars; the
number of X-ray photons absorbed inside the scintillator plate
is represented with the green curve. This curve represents a
simulation of the blank scan energy spectrum. In order to avoid
calculating the conversion between the number of X-rays and
the final pixel value in the projection, we calculate a scaling
factor. Assuming that the output electric charge is coded in
12 bits, the scale factor is the ratio between 4095 and the
integral of the curve plotted with the green line in figure 2.

The absorption of photons in CsI has been simulated using
Geant4. After normalization, the Geant4 simulation results are
shown with the red curve, in the figure 3. 109 photons have
been generated in the Geant4 simulation. Slight differences
between analytical and statistical simulations can be observed,
but they have no impact on the attenuation coefficient values.

As an example, we estimate the pixel value when the X-
rays are going through soft tissue, adipose tissue or water and
are attenuated by the detector (figure 4). We first calculate,
for each energy value, the number of photons attenuated in
different thicknesses of materials (soft tissue, adipose tissue
or water) and in the 200 µm CsI cristal. The soft and adipose
tissues will be of interest in case of small animal imaging; the
water will be usefull in order to validate our method. Then we
can calculate the integral value of each curve. Multiplying by

Fig. 2. Number of X-ray photons absorbed in the 200 µm Csi crystal per
energy (curve in green) compared to the number of photons generated by the
X-ray tube (blue stars)

Fig. 3. Number of X-ray photons attenuated in the 200 µm Csi crystal,
analytical and statistical simulations

the scale factor, we get the pixel value for different thicknesses,
in case of different materials.

Figure 5 demonstrates the impact of beam hardening on
the measurement of µ/ρ when X-rays are going through soft
tissue, adipose tissue or water. These curves are obtained from
the previously calculated pixel values, taking the logarithm
from the ratio between pixel values with and without attenu-
ation in the materials and dividing the result by the thickness
and the density of the material.

Fig. 4. Pixel value for different soft and adipose tissue thicknesses
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Fig. 5. Beam hardening effect on the measurement of soft tissue attenuation
coefficient

III. SIMULATION

A. Generation of CT sinogram for a single material object

Each pixel of a sinogram acquired by a CT system can be
expressed as

I(u, v) =

∫ Emax

0

I0(E)e−
∫
µ(x,y,z,E)dL

(1− e−
∫
µCsI(x,y,z,E))dL)dE + r(u, v)

(3)

with :
I0(E) : the source spectrum for all energies from 0 to Emax
e−

∫
µ(x,y,z,E)dL : the X ray attenuation due to the interactions

in the object
(1 − e−

∫
µCsI(x,y,z,E))dL) : the absorption in the CsI scintil-

lator plate
r(u, v) : additional noise
In the following, we decide to neglect the noise.
Ibs(E) could be seen as the spectrum of the absorbed photons
in the CsI scintillator plate : the blank scan spectrum.

Ibs(E) = I0(E)(1− e−
∫
µCsI(x,y,z,E))dL) (4)

I(u, v) can be reduced to :

I(u, v) =

∫ Emax

0

Ibs(E)e−
∫
µ(x,y,z,E)dLdE (5)

To simulate a projection, we have to compute the value of∫
µ(x, y, z, E)dL for each energy of the spectrum and each

detector pixel.
We first calculate l =

∫
Ω

dL
with Ω = {(x, y, z)|µ(x, y, z) 6= 0} using a forward
projection operator. Once these distances are known, we are
able to simulate the projection for an object, taking into
account the energy spectrum.

B. Generation of CT sinogram for a heterogeneous object

In case of several materials, equation 5 becomes :

I(u, v) =

Emax∑

0

Ibs(E)e−
∑

material µmaterial(E).lmaterial(u,v)

(6)

In the following 2D example, a disk of soft tissue contains
seven different disks composed of soft tissue, adipose tissue,

Fig. 6. reconstructed object

brain, cortical bone, muscle, lung, breast and blood. Artifacts
due to the beam hardening appear between inserts, in the
reconstruction as shown in figure 6.

IV. CONCLUSION

We have implemented a reliable analytical projector for
micro-CT imaging. The object is decomposed into several
material compounds and the rays’ lengths are pre-computed
allowing us to obtain a fast and parallelizable algorithm.
The implementation of the scatter process into the projector
algorithm and its portability on GPU architecture are subjects
of future works. Comparisons with measurements are also
planned.
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Experimental PSF Modeling for Fully 3-D PET
Reconstruction

Long Zhang, Roel Van Holen, Steven Staelens, and Stefaan Vandenberghe

Abstract—Studies have shown that incorporating
measurement-derived point spread functions (PSFs) in
reconstruction significantly improves the image quality of
positron emission tomography (PET). However, measuring the
complete image grids and storing the whole system model are
not feasible in practice. We measured the PSFs on a sparse grid
and used a parameterization technique to estimate the PSFs
at locations that were not measured. Symmetries of the PET
scanner and a factorized matrix approach were used to address
the storage problem. Our rotator-based algorithm was used to
exploit radial symmetries on rectangular voxels. The overall
system responses were factorized as a product of a geometric
component and a projection space blurring component. The
geometric component was also used to determine the axial peak
locations of the measured PSFs. An initial implementation of
our method was presented, which yielded a compact fully 3-D
system model (less than 250 MB). The image quality in terms
of resolution (>1300%) and contrast noise trade-offs (> 15%)
was considerably improved compared to the reconstruction of
the scanner’s standard algorithm.

I. INTRODUCTION

Employing measurement-derived point spread functions
(PSFs) in positron emission tomography (PET) reconstruction
has been generally regarded as the most accurate approach in
resolution compensation [1] [2]. One reason lies in its ability
to measure effects that are difficult or unfeasible to model with
other methods, such as the crystal identification algorithm in
an Anger logic detector and optical photon transport in the
crystal array 1. A limitation of this approach is the necessity
for intensive scanning, which often takes several minutes per
position. Thus, measurement on a complete image grid is
unfeasible [1]. We addressed this issue by measuring on a
spare grid. The unmeasured detector response functions can
be estimated by a parameterization technique [1] [2].

Another constraint of this method is the requirement of
storing the obtained system model. Due to the dimension
of the system model, storing the complete system matrix
in the memory is challenging. Employing symmetries can
reduce the redundancy in the pre-computed system matrix.
However, for a voxel-based approach, the available symmetries
are limited compared to the inherent symmetries in cylindrical
scanners. A rotator-based approach reduces the storage cost by

L. Zhang, R. Van Holen, S. Vandenberghe, Medisip-ELIS-IBiTech, UGent-
IBBT, 9000 Gent, Belgium. Corresponding author: Long Zhang, E-mail:
Lonzhang.Zhang@UGent.be.

S. Staelens, Medical Image and Signal Processing, Faculty of Engineer-
ing, Ghent University-IBBT, Ghent, Belgium & Molecular Imaging Center
Antwerp, Faculty of Medicine, Antwerp University, Antwerp, Belgium

1Although optical photon tracking is possible, including it in system matrix
simulation is highly prohibitive

exploring all the inherent symmetries in a cylindrical scanner,
while retaining voxels as the basis function. Thus, the existing
resolution modeling techniques using measured data can be
directly employed in the rotator-based method. We present
an initial implementation of the rotator-based method with
measured point source data. This model includes both radial
and axial blurring effects. We also investigate the impact of
the radial and axial blurring effects to image quality.

II. MATERIALS AND METHODS

A. The scanner

We used the Philips Gemini GS PET/CT scanner, which
has of 29 rings of 616 GSO crystals with a size of 4x6x20
mm3 [3]. The radial and axial spacing is 4.3 mm and 6.3
mm respectively. There are 28 gaps on the detector ring. The
scanner was modeled as a perfect cylinder with a continuous
crystal. Thus, the gaps were treated as virtual crystals with no
output.

The field of view (FOV) is a cylinder of 576 mm in diameter
(trans-axially) and 183 mm in height (axially) [3]. The image
volume was divided into 288x288x87 voxels with dimension
2x2x2.1 mm3. The dimension of line of response (LOR)
histogram was 841x322x589.

B. PSF measurement

An uncollimated 22Na point source in Lucite was used to
acquire the PSFs, which yielded a similar positron range as
18F in water [2]. The point source had a radius of 225 µm
and its activity was 40 µCi. An Owis LTM80 precision linear
stage was used. The positioning error was less than 25 micron
per 100 mm of movement.

We measured the PSFs on a sparse grid in a small portion in
the transverse plane. In total 29 such planes were measured,
which covered half of the axial FOV. The in-plane spacing
between two locations was 1 cm, and the axial pitch between
two sampling planes was 3.15 mm. The measurement grid
is displayed in Fig. 1. The point source was scanned for 3
minutes at each location, yielding approximately 15 million
detections. Because of the long half-life of the isotope (2.6
year), its activity was assumed to be constant during the
measurement. The data were acquired in raw list mode and
the data volume was about 200 GB.

C. PSF modeling

In this initial study, we assumed that the detector response
is azimuthal angle- and depth-independent [1]. The projection
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Fig. 1. Measurement grid in trans-axial and axial direction.

data of the 165th azimuthal angle were used to derive the PSF
profiles. The LORs associated to these data were perpendicular
to the longitudinal direction of the measurement grid (X-axis
in Fig. 1). In addition, the point sources associated with these
data were of zero depth.

A radial PSF profile was modeled as an asymmetric Gaus-
sian function, which was the summation of two different
Gaussian functions with the same amplitude and peak location.
The left and right parts had standard deviations of σL and σR.
The radial profile of a ray in an LOR histogram slice (LORs
that share the same ring pair) is expressed as follows:

PSF radslc (r, p) = Aslc(p) · e
(−

(r − r0slc(p))2
2σ2

slc(p)
)

(1)

where slc stands for the index of an LOR histogram slice , p
stands for a point source location, Aslc(p) is the amplitude of
the asymmetric Gaussian, r0slc(p) represents the peak location
in radial direction, and σslc(p) is the standard deviation, which
is σLslc(p) when r < r0slc(p) and σRslc(p) when r > r0slc(p). The
parameters of these PSFs estimated from the aforementioned
data using the Levenberg-Marquardt algorithm [4] [5].

The parameter r0 was then fitted as a function of the
locations of the point sources for all of the slices. The function
was [1]:

p = (R+DOI · cos(θ))sin(θ), θ = r0
π

N
(2)

where R is the radius of the scanner, DOI is the depth of
interaction (which was found to be 1.3 cm through fitting a
model using Equation 2 and direct slices of measurement data
plane 0 – 8), and N is the number of crystal (including gaps
(644)).

The amplitudes of the radial profiles of a point source
were modeled as the sum of Gaussian functions that were
continuously distributed across the slice space. In this work,
we assumed that the shape of the axial profile is oblique
angle independent, which constrained the Gaussian functions
to share the same shape (i.e. the same σ). This assumption
is well-justified due to the small oblique angle for the target
scanner, which is less than 12.5 ◦. The axial blurring with
amplitude normalized to unity is expressed as:

PSF axlslc = e
[−

(slc− slc0)2

2σ2
]

(3)

where slc0 is the axial peak location. This spatially invariant
kernel had a FWHM of 0.86 slice bin, which was estimated
from the direct slices of several measurement planes.

The complete PSF of this ray is a collection of radial
profiles. The shape of these profiles was estimated from the
point source data. But the amplitudes of these radial profiles
were replaced with the proposed axial profile. Thus, the
complete PSF is a summation of these profiles over all slices:

PSF (r, p) =
∑

slc

PSF axlslc PSF
rad
slc (r, p) (4)

We used a ray-tracing algorithm to determine the peak
locations in axial direction slc0. This technique introduced
a maximum mis-positioning error of one bin, which has been
shown to be negligible [2]. Thus, the complete system model
can be written as a factorized matrix:

AN,I = PN,NGN,I (5)

where N and I are dimensions of the LOR histogram and
image, AN,I is the complete system matrix, PN,N is the PSF
component that models the blurring in projection space, and
GN,I is the geometric component that models the solid angle
effects. The geometric component was calculated using the
Siddon algorithm by randomly sampling and tracing 5000 rays
per LOR. The storage of the geometric matrix G is about 220
MB and the PSF component P is about 25 MB with rotational
and axial symmetries considered.

D. Reconstruction

The rotator-based ordered subsets expectation maximization
(OS-EM) was used for image reconstruction [6]. The rotator
was a Gaussian rotator with an one-pixel (2 mm) FWHM and a
3×3-pixel kernel [7]. In the forward projection, the geometric
system model was first used and the count in the projection
bin was then distributed to its radial and axial neighbor bins
according to the P component. In the backprojection step, the
ratio LOR histogram was first deblurred using the transpose of
the P component and then backprojected into image space by
the geometric component. Two system models were built and
used in the reconstruction. In one model, the axial blurring
was not included but the axial blurring was included in the
other model.

E. Figures of merit

The contrast recovery coefficient (CRC) and noise calcu-
lated for the ROIs were used as figures of merit. The CRC of
a hot lesion is expressed as follows:

CRC =
1

C

µ̄h
µ̄b
× 100% (6)

where µ̄h is the mean of the reconstructed activity in a hot
lesion h, µ̄b is the mean of the reconstructed activity in the
background, and C is the true hot-to-background contrast.

The CRC of a cold lesion is defined as:

CRC =
µ̄b − µ̄l
µ̄b

× 100% (7)

where µ̄l is the mean of the reconstructed activity in a cold
lesion l.
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The noise σn was calculated as the coefficient of variation
(CV) in the background, expressed as:

σn =
σbgd
µbgd

× 100% (8)

where σbgd is the standard deviation in the background and
µbgd the mean in the background.

F. Resolution properties

Six point sources were placed radially in the central image
plane with a spacing of 5 cm, which covered a half-FOV from
0 cm to 25 cm. Each point source was scanned for 1 minute
and the approximately 5 million prompts were collected.
The radial, tangential and axial resolutions were measured
by fitting a Gaussian function through the peak using the
reconstructed image at the fifth iteration. The resolution of the
proposed method was compared to that of an OS-EM using a
multi-ray Siddon (5 rays) projector. The volumetric resolution
was calculated by the volume contained by the 0.5 maximum
count rate contour of a reconstructed point. This volume was
approximated by the volume of an ellipsoid, whose radii were
the FWHMs in different directions.

G. Image quality evaluations

We scanned a Deluxe Jaszczak phantom from Data Spec-
trum Corporation (DSC) with four hot (9.89 mm, 12.43 mm,
15.43 mm, 19.79 mm in diameter) and two cold (25.4 mm,
31.8 mm in diameter) spheres. The background was filled
with 0.98 mCi 18F-FDG in water and the hot-to-background
ratio was 4:1. The phantom was scanned for 25 minutes with
approximately 200 million coincidences collected in list mode.
The data were then pre-corrected for randoms, normalization
effects, attenuation and scattering before reconstruction. The
phantom was reconstructed using the proposed method with or
without axial blurring. The OS level was chosen to be 23. The
scanner software used a blob-based RAMLA algorithm on a
2x2x2 mm3 image grid. Clinical routine settings were used
during the reconstruction [3]. We aslo scanned a Hoffman
phantom with 1 mCi 18F-FDG in water for 25 minutes.
The collected prompts were about 180 million. The same
reconstruction protocols as in the image quality phantom study
were used for both the proposed method and the blob RAMLA
algorithm.

III. RESULTS

A. Resolution properties

The resolution of the PSF model w/ and w/o axial com-
ponent is compared to a standard OS-EM algorithm using
a multi-ray Siddon projector. The volumetric resolution is
plotted in Fig. 2 as a function of point source location in
the center plane at the 5th iteration (Fig. 2(a)). The mean
volumetric resolution is also displayed as a function of the
iteration number for a point source at the center of the FOV
and a point source 10 cm off-center (Fig 2(b)). We did not
compare the resolution properties to manufacture’s method
because the locations of some point sources are beyond the
FOV of the clinical protocol we used.

(a) (b) (c)

Fig. 3. Reconstruction examples for the proposed method w/o or w/ axial
blurring. (a) The model without axial blurring. (b) The model with axial
blurring. (c) The manufacture’s method (blob RAMLA)

(a) (b)

Fig. 4. The reconstructed images of a Hoffman phantom. (a) The proposed
method. (b) The manufacture’s method.

B. Image quality evaluation

The reconstructed slices of the phantom with or without
axial blurring are shown in Fig. 3 for the proposed method.
The same slice of the manufacture’s reconstruction is also
shown in Fig 3(c). Ringing artifacts can be detected along
the edge of the background in the transverse view for both
system models of the proposed method (see Fig. 3(a), 3(b)).

The reconstructed images at the 10th iteration of the Hoff-
man phantom were displayed in Fig. 4 for the proposed
method and the manufacture’s standard method.

In Fig. 5 the CRC vs. noise is plotted for the proposed
method and the manufacture’s method with the blob RAMLA
algorithm. Fig. 5(a) and 5(b) contain the curves for hot and
cold lesions, respectively. Fig. 5 also displays the curves of the
proposed method with or without axial blurring to investigate
the effects of the axial blurring.

IV. DISCUSSION

The proposed method directly parameterized the profile a
PSF slice by slice. The amplitudes of these slices were then
fitted to an axial profile function. Conventionally, the PSF was
modeled as a product of the radial and axial components. We
modeled the PSF as a summation the radial profiles, whose
amplitudes were the axial profile. The axial and radial profiles
are not necessarily separable in our PSF model. When radial
profiles have the same shape (i.e. the same σL and σR), the
proposed model degrades to the separable model of existing
approaches [1].

The axial resolution was considerably improved in the
reconstruction with axial blurring (100%). However, the im-
provement in contrast noise trade-offs was rather limited.
For this reason, the axial blurring was regarded as a minor
effects in resolution modeling [2]. Our study confirmed this
conclusion. However, we noticed that the contrast recovery
of the smaller hot lesions was improved more than the larger
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Fig. 2. The volumetric resolution as a function of point source location in the center plane (a) and the mean resolution as a function of the iteration number
for a point source at the center of the FOV and a point source at 10 cm off-center (b).
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Fig. 5. Contrast noise trade-offs of the image quality phantom. Each point represents a single iteration of the proposed method (PSF modeling with axial
blurring) and the manufacture’s method (blob RAMLA). (a) Hot lesions. (b) Cold lesions.

hot lesions. This improvement makes the modeling of axial
blurring attractive because improved contrast recovery of small
hot lesions is clinically important [8]. More improvement
could be expected for small animal PET imaging because the
lesion size could be much smaller in preclinical studies.

In addition to the Gaussian rotator-based approach, an ideal
rotator [6] could also reduce the storage requirements. A mea-
sured system matrix with polar-pixel discretization requires
integral of the PSFs within the polar voxel elements. This
approach will be investigated in the future.

V. CONCLUSIONS

A very compact pre-computed system model was produced
by our proposed method. Point source and phantom studies
show that the proposed technique is promising in terms of its
resolution properties and contrast noise trade-offs.
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Quality Assessment of Monte Carlo Based System
Response Matrices in PET

J. Cabello , J. E. Gillam and M. Rafecas

Abstract—Iterative methods are currently accepted as the gold
standard image reconstruction methods in nuclear medicine. The
quality of the final reconstructed image greatly depends on how
well physical processes are modelled in the System–Response–
Matrix (SRM). The SRM can be obtained using experimental
measurements, or calculated using Monte–Carlo (MC) or analyti-
cal methods. Nevertheless, independent on the method, the SRM
is always contaminated by a certain level of error. MC based
methods have recently gained popularity in calculation of the
SRM due to the significant increase in computer power exhibited
by regular commercial computers. MC methods can produce
high accuracy results, but are subject to statistical noise, which
affects the precision of the results. By increasing the number
of annihilations simulated, the level of noise observed in the
SRM decreases, at the additional cost of increased simulation
time and increased file size necessary to store the SRM. The
latter also has a negative impact on reconstruction time. A study
on the noise of the SRM has been performed from a spatial
point of view, identifying specific regions subject to higher levels
of noise. This study will enable the calculation of SRM with
different levels of statistics depending on the spatial location. A
quantitative comparison of images, reconstructed using different
SRM realizations, with similar and different levels of statistical
quality, has been presented.

Index Terms—PET iterative reconstruction, Monte Carlo, Sys-
tem Response Matrix quality, System Response Matrix noise.

I. INTRODUCTION

Iterative methods are currently accepted as the best recon-
struction methods for emission tomography. These methods
rely on the accuracy of the System–Response–Matrix (SRM)
that, in PET, models the probability of detection of an anni-
hilation produced in voxel i in a detector element or crystal
pair j, pj,i.

The system matrix elements, p̃j,i, can be estimated by
experimental measurements, analytical methods or Monte–
Carlo simulations (MC). Experimental methods can obtain
the most accurate system matrix, but a significant number
of scans are necessary within the FOV, as well as high
statistical measurements [1]–[3]. Analytical approaches are
usually fast, but these usually do not consider all relevant
physical processes that take place in a real experiment [4],
[5]. Finally, MC simulations are a promising alternative: they
can include a detailed description of the acquisition process,
producing a very accurate SRM [6], [7]. Their main drawback
is the long simulation times required and significantly large
file sizes needed to store the SRM [8].
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lar, Universitat de València/CSIC, Edificio Institutos de Investigación, 22085
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The level of quality that a SRM must obtain to achieve
optimum results [7], [9], [10] is unknown, yet it may be
that this issue is task dependent and can be analysed using
numerical figures of merit (FOM).

Regardless of the approach, the SRM contains certain level
of error. There exist several theoretical approaches to study
the error propagation of the SRM into reconstructed images.
In the work developed by [11], a theoretical calculation of
the minimum level of noise that an SRM must contain to
obtain optimum results is related to the level of noise that
the measured data contains.

The SRM in this work has been calculated using MC
methods based on a polar grid, as explained elsewhere [12].
In this approach, a wedge-like homogeneously filled source,
only covering a portion of the FOV (10◦ aperture), has been
simulated using MC. Polar voxels have been used as basis
functions to discretize the image. This approach drastically
reduces the simulation time necessary to obtain a SRM with
high statistical quality in a short period of time (∼12 hours),
and also reduces the size necessary to store the SRM file.
Therefore, it is possible to store the entire SRM in the memory
of a regular computer (∼800 Mb).

A statistical analysis between several SRM realizations is
presented. The mean and standard deviation of each SRM
element is analysed. By studying the standard deviation in the
image space domain, specific regions, subject to higher levels
of noise, have been identified. This will lead to a different
approach to calculate the SRM, simulating different numbers
of emissions in different regions of the field of view (FOV),
compared to the traditional one, where the entire FOV contains
the same level of statistics. This approach will require a wary
sensitivity matrix computation to account for the mentioned
different levels of statistics. A hot-warm-cold phantom with
high statistics has been reconstructed using MLEM with each
SRM realization, and the resulting images compared.

II. MATERIALS AND METHODS

A. Scanner Description

This work focuses on the small animal scanner MADPET-
II. MADPET-II has a radial diameter of 71 mm and an axial
length of 18.1 mm. It is comprised of 18 modules, where each
module has two layers of 8x4 crystals with individual read
out electronics. Therefore, using this design, it is possible to
measure partly the depth of interaction, reducing the parallax
error. The size of the crystals of the front layer is 2x2x6 mm3

and that of the rear layer is 2x2x8 mm3. The total number of
crystals of MADPET-II is 1152.
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B. SRM Calculation

The images reconstructed in this work use a 0.5 mm
voxel size and 0.5 mm slice thickness, producing a FOV of
140x140x40 voxels. This results in a SRM that contains ∼1012

elements. The probability of most SRM elements, p̃i,j , is zero,
thus reducing significantly the number of elements to store, but
still, too large for RAM in conventional computers. The lower
energy threshold used to accept detected events in this work
was set to 200 keV and the coincidence timing window was
set to 20 ns.

The SRM has been calculated using the Monte Carlo toolkit
for emission tomography GATE, based on Geant4. A wedge-
shaped continuous source, covering a 72th portion of the FOV,
has been simulated. This approach allows significant reduction
in the simulation time. Using rotations and reflections in the
transaxial view and reflections in the axial view the SRM of
the entire FOV can be calculated [12].

To study the effect of the number of events simulated in
a SRM calculated using MC methods on image quality, six
different SRM realizations were calculated. The total number
of simulated emissions per SRM was 3.7×1010, representing
4.3×106 emissions per voxel. To simulate each realization
took ∼12 hours per SRM in a grid comprised of 200 nodes
(2 x Quad Core Xeon E5420 @ 2.50 Ghz per node). Special
attention was paid to the initial seed of the pseudo-random
number generator of GATE, to make sure that the SRMs were
statistically independent.

Table I shows several characteristics of three different inde-
pendent realizations of the six SRMs calculated, and the same
characteristics of the resulting SRM after merging three SRM
realizations (SRMm,3) and six SRM realizations (SRMm,6).
The parameter p̃j,i corresponds to the maximum number of
emissions simulated in a voxel i and detected in a volume of
response (VOR) j. The parameter σrel represents the mean
relative error, and is an additional FOM used to measure the
statistical quality of a SRM [9].

TABLE I
DETAILS OF SRMS

SRM 1 SRM 3 SRM 6 SRMm,3 SRMm,6

Non-zero elements 1.14 108 1.17 108 1.16 108 2.62 108 4.41 108
Matrix size (Mb) 875 895 888 2005 3368

Maximum element p̃j,i 182 184 180 482 899
Maximum number 28 926 29 839 29 921 89 176 176 876

detections in a VOR
Maximum number 102 815 106 247 106 418 315 606 629 707

detections in a voxel
σrel 0.146 0.142 0.144 0.063 0.038

III. RESULTS

A. Analysis across realizations

The phantom used in this work is a hot-warm-cold phantom
with high statistics (5 kBq/mm3 and 1.6 kBq kBq/mm3 in the
hot and warm regions respectively), so the noise of the mea-
surements does not dominate over the noise of the SRM [11].
It has been reconstructed using the six different realizations of
the SRM, with similar levels of statistics. Similar FOM studies

(a) (b)

Fig. 1. CV image across the six realizations of the hot-warm-cold phantom
reconstructed using the six different SRM realizations for 10 and 100
iterations.

(a) (b)

Fig. 2. Histograms of µi,j (a) and σi,j (b) elements, shown in logarithmic
scale, measured over the six SRM realizations.

to those used to compare reconstruction algorithms [13], can
be used to compare these realizations.

Figure 1 shows the coefficient of variation (CV) image
(standard deviation image divided by the mean image) for 10
and 100 iterations, across the six different realizations. As the
colour scale shows, the CV increases in the entire image as
the reconstruction algorithm iterates, showing the highest CV
in the radial edges of the FOV, as expected. The CV has been
studied in manually selected ROIs in the hot, warm and cold
regions, showing higher levels of CV in cold regions than in
hot regions, as observed in figure 1(b). Additionally, it has
been observed that in all the three cases, the CV increased as
more iterations were reconstructed, but at a different rate, cold
regions becoming noisier than hot regions at a faster rate.

B. Statistical analysis of SRM elements

The mean, µj,i, and the standard deviation, σj,i, of each
SRM element, p̃j,i, has been calculated across the six SRM
realizations. Figure 2 shows the histograms in logarithmic
scale of µi,j and σi,j measured from the SRM elements.

Figure 2(a) shows that ∼80% of the p̃j,i elements are
between 1-2 counts. This implies that by removing these
elements from the SRM, which has been demonstrated not to
greatly affect the image quality [10], can reduce the SRM file
size and speed up the reconstruction time. Figure 2(b) shows
that most elements (∼80%) of the SRM have a σi,j <1.7.
Most of these low noise elements correspond to elements with
only 1 or 2 counts in the SRM, therefore this measure can be
misleading.

To present the standard deviation in a spatial context, the
sum of all σj,i over each VOR j have been computed, as
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(a) (b) (c)

Fig. 3. Slices of the λσi volume from the centre of the FOV to the edge
of the scanner shown at the same colour scale. Slice 20 (a), slice 10 (b) and
slice 1 (c).

(a) (b)

Fig. 4. Exemplar close up of two VORs comprised of the σj,i elements
from the edge of the scanner.

described in equation (1). The result is a volume that shows
which parts of the FOV of the scanner are subject to higher
statistical variation.

λσi
=

N∑

j=1

σj,i (1)

where N is the total number of VORs.
Figure 3 shows different slices, from the centre of the FOV

(slice 20) to the edge of the scanner (slice 1), of the resulting
volume produced by summing the σj,i elements, computed
from the six different realizations, over each VOR j.

It is observed that the standard deviation present in the
central slices is globally more homogeneous across the slice,
compared to those slices closer to the edges, especially at the
radial edges of the scanner. The histogram of the images shown
in figure 3 (not shown here) indicate that there is a significant
peak in each histogram (for all the slices) at λσi=0.4. This
analysis suggests that different parts of the FOV require a
different level of statistics, as suggested by other authors [14].
A SRM with different levels of statistics in different regions
of the scanner is currently being calculated, based on different
sensitivity measurements observed across the scanner FOV.

To study the σj,i in more detail, independent σj,i elements
corresponding to arbitrary selected VORs j, are represented in
3D by all the σj,i elements corresponding to that given VOR
j, unfolding all the symmetries contained in the SRM. Figure
4 represents two arbitrary VORs from the edge of the scanner
(figure 3(c)) with the σj,i elements. The mean value measured
longitudinally along the VORs is µσj,i

w6 in both VORs.
To study the noise properties of the VORs, the CV was

calculated along the longitudinal axis of each VOR resulting

(a) (b)

Fig. 5. Profile of the CV measured along the longitudinal profile of the
VORs shown in figure 4.

(a) SRM1. (b) SRMm,3. (c) SRMm,6.

Fig. 6. Reconstructed hot-warm-cold phantom after 300 iterations using 1
SRM, 3 merged SRMs (SRMm,3) and 6 merged SRMs (SRMm,6).

in the profiles shown in figure 5. The mean CV measured
along each profile in figures 5(a) and 5(b) is 0.12 and 0.13
respectively. It has been observed that, as the analysed VORs
are comprised of closer crystals, thus are located closer to
the edge of the scanner, the CV increases. This measurements
demonstrate again that the edges of the scanner show high
levels of noise, and more simulated data are required here to
obtain comparable accuracy than in the regions closer to the
centre of the FOV.

C. Effect of high statistics

To study the effect of increased statistics in a SRM, figure
6 shows the resulting reconstructed hot-warm-cold phantom
after 300 iterations using 1 SRM (SRM1), 3 merged SRM real-
izations (SRMm,3) and 6 merged SRM realizations (SRMm,6).
Figure 6(a) shows a more granulated texture and worse con-
trast compared to figures 6(b) and 6(c). This is due to a higher
level of noise present in SRM1. Differences between figures
6(b) and 6(c) are less visible, but prove to be present based
on FOM analysis.

Figure 7 shows the contrast to noise ratio (CNR) measured
between the hot and warm regions of interest (ROI) and the
bias versus variance measured over the hot ROI, for 600
iterations in steps of 10 iterations using SRM1, SRMm,3 and
SRMm,6.

Figure 7(a) shows how the CNR obtained with SRM1 is
consistently lower than the CNR obtained with SRMm,6, as
expected. This difference is less apparent when comparing
the CNR obtained using SRMm,3 and SRMm,6. Additionally,
figure 7(b) shows the bias versus variance for 600 iterations.
The bias is measured as the difference between the true voxel
value in the hot ROI and the mean reconstructed voxel value in
the hot ROI, normalized by the true voxel value. The variance
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(a) Contrast to noise ratio.

(b) Bias versus variance in the hot ROI.

Fig. 7. Contrast to noise ratio and bias versus variance measured in selected
ROIs

is measured as the standard deviation measured over the ROI.
Figure 7(b) shows how using SRMm,6 consistently results in
lower noise and lower bias for the same number of iterations,
compared to results using lower statistics SRM combinations.
The bias measured in each case after 600 iterations is 1.66 %,
0.15 % and -0.06 % (overestimation) for the SRM1, SRMm,3

and SRMm,6 respectively. The same analysis was performed
for the warm and cold ROIs, showing the same consistency
between the different SRMs.

Figure 7 shows that the bias and CNR obtained with
SRMm,3 SRMm,6 does not differ significantly, compared to
SRM1, in the hot ROI. A similar behavior has been observed
additionally in the warm and cold regions. Figure 7(b) suggests
in a qualitative manner that the extra number of emissions
simulated between SRMm,3 and SRMm,6 (double) does not
represent a significant improvement.

IV. DISCUSSION AND CONCLUSIONS

We have confirmed that a SRM with high statistics
(SRMm,6) produces more precise, quantitative, reconstructed
images, compared to images reconstructed using a lower
statistics SRM. The level of statistics in a SRM has an impact
not only on the precision of the quantitative results, but also
on the noise level, producing lower levels of noise when
using high statistics. This also has an impact on the spatial
resolution.

The standard deviation, calculated over the entire FOV from
several SRM realizations, shows that different parts of the FOV
have different levels of noise. Therefore, a SRM with different
numbers of emissiones in specific regions of the FOV seems
to be more appropriate, compared to the traditional approach,
where the number of simulated emissions is constant over the
entire FOV.

We have observed that the SRM noise present in SRM
elements is somehow correlated longitudinally along VORs.

By increasing the level of statistics in a SRM, the profiles
extracted from the VORs, show a lower level of noise.
Therefore, an analytical, smooth, profile that filters a simulated
profile seems a potential alternative to replace the simulated
SRM elements, yet would retain all the advantages of a
MC approach. There is ongoing work on this subject to
demonstrate the potential of this approach.
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TOTAL VARIATION PENALIZED MAXIMUM-LIKELIHOOD IMAGE RECONSTRUCTION

FOR A STATIONARY SMALL ANIMAL SPECT SYSTEM

J. Xu, S. Chen, and B. M. W. Tsui

Abstract—We have developed a 3D total variation (TV) penal-
ized maximum likelihood (ML) image reconstruction method and
tested it in simulated dynamic SPECT scans using a stationary
ring-type SPECT insert for simultaneous small animal SPECT-
MR imaging. The SPECT insert consists of 5 (axial) x 19
(transaxial) MR-compatible CZT detectors that form a seamless
19-side detector ring, inside which a cylindrical collimator
sleeve with 36 focused pinholes is inserted for dynamic SPECT
acquisition. The short duration of the individual time frames and
the stationary data acquisition nature may cause severe noise
and sparse-view artifacts in the reconstructed images, and as
a result affect the time-activity curve (TAC) derived from the
4D image sequence. The TV potential function favors piece-wise
constant image reconstruction therefore is capable of reducing
these image artifacts. Our implementation of the ML-TV method
used the Douglas-Rachford splitting to deal with the non-smooth
TV function. We applied the ML-TV method to a computer-
simulated dynamic mouse renal SPECT scan, and evaluated the
method in terms of pixel-wise TAC estimation compared to the
conventional ML-EM. The pixel-wise TAC obtained by the ML-
EM method exhibited large fluctuation around the truth; this
large fluctuation was significantly suppressed by using ML-TV.
Our next step is to incorporate time-domain correlation and
develop fully 4D (3D spatial + 1D time) image reconstruction
methods for dynamic stationary small animal SPECT studies.

Index Terms—image reconstruction, total variation, Poisson
log-likelihood, stationary small animal SPECT, dynamic SPECT

I. INTRODUCTION

Multi-modality small animal imaging has achieved rapid
advances in recent years. The complementary information
from the anatomical images, e.g., MRI, and the functional
images, e.g., SPECT, are beneficial in a wide array of pre-
clinical applications [1]. We are developing a second gener-
ation SPECT insert for simultaneous SPECT-MR imaging of
small animals. The SPECT detectors consist of 5 (axial) x 19
(transaxial) MR-compatible CZT detectors that form a closed,
seamless 19-side detector ring. Each CZT detector has 16 x 16,
1.6 mm pitch pixels. The useful detector area can be calculated
to be around 40 cm x 12.8 cm. A cylindrical collimator
sleeve with multiple focused pinholes can be inserted inside
the detector ring for SPECT data acquisition. An RF-coil fits
inside the MPH collimator surrounding the 30 mm field-of-
view (FOV) for MR signal acquisition. Different multi-pinhole
collimators (MPH) are designed for different applications,
ranging from high resolution with fewer pinholes to high
sensitivity with many pinholes.

One potential application of the SPECT-MR scanner is to
perform dynamic stationary SPECT scans of small animals.

Jingyan Xu and Benjamin M. W. Tsui are with the Division of Medical
Imaging Physics, Department of Radiology, Johns Hopkins University. E-mail:
{jxu,btsui1}@jhmi.edu.

Si Chen is with the Department of Electrical and Computer Engineering,
Johns Hopkins University. E-mail: schen54@jhu.edu.

For this purpose, a 36-pinhole collimator has been designed by
maximizing the collimator sensitivity given a target resolution
and an FOV size, subject to no significant projection multiplex-
ing [2]. The 36 pinholes are arranged in 3 parallel rows on the
collimator sleeve, each row with 12 equally spaced pinholes.
The 3 rows of pinholes are angularly offset to provide the
sampling diversity for image reconstruction. The parameters of
this 36-pinhole collimator and the SPECT detector geometry
are shown in Table. I.

TABLE I: Geometric parameters of the SPECT insert.
number of detectors 5 x 19
CZT module size 16 x 16 pixels, 1.6 x 1.6 mm2

detector to imaging center 78.2 [mm]
MPH collimator radius 31.5 [mm]
imaging FOV radius 15 [mm]

pinhole aperture diameter 0.5 [mm]
full pinhole opening angle 56.9 [deg]

number of pinholes 36
target resolution at imaging center 1.5 [mm]

Although the 36-pinhole collimator is optimized for dy-
namic SPECT applications, the sparse view projection data
and the short frame duration (to improve temporal resolution)
present a challenging task to image reconstruction. In this
work, we employ the total-variation (TV) function as a prior
and apply a TV penalized ML image reconstruction to reduce
noise and sampling induced artifacts. The effectiveness of the
method will be evaluated using computer simulations.

II. ML-TV IMAGE RECONSTRUCTION METHOD

We first formulate the ML-TV image reconstruction prob-
lem in Sec II-A and then introduce the Douglas-Rachford
splitting (DRS) algorithm (Sec II-B) that we will employ. To
apply the DRS algorithm in our setting, we need to calcu-
late (approximately) the proximity operators of the negative
Poisson log-likelihood and the TV potential. We discuss our
approach to these in Secs II-C and II-D.

A. Problem formulation

We denote by x = [x1, · · · , xm] the 3D image volume
at a certain time frame, from which the acquired projection
data y = [y1, · · · , yn] follow Poisson distribution with mean
ȳ = Hx. Here H is the system matrix that relates the image
domain to the projection domain. To obtain x from y, the
objective function that we seek to minimize is the following:

min
x

−
∑

i

[yi log ȳi − ȳi] + βTV(x) (1a)

where ȳ = Hx, x ≥ 0, (1b)

TV(x) =

∫
|∇(x)| dx. (1c)
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In eqn. (1c), we defined the total variation function in the
continuous domain. A discrete version can be obtained by
discretizing the gradient operator ∇. The constant β ≥ 0 is
a weighting parameter that balances between the Poisson log-
likelihood and the TV constraint. When β = 0, we recover
the conventional ML formulation.

As a prior function, TV penalization favors piece-wise con-
stant image reconstruction. In nuclear medicine, TV penalized
ML reconstruction has been proposed previously to reduce
image noise while preserving the edges [3]–[5]. Unlike other
convex potential functions, the TV function is not differen-
tiable hence is difficult to deal with using traditional gradient-
based optimization methods. Many new algorithms have been
proposed in the recent literature, see for example [6]–[9], to
work with non-smooth convex objective functions such as
those involving the �1 norm. In this work, we employed the
Douglas-Rachford splitting [6] and the proximity operators
[10] to solve the optimization problem in eqn. (1).

B. The Douglas-Rachford splitting algorithm and the proxim-
ity operators

The Douglas-Rachford splitting (DRS) algorithm can be
used to solve the following minimization problem

min
x∈H

f1(x) + f2(x), (2)

where f1 and f2 are proper, lower semicontinuous convex (lsc)
functionals that map from a Hilbert space H to the real line.
The existence and uniqueness conditions of a solution to (2)
are discussed in, e.g., [6]. To describe the DRS, we introduce
the proximity operator proxg(·) of a functional g: H → R.
Consider the following minimization problem for x ∈ H.

min
y∈H

g(y) +
1

2
‖y − x‖2. (3)

If the functional g is proper and lsc, then there exists a unique
solution, denote which by proxg(x), to (3) for any x ∈ H
[6]. The operator proxg(·) therefore defines a mapping from
H to H, and generalizes the familiar notion of projection onto
convex sets. In other words,

proxg(x) = argmin
y∈H

[
g(y) +

1

2
‖y − x‖2

]
.

The DRS algorithm for finding a solution x∗ to (2) is an
iterative algorithm that involves proxγf1

(·) and proxγf2
(·)

individually.

xn+ 1
2

= proxγf2
(xn) + an, (4)

xn+1 = xn + λn[proxγf1
(2xn+ 1

2
− xn) + bn − xn+ 1

2
].

Here λn ∈ (0, 2) and γ > 0 affect the speed of convergence,
and an and bn represent error tolerance in the calculation
of proxγf1

(·) and proxγf2
(·). Under suitable assumptions

[6], the sequence xn converges weakly to x ∈ H and
x∗ = proxγf2

(x) ∈ argmin f1 + f2.
An appealing feature of the DRS algorithm (4) is its

”stackable” structure. The two functions f1 and f2 appear
separately through their own proximity operators. To apply
the DRS algorithm (4) to our problem setting (1), we only
need to find the proximity operators of the negative Poisson
log-likelihood (f1) and the TV potential function (f2).

C. Calculation of the proximity operator of the negative
Poisson log-likelihood

We solve the following minimization problem to obtain
proxγf1

(z) (here z ∈ H is a generic point in H):

min
x

Φ1(x)
�
= −

∑

i

[
yi log[Hx]i − [Hx]i

]
+

1

2γ
‖z −x‖2.

(5)
Note that the objective function (5) is simply the negative
Poisson log-likelihood augmented with a separable ”prior”
term. We may replace the log-likelihood by its separable
surrogate function [11] from which we derive an iterative
scheme to calculate proxγf1

(z).

Φ1(x) ≤ φ1(x;x(k))

�
= −

∑

i

⎡
⎣yi

∑

j

hijx
(k)
j∑

m himx
(k)
m

log[
xj

x
(k)
j

]

⎤
⎦

+
∑

ij

hijxj +
1

2γ
‖z − x‖2 + constant. (6)

Here we use the superscript (k) to denote the (sub-)iteration
numbers in order to distinguish from the main iterative loop
in (4). Taking derivatives of the RHS of (6) with respect to x
and setting them to zero, we obtain

xk+1
j =

−γAj +
√

(γAj)2 + 4γC
(k)
j x

(k)
j

2
, (7)

Aj =
∑

i

hij − zj/γ, C
(k)
j =

∑

i

hijyi∑
m himx

(k)
m

.

From (7), if x(k) ≥ 0, then x(k+1) ≥ 0 hence the positivity
constraint for the reconstructed image is satisfied.

D. Calculation of the proximity operator of the TV potential

By definition, the proximity operator of the TV potential
proxγf2

(z) is obtained by solving:

min
x

βTV(x) +
1

2γ
‖z − x‖2, (8)

which is the popular ROF image denoising model introduced
in [12]. Numerous approaches have been proposed to solve
(8). In this work, we used the split Bregman iteration [13] as
the ROF solver.

Having obtained the two proximity operators needed in the
DRS algorithm (4), the iterative algorithm for solving the
ML-TV image reconstruction problem (1) is constructed by
combining them as prescribed in (4); each proximity operator
involves a few subiterations of (6) and the ROF denoising
model (8). The summable sequences an and bn in (4) allow
approximations in the proximity operator calculations without
affecting convergence.

III. SIMULATION STUDIES

We evaluated the performance of the ML-TV image recon-
struction method in time-activity curve (TAC) estimation using
computer simulations. We used the 3D MOBY phantom and
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simulated a 20 min dynamic mouse renal SPECT scan with
Tc99m-DTPA. The system geometry followed that of Table I.
The SPECT projection data were collected into 59 equal
time frames at 20 sec intervals. The simulated TACs of the
mouse left and right kidneys were obtained from our previous
animal experiments. The analytic SPECT simulator included
the spatially variant pinhole response model and Poisson noise.

We reconstructed the 3D volume at individual time frames
using both the ML-TV method and the conventional ML-EM
for comparison. Pixel-wise time activity curves of the left and
the right kidneys were computed. To ensure a fair comparison,
the β value in the ML-TV objective funtion (1) was chosen
by minimizing the total squared-error in the regions-of-interest
(the left and the right kidneys). In the ML-EM method,
the iteration numbers for the different frames in the TAC
computation were determined similarly.

IV. SIMULATION RESULTS

The simulation results are shown on the next page. The
pixel-wise TAC obtained by the ML-EM method exhibited
large fluctuation around the truth; this large fluctuation was
significantly suppressed by using ML-TV. As we have not
incorporated any time domain correlation in our image recon-
struction, the TACs obtained by using ML-TV still exhibits
frame-by-frame jittering. This we expect will be corrected by
fully 4D (3D spatial+ 1D time) image reconstruction.

V. SUMMARY AND CONCLUSIONS

We developed a TV penalized ML image reconstruction
method to reduce image noise and sparse-view sampling
artifacts in dynamic SPECT studies on a stationary ring-type
small animal SPECT insert. Our implementation employed the
Douglas-Rachford splitting to optimize the ML-TV objective
function. One of the essential steps in this reconstruction
algorithm is to find the proximity operator of the negative
Poisson log-likelihood function, which has no closed-form
solution. In this work, we used optimization transfer to obtain
this proximity operator iteratively. We applied the ML-TV
method to dynamic stationary mouse renal SPECT scans using
computer simulations and compared the reconstruction results
with conventional ML-EM. We observed significant improve-
ment in pixel-wise TAC estimation by using ML-TV method,
which encourages piece-wise constant image reconstruction.
An implied benefit which will be pursued is improvement in
subsequent quantitative analysis such as kinetic modelng. An
example is in the investigation of kidney functions.
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SPECT insert geometry  

 5 (axial) x 19 (transaxial) CZT 

detectors,  each with 16 x16 

pixels, pixel pitch 1.6 mm.   

 Shown in blue/green is the multi-

pinhole collimator.  A focused 36-

PH collimator was simulated in 

our study.  Analytical projection at frames 0, 29, 58.  Projection image at each 
frame is formed on the 19 detector panels  each consisting of 5 CZT 
modules.  The left and right kidneys are clearly visible in frame 29. 
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Left: A sample slice of the MOBY phantom, and reconstructed 
images at different time frames.  The ML-EM iteration number 
was optimized for minimal squared error within the left and 
right kidneys.  The β value in ML+β TV was chosen similarly. 
Below:  Reconstructed images and the phantom shown at all 
time frames. The line profile (below) positions are indicated.  
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TAC estimation using ML-EM and ML+ βTV image reconstruction and comparison with the phantom. The pixel 
locations are shown in (d). The phantom TAC was obtained from our previous animal experiments using Tc99m-DTPA. 
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Efficient parameter estimation for discrete
tomography using adaptive modeling

W. van Aarle, K. Crombecq, I. Couckuyt, K. J. Batenburg and J. Sijbers

Abstract—The recent increase in computational power has
led to various advanced and powerful tomographic algorithms
such as the Discrete Algebraic Reconstruction Technique (DART)
[1], [2], where prior knowledge about the discrete grey levels
is exploited to improve reconstructions. To achieve maximal
reconstruction quality with DART, various configuration options
are to be carefully chosen. As DART is an algorithm that
requires a long time to compute, the estimation of the algorithm
parameters generally is a daunting task. In this paper we,
therefore, introduce a simple cost function to evaluate a chosen
set of algorithm parameters. We also investigate the use of a
state-of-the-art optimization technique, called adaptive modeling,
where global optima of cost functions can be found with a limited
number of costly function evaluations. Simulated experimental
results show that using such an optimization technique leads to
optimal reconstructions more quickly, without a penalty on their
accuracy.

Index Terms—CT, discrete tomography, DART, parameter
estimation, adaptive modeling

I. INTRODUCTION

Computed tomography (CT) concerns the creation of a
reconstructed image (a tomogram) of a slice through an object,
based on projection data taken under multiple projection
angles. One major class of reconstruction algorithms are
algebraic reconstruction methods, such as ART, SART and
SIRT, where tomograms are created by iteratively solving a
system of linear equations. These methods are characterized
by a high computational cost. However, due to the recent
increase of power in modern computing hardware (especially
in GPU-based systems [3]), these methods are rapidly gaining
popularity.

The Discrete Algebraic Reconstruction Technique (DART)
[1], is an advanced iterative tomography technique where it is
assumed that the scanned object can be represented by a small
set of grey values. In addition, these grey values are assumed
to be known in advance. This method has shown promising
results [2]: the tomogram can be analyzed without the need
for an extra segmentation step and accurate reconstructions
are possible with severely underdetermined reconstruction
problems, e.g. scans with a very small number of projection
angles (leading to a dose reduction).

Unfortunately, prior knowledge about the object’s grey level
values is typically not available in practice. In [4], it was
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shown that these values can be automatically estimated by
manually selecting a large area in a standard FBP reconstruc-
tion in which the grey level value is constant. However, in
many applications, e.g. trabecular bone or foams, no large
area’s are available. Furthermore, the DART algorithm has
many other configuration parameters that affect the quality
of the algorithm’s results. Manually setting these values and
parameters can lead to suboptimal reconstructions.

Iterative tomography inherently provides an easy and objec-
tive method to evaluate each reconstruction. By comparing the
resulting tomogram in the projection space to the measured
projection data, a cost function can be defined to score an
algorithm evaluation.

In this paper, we investigate the optimization of this cost
function, which is very costly to evaluate and not differen-
tiable. Popular optimization routines, such as Nelder-Mead
simplex search [5], are able to solve complex optimization
problems, but typically do so by using a large number of
function evaluations.

Recent research in modeling techniques has focused on
building mathematical models of complex functions with as
few samples as possible. If the cost function is evaluated in
a limited number of points, a coarse model of the search
space can be constructed, after which it can be further refined
by adding new sample points where deemed necessary. This
technique is called adaptive modeling and a variation of it,
where new sample points are selected where there is a high
chance of a global optimum, can be used as an optimization
routine.

The remainder of this paper is structured as follows. In
Section II, the DART algorithm is described in detail and all
optimization parameters are listed. Also, an adaptive modeling
technique and its implementation in the SUMO toolbox [6] are
explained. Section III describes various phantom experiments
that have been performed to measure the accuracy and eval-
uation count of an adaptive modeling technique to optimize
DART-parameters. Section IV concludes this work.

II. METHODS

A. Algebraic Reconstructions

Algebraic reconstruction methods consider tomographic re-
construction as the problem of solving a system of linear
equations

Wv = p (1)

where p ∈ Rm represents the measured projection data, v ∈
Rn represents the unknown attenuation values in the image

11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 229



(a) Phantom (b) SIRT tomogram (c) DART tomogram

Fig. 1. (a) 256×256 phantom image. (b) SIRT reconstruction using 5
projection angles. (c) DART reconstruction using 5 projection angles.

domain, and W ∈ Rm×n is the linear projection operator,
mapping the image domain to the projection domain.

If m� n, Eq. (1) is underdetermined and multiple solutions
are possible. Fig. 1(b) shows a SIRT [7] tomogram of the
phantom image in Fig. 1(a) from only 5 projections.

B. DART

The Discrete Algebraic Reconstruction Technique (DART)
[1], [2] exploits prior knowledge about the discrete grey levels
and solves Eq. (1) under the constraint that vi can only take
values that are entries of a of a vector ρ ∈ Rl. DART is an
iterative technique. Here we give a concise summary of the
steps in each iteration:

1) Create an initial reconstruction v(0) using SIRT. Put k =
0, the iteration number.

2) If k 6= 0, apply a blurring filter of intensity b to v(k).
This step is required to reduce the impact of noise in
the projection data.

3) Segment v(k) by using thresholds τ and grey levels ρ.
4) Determine A ⊂ {1, . . . , n}, the set of pixels that lie on

the edge of 2 partitions. Also add r random pixels to
A. This is required to ensure that objects that are not
visible in the initial segmentation will eventually still be
reconstructed.

5) Compute p(k+1), the residual projection data by sub-
tracting the forward projection of all pixels v(k)i with
i /∈ A from the measured data p.

6) Create the reconstruction v(k+1) by using SIRT to
solve WAv

(k+1) = p(k+1), where WA is the matrix
containing all columns of W in the set A. This system
of equations has a smaller number of unknowns than the
original system and is therefore better determined, even
when few projection angles are available. Increase k by
1 and return to step 2 until convergence.

Fig. 1(c) shows a DART tomogram of the phantom image in
Fig. 1(a) from only 5 projections.

The accuracy of the resulting reconstruction depends on the
accurate choice of the following parameters:

• ρ ∈ Rl: the grey level values of each material.
• τ ∈ Rl−1: the threshold values used for the segmentation.
• b: the intensity of blurring that takes place. For noisy

projection data, b should be higher than for non-noisy
data.

• r: the number of random pixels that are added to A each
iteration.

If it is assumed that the measured projection data is free of
errors, iterative tomography inherently provides an easy and
objective method to evaluate each reconstruction. For an exact
reconstruction, the euclidean distance in the projection space is
zero. Therefore, one would expect that the larger the deviation
from this exact tomogram is, the larger its deviation will be
in the projection space. To evaluate a DART reconstruction
v
(q)
(ρ,τ ,b,r) with parameters ρ, τ , b and r after q iterations, we

can therefore define the following cost function:

Φ(ρ, τ , b, r, q) = ||Wv
(q)
(ρ,τ ,b,r) − p||2 (2)

Due to the non-linearity and the random aspect in step 4
of the algorithm, Eq. (2) is non-differentiable and is likely to
contain multiple local optima. Furthermore, due to the com-
putational cost of DART, the number of function evaluations
required for minimizing the cost function should be as low
as possible. To deal with these issues, we resort to adaptive
modeling techniques.

C. Adaptive Modeling

Select initial samples

Evaluate samples

Create model(s)

Estimatemodel 
accuracy

Accuracy
Reached? Done

Select new samples

Yes

No

Tune model 
hyperparameters

Improvement?

Start

No

Yes

Fig. 2. Flowchart of an adaptive modeling routine.

Adaptive modeling is a technique in which a surrogate or
approximation model of the original, expensive cost function
is built by evaluating this function in a number of points, and
training a mathematical model on this data. This model is then
iteratively refined by selecting additional points in interesting
locations, and re-building the model [6] with this new data.
The algorithm that selects these additional points is called the
sampling strategy. The resulting approximation model can then
be used as a drop-in replacement for the original cost function
that can be evaluated much faster.

A popular choice for the mathematical model is Kriging [8].
In addition to predicting the behaviour of the cost function on
the entire domain, it also provides a measure of uncertainty,
indicating where in the domain the model is the most uncertain
about its predictions. This information can be used to deter-
mine where additional points should be located. A well-known
sampling algorithm that exploits this property is Expected
Improvement (EI), which has been popularized by Jones et al.
[9] as the Efficient Global Optimization (EGO) algorithm. The
EI method combines the prediction and prediction variance
(uncertainty) of the Kriging model to search for the optimum
and refining the surrogate model in unexplored locations.

The main advantage of using approximation models is that
it can reduce the number of function evaluations required to
find the optimum. Instead of searching for the optimum by
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evaluating the cost function directly, the Kriging approxima-
tion model is thoroughly explored, and new points are only
selected when it is deemed absolutely necessary, thus saving
a lot of expensive function evaluations.

III. EXPERIMENTS

(a) Phantom (a) (b) Phantom (b) (c) Phantom (c)

Fig. 3. (a) binary image of a simple shape. (b) binary image of a
femur. (c) image of femur with three grey level values.

To demonstrate the proposed method, simulated projection
images were computed of three 256 × 256 phantom images
(Fig. 3), using 10 projections for phantom 3(a) and 60 projec-
tions for phantom 3(b) and 3(c). For each phantom, optimiza-
tion experiments were performed for various parameters of
DART. To reduce the high dimensionality of the search space,
each experiment only optimizes a few parameters while the
others remain fixed.

We compared the cost function to the function of relative
Number of Misclassified Pixels (rNMP) (= the number misclas-
sified pixels with respect to the phantom, divided by the total
number of non-background pixels in the phantom image). In
Fig. 4, these functions are shown for two different experiments:
Φ(ρ1, ρ2) for phantom 3(a) and Φ(r, ρ2) for phantom 3(b).
Even though the functions are not an exact match, their
minima (white dots) lie close together. The proposed accuracy
score can therefore be used to accurately evaluate a parameter
choice.

For each experiment, we then compared the following
optimization methods:

• The Nelder-Mead simplex optimization as described in
[5] and as implemented in fminsearch from the MAT-
LAB global optimization toolbox.

• A pattern search optimization method [10] implemented
in patternsearch from the MATLAB global opti-
mization toolbox.

• An adaptive optimization method as proposed in section
II of this paper. We used the SUMO (SUrrogate MOdel-
ing) Toolbox [6], a free MATLAB toolbox designed for
adaptive surrogate modeling and sampling. The SUMO
Toolbox has the EI and Kriging methods built-in and
ready for use, making it the ideal choice for conducting
this experiment.

Fig. 5 shows, for Φ(ρ1, ρ2) for phantom 3(a), the adaptive
model and the distribution of function evaluations for the
previously mentioned routines.

We compared the number of function evaluations that are
needed to reach a certain minimal value for Φ. This value is
lower for experiments on phantom 3(a) than for experiments
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(a) Phantom 3(a): rNMP(ρ1, ρ2)
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(b) Phantom 3(a): Φ(ρ1, ρ2)
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(d) Phantom 3(b): Φ(r, ρ2)

Fig. 4. Comparison of cost function Φ with the rNMP for two
different experiments. The minima are marked by white dots.
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(a) Phantom 3(a): model for Φ(ρ1, ρ2): 16
samples
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(b) Simplex: 38 samples
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(c) Pattern search: 43 samples

Fig. 5. Optimization results for Φ(ρ1, ρ2) on Phantom 3(a), (a)
adaptive model after 16 samples, (b-c) distribution of evaluated
samples for the classical optimization methods.

on phantom 3(b) and 3(c) due to its simple shape. For
the simplex and pattern search optimization, the number of
evaluations depends greatly on the initial parameter choice.
We therefore ran these experiments 20 times using random
initial parameters and compared the median runs. For these
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function evaluations rNMP
simplex pattern search (ps) adaptive simplex ps adaptivePhantom 3(a) min max med failed min max med failed

b, ρ2 8 28 17 0 15 74 52 2 13 0% 0% 0%
r, ρ2 8 23 16 0 27 91 46 0 18 0% 0% 0%
ρ1, ρ2 30 49 38 3 32 99 43 6 16 0% 0% 0%
ρ1, τ, ρ2 46 120 75 7 80 129 147 0 56 0.01% 0.02% 0%
Phantom 3(b)
b, ρ2 1 17 10 0 1 49 24 0 10 0.36% 0.46% 0.20%
r, ρ2 5 22 11 6 5 78 42 0 10 0.39% 0.33% 0.32%
ρ1, ρ2 1 39 32 1 19 89 58 1 11 0.49% 0.47% 0.56%
ρ1, τ, ρ2 31 59 49 8 63 113 96 0 20 0.47% 0.55% 0.56%
Phantom 3(c)
b, ρ2, ρ3 10 36 28 5 37 138 104 2 23 0.58% 0.59% 0.77%
r, ρ2, ρ3 14 49 29 3 25 239 128 1 14 0.84% 0.61% 0.70%
ρ1, ρ2, ρ3 15 84 50 4 99 240 147 0 30 0.75% 0.71% 0.68%
τ1, ρ2, τ2, ρ3 37 50 43 6 97 253 153 0 39 0.89% 0.96% 0.74%
τ1, τ2 3 16 7 0 1 40 17 0 11 1.04% 0.71% 0.89%

TABLE I
LEFT HAND SIDE: NUMBER OF FUNCTION EVALUATIONS. RIGHT HAND SIDE: RNMP

experiments, we also counted the number of optimization
attempts where the target value was never reached due to
local optima. The left hand part of Table I shows, for each
experiment, the required number of function evaluations for
an adaptive modeling optimization. In general, the adaptive
modeling optimization requires fewer function evaluations
when compared with the simplex method, which in turn
requires substantially fewer function evaluations than a pattern
search method. Pattern search, however, is more robust than a
simplex search with respect to local optima.

We also evaluated the rNMP of each of the constructed
tomograms. For the simplex and pattern search optimization,
the parameters of the median run were used. It is expected that
if the projection difference is optimized until a sufficiently low
value of the cost function has been reached, the rNMP will be
small independent of the optimization routine that was used.
The results shown in the right hand part of Table I, indeed
confirm this.

IV. CONCLUSIONS

The Discrete Algebraic Reconstruction Technique (DART)
is a discrete tomography technique where prior knowledge
about grey level values is exploited to constrain otherwise
underdetermined reconstruction problems. However, this prior
knowledge is typically not available in practice. Also, to obtain
optimal results with DART, various configuration parameters
must be accurately estimated. Manually setting these values
and parameters can lead to suboptimal reconstructions.

In this paper, we have suggested that parameters and prior
knowledge should be chosen such that the projection differ-
ence is minimal. To find the optimal values, we are limited
to optimization routines that do not require continuous or
differentiable functions, and that have a low risk of stranding in
a local optimum. Furthermore, due to the large computational
cost of DART, it is important that the global optimum is found
with as few function evaluations as possible.

This is achievable with adaptive modeling, where the en-
tire function space is modeled using simple basic functions.
Initially, a coarse model is constructed using only a few data
points. This model is then improved by iteratively adding new
function evaluations in areas of the optimization space that are
likely to contain the optimum.

Experimental results of DART reconstructions on three
simulated phantom images have shown that, with respect to
classical optimization methods such as simplex search and
pattern recognition, the use of such an adaptive modeling
optimization technique reduces (a) the risk of stranding in
a local optimum and (b) the required number of function
evaluations to reach accurate parameter values.

It should be noted that, while we focused on DART, the
proposed cost function and optimization strategy can easily be
converted for other tomographic algorithms where a projection
difference can be calculated.
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Generalized Metrics Induced Anatomical Prior for
MAP PET Image Reconstruction

Lijun Lu, Jianhua Ma, Jing Huang, Hua Zhang, Zhaoying Bian, Wufan Chen, and Zhengrong Liang

Abstract— Information theoretic metrics, including mutual in-
formation (MI) and joint entropy (JE), have been investigated as
priors to incorporate anatomical information in ill-posed positron
emission tomography (PET) image reconstruction. These metrics
are generally based on the Shannon entropy. Meanwhile, in this
paper, we proposed a generalized metrics induced anatomical
prior for maximum a posteriori (MAP) PET reconstruction based
on the generalized Shannon entropy metrics or Tsallis entropy.
For the presented prior computation, a non-parametric method
was used to estimate the joint probability density of the PET
and MR image. Furthermore, we also developed an one-step-
advance (OSA) MAP algorithm for PET image reconstruction
with the presented prior regularization. Simulation results show
that the presented novel prior has significantly improved the
reconstructed PET image quality.

Index Terms— Positron emission tomography; Generalized
metrics; Tsallis entropy; Anatomical prior; Joint entropy.

I. INTRODUCTION

Positron emission tomography (PET) is a non-invasive clin-
ical imaging technique for quantitative study of the functional
activity of the subjects. However, due to low spatial resolution
and inherently noisy data, PET reconstruction is an ill-posed
problem. Because the anatomical information from high-
resolution MR/CT anatomical images may potentially provide
huge similarity redundance information for high-quality PET
image reconstruction, many efforts have been done for this
topic [1]–[6]. Specially, many techniques often use the seg-
mented anatomical image or label image to penalize inter-
pixel intensity variations with the boundaries [1]–[4]. Others
then encourage a homogeneously distributed within a given
anatomical region [5], [6]. Obviously, all these approaches
depend on the explicit boundary or segmented anatomical
information.

Recently, information theoretic metrics, including mutual
information (MI) [7] and joint entropy (JE) [8], [9], have been
investigated as priors to incorporate anatomical information in
PET image reconstruction. These approaches did not require
explicit segmentation or boundary extraction, and just aimed to

This work was supported by the 973 Program of China under Grant
No.2010CB732503. J. Ma was supported in part by the NSF of China
under Grant No.81000613. Z. Liang was supported by the NIH under Grant
#CA143111 and #CA082402.

L. Lu (e-mail: ljlubme@gmail.com), J. Ma (e-mail: jhma@fimmu.com) , J.
Huang (e-mail: hjing@fimmu.com), H. Zhang (e-mail: xinsier@gmail.com),
Z. Bian (e-mail: zybian@fimmu.com) and W. Chen (e-mail:
chenwf@fimmu.com) are with the School of Biomedical Engineering,
Southern Medical University, Guangzhou 510515 China. J. Ma is also with
the Department of Radiology, State University of New York, Stony Brook,
NY 11794 USA.

Z. Liang (e-mail: Jerome.liang@sunysb.edu) is with the Department of
Radiology, State University of New York, Stony Brook, NY 11794 USA.

reconstruct image that has a distribution of intensities similar
to anatomical image. In particular, Somayajula used the MI
between feature vectors extracted from the anatomical and
functional image to define a prior. It was later demonstrated by
Nuyts that MI tends to produce biased estimates in the cases
where there are differences in the anatomical and functional
image, and that JE is more robust metric in these situations.
General speaking, all these information theoretic metrics are
based on Shannon entropy or traditional Bolzmann-Gibbs
statistics. As a generalized Shannon entropy, Tsallis entropy
[10] has been established in the information-theoretic frame-
work as an information measure, and applied to generalize
the traditional Boltzman-Gibbs statistics [11]. Comparing with
the Shannon entropy, the Tsallis measure has been illustrated
its performance in faster and more accurate image registration
applications [12]. In the image fusion applications [13], Tsallis
measure also outperforms the standard MI metric by correlat-
ing better with the subjective quality of fused image. Inspired
by the Tsallis measure’s applications, a generalized metrics or
Tsallis entropy may be used to incorporate anatomical infor-
mation into the PET image reconstruction. With this observa-
tion, in this paper, we proposed a generalized metrics induced
anatomical prior for MAP PET image reconstruction. An
one-step-advance (OSA) MAP algorithm was also developed
with the presented generalized metrics prior regularization. We
tested the algorithm using a simulated brain phantom.

II. METHODS

A. MAP Reconstruction

Let f represent the functional image and a denote the co-
registered anatomical image. The MAP estimate of f from
emission sinogram data g is given by

f = argmax
f≥0

P (g|f)P (f)
P (g)

(1)

where P (g|f) is the likelihood function and P (f) is the prior
on the image. It is known that priors in terms of information
theoretic metric between the anatomical and functional images
have been implemented in PET image reconstruction [7]–[9].
To define the prior, we extract Ns feature vectors form the PET
and anatomical image represented as xi and yi respectively
for i = 1, 2, ..., Ns. In this paper, we only consider the
intensity feature of the two images. These feature vectors
can be considered as independent realizations of the random
vectors X and Y . If D(X,Y ) is the information theoretic
metric that is defined between X and Y , the prior is assumed
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to have a Gibbs distribution of the form

P (f) =
1

Z
exp(−βD(X,Y )) (2)

where Z is a normalizing constant and β is a positive hyper-
parameter.

Taking the log of the posterior and dropping constants, the
objective function L(f) is given by

L(f) = logP (g|f)− βD(x, y) (3)

Applying the Poisson statistics to the first term of (3), an
one-step-advance approximation iterative strategy is derived
as what was done by Green [14], which is given by

fnewi =
foldi∑

j aij + β ∂D(X,Y )
∂fi

|fi=fold
i

∑

j

aijgij∑
i aijf

old
i

(4)

where aij denotes the probability that a positron emitted from
pixel j results in a coincidence at the ith line of response.

B. Generalized metrics
Tsallis entropy is a one parameter generalization of Shannon

entropy [10]. For a random variable X , Tsallis entropy of order
α is defined as

Hα(X) = (1− α)−1(
∑

x
pα(x)− 1) (5)

It is important to note that when α tends to 1, using L’Hopital’s
rule, Tsallis definition tends towards Shannon entropy. The
divergence measure proposed by Tsallis is defined by

DT (P ||Q) =
1

1− α (1−
∑

i

pαi
qα−1
i

) (6)

with α ∈ <− {1}. It is known that MI is a particular case of
the divergence measure defined between the joint probability
density and the product of their marginal densities. Replacing
pi and qi, respectively, by the joint probability density p(x, y)
and by the product of the marginal densities p(x) · p(y), the
mutual information based on Tsallis entropy is obtained, which
is described as

Tsallis-MI:
Iα(X,Y ) = Hα(X) +Hα(Y )− (1− α)

×Hα(X)Hα(Y )−Hα(X,Y ) (7)

then the joint entropy based Tsallis entropy is
Tsallis-JE:

Hα(X,Y ) = (1− α)−1(
M∑

i,j

pα(xi, yj)− 1) (8)

We therefore define generalized metrics D(X,Y ) in term
of Tsallis-MI as

D(X,Y ) = −Iα(X,Y ) (9)

or in terms of Tsallis-JE as

D(X,Y ) = Hα(X,Y ) (10)

Shannon MI and Shannon JE is a special case of the
generalized metrics D(X,Y ), when α tends to 1.

C. Implementation of prior term

Let the number of samples Ns equal to the number of
pixels N , since we are extracting intensity of image as feature
vector. Representing the samples by f1, f2, ..., fNs

, the Parzen
estimate p̂(x) of p(x) is given by

p̂(x) =
1

Ns

Ns∑

j=1

ϕ(
x− fj
σ

) (11)

where ϕ is a Gaussian window and σ is the window width as a
design parameter. For estimating the joint density between X
and Y corresponding to the intensities of the co-registered PET
and anatomical images f and a, we use a Gaussian window
function with diagonal covariance matrix

∑
= diag(σx, σy).

Thus, the joint density estimate is given by

p̂(x, y) =
1

Ns

Ns∑

k=1

ϕ(
x− fk
σx

)ϕ(
y − ak
σy

) (12)

The derivative of the joint entropy is defined as

∂Hα(x)

∂fk
=

α

1− α
∆xα

Ns

M∑

i=1

pα−1(xi)ϕ
′(
xi − fk
σx

) (13)

∂Hα(X,Y )

∂fk
=

α

1− α
∆xα∆yα

Ns

M∑

i,j=1

pα−1(xi, yi)
∂p(xi,yj)

∂fk

=
α

1− α
∆xα∆yα

Ns

M∑

i,j=1

pα−1(xi, yi)ϕ(
yi − ak
σy

)ϕ′(
xi − fk
σx

)

(14)
and

ϕ′(
xi − fk
σx

) = ϕ(
xi − fk
σx

)(
xi − fk
σ2
x

) (15)

where M is the number of bins to compute the densities.

D. Data Simulation

Our simulations are based on the F 18FDG tracer producing
uniform or near uniform in the gray matter (GM), while mater
(WM) and cerebrospinal fluid (CSF) regions of a normal brain.
We used a 128 × 128 slice of the Hoffman brain phantom as
our functional image (activity ratios of 4:1:0 in GM, WM and
CSF) and used the same image with values of 180 in GM, 255
in WM, and 0 in CSF as our anatomical image, which is shown
in Fig. 1. The probability matrices used in the reconstruction of
above phantom correspond to parallel strip integral geometry
with 128 radial samples and 128 angular samples distributed
uniformly over 180 degrees. The simulated sinogram data
had approximately 1.0 × 106 counts and the percentages of
simulated delayed coincidences ri factors (scatter effects are
ignored) in the count is set to be 10%. The finial reconstructed
image is set to a size of 128 × 128 pixel matrices.

Because the performance of mutual information (MI) prior
and joint entropy (JE) prior has been demonstrated to be
more superior to Gaussian quadratic prior, we did not consider
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(a) (b)

Fig. 1. The phantoms used in the simulation. (a)PET image and (b)MR
image.

Gaussian quadratic prior and compared only the results from
the proposed generalized metrics(referred to as Tsallis-MI and
Tsallis-JE) with MI prior and JE prior. We reconstructed all
images using 50 iterations, initialized with 10 iterations of
expectation maximization (EM). For all the priors considered,
we compute the densities at 128 bin centers that we keep
constant throughout the optimization, the initial of image the
range of which we set to 2.0 times the range of intensities
in an initial maximum likelihood (ML) reconstruction. A PC
with AMD Phenom(tm) II X61055T Processor and 16.0GB
RAM is used as the workstation for reconstructions.

III. RESULTS

A. Reconstructed Images

The reconstructed images, true PET image and initial image
are shown in Fig. 2. We can see that reconstructions using
MI prior and Tsallis-MI prior can preserve the anatomical
structure, but suffer from high intensity pixels distribution
within the GM region. Reconstructions using JE prior and
Tsallis-JE prior exhibit excellent performance in suppressing
noise effect and preserving anatomical structure. We can also
see that reconstruction using Tsallis-JE prior has few high
intensity pixels than reconstruction using JE prior.

B. Joint pdfs

The joint density estimates of anatomical image and PET
image in Fig. 2 are shown in Fig. 3. The x-axis in each of
these figures corresponding to the PET image intensity and
the y-axis corresponds to the anatomical image intensity. Fig.
3 (a) is the joint density estimates of anatomical image and
true PET image. The GM, WM and CSF regions are seen as
three distinct peaks in the joint density. Fig. 3 (b) is the joint
density estimates of anatomical image and initial image. The
joint density estimates of anatomical image and reconstructed
image using different priors are shown in Fig. 3 (c)-(f). We
can see that the joint density estimate of anatomical image and
reconstructed image using Tsallis-JE prior is more clustered
than any other joint density estimates.

C. Profile Plots

The horizontal profiles in Fig. 4 (a)-(c) show the image
intensities along a predefined line (the labeled line in true
PET image) in the respective reconstructed image. Three

(a) (b)

(c) (d)

(e) (f)

Fig. 2. The reconstructed images, true PET image and initial image. (a)True
PET image, (b) EM estimate used for initialization, (c) MI reconstructed PET
image with β = 5000, (d) JE reconstructed PET image with β = 5000,
(e)Tsallis-MI reconstructed PET image with β = 6000, α = 0.9, (f)Tsallis-
JE reconstructed PET image with β = 6000, α = 0.9.

different lines are chosen, which pass through the edge and
also across different activity regions, to demonstrate the edge-
preserving capabilities and quantitative accuracy of the various
algorithms. The reconstructed image using Tsallis-JE prior
yielded the best results in edge-preserving and quantitative
accuracy.

IV. CONCLUSION

We described a generalized metrics induced anatomical
prior for MAP PET reconstruction based on Tsallis entropy.
An OSA iterative algorithm was developed for MAP PET
image reconstruction with the presented prior. The algorithm
was tested using simulated PET and MR brain images. In
the simulation, compared with reconstruction using Tsallis-
MI prior, better result was obtained when reconstruction
using Tsallis-JE prior. This result was coincidence with the
conclusion of paper [8] that JE prior is a more robust choice
than MI prior. Results also showed that reconstructed im-
ages using generalized metrics induced anatomical prior had
better edge-preserving and quantitative accuracy when the
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(a) (b)

(c) (d)

(e) (f)

Fig. 3. Joint pdfs of the anatomical image and (a) True PET image, (b) EM
estimate used for initialization, (c) Image reconstructed with MI prior, (d)
Image reconstructed with JE prior, (e) Image reconstructed with Tsallis-MI
prior, (f) Image reconstructed with Tsallis-JE prior.

parameter was chosen correctly. The non-convexity of the
generalization metric prior is exist as the information theoretic
metric prior. However, from the promising simulation results,
we can conclude that generalized metrics based on Tsallis
entropy, including Tsallis-MI and Tsallis-JE, might be useful
in application where function follows anatomy.
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Robust anisotropic diffusion prior with anatomical
regularization for 3D SPECT reconstruction

D. Kazantsev1, S.R. Arridge1, S. Pedemonte1, A. Bousse2, B.F. Hutton2 and S. Ourselin1

Abstract—In this study, we aim at reconstructing single photon
emission computed tomography (SPECT) images with the em-
ployment of available anatomical data. We use an anatomically
weighted anisotropic median diffusion filter (AWAMDF) as a reg-
ularization term in a maximum a posteriori (MAP) framework. In
the proposed method, co-registered data from magnetic resonance
(MR) is embedded directly into the robust diffusion update
equation to encourage anatomically adaptive local diffusion flow
and noise suppression. The main aim of this study is to present
a possible way to determine pathological tissues, such as hot and
cold lesions, apparent only on emission data, while preserving
edges from the anatomical image. Aiming to detect boundaries
on highly distorted data, we use a Tukey’s Biweight error norm
in the framework of robust diffusion with a special constraint
on the local gradient. Quantitative assessment of AWAMDF is
performed using simulated 3D SPECT/MR data, and compared
with Bowsher prior. AWAMDF outperforms BP quantitatively
for damaged brain areas, and with slightly inferior variance for
the whole gray matter region.

Index Terms—Anatomical prior, robust anisotropic diffu-
sion, maximum-a-posteriori reconstruction, edge-preserving, 3D
SPECT/MR

I. I NTRODUCTION

Taking into account the noisy emission images with poor
spatial resolution of the SPECT system, it is important to have
proper tools to deal with such degradations in reconstruction
algorithms.

Perona and Malik anisotropic diffusion (AD) filters have
shown a remarkable noise suppression with edge preservation
by applying partial differential equations (PDE) [1]. A median
root prior has been proposed in [2] to encourage preservation
of piecewise constant regions, but reconstructed images suffer
from streaking artefacts. A combination of an AD framework
with median filtration (AMDF) has been incorporated into PET
reconstruction in [3] - [4]. It yielded a favourable two-step
technique, initially applying the diffusion process to emission
estimate and using median filter to reduce remaining impulsive
noise afterwards.

Anatomical data can be used to improve reconstructed
activity distribution characteristics by referring to well defined
anatomical boundaries. Recently, a few modifications of the
anatomically regularized diffusion prior have been devised
by Chan at al. [3], [5]. In [3], an anatomically adaptive
median-diffusion filtering (AAMDF) prior has been proposed.
Adaptivity of the diffusion filter is conducted by varying the
edge preserving parameter (K) of the influence function. The
value of K has been optimized for each anatomical region

This work has been supported by the Engineering and PhysicalSciences
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and Bioengineering, University College London, London, NW1 9EE, UK (E-
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of the previously segmented anatomy. Obtained results have
shown more distinguishable inter-tissue borders on recon-
structed images, reduced bias and improved lesion contrast.
Segmentation is an evident drawback of this approach; it
requires additional computational time and is prone to be
inaccurate. In paper [5], a further development of AAMDF has
been implemented by removing segmentation dependence and
devising more rigorous median filtering procedures. Non-local
means (NLM) have been incorporated into the median filtering
step to obtain a more robust estimation of pixel weights.
Anatomical information has been embedded into the NLM
weighting process by selecting the most similar pixels in the
local neighbourhood of the anatomical image [6]-[7].

In this study, we embed anatomical weights directly into the
diffusion equation and not into the filtering step. To alleviate
the problem of searching for the optimal edge preserving pa-
rameter for each estimation and to improve the stability of the
diffusion process, we referred to an influence function based
on a robust statistical framework [8],[9]. Robust anisotropic
diffusion has proved to be more reliable in detecting outliers
(edges) propagating through successive iterations. It is impor-
tant to retain useful boundary information while suppressing
noise, and an additional constraint on the local gradient can
perform such a task.

In this work, we present a MAP image reconstruction tech-
nique for SPECT with realistic intrinsic system and collimator
resolution. Quantitative assessment of the AWAMDF prior
is performed using simulated co-registered 3D SPECT/MR
data, and compared with the Bowsher prior [6]-[7] and Total
Variation (TV). Methods have been tested specifically for
experiments with cold and hot lesions, which exist in the
activity image but are absent on MRI.

II. METHOD

The MAP optimization task to obtain an estimate of activity
distributionλ̂, given Poisson distributed projection datag, can
be formalized as a minimizer of posterior probabilityJ(λ; g):

λ̂ = argmin
λ≥0

J(λ; g),

where J(λ; g) is expressed via negative log-likelihood and
log-prior terms asJ(λ; g) = −L(g;λ) + βU(λ), β is a
regularization parameter andU(λ) is an energy function.

With an assumption that reconstructed activity distribution is
supposed to be locally monotonic, a median root prior (MRP)
is incorporated into the one-step late iterative scheme [2]:

λn+1
t =

λnt∑
i Pit + β

λn
t −M(λn

t )
M(λn

t )

∑

i

Pitgi∑
t′ Pit′λt′

, (1)
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where the SPECT system projection matrixPit consists of
probabilities that theith emitted photon would be registered
by the tth voxel and

M(aij) = Median((aij),Wmed), (2)

Wmed is the size of median smoothing window.

A. Anatomically weighted anisotropic median diffusion filter-
ing (AWAMDF)

A minimization problem for AD can be considered via the
following energy functional on the image spaceΩ:

U(λ) =

∫

Ω

ψ(||∇λ||)dΩ,

where ψ(||∇λ||) is an increasing function of the gradient
magnitude ofλ. One can use variational theory to obtain a
PDE:

∂λ

∂t
= ∇ ·

[
ψ

′
(||∇λ||)
||∇λ|| ∇λ

]
. (3)

Substituting an edge-preserving diffusion function

g(||∇λ||) = ψ
′
(||∇λ||)
||∇λ|| in (3) we have:

∂λ

∂t
= ∇ · [g(||∇λ||)∇λ] . (4)

A diffusion function proposed by Perona-Malik is used in the
form:

g(s) =
1

1 + s2/K2
, (5)

whereK is an edge preserving parameter. Function (5) is
closely related to the error norm and influence function in
the robust estimation framework [8]. It has been shown that
using the Tukey Biweight robust error norm (compared to
Lorentzian and Huber) gives better boundary preservation with
increasing number of iterations. In this work we use the
influence function of the Tukey norm given as:

g(s, σ) =

{
1
2 (1 − (s/σ)2)2 |s| ≤

√
5σe,

0 otherwise.
(6)

Using a robust statistics approach it is more feasible to detect
outliers in the data and give them a zero weight, when
|∇λk,l| > σe. The parameterσe is called the robust scale
of the image and it can be calculated globally [8] or locally
[9]. Due to inhomogeneous nature of edge distribution across
activity data we used the spatially varyingσe given as:

σe(λk,l) = 1.4826MAD−( W−1
2 )≤x,y≤(W −1

2 )(∇M(λk+x,l+y)) =

= 1.4826M(||∇M(λ) − M(||∇M(λ)||)||),
where MAD denotes the median absolute deviation andM is
defined as (2). For the more robust estimation of the gradient
thresholdσe, we had averagedλ estimate to minimize risk to
take into consideration of high frequency noise instead of real
edges.

The AD equation (4) can be explicitly discretized into an
AWAMDF update scheme:

λn,d+1
t = λn,dt +

τ

|ℵk|
∑

l∈ℵ(k)

ωk,l(µ)g(||∇λn,dk,l ||)∇λn,dk,l , (7)

whereℵk is the number of neighbours, here we useW = 53

diffusion window and∇λn,dk,l = λn,dk − λn,dl is the intensity
gradient. The diffusion rate constantτ is set to 1. The number
of AWAMDF iterationsd is set to 15; due to the robustness of
the diffusion process, prominent boundaries will remain with
iterations but noise will be suppressed.

The diffusion process is regularized by weightsωk,l(µ)
which are dependent on the anatomical imageµ:

ωk,l(µ) =

{
d(k, l) ∀l ∈ ℵ(k,µ, n0),
0 otherwise.

(8)

Here d(k, l) is a Euclidean distance andℵ(k,µ, n0) is a set
consisting ofn0 chosen neighbours for a current voxel of
interestk: l1, . . . , ln0 , fulfilling the condition:

|µk − µl1 | 6 · · · 6 |µk − µln0 |, ∀l ∈ ℵ(k,µ, n0). (9)

A median filter is used to remove large noise spikes from
theλn,d+1 (7), but simultaneously it brings averaging to low
contrast changes in intensity. It means that it progressively
smooths all the minor boundaries which were introduced by
anatomy. To partially avoid that, we used median filtration
only every fifth iteration in (1).

For comparative purposes we use the Bowsher prior with
quadratic functional [6]-[7]:

UBPµ (λ) = β

K∑

k=1

∑

l∈ℵ(k,µ,n0)

ωk,l(µ)
(λk − λl)

2

2
, (10)

where the same (8) and (9) conditions have applied for
ωk,l(µ). The number of the most similar neighbours (n0) to
the voxel of interest is taken asn0 ≈ k/3 for all experiments.

B. Evaluation of reconstruction quality

We use averaged absolute differences (AAD)-variance and
recovery coefficient (RC)-variance figures of merit for valida-
tion purposes. LetS = 10 be the number of noisy sinograms
andK the number of voxels in the volume of interest (VOI),
then

AAD(λ̂,λ) =
1

|VOI|
∑

k∈VOI

|λ̂k − λk|,

VAR(λ̂) =

√√√√ 1

|VOI|
∑

k∈V OI

1
S

∑S
s=1(λ̂k,s − λ̂k)2

λ̂k
,

RC(λ̂,λ) =
λ̂

λ
,

whereλ̂ is reconstructed activity and|VOI| is the number of
voxels in the VOI.

III. N UMERICAL RESULTS

Numerical experiments were performed with simulated GE
Infinia SPECT imaging system for more realistic reconstruc-
tion with following parameters:
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(a)

(b)

(c)

Fig. 1: Bias-variance (left) and RC-variance (right) plotsfor
MAP-EM reconstruction for gray matter VOI (a), hot (b) and
cold (c) lesions: without a prior term (curve 1); AMDF (2),
BP (3); AWAMDF (4); TV (5).

GE Infinia SPECT & MAP-EM reconstr. parameters
Number of counts 2.5 ∗ 106

SPECT BrainWeb data size 1283 voxels
MR BrainWeb data size 2563 voxels
Voxel size 2.946
System intrinsic resolution 3.78 mm
Collimator resolution 0.0481 x distance
Number of cameras position120 (0:2*π)
MAP-EM (1) iterations 35
β in (1) 10

Since the preservation and determination of pathological
tissues on emission data is one of the main aims, the next
result shows bias/RC-variance assessment of regions where
hot and cold lesions were placed (see Fig. 1 (b,c)). The tracer
uptake was increased/decreased by 25-35% and marked by
ovals and circles on Fig. 3.

On plots with reconstructions where lesions were placed
(see Fig. 1 (b,c)), one can see the highest AAD for BP and

(a)

(b)

Fig. 2: Comparisons of line profiles at row 24 of 56th transax-
ial slice of reconstructed 3D phantom (see Fig.3). Profile is
intersecting of two lesions, hot (top) and cold (bottom) one.
True activity (curve 1), BP(2), AWAMDF (3).

the worst RC. The AWAMDF prior shows low levels for
AAD with slightest increase in variance. Through progressing
iterations of MAP-EM, AAD-variance step for BP is rapidly
decreasing and finally halted (see Fig. 1 (b)), while AWAMDF
AAD level is still decreasing further. Plots presented for
a whole GM region show lowest AAD for AWAMDF but
with some increment in variance level. Variance growth can
be explained with reduced number of median filtrations in
favour of anatomy edges preservation. Occasional noise spikes
bring negative contribution to overall variance of GM area.
Evidently, the enhanced filtration procedure leads to a better
performance of AWAMDF and establishing the best trade-off
between bias, variance and RC.

In Fig. 2, line profiles show the degree of deviation of
the reconstruction from the true activity. It can be seen that
AWAMDF has lower bias from the activity profile (many peaks
of the AWAMDF profile are similar to the activity contour).
Furthermore, intensity level for AWAMDF is better than for
BP, it also includes regions with lower or higher activity. Here
it can be concluded that AWAMDF achieves a more consistent
piecewise representation of activity which can be distinguished
as an advantage for visual interpretation of the image.

In Fig. 3, three slices of true and reconstructed volumes
are presented. Images obtained with the AWAMDF approach
demonstrate good anatomical resolution, suppressed noiseand
more defined contours of lesions (see Fig. 4).

IV. DISCUSSION

Obviously, appropriate filtration is important for maintain-
ing edge information contained in the diffused image update
while smoothing high spiked noise. The AWAMDF prior has
the advantage of conveying anatomical structure from MR data
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Fig. 3: 2D slices of 3D SPECT phantoms and reconstructed
images using MAP-EM algorithm with different priors.

Fig. 4: Magnified region with cold lesion on activity distribu-
tion.

to the emission estimate by performing diffusion update steps.
Median filtration cannot be considered as a feasible technique
when we deal with a highly detailed prior, such as MRI of the
brain. It is important to account for it in the future development
of the AWAMDF method.

Chan at al. in [5] have developed such an adaptive filtra-
tion technique using a non-local median algorithm. Despite
promising results, this approach depends on more parameters
and is computationally expensive.

Due to diffusive filtering, reconstructed images with the
AWAMDF prior (see Fig. 3) are piecewise smoothed. They
might seem unrealistic, but likely more feasible for human
eye perception.

Moreover, due to many diffusion iterations and bigger
diffusivity windows, the AWAMDF tends to be a more compu-
tationally expensive technique than the Bowsher prior. Because
of the voxel-by-voxel processing, there is a potential to use
GPUs to alleviate this problem.

V. CONCLUSION

This work shows how available MR anatomical informa-
tion can be efficiently utilized in a Bayesian framework to
improve reconstruction quality of activity distribution.In this
preliminary work, a proposed anatomically weighted diffusion
prior has been used to establish trade-off between edge preser-
vation from given anatomy and retaining prominent informa-
tion from emission images. Compared to the Bowsher prior,
the presented diffusive approach has better lesion evaluation
properties and is less biased from activity. Noise is visually
effectively suppressed on images and half the number of MAP
iterations are needed for the AWAMDF than for the BP to get
a consistent reconstructed image.
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Abstract—Convergent collimators using cone-beam and pinhole 

geometry in a single photon emission computed tomography 
(SPECT) system often cause projection data truncation. The 
detectors are focused on the object of interest (for example, the 
heart) and the background is truncated in the projections. Using 
truncated projections to reconstruct a region-of-interest (ROI) is a 
reality we must face. The truncated data result in an 
underdetermined system of imaging equations, which may lead to 
non-unique solutions. A powerful tool in the study of uniqueness 
of the system solutions is to study the null-space functions 
(rewrite). Null-space function evaluation normally requires 
singular value decomposition (SVD), which is computationally 
intensive and is not practical for a three-dimensional (3D) medical 
imaging problem. This paper proposes a practical remedy to 
estimate the null-space functions using an iterative algorithm. We 
show that if the ROI is sufficiently sampled, the null-space 
functions are close to zero inside the ROI. If the image values 
within a sub-region within the ROI are known before hand, the 
null-space functions are even closer to zero inside the ROI. 
However, for 3D imaging the requirement of “sufficient sampling 
of ROI” is not easy to satisfy in practice.  
 
 

Index Terms—Interior problem, data truncation, iterative 
reconstruction, medical imaging.  
 

I. INTRODUCTION 

SPECT (Single Photon Emission Computed Tomography) is 
a popular, effective, functional imaging technique with 
relatively low cost to the patient. It is one of the most important 
imaging modalities for displaying blood flow, perfusion, and 
metabolic activity of the heart and other vital organs. It 
unequivocally adds value in enhancing patient care and is 
effective in guiding patient management decisions. 

Convergent SPECT systems using cone-beam or 
multipinhole collimators can increase detection sensitivity and 
shorten the imaging time. By magifying the object of iterest, 
the convergent imaging geometry can also truncate the 
projection data of the background. Mathematicians refer to 
ROI reconstruction using truncated projections as the interior 
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problem, which is not mathematically solvable [1]. This 
mathematical conclusion is, in general, correct; however, many 
researchers are seeking solutions to the interior problem if 
some additional information or constraints about the object can 
be enforced in the ROI image reconstruction. 

Maass used the singular value decomposition (SVD) method 
to study the 2D interior problem of the Radon transform [2]. 
He found that the FOV reconstruction with truncated data is 
almost correct except for a smooth unknown bias function 
which is approximately constant with very low frequency 
components. 

Kudo et al pointed out that if the image value is known in a 
very small sub-region of the ROI, then the interior problem is 
solvable via a POCS (projection onto convex sets) algorithm 
[3]. The derivation of Kudo’s algorithm is based on the 
concept of differentiated backprojection (DBP) [4]-[6] and 
finite Hilbert transform inversion [7][8]. 

Yu et al proposed that if the ROI image is piece-wise 
constant, the total variation minimization technique can 
converge to the true solution of the interior problem [9][10]. 
The total variation minimization technique has recently drawn 
a lot of attention, especially in the area of image reconstruction 
with limited data (which is sometimes referred to as 
compressive sensing or compressed sensing) [11]-[13]. When 
projection data are insufficient, strong assumptions about the 
ROI image can significantly improve the solvability of the 
image reconstruction problems. 

Following the footsteps of the work mentioned above, our 
group also published papers on exact ROI SPECT 
reconstruction using truncated projections [14]-[17].  To date 
the majority of the research work on truncated data interior 
tomography problems is two-dimensioanl (2D) and is on un-
attenuated Radon transforms. Little has been done on 3D 
interior problems with attenuated Radon transforms with a non-
uniform attenuator. It is the goal of this paper to develop 
technologies for the interior problem in 3D SPECT with 
uniform and non uniform attenuation. 

In SPECT, the projection data are always attenuated by the 
patient body. We will investigate the properties of the null 
space functions for the attenuated projectors. Due to 
attenuation, the behavior of the null space functions will be 
different. It is another goal of this paper to demonstrate that the 
out-of-ROI structures in the object will not introduce any 
artificial edges or patterns in the reconstructed ROI; however, 
the boundaries of the attenuation map within the ROI can 
propagate to the null-space functions within the ROI. In other 
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words, the null-space functions within the ROI are no longer 
almost constant, but with some structures similar to those in the 
attenuation map within the ROI. For cardiac imaging, the 
attenuation map within the heart region is uniform, thus it may 
not introduce any structural edges in the null-space function in 
the ROI. 

  

II.  METHODS 

Incomplete data image reconstruction can be classified into 
three categories: 

(a) Limited angle (or limited view) problems, where angular 
sampling is not sufficient. 

(b) Exterior problems, where the projection data are missing 
at the center of the detector. 

(c) Interior problems, where only the data close to the center 
of rotation are measured. 

In this paper, we only consider the interior problem. When 
studying the interior imaging problem, people normally assume 
that the ROI sampling is sufficient. The extreme case is that 
every ray passing through the ROI is measured. We will 
investigate the behavior of the null-space functions in a 
truncation-data ROI reconstruction problem, with different 
ROI sampling situations.  

We can describe the imaging problem with a system of 
linear equations: 

 
AX = P                       (1)  

                                                                                      
where P is the projection data stored in a column array, X is an 
image whose pixels or voxels are re-arranged in a column 
array, and A is the projection matrix. An ROI is a collection of 
pixels (or voxels) in a subset of X. The ROI is normally a 
spherical region with its center at the axis of rotation of the 
detector, and it is the common field-of-view (FOV) of the 
imaging system. 

If X̂  satisfies 
 

0ˆ �

=XA                (2) 

 
then X̂  is a vector in the null-space, N(A), of projector A. If X 

is a solution of (1) and for any vector (i.e., an image)  X̂  in 

N(A), then (X + X̂ ) is also a solution of (1), that is, 
 

PXXA =+ )ˆ( .             (3) 

 
In this case, the solution of (1) is not unique if N(A) contains 

vectors other than the zero vector. The solutions of the 

truncated imaging problem (1) have a general form of (X + X̂ ), 

with 0ˆ �

=XA . Here,X̂ is almost a constant within the ROI and 
may have some singularities at the boundary of the ROI.  

For the 2D Radon transform (i.e., parallel line integrals 
without attenuation), many mathematicians have studied the 

properties of the null-space functions when the projections are 
truncated [1][2][18][19]. They conclude that the functions in 
the null space of the truncated projector A are almost constant. 
This is good news. Maass did a singular value decomposition 
(SVD) study on the projector A and found that even though the 
truncated operator A is not invertible, the singular values have 
a modest (meaning slow) decay [2]. This means that the 
generalized inverse of A can be computed in a fairly stable 
way. 

As indicated in (2), the null-space functions do not depend 
on the projections P nor on the noise that corrupts P; they only 
depend on the projector A, that is, only depend on the imaging 
geometry and the attenuator. The normal approach to study the 
null-space functions is to evaluate the SVD of the projector A. 
The challenges are that the closed-form SVD is not available 
yet for the attenuated Radon transform and that a numerical 
solution for the SVD is not practical for a 3D medical imaging 
problem with today’s computer technology. 

Our strategy is to numerically solve the system of 
homogeneous equations (2) using a modified Landweber 
iterative algorithm: 

 
nTnTnn XAsAIAXsAXX )()0(1 −=−+=+ �

   (4) 

 
where s is the step size. The null-space functions are obtained 
by using different initial conditions X0, which are randomly 
generated with a non-zero mean value. If all null-space 
functions have a common zero-valued region, then the image is 
uniquely determined in this particular sub-region by the given 
imaging system, even though the entire image cannot be 
uniquely reconstructed. 

We must point out that the iterative ML-EM or the OS-EM 
algorithm cannot be used in investigating the null-space 
functions, because these two algorithms enforce the non-
negativity constant upon the solutions. A null-space function of 
a projector A must have negative values, otherwise there is 
only the trivial solution of zero values everywhere. 

In the next section, some 2D parallel-beam and 3D cone-
beam results of null-space functions are presented. Both the 
circular orbit and helical orbit are used for the cone-beam 
studies. The algorithm presented in (4) is used in all 
simulations. The distribution of each pixel of the initial image 
is an independent uniform distribution with intensity in the 
interval  (9.5, 10.5). 

For 2D parallel-beam studies, the image array size is 64 x 
64. The detector size is half of that of the image array size, 
simulating 50% data truncation. We define the length unit as 
the image pixel’s side length. The ROI is a circular region of 
radius = 16 units and its center coincides with the center of 
rotation of the detector.  

In the 2D simulations, three attenuation cases are 
implemented. The first case has no attenuation. The second 
case uses a uniform disc (radius = 30 units) as an attenuator; 
the attenuation coefficient is 0.1 per unit. In the third case, a 
smaller uniform circular region (radius = 5 units, attenuation 
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coefficient = 0.02 per unit) is imbedded within the larger 
uniform circular attenuator. The 2D simulation cases are listed 
in Table 1. It is remarked in Table 1 that sometimes the initial 
image has a zero sub region. This sub region is an off-center 6 
x 6 square, in which all image pixels are forced to be zero. In 
cases (a) - (f), the number of views is 360 over 360˚.  There are 
64 detector bins and each bin is half the size of the image 
pixels. In case (g), the number of views is 90 over 360˚.  There 
are 32 detector bins and the bins are the same size as the image 
pixels. 

 
TABLE 1. 2D SIMULATIONS (# OF ITERATIONS = 10,00,000, S = 0.0005) 

Case Attenuator Initial Image 
(a) Dense sampling None Random 
(b) Dense sampling None Random, with a zero 

sub region 
(c) Dense sampling A large disc Random 
(d) Dense sampling A large disc Random, with a zero 

sub region 
(e) Dense sampling Two discs Random 
(f) Dense sampling Two discs Random, with a zero 

sub region 
(g) Spars sampling Two discs Random, with a zero 

sub region 
 

For 3D cone-beam studies, the image array size is 64 x 64 x 
64. The detector size is 32 units x 32 units. The detector bin 
size is half of the size of an image pixel. There are 120 detector 
rotation view angles over 360° for the circular orbit, and 240 
views over 3 x 360° for a 3-turn helical orbit.  

In 3D cone-beam simulations, three attenuation cases are 
implemented. The first case has no attenuation. The second 
case uses a uniform sphere (radius = 30 units) as an attenuator; 
the attenuation coefficient is 0.1 per unit. In the third case, a 
smaller uniform spherical region (radius = 9 units, attenuation 
coefficient = 0.02 per unit) is imbedded within the larger 
uniform spherical attenuator. The 3D cone-beam simulation 
cases are listed in Tables 2~4. It is remarked in all cone-beam 
simulations that sometimes the initial image has a zero sub 
region. This sub region is a 6 x 6 x 6 cube, in which all image 
pixels are forced to be zero. 

 
 

TABLE 2. 3D CONE-BEAM SIMULATIONS (CIRCULAR ORBIT, # OF ITERATIONS = 

300,000, S = 0.00001) 
Case Attenuator Initial Image 
(h) None Random 
(i) None Random, with a zero 

sub region 

 
 

TABLE 3. 3D CONE-BEAM SIMULATIONS (HELICAL ORBIT) 
Case Attenuator Initial Image Number of 

Iterations 
s 

(j) None Random 3,000,000 0.00001 
(k) None Random, 

with a zero 
sub region 

3,000,000 0.00001 

(l) Two discs Random 75,000 0.000001 
(m) Two discs Random, 

with a zero 
sub region 

75,000 0.000001 

 

Finally, we consider a more realistic situation where the ROI 
is only sampled in a few views, as in a multipinhole imaging 
system. The 3-turn helical orbit only has 24 views (instead of 
240 views). The cases are listed in Table 4. 

 
TABLE 4. 3D CONE-BEAM SIMULATIONS (HELICAL ORBIT, 24 VIEWS, # OF 

ITERATIONS = 5,000,000, S = 0.00001) 
 

Case Attenuator Initial Image 
(n) None Random 
(o) None Random, with a zero 

sub region 

 

III.  RESULTS 

The computer simulation null-space function results are 
reported in the Tables 1′-4′ below.  

 
TABLE 1′. 2D SIMULATION RESULTS 

Case Null-Space 
Image  

ROI Mean ROI 
Standard 
Deviation 

(a) 360 views 
over 360°;  
 64  detector rays 

 

-0.026 0.0016 

(b) 360 views 
over 360°;  
 64  detector rays 

 

-0.00042 0.00020 

(c) 360 views 
over 360°;  
 64  detector rays 

 

0.00068 0.0026 

(d) 360 views 
over 360°;  
 64  detector rays 

 

0.0011 0.0022 

(e) 360 views 
over 360°;  
 64  detector rays 

 

-0.00047 0.0026 

(f) 360 views 
over 360°;  
 64  detector rays 

 

-0.0016 0.0020 

(g) 90 views 
over 360°;  
 32  detector rays 

 

-1.5 1.8 

 
 

From these 2D studies, one concludes that a sufficient ROI 
angular and linear sampling is extremely important. Cases (a)-
(f) result in almost zero null-space functions within the ROI. 
Case (g) is not sampled as finely, and the null-space function 
within the ROI is away from the zero value. 
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TABLE 2′. 3D CONE-BEAM CIRCULAR ORBIT SIMULATION RESULTS 

Case Null-Space Image  ROI Mean ROI Standard 
Deviation 

(h) xy-plane 
120 views over 
360°;  
 64  detector 
rays  

-0.83 0.089 

(h) xz-plane 
 

 

-0.84 0.14 

(h) yz-plane 

 

-0.84 0.14 

(i) xy-plane 
120 views over 
360°;  
 64  detector 
rays  

-0.16 0.06 

(i) xz-plane 

 

-0.45 0.33 

(i) yz-plane 

 

-0.45 0.33 

 
 

If a circular orbit is used in cone-beam imaging, the central 
xy-plane is equivalent to 2D fan-baem imaging. Comparing the 
results in Table 1′ and Table 2′, the 2D parallel-beam geometry 
gives a larger uniform region and the values are closer to zero, 
propably because our 2D parallel geometry has finer anglular 
sampling than our equivalent 2D fan-beam geometry and the 
parallel sampling is more uniform than fan-beam sampling.   

 
In Table 3′, we observe that when the projector models the 

attenuation effect, the null-space functions become noisy and 
show some artifacts, which are not observed in Tables 1′ and 
2′. In Table 3′, we only have 80 views over 360°. The ROI 
angular sampling is rather poor. The attenuation seems to make 
the imaging system more ill-conditioned. 

 
One lesson we learn from these studies is that when 

projections are truncated, we must have sufficient angular 
sampling and the detector bin size should be smaller than the 
image pixel size. In practice, especially in a multipinhole 
imaging system, these requirements are difficult to meet, as 
illustrated by the situation for Table 4′. 

 
 
 
 
 
 

 
 

TABLE 3′. 3D CONE-BEAM HELICAL ORBIT SIMULATION RESULTS 
Case Null-Space 

Image  
ROI Mean ROI 

Standard 
Deviation 

(j) xy-plane 
80 views per 
360°;  
 64  detector 
rays  

-0.35 0.063 

(j) xz-plane 

 

-0.34 0.044 

(j) yz-plane 

 

-0.34 0.043 

(k) xy-plane 
80 views per 
360°;  
 64  detector 
rays  

-0.096 0.046 

(k) xz-plane 

 

-0.11 0.040 

(k) yz-plane 

 

-0.11 0.036 

(l) xy-plane 
80 views per 
360°;  
 64  detector 
rays  

-0.59 2.73 

(l) xz-plane 

 

-0.65 2.29 

(l) yz-plane 

 

-0.21 2.20 

(m) xy-plane 
80 views per 
360°;  
 64  detector 
rays  

-0.48 2.60 

(m) xz-plane 

 

-0.66 2.17 

(m) yz-plane 

 

-0.21 2.35 
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 TABLE 4′. 3D CONE-BEAM HELICAL ORBIT 24 VIEW SIMULATION RESULTS 

Case Null-Space Image  ROI Mean ROI Standard 
Deviation 

(n) xy-plane 
8 views per 
360°;  
 64  detector 
rays  

-2.88 0.48 

(n) xz-plane 

 

-2.68 0.46 

(n) yz-plane 

 

-2.72 0.46 

(o) xy-plane 
8 views per 
360°;  
 64  detector 
rays  

-2.85 0.75 

(o) xz-plane 

 

-2.71 0.50 

(o) yz-plane 

 

-2.76 0.49 

 
If the imaging configuration has only 24 views for 3 helical 

turns, the imaging system is extremely underdetermined. 
Enforcing a small sub region in the null-space function to be 
zero does not seem to be effective to drive the entire null-space 
function within the ROI to zero. 

 

IV.  CONCLUSIONS 

A powerful and practical tool in the analysis of the 
reconstruction of truncated data is developed in this paper. 
This tool estimates null-space functions to investigate the 
effects of the truncation of projection data on the reconstructed 
image. If the null-space function (image) is always zero in a 
region, then the reconstructed image in this region is uniquely 
determined by the imaging configuration. If the null-space 
function (image) is a constant value in a region, then the 
reconstructed image in that region can suffer from a constant 
bias but there are no structural artifacts. If the ROI is 
sufficiently sampled (as shown in Table 1′), the attenuation 
effect is small and the null-space function is almost zero. We 
can drive the null-space function (image) even closer to zero in 
the ROI by forcing the null-space function (image) in a smaller 
sub region of the ROI to be zero. This means that if we force 
the image value in a smaller sub region of the ROI to be a 
known value, the ROI is uniquely recontractable. 

The bad news is that if the ROI angular and linear sampling 
is not sufficient (as shown in the 3D helical cone-beam cases), 

the behavior of the null-space functions in the ROI is out of 
control (say better), especially if there is attenuation. In these 
non-ideal cases, the ROI reconstruction is not unique. 

REFERENCES 

 
[1] Natterer F: The Mathematics of Computerized Tomography. New York, 

Wiley, 1986. 
[2] Maass P: The interior Radon transform. SIAN J. Appl. Math., vol. 52, 

pp. 710-724, 1992. 
[3] Kudo H, Courdurier M, Noo F, and Defrise M: Tiny a priori knowledge 

solves the interior problem in computed tomography. Phys. Med. Biol., 
vol. 53, pp. 2207-2231, 2008. 

[4] Noo F, Clackdoyle R, and Pack JD: A two-step Hilbert transform 
method for 2D image reconstruction. Phys. Med. Biol., vol. 49, pp. 
3903-3923, 2004. 

[5] Pan X, Zou Y, and Xia D: Image reconstruction in peripheral and central 
regions-of-interest and data redundancy. Med. Phys., vol. 32, pp. 673-
684, 2005. 

[6] Defrise M, Noo F, Clackdoyle R, and Kudo H: Truncated Hilbert 
transform and image reconstruction from limited tomographic data. 
Inverse Problems, vol. 22, pp. 1037-1053, 2006. 

[7] Sidky EY and Pan X: Recovering a compactly supported function from 
knowledge of its Hilbert transform on a finite interval. IEEE Sig. Proc. 
Lett., vol. 12, pp. 97-100, 2005. 

[8] Tricomi FG: Integral Equations. New York, Dover, 1957. 
[9] Yu H, Yang J, Jiang M, and Wang G: Supplemental analysis on 

compressed sensing based interior tomography. Phys. Med. Biol., vol. 
54, pp. N425-N432, 2009. 

[10] Yu H and Wang G: Compressed sensing based interior tomography. 
Phys. Med. Biol., vol. 54, pp. 2791-2805, 2009. 

[11] Sidky EY, Kao C-M, Pan X: Accurate image reconstruction from few-
views and limited-angle data in divergent-beam CT. J. X-Ray Sci. 
Technol., vol. 14, pp. 119-139, 2006. 

[12] Sidky EY and Pan X: Image reconstruction in circular cone-beam 
computed tomography by constrained, total-variation minimization. 
Phys. Med. Biol., vol. 53, pp. 4777-4807, 2008. 

[13] Chen GH, Tang J, and Leng S: Prior image constrained compressed 
sensing (PICCS): a method to accurately reconstruct dynamic CT images 
from highly undersampled projection data sets. Med. Phys., vol. 35, pp. 
660-663, 2008. 

[14] Zeng GL and Gullberg GT: Exact emission SPECT reconstruction with 
truncated transmission data. Phys. Med. Biol. vol. 54, pp. 3329-3340, 
2009. 

[15] Zeng GL and Gullberg GT: Exact iterative reconstruction for the interior 
problem. Phys. Med. Biol. vol. 54, pp. 5805-5814, 2009.  

[16] Zeng GL, Gullberg GT: SPECT region of interest reconstruction with 
truncated transmission and emission data. Med. Phys. vol. 37, pp. 4627-
4633, 2010. 

[17] Zeng GL, Gullberg GT and Kadrmas DJ: Closed-form kinetic parameter 
estimation solution to truncated emission data problem. Phys. Med. Biol.  
vol. 55, pp. 7453-7468, 2010.  

[18] Louis AK and Rieder A: Incomplete data problems in x-ray computed 
tomography II: Truncated projections and region-of-interest tomography. 
Numer. Math., vol. 56, pp. 371-383, 1989. 

[19] Leahy JV, Smith KT, and Solmon DC: Uniqueness, nonuniqueness and 
inversion in the x-ray and Radon problems. Proceedings of the 
International Symposium on Ill-Posed Problems, Newwark, DE, 1979. 

11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 245



 

Evaluation of a Brain Imaging System with 
Combined Parallel Hole and Pinhole Collimation 

Qiu Huang, Tsutomu Zeniya, Yoshiyuki Hirano, Hiroyuki Kudo, Hidehiro Iida, and Grant T. Gullberg

 Abstract–This work evaluates the brain imaging system designed 
by the Department of Investigative Radiology at the National 
Cardiovascular Research Center- Research Institute in Osaka, Japan. 
As presented at the IEEE Nuclear Science Symposium and Medical 
Imaging Conference at Knoxville, TN in 2010, the high resolution 
single photon emission computed tomography (SPECT) imager was 
developed for obtaining high resolution brain scans for various 
imaging diagnostic applications. The system was mounted with one 
large field of view detector imaging the whole brain and multiple 
smaller field of view high resolution detectors imaging small regions 
of the brain. The large field of view detector provides images without 
truncation that localize areas of particular diagnostic interest and 
provide support information for the reconstruction of high resolution 
regions of interest (ROIs) from high resolution truncated projections 
obtained with the small field of view detectors. At the IEEE 
conference, the authors suggested a geometry which achieved high 
resolution reconstruction of the brain with a small pinhole aperture. 
The work presented in this paper simulates the camera with larger 
pinholes and shows that the camera has accurate quantitation and fine 
resolution for the interior reconstruction problem.  

 
 

I. INTRODUCTION 
SPECT plays an active role in brain imaging. For 
example, in clinical evaluation for diagnosing brain 
autoregulatory abnormalities, cerebral blood flow (CBF) 
and cerebral vascular reactivity (CVR) is quantified in a 
single session using a split dose administration of 123I-
iodo-amphetamine (IMP);  one  at  rest  and  one  during  
Diamox  challenge. In addition, to evaluate neuronal 
damage due to ischemia and to provide prognostic value 
for surgical outcomes, Iodine-123-iomazenil (Iomazenil) 
is used to image the binding to benzodiazepine receptors 
prior to carotid endoarterectomy. To better quantify the 
brain function, the Department of Investigative 
Radiology at the National Cardiovascular Research 
Center - Research Institute in Osaka, Japan is designing 
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a high resolution single photon emission computed 
tomography (SPECT) imager as shown in Fig. 1 for 
obtaining high resolution brain images. The camera 
consists of one large field of view detector imaging the 
whole brain and multiple smaller field of view high 
resolution detectors imaging small regions of the brain. 
The observed intrinsic spatial resolution of the large 
FOV detector in the x and y-direction are 3.5 mm and 
3.1 mm, respectively. The intrinsic spatial resolution of 
the small FOV detector in the x and y-direction and the 
energy resolution are 2.3 mm, 2.4 mm, and 6.1 %, 
respectively [1].  

 

    
 

Figure 1. Camera with large field of view detector for imaging 
whole brain and smaller field of view detectors for imaging 
ROIs (left), and the prototype system (right). 

 
The large field of view detector provides images 

without truncation that localize areas of particular 
diagnostic interest and provides support information for 
the reconstruction of high resolution regions of interest 
(ROIs) from high resolution truncated projections 
obtained with the small field of view detectors. The 
work presented in this paper provides simulations which 
show that the camera improves the quantitation for the 
interior reconstruction problem with a few multiple 
pinhole collimated detectors. 

The pinhole collimator is able to achieve higher 
geometric resolution than a parallel-hole collimator. In 
addition, at a small object-to-detector distance, 
sensitivity of pinholes can be higher than that of the 
parallel-hole collimator [2]. However, the advantage is 
guaranteed at the expense of a smaller field of view, 
which results in truncated projections. The 
reconstruction of these projections involves determining 
the solution to the interior problem in local tomography. 
The interior problem in medical imaging refers to the 

246 11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine



 

situation where the region-of-interest (ROI) is totally 
contained within the object. For instance, in SPECT, the 
interior problem happens when the projections passing 
through the region outside the ROI are truncated due to a 
small field-of-view detector or a short detector-to-object 
distance in the case of converging collimation. The 
interior problem has been studied for some time [3]. 
Recently, it was proven that the solution is unique and 
stable in computed tomography (CT) if a small region in 
the ROI is known a priori [4-9]. In this paper, the 
SPECT interior reconstruction problem is solved using 
an iterative algorithm as presented in [10]. 

To further increase the sensitivity of the system, the 
small FOV detector is mounted with multiple pinhole 
collimators. The pinhole apertures are chosen to be 2mm 
instead of 0.5mm in the previous work [10]. Stationary 
small FOV detectors are simulated to acquire data 
assuming the region of interest is at the center of the 
brain or at the posterior region of the brain.  

The paper is organized as follows: Section II shows 
the method we used to simulate the combined parallel-
hole and pinhole collimated imager and the algorithm to 
reconstruct the pinhole data. The result of a numerical 
simulation is presented in Section III where comparisons 
are made to illustrate the resolution and quantification of 
the camera. Then the conclusion is given in Section IV. 

 

II. METHODS 
We performed a simulation study using the digital 
XCAT brain phantom [11]. The phantom was stored in a 
3-dimensional volume with each voxel being (2mm)3. 
One slice of the phantom is shown in Fig. 2.    

The large field of view parallel-hole collimated 
detector was simulated to revolve around the brain and 
acquire data every 5 degrees over half a circle. The 
detector bin was 0.28 cm along the transversal direction 
and 0.2 cm along the axial direction. Poisson noise was 
manually added to the data to give a noise level such that 
the total counts of each slice summed to 107. The filtered 
backprojection algorithm was applied to the simulated 
projection data to reconstruct a volumetric image. Fig. 3 
gives an example of one slice of the reconstructed low 
resolution parallel data. The image was interpolated and 
smoothed and was later used as the initial image and as 
prior information in the reconstruction of the pinhole 
data. A mask image was also generated according to the 
reconstructed image from data acquired with large FOV 
parallel-hole collimated detectors, which was later used 
in the iterative reconstruction of data for the small FOV 
pinhole collimated detectors. 

 

               

           
 

The pinhole collimator is shown in Fig. 4. It had a 
circular aperture with a radius of 2 mm and a knife edge 
with an opening angle of π/3.  

 
In each small FOV detector, 3×3 pinholes were 

attached all focusing to common point, which could be 
the center of rotation though the detectors are stationary 
during data acquisitions. The view of the pinhole plane 
is shown in Fig. 5(a). Each pinhole is separated from the 
other by 5.5 mm both in the horizontal and vertical 
directions. The side view in Fig. 5(b) shows the 
geometry simulated in this work, which gives a 
magnification factor of 1.  

 
            (a)                                            (b) 
Fig. 5. Side view and top view of the multiple pinhole 

collimator. The plane with 3×3 pinholes (a), The side view of 
one detector head with the multiple pinhole collimation. 

 
The small FOV detectors used a 2×2 H8500 PMT 

block for each pinhole. The 10×10 cm2 blocks were 
connected with a 1cm septa in between to avoid overlap 
between projections through adjacent pinholes. The 
detector plane is illustrated in Fig. 6. The 2D detector 
plane had an area of 32×32 cm2.  

Fig. 2. The original 
XCAT phantom. 

Fig. 3. The reconstructed 
image from parallel-hole 
projection data. 

 
Fig. 4. The pinhole collimator. 
The pinhole is a circular 
aperture with a radius of 2mm  
and a knife edge with an 
opening angle of π/3. 
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Four small FOV detectors were then localized close to 

the object as shown in Fig. 7. The FOV is then a sphere 
with a radius of 5mm. In other words, the projections 
were truncated. One view is shown in Fig. 8. In the 
figure, the detector bin is 2 mm.  

         
Fig. 7. The two geometries simulated in this work. 

 

 
Fig. 8. The projection at one view of the 6 views for the 

geometry on the left shown in Fig. 7. 
 

The reconstruction algorithm was developed to 
maximize a posteriori probability of the image given the 
simulated projections. Details could be found in [10].  

 

III. RESULTS 
There are two geometries simulated in this work for 

the small FOV detectors: first one with 6 detector heads 
and the second with 4 detector heads, as shown in Fig. 7. 
In addition to the XCAT phantom, a point source 
phantom was also used to evaluate the system resolution. 

The study with the XCAT phantom is shown in Fig. 9. 
The reconstructed images are from the geometry with 6 
and 4 projection views, respectively. Profiles are plotted 
in Fig. 10 to show that the two geometries both improve 
the details in the reconstructed images over that obtained 
with the parallel-hole collimated detector. For the 
geometry with 6 views, the FOV is located at the center 
of the brain. While for the geometry with 4 views, the 

FOV is located at the posterior region of the brain. Both 
FOVs were reconstructed with higher resolution 
compared to the reconstruction shown in Fig. 3. Another 
comparison was performed with the point source 
phantom.  

 
Fig. 9. Reconstructed image of the XCAT brain phantom from 
pinhole data for the interior problem and for limited angular 
sampling. MAP estimate with regularization is applied, for the 
geometry with 6 views (left) and for the geometry with 4 
views (right). The circle on the image indicates the FOV. 

 
In the simulation, the pinhole data were acquired with 

truncation, resulting in reconstructing an interior 
problem. Efforts should be made to correct for the effect 
of this problem. In this work, we used the low resolution 
image obtained by the large field of view detector first as 
the initial estimate in the iterative reconstruction of the 
pinhole data. Also, the low resolution image provided a 
priori information and a mask for the reconstruction of 
the interior problem. The prior information was used to 
calculate the L2 norm distance from the reconstructed 
image to compose the penalty term in addition to the 
total variation regularization. The image quality within 
the FOV, which was the central part of the brain for the 
geometry with 6 views and the posterior region of the 
brain for the geometry with 4 views, was improved.  

The vertical and horizontal profiles crossing the FOV 
are shown in Fig. 10. From the profiles we see that the 
details of the image are more distinct by reconstructing 
both parallel-hole projection data and pinhole projection 
data; for instance, the details indicated by the arrows in 
Fig. 10. 

The study with point source phantom is shown in Fig. 
11 for the geometry with 6 views. In the reconstruction, 
no prior information was used, however the total 
variation regularization was used in the iteration. The 
image shows that the resolution of the system is fairly 
good. Although with the truncation problem, the 
quantification is degraded. 

Profiles for the three points labeled in Fig. 11 with the 
three arrows are drawn in Fig. 12. The dash lines (red) 
indicate the original phantom, and the solid lines (blue) 
are for the reconstructed images. The profiles imply high 
resolution for the system, however, with degradation of 

Fig. 6. The detector plane 
for a 3×3 pinhole 
collimator. Each pinhole is 
mounted with a  2×2 
H8500 PMT block. 

248 11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine



 

quantitation for points off the FOV, for example, points 
1 and 3. 

 

 
(a) 

 

 
(b) 

Fig. 10. Horizontal and vertical profiles crossing the center of 
the FOV for the geometry with 6 views (a) and for the 
geometry with 4 views (b).  The purple solid line (thin) 
indicates the original phantom. The yellow dot-dash line is for 
the reconstructed image (Fig. 3.) from parallel-hole collimated 
data. While the red solid line (thick) is for the reconstructed 
image in Fig. 9.  

 

     
Fig. 11. Point source phantom (left) and the reconstructed 
image of the point source phantom for the geometry with 6 
views (right). 

 
Fig. 11. The horizontal and vertical profiles for lines passing 

through the three points indicated in Fig. 11. 

IV. CONCLUSION  
The combination of a large field of view parallel-hole 

collimated detector and smaller field of view high 
resolution pinhole detectors improves the quantitation in 
simulated brain imaging. It makes use of the high 
sensitivity of the pinhole collimator while compensates 
for the degradation in the reconstructed image due to the 
interior reconstruction problem caused by the small field 
of view of the pinhole collimator. This work will be 
verified through phantom imaging studies. 
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Abstract—Recent studies have demonstrated the benefits of a 

resolution model within the reconstruction algorithm in an 

attempt to account for those effects that degrade the resolution of 

an image. However, these algorithms usually suffer from slower 

convergence rates due to the additional need to solve an image 

resolution deconvolution problem. In this work we investigate a 

newly proposed algorithm, which decouples the tomographic and 

image resolution problems within an image based expectation 

maximization (EM) framework. Results showed that convergence 

can be accelerated by interleaving multiple iterations of an image 

based EM algorithm solving the resolution model problem with 

EM iterations solving the tomographic problem. Minor 

differences are observed using the proposed nested algorithm 

compared to the single iteration normally performed when 

optimal number of iterations are performed for each algorithm. 

However using the proposed nested approach convergence is 

significantly accelerated enabling reconstruction using far fewer 

iterations. This may be of particular benefit for slowly converging 

portions of the image. 

 
Index Terms—Resolution modelling, high resolution research 

tomograph, expectation maximization  

I. INTRODUCTION 

Positron emission tomography (PET) is a widely used 

molecular imaging modality which offers quantitative 

information about the biochemical processes in vivo. 

However, accurate quantification in the reconstructed images 

is often limited by the low spatial resolution of PET scanners 

and the statistical noise introduced by the acquisition process. 

Particularly in clinical applications, where accurate diagnosis 

is of interest, there is an increased need for high resolution / 

high contrast images. Additionally, the necessity for maximum 

patient throughput requires fast and efficient reconstruction 

algorithms. 

Statistically-based iterative image reconstruction algorithms, 

in comparison to analytical methods, provide improved quality 

reconstructed images in terms of higher signal-to-noise and 
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higher resolution. This is achieved by accurately describing 

the statistical nature of the measured data. However, they are 

often biased due to lack of convergence and limited image 

resolution resulting in partial volume effects (PVEs), 

particularly in small structures [1]. 

Modelling the resolution properties of the scanner has 

received increased attention over recent years, since it 

provides improvements in contrast recovery, resolution and 

quantification, particularly for small structures. This is often 

achieved by modelling the blurring effects either in the image 

space or in the projection space and incorporating them into 

the reconstruction algorithm. However, the improvements in 

the reconstructed images come at the expense of slower 

convergence, depending on the size and activity of the region. 

It is generally accepted that the additional demands of 

solving an image deconvolution problem together with the 

tomographic image reconstruction problem negatively affects 

the convergence properties of the algorithm [2]. In order to 

tackle a similar problem, where a linear temporal kinetic 

model is included in the reconstruction, Wang and Qi [3] 

proposed an algorithm which decouples the linear temporal 

model from the tomographic model. Since the computational 

cost of solving the linear temporal problem is small compared 

to that of solving the tomographic problem, the former is 

allowed to run for multiple iterations. The proposed method 

substantially accelerated the parameter estimation, compared 

to the conventional method. 

Recently, a more generalized approach was proposed by 

Matthews et al. [4], where any spatiotemporal maximum 

likelihood (ML) problem in projection space can be reduced to 

a ML problem in image space. The model that describes the 

blurring in image based resolution modelling can be 

considered as a special case of a spatiotemporal model. 

Therefore, by decoupling the projection space problem from 

the image based problem and performing multiple iterations to 

solve the image based problem, improved convergence 

behaviour can potentially be achieved. 

This work, investigates the impact on the convergence 

properties of decoupling the image based resolution model 

from the tomographic model. The efficiency of the algorithm 

in terms of signal to noise trade-off is assessed by performing 

simulations with a mathematical phantom, while the impact on 

resolution is examined using the Cologne resolution phantom. 

Acceleration of Image-Based Resolution 

Modelling Reconstruction Using an Expectation 

Maximization Nested Algorithm 

Georgios I. Angelis, Julian C. Matthews, Pawel J. Markiewicz, Fotis A. Kotasidis, William R. 

Lionheart and Andrew J. Reader 
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II. THEORY 

A. The proposed algorithm 

Often, the blurring that is introduced in the image is 

modelled in the image space as: 

  
l

ljljj xqz xh  (1) 

where lx  is the thl  voxel of the unblurred image and jlq  is 

resolution kernel that describes the blurring between voxels j  

and l . This model is incorporated within an ordinary Poisson 

(OP) EM algorithm, which performs the reconstruction and the 

deconvolution tasks in one step: 
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where ijp  is the probability of detecting a photon from the thj  

image voxel in the thi  detector bin (i.e. system matrix), im  is 

the measured data (i.e. prompts) and i  is the mean number of 

background events (i.e. randoms and scatter) detected in bin i . 

However, as pointed out by Matthews et al. [4], equation 

(2), can be separated into a tomographic ML problem: 
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where  k
jz  is the blurred image acquired from the resolution 

model: 
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and an image based ML problem: 
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Equation (5) is effectively a weighted Lucy-Richardson (L-

R) deconvolution algorithm [5, 6] using the sensitivity image 

as weights. The resulting algorithm consists of a single 

iteration of (3) followed by a single iteration of (5). However, 

since the computational cost of a single iteration of (5) is 

insignificant compared to that of (3), one can perform multiple 

iterations of (5) to accelerate convergence, similar to [3]. 

III. MATERIALS AND METHODS 

A. Mathematical phantom 

A digital phantom (128 × 128 pixels, 2.4375 mm pixel size) 

was used in order to assess the signal to noise properties (bias 

vs. variance) of the proposed algorithm. We simulated 4 

“warm” and 4 “cold” (i.e. zero) disks with varying diameter 

(i.e. 8.7, 13.2, 17.5 and 21.9 mm) within an ellipsoidal 

background, with contrast ratio of 4 between the warm disks 

and the uniform background (Fig. 1). A single 2-D Gaussian 

kernel (13 × 13 pixels), with a full width at half maximum 

(FWHM) equal to 6 mm was used to blur the true image. The 

blurred image was then forward projected to a virtual 2-D 

tomograph and Poisson noise was introduced to the sinogram. 

In order to reduce the artefacts due to the kernel mismatch, 

the same Gaussian kernel used to blur the true image, was also 

used within the reconstruction algorithm in an attempt to 

recover the lost resolution. 

 

B. Cologne Resolution Phantom 

The Cologne phantom (Max-Planck Institute) was used to 

qualitatively assess the resolution improvements of the 

proposed method. The phantom, made of plexi-glass, has 4 

sets of cylinders, with varying diameter of 2, 3, 4 and 5 mm, 

which are appropriately spaced so that the centre-to-centre 

distance is equal to double the cylinder’s diameter. The 

phantom was filled with 67.5 MBq of fluorine-18 and 

positioned in the centre of the field of view (FOV). A 25-

minute scan was acquired on the high-resolution research 

tomograph (HRRT), in list-mode and approximately 7 × 108 

counts were collected. 

A space invariant, isotropic and Gaussian-shaped 3D 

resolution kernel (sum of two Gaussians: FWHM1 = 2.12 mm, 

FWHM2 = 5.89 mm, ratio = 0.05), which is regularly used for 

the HRRT was employed [7]. An OP-OSEM algorithm, with 

16 subsets was used [8]. The resolution model was included in 

a factorized system matrix, which also contained the 

normalization and attenuation correction factors, as well as the 

geometric characteristics of the scanner [9]. 

C. Reconstruction Algorithms 

Four different sets of reconstructions were carried out, with 

and without resolution modelling. For the digital phantom 300 

MLEM iterations, while for the Cologne phantom 20 OSEM 

iterations were used to solve the tomographic problem (3). The 

tomographic iterations were interleaved with: a single iteration 

(psf1), three iterations (psf3) and five iterations (psf5) of the 

image deconvolution problem (5). Note that psf1 is identical to 

the conventional way (2) to solve this problem. These methods 

were also compared to the case where no resolution model is 

included (psf0) (i.e. equivalent to zero iterations of (5)). 

IV. RESULTS 

A. Mathematical Phantom 

The bias-standard deviation curves of the two smaller disks 

(“warm” on top row and “cold” on bottom row) are presented 

in Fig. 2. As expected, the inclusion of resolution modelling 

within the reconstruction algorithm reduced the bias, as well as 

the standard deviation (for the same level of accuracy) for all 

 
Fig. 1. The mathematical phantom used to assess the bias versus standard 

deviation trade-off (section A). 
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disks. Additionally, all algorithms including a resolution 

model, achieve comparable bias reduction, with slightly 

increased standard deviation for those with multiple L-R 

iterations. Generally, all resolution modelling algorithms 

follow very similar bias-variance paths, but the step taken at 

each iteration is proportional to the number of nested L-R 

iterations. Therefore, the psf5 and psf3 methods achieved 

similar bias reduction (for the same level of noise) compared 

to the psf1, but within far less tomographic iterations. 

Similar behaviour is observed for the “cold” disks, where 

both psf3 and psf5 reduce bias more quickly than the 

conventional psf1. However, faster bias reduction comes at the 

expense of increased standard deviation. It is interesting to 

note that the “cold” disks, of which none have converged for 

the number of iterations considered (since recovering a “cold” 

region is a much harder problem), seem to behave similar to 

the “warm” disks (at their early iterations). 

 

 
 

The root mean squared error (RMSE) for the “warm” (top) 

and the “cold” (bottom) smaller disks for all methods is 

presented in Fig. 3. All methods including a resolution model 

initially achieved lower RMSE compared to the psf0 method 

(i.e. without resolution model). Furthermore, multiple L-R 

iterations (i.e. psf3 and psf5) appear to reduce the RMSE value 

more quickly than the conventional resolution modelling 

method (i.e. psf1), particularly due to faster improvements in 

bias. However, at later iterations, where the deterioration in 

variance is more significant than the improvements in bias, 

multiple L-R iterations appear to worsen the RMSE value, 

compared to the conventional method. 

B. Cologne resolution phantom 

The profiles across the 4mm cylinders for the 5th (top) and 

the 15th (bottom) iterations are presented in Fig. 4. After 5 

iterations both methods with multiple L-R iterations, have 

developed higher values within the cylinders compared to the 

conventional method, which appears to offer inferior 

resolution and contrast. However, after 15 iterations all 

resolution modelling methods provide almost identical 

profiles, which are not very different (in terms of maximum 

value) to those obtained by psf3 and psf5 methods after 5 

iterations. This is another indication that multiple L-R 

iterations can accelerate convergence. Visual assessment of a 

single plane of the cologne phantom after 5 iterations (Fig. 5) 

indicates that improvements in resolution are also visible for 

the 3mm cylinders, while less apparent improvements can also 

be seen for the smaller 2mm ones. 

 

 

 

V. DISCUSSION 

In this work we presented preliminary results of the 

assessment of a new nested algorithm in an attempt to 

accelerate convergence of the reconstruction algorithm 

including a resolution model. The algorithm decouples the 

image reconstruction and the resolution modelling at each 

iteration. Therefore, the image reconstruction problem is 

reduced to a normal EM iteration, interleaved with a 

sensitivity image weighted Lucy-Richardson deconvolution 

iteration. Since the computational cost is usually dominated by 

 
Fig. 3. Root mean squared error as a function of iterations for all methods 

within the “warm” (right) and “cold” (left) smaller disks (8.7 mm). 

 
Fig. 4. Profiles across the 4mm cylinders of the Cologne phantom after 5 

iterations (top) and after 15 iterations (bottom). Multiple L-R iterations seem 

to develop contrast as well as resolution faster than the conventional method. 

 
Fig. 2. Bias versus standard deviation curves (percentage of true value in 

region) are presented for the two smaller disks of the mathematical phantom. 

The “warm” disks are presented on the top row, whereas the “cold” disks are 

presented on the lower row. 
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the projection operations (i.e. forward and back) multiple 

iterations of the L-R algorithm do not (significantly) affect the 

overall reconstruction time. The algorithm is based on the EM 

framework [4], which means that it maintains the properties of 

the EM algorithm, such as monotonic convergence. 

 

 
Preliminary results using a simulated mathematical phantom 

showed that similar paths along the bias-variance trade-off 

curves are followed for all resolution modelling algorithms. 

However, multiple L-R iterations offer bigger steps along this 

path, thus accelerating bias reduction, i.e. converge faster 

towards the ML solution. This is particularly true for small 

regions (Fig. 2) and voxels that lie close to the boundaries of 

structures within the object being imaged, where bias recovery 

is more challenging. However, faster bias reduction comes at 

the expense of slightly increased standard deviation (for the 

same level of accuracy). Generally, the increase in standard 

deviation is proportional to the number of nested iterations, 

which means that more nested L-R iterations result in faster 

deterioration of noise in the image (Fig. 2). For the “warm” 

disk (Fig. 3, top) the optimal RMSE values are obtained 

around 60 iterations for the multiple L-R algorithms (i.e. psf3 

and pfs5) and around 170 iterations for the conventional psf1 

method. On the other hand, for the “cold” disk the mean value 

has not converged yet, which means that improvements in bias 

are still significant for the multiple L-R methods. Therefore 

psf3 and psf5 methods achieve better RMSE value compared to 

the psf1. However, it is expected that after sufficiently enough 

iterations the RMSE value will deteriorate faster for the psf3 

and psf5 methods, similar to the “warm” disk. 

Application of the method to phantom data acquired by the 

HRRT scanner, showed similar improvements in speed. The 

profiles along the 4mm cylinders developed faster for the psf3 

and psf5 methods, but after sufficiently enough iterations all 

resolution modelling methods reached the same value (Fig. 4). 

For a fixed number of tomographic iterations images obtained 

by psf3 and psf5 methods appear to have resolved better the 

smaller cylinders compared to the psf1 method and in 

particular those with 3mm of diameter (Fig. 5). 

The proposed algorithm seems to be a promising method to 

accelerating the resolution modelling reconstruction. However, 

the optimal number of nested L-R iterations is hard to be 

defined, since they are dependent on many factors. For 

example, in smaller regions, where improvements in resolution 

recovery are more prominent, more L-R iterations will provide 

faster bias recovery, while for larger and more uniform regions 

many L-R iterations will only increase the variance. The 

statistical quality of the measured data also affects the optimal 

number of nested L-R iterations, since for noisier data variance 

will be more dominant for increased L-R iterations. Finally, 

another factor that needs to be taken into consideration is the 

number of tomographic iterations. For early tomographic 

iterations, where the image is still fairly uniform and the 

variance has not been developed yet, more L-R iterations are 

expected to offer more benefits, compared to later iterations, 

where the mean value has almost converged and the algorithm 

attempts to overfit the noise. Therefore, for future work it will 

be of great importance to develop a more sophisticated method 

in order to dynamically select the optimal number of L-R 

iterations according to the aforementioned factors. 
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Fig. 5. A single transaxial plane of the Cologne phantom after 5 tomographic 

iterations is presented for all methods. The green line on the top right image 

corresponds to the profile taken for figure 4. 
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Abstract—There are many situations in medical imaging where 

there are known components within the imaging volume.  Such is 

the case in diagnostic x-ray CT imaging of patients with implants, 

in intraoperative CT imaging where there may be surgical tools in 

the field, or in situations where the patient support (table or 

frame) or other devices are outside the (truncated) reconstruction 

FOV.  In such scenarios it is often of great interest to image the 

relation between the known component and the surrounding 

anatomy, or to provide high-quality images at the boundary of 

these objects, or simply to minimize artifacts arising from such 

components.  We propose a framework for simultaneously 

estimating the position and orientation of a known component and 

the surrounding volume.  Toward this end, we adopt a likelihood-

based objective function with an image volume jointly 

parameterized by a known object, or objects, with unknown 

registration parameters and an unknown background attenuation 

volume.  The objective is solved iteratively using an alternating 

minimization approach between the two parameter types.  

Because this model integrates a substantial amount of prior 

knowledge about the overall volume, we expect a number of 

advantages including the reduction of metal artifacts, potential for 

more sparse data acquisition (decreased time and dose), and/or 

improved image quality.  We illustrate this approach using 

simulated spine CT data that contains pedicle screws placed in a 

vertebra, and demonstrate improved performance over traditional 

filtered-backprojection and penalized-likelihood reconstruction 

techniques.  

Index Terms—CT Reconstruction, Implant Imaging, Metal 

Artifact Reduction, Penalized-Likelihood Estimation.  

I. INTRODUCTION 

Tomographic reconstruction is inherently ill-conditioned and 

tends to benefit from any kind of prior information that may be 

included in the reconstruction algorithm.  Many statistical 

image reconstruction techniques rely on very general image 

priors like Gibbs distributions that enforce various kinds of 

local image smoothness [1].  Other attempts at using prior 

knowledge include algorithms that utilize object boundary 

information [2] and approaches that enforce similarity with a 

previously collected dataset like the PICCS algorithm [3].  

Many metal artifact correction algorithms also include a kind 

of prior information by explicitly correcting projection values 

that lie behind highly attenuating metal components. [4,5]  

Other techniques utilize the fact the objects in the volume are 

composed of a discrete number of materials and the basic 

underlying shapes may be known [6]. 

We will consider the case in which a portion of the image 

volume is known exactly.  This is a relatively common scenario 

in diagnostic imaging of various medical implants including 
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spine hardware (pedicle screws, plates, etc.), hip and knee 

implants, and other orthopedic fixation hardware.  With the 

increasing use of intraoperative imaging during interventional 

procedures, there is a greater probability of various surgical 

tools being in the imaging volume. The exact model of 

implants is often known which could be linked to a database of 

attenuation profiles based on CAD models, etc., and 

subsequently included in a reconstruction algorithm. Synder et 

al [7] has used such information to derive a constrained 

reconstruction approach. An example application includes C-

arm cone-beam CT guidance of minimally invasive spine 

procedures [8], where the degradation of 3D image quality 

from metal artifacts can severely confound the utility of 

intraoperative image guidance.   

In this work we present a framework that parameterizes the 

imaging volume with an unknown background attenuation 

profile (e.g., the patient anatomy) and an arbitrary number of 

components (possibly heterogeneous in composition) with 

unknown position and orientation.  This leads to an algorithm 

we call known component reconstruction (KCR) that 

simultaneously estimates the background image as well as the 

location and pose of the known components.   

II. METHODS 

A. Forward Model 

In x-ray transmission tomography individual measurements, 

yi, are related to line integrals through the object, li, via Beer's 

law: 

                                      iii lby  exp , (1) 

where bi represents the number of photons received at the 

detector for an unattenuated beam.  For reconstruction 

purposes these line integrals are typically related back to an 

object represented with a voxel basis such that 

                                       



P

j

jiji al
1

 , (2) 

where j represents the attenuation value of the jth voxel, and 

aij represents the contribution of the jth voxel to the ith 

measurement (i.e.: the line length through that voxel).  We note 

that this forward model can be written compactly using vector 

notation: 

                                   AD  expby , (3) 

with D{·} representing an operator that forms a diagonal 

matrix from a vector, and A representing the so-called system 

matrix (containing all aij). 

 While the vector  represents the total attenuation in the 

image volume, we would like to model the background 

contribution separately from components known to be in the 

field-of-view (though the location of these components is 

Likelihood-based CT Reconstruction of Objects 

Containing Known Components 

J. Webster Stayman, Yoshito Otake, Ali Uneri, Jerry L. Prince, Jeffrey H. Siewerdsen 

254 11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine



 

 

 

 

 

 
unknown).    As  such,   we    will   introduce    the    following 

parameterization of the image volume with N known 

components 
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where  represents the unknown background attenuation and 

nI  corresponds to the attenuation contributed by the nth 

known component.  These individual components are 

illustrated in Fig. 1 for the case of pedicle screw implants for 

placement in the thoracic spine. 

 The operator W is a transformation operator that is 

parameterized by the vector n, that contains the six degrees of 

freedom that relate the position and pose of the nth component.  

In the current work, W is restricted to a rigid transformation, 

but extension of the model to deformable transforms are 

considered in future work. The first term of (4) includes the 

product of transformed masks, mn, that are associated with each 

known component.  These masks are largely binary (except for 

partial volume effects at the edges).  The first term in (4) 

assures that the background attenuation is eliminated at 

locations for which the known components in the second term 

contribute attenuation.  Thus, equations (3) and (4) relate the 

unknown parameters to be estimated, namely  and n, to the 

measurements, y. 

B. Likelihood-based Objective Function 

 To estimate simultaneously both the registration and 

background attenuation parameters we adopt a likelihood 

based objective.  We further presume that the measurements 

are independent and Poisson distributed.  It is straightforward 

to derive the following log-likelihood under these assumptions:  
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where the vector l = A with as defined in (4).  To control 

noise in the reconstructed volume, we will include an additive 

penalty term in the objective, and express the KCR estimator 

implicitly as 
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The penalty term is general; however, we will focus on a 

traditional quadratic penalty applied to first-order 

neighborhood differences. 

C. Transformation Operator 

 Before one can solve (6), the transformation operator W 

needs to be specified.  We have chosen a kernel-based 

interpolating operator.  A 2D example is illustrated in Fig. 2, 

though the fully 3D case was implemented as a simple 

extension with an additional kernel application along the z-

dimension.  Mathematically, this operator requires a 

transformation of the original volume grid (x,y,z) to the 

transformed grid (x',y',z'), which for rigid movements can be 

written
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where the c-subscripts denote the volume origin and the zero 

subscripts denote the translations.  Rotation matrices are 

parameterized by (), the angular rotations about each 

axis.  We can now recognize that in (4),  =[x,y,z,,,].  The 

action of W on a volume (v) is equivalent to the kernel 

interpolation: 

                             vxKyKzKv xyz '''W . (8) 

where K(·) represents the interpolation/approximation kernel as 

in Fig. 2.  In our case, we choose a B-spline kernel [9] that has 

two advantages: 1) nonnegative images transform to 

nonnegative images, which is particularly important for the 

masks in (4); and 2) the derivative kernel is well defined.  The 

latter implies that we may form derivative transform operators, 

which will allow for gradient-based optimization.  Specifically, 

utilizing the chain rule we find 
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where K

 

represents the derivative kernel.  The derivatives of 

(7) are included in (9) and are straightforward to write; 

however, in the interest of space they are not enumerated here.

 

 A) B) 

K(x-x') 

K(y-y') 

 
Fig. 2.  2D example of an interpolating transformation using kernels.  A) A 

new image (red grid) is formed from samples of an original image (blue 

grid).  B) Each new sample (red dot) is formed from interpolation kernels 

applied to the nearest neighbors (green grid) along each axis.  In this case, a 

bicubic kernel is illustrated. 

 

 
Fig. 1.  (Upper Left) Sample digital chest phantom with realistic background 

attenuation coefficients (*).  (Upper Right) Pedicle screw models (I) for 

implantation in the vertebra.  (Bottom - Left to Right) Zoomed overlays of 

single pedicle screw placement, bilateral screw placement, and placement of 

a single polyaxial-headed pedicle screw. 

11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 255



 

 

 

 

 

D. Optimization Approach 

 Since the estimator in (6) is defined as the implicit 

maximizer of an objective function, we will approximate the 

estimates using an iterative approach.  One can show that this 

objective has the following gradients: 
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  (10) 

 One choice would be to use a gradient-based approach to 

solve (6) directly; however, this would ignore the plethora of 

algorithms customized for the tomographic estimation 

problem.  As such we propose an alternating minimizing 

approach where one applies an update to using a 

tomography-specific approach followed by an update to {n} 

in successive iterations.  In particular, one can show that the 

separable paraboloidal surrogates approach outlined in [10] 

can be modified for the attenuation volume update, and we use 

that approach here for .  (For brevity the derivation is not 

shown here; however, in short, one can replace the usual 

forward projector with a compound projector that applies both 

the line integrals and the known object masks.)  The separable 

paraboloidal surrogates approach is attractive since it is highly 

parallelizable with simultaneous voxel updates, and can utilize 

ordered-subsets techniques if necessary. For the registration 

parameters, we use an implementation of a nonlinear conjugate 

gradients algorithm [11]. 

E. Implementation 

 While the high-level implementation of the algorithm is 

coded in Matlab, specific computationally intensive portions of 

the algorithm include function calls to externally compiled 

routines.  Specifically, the authors have implemented a 

matched Siddon-type [12] forward projector and backprojector 

in a CUDA-based library for execution on nVidia GPUs.  This 

projector is appropriate for the simultaneous updates of the 

separable paraboloidal surrogates algorithm.  Similarly, the 

kernel-based interpolation code is also implemented in a 

CUDA-based library.  Since, the derivative transformation 

operator is also a kernel-based interpolation, the same code 

(but different kernels) is used for both the function and 

gradient calculations. 

III. RESULTS 

We have demonstrated the novel KCR approach derived in 

this paper on simulated x-ray transmission data.  The CT 

volume is composed of the digital chest phantom and the three 

examples of pedicle screw placement shown in Fig. 1.  The 

figures below summarize the 2D axial plane results, and fully 

3D registration / reconstruction is implemented according to 

the methodology outlined in Eqs. (1-10). 

For simulation, we considered a full circle geometry with 

360 evenly spaced angles.  All implants in the current work 

were modeled as homogeneous titanium.  For data generation, 

we produced projections with Poisson statistics based on an 

unattenuated beam with an equivalent of 10
3
 photons per ray.  

No additional readout noise was added.  All studies considered 

an idealized monochromatic forward model. Extensions to 

these simplifying initial assumptions (e.g., heterogeneous 

objects and more realistic detector models with noise and 

polyenergetic response) are in progress. 

To compare with traditional reconstruction methods, we 

implemented a filtered-backprojection (FBP) approach and a 

penalized-likelihood (PL) reconstruction algorithm using 

separable paraboloidal surrogates [9] with a standard first 

order quadratic penalty.  Since both the traditional PL 

approach and the KCR technique use the same penalty we 

chose to match the regularization parameter for these two 

estimators to provide similar spatial resolution.  The cut-off 

frequency for FBP was selected to qualitatively match spatial 

resolution.  Both PL and KCR were initialized with FBP 

volumes; however, for KCR the FBP volume was thresholded 

at the level of bone to approximate without implants.  

Fig. 3. shows these reconstruction approaches for a single 

pedicle screw.  The FBP results exhibit substantial streaking 

due to photon starvation effects, whereas the PL estimates have 

improved noise control.  However, the PL estimate still 

exhibits dark streaking artifacts and substantial blurring effects 

around the highly attenuating metal implant.  The KCR 

approach exhibits neither of these artifacts, and the position of 

the screw is estimated with sub-voxel accuracy.  

 The first few iterations of the KCR algorithm are shown to 

illustrate the simultaneous nature of the registration- 

reconstruction estimation problem. The zeroth iteration 

represents an approximate guess of the screw location placed 

somewhat arbitrarily in the volume, and the algorithm quickly 

converges in registering the component within the pedicle. 

 
Fig. 3.  Example reconstructions of the chest phantom with a single pedicle 

screw implant.  (Upper Left) Filtered-backprojection reconstruction.  (Upper 

Right) Penalized-likelihood reconstruction.  (Lower Left) Initial KCR 

estimate and first three iterations of a subset of the image volume.  (Lower 

Right) Joint estimate using the KCR method after 100 iterations.   
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 We find similar results for the case of bilateral implants and 

a polyaxial-headed pedicle screw (Fig. 4 and 5, respectively).  

Each of these cases is parameterized with two components 

moving independently of one another during optimization. 

In Fig. 4, we observe excellent registration of the two-body 

problem and note that the significant under-attenuation artifact 

in the center of the PL volume has been eliminated in the KCR 

estimate. In Fig. 5, we note comparable performance but 

observe a slight mismatch in the region of the poly-axial screw-

head, with some associated subtle artifacts in the surrounding 

attenuation values.  This mismatch could be due to incomplete 

convergence, local minima in the objective function, or another 

effect – each currently under investigation. 

IV.  DISCUSSION 

Overall the KCR technique shows very encouraging results 

on data with significant photon starvation effects - providing 

qualitatively superior images to other methods, particularly in 

the region around the implants.  This suggests that the 

technique could be of value in diagnostic imaging scenarios 

where image quality around an implant is critical as well as 

interventional imaging applications where visibility of tissues 

in the region of an implanted surgical device is important.  The 

KCR technique also provides pose information about the 

implant that could be useful in intraoperative imaging scenarios 

where the position of an implant is modified during a surgical 

procedure.  For example, quantitative assessment of screw 

angulations or comparisons with preoperative plans may be 

facilitated with these techniques.   Future work includes 

incorporation of a polyenergetic forward model, as in [13], and 

quantitative experiments with heterogeneous (e.g. metal and 

plastic) implants like total knee replacements. 

 

REFERENCES 

[1] Lange, K., "Convergence of EM image reconstruction algorithms with 

Gibbs smoothing," IEEE Trans. Med. Im., vol.9, pp. 439-446, Dec 1990. 

[2] Yu, D.F., Fessler, J.A., "Edge-preserving tomographic reconstruction 

with nonlocal regularization," IEEE Trans. Med. Im., vol.21, no.2, 

pp.159-173, Feb. 2002. 

[3] Chen, G-H., Tang, J., Leng, S., "Prior image constrained compressed 

sensing (PICCS): A method to accurately reconstruct dynamic CT 

images from highly undersampled projection data sets," Med. Phys. vol. 

35, no. 2, pp. 660-4, 2008. 

[4] Kalender W. A., Hebel R., Ebersberger J, "Reduction of CT artifacts 

caused by metallic implants," Radiology, vol. 164, pp. 576–577, 1987. 

[5] Prell, D., Kyriakou, Y., Beister, M., Kalender, W. A., "A novel forward 

projection-based metal artifact reduction method for 

flat-detector computed tomography," Phys. Med. Biol., vol 54, no. 21, 

pp 6575, 2009. 

[6] Kuba, A., Rodek, L., Kiss, Z., Rusko, L., Nagy, A., Balasko, M., 

"Discrete tomography in neutron radiography," Nuc. Instr. Meth. Phys. 

Res. A: Accelerators, Spectrometers, Detectors and Associated 

Equipment, vol 542, Issues 1-3, pp. 376-82, 21 April 2005. 

[7] Synder, D.L., O'Sullivan, J. A., Whiting, B.R, Murphy, R.J., Benac, J., 

Cataldo, J.A., Politte, D.G., Williamson, J.F., "Deblurring subject to 

nonnegativity constraints when known functions are present with 

application to object-constrained computerized tomography," IEEE 

Trans. Med. Im, vol 20, no. 10, pp.1009-1017, Oct. 2001. 

[8] Siewerdsen, J. H., Moseley, D., Burch, S., Bisland, K., Bogaards, A., 

Wilson, B., Jaffray, D., " Volume CT with a flat-panel detector on a 

mobile, isocentric C-arm: Pre-clinical investigation in guidance of 

minimally invasive surgery," Med. Phys. 32, 241 (2005) 

[9] Unser, M., Aldroubi, A., Eden, M., "Fast B-spline transforms for 

continuous image representation and interpolation," IEEE Trans. Pat. 

Anal. Mach. Intel., vol. 13, no. 3, pp. 277-85, Mar 1991. 

[10] H Erdogan and J A Fessler, "Ordered subsets algorithms for transmission 

tomography," Phys. Med. Biol. vol 44, pp. 2835-51, 1999. 

[11] Shewchuk, J. R., "An introduction to the conjugate gradient method 

without the agonizing pain," 1994. [Online] Available: 

http://www.cs.cmu.edu/~quake-papers/painless-conjugate-gradient.pdf 

[12] Siddon, R. L., "Fast calculation of the exact radiological path for a three-

dimensional CT array," Med. Phys. vol. 12, no. 2, pp 252-5, 1985. 

[13] De Man, B.; Nuyts, J.; Dupont, P.; Marchal, G.; Suetens, P.; , "An 

iterative maximum-likelihood polychromatic algorithm for CT," IEEE 

Trans. Med. Im., vol.20, no.10, pp.999-1008, Oct. 2001. 

  

  
Fig. 4.  Reconstructions with bilateral pedicle screw placement.  (Upper 

Left) Filtered-backprojection reconstruction.  (Upper Right) Penalized-

likelihood reconstruction.  (Lower Left) Initial KCR estimate and first three 

iterations of a subset of the image volume.  (Lower Right) Joint estimate 

using the KCR method after 50 iterations.   

   

  
Fig. 5.  Reconstructions with a two-component polyaxial-headed pedicle 

screw.  (Upper Left) Filtered-backprojection reconstruction.  (Upper Right) 

Penalized-likelihood reconstruction.  (Lower Left) Initial KCR estimate and 

first three iterations of a subset of the image volume.  (Lower Right) Joint 

estimate using the KCR method after 300 iterations.   
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Dictionary Learning Based 
Low-dose X-ray CT Reconstruction 

Qiong Xu, Hengyong Yu, Xuanqin Mou, and Ge Wang  

 
Abstract — X-rays is harmful to human health. How to reduce 

radiation dose while maintaining the diagnostic performance is a 
major challenge in the CT field. Here we propose a novel image 
reconstruction method for low-dose x-ray CT according to 
dictionary learning theory. A sparse constraint on a redundant 
dictionary is incorporated into a statistical iterative 
reconstruction framework. An alternating minimization 
algorithm is developed to optimize an objective function. It is 
shown in animal experiments that the proposed method can 
produce excellent reconstruction results from low dose 
projections, effectively suppressing noise and artifacts. 
 

Index Terms — Low-dose CT, denoising, dictionary learning, 
sparse representation, statistical iterative reconstruction.  
 

I. INTRODUCTION 
owadays, x-ray computed tomography (CT) has been 
widely used in clinical and preclinical applications. At 

the same time, the involved x-ray radiation has attracted 
increasingly more concerns. Low-dose imaging has become a 
major challenge in the CT field. There are two basic ways to 
reduce radiation dose in the data acquisition process: one is to 
reduce the current of the x-ray source, and the other is to 
reduce the amount of projections. However, both of them will 
degrade the quality of the image reconstructed using the 
conventional algorithms with strong noise and streak artifacts. 
Therefore, it is desirable to develop novel reconstruction 
algorithms that reduce the radiation dose while maintaining 
the image quality. 

During the past years, tremendous efforts have been 
devoted towards low-dose CT. One primary strategy is to  
preprocess the projection data and then perform a 
conventional reconstruction from the processed sinogram 
[1-4]. This kind of methods can reduce the noise and artifacts 
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effectively with less computation time. Another strategy is the 
well-known statistical iterative reconstruction (SIR) [5, 6] 
method, in which an objective function is statistically 
formulated and optimized with respect to a reconstructed 
image. By doing so, the image and sinogram domains are 
integrated by not only considering the noise in the projection 
space but also the prior knowledge in the image space.  

Recently, compressed sensing (CS) theory [7] has shown its 
potential in CT reconstruction. One popular mechanism is the 
total variation (TV) minimization, which was used for 
low-dose,  few-view, limited-angle, truncated data CT, and 
so on [8, 9]. The TV minimization method utilizes the sparsity 
of the discrete gradient transform (DGT) of an object. 
However, it may lead to undesirable biases and artifacts as 
well as loss of fine features which may reduce the diagnostic 
values of reconstructed images. 

 In contrast to TV or a set of predetermined basis functions, 
a redundant dictionary learned from a set of given samples 
will be more specific to a particular application and more 
effective in terms of a sparse representation. Dictionary 
learning (DL) and sparse representation (SR) techniques were 
successfully applied in image processing and recognition areas, 
such as image denoising, image restoration, face recognition, 
and texture classification [10, 11]. They were also utilized to 
obtain better results from under-sampled data in Magnetic 
Resonance Imaging (MRI) [12].  

In this paper, we will use DL and SR for low-dose CT 
image reconstruction. Specifically, we will incorporate a 
sparse constraint on a redundant dictionary into SIR. With this 
dictionary-based sparse constraint, we will reconstruct images 
from low mAs and sparse projection data. Finally, we will 
discuss relevant issues. 

II. METHODOLOGY 

A. DL and SR 
The dictionary is a matrix (D N K×∈ N K<  so that it is 

redundant) and each column of dictionary { } 1

K
k kd

=
 is called 

an atom. An image patch of N N×  pixels is denoted as 
1X N×∈ . If it can be approximately represented as a sparse 

linear combination of the atoms of in the dictionary , then 
the SR

D
1K×α ∈  is the solution of the following problem: 

2

0
min . . X Ds t

 N

2
ε

α
α − α < , (1) 

258 11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine



 

where 0
i is the -norm, 0l 0

Nα  the number of the 
nonzero entries in , and α ε  a small error. Using the 
Lagrange method, Eq. (1) can be rewritten in the following 
unconstraint form: 

2

2
min X D ν

α
− α + α

0
,     (2) 

where ν is the Lagrange multiplier. The above two problems 
are equivalent when a suitable ν  is chosen. 

The goal of DL is to seek a dictionary that makes each 
patch of the given training set can be sparsely represented by 
the atoms of this dictionary. Denote the given patch set as 
{ } 1
X S

s s=
 and the corresponding SR vector as { } 1

S
s s=

α = α , 
then the DL process is to solve: 

2

2D,
min X Ds s s s

s s

ν
α

⎛ − α + α⎜
⎝ ⎠
∑ ∑ 0

⎞
⎟ . (3) 

B. Statistical model and objective function 
Without loss of generality, we consider the situation of a 

monochromatic x-ray source. The measured data can be 
modeled as a Poisson distribution, 

{ } ,i iy Poisson y∼  , (4) 1, ,i = I

where ip
i iy b e−= is the expected value of the measurement 

,  the blank scan factor,  the linear integral of 
attenuation coefficients along the x-ray path  

iy ib ip

( ) [ ]
1

Α
i

J

i ij il
j

p r dl aμ μ
=

= ≈ =j∑∫ 1, ,i I=μ , , (5) 

where is the system matrix,  the 

linear attenuation coefficient vector,  and 

{ }A ija= ( )1, ,
T

JNμ μμ =

I J  are the 
number of projections and pixels, respectively. 

Since the measurements are independent of each other, the 
Poisson log-likelihood function of the joint probability 
distribution for the data acquisition process can be written as 

( ) ( ) (
1

y ln y ln !i i
I

y y
i i

i
L P e y−

=

⎛μ = μ = ∏⎜
⎝ ⎠

)y ⎞
⎟ . (6) 

Ignoring the constant terms, Eq. (6) becomes 

. ( )
1

i

I
p

i i i
i

y p b e−

=

− +∑
From the statistical perspective, an image can be 

reconstructed by maximizing a posteriori (MAP) of the 
function ( )yP μ . According to the Bayesian rule 

( ) ( ) ( ) ( )y yP P P Pμ = μ μ y   

and the monotonic increment property of the natural logarithm, 
the reconstruction is equivalent to maximize the following 
objective function 

( ) ( ) ( )y lnL PΦ μ = μ + μ , (7) 

where ( )ln P μ  is a regularization term expressing the prior 

knowledge on the object. Let , the task is to 
minimize the following objective function 

( ) ( )lnR Pμ = − μ

( ) [ ] [ ]( ) ( )Α

1
Α i

I

i ii
i

y b e R− μ

=

Φ μ μ + + μ∑=  (8) 

Applying a second-order Taylor’s expansion technique [5] 
to ( ) ip

i i i i ig p y p b e−= +  at an estimated line integral 

( )ˆ lni ip b y= i , the above objective function becomes  

( ) [ ]( ) ( )
2

1

ˆΑ
2

I
i

ii
i

y
p R

=

Φ μ μ − + μ∑= . (9) 

As far as the regularization term is concerned, many forms 
have been used, such as Tikhonov regularization, 
edge-preserving Huber penalty, and TV regularization. 
Various regularization methods usually lead to different 
results. Since DL and SR perform well in sensing structure 
and suppressing noise in the image processing field, here we 
use the sparse constraint on a redundant dictionary as the 
regularization term to improve the image quality for low-dose 
CT. It is assumed that the patches extracted from an object can 
be sparsely represented using a redundant dictionary. To 
construct a redundant dictionary, we can either work with a 
pre-existing set of patches, which were extracted from a 
similar object reconstructed from a normal dose dataset, or 
from a current set of patches, which are extracted from an 
intermediate iterative reconstruction from a low-dose dataset 
which is just acquired. Using the SR on the above dictionaries 
respectively as the regularization term of Eq. (9), we have the 
following minimization problems: 
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where { }E JN Ns
s nje ×= ∈  extracts patches from an image μ , 

and β  the regularization parameter. We call the problem 
expressed in Eq. (10) as the global dictionary based SIR 
(denoted as GD-SIR), and the problem expressed in Eq. (11) 
as the adaptive dictionary based SIR (denoted as AD-SIR).  

C. Optimization algorithm 
Since there are at least two variables in either Eqs. (10) or 

(11), we adopt an alternating minimization scheme to optimize 
the variables alternately.  

First, update a reconstructed image with a fixed SR. The 
objective function becomes 

[ ]( )2 2

2
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ˆmin Α E D
2

I
i

i si
i s

y
p β

μ
=

μ − + μ − α∑ ∑ s . (12) 

With the separable paraboloid surrogate method [5], Eq.(12) 
can be solved in the following iteration 
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where the superscript  is the iteration number. 1, 2,t =

 Second, sparsify the intermediate result . The objective 
function becomes 

tμ

2

02
min E Dt

s s s
s s

νμ − α + α∑ ∑ s . (14) 

For GD-SIR, the optimization process by Eq. (14) is with 
respect to , and it can be solved via the Orthogonal 
Matching Pursuit (OMP). For AD-SIR, the optimization is 
with respect to  and . It can be carried out between 

α

α D α  
and  alternately using the K-SVD algorithm [13]. D

In summary, the optimization process is alternately 
performed between the image update and the SR. The 
workflow is in Table 1. 

TABLE 1 WORKFLOW FOR GD-SIR AND AD-SIR 
Initialization: , ,  μ α D
Iteration: 
Step 1:  Update  using Eq. (13); μ
Step 2:  SR using OMP  (for GD-SIR); 

DL and SR using K-SVD  (for AD-SIR); 
Step 3:  Go to Step 1 until the stopping rule is 
satisfied. 

 

III. EXPERIMENTAL RESULTS 
We used real CT data to validate the proposed algorithms. 

The chest of an anesthetized sheep was scanned in cone-beam 
geometry on a SIEMENS Somatom Sensation 64-Slice CT 
scanner. The radius of the x-ray source scanning trajectory 
was 57 cm. Over a 360° range, 1160 projections were 
uniformly collected. For each projection, 672 detector 
elements were equi-angularly distributed to define an FOV of 
a 25.05 cm radius. In our experiments, two scans were 
performed. One used a normal dose protocol (100kVp, 
150mAs), and the other used a low dose (80kVp, 17mAs) 
protocol. Because the sheep is live, the images of the two 
scans were slightly different due to physiological motion. The 
reconstructed image of size 768×768 pixels covered a 43.63 
cm×43.63 cm region. The sparse constraint was enforced on 
the entire lung region of 500×370 pixels. Patches of 8×8 
pixels were extracted from the image. The dictionary had 256 
atoms.  

In the GD-SIR experiments, the global dictionary was 
learned from the set of patches extracted from the 
reconstructed result by filtering backprojection (FBP) from the 
normal dose scan. In the DL process, the SR of every patch 
was limited to ≤5 atoms. The FBP result used for DL was 
shown in Fig. 1, along with the learned global dictionary. 

Using the global dictionary shown in Fig. 1(b), we 
reconstructed the low-dose image using the GD-SIR algorithm. 
In the SR process, the square of the -norm error 2l ε of every 
patch was limited within an empirical value 2.5×10-5. The 
regularization parameter β  was empirically determined, 

which should be increased as A  and the noise level are 
increased. The initial image was the result by FBP. The 

reconstructed result after 50 iterations was shown in Fig. 2(b). 
It is seen that the result by GD-SIR is excellent in preserving 
structures and suppressing noise.

         
           (a)                                 (b) 
Fig.1 Global DL. (a) The FBP reconstruction from a normal-dose dataset, and 
(b) the learned dictionary. 

In the AD-SIR experiment, the dictionary was learned in 
real-time from the set of patches extracted from the 
intermediate reconstruction. In the DL and SR processes, the 
SR of every patch was limited to ≤5 atoms. The reconstruction 
result from the low-dose dataset was shown in Fig. 2 (c). It is 
seen that the AD-SIR result revealed some details that had not 
appeared in GD-SIR. However, some edges were obscurer 
than GD-SIR. 

 
          (a)                  (b)                   (c) 

 
(d)                   (e)                   (f) 

Fig. 2 GD-SIR reconstruction from a low-dose dataset. (a)-(e) The results by 
FBP, GD-SIR, AD-SIR, TV-SIR, and GD-NSIR, respectively. (f) The upper 
left, upper right, lower left and lower right are the local magnifications of 
(b)-(e) as indicated in (a). 

We also tested the TV and non-statistical algorithms for 
comparison. A TV minimization constraint was used as the 
regularization term of Eq. (9) (denoted as TV-SIR). Moreover, 

the log-likelihood term [ ]( 2

1

ˆΑ
2

I
i

ii
i

y
p

=

μ −∑ ) in Eq. (10) was 

substituted by a simple -norm data fidelity term 2l
2

2
Α pμ −  

(denoted as GD-NSIR).  The results were shown in Fig. 2(d) 
and 2(e) respectively. Compared to GD-SIR, TV-SIR 
appeared slightly more noisy and blocky, and the GD-NSIR 
had some streak artifacts in the central region. 
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              (a)                              (b) 
Fig. 3 Convergence curves. (a) and (b) The log-likelihood and SR error plots, 
respectively. 

One-hundred iterations were carried out to evaluate the 
convergence of GD-SIR. Fig. 3 plots the curves of the 

log-likelihood term [ ]( 2

1

ˆΑ
2

I
i

ii
i

y
p

=

μ −∑ ) and the SR error term 

2

2
E Ds

s
μ − α∑ s  v.s. the number of iterations. These curves 

show that both the log-likelihood term and the SR error term 
monotonically decreased. After ~40 iterations, the two terms 
became stable. 

 
         (a)                   (b)                   (c) 

 
         (d)                   (e)                   (f) 
Fig. 4 GD-SIR reconstruction from down-sampled low-dose data. (a)-(c) and 
(d)-(f) The results from 580, 290, and 116 views by FBP and GD-SIR, 
respectively.  

To evaluate the performance of GD-SIR with fewer 
projections, the views in the low-dose dataset were 
down-sampled from 1160 to 580, 290 and 116, respectively. 
Fig. 4 shows the results. With 580 views, the result was almost 
as good as that from 1160 views. However, when it was 
down-sampled to 290 or 116 views, some details were lost. 

IV. DISCUSSIONS AND CONCLUSION 
While the TV constraint tends to penalize the image 

gradient uniformly, irrespective of the underlying structural 
information, the DL and SR techniques are more specific, 
adaptive, and effective. The DL process senses the structural 
information and suppresses noise in the patches. Based on the 
learned dictionary, the SR process further suppresses the noise 

produced in the SIR update. In principle, the DL process 
should lead to a sparser representation of an underlying image 
in a given type of applications, and be more synergistic than 
the TV method with the CS framework. A thorough reader 
study will be needed for each application type. 

The adopted dictionary should present the structural 
information of an object as much as possible. In this way, the 
reconstruction with SR by the resultant dictionary can perform 
well. For the global dictionary, the difference between the 
training image and the true image would affect the final 
reconstruction. The adaptive dictionary can avoid this bias. As 
shown in Fig. 2, AD-SIR can preserve some details which are 
not in the GD-SIR reconstruction. However, if a projection 
dataset is very noisy, the DL process will no longer be able to 
extract sufficient structural information, and will degrade the 
final image quality. How to avoid or minimize such a 
shortcoming is a major research direction. 

In conclusion, we have proposed a DL-based reconstruction 
algorithm for low-dose CT. The SR constraint on both the 
global and adaptive dictionaries has been introduced into SIR. 
This approach has produced promising results suggesting a 
superior performance in terms of preserving details and 
suppressing noise. 
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Axial block coordinate descent (ABCD) algorithm

for X-ray CT image reconstruction
Jeffrey A. Fessler and Donghwan Kim

Abstract—The primary drawback of statistical image recon-
struction methods for X-ray CT is the computation time required
by iterative algorithms. Iterative coordinate descent (ICD) algo-
rithms converge in relatively few iterations but are challenging to
parallelize due to their sequential updates. Conjugate gradient
(CG) methods and ordered-subsets (OS) algorithms update all
pixels simultaneously, which facilitates parallelization, but these
algorithms require many more iterations to converge than ICD.
This paper proposes a block coordinate descent algorithm for
helical and axial cone-beam X-ray CT image reconstruction in
which a group of voxels are updated simultaneously. We focus
on updating all the voxels within one axial “column” of the
3D image simultaneously, so we refer to this approach as the
axial block coordinate descent (ABCD) algorithm. Because this
approach updates many voxels simultaneously (e.g., 64 in an
axial scan and hundreds in a helical scan), it is reasonably
well suited to parallel processing. At the same time, because
the voxels within an axial column are relatively weakly coupled,
which is why we selected axial blocks, the algorithm converges
fairly quickly. In particular, the simultaneous update of one axial
column requires inverting a banded matrix which can be done
quickly (ABCD-BAND). An alternative version of the algorithm
uses a simpler separable quadratic surrogate for the axial block
(ABCD-SQS). Preliminary simulation results illustrate that the
ABCD algorithms decrease a regularized weighted least-squares
cost function much faster than a traditional separable quadratic
surrogate (SQS) method that updates all pixels simultaneously.
The proposed ABCD algorithms exhibit about the same decrease
per iteration as the ICD method, while appearing much more
amenable to parallelization.

I. INTRODUCTION

This paper focuses on statistical image reconstruction meth-

ods where one reconstructs the N voxels of the unknown

3D image x = (x1, . . . , xN ) by minimizing a regularized

weighted least-squares (WLS) cost function:

x̂ = arg min
x

Ψ(x), Ψ(x) =

M∑

i=1

wi

2
(yi − [Ax]i)

2 + R(x),

where y denotes the X-ray CT projection data, wi denotes

the statistical weighting associated with the ith ray, for i =
1, . . . ,M , M is the number of rays, A is the M ×N system

matrix and R(x) is an edge-preserving regularizer that controls

noise while attempting to preserve spatial resolution. The for-

ward projection operation is [Ax]i =
∑N

j=1 aijxj . Although

we focus here on a WLS data-fit term, the principles generalize

readily to other statistical models like the transmission Poisson

log-likelihood [1].

EECS Department, University of Michigan, Ann Arbor, MI, USA. Email:
fessler@umich.edu, kimdongh@umich.edu. Supported in part by NIH grant
R01-HL-098686.

For nonquadratic regularization methods finding the mini-

mizer x̂ requires an iterative algorithm. The primary drawback

of statistical image reconstruction methods for X-ray CT is

the computation time of such algorithms, particularly the

forward and back-projection operations. Iterative coordinate

descent (ICD) algorithms [2], [3] converge in relatively few

iterations but are challenging to parallelize due to their se-

quential updates. Conjugate gradient (CG) methods [4] and

ordered-subsets (OS) algorithms based on separable quadratic

surrogates (SQS) [5], [6] update all pixels simultaneously,

which facilitates parallelization, but these algorithms require

many more iterations to converge than ICD [7].

Considering that modern computing architectures are based

on parallel processing, while also considering the convergence

rate properties of ICD and CG/OS, it seems unlikely that the

“optimal” practical algorithm will be at either the extreme of

updating only one voxel at a time or at the other extreme of

updating all voxels simultaneously. Instead, it is plausible that

the best compromise will update a group of voxels (but not

all voxels) simultaneously, and then cycle through all groups

in some order. (It is likely that the choice of order will be

important for achieving the fastest possible convergence [8]

but we do not investigate that here.) Such “grouped” or “block”

coordinate descent algorithms have been used in statistical

estimation for over two decades [9], [10] and have also been

applied to tomographic image reconstruction [11]–[14].

In [13], a group of pixels (in 2D) was selected (based

on checker-board patterns) for simultaneous update. Then

optimization transfer principles were applied to develop a

separable surrogate function for that group of pixels, and

then all pixels in that group were updated simultaneously

by minimizing the surrogate function. The pixels within a

transaxial slice are relatively strongly coupled, so the surrogate

functions have undesirably high curvatures, so the accelera-

tions provided in 2D by the methods in [13] were somewhat

modest. The pixels within a group were selected to be distant

from each other, rather than adjacent neighbors, to try to

minimize the coupling-related curvatures, but still there was

coupling that prevented dramatic acceleration. Benson et al.

[14] took a different approach that did not use optimization

transfer, thereby avoiding these high curvatures. They used

k × k blocks of neighboring pixels (in the x−y plane that

are highly coupled) and updated all k2 pixels within that

block simultaneously by inverting a k2 ×k2 matrix. They then

sequentially stepped along the axial direction, updating the

same k × k block for each slice. This approach reduced the

number of iterations but may increase the work per iteration

substantially because the k2 × k2 matrices are dense.
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In this paper we propose a block coordinate descent algo-

rithm for 3D helical and axial cone-beam X-ray CT image

reconstruction that is adapted specifically to the geometry

of standard CT scanners (both multi-slice and flat panel) in

which one 2D detector axis is aligned with the rotation axis.

(The proposed approach may not be ideal for C-arm systems

with arbitrary source trajectories.) We focus on updating all

the voxels within one axial “column” of the image volume

simultaneously, so we refer to this approach as the axial block

coordinate descent (ABCD) algorithm. Because this approach

simultaneously updates many voxels (e.g., 64 in an axial scan

and hundreds in a helical scan), it is reasonably well suited

to parallel processing. At the same time, because the voxels

within an axial column are relatively weakly coupled, which is

why we selected axial blocks, the algorithm converges fairly

quickly. In particular, the simultaneous update of one axial

column requires inverting a banded matrix, which can be done

quickly using a well-known simple algorithm that is linear in

the number of unknowns [15]. Unlike previous block-based

algorithms for CT reconstruction that are applicable to an

arbitrary system matrix A, the ABCD method is designed to

work hand-in-hand with the separable footprint (SF) projector

[16]. Although ABCD may be adapted to other forward

projection methods, the axial/transaxial separability of the SF

projector facilitates the implementation of ABCD in a way

that is very efficient and amenable to parallel processing. Pre-

liminary simulation results illustrate that the ABCD algorithm

converges at a rate per iteration comparable to ICD, and both

converge much faster than conventional optimization transfer

methods based on separable quadratic surrogates [6], [17].

II. THEORY

We first review the general framework for block coor-

dinate descent approaches, of which ICD and ABCD are

special cases. Partition the parameter vector x into K sets:

x = (x1, . . . ,xK), where 1 ≤ K ≤ N . (In general the

sets do not have to be disjoint but it simplifies explanation

and implementation to focus on disjoint sets.) The idea is

to update each block of voxels xk in turn, using the most

recent estimates of all other blocks. Specifically, within the

nth iteration, we update the kth block by minimizing the cost

function Ψ(x) with respect to xk as follows:

x(n+1)

k = argmin
xk

Ψ
(n)
k (xk)

Ψ
(n)
k (xk) , Ψ

(
x(n+1)

1 , . . . ,x(n+1)

k−1 ,xk,x
(n)

k+1, . . . ,x
(n)

K

)
.

If each block consists of a single pixel, then this approach

reduces to the standard ICD algorithm [2], [3].

When nonquadratic regularization is used, there is no

closed-form solution for the minimizer x(n+1)

k , so the block

minimization step (argmin above) would itself require an

inner iteration. This may be undesirable, so an alternative is

to apply optimization transfer to derive a surrogate function

φ(n)

k for Ψ
(n)
k and minimize the surrogate instead:

x(n+1)

k = arg min
xk

φ(n)

k (xk) .

Provided the surrogate function satisfies the usual majorization

conditions of optimization transfer [1], this type of algorithm is

guaranteed to decrease the original cost function Ψ(x) mono-

tonically every update, which in turn ensures convergence in

the usual case that mild regularity conditions hold [18].

In [13], separable quadratic surrogate (SQS) functions were

used of the form

φ(n)

k (xk) = Ψ
(n)
k

(
x(n)

k

)
+∇xk

Ψ
(n)
k

(
x(n)

k

)
(xk − x(n)

k )

+
1

2
(xk − x(n)

k )′D(n)
k (xk − x(n)

k ),

where D
(n)
k is a diagonal “curvature” matrix. This SQS

approach leads to the following simple update equation:

x(n+1)

k = x(n)

k −
[
D

(n)
k

]−1

∇xk
Ψ

(n)
k

(
x(n)

k

)
, (1)

where inversion of D is trivial because it is diagonal due to

the separability φ(n)

k . In fact, in the extreme case where all

voxels are in a single group (K = 1), this iteration is simply

the conventional SQS approach [6] that is known to converge

very slowly. When “too many” strongly coupled voxels are in

the same group, the curvatures (elements of D) become large,

leading to small values for its inverse and hence small step

sizes and slow convergence.

The approach of Benson et al. [14] used the quadratic

surrogate approach of Yu et al. [19], which has its roots

in Huber’s algorithm [20, p. 184], but they did not use a

separable surrogate function. This leads to an algorithm of

the form (1) except D is replaced by a non-diagonal Hessian

matrix H
(n)
k , ∇2 φ(n)

k . For the transaxial blocks chosen in

[14], this Hessian matrix H
(n)
k is dense (all elements nonzero

in general), thus requiring more effort to invert.

The key idea proposed in this paper is to use axial groups of

voxels instead of the transaxial blocks that were considered in

previous work [13], [14]. The rationale for this choice is that

there is far less “coupling” between neighboring voxels in the

axial direction than between neighboring voxels in the same

slice in the “cylindrical” geometries of helical and axial CT

scans. (We define the “coupling” between voxel j and voxel

j′ as
∑M

i=1 wiaijaij′ , which, for j 6= j, essentially is one of

the off-diagonal elements of the Hessian matrix H
(n)
k .)

In particular, for a typical multi-slice CT geometry where

the slice spacing is matched to the detector row spacing (scaled

by the system magnification at isocenter), we have shown that,

for the SF projector [16] and also for the distance-driven (DD)

projector [21], the Hessian matrix is pentadiagonal for all axial

blocks within a standard 70 cm field of view. With this choice

of blocks, the resulting axial block coordinate descent (ABCD)

algorithm has the form

x(n+1)

k = x(n)

k −
[
T

(n)
k

]−1

∇xk
Ψ

(n)
k

(
x(n)

k

)
, (2)

where T
(n)
k is the banded Hessian of the (nonseparable)

quadratic surrogate function φ(n)

k . For a reconstruction problem

with Nz slices, T
(n)
k is Nz ×Nz matrix, and one can solve a

system of equations T
(n)
k u = v in O(Nz) operations easily

[15]. We refer to (2) as the ABCD-BAND algorithm because

it uses the “inverse” of a banded matrix. Fig. 1 shows part of
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a typical Hessian for a helical CT problem with Nz = 176
slices, for the unweighted case W = I. In this case, there

are 3 dominant bands and the next two bands have negligible

values.

Hessian for axial group

slice

s
lic

e

 

 

1 64

1

64

1

2

3

4

5

6

7

8

Fig. 1. Part of a banded Hessian matrix for Nz voxels grouped axially.

If one uses an unconventional relationship between the

slice thickness and the detector row spacing, or if one uses

a more complicated forward projector for which the axial

footprint is larger than the models used in the SF and DD

projectors, then it is possible that the Hessian matrix of the

quadratic surrogate function could have more than 5 diagonals.

Nevertheless, the Hessian for an axial group will always be

banded rather than dense for any reasonable system model.

In such cases there are several possible approaches that one

can take. One option is to use a general approach to inverting

banded matrices [15, Ch. 5]; these methods are also O(Nz)
but with a larger constant. We refer to these as ABCD-BAND

algorithms. Another option is to derivate a separable quadratic

surrogate (SQS) for the axial group of voxels, leading to an

update of the form (1). Because a typical axial group has

lower coupling than a typical transaxial group, the elements

of the diagonal Hessian D
(n)
k are smaller, leading to faster

convergence. We refer to this as the ABCD-SQS algorithm.

Yet another option is to derive a quadratic surrogate function

with a tridiagonal Hessian for the general banded case. We

postpone this more complicated possibility for future work.

The typical edge-preserving regularizers used for 3D CT

[3] use the immediately neighboring voxels in all three

directions (26 neighbors per voxel). Specifically, R(x) =∑N
j=1

∑
k∈Nj

ψ(xj − xk) where Nj denotes the 26 neighbors

of the jth voxel and ψ is a potential function such as the

Huber function. Because each voxel in an axial “column” is

coupled via the regularizer to the voxel immediately above

and immediately below, the Hessian matrix for the regularizer

is exactly tridiagonal regardless of the voxel size or projection

geometry. This is a further benefit of using axial groups and

the ABCD-BAND approach.

So far we have focused on the issues associated with

designing and inverting the Hessian of the quadratic surrogate

function. Equally important to the overall efficiency of the al-

gorithm is how one computes the gradient of the cost function

∇xk
Ψ

(n)
k that is required by all of the above methods. Let Ak

denote the sub-matrix of A with columns corresponding to the

group xk. Then the data-fit term gradient is simply

∇xk
Ψ

(n)
k = A′

kW r+∇xk
R, (3)

where r = Axcurrent − y is the sinogram residual vector

that is always kept as a state vector in ICD and block CD

type algorithms [2]. Specifically, we start the algorithm by

initializing the residual vector r = Ax(0) − y and then after

updating block xk using x(n+1)

k = x(n)

k + d(n)

k we update the

residual using

r += Akd
(n)

k . (4)

So this update step requires multiplication by Ak and the

gradient step (3) requires multiplication by its transpose A′
k.

Space constraints prohibit a complete explanation, but the

choice of an axial group is particularly well suited to the SF

projector [16] because that method uses separable footprints

in the transaxial and axial directions. For the back-projection

step, inner-products between the transaxial footprint and the

projection data can be computed with parallelism across views

and across all detector rows. There is also opportunity for

SIMD computations across rows. (In contrast ICD can exploit

parallelism across views only, because a single voxel affects

only a few rows of any given projection view.) After com-

puting these inner products, the effect of the axial footprint

is a simple 1D operation along z for each view, which we

can also parallelize across views. There is similar opportunity

for parallelism across both views and rows for the forward

projection step (4).

III. SIMULATION RESULTS

We implemented the ABCD-BAND and ABCD-SQS algo-

rithms in Matlab to compare their convergence rates. Because

Matlab is a slow interpreted language, our comparisons were

limited to small 3D image sizes. We also implemented the

conventional SQS algorithm and the ICD algorithm for com-

parison. None of these implementations are optimized in terms

of run time. Our focus here was on how fast the cost function

Ψ(x) decreases each iteration. It is well understood that the

computation time per iteration will be quite different for the

various algorithms due to their various levels of parallelism.

We expect that the compute time per iteration for well-

parallelized implementations will obey

SQS < ABCD-SQS < ABCD-BAND < ICD (5)

On the other hand, rate of decrease of the cost Ψ per iteration

will likely also roughly follow (5), although ABCD-BAND

might converge faster per iteration than ICD.

Fig. 2 shows one representative slice of the small 3D images

that were used in this preliminary study, along with the images

reconstructed by FDK [22], [23] and by the four iterative

algorithms listed in (5) after 15 iterations. The SQS algorithm

converges very slowly, and has not come close to reaching the

minimizer x̂ after 15 iterations. (If run more iterations it will

eventually converge.) The ICD and ABCD algorithms reached

nearly the same image within 15 iterations. Fig. 3 shows the

cost function value Ψ(x(n)) as a function of iteration for the
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four algorithms. The undesirably slow convergence of SQS

is evident. In this small example, the other three algorithms

appeared to reduce the cost frunction Ψ at nearly the same

rate. We also observed similar trends for another case with

a 64 × 64 × 16 image volume. Hopefully this behavior will

persist when we investigate realistic sized images with a more

optimized implementation.
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Fig. 2. Reconstructed images after 15 iterations for a small 3D problem.
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IV. SUMMARY

We have proposed ABCD algorithms based on using block

coordinate descent with blocks formed from axial “columns”

of voxels for helical and axial cone-beam CT. The methods

currently are implemented in Matlab to prove the principle

of the update. The next step is to implement the method in

C and exploit the abundant parallelism and then compare the

convergence rate and compute efficiency with ICD [3] and

with SQS-OS [6] algorithms using multi-core systems.
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Abstract— Design considerations for airport security 

volumetric imaging scanners differ significantly from those for 
medical CT scanners, despite the much they have in common.  We 
describe what drives these differences, then describe how we 
account for these considerations with a combination of an 
innovative “discrete skew” geometry and iterative reconstruction 
in the  new L-3 MV3D security scanner product.   
 

Index Terms— discrete skew, fixed-gantry, image 
reconstruction, iterative algorithms, national security 

I. INTRODUCTION 

While medical CT scanners clearly share crucial overlap with 
airport security scanners, significant differences in the use 
considerations drive differences in design decisions.  Security 
scanners face a variety of challenges relative to medical 
scanners that, from an engineering standpoint, cannot yet be 
considered as fully solved as medical engineering challenges 
[1].  These considerations may make security scanners a 
receptive ground for advanced applications in fully three 
dimensional reconstruction. 
 Medical scanners are designed primarily [1] for a tradeoff 
between cost and generally theoretically well-defined image 
quality metrics[2].  Security scanner design, on the other hand, 
must from the very start consider fiercer compromises among 
cost, “image quality”, bag throughput, and target range with an 
important secondary focus on durability and maintainability.  
Complicating the design is that in security scanner design 
“image quality” cannot as easily be captured by a technically 
well-defined metric. 
 We describe how the skew geometry and the iterative 
volumetric reconstruction of the L-3 MV3D meets the design 
considerations. 

II. DESIGN CONSIDERATIONS 

A. Microbombs Make Microexplosions 

Many medical CT scanner designs are driven by spatial 
resolution, trying to detect ever smaller and smaller features.  
This is one area in which security scanners have an easier task  

than medical CT scanners.  While a microcalcification might 
one day become a cancer [3], a microbomb will make only a 
microexplosion.  A minimum mass of explosive is needed in  
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Fig. 1: The central region of a slice through a reconstruction of a bulk object 
of known constant density near water.  The grayscale window is ±35 HU (70 
HU total) around the known density.  The scanner producing this 
reconstruction is certified to detect threats:  voxel-to-voxel variation of tens of 
HU need present no barrier to security effectiveness. 
 

order to pose a threat to an airliner.  Furthermore, explosive 
materials must satisfy various geometrical requirements in 
order to actually detonate [4]. Fortunately, this minimum mass 
is sufficiently large that typical medical spatial resolutions of 
hundreds or even tens of microns are not required for detection 
of detonable threats.  Similarly, because explosive threats are 
large enough to comprise many voxels, individual voxel 
density resolution is very much a secondary consideration, 
once density is averaged over all object voxels.   
 Some of these issues are illustrated in fig. 1.  The image is of 
the central region of a large bulk object of constant density.  
The  image is taken from a machine that has passed regulator 
certification for threat detection.  As the image shows, voxel-
to-voxel variation of tens of HU need present no barrier to 
security detection, even if such variation might have more 
impact in a medical setting. 

B. Patients Per Hour 

 A single one of the worlds largest airports, for instance Hart 
airport in Atlanta, can expect to process 200,000 bags or more 
on a typical day.  Based on estimates of worldwide CT use [5], 
one recognizes that one single such airport already exceeds the 
entire worldwide daily use of medical CT scanners.  In the 
United States, for every patient scanned by a medical CT, 
roughly 60 checked passenger bags undergo volumetric scans 
in airports.  At the same time, only a tiny portion of the cost of 
a single few-hundred-dollar airline ticket can be dedicated to 
scanning costs.  A medical CT scan typically charges 
thousands of dollars per patient.  Given typical machine and 
maintenance costs, the hardware and maintenance cost per bag 
scan is generally held under one US dollar. 

Design of the Discrete Skew Geometry and 
Iterative Reconstruction of the MV3D Scanner 

Andrew D. Foland 
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C. Cancer Can’t Take Countermeasures 

One unyielding challenge of security scanners is that the 
target list can be dynamic; and that the target can take 
countermeasures to any publicly revealed details.  Cancer, on 
the other hand, cannot read specifications or patents.  Machines 
are designed to robust to countermeasures, and regulators 
specifically test the machines against a variety of 
countermeasures.   

This has led the security industry, in general, to rely on trade 
(and governmental) secrecy in design of its machines.  This 
prevents some of the cooperation (such as cross-licensing [6]) 
that has been seen in the medical field.  

D. What’s In a Bag? 

Medical targets consist largely of near-water organ and flesh 
materials, and bones, in relatively predictable configurations.  
Metal, while occasionally present as implants, is generally of 
lesser importance.  Baggage contains significant metal content 
with probability near 1.  Even unremarkable baggage contains 
a very wide array of materials and objects: clothing, shampoos, 
shoes, gels, small electronics, glass bottles, food, and books.  
Less usual but still commonplace are items such as golf clubs, 
ski equipment, prosthetic devices, cookware, power tools, and 
medical equipment. 

E. Who Makes the Call? 

The images produced by a medical CT scanner is generally 
reviewed by a radiologist or other highly-trained medical 
professional, who, with knowledge of patient history and 
possibly in consultation with other experts, can interpret the 
images and decide whether there is any threat. Security 
scanners, on the other hand, generally operate an “EDS” 
(explosion detection system)  algorithm on a computing device 
that renders an automated decision . In general no other 
knowledge about the bag or passenger is known 

F. Are We There Yet? 

 Security scanner quality is defined in the end solely by a 
largely binary regulator test.  The test must demonstrate the 
ability to detect, with a challengingly high regulator-defined 
probability, threat objects, while maintaining at the same time a 
challengingly low false-alarm. The translation of technically 
well-defined measures into PD / PFA on the space of passenger 
bags is in general not straightforward.  For instance, artifacts 
that a human radiologist might judge unacceptable are often 
easily overcome by automated detection algorithms, while 
issues a human eye easily recognizes can require considerable 
effort for an automated detection scheme to resolve.  

G. Baggage Handling 

The baggage handling systems where security scanners are 
installed are typically in exposed conditions on or near the 
runways, and must function over a wide range of temperatures.  
They must be unaffected by an unclean, running flat out for up 
to 20 hours a day.  Due to the compact spaces into which they 
must fit, typical baggage handling- conveyor systems in 
airports must divert a suspect bag off of 

 
Fig. 2: A depiction of the skew-angle geometry used in the MV3D system.  As 
the conveyor progresses forward, the skewed rays exiting the X-ray tube 
provide a radiograph taken from a different angle from the normal X-ray 
views.   

 
the main track within seconds of having been scanned.  This 
enforces a very fast processing, reconstruction, and automated 
detection time on security scanning machine, measured in 
seconds. 

III.  DESIGN IMPLICATIONS 

As described in [1], for most purposes, medical CT scanners 
can consider that they have reached a very good compromise 
between cost and the image quality metrics—which, for most 
medical machines, are the main considerations.  While 
specialized medical machines may have other 
considerations[7]-[8], the specialization allows the CT 
engineer to define a narrowly focused design target [9]. 
 Many of the foregoing considerations point towards the 
value of nonrotating gantries, with minimal moving parts and 
high throughput, for security machines.  On the other side, 
rotating gantries are a well-proven technique that is known to 
be effective in security design, and nonrotating gantry 
machines must be judged against that record of success. 
 From an engineering perspective, a three-order-of-
magnitude cost differential forces very different design 
considerations Three design elements are key to meeting the 
cost goals: simplified operational controls, automated decision 
making, and low cost hardware. A limited number of 
commodity hardware items must be used in the designs. 

IV.  THE L-3 MV3D 

A. Device Overview 

 The L-3 machine is a limited-angle, limited-view security 
scanner that iteratively reconstructs three-dimensional images 
of bags that pass through it on a conveyor.  There has been 
considerable recent work on this kind of reconstruction over 
the past five years [11],[12]. Timely reconstruction is made 
possible by recent advances in computational hardware speed 
[13],[14], as well as by proprietary L-3 computational 
methods. 
 The geometrical freedom inherent in iterative reconstruction 
allows for a handful of fixed, unmoving, nonexotic sources, 
making use of “skew” views, to obtain bag information 
sufficient to reconstruct in three dimensions.   
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Fig. 3: A slice through a reconstruction of a bag. (Left) Filtered backprojection 
(see text for details).  (Right) MV3D iterative volumetric algorithm with skew 
views reconstructing the same slice.  The power of the MV3D skew geometry 
combined with iterative volumetric reconstruction is apparent. 

 
The nonnecessity of a rotating gantry, and the simplicity of the 
X-ray tube sources, are key to meeting the cost challenges.  Of 
course,  reconstruction of such a geometry is flatly impossible 
using standard direct methods such as filtered backprojection 
[15] or cone-beam techniques [16],[17]. 

B. Discrete Skew Tomography 

The patented L-3 geometry uses views oriented at a substantial 
angle to the direction of belt motion in order to obtain 
additional information about the bag volume.  Though it is not 
perfectly analogous, in some ways it functions similarly to 
having a very large cone beam angle.  A depiction of the 
geometry is shown in fig. 2. The skew angles in the MV3D are 
substantially larger than can be accommodated in any standard 
cone-beam algorithm[15],[16].  For this reason, and because no 
simple factorization of the volume into 2-D slices exists, we 
found the need for an iterative algebraic technique functioned 
on the entire 3D volume at once. 
   The skew geometry is chosen because it allows a single 
source to provide nonoverlapping information in multiple 
views as the bag passes.  This is key to obtaining sufficient 
information to reconstruct the bag from a limited (and therefore 
cost-effective) number of sources. 

The bag is reconstructed iteratively by forward-projecting the 
current volumetric density estimate into line integrals on each 
of the skew and normal view directions.  This is done using a 
geometric model of the machine.  The geometric model is 
modified by calibration measurements of the machine made in 
situ to account for registration imperfections in the prototype 
machines as built.   

After forward projection of the density distribution onto the 
view directions, the current estimate projection is compared  
(after suitable corrections) to the actual data measured in the 
projection.   Differences are noted and used to produce an 
update to the estimate of the volumetric density.  Many 
different update equations are possible and have been 
described in the literature [18]-[23].   

As an example, letting k be the iteration number, xj be the 
density in voxel j, bi be the ith measurement, and aij be a 
coefficient representing the geometric interaction of the ith ray 
with the j th pixel, a well-known update equation is: 

 
 In this SART equation [24], an average residual of the rays 

is additively projected back into the volume.   

 
Figure 4: A slice through a reconstruction of a bag.  (Left) Reconstruction of 

the bag using the MV3D volumetric iterative algorithm, using only normal 
views and no skew views.  (Right) The MV3D reconstruction of the same 
slice, using all views (same as previous image.)  Comparisons left and right, 
and to previous image, allow isolation of relative contributions of skew view 
geometry and the MV3D iterative volumetric reconstruction technique. 
 

The advantage of an iterative reconstruction, from the point 
of view of engineering constraint reduction, is that any  
computable set of aij ’s may be employed.  That said, the  
geometry cannot be wholly arbitrary.  It must nonetheless be 
sufficient to provide reliable inversion of the Radon transform. 

Limited-angle and limited-view machines can suffer from 
precisely this instability in transform inversion [11].  
Regulation is often crucial in limited-angle and limited-view 
reconstructions, where the dimensionality of the volumetric 
space can exceed the dimensionality of the measurement space. 
Many different forms of regulation have been described in the 
literature [11],[25]-[30].  (Note that “compressed sensing” 
schemes [31] can be thought of as a form of implicit 
regulation.)  L-3 considered numerous different forms of 
regulation before a final choice was made for the MV3D 
scanner. 

C. Design Process 

The L3 MV3D scanner geometry was designed in simulation 
first.  The simulation used was a combination of GEANT4 
[32], NIST tables [33], and discrete approximations to generate 
simulated detector readings from discretized phantoms.  Over 
time, modules were added to modify the simulated readings to 
simulate other physics effects. 
 The simulations were tested against data taken on existing L-
3 scanners.  We found the RMS deviation generally sufficient 
for purposes of geometry design. 
 At the same time, L-3 engineers designed an iterative 
reconstruction engine that could read in simulated data in the 
same format expected to come from the scanner data, and 
render a reconstruction.  In the design stage, the reconstruction 
is of the discretized phantom that was input to the simulation. 
For baggage reconstruction targets, we found exceedingly 
strong differences among the effectiveness of many standard 
forms of iterative schemes, both simultaneous and block 
iterative [18]-[23],[34]. We hypothesize this is due to the very 
wide dynamic range of relevant densities, and prevalence 
inside bags of large low-density voids.  We also considered 
many possible forms of regulation [11],[25]-[31] in order to 
obtain the best possible image quality. 

We were also able, with the simulation suite, to generate 
“data” for consideration of a wide array of geometries.  
Geometry considerations were number of sources and their 
tunnel bore.   Combinations of geometry and algorithm were  

268 11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine



 
 
 
 
 

 
Fig. 5: Reconstruction examples of two bags.  (Top) a mockup passenger bag, 
(Top Left) a 3-d volume rendering of the reconstruction (Top right) a 
transverse slice (Bottom) a mockup bag containing many sheet-like 
geometries. (Bottom left) a 3-d volume rendering of the reconstruction 
(Bottom right) a coronal slice through multiple of the slices, including a 
speaker cone. 

 
evaluated for their ability to yield an acceptable reconstruction 
in the limited seconds alotted.  We found significant variation 
in image quality with arrangement of the sources. 
 Many iterative algorithms work in a block-iterative or subset 
fashion [34],[35].  We (to our surprise) generally found 
negligible dependence of convergence speed on the subset 
ordering, even between a “worst” order and a widely-accepted 
near-optimal ordering choice [34].   

D. Results and Images 

As shown in the following figures, we get more than 
adequate results on even very challenging targets.  In fig. 3 we 
show a comparison of a single slice of a volumetric 
reconstruction of a bag phantom.  The MV3D reconstruction 
makes use of all skew angles.  We also show a single-slice 2D 
filtered backprojection using limited in-plane sources, arranged 
around the bag as the geometry of the MV3D.  The power of 
the MV3D approach is apparent. 

In fig. 4 we show the same slice using an iterative 
reconstruction using only the normal (non-skew) views.  The 
result is intermediate between the two results of fig. 3.  This 
allows the reader to isolate the relative contributions of 
iterative reconstruction and skew view geometry. 

In fig. 5 we show perspective renderings and selected slices 
of a reconstructed mockup bag and a multi-sheet phantom that 
presents sheets at many different positions and orientations. 
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Image reconstruction on point cloud-based
tetrahedral meshes in small animal SPECT with

pinhole collimation
Rostyslav Boutchko, Bryan Reutter and Grant T. Gullberg

Abstract—Irregular tetrahedral meshes based on adaptively-
distributed point clouds are used as the object space data
representation method to reconstruct SPECT images in pinhole
geometry. In the object space, a tetrahedron is defined by the
positions and intensities of its four vertices; image intensity inside
a tetrahedron is a linear combination of the vertex intensities. For
the parallel projection geometry, the projection of a tetrahedron
is conveniently expressed in terms of an integral that is solved
analytically. For the pinhole case, the vertices are first projected
onto the detector plane and the geometric magnification factor is
computed. Then, a virtual tetrahedron is formed in the detector
space and projected onto the detector using exact analytical
formulae developed for the parallel geometry. In order to
compute the system matrix, point cloud geometry and acquisition
geometry is adjusted using geometric calibration expressed in
terms of 24 parameters determined from a special calibration
study. The 3D images are reconstructed using a standard ML-
EM algorithm. Initial reconstruction is performed on a uniform
finely-spaced cloud. Then, the points are adaptively removed
or merged in constant intensity regions and moved to better
outline the boundaries. The density of the point cloud is adjusted
adaptively after each reconstruction so that the number of
unknowns in the inverse problem is reduced by an order of
magnitude.

Index Terms—tetrahedral meshes, SPECT, small animal imag-
ing, pinhole collimation.

I. INTRODUCTION

An inverse problem that involves reconstructing an image
or a 3D volume from noisy data can generally benefit from
having a sparse representation in the object space. Frequently,
selection of a data representation is based on the fact, that
the required spatial resolution of the reconstructed image is
variable. For example, in cardiac imaging, resolution outside
of the heart region can be artificially reduced. This leads to
various non-uniform pixelation methods proposed in nuclear
emission tomography (e.g., [1] and references therein). In this
paper we consider another multiscale resolution method: tetra-
hedral meshes based on adaptively distributed point clouds.

Tetrahedral meshes based on nonuniform point clouds with
linear intensity interpolation within tetrahedra constitute a
convenient image representation that has been used in to-
mographic reconstruction both in 2D [2], [3] and in 3D
[4]. Besides the adaptive spatial resolution, it has several
other properties attractive from the point of view of medical
imaging. These include existence of a convenient yet rigorous

Lawrence Berkeley National Laboratory (LBNL), 1 Cyclotron Rd., M.S.
55R0121, Berkeley, CA 94720, USA. Corresponding author: Rostyslav
Boutchko, E-mail: rbuchko@lbl.gov.

method of computing the forward projections as exact ana-
lytically solved integrals of the image intensity, possibility to
implement the computations using graphic processor units, and
natural transition to finite element models for the purposes of
visualization or mechanical modeling. Presently, the method of
point cloud-based tomographic image reconstruction is at the
stage of active implementation for different practical problems.
Our group concentrates on cardiac SPECT. Application of
the method to human and canine subjects was considered
in [5], and in this work we focus on SPECT with pinhole
collimation, with the primary application being small animal
cardiac imaging.

Pinhole collimation allows the use of standard SPECT
scanners to image small animals [6]. The degrading ef-
fect of the detector crystal intrinsic resolution (typically 3-
4 mm) is overcome through magnification using the camera
obscura principle of pinhole imaging. In this manner, the
sub-millimeter resolution that is needed for imaging a rat’s
heart may be achieved. However, significant gains in spatial
resolution are accompanied with decreased sensitivity that sig-
nificantly increases the relative noise content in the projection
data. The use of an adaptive, non-uniform vertex distribution
in a point cloud representation allows us to partially overcome
this challenge by reducing the number of parameters that
describe the reconstructed 3D image volume. Our group is
actively working on small animal cardiac SPECT, with the
most recent results presented in [7].

Section II of this paper explains the main aspects of
pinhole SPECT imaging and describes how a projection of
a tetrahedron through a small pinhole is calculated. Section
III presents the results of system geometry calibration and
preliminary results of SPECT images reconstructed on point
clouds. Section IV summarizes the results and outlines our
future work in this area.

II. METHODS

A. Tetrahedral mesh representation: parallel case

This subsection is an overview of the results derived in [4]
and [5]. A point cloud is a collection of points characterized
by coordinates and intensities and spanning a tetrahedral mesh.
Three dimensional intensity distribution is defined by forming
a linear interpolation of the vertex intensities inside each
tetrahedron. The forward projection problem for parallel beam
geometry is solved in terms of direct integrals of the inten-
sity within the volume assigned to each pixel (generally, an
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infinite prism with the pixel in cross-section). For piecewise-
linear intensity and tetrahedral volume elements, the parallel
projection integrals are expressed analytically and calculated
exactly.

In addition to calculating the projection of tetrahedra, the
method has several standard procedures developed and tested
in parallel beam geometry SPECT. These include a method of
adaptive reduction of the number of points while preserving
the image resolution, adaptive regulation of maximal point
density in different regions of interests, and a method lossless
visualization of the three-dimensional point cloud data by
calculating the integrals of the intensity function with the in-
tersecting slab. Attenuation correction and geometric response
correction are also formulated and validated for the tetrahedral
representation.

B. Pinhole SPECT details

The main part of formulating the pinhole geometry is
defining the positions of the pinhole aperture and the detector
for each value of the gantry rotation angle. Our description
of the angle-dependent geometry is a modification of one
of the original descriptions of the off-center pinhole SPECT
methods in [8]. During the last two decades, this problem was
extensively studied, with the examples of later work presented
in [9] and [10]. Our approach has been previously described
in the LBNL internal technical report [11].

Fig. 1. Main geometric adjustment parameters for one detector head with
a pinhole collimator. (Correction parameters of the two detector heads are
assumed independent.)

The main variables that describe a detector head with a
pinhole collimator illustrated in figure 1 are:
θ – gantry rotation angle about the z-axis, same as the polar

angle in cylindrical coordinates;
d – axis of rotation (isoaxis) to pinhole aperture distance;
f – pinhole-detector plane distance;
my(θ) = my,0 + my,C cos θ + my,S sin θ – small radial

mechanical shift;
mz(θ) = mz,0 + mz,C cos θ + mz,S sin θ – small axial

mechanical shift;
ue – small electronic shift in radial direction in the detector

plane, radial distance from the projection of the pinhole
aperture onto the detector to its center determined digitally;

ve – small electronic shift in axial direction in the detector
plane
ϕ - angle of the detector-collimator block rotation in the

detector plane;
ψ – angle of detector-collimator block rotation about the u

axis (for ϕ = 0, ψ is the angle between the z-axis and the
detector v-axis).

We assume that the rotation by ϕ precedes the rotation
by ψ, although for small angles the order or rotation is less
important. For a perfectly centered system, my , mz , ϕ, ψ,
ue, and ve are equal to zero. In order to project a point
(xo, yo, zo) in the object space onto the detector planes, the
following operations are performed: first, (xo, yo, zo) is rotated
by θ about the z axis, then shifted by (0,my(θ),mz(θ) ), then,
rotated by ϕ about the x-axis, and then by ψ about the u-axis
(parallel to y-axis, only shifted by f + d along x). Denoting
the intermediate coordinates of the point after the described
transformation as (xx, yi, zi), we compute the magnification
factor for the projection through the pinhole aperture

M =
f

d− xi
. (1)

This is meaningful only for xi < d, which is always the case,
since the object point is by definition outside of the pinhole-
detector block. The detector coordinates of the projected point
(u, v) are then

u = −Myi, v = −Mzi. (2)

Another important part of modeling the pinhole geometry is
the weight assignment to projections based on the geometric
sensitivity of the pinhole. The sensitivity depends on area of
the pinhole aperture sa and on the incidence angle α. For
the ray-tracing applications, the sensitivity is proportional to
sa cos

4 α, however, a more careful derivation of sensitivity
for projecting tetrahedra will be provided in the following
subsection.

C. Point cloud realization in pinhole geometry

In order to project a tetrahedron through a pinhole, we use
an approach similar to that proposed by Sitek et al [4] for
the conebeam geometry. As illustrated in Figure 2(a), we first
project the tetrahedron vertices onto the detector plane and
using (1), we compute the magnification factor M for each
vertex. Then, a virtual tetrahedron is formed in the detector
space space by transforming vertex coordinates (x, y, z) as

u = −My, v = −Mz, t =M ∗ (d− x) + d. (3)

Then, the virtual tetrahedron is projected onto the detector
plane uv along axis t using the method directly imported from
the parallel beam geometry. The shape deformation introduced
with this approach and illustrated in Figure 2(b) naturally
models asymmetric point spread function characteristic for the
pinhole geometry.

To evaluate the sensitivity factor S, we first consider a
projection of a small cubic source centered at (x, y, z) through
a pinhole with aperture area sa positioned at (d, 0, 0), d > x,
onto a detector plane parallel to yz, at distance f to the right
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Fig. 2. (a) Projection of a tetrahedron, two steps: first, magnified inversion
through the pinhole aperture to create a virtual tetrahedron; then, computing
the projection of the virtual tetrahedron onto the detector plane using the
standard parallel projection approach. (b) Shape deformation during the
proposed pinhole projection method. This diagram also shows the variables
used to evaluate the sensitivity for pinhole geometry projections.

of the pinhole, as shown in Figure 2(b). Assume non-zero

incidence angle α = tan−1

√
y2+z2

d−x . Distance from the source
to the pinhole is D = (d − x)/ cosα, so the aperture area
“visible” from the point source is sp = sa cosα. If the cube
emits B photons per unit time, the flux of the radiation thought
the pinhole is equal to the fraction of this area to the area of
sphere of radius D:

Flux =
Bsa cos

3 α

4π(d− x)2 .

Unlike for cubic voxels and the ray-tracing projection method,
we do not require yet another factor of cosα here, since the
projection of the virtual tetrahedron onto the detector plane
occurs at normal direction, not at the angle α to the normal.
As all three dimensions of the cube projected onto the detector
are magnified by M = f/(d−x), the simulated projection of
any shape on the detector has to be scaled back by 1/M3,
thus the total sensitivity factor has to be

S =
sa cos

3 α

4π(d− x)2 ×
(d− x)3
f3

=
sa(d− x) cos3 α

4πf3
. (4)

Analogously to the parallel beam case, in order to compute
the kth row of the system matrix for the point cloud system,
we compute the projections of the system with all of the node
intensities, but the kth set to zero, and the kth intensity set to
S from (4). (In the parallel beam case, uniform sensitivity
is assumed). An additional distance-dependent convolution
kernel function may be added in the future to account for

the finite aperture size of the pinhole and for the pinhole edge
and wall penetration and scattering.

D. Experiment

To study perfusion in the rat heart, dynamic cardiac pinhole
SPECT projection data are acquired with slow gantry rotation
on a dual-detector GE Millennium VG Hawkeye SPECT/CT
scanner equipped with custom tungsten pinhole collimators
having a 1.5 mm by 2 mm retangular aperture. An injection
of about 1 mCi of thallium-201 is performed shortly after
the dynamic data acquisition has begun. Data are acquired
for 14 min in one-second time frames with an angular step
of 4 degrees per frame. Immediately prior to the rat study, a
calibration object is scanned using the same imaging protocol.
The calibration object consists of five microspheres soaked
in Tc-99m NaTcO4, approximately 200-400 µCi per micro-
sphere. The microspheres are incorporated into a flat Lucite
glass frame so that the distances between them are known.

The microsphere scan data are used to compute the geomet-
ric calibration parameters for each of the detector heads. From
the known geometry, the system matrix is constructed for a
point cloud of uniform density defined by he highest spatial
resolution required for the final images. Fifteen iterations
of a standard ML-EM algorithm are used to reconstruct an
image from the summed (highest quality) sinogram of the rat
study. The results of the reconstruction are used to reduce the
number of nodes (tetrahedral vertices) by removing or merging
nodes in constant intensity regions and by moving nodes in
the direction of likely intensity boundaries using the recently
developed algorithm described in [5]. Then, the system matrix
for a sparser representation is recalculated and a lower noise
image is reconstructed. This process may be repeated several
times until the desired number of nodes or desired image noise
properties are achieved.

III. RESULTS

Figure 3 shows the results of the system geometry calibra-
tion described in subsection II-D. The centroids of microsphere
projections were automatically detected from the sinogram
view frames by fitting them with Gaussians using Matlab R©.
The centroid data for both detector heads all ninety frames
were then fitted to a model described in subsection II-B that
computes projection (u, v) of a point (x, y, z) for gantry rota-
tion angle θ. The detector-pinhole distance f is typically about
26 cm, pinhole-isoaxis distance is about 5 cm, mechanical
shifts vary from one to three mm, ϕ and ψ angles are a few
tenth of a degree, and the electronic shifts are of the order of
one pixel width.

Reconstruction of the dynamic SPECT rodent data acquired
using the protocol described in subsection II-D is under
development. We expect to achieve the results similar to those
we observed in the canine studies. Figure 4 shows a slice
of the dog’s heart reconstructed using standard cubic voxels
and a point cloud with ten-fold reduction in the number of
unknowns. The ability of our method to reconstruct data from
noisy projection is best seen in the reconstruction of a single
dynamic SPECT frame (90 one-second views).
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Fig. 3. (a) Calibration object (five microspheres on a frame), single
projection. (b) Calibration object, sum of every fifth projection. (c) Centroids
of the microspheres, automatically detected from the sinogram frames, and
fit to the centroid coordinates of three of the spheres using the method that
leads to the equation (2).

Fig. 4. Reconstruction of the dog heart using two different approaches, single
slice: (a) Summed sinogram, voxel reconstruction. (b) Summed sinogram,
point cloud reconstruction. (c) Single sinogram frame, voxel reconstruction.
(d) Single sinogram frame, point cloud reconstruction.

IV. SUMMARY

The conclusions will have two points: pinhole SPECT
problem has been analyzed using tetrahedral meshes based on
irregular point clouds. Forward problem has been formulated
for the case of a real pinhole SPECT, including the correction
for the geometric imperfections of the system and position-
dependent detection sensitivity. The results of the application
of our approach to small animal SPECT data are expected
to be similar to those previously observed in parallel-beam

SPECT, where ten-fold reduction of the number of unknowns
was achieved with no visible loss of spatial resolution in the
heart region. Our immediate future research in this field is
aimed at completing the implementation of pinhole SPECT re-
construction on point clouds and substituting the theoretically
modeled sensitivity by an empirically measured blurring kernel
that would take into account both the finite aperture effects,
pinhole edge penetration effects and scatter. Then, the new
sparse image representation will be used to analyze dynamic
SPECT data to extract information about the tracer kinetics
directly from projections.
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Online Estimation of B-Spline Mixture Models
From TOF-PET List-Mode Data

Colas Schretter, Jianyong Sun and Leif Kobbelt

Abstract—In emission tomography, images are usually repre-
sented by regular grids of voxels or overlapping smooth image
elements (blobs). Few other image models have been proposed
like tetrahedral meshes or point clouds that are adapted to an
anatomical image. This work proposes a practical sparse and
continuous image model inspired from the field of parametric
density estimation for Gaussian mixture models. The position,
size, aspect ratio and orientation of each image element is
optimized as well as its weight with a very fast online estimation
method. Furthermore, the number of mixture components, hence
the image resolution, is locally adapted according to the available
data. The system model is represented in the same basis as
image elements and captures time of flight and positron range
effects in an exact way. Computations use apodized B-spline
approximations of Gaussians and simple closed-form analytical
expressions without any sampling or interpolation. In conse-
quence, the reconstructed image never suffers from spurious
aliasing artifacts. Noiseless images of the XCAT brain phantom
were reconstructed from simulated data.

Index Terms—Time of flight (TOF), positron emission to-
mography (PET), Gaussian mixture model (GMM), B-spline
approximation, online expectation-maximization (EM).

I. INTRODUCTION

T IME-OF-FLIGHT (TOF) list-mode data acquisitions
have recently become the new industry standard in

positron emission tomography (PET). With the increasing
temporal resolution of TOF-PET scanners, the position of
annihilation events are better approximated but established
reconstruction methods often fail to exploit fully this impor-
tant information. While a wealth of publications address the
problem of accurate system modeling, very few papers define
suitable image models for emission tomography. Notable ex-
ceptions include the smooth blobs basis functions introduced
by Matej and Lewitt [1] and the work of Sitek et al. [2], [3].

A fundamental drawback of those image models is that the
number of image elements, their position and spatial extent is
defined a-priori before image reconstruction. Therefore, some
important high-intensity regions can be poorly resolved while
more emission data are collected there. Simultaneously, redun-
dant image elements cover regions where even no emission
event might occur. This paper introduces an alternative con-
tinuous and sparse image model for reconstructing adaptive-
resolution images from noisy TOF-PET data.

This work was supported by the Marie Curie program of the European
Commission under contract PERG06-GA-2009-256519.

C. Schretter and L. Kobbelt are with the Computer Graphics Group, RWTH
Aachen University, Germany (email: schretter@cs.rwth-aachen.de).

J. Sun is with the Intelligent Modelling and Analysis Research Group,
University of Nottingham, UK (email: jsx@cs.nott.ac.uk).

Our new tomographic image reconstruction method builts
upon a synthesis of several previous works. The core of
the algorithm is essentially a simplification of a maximum-
likelihood method for mixtures of Student’s t-distributions [4],
[5]. This estimation algorithm has been adapted for online
estimation with the sliding windows expectation-maximization
(SWEM) framework [6]. SWEM is a generalization of the
event-by-event OSEM acceleration method [7] for adapting
an estimate to new data by discarding progressively the
contributions from older events.

II. METHOD

This section describes a online EM algorithm for event-by-
event (EBE) parametric estimation of a multivariate Gaussian
mixture model (GMM) when an estimate of measurement
errors is available with each list-mode event. Measurement
errors are captured by a covariance matrix modeling both TOF
localization and space-variant finite resolution effects that are
caused by positron range, photon non-collinearity and inter-
crystal scattering. Theoretical derivations of the estimation
method benefits from the many elegant algebraic solutions
for the Gaussian basis function. However, the computational
burden inherent to its infinite support is alleviated by a
substitution with the cubic B-spline kernel.

The principle of EBE image reconstruction is ideal for list-
mode data streams because detected events can be processed
directly during acquisition and the convergence is faster. The
online parametric estimation framework requires a strategy for
allocating dynamically mixture components. This problem is
solved with a novel split and merge strategy, sharing similar
name but different substance than the work of Ueda et al.
[8]. Our splitting and merging operations are applied for re-
fining or coarsening local image resolution while guaranteeing
monotonous increase in terms of likelihood.

A. Models for measured data and image representation

The TOF-PET list-mode dataset is the sequence

((w1, x1, S1), (w2, x2, S2), . . .) ∈ R× Rd × Rd×d

of independent and identically distributed point samples with
wn, xn and Sn being the importance, sample’s position
and covariance matrix of a multivariate Gaussian distribution
that model unbiased measurement errors. In TOF-PET data
acquisitions, the localization of emissions is very imprecise.

Nevertheless, if a sufficient amount of heteroscedastic noisy
measurements is available, it is possible to estimate the most
probable emission positions given the current parameters of
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an image estimate. For each measurement (wn, xn, Sn), we
associate a latent variable tn for representing the corrected
emission position with the following hierarchical model:

p (xn|tn) = N (xn|tn, Sn) , p (tn|k) = N (tn|µk,Σk) ,

with the d-dimensional multivariate Gaussian kernel:

N (x|µ,Σ) =
(2π)

− d
2

√
|Σ|

exp

[
−1

2
(x− µ)

>
Σ−1 (x− µ)

]
.

After diffusion of the PET tracer into tissues, the probability
to observe an emission event follows an underlying continuous
and smooth probability density function. Therefore, quantita-
tive emission images are well modeled by a mixture model:

f (t) =
K∑

k=1

πk p (t|k) .

The parameters of this GMM image model is the set

{(π1, µ1,Σ1), . . . , (πk, µk,Σk)} ∈ R× Rd × Rd×d

of K triplets with πk, µk, and Σk being the weight, mean
vector and covariance matrix of the kth freely positioned,
sized and oriented smooth Gaussian image element. There an
analogy between the data model and the image model.

B. Online expectation-maximization

Parameters of each component of the mixture model are up-
dated incrementally for each new measurement of importance
wn, approximate position xn and error kernel Sn. First the
E-step computes the posterior distribution i.e., the probability
that the emission event occurred in the vicinity of each mixture
component. Then, the M-step increments weights, displaces
means and updates covariance matrices of image elements.

According to the Bayes rule and after simplifying the
product of Gaussian densities, the posterior of the latent
variable tn is

p (tn|xn, k) =
p (xn|tn, k) p (tn|k)

p (xn|k)
= N

(
tn|µn|k,Σn|k

)
,

where

Σn|k = Sn (Sn + Σk)
−1

Σk =
(
S−1n + Σ−1k

)−1
,

µn|k = Σn|k
(
S−1n xn + Σ−1k µk

)
,

The computation of expectations are extremely simple in our
case since the convolution of two Gaussians is still Gaussian:

p (xn|k) =

∫
p (xn|tn) p (tn|k) dtn = N (xn|µk, Sn + Σk) .

Therefore, for each of the K components, relative ownerships
are computed for the current data sample xn, Sn by

p (k|xn) =
πkN (xn|µk, Sn + Σk)

∑K
j=1 πj N (xn|µj , Sn + Σj)

,

and according to the recursive (incremental) maximization
scheme of Titterington [9], the update of weight, mean and
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Fig. 1. The finite-supported cubic B-spline kernel approximates very well the
Gaussian distribution. The difference plot emphasizes the slight dissimilarities.

covariance matrix for each component follows:

πk ← πk + p (k|xn)wn,

µk ← µk + p (k|xn)
wn
πk

[
µn|k − µk

]
,

Σk ← Σk + p (k|xn)
wn
πk

[
Σ̃n|k − Σk

]
,

with

Σ̃n|k =
[(
µn|k − µk

) (
µn|k − µk

)>
+ Σn|k

]
.

C. Active learning with sliding window

In the maximization step, the mean and covariance matrix of
each component is updated with an influence that is inversely
proportional to its weight. In consequence, the importance of
new data is decreasing according to a geometrical decay law
to ensure convergence. However, it is often wanted to use
a bounded amount of statistical information for estimation.
Learning from limited data is often used for the sake of
acceleration as in the case of OSEM. In dynamic image
reconstruction for example, only the most recent events should
contribute to the estimate.

A common solution for active learning is using a linear for-
getting rate α = 1/T for a chosen constant T > 0. The weight
of each component decays exponentially by multiplication
with α after each processed data element [10]. Unfortunately,
decaying weights never reach zero and this scheme often
suffers from numerical inaccuracies. In alternative, we use
a more accurate sliding window strategy, dubbed SWEM.
With SWEM, a history of the most recent weight increments
is recorded by a simple bookkeeping mechanism until their
integral reaches T . Then, older contributions can be subtracted
seamlessly and replaced by the newest expected weights.

In practice, a certain storage granularity is required for lim-
iting storage or memory requirements. The most recent history
is accumulated in 64 memory pages and older contributions
are removed sporadically by small batches. The granularity
should be chosen according to available memory resources
but virtually no difference in terms of speed and accuracy
was observed when using 32 pages instead of 64. A formal
description of SWEM with an additional window expansion
mechanism can be found in [6].

D. Model selection with split and merge

The image model defined above assumed that the number of
image elements K is known beforehand. Instead, we want to
select locally the image resolution and decide both the value
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XCAT phantom Attenuation Emission

Fig. 2. High-resolution attenuation and emission images are rasterized from
the NURBS surface representation of the segmented XCAT brain phantom.

of K and the initialization of parameters in a principled way.
Starting from a unique component whose weight is initialized
to zero, the image model is locally refined according to the
amount of emission events, i.e., the weight of components.

Given a target weight W > 0, components are split in two if
their weights exceed 2W . The new components have identical
parameters but their means are displaced in opposite direction.
The weights of split components are halved, their means are
displaced and their matrix are squashed such that

πk ←
1

2
πk, µk ← µk ± ek

√
1

2
λk, Σk ← QkΣk,

where λk and ek = (uk, vk) are respectively the dominant
eigenvalue and eigenvector of the covariance matrix in e.g.,
two dimensions and Qk is an anisotropic squashing operator:

Qk =

[
uk −vk
vk uk

] [
1
2 0
0 1

] [
uk vk
−vk uk

]

=

[
1− 1

2u
2
k − 1

2ukvk
− 1

2ukvk 1− 1
2v

2
k

]
.

The displacement and the squashing deformation are chosen
such that the likelihood of the mixture model do not decrease
and such that the sum of the two split components remains
unimodal. The determinant of the covariance matrix is also
exactly divided by two after splitting. Moreover, a merge
operation removes non-essential components whenever their
weights fall below W/2. The weight and the history of re-
moved components are distributed among remaining neighbors
according to the sharing proportions derived by Vlassis and
Verbeek [11]. Those proportions are similar to the expectations
p (k|xn) but the trace of the covariance matrix of the removed
component is involved in calculations.

E. Cubic B-spline approximation

Presented as it is, the estimation method would require
an exceeding amount of computational resources since every
mixture component is modified for each measurement. In
our implementation, evaluations of the normal distribution are
substituted by the following cubic B-spline kernel:

N (x|µ,Σ) ≈ (2π)
− d

2

√
|Σ|





2
3 − t2 + 1

2 t
3 t < 1

4
3 − 2t+ t2 − 1

6 t
3 1 ≤ t < 2

0 otherwise

with
t =

[c3
3

(x− µ)
>

Σ−1 (x− µ)
]1/2

.
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Fig. 3. Visualization of the early estimation process until the first component
splitting. The mixture models (above) and the error distributions of emission
data (below) are compared with the case of exact TOF measurements.

Note that the support of this approximation is apodized
after four standard deviations. In two and three dimensions,
the factor c3 is respectively equal to the inverse of the area
and volume integral of the non-corrected (c3 = 1) radially-
symmetric cubic B-spline kernel. Hence, c3 ' 0.948965 in
two dimensions and c3 ' 0.900025 in three dimensions. Such
correction is not required for substitutions of one dimensional
mixture components. This approximation is very accurate, as
illustrated in Fig. 1 and shown theoretically in [12] and [13].

III. RESULTS

An emission image of the XCAT brain phantom shown in
Fig. 2 was reconstructed from 40 millions simulated detection
events. The Monte Carlo simulation modeled Gaussian random
walks between emission and annihilation and photon non-
collinearity with a FWHM of 2.8 mm. A TOF precision
of 600 ps corresponding to a FWHM of about 9 cm was
modeled as well. The attenuation probability was derived by
conventional raytracing in the anatomical image. We observed
that about 24.36 emission events were rejected before regis-
tering a coincidence event. Modeling more advanced physical
phenomena such as photon scattering will be added in future.

The effect of component splitting is illustrated by comparing
the third and last columns in Fig. 3. No attenuation was
simulated for this example such that every event have the same
unit importance. We remark that very similar component’s
parameters are estimated when an exact TOF information
is given. For the image reconstruction, the importance of
each event is set to the inverse of its attenuation probability,
compensating for the more important sampling of line of
responses corresponding to low attenuation. The distributions
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100,000 events, 3545 components 1,000,000 events, 6274 components 40,000,000 events, 7010 components

Fig. 4. The mixture model (right) is estimated from the stream of noisy TOF-PET measurements (left) and matches progressively the ground truth in Fig. 2.

of measurements errors are elongated multivariate Gaussians
positioned and oriented along line or responses.

The emission image was reconstructed with various values
of the parameters T and W . Some intermediate steps of the im-
age formation process are shown in Fig. 4 for T = 4, 000, 000
and W = 500, hence T/W = 8000. After processing 40
millions events, the mixture size reached 7010 components
with min. and max. weight of 258.9 and 982.5. The mean
component weight was 568.0 with std. deviation of 143.8.

Fig. 5 shows quantitative analyzes of the progressive con-
vergence towards the ground truth emission image. The con-
vergence is faster when using a smaller sliding window of
a total weight T of two millions (approx. 82,000 events).
The convergence speed is two times slower with T equals
to four millions. However, after convergence, the accuracy
of parametric estimation and the image similarity are always
better with larger values of T .

The image dissimilarity is measured in terms of Kullback-
Liebler (KL) divergence with a rasterized image of the mixture
model, matching the high-definition reference emission image
(0.5 mm pixels). The KL divergence is an appropriate figure
of merit for assessing images that are proportional to proba-
bility density functions [7]. Since the GMM image model is
continuous, rasterizing close-up images for regions of interest
does not introduce any interpolation artifacts.

IV. CONCLUSION AND FUTURE WORK

This work describes and evaluates a new approach for image
reconstruction from time of flight list-mode PET data. Pa-
rameters of a continuous and sparse image representation are
estimated by an online algorithm. The system model captures
exactly positron’s random walks and imprecise TOF measure-
ments. The image model is a mixture of multivariate Gaus-
sian basis functions and yields closed-form expressions for
both the E and M steps of maximum-likelihood expectation-
maximization methods. Results show that estimating large
mixtures is tractable when substituting Gaussians with finite-
support cubic B-spline polynomial kernels.

Future work will investigate a scale-space image represen-
tation with hierarchical mixtures for real-time reconstructions.
A hierarchy of mixture components allows for accessing
very quickly mixture components, given a query point and
its associated error distribution represented by a covariance
matrix. This multiresolution image model will be used for
interactive visualization as well.
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Fig. 5. The convergence towards the ground truth emission image is measured
in terms of Kullback-Liebler divergence for various values of T and W (left).
The simultaneous improvement of image similarity with the increasing number
of mixture components is also shown for the 100,000 first events (right).
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Abstract— The maximum-likelihood expectation-maximization 

(MLEM) algorithm is the most popular image reconstruction 
algorithm for nuclear medicine. In this work, we propose a 
method that introduces a positive constant weighting to zero-
valued projections in the MLEM algorithm. Using this weighting, 
the convergence speed of zero-valued image pixel values is 
adjusted which in turn affects the reconstruction of the object. 
The computer simulations confirm that applying an appropriate 
weighting for zero-valued projections can result in a lower mean 
square error (MSE) than the original MLEM algorithm 
(oMLEM). The comparison is performed between the MLEM 
algorithm with a special weighting for zero-valued projections 
(zMLEM) and other MLEM algorithms: the original MLEM 
(oMLEM), the scaled MLEM algorithm (sMLEM), and a 
generalized MLEM algorithm (combining both sMLEM and 
zMLEM). 
 

Index Terms—Maximum Likelihood, SPECT, PET, Image 
Reconstruction 

I. INTRODUCTION 

The maximum-likelihood expectation-maximization 
(MLEM) algorithm [1], has a sturdy theoretical basis and is 
being widely used in emission image reconstruction. 
Compared with the filtered backprojection (FBP) algorithm, 
the MLEM algorithm has the advantage of providing accurate 
modeling of the imaging geometries, physics effects, and 
Poisson noise.  In addition, the reconstructed images are less 
noisy for the same or better resolution [2]-[4]. Its disadvantage 
– a long reconstruction time – has been reduced with the 
advent of high speed computers.  

In practice, the MLEM algorithm is often applied to single 
photon emission tomography (SPECT) and positron emission 
tomography (PET) emission data reconstruction and 
sometimes to log-converted transmission data reconstruction. 
However, scanner sensitivity compensation somewhat destroys 
the initial Poisson distribution of the data collected by the 
imaging system [5]. In this case, the noise characteristics vary 
before and after compensation; they may be neither Poisson 
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nor Gaussian. 
One way to generalize the MLEM algorithm for non-

Poisson data is to introduce a scaling function to transform the 
Poisson variance weights to non-Poisson variance weights in 
the MLEM algorithm [6]. The scaling function is highly 
dependent on the projection and it applies heavy weighting to 
the projections whose values are equal to zero. In [6], an ad 
hoc positive value is introduced to prevent too-large weighting 
for zero projections. However, how to determine this 
weighting and the effect of this weighting are not discussed in 
[6]. Our research shows that modulating the zero-projection 
weighting can affect the reconstruction results. The minimum 
mean square error (MSE) can be reduced by 29.30% when an 
appropriate value is applied.  

II. THEORY 

A. The Original ML-EM Algorithm (oMLEM) 

Unlike the FBP algorithm, the MLEM algorithm takes the 
Poisson statistics of the projection data into account. The 
MLEM algorithm can be expressed as  

1

ˆ ˆ
ˆ

k
jk i

j ij k
iij ij j

i j

x p
x a

a a x
   

,                        (1)              

where ip  is the measured projection and ija  is the probability 

that the photon in pixel j  is detected by detector bin i . The 

summations over i  and ĵ  denote the backprojector and 

projector, respectively. The ratio of the actual measurement 
ip  

to the estimated measurement 
ˆ ˆ

ˆ

k
ij j

j

a x  is backprojected to the 

image domain. Then the ratio of two backprojections is used to 

update the image k
jx after the thk iteration [1]. 

The above MLEM algorithm can also be rewritten in the 
gradient descent form as 
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represents the step size and  
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is the projection data weighting which is the reciprocal of the 
noise variance matrices. In matrices A , X and P , the 
components are 

ija , 
jx  and ip , respectively. 

B. Scaled ML-EM Algorithm (sMLEM) 

In the actual data collection process, the Poisson distribution 
is easily altered by pre-weighting steps in emission 
measurements or by logarithmic transformation in 
transmission measurements. These steps affect the noise 
characteristics, and the pre-weighted projections are neither 
Gaussian nor Poisson distributions. To remedy this, Nuyts et 
al. introduced a scaling function is  to transform Poisson 

weighting into non-Poisson weighting so that non-Poisson data 
can be properly weighted in the modified MLEM algorithm. 
Let the noise variance of the measured data ip  be written as  

var( )i i ip s p ,                                  (5) 

where ip  may or may not obey the Poisson distribution; ip  is 

the expected value of ip  and can be approximated by 
ˆ ˆ
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Thus ic =1 if the noise is Poisson distributed. 

By modifying the MLEM algorithm with newly introduced 
weighting factor ic  , the sMLEM algorithm is obtained and 

given by [6] 
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Case 1: Uniform variance Gaussian noise 

By uniform variance we mean that the noise variance 2  is 

the same for all projections. The ic  value for uniform variance 

Gaussian noise is equal to 2
ˆ ˆ

ˆ

(1/ ) k
ij j

j

a x  , which is then 

approximated as 2/ip  . Thus the scaled reconstruction 

algorithm becomes  
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Case 2: Transmission measurement data 
Similarly, the sMLEM algorithm for the transmission data is  
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where iN  is the measured transmission projection and 
j  is 

the j th pixel in the attenuation coefficient image. 

C. Weighting of Zero-Valued Projections in the ML-EM 
Algorithm (zMLEM) 

In statistics, a random variable follows Poisson density 

distribution if ( ; )
!

ke
f k

k




  when  > 0 [7]. Some 

important properties, such as the mean equals the variance, are 
derived from Poisson distribution. However, the Poisson 
distribution definition at  = 0 is not well defined due to its 
singularity of zero variance and the case of  = 0 is usually 
avoided in the MLEM algorithm derivation. This paper, on the 
other hand, pays special attention on the weighting for the 
zero-valued projection data. Even though the value of ic takes 

a non-unity value only for zero-valued projection, it has 
influence on the reconstruction results. In our approach, the ic  

value is redefined as 
, 01
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where const  is a positive constant usually greater than 1. The 
zMLEM algorithm is 
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Here the step size can be represented as  

diag
k
jk

ij
i

x
S

a c

 
   
  


.                           (12)               

As a consequence, the change of the ic  value only affects 

the backprojection in the denominator of (11), not the 
numerator of (11). According to Equation (3), ic  changes the 

step size and influences the convergence speed of the image 
pixels that are supposed to be zero. The step size for the zero-
valued image pixels is determined by both ic  and the current 

pixel value k
jx . The image quantitative values and noise vary 

with the step size. Too big a step size may result in oscillations 
or divergence, while too small a step size makes the algorithm 
converge slowly [8]. Therefore, an optimal step size is 
important and will lead to the fastest convergence and best 
reconstruction results. 

D. Generalized MLEM algorithm (gMLEM) 

To obtain a more general algorithm, we modify the sMLEM 
algorithm by enforcing the weighting of zero-valued 
projections as 
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The expression of gMLEM algorithm is the same as (11), but 
the definition (13) is a combination of (6) and (10). 

III. NOISE PROPERTY OF ZMLEM 

The zMLEM algorithm preserves most properties of the 
MLEM algorithm, such as the noise property derived in  
Barrett’s paper [9]. The variance expression of the image at 
each iteration of the zMLEM is almost identical to that of the 
oMLEM in [9], except that the backprojection of constant 1 
(i.e., the summation 

ij
i

a ) is replaced by the backprojection 

of function ic  (i.e., the summation 
ij i

i

a c ). Similar to 

Barrett’s conclusion, the variance and covariance of noise in 
the zMLEM reconstruction can be calculated as a function of 
the object, system matrix and iteration number [9]. When the 
number of iterations gets larger, the image system will suffer 
from more noise amplification. The results of computer 
simulations show that the zMLEM requires fewer iterations 
than the oMLEM, and the reconstruction is less noisy.  

IV. COUNT CONSERVATION PROPERTY OF ZMLEM 

The zMLEM algorithm also retains MLEM’s count 
conservation property that the weighted sum of the forward 
projections at each iteration is the same as the total number of 
counts in the original projection data.  

V. RESULTS 

The results obtained from the oMLEM, sMLEM, zMLEM 

and gMLEM algorithms are evaluated by comparing the mean 
square error (MSE) in the region of interest (ROI), 
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  .               (14) 

Note that the MSE is a function of both iteration number k  
and c  values. Let 

min min( , ) arg{min[min( )]}
c k

c k MSE .            (15) 

The inner min calculates the minimum MSE for all iteration 
numbers k  with a fixed c  value. The outer min calculates the 
minimum MSE for all c values. When minc c , mink k , MSE 

reaches the minimum value. 
The c  value is noise-dependent which changes a lot with 

the noise model. Multiple noise trials are performed for each 
noise model, slightly different results were obtained. A mean 
MSE value from each group is reported in Table I. 

 
Some reconstruction results of the four MLEM algorithms 

and FBP are shown in Figure 1. 

 

 

 
Fig. 1.  The reconstruction results of emission data with Gaussian Noise N(0,0.5) using four MLEM algorithms and FBP. From left to right: oMLEM, sMLEM,
zMLEM, gMLEM and FBP. Compared to the results of other four algorithms, the zMLEM images have less noise. 

TABLE I 
MEAN MSE VALUE AND IMPROVEMENT RATE IN THE HEART PHANTOM 

EMISSION DATA STUDIES 
[ZERO MEAN UNIFORM GAUSSIAN NOISE] 

 

Noise Variance oMLEM zMLEM gMLEM FBP IR1(%) IR2(%)

0.5 3.1028 3.0287 3.1644 9.1296 2.39% -1.99%

1 4.3082 4.1413 4.4292 18.1187 3.87% -2.81%

10 10.5346 10.3637 11.7806 174.8671 1.62% -11.83%

 
In the table, IR1 represents the improvement rate of zMLEM compared to 

oMLEM, while IR2 represents the improvement rate of gMLEM over 
oMLEM. 
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VI. DISCUSSION AND CONCLUSION 

The IR1 values are all positive which means that zMLEM 
outperforms oMLEM, supposedly the ideal algorithm, even 
when the phantom projection data are contaminated by 
Poisson noise. The zMLEM algorithm provides a significant 
improvement when a high level of noise is introduced into the 
image. In Table I, the negative values of IR2 mean that the 
reconstruction results of gMLEM are worse than those of 
oMLEM. The noise model in gMLEM matches that in the 
projections, but the results are still not as good as the original 
MLEM that assumes an incorrect Poisson noise model. We 
also calculated the MSE values of FBP algorithm which 
assumes no noise model. The computer simulations indicate 
that for any noise model, the FBP algorithm produces worse 
results than all MLEM algorithms. 

Based on the computer simulation results above, we could 
make the following observations: 

(i) Noise model is important in any parameter estimation 
(which is image reconstruction in our case) problem that uses a 
set of noisy data. 

(ii) Compared with other parameter estimation problems, 
e.g., the curve fitting problems, where the data are heavily 
redundant, the projection data are weakly redundant in 
tomographic problems. We must have redundant 
measurements, in order to make the noise model effective by 
applying the weighting of the reciprocal of the noise variance 
[4]. In tomography, especially in 180°projection data 
acquisition, data redundancy is weak, thus the accuracy of the 
noise model in image reconstruction is not as important as in 
other problems such as in curve fitting.  

(iii) Other aspects such as the c  value selection and the 
non-negativity constraint can also be as important as the noise 
model. 

(iv) One of the reasons for the poor noise performance of 
the FBP algorithm is the fact that it does not enforce a non-
negative image. However, setting negative image values to 
zero after image reconstruction is not an effective method. 
Even in the case that the line-integral model is used in both the 
MLEM and FBP algorithms, the MLEM algorithm 
outperforms the FBP algorithm for all noise models. The 
reason may be that the iterative algorithm can use some 
information that is not contained in the data such as the non-
negativity property of the image. Some noise properties of the 
FBP and the iterative MLEM algorithms have been reported in 
[10]. We hypothesize that a non-iterative algorithm with pre- 
and post-processing could reach the same performance of the 
iterative MLEM algorithm [11]. Of course, this claim needs 
intensive algorithm development and further investigation. 

In conclusion, the new zMLEM method improves the 
reconstruction results and has a smaller MSE than that of 
oMLEM. It also extends the application of the MLEM 
algorithm to the other noise models. As with the oMLEM 
algorithm, zMLEM retains the property of count conservation. 
The requirement for using the correct noise model in the 

MLEM algorithm may not be as important as is commonly 
believed. Using an appropriate c  value in the zMLEM 
algorithm seems to be as important as or even more important 
than the noise model. However, how to choose the optimal c  
value is still an open question that should be solved in the 
future. 
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Multiple resolution PET data: Image properties
using the list-mode ML-EM reconstruction

algorithm.
Karol Brzezínski, John Gillam, Josep F. Oliver, Carlos Lacasta, Magdalena Rafecas

Abstract—A finely pixelated silicon (Si) probe operated in
coincidence with a clinical PET scanner should be able to increase
the scanner’s spatial resolution. For this purpose, conventional
PET events, where two annihilation photons are detected in the
ring, need to be combined with the higher resolution probe-
ring events in such a way as to not degrade other image
properties. The MADEIRA project utilizes such a probe–and–
ring geometry, with the probe consisting of a stack of 10 Si
detectors, of 1 × 1 × 1 mm3 pixels, in a 80 × 52 array. The
system was simulated using the Monte Carlo package GATE,
with a phantom that provides both hot and cold lesions for
analysis. Due to the unconventional geometry of the system,
the maximum likelihood–expectation maximization (ML-EM)
algorithm was used to reconstruct the images. The abundance of
possible measurements in the probe-ring data made it necessary
to use the list mode version of the algorithm and the Siddon
method was used to model the system response. Due to the
varying spatial resolution of the measurements, multiple Siddon
lines were used for each detector pair. Data was sorted into ring-
ring and probe-ring events. Images were reconstructed from each
data set separately and from the combined data set. Mean values
in various regions of interest (ROIs) showed similar convergence
in images reconstructed from the ring-ring data only and in those
reconstructed from the combined data. In the ROIs with activity,
mean values in the combined data are up to 7% higher than in the
ring-ring images and 25% in the cold ROI, at convergence. The
signal to noise ratio (SNR) and the contrast to noise ratio (CNR)
reduce only slightly faster with the addition of the probe data
to the conventional data. This indicates that the high-resolution
data can be added to the PET ring data with little cost to contrast
or other statistical image measures.

I. I NTRODUCTION

Recent works have explored the capabilities of insert devices
to improve the performance of clinical [1], [2] as well as
small animal [3], [4] PET scanners. The development of a
high resolution probe, to be mounted inside a conventional
PET scanner in order to increase its spatial resolution and
sensitivity, is one of the goals of the EU project MADEIRA1.
The probe being considered consists of a stack of silicon (Si)
detectors placed close to the object. The probe will be set in
coincidence with the PET ring and, due to its small pixel size,
will record events with high spatial resolution. Combining this
high-resolution data with that of the external ring, is expected
to improve image resolution in the area close to the probe,
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which in this sense could act as a magnifier for a region of
interest where higher resolution is desired. In previous work,
point-spread functions (PSFs) were estimated from images
reconstructed using data from simulations of the MADEIRA
system. The full-width half-maximum (FWHM) was found to
have decreased by a factor of about 2 from the ring-ring image
to the probe-ring image[5].

Due to the lack of complete tomographic information pro-
vided by the probe, the maximum likelihood–expectation max-
imization (ML-EM) algorithm is appropriate for image recon-
struction for this type of system. The fine pixelization of the
Si detectors results in an abundance of possible measurements
in the the probe-ring data. This makes it more appropriate
to use the list mode approach rather than histograming the
measurements. The Siddon ray-tracing algorithm[6] provides a
convenient model for a system with so many possible detector
pairs; it was used to calculate the system matrix elements
(on the fly) as well as the sensitivity image. However, the
difference in spatial resolution of the conventional PET ring
data and the additional probe data presents a problem when
using the Siddon method. The high resolution information
from the probe requires a finer pixelization of the image space
for proper representation. A finer grid however, would be
undersampled by the low resolution ring data. Furthermore,
the probe-ring coincidences provide a detection response of
fan-like geometry, with resolution decreasing with distance
from the probe. This work examines the use of the Siddon
algorithm, with multiple Siddon lines calculated for each
pair of detectors. Increasing the number of lines used for
every detector pair makes it possible to correctly sample the
finer image grid and represent the fan-like geometry of the
probe-ring events more accurately. Convergence of the ML-
EM algorithm over 100 iterations and noise properties of the
resulting images are compared for the conventional PET ring
and its combination with the probe data. The use of such an
algorithm, in combination with the MADEIRA probe, should
enable resolution enhancement without the often correlated
degradation in statistical properties of the final image.

II. M ETHODS

The MADEIRA geometry was modeled using the MC
toolkit GATE [7]. The model includes a probe consisting of
ten layers of Si, each a80×52 array of1×1×1 mm3 pixels,
placed at a radial offset of 11 cm, in coincidence with a PET
scanner modeled on the Siemens Biograph64 [8]. This scanner
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has LSO detector crystals of4×4×20 mm3 and a diameter of
842 mm. Simulations were run with a phantom that provides
both hot and cold lesions for analysis. A hot cylinder of 2 cm
radius and 6 cm in length and a cold cylinder of 3 cm radius
and 6 cm in length, are both embedded in a warm cylinder of
10 cm radius and 6 cm in length. The warm background has
activity of 25 µCi (0.0153µCi/cm3), the hot one has 4µCi
(0.0531µCi/cm3) and the cold spot contains no activity. The
geometry is show in Figure 1 together with the phantom.

Fig. 1. The probe and ring setup with the hot and cold spot phantom.

Simulations were performed without time or energy uncer-
tainty. Random coincidences and those with undetected scatter
were removed to test the reconstruction algorithm’s perfor-
mance on ideal data and observe its behavior independently
of these sources of degradation. The coincidence sorting was
performed with a time window of 4.5 ns, an energy window
of 400-650 keV in the ring and an energy threshold of 20
keV in the probe. List mode ML-EM was used for image
reconstruction.

Initially, the detection response (ring-ring or probe-ring) was
described by the line joining the centers of the surfaces of the
two detectors. Using this approach, images were successfully
reconstructed on a1× 1× 1 mm grid using probe-ring events
only. However, reconstructing ring-ring events on the same
grid resulted in mis-representation of the detector response on
the image space due to undersampling. As a solution to this
problem, each detection was associated with one point per
1 mm2 of detector surface. This associated each coincidence
event with 16 Siddon lines for a ring-ring event and 4 for
a probe-ring event. These more accurate detection response
estimates allowed for a higher sampling of the image space
and reduced artifacts associated with undersampling.

Representing each coincidence event with multiple Siddon
lines required a modification of the list-mode ML-EM algo-
rithm given by:

nk+1
j =

nkj∑I
i=1 aij

M∑

i=1

aij
1

qki
, with

qki =
J∑

j=1

aijn
k
j∑I

i=1 aij
(1)

Here j = 1, · · · , J is the index of the pixels in the image
and i = 1, · · · ,M is the index representing the individual
event from the list-mode data.qki is the expected count rate

in the detector pair corresponding to that event if, at thek-th
iteration, the intensity at voxelj is nkj . aij is the probability
that an emission from pixelj is detected in that detector pair.
Since the Siddon algorithm is used, this is proportional to the
length of intersection of the line joining the centers of the two
detectors with pixelj. I is the number of all possible detector
pairs. The above algorithm reconstructs only detected events,
and was used due to computing considerations. Sensitivity
correction was performed on the images after reconstruction.

Since now every event is described by multiple Siddon lines,
aij becomes the sum of the L intersection lengthsa′ijl of
the lines, associated with detector pairi and pixelj. aij was
substituted into Eq (1) with

aij =

L∑

l=1

a′ijl (2)

wherel = 1, · · · , L is the index that runs over all the L lines
that correspond to detector pair i. The ring-ring oversampling
results in 16 sub-lors while the probe-ring response requires
only 4. This degeneracy was accounted for in the sensitivity
image calculation.

Images were reconstructed over 100 iterations for analysis.
ROIs were chosen to represent five distinct areas of the
phantom. These were the hot spot, the cold spot and three
distinct regions in the warm background: one close to the
probe surface, one in the exact center of the phantom and
another far from the probe. To maximize the counting statistics
while keeping pixel numbers constant between the ROIs, these
were defined as co-axial cylinders of length just shorter than
the phantom, and of radius just lower than that of the hot spot.
Figure 2 shows the locations for the ROIs in the phantom.

Fig. 2. The five ROIs chosen for analysis. The ones in the warm region
were chosen at different locations with respect to the probe.

III. R ESULTS

Reconstructed images from the three data sets are shown in
Figure 3. The images were reconstructed using 30 iterations
(the approximate number necessary for convergence of the
mean in the cold spot) and show the sum of axial slices through
the phantom. Visible to the right of the probe-ring image, is
a “shadow” of the probe understood to be caused by events
involving scatter in the Si detectors followed by absoption in
the LSO crystals of only a single annihilation photon.
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Fig. 3. Images reconstructed with 30 iterations of the ML-EM algorithm.
Images were reconstructed with: a) ring-ring coincidences only b) probe-ring
coincidences only, and c) both types of coincidences. The grayscale on the
probe-ring image is changed in order to bring out its characteristics.

Figures 4 and 5 show statistical measures as a function of
number of iterations for images reconstructed from the three
data sets. Figure 4 shows: a) the mean value, and b) the signal
to noise ratio (SNR) in the various ROIs. Figure 5 shows the
contrast to noise ratio (CNR) using contrast of: a) the hot spot,
and b) the cold spot to the three warm ROIs.

IV. D ISCUSSION ANDCONCLUSIONS

The images reconstructed using multiple Siddon lines for
each detector pair show a reduction of the artifacts related
to reconstructing low resolution data on a high resolution
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Fig. 4. Mean (a) and signal to noise ratio (b) as a function of iteration
number for the five ROIs from the three images.

grid. The finely pixelated image space has sufficient sampling
using this approach for the calculation of the system matrix
elements. However, such artifacts might appear again should a
finer image grid be used. In such a case, the detection response
could be further oversampled.

Figure 4 a) demonstrates that the addition of the probe data
into the reconstruction has little effect on the convergence of
the mean values in the ROIs. In the cold region, where SNR is
lowest, the difference in the mean value is 25% at convergence
while in the other ROIs it is about 7% or less.

Figure 4 b) shows that including the probe data into the
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Fig. 5. Contrast as a function of iteration number from the three images.
Plotted are: a) contrast of the hot spot to the three warm ROIs, and b) contrast
of the cold spot to the three warm ROIs.

reconstruction has little effect on noise in the image. Only
in the warm ROI close to the probe does the SNR decrease
significantly faster when the probe data is included, dropping
about 20% lower at 100 iterations. This is reflected in the
image reconstructed from the probe data only (Figure 3 (b)),
as the dark patch in the area close to the probe, where the
signal decreases quickly with iterations. In the other ROIs the
SNR drops only slightly faster when probe data is included,
not differing by more than 10% at 100 iterations. A phantom
of different activity and geometry will change the proportion
of probe-ring events in the data and may further change the
statistical properties of the combined images.

The fading in the area close to the probe is most likely due
to some inaccuracy in the estimate of the system’s sensitivity.
Further sensitivity correction should eliminate this artifact.
This effect may also influence the CNR. Figure 5 shows that
the difference in this quantity, measured from the ring-ring

and joint reconstructions, increases as the warm ROI used for
comparison approaches the probe.

Although it appears to be of poor quality, the probe-ring
data is only meant to be combined with ring-ring data, not
reconstructed in isolation. The noise-like artifacts on the left
side of the image are due to the limited projection views in
the probe-ring data.

The appearance of the probe in the probe-ring images is an
unwanted artifact and a solution to this effect is currently under
investigation. Photons scattered above threshold in the probe
and subsequently absorbed in the ring are the suspected cause.
The energy range of these coincides with the most probable
direction of Compton scatter in the probe. This effect can
therefore be reduced by varying the low energy thresholds
in the probe and the ring.

Further studies may also be made by varying energy
thresholds in the probe and the ring detectors. Reconstructed
images of finer pixelization, and appropriately higher detection
response oversampling, may be analyzed to test the algorithm
in higher resolution images.

Previous work has shown that the probe-ring data contains
information of higher resolution than conventional ring-ring
data. The results presented in this work are an indication
that this high-resolution information can be combined with
conventional PET data without the degradation of statistical
properties in the reconstructed image.
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Karol Brzezínski is supported by the Consejo Superior
de Investigaciones Cientificas (CSIC) through the ”JAE-
PREDOC” contract; John Gillam is supported by the Consejo
Superior de Investigaciones Cientificas (CSIC) through the
”Juan de la Cierva” contract; Josep F. Oliver is supported by
the Consejo de Investigaciones Cientificas (CSIC) through the
”JAE-Doc” contract which is cofinanced by FSE; This work is
partially supported by the Ministry of Education and Science
(TEC2007-61047), and Ministry of Science and Innovation
(FPA2008-02419-E/FPA).

REFERENCES

[1] Janecek M., Wu H, and Tai Y.C., ”A simulation study for the design of a
prototype insert for whole-body PET scanners,” IEEE. Trans. Nucl. Sci.
53, 1143-1149 (2006)

[2] Zhou J. and Qi J., ”Theoretical analysis and simulation study of a high-
resolution zoom-in PET system,” Phys. Med. Biol. 54, 5193-5208 (2009)

[3] Wu H., Pal D., Song T. Y., O’Sullivan J. A. and Tai Y. C., ”Micro insert:
A prototype full-ring PET device for improving the image resolution of
a small-animal PET scanner,” J. Nucl. Med. 49,4653-4677 (2007)

[4] Park S. J., Rogers W. L. and Clinthorne N.H., ”Design of a very high-
resolution small animal PET scanner using a silicon scatter detector
insert,” Phys. Med. Biol. 52, 4653-4677 (2007)
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Abstract— Digital breast tomosynthesis (DBT) has been 

demonstrated to be a promising technique in early breast cancer 

detection. The DBT performance is generally affected by many 

factors including scanning parameters such as limited angle and 

limited dose value, and reconstruction method. Many investigators 

have studied the effects of those factors on image quality of DBT, 

and optimized the factors accordingly. The suggested scanning 

parameters, however, vary widely among the investigators. 

Optimization in DBT can be challenging partly due to the large 

number of parameters that are involved in the optimization, and 

also due to diverse imaging tasks under consideration. In this work, 

we propose an optimization method for DBT based on the Taguchi 

design-of-experiment method. It should be noted that we are not 

searching for a universal, optimum DBT technique, which we 

believe is very difficult if not impossible, but instead we would like 

to demonstrate that the Taguchi method provides an efficient and 

systematic way of optimizing many parameters for a given DBT 

system and a given imaging task. As a preliminary, we conducted a 

numerical simulation study, and showed that the Taguchi method 

effectively selected the (near-) optimum parameters for a mass 

detection task.  

 
Index Terms—Tomosynthesis, breast imaging, optimization, 

Taguchi method 

 

I. INTRODUCTION 

Recently, explosive research interests have been attracted to 

digital breast tomosynthesis (DBT) for its promising 

performance in early breast cancer detection overcoming some 

of the limitations of mammography. Studies have been done to 

investigate the effects of certain scanning parameters or 

reconstruction methods on the image quality of DBT and to 

optimize them accordingly [1-7]. However, partly due to the 

large number of parameters that are involved in the optimization, 

and also due to diverse imaging tasks under consideration, the 

suggested scanning parameters vary widely among the 

investigators. It may require an unacceptably large number of 

experiments to fully sample the parameters in the search space 

for optimizing a DBT task, and thus optimization of a DBT task 

could be challenging.  
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In this work, we used the Taguchi design-of-experiment 

method for optimizing a DBT task. Taguchi method has been 

actively utilized in the optimization of various engineering 

processes. In spite of the fact that interactions between the 

factors can be confounded and difficult to resolve, the Taguchi 

method allows for the collection of the necessary data to 

determine which factors most affect the outcome quality with a 

minimum amount of experimentation, thus saving time and 

resources [8, 9]. We conducted a preliminary numerical study to 

optimize the scanning parameters and reconstruction methods 

using the Taguchi method for a mass detection task. We envision 

that the proposed approach can be similarly applied to a real 

DBT system optimization for a given imaging task and that the 

system-dependent and task-dependent optimization can thus be 

effectively achieved. 

  

II. METHODS 

A. DBT system 

In this study, we assumed a scanning geometry of a prototype 

DBT system. Distance from the source to the axis is 60 cm and 

distance from the axis to the detector is 10 cm. Pixel size of the 

detector is 150㎛  150㎛, and the detector array size is 2000 

1500. A numerical breast phantom that contains masses has 

been used. Rotation axis is parallel to the X-axis, and the 

detector plane is placed stationary parallel to the XY-plane.  
 

B. DBT projection view distribution 

Projection view distribution is directly related to the image 

quality of DBT [1-3, 6, 7]. The parameters we varied include 

total number of views, total angular range, and angular view 

distribution. For each parameter, three levels have been 

determined based on the popularly used values in the literature. 

For the total number of views, 25, 18, and 11 views, and for the 

total angular range, 90, 60, and 30 were used, respectively. 

Three different angular view distributions were used: uniform, 

central dense (CD), and central sparse (CS).  

Table I shows the angular positions of the x-ray source 

according to the view distribution schemes described above for 

25 views. In the case of uniform distribution, angular positions 

are equally separated for a given range of the scanning angle, 

and are not shown in the table. All the angles are in degrees. 

Figure 1 illustratively shows the angular positions of the source 

for 11 views with total angular range of 90 for better 
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understanding.  

 

TABLE I 
NUMBER OF VIEW : 25 

CD  CS 

90 60 30  90 60 30 

±45 ±30 ±15  ±45 ±30 ±15 

±39 ±26 ±13  ±43 ±28.5 ±14 

±33 ±22 ±11  ±41 ±27 ±13 

±27 ±18 ±9  ±39 ±25.5 ±12 

±21 ±14 ±7  ±37 ±24 ±11 

±14 ±10.5 ±4.55  ±35 ±22.5 ±10 

±12 ±9 ±3.9  ±33 ±21 ±9 

±10 ±7.5 ±3.25  ±31 ±19.5 ±8 

±8 ±6 ±2.6  ±29 ±18 ±7 

±6 ±4.5 ±1.95  ±27 ±16.5 ±6 

±4 ±3 ±1.3  ±18 ±12 ±4 

±2 ±1.5 ±0.65  ±9 ±6 ±2 

0 0 0  0 0 0 

C. DBT exposure distribution 

The total amount of exposure is assumed to be constant 

throughout the study. To incorporate view-dependent data noise, 

we varied exposure at each view in three different ways: uniform, 

central high (CH), and central low (CL). CH uses higher 

exposure levels in the central views with its exposure 

distribution following approximately a Gaussian. CL distributes 

exposure in an opposite way to that of CH. At each exposure 

level, a Poisson noise was modelled and incorporated [10]. 

  

 
Fig. 1. View positions for uniform (circle), central dense (triangle), and 

central sparse (star) distributions. 

 

D. Reconstruction algorithms 

For image reconstruction, we used a projection-onto 

-convex-sets (POCS) algorithm and total-variation minimization 

(TV) algorithm [11]. The TV algorithm searches for a solution 

that minimizes the image total-variation under constraints of 

data consistency and image nonnegativity as shown below.  

 
 

Although there exist a host of reconstruction methods including 

filtered-backprojection, matrix inversion tomosynthesis, and 

expectation-maximization algorithms, we chose the two 

algorithms in this preliminary study. More algorithms will be 

taken into our consideration in the future study.  

E. Taguchi orthogonal array 

Taguchi method was used for obtaining the optimum 

combination of the factors listed above. Table II summarizes the 

factors and the levels, and Table III shows the layout of the L18 

(2
1
  3

4
) orthogonal array used in the study [8,9]. We assessed 

image quality using signal contrast-to-noise ratio (CNR) of a 

reconstructed central lesion in the numerical breast phantom. 

 

TABLE II 
FACTORS AND LEVELS 

Number Factor Level 1 Level 2 Level 3 

1 Algorithm(A) POCS TV - 

2 Angular range(B) 90 60 30 

3 Number of views(C) 25 18 11 

4 Angular 

distribution(D) 

Uniform CD CS 

5 Exposure 

distribution(E) 

Uniform CH CL 

 

TABLE III 
L18(21

  34) ORTHOGONAL ARRAY 

 A B C D E 

1 POCS 90 25 Uniform Uniform 

2 POCS 90 18 CD CH 

3 POCS 90 11 CS CL 

4 POCS 60 25 Uniform CH 

5 POCS 60 18 CD CL 

6 POCS 60 11 CS Uniform 

7 POCS 30 25 CD Uniform 

8 POCS 30 18 CS CH 

9 POCS 30 11 Uniform CL 

10 TV 90 25 CS CL 

11 TV 90 18 Uniform Uniform 

12 TV 90 11 CD CH 

13 TV 60 25 CD CL 

14 TV 60 18 CS Uniform 

15 TV 60 11 Uniform CH 

16 TV 30 25 CS CH 

17 TV 30 18 Uniform CL 

18 TV 30 11 CD Uniform 
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III. RESULTS 

Following the Table III, we have numerically performed the 

scanning and reconstruction for each case. In Fig. 2, the 

reconstructed images in each plane according to the experiment 

number 10 are shown for example. Fig. 3 presents the ROI slice 

images for all the experiments. We selected a mass near the 

middle of the phantom and neighboring ROIs for CNR analysis 

as shown in Fig. 2. 

 

 
Fig. 2. Reconstructed image is shown at each plane as a result of the 

experiment number 10. Boxes represent ROIs used for CNR analysis. 

 

Table IV summarizes the CNR values obtained from the 

experiments in this study. 

TABLE IV 

Contrast to Noise Ratio 

Experiment 

Number 
XY-plane XZ-plane YZ-plane 

1 3.30 3.33 3.35 

2 3.37 3.28 3.53 

3 4.25 5.37 4.52 

4 3.08 2.97 2.77 

5 2.16 1.86 2.14 

6 4.31 4.87 3.97 

7 2.51 2.30 2.68 

8 2.20 1.72 2.25 

9 3.59 3.89 3.68 

10 13.4 11.8 13.8 

11 70.6 58.8 44.0 

12 54.8 79.2 39.7 

13 9.17 9.76 8.97 

14 87.7 43.5 45.1 

15 174 77.0 43.0 

16 12.7 11.6 15.7 

17 18.1 12.0 13.1 

18 89.6 69.3 42.2 

 

 
Fig. 3. ROI images. 

 

It is observed that the TV algorithm outperforms the POCS 

algorithm. If one emphasizes the XY-plane image CNR or the 

CNR average over the three plane images, the experiment 

number 15 turns out to provide the (near-) optimum conditions 

of the factors. In other words, DBT reconstructed by the TV 

algorithm from the data acquired in a scanning configuration 

with the total number of views of 11, the total angular range of 

60, uniform angular view distribution, and central high 

exposure distribution resulted in highest CNR value of the target 

lesion.  

In addition to finding the (near-) optimum condition, the 

Taguchi method helps investigating the effects of each factor on 

the image CNR via so called the main effect analysis. The main 

effect is referred to the average outcome of the experiments with 

respect to the levels of a single factor. For example, the average 

outcome of the experiments 1 to 9 and that of the experiments 10 

to 18 provide the main effect of the reconstruction algorithm. 
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Fig. 4. Main effects on the XY-plane image CNR. 

 

 
Fig. 5. Main effects on the XZ-plane image CNR. 

 

 
Fig. 6. Main effects on the YZ-plane image CNR. 

 

Main effects are shown in Figs. 4 – 6 for the five factors (A to 

E) on each slice image. A few interesting observations can be 

made out of the main effect analysis. As Fig. 3 suggests, if 

there’s no significant interaction between the factors, optimum 

conditions for the highest CNR in the XY-plane image would be 

a combination of A (TV) , B (60), C(11 views), D(uniform), and 

E(uniform). The experiment number 15 has the closest 

combination of the factors to this one out of the entire 

experiments. We also simulated the optimum conditions 

suggested by the main effects study, and obtained higher CNR in 

the XY-plane image than the experiment number 15 as shown 

below. 

 

 
     CNR                     199                   51.3                   40.0 

Fig. 7. ROI images from the optimum conditions and their CNR values. 

 For the images along the depth direction (XZ- or YZ- planes), 

90 turns out to be better than 60 in terms of the total angular 

range, which appears to agree with the results of other 

investigators [4]. Smaller number of views (11 views in this 

study), and uniform angular distribution and uniform exposure 

distribution are in general preferred based on the results of this 

study. In the future study, more factors that are relevant to the 

DBT imaging shall be included on a more realistic breast 

phantom, and more importantly a receiver operating 

characteristics (ROC) analysis will be used to provide an 

outcome value such as an area under curve (AUC) for 

optimization. 

 

IV. CONCLUSIONS 

We have conducted an optimization study for DBT imaging 

based on the Taguchi design-of-experiment method, and 

successfully demonstrated the feasibility of using the Taguchi 

method for such an optimization task. The numerical results are 

encouraging, and the Taguchi method is believed to provide a 

very efficient optimization tool to a DBT system developers. 

With a given hardware and reconstruction methods, the best 

imaging scheme for a given DBT imaging task can be 

determined fast and robustly by use of the Taguchi method. 
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Abstract—Streaks and noise caused by photon starvation can 

seriously impair the diagnostic value of the CT imaging. Existing 
processing methods often have several parameters to tune. The 
parameters can be ad hoc to the data sets. Iterative methods can 
achieve better results, however, at the cost of more hardware 
resources or longer processing time. This paper reports a new 
scheme of adaptive Gaussian filtering, which is based on the 
diffusion-derived scale-space concept. In scale-space view, 
filtering by Gaussians of different sizes is similar to decompose 
the data into a sequence of scales. The scale measure, which is the 
variance of the filter, should be linearly related to the noise 
standard deviation instead of the variance of the noise. This is a 
fundamental deviation in the way of using filters. The new filter 
has only one parameter that remains stable once tuned. Single-
pass processing can usually reach the desired results.  
 

Index Terms—Computed tomography, streak, noise model, 
Gaussian filter, scale space, diffusion. 
 

I. INTRODUCTION 
Noise and streaks due to photon starvation can seriously 

corrupt the quality of X-ray CT images. Increasing dose can 
alleviate the problem, but it is out of option for clinical 
applications. How to achieve diagnostically useful image 
quality at given dose has been a focus of research in decades. 
With elevated awareness of radiation safety and low dose 
requirement, the subject has gained great importance and 
serious attention. 

Early efforts by different researchers and groups have led to 
important improvements and laid ground for new progresses. 
[1] describes a noise model of after-log data using the statistics 
of before-log data (counts). In the paper, an adaptive trimmed 
mean filter was introduced to filter the before-log data. By 
well tuning the filter parameters, the filter reduced streaks in 
reconstructed image effectively. [2] suggested applying a 
triangular filter to the after-log data that are above a threshold 
T. This threshold is determined by a data-adaptive parameter, 
eccentricity, and other preset parameters, such as, f, the 
fraction of modified data points, and s, the user-determined 
filter strength.  [3] and [4] suggested a bilateral filtering 
approach. The filter is applied to the Anscombe transformed 
photon data. Anscombe transform converts Poissonian data 
into Gaussian data with a constant variance provided that the 
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input Poissonian data is above 20. The filter strength is data-
dependent, such as, in [4], the filters (both spatial filter and 
intensity filter) are applied as strong, medium, mild, and no 
filtering at different data ranges. [5] suggested to combine the 
reconstructed images from subsets of the same projection data 
set. It is understandable that noise will be reduced by 
combining two or more images of same scene and uncorrelated 
noise, but streak reduction is questionable. In addition, the 
noise reduction is from more noisy images because 
reconstruction from subset of projection views supposed to be 
noisier than from full data set. [6] suggested to use a number 
of fixed linear filters of different strengths to filter the same 
data, then combine the results at each data point with certain 
weights to form the processed data. [7] suggested to process 
the projection data of different ranges using filters of different 
strengths.  

In recent studies, iterative methods have gained more 
attention in CT. [8] suggested a penalized Poisson likelihood 
sinogram restoration for projection data. By combining with 
maximum likelihood reconstruction, a streak and noise 
reduced thorax phantom image was demonstrated. [9] 
proposed a maximum a posteriori approach for an iterative 
reconstruction which reduces the effect of photon starvation 
using a data-dependent weight matrix. Demonstrations showed 
that streaks and noise can be well reduced by the method. 

Compared to the existing single-pass filtering schemes, 
iterative methods have demonstrated the ability of better noise 
and streaks reduction while retaining or less degradation of 
image resolution. However, iterative methods require more 
resources and take longer processing time. It is highly desired 
to find a single-passed method that can achieve or approach 
the merits of the iterative methods. It is also desired to find a 
method that requires minimum number of parameters to be 
adjusted. Of course, we can always extend a single-pass 
method to iteration after elaboration and optimization.  

As pointed out by [1] and [2], the shapes (or classes) of the 
filters may not be a fundamental factor affecting the processed 
results. For example, [1] used a trimmed mean filter and [2] 
used a triangular filter. The fundamental factors should be the 
parameter settings of the filters. In our selection, we decided to 
use Gaussian filter for its symmetry and cleanness in both 
space and frequency. Gaussian filter is also a natural solution 
of scale-space approach derived from diffusion process.  

Adaptive Gaussian filtering has been well studied in broad 
field of signal and image processing. As [10] pointed out, 
designing of a Gaussian filter mainly is to form a 
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correspondence between the filter variance and the local 
noise/signal characteristics. A typical correspondence is to 
make the filter variance proportional to the local noise 
variance with a constant or variable coefficient as in [10] and 
[11]. However, the filter variance and noise variance are the 
quantities in different concept domains. Straight link is 
intuitive, but lack of ground.  

In this paper, based on the scale-space analysis, we 
developed a more meaningful correspondence between the 
filter variance and the noise characteristics. By applying the 
new filter in the projection data, the reconstructed images 
showed great streak and noise reduction while preserving 
resolution to a great degree. Additional advantage of the new 
filter is that it has only one adjustable parameter. Once tuned, 
the setting could be valid for the same system settings all the 
time. The rest of the paper is arranged as following: the second 
section gives the theoretical derivations and descriptions of the 
new filter, then, follows the demonstrations in the result 
section and conclusions in the final section. 

II. MATERIALS AND METHODS 

A. Gaussian filter 
Gaussian filter takes the form of  

 )
2

exp(
2
1 2

V
x

V
G −=

π
σ  (1) 

where the variance V determines the effective filter size or 
strength, and x is the distance between an arbitrary position 
and the center position in the spatial span of the filter (kernel). 
In a general formulation, the variance of the filter kernel is a 
function of the noise standard deviation, σ: 
 ( )σfV =  (2) 

B. Scale space view of noise reduction 
In scale-space viewpoint, adaptive filtering is equivalent to 

observe the original image or data at gradually coarser scales 
by convolving an expanding filter kernel. The filtered result is 
the optimal pick of the pixel values at different scales. To 
generate a large number of the filter kernels at different scales 
is impractical, however, the solution of diffusion equation 
provides an easy and natural means to approach the solution.  

Given a diffusion equation, 

 uD
t
u

Δ=
∂
∂
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where u is the data being processed. D is a constant diffusion 
coefficient. Let the original data as the initial condition of the 
diffusion: 
 )0,x(u)t,x(u 0t

rr
==  (4) 

)t,x(u r
 indicates that data u is the function of the location xr  

and the evolution time t. The solution of (3) is a convolution of 
the initial data )0,x(u r

 and the time-variant kernel  )t,y(h v
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(4) is a Gaussian filter kernel with variance of 2Dt. 
Simplifying D to 1/2 , the effective size of the filter is 
continuously determined by t, which is known as the scale 
factor or scale measure in the scale space. With (5), the data is 
filtered as if every datum of the original data is viewed at 
certain scales. The scale measure t should be linear to the scale 
of the noise, which is measured by the standard deviation 
instead of variance. Therefore, we propose following 
relationship: 
 σkt =  (7) 
and  
 σktV ==  (8) 

C. Noise Model 
Computed tomography is reconstructed from the after-log 

projection data. A good scheme for streak and noise reduction 
should have following property: after filtering, the log 
converted projection data should have variance as uniform as 
possible. It is known that the count data from detector is of 
Poissonian distribution ideally. But the actual data is always 
compounded with Gaussian distributed electronic noise 
induced in the data acquisition system (DAS) circuitry. In 
reconstructed images, it is the low count data that produces the 
streaks and intolerable noise. At low count, electronic noise is 
no longer negligible. At this level, it is not unusual to see 
negative counts because of the electronic noise. Therefore, an 
accurate noise model should take both Poissonian and 
Gaussian noise into account. For after-log noise 
characteristics, we adopt the form in [1] in our development: 

 2I
VeI +

=σ  (9) 

where Ve represents the variance of the electronic noise and I 
represents the counts. Because σ is the standard deviation of 
the noise after log, by applying this σ to the filter, filtering 
strength is controlled by after-log noise characteristics, 
therefore, achieves streak and noise reduction more 
effectively. 
 More realistic noise model can be obtained experimentally 
[12][13], which can lead to more accurate results. 

D. Filtering 
Although the filter strength is determined by the noise 

characteristics in after-log domain, we suggest the filtering 
should be performed in count domain. It is known that log-
conversion have a bad effect of “nonlinearly exaggerating” the 
low count noise because the sharply rising portion of the log 
curve stretches the variations in low count data. As a result, 
larger filter size in after-log domain is required to achieve 
similar filtering strength in the count domain. Larger filter size 
will inevitably result in more resolution degradations. 
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E. Relative noise level 
A more insightful way of understanding the filtering 

strength defined in (9) is through the concept of relative noise 
level. It is known that the variance of the Poissonian data is 
equal to its mean, i.e. the signal of the data. Considering the 
electronic noise, the standard deviation of the data, 

 VeIc +=σ ,  (10) 
is large when the signal (mean) is large. It seems that the lower 
count data is “less” noisy and higher count data is "more" 
noisy. In reality, it is the low counts that cause the problems 
and the high counts that are the good signal. To better describe 
the count noise, the ratio of data standard deviation and the 
counts is used and known as the relative noise level (RNL): 

 
2

c

I
VeI

I
RNL +

==
σ

 (11) 

Clearly, the RNL in count domain is actually the standard 
deviation of the noise after log-conversion. RNL leads to a 
new interpretation of the filter defined by (1), (8), and (9): the 
count domain filter renders its strength based on the relative 
noise level of the counts. 

III. IMPLEMENTATION 
The method is given in the following steps: 

1) Obtain raw data before logarithm conversion. If the 
projection data are given in the after-log format, the log 
process needs to be reversed. 
2) For each data value, I, compute a Gaussian filter with 
variance V. From equations (8)-(9), it follows: 

 2I
VeIkV +

=   (12) 

3) Filtered data is obtained by applying the Gaussian filter to 
the input data. Then, log-conversion process follows to obtain 
projection data for CT reconstruction. 

IV. EXPERIMENTS AND RESULTS 
We tested the new filter in a variety of clinical data sets. 

The improvement of quality is almost consistent in all cases. 
The variance of DAS electronic noise, Ve, can be obtained 
from real scans with X-ray tube turned off. The only filter 
parameter is k, which was set to 1 in all testing cases. The 
images shown in Fig. 1 were acquired with 160-row detector 
at 120kv and 195mAs with +69.5mm/rotation couch speed. 
Fig. 1(A) shows the reconstructed image without data domain 
filtering and Fig. 1(B) is processed by the new filter. It is clear 

Fig. 1 Shoulder images (A) without data domain filtering; (B) with data 
domain filtering using proposed approach; (C) the difference image. The 
window level and size for (A) and (B) is 300/2000 HUs and for (C) is 
0/100HUs. 

A 

C 

B 

Fig. 2 Shoulder images (A) without data domain filtering; (B) with data 
domain filtering using proposed approach; (C) the difference image. The 
window level and size for (A) and (B) is 300/2000 HUs and for (C) is 
0/100HUs. 

C

B

A
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that the streaks and noise have been greatly suppressed in the 
filtered result. The obstructed and obscured information by the 
streaks and noise in Fig. 1(A) have been well delineated in 
Fig. 1(B). The difference image in Fig. 1(C) shows almost no 
loss of structural information. Fig. 2 shows the images of 
another data set. The data were acquired with 64-row at 120kv 
and 30mAs with +47.5 mm/rotation couch speed. The severe 
streaks and noise in Fig. 2(A) has been well removed in Fig. 
2(B). The upper bones may appear like blooming, however, no 
apparent structures are observed in the difference image in Fig. 
2(c). Fig. 3 shows zoomed reconstructions of the same data in 
Fig. 2 and is viewed at lung window. Evidently, the streaks 
have been well removed in Fig. 3(B) without apparent 
resolution degradation in lung tissue. There is a cloud-look 
smear clearly observed in lower lung region in Fig. 3(B) but is 
ambiguous in Fig. 3(A). Some blooming effect is observed in 
the ribs. This may be caused by the extremely low observing 
window level (-700 HU), which is at the bottom of the bone 
intensity elevation. There is no apparent structural information 
in the difference image Fig. 3(C) except the dark hint of the 
vessel in slightly above the center.  
 

V. DISCUSSIONS AND CONCLUSIONS 
This paper presented a new Gaussian filtering scheme for 

X-ray CT data processing. From scale-space view, an adaptive 
Gaussian filter processes an image as if putting viewers at 
different viewing scales to observe the image. For the purpose 
of noise and streak reduction, the processed data should be not 
only noise-reduced, but also noise-equalized, therefore, the 
viewing scale of the filter should match to the scale of noise. 
The filter scale is measured by its variance while the scale of 
noise is measured by its standard deviation. Therefore, the 
filter variance is linearly linked to the noise standard deviation.  

New method provides a simple, but effective Gaussian 
filtering approach with great consistency in performance. 
There is only one adjustable parameter, k, which remains 
stable once tuned. Therefore, the new filter can run 
"parameterlessly".  
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Fig. 3 Lung images (A) without data domain filtering; (B) with data domain filtering using proposed approach. The window levels and sizes for (A) and (B) 
are -700/1500 HUs. For (C), it is 0/500 for better observations. 
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PET Phantom Design for Assessment of
Quantitative Imaging of Arbitrary Planar

Distributions
P. J. Markiewicz, G. I. Angelis, F. Kotasidis, W. R. Lionheart, A. J. Reader and J. C. Matthews

Abstract—A specially designed phantom enabling development
and evaluation of reconstruction methods and system models
for the high resolution research tomograph (HRRT) is here
presented. The design of the phantom permits for planar sources
of any spatial radioactivity distribution to be imaged in transaxial
and axial (sagittal/coronal) planes. The planar sources are created
by feeding A4 paper sheets into an ink-jet printer with a modified
cartridge containing ink mixed with a given radioisotope (usually
18F). Phosphor imaging plates (IP) are used with computed
radiography (CR) to assess the quality of the printing and also to
provide a gold standard with which the reconstructed HRRT data
can be compared. For further quantitative testing and analysis
a number of equally-sized samples are cut out from the planar
sources and measured in a well counter. Using such a custom-
build phantom not only avoids the scatter correction problem
(scatter is then negligible) but may also enable development
of more complex models, methods or reconstruction techniques
which are of critical importance in high resolution iterative image
reconstruction. Presented results demonstrate good quantitative
agreement between the HRRT, CR and well counter.

I. INTRODUCTION

IN PET imaging, whether in clinical or research applica-
tions, the quality of information conveyed by reconstructed

images is of critical importance. The quality of the images is
task-specific and dependent not only on the characteristics of
the imaging system (including image reconstruction) but also
on the imaged object itself. For example, different scanner
design and image reconstructions can be used in different
tasks of diagnosis (e.g., whether cancer or dementia is present)
or parameter estimation (e.g, quantitation of regional glucose
metabolism).

PET phantoms have been very useful in performance eval-
uation of imaging systems, including: i) intrinsic resolution,
ii) uniformity, iii) sensitivity, iv) calibration and reconstruction
parameters, v) evaluation of attenuation and scatter correction,
vi) lesion detectability. Additionally, phantoms can provide
straightforward validation of Monte Carlo simulated images
when using a particular scanner geometry [1].

Typically, phantoms are made up of transparent plastic
(acrylic glass) or other materials with well defined geometries
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usually simulating different body regions (scatter, sensitivity
or resolution phantoms may have a very different design).
Phantom regions are filled with radioactive liquid mixture with
different radioactivity concentrations.

However, phantoms with rigidly defined structures can con-
siderably differ from the realistic structures they are supposed
to simulate—the structures present in living organism are far
from ideal shapes (elliptical or spherical). Further, in case of
small and intricate brain regions manufacturing such structures
would be very difficult which would also introduce cold
regions of significant thickness between different reproduced
brain regions [2]. Therefore, such phantoms often fail in
evaluating imaging systems/methods (including image recon-
struction) developed for high resolution quantitative imaging
(e.g., partial volume correction methods applied to small brain
regions, [3]).

This work addresses the above issues by adopting the idea of
printed radioactive distribution on paper sheets using radioac-
tive ink. The technique was successfully used in SPECT for
quality control [4]; assessment of detection performance with
SPM (statistical parametric mapping) as well as assessment
of the impact of attenuation and scatter corrections, smooth-
ing kernels and reconstruction algorithms on the activation
detection process [5]; investigating influence of scatter and
attenuation [6]. It was also applied in PET to measure the
point spread function of different PET scanners, including
microPET and the HRRT (high resolution research tomograph,
Siemens) [7]. Anatomically realistic PET phantoms has been
created using a 3D printer, replicating the NEMA image
quality phantom, and simulating human brain, human lung
and rat brain phantoms [2].

The novelty of the design of the phantom presented here lies
in its quantitative accuracy which is verified with well counter
measurements. Also the well counter measurements enable
calibration of the CR images making them quantitatively
accurate (note that the CR images are of much higher spatial
resolution than the HRRT images). The phantom design is
dedicated for the use with the HRRT scanner and has the
following features:

1) Imaging of high accuracy and arbitrary activity distribu-
tions (e.g., very detailed brain structures; use of digital
brain phantoms). The printing process will limit it to
planar distributions only.

2) Fully quantitative imaging. The HRRT calibrated mea-
surement is validated with a well counter measurement
of hole punched ROIs (regions of interest) selected from
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Fig. 1. Left: Phantom placed in the bore of the HRRT scanner with no
additional mounting necessary. Transaxial image plane of the digital brain is
printed and used for imaging. Right: Possible axial imaging with the phantom
(either sagittal or coronal planes) when sandwiched between the two square
sheets of Perspex.

the printed radioactivity distributions.
3) Easy modification and flexibility as opposed to the

conventional phantoms.
4) Incorporation of computed radiography (CR) with phos-

phor imaging plates achieving very high image resolu-
tion of 50µm. The CR is used for quality control when
calibrated to the same units as the HRRT measurement
using well counter measurements. The CR images ac-
count for the possible printing inaccuracies and/or non-
uniformities and since they are of higher resolution than
HRRT images they are used as a gold standard to which
the HRRT images are compared.

5) Imaging of transaxial, sagittal and coronal planes sepa-
rately. Optional use of a stack of transaxial planes for
more realistic representation of 3D objects ([1], [5], [6]).

6) Easy and firm positioning in the bore of the scanner—no
mounting necessary.

7) The reconstruction can be limited to just a few image
planes when imaging only one plane in the phantom.
This can reduce the computational time when developing
new reconstruction methods which incorporate more
complex models/methods.

8) Reduced human handling of high amounts of radioac-
tivity.

II. METHODS

A. Phantom Design

Transaxially, the dimensions of the phantom are such as
to fit precisely in the cylindrical bore of the HRRT scanner
(see Fig. 1). If only one transaxial plane is being imaged, the
radioactive source is placed roughly in the middle of the axial
field of view (FOV). It is possible to use more transaxial planar
sources stacked between Perspex disks. Axially, the length of
the phantom is equal to the length of the scanner’s bore. The
two supporting disks on either sides lying outside the axial
field of view provide enough rigidity of the phantom. The
design of the phantom is minimal to avoid the effect of scatter
as much as possible.

It is important to note that it is possible to produce serious
quantitative inaccuracies if the design of the phantom gets
outside the transaxial FOV but still inside the scanner’s bore—

Point sources: 0.5, 0.7, 1.0, 1.2, 1.5, 2.0, 2.5 mm
Square intensities (k [%]): 10, 20, 30, 40, 50, 60, 70, 80, 90, 100

Fig. 2. Design of the radioactivity distribution for the first phantom. Two
equivalent sets of blocks of intensities k = [10 : 10 : 100]% and 10 sets of
point sources of different size (0.5, 0.7, 1.0, 1.2, 1.5, 2.0 and 2.5 mm) are
used.

photons may traverse such attenuating media which could not
be accounted for by the attenuation correction method.

For both the axial or transaxial imaging, the planar sources
are placed between two tightly screwed Perspex sheets whose
thickness is 4mm. This allows annihilation of the positrons
emitted from the planar sources yielding higher count rates
compared to the case without such a surrounding medium [7].

B. Design and Printing of Radioactivity Distributions

Two phantoms are simulated. The first is the calibration
phantom (with square regions and point sources) which is
designed in Adobe Illustrator. It is used to assess the relation-
ship between the gray levels of the printed squares and the
corresponding measured radioactive concentrations (Fig. 2).
There are two equivalent sets of square regions. Each set
consists of 10 squares with intensities ranging from 10% to
100% with increments of 10%. The length of the side of each
square is 15mm . Also the point spread function (PSF) can be
investigated by measuring the scanner response to the point
sources of varying size (0.5, 0.7, 1.0, 1.2, 1.5, 2.0 and 2.5
mm). (See Fig. 2).

The second phantom is based on the realistic
digital brain phantom which is publicly available at
http://www.bic.mni.mcgill.ca/brainweb/ [8]. The particular
brain image is based on one slice of subject #52 representing
normal (not diseased) brain. Simulated is gray and white
matter only. The intensities in the artwork of the phantom are
such that the measured ratio between grey and white matter
is approximately three with the grey matter having maximum
printed intensity of 100% (see Fig. 3).

Planar distributions are printed on typical office paper
(80g/m2) using a standard ink-jet printer (HP DeskJet 5400)
with the ink mixed with a radioactive solution (18F). The ink
cartridge is specially adapted to such printing by removing
the sponge from the inside of the cartridge and injecting the
radioactive mixture into the bottom chamber.
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Fig. 3. Design of the radioactivity distribution for the realistic brain phantom.

C. Measurements and Image Calibration
1) HRRT: The calibration phantom had total printed ra-

dioactivity of 2 MBq and was scanned for three hours whereas
the total radioactivity for the brain phantom was 14 MBq
which was scanned for 7 hours.

The images where reconstructed using OP-OSEM with PSF
modelling, 16 subsets and 40 iterations. Then the images were
multiplied by decay correction factor df using reference time
trf:

df =
λT exp(−λ(trf − ts))

1− exp(−λT ) , (1)

where λ is the decay constant for 18F, T is the scan duration
and ts is the scan start time. Further, the images where
calibrated to mean activity concentrations of Bq/mm2 using
a quantification scale factor qf (note that the concentrations
are related to area and not volume):

qf =
vscdt

TBcf
× 10−3[Bq mm−2 counts−1], (2)

where vs is the voxel size in mm, cdt is the dead time correction
factor, T is the scan duration, B is the branching factor and
cf is the calibration factor.

2) Well Counter: Each intensity square of the calibration
phantom is hole punched yielding samples of equal size (6mm
in diameter). The circular samples are then immersed in
vials containing 1mL of water. The measured counts are then
calibrated to concentrations C [Bq/mm2] as follows

C =
m− rbT

BEAsef
, (3)

where

ef = exp
(
−λ(trf − tm)

)1− exp(−λT )
λ

. (4)

Where m is the well counter measurement [counts], rb is the
background count rate [cps], T is the measurement duration, B
is the branching factor, E is the efficiency of the well counter
for 1mL volume, As is the area of the circular sample [mm2],
tm is the measurement start time and λ is the decay constant.

The procedure is also used with the realistic brain phantom,
where white and grey matter are sampled in different regions
and measured in a well counter.

Fig. 4. The reconstructed image of the calibration phantom with square
regions and point sources. The reconstruction method was OP-OSEM with
PSF modelling, 16 subsets and 40 iterations.

3) Computed Radiography: The planar radioactive sources
were placed in special cassettes (BAS 2025, FujiFilm) with
blank phosphor imaging plates (BAS-MS 2025, FujiFilm) to
be exposed to the positron radiation. The exposed IP were
then read in a BAS-1800II FujiFilm Reader. The maximum
resolution is 50µm and minimum resolution is 200µm. Since
the IP reader uses a logarithmic amplifier, the measured pixel
data has to be converted from quantum level (QL) to a linear
photo-stimulated luminescence (PSL) scale:

SPSL =

(
R

100

)2

× 105SQL/G−0.5, (5)

where R is the resolution [µm], SQL is the measured QL signal
and G is the gradation corresponding to the 16-bit digitisation.

The PSL signal can easily be converted to concentrations
[Bq/mm2] using the well counter measurements of the same
radioactive sources.

III. RESULTS

The reconstructed HRRT image of the calibration phantom
is presented in Fig. 4. The scanner’s response to the different
sizes of point sources can be noticed—the response varies as
the PSF modelling is not shift-variant. Comparison between
measured intensities by the HRRT, CR and well counter (a
gold standard) is presented in Fig 5 for the top and bottom set
of intensity squares. Notice the exponential-like (non-linear)
shape of the curves (similarly reported in [1], [5]). Fig. 6
compares two brain images as measured by CR (top) and
HRRT (bottom). The CR image was co-registered to the HRRT
image and down-sampled to the same image size (256×256).
The co-registration was performed in Vinci 2.62. The red
contour which is based on the CR image and copied to the
HRRT image separates grey and white matter and serves as
an indication of the co-registration performance.
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Fig. 5. Top and bottom set block intensities measured by HRRT, CR and
well counter. There are 10 measurements corresponding to 10 intensities in
each set k = [10 : 10 : 100]%.

IV. CONCLUSION AND FUTURE WORK

Quantitative accuracy of HRRT image reconstruction using
the developed phantom with planar sources has been demon-
strated. Quantitative accuracy with very high spatial resolution
can be achieved with CR when assisted by well counter
measurements of hole punched samples. Such CR measure-
ments are of great value in assessing newly developed image
reconstruction and/or analysis techniques. The presented brain
phantom has already been used in assessing performance of
partial volume correction techniques [3]. This work is going
to be extended to multiple radioisotopes printing.

ACKNOWLEDGEMENT

This work was supported by a grant from the UK Engi-
neering and the Physical Sciences Research Council (EPSRC
EP/F028695/1). Dr Reader acknowledges the support of the
Canada Research Chairs programme.

REFERENCES

[1] H. El-Ali, M. Ljungberg, S.-E. Strand, J. Palmer, L. Malmgren, and
J. Nilsson, “Calibration of a radioactive ink-based stack phantom and
its applications in nuclear medicine,” Cancer Biotherapy & Radiophar-
maceuticals, vol. 18, no. 2, pp. 201–207, 2003. [Online]. Available:
http://www.liebertonline.com/doi/abs/10.1089/108497803765036364

[2] M. Miller and G. Hutchins, “Development of anatomically realistic pet
and pet/ct phantoms with rapid prototyping technology,” in Nuclear
Science Symposium Conference Record, 2007. NSS ’07. IEEE, vol. 6,
26 2007-nov. 3 2007, pp. 4252 –4257.

Fig. 6. The higher resolution CR image (top) was co-registered to the lower
resolution HRRT image (bottom) using Vinci 2.62. The agreement between
the images can be seen through the contour red lines which are based on the
CR image and copied to the HRRT image in Vinci. This co-registration and
re-slicing to the same image geometry/resolution enables investigation of the
loss of resolution in HRRT images.

[3] S. Segobin, J. Matthews, P. Markiewicz, and K. Herholz, “A hybrid
between region-based and voxel-based methods for partial volume cor-
rection in pet,” in Nuclear Science Symposium Conference Record, 2010.
NSS ’10. IEEE, 2010.

[4] J. A. van Staden, H. du Raan, M. G. Lotter, A. van Aswegen, and C. P.
Herbst, “Production of radioactive quality assurance phantoms using
a standard inkjet printer,” Physics in Medicine and Biology, vol. 52,
no. 15, p. N329, 2007. [Online]. Available: http://stacks.iop.org/0031-
9155/52/i=15/a=N02

[5] K. J. V. Laere, J. Versijpt, M. Koole, S. Vandenberghe, P. Lahorte,
I. Lemahieu, and R. A. Dierckx, “Experimental performance assessment
of spm for spect neuroactivation studies using a subresolution sandwich
phantom design,” NeuroImage, vol. 16, no. 1, pp. 200 – 216, 2002. [On-
line]. Available: http://www.sciencedirect.com/science/article/B6WNP-
45N4MHG-M/2/332da51141fec7418f3ecd80ed8be6fc

[6] S. A. Larsson, C. Jonsson, M. Pagani, L. Johansson, and H. Jacobsson,
“A novel phantom design for emission tomography enabling scatter-
and attenuation-”free” single-photon emission tomography imaging,”
European Journal of Nuclear Medicine and Molecular Imaging, vol. 27,
pp. 131–139, 2000, 10.1007/s002590050018. [Online]. Available:
http://dx.doi.org/10.1007/s002590050018

[7] V. Sossi, K. Buckley, P. Piccioni, A. Rahmim, M.-L. Camborde,
E. Strome, S. Lapi, and T. Ruth, “Printed sources for positron emission
tomography (PET),” Nuclear Science, IEEE Transactions on, vol. 52,
no. 1, pp. 114 – 118, feb. 2005.

[8] B. Aubert-Broche, A. C. Evans, and L. Collins, “A new
improved version of the realistic digital brain phantom,”
NeuroImage, vol. 32, no. 1, pp. 138 – 145, 2006. [On-
line]. Available: http://www.sciencedirect.com/science/article/B6WNP-
4K421FS-1/2/42a11b08c0772cb6bc12ea6bd40519eb

11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 297



 

Abstract-- We evaluated and proposed here a 4D maximum a 

posteriori rescaled-block iterative (MAP-RBI)-EM image 

reconstruction method with a motion prior to improve the 

accuracy of 4D gated myocardial perfusion (GMP) SPECT 

images. We hypothesized that a 4D motion prior which 

resembles the global motion of the true 4D motion of the heart 

will improve the accuracy of the reconstructed images with 

regional myocardial motion defect. Normal heart model in the 

4D XCAT (eXtended CArdiac-Torso) phantom is used as the 

prior in the 4D MAP-RBI-EM algorithm where a Gaussian-

shaped distribution is used as the derivative of potential 

function (DPF) that determines the smoothing strength and 

range of the prior in the algorithm. The mean and width of 

the DPF equal to the expected difference between the 

reconstructed image and the motion prior, and smoothing 

range, respectively. To evaluate the algorithm, we used 

simulated projection data from a typical clinical 99mTc 

Sestamibi GMP SPECT study using the 4D XCAT phantom. 

The noise-free projection data were generated using an 

analytical projector that included the effects of attenuation, 

collimator-detector response and scatter (ADS) and Poisson 

noise was added to generated noisy projection data. The 

projection datasets were reconstructed using the modified 4D 

MAP-RBI-EM with various iterations, prior weights, and 

sigma values as well as with ADS correction. The results 

showed that the 4D reconstructed image estimates looked 

more like the motion prior with sharper edges as the weight of 

prior increased. It also demonstrated that edge preservation 

of the myocardium in the GMP SPECT images could be 

controlled by a proper motion prior. The Gaussian-shaped 

DPF allowed stronger and weaker smoothing force for smaller 

and larger difference of neighboring voxel values, respectively, 

depending on its parameter values. We concluded the 4D 

MAP-RBI-EM algorithm with the general motion prior can be 

used to provide 4D GMP SPECT images with improved 

accuracy and image quality. Also, further improvement can 

be expected with an estimated cardiac motion model that is 

closer to the true motion. 

 

Index Terms— 4D, motion, reconstruction, SPECT 
 

I. INTRODUCTION 

Previously, 4D MAP-RBI-EM algorithm was developed 

that takes advantage of the MAP-EM and the RBI-EM 

algorithm and have been applied in emission computed 
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tomography for use with four-dimension projection data as 

well as two-dimension (2D) and three-dimension (3D) [1]. 

The 4D MAP-RBI-EM includes 4D space-time Gibbs prior 

for adaptive smoothing that defines the relationship 

between a given image voxel and its neighboring voxels. 

To apply the method to 4D gated myocardial perfusion 

(GMP) SPECT, a generalized potential function (GPF) was 

also developed to offer increased flexibility in selecting the 

desirable properties to be emphasized in the final 

reconstruction image.  

Recently, the importance of corrective 4D image 

reconstruction method with motion compensation has been 

emphasized in emission computed tomography (ECT). In 

this study, we investigated the use of general motion prior 

with 4D MAP-RBI-EM image reconstruction method to 

improve the accuracy and precision in the reconstructed 

images of 4D gated myocardial perfusion SPECT data. 

 

II. METHODS 

A. Bayesian Image Processing Methods with Gibbs 

Prior 

Gibbs distribution which define the relationship between 

a given image voxel and its neighboring voxels was 

proposed as a prior in Bayesian image processing methods 

[2]. A general form of the Gibbs distribution is given by: 

 

   ( )1( )  
U x

Z
P x e




,

where ( ) ( ) 
ik i k

i k N

U x w V x x


  (1) 

 

The vector x represents the set of voxels of the image in 

question. The total potential function, U(x), represents the 

total energy of the image lattice, and is the weighted sum of 

energies of individual cliques which are defined by voxel i 

and k in the neighborhood N. If the neighborhood consists 

of all voxels that surround the central voxel xi, then they 

form a clique whose potential energy is evaluated using the 

potential function V(xi-xk) which enforces a certain 

closeness toward each other in the reconstructed image. 

The weight, wik, is associated with a particular clique, and Z 

is a normalization factor. The parameter  is the overall 

weight of the smoothing prior applied to the reconstructed 

image.  

 

B. The 4D MAP-RBI-EM Image Reconstruction Algorithm 

with a 4D Motion Prior 

One of the major contributions of this study is to propose 

the use of a general motion prior in a 4D MAP-RBI-EM 

Four-dimensional MAP-RBI-EM image reconstruction method with a  

4D motion prior for 4D gated myocardial perfusion SPECT 
 

Taek-Soo Lee, Grant T. Gullberg, and Benjamin M. W. Tsui
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image reconstruction method in lieu of the Gibbs prior. 

Here, the normal beating heart motion of the 4D XCAT 

(eXtended CArdiac-Torso) phantom [7], was used as the 

general motion prior. The rationale is that although the 

exact beating heart motion is different in a particular 

subject, it follows the general motion of that in the 4D 

XCAT phantom. The general motion prior is used as 

guidance in the 4D MAP-RBI-EM reconstruction process 

to improve the accuracy and quality of the reconstructed 

images. 

Another key feature of the 4D MAP-RBI-EM algorithm 

is a Gaussian-shaped derivative of the potential function 

used with the general motion prior, as shown in Eq.2 and 

Fig. 1.  
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The mean () and sigma () equal to the expected 

difference between the 4D reconstructed image (x) and the 

4D motion prior (f), and smoothing range, respectively. It 

enforces strong smoothing force for smaller differences 

whereas weaker smoothing forces are applied to larger 

differences in neighboring voxel values.   

 

 

  
                              (a)                                                   (b)                                   

Fig. 1. The Gaussian-shaped potential function for various values of (a)  

= 2.0, (b)  = 7.0. 

 

 

Given the 4D motion prior and Gaussian-shaped 

potential function defined above, the 4D MAP-RBI-EM 

algorithm [1] can be written in the  following form      
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The updated estimate and the previous iteration’s estimate 

for spatial voxel i in time frame t are represented by
,

new

i t
x and

,

old

i t
x , respectively, and the fractional contribution from 

spatial voxel i to projection bin j is given by the transition 

matrix cij which may include model of attenuation, detector 

response, and/or scatter. Here, an averaged, or ungated, 

attenuation map was used The measured projection data for 

projection bin j in time frame t is given by pj,t. Note the 

additional weighting factor, , which control the overall 

smoothing by the potential function.  

Overall, the algorithm calculates the difference between 

the 4D reconstructed image and the 4D motion prior for 

given cliques including spatial and temporal cliques. Then 

the smoothing force and range for each voxel is determined 

by the Gaussian-shaped potential function for the specific 

voxel difference. Since the peak of the function is located 

at mean () = 0 in the Gaussian-shaped potential function, 

stronger smoothing force is applied to smaller difference 

between the reconstructed image and the motion prior. 

Smoothing range is determined by sigma () value.         

 

C. Sample Application of 4D MAP-RBI-EM algorithm 

with a 4D Motion Prior  

We chose Tc-99m Sestamibi GMP SPECT study as a 

sample application for the modified 4D MAP-RBI-EM 

with the 4D motion prior described in section B. Using the 

4D XCAT phantom [7], we created realistic heart models 

of 16 frames per cardiac cycle with normal motion and 

defective motion in anteroseptal location. The normal 

beating heart model of the 4D XCAT phantom is used as a 

4D general motion prior. The regional hypokinetic motion 

defect in the left ventricular (LV) wall is shown in Fig. 2. 

For each phantom, Poisson noisy projection data were 

generated using an analytical projector which included the 

effects of collimator-detector response (CDR), non-uniform 

attenuation, and scatter (ADS).  

 

 

    
                                        (a)                                   (b) 

Fig. 2. LV model of 4D NCAT phantom with endocardial septal-anterior 

(yellow mesh) defects ((a) short axis view, (b) long axis view). 

 

Then, the projection data were reconstructed using the 

modified 4D MAP-RBI-EM with ADS correction using 

various combinations of iterations, prior weights, and 

sigma values in the Gaussian-shaped potential function as 

the 4D motion prior. 

We assume that 4D motion prior resembles the global 

motion of the true 4D motion of the heart with a regional 

motion defect. Thus, as described in section B, the 

algorithm first reads projection data, attenuation map for 

ADS correction, and 4D normal cardiac motion prior 

generated by the 4D XCAT phantom. Then, it calculates 

the difference between the reconstructed image and the 4D 
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motion prior, and determines the smoothing force and 

range by the Gaussian-shaped potential function for the 

specific voxel difference. This makes the reconstruction 

image resemble the prior, depending on the weight of prior. 

For the mean () value of the potential function, zero was 

used. 

III. RESULTS 

The results from the simulation study show that the 

estimated reconstructed image looks more like the 4D 

XCAT motion prior which models the normal beating heart, 

with sharper edges as the weight of the motion prior () 

increase, as shown in Fig. 3, Fig. 4 and Fig. 5. In other 

words, the weighting factor enforces the reconstructed 

images estimate to get closed to the general motion prior 

which has sharper edge and uniform activity distribution 

within an organ.  

Note that the simulated projection data with the normal 

and defective motion heart model were reconstructed with 

the 4D XCAT motion prior in Fig. 3 and Fig. 4, 

respectively. A broader Gaussian spread ( = 7.0) requires 

a larger weighting of the prior to improve the sharpness of 

the edges. 

 

(a) 

   (b) 

    (c) 

   (d) 

  (e) 

(f)  

  (g) 

  (h) 
 

Fig. 3. Effect of different and  values in the reconstructed images with 

normal cardiac motion and its normal prior (1/16th frame, short axis 

orientation with 16 updates, = 0), (a) = 0.1,  = 2, (b) = 1,  = 2, (c) 

= 5,  = 2, (d) = 10,  = 2, (e) = 0.1,  = 7, (f) = 1,  = 7, (g) = 5, 

 = 7, (h) = 10,  = 7. 

 

 (a) 

   (b) 

 (c) 

   (d) 

  (e) 

  (f) 

 (g) 

 (h) 

Fig. 4. Effect of different and  values in the reconstructed images with 

anteroseptal motion defect cardiac motion and normal motion prior (1/16th 

frame, short axis orientation with 16 updates, = 0), (a) = 0.1,  = 2, (b) 

= 1,  = 2, (c) = 5,  = 2, (d) = 10,  = 2, (e) = 0.1,  = 7, (f) = 1, 

 = 7, (g) = 5,  = 7, (h) = 10,  = 7. 
 

It also demonstrated that edge preservation of the 

myocardium in the gated MP SPECT images could be 

controlled by a proper motion prior. Fig. 5 shows the 

reconstructed images using the 4D XCAT motion prior 

which was smoothed by a post smoothing filter. Artifactual 

300 11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine



 

edges were removed with proper and  values, such as in 

(g) and (h) in Fig. 5.  

 

(a) 

(b) 

(c) 

(d) 
 

(e) 

(f) 

(g) 

(h) 

Fig. 5. Effect of different and  values in the reconstructed images with 

normal cardiac motion and its smoothed prior (1/16th frame, short axis 

orientation with 16 updates, = 0), (a) = 0.1,  = 2, (b) = 1,  = 2, (c) 

= 5,  = 2, (d) = 10,  = 2, (e) = 0.1,  = 7, (f) = 1,  = 7, (g) = 5, 

 = 7, (h) = 10,  = 7. 

 

IV. CONCLUSION 

We investigated the use of a 4D motion prior with a 

modified 4D MAP-RBI-EM image reconstruction 

algorithm for GMP SPECT. The 4D normal beating heart 

model from the 4D XCAT phantom was used as a general 

motion prior of the heart. Simulated projection data 

modeling a GMP SPECT study with and without regional 

cardiac motion defect were used in the evaluation study. 

We concluded the 4D MAP-RBI-EM algorithm with a 

general motion prior shows the possibility to provide 

improved accuracy and image quality for the reconstructed 

images, and results from the simulation study demonstrate 

great feasibility of using an estimated cardiac motion model 

that is patient specific and closer to the true motion for 

further improvement for GMP SPECT. An extension of the 

study is to estimate the motion of the beating heart directly 

from the 4D GMP SPECT images. The estimated heart 

motion can then be substituted as the motion prior in the 

4D MAP-RBI-EM algorithm. The approach will be 

implemented for evaluation in a future study. 
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Convergent Iterative CT Reconstruction With

Sparsity-Based Regularization
Sathish Ramani and Jeffrey A. Fessler

Abstract—Statistical image reconstruction for X-ray CT can
provide improved image quality at reduced patient doses. An
important component of statistical reconstruction methods is the
regularizer. There has been increased interest in sparsity-based
regularization, typically using ℓ1 norms. The non-smooth nature
of these regularizers is a challenge for iterative optimization
methods and often causes slow convergence. Recently there
has been renewed interest in augmented Lagrangian methods
for such optimization problems, with certain variable splitting
approaches [1] including the alternating direction method of
multipliers (ADMM) [2]. Such algorithms have been applied
successfully to image restoration problems. This paper describes
an ADMM algorithm for iterative CT reconstruction using a
regularized, weighted least-squares (WLS) cost function. Not only
does ADMM accommodate non-smooth regularizers, but also
by choosing an appropriate variable splitting it uses an inner
iteration that is suitable for preconditioning using a circulant
matrix (FFT) based on a kind of cone filter. Simulation results
show that the proposed ADMM converges and that the cone filter
preconditioner accelerates convergence.

I. INTRODUCTION

One approach to statistical image reconstruction in X-ray

CT uses a regularized weighted least-squares (WLS) cost

function of the following form [3]:

P0 : x̂ = argmin
x

J(x),

J(x) =

M∑

i=1

wi

2
(yi − [Ax]i)

2
+ Ψ(x), (1)

where x = (x1, . . . , xN ) denotes the vector of N voxels of

the unknown 3D image, y denotes the X-ray CT projection

data, wi denotes the statistical weighting associated with

the ith ray, for i = 1, . . . , M , M is the number of rays,

A is the M × N system matrix and Ψ(x) is an edge-

preserving regularizer that controls noise while attempting to

preserve spatial resolution. The forward projection operation

is [Ax]i =
∑N

j=1 aijxj . There are two challenges that arise

when developing algorithms for minimizing this cost function.

The first challenge is that the Hessian of the data-fit term,

ATWA, is not shift invariant due to the statistical weighting

W = diag{wi}. The second challenge is that strongly edge

preserving regularizers, such as those based on total variation

(TV) [4] or those based on sparsity [5] are non-smooth,

precluding the use of conventional gradient-based optimization

methods. The algorithm described in this paper overcomes

both of these challenges.

EECS Department, University of Michigan, Ann Arbor, MI, USA. Email:
sramani@umich.edu, fessler@umich.edu. Supported in part by NIH grant
R01-HL-098686.

Many types of iterative algorithms have been proposed for

minimizing cost functions like J , including iterative coordi-

nate descent (ICD) methods [3], block-based coordinate de-

scent [6], ordered-subsets (OS) algorithms based on separable

quadratic surrogates (SQS) [7] and preconditioned conjugate-

gradient (PCG) methods [8]. For fast computation on multi-

processor computers, PCG-type methods appear to be the

most amenable to efficient parallelization because they update

all voxels simultaneously using all measurements. However,

developing suitable preconditioners is challenging for X-ray

CT because of the form of the Hessian:

∇2J(x) = ATWA + ∇2Ψ(x).

The enormous dynamic range of the weights {wi} causes the

Hessian ATWA of the data-fit term to be highly shift variant

[8]. Clinthorne et al. [9] showed that for unweighted least-

squares reconstruction, where W = IM (identity matrix of

size M ), one can precondition ATA using FFTs with a kind of

cone filter. This cone filter amplifies high spatial frequencies,

helping to accelerate convergence. But that cone filter is inef-

fective for PCG in the WLS case [8]. Delaney and Bresler [10]

considered a very special type of shift invariant weighting and

also demonstrated accelerated convergence, but for low-dose

X-ray CT the appropriate statistical weighting does not satisfy

the assumptions in [10]. Shift-variant preconditioners based

on multiple FFTs were proposed in [8] for 2D transmission

tomography, but never became popular due to their complexity

and never were investigated for 3D problems. As described in

the next section, the ADMM approach proposed here uses a

kind of variable splitting that separates the weighting matrix

W from the system matrix A, leading to an inner iteration

step that requires solving a system of equations of the form

ATA + αRTR for some regularization operator R. This

system is nearly shift invariant, so it is well suited to the kind

of circulant preconditioner proposed in [9] based on FFTs and

a type of regularized cone filter.

Another way to introduce a cone filter is the iterative

FBP approach [11], [12]. Initially these algorithms “converge”

rapidly compared to CG methods, but typically they do not

have any theoretical convergence properties and “too many”

iterations lead to undesirably noisy images. Furthermore it

is unclear how include regularization while ensuring con-

vergence. The ADMM proposed in this paper can use cone

filters in the context of regularized cost functions like (1),

while also providing a framework for establishing convergence

theoretically.

The challenges described above apply regardless of the

form of the regularizer. Additional challenges arise when
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one chooses regularizers that are strongly edge preserving.

One popular example includes total variation (TV) regular-

ization [4] Ψ(x) = λ
∑

j

√∑
k∈Nj

(xj − xk)2, where Nj

denotes a neighborhood of the jth voxel. The square root

function is non-differentiable at zero, precluding optimization

by conventional gradient-based methods, unless the square

root is modified by “corner rounding” approximations like√
x2 ≈

√
x2 + ǫ. Even with such modifications the Hessian of

the regularizer Ψ(x) will have very high curvature which can

lead to slow convergence rates for conventional gradient-based

methods. Regularizers based on sparsity are also challenging,

such as Ψ(x) = ‖Rx‖1, where R denotes an analysis operator

such as those based on wavelets. The ℓ1 norm again is

non-differentiable at zero, complicating optimization. Recently

there has been considerable interest in developing optimization

methods for image denoising and image restorations problems

with such regularizers, as well as for under-sampled image

reconstruction problems in MRI [13], [14]. Synthesis formu-

lations have also been studied [5] but recent comparisons

suggest that encouraging sparsity via analysis operators is

preferable [15]. The proposed ADMM approach, adapted to X-

ray CT from [2], accommodates a general class of regularizers

including both analysis and synthesis forms and includes

“conventional” edge-preserving regularizers [3].

II. ALTERNATING DIRECTION METHOD OF MULTIPLIERS

We consider a general regularizer of the form

Ψ(x) = λ

Nr∑

n=1

wnΦn

( L∑

l=1

|[Rl x]n|m
)

, (2)

where λ is the regularization parameter, {Rl}L
l=1, L ≪ Nr,

are Nr × N matrices that represent sparsifying-operators

(e.g., finite-differencing matrices, forward-transform-matrices

corresponding to different sub-bands of a wavelet frame, etc),

R = [RT
1 . . .RT

L]T and the weights wn > 0 ∀ n are chosen

so as to provide (nearly) uniform spatial resolution in the

reconstructed output [16]. The above form of regularization

includes TV, ℓ1-wavelets and edge-preserving regularizers.

To solve (1), we apply a splitting approach with auxiliary

variables that separate the different terms in J . We then refor-

mulate P0 as the following equivalent constrained problem:

P1 : min
x,z

{
f(z) =

1

2
‖y − u‖2

W + Ψ(v)

}
s.t. z = Cx, (3)

where z
△
= [uT vT]T ∈ RN1 represents the vector of auxiliary

constrained variables, N1 = M +NL, v = [vT
1 · · ·vT

L ]T with

vl = Rlx, l = 1, . . . , L, and C
△
= [AT RT]T is a N1 × N

constraint matrix. The specific form of C separates W, A and

R thereby simplifying optimization as explained next.

A. Method of Multipliers—Augmented Lagrangian Formalism

We use the classical framework of the method of multipliers

[17], specifically the augmented Lagragian (AL) formalism,

for handling the constrained problem P1. We first construct

an AL function

L(x, z,γ, µ)
△
= f(z) + γTΛ(z − Cx) +

µ

2
‖z − Cx‖2

Λ2 (4)

1. Select x(0) and µ, ν > 0 and set j = 0
2. Set u(0) = Ax(0), v(0) = Rx(0), η

(0)
u = η

(0)
v = 0

Repeat:

3. Compute u(j+1) = H−1
µ (Wy + µ(Ax(j) + η

(j)
u ))

4. Compute v(j+1) = {v
(j+1)
nl } using (14)

5. Obtain x(j+1) by applying (P)CG iterations to (12)

6. η
(j+1)
u = η

(j)
u − (u(j+1) − Ax(j+1))

7. η
(j+1)
v = η

(j)
v − (v(j+1) − Rx(j+1))

8. Set j = j + 1
Until stop criterion is met

Fig. 1. ADMM for Regularized X-ray CT Reconstruction

that constitutes a Lagrange multiplier term (with multipliers

γ
△
= [γT

u γT
v ]T ∈ RN1) and an augmented quadratic penalty

term with the penalty parameter µ > 0 and a symmetric

weighting matrix Λ ≻ 0. The AL scheme for solving P1
(and thus P0) consists of iterating the following steps [17]:

(x(j+1), z(j+1)) = arg min
x,z

L(x, z,γ(j) , µ), (5)

γ(j+1) = γ(j) + µΛ(z(j+1) − Cx(j+1)). (6)

An advantage of the AL formalism is that (5)-(6) may converge

to a minimizer without having to increase µ → ∞ [17].

Absorbing the multiplier term inside the quadratic penalty and

using η
△
= [ηT

u ηT
v ]T = − 1

µΛ−1γ, we write L (ignoring

irrelevant constants) as

L(x, z,η, µ) = f(z) +
µ

2
‖z − Cx − η‖2

Λ2 , (7)

so (6) becomes η(j+1) = η(j) − (z(j+1) − Cx(j+1)). In stan-

dard AL formulations (e.g., [2]), Λ = IN1 . But in transmission

tomography, the elements of A and R can differ by several

orders of magnitude, and it becomes crucial to balance the

sub-matrices in C. So we propose to use

Λ =

[
IM 0
0

√
νINL

]
,

which results in L(x,u,v,η, µ) = f(z)+ µ
2 ‖u−Ax−ηu‖2+

µν
2 ‖v − Rx − ηv‖2. Including ν > 0 does not affect the AL

formalism.

B. Alternating Direction Minimization

The potential advantage of the splitting (3) and the AL

formalism (4)-(6) is that L is amenable to alternating min-

imization (where L is minimized with respect to one variable

at a time while holding the others at their most recent

updates): This a numerically attractive alternative to the joint-

minimization in (6) as it decouples the minimization process.

So at the jth iteration, instead of (5)-(6), we perform:

u(j+1) = argmin
u

L(x(j),u,v(j),η(j), µ) (8)

v(j+1) = argmin
v

L(x(j),u(j+1),v,η(j), µ) (9)

x(j+1) = argmin
x

L(x,u(j+1),v(j+1),η(j), µ) (10)

η(j+1) = η(j) − (z(j+1) − Cx(j+1)). (11)

Convergence of (8)-(11) to a minimizer is ensured [18, Theo-

rem 8] provided that C has full column-rank. This is readily

ensured for most regularization operators R for CT.
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(a) (b) (c)
Fig. 2. Experiment with a 2D slice of a NCAT phantom: Zoomed versions of (a) Noise free phantom; (b) FBP reconstruction; (c) Sparsity-
regularized Reconstruction (also the solution x⋆ of P0).

Sub-problems (8) and (10) involve quadratic criteria (ignor-

ing irrelevant constants) and result in the following updates:

u(j+1) = H−1
µ (Wy + µ(Ax(j) + η

(j)
u )) and

x(j+1) = H−1
ν

(
AT(u(j+1) − η

(j)
u )

+νRT(v(j+1) − η
(j)
v )

)
, (12)

where Hµ = (W + µI) is a diagonal matrix that is easily

inverted. Using the constraint variable u has resulted in the

term Hν = (ATA + νRTR) that is independent of the data

(i.e., W) and can be “inverted” efficiently using PCG with

a circulant preconditioner that is a kind of regularized cone

filter. In our implementation, we applied 2 PCG iterations with

warm starting (i.e., to obtain x(j+1), PCG is initialized with

x(j)). Without u one would have ended up with a shift variant

matrix (ATWA+νRTR) that is difficult to precondition [8].

Using θn = {vnl}L
l=1, ζn = {ρ

(j)
nl }L

l=1 where ρ(j) =

Rx(j) + η
(j)
v , (9) decouples in terms of {θn}N

n=1 as

θ(j+1)
n =arg min

θn

{
λwn

µν
Φn (‖θn‖m

m) +
1

2
‖θn − ζ(j)

n ‖2

}
. (13)

This is a L-dimensional denoising problem that can be solved

either iteratively (using a general purpose gradient-descent

method) for a general Φn or exactly for some specific instances

of Φn and m [19]. For the special case of ℓ1-regularization

(Φn(x) = x, m = 1), (13) further decouples in to L 1D

problems whose solutions are given by soft-thresholding:

v
(j+1)
nl = soft{ρ

(j)
nl , λwn/µν}, l = 1, . . . , L, (14)

where soft(d, λ) = sign(d)max(|d| − λ, 0).
Based on (3)-(14), Fig. 1 presents our ADMM algorithm

for solving P0. With the exception of Step 5, all the steps

can be implemented exactly. Steps 3 and 4 are independent

and may therefore be executed in parallel. The parameters µ
and ν govern the convergence speed of ADMM and do not

influence the solution of P0. We used ν = 1
100

σmax{ATA}
σmax{RTR} ,

where σmax{A} is the maximum eigenvalue of A and µ =
median{wi} as they provided good convergence speeds for

ADMM in all our experiments.

III. RESULTS

We performed preliminary evaluations using 2D CT sim-

ulations and a 2D CT phantom scan. The proposed method

is readily applicable to 3D problems but our initial imple-

mentation is in Matlab so we focused on small 2D cases.

For Ψ, we used a ℓ1-regularization with finite differences
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Fig. 3. Experiment with NCAT phantom: Plot of ξ(j) as a function
time tj for MFISTA, and ADMM with unpreconditioned (ADMM-
CG) and preconditioned CG inner-iterations (ADMM-PCG).

and chose wn = [ATW1]n/[AT1]n [16]. To quantify the

convergence speed, we computed the normalized ℓ2-distance

ξ(j) = 20 log10(‖x(j) − x⋆‖2/‖x⋆‖2) between x(j) and x⋆

(a solution of P0) as a function of algorithm run-time tj .

We obtained x⋆ using the Monotone Fast Iterative Shrinkage

Thresholding Algorithm (MFISTA) [20] (with Chambolle-type

iterations [15] for the inner-step [20, Equation 5.3]) which is

a state-of-the-art method that does not require any “corner

rounding” to handle (2) and is directly applicable to P0. We

used a 12-core PC with 2.67 GHz Intel Xeon processors. We

used the FBP reconstruction as our initial guess x(0).

In the simulation, we used a 1024 × 1024 2D slice of the

NCAT phantom [21] and numerically generated a 888 × 984
noisy sinogram (with GE LightSpeed fan-beam geometry [22])

corresponding to a mono-energetic source with 2.5 × 104

incident photons per ray. We reconstructed 512 × 512 images

over a 65cm FOV. Fig. 2 compares standard FBP and sparsity-

regularized (x⋆) reconstructions. The regularized output has

less noise than the FBP output. Fig. 3 plots ξ for the

two versions ADMM-CG and ADMM-PCG corresponding

to unpreconditioned and preconditioned CG, respectively, for

Step 5. We also included MFISTA for completeness. In this

experiment, both versions of ADMM are faster than MFISTA

and ADMM-PCG converges to x⋆ faster than ADMM-CG.

We scanned a large CIRS phantom on a GE HD scanner

using a 80kVp source potential and a 150 mA tube current
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Fig. 4. Experiment with a 2D slice of a real phantom data: Zoomed
versions of (a) FBP reconstruction and (b) Sparsity-regularized Re-
construction (also the solution x⋆ of P0).

with a 1-second 360 degree rotation. We reconstructed a single

1.25mm thick slice from the 888 by 984 view sinogram. The

reconstructed images are 512 x 512 over a 50cm FOV and are

displayed in Fig. 4. The sparsity-regularized output has less

noise but exhibits blocky image-patches that are typical for ℓ1

regularization. It may be desirable to use a smoothed edge-

preserving regularization (e.g., Huber) to reduce such block-

artifacts. Fig. 5 shows ξ for this experiment. ADMM-CG is

slower than MFISTA, but ADMM-PCG is fastest among all

algorithms.

IV. SUMMARY & CONCLUSIONS

We have described a new iterative reconstruction algorithm,

Alternating Direction Method of Multipliers (ADMM), for X-

ray CT. ADMM can accommodate non-smooth regularizers

(like TV and sparsity encouraging approaches) as well as

conventional edge-preserving regularization. The method has

an inner step that involves solving a system of equations based

on ATA, and this step is amenable to preconditioning using

FFTs and a type of cone filter. Preliminary 2D CT results

show that the proposed algorithm (ADMM-PCG) converges

fairly rapidly and that the cone filter greatly accelerates the

convergence rate as predicted. The next step is to evaluate the

method with 3D helical and axial CT scans of patients and

compare it with other algorithms in the literature.
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[1] M. A. T. Figueiredo and José M Bioucas-Dias. Deconvolution of
Poissonian images using variable splitting and augmented Lagrangian
optimization, 2009.
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Noise-adaptive bilateral filtering of projections for

Computed Tomography
Anna Gabiger-Rose, Richard Rose, Matthias Kube, Peter Schmitt, Robert Weigel

Abstract—In this work, the image quality enhancement of CT
images via filtering of noise in the projections is shown. For
denoising, a noise-adaptively adjustable bilateral filter is exerted.
The application area of the presented work is nondestructive
testing in the industry.

Bilateral filtering incorporates the combination of domain and
range filtering. The domain filter averages the nearby pixel
values and acts thereby as a low-pass filter. The range filter
stands for the nonlinear component and plays an important
part in edge preserving. These filter components both can be
adjusted by corresponding parameters. In this paper, the way is
presented how the parameter for the adjustment of the nonlinear
component can be derived from the standard deviation of noise.
This approach allows to increase the PSNRdB while retaining the
structural similarity MSSIM at a high level. Using the proposed
method for the calculation of the range filter parameter an
automatic noise-adaptive tuning of the noise filter is possible.
Moreover filter tuning is effective for any noise level.

Besides the increase of the PSNRdB and of the MSSIM it is
demonstrated, that owing to the bilateral filtering of projections
the detectability of the low contrast details in CT images can be
improved. As long as the details can be distinguished from noise,
it is possible to enhance the contrast resolution of these details
due to the bilateral filtering of projections using our proposed
filter adjustment.

Index Terms—Adaptive filters, Computed tomography, Image
processing, Nondestructive testing

I. INTRODUCTION

Since the computed tomography technique was introduced,

noise reduction in CT images is an issue. Basically noise

filtering is done either in projection space or in image space.

The advantage of filtering in the projection space is the unique

possibility of adjusting the denoising filter to the measured

noise statistics. In contrast, for the derivation of the noise

model in image space the whole reconstruction chain has

to be considered, because by reconstruction noise is mod-

eled, whereat correlations caused by rebinning, convolution

or interpolation are added. Nevertheless, considering image

reconstruction by a convolution algorithm like the Filtered

Backprojection FBP the noise in CT images has been found

to be Gaussian distributed [1].

Leaning on this finding the noise filters which imply the

knowledge about the noise characteristics can also be applied

to CT images. So the authors of [2] studied the impact of

noise reduction by the bilateral filter in the image space. They

A. Gabiger-Rose, R. Rose and R. Weigel are with the Institute for
Electronics Engineering (LTE), University of Erlangen–Nürnberg, Cauer-
straße 9, 91058 Erlangen. Corresponding author: Anna Gabiger-Rose, E-mail:
gabiger@lte.eei.uni-erlangen.de.

M. Kube and P. Schmitt are with the Fraunhofer Institute for Integrated
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concluded that the images processed with the bilateral filter

show a significant improvement in image quality compared to

their unfiltered counterparts. It also has been pointed out that

strong edges are well preserved while regions of low contrast

are slightly smoothed.

Even more satisfying denoising results are shown in [3]. The

authors discuss the results of noise reduction by the bilateral

filter in projection space. The quintessence of this discussion

is that the bilateral filtering of projections can achieve a

better resolution-noise tradeoff than a series of commercial

reconstruction kernels. It also has been concluded that noise

reduction of this kind can be translated into a dose reduction

in CT. Considering industrial applications the dose reduction

permits the reduction of the scanning time and thus allows a

higher throughput of test items.

In this work, we take a step further and modify the bilateral

filter by a noise-adaptive adjustment. As it is explained later,

the denoising amount of the bilateral filter is controlled by

two parameters. Till now there is no consistent setting for

these parameters and the authors of pertinent publications

incorporate their experience to set up the filter. Our experience

shows that the best way to set up the bilateral filter is to adjust

it to the measured standard deviation of noise. This kind of

noise-adaptive tuning of the bilateral filter which is used here

for the noise reduction in projections is the main subject of

this work.

This paper is organized as follows. After a short description

of the theory of bilateral filtering in section II the automatic

noise-adaptive filtering approach is presented in section V. In

section III the phantom under test is described. In section IV

the image quality assessment criteria are listed. In the fol-

lowing section VI the results of the noise reduction using the

noise-adaptive filter adjustment are discussed. Our conclusion

can be found in section VII.

II. THEORY OF THE BILATERAL FILTER

The bilateral filter, first brought up in [4], embodies the idea

of a combination of domain and range filtering. The domain

filter averages the nearby pixel values and acts thereby as a

low-pass filter. The range filter stands for the nonlinear com-

ponent and plays an important part in edge preserving. This

component averages only the similar pixel values regardless

of their position in the filter window. In case the value of a

pixel in the filter window diverges from the value of the pixel

being filtered by a certain amount, the pixel value is skipped.

The shift-variant filtering operation of the bilateral filter

considering Gaussian noise is given by:
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φ̄(m0) =
1

k(m)

∑

m∈F

φ(m) · s(φ(m0), φ(m)) · c(m0, m) . (1)

The expression m = (m, n) denotes the pixel coordinates

in the image to be filtered, m0 = (m0, n0) represents the

coordinates of the center pixel. With these notations, φ̄(m0)
means the gray value of the pixel being filtered and φ(m)
identifies the gray value of the spatially neighboring pixels in

the filter window F .

The following expressions (2) and (3) describe the pho-

tometric and the geometric components s(φ(m0), φ(m)) and

c(m0, m) respectively.

s(φ(m0), φ(m)) = exp

(
−1

2

(‖φ(m0) − φ(m)‖
σph

)2
)

(2)

c(m0, m) = exp

(
−1

2

(‖m0 − m‖
σc

)2
)

(3)

The photometric component compares the gray value of the

center pixel with the gray values of the spatial neighborhood

and computes the corresponding weight coefficients depending

on the factor σph. The choice of this factor is the most

challenging task. Our solution for this problem is to utilize

the measured standard deviation of noise by rescaling the latter

using a noise-dependent multiplication factor R

σph = R · σnoise (4)

whose determination is the aim of this work. Acting this way,

the filter is even able to catch the variation of noise from

projection to projection. For this purpose we merely have to

recompute the factor R, by which the standard deviation of

noise has to be multiplied in order to obtain σph.

The domain filter c(m0, m) acts as a standard low-pass filter

in this case, the weights of which are reciprocally proportional

to the spatial distance of the center pixel to the neighborhood.

For this work σc = 1.00 is selected. Regarding the filter

window size 5 × 5 the choice of a such small parameter σc

ensures that the weighting coefficients vanish outside the filter

window preventing aliasing artifacts after the convolution.

Normalization with k(m) guarantees that the range of

the filtered images does not change significantly due to the

filtering.

III. PHANTOM UNTER TEST

In this work, a carbon elliptic disk shown in Fig. 1 is used

for the simulations. Each dataset is corrupted by Gaussian

noise with different standard deviations. The noise standard

deviation is simulated in the way that σnoise = p · GVmax,

where GVmax is the maximal gray value of an air scan. p takes

the values from 0.0025 to 0.02 employing a 0.0025 increment

factor. Each dataset contains 400 projections, which are used

for the reconstruction with and without the noise filtering. The

reconstruction algorithm is FBP.

The major axis of the ellipse in Fig. 1 equals 10 cm, the

minor axis is 7 cm. To show the potential of the bilateral filter,

10% 5%

Fig. 1. Phantom under test, displayed range is from 215 − 1 to 216 − 1.

three groups of end-to-end holes are simulated. In two groups

of the holes carbon of lower density is inserted. The density of

the insertion groups degrades by 10% and 5%. These groups

are followed by the holes without insertion. The outer holes

are situated at a radius of 3 cm away from the ellipse center

point. The diameters of the holes in each outer group are 0.8,

0.5, 0.4, 0.3, 0.25, 0.2, 0.15 and 0.1 cm. The distance between

two neighboring holes in each group equals the diameter of

the smaller hole. The inner holes are 1 cm away from the

ellipse center and their diameters are 0.3, 0.25, 0.2 and 0.15

cm.

IV. IMAGE QUALITY ASSESSMENT

For the image quality evaluation of the cross sections the

well known Peak Signal to Noise Ratio PSNRdB is used.

PSNRdB is defined as follows:

PSNRdB = 20 · log10

(
GVmax√

MSE

)
, (5)

MSE =
1

MN

∑

M

∑

N

[
φ(m, n) − φ̃(m, n)

]2
, (6)

where MSE denotes the Mean Squared Error. The M×N

image with gray values φ(m, n) provides the reference for

the measurement of MSE. The gray values φ̃(m, n) originate

from the image to be compared. Considering the quality of the

noise filter the PSNRdB describes the capability of the filter to

suppress noise. The fluctuations of the perceived visual quality

are not considered.

The Mean Structural SIMilarity MSSIM index is a method

for the assessment of the image quality that regards the

sustainment of the structural information, which means that

the perceived visual quality of the processed volume is taken

into account. The value MSSIM = 1 means that two cross

sections are completely identical. The smaller the MSSIM

the less structural similarity exists between the images. The

detailed description of the MSSIM can be found in [5].

To evaluate the performance of the noise reduction for low-

contrast areas quantitatively, the Contrast to Noise Ratio CNR

is defined as follows:

CNR =
|Cabs|

σ (|Cabs|)
=

|µb − µh|
1
P

√
σ2

b + σ2
h

, (7)

where µ means the mean gray value either of the background

(carbon disk) or of the inserts, measured in areas with P pixels.

σb and σh are the corresponding standard deviations in these
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Fig. 2. Dependancy of the PSNRdB on R

areas. CNR is calculated from the measurement of the absolute

contrast Cabs and the standard deviation of the mean intensities

of the regions in the background and in the inserts. For more

details concerning the measurement of the CNR, please refer

to [6].

V. NOISE-ADAPTIVE ADJUSTMENT

The functionality of the photometric component is based

on a Gaussian function of the absolute difference between

the gray values in its argument. The more the absolute gray

value difference differs from σph, the smaller the weighting

coefficient is and the less low-pass domain filtering done by

the geometric component is admitted. Consequently, the less

blurring is injected into the image.

As mentioned above, an adjustment to the measured stan-

dard deviation of noise is proposed here in order to provide

an automatic tuning of the filter. For the Gaussian noise,

recalling the graph of the Gaussian function, the assumption

is valid that 99.994% of the noisy pixel values deviate from

the true noiseless values upmost ±4σnoise. Thus, setting σph

up to 4σnoise the image noise spectrum is widely covered. But

there is no guarantee that the blurring can be prevented using

this adjustment. In order to monitor the dependency of the

image quality on the photometric filter adjustment a row of

measurements was taken. For this purpose σph was set to a

multiple of the simulated σnoise, whereat the multiplication

factor R was increased from 0.5 to 5.0 in 0.5 steps. After

the noise filtering cross sections of the processed volumes are

compared.

Fig. 2 shows a short revision of the results of this inves-

tigation. The tendency is remarkable that for an increasing

standard deviation of noise σph has to be extended by a higher

setting of R in order to allow averaging with larger weights.

On the contrary oversized R at a low noise level leads to

an excessive low-pass filtering and to a quality degradation

of the cross sections. To make a conclusion about the optimal

setting of R the highest PSNRdB at each noise level is selected

and the corresponding multiplication factor Ropt is used as a

supporting point to determine the function for the automatic

calculation of the multiplication factor Rauto.

In Fig. 3 the Ropt of the measurement series is plotted. The

factor Rauto is calculated using the expression

Rauto = B ·
(

σnoise

GVmax

)− 1
2

· log2

(
σnoise + GVmax

GVmax

)
. (8)
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Fig. 3. Developing of the multiplication factor R. Ropt delivers the highest
PSNRdB in the measurement series at each simulated noise level, Rauto is
calculated using expression (8).
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Fig. 4. Reduction of the standard deviation of noise gray values in projections
after the filtering with automatically adjusted bilateral filter BFauto

The rise of the Rauto proportionally to the increase of the noise-

to-range relation σnoise/GVmax is provided by the log2-term on

the right side of the expression (8). The root-term readjusted

the slope of the curve making its gradient steeper for the

increasing noise levels reaching over 10% of the projection

range. Recalling that GVmax depends on the bit depth B after

the digitalization of the projections scaling of the factor Rauto

by B is necessary, because it assures the validness of the

adjustment for any dynamic range.

VI. RESULTS

The denotation BFauto in the legends of the following

graphs means the bilateral filtering of the projections using

the proposed noise-adaptive adjustment of the filter.

Fig. 4 summarizes the filtering results of the projections. For

the simulated noise levels on the x-axis, the standard deviation

of the gray values is considerably reduced after the filtering

of the projections with the automatically adjusted bilateral

filter. The σnoise on the y-axis is measured in air areas of the

projections with and without the filtering.

In Fig. 5 the image quality enhancement of the cross

sections due to the noise filtering in projections is proved.

For lower noise levels, PSNRdB increases by a small amount.

But for the extensive noise σnoise/GVmax = 0.02, PSNRdB

increases by nearly 5 dB. Considering Fig. 4, the standard

deviation of the gray values in the projections used for the

reconstruction of this filtered volume is reduced by 68%. The

mean structural similarity MSSIM of the cross sections also

shows a respectable increase. Thus, due to the filtering of the

projections with our proposed noise-adaptive adjustment of the
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Fig. 5. Enhancement of the image quality of the cross sections after the
filtering of projections with automatically adjusted bilateral filter BFauto
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Fig. 6. CNR enhancement of the material inserts with lower density

bilateral filter the low-contrast structures in the CT images can

be resolved better.

In Fig. 6 the CNR calculated for the areas of the largest

inserts in groups with 10% and 5% lower material density is

plotted. Analyzing Fig. 6 it is obvious that the contrast reso-

lution of the inserts in the cross sections can be considerably

improved after the denoising of the projections.

The cross sections of the reconstructions with and without

the denoising of the projections are presented in Fig. 7. It

is demonstrated that the most of the inserts which disappear

in the cross sections of the noisy reconstructions can be

distinguished in the cross sections of the reconstructions from

the filtered data.

VII. CONCLUSION

The series of measurements using different settings for the

photometric component of the bilateral filter shows that the

filter performance depends on the adjustment of the nonlin-

ear photometric component. Furthermore, from measurement

record the conclusion can be drawn that the tuning parameter

(a)

(b)

Fig. 7. (a) Cross sections of the reconstructions without the bilateral filtering
of the projections, σnoise/GVmax = 0.0025; 0.01; 0.02 from left to right; (b)
Cross sections of the reconstructions with the filtering of the projections using
proposed noise-adaptive adjustment of bilateral filter. Displayed range is from
215 − 1 to 216 − 1.

of the photometric component has to be adapted to the standard

deviation of noise in order to deliver the best performance at

any noise level. The idea of the best performance includes the

improvement of PSNRdB and MSSIM and of the conservation

of low contrast details.

On the basis of the measurement record an approach is

derived, which allows the noise-adaptive adjustment of the

noise filter according to the measured standard deviation of

noise. The usage of the proposed method for the automatic

adjustment of the filter fulfills the requirement on the im-

provement of PSNRdB while preserving the greatest part of

the structural information. This feature is not inherent to many

other noise filters, since noise reduction often involves a loss

of spatial resolution.

In this work, we have demonstrated that using the bilateral

filter with noise-adaptive adjustment doesn’t cause a noticeable

loss of spatial resolution while reducing standard deviation of

noise up to nearly one half.
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An efficient method of reconstruction for AXPET
data: Simulated One-Pass List-Mode

John Gillam, Paola Solevi, Josep Oliver, and Magdalena Rafecas

Abstract—The development of novel systems for small animal
Positron Emission Tomography usually result in complicated
geometries with highly granular, possibly continuous, detectors.
Such systems can be problematic when image reconstruction
is considered and accurate estimation of the system matrix
is required. This study proposes a new method of system
modeling that can be used with on-the-fly list-mode calculation
in Maximum Likelihood Expectation Maximization image recon-
struction. The method attempts to model the full detection re-
sponse with little computational burden by spreading calculations
over multiple iterations. The method is described, tested, and
implemented using experimental data from the AXPET system.
Results indicate this algorithm should be useful, particularly for
prototype systems or those that produce continuous data.

Index Terms—PET, reconstruction, continuous detection, list-
mode

I. INTRODUCTION

IN small animal Positron Emission Tomography (PET)
imaging spatial resolution is of paramount importance

to capture the small changes in emission density over the
volume of the animal. In order to accomplish this, detectors
of enhanced resolution and sensitivity are required. For many
PET systems, enhanced spatial resolution is achieved via
reducing the size (and consequently increasing the number)
of detection elements. The resulting high granularity detection
systems provide a discrete (though large) number of possible
measurements. Alternatively, it is possible to make measure-
ments over a continuous domain [1]. In the case of continuous
detection the number of possible measurements is infinite.
Each case presents a challenge to the image-reconstruction
task. This investigation addresses image reconstruction from
data taken from the AXPET detector [2], which realizes both
types of resolution enhancement.

The AXPET is a novel detection geometry for PET which
utilizes axially oriented scintillation crystals. While the stan-
dard Depth of Interaction (DoI) problem is solved to some
extent using AXPET, crystal orientation transforms DoI to
axial resolution (axial DoI) which must still be addressed. The
current AXPET system consists of two PET heads positioned
75mm from a rotating stage. Each AXPET head is composed
of a two dimensional array of LYSO scintillator crystals (each
of dimension 3×3×100mm) which are oriented such that the

J. Gillam, P. Solevi, J. Oliver and M. Rafecas are with Instituto de Fı́sica
Corpuscular (IFIC), Universitat de València / CSIC. M. Rafecas is also with
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Fig. 1: The AXPET detection system. Left: a schematic of a single detector
head. Each crystal (clear) and WLS (shaded) layer is optically isolated from
adjacent layers. Right: the complete dual-head system.

long axis of each crystal is parallel to the axis of rotation of the
PET system. Orthogonal to the crystal long-axis is a second
array of Wave-Length Shifting (WLS) strips which are used
to obtain the axial DoI for each measurement. The geometry
is shown in Figure 1.

Energy deposition in the LYSO crystal produces a light
signal in both the crystal and a cluster of WLS strips near
the interaction site. Light output is measured via Geiger-mode
Avalanche Photo Diodes (G-APDs) which are individually
coupled to one end of each of the the LYSO crystals and
WLS strips. The resultant geometry provides highly granular
discrete measurements from each crystal in the trans-axial
plane. In the axial direction, the weighted sum of all WLS strip
signals in a given interaction cluster is used to determine the
axial DoI. The weighted sum effectively measures the center of
gravity of the WLS signals. Thus, each measurement may take
any value along the active crystal length forming a continuous
axial detection domain.

Maximum-Likelihood Expectation-Maximization (MLEM)
is a common method of image reconstruction for PET data.
MLEM relies on definition of the system matrix (or system
model) to compute the likelihood of the data given some image
estimate. Generally the system matrix links a finite number
of image-elements (voxels) to a finite number of detections
- in PET these are Lines of Response (LoRs). In order to
retain full data precision during image reconstruction, it is
common to avoid measurement histograms and a list-mode
approach may be utilized [3]. The system matrix may be
pre-computed before image reconstruction, however, when the
number of possible LoRs is large or the voxel-size small the
system matrix becomes unwieldy, a particular disadvantage
when list-mode processing is employed as random access to
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huge matrices would be required. When the number of possible
measurements far outweighs the number made in a given
acquisition it can be beneficial to calculate the elements of
the system matrix on-the-fly at compute time. For a continuous
data domain, as is the case in AXPET, no pre-calculation is
possible and so on-the-fly list-mode (OTF-LM) computation
is essential.

For MLEM the accuracy and precision of the system-matrix
elements determines the quality of the reconstructed image.
However, for OTF-LM algorithms system-matrix accuracy is
usually inversely proportional to compute time. In order to
reduce the time of image reconstruction, in this investigation
a novel algorithm has been developed which extends the idea
of One-Pass-List-mode (OPL) [4].

II. THEORY

The standard MLEM algorithm, for data which contains
more than one detection per LoR, is given by:

nk+1
j =

nkj
sj

I∑

i=0

aij
yi
qki
, (1)

qki =
J∑

j=0

nkj aij , (2)

sj =

I∑

i=0

aij (3)

here nkj is the value of pixel j ∈ {0 . . . J} at iteration k, sj is
the sensitivity and the summation is over all possible LoRs i ∈
{0 . . . I} using the system matrix elements aij . In list mode
the main summation is over only those measurements made
M , where at most one detection is made per measurement:

nk+1
j =

nkj
sj

∑

i∈M
aij

1

qki
(4)

Given OTF calculation, the elements of aij must be calculated
for each measurement (or LoR) in the measured data. The
calculation of sj can be considered separately, and is often
calculated off-line. For this investigation it is useful to define:

LoRi =
J∑

j=0

p(LoRi|emissionj)Φj and (5)

aij ≡ p(LoRi|emissionj), (6)

where Φj are functions describing the image-space elements j
(in this case voxels). Given the quotient in the summation for
each LoR, the equality in Eq 5 can be relaxed to proportion-
ality except in calculation of sj . While aij can be calculated
as the solid angle for detection integrated over each voxel (so
that those variables which are constant over the LoR such as
sensitivity, constant attenuation, etc. are not considered on-
line), such calculation is time consuming. Lines calculated
using the Siddon algorithm [5] (here termed Siddon Line-
Elements (LEs)) are often preferred for fast calculation of aij
(for all voxels j). However, the Siddon LEs do not fully capture
the uncertainty function of finite detectors in coincidence.

Each LoR is defined in the image-space by two end-points
which each have corresponding uncertainty functions (which
include consideration of detector size, shape, and accuracy),
not represented by a single LE, so that often multiple LEs are
calculated per LoR.

LoRi ∝
I′∑

i′=0

LEi′ (7)

where here i′ are a subset of possible LEs arranged over the
possible points of detection, which sum to an estimate of the
LoR. It is clear that the computation time scales as the number
of LEs, i′, that are used to calculate LoRi. However, LEi′ can
be interpreted as a random variable that follows the distribution
fi(LEi′) so that:

LoRi = 〈fi(LEi′)〉. (8)

Here, 〈·〉 gives the expectation value. A single realization of
fi(LEi′) gives a single LE defined by endpoints taken from
the corresponding detector uncertainty functions. The mean of
a large sample of lines taken from fi(LEi′) will well define
LoRi, the computation time will again scale as the sample
size taken for each LoR.

In [4] the authors suggest that a time-ordered sample may be
broken into subsets such that each subset represents that data
used in a single iteration, One-Pass List-mode (OPL) ML-EM.
Unfortunately data must be so abundant that multiple subsets
taken from the data can be used for single image-estimates.
Here it is possible to simulate similar subsets by taking a
single realization of fi(LEi′) at each iteration - Simulated
OPL (SOPL). In practice this is simply conducted by randomly
adjusting the LE endpoints within the detection active-volume
at each iteration. The computation time is reduced to a single
LE calculation per iteration, yet over multiple iterations the
full calculation of aij is approached. For highly granular or
continuous detection data the true LoR may be well estimated
without need for arduous pre-calculation of the system-matrix
elements.

III. MATERIALS AND METHODS

A. SOPL Implementation

The current SOPL implementation uses C-based calculation
of Siddon LEs (for speed), embedded in Python software
which performs all array-based calculation (for flexibility). At
each iteration, for each LoR the end-points are sampled using
Monte-Carlo distributions based on the interaction crystal.

In the trans-axial plane (Figure 1) each crystal is modeled
by a uniform distribution normal to the radial direction and
a truncated exponential distribution radially (which models
the attenuation properties of LYSO). While this is not an
exact reflection of the crystal geometry it is a close approx-
imation. In practice, little difference was observed when the
radial attenuation was implemented (due to the relatively long
interaction depth of LYSO compared to the crystal depth).
However, this may make more difference should a radially
deeper (or less symmetrical) crystal geometry be implemented.
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Fig. 2: Comparison of sj using (Left) Pre-calculated system matrix using
multiple Siddon line-elements and (Right) 3D composition of two 2D sensi-
tivity approximations and post-filtering. The images are normalized. Contours
taken from each image are superimposed on the alternate version.

In the axial direction a normal distribution centered at the
calculated axial DoI was used to reflect the uncertainty in
axial positioning. The widths of the uniform, exponential and
normal distributions (respectively) were set at run-time.

B. Calculation of Sensitivity

In list-mode calculation, particularly when implementing
OTF calculation, the estimation of the sensitivity matrix can
be problematic. Given the large (and possibly infinite) number
of possible measurements only an estimation can be made, yet
the accuracy of the reconstructed image is partially determined
by the sensitivity matrix. In this investigation two 2D estimates
of the sensitivity for a single projection angle were calculated
using Siddon LEs (for the axial and trans-axial planes). Multi-
plication of the two provides a 3D estimate for the sensitivity
of a single acquisition angle. Subsequent rotation and addition
of different acquisition angles was used to estimate the full 3D
sensitivity. The 3D sensitivity was subsequently filtered using
a Gaussian kernel to introduce estimation of finite line-element
width. The estimated sensitivity function was compared to one
previously calculated using a full AXPET system matrix based
on multiple Siddon lines. The results, shown in Figure 2, show
that this estimation provides a reasonably accurate solution.

C. Experimental Data

Two different sets of experimental geometries have been
used in this investigation which observe a Small and an Ex-
tended Field of View (SFoV and EFoV respectively). Primar-
ily, experimental data were taken using the AXPET geometry
as shown in Figure 1. Only coincident data resulting from
one LYSO measurement and one WLS cluster per AXPET
head was retained for analysis. Opposing dual-head data were
taken in 10◦ rotational increments over 180◦. The data taken
allow for only a small FoV to be measured by this system. To
expand the FoV a new geometry, closely related to the first,
was implemented. Data were first taken using the opposing
dual-head system (face-to-face) at 20◦ rotational increments
over 180◦, then one AXPET head was offset by an angle of
20◦ (oblique) and again data were measured in 20◦ rotational
increments, this time over 360◦. In effect this implements a 4-
head system with AXPET modules at −20◦, 0◦, 20◦ and 180◦,
expanding the useful FoV. In this investigation SFoV data are
used for testing, while the final images are taken from EFoV
data.

Fig. 3: Line profiles of the capillary phantom. (Left) an axial profile for
normal distributions using three different standard deviations. (Right) a profile
of a single capillary, using three uniform distribution widths.

IV. RESULTS AND ANALYSIS

In the following a constant image-space size of 100 ×
100 × 80(mm)3 was used at a resolution of 0.5mm in all
dimensions, the algorithm was halted after 50 iterations (where
here an iteration refers to one realisation of each measurement
from the full data-set) in all cases. In IV-A, a set of eight
parallel capillaries, aligned perpendicularly to the axis of
rotation are investigated to determine the effect of different
uncertainty functions applied to the LoR endpoints. In IV-B
data from the EFoV geometry is used to reconstruct a more
complicated phantom.

A. SFoV Testing
Through observation of image characteristics for different

uncertainty functions, an estimate of system resolution can be
made, and compared to a known value. For data measured us-
ing discrete detectors, the detector uncertainty functions must
be adequately modeled otherwise aliasing in the image-space
will be observed. However, for detection over a continuous
domain under-shoot of the uncertainty width will only be
problematic should the data be statistically poor. For both
cases should the width of the uncertainty function be over
estimated, enhanced blurring will be introduced into the recon-
structed image. Data taken using capillaries was reconstructed
using uncertainty functions of differing widths (where the
discrete crystal, and continuous axial functions were varied
independently). The resulting images were compared using the
summation of axial profiles across the capillaries, and a single
trans-axial profile through the axis of the center-most capillary.
Results are shown in Figure 3.

1) Trans-axial Resolution: Discrete: In the trans-axial
plane, AXPET has a discrete detection geometry. Should the
finite size of the LYSO crystals not be considered, aliasing will
be observed in the reconstructed image, particularly for a finely
voxelised FoV. The width and depth of the crystal uncertainty
functions were varied between 0 and 3 mm (the known crystal
dimension) in 0.3 mm steps. Noise corresponding to aliasing
was observed along the capillary profile, which reduced in
intensity as the width of the crystal uncertainty function was
increased. Between 2.4 and 2.7 mm this improvement was
observed to decrease. A value of 2.5 mm was taken as the op-
timal crystal width and depth based on these qualitative results.
While the crystals are known to have 3 × 3mm dimensions,
reduced sensitivity at the crystal edges may account for this
reduced value.
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Fig. 4: The NEMA phantom measured using the AXPET. An axial (left),
and two trans-axial (middle and right) slices through a sub-volume is shown.
Scales are in pixels (0.5 mm).

2) Axial Resolution: Continuous: Given sufficient statistics,
SOPL is not expected to provide great enhancement for
continuous data in comparison to single-ray methods. Suffi-
cient data will accurately represent the detection uncertainty
function. However, the inclusion of correct estimation of the
continuous Point-Spread-Function (PSF) into SOPL should
provide enhancement in areas where data is scarce. Under-
estimation of the PSF should result in increased noise in statis-
tically poor regions of the object while over-estimation should
introduce blurriness. Correct estimation of the PSF should
allow statistically rich regions to remain unaffected, while the
noise properties of statistically poor regions is improved.

The standard deviation of the normal distribution used to
model the axial uncertainty was varied between 0 and 1 mm
in 0.1 mm steps. A number of profiles crossing all capillaries
were summed to study the results. As the peak height is a
problematic estimator when using a set number of iterations,
the point at which the troughs between the capillaries began
to increase was used to determine the optimal PSF width.
This was observed to occur after 0.5 mm, corresponding to
a minimum FWHM of 1.175 mm.

B. EFoV Results

The parameters resulting from IV-A were applied to EFoV
data. The sensitivity matrix was slightly modified in that the
contributions from face-to-face data and oblique data were
mixed in unequal ratios. Weighted mixing of the sensitivity
matrix contributions was conducted as, during measurement,
unbalanced data acquisition times were used for the two
geometries resulting in count losses in oblique data sets.

Figure 4 shows a reconstructed NEMA phantom. Few if any
artifacts due to the AXPET geometry are seen. Artifacts that
are observed are believed to be due to unbalanced measure-
ment times during data acquisition.

The results have been compared qualitatively to images
reconstructed using a pre-computed system matrix (multi-ray
Siddon). In centered phantoms the images were of similar
quality, those from the pre-computed system matrix being
slightly superior. In extant portions of the FoV, differences
were observed that are believed to arise from inaccuracies in
the sensitivity estimation. Images reconstructed using only a
single-ray Siddon LM algorithm showed high levels of aliasing
artifacts, as expected. Improvements to the sensitivity matrix
and a more complete quantitative evaluation is under ongoing
investigation.

V. DISCUSSION

For SOPL to be useful it must fulfill two requirements.
Primarily the reconstructed image must be of similar quality
as that calculated using other means. Secondly, the algorithm
should produce the same image if conducted multiple times
using the same data. Both of these requirements were shown
to be fulfilled. SOPL cannot exceed the quality of images
reconstructed using highly accurate pre-computed system ma-
tricies. However, using SOPL, enhanced system-modelling is
acheieved compared to single-ray methods with little compu-
tational burden while the flexibility of list-mode is retained.
While SOPL may be non-convergent - as at each iteration a
different detection response is estimated - the solution seems to
be stable after multiple iterations and multiple reconstructions
of the same data set produced similar images.

OTF calculation allows for dynamic definition of the FoV at
run-time. LM approaches allow the full precision of the data
to be retained during image reconstruction. SOPL provides a
means by which these advantages can be paired with accurate
definition of the detection response with little increase in
computation time. The inclusion of more accurate modeling
(particularly non-separable functions) can be easily included
without large code modification or expensive calculations. In
this investigation the uncertainty functions were assumed or
estimated from data. However, full characterisation of the
detection system should yeild improved results in this regard.

The SOPL approach outlined is appropriate for a large
number of detection geometries - particularly those for which
the true detection response is dispersed compared to Siddon
LEs. For instance, it might be advantageously employed to
mitigate DoI problems in conventional PET, to account for
PET coincidences involving more than two detection elements
or in pinhole SPECT systems. However, the main advantage
of the SOPL approach is to data taken using highly granular
or continuous detection systems, such as the AXPET, as pre-
calculation of the system-matrix can be inappropriate.

VI. CONCLUSION

An algorithm for accurate on-the-fly list-mode ML-EM has
been developed and tested that shows encouraging results. The
algorithm can be easily extended to include more sophisticated
system modeling, which is expected to be advantageous when
developing prototype systems for emission imaging, particu-
larly those utilizing continuous detectors.
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Abstract— Cone-beam computed tomography is beginning to 

emerge as a widely used technique for medical imaging.  However, 

here has been growing concerns with regards to the X-ray dose 

delivered to the patient. Low dose CT has thus been gaining 

substantial interest. It can be achieved by lowering the X-ray dose 

per projection and/or reducing the number of projections 

acquired.  In this work we focus on the latter and provide some 

new insight on how to identify favorable (or salient) views that 

maximize the information used within an iterative reconstruction 

framework. Based on prior knowledge on the object to be scanned, 

we propose an optimization framework that can automatically 

identify a minimal set of projections that can capture the salient 

object features. Our results indicate that these generalized views 

result in better image quality than evenly distributed projections.  

Index Terms—Iterative CT, low-dose CT, view optimization  

I. INTRODUCTION 

Cone-beam CT has emerged as a major X-ray imaging modality 

both in terms of image quality and scan time. A popular 

cone-beam CT reconstruction method is the FDK [1] algorithm, 

which provides high resolution results but requires several 

hundreds of patient X-ray projections. With the growing 

concern about the potential risk of X-ray radiation exposure to 

the human body, dose reduction in cone-beam scanning (and 

other modalities) has become a significant research topic. Dose 

reduction usually involves lowering the X-ray energy per 

projection and/or reducing the total number of projections. Both 

methods typically suffer from low signal-to-noise ratio (SNR) 

in the reconstructions. Iterative reconstruction schemes, 

matched with suitable regularization methods were shown to 

cope well with these few-view or high-noise scenarios [2][3][4].   

The work presented here focuses on one specific low-dose 

CT measure: reducing the number of projections. It capitalizes 

on the fact that in standard radiography physicians and X-ray 

technologists typically have a good idea, often based on 

standards, at what patient orientation the radiograph should be 

taken to reveal the desired insight. We denote these views as 

salient views. We propose to formalize and generalize the 

concept of salient views for CT reconstruction, and use iterative 

CT reconstruction to cope with the potentially irregular and 

sparse view distribution. To identify the salient views we 

analyze prior reconstructions, locate the salient features, and 

determine the projection(s) at which these features differentiate 

best. Once the salient views are obtained, we use a set-covering 

framework to accelerate the search for the optimal scanning 

configuration and trajectory that covers all of these views.  

 
Ziyi Zheng and Klaus Mueller are with the Computer Science Department, 

Stony brook University, Stony Brook, NY 11777 USA (phone: 631-632-1524; 

e-mail: {zizhen, mueller}@ cs.sunysb.edu).    

Our paper is organized as follows. Section 2 discusses related 

work. Section 3 describes our framework. Section 4 presents 

some initial results, and Section 5 ends with conclusions. 

II.  RELATED WORK 

In iterative reconstruction algorithms, the volume voxels 

represent the unknown variables and the projection pixels 

represent the known variables. Algebraic techniques formulate 

the reconstruction problem as solving a linear system. However, 

in the few view case, this linear system may be underdetermined. 

There will be many plausible solutions which make it difficult 

to converge to the true solution. This implies a lower bound on 

the number of projections. Herman and Davidi [6] demonstrated 

that in the few-view case, a reconstruction algorithm can 

generate misleading results. Sorzano et al. [5] showed that some 

evenly distributed overabundant views were crucial to help the 

few-view case. Recently, regularization methods [2][3][4] have 

been proposed to help iterative reconstruction in few projection 

case and they were able to generate very promising results .  

Scott et al. [7] present methods for view planning with visible 

light. They show that based on prior knowledge, some views are 

more important because they can capture salient information 

about the object, while other views have less pronounced 

effects. The optimal placement of cameras – in our case X-ray 

source-detector pairs – is known to be NP-hard. Hence, we 

propose a set-covering problem formulation in our framework.  

III. APPROACH 

The central underlying theory to the optimal X-ray view 

selection problem we propose is that in the context of CT, a 

sharp discontinuity (an edge) can only be reliably reconstructed 

(from the projection data alone) if some X-ray in some of the 

projections is tangent to this curve [8]. We can determine these 

edges from prior information, typically existing scans or atlases. 

Once these salient rays are identified, we use the set-covering 

algorithm to find the set of views that contain them, and perform 

CT reconstruction via an iterative scheme.      

A. Feature parameterization  

The Radon transform is the fundamental concept in CT. The 2D 

Radon transform represents an object in terms of its line 

integrals (projections). Its continuous 2D Radon transform is: 

dsststftRf 



 )cossin,sincos(),(   (1) 

where t is the distance of the line from the origin and φ is the 

angle of the normal of the line with the x-axis and        . 

Equation (1) can be reformulated as a 2D integral:  

Identifying Sets of Favorable Projections for 

Few-View Low-Dose Cone-Beam CT Scanning 

Ziyi Zheng and Klaus Mueller 

314 11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine



 

 

 

 

 

2 

 

Figure 3. (a) shows the prior volume, (b) shows the gradient with 

arrows indicating direction and intensity indicating strength, (c) 

shows the plane detection and the unique points to represent planes. 

(d) shows the planes after thresholding. The black dot is the origin.  

(a) (b) 

(c) (d) 

(a) 

Figure 1: Reconstruction from optimal views. (a) Phantom. (b) 
Reconstruction from 8 salient and 5 extra views. (c) Hough transform of the 

edge image. 

(b) 

(c) 

dydxpyxftRf  
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where       tyxp   sincos  (3) 

The Radon transform defined in equations (2, 3) is similar to 

the Hough transform which is well known for the detection of 

lines. It can be proven that these two transforms are equivalent 

[9]. We have used the Hough transforms representation since it 

is more convenient to compute its discrete form.  

In the prior 2D data, we define edges as features that need to 

be covered by projections. To parameterize edges, we apply the 

Hough transform to the gradient image ∇f rather than the 

original image f. Then each gradient represents the normal n = 

(nx, ny) of a 2D edge. The updated equation is: 

dydxpyxftRf  
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tynxnp yx   (5) 

Equation (4, 5) can be approximated by discrete integration. 

Fig 1(a) shows an example: a collection of geometrical 

primitives. A point cluster in (c) is due to a 2D line in (a). The 

intensity of a point in this feature space is defined by computing 

        . Finally, (b) is a reconstruction using views due to the 

8 major clusters and 5 further views.    

Next, we generalize the edge-based feature space to 3D. In 

3D space, edges generalize to small iso-value planes and we 

define these planes as features. Whether the plane normal is 

positive or negative is irrelevant. Then we end up with two 

parameters. One is the normal of the iso-value plane, the other 

the signed distance to the origin. The 3D Radon transform, 

similar to the 3D Hough transform, is defined using the integral 

of a 3D plane. Given a plane with normal n and the signed 

distance to the origin, t, the 3D continuous Radon transform is:  

  












 dydzdxpzyxftRf )(),,(),( 3n  (6) 

where               DCzByAxp 3
 (7) 

Equation (7) denotes a 3D plane defined by n and t. The 

signed distance from origin to plane in (7) is:  
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Then the plane that goes through a given point (x0, y0, z0) with 

normal (nx, ny, nz) is defined as: 

0)()()( 000  zznyynxxn zyx
 (9) 

 

 

There exists a unique vector p whose vector field will define 

the normal of the plane and whose length will indicate the 

location of the plane starting from the origin (see Fig. 2):  
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Thus we can merge the two parameters n and t into a single 

3D point p. This point p is on the integration plane and at the 

shortest distance from the origin to the plane. Fig. 3 shows a 

simple example. Assume we know the object to be scanned 

(here a simple square object) and roughly know its extent and 

position (Fig. 3a). We first take the gradient image (Fig 3b). By 

performing discrete integration based on equations (6, 7, 10), 

we get plane-point pairs in 3D space (Fig. 3c). These planes are 

the image-space equivalents to the points in the Hough 

transform. We can cluster in either domain, but we prefer to 

cluster in the image domain since we observe better spatial 

coherence there. Next, we use thresholding to reduce the noise, 

which will leave only high intensity planes, as shown in Fig. 3d.  

The discrete computation can be noisy. Furthermore, in the 

clinical case, the planes are usually not as strong as in this 

phantom case. To get better feature extraction in noisy cases, we 

apply k-means clustering [10] to extract features. 

Figure 2.   3D plane parameterization 
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B. Set-Cover Problem 

After extracting the prominent edges, we optimize the view 

positions to cover these features. The overall mindset behind 

our method is that if there are no rays to cover the strong edges, 

then it will be difficult for a reconstruction algorithm to produce 

them and for a (later) regularization method to restore them.  

We reformulate the dose minimization problem into the 

well-studied set-cover problem. We first generate a large 

number of views as candidates to choose from. Each view will 

cover a number of planes in the prior. Thus we make each view 

a ―set‖, while the planes that need to be covered form 

―elements‖. The optimization objective is to find the minimum 

number of views that cover all salient planes. Assuming that 

each view exposes the same dose onto the patient, minimizing 

the number of projections will then also minimize X-ray dose. 

The set-cover problem (SCP) was one of Karp's 21 

NP-complete problems [11]. A mathematical model for the SCP 

is usually described by a 0-1 matrix. S. Let A(aij) be an m-row, 

n-column, zero–one matrix. We say that a column j covers a 

row i if aij = 1. Each column j is associated with a nonnegative 

real cost cj. Let I = {1, ... , m} and J = {1, ... , n} be the row set 

and column set, respectively. The SCP can be stated as: 

})(min{
1
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where xj =1 if set j is selected, otherwise xj =0.  

In order to generate matrix A(aij), we test a large number of 

projections. If we assume that all projections have the same 

source-axis and detector-axis distance, the possible projection 

locations should be on a sphere and can be parameterized by the 

longitude φ and the latitude λ. Their ability to cover the strong 

edges in the prior volume is stored in A(aij). 

This procedure is computational intensive and makes for the 

most time consuming part of the framework. We generate the 

set-cover problem by GPU simulation. Here we illustrate how 

to test whether one projection will cover a given plane.  

The input is the projection geometry, φ and λ and a point p, 

which uniquely define a plane. A projection has width w and 

height h. Output will be 1 for ―cover‖ and 0 otherwise.  

The projection will cover the plane if, and only if, there exists 

a ray that satisfies the two following conditions: 

1. The viewing ray is orthogonal to the plane’s normal.  

0 viewdp  (14) 

2. The viewing ray hits the plane’s center (the point 

defined by p).   

||
||

viewview dd
sp

sp




  (15) 

We implemented the computation in CUDA (the 

programming API for GPUs).  The CUDA kernel will launch 

w×h  threads to test the two conditions in Equations (14, 15). If 

there is one thread that satisfies the two conditions, the result is 

written as 1 for ―cover‖.   

C. Ant Colony Optimization 

SCP can be solved by many algorithms and the ant colony 

algorithm is one of the fastest solvers [12][13]. It is inspired by 

the observation of real ant colonies. In SCP, a large amount of 

artificial ants are searching for an optimal solution defined by 

equation (11).  Each artificial ant chooses a set one by one until 

it achieves a complete cover defined by equations (12, 13). The 

probabilities for choosing different sets are partially based on a 

pricing method. Additionally, the probability for choosing one 

set will increase if a large amount of ants choose it. See [12][13] 

for more details of the ant colony optimization for set-covering. 

D. Iterative Reconstruction 

We use the SART algorithm with GPU-accelerated forward 

projection and back-projection. As motivated in [5][6], we need 

to place additional projections around the object if the 

projections are too few. In this case, we first evenly distribute 

36 projections around 360 degrees. Then we replace the 

projection positions with the nearest of the salient views. 

IV. RESULTS 

For our experiments, we used a cone-beam simulator with 

source-axis-distance=1000mm and detector-axis-distance= 

5000mm. The detector resolution was set to 1024×768 with 

pixel size 0.388mm×0.388mm. For the view generation, we 

sampled 200 projections along the longitude dimension across 

360 degrees and sampled 7 projections along the latitude 

dimension within ±8 degrees. After we obtained favorable 

views, we applied additional shift to the prior, to test the 

performance on a different instance of the similar dataset.  We 

used non-local mean filtering in regularization to eliminate 

streaks in few-view CT reconstructions.  

The first experiment is a cube. The prior volume is an 8
3
cm 

cube with shifted 1cm×2cm×3cm from the scanning center. We 

set the threshold to be 85% maximum value in the feature 

extraction stage. This resulted in 12 planes and k-means 

clustering reduced the number of planes to 6 (4 of them are 

shown in Fig. 3d). The ant system returned 4 views which 

would cover these 6 planes. We applied a 1cm×1cm×1cm shift 

to the prior and used the SART algorithm with relaxation factor 

=1.0. Fig. 4 shows the central axial slice of the reconstructed 

256
3
 volume after 30 iterations. We observed that Fig. 4a (with 

view optimization) converged to a box but Fig. 4b (with evenly 

distributed projection) did not. Although the object scanned had 

a small perturbation from the prior, the cone beam aperture was 

still able to capture desired edge.  

Figure 4. Reconstructed cube from 4 projections using the SART 

algorithm (a) with salient views and (b) without salient views.  

(a) (b) 
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Figure 6. View planning for a neck dataset from 28 projections (showing 

only central slices).  (a) Prior data. (b) Feature space. (c) Reconstruction 

with view optimization. (d) Reconstruction without view optimization.  

(a) 

(c) 

(b) 

(d) 

 
Our next example is a hand dataset (Fig. 5). Fig. 5a shows the 

center axial slice of the prior data. Fig. 5b shows the center 

(axial) plane of the feature space. The pattern reveals that the 

dataset has strong horizontal and diagonal edges. We set the 

threshold to be the 70% maximum value in the feature 

extraction stage. This resulted in 118 planes, reduced to 100 

with the k-means clustering. The ant system returned 33 views. 

We applied 0.5cm×0.5cm×0.5cm shift to the prior and used 

SART with =0.2. Figure 5 shows the corresponding slice of 

the reconstructed 256
3
 volume after 30 iterations. We observe 

that Fig. 5c (with view optimization) shows sharper bone 

boundaries than Fig. 5d (with evenly distributed projections). 

The final example is a neck dataset (Fig. 6a) which was 

extracted from the NIH visible human dataset. The central slice 

of the feature space is shown in Fig. 6b. The threshold was set to 

70% which resulted in 245 planes, reduced to 200 by the 

k-means. The ant system returned 28 views. We applied a 

0.5cm×0.5cm×0.5cm shift to the prior and then applied 50 

iteration of SART with =0.2. We see that view optimization 

(Fig. 6c) can resolve details better (see the blobby structure in 

the center), with reduced streak artifacts and more sharpness.   

All of our experiments were conducted on an NVIDIA GTX 

480 GPU, programmed with CUDA 3.2 runtime API and with 

an Intel Core 2 Duo CPU @ 2.66GHz. Table I show the 

performance of the different stages of our framework. The most 

time consuming part is the SCP generation which would be 

even slower without GPU acceleration. 

 
TABLE I 

PERFORMANCE (SECONDS) 

Dataset 
Radon/Hough 

transform 
K-mean 

clustering 
SCP 

generation 
Ant Colony 

Optimization 

Cube 15 0.01 5 0.01 

Hand 16 2 72 11 
Neck 16 3 53 9 

V. CONCLUSIONS 

We have proposed an efficient framework to optimize the total 

number of projections for iterative CT reconstruction, using 

prior object information to generate salient views. Our initial 

results show that our view selection algorithm is quite effective 

especially when the object has unevenly distributed strong 

edges. The framework is also more effective when the object 

scanner’s shape and position are closer to the prior volume. 

In future work, we would like to employ regularization [2][3] 

to further improve the quality of the reconstructions. We also 

plan to implement the ant colony optimization on the GPU, for 

faster processing. Finally, we plan to use deformable 

registration to apply some advanced prior knowledge to the CT 

reconstruction. 
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Figure 5. View planning for a hand dataset from 33 projections (showing 

only central slices). (a) Prior data. (b) Feature space. (c) Reconstruction 
with view optimization. (d) Reconstruction without view optimization.  

(a) (b) 

(c) (d) 
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Abstract—Noise Correlations occur inevitably in reconstructed 

SPECT images due to various corrections and filtering operations 
involved in the reconstruction process, which correlate the noise 
in the data. Use of resolution compensation within iterative 
reconstruction provides better image quality, but also enhances 
the appearance of noise correlations. Certain types of correlated 
noise have been known to affect human performance in signal 
detection tasks [1]. The objective of this work is to study the 
relative impact of various factors involved in the appearance and 
intensity of these correlations. The appearance and severity of 
these correlations under different acquisition settings and 
filtering parameters will be studied using ensemble statistics and 
texture analysis methods.  

 

Index Terms—Noise Correlation, SPECT, Reconstruction, 
Texture analysis. 

I. INTRODUCTION 
Noise in SPECT imaging has a considerable effect on image 

quality.  Noise correlations may introduce textures to images 
that may interfere with the performance of human observers 
[1]. Previously, a number of researchers have analyzed the 
propagation of noise from projections to reconstructed images 
[2]–[9]. The noise texture in non-linearly reconstructed 
(iterative methods) images was observed to be very different 
from the linearly reconstructed (filtered back-projection) 
images. Non-linear iterative reconstruction methods cause the 
noise to be more non-uniform and local than filtered back-
projection where the variance is more uniform over the 
reconstructed space.  Barrett et. al. [3] introduced a method to 
analytically determine the covariance matrix of the noise in 
images reconstructed with MLEM. Similar analysis for OSEM 
and other algorithms was done by Soares et al. [8]. While the 
bias and noise variance characteristics have been studied 
extensively for deriving metrics of image quality, the noise 
correlations are harder to study and quantify directly from the 
covariance matrix due to its huge size. Lucht et al. [10] have 
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previously studied the noise texture using texture parameters 
such as directionality, fractal dimension and lacunarity to 
determine if the choice of reconstruction algorithm has an 
effect on the location of the texture.  

Modeling the 3D spatial resolution of the SPECT system 
within reconstruction introduces correlations between planes, 
and changes the noise texture substantially. For example, we 
have seen in our cardiac SPECT patient studies a particularly 
strong texture in the extra-cardiac region not there in images 
reconstructed without resolution modeling. An example of 
such texture is shown in Fig. 1. For cardiac imaging this 
texture may interfere with diagnosis of extra-cardiac incidental 
findings [11]. The goal of this investigation was to determine 
which factors contribute and do not contribute to such texture 
for cardiac and non-cardiac SPECT. This information can then 
be used to develop methods to control the severity of the 
texture, and to assess the effect on human observers via task-
performance studies. Currently, we have investigated cardiac 
SPECT studies with Tl-201 for understanding the factors 
contributing to the noise texture. In near future, we will also 
investigate brain tumor imaging studies with Tc-99m. 

 
Fig. 1. Example patient cardiac SPECT slices reconstructed using OSEM with 
attenuation and scatter correction (ESSE) and with 3D resolution modeling. No 
post-smoothing filter was applied. Noise texture is shown by red arrows. 

II. BACKGROUND 
The OSEM reconstruction algorithm uses a multiplicative 
update:  

( )
( )

( )

1
k

k T
m k

m

+    =   
    

f gf H ,
s Hf







 (1) 

where 
( )k

f is an estimate of the object at the kth update 
represented as a 1N ×  vector where N  is the number of 
object voxels, ms  is the sensitivity for the subset indexed by 

( ) 1m k M= +mod , g is the projection data represented by a 

1M × vector, H  is the system matrix with N M× elements 
and T

mH indicates the back-projection for the mth  subset.   
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The noise in images reconstructed using MLEM or OSEM 
has been analytically shown in [3], [8] to be well 
approximated by the covariance matrix ( )K k

δ  at iteration k: 
( ) ( ) ( ) ( )k k k k

i jij ij
a aδ

   =   εK K ,  (2) 

where, ( )k
ia is the mean image intensity at the location i,   and 

( )
εK k  is the covariance matrix of the logarithm of the 

reconstruction at iteration k and is related to the noise in the 
projection data ( with covariance matrix K ) in the following 
way: 

( ) ( ) ( ) Tk k k
m m

 =  εK U K U ,  (3) 

where the matrix ( )U k
m  satisfies the recursion relation 

( ) ( ) ( )( ) ( )1
'U B I A Uk k k k

m m m m
+ = + − , 1 2, , ...k =   (4) 

with ( )( )1 1m k M= + +' mod , and ( ) ( )1 0
2 1U B= . ( )A k

m  and 
( )B k
m  are matrices that depend on the object, the system matrix 

and the noise-free (or mean image) estimates k( )a .. 
In other words, the noise in the logarithm of the 

reconstruction at iteration k represented by ( )kε  can be written 
as a linear operator ( )U k

m acting on the data noise n  : 
( ) ( )k k

m=ε U n , 1 2, , ...k =    (5) 
As the data noise is uncorrelated (independent Poisson), 
therefore the correlations in the reconstructed data are 
introduced by the transformation ( )U k

m which depends in a 
complex manner on object, the system matrix as well as the 
noise-free estimate of the object in all previous iterations.  

The nature of the noise correlations are thus expected to 
vary with changes in system matrix due to different acquisition 
settings such as the angular span of reconstruction, and also 
with any corrections or filtering used in the projector and the 
back-projector. Due to the dependence of ( )U k

m on the object, 
the observations from a uniform activity distribution cannot be 
extrapolated to other non-uniform activity distributions. 
Therefore, the appearance of the noise correlations in brain 
images for example will be different from that in the cardiac 
images in general, and will also vary with each individual 
activity distribution. The purpose of this investigation is to 
study only the effect of changes in the system matrix on the 
noise correlations, so that factors which make them worse for 
a given task can be controlled or avoided.  The analytical 
expressions described above were obtained with a low noise 
approximation, and are known to deviate from true statistics 
for high noise situations such as for low counts in the 
projection data or after a large number of iterations of the 
OSEM or MLEM. In our analysis we would refer back to 
these relations to explain some of the phenomenon observed, 
however we will use the ensemble statistics for quantitative 
measures of noise covariance. 

III. METHODS 

A. Patient Data 
Patient data used for this study were acquired on a Philips 

IRIX SPECT system with Tl-201 radiopharmaceutical, in a 
two-head 204 degree acquisition with 68 projections (step and 
shoot with a step size of 3 degrees). The projections were then 
reconstructed with OSEM (4 angles per subset, 17 subsets) 3D 
resolution modeling, attenuation and scatter correction using 
ESSE. For Tl-201 studies, the count levels in the clinical 
studies were found to vary between 1 to 4 million. For 
attenuation correction, a transmission scan was acquired 
following the emission study and the attenuation map was 
reconstructed using the OSTR algorithm [12]. The patient 
studies were reconstructed with and without each correction 
for qualitative evaluation of the noise texture. 

B. Simulations Using NCAT Phantoms 
1) Qualitative Evaluation 

The cardiac NCAT phantom [13] was used to simulate 
SPECT projections with SIMIND [14] Monte Carlo 
software package. The simulations included the effect of 
non-uniform attenuation, scatter and collimator blurring. 
Poisson noise was added thereafter and the total counts were 
scaled to the lowest and the highest levels for cardiac patient 
studies using Tl-201 (1 and 4 million counts). To study the 
effect of the angular span and sampling during acquisition, 
three sets of data were generated: two 180 degree scans with 
step size 1 and 3 degrees per step, and one 360 degree scan 
with 3 degrees per step. To study the effect of attenuation, 
scatter and resolution compensation, these studies were 
reconstructed with and without the corrections. Different 
filtering techniques within or post-reconstruction will be 
studied in future with regard to the effect on noise texture 
using Human observer studies. 

 

2) Quantitative Evaluation 
 For quantitative evaluation of the noise texture, a number 

of noise realizations (~1000) of each simulation were 
generated. A 180 and 360 degree acquisition with a step size 
of 3 degrees was simulated. Additionally, for each of the 
acquisition settings simulated above, the following 
combinations of activity distribution and attenuation profile 
of the NCAT are used: 
a) Uniform activity distribution with uniform attenuation 
(water-filled phantom), to examine the effect of acquisition 
angular span. 
b) Uniform activity distribution in the NCAT phantom in 
air, to understand the effect of attenuation. 
c) Uniform activity distribution with non-uniform 
attenuation (anthropomorphic phantom), to isolate the effect 
of non-uniform attenuation. 
d)   Non-uniform (realistic) activity distribution with a non-
uniform phantom, to simulate an actual clinical study. 
Thus in all, 16 different cases (2 different acquisition 
settings X 4 activity-phantom combinations X 2 noise 
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levels) will be examined for the noise texture in different 
noise realizations.  

C. Analysis of Noise Correlations  
We propose to use texture analysis methods to quantify the 

appearance of noise correlations. Lucht et al. [10] have 
previously used texture parameters such as fractal dimension, 
granularity etc. to evaluate if differences in reconstruction 
methodology and number of counts influence the result of 
texture-based classification algorithms used to automatically 
distinguish diseased tissues from normal ones. It was shown 
that the evolution of the texture with the number of iterations 
was adequately quantified by the fractal dimension and could 
be explained by the theoretical analysis in [3] on the noise 
covariance matrix. The increase in coarseness or change in 
appearance from “blobs” to “hills” or “valleys” can be 
measured using morphological operators. This will allow a 
quantitative measurement of the appearance and severity of the 
noise correlations.   

IV. RESULTS 

A. Patient Data 
Qualitative analysis of the clinical studies revealed that the 

noise texture was worse in some patient studies where the 
count level was lower (~ 1.5 million). An example patient 
study with such noise texture is shown in Fig. 2. Fig. 2(a) 
shows the reconstructed image with all corrections. The noise 
texture was most visible when no scatter correction was used 
(Fig. 2(b)). This is expected as in Tl-201 studies, scatter 
accounts for nearly 50% of the total counts in the primary 
window. The attenuation map for this patient is shown in Fig. 
2(d). The noise texture was also markedly different when 3D 
resolution modeling was used (Fig. 2(a)-(b)) than without (Fig. 
2(c)). Most current SPECT systems use 3D resolution 
modeling within reconstruction to gain a better sensitivity-
resolution trade-off; therefore, in low count studies a texture 
similar to that in Fig. 2(a) may arise. Note that the noise 
texture in the reconstructed images exhibit a directionality 
from upper left to lower right parallel to the direction of the 
arrows. The cause of this directionality was further 
investigated using the simulated data. 

 

Fig. 2. Example patient study showing the effect of corrections on noise 
correlations: (a) with all corrections (b) with only attenuation correction and 
resolution compensation (c) with only attenuation correction and post-
smoothing (d) attenuation map used. 

B. Simulations Using NCAT phantoms  
Qualitative evaluation of the noise texture for different 

acquisition settings was performed with a single noise 
realization at 1 and 4 million count levels. The images were 
reconstructed using OSEM, attenuation & TEW scatter 
correction, and 3D resolution modeling. No post-smoothing 
was used. The comparison is shown in Fig. 3. Fig. 3(a) shows 
the 180 degree acquisition at 4 million counts, and Fig. 3(b) at 
1 million counts both simulated with a step size of 3 degrees 
per step. As seen from the figure, the directionality of the 
noise texture is similar to that observed in the patient studies in 
both images, but as expected the severity is increased at lower 
counts. Fig. 3(c) & (d) show the image reconstructed from a 
180 degree acquisition at 1 million counts with finer angular 
sampling using 1 degree per step. In Fig. 3(c), 3 projections 
were rebinned into one so that the effect of angular sampling 
may be observed for the same noise realization by comparing 
to Fig. 3(d). In Fig. 3(d) the image is reconstructed without 
rebinning the projections. A larger subset size (12 instead of 4 
angles per subset) is used to keep the count level similar to that 
in Fig. 3(c) for each OSEM update. Note that the noise texture 
looks similar irrespective of the angular sampling. Fig 3(e) 
shows the reconstructed image from a 360 degree acquisition 
with 1 million counts and 3 degrees per step acquired in the 
same time as the 180 degree acquisition with 3 degrees per 
step. Thus there are lower counts per projection but larger 
number of projections. To keep the number of counts per 
update of the OSEM same, a larger number of angles per 
subset is used (8 compared to 4 in 180 degree reconstruction). 
As seen from this image, the directionality of the noise texture 
is now different and more isotropic with the correlations 
appearing similarly all around in a radial pattern. We can 
therefore deduce that the directionality of the noise texture 
observed in the clinical images and the previous simulations 
were the result of a less than 360 degree acquisition span. This 
also explains why the texture is worse in the section at the 
back of the phantom where in a 180 degree acquisition no data 
is measured. Additionally, the 3D resolution modeling uses a 
distance-dependent blurring kernel, which is expected to 
introduce larger correlations in this region. Fig. 3(e) shows the 
image reconstructed from a 180 degree acquisition with 3 
degrees per step in air, i.e., without the effect of attenuation. 
The total counts in the projection data is again kept at 1 
million counts. Comparing Fig. 3(e) to 3(b), it is evident that 
attenuation has a great impact on the noise in the 
reconstruction and thus the noise texture. However, the 
differences in these images simply due to different noise 
realizations (at the same average noise level) cannot be 
disregarded. The examples in Fig. 3 provide only an 
illustration of the variability of the noise texture and the 
severity in low count studies. Quantitative measures of the 
noise texture computed over an ensemble of noise realizations 
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are required to establish differences due to system matrix. 

 
Fig. 3. Simulated NCAT phantom reconstructions with attenuation, scatter 
correction and 3D resolution modeling, and no post-smoothing, showing the 
variability of noise texture in: (a) 180 degree simulation, 3 degrees per step, 4 
million counts (b) 180 degree simulation, 3 degrees per step, 1 million counts 
(c) 180 degree simulation, 1 degrees per step, 1 million counts with projections 
rebinned to 3 degrees per step (d) same as (c) but without projection rebinning 
(e) 360 degree simulation, 3 degrees per step, 1 million counts (f) 180 degree 
simulation, 3 degrees per step, 1 million counts in air (no attenuation) 

 
Preliminary results of the quantitative evaluation using 1000 

noise realizations for 1 million total counts level is shown in 
Fig. 4 and Fig. 5. Fig. 4 (b) shows the percentage bias in 
different regions of interest (ROIs) after 3 iterations of OSEM 
using 4 subsets. The ROIs are illustrated in Fig. 4 (a) with the 
position of the heart overlaid. Fig. 4 (b) compares the results 
for the same uniform activity distribution inside the phantom, 
and for uniform, non-uniform or no attenuation cases for 180 
(blue curves) and 360 (red curves) degree acquisitions. For 
180 degree acquisitions, greater % Bias is observed in ROIs 4, 
5 and 6 than in other ROIs, when a uniform or non-uniform 
attenuator is present. This is shown by the solid and dashed 
blue curves. When there is no attenuation as for the “in air” 
acquisition, the % Bias in all ROIs is much smaller and 
similar. This is indicated by the dash-dotted blue curve. For 
360 degree acquisitions, the largest % Bias was in ROI 9 
(center) when attenuation is present. Without attenuation, the 
% Bias values in all ROIs are also smaller and similar to that 
for a 180 degree acquisition. Also, the % Bias for non-uniform 
attenuation is lower than that for uniform attenuation in most 
ROIs for both 180 and 360 degree acquisitions. This is 
expected due to the lower attenuation presented by lungs. 
Attenuation is therefore a major cause of the difference in the 
% Bias between ROIs especially for cardiac studies involving 
180 degree acquisitions. 

For non-uniform activity distribution with more activity in the 
heart as in a clinically realistic situation, the spill-out from the 
heart caused a large % Bias in ROI 2. Fig. 5 compares the 
variance for the 180 and 360 degree acquisitions for the cases 
in Fig. 4 (b). The variance of the 360 degree reconstructions in 
all ROIs is higher than 180 degree reconstructions for the same 
activity distribution. As expected the ROIs 4, 5, and 6 have a 
higher average variance than the rest of the ROIs for a 180 
degree acquisition, but not for a 360 degree acquisition. For a 
360 degree acquisition larger variance occurs at ROI 9 which 
is at the center. The uniformly attenuating phantom causes a 
larger variance than the non-uniformly attenuating phantom 
and without attenuation the average variance, difference of 
variance between ROIs or even between acquisitions is 
smaller. These graphs agree with the prior observations that at 
these noise levels in a 180 degree acquisition the effect of 
noise correlations is more pronounced in ROIs 4, 5, and 6 
which are not directly imaged.  
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Fig. 4.  (a) ROIs used for the computation of average variance and %Bias. The 
heart is overlaid on the ROIs   (b) % Bias in the ROIs labeled in a) for 180 
degree (blue curves) and 360 degree acquisition (red curves). Solid line is for 
uniform attenuation within phantom, dashed line represents non-uniform 
attenuation and the dash-dot line is for no attenuation. The activity distribution 
was uniform and the total counts was 1 million.   
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Fig.  5.  Average variance in the ROIs labeled in Fig. 4 a) for 180 degree (blue 
curves) and 360 degree acquisition (red curves). Solid line is for uniform 
attenuation within phantom, dashed line represents non-uniform attenuation 
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and the dash-dot line is for no attenuation. The activity distribution was 
uniform and the total counts was 1 million.   

 

V. DISCUSSION AND FUTURE WORK 
 We have thus far seen that the nature of the noise correlations 
is different for 360 degree acquisition and 180 degree 
acquisition. The directionality of the texture seen with 180 
degree reconstructed images, is absent in the 360 degree 
reconstructions, where the texture is more isotropic. The 
appearance of the noise correlations are not reduced by 
increasing angular sampling, or by a continuous acquisition 
with rebinning of projections. Resolution recovery within 
reconstruction changes the noise texture drastically and makes 
noise correlations more visible. Further analysis of the texture 
using morphological operators will be used to reveal the 
salient directionality of texture in each ROI. The effect of 
these correlations on incidental findings from cardiac studies 
will be evaluated using human-observer studies. Restoration 
filters used within reconstruction and post-reconstruction 
filtering will be investigated to determine if the effect of 
correlations on observer performance is reduced.  
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Abstract—Dual energy CT (DECT) has become a hot topic for 

its high detection precision and robust material identification 
ability. Currently, most of the dual energy reconstruction 
methods are based on complete data. However, in some particular 
situations, to reduce radiation dose and reconstruction time, only 
few-views dual energy sampling projections data can be acquired. 
In this paper, to solve the problem of DECT imaging with 
few-views projections data, two realizations have been studied. 
One is firstly to recover the dual ennergy complete sampled 
projections data, then use the traditional CT reconstruction 
method (DECT-FVP). The other one is to firstly obtain the 
undersampling integral values of dual effect coefficients, then 
reconstruct the values of dual effect coefficients to acquire atomic 
number and electron density directly (DECT-FVA). Preliminary 
simulations are done by using only 20 and 60 view angles with 
30dB noise. Excellent results by using both methods can be 
acquired. Especially, no matter how many angle samplings 20 or 
60 are used, almost the same good electron density results can be 
obtained. DECT-FVA plays a more robust ability than 
DECT-FVP to reconstruct atomic number of detective objects. 
 

Index Terms—X-ray, dual energy CT, few-views, ART-TV 

I. INTRODUCTION 
n recent years, because of its high detection precision and 
robust material identification ability, DECT has played a 

significant role in medical, security and many correlative fields, 
[1], [2], [3], [4], [5]. Currently, there are mainly three methods 
for dual energy complete sampling CT imaging reconstruction, 
pre-reconstruction [6], post-reconstruction [7], [8] and iteration 
[9] dual energy reconstruction methods. We always choose 
pre-reconstruction method, because post-reconstruction 
method is more sensitive to the influence of beam hardening 
artifacts and the realization process of iteration method is very 
complicated. In addition, two typical realizations of 
pre-reconstruction method are dual effect decomposition and 
basis material decomposition methods. Because dual energy 
dual effect decomposition method is lower sensitive to metal 
artifacts, pre-reconstruction dual effect decomposition method 
is always selected. All of these methods above are for 
completed data reconstruction. However, in some particular 
situations, to improve reconstruction speed and reduce 
radiation dose, only few-views dual energy projections can be 
obtained. In this paper, using the pre-reconstruction dual effect 
decomposition method, based on the robust uncertainty 
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principles proposed by E. Candes [10] and the algebraic 
reconstruction technique and the minimization of the image 
total variation (ART-TV) method developed by E.Y. Sidky in 
2006 [11], we proposed two realizations (DECT-FVP and 
DECT-FVA) to solve the problem of DECT imaging with 
few-views projections data. Through some preliminary 
simulations, DECT-FVP and DECT-FVA are validated to be 
effective for DECT few-views imaging, and DECT-FVA plays 
a more robust role than DECT-FVP. 
 

II. METHODOLOGY 

Currently, in one typical realization of DECT is as shown in 
Fig. 1. Two sets of detectors are needed: one receives low 
energy photons, and the other receives high energy photons∗. 

 
Fig. 1. A typical realization of DECT imaging system setup. 

Based on the Fig. 1 imaging system setup, pre-reconstruction 
dual effect decomposition method and ART-TV technique, two 
realizations (DECT-FVP and DECT-FVA which are 
identically sampled) of DECT imaging with few-views data 
have been studied. 

A. DECT-FVP 
DECT-FVP contains four steps as shown in Fig. 2. 

Step-1: To obtain high energy and low energy reconstructions. 
With one circular scan, the dual energy undersampling 
projections of N view angles selected from 360 full view angles 
are generated. We use ART-TV method to reconstruct a high 
energy CT reconstruction ( fh ) and a low energy CT 
reconstruction ( fl ), combining with the high energy 
undersampled projections ( Ph u− ) and the low energy 
undersampled projections ( Pl u− ). The reconstruction process 
is as follows. 
 

∗ For convenience, we use “high energy” and “low energy” meaning the two 
energy levels in a dual energy system. Here, it is not to use specific boundary to 
define if one is high or low energy, but a relative meaning between two. 
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Fig. 2.  Process of DECT-FVP. 

Firstly, the dual energy image estimations 1k
ARTf +  after ART 

iteration with Ph u−  and Pl u−  can be obtained. 1kC +  
denotes the weight coefficient matrix; 1kp +  denotes the real 
undersampling projections; 1

k
k ARTC f+ ⋅  denotes the projection 

estimations. Then, use TV gradient descent iteration method 
with 1k

ARTf +  as the initial value to acquire the TV estimations 
1n

TVf + . d  denotes the step size; α  denotes the relaxation factor. 
After step (a) and (b), the reconstruction estimations 'fh  and 

'fl  can be obtained after 1th  overall iteration. Finally, the final 
estimations fh  and fl  can be obtained after mth  overall 
iteration. 

Step-2: To acquire dual energy complete sampled projections. 
Since dual energy reconstructions have been obtained, we can 
reproject these reconstructions to get the dual energy complete 
sampled projections Ph  and Pl . 
Step-3: To obtain the integral values and values of dual effect 
coefficients A  and a . The integral values of photoelectric and 
Compton coefficients A  which is short for 1A  and 2A  can be 
acquired by looking up the full elements H-L curve table [12] 
using the Pl  and Ph  data. Then, we can use regular CT 
reconstruction methods to reconstruct a  by equation (5). a  is 
short for 1a  and 2a  respectively representing the photoelectic 
and Compton coefficients. 

1 1A a dl= ∫ , 2 2A a dl= ∫                            (5) 

where l  denotes the path length of dual energy undersampled 
ray through detective objects. 
Step-4: To obtain atomic number and electron density. By 
using the known equations (6) [6], we can obtain the atomic 
number ( Z ) and electron density ( ρ ) by using equation (7).  

'

1 ' ( 4)
A

na Z nρ
≈ ≈ , 

'

2 'A
a Zρ

≈                     (6) 

3
1 2Z a a≈ , 22aρ ≈                              (7) 

where 'ρ  represents density and 'A  represents atomic weight. 
Finally, after the reconstructions of Z  and ρ  are filtered by 

TV technique in equation (4), we can obtain the final 
estimations of atomic number and electron density. 

B. DECT-FVA 
DECT-FVA mainly contains three steps illustrated by the 

chart in Fig. 3. 

 
Fig. 3.  Process of DECT-FVA. 

Step-1: To obtain the undersampled integral values of dual 
effect coefficients A . With one circular scan, the dual energy 
few-views projections are generated. Then, the undersampled 
integral values of photoelectric and Compton coefficients 
A u−  which is short for 1A u−  and 2A u−  can be acquired by 
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looking up the full elements H-L curve table using the Pl u−  
and Ph u−  data. 
Step-2: To obtain the values of dual effect coefficients a . 
Since A u−  have been obtained, we can use ART-TV method 
(from equation (1) to equation (4)) to reconstruct a . 
Step-3: The same to the step-4 of the DECT-FVP. 
 

III. NUMERICAL EXPERIMENTS 
In this paper, we test DECT-FVP and DECT-FVA by 

simulations. The high-low energy spectrum are produced by 
Monte Carlo simulation tool, as shown in Fig. 4. 736 dual 
energy detector bins are used. 20 view angles are specified by 
equation (8) and 60 view angles are selected averagely from 
every 6 of 360 angles in one circular scan. The detail 
geometrical parameters are as shown in Fig. 5. The instant 
between source and rotation center is 20 cm; the distance 
between rotation center and detector layer is 20cm; the length 
of the full resolution setting is 26.7cm; the reconstruction area 
of the 256×256 image array is 10×10 2cm . 

 
Fig. 4.  The high-low energy spectrum of the simulation system. 
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Fig. 5.  A fan-beam CT setup used in the simulations. 

A phantom which contains three materials, Na, C and air had 
been setted up as shown in Fig. 6, and the image resolution is 4 
mm. Six Na, two C and two air of different irregular shapes are 
mounted in a big C ellipse, where the atomic number of Na, C 
and air are 11, 6, 0, and the electron density of them are 0.9292 

3g cm , 1.6984 3g cm , 0 3g cm . 

 
Fig. 6.  The phantom of atomic number used in the simulations. 

When the 30dB Gauss niose is added to Pl u−  and Ph u−  
respectively, we can obtain the reconstructions by using 
DECT-FVP and DECT-FVA algorithms as shown in Fig. 7- 9. 

The process of adding noise is as follows. We define inN  the 
input photon number and outN  the output photon number. For 
simplicity, the noise in outN  is modeled to be Gaussian 
distributed with its mean being: 

out inN ( )=N ( ) ( ( , , ) )l s E dEexp x y E dlμ−∫ ∫             (9) 

and its standard deviation being outN . To control the noise 
level, we adjust inN . For example, if we need to have 0.1% 
(30dB) noise in data, we set 

out

out out

6
in

N 1 0.1%
N N

N 10 ( ) ( ( , , ) )s E dEexp x y E dlμ

= =

⇒ = −∫ ∫
     (10) 

Then, we can acquire noisy p  to be used in reconstruction by: 

in

out

Nln N
⎛ ⎞= ⎜ ⎟
⎝ ⎠

p                                  (11) 

From the results in Fig. 7-8, we can see that good 
reconstructions can be obtained by both DECT-FVP and 
DECT-FVA algorithms, especially the excellent electron 
density results. DECT-FVA plays a better performance to 
reconstruct atomic number than DECT-FVP. 

           
(a) Z with 20 angles (DECT-FVP)         (b) Z with 20 angles (DECT-FVA) 

           
(c) Z with 60 angles (DECT-FVP)         (d) Z with 60 angles (DECT-FVA) 
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(e) ρ  with 20 angles (DECT-FVP)         (f) ρ  with 20 angles (DECT-FVA) 

           
(g) ρ  with 60 angles (DECT-FVP)         (h) ρ  with 60 angles (DECT-FVA) 

Fig. 7.  The atomic number and electron density reconstructions from 20 and 60 
view angles added 30 dB niose with DECT-FVP and DECT-FVA algorithms. 
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Fig. 8.  Profiles of atomic number along the line 128 in horizontal direction 
from 20 view angles added 30 dB niose with DECT-FVP and DECT-FVA. 

Finally, we have a comparison of DECT-FVA (in Fig. 9) 
under the condition with and without noise respectively. The 
results show DECT-FVA is a good method to control the 
influence of noise. 
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Fig. 9.  Profiles of atomic number along the line 128 in vertical direction from 
20 view angles samplings with and without 30 dB niose by using DECT-FVA. 

IV. CONCLUSION 
In this paper, two realizations (DECT-FVP and DECT-FVA) 

to solve the problem of DECT imaging with few-views 
projections data are proposed. Simulations show that under the 
condition with 30 dB Gauss niose using only 20 or 60 view 
angles projections, good results can be acquired by both 
DECT-FVP and DECT-FVA methods. Especially, perfect 
results of electron density can be reconstruct by both 
algorithms. In addition, DECT-FVA plays a better performance 
to reconstruct atomic number no matter how many view angles 
are used or whether add niose than DECT-FVP. DECT-FVP is 
more sensitive to niose and the number of few-views 
samplings. 

Therefore, through the preliminary experimental results, 
both DECT-FVP and DECT-FVA are validated to be effective 
and DECT-FVA is more robust. However, only some simple 
phantoms and situations had been studied in this paper. More 
work will be done to improve and further validate these ideas. 
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Self-calibration of geometric and radiometric
parameters for cone-beam computed tomography

Wolfgang Wein, Alexander Ladikos and Armin Baumgartner

Abstract—Thanks to the advances in parallel processing hard-
ware, iterative algorithms for cone beam reconstruction are now
available with computation times acceptable for clinical use. At
the same time they are able to accomodate more accurately
the physical effects underlying the X-Ray imaging process.
Many parameters are involved, which need to be precisely
calibrated in order to achieve an accurate 3D reconstruction.
Unfortunately, some parameters might change individually for
every cone beam acquisition, stirring the need for an online
calibration technique. We present a method for automatically
deriving individual parameter adjustements within an iterative
reconstruction framework, without the need for a designated
calibration phantom. Preliminary results on a beads phantom
and anatomical sample show that self-calibration of global
and local geometric parameters is possible; besides we briefly
demonstrate radiometric calibration on phantom data.

Index Terms—cone-beam, computed tomography, reconstruc-
tion, OS-SIRT, calibration.

I. INTRODUCTION

Cone-beam reconstruction algorithms comprise an essential
technology in all 3D X-Ray based image modalities. Expen-
sive clinical computed tomography (CT) scanners nowadays
use 3D cone-beam rather than 2D fan-beam reconstruction
methods due to the trend to many-slice systems. Recent
advances in flat-panel detector technology also spawns small
cone-beam tomography systems with unprecedented image
quality. Those digital volume tomography (DVT) devices
are mainly used in ENT and dental applications, providing
excellent reconstructions within a small volume, for a price an
order of magnitude smaller than CT systems. This typically
low price tag however limits the mechanical accuracy of the
rotational movement as well as precise per-unit calibration
of all X-Ray source, detector, and geometric parameters. The
trend to powerful iterative reconstruction techniques, resulting
in a more complete modeling of X-Ray physics, also raises
the requirement of correctly estimating more, especially ra-
diometric, parameters. It is therefore desirable that the arising
unknowns be recovered automatically in the reconstruction
software, in particular since some of them might change during
every individual acquisition.
Offline calibration of cone-beam systems is a problem that has
been well understood and solved by every manufacturer, with
a variety of calibration phantoms and algorithms available.
Online computation of the individual projection parameters of
a cone-beam run has been developed as well. Such methods
either use additional sensors [1] or additional calibration

White Lion Technologies AG, Fürstenrieder Str. 275, 81377 München,
Germany. Corresponding author: Wolfgang Wein, E-mail: wein@wlt.ag.

markers that are placed around the patient [2]. Particularly
the latter is nowadays prohibitive, since for DVT applications
the reconstruction volume is fully covered by anatomy. Be-
sides, modern radiation safety laws prohibit irradiating any
body parts which are not used for image creation. An initial
approach for re-calibration without additional information is
shown in [3], using an optimization of global geometric
parameters by entropy minimization of the volume in a FDK
reconstruction.
In the following, we present our new method for automatically
deriving geometric and radiometric parameters, both globally
and for individual projections, within the reconstruction of
the object to be diagnosed itself. It is based on an efficient
simultaneous algebraic reconstruction, wherein the additional
parameters are optimized. As opposed to [3] it optimizes the
same criterion than the reconstruction itself and is generalized
over any unknown parameters of the imaging device.

II. METHODS

A. Reconstruction Framework
We have developed an efficient GPU implementation of an

ordered subset simultaneous iterative reconstruction technique
(OS-SIRT), similar to the one described in [4]. A subset of
all X-Ray projection images is forward- and back-projected
iteratively to yield the reconstructed volume. Let us introduce
some variables:
• V (k) reconstruction volume estimate in iteration k
• NV : number of voxels inside the reconstruction volume
• vj , j ∈ [1 . . . NV ]: an individual voxel
• NL: number of pixels in an X-Ray image
• xil, l ∈ {1 . . . NL}: a pixel of X-Ray image i
• ril: single forward projected ray
• Sk: Frame indices of the subset used in iteration k
• Pi: projection matrix of X-Ray image i
• wjl(Pi): ray projection weights for image i
• λ ∈ ]0 . . . 1]: relaxation factor

The forward projection operator is then written as

∀i ∈ Sk, l ∈ {1 . . . NL} : r
(k)
il =

NV∑

j=1

v
(k)
j wjl(Pi) (1)

The corresponding error back-propagation operator is

∀j ∈ [1 . . . NV ] : v
(k+1)
j = v

(k)
j + λ

∑

i∈Sk

NL∑

l=1

xil − r(k)il∑
wjl(Pi)

(2)

The ray projection weights wjl(Pi) in both equations 1 and 2
are computed on the fly by the GPU, as texture interpolation
weights along the rays.
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B. Optimization Approach

In the framework described above, a single iteration k
essentially tries to minimize the re-projection error Ek of
subset Sk:

Ek =
∑

i∈Sk

NL∑

l=1

∣∣∣xil − r(k)il

∣∣∣ (3)

In the ideal case, where the forward projection operator
properly models the underlying X-Ray physics, this error
should converge to zero after sufficient iterations. The idea is
now to also minimize equation 3 with respect to all geometric
parameters contained in Pi that are in question:

P̂i = arg min
Pi

Ek (4)

On top of that, further radiometric parameters, e.g. consid-
ering polychromaticity or scattering, might be included. The
resulting list of parameters can unfortunately not be subject
for iterative refinement within the OS-SIRT reconstruction,
since successive iterations would create an inconsistent volume
estimate while the parameters are changing. Rather, we have
to create an outer optimization loop, repeatedly computing
equation 3 after a complete reconstruction (i.e., all subsets
have been used once). In this ‘self-calibration’ mode, we use
down-sampled copies of the X-Ray images, yielding smaller
values of NV and NL. Besides, if the subset size is large
enough (typically |Sk| ∈ [5 . . . 30] in our case), the value
of Ek can be computed from the difference images of the
last OS-SIRT subset execution. The problem then becomes
computationally feasible, due to the capabilities of modern
stream processing hardware.
Because of the iterative nature of the reconstruction itself, it is
not directly possible to compute derivatives of Ek with regard
to the parameters subject to optimization. For global geometric
and radiometric parameters, we therefore use the Amoeba
direct search method. Parameters which affect every individual
frame i, can be successively optimized. The reconstruction is
then repeated only after all projections have been adjusted.

C. Geometric Parameterization

For modeling the projection geometry we use a standard
pinhole camera model [5]. The corresponding projection ma-
trix Pi has dimensions 3 × 4 and can be decomposed into
intrinsic and extrinsic camera parameters:

Pi = K
[
Ri t

]
=



fx 0 cx
0 fy cy
0 0 1


 [R t

]
(5)

where K is the intrinsic calibration matrix containing the focal
lengths fx and fy in the respective axis directions and the
principal point (cx, cy)>. Ri and t represent the extrinsic
rotation and translation transforming the world coordinate
system into the camera coordinate system.

During optimization, however, we do not directly optimize
over this parametrization, but instead use a parametrization
more suited to the source-detector geometry. The intrinisc

calibration matrix can then be written as:

fx =
px
sx
d, fy =

py
sy
d (6)

cx =
px
2

+
hx
sx
px, cy =

py
2 + tan(α)d

sy
py (7)

Here, d is the source-detector distance in mm, sx and sy
is the size of the detector in mm and px and py are the
dimensions of the projection image in pixels. hx is the x-
offset of the detector center from the intersection point of the
X-ray source’s principal ray in mm. α is the angle at which
the detector is tilted with respect to the plane orthogonal to the
X-ray source’s principal ray (α ≈ 6◦ for dental applications,
in order to avoid attenuating the same X-rays with teeth or
implants on both sides).

The extrinsic camera parameters Ri and t are parameterized
as:

Ri =



− cos(γi) −sin(γi) 0

0 0 1
− sin(γi) cos(γi) 0


 , t =



kx
ky
kz


 (8)

where γi = R
NX−1 (oi + i) with NX the number of X-ray

projections acquired, R the angle covered by the source-
detector pair around the object and oi the offset to the expected
angle for frame i. This offset is necessary to accomodate slight
mechanical variations in the angle increment when the device
is moving. The vector (kx, ky, kz) is the offset of the detector-
source pair from the isocenter in mm. If kx or ky are non-
zero the detector-source pair is describing an eccentric motion
around the object instead of a circular one.
In this work, we chose to evaluate the optimization of oi as an
unknown parameter that is specific for every frame i. Please
note that further parameters from R and t can be selected as
frame-variant to achieve greater accuracy, depending on the
mechanical setup.

D. Radiometric Parameterization

We have adapted the forward- and back-projection operators
to incorporate a polychromatic X-Ray model, inspired by the
work in [6]. This model tries to reconstruct linear attenuation
cofficients at a selected energy, by approximately mapping
them to photo-electric and compton cross-sections and cal-
culating polychromatic line integrals. The modified forward
projection operator is:

∀i ∈ Sk, l ∈ {1 . . . NL} : r
(k)
il = − log

NE∑

e=1

be exp (. . .


−Φe

NV∑

j=1

φ
(
v
(k)
j

)
wjl −Θe

NV∑

j=1

θ
(
v
(k)
j

)
wjl


 (9)

where φ and θ are the mapping from linear attenuation to
photo-electric and compton cross-sections, Φe and Θe the
corresponding energy dependencies at energy e, and NE
the number of used discrete energies. The effective spectral
contribution be is combined from:

be = sIeDe (10)
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where s is an overall scaling factor, Ie the X-Ray source
spectrum and De the detector spectral sensitivity. be can be
parameterized depending on the unknown radiometric com-
ponents, and directly optimized by the framework presented
above.

III. RESULTS

A. System Setup

Our experimental setup consists of a medical X-Ray source
and flat panel detector mounted in steady position, with a
distance of X-Ray focal spot and detector center of about
55cm. The detector has a direct deposit CsI scintillator,
NL = 0.7 Mega pixel, and a pixel size of 0.1mm. A cheap
turntable which does not run very smoothly is moving the
object to be reconstructed. This allows us to investigate the
automatic computation of varying angular increments oi.
Our reconstruction algorithm computes one OS-SIRT run with
650 X-Ray projections and NV = 5123 voxels in ≈ 12
seconds, using an AMD Radeon 5870 GPU. In self-calibration
mode, a reconstruction completes in one second, with down-
scaled projections (NL = 170K pixels) and NV = 2563.
Depending on the number of open parameters, a full opti-
mization terminates within one to a few minutes. We obtain
similar computation times on a NVIDIA GeForce GTX 580
board.

B. Geometric Calibration on Ground Truth Phantom

In order to validate our self-calibration technique, we ac-
quired a sequence of a cylindrical phantom with eight steel
balls to compute the exact projection geometry. In a first step
we automatically extract the steel balls from the projection
images by using an isocontour-tracing algorithm with the
isovalue chosen as the mean between the background and the
steel ball intensities in the projection images. Subsequently
a circle was fitted to the extracted isocontours using a least-
squares minimization. The recovered center-points for each
sphere over the sequence together with the approximate 3D
position of the spheres are then used in a bundle adjustement
step [5] to optimize both the projection geometry parameters as
defined in section II-C and the position of the steel balls. The
starting point for the parameters is chosen quite roughly with
all parameters set to zero except the source-detector distance
which was set to 500 mm. After convergence we kept the
internal parameters K fixed, and optimized the angle offset
oi for each frame which describes the deviation from the
expected rotation angle of the device. Afterwards we repeated
these two optimization steps on the results. As expected, no
significant changes occured in the parameters after the first
run, indicating that the optimization successfully converged.
In total, the bundle adjustment step required 9 iterations and
resulted in an average reprojection error of 0.54 pixels. The
global and frame-specific parameters are henceforth used as
Ground Truth data. The reprojection error using the parameters
of the self-calibrating reconstruction is 1.68 pixels.

The first two columns of table I show the parameters
obtained using both the Ground Truth calibration, and our

proposed reconstruction-based optimization scheme. The re-
covered values are very similar except for the detector offset
in x-direction and the detector skew. However, it seems that
these two parameters are not totally orthogonal and therefore
tend to increase together. Figure 1 shows the results for the
angle offset oi computed using the Ground Truth and the self-
calibration method. As can be seen the shape of the curves
- in particular the local extrema - is almost identical. The
mean difference is 0.24, the maximum 0.79, and the standard
deviation 0.18, each expressed in terms of the regular frame
angular increment, which amounts to 0.55◦. There is only a
slight offset in the absolute value. This shows that the two
methods are comparable in terms of accuracy, when executed
on the same phantom image data.

Ground Truth Self-Cal. Self-Cal.
Phantom Jaw

Source-detector distance 546.7mm 549.9mm 543.4mm
Detector tilt 5.97◦ 5.92◦ 6.15◦

Detector offset x 12.9mm 1.31mm 3.62mm
Detector offset y 0.42mm 0.58mm 0.75mm
Detector shear 19.5mm 1.26mm 3.61mm

TABLE I
COMPARISON OF THE RESULTING PROJECTION GEOMETRY PARAMETERS
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Fig. 1. Angle offset comparison between Ground Truth and self-calibration.

C. Geometric Calibration on Real Anatomy

An ex-vivo porcine jaw with dental implants was used as
anatomical test data set. To test the convergence of our self-
calibration, the source-detector distance was set to 500 mm,
all other values (last four rows in table I) to zero as initial
estimate. The self-calibrating reconstruction converged with
visually excellent image quality, the resulting parameters are
depicted in the last column of table I. Apart from the connected
detector scale & shear, the parameters agree quite well with
the Ground Truth phantom. Note that a deviation of source-
detector distance of 3.3 mm corresponds to a fan-beam angle
error of only ≈ 0.06◦. Figure 2 shows a reconstruction using
the initial and final parameters (in the latter, the individual
frame angles are optimized as well).
The angle increment optimization result on this data is shown
in figure 2(c), executed a second time after completing a
reconstruction with the updated angles. While the turntable
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Fig. 2. Sagittal slices from reconstruction and angle plot, illustrating geometry optimization on porcine jaw.

motion is not reproducible and can therefore not be compared
to figure 1, it shows the same characteristic extrema. The
second optimization causes slightly more pronounced peaks,
indicating that the system converges well.

D. Radiometric Calibration on QA Phantom

(a) s = 0.5 (b) s = 0.9
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Fig. 3. Polychromatic reconstruction on phantom evaluated against s

The optimization of the radiometric scaling parameter s
in equation 10 was evaluated on a Quart DVT AP quality
assurance (QA) phantom (Quart GmbH, Zorneding, Germany),
running the polychromatic reconstruction algorithm outlined
in section II-D. As can be seen in figure 3, the reprojection
error Ek has a clear minimum at s ≈ 0.9. The corresponding
reconstruction slice has sharper edges and constant intensity
across the bright ring, while a beam hardening effect is visible
on the reconstruction with s = 0.5.

IV. DISCUSSION

We have developed a method that allows for self-calibration
of global geometric, local per-frame, and radiometric parame-
ters on the individual scans of a cone-beam CT system, without
the need for additional calibration phantom acquisitions. It is
based on optimizing over the residual error of a rapid OS-
SIRT algorithm, a single execution of which takes one second
on recent GPU hardware.
We demonstrated the potential of this method by recovering
the global geometric parameters as well as individual angle
increments of a steel beads phantom and ex-vivo porcine
anatomy, comparing them against a numerical computation
based on the segmented bead locations. Last but not least,
we could successfully eliminate beam hardening artifacts by
optimizing an unknown parameter of a simplified spectral
model.
The main limitation of our method stems from the fact that

it is essentially a local optimization whose results depend
to some extent on the underlying image data. Future work
comprises to systematically evaluate the optimal parameteri-
zation, parameter dependencies, optimization capture range, as
well as the influence of significantly different anatomy being
imaged. So far our studies revealed that slow variations of
calibration parameters which would typically occur in practice,
can reliably be recovered.
Even though it is subject to continued development, we believe
this method will eventually push the limit regarding image
quality on affordable CT devices with mechanical imperfec-
tions. It could also enable new devices to recover physical
parameters like X-ray source spectra and detector spectral
sensitivity right in the software, which are otherwise difficult
to obtain. This in turn can yield advances in the field of
quantitative CT for small devices. A clinical 3D reconstruction
today is available in the matter of seconds for presentation
to the doctors, using valid calibration parameters. Future
systems could use the idle time between scans, or overnight
downtime, to review the consistency of, and iteratively re-
calibrate, all prior clinical scans. Slowly changing parameters
caused by mechanical wear, burn-in of the X-Ray tube, or
changing detector properties, can therefore be automatically
updated. This could make regular maintenance and calibration
of such systems a thing of the past, further cutting on cost-of-
ownership.
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Abstract— Ordered subsets are typically used to make iterative
reconstruction algorithms converge faster. We propose a new
priority queue based method that ensures “orthogonalization”
of the ordered subsets to the extent possible. We provide an
experimental comparison with two other methods using a 3D
Shepp-Logan phantom.

I. INTRODUCTION AND BACKGROUND

Iterative algorithms are widely used in connection with PET
and SPECT reconstruction and are becoming increasingly more
common in x-ray CT. In spite of their heuristic nature and
limit cycle behavior, ordered subsets [1] are typically used
to accelerate the rate of convergence and thereby reduce the
number of iterations needed. Conventional wisdom dictates
that the ordered subsets should be made as “orthogonal” as
possible in the sense that the next set of projections should
provide as much new information as possible. A geometric,
and thus data-independent, interpretation thereof is to say that
the projections of successive ordered subsets should be as
distant from each other as possible. Considering the number
of papers that report use of ordered subsets, surprisingly few
papers have been published on effective implementations, e.g.,
[2]–[4]. In this paper we propose a new method based on
a standard abstract data structure, namely, a priority queue.
We make the assumption that the ordered subsets form a
partition of the full set of projections meaning that the subsets
are mutually exclusive and collectively exhaustive. We also
assume that the projections are angularly equidistant. We first
describe two high-level configuration schemes that we will refer
to as yielding local versus global coverage. These schemes
both apply to the three specific methods we then describe and
compare. The first one of these, which we speculate is among
the most common of all ordered subsets implementations, uses a
sequential increment scheme to sweep through the projections.
We use this method to provide baseline data. Proposed by
Kohler [4], the second method is based on a constant angular
increment where the constant is chosen so as to divide the
angular range considered by the golden ratio. We introduce a
generalized version that works for other values of the constant
and, more importantly, uses sorting to map the real-valued
angles to integer projection indices. The third method is the new
priority queue based method. We briefly mentioned this idea in
a previous paper [5] but neither provided a full algorithmic
description nor a detailed performance analysis. Doing so is
the goal of the present paper which includes an experimental
comparison of the three mentioned methods using a 3D Shepp-
Logan phantom.

II. GENERATING ORDERED SUBSETS

A. Local vs Global Coverage Configurations

A local coverage configuration is one that creates ordered
subsets for which adjacent projections are grouped together
while a global coverage configuration is one where the pro-
jections are spread out as much as possible. Specifically, let
N denote the number of projections considered, M the number
of ordered subsets, and V=N/M the number of projections per
subset. Without loss of generality, assume for simplicity that M
divides into N such that V takes on an integer value. The local
and global coverage configurations then define the following
k = 0, 1, . . . ,M−1 subsets:

ΩkL = {kV, kV + 1, . . . , kV + V − 1}
and

ΩkG = {k, k +M, . . . , k + (V − 1)M}.
Figure 1 uses pie slices to represent the ordered subsets of ΩL
and spoked wheels to represent those of ΩG.

B. Orthogonalization

From an “orthogonalization” point of view, the problem of
determining the order in which to process the M subsets trans-
lates into determining a permutation of the integer sequence
0 : M−1 that yields the largest gaps between two successive
numbers. When M is a power-of-two, the ideal sequence would
be 0 followed first by M/2 and then M/4 or 3M/4 and so
forth. When M is not a power-of-two, the ideal sequence is
not expressed quite so easily.

C. Sequential Increment

Included for reference purposes only, the sequential in-
crement method discards the concept of “orthogonalization”
altogether and uses the integer sequence S = {0, 1, . . . ,M−1}
as is. See Fig. 1.

D. Golden Ratio

Consider the sequence G = {g0, g1, . . . , gM−1} of fractional
numbers

gk = kφ− bkφc
where 0 < φ < 1. Multiplying these numbers by M followed
by truncation or rounding yields a sequence of integers that
fall in the desired range. However, some integers may end
up represented more than once while others may be missing.
While it is possible to apply adjustments that lead to uniqueness
and full coverage, we find this to be a difficult and error
prone process. Instead, we propose to sort the sequence of
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Fig. 1. The order in which projections are processed differs greatly between the local and global coverage configurations and the sequential increment, golden
ratio and priority queue based ordered subsets methods. Results are shown for subsets 0–1 and 0–3. All six methods ultimately account for all projections.

fractional numbers and use the integer sequence corresponding
to the indices that map the sorted values back to their original
locations. Using Matlab-like notation, let

[W, I] = sort(G)

S(I) = [0 : M−1]

such that W =G(I) and G=W (S). Then S is the sequence
of integers of interest. This method is both fast and fail-safe.

The difference between two successive fractional numbers,
say gk−1 and gk, is either φ or φ− 1 with the former causing
an increase in gk and the latter causing a decrease in gk. An
interesting implication is that no value of φ can produce the
sequence G = {0.00, 0.50, 0.25, 0.75, . . .} needed when M is a
power-of-two. The best we can do is use a value of φ between
0.5 and 1.0 that trades off the desire to have g1 be close to 0.5
with the desire to have g2 be close to 0.25 and so forth. For
example, φ = 0.55 leads to G = {0.00, 0.55, 0.10, 0.65, . . .}
while φ = 0.60 produces G = {0.00, 0.60, 0.20, 0.80, . . .}.
Neither sequence yields “orthogonalization.”

The observant reader will note that periodicity results from
setting φ equal to a rational number. This is not a problem,
however, as the sorting creates a permutation of the associated
integer indices which are unique. Thus, any value of φ will
work, but some values may work better than others.

A related constant angular increment scheme described by
Kohler [4] uses the golden ratio φ ≈ 0.618 to define the order
in which to process projections when using the Gauss-Seidel
like ART algorithm for reconstruction. The fact that this choice
of φ is an irrational number is considered a key feature as
it ensures that the generated angles are unique. The mapping
from computed angles to actual projection angles is achieved
“by choosing at any time within a full iteration the nearest
angle, which has not been taken so far [. . . ] with the required
adjustment being smallest when M is a Fibonacci number.”

Since this golden ratio method was found to perform equal
or better to other methods known when it was introduced,
e.g., prime number composition [2] and weighted distance
[3], we use it as our second method. Our implementation is
based on the fractional numbers method above which poses no
restrictions on M and uses sorting to overcome the problem
of having to map real-valued angles to integer projection
indices. As shown in Fig. 1, the widest open projection interval
is continually divided by the golden ratio. The result is a
non-uniform distribution of the ordered subsets that is more
pronounced early on.

E. Priority Queue

Easily implemented using a binary heap, a priority queue
is an abstract data structure that at a minimum supports two
core operations, namely, add a new element with an associated
priority, and remove and return the element from the queue that
has the highest priority [6].

Letting priority be based on the width of an open (unpro-
cessed) projection interval (index range) with higher priority
assigned to wider intervals, we can use a priority queue to
generate fully “orthogonal” ordered subsets as outlined by the
following pseudo-code:

S = { 0 }
PQ.in(1:M-1)
while PQ 6= empty {

(a:b) = PQ.out()
m = middle(a:b)
S = { S, m }
if a<m { PQ.in(a:m-1) }
if m<b { PQ.in(m+1:b) }

}
In words, the priority queue returns the widest currently open
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Fig. 2. Empirical comparison of the rate of convergence for different ordered subsets configurations. The residual norm is plotted as a function of iteration
index k = kiterM + ksub where kiter and ksub refer to full and subset iterations, and M denotes the number of subsets. A and B labels refer to local and
global coverage configurations respectively. Note the change in scale for the small plots that provide a detailed view of the residual norms.

projection interval which is then bisected. The middle projec-
tion index is appended to the ordered subsets sequence, and the
resulting non-empty left and right projection intervals are added
to the priority queue. Then the process is repeated. We note
that if not uniquely the widest, the next projection interval is
at least as wide as any other currently open projection interval.
That said, a simple modification to the algorithm consisting of
extracting and sorting equal-width projection intervals prior to
them being appended to the ordered subsets sequence provides
user-defined tie breaking control. Examples include numerical
order and furthest distance. The results reported below are
for an implementation that uses the latter. Not exploited here,
another simple modification would facilitate processing of
irregularly sampled data, namely, if the function that returns
the middle projection index were made to return the index of
the projection angle closest to the midangle.

Figure 1 shows how the priority queue method systemati-
cally creates uniformly distributed ordered subsets. Any visual
appearance of non-uniformity is due to an asymmetric set of

left and right hand side intervals that result from the bisection
of a projection interval spanning an even index range.

III. EXPERIMENTAL RESULTS

A. Data Description

We provide experimental results in terms of a residual norm
study performed using the 3D Shepp-Logan phantom [7]. We
generated 360 projections, each 384 × 384 and reconstructed
a 512 × 512 × 512 image. We used focus of attention to
automatically eliminate the background from consideration
[10]. This changed the original underdetermined problem of
solving 53 million equations with 134 million unknowns to
an overdetermined one of solving 14 million equations with
27 million unknowns. The reduction is directly proportional to
the size of the ellipsoidal phantom relative to the size of the
cubic image volume.

B. Reconstruction Algorithm

Reconstruction was done using PSIRT which is a modified
version of SIRT more suitable for ordered subsets and parallel
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computation in a distributed environment [5], [9], [11]. Both
algorithms solve the weighted least squares problem

x∗ = argmin ‖Ax− b‖2R
where x and b denote the image and the log-normalized
projection data, A represents the system matrix that connects
the two, and R is a diagonal matrix of inverse row sums of the
system matrix, and ‖v‖2R = vTRv. PSIRT uses the iterative
update scheme

x(k+1) = x(k) + α p ATR(b−Ax(k))

p = 1/‖A‖1
where 1≤ α < 2 is a relaxation parameter and ‖A‖1 denotes
the maximum column sum. All our work is based on α=1.99
as eigenstructure analysis indicates that to be a near-optimal
choice.

C. Residual Norms

Figure 2 provides a summary of the residual norm study,
again using local and global coverage in combination with
the three methods described for generating ordered subsets.
For M=10, all configurations perform equally well. For M=30,
sequential increment with local coverage starts to exhibit oscil-
latory behavior neither seen for the global coverage counterpart
nor for the other configurations. For M=90 and 360, the
sequential increment method converges but does so much more
slowly than the golden ratio and priority queue methods which
appear to converge monotonically at about the same rate. For
M=360, we do note that the priority queue method produces
lower residual norms during the early subiterations compared
with the golden ratio method. We believe this to be a result of
better “orthogonalization” of the former. Eventually the latter
catches up and the two reach the same residual norm in the
end.

IV. CONCLUSION

In this paper, we have introduced an improved version of
the golden ratio method for generating ordered subsets as
well as a new method based on a priority queue. Advantages
associated with the latter include support of user-defined tie
breaking control and, although not exploited here, the ability to
process irregularly sampled data. Experimental work using the
3D Shepp-Logan phantom found the two methods to perform
equally well. Whether that is the case for real PET, SPECT and
x-ray CT data remains to be investigated.
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Optimisation of the Source Firing Pattern for Real
Time Cone-Beam Tomography

William M. Thompson and William R. B. Lionheart

Abstract—The RTT system is a fast cone-beam CT scanner
which uses a fixed ring of multiple sources and fixed rings of
detectors in an offset geometry. We present a new theoretical
model for this geometry which leads to optimisation of the source
firing pattern. Numerical results are presented.

Index Terms—Cone-beam CT, reconstruction, firing order.

I. INTRODUCTION

The Real Time Tomography (RTT) system is a new type of
fast cone-beam CT scanner developed by Rapiscan Systems,
designed for applications where scan time is of critical impor-
tance. The main factor limiting the speed of conventional CT
scanners is the physical rotation of the source around the object
or body being scanned; the RTT system eliminates the need for
this by instead using a complete ring of fixed, discrete sources,
and switching these in sequence. The production model RTT80
system is capable of scanning at 30 (virtual) source revolutions
per second at a feed rate of 500mms−1.

The main drawback of this design is that, since we must also
have complete rings of detectors, we cannot have detectors in
the same plane as the sources, leading to a geometry with
detectors located only on one side of the plane of sources,
and offset in the z-direction by some distance ε1, as shown
in figure 1, where x represents a source position and Dx is
the corresponding region of the detector rings. This presents a
problem, since the algorithms used in conventional CT cannot
be applied to this geometry.

The system also has a potential advantage which presents
another interesting problem. Using a complete ring of discrete
sources, we can switch them in almost any order we like;
we refer to the switching sequence as a firing order. Rather
than simply choosing a firing order based on our existing
knowledge of conventional helical cone-beam CT, we can
study the firing order in generality, and investigate the effect
it has on the geometry of the system and the quality of
the resulting reconstruction, and in some sense attempt to
optimise it. This paper presents a new theoretical model for
offset detector CT scanners, and gives results regarding the
optimisation of the firing order. The work presented here is
based on [1], where rigorous proof of the uniqueness result
and further details of the methods used may be found.

II. THE CONTINUUM MODEL

The standard continuum mathematical model for conven-
tional 3D cone-beam CT reconstruction is to consider diver-
gent beam sources located at all points on some smooth curve

School of Mathematics, University of Manchester. Corresponding author:
William R. B. Lionheart, E-mail: bill.lionheart@manchester.ac.uk.

x

ε1
ε2

γ
γ

z

Za,l

Cd

Cb

Dx

Fig. 1: The idealised RTT geometry in the continuum case,
showing the reconstruction region Za,l and sets of possible
source and detector positions Cb and Cd, using the convention
that the scanner moves while the object is stationary

L ⊂ R3, usually a helix. Uniqueness results and analytical
inversion formulae for this model are well known; sufficient
conditions on the curve L were derived by Tuy in [2] and a
fundamental relation between the cone-beam x-ray transform
and the first derivative of the 3D Radon transform was given
by Grangeat in [3]. Numerous exact reconstruction algorithms
have been based on Grangeat’s result (see [4] for a survey);
however, none of these are applicable to the RTT system due
to the offset geometry.

Motivated by knowledge of conventional helical cone-beam
CT, it seems natural for us to think of the firing order as
defining some trajectory or trajectories that a virtual source or
sources will follow. However, consider the firing order whose
source positions are shown in figure 2; here it is not clear how
such a trajectory or trajectories would be defined.

We therefore propose that, instead of regarding the firing
order as defining one or more one-dimensional trajectories, we
simply view it as defining a sampling pattern on the surface of
a cylinder. For an arbitrary number of sources, the firing order
may always be chosen so as to arrange the sources on a regular
lattice as in figure 2. Therefore, in the limit as the number of
sources tends to infinity, the sources cover the whole surface
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Fig. 2: Source positions on a regular lattice on the surface of
a cylinder

of the cylinder; hence in the continuous case we may assume
that we have source positions at all points on the boundary of
some cylinder.

III. THE IDEALISED RTT GEOMETRY

Let Za and Ca represent respectively the cylinder of radius
a with axis along the z-axis, and its boundary. The function f ,
representing the object, is assumed to be supported on Za,l, a
subset of Za of some finite length l and centred at the origin.
We adopt the convention that the object remains stationary
with the scanner moving in the z direction; therefore the sets
of possible source and detector positions are given by cylinders
Cb and Cd respectively, where a < d < b. Let ε2 > ε1 > 0
represent the source-detector offsets in the z direction; then
relative to some source position x ∈ Cb, the active detector
region Dx is the subset of Cd defined by ε1, ε2 and the angular
extents −γ, γ, as shown in figure 1.

The geometry is assumed to be shift-invariant, so that the
active detector region is the same viewed from the perspective
of any source position x ∈ Cb. Considering an arbitrary x ∈
Cb, let Πα,x be a plane containing x, and intersecting the
transaxial plane containing x in a line tangent to Cb at x. This
plane has equation y ·α = s, for some s ∈ R and α ∈ S2, the
unit 2-sphere. Let Lα,x be the line in Πα,x intersecting x and
the z-axis.

We assume that the offsets ε1, ε2 are defined such that for
any x ∈ Cb, there exists α ∈ S2 such that all rays in the plane
Πα′,x, intersecting the support of f and parallel to Lα′,x, for α′

in some arbitrary small neighbourhood of α, are measured. It
should be noted that this assumption is satisfied by the RTT80
machine.

IV. UNIQUENESS OF SOLUTION

The assumptions made about the geometry, and the compact
support of f , define an open set Ω ⊂ S2 such that for any
α ∈ Ω, the 3D Radon transform of f is known, since we may
simply integrate over the parallel lines in each plane Πα,x.
Therefore the problem of reconstruction for the RTT system
can be reduced to the inversion of the 3D Radon transform
for limited angle data.

It is proved in [1], using the Paley-Wiener theorem, that
these limited angle Radon data are enough to uniquely de-
termine the function f ; hence the solution to the RTT recon-
struction problem is uniquely determined. Explicit inversion
formulae for the limited angle 3D Radon transform have been

given by Ramm in [5] and [6]; however, it is not known
whether these are of practical use in the RTT case.

V. THE FIRING ORDER

Let the set of discrete sources be denoted by S =
{s1, . . . , s|S|}. Then a firing order of period 1 revolution is
defined as the periodic extension of the sequence

. . . , φ(1), . . . , φ(|S|), . . . , (1)

determined by some function

φ : {1, . . . , |S|} → {1, . . . , |S|}. (2)

This definition may be generalised quite simply to cover
firing orders of an arbitrary period R revolutions; however, in
practice this is not particularly useful and will not be covered
here. The firing order determines the sequence in which the
physical sources in the RTT system are switched on and off;
for a particular firing order φ, as we let i run from 1 to |S|,
the sources sφ(1), . . . , sφ(|S|) are switched in sequence.

Although it is not strictly necessary to do so, it makes
sense to consider only firing orders where the function φ is
bijective (i.e. permutations of {1, . . . , |S|}). This ensures all
sources are used and justifies the use of the term revolution,
since a full set of projections from the physical sources
s1, . . . , s|S| is analogous to a complete revolution of the gantry
of a conventional CT scanner. Given this restriction, and
the assumption that the firing order has period 1 revolution,
without loss of generality we can adopt the convention that
for any firing order, φ(1) = 1.

VI. ROTATIONAL INVARIANCE

For an RTT system with |S| sources, the firing order defined
by the function φ is said to be order-1 rotationally invariant
if for some fixed integer k we have:

φ(i) ≡ (φ(i+ 1)− k) (mod |S|), ∀i = 1, . . . , |S|. (3)

Interpreting this geometrically, what this means is that from
the perspective of some source si, if we then move to source
si+1, the positions of all other sources in three-dimensional
space relative to the source we are at do not change.

An order-1 rotationally invariant firing order is given by a
function φ of the form

φ(i) =
(
k(i− 1) mod |S|

)
+ 1, (4)

where k is some integer coprime to |S|, and is always of period
1 revolution.

VII. RECONSTRUCTION ALGORITHMS

The choice of firing order is dictated to a certain extent
by the reconstruction algorithm used; if we use an analytical
algorithm assuming some choice of source trajectory then
clearly we need to approximate that trajectory. Therefore,
for the purposes of this investigation, we use an algebraic
reconstruction method based on the MATLAB implementation
of the CGLS algorithm from Hansen’s Regularisation Tools
[7]; ray paths through voxels are calculated using the method
of Jacobs et al. [8]. The results presented here are also
relevant to the multi-sheet surface rebinning algorithm recently
proposed by Betcke [9].
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(d) k = 35

Fig. 3: Plots of the sampling pattern on a small section of the
surface of the cylinder for the different firing orders

VIII. HEURISTIC ARGUMENTS FOR OPTIMISATION

Using the new continuum model of the RTT system, heuris-
tically, it makes sense to choose the firing order so that it
creates an evenly spaced sampling lattice on the surface of
the cylinder. With order-1 rotationally invariant firing orders
of the form (4), it is easy to construct a firing order giving
close to an equilateral triangle sampling lattice.

We also wish to choose the firing order so that we get an
even distribution of the angles of the rays intersecting each
voxel of the reconstruction volume. Here, the angle is taken
to mean the angle of the detector relative to the source, in the
projection of the ray onto a transaxial plane. For the RTT80
system with 768 sources, a firing order that satisfies both of
these properties is given by substituting k = 35 in (4).

IX. FIRING ORDER COMPARISONS

For the RTT80 system, we compare this heuristically op-
timised choice against the sequential firing order φ(i) = i,
conventionally regarded as defining a helical source trajectory,
and also against the firing order currently being used in the
RTT80 system, given by a generalisation of (4) with k = 192,
which approximates four intertwined helices, and a random
permutation of {1, . . . , 768}, denoted respectively by RTT and
random.

A. The sampling lattice

Plots of the sampling patterns created by each of these
firing orders are shown in figure 3. The plots show source
positions on a small section of the surface of the cylinder
over 10 revolutions; the quantity d represents distance along
the surface in the clockwise direction perpendicular to the z-
axis. We see the sequential and RTT firing orders define clear

(a) Sequential (b) RTT

(c) Random (d) k = 35

 

 

0 500 1000 1500

 

 

0 500 1000 1500

Fig. 4: Ray density images for the different firing orders (units
are mm/voxel)

source trajectories, whereas k = 35 defines an approximately
equilateral triangle lattice.

B. The ray density

It is useful to look at the distribution of the rays within
the reconstruction volume. This is achieved by summing the
columns of the matrix A representing the discretisation of the
forward problem, giving the total length of intersection of the
idealised rays through each voxel. This quantity is referred to
as the ray density, and can be viewed as an image. Results
for a single slice through the whole reconstruction volume at
1.4× 1.4× 1.4mm resolution are shown in figure 4.

We see that for the sequential firing order, there are regions
of the slice with very high and very low ray density; it is
reasonable to expect that reconstruction within these regions
will be inferior to that in the higher density regions. Indeed,
if the feed rate were increased, these regions could actually
create a nullspace. We see that some unevenness remains with
the RTT firing order, but for the random and k = 35 orders,
the distribution of ray density is much more even.

We have found that within these regions of low ray density,
the distribution of the angles of the rays intersecting the
region is also uneven. With the sequential firing order, there
are regions within the reconstruction volume that are only
illuminated from a very narrow range of angles. The RTT
firing order is better, whereas the k = 35 and random firing
orders again give a much more even distribution. We therefore
reasonably expect to see fewer limited angle type artefacts in
reconstructions from data obtained using the k = 35 or random
firing orders than with sequential or RTT. It should be noted
that the distributions of ray density and illumination angles
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are dependent on the feed rate through the scanner; the choice
of the value k = 35 and comparisons given here are based on
the RTT80 system’s slow rate of 250mms−1.

C. Numerical comparisons

Numerical comparisons have been performed between the
four firing orders, using the condition number and SVD of the
forward projection matrix A. The main difficulty in this is the
large size of A; we therefore work with small reconstruction
volumes and alter the resolution of the discretisation in order
to examine the effect on the condition number. It is shown
in [1] that the k = 35 and random firing orders give a better
conditioned forward projection matrix.

X. RECONSTRUCTION EXAMPLES

x-y and y-z slices through reconstructions of a simulated
‘multi-cuboid’ phantom for the sequential, RTT and k = 35
firing orders are shown in figure 5. The phantom consists
of a 14 × 14 array of 20 × 20 × 30mm cuboids, with the
long edges parallel to the z-axis; reference images are shown
in parts (a) and (b) of figure 5. Phantoms were calculated
analytically and then corrupted with 5% Gaussian noise. In
all cases, reconstruction was performed using 20 iterations of
CGLS, with no additional Tikhonov regularisation.

We clearly see that the k = 35 firing order gives superior
results, with no significant artefacts present in the reconstruc-
tion. As expected, the reconstruction from the sequential firing
order shows regions of the volume with the typical limited
angle type smearing artefacts. These are also present in the
reconstruction from the RTT firing order, to a lesser extent.

XI. CONCLUSION

We have shown that for a CT scanner using switched
sources and an offset detector geometry, the conventional he-
lical source trajectory is far from optimal. Superior results are
obtained using a firing order giving an even lattice sampling
of source points on the surface of a cylinder.
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An Analytical Statistical Appraoch to the 3D
Reconstruction Problem

Robert Cierniak

Abstract— The presented here approach is concerned with
the reconstruction problem for 3D spiral x-ray tomography.
The reconstruction problem is formulated taking into consid-
erations the statistical properties of signals obtained in x-ray
CT. Additinally, image processing performed in our approach is
involved in analytical methodology. This conception significantly
improves quality of the obtained after reconstruction images
and decreases the complexity of the reconstruction problem in
comparison with other approaches. Computer simulations proved
that schematically described here reconstruction algorithm out-
performs conventional analytical methods in obtained image
quality.

Index Terms— Computed tomography, 3D reconstruction al-
gorithm, image reconstruction from projections problem.

I. INTRODUCTION

One can say that all most significant existing reconstruc-
tion algorithms belong to two basic approaches, taking into
account the methodology of the used in them signal pro-
cessing concepts: these called the analytical methods, and
those assigned to strategy named the algebraic reconstruction
technique (ART). We can suppose that the implementation
of the ART in the historical first CT apparatus was caused
for lack of alternative at that time. Next generation of CT
systems used only reconstruction algorithms based on analyt-
ical methodology. The main reason of this situation was the
huge sizes of matrices appeared in the algebraic reconstruction
problem, and caused by this the calculation complexity of re-
construction method based on this methodology. The analytical
methodology simplifies drastically the number of neccessary
calculation and in this way is more appealing. In the case
of the modern HDCT scanners, there is used the adaptive
statistical iterative reconstruction (ASIR) algorithm, where the
crucial part is an reconstruction method belonging to algebraic
reconstruction techniques. We suppose that this application
of ART was caused by fact that in ASIR algorithm the
statistical reconstruction concept was introduced, and, in this
case, the reconstruction problem formulation is ”natural” for
ART. This approach was taken into consideration (see e.g. [1],
[2]) because it allows for accurate modelling of the statistics of
projection data and it helps to avoid most of distortion caused
by them. Presented in above publications reconstruction idea
is based on the maximum likelihood (ML) approach and the
development of this concept – the maximum a posteriori
probability (MAP) estimation approach. That application of
the algebraic reconstruction technique has some significant
technical difficulties at practical realization, namely: in the

Corresponding author: Robert Cierniak, Institute of Computer Engineering,
Czestochowa University of Technology, Armii Krajowej 36, 42-200 Czesto-
chowa, Poland, e-mail: cierniak@kik.pcz.czest.pl

case of algorithms for 3D spiral cone-beam scanners, it is
complicated to establish the coefficients of forward model for
ART at this geometry of scanner [2], [3]; this methodology
forces simultaneously calculations for all voxels in range
of reconstructed 3D image what makes the reconstruction
problem extremely complex.

We could avoid the mentioned above difficulties connected
with using of ART methodology using an analytical strategy
of the reconstructed image processing. In previous papers
we showed how to formulate the analytical reconstruction
problem consistent with the ML methodology for parallel
geometry of scanner [4]–[6], for fan-beams [7], and finally
we proposed the scheme of reconstruction method for the
spiral cone-beam scanner [8]. Our approach has some serious
adventages compared with algebraic methodology. Firstly, we
establish certain coefficients in our method, but it would
be performed in much more easer way than in comparative
method. Secendly, we can perform reconstruction process only
in one plane in 2D space, what simplify the problem. In this
way, reconstruction process can be performed for every cross-
section image separately. After this, it is possible to reconstruct
whole 3D volume image from set of the reconstructed before
2D images. Moreover, we propose such modification of the
imposed loss function in the applied ML estimation that it is
unnecessary to use any additional regularization term (a priori
term). Thanks to this modification we prevent any unstabilities
in reconstruction process and we simplify the loss function
adapted to statistics of projection data involved in the x-ray
computed tomography.

The global scheme of our original analytical ststistical
reconstruction approach in the next section is described.

II. 3D RECONSTRUCTION ALGORITHM FOR SPIRAL
CONE-BEAM SCANNER

Our 2D analytical approximate reconstruction problem was
orginally formulated for parallel geometry of scanner (see
e.g. [5], [6]). This concept can became a starting point for
design of 3D reconstruction algorithm for the spiral cone-beam
geometry of the scanners. Because the basic methodology is
very strongly connected with parallel geometry of the x-ray
beams we will prefer at choosing of appropriate startegy of
signal processing among reconstruction algorithms relying on
rebinning. It would be for example the reconstruction idea
involved in the ASSR algorithm [9], [10]. We will show in
this section how can adapt this idea to 3D reconstruction
problem using designed by us analytical statistical reconstruc-
tion methodology. The general scheme of proposed by us
reconstruction procedure is depicted in Fig. 1.
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Fig. 1. An image reconstruction algorithm for the cone-beam geometry
scanner

A. 3D Part of Algorithm

Our algorithm uses projections obtained in an spiral cone-
beam scanner. After selecting the angle of rotation αhp of the
spiral projection system so that the central ray of the beam
intersects the main axis at the midpoint of reconstructed slice,
we then have to determine the inclination of the plane of the
slice. The main idea of such inclination of the reconstruction
plane is to adjust this plane to the path of the relative
helical movement of tube around patient. It is made through a
minimazing (optimization) of the mean distance between spiral
path of the tube movement and the reconstruction plane. The
location of the reconstructed slice lying on the reconstruction
plane is illustrated by Figure 2.

Several following by the acquisition of projections process
operations are the same as in the case of the original ASSR
algorithm, except filtration. In our approach, we carry out first
the back-projejection operation, and next, in 2D space, the
filtration. All operations taking from ASSR algorithm have
to transform projections obtained in spiral cone-beam scanner
into the virtual pararllel beam projections in 2D reconstruction
plane.

B. Reconstruction Method Formulated for the Parallel Beam
Scanner

Having the parallel projections, prepared as was shown in
previous subsection, we can apply formulated originally by us

Fig. 2. Location of the reconstructed slice

an analytical statistical approach to the reconstruction problem.
This approach was presented previously in different forms (see
e.g. [4]–[8]) for parallel-, fan- and cone-beam scanners. The
main goal of algorithms based on such kind approach is to
reconstruct image according to the maximum likelihood (ML)
methodology of estimation of expected value of image for
certain points (pixels), holding the analytical scheme of image
processing in given reconstruction algorithm. If we assume
that analytical reconstruction problem can be formulated as
follows:

µ∗min = arg min
µ∗




I∑

i=1

J∑

j=1

f (e (i, j))


 , (1)

where:

e (i, j) =
∑

ī

∑

j̄

µ̂∗ (̄i, j̄) · h∆i,∆j − ˆ̃µ (i, j) , (2)

then it will be possible to find the optimal image µ∗ in the
sense of estimation of the expected values of the reconstructed
image µ. Note, that in Eq. (1) ˆ̃µ means an image obtained after
back-projection operation, h∆i,∆j are constant coefficients of
the convolution, f (•) is a penalty function. We propose the
following form of the function f (•)

f (e (i, j)) = λ · ln cosh

(
e (i, j)

λ

)
. (3)

where: λ is a slope coefficient. It is worth emphasizing
strongly that the introduction of this function instead of
the quadratic amplification of the error in each pixel is not
inconsistent with the main idea of the statistical reconstruction
approach – that of matching an appropriate divergence func-
tion with the probabilistic distribution present in the measured
signals. The form of function (3) overlaps with the quadratic
form in the wider neighbourhood of their minimums, as is
depicted schematically in Fig. 3.

Formula (1) can be the basis for the formulation of many
solutions to the image reconstruction from projections problem
in 2D and 3D space, consistent with ML methodology. Al-
though, there are several methods of searching for the optimal
solution, for example the Newton-Ralphson method used in the
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Fig. 3. Comparison of two functions: the quadratic form and the function
expressed by (2)

ICD algorithm presented for example in [2], we are proposing
a recurrent neural network for this purpose. Because of their
ability to process signals in parallel mode, neural networks
are a very appealing tool in this application, especially when
we take into account all the possible hardware and parallel
implementations of NN structure. For more details about the
design of the neural network structure see the description in
[4]–[7].

III. EXPERIMENTAL RESULTS

A mathematical model of the projected object is a very
convenient tool for carrying out any verification of a recon-
struction algorithm in computed tomography. It makes it easier
to modify the properties of the object examined, as well as to
evaluate the results of simulations performed using different
forms of projections. In our experiments, we have adapted the
well-known Shepp-Logan phantom of the head (see e.g. [11])
for 3D spiral cone-beam projections.

During the simulations, we fixed L = 170 measurement
points (detectors) on the screen at virtual parallel projections.
The number of projections was chosen as Ψ = 512 rotation
angles and the size of the processed image was fixed at I×J =
130× 130 pixels.

It was convenient to establish coefficients h∆i,∆j before
we started the reconstruction process and these coefficients
were fixed for the subsequent processing. The values of the
coefficients h∆i,∆j obtained are presented in Fig. 4.

Having obtained the coefficients h∆i,∆j , we can start the ac-
tual reconstruction procedure and perform the back-projection
operation to get a blurred image of the x-ray attenuation
distribution in a given cross-section of the investigated object
(see Fig. 5).

The image obtained in this way was then subjected to
a process of reconstruction (optimization) using a neural
network. It is worth noting that we can choose the starting
point of this procedure to be a result of using any standard
reconstruction method, for example the reconstruction algo-
rithm with convolution and back-projection. Because the set
of possible states of matrix µ∗ is convex and the function from

Fig. 4. Values of coefficients h∆i,∆j .

Fig. 5. Distorted image of the mathematical model obtained after the back-
projection operation.

relation (3) is convex, the optimization process starting from
any point of the convex set µ∗ yields a unique solution.

Views of the reconstructed images of the mathematical
phantom in the cross-section after 30 000 iterations are pre-
sented (Table I.c when deterministic signals are taken into
consideration, Table II.c for stochastic signals). For compar-
ison, the original phantom image (Table I.a/Table II.a) and
the image reconstructed by a standard ASSR reconstruction
method (Table I.b/Table II.b) are also presented.

IV. CONCLUSION

The main goal of this paper was to present possible formu-
lations of the image reconstruction from projections problem
consistent with an analytical scheme of image processing
defining a class of reconstruction algorithms. The use of
this methodology allows us to avoid very serious difficulties
associated with the algebraic reconstruction technique, which
are particularly noticeable in reconstruction algorithms for
spiral scanners. In our approach, the main problem lies in
establishing appropriate geometrical conditions for the projec-
tions performed. The whole of our reconstruction problem is
very compact, because all these geometrical specifications are
put into the coefficient matrix h∆i,∆j (see Eq. 1). Elements of
the matrix can be calculated before we start the reconstruction
procedure and are the same for all pixels of the reconstructed
image. Simulations have been performed, which prove that
our reconstruction method is stable without introducing any
additional regularization term, in contrast to the maximum a
posteriori probability (MAP) estimation. We have achieved
this thanks to the introduction of a new form of penalty
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TABLE I
VIEW OF THE IMAGES (WINDOW: C = 0.0102, W = 0.0011) WHEN THE

SIGNALS REGISTERED BY THE DETECTORS ARE DETERMINISTIC: A)
ORIGINAL IMAGE B) RECONSTRUCTED IMAGE USING THE STANDARD

ASSR METHOD WITH SHEPP-LOGAN KERNEL; C) RECONSTRUCTED

IMAGE USING THE METHOD DESCRIBED IN THIS PAPER (RESULTS OF THE

RECONSTRUCTION PROCESS EVALUATED USING THE MSE MEASURE).

Image MSE

a) —–

b) 0,0132

c) 0.0906

function in the form of a loss function which prevents the oc-
currence of possible instabilities in the reconstruction process.
It has been shown that the proposed neural network structure
could be a very interesting tool for performing the optimization
process. The main reason for this is its hypothetical ability
to parallel process signals. The image of the cross-section of
the mathematical phantom investigated was reconstructed with
high accuracy when compared with the standard method (in
our experiments the ASSR algorithm), as measured objectively
using the quality measure, both when we take into consider-
ation the statistical character of the projections obtained and
when we use deterministic projection simulations.
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Abstract— We present the implementation of a iterative re-
construction algorithm for 3D helical computed tomography.
The main difficulties of helical CT reconstruction are the large
memory footprint of the tools and data involved, as well as the
very long runtime of the iterative methods. The proposed solution
hinges on the following three features: (1) a multiple-ray-driven
projection operator with a parsimonious representation; (2) a
targeted reconstruction framework that restricts the iterative
reconstruction effort to a region of interest within the imaged
volume; (3) the choice of a fast convergent solver for the
nonlinear reconstruction problem. Results on clinical-size data
show significant improvement in image quality over the default
scanner reconstruction and an acceptable computation cost.

I. INTRODUCTION

This study stems from a vascular imaging project whose
goal was to use contrast-enhanced 3D CT angiography for
precise assessment of the lumen size of arteries after stent
placement. The corresponding reconstruction problem is made
difficult by the small size of the structures of interest and by
the presence of strongly attenuating objects (e.g., calcification
and metal meshing of the vascular stent) that may induce
artifacts in images reconstructed with conventional analytical
methods. These artifacts can be better controlled by iterative
reconstruction methods, possibly associated with data forma-
tion models that account for the beam hardening phenomenon.
However, the large scale of the reconstruction problem im-
poses heavy memory requirements and long reconstruction
runtimes.

To our knowledge, few implementations of iterative recon-
struction methods for clinical-size helical datasets have been
reported in the literature. Of interest is [1], whose targeted
approach is backed by an ordered-subset maximum-likelihood
algorithm. Other contributions focus on approximations to the
full helical reconstruction problem, such as the rebinning of
the 3D projections into multiple 2D datasets [2], which allow
either iterative or analytical reconstruction algorithms. Here,
we propose a fully 3D helical CT reconstruction procedure that
runs on commodity hardware. While the good performance of
this method depends on many factors, we emphasize the three
main elements that make the reconstruction problem tractable
within an acceptable runtime and memory footprint: (i) a
projection operator that can be represented in a parsimonious
manner while remaining compatible with standard (linear) as
well as more sophisticated (nonlinear, for modeling of beam-

hardening phenomena) projection models; (ii) a so-called
targeted reconstruction approach, in which the reconstruction
effort is concentrated on a region of interest (ROI) within the
imaged volume; (iii) the choice of a fast convergent nonlinear
solver for the ROI reconstruction problem.

After describing the salient features of the proposed method,
we report preliminary real-data results that show a significant
enhancement in the noise-to-resolution trade-off with respect
to the analytical reconstructions performed by the scanner.

II. THEORY

A. Methodology
Assuming monochromaticity of the X-ray beam, projection

data are modeled after the Beer-Lambert equation, which
states that for detector k, detected photon intensity is Ik =

I0k exp
(
−
∫
lk
µ(l)dl

)
, where I0k is the incident photon inten-

sity and µ(l) denotes the attenuation coefficient map along
the source-to-detector axis l. Taking yk = − log(Ik/I

0
k), and

under reasonable assumptions on the uncertainty over the
Beer-Lambert model, we may write the full data model as

y = Aµ+ b. (1)

Here, y ∈ RN is the projection data at each detector and
projection angle, µ ∈ RW 2

is the attenuation map discretized
as a cartesian grid, A represents a discrete approximation to
the ray integrals over this grid and b denotes data noise.

Assuming b N
(
0,Σ−1

)
and an exponential prior distri-

bution of µ, image reconstruction is obtained by maximum a
posteriori estimation of µ:

µ̂ = argminµ
1
2‖y −Aµ‖2Σ + λR (µ)

subject to µ ≥ 0.
(2)

Matrix Σ is a diagonal weighting matrix such
that Σkk = exp(yk) [3]. The term λR (µ) implements
edge-preserving regularization. Formally, R (µ) =∑4
k=0 νk

∑M
m=1 ψ([∆

(k)µ]m; δ), where ∆(k) : 0 ≤ k ≤ 4
denote the identity and difference matrices in the horizontal,
vertical and diagonal directions; ν = [0.01, 1, 1, 1/

√
2, 1/
√
2]t

weigh each of these components of the penalty term against
each other; we use the so-called l2l1 penalty function [4],
ψ(t; δ) =

√
t2 + δ2 − δ, which tends to preserve edges and

image resolution better than the more common quadratic
penalty.
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B. Targeted reconstruction

High resolution helical CT requires the processing of very
large datasets, and attempting reconstruction by solving prob-
lem (2) becomes unwieldy. However, while the reconstruction
of the whole imaged volume is necessary for anatomical
reference, high axial resolution and good image quality is only
needed in the vicinity of the structure of interest. Targeted
reconstruction techniques precisely aim at obtaining a high-
quality reconstruction of a region of interest (ROI) and a
lower-cost reconstruction of the rest of the imaged volume
(the background). The reconstruction of a ROI dramatically
lowers the size of both the projection set (rejecting raypaths
that do not intersect the ROI) and the image grid, yielding a
tractable variant of problem (2).

For iterative algorithms, many of the recent contributions
covered mostly the 2D case – see [5] for a critical review. In
the axial 3D case, [6] offered a data-driven scheme by which
most empty voxels of the imaged volume were rejected from
the ROI, which is not trivially extended to the helical case. The
ICD algorithm of [7] realizes targeted reconstruction of helical
datasets by updating ROI voxels more often than background
voxels, but it relies on computing the columns of the projection
operator A at a low cost.

In [1], this constraint is relaxed by restricting the recon-
struction to a ROI grid from projection data from which the
background projections have been removed. The approach is
based on a reformulation of the projection model (1) in terms
of the ROI (µroi) and background (µbg) sub-images:

y = Abgµbg + Aroiµroi + b.

As image quality in the background is irrelevant to the appli-
cation, it is reconstructed by a faster, less accurate method,
which in this case is the analytical procedure performed by
the scanner. From this approximation µ̃bg of the background,
we compute yroi def

= y−Abgµ̃bg. The region of interest is then
reconstructed by solving problem (2) where yroi and Aroi are
respectively substituted for y and A. The system presented
here, although developed independantly, follows similar prin-
ciples.

C. Projection operator

One of the major difficulties of iterative CT lies in the
design and implementation of the projection and backprojec-
tion operations, which have to be performed several times
during one reconstruction. Projection operators should model
adequately the ray-matter interaction phenomena, account for
the specific geometry of the data collection process and of
the medium to be reconstructed, and deal with the stringent
numerical constraints induced by the large datasets associated
with real-world 3D CT. Therefore, development of an efficient
projection operator amounts to achieving an attractive trade-off
between accuracy and efficiency.

Standard ray-driven and pixel-driven projection opera-
tors [8] may require large memory amounts if they are pre-
computed, and are known to produce severe high-frequency

artifacts when high-resolution reconstructions are performed
[9]. These artifacts may be attributed to the geometrical and
physical approximations to ray-matter interaction phenomena
that these standard operators are based upon.

More recently, 3D distance-driven projection operators [10]
have been reported to present an interesting trade-off between
memory requirements, computational efficiency and accuracy
of the interaction model. However, in our experience, they
present a fairly high level of complexity for helical, multi-slice
CT with cylindrical detectors. More importantly, the projection
and backprojection operators are not adjoint of each other,
which does impair the convergence of gradient-based descent
algorithms used in iterative reconstruction.

For these reasons, we selected a thin-ray-driven projection
operator. In a 2D framework, such operators are sparse and
their nonzero entries are structured as a series of segments.
These segments can be efficiently coded through endpoint
positions, which yields a parsimonious representation. This
representation can be extended to 3D, multi-detector CT
geometries as the projection operators for each detector array
exhibit the same structure. Therefore, the extension can be
performed efficiently through simple bookkeeping of slice
transitions through the object. In addition, reduction of the
memory footprint can be achieved by accounting for rotation
invariances and symmetries. Finally, this structure lends itself
to efficient implementation of both left (projection) and right
(backprojection) products.

In order to overcome the main drawback of the thin-ray-
driven projection operator, i.e., presence of high frequency
artifacts, we used multiple thin rays in which each detector is
reached by k randomly placed thin rays, whose contributions
are combined in a nonlinear manner according to the Beer-
Lambert law. This is numerically equivalent to the nonlinear
combination of nr projection operators, where nr denotes
the number or rays per detector. For the usual values of
nr (nr ≤ 10), actual use of the operator in iterative CT
reconstruction is possible on commodity hardware, thanks to
efficient implementation of the thin-ray operators and to the
ROI approach outlined in Section II-B.

D. Optimization technique

Problem (2) entails the minimization of a nonlinear con-
vex function under bound constraints. Many algorithms are
available for solving optimization problems of this class, both
specialized [11] and generic [12], but two aspects must be
borne in mind. First, the structure of the projection operator
described in section II-C is stored rowwise in memory. This
makes access to the columns of A as costly as the computation
of one projection, making coordinate descent algorithms ([7],
[13]) unsuitable.

The second is the importance of convergence of the algo-
rithm to a stationary point of problem (2), as discussed in [14].
This precludes the use of the fast ordered-subset algorithms
(one of which was used in [1]), which are known to accumulate
on a cyclic set of sub-optimal points. Limited testing of various
nonlinear solvers on 2D reconstruction problems [14] have
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Fig. 1. Schematic representation of the vascular phantoms.

shown that the generic L-BFGS-B [12] solver was faster than
other generic solvers, as well as specialized gradient-descent
solvers such as TRIOT [11]. It was therefore retained for this
work.

E. Polyenergetic reconstruction

The reconstruction problem (2) is derived under the as-
sumption of a monoenergetic X-ray beam. Consequently, the
corresponding reconstructions are subject to beam-hardening
artifacts in the presence of strongly attenuating objects. To
alleviate the difficulty, we consider a generalization of pro-
jection model (1) to a polyenergetic X-ray beam, as described
in [15], [16]. The corresponding nonlinear reconstruction prob-
lem presents as stringent memory requirements and lengthy
runtimes as its monoenergetic counterpart. The contributions
of sections II-B, II-C and II-D can be readily adapted to the
polyenergetic reconstruction problem, as described in [15] for
the 2D case, yielding a polyenergetic reconstruction algorithm
that converges within an acceptable timeframe.

III. EXPERIMENTAL RESULTS

A. Experimental setup

Our goal is to illustrate the performance of the proposed
3D reconstruction technique in real-world conditions, with
respect to computational aspects as well as quality of the
reconstructions. For this purpose, experiments were performed
with multimodality vascular phantoms schematically depicted
in Fig. 1 (see [17] for details): they are made up of a tube
simulating a blood vessel with two calibrated stenoses, one of
which being inside a metal stent. The setup is embedded in
an agar block simulating soft tissues and connected to tubes
at both extremities of the phantom (made of polyethylene) to
allow injection of contrast agents within the vessel lumen.

The phantoms were imaged with a Siemens Somatom
Sensation 16 scanner. The acquisition protocol was the one
used by clinicians for vascular imaging of peripheral vessels
(helical mode, use of 16 arrays with 672 detectors each, 1160
views per rotation, angular flying focal spot). Reconstructions
were performed by the scanner according to this protocol,
(512 × 512 images, slice thickness = 1 mm, slice spacing =
0.7 mm, B20f reconstruction kernel) with a field of view 15
cm in diameter.

For 3D iterative reconstruction, the ROI was selected so as
to contain the stent and the two stenoses. It consisted of a
cylindrical region whose square basis had a side length equal

Table 1. Reconstruction times for a 3.25× 3.25× 6.65 cm ROI
(128× 128× 94 voxels).

Monoenergetic Polyenergetic
Total time 7 h 22 min 10 h 13 min
# iterations 96 61
# proj backproj 99 126

to 3.25 cm (128 × 128 pixels). Depending on the phantom
and/or the study, the size of the ROI along the z axis varied
between 5.25 and 7.84 cm, which corresponds to 75 to 112
slices extending over 3 to 6 full source rotations. For all ROI
reconstructions, the scanner-reconstructed slices were used
as the background. Both monoenergetic and polyenergetic
models were tested and nr = 10 rays per detector were used
in the projection and backprojection operators.

The tuning parameters of the reconstruction algorithm were
set as follows: scale parameter δ in penalty function ψ was
set to approximately two orders of magnitude below the usual
amplitude of the discontinuities present in µ, i.e., δ = 0.001.
The threshold on the norm of projected gradient used to control
the convergence was set to two orders of magnitude below its
initial value (obtained from the scanner-reconstructed slices),
as tests performed on synthetic and real datasets revealed that
such a value is appropriate. Finally, regularization parameter
λ was adjusted empirically in order to obtain a reconstruction
noise (as measured in the homogeneous areas of µ) similar to
the one observed in the scanner-reconstructed slices.

All computations were performed on a standard PC running
Linux (Intel Xeon 5160 dual-core 3GHz CPU, 8 GB RAM).
The iterative reconstruction method was implemented using
Matlab with core routines written in C.

B. Results

Regarding the practicality of the proposed approach, con-
vergence was always achieved in 70 to 100 iterations. The
computational cost of each iteration is dominated by projec-
tions and backprojections; in general one iteration requires
one projection and one backprojection in the monoenergetic
case and two of each in the polyenergetic case. Since one
projection and one backprojection approximately require 4
minutes, ROI reconstructions took between 4 and 8 hours in
the monoenergetic case and between 6 and 12 hours in the
polyenergetic case. Precise reconstruction times are reported
in Table 1 for a 3.25× 3.25× 6.65 cm ROI (128× 128× 94

A reconstruction example is presented in Fig. 2. The se-
lected slice corresponds to the extremity of a stent with distal
markers. It can be observed that iterative reconstruction pro-
duces a marked improvement over standard techniques, par-
ticularly regarding the size of the strongly attenuating markers
and the presence of shaded regions. However, monoenergetic
and polyenergetic reconstruction appear quite similar.

For better assessment of the results, the reconstructed vol-
umes were anonymized and placed in random order. Clin-
ically significant quantities were measured in two different
manners: semi-automatic measurements performed by clinical
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Fig. 2. Example of reconstruction results. Extremity of a stent with distal markers. (a) Scanner reconstruction. (b) Monoenergetic reconstruction.
(c) Polyenergetic reconstruction.

image analysis software, and manual measurements performed
independently by two clinicians with more than 8 years of
experience in computed tomography angiography. Statistical
analysis of the results confirmed that iterative reconstruction
provides better assessment of the shape and size of the
metal stent meshing. Interestingly, the polyenergetic method
was found to provide more precise measurements of the in-
stent stenosis than the other two methods (in a statistical
sense), even though raw projection data are corrected for beam
hardening by the scanner.

IV. DISCUSSION AND CONCLUSION

A statistical CT reconstruction method has been presented,
its prominent features being a compact representation of the
projection operator, a targeted reconstruction framework and
a fast convergent nonlinear solver. It can deal with the large
amount of data and the complex data collection geometries
of actual scanners while being implemented on commodity
hardware. Reconstruction times remain far from adequate for
regular clinical use where results are needed within seconds
or minutes. However, the method appears interesting for niche
applications where the performance of standard reconstruction
techniques is not sufficient, and where a few hour delay for
obtaining the results is acceptable.

Clearly, faster results would widely broaden its application
range. Avenues for speeding up the computations include
different implementations (e.g., massive parallelization) and
more efficient representation and coding of the projection and
backprojection operators, which dominate the computations.

Evaluation of the quality of the reconstructions showed that
iterative methods achieve superior performance in the presence
of strongly attenuating objects, even though they may be small
in size. Preliminary results also indicate that polyenergetic
models may improve the reconstruction results in spite of
global beam-hardening correction performed by the scanners,
and may therefore be worth the extra computational effort. The
polyenergetic model may also be interesting in other imaging
applications in the presence of strongly attenuating objects
such as, e.g., orthopedic screws or implants.
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Towards 4D Intervention Guidance Using
Compressed Sensing

Jan Kuntz1, Marcus Brehm2, Marc Kachelrieß2 and Sönke Bartling1

Abstract—Interventional radiology is nowadays usually guided
with projection radiography using mono- or biplane systems. Due
to the projective nature of this guidance imaging certain intra-
procedural situations remain unclear. Although helpful, the use of
3D CT is limited due to radiation dose. Using advanced recon-
struction techniques incorporating prior knowledge, one could
overcome these limitations without exceeding dose limitations.
Intervention guidance is especially appealing to those algorithms,
because certain constrains apply to useful images in intervention
guidance that vary relevantly from other CT applications. These
are: key relevance of high contrast structures, sparse temporal
updates and little relevance of absolute CT values. In this
paper the principal usability of reconstruction algorithms for
intervention guidance is tested. Compressed sensing algorithms
PICCS and ASD-POCS are compared to the McKinnon-Bates
and Feldkamp-Davis-Kress algorithm. Animal experiments as
well as simulations are performed. An outlook towards 4D
intervention guidance is provided.

Index Terms—Compressed sensing, interventional CT, dy-
namic CT, undersampled reconstructions, interventional radiol-
ogy.

I. INTRODUCTION

Interventional radiology is a growing field; using minimally-
invasive procedures, tumor embolization, vessel reperfusion,
stenting, aneurysm coiling or diagnostic angiography are per-
formed through the vasculature. Here, catheters, guidewires
or other small instruments are inserted into the patient’s
vasculature and guided by means of X-ray imaging.
To date, solely 2D projective X-ray imaging is being used for
this purpose. Biplane systems with two orthogonal imaging
chains are current gold standard. Position of guidewires and
catheters can be tracked and the position can be identified in
sagittal and frontal projections, respectively. However, in more
complex settings like stenting, coiling of aneurysms or probing
of vessels, even biplane mode exerts suboptimal results. Here,
overlapping structures result in unclear positioning of instru-
ments. In such situations, time consuming and uncontrolled
trial-and-error approaches are currently the only option to
continue with the intervention.
To overcome these limitations CT imaging was introduced
recently into interventional radiology. This is done by means
of rotational C-arm scanners based on flat-panel detectors and
standard cone-beam reconstruction [1]. It has been proven
a valuable tool to increase the accuracy of interventions.

1Jan Kuntz, Dr. Sönke Bartling, German Cancer Research Center, Heidel-
berg, Germany.

2Marcus Brehm, Prof. Dr. Marc Kachelrieß, Institute of Medical Physics,
Erlangen, Germany.
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Fig. 1. A continuously rotating flat-panel volume CT (schematic (a) and
actual device (b)). By allowing continuous rotation of an imaging chain
similar to those used in current interventional C-arm systems, 4D imaging
for intervention guidance emerges as a possible option.

However, in case of repetitive scans, dose exceeds acceptable
limits fast [2]. This is of particular importance if one imagines
continuous CT acquisition for real-time 4D guidance. How-
ever, special constrains in intervention guidance may allow
to solve this problem by means of novel CT-reconstruction
algorithms. This becomes clear, if one pictures the procedural
characteristics inherent to CT in intervention guidance.
In complex situations a 3D scan is performed prior to the
intervention (prior scan); the intervention is guided by a step-
and-shoot-approach resulting in alternating manipulation and
scanning (temporal update). Currently, even if most of the
scanned volume is unchanged, all scans are usually performed
with same scan parameters and identical high X-ray dose.
The full Shannon-Nyquist sampling of the temporal update
scans is not necessarily a paradigm [3] as most of the image
structures, namely the static elements, are known from the
prior scan. The compressed sensing theory [4] provides the
framework for the reconstruction of undersampled acquired
datasets. Conventional reconstruction algorithms usually fail
in the reconstruction of undersampled CT datasets because
multiple possible images are equally conform with the limited
amount of acquired raw data. Compressed sensing converges
iteratively towards the image with the sparsest representation
in an image domain specified by the sparsifying transform
Ψ. Undersampled temporal updates can often be sparsified
by subtraction of the prior scan. Further sparsification can be
reached e.g. by transforms like the calculation of the gradient
image.
Usually compressed sensing realizes the reconstruction by
minimizing the L1-norm of the sparsified image. Several
authors proposed algorithms to reconstruct tomographic im-
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ages using the idea of compressed sensing [5]–[8], but other
strategies for the reconstruction of undersampled datasets have
been published as well [9], [10].
All algorithms have been described in the context of specific
applications like cardiac imaging, perfusion and radiation
therapy [11]. Although already used in cone-beam CT [2], [8]
including 3D angiography in interventional radiology [12], CS
was not published for intervention guidance. This is in spite
of its good general applicability because of the specific and
unique conditions in 4D intervention guidance. In Detail these
conditions are:

• Temporal changes are sparse
• Stationary, high quality prior images are available
• Mainly high contrast elements are of interest
• Minor relevance of soft tissue contrast
• Little relevance of consistent CT density values.

In this paper we initially show the usability of modern com-
pressed sensing algorithms and compare PICCS, ASD-POCS
and the McKinnon-Bates algorithm for application to guidance
in interventional radiology using continuously rotating CT
systems like the flat-panel Volume CT shown in Fig. 1.

II. MATERIALS AND METHODS

A. Algorithm Description

Three possible implementations of algorithms using prior
knowledge for interventional radiology namely the McKinnon-
Bates algorithm (MKB) [9], PICCS [5] and ASD-POCS [7]
were used. The fully sampled prior image was reconstructed
with the Feldkamp-Davis-Kress algorithm (FDK) [13], the
following notation was used:

fPrior = R−1
FDK(p) (1)

with fFDK representing the reconstructed image, R−1 is the
reconstruction operator and p are the measured projection
images.
The MKB algorithm, in contrast to PICCS and ASD-POCS,
does not directly use the compressed sensing framework, since
reconstruction is not based on the minimization of the L1-
norm and it is not an iterative algorithm in classical meaning.
Instead it adds an correction image to the prior image, based
on the FDK reconstruction of the differences of prior image
and temporal update:

fMKB = fPrior +R−1
FDK(pt −Rt(fPrior)) (2)

where pt denotes the data acquired for the temporal update
and R is the forward projection.
Both, PICCS and ASD-POCS comprise of SART alternating
with an image-based minimization step. While all control
parameters are predefined in PICCS and remain fixed for
all iterations, ASD-POCS aims to adapt the impact of both
calculations, the SART and the minimization step respectively.
PICCS was implemented based on Chen et al. [5] as a fixed
number n of SART-iterations followed by minimization

min(α|∇(fSART − fPrior)|1 + (1− α)|∇fSART|1) (3)

Fig. 2. 3D rendering of the simulated inserts in the pig study. The set of
cylindrical elements on the left is similar to stents, the spheres on the right
are used for angiography simulation.

using the gradient descent method with m minimization steps,
each with step length λ. ASD-POCS was implemented accord-
ing to the pseudo code given in Sidky et al. [7] using the FDK
prior reconstruction as initial image.

B. Algorithm Parameterization

For the reconstructions in this paper the PICCS algorithm
was used with n = 1 SART iteration followed by m = 1
minimization step with λ = 10−5. As we did not expect large
changes in the volume except for the interventional actions, we
selected the impact of the minimization to the whole image
to be marginal with α = 0.98. The ASD-POCS algorithm
was initialized with the following parameters: SART relaxation
parameter was set to β = 1 and not reduced during the
iterations. The number of iterations was set to ng = 20 while
the step length factor α = 0.001 and step length reduction of
αred = 0.6. The ratio parameter for SART and the minimizing
step was selected as rmax = 0.05.
Iterations were stopped after 150 outer iterations for PICCS
and ASD-POCS respectively. Reconstruction parameters were
selected empirically based on pilot tests, the number of outer
iterations was chosen to perform equal SART steps for both
algorithms.

Fig. 3. FDK reconstruction of fully sampled prior with 330 projections
(a) and the undersampled FDK reconstruction of the time frame with 17
projections (b).
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C. CT Platform, Data Acquisition and Simulation

As testing platform for intervention guidance CT
algorithms, a prototype volume CT based on a clinical
CT gantry attached with a 40 cm x 30 cm flat detector was
used [14]. The system acquired 330 frames per full rotation.
The detector operated in a 4 pixel binning mode representing
1024 × 768 pixels; a FOV of 25 cm × 25 cm × 18 cm was
scanned. The X-ray tube ran with 110 kV and 50 mA in a
pulsed mode with a pulse-pause-ratio of approximately 1:3.
As an interventional model, we scanned a pig. While
performing a continuous scan over several full rotations, a
guidewire was inserted into the carotid artery. The first full
rotation was performed without any manipulations; this data
were used as prior scan for the reconstruction. In all following
rotations, data sampling was reduced retrospectively by using
only every lth projection. For our studies, the undersampling
factor was chosen to be l = 20, resulting in a temporal update
dataset with 17 projections. In this paper we only show the
reconstruction of the last temporal update step.
To give a more detailed description of the used algorithms,
we additional simulated elements were added to the measured
projections of the temporal update. Eight cylindrical objects

with r = 0.5 mm, arranged in a circle with r = 2.0 mm and
a contrast of about 2000 HU [15] were used to represent an
unrolled stent (Fig 2 a). Four spheres (Fig. 2 b) with r = 5
mm and a contrast of about 300 HU, placed next to each
other were used to determine the effects on contrast enhanced
vessels.
Images were reconstructed to a 1024 × 1024 pixel matrix
with a slice thickness of 0.23 mm.

III. RESULTS

A. Image Reconstructions

The reconstruction of the used prior image as well as the
undersampled temporal update reconstructed with a standard
FDK algorithm are shown in Fig. 3. The reconstructions of
the temporal updates as well as the corresponding difference
images are shown in Fig. 4. Exemplarily, a 3D rendered
image of the scenery is shown in Fig. 5.
Essentially in all undersampled reconstructions artifacts are
visible and difference images to FDK are not empty.
The difference images clearly show that guidewires as well as
the simulated inserts are depicted with a discrepancy in CT

Fig. 4. Comparison of reconstruction algorithms in a setting that resembles a situation in radiological intervention guidance. The FDK reconstruction was
performed fully sampled with 330 frames, all other reconstructions used the prior image shown in Fig. 3a and 17 projections representing the temporal update.
Reconstructions are shown completely and as detail zoom both areas with changes in the temporal update. Inserted guidewire is marked with an arrow in
the FDK reconstruction (detail 1). Adjacent to each reconstructed image the difference to the fully sampled FDK reconstruction is shown. Differences in the
surface region are marked with an asterisk in the ASD-POCS reconstruction. All images are windowed C = 0 HU, W = 2000 HU.
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Fig. 5. 3D rendered image of the reconstructed timeframe is shown. The
guidewire tip and the stent simulation are clearly visible and can be located
in the volume (windowing: C = 460 HU, W = 1200 HU).

values in PICCS and ASD-POCS reconstructions. The high
contrast elements, stent and guidewire can be located with all
proposed reconstruction algorithms.

MKB reconstruction is dominated by severe streak artifacts
that affect all image regions, whereas such streaks are visible
with much less intensity in PICCS and ASD-POCS. In both
cases they do not prevent the detection and delineation of
other structures. While all static structures remain unchanged
in the MKB and PICCS reconstructions, the difference image
of ASD-POCS and the fully sampled FDK reference shows
differences especially in the surface region (Fig. 4, asterisk).
The low-contrast spheres are visible in all reconstructions
too, but their edges are not clearly delineated. While the
MKB reconstruction again suffers from the streaks induced
by the high-contrast inserts it also exhibits much higher noise
compared to PICCS and ASD-POCS, which benefit from the
noise suppressing character of the minimization process, but
edges remain ill-defined.

IV. DISCUSSION AND CONCLUSION

In all cases temporal update scan were reconstructed from
highly undersampled data. High contrast structures such as
stent phantom and guide wire were clearly depicted using
all three investigated reconstruction algorithms. However, the
streak artifact level differed essentially in all three reconstruc-
tions. In contrast to the CS-Algorithms PICCS and ASD-
POCS, artifacts in the MKB reconstruction compromise sur-
roundings significantly.
The key point in interventional radiology guidance is the
precise location of high contrast structures with respect to
their surroundings. Both ASD-POCS and PICCS seem to
be equally suited to accomplish this task. In contrast, MKB
reconstructions are dominated by artifacts which deter sur-
roundings to such a degree so that application in interventional
radiology is doubtful. While lower contrast structures are of
less interest for intervention guidance they play a relevant role
for orientation. Performance of soft-tissue structure display
is mediocre in all reconstruction algorithms; more iteration
cylces might overcome this limitation.

Concluding, the study showed that existing algorithms can be
used for intervention guidance based on highly undersampled
data and hence radiation dose reduced CT scanning. This
provides motivation to further develop and investigate novel
reconstruction concepts. In the next steps elaborate analyses
of information content and radiation dose should be performed
for different reconstruction algorithms, since image quality re-
quirements in intervention guidance are significantly different
from those in other fields of CT scanning.
Due to the advent of more powerful reconstruction algorithms
and continuous data acquiring scanner systems real-time 4D
CT fluoroscopy may become an attractive new imaging modal-
ity with significant benefit for the patient health.
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Abstract— We design a cone-beam X-ray CT system with a 

reduced-size flat planar detector for cranial scan. In this system 
the detector can only cover half of the scanned object. The 
reduced detector size cuts the cost and the X-ray dose. However, 
typical FDK method is not available in the reconstruction from 
transversely truncated projections because convolution of 
truncated data will introduce significant errors in reconstruction. 
We propose a projection-correction FDK method for half-size 
detector and transversely truncated projection data. Numerical 
simulation study and experiments with practical CT system are 
conducted and we compare its performance with BPF type 
method. The results prove their feasibility in approximate 
reconstruction from truncated projections for circular cone-beam 
CT system with a reduced-size detector.   

     
Index Terms—Cone-beam CT, BPF, PI-line, half-size detector, 

truncated projections. 

I. INTRODUCTION 

The technique of CT is becoming a mainstay of modern 
radiology, especially in medical imaging and nondestructive 
examination. With the rapid development of electronics and 
detector technology, modern CT scanners can acquire 
high-quality images in a few seconds.    

In the last decade, there were some significant progresses in 
CT reconstruction algorithm, including quasi-exact and exact 
methods. FDK algorithm is the most popular algorithm in 
cone-beam CT reconstruction for its low cost in calculation 
and high quality reconstructed images in the case of a small 
cone angle[1]. However, it is an approximate algorithm and 
produces significant image artifacts when cone angles become 
larger. Katsevich [2][3] proposed a kind of filtered 
backprojection algorithm for helical cone-beam CT 
reconstruction, which attracted increasing attention. Zou and 
Pan[4]-[6] proposed an exact reconstruction algorithm for 
helical cone-beam CT, which can use minimal projection data 
for reconstruction. Based on their work, Li [7][8] proposed a 
BPF(back-projection filtration)-type algorithm for circular 
fan-beam and cone-beam scan. And ROI (Region of interest) 
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reconstruction from truncated data using this method is 
conducted [9]. BPF algorithm is a good solution for truncated 
projection reconstruction problem. Clackdoyle [10] and Noo 
[11] proved that some kinds of truncation are admissible for 
exact reconstructions, and propose a two-step Hilbert 
transform reconstruction method for truncated projections. 
Leng [12] proposed a CT scanning configuration in which the 
fan-beam projection data are acquired from an 
asymmetrically positioned half-sized detector and 
reconstructs the image via filtering a backprojection image of 
differentiated projection data (FBPD) survives the above 
fan-beam data truncation problem.. In 2010, Bian [13] 
proposed a rebinned BPF algorithm for ROI reconstruction. 
Zou [14] has improved that fan-beam BPF algorithm can 
exactly reconstruct the image within an ROI from data 
containing transverse truncations. 

We design a cranial CT system with an asymmetric 
reduced size flat plane detector placed off-center. To cut the 
cost and the X-ray dose, we use a half-size detector, which is 
not large enough to cover the whole scanned object. Typical 
FDK algorithm is not available in this condition. In the middle 
plane, it is simplified to a circular fan-beam CT 
reconstruction problem with half-size detector. If the scanned 
object is oval and object exceeds the field of measurement 
(FOM), the projections are truncated transversely in some 
view angles, as shown in Fig.3. An projection-correction 
FDK reconstruction algorithm for this problem is proposed in 
this paper. Numerical simulations and practical experiments 
are conducted and prove its feasibility.   

x

y

z

X-ray source

Cone-beam X-ray 

Flat Planar Detector

Scanned object

 
Fig.1 The cone-beam cranial CT system with half-size flat plane 
detector. 
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II. BACKGROUND AND METHODOLOGY 

A. System Geometry  
A half size detector is used, with which X-ray beam only 

covers half of the scanned object. The system geometry in the 
middle plane is shown in Fig.2. As the scanned object is often 
oval, if the semi-major axis is longer than twice the length of 
detector, the projections are transversely truncated, as shown 
in Fig.3.   

δ

 
Fig. 2 System geometry in the middle plane 
 

B. FDK Reconstruction Algorithm 
FDK algorithm was proposed by Feldkamp in 1984. It is a 

widely used filtered-backprojection algorithm for 3-D image 
reconstruction from cone-beam projections measured by a 
circular orbit CT system.  

It is an approximate algorithm based on the fan-beam 
reconstruction formula. In the middle plane, it can obtain the 
exact reconstruction image using the following formula [1]: 

2

2 2

1( , ) [ ( , )]
4 [ cos( )]

df r d P Y r
d r

φ φ
π φ Φ= Φ

+ − Φ∫ %  (1) 

Here ( , ) sin( ) / [ cos( )]Y r dr d rφ φ φ= − Φ + − Φ  and 

2 1/2( ) ( ) ( )
( 2 )

dP Y dY P Y g Y Y
d Y

∞

Φ Φ
−∞

′ ′ ′= −
′+∫% , ( )g Y  is 

the convolution function. ( )P YΦ
%  is the convolution of  g and 

( )P YΦ . Using this formula we can obtain the reconstruction 

result ( , )f r φ  in the middle plane. 
Extension from 2-D fan beam reconstruction, 3-D cone 

beam reconstruction algorithm can be obtained: 
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Convolution of truncated data will introduce significant 
errors in the reconstruction. A simple zero-padding will result 
artifact due to undesirable emphasis of high frequency 
components at the truncation area. 

C. FDK Reconstruction with Projection Correction  
As shown in Fig.3, the detector size is not so large to cover 

half the object in some scan angle and the projection is 
transversely truncated. In this condition, rebinning method 
and typical FDK is not available for this problem. We 
propose an approximate algorithm with projection correction 
based on FDK. It can survive the above cone-beam data 
truncation problem and obtain the image approximately. 

Step1. Extrapolate the truncated projection data 
( , , )P s hλ . There are a lot of extrapolation methods, and 

they have different properties. Sourbelle[15] presented an 
adaptive detruncation (ADT) method. Zamyatin[16] 
presented a method utilizes the idea of sinogram 
decomposition, where consider sinogram curves 
corresponding to image points outside the field of view. If the 
projections are truncated by a comparatively small size, the 
simplest edge extrapolate can be used. That is to extrapolate 
the missing data such that the projection data falls smoothly to 
zero. 

Step2. Obtained the recovery projections, we can 
reconstruct the image with FDK method. The reconstruction 
result is not perfectly right because the truncated projections 
are instead by virtual data.  

Step3. Conduct forward projection with the reconstructed 
image. Using the geometric structure of the CT system, new 
projection data ( , , )newP s hλ  is obtained by conducting 
forward projection. 

Step.4. Projection data ( , , )P s hλ  is obtained by the 

detector and ( , , )newP s hλ  is obtained by forward projection. 

Replace the homologous part in ( , , )newP s hλ  with 
( , , )P s hλ . New projection data is generated. It contains the 

truthful data from  the half-size detector and the approximate 
data for the truncated part. Smooth the new projection data to 
ensure a continuous edge.  

Step.5. Reconstruct from the renewed projection data.  

 
Fig.3 If the object is not in the FOV completely, the projections are 
truncated. (b) is the transversely truncated projection data from 
half-size detector. 
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III. NUMERICAL STUDY 

We use FDK method with projection correction mentioned 
in Section.2 in half-size detector reconstruction from 
truncated projections. A 256 256 256× ×  3D Shepp-Logan 
phantom is used in the numerical study. The projection data is 
collected by a half-size linear detector with a full scan in the 
angular range of 2π . A total of 360 projections are obtained 
per circle. The source to detector distance is 832mm, and the 
distance from the source to rotation center is 360mm. 
Detector has 256 128×  pixels. In the y-axis direction the 
projection is truncated. 

 

 
Fig.4 Reconstruction results in different slices of Sheep-Logan 

phantom with projection correction FDK algrithom from truncated 
projections of half-size detector. The projection data is noiseless. 

 
Fig.4 shows the FDK reconstruction results from 

transversely truncated detector projections. We can find 
artifacts in the top and bottom of the phantom edge because of 
data missing. However, using this forward projection method 
a nearly exact image can be obtained in the FOV.  
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Fig.5 Comparison between phantom, projection correction FDK 
method and BPF method results from nosiy datasets. The added noise 
standard deviation is 1% in the projection data.    

 

This method is also evaluated with noisy datasets. We 
compare this method with BPF algorithm in half-size detector 
reconstruction with projection data transversely truncated. 
And noise with 1% standard deviation is added to the 
projection. Fig.5 is the comparison of results between FDK 
and BPF methods.  

 

IV. EXPERIMENT 

Practical experiments are implemented on a 140keV 
cone-beam experimental CT system. A flat plane detector is 
used. The projection correction FDK reconstruction method 
proposed in Section.2 is tested when projections come from a 
half-size detector and transversely truncated. We compare the 
results with full data FDK reconstruction results. 

 

 
Fig.6 Cone-beam experimental CT system 

 
The reconstruction results in different slices are shown in 

Fig.7 with full detector and reduced-size detector respectively. 
The length of detector used in this experimental study is 
250mm, and it has 1280 rows. The distance from source to 
detector is 1050mm and from source to the rotation center is 
750mm. The first 4 images in Fig.7 are FDK reconstruction 
results from full projection data. The last 4 images are 
reconstructed using 600 rows projection data, which can’t 
cover half of the scanned object.  360 projection images are 
taken in a full rotation of 2π .  

In Fig.7 and Fig.8, we can find that when the projections 
are transversely truncated, an approximation reconstruction 
result can be obtained using this method. The results are 
similar and truncated aritifacts are eliminated. However, 
some detailed information is lost and the metal artifact is more 
serious. 
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 Fig.7 (a) Different slices in FDK reconstruction results from full-size detector projections 
(b) Different slices in projection-correction FDK reconstruction results from transversely truncated projections. 

 

 
  Fig.8 The comparison between the reconstruction results from 
full-size projection data and from transversely truncated half-size 
projection data. 
 

V.DISCUSSION 
We design a cone-beam CT system for cranial scan with a 

half-size detector. FDK method is not available in exact 
reconstruction from the half-size detector projections with 
transversely truncated. We propose a FDK method with 
projection correction and compare its performances in 
half-detector reconstruction with BPF method. When the 
projections are transversely truncated, this method can obtain 
an approximate reconstruction image. Experiments with 
fan-beam X-ray are conducted. And the results show that this 
method allows us to improve the quality of the images 
reconstructed from incomplete projection data. 
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Abstract: We have developed a new advanced iterative 

reconstruction algorithm for cone-beam helical CT. The features of 

this algorithm are: (a) it uses separable paraboloidal surrogate 

(SPS) technique as a foundation for reconstruction to reduce noise 

and cone-beam artifact, (b) it uses a view weight in the 

back-projection process to reduce motion artifact. To confirm the 

improvement of our proposed algorithm over other existing 

algorithm, such as Feldkamp-Davis-Kress (FDK) or SPS algorithm, 

we compared the motion artifact reduction, image noise reduction 

(standard deviation of CT number), and cone-beam artifact 

reduction on simulated and clinical data set. Our results 

demonstrate that the proposed algorithm dramatically reduces 

motion artifacts compared with the SPS algorithm, and decreases 

image noise compared with the FDK algorithm. In addition, the 

proposed algorithm potentially improves time resolution of 

iterative reconstruction. 

 
Index Terms—cone-beam CT, iterative reconstruction, motion 

artifact reduction 

I. INTRODUCTION 

Iterative reconstruction algorithms for cone-beam CT have 

been widely studied in recent years by many researches to 

improve the image quality compared to analytical reconstruction 

[1]. One of  the main differences between iterative 

reconstruction algorithm and analytical reconstruction algorithm 

is in the utilization of a view weight. The analytical 

reconstruction algorithm generally uses a view weight to reduce 

the redundant scanned data and also to work as a time window 

for the scanned data [2, 3]. The helical scanned data has a time 

lag and the time resolution of the reconstructed image is 

characterized by the time lag of the utilized data by the 

reconstruction algorithms. In this respect, the iterative 

reconstruction algorithm has worse time resolution than the 

analytical reconstruction algorithm thus resulting in more 

motion artifacts when an object moves during the scan. Note that 

the motion artifacts here include respiratory motion, anticipate 

motion of patient and cardiac motion without electrocardiogram 

gated (ECG) reconstruction. Thus we need the iterative 

reconstruction algorithm which can tolerate these motion 

artifacts. One way to compensate the motion artifacts in iterative 

reconstruction algorithm is to incorporate view weight into the 

iterative reconstruction. This idea of using view weights is not 
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new and has already been tried in iterative weighted filtered 

back-projection (IWFBP) algorithm [6]. Since the main goal of 

IWFBP is to reduce the cone-beam artifacts in early iterations, it 

still needs reconstruction filter. However, the theoretical 

convergence in utilizing the reconstruction filter during iteration 

process is still not clear [8]. Also the noise reduction of IWFBP 

algorithm compared to statistical reconstruction algorithm is 

still inefficient [1, 7]. Thus a new approach which can address 

both noise reduction and motion artifact reduction is necessary. 

 In this work, addressing such need, we introduce a new 

motion tolerant iterative reconstruction algorithm, which 

incorporates the view weight in the back-projection step of the 

statistical reconstruction. A simulated moving head phantom 

and a clinical data without breath-holding were applied to the 

proposed algorithm to evaluate the performance of the motion 

artifacts reduction, cone-beam artifact suppression and also 

noise reduction.  

II. METHODS 

A. View Weight 

Our idea is to use a view weight in back-projection process on 

the iterative reconstruction algorithm. As the first step, we 

present an efficient method to calculate the view weight function 

proposed in [3]. Our method can set arbitrary slope width to 

compute the view weights in parallel beam configuration. The 

shape of the view weight function is controlled by two 

parameters, a slope width index γ and a weight width index F. 

The view weight function, composed of two sub-weight 

functions, is written as 
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Where, ω is the phase of relevant view, 
12 −= Lη                    (2) 

is the sub-weight width and 
12 −−= Lg                   (3) 

is the sub-weight gain. L is an integer greater than 0 and 
LL F 22 1 <−≤− γ . 
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The ψ in (1) is the sub-weight function: 
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The example view weight function calculated by (1) is shown in 

Fig. 1. Here, we denote the index of 3D image pixel by j and the 

index of the detector (through the channel, row and view) by i.  

The view corresponding to the axial position of the j-th pixel, we 

call the view “virtual view”. Note that the “virtual view” may not 

directly corresponds with the i-th detector, thus it is a calculated 

parameter. Let ω  

ij be the relative phase between i-th detector and 

the “virtual view”.  Then, the discrete parameter of view weight 

is written as follows. 

 ( )
ijij ww ω=                   (5) 

 

B. Proposed Iterative Reconstruction Algorithm 

 We applied the well-known separable paraboloidal surrogate 

(SPS) algorithm [7] to penalized weighted least squares (PWLS) 

estimate as a basis for iterative reconstruction. To use view 

weight function as mentioned above, parallel beam 

configuration is considered. The PWLS cost function is 

expressed as follows. 
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where µµµµ =  =  =  = (µ  

1 ,…, µ  

J) is the vector of average linear attenuation 

coefficients, y
  

i  is the i-th detector measurement, d
  

i  is a 

weighting factor of the i-th detector, and a
  

ij is a system matrix 

element which relates j-th pixel to i-th detector. In the second 

term of (6), R(µµµµ) is penalty and β is a regularization parameter 

which controls smoothness in the reconstructed image. We 

utilize simple quadratic penalty, 
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where N
  

j is the set of pixels in the given neighborhood of µ  

j and 

s
  

jk is a directional weight inversely proportional to the distance 

between j-th pixel and k-th pixel. We introduce a new parameter 

w
  

ij  which was defined in (5) and substitute the linear 

combination of vector µµµµ in (6) as follows: 
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The w
  

ij controls the update rate between the estimation variable 

and the current n-th iteration variable and the summation of w
  

ij 
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The separable function in (6) is rewritten as 
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Similar to (11), the penalty term R(µµµµ) in (6) is rewritten as 

follows. 
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Substituting (11) and (12) into (6), we obtain a separable 
function 
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To minimize (13), we apply Newton’s method and the update 

equation now becomes 

 
( )
( )

)(

)(

)(

)(

)()1(

;

;

n
jj

n
jj

n

n

n

j

n

j

µµ

µµ

φ

φ
µµ

=

=+

′′

′
+=

µµ

µµ
,         (14) 

 ( ) ∑ ∑
= =

= 







−=′

I

i

J

j

n

jijiijiji

n aywad
n
jj

1 1

)()(

)(
; µφ

µµ
µµ  

( )∑
∈

−+
jNk

n

k

n

jjks )()( µµβ ,       (15) 

( ) ∑∑ ∑
∈= =

=
+=′′

j

n
jj

Nk

jk

I

i

J

j

ijjiiji

n sawad βφ
µµ

2;
1 1

)(

)(
µµ .        (16) 

We call the proposed new algorithm “view weighted-SPS” 

(VW-SPS). In this paper, we apply the quadratic function as a 

penalty. Thus (14) is seen as one of Landweber-type iteration 

whose general form is  

 ( ) yµµ HTE nn +−=+ )()1(              (17) 

where y = {y
  

1, y
  

2,…, y
  

I}, T is a J × J  matrix, H is a J × I  matrix 

and E is a J × J identity matrix. If the spectral radius of the 

matrix E-T is ρ (Ε −Τ ), then it is known that (17) converges if 

the following inequality holds, 

 ( ) 1<−TEρ .                 (18) 

From (14), (15) and (16), the (m,n)-th element of the matrix T is 
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Figure-1 Schematic diagram of view weight function at F =1.0 and γ =0.2. 
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When the operator norm induced by L-p vector norm is  || · ||
  

p , 

then it satisfies ρ (Τ ) ≤ ||T||
  

p . ||T||
  

∞=1 is calculated from (19), 

therefore ρ (Τ ) ≤ 1. Moreover, if we assume the matrix T is 

positive definite, ρ (Τ ) > 0. Thus, VW-SPS holds inequality 

(18), and it also theoretically converges. 

III. SIMULATION AND RESULTS 

A. Cone-Beam Artifact and Motion Artifact Reduction 

Numerical simulations were performed to investigate the 

performance of our proposed algorithm. The cone-beam artifact 

and the motion artifact were evaluated using the FORBILD head 

phantom developed by Erlangen University [9]. We moved the 

head phantom in the horizontal direction at a constant velocity of 

4 mm per seconds (An actual image is shown in Fig. 2 (a)). 3D 

data was generated by ray tracing through the head phantom 

using a linear attenuation distribution. For simplicity, we 

conducted simulation based on a monoenergetic X-ray beam 

assumption with no emphasis on photon and system noise. The 

data acquisition was modeled based on a commercially available 

CT scanner (SCENARIA, Hitachi Medical Corp., Chiba, Japan) 

and the simulation parameters are shown in Table I. Three 

different reconstruction algorithms, Feldkamp-Davis-Kress 

(FDK), SPS and VW-SPS were all applied to the simulation data. 

SPS and VW-SPS were implemented in the non-relaxed ordered 

subset method. Although the convergence is not confirmed, we 

believe it does not have a significant effect on the result in this 

step. We will evaluate the convergence in our future work. The 

iterations for SPS and VW-SPS were stopped at 20 with 14 

subsets and β  was set to 3.5 x 10
-3

 and 4.0 x 10
-3

, respectably. 

The view weight parameters used in FDK and VW-SPS methods 

were set to F = 1.5 and γ = 0.5. 

Figure 2 shows the reconstructed images of the head phantom 

generated by the three different algorithms. Figure 2(a) is the 

actual head phantom image and Fig. 2(b), (c) and (d) were 

reconstructed using FDK, SPS and VW-SPS, respectively. In 

the FDK image (Fig. 2(b)), the cone-beam artifact appeared 

around the inner ear (arrow). While the SPS image (Fig. 2(c)) 

TABLE I 

SIMULATED CT SCANNER PARAMETERS 

Parameter Value 

Source-detector distance 1072.9 mm 

Source-isocenter distance 606.3 mm 

Detector cell size for channel 1.03 mm 

Detector cell size for row 1.10 mm 

Detector rows 64 

Detector channels 888 

Scan views 1008 

Scan rotations 7 

Scan speed 0.5 seconds per rotation 

Beam pitch 0.58 

FOV size 300mm x 300mm 

Pixel size 0.58 mm x 0.58mm 

The number of slices 101 

Slice pitch 0.5 mm 

 
TABLE II 

CLINICAL SCANNING PARAMETERS 

Parameter Value 

Scan views 1440 

Scan rotations 14 

Scan speed 0.5 seconds per rotation 

Beam pitch 0.58 

FOV size 400mm x 400mm 

Pixel size 1.03 mm x 1.03mm 

The number of slices 141 

Slice pitch 0.625 mm 

 

    
 

    
Figure-2 (a)The actual head phantom image and three images reconstructed by (b)FDK and (c)SPS, (d)VW-SPS (WL=50, WW=80 and top: transaxial, bottom: coronal). 

(a) (b) (c) (d) 
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reduces the cone-beam artifact, it causes a new motion artifact 

on the cerebrum (arrow). In contrast, the proposed VW-SPS 

reduces the cone-beam artifact and the motion artifact at the 

same time as illustrated in Fig.2 (d).  

 

B. Noise and Motion Artifact Reduction 

We also tested the effectiveness of the proposed algorithm in 

reducing motion and noise artifacts on a clinical data set, which 

was obtained without breath-holding by the patient.  The data 

was obtained by the SCENARIA system and clinical scanning 

parameters utilized for this patient are listed in Table II. Using 

this clinical data, we generated CT images by FDK, SPS and 

VW-SPS. The view weight parameters in FDK and VW-SPS 

methods were set to F = 1.5 and γ = 0.5, respectively. For SPS 

and VW-SPS algorithms, the FDK image was utilized as the 

initial image, and β was set to 3.5 x 10
-3

 and 4.0 x 10
-3

, 

respectively. The iterations of SPS and VW-SPS were stopped 

when the SD level in the ROIs of the reconstructed images, as 

shown in Fig. 3(a), reaches around the set value (15.5[HU]). 

Table III shows the comparison between SD level and the 

number of iterations. SPS and VW-SPS results in about 36% of 

SD reduction rate compared to the FDK in the same iteration. 

 Figure 3 shows the clinical abdominal images reconstructed 

by the three algorithms mentioned above. Figure 3 (b) and (c) 

have better image quality than Fig. 3 (a) in terms of noise. 

Comparing with Fig. 3(c), Fig. 3(b) showed the following 

marked differences: 

(1) The shading artifacts caused by the patient motion on the 

liver is very prominent in Fig. 3(b) 

(2) The kidney in Fig. 3(b) is deformed due to the lack of time 

resolution.  

In contrast, the VW-SPS image of Fig. 3(c) dramatically 

reduced the shading artifact and also improved time resolution. 

IV. CONCLUSION AND DISCUSSION 

In this paper, we have introduced a new motion tolerant 

iterative reconstruction algorithm for cone-beam helical CT. 

From our preliminary evaluation on both phantom and clinical 

data set of our proposed algorithm, in which the view weight 

function was incorporated in iterative reconstruction,   we can 

conclude that our algorithm achieves a successful reduction in 

motion artifact. At the same time, it also reduces cone-beam 

artifacts and image noise without losing convergence rate.  

For simplicity, during simulation, we evaluated the proposed 

algorithm by setting the photon relative weight at 1. However, 

from the statistical estimation perspective, if we set the photon 

relative weight at values other than 1, the noise model may 

collapse due to the use of the view weight. Therefore, we need to 

carefully examine our proposed algorithm with varying photon 

relative weight effects on the tradeoff between the data 

efficiency and time resolution. We plan to conduct such study in 

the near future. 
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TABLE III 

COMPARISON OF STANDARD DEVIATION AND TOTAL NUM. OF ITERATION 

 FDK SPS VW-SPS 

Iteration - 
10 with 20 

subsets 

10 with 20 

subsets 

SD  24.1 15.4 15.5 

SD reduction rate to 

FDK [%] 
- 36.0 35.7 

 

 

   
 

Figure-3 Clinical abdomen images reconstructed by (a)FDK and (b)SPS, (c)VW-SPS (WL=50, WW = 250). 
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(a) (b) (c) 

358 11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine



Toward optimal X-ray flux utilization in breast CT
Jakob H. Jørgensen1, Per Christian Hansen1, Emil Y. Sidky2, Ingrid S. Reiser2, and Xiaochuan Pan2

Abstract—A realistic computer-simulation of a breast com-
puted tomography (CT) system and subject is constructed. The
model is used to investigate the optimal number of views for
the scan given a fixed total X-ray fluence. The reconstruction
algorithm is based on accurate solution to a constrained, TV-
minimization problem, which has received much interest recently
for sparse-view CT data.

I. INTRODUCTION

Dose reduction has been a primary concern in diagnostic
computed tomography (CT) in recent years [1]. Interest in low
intensity X-ray CT is also motivated by the potential to employ
CT for screening, where a large fraction of the population
will be exposed to radiation dose and the majority of subjects
will be asymptomatic. This abstract examines the screening
application of breast CT; we simulate breast CT projection data
and perform image reconstruction based on constrained, total-
variation (TV) minimization. The specific question of interest
is: given a fixed, total X-ray flux, what is the optimal number
of views to capture in the CT scan? As the total flux is fixed,
more views implies less photons per view, resulting in a higher
noise level per view. On the other hand, fewer views may
not provide enough sampling to recover the underlying object
function. The optimal balance of these two effects will depend
on the imaged subject and the imaging task. For this reason,
we have focused on the breast CT application as a case study,
which also has received much attention in the literature [2]–
[4].

From the perspective of non-contrast CT, the breast has
essentially four gray levels corresponding to: skin, fat, fibro-
glandular or malignant tissue, and calcification. In designing
the CT system, physical properties of the subject that are
important are the complexity of the fibro-glandular tissue,
which could be the limiting factor in determining the minimum
number of views in the scan, and micro-calcifications and
tumor spiculations, which challenge the resolution of the
system.

The image reconstruction algorithm, investigated here, is
based on accurate solution of constrained, TV-minimization.
Constrained, TV-minimization is reconstruction by solving an
optimization problem suggested in the compressive sensing
(CS) community for taking advantage of sparsity of the
subject’s gradient magnitude [5,6]. Various algorithms based
on TV-minimization have been investigated for sparse-view
CT data [7]–[13], but we have also recently begun investi-
gating TV-minimization for many-view CT with a low X-
ray intensity. While the emphasis in many of these works
has been algorithm efficiency, the aim here is different in
that we seek accurate solution to TV-minimization in order
to simplify the trade-off study. With accurate solution of

1Technical University of Denmark, Department of Informatics and Mathe-
matical Modeling, Richard Petersens Plads, Building 321, 2800 Kgs. Lyngby,
Denmark. 2The University of Chicago, Department of Radiology MC-2026,
5841 S. Maryland Avenue, Chicago IL, 60637. Corresponding author: Emil
Y. Sidky, E-mail: sidky@uchicago.edu

TV-minimization, the resulting image can be regarded as a
function of only the parameters of the optimization problem,
removing the additional variability inherent in inaccurate but
efficient TV-minimization solvers. The actual solver used here
employs an accelerated gradient-descent algorithm which is
described in an accompanying abstract and in Ref. [14,15].
This solver allows us to investigate the behavior of the solution
to constrained, TV-minimization as the number of projections
is varied at fixed total flux. As this is a preliminary study,
the evaluation is based upon visual inspection of images
obtained with a realistic computer-phantom and a CT data
model incorporating physics of the low-intensity scan. Section
II describes the system and subject model in detail; Sec. III
briefly describes the reconstruction algorithm; and Sec. IV
presents indicative results of the sampling/noise trade-off study
for breast CT.

II. BREAST CT MODEL

We model the salient features of a low intensity X-ray
CT system and a breast subject to gain an understanding
of the trade-off between noise-per-projection and number-of-
projections.

A. phantom

The breast phantom has four components: skin, fat, fibro-
glandular tissue and micro-calcifications. The latter two com-
ponents are the most relevant and are now described in detail.
We refer all gray values to that of fat, which is taken to be
1.0. The skin gray level is set to 1.15.
Fibro-glandular tissue: The gray value is set to 1.1. The
pattern of this tissue is generated by a power law noise
model described in Ref. [16]. The complexity of this tissue’s
attenuation map is similar to what one could find in a breast
CT slice. For the present study, the background fibro-glandular
tissue, fat and skin are represented with as a 1024x1024
digital phantom, from which projections are computed. The
reason for doing so, is that we want to isolate the issue
of structural complexity of the background, while removing
potential ambiguity of projection model mismatch.
Micro-calcifications: 5 small ellipses with attenuation values
ranging from 1.8 to 2.1. In this case, the ellipse projections are
generated from a continuous ellipse model, and unlike the rest
of the phantom, these projections are not consistent with the
digital projection system matrix. For these structures, object
pixelization is a highly unrealistic model because of their small
size; hence we employ the continuous model to generate their
projection data.

The complete phantom along with a blow-up of a region
of interest (ROI) containing the micro-calcifications is shown
in Fig. 1. The complexity of background is apparent, and al-
though the phantom is indeed piece-wise constant, the gradient
magnitude has 55,000 non-zero values due to the structure
complexity. This number is relevant for the CS argument on
the accuracy of TV-minimization. While there has been no
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Fig. 1. Left: complete breast phantom shown in a gray scale window
[0.9,1.25]. Right: same phantom with a blown-up inlay of 7.5x7.5 mm2 ROI
containing the micro-calcifications. The ROI grayscale window is [0.9,1.8].
All image reconstruction results are shown in this format.

analysis of CS recovery for CT-based system matrices, one
can expect that at least twice as many samples as non-zero
elements in the gradient magnitude will be needed for accurate
image reconstruction with TV-minimization under noiseless
conditions.

B. data model

As the primary goal of this study is to investigate a
noise trade-off, the CT model includes a random component
modeling the detection of finite numbers of X-ray quanta.
The process of generating the simulated CT data starts with
computing a noiseless sinogram:

gj =

∫

Lj

d`fdigital[~r(`)] + fµcalc[~r(`)], (1)

where gj is the jth line integral of the phantom over the ray Lj
with the index j running from 1 to Ndata; Ndata is the product
of the number of projections and the number of detector
bins per projection; and fdigital[~r(`)] and fµcalc[~r(`)] represent
the digital and continuous components of the phantom, re-
spectively. The measurements gj are used for the noiseless
reconstructions.

In order to include a random element to the data, which
depends on Ndata in a fairly realistic way, we compute a mean
photon number per detector bin based on gj and a total photon
intensity of the scan:

n(mean)
j =

Nphoton

Ndata
exp(−gj),

where Nphoton is the total number of photons in the scan
and is here selected to be a value typical of mammography.
Note that the model the scale factor will cause the mean
number of photons per bin to decrease as the number of
ray measurements increases. From n(mean)

j , a realization nj
is selected from a Gaussian distribution, using n(mean)

j as the
mean and variance. This Gaussian distribution closely models
a Poisson distribution for large n(mean)

j . Finally, the photon
number noise realization is converted back to a realization
of a set of line integrals:

gj = − ln

(
Ndata

Nphoton
nj

)
.

It is this data set which will be used for the noisy reconstruc-
tions below. While this model incorporates the basic idea of
the noise-level trade-off, there are still limitations of the study.
The incident intensity on each detector bin is assumed to be
the same; no correlation with neighboring bins is considered;

electronic noise in the detector is not accounted for; and
reconstructions are performed from a single realization as
opposed to an ensemble of realizations.

III. IMAGE RECONSTRUCTION BY CONSTRAINED
TV-MINIMIZATION

In order to perform the image reconstruction, we employ
CS-motivated, constrained, TV-minimization:

~f∗ = argmin‖~f‖TV subject to |X ~f − ~g|2 ≤ ε2 and ~f ≥ 0,
(2)

where the norm ‖ · ‖TV is the sum over the gradient magni-
tude of the image; the system matrix X represents discrete
projection converting the image estimate ~f to a projection
estimate ~g; ε is a data error tolerance parameter controlling
how closely the image estimate is constrained to agree with the
available data; and the last constraint enforces non-negativity
of the image. This optimization problem has served to aid
in designing many new image reconstruction algorithms for
CT. As the CT application is quite challenging, most of these
algorithms do not yield the solution ~f∗(ε) of Eq. (2), which
should only depend on ε once the CT system parameters are
fixed. As a result, these algorithms yield images which also
depend on algorithm parameters. This is not necessarily a bad
thing, but it becomes difficult to survey the effectiveness of
Eq. (2) for various CT applications.

In applied mathematics, motivated by CS, there has been
much effort in developing accurate solvers to Eq. (2), but
few of these solvers can be applied to systems as large as
those encountered in CT. To address this issue, we have been
investigating means of accelerating gradient methods, which
can be implemented for systems on the scale typical of CT.
The proposed set of algorithms are described in detail in
an accompanying submission to the meeting [15]. We do
not discuss the algorithm here, but we point out that the
optimization problem solved is modified, but equivalent to Eq.
(2):

~f∗ = argmin α‖~f‖TV + |X ~f − ~g|2 subject to ~f ≥ 0, (3)

where the data error term has been included in the objective
function, leaving only positivity as a constraint. The penalty
parameter α replaces the role of ε above. We use the ac-
celerated gradient algorithm to solve Eq. (3) to a numerical
accuracy greater than what would be visible in the images;
thus, we describe the following resulting images as solutions
to this optimization problem. To make the connection with the
Eq. (2) is straight-forward; the corresponding ε to a given α
is found by computing |X ~f∗−~g| where ~f∗ is found from Eq.
(3).

IV. RESULTS

For this initial survey of a breast CT simulation, we show
two main sets of results. The first set of images are recon-
structed from noiseless data for different numbers of views.
The idea is to see how well TV-minimization performs in
recovering the complex breast phantom under ideal conditions.
The second set of images includes noise at a fixed exposure,
and as described in Sec. II-B, the noise-level per projection
increases with the the number of projections.

All reconstructions are performed on a 1024x1024 grid with
100 micron pixel widths. The simulated fan-beam geometry
has an 80 cm source to detector distance with a circular source
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Fig. 2. Left column: images reconstructed by TV-minimization. Right
column: images reconstructed by FBP. The data do not include noise, and
the number of views are 64, 128, 256, and 512 going from top to bottom.

trajectory of radius 60 cm. The detector is modeled as having
1024 detector bins, and there is no truncation in the projection
data.

A. image reconstruction from noiseless data

In Fig. 2, we show images reconstructed from 64 to 512 pro-
jections for both TV-minimization and filtered back-projection
(FBP). For TV-minimization in this study we set α = 10−6,
which corresponds to a very tight data constraint. As noted
above the sparsity of the gradient magnitude is on the order
of 50,000. Accordingly, from CS-based arguments, one could
only expect to start to achieve accurate reconstruction when
the number of measured line integrals exceeds 100,000, which
in this case means 100 projections. An important part of CS
theory deals with computing the factor between the sparsity

Fig. 3. Same as Fig. 2 except the noise model discussed in Sec. II-B is
included.

level and necessary number of measurements for accurate
recovery. This factor is unknown for TV-minimization applied
to the X-ray transform, but we can see from the reconstructions
that the accuracy is greatly improved in going from 128 views
to 256 views. There is still a perceptible improvement in the
image recovery in going to 512 views, which still represents
an under-determined system despite the fact that 512 views
is normally not thought of as a sparse-view data set. Again,
it is the complexity of the phantom which is responsible
for this behavior. The accompanying FBP results give an
indication on the ill-posedness of reconstruction from the
various configurations with different numbers of projections.

The results for the micro-calcification ROI are interesting
in that this particular feature of the image is recovered for all
data sets down to the 64-projection data set. This is not too
surprising because the micro-calcifications are certainly sparse
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Fig. 4. Images for 512-view, noisy projection data obtained with TV-
minimization for (left) α = 1× 10−3, (middle) α = 5× 10−4, and (right)
α = 2× 10−4.

in the gradient magnitude. But this result emphasizes that the
success of an image reconstruction algorithm depends also on
the imaging task and the subject.

For the larger goal of determining the optimal number of
views, it is clear that ”structure noise” – artifacts due to the
complex object function– can play a significant role for this
breast phantom.

B. image reconstruction from noisy data

For the noise studies, we again investigate data sets with
the view number varying between 64 and 512. For these
reconstructions, α is also varied between 1. × 10−6 and
5. × 10−4. In Fig. 3, we show the TV-minimization images
compared with FBP, as a reference. The optimal values of α for
each TV-minimization image is chosen by visual inspection.
The FBP fill images are smoothed by convolving with a
Gaussian distribution of width 140 microns (chosen by visual
inspection), and the ROI images are unregularized. While it
is not too surprising that the FBP image quality appears to
increase with projection number, it is somewhat surprising that
the same trend is apparent for image reconstruction by TV-
minimization. The 512-view data set seems to yield, visually,
the optimal result in that the ROI appears to have the least
amount of artifacts. While most of the micro-calcifications
are visible in each reconstruction, the artifacts and noise
texture in the sparse-view images can be distracting and
mistaken for additional micro-calcifications. It seems that the
increased noise-level per view impacts the reconstruction less
than artifacts due to insufficient sampling. That we obtain this
result with a CS algorithm is interesting, and warrants further
investigation with more rigorous and quantitative evaluation.

To appreciate the impact of α, we focus on the 512-view
data set and display images in Fig. 4 for three cases. Small
α corresponds to a tight data constraint, resulting in salt-and-
pepper noise in the image due to the high noise-level of the
data. Increasing α reduces the image noise and eventually
removes small structures.

V. CONCLUSION

We have performed a preliminary investigation of a fixed
X-ray exposure trade-off between number-of-views and noise-
level per view for a simulation of a breast CT system. This
investigation employed a CS image reconstruction algorithm
which should favor sparse-view data. Moreover, the simulated
data are generated from a digital projection matched with the
projector used in the image reconstruction algorithm – another
factor that should favor sparse-view data. Despite this, the
complexity of the subject overrides these points and it appears
that the largest number of views, in the study, yields visually
the optimal reconstructed images. When other physical factors
are included in the data model, for example, partial volume

averaging and X-ray beam polychromaticity, one can expect
that this same conclusion will hold.

Extensions to the image reconstruction algorithm will ad-
dress better noise modeling. One can expect an improvement
in image quality by employing a weighted, quadratic data error
term derived from a realistic CT noise model. As for CS-
motivated image reconstruction, the breast CT system may
benefit from exploiting other forms of sparsity.
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EM+TV for Reconstruction of Cone-beam CT with
Curved Detectors using GPU
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Abstract—Computerized tomography (CT) plays a critical role
in the practice of modern medicine. However, the radiation
associated with CT is significant. Methods that can enable
CT imaging at reduced radiation exposure without sacrificing
image quality are therefore extremely important. This paper
introduces a novel method for enabling improved reconstruction
at lower radiation exposure levels. The method is based on the
combination of 1) expectation maximization (EM), an iterative
method used for CT image reconstruction that maximizes the
likelihood function under a Poisson noise assumption, and 2) total
variation (TV) regularization, which has been used to preserve
edges, given the assumption that most images are piecewise
constant. While both EM and TV are known, their combination,
as described here, is novel. We show that EM+TV can reconstruct
a better image using fewer views, thus reducing the overall
dose of radiation. Numerical results show the efficiency of the
EM+TV method in comparison to classic EM. In addition, the
EM+TV algorithm is implemented on the GPU platform; related
implementation methods are also discussed.

Index Terms—Expectation Maximization, Computerized To-
mography Reconstruction, Total Variation, GPU Implementation

I. I NTRODUCTION

As a group of methods for reconstructing two-dimensional
and three-dimensional images from the projections of an ob-
ject, iterative reconstruction has many applications, including
computerized tomography (CT), positron emission tomogra-
phy (PET), and magnetic resonance imaging (MRI). This
technique is quite different from the filtered back projection
(FBP) method [3], [11], which is the algorithm most common-
ly used by manufacturers of commercial imaging equipment.
The main advantages of the iterative reconstruction technique
over FBP are reduced sensitivity to noise and increased data
collection flexibility [8]. For example, the data can be collected
over any set of lines, the projections do not have to be
distributed uniformly in angle, and the projections can be even
incomplete.

There are many available algorithms for iterative reconstruc-
tion. Most of these algorithms are based on the system of
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linear equationsAx = b wherex = (x1, · · · , xN )T ∈ RN is
the original unknown image represented as a vector,b is the
given measurement withb = (b1, · · · , bM )T ∈ RM , and A
is a M × N matrix describing the direct transformation from
the original image to the measurements.A depends on the
imaging modality used; for example, in CT,A is the discrete
Radon transform, with each row describing an integral along
one straight line and all the elements ofA are nonnegative.

One example of the iterative reconstruction algorithm is
expectation maximization (EM) [4], [5]. This is based on the
assumption that the noise inb is Poisson noise. Ifx is given
andA is known, the conditional probability ofb is

P (b|Ax) =

M∏

i=1

e−(Ax)i((Ax)i)
bi

bi!
.

Therefore, givenb andA, the objective is to findx such that
the above probability is maximized. However, instead of max-
imizing the probability, we can minimize− log P (b|Ax) =∑

i(Ax)i −bi log((Ax)i)+C, with C being a constant. Com-
bined with the nonnegative constraint, the problem becomes

minimize
x

M∑

i=1

(Ax)i − bi log((Ax)i)

subject tox ≥ 0. (1)

To derive the EM iterative algorithm, we consider the first
order optimality condition of the constrained optimization
problem (1). Solving the problem is equivalent to solving the
Karush-Kuhn-Tucker (KKT) condition [1], [2]:

M∑

i=1

(
aij(1 − bi

(Ax)i
)

)
− yj = 0, j = 1, · · · , N, (2)

yj ≥ 0, xj ≥ 0, j = 1, · · · , N,

yT x = 0.

Here, yj is the Lagrange multiplier corresponding to the
constraintxj ≥ 0. Multiplying (2) by xj to eliminateyj , the
EM iteration is as follows:

xn+1
j =

M∑
i=1

(aij(
bi

(Axn)i
))

M∑
i=1

aij

xn
j . (3)

The total-variation regularization method was originally
proposed by Rudin, Osher and Fatemi [7] to remove noise
in an image while preserving edges. This technique is widely
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used in image processing [10], [13] and can be expressed in
terms of minimizing an energy functional of the form

min
x

∫

Ω

|∇x| + α

∫

Ω

F (Ax, b),

wherex is viewed as a two- or three-dimensional image with
spatial domainΩ, A is usually a blurring operator,b is the
given noisy-blurry image, andF (Ax, b) is a data-fidelity term.
For example, for Gaussian noise,F (Ax, b) = ‖Ax − b‖2

2.
In this paper we combine the EM algorithm with the total

variation (TV) regularization. While each of these method-
s has been described individually in the literature, to our
knowledge they have never been combined in the context of
CT reconstruction. The assumption is that the reconstructed
image cannot have a total-variation that is too large (thus
noise and reconstruction artifacts are removed). For related
relevant work, we refer to the Compressive Sensing Resources
[15]. Additionally, as an extension of preliminary work [14],
the proposed EM+TV algorithm has been implemented on
a GPU platform. The related implementation considerations
and methodologies are also described. The 10X times speedup
indicates that the proposed algorithm has the potential to be
used in practical medical CT systems.

II. M ETHOD (EM+TV)

In the classic EM algorithm, noa priori information about
the solution is provided. However, if we are givena priori
knowledge that the solution has homogeneous regions and
sharp edges, the objective is to apply this information in order
to reconstruct an image with both minimal total-variation and
maximal probability. Thus, we can consider finding a Pareto
optimal point by solving a scalarization of these two objective
functions and the problem becomes





minimize
x

∫
Ω |∇x| + α

M∑
i=1

((Ax)i − bi log(Ax)i) ,

subject to xj ≥ 0, j = 1, · · · , N,

whereα > 0 is a parameter for balancing the TV regulariza-
tion and the fidelity term derived from EM. This is a convex
constraint problem and we can find the optimal solution by
solving the Karush-Kuhn-Tucker (KKT) conditions [1], [2]:

−div
( ∇x

|∇x|
)

j
+ α

M∑

i=1

(
aij(1 − bi

(Ax)i
)

)
− yj = 0,

j = 1, · · · , N,

yj ≥ 0, xj ≥ 0, j = 1, · · · , N,

yT x = 0.

By positivity of {xj}, {yj} and the complementary slackness
conditionyT x = 0, we havexjyj = 0 for everyj = 1, · · · , N .
Thus after multiplyingxj , we obtain

− xj

M∑
i=1

aij

div
( ∇x

|∇x|
)

j
+ αxj − α

M∑
i=1

(
aij(

bi

(Ax)i
)
)

M∑
i=1

aij

xj = 0,

j = 1, · · · , N.

The last term is an EM step (3), which can be replaced as
xEM

j , and we finally obtain:

− xj

M∑
i=1

aij

div
( ∇x

|∇x|
)

j
+ αxj − αxEM

j = 0, (4)

j = 1, · · · , N,

which is the optimality for the following TV minimization
problem

minimize
x

∫

Ω

|∇x| + α

N∑

j=1

M∑

i=1

aij

(
(x)j − xEM

j log xj

)
.

To solve the above TV minimization problem, we can use
semi-implicit iteration for several steps. In order to solve the
TV minimization problem, we only have to solve the KKT
condition (4). Here we change the notation fromxj to xi,j for
one pixel in a two dimensional image. The three dimensional
case can be easily derived from the two dimensional one. The
semi-implicit iteration is as follows:

−
xn

i,j

Vi,j

xn
i+1,j − xn+1

i,j√
ǫ + (xn

i+1,j − xn
i,j)

2 + (xn
i,j+1 − xn

i,j)
2

+
xn

i,j

Vi,j

xn+1
i,j − xn

i−1,j√
ǫ + (xn

i,j − xn
i−1,j)

2 + (xn
i−1,j+1 − xn

i−1,j)
2

−
xn

i,j

Vi,j

xn
i,j+1 − xn+1

i,j√
ǫ + (xn

i+1,j − xn
i,j)

2 + (xn
i,j+1 − xn

i,j)
2

+
xn

i,j

Vi,j

xn+1
i,j − xn

i,j−1√
ǫ + (xn

i+1,j−1 − xn
i,j−1)

2 + (xn
i,j − xn

i,j−1)
2

+ αxn+1
i,j − αxEM

i,j = 0,

whereǫ is very small. For fixedi j, there is only one unknown
variablexn+1

i,j that can be easily obtained from the linearized
equation. Each iteration is called a TV step. Thus the algorithm
is as follows [14]:

Input : x0 = 1;
for Out=1:1:IterMax do

x0,0 = xOut−1;
for k = 1:1:K do

xk,0 = EM(xk−1,0);
end
for l = 1:1:L do

xK,l = TV (xK,l−1);
end
xOut = xK,L;

end
Algorithm 1: Proposed EM+TV algorithm.

K is the number of EM iterations andL is the number of
TV iterations.K is chosen to be 1 to 3, andL is chosen to
be 5 to 10 for the numerical implementation.

Actually, the EM+TV algorithm can also be derived from
the general EM algorithm witha priori information and

364 11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine



alternating minimization. The convergence analysis of this
EM+TV algorithm can be easily obtained and it behaves very
well in practice.

III. GPU IMPLEMENTATION

In this section, we consider a fast graphics processing
unit (GPU)-based implementation of the most computationally
challenging aspects of the EMTV algorithm: forward projec-
tion and backward projection. While GPUs were originally
developed to accelerate graphics computations, they have been
applied to a broad variety of more general computational tasks.
While traditional central processing unit (CPU) architectures
are designed to support a very broad set of tasks and are well
suited to handle branching, GPUs are specifically designed
for highly parallel mathematical computations. One of the
challenges in highly parallel computation lies in the program-
ming model, and in particular, how “traditional” sequential
programming languages can be modified to target the specific
architectural features of a class of GPUs. To address this,
the company NVIDIA has developed the concept of Com-
pute Unified Device Architecture (CUDA), which provides a
unified hardware and software solution for parallel computing
on CUDA-enabled NVIDIA GPUs. Since the target GPU for
the EM+TV algorithm is an NVIDIA GPU, we use the CUDA
framework for optimization.

On a GPU platform, the CUDA-based applications are
implemented as kernels for different data portions. The CPU
acts as the host and can initiate one kernel at one time. In
each kernel, there are three different units, which are called
thread, block and grid, respectively. The threads are grouped
into blocks, and the blocks are logically aggregated into one
grid. In the current version of the hardware, only one grid
is supported for one GPU card. On a GPU platform, the
threads are scheduled in groups of warps. A warp executes
one instruction at one time, so the highest efficiency can be
achieved when all the threads within a warp share the same
instruction path. If the threads in one warp diverge via a
conditional branch, the warp will serially execute each branch
path; thus the advantages of parallelization are reduced. The
communication between the host and the devices occurs by
copying data from/to the CPU’s memory to/from the GPU
global memory. Threads on the GPU devices will work on the
global memory by default. For the kernel codes, to achieve the
highest performance, the access of global memory should be
minimized. When global memory access cannot be avoided, it
is important that all the threads in one warp access consecutive
address data.

The following steps were followed in the GPU implemen-
tation and optimization [9] [12].

Step 1. Analysis of the degree and granularity of parallelism.
Step 2. Workload profiling and tuning. This involves identi-

fying operations that can be performed using single precision
and then measuring the complexity of each module of the
overall operation.

Step 3. Optimization of memory accesses
Step 4. Optimization of the instruction flow. This involves

identifying and implementing optimizations that would notbe
performed automatically by the compiler.

Fig. 1. Forward projection flow chart

Fig. 2. Forward projection implementation on a GPU

Step 5. Resource balancing. A GPU provides a large amount
of shared memory and registers. However, for applications
with hundreds of threads, the resources for each thread need
to be well-balanced in order to obtain the best overall perfor-
mance.

Step 6. Optimization of communications between the GPU
and host CPU.

The forward projection flow chart is illustrated in Fig. 1.
In forward projection, for each pair, it is only necessary to
calculate the approximate line integral, without updatingthe
pixels. However, for backward projection, if ray tracing is
used, there will be conflict when it is parallelized. Different
threads may update the same pixel at the same time, because
for a given source-detector pair, all the pixels intersecting with
the ray will have to be updated.

The forward projection can be parallelized on a GPU
platform as illustrated in Fig. 2. A large number of threads will
operate on the forward ray tracer simultaneously for different
source and detector pairs. For backward projection, since there
are dependencies and conflicts when two threads access one
pixel, parallelization is possible, but more challenging.CUDA
provides atomic functions to guarantee the mutual exclusion
for one same address in memory, and can be used to address
potential data conflicts. For backward projection, we use a
method similar to the forward projection, the only difference
being that all the memory updating operations in a backward
projection are atomic operations. The EM+TV algorithm has
been implemented on a GPU platform as illustrated in Fig. 3.
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Fig. 3. EM+TV GPU implementation diagram

original EMTV (3.775) EM (31.902)

Fig. 4. The middle slices of original image, reconstructed images from
EMTV and EM. RMSEs for these two results are provided.

IV. EXPERIMENTAL RESULTS

The EMTV algorithm was tested on a three-dimensional
128x128x128 Shepp-Logan phantom. First, we obtained the
projections using Siddon’s algorithm [6]. Only 36 views were
taken (every 10 degrees), and for each view there were
301x255 measurements. The code is implemented on the GPU
platform (Tesla C1060) with single-precision floating point
data type. The inner loop of EMupdate has three iterations,
and the EMupdate and TVupdate will repeat for 100 itera-
tions. For forward projection and backward projection, 512x64
blocks were used, and for each block there were 288 threads.
Compared with the single-thread implementation on a CPU
platform (Intel i7-920, 2.66G), implementation on the GPU
provides more than 26x speed up for forward projection. For
backward projection, because of atomic operations, only 4x
speedup can be achieved. And the overall reconstruction time
is about 870 seconds, which is about 12x speedup when
compared with the CPU implementation. The reconstructed
image of the EMTV algorithm on a GPU platform is provided
in Fig. 4. For this numerical example, 100 iterations are used
for EM+TV, compared with 1000 iterations for EM with-
out regularization. According to the root-mean-square-error
(RMSE) between the original and reconstructed images, scaled
between 0 and 255, we can see that the result of EM+TV with
only 36 views delivers very good quality compared to the EM
method without TV regularization.

V. CONCLUSION

In this paper, we propose a method that use convergence
analysis to combine EM and TV; for CT image reconstruc-
tion. This method can provide very good results using fewer
views. It requires fewer measurements to obtain a comparable
image, which results in a decrease of radiation. The method
is extended to three dimensions and can be used for real
data. One of the challenges in EM+TV is computation time.
We have demonstrated that by implementing this method on
a GPU platform, execution time can be reduced by well
over an order of magnitude. In addition, we believe there
are opportunities for further optimizations in areas such as
memory access, instruction flow, and parallelization of the
backward algorithm that can further improve execution time.
In summary, we believe that the combination of algorithms
and optimized implementation on appropriate platforms as
demonstrated has the potential to enable high-quality image
reconstruction with reduced radiation exposure, while also
enabling relatively fast image reconstruction times. Future
work will focus on an alternative easily parallelized backward
projection algorithm and the high performance implementation
on an FPGA hardware platform.
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An Adaptive Noise Suppression Approach with Edge-preserving for Low-Dose Cone-Beam Computed Tomography 

 
1

  

Abstract—The image quality will be dramatically degraded due 

to the excessive noise by applying current cone-beam computed 

tomography (CBCT) reconstruction to an acquired low-dose 

sinogram data.  This work presents a noise suppression approach 

for improved reconstruction by adaptively considering the noisy 

data in the Karhunen-Loéve (KL) space and using an edge-

preserving penalty.  In this approach, the signal correlations 

within the three dimensional (3D) CBCT sinograms are fully 

considered.  An accurate estimation of noise was performed by an 

air scan.  The restored sinogram data is reconstructed by the 

Feldkamp-Davis-Kress (FDK) algorithm.  The implementation of 

this strategy shows that the proposed method can achieve better 

performance than that without using the KL treatment. 

 
Index Terms—low-dose computed tomography, cone-beam, 

penalized-weighted lease square, edge-preserving  

 

I. INTRODUCTION 

ONE-BEAM computed tomography (CBCT) provides a 

number of potential advantages over stop-and-shoot CT, 

such as fast volume coverage, rapid scan time, isotropic image 

resolution and easy hardware implementation.  Thus there has 

been an increasing interest in CBCT for medical applications 

in the past years.  However, numerous reports have indicated 

that the CBCT scanning may deliver excessive radiation to the 

patients, and thus has raised the concerns of using CBCT in 

clinical practice, as in [1], [2].  For example, the dose 

measurement from daily pelvic scans has shown that more than 

~400cGy additional CBCT dose were delivered to the right 
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lateral than to the left hip joint region [1].  The issue of 

mitigating the disadvantage of additional dose delivered by 

CBCT is worth for investigation. 

Reducing the radiation exposure to human body could be 

achieved by applying a lower mAs level (or lower X-ray tube 

current) while acquiring CBCT projection data.  However, the 

image quality of low mAs acquisition protocol will be 

dramatically degraded, if there is no adequate treatment in 

image reconstruction, due to excessive X-ray quantum noise 

[3], [4].  The task of reconstructing low-mAs (or low-dose) 

CBCT images is essentially a noise problem.  The limitation of 

using conventional spatially-invariant low-pass noise filtration 

in a filtered backprojection reconstruction, such as the 

Feldkamp-Davis-Kress (FDK) algorithm [5], is the blindly 

suppression of both the noise which resides in the high 

frequency domain and the useful information such as edges 

which are also usually presenting within the high frequency 

range.  Thus, the conventional low-pass noise filtration is not 

desired in medical imaging. 

To suppress the excessive noise in low-dose CT imaging 

while preserving the edge information, several noise modeling 

and reduction strategies have been proposed, as in [6], [7]. In 

the meanwhile, more accurate noise model for the sinogram 

data have been under investigation [8].  For CBCT, our 

previous work, as in [9], utilized a penalized weighted least-

squares (PWLS) objective function, which considers the first 

and second moments of the noise in the sinogram data.  The 

minimizing operation was performed on projection data at 

each rotation angle (i.e., a two-dimensional (2D) projection 

image) respectively, where the penalty considers the nearest 

four pixels, which contain the detected signals from 

neighboring detector bins along horizontal and vertical 

directions.  For CBCT 3D imaging, the PWLS would be 

applied to the 3D sinogram.  Signal correlations would be 

among the neighboring voxels in the 3D sinogram space. 

In this study, we first present a 3D-PWLS algorithm to treat 

the low-dose sinogram noise, where the penalty has an 

anisotropic Markov random filed (MRF) Gibbs functional over 

the neighboring voxels.  In light of our previous work of 

utilizing Karhunen-Loéve (KL) transform for data de-

correlation and adaptive noise reduction, we further present a 
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KL-2D-PWLS algorithm, where the KL transform reduces the 

3D sinogam to 2D principal components by de-correlating the 

correlation of cone-beam continuous sampling around the 

rotation axis and the penalty has an anisotropic MRF Gibbs 

functional over the neighboring pixels in each 2D principal 

component.  The WLS term in the PWLS objective function is 

constructed based on the first and second moments of the noise 

properties of the cone-beam sinogram.  The weight in the WLS 

reflects the variance of the sinogram data and has an analytical 

formula relating to the sinogram data and the X-ray flux prior 

to entering the body [9]-[14].  For the fully 3D-PWLS 

algorithm, the penalty term is adjusted by a single parameter 

which controls smoothness from the penalty and the noise 

from the data.  For the KL-2D-PWLS algorithm, the penalty 

term is adjusted adaptively to each KL component via the 

eigenvalue, which reflects the signal-to-noise ratio (SNR) of 

the concerned KL component.  Minimization of the 3D-PWLS 

and the KL domain 2D-PWLS objective functions is 

performed by the Gauss-Seidel (GS) iterative update strategy 

[15].  The CBCT images are reconstructed by the FDK 

algorithm after the sinogram is processed by the PWLS 

minimization.  The gain by the adaptive KL-2D-PWLS over 

the fully 3D-PWLS is shown by the phantom experiments. 

 

II. METHOD 

A. Penalized-weighted least squares (PWLS) Criterion 

The penalized weighted least-squares (PWLS) criteria for 

low-dose CT sinogram restoration, due to noise contamination, 

can be expressed as: 

1
( ) ( ) ( ) ( )p y p y p R pβ−′Φ = − Σ − +      (1) 

The first term in equation (1) is the weighted least-squares 

(WLS) measure, where y  is a vector representing the 

measured projection data in the Radon space, p  is a vector 

representing the ideal sinogram to be estimated, and ∑  is a 

diagonal matrix with the i-th element being the variance at 

detector bin i which can be derived theoretically [9]: 

2

0exp( ) /
i i i

Nσ λ=                    (2) 

where iλ  and 
2

iσ  are the mean and variance of projection 

datum 
i

y  at detector bin i, respectively, and 
0iN  denotes the 

counts at detector bin i of air scans which can be obtained by 

setting a tube current and duration of X-ray pulse (i.e. mAs) in 

the absence of the body in the field of view (FOV).  Ideally the 

incident X-ray flux from the tube would be calibrated as 

uniform as possible across the FOV, i.e., 
0 0iN N=>  is a 

constant for all the detector bins.  In reality, the X-ray flux is 

modulated to consider the concavity shape of the human body 

by the bow-tie attenuating filter prior to arrival at the patients.  

Therefore, the incident counts will not be a constant across the 

FOV.  In this study, we performed an air scan at multiple 

projection view angles and then averaged the scanned data at 

each detector bin over all the projection angles to obtain 

{
0iN }, as shown in section III. 

B. Edge-preserving anisotropic penalty 

The second term in equation (1) represents the added 

penalty, where β  is an adjustable parameter which controls 

the degree of smoothness in agreeing with measured data and 

R is the penalty function which usually takes the quadratic 

form of: 

2

,
( ) ( )

i

i j i j

i j S

R p w p p
∈

= −∑∑                 (3) 

where 
iS  is the collection of nearest neighbors around voxel i 

in the 3D sinogram space and ,i j
w  is the weight for 

neighboring voxel j.  Our previous work used an equal weight 

for the four nearest neighbors in 2D case (or six nearest 

neighbors in 3D case).  By a 2D case as an example, the data 

collected from neighboring bins at a fixed view angle and that 

from neighboring rotation angles at a fixed bin plays an 

equivalent role in constraining the solution.  Such equal weight 

provides a uniform regularization without considering the 

details of intensity variation and possible presence of edges in 

the sinogram.  To preserve the edge information in CBCT, we 

incorporate an anisotropic weight for different neighbors in the 

sinogram.  The form of the anisotropic weights is chosen as the 

conducting coefficient in the well-known anisotropic diffusion 

filtration, as in [16]. 

2

, exp[ ( ) ]
i j

i j

p p
w

δ

−
= −                      (4) 

where the gradient, i j
p p− , determines the strength of the 

diffusion during each iteration.  Theoretically, the parameter 

δ  can be estimated adaptively from the sinogram and the 

minimization of the PWLS cost function of (1) can be 

performed by many numerical calculations, such as Gauss-

Seidel (GS) iterative strategy. 

Minimizing equation (1) can only be achieved when the cost 

function is concave.  Since the first term in equation (1) takes 

the WLS form and the second derivation of this term is 

negative which is proven to be concave, thus the concavity of 

equation (1) is determined by the term of R when β  is bigger 

than zero. In this work, we investigate the concavity of R and 

set δ  as constant value which is limited to a selected region to 

ensure the minimization could be achieved. 
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C. Adaptive Noise Suppression in KL domain 

In our previous work on helical computed tomography 

(HCT) [17], we observed a strong signal correlation between 

neighboring views, neighboring bins, and neighboring slices.  

The correlation can be effectively considered by the KL 

transform for two purposes: one is to de-compose the 

correlated signals for adaptive noise treatment and the other is 

to reduce the 3D sinogram smoothing process into a series of 

2D procedures.  In this study, the KL transform is first applied 

to account for the correlative information along nearby views 

of continuous data sampling as the CBCT system rotates.  For 

the i-th view of the sinogram data, its nearby views (i.e., the (i-

1)-th and the (i+1)-th views) are selected to perform the KL 

transform.  The process of the KL transform can be described 

as: 

y Ay=%                                      (5) 

where y%  and y  are 3 M×  vectors denoting the KL 

transformed components and the corresponding original 

sinogram in spatial domain, respectively, and M  is the 

number given by the product of the number of detector bins 

(transverse direction) multiplied by the number of slices (axial 

direction).  Each row of y  is the vector of one complete 

dataset obtained at one rotation angle.  A is the transform 

matrix of dimension 3 3×  and can be computed directly from 

the sinogram. 

In the KL domain, Eq. (1) can be rewritten as: 

1( ) ( ) ( ) ( ) ( )
l l l l l l l l

l

p y p y p R p
d

β−′Φ = − Σ − +%% % % % % %   (6) 

where 
ly%  and 

lp%  are the l-th KL transformed sinogram 

component and ideal data to be estimated, respectively, and 

ld  is the l-th eigenvalue. 

Many numerical methods can be employed to minimize the 

cost function (6) for an estimate of {
lp% } from {

ly% }.  In this 

work, we adapt the GS iterative strategy to minimize (6), i.e., a 

KL-2D-PWLS algorithm, which is expressed by: 

1 2
, ,

,

2 ( 1) ( )

. , . , ,

( 1)

, 2

,

i l i l

i l

n n

l i l k i j j l i j j l

j S j Sn

i l

l i i j

j S

d y w p w p

p
d w

βσ

βσ

+

∈ ∈+

∈

 
+ + 

 
 =

+

∑ ∑

∑

% % %

%  (7) 

where n represents the iterative number, ,i l
p%  and ,j l

p%  

indicate the pixels located at (i, j) in the l-th component, 

respectively.  
1

,i l
S  denotes the upper and left neighbors of 

,i l
p% , and 

2

,i l
S  denotes the right and lower neighbors of ,i l

p% . 

III. EXPERIMENTAL RESULTS 

In this study, we use the ExactArms (kV source/detector 

arms) of a Trilogy(tm) treatment system (Varian Medical 

Systems, Palo Alto, CA) to acquire the cone-beam CT 

projection data.  The dimension of each acquired projection 

image is 397mm×298 mm, containing 1024×768 pixels.  The 

system has a FOV of 25 cm×25 cm (full-fan mode) in the 

transverse plane and 17 cm in the longitudinal direction, which 

can be increased to 45 cm×45 cm in the transverse plane by 

shifting the detector laterally (half-fan mode). 

To estimate the incident counts of 
0iN  across the FOV at a 

specific mAs level, an air scan was performed.  Figure 1 shows 

the average of incident X-ray intensity for all the projection 

views with the tube current of 10 mA and pulse duration of 10 

ms.  In the follows, the pulse duration of 10 ms will be used.  

The incident X-ray intensity at a specific mAs level was then 

used as {
0iN } for estimation of the sinogram data variance at 

that specific mAs level, see Eq. (2). 

1500
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5500

 

Fig. 1.  Incident X-ray intensities across the FOV with 10 mA tube current 

and 10 ms pulse time. 

We tested the presented 3D-PWLS and KL-2D-PWLS 

algorithms with CatPhan
®
 600 (the Phantom Laboratory, Inc., 

Salem, NY) phantom.  Two selected representative slices of 

the reconstructed CBCT images are shown in Figure 2.  It can 

be observed that the reconstructed images of 10 mA data from 

the presented KL-2D-PWLS show noticeable noise 

suppression and resolution preservation over the 3D-PWLS. 
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Fig. 2. FDK reconstructions of the selected slices from CatPhan® 600 

phantom. The top row are from proposed KL-2D-PWLS approach and the 

bottom row are from the 3D-PWLS strategy. 

IV. CONCLUSION 

In this work, we presented a formal approach of 3D-PWLS 

to deal with the data noise and signal correlation, and an 

alternative approach of KL-2D-PWLS which utilizes the KL 

transform to deal with the correlation in an adaptive manner.  

Both approaches employ the same anisotropic quadratic 

penalty to preserve the edge information.  To obtain the 

accurate estimation of noise propagation in CBCT sonogram, 

an air scan was performed. Their minimizations were 

performed by the iterative GS update strategy.  To ensure the 

minimization can be achieved, the parameter in equation (4) is 

preselected in each step. The differences in the reconstructed 

images from the two strategies were observed by the computer 

simulations and phantom experiments.  It is observed that the 

KL-2D-PWLS has a better performance than the reference.    

The difference should attribute to the KL transform, which 

considers the signal correlation in an adaptive manner and 

reduces one dimension in the PWLS minimization. 
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Abstract—We have proposed to improve the accuracy of axial 

image reconstruction by off-centering the region of interest (ROI) 
to be imaged and reconstructing the images using the 3D weighted 
cone beam (CB) filtered backprojection (CB-FBP) algorithm. By 
applying the 3D weighting scheme at each voxel within the 
off-centered object, the minimum cone angle of the ray out of the 
conjugate ray pair corresponding to the vast majority of the voxel 
can be effectively reduced, and thus reduce CB artifact in 
reconstructed image. In practice, a small to medium off-centered 
object, e.g., head or extremities, may readily be within the scan 
field of view (FOV) determined by the gantry geometry and 
latitudinal detector span, and accordingly the voxel-wise 3D 
weighted CB-FBP algorithm can be applied straightforwardly. 
However, it may be inevitable for a large off-centered object, e.g., 
the thorax embodying the heart, to be partially outside the scan 
FOV, which may result in severe latitudinal truncation in 
projection data acquisition and accordingly artifacts in 
reconstructed image if the FBP algorithm is employed. 
Recognizing the strength of derivative backprojection filtering 
(DBPF) algorithm in dealing with the latitudinal truncation, we 
propose to apply the voxel-wise 3D weighting scheme in the DBPF 
reconstruction. Preliminary results from the numerical simulation 
study demonstrate that the DBPF reconstruction algorithm can 
substantially reduce the artifacts caused by the latitudinal data 
truncation, while the voxel-wise 3D weighting can effectively 
suppress the CB artifacts within the off-centered ROI.  

 

Index Terms—cone beam, filtered backprojection, derivative 
backprojection filtering, backprojection filtration, truncation 
artifacts 

I. INTRODUCTION 
An axial scan [1, 2] to acquire the projection data along a 
circular source trajectory for image reconstruction is the most 
desirable scan mode in the clinic for physiological and 
interventional imaging, motion-related artifacts reduction and 
patient comfort. However, the axial scan does not satisfy the 
so-called data sufficiency condition (DSC) [3], imposing severe 
challenges to the application of this desired data acquisition 
mode for accurate imaging and diagnosis. Recognizing the data 

 
This work was partially supported by a start-up grant of Emory University 

School of Medicine. 
Xiangyang Tang is with the Department of Radiology, Emory University 

School of Medicine, Atlanta, GA, 30322, USA, (corresponding author, phone: 
404 778-1732; e-mail: xiangyang.tang@emory.edu).  

Shaojie Tang and Yi Yang are with the Department of Radiology, Emory 
University School of Medicine, Atlanta, GA, 30322, USA. 

 

redundancy in the axial scan is two and the inconsistency 
between the conjugate ray pair corresponding to a voxel in the 
image to be reconstructed, a 3D weighted CB filtered back 
projection (CB-FBP) algorithm has been proposed to reduce the 
data inconsistency and thus improve the reconstruction from the 
projection data acquired in axial scan [4, 5]. Advanced clinical 
applications are demanding CT scanners with larger detector 
coverage, which increases the cone angle of axial scan and 
imposes even more severe challenges. We have proposed to 
deliberately place the region of interest (ROI) to be scanned 
away from CT gantry’s axis of rotation (AOR) and reconstruct 
the images using the 3D weighted CB-FBP algorithm [6]. In 
such a way, the average minimum cone angle corresponding to 
the vast majority of the voxels within the ROI can be effectively 
reduced, leading to the significant reduction in the CB artifacts 
within the ROI that is clinically relevant. 

However, it may be inevitable for a large off-centered object, 
e.g., the thorax embodying the heart, to be partially outside the 
scan field of view (FOV). As a result, artifact caused by the 
latitudinal data truncation (namely truncation artifact) appears 
in the image reconstructed by the algorithms in the fashion of 
FBP and degrades the image quality for clinical diagnosis. This 
means that an adoption of the 3D weighted CB-FBP algorithm 
is not an appropriate choice in such situations where the 
latitudinal data truncation occurs. In contrast to the FBP fashion 
algorithm, the algorithms in the fashion of derivative 
backprojection filtering (DBPF) is capable of reducing the 
truncation artifact by first performing a local derivative filtering 
in projection domain and then a finite Hilbert filtering in image 
domain along the direction to avoid intercepting the truncation 
boundaries [7, 8]. In this paper, we propose to replace the FBP 
algorithm in the 3D weighted CB-FBP algorithm with the DBPF 
algorithm, i.e., a 3D weighted CB-DBPF algorithm. We 
conduct an experimental evaluation of its performance in 
reducing cone beam and latitudinal data truncation artifacts 
simultaneously in the axial scan of a large off-centered object.  

II. GEOMETRY AND ALGORITHM 

A. Cone Beam Geometries for Axial Reconstruction 
The native CB geometry is shown in Fig.1 (a), where O-xyz 

represents the coordinate system, and S is the source focal spot. 
P(x, y, z) denotes a point within the object to be imaged. The ray 
emanating from S and passing through point P(x, y, z) is 
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determined by its view angle η, fan angle γ, and cone angle α. In 
the native CB geometry, the circular source trajectory can be 
expressed as 

( ) ( ) ( )min maxsin , cos ,0 , , ,ST R Rη η η η η η= ⊆          (1) 

where ηmin and ηmax correspond to the start and end of the circular 
source trajectory, respectively. 

  
(a)            (b) 

Fig.1. Diagrams showing (a) the native CB, and (b) cone-parallel geometries, 
in which the 3D weighted CB-FBP reconstruction algorithm is derived. 

Through a row-wise fan-to-parallel rebinning in the native 
CB geometry, the so-called cone-parallel geometry is attained 
as shown in Fig.1 (b) [4, 5]. The ray emanating from focal spot S 
and passing through point P(x, y, z) is uniquely determined by 
its view angle β, distance t from the AOR, and cone angle α. 
Since the noise uniformity and image generation speed can be 
improved significantly, the 3D weighted CB-DBPF algorithm 
for the reconstruction of off-centered object in an axial scan will 
be discussed in the cone-parallel geometry. 

B. FDK Algorithm in the Native CB Geometry 
The FDK reconstruction algorithm in the native CB geometry 

can be expressed as [1] 

( ) ( )
max

minmax min

, , cos , , ,f x y z g d
η

η

π α α η γ η
η η

≈
− ∫ 

  
                (2) 

where  

( ) ( ) ( ), , , , ,g g hα η γ α η γ γ= ⊗

             
(3) 

( ) ( ), , , , ,g fα η γ α η γ= R                 (4) 

and h(γ) is the ramp filter kernel used in the equi-angular 
fan-beam geometry. R

 
is a projection operator on the object 

function  f(x, y, z) in the native CB geometry. 

C. Conjugate Ray Inconsistency in Cone-parallel Geometry 
The conjugate ray inconsistency means that the conjugate ray 

pair that are 180o apart in view angle β are not identical. In the 
cone-parallel geometry (see Fig. 1 (b)), the ray corresponding to 
(αc, βc, tc) = (αc, π+β, -t)

 
is the conjugate ray of the ray 

corresponding to (α, β, t). 

D. 3D  Weighted CB-FBP Algorithm in  Cone-parallel 
Geometry 
The 3D weighted CB-FBP algorithm in the cone-parallel 

geometry can be expressed as [4, 5] 

( ) ( ) ( )
max

min

3
max min

, , co s , , , , , ,df x y z w t l s t d
β

β

π α α β α β β
β β

≈
− ∫     (5) 

( ) ( ) ( ), , , , ,s t s t h tα β α β= ⊗

              
(6) 

( ) ( ), , , , ,s t g tα β α β= σ                  (7) 

where h(t)
 
is the ramp filter kernel used in the parallel-beam 

geometry. g(α, η, γ) is rebinned into s(α, β, t) by a operator σ. 
w3d(α, β, t, l) is the 3D weighting function and satisfies 

( ) ( )3 3, , , , , , 1.d d c c cw t l w t lα β α β+ =
               

(8) 

In a full scan (βmax - βmin = 2π), w3d(α, β, t, l)
 
can be designed as 

( ) ( )
( ) ( )

( ) ( ) ( ) ( )3 3

tan
, , , , .

tan tan

k l
c

d d k l k l
c

w t l w l
α

α β α
α α

= =
+

     (9) 

 
Fig.2. The schematic diagram showing a pair of conjugate rays in axial 
projection data acquisition, where SP represents the direct ray with cone angle 
α, and S’P the conjugate ray with cone angle αc, respectively.  

E. 3D  Weighted Axial CB-BPF Algorithm in Cone-parallel 
Geometry 
In order to eliminate the latitudinal truncation artifact, we 

first modify the definition of s (α, β, t)
 
in eq. (6) into [7, 8], 

( ) ( ), , , , .s t s t
t

α β α β∂
=

∂
                   (10) 

Then, eq.(5) is converted into [7, 8] 

( ) ( )
max min

2 , , , ,H f x y z b x y zθ θ
ππ

β β
− ≈ =

−  

( ) ( )( ) ( )
max

min

3cos , , , sgn sin , , ,dw t l s t d
β

β

α α β β θ α β β−∫       (11) 

where Hθ

 
represents a Hilbert transform along the direction 

(-sinθ, cosθ, 0). Then, by applying the finite inverse Hilbert 
transform, one can obtain the object function f(x, y, z)

 
from the 

derivative backprojection (DBP) image bθ(x, y, z)
 
[7, 8].

 
III. PERFORMANCE EVALUATION 

A. Geometry Parameters 
The capability of the proposed 3D weighted CB-DBPF 
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algorithm is evaluated and with the Forbild head phantom [9] 
simulated under a circular source trajectory, in which the 
detector is assumed with z-dimension 64×0.625 mm, the 
distance from x-ray source to the AOR of the CT gantry is 
541.0mm. Each detector row is made up of 888 detector cells 
with a dimension of 0.625mm along the z-direction. 1160 
projections are acquired along the angular range [0, 2π], i.e., a 
full scan. The matrix of reconstructed transaxial images is 
512×512, and the reconstruction field of view (FOV) is 256mm, 
corresponding to voxel size 0.5×0.5×0.625mm3. 

B. Weighting Parameters 
The weighting parameter k(|l|)

 
required by the 3D weighting 

function w3d(α, β, t, l) is empirically determined and itemized in 
Table I. For an image to be reconstructed at the z-distance that is 
not listed in Table I, a linear interpolation scheme can be 
employed to get the desired value. 
TABLE I. THE WEIGHTING PARAMETERS EXPERIMENTALLY DETERMINED IN A 
FULL SCAN UNDER THE CT SCANNER SPECIFIED IN SUBSECTION III.A. 

Index of detector row z-distance (mm) k(|l|) 

±32 19.6875 13.75 
±31 19.0625 9.5 
±30 18.4375 9.0 
±29 17.8125 7.5 
±28 17.1875 6.5 
±27 16.5625 5.0 
±26 15.9375 4.0 
±25 15.3125 3.5 
±24 14.6875 3.0 
±23 14.0625 2.5 

≥22or ≤ -22 ≤13.4375 0.0 

C. Off-centering Scheme 

In Figs.3 and 4, the sectional views of the minimum cone 
angle of the voxels in the three orthogonal planes corresponding 
to centered and off-centered ROIs are presented. By comparing 
Fig. 4 with Fig. 3, it is noticed that off-centering the object to be 
imaged leads to the decrease of the average minimum cone 
angle corresponding to the vast majority of the voxels in the 
ROI to be imaged. 

IV. PRELIMINARY RESULTS 
The outermost slice in the geometry specified above is 

selected as the reconstruction plane for numerical simulation 
and performance evaluation, in which the Forbild head phantom 
is displaced to (x0, y0, z0) = (0, -15cm, 0). Presented in Fig. 5 (a) 
is the image reconstructed by the original FDK algorithm in the 
native CB geometry, while that reconstructed by the 3D 
weighted CB-FBP algorithm is in Fig. 5 (b). It is observed that 
there is significantly less cone beam artifact in Fig. 5 (b) in 
comparison to Fig. 5 (a), which verifies again that the 3D 
weighted CB-FBP outperforms the original FDK algorithm in 
the situation where the object to be imaged is off-centered. 
There exist severe glaring artifacts in both Fig. (a) and (b), 
because both the original FDK algorithm and the 3D weighted 
CB-FBP algorithm are in the fashion of FBP, in which the ramp 
filter is not local and thus propagates the contamination due to 

the data truncation in the reconstructed image. However, it is 
observed in Fig. 5 (c) that the truncation artifact stops right at 
the boundary of the latitudinal data truncation, which clearly 
demonstrates that the sequential application of the derivative 
and finite inverse Hilbert filtering in the 3D weighted CB-DBPF 
algorithm deals with the data truncation appropriately and 
effectively. Note that the horizontal steak artifacts in Fig. 5 (c) 
are caused by the over-sensitivity [10, 11] of the constant C in 
the finite Hilbert filtering.  
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Fig.3. The minimum cone angle of the voxels in the three orthogonal planes (a) 
O-xz, (b) O-yz and (c) O-xy with (x0, y0, z0) = (0, 0, 0). 
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Fig.4. The minimum cone angle of the voxels in the three orthogonal planes (a) 
O-xz, (b) O-yz and (c) O-xy with (x0, y0, z0) = (0, -5cm, 0) 
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(a)            (b) 

 

 
(c) 

Fig.5. Images at the outmost slice reconstructed by (a) the FDK algorithm in the 
native cone-beam geometry, (b) the 3D weighted axial CB-FBP in the 
cone-parallel geometry, and (c) the 3D weighted axial CB-BPF in the 
cone-parallel geometry. The center of the Forbild head phantom is located at (x0, 
y0, z0) = (0, -15cm, 0). 

 
V. DISCUSSIONS AND CONCLUSIONS 

To reduce the cone beam artifacts in axial scan, we proposed 
to off-center the ROI within the object to be imaged and 
reconstruct the ROI using 3D weighted CB-FBP algorithm [6]. 
In practice, the off-centering of an ROI may result in that the 
object to be imaged is partially outside the scan FOV, especially 
if the ROI is within a large object, such as the heart embodied in 
thorax. To address this issue, we propose to reconstruct the 
images with the 3D weighted CB-DBPF algorithm [7, 8], in 
which a local derivative filtering in projection domain is carried 
out first and followed by a finite Hilbert filtering in image 
domain along a direction avoiding cross the truncation 
boundaries. The preliminary results obtained in the 
experimental evaluation via numerical simulation show that the 
3D weighted CB-DBPF algorithm can not only reduce the cone 
beam artifacts significantly but also deal with the latitudinal 
data truncation problem adequately. 

As illustrated in Fig. 5 (c), if sharp variation exists in the 
object to be reconstructed by the 3D weighted CB-DBPF 
algorithm, streak artifacts may occur in the image at the location 
where sharp variation occurs. This may be because the constant 
C in the inverse finite Hilbert transform is very sensitive to the 
abrupt variations, as reported in the literature [10, 11]. We are 
addressing this issue via alternative implementations of the 
inverse finite Hilbert transform. In addition, we are also seeking 
practical solutions to correct these artifacts because they exist 

only along the direction of finite Hilbert filtering and their 
morphology is very different from anatomic structures.  

Before ending this paper we need to answer a fundamental 
question: how to displace an ROI in the object to be imaged 
adequately in an axial scan. The answer to this question is 
actually dependent on the ROI (anatomic structure) in human 
body. We believe it is believed that a numerical simulation 
similar to those presented in Fig. 3 (c) and Fig. 4 (c) will be will 
helpful and informative. As a “rule of thumb” in practice, to 
place the off-centered ROI within 75% of the scan FOV of a CT 
scanner would be a reasonable decision. Finally, it should be 
pointed out that the results presented thus far are obtained at 
cone angle 4.25°. We are obtaining the results at larger cone 
angle and will present them in the manuscript to be submitted 
for the conference’s proceeding. 
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Detector Modeling Techniques for Pre-Clinical 3D
PET Reconstruction on the GPU
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Abstract—This paper presents methods to the efficient han-
dling of gamma interaction within the detector crystal matrix
in ML-EM-based 3D reconstruction algorithms for positron
emission tomography (PET). Geometric calculations as well as
the approximation of inter-crystal scattering are executed on
the GPU. The main characteristics of the scattering effect are
captured by factorized models incorporating both on-the-fly sim-
ulation and the use of pre-computed data. The discussed methods
involve the modification of the detector radius in the geometric
model; applying 4D shifting of the LORs regarding the pre-
calculated crystal-transport probability distributions; replacing
the simulated detector response function by an approximated
one; or full Monte Carlo simulation of the detector. Results of
these different approaches are reported using phantom simula-
tions as well as reconstructing real measurements performed on
the NanoPETTM/CT small animal PET scanner.

Index Terms—gamma photon scattering, GPU, positron emis-
sion tomography, reconstruction algorithms

I. INTRODUCTION

In positron emission tomography (PET) the aim is to find
the spatial intensity distribution of positron-emissions. During
positron-electron annihilation event, two oppositely directed
photons are produced, which may be absorbed or scattered
both in the medium and in the detector crystals [1], [2]. The in-
put of the reconstruction algorithm is a set of measured number
of simultaneous photon incidents in detector crystal pairs, aka
lines of responses (LORs). The output of the reconstruction is
the emission density function x(v⃗) that describes the number
of events annihilated in a unit volume around point v⃗. This
function is usually given in voxel centers as x1, . . . , xN and
interpolated in between.

In iterative reconstruction schemes, forward projections and
corrective back projections alternate. The forward projection
simulates the particle transport and computes the expected
responses from the current estimation of the emission density
function [3], [4]. The correspondence between the emission
density function x(v⃗), i.e. the voxel values, xV , and the
expected number of hits in LOR L, ỹL, are defined by the
system matrix, where a single element ALV is the probability
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Fig. 1. Scattering within the crystal matrix in a detector of a PET system.

that a photon pair born in voxel V is absorbed in LOR L:

ỹL =
N∑

V =1

ALV xV .

A simplified, geometry-only reconstruction model assumes
that the detectors always absorb any photon that arrives at their
surface. With this assumption, only those voxels can contribute
to a detector pair which are intersected by a line connecting
two points on the two detector surfaces. It means that most of
the system matrix elements are zero and the matrix is sparse.

However, photons may be scattered in the object or the
detector crystals before they are finally absorbed. In small
animal PETs, gamma interaction in the detectors (see Fig. 1)
is far more important than in the object. Thus, in this work,
we concentrate on detectors while neglecting scattering and
absorption inside the object. Gamma-interaction in the detec-
tors results in a blurring on the image reconstructed with the
geometric model [1] and furthermore, voxels may contribute to
detector pairs whose lines do not intersect the voxel, making
the system matrix not sparse anymore. In addition to inter-
crystal scattering, due to the imperfection of the detector
crystals and the underlying electronics, the sensitivity of the
detectors differs from pixel to pixel.

The key to an efficient reconstruction algorithm is the
accurate and fast determination of a system matrix element
when it is needed. One option is its pre-computation and
storage, but in high resolution PETs this might pose prohibitive
memory requirements and due to the space varying detector
sensitivity, symmetry cannot be exploited for efficient com-
pression. On the other end of possibilities, we can re-compute
system matrix elements on-the-fly whenever an element is
needed, which reduces the storage requirements but increases
the computational cost of the algorithm.
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In this paper we propose combined approaches that factor-
ize the system matrix, i.e. separately consider the following
phases: 1. Photon transport to the surface of the detector ring;
2. Photon transport inside the detector crystals until absorption;
3. The effect of the optics and electronics attached to the
detector ring. We attack the factored operations either by pre-
computation or by on-the-fly computation depending on which
one is more appropriate. The complete algorithm is imple-
mented on the graphics processor (GPU), which has superior
computational performance if the algorithm is run cleverly in
parallel, but limited memory and a memory interface that is
slow with respect to the computational speed.

II. DETECTOR MODELING BASICS

Inclusion of the detector model to the system matrix can
be done in either voxel-space [5] (aka image-space) or LOR-
space (aka data-space). Voxel space methods obtain a filter that
represents the difference between the geometric response of
the system and the response that also incorporates inter-crystal
scattering. The inverse of this filter can be used to correct
the reconstruction obtained with the geometric model as a
deconvolution procedure, or the filter can used directly on the
voxels before the iterative geometric projection is calculated.
The problem is that this filter has a wider support, not space-
invariant (or non-stationary), asymmetric, and non-Gaussian,
which means that its storage is problematic on the GPU.

Modeling the detectors in LOR-space is more natural, since
it is more directly related to physical phenomena. There are
two main problems with this approach, which have limited
its widespread use so far. The first problem is its complexity:
the set of LORs is a 4D data, often consisting of more than
108 elements. On the other hand, LOR filters also depend on
the actual location, thus they are not spatial invariant, due
to individual detector sensitivities and to the limited size of
the detector modules. In our work, we aim to tackle both
problems. First, we factorize the photon transport process to
three phases as described above. The geometric transfer is
computed on-the-fly. The detector normalization is fully based
on measured values. The crystal scattering is a combination
of pre-computation and Monte Carlo simulation. We pre-
compute and store partial results that need just small space,
and the Monte Carlo simulation exploits this data. This way,
our algorithm is faster than a full Monte Carlo simulation,
but is also free of the storage problems and the curse of 4-
dimensions, which are both critical in pre-computation based
approaches.

The complex optics/electronics system attached to the de-
tector crystals is modeled by normalization ϵd that defines the
expected number of events reported by the output of the elec-
tronics when a photon is absorbed in crystal d [6]. Instead of
the accurate simulation, we measure this normalization factor
for each detector, forward projecting a homogeneous cylinder
using our detector model (excluding detector normalization),
and calculating the normalization factors from the ratios of
these results. Since the number of detectors is much smaller
than the number of LORs (usually at most 105), this can be
efficiently stored and included into any reconstruction scheme.

By applying this separation and handling the photons scat-
tered out of the detector ring at the edges separately, the
blurring due to the crystal scattering can be treated indepen-
dently of the location of the LOR, it only depends on the
azimuth and inclination angle at which the two photons reach
the crystals. Additionally, since the two photons born in the
same annihilation event can be treated independently from the
point of view of their interaction with the detectors, we can
compute the endpoints of the LORs independently.

III. OUR METHODS

Based on the observations described above, we developed
four methods for inter-crystal scattering and absorption com-
putation. They differ in the approximation level of the system
matrix due to applying a different trade-off between pre-
processing and on-line computation.

Scattering and absorption in a detector can be modeled by
transport function p(z⃗, ω⃗ → d) that gives the probability of the
photon is absorbed in crystal d provided that a photon enters
the detector module at point z⃗ from a direction ω⃗ (Fig. 1).
Having separated the sensitivity from the crystal scattering
phenomenon, the transport function becomes translation in-
variant, thus it is enough to compute this transport function
just for a single detector and use it for other detectors as well.
The transport function can be visualized as an image and can
be interpreted as the top view of the scattering lobe (Fig. 2).
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Fig. 2. Spatial distribution of the probability of detecting at a detector pixel
at incoming angle of 15◦.

A. “Effective Radius” Model

Our first approximate detector response model is the intro-
duction of an effective detector ring radius. The model is very
easy to implement, as it needs only the modification of a single
parameter of the geometric model. The detector surfaces are
shifted radially outwards by a constant displacement with the
average scattering depth, but we still work with the geometric
model.

The difference of the real and effective radii, i.e. the average
depth of gamma interaction is calculated off-line with a
Monte Carlo simulation of the detector module [7]. For the
NanoPETTM/CT scanner with LYSO crystals with the depth
of 13 mm, radius increase is found to be around 5–6 mm [8].
Although the average depth of interaction slightly varies with
the incidence angle of the incoming photon, we can neglect the
incident angle for the ease of computation, since the average
depth is almost constant below 50 degrees.
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B. LOR shifting

In the LOR shifting scheme, we assume that a finite element
representation of the random transfer function p(z⃗, ω⃗ → d) is
available, which can be determined off-line using Monte Carlo
simulation [7]. Thanks to spatial invariance, it is enough to
compute this function only for a single detector d and dense
enough directional samples ω⃗ and positional samples z⃗. These
discrete data are stored in tables and we linearly interpolate
in between the sample values.

Incorporating the detector model containing the detector
sensitivity and the random transfer function, we get the fol-
lowing expected number of hits in detector pair (d1,d2):

ỹdet
L(d1,d2)

=

∫

D

∫

D

X(z⃗1, z⃗2)ϵd1p(z⃗1, ω⃗ → d1)ϵd2p(z⃗2, ω⃗ → d2)dz2dz1

(1)
where D is the surface of the detector modules, X(z⃗1, z⃗2) is
the contribution of voxels between points z⃗1 and z⃗2, which
would be obtained using the geometric model, taking into
account the line integral and also the geometric factor due
to parallax effects, ω⃗ is the direction vector pointing from
z⃗1 to z⃗2. The expected number of hits in detector pairs
is a five-dimensional integral, where 2 × 2 dimensions are
associated with the two detector surfaces, and one dimension
is with the line between the two hit points. We propose to
evaluate this high dimensional quadrature with quasi-Monte
Carlo methods. Sample points z⃗1 and z⃗2 are generated with
densities p(z⃗1, ω⃗ → d1) and p(z⃗2, ω⃗ → d2) and the integral is
approximated by the average of the integrand values divided
by the density of the samples. According to the general-
ized Koksma-Hlawka inequality [9], the error of this integral
quadrature is the product of the Hardy-Krause variation of the
ratio of the integrand and the density, and the distance between
the empirical cumulative distribution of the real samples and
the cumulative distribution of the density. In our case, the ratio
of the integrand and the density is X(z⃗1, z⃗2)ϵd1ϵd2 where
variation may be due to the different line integrals, i.e. the
different intensity regions of the volume. To make the samples
z⃗ optimally distributed with the transport function, we use
a relaxation method starting from random samples, which is
quite time consuming. However, as the transport function is
fixed and is translation invariant, samples should be generated
for only one detector but for many incident directions. The
samples are stored in the table. When a different detector pair
is processed, the sample points are translated accordingly.

C. Parameterized model

The method of the parameterized model fits a combination
of simple continuous functions to the pre-computed transport
probabilities, which is appropriate for on-line importance
sampling [10], [11]. Exploiting the radial symmetries of the
transport function with respect to ω⃗, it can be approximated
as a separable extension of a function along the flight path d
of the photon and a function specifying the distance from the
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Fig. 3. Relation of the simulations and fitted curves.

linear path, r:

p(z⃗1, ω⃗ → d1) ≈ p||(d)p⊥(r), (2)

where p|| and p⊥ have been approximated in the following
form:

p||(d) =

(
1.1 − 1

2 + 2d

)
·
(
0.0075 · e

d
12.24

)
[mm]

p⊥(r) =
1

0.6
√

2π
e− r2

0.72 [mm],

which are calculated by fitting a parameterized model to
the probability distributions. Fig. 3 shows the relation of the
simulation and fitted curve p||(d) for a given angle, where
horizontal axis denotes the length of the flight path while
vertical denotes its probability.

D. Full MC Model

We also implemented a full GPU based MC method, which
uses no pre-computation and traces the photon until it is ab-
sorbed or leaves the system. The registered detection position
is the energy-weighted centroid of the position of energy loss
events. Implementing inter-module scattering is a future work,
however, we believe that this effect is negligible.

IV. RESULTS

For demonstrating the performance of the proposed meth-
ods, we have modeled the geometry and crystal matrix of the
NanoPETTM/CT pre-clinical imaging system. In case of this
PET scanner, 12 detector modules are organized into a ring,
with each detector module consisting of 81×39 tightly packed
LYSO crystals (1.12 mm × 1.12 mm × 13 mm). Considering
1 to 3 coincidence relations, the total number of LORs is
18 · (81 × 39)2 ≈ 180 million [8].

The reconstruction algorithm that we apply is an iterative
maximum likelihood estimation method (ML-EM), which al-
ternately executes photon transport simulation (forward pro-
jection) and source correction (back projection). We have
implemented the forward and back projectors on the GPU in
two different ways: by using Monte Carlo particle transport
simulation and by using adjoint Monte Carlo approxima-
tion [12]. The “effective radius” has been incorporated into
both methods, whereas LOR shifting has been especially de-
signed for the adjoint approach and the parameterized and full
MC model has been designed for the particle transport Monte
Carlo method. The following table shows the execution times
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Fig. 4. Correlation-based (CC) error curves of the simulated Derenzo
phantom in the function of the number of iterations for the different methods.

(in seconds) of the forward (FP) and back (BP) projection
operators for the different cases, for volume resolution of
155 × 155 × 161, on an NVIDIA 480 GTX GPU. Geom
denotes geometry-only reconstruction, while DetMod means
the corresponding detector model was applied.

Method FP Geom FP DetMod BP Geom BP DetMod
Adjoint MC 9 49 37 75
Parametrized 4 7 4.8 7.6
Full MC 4 17 4.8 18

The verification of the 3D reconstruction implementations
was performed by using mathematical phantoms, such as the
micro Derenzo phantom, with rod sizes varying from 1.0
mm to 1.5 mm. Preliminary results for the reconstruction
of the GATE simulated Derenzo phantom are illustrated in
Fig. 5, where the same slices are depicted for different detector
modeling approaches. Fig. 4 illustrates the correlation-based
error between the phantom and the reconstructed volume for
the different models. The oscillation of the curve of the “LOR
shifting” is due to a few noisy voxels at the border of the
volume, however, these can be eliminated by filtering methods.
As we can see, the curves of the “parameterized model” and
the “full MC” model are nearly identical, which means that
the Parametric model gives a very efficient approximation as
well. Fig. 6 illustrates transverse slices of the reconstructed
volume for a simulated homogeneous cylinder of low activity,
having a homogeneous hot rod and a homogeneous cold rod
inside. Note that by applying the detector model, the resulted
volume is more homogeneous and contains less noise.

Comparative reconstruction results of real measurements
will be presented as well.
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An extended temporal interpolation approach for
dynamic object reconstruction

Christoph Neukirchen

Abstract— Tomographic reconstruction of dynamically con-
trasted objects is challenging with slowly rotating imaging
systems due to non-simultaneous projection acquisition. A new
method is presented that extends existing dynamic FBP recon-
struction approaches based on temporal interpolation according
to projection sampling theory. The proposed approach allows to
relax the original restrictions on projection acquisition modes
toward arbitrary repeated traversals of the rotational scanning
range. In addition, the original assumptions imposed on the tem-
poral characteristics of the object’s dynamic contrast distribution
are generalized from band-limitations in Fourier space toward
linear subspace constrained dynamics. The performance of the
approach is demonstrated in simulation experiments using cone-
beam projections of synthetic dynamic phantom data. The impact
of different acquisition modes and different prior assumptions is
evaluated with regard to reconstruction accuracy.

I. INTRODUCTION

Reconstruction of time dependent X-ray attenuation (e.g.
due to contrast flow in vessels and tissue used for blood
perfusion imaging) is difficult when the imaging system lacks
sufficient rotation speed. Recently, a dynamic reconstruction
method has been proposed that utilizes temporal interpolation
of missing projections [1]. It assumes temporally bandlimited
projection data and a scanning mode based on multiple con-
tinuous rotations. The approach presented in the following
extends the work of [1] in two directions: i) usage of arbi-
trary acquisition trajectories that traverse the rotational range
in repetition; ii) a generalized linear subspace constraint is
applied to temporal dynamics instead of low-pass limitations
in Fourier space.

II. THEORY

In image space, a dynamic object F (t) is considered that
depends on the time variable t. The object’s value, i.e. the
X-ray attenuation, at the spatial location x is denoted f(x, t).
It is assumed that the temporal variation of f(x, t) can be
only attributed to time-dependent attenuation changes; object
motion or deformation is not considered. The goal is to
tomographically reconstruct the temporal variation of F (t)
from projections, i.e. line integrals, acquired by a rotating
imaging system.

A. Projection geometry and reconstruction
A line integral through the dynamic object at time t from

viewing position γ to the point u on the detector is given by:

p(u, γ, t) =

∫ ∞

0

f(a(γ) + rα(u, γ) , t) dr (1)

C. Neukirchen is with Philips Research Laboratories, Weißhausstraße 2,
D-52066 Aachen, Germany. E-mail: Christoph.Neukirchen@philips.com

The projection geometry is defined by the x-ray source lo-
cation a(γ), and by the vector α(u, γ) pointing from a(γ)
to u . The line integrals at all detector points u are subsumed
into the cone-beam projection P (γ, t) acquired at time t from
viewing position γ.

For any time t, the dynamic object can be reconstructed
tomographically from multiple projections acquired along a
source trajectory Γ utilizing a filtered-backprojection (FBP)
method:

F̂ (t) =

∫

Γ

FBPγ{P (γ, t)} dγ (2)

The operation FBPγ{·} denotes a filtered backprojection into
the image space according to viewing position γ. For a
circular acquisition trajectory a FDK-type reconstruction [2] is
applied. Then, FBPγ{·} involves the following steps: Parker-
Silver redundancy compensation for short scan acquisitions,
projection pre-weighting, apodization and ramp filtering, cone-
beam backprojection, and image post-weighting.

For tomographic reconstruction of an object at time t Eq. 2
implies availability of projections from all viewing positions
simultaneously at time t.

B. Projection acquisition & temporal sampling

For slowly rotating imaging systems the viewing position γ
depends on time, and consecutively acquired projections cor-
respond to different temporal states of the dynamic object.
Thus, simultaneous projections from all viewing positions are
not directly available from the system.

In the following, we consider the class of acquisition modes
which traverse the entire range Γ of viewing positions n-
times in repetition. For closed-gantry systems this is realized
via multiple full rotations (Acq. Mode I, Fig. 1(a)). For sys-
tems with limited rotation range a repeated forward/backward
movement is considered that turns directions at both ends of
the range Γ (Acq. Mode II, Fig. 1(b)).

For such acquisition modes, each viewing position γ is
reached at n different time points:

{τ (γ)
1 , . . . , τ

(γ)
N } (3)

Eq. 3 resembles the temporal sampling pattern associated with
viewing position γ: The closed gantry system rotating at con-
stant speed is related to a regular pattern with sampling period
Trot. In the case of repeated forward/backward movement
the sampling pattern is irregular and depends on the viewing
position γ; the pattern’s periodicity is Tf+Tb.

Thus, the set {P (γ, τ
(γ)
1 ), . . . , P (γ, τ

(γ)
N )} of N acquired

cone-beam projections corresponds to the temporal sampling
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of the time-continuous projection sequence P (γ, t) at the
fixed position γ. For time-dependent reconstruction according
to Eq. 2, projections for any viewing position γ ∈ Γ must
be synthesized at arbitrary time points by applying suitable
temporal interpolation between the N cone-beam projections
acquired at each γ.

C. Linear subspace constrained interpolation

To interpolate between the acquired projection samples
{P (γ, τ

(γ)
n )} one has to make prior assumptions about the

temporal characteristics of the unknown time-continuous pro-
jection sequence. For a smooth integration with the recon-
struction framework of Eq. 2 we assume that the temporal
domain of the original sequence P (γ, t) lives in a low-
dimensional (here: Q-dimensional) linear subspace. The sub-
space is spanned by a set of Q predefined temporal basis
functions b

(γ)
q (t) which reflect prior assumptions (cf. [3],

[4]). Then, each time instance of the interpolated projection
sequence can be written as:

P̂ (γ, t) =

Q∑

q=1

b(γ)
q (t) C(γ)

q (4)

Here, the expression C(γ)
q subsumes the weighting coefficients

associated with the q-th temporal basis function for all points u
in the detector plane. The optimal set of weighting coefficients
contained in C(γ)

q (∀ 1≤q≤Q) is estimated by a Least-Squares
fit of P̂ (γ, t) against the set of N projections {P (γ, τ

(γ)
n )}

acquired from position γ. Formally, this is introduced by
making use of vector-like expressions containing the weighting
coefficients and acquired projections

cγ =




C
(γ)
1
...

C
(γ)
Q


 , pγ =




P (γ, τ
(γ)
1 )

...
P (γ, τ

(γ)
N )




and a matrix containing the basis function values at the
sampling time points

Bγ =




b
(γ)
1 (τ

(γ)
1 ) · · · b

(γ)
Q (τ

(γ)
1 )

...
...

b
(γ)
1 (τ

(γ)
N ) · · · b

(γ)
Q (τ

(γ)
N )


 ∈ IR

N×Q

Then, the direct solution to the Least-Squares problem
min

∣∣∣∣pγ −Bγ · cγ
∣∣∣∣2

2
is given by:

cγ = B+
γ · pγ (5)

Here, B+
γ ∈ IRQ×N is the pseudo inverse of matrix Bγ . The

matrix element at position (q, n) in B+
γ is denoted

(
B+
γ

)
q,n

.

By substituting the optimal weighting coefficients C
(γ)
q

(cf. Eq. 5) in Eq. 4 the generation of interpolated projections
is formulated as a weighted sum of N interpolation kernels:

P̂ (γ, t) =

N∑

n=1

w(γ)
n (t) P (γ, τ (γ)

n ) (6)

Here, the n-th interpolation kernel w(γ)
n (t) is weighted by the

n-th projection acquired from viewing position γ. The set of
N interpolation kernels is computed as:

w(γ)
n (t) =

Q∑

q=1

b(γ)
q (t)

(
B+
γ

)
q,n

∀ 1≤n≤N (7)

The solution to the Least-Squares fit (i.e. Eq. 5) can be
interpreted as an orthogonal projection of the N -dimensional
samples {P (γ, τ

(γ)
n )} onto the space spanned by the columns

of Bγ to obtain the weighting coefficients C
(γ)
q . Thus, an

aliasing effect will occur when the samples of two different
sequences PA(γ, t) and PB(γ, t) are mapped to an identical set
of weighting coefficients. In general, this effect is influenced
by: i) the sampling pattern that is imposed by the system’s
acquisition mode, and ii) the choice of temporal basis func-
tions which are selected to encode prior assumptions. To avoid
aliasing among two sequences that both live in the subspace
spanned by b

(γ)
q (t) the choice of temporal basis functions

should be adjusted to the sampling pattern in order to make
the matrix Bγ full rank.

When the generation of projections via Eq. 6 leads to
interpolation errors, i.e. the original sequence P (γ, t) differs
from P̂ (γ, t), this can be attributed to the aliasing effect
described above.

D. Dynamic reconstruction algorithm

When substituting the interpolated projections (Eq. 6) into
the reconstruction formula (Eq. 2) the linearity of the FBPγ{·}-
operation is exploited:

F̂ (t) =
N∑

n=1

∫

Γ

w(γ)
n (t) FBPγ

{
P (γ, τ (γ)

n )
}
dγ (8)

Here, all operations related to temporal interpolation are
carried out in backprojected object space, and the FBPγ{·}-
operations are applied to the acquired projections only.

Eq. 8 can be used in connection with the regular sampling
pattern of Acq. Mode I (full rotation time: Trot). In [1] it
is assumed the projection sequences P (γ, t) are temporally
bandlimited (i.e. below the Nyquist limit 1

2Trot
), and the

samples outside the acquisition time interval are zero. Then,
traditional sampling theory states the usage of sinc-kernels for
optimal temporal interpolation: w(γ)

n (t) = sinc
(
t−τ(γ)

n

Trot

)
. As

demonstrated in [1] the sinc-kernel might be approximated by
more convenient smooth functions, e.g. using b-splines.

For the irregular sampling pattern of Acq. Mode II (minimal
periodicity is: Tf +Tb) the straightforward Nyquist limit for
the time varying projections is 1

2(Tf+Tb)
. When assuming

such bandlimitation, the samples outside the acquisition time
interval are zero, and considering the interleaved sampling of
Acq. Mode II, the corresponding interpolation kernel is given
by: w(γ)

n (t) = 1
2 sinc

(
t−τ(γ)

n

Tf+Tb

)
.

A computationally attractive dynamic reconstruction
method can be derived from Eq. 8 when assuming the
dynamic object is composed by a set of Q temporal basis
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(a) Acquisition Mode I: multiple full rotations (360o), Trot=6s (b) Acq. Mode II: repeated sweeps over 200o (3x forw., 2x backw.), Tf=Tb=6s

Fig. 1. Different acquisition modes: rotational viewing positions γ(t)∈Γ, and corresponding temporal sampling patterns {τ (γ)
1 , . . . , τ

(γ)
5 } for two specific

viewing positions, respectively

functions in image space:

F (t) =

Q∑

q=1

bq(t)Yq (9)

Here, the expression Yq denotes the q-th (1≤q≤Q) weighting
image, that contains the coefficients used to weight the basis
function bq(t) at all image points. Then, the temporal functions
used to describe the temporal domain of projection data
(cf. Eq. 4) become independent of the viewing positions,
i.e. b(γ)

q (t) = bq(t). By substituting Eq. 7 into Eq. 8 the
reconstruction formula for the weighting images is obtained:

Yq =
N∑

n=1

∫

Γ

(
B+
γ

)
q,n

FBPγ
{
P (γ, τ (γ)

n )
}
dγ (10)

In addition to the typical artefacts occurring with recon-
struction of static objects, the proposed dynamic reconstruction
method might suffer from temporal interpolation errors caused
by aliasing effects. Such interpolation errors in projection
space propagate into the reconstructed time-dependent images
leading to artefacts in the spatial and temporal domain.

III. EXPERIMENTS & RESULTS

The proposed method is evaluated in simulations based
on a synthetic dynamic 3-D object derived from a modified
static Forbild head phantom (Fig. 2(a)). A set of elliptical and
cylindrical regions is used to mimic the additional contrast dy-
namics of arteries, veins, and tissue types. The corresponding
contrast-time-curves are shown in Fig. 2(b).

Rotational cone-beam projections are acquired from the
dynamic phantom over a time interval of 30s. The size of the
flat detector is 383mm×296mm; isocenter magnification factor
is 1.52. Two different circular acquisition modes to acquire
dynamically contrasted data are simulated:
Acq. Mode I : Multiple rotations over 360o; speed: Trot=3s;
10 rotations in 30s; Detector frame rate: 120fps.
Acq. Mode II : Repeated sweeps over 200o; speed: Tf=Tb=
6s (incl. acceleration/deceleration); 3 forward & 2 backward
sweeps in 30s. Detector frame rate: 33.3fps.
In addition, projections from a single non-contrasted rota-
tion/sweep are acquired to obtain data of the static anatomy.

The FBP-operation of the FDK method is used for dynamic
reconstruction via Eq. 8 and Eq. 10. The reconstruction grid
consists of isotropic voxels of 2mm length. Two different

Static object Dynamic peak value Dynamic peak time

∆Atten. window: [50,150]HU Time window: [0,17]s−atten. window: [10,30]HU

Tissue1

Artery

Vein

Artery

Tissue1

Tissue2

Tissue3
Vein

(a) Central axial and sagital slices of phantom with dynamic ROIs

(b) Contrast-time curves. Left: all curves. Right: zoom into tissue curves

Fig. 2. Static anatomy and dynamically contrasted regions of head phantom

types of prior assumptions used for temporal interpolation are
compared:
Model A : The sinc-interpolation introduced in Sec. II-D for
Acq. Mode I and Acq. Mode II (max. frequencies are 1

6 Hz,
1
24 Hz, respectively.).
Model B : The subspace constraint model (cf. Eq. 9) for the
dynamic object F (t). Two different sets of temporal basis
functions bq(t) shown in Fig. 3 (i.e. 5 and 9 Fourier functions)
are employed to define the subspaces. The model B(5) is used
with Acq. Mode II; the faster acquisition Mode I is capable
of making use of both models: B(5) and B(9).
A constant temporal function that covers the time interval of
dynamic and static acquisitions is implicitly added to both
models to capture the static anatomy of the dynamic phantom.
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Fig. 3. Sets of 5 and 9 temporal basis functions used as subspace constraint

Model A(1/6Hz) Model B(9) Model B(5) Model A(1/24Hz)
Acq. Mode II

Model B(5)
Acq. Mode I

Fig. 4. Relative RMSE for combinations of acq. modes and temporal models

To quantify the accuracy of contrast time curve recon-
struction the root mean squared error (RMSE) between
the curves f(x, t) in the phantom and the reconstructed
curves f̂(x, t) is evaluated over the acquisition time interval
and over the spatial extent of the dynamic ROIs depicted in
Fig. 2(a). The relative RMSE (normalized by the ROI-specific
peak attenuation of f(x, t), cf. Fig. 2(b)) is shown in Fig. 4 for
all combinations of acquisition modes and temporal models.
For Acq. Mode I, both temporal models A( 1

6 Hz) and B(9)
yield similar reconstruction performance in terms of RMSE.
Usage of the less flexible model B(5) leads to a degradation
of reconstruction accuracy caused by interpolation errors. In
all cases, the artery time curve is most difficult to reconstruct
which is due to its fast dynamics and due to the effect of the
spatial MTF on small sized structures. When using the slower
Acq. Mode II the accuracy of time curve reconstruction is
typically degraded in all regions compared to Acq. Mode I. In
particular, application of temporal Model A, which assumes
bandlimited time curves below 1

24 Hz, suffers from errors due
to aliasing effects. This situation is improved by application of
Model B(5) that is capable of approximating faster time curves
which in turn leads to better RMSE figures in all regions. The
comparison of both acquisition modes for the same temporal
model B(5) (which has been tailored to the N = 5 sampling
points of Mode II) reveals some loss of accuracy for Acq.
Mode II that can be attributed to its slower speed and irregular
projection sampling pattern compared to Mode I.

The peak characteristics (dyn. peak attenuation and peak
time) extracted from the reconstructed dynamic objects are
shown as axial slices in Fig. 5 for different acquisition modes
and temporal interpolation models. An obvious image artefact
occurring with Acq. Mode II is the streak originating from

Model B(9)

Model A(1/24Hz)

Dyn. peak value

Model B(5)

Model B(5)

Dyn. peak time Dyn. peak value Dyn. peak time

Acq. Mode I

Acq. Mode II

Fig. 5. Central axial slices of peak characteristics of reconstructed objects.
Peak value window: [10,30]HU. Peak time window: [0,17]s.

the artery region. This effect is a result from interpolation
errors of the fast dynamics of the artery contrast time curve.
As this artefact is not visible in the images of Acq. Mode I
(e.g. for the same model B(5)) these errors are related to the
sampling pattern of Acq. Mode II. The benefit of using the
temporal model B(5) instead of A( 1

24 Hz) with Acq. Mode II
is apparent in the tissue regions. The suppression of higher
frequency components by the bandlimited model A( 1

24 Hz)
leads to an underestimation of the dynamic peak contrast
levels. The detectability of low-contrast differences against the
tissue lesion regions (Tissue1 vs. Tissue2 and 3) is strongly
affected. The image of contrast peak time resulting from model
A( 1

24 Hz) also reveals a strong shift compared to the more
accurate image generated by the temporal model B(5).

Even though the choice of temporal basis function models in
Fig. 3 is very generic (e.g. with focus on time-shift invariance)
its benefit has been demonstrated for the restrictive Acq.
Mode II. In this framework, an even larger improvement is
expected by the usage of more specific temporal subspaces that
might be automatically derived, e.g. from a large population
of expected contrast time curves.
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Parametric Model for Compensation of Partial
Volume Effect in CT Iterative Reconstruction
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Abstract—Iterative reconstruction methods relying on lin-
earization of the relationship between images and projections
have to cope with the inherent representation of the scanned
object by voxel elements. When the voxel size becomes large
enough to reduce the overall computational requirements, partial
volume can become an issue for overall image quality. We propose
in this paper a linear parametric model with the purpose of
providing a better representation of the object in regions of
rapid variations in local density. We show that this approach
is effective at retaining the quality of thin slice reconstructions
without explicitly modeling thinner slices. Good image quality is
obtained at a significantly reduced computation cost relative to
that of using finer sampling of the image volume.

Index Terms—Computed tomography, iterative reconstruction,
parametric model, linear partial volume.

I. INTRODUCTION

With its recent introduction into CT clinical practice,
Model-Based Iterative Reconstruction (MBIR) has been shown
to be effective at improving image quality performance in
both low-dose and high resolution applications [1], [2]. One
of the advantages of this framework is that it supports using
accurate system models to describe the interaction between
image volume and projection space in a manner representative
of the real system. The spatially-varying nature of the forward
model can be taken into account to optimize spatial resolution
while correctly handling the cone-beam geometry and improv-
ing overall statistics by considering large sets of connected
projection components in the log-likelihood. However, the
standard linearized model with

y = Ax+ n, (1)

where y represents the projection data, x the unknown image
volume, and n an additive noise vector, implies a discretization
that often leads to rectangular voxels or “blob” models [3].
Although classical Nyquist theory points to using voxel sizes
equivalent to half the detector sampling [1], modern scanner
technology would require voxel sizes so small that such
models would become computationally impractical. But the
piecewise constant nature of the rectangular image model can

Jean-Baptiste Thibault and Zhou Yu are with the CT Systems and Advanced
Algorithms group, GE Healthcare, Waukesha, WI 53188, USA;
Thomas Benson, Bruno De Man, Lin Fu, and Kai Zeng are with the CT
Systems and Applications Laboratory, GE Global Research, Niskayuna, NY
12309, USA;
Ken Sauer is with the Department of Electrical Engineering, University of
Notre Dame, Notre Dame, IN 46556, USA;
Charles Bouman is with the Department of Electrical and Computer Engi-
neering, Purdue University, West Lafayette, IN 47907, USA;

create difficulties in situations where the continuous object
contains strong gradients of density. For example, high res-
olution reconstructions with high in-plane resolution but low
cross-plane resolution may suffer from image artifacts, such
as the artificial enhancement of bone boundaries and under-
estimation of surrounding soft tissue density in regions of
large local z-gradients in Figure 1. Such issues are greatly
reduced by reconstructing the same volume over a finer grid.
This illustrates the sensitivity of standard voxel-based forward
modeling to linear partial volume effects.

Fig. 1. Iterative reconstruction of a patient’s head from a 32x0.625mm axial
scan. The top image is reconstructed at 0.625mm thickness; the bottom image
at 0.3125mm. Low frequency shading artifacts appear in the thick slice image
around the sinus area which includes strong z-gradients.

In this paper, we present a new parametric approach to
further improve the system model in MBIR by allowing
piecewise linear rather than piecewise constant modeling of
the reconstructed volume to better represent regions of large
gradient in the scanned object. This approach can provide
improved object representation and is more computationally
efficient than simply using a smaller reconstruction grid.
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II. PARAMETRIC FORMULATION

A. Piecewise Linear Forward Model

Standard image reconstruction considers individual voxels
as constant valued. To better represent rapid variations in
density in a quantized framework, we propose a simple linear
model for possible changes of density within each voxel,
where each element of x becomes a two-dimensional vector
representing continuous variation of the density of a voxel

xj(t) = αj + βj × (t− 0.5), (2)

where αj and βj are the DC and slope components of voxel
j, respectively, and t is a parameter representing displacement
along the length of the voxel. In this parametric model, the
reconstructed volume is piecewise linear instead of piecewise
constant. Equation (1) becomes

y = Aα+Bβ + n,

where A = {aij} and B = {bij} are the respective compo-
nents of the forward model for either of the DC and slope
voxel coefficients.

tetb

Projection
Voxel

α β

t=0 t=1

n−1 n n+1
Elements
Detector

+    * (t−0.5)

Fig. 2. Illustration of the calculation of the coefficients of the piecewise linear
forward model in a distance-driven framework. Compared to the conventional
model with constant voxel (dashed line), the value of the voxel is allowed
to change linearly over the length of its projection profile onto the detector
(bold line). α now represents the value of the voxel at its center point, and
β is the slope of the allowed variation along the considered dimension.

In one dimension, using the Distance-Driven (DD) formula-
tion [4], the coefficients of the forward model can be computed
as illustrated in Figure 2. The DD model represents the
convolution of the finite voxel and detector responses. Figure 2
shows the profile of the projection of the voxel onto the
detector axis. Instead of the constant value in the dashed line,
the sloped linear model of (2) allows the density of the voxel
to change along the considered dimension, parameterized by
t ∈ [0, 1] over the face of the projection of the voxel onto the
detector axis. Let tb and te be the values of t at the beginning
and end detector boundaries over that range. The coefficients
associated with each detector value are then:

aij = te − tb
bij =

(te + tb − 1)

2
(te − tb).

B. Modified Cost Function

Under this linear parametric model, the cost function of the
maximum a posteriori (MAP) estimation problem, with the

usual quadratic approximation to the log-likelihood, is written
as:
{
α̂, β̂

}
= argmin

α,β

{
1

2
||y −Aα−Bβ||2W + U(α, β)

}
.

(3)
Here, W is a statistical weighting matrix with entries ap-
proximately inversely proportional to the variance in the raw
measurements, and U(·, ·) is a (possibly joint) regularization
function for each of the voxel components.

With twice as many image coefficients to compute as in
the standard piecewise constant model, proper regularization is
important to stabilize the estimation process. We consider here
simple independent spatial regularization of α and β using
standard regularization framework developed for MBIR, with
the advantage of retaining the strict convexity of the overall
cost function for reliable convergence and the associated
frequency characteristics designed for the resulting image. We
have found the q-Generalized Gaussian MRF (q-GGMRF) [1],
noted here Uq(·) to provide both appropriate low-intensity
smoothing as well as edge preservation, and propose

U(α, β) = Uq(α) + Uq(β). (4)

We note that the nature of the slope coefficient pushes it near
zero in relatively homogeneous regions occurring with high
probability in medical imaging applications. This indicates that
L1 regularization of β may prove beneficial, which we leave
for further research at this time.

C. Computation of the Solution

Our overall optimization approach follows the sequential
pattern used in iterative coordinate descent (ICD), with the
normal image vector augmented to contain both the DC and
slope components in x = [α, β]T . ICD has demonstrated
satisfactory convergence in many reconstruction problems in
fewer than 10 iterations when initiated with the FBP recon-
struction. To further optimize convergence, we use spatially
non-homogeneous ICD (NH-ICD), which focuses computation
where it is most needed according to the history of voxel
updates [5].

The ICD algorithm decomposes the global optimization
problem into a sequence of greedy one-dimensional update
calculations for each voxel xj while keeping all others in
a fixed state. In the case of the two-valued model for the
piecewise linear approach, however, this turns into the joint
optimization of αj and βj for each voxel, as

{
α̂j , β̂j

}
= arg min

αj ,βj

{
1

2

∑

i

wi (yi − aijαj − bijβj − Ci,j)2

+ U(αj , βj)

}
, (5)

where Ci,j is a constant for voxel j dependent on the pro-
jection of the full image volume except for xj . The solution
of this parametric estimation problem follows from the frame-
work originally developed in [6] for PET kinetic parameter
reconstruction.
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Let’s turn our attention to the log-likelihood term in equa-
tion (5). The quadratic nature of this function leads to an
equation of the form:

1

2
xTj Qxj + bTxj (6)

where
Q =

[
q11 q12
q21 q22

]
(7)

and b = [b1, b2]
T . The coefficients of Q are

q11 =
∑

i

wia
2
ij

q12 = q21 =
∑

i

wiaijbij

q22 =
∑

i

wib
2
ij .

The two components of b can be computed directly from the
error sinogram e based on the state of the current voxel x̃j
such that

ei = yi − aijα̃j − bij β̃j − Ci,j .
Let’s introduce the intermediate vector θj = [θ1, θ2]

T with

θ1 =
∑

i

wieiaij

θ2 =
∑

i

wieibij .

Then
b = θj +Qxj . (8)

Armed with the formulation of equation (6) supported by (7)
and (8), the joint optimization of (αj , βj) follows the normal
rules of standard quadratic framework. For edge-preserving
regularization, however, the efficient handling of the non-
quadratic prior term in the update equations requires the
functional substitution methodology introduced in [7], with
implied modifications to Q, θ1, and θ2 to take into account
the coefficients of the prior model estimated around the current
point on the cost function curve.

III. RESULTS

We apply this approach on a scan of a patient’s head
acquired on a GE LightSpeed CT750 HD scanner obtained
from an axial 32x0.625mm protocol. The acquisition is tilted
by 16 degrees relative to the table axis in order to minimize
radiation dose to the eyes. However this has the consequence
of increasing density gradients between bone and soft tissue
in the trans-axial reconstruction direction. Figure 3 show the
magnitude of the density gradients relative to both the slice
before and the slice after the image of interest. The largest
magnitude regions are located around the sinuses at the base
of the skull where the brain turns into high density bone.

These locations correspond to the areas of partial volume
artifacts in the top image of Figure 1. Reconstruction slice
thickness equal to the detector row size is standard practice
for analytical methods, but is sub-optimal compared to the
0.3125mm sampling dictated by Nyquist for higher quality,

Fig. 3. Density gradients relative to the slice before (left) and after (right) for
the image of interest reconstructed in 0.625mm thickness from a patient’s axial
head scan. The stronger gradients in the trans-axial direction occur around the
sinuses at the base of the skull.

Fig. 4. Top: Piecewise linear iterative reconstruction of the same data as
in Figure 1 in 0.625mm image thickness. The linear partial volume artifact
around the sinus area has been resolved. Bottom: Slope coefficient for the
slice above. As expected, the slope coefficient remains near zero except in
those areas of strong longitudinal gradient.

as illustrated with the bottom image of Figure 1. To retain
the computational advantages of estimating the volume with
0.625mm voxels, we apply the linear parametric model of
section II in the longitudinal direction, which better represents
the strong gradients in the object. The joint three-dimensional
reconstruction is initialized with FBP images for the DC
image component, and the first order local gradient computed
from these FBP images for the slope coefficient. The result
in Figure 4 shows that the partial volume issue has been
successfully eliminated. The quality of this image compares
favorably to the 0.3125mm reconstruction achieved at higher
computation cost.
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Fig. 5. Residual error sinogram after convergence down to 1HU of average
change to the image volume of Figures 1 and 4 for the standard 0.625mm
constant voxel reconstruction (top), the thin slice 0.3125mm constant voxel
reconstruction (middle), and the 0.625mm piecewise linear iterative recon-
struction (bottom). The magnitude of the residual error is clearly reduced
when using the piecewise linear model.

Interestingly, it is also apparent from the residual error sino-
gram plots in Figure 5 that the piecewise linear model results
in a better outcome. Once convergence has been achieved, the
residual is mostly comprised of model mismatch error. That
is, the remaining error includes the features of the acquired
data that cannot be explained well by the reconstruction
model. In this case, the choice of 0.625mm piecewise constant
longitudinal voxels does not explain well the gradients in the
data, and the residual error contains structures of relatively
large magnitude in the top image of Figure 5. Those structures
are significantly reduced in the residual error of both the
0.3125mm constant voxel model and the 0.625mm piecewise
linear models at the middle and bottom of Figure 5. Although
some structured error still remains because the models are
not strictly representative of reality, one might argue that the
piecewise linear model corresponds to the better description
of all three models.

In spite of double the number of unknowns, convergence
down to less than 1 HU change over the reconstructed volume
was achieved in the same number of iterations for all models.
NH-ICD was conditioned by the DC image component updates
for each voxel to control the voxel selection process. Overall
computation was only increased by 15% for a straightfor-
ward implementation of the algorithm running on an Intel
Nehalem platform. This contrasts with significantly longer
reconstruction for the 0.3125mm grid. Significant potential for
optimization remains. In particular, the extra computation for
the slope component can be done only in parts of the volume
with strong gradients by simple thresholding. As illustrated in
Figure 4, the image of the slope coefficient remains near zero
in all regions with small gradient magnitude along z and could
be ignored. This would significantly speed up the execution
as regions affected by partial volume are limited to a very
small number of voxels compared to the full volume. This
kind of flexibility is well supported by the sequential voxel-
based approach of ICD. It would be more difficult for global
update methods to capitalize on this potential optimization.

IV. CONCLUSION

We have proposed a framework for parametric modeling
of the reconstructed image volume to address issues of linear
partial volume in regions of strong density gradients at reduced

computational cost. Although the method has been illustrated
in a one-dimensional context looking at quality as a function of
reconstructed slice thickness, this approach can be extended to
other dimensions as well for in-plane improvements. Whereas
image pixel size is sufficiently small relative to CT detector
angular sampling for most practical targeted situations, full
field of view reconstructions on small grids have been found to
emphasize aliasing in some situations. This could be addressed
using piecewise linear or higher order image models, similarly
to the model proposed in this paper.
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Abstract— For finite detector and focal spot sizes, here we 

propose a projection model for super resolution CT. First, for a 
given x-ray source point, a projection datum is modeled as an 
area integral over a narrow fan-beam connecting the detector 
elemental borders and the x-ray source point. Then, the final 
projection value is expressed as the integral obtained in the first 
step over the whole focal spot support. An ordered-subset 
simultaneous algebraic reconstruction technique (OS-SART) is 
developed using the proposed projection model. In the numerical 
simulation, our method produces super spatial resolution and 
suppresses high-frequency artifacts. 
 

Index Terms—Projection model, finite detector size, iterative 
reconstruction, super resolution.  
 

I. INTRODUCTION 

 
N fan-beam or cone-beam CT geometry, the forward and 
back projection operations used for traditional iterative 
reconstruction usually assume that a projection datum is a 

linear integral along a path from the detector elemental center 
to the source focal center.  Let ( )f x  be a 2D compactly 

supported function. The x-ray projection is normally modeled 
by  

    
0

( , ) ( ) ,P f t dt


 a β a β                                                      (1) 

where 2a  represents an x-ray source position and 
β  denotes a 2D unit vector. However, the real image 

geometry of a practical imaging system is more complicated 
than Eq. (1). Because the conventional analytic reconstruction 
methods (such as filtered backprojection) treat projections as 

samples on the space 2   . As a result,  the spatial 
resolution of a reconstructed image is severally limited by 
blurring effects due to finite detector elemental and source 
focal sizes [1, 2]. On the other hand, iterative reconstruction 
methods were developed in the cases in which analytic 
reconstruction formulas are not available or sub-optimal, such 
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as with a truncated dataset, limited angle setting, etc. When 
both the analytic and iteration methods are numerically 
implemented, both the forward and back projection operations 
play a primary role in the overall computational process. 
     To our best knowledge, the current forward and back 
projection techniques can be divided into three categories [3]. 
The first is the pixel-driven technique, which is used for back 
projection. It makes a line from the focal spot through the 
pixel center, and determines an intersection on a detector 
array. A value is obtained via interpolation from data in the 
detector array, and the result is accumulated on the pixel. The 
second is the ray-driven technique, which is used for forward 
projection. It casts rays through an image and discretes the 
line integral Eq. (1). A value is obtained via interpolation from 
the image pixel values, and the result is accumulated on 
corresponding detector elements. The third is called the 
distance-driven technique, which combines the advantages of 
the pixel-driven and ray-driven techniques to suppress high-
frequency artifacts [3]. The key is to define an overlapping 
length between each image pixel and each detector element, 
which is the state-of-the art method. These techniques were 
extensively studied for fast implementation and quality 
optimization [4-7].  Given the finite detector elemental and 
source focal sizes, more precise models were studied to allow 
higher spatial resolution [8] or generate more realistic 
projections [9]. The idea is to discrete both of the detector 
element and the focal spot into finer components, and each 
pair of focal and detector components is modeled by the linear 
integral Eq. (1), and the final projection datum is a weighted 
sum of various results from Eq. (1).  
      When all the aforementioned techniques are implemented 
for iterative CT reconstructions, interpolation is unavoidable, 
and the spatial resolution is limited by the linear integral 
model Eq. (1). Here we report a new model for x-ray 
projections to replace Eq. (1), which does not require any 
interpolation in the forward and back projection steps for 
image reconstruction, and has a significant potential for super 
resolution CT 

II. METHODOLOGY 

 
A. Analytic Projection Model 

Let 2
s    be a compact support of a focal spot. As shown 

in Figure 1, the connection of two detector elemental border  

Finite Detector Based Projection Model for 
Super Resolution CT 
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Figure 1. Finite detector based projection model with a finite focal sport size in  fan-beam geometry 

 

points to sa forms a narrow fan-beam, whose angle can be 

expressed as  a . A unit vector from a  and to the detector 

element can be expressed as ( , )β a  with [0, ]  a . Assume 

that the photon intensity along any direction from a point 
inside the x-ray focal spot sa is 0I , according to Beer's 

law the number of photons detected by the detector element 
can be expressed as:   

       0
( ( , ))

0( , )
f t dt

I I e





 
a β a

a ,                                             (2) 

which is equivalent to Eq. (1) after a logarithm operation 

 0ln ( , )I I a . Considering the finite detector and source 

sizes, the total number of received photons become    

      
0

0

( ( , ))

0

0

( , )
s

s

f t dt

I I d d

I e d d






 






 







 

 

a

a
a β a

a a

a

,            (3) 

where da  represents an area differential of the focal spot 
support. To make the model Eq. (3) consistent to Eq. (2), it 
can be normalized as: 
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Let 
0

( , ) ( ( , ))p f t dt 


 a a β a  and 
0

1
( ) ( , )p p d



 


 
a
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a a . 

Eq. (4) can be re-expressed as 
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Because for a detector element, the x-ray beam is very narrow 
(e.g.,  a is very small) and ( , )p a is very smooth,  p a   

 ,p a  should be very small and smooth.  Hence, by the 

first-order Taylor approximation, we have 

   

      

 

0

0

0

1 ,
s

s

s

s

p

p

I e p p d d

I
d

I e d

d



 



















 





 







a
a

a

a
a

a

a a a

a

a

a

.        (6) 

 
Again, due to the focal spot size is very small, we define 
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Eq. (7) shows that we can obtain an approximate linearized 

projection p  associated with a given detector element and an 

x-ray focal spot, and p  can be computed as: 
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,            (8) 

where we have used the fact that  a  is almost a constant. 

 

B. Discrete Projection Model 

The integral 
0

0

( ( , ))f t dtd


 


 
a

a β a  in Eq. (8) is actually 

over the fan-beam defined by the two detector elemental 
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borders and the x-ray source point. Therefore, Eq. (8) can be 
re-expressed as: 

     

1
( )

s b

s

d
f d

p
d

 





 


a

x
x a

x a

a
,             (9) 

where b  denotes the narrow fan-beam region, and dx is the 

corresponding differential.  

Figure 2. Discrete projection model assuming a discrete 2D image in fan-beam 
geometry. 
 

       In the forward and back projection steps in iterative 
reconstruction algorithms, a 2D function ( )f x  can be 

discretized as a 2D digital image ,( ) JI NN
i jf  f   , where 

the indices  1 Ii N   and 1 Jj N   are integers. Define 

       ,n i jf f , ( 1) Jn i N j    ,                                       (10) 

with 1 n N   and J JN N N  , we can re-arrange the 

image into a vector   1 2, ,...,
T N

Nf f f f  .  We may use 

either ,i jf  or  nf   to denote the image. Assume that the finite 

focal spot s  can be discretized as  qa  with 1 q Q  . Let 

1 2, ,...,
Tq q q q M

Mp p p   p   is measured data associated with 

the x-ray source qa  and all the detector elements, where M  is 

the product of the number of projections and the number of 
detector elements. By Eq. (9), we have the following  discrete 
linear system   

      
1 1 1

1 1 1Q Q Q
q q q

q q qQ Q Q  

 
    

 
  p p B f B f Bf ,          (11) 

where ,( )q q M N
m nB  B    is the linear measurement 

matrix for the x-ray source qa . As shown in Figure 2, in fan-

beam geometry the thn  pixel can be viewed as a rectangular 

region with a constant value nf , the thm measured datum 
q
mp can be viewed as an integral of those areas of pixels that 

are partially covered by a narrow beam from the x-ray source 

qa  to a detector element and weighted by the corresponding 

x-ray linear attenuation coefficients and fan-arc lengths, 
respectively. Thus, the component ,

q
m nB  in Eq. (11) can be 

expressed as  

    ,
,

,

q
m nq

m n q
m n

S
B

L
 ,                                                                  (12) 

where ,
q
m nS  denotes the interaction area between the thn  pixel 

and the thm  fan-beam path, and ,
q
m nL  can be approximately 

computed as the product of the narrow fan-beam angle q
m  

and the distance from the thn  pixel center to the x-ray source 

qa , which can be viewed as fan-arc length of the narrow fan-

beam through the thn  pixel center.  
           Eq. (11) is a typical linear system. The image f  can be 
reconstructed in the OS-SART framework [10], whose 
convergence was proved under quite general conditions [11, 
12]. 
 

III. RESULTS 

 
In the OS-SART framework [10], we developed and 
implemented an algorithm to reconstruct an image based on 
the imaging system Eq. (11) in equi-angular fan-beam 
geometry. Particularly, we simulated the imaging geometry of 
the Siemens SOMATOM Sensation 64 scanner, whose middle 
plane is scanned in equi-angular fan-beam geometry. For a 
full scan along a circular trajectory, the fan-beam sinogram 
had 1160 projections, and each projection had 672 detector 
elements. The diameter of the field of view was 501 mm. 

 
                           (a)                           (b) 

 
                           (c)                           (d) 

Figure 3. Ideal and reconstructed images of FORBID head phantom in a 
display window [0.8 1.2]. (a) is the ideal phantom image, (b) that was 
reconstructed using the conventional FBP algorithm, (c) and (d) that were 
reconstructed using the OS-SART method with the proposed projection 
model  when the source was decomposed  into 1 and 3 points respectively.
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Assuming a focal spot size of 0.9 mm, the estimated spatial 
resolution was 0.89 mm [1, 2].  
      In a 70x70 mm2 region centered at the system origin, we 
placed a FORBID head phantom, which was uniformly 
sampled in a 2000x2000 matrix with the pixel size being 

35x35 2m . By discretizing the focal spot as 9 points, we 

generated the realistic simulated projections of the head 
phantom according to Eq. (11) and the high-resolution 
discrete image. In a 75.3x75.3 mm2 region, we reconstructed 
the phantom in a 512x512 matrix with the pixel size being 

147x147 2m  . The results were shown in Figure 3, where (a) 

is the ideal phantom image, (b) that was reconstructed using 
the conventional FBP algorithm, (c) and (d) that were 
reconstructed using the OS-SART method with the proposed 
projection model. While only one source point was assumed 
for (c), 3 source points were used for (d). Figure 3 clearly 
demonstrates the super spatial resolution performance of the 
proposed finite detector based projection model.  This 
potential can be further seen in the magnifications of the left 
ear region shown in Figure 4. 
 

 
                           (a)                           (b) 

 
                           (c)                           (d) 

Figure 4. Magnifications of the left ear in Figure 3. (a)-(d) correspond to 
Figure 3(a)-(d) respectively. 

 

IV. DISCUSSIONS AND CONCLUSION 

 
Compared to the traditional interpolation based projection 
model, our area integral model is more accurate but on the 
other hand more time-consuming. In our numerical 
implementation, most of the computing cost is used to 
compute the system matrix B  analytically. In light to the state-
of-the-art distance-driven method [3] and the associated 
optimization techniques, we will develop a fast yet high-

resolution SART-type algorithm. Meanwhile, we will 
combine it with the soft-threshold filtering method [13] in the 
compressed sampling framework.  It should be pointed out 
that the computation of system matrix B  can be simplified 
when parallel beam geometry is considered.  

        In conclusion, we have proposed a finite detector 
based projection model, which is based on an accurate area 
integral in fan-beam geometry. With this model, the 
interpolation operation is avoided in the forward and back 
projection steps in iterative reconstruction algorithms. 
Consequently, our model can suppress interpolation artifacts 
and enable super spatial resolution. In the same spirit of our 
2D model, cone-beam geometry can be similarly handled, 
where the interaction volume between a voxel and an 
elemental cone beam delimited by a detector cell aperture can 
be analytically computed [14]. 
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Towards the Reconstruction of 3D Orientation
Information from Direction-Sensitive X-Ray

Projections
Andreas Malecki, Thomas Biernath, Martin Bech, Tobias Lasser, Guillaume Potdevin, Franz Pfeiffer

Abstract—For medical in vivo applications the resolution of
a computed tomography (CT) scan is limited by the acceptable
patient received dose. Thus it does not allow to image microstruc-
tures in the body. Novel x-ray contrast mechanisms provide two
additional signal channels, phase contrast and dark-field contrast.
In this study we report on our progress to use the dark-field
signal to gain micro-structural information by reconstructing a
tensor field describing the local sample scattering power. For
that purpose we developed an experimental setup composed of
an x-ray tube, a Talbot Lau interferometer, an Euler cradle to
orient the sample and a detector. This setup allows a direct
measurement of the sample scattering strength in all directions.
The reconstruction of several test samples is done using filtered
back-projection or the algebraic reconstruction technique. The
definition of the physical model behind the reconstructed quantity
is obtained from a second ansatz by using 3D density map (micro-
CT) data as an input to a computer simulation of the whole setup.
We consider this project important for diagnostic improvements
in the case of bone pathologies.

Index Terms—X-Ray, Directional Dark-Field, tensor field,
reconstruction

I. INTRODUCTION

X-Ray computed tomography (CT) is widely used in med-
ical diagnostics to obtain both fully spatial and quantitative
information about the tissues. It is unfortunately strongly
limited in resolution by the acceptable patient received dose.
Consequently dose-intense applications like CT work with
rather low detector resolutions of the order of several 100 µm
to maintain minimum signal to noise ratios but also causing a
correspondingly low resolution in the reconstructed volume.

The in vivo diagnosis of bone pathologies affecting the bone
microstructure like osteoporosis is thus restricted to bone mass
density measurements. Bone morphology, by contrast, is out
of reach for dose-limited x-ray diagnostic methods, but has
been shown to have major influence on the elastic properties
especially of trabecular bone material [1], [2], [3], [4] and is
thus believed to be a sensitive diagnostic tool for these bone
diseases [2].

A large improvement is promised by nowadays available
novel x-ray contrast mechanisms. In addition to absorption-
based image contrast, interferometric x-ray setups [5] are
sensitive to phase and scattering of x-ray waves enabling
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Franz Pfeiffer are with the Department of Physics (E17) and Institute of
Medical Engineering (IMETUM), Technische Universität München, Germany.
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Fig. 1. Example Directional X-Ray Dark-Field (DXDFI) radiograph of a
strawberry leaf taken from [10]. The image brightness encodes the degree of
orientation and the image color corresponds to the angle of orientation. Here,
this angle represents the main scattering direction, which is perpendicular to
the sample’s structures.

so-called phase contrast and dark-field imaging techniques.
Grating interferometers in particular are compatible via some
modifications with current commercial x-ray CTs [6], [7].

In this study we will focus on the dark-field contrast and
ways to realize a mapping of the local coherent scattering
properties of the sample to a tensor field. Here, the image
contrast originates in the small angle scattering occuring in
the sample [7], [8] and is thus closely related to the sample’s
microstructure. It already was shown that CT is feasible for
this signal channel [8], [9]. These studies introduce a simple
scalar field representing the local scattering coefficient. But
this simple model fails to describe what is known from dark-
field radiography: The signal, because of its origin lying in
the scattering inside the sample, depends on the anisotropy
and the orientation of the penetrated structures. As the grating
interferometer is inherently sensitive to the scattering direction
relative to its orientation, a series of recordings of the dark-
field signal allows to measure the degree of orientation of the
sample microstructure. This is called Directional X-Ray Dark-
Field Imaging (DXDFI) and could be demonstrated in 2D for
thin samples [10], [11]. An example image of a strawberry leaf
is shown in figure 1. The image brightness corresponds to the
degree of anisotropy and the color is linked to the angle of
orientation. It can easily be seen that the DXDFI signal follows
the plant fiber orientation.

The project presented here aims at extending the method to
a full 3D reconstruction of the tensor field representing the
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Fig. 2. Schematic model (left) and realization (right) of the experimental setup. It consists of an x-ray tube, a sample, the gratings G0, G1 and G2 forming
a Talbot Lau interferometer and a detector. The sample can be rotated freely around any chosen axis.

structure anisotropy.

II. MATERIALS & METHODS

The extension of directional dark-field imaging to a full 3D
reconstruction implies both fundamental studies, in order to
completely characterize the dark-field signal, and experimental
attempts, first on simple test objects, and then on more
complex structures. The following details the progress made
on this path, and gives the basics for the reconstruction of
the full 3D scattering power, once the signal behaviour has
been sufficiently characterized to allow a proper mathematical
description of this quantity.

A. Experimental Setup

With the goal to extend the existing 2D method of DXDFI to
3D, we have constructed an experimental setup as it is shown
in figure 2. It consists of the following components. A Comet
MXR-160HP/11 x-ray tube with a maximum tube voltage of
160 kV and a focal spot size of 1 mm. Three gratings G0,
G1 and G2 with grating constants around 1 µm. A sample
between G0 and G1 and a detector. The sample can be rotated
freely about any chosen axis to allow the measurement of
arbitrary tomographic projections. This is achieved by using a
full circle Euler cradle 511 from HUBER Diffraktionstechnik.
There are several sets of gratings available to allow different
design energies. G0 and G2 are absorption gratings with gold
lines. The silicon phase grating G1 creates a π/2 phase shift
at the chosen design energy. This also is the grating which
is stepped to retrieve the signal components. The accurate
stepping is done using either a piezo actuator or a mechanical
nanoconverter built by the Paul Scherrer Institut. The details
about the design of such a grating interferometer can be found
in [12]. Several detectors are available all featuring pixel sizes
around 100-300 µm, an AJAT DIC100TL, a RadIcon Shad-o-
Box 2048 and a self-built CCD setup.

B. Reconstruction Principles

In the following, for the sake of simplicity, we restrict
ourselves to a parallel monochromatic x-ray beam. To describe
the signal formation, we introduce the function f : R3×S2 →
R3, (r, s) 7→ f(r, s) = v, with S2 being the unit sphere in R3.

f represents the relative amount and the direction of scattered
intensity at the point r inside the sample with an incoming
x-ray of direction s. In the regime of x-rays we can neglect
multiple scattering inside the specimen. Thus, it is possible
to reconstruct this quantity for each point separately without
taking into account the actual path of each photon through the
sample. The local fringe visibility V depends on the scattering
occuring along one x-ray arriving at a specific detector pixel.
We assume that the change in the local fringe visibility dV
caused by scattering along the distance dr inside the sample
can be described by

dV = −V · a · t · f(r, s)dr. (1)

The setup is only sensitive to scattering perpendicular to the
grating lines of the interferometer. This is described by t ∈ S2,
the orientation of the grating interferometer with respect to
the sample coordinate system. The scalar product t ·f denotes
the projection of the scattering to the direction of sensitivity.
a takes into account effects from the setup geometry and
the photon energy. Both t and s are independent of r. This
results in an integral expression similar to attenuation-based
tomography:

V = V0 · exp
(
−a ·

∫

Ls

t · f(r, s)dr
)
. (2)

Here V0 represents the local visibility without any sample in
the beam and Ls is a path along the x-ray direction s. The
above description easily can be generalized to polychromatic
illumination and to different source geometries like fan beam
or cone beam.

Projections will have to be taken for various choices of
t and s. The reconstruction in principle can then be done
using analytical methods like filtered back-projection (FBP),
if an analytical inversion formula is found, or series expansion
methods like the algebraic reconstruction technique (ART).

Unfortunately, the Euler cradle does not allow a full rotation
around at least one of the three base axes without parts of it
shielding the incident beam. The missing projections cover an
angular range of approximately 100◦ and, with a simple FBP
reconstruction, artifacts would arise if no precautions were
taken. ART can deal with these problems right away at the
cost of higher demands for computation power.
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Fig. 3. Simulation results for the visibility (dark-field) at one detector pixel
versus the number of structures aligned parallel to the grating lines. The
detector pixel size is 100 µm x 100 µm. The sample consisted of five cylinders
aligned along the incident beam direction having a diameter of 20 µm.

In conclusion, the complete reconstruction of the sample’s
scattering properties described by f requires the incident
beam and the direction of interferometer sensitivity to point
through the sample along different directions, and to perform
a tomographic scan for each combination of these orienta-
tions. In a simple approximation, f can be assumed linear
and represented by a tensor. Once the signal behaviour has
been sufficiently characterized, this will lead to a physically
meaningful reconstruction.

C. Characterization Of The Dark-Field Signal

The further characterization of the dark-field signal is done
in a semi-experimental ansatz involving a simulation program
written in MATLAB. It simulates the complete interfero-
metric setup from source to detector. We use k-space wave
propagation of the two-dimensional transversal component of
the incident wave in order to be able to simulate scattering
anisotropies inside the sample. The propagation applies the
Fresnel propagator on the reciprocal transversal wave, thus,
realizing the near-field approximation. The waves are propa-
gated through free space, through the gratings and the sample
before being absorbed in an ideal detector. In the simulation
the sample can also be rotated freely and it is represented by
its complex refractive index n = 1− δ + iβ. The propagation
of the wave through the sample is performed using either the
projection approximation or a multislice propagation. Figure 3
shows an example of a simulation result gained for a sample
consisting of five cylinders positioned one after the other
in beam direction. Their orientation relative to the grating
lines was flipped from parallel to perpendicular and every
combination of these orientations was examined. The direction
dependence of the signal is clearly visible.

D. Cross-check With Sample Microstructure

Some remaining open questions must still be addressed.
First, the formation of the dark-field signal inside complex
samples must be further characterized. Then the accuracy of
this model must be verified with experimental data.

To solve these questions we use a second semi-experimental
ansatz starting from micro-CT reconstructions of several test

samples. For that purpose a standard v|tome|x micro-CT
device from phoenix x-ray is used. The high-resolution mea-
surements serve as input data to the simulation software and
the simulation results are compared to those obtained from
the experiment. This allows us to refine the physical model in
accordance with all experimental data.

In order to get well-defined input data, we chose a number
of simple test samples: Several pieces of cotton wool, each
slightly pulled apart in one direction and several stacks of
increasing amounts of polypropylene fiber meshes. More real-
istic samples will follow in the future. One possible candidate
is trabecular bone and the comparison of the fabric tensor cal-
culated from micro-CT measurements of several such samples
with the reconstructed structure orientation from Directional
X-Ray Dark-Field Tomography.

III. OUTLOOK

As it was already mentioned before, a physical model has
to be created which describes the scattering process inside the
sample and links it to the resulting output of the interferometric
setup and the reconstructed quantities, respectively. The scalar
ansatz used until now and described in [9], thus, has to
be replaced by a tensor field describing the local scattering
properties of the sample averaged over one voxel.

In a next step, clinically relevant samples like human bone
will be examined. These may show, if at the imposed dose
and resolution limits, the additional morphological information
gained from the directional dark-field improves diagnostic
tasks.

In the context of medical applications we assume that this
study will give a basis for new CT devices featuring phase con-
trast and dark-field images. These will allow improvements of
the diagnosis of a broad range of pathologies like osteoporosis.
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Abstract— X-ray dark-field images are formed from 
small-angle scattering signals. The small-angle scattering 
characteristics is particularly sensitive to structural 
variation and density fluctuation on a length scale of 
several ten to hundred nanometers, offering a unique 
contrast mechanism to reveal subtle features of interest. 
Based on the principle of energy conservation, we develop 
a novel physical model to describe x-ray small-angle 
scattering. This model is suitable for various acquisition 
modalities of x-ray small-angle scattering signal, and can 
be used to reconstruct volumetric small-angle scattering 
images of an object. The numerical and biological 
experiments demonstrate that the proposed model can 
accurately describe x-ray small-angle scattering, and the 
reconstructed volumetric small-angle scattering images 
are sensitive and specific to boundaries and interfaces than 
the attenuation-based counterpart. 
 

Index Terms— X-ray dark-field imaging; x-ray small-
angle scattering; x-ray dark-field tomography. 

I. INTRODUCTION 

Conventional x-ray computed tomography (CT) is based on 
attenuation properties of matters, and yields a sufficient 
contrast for substances with variations in density. However, 
this technique cannot achieve satisfactory sensitivity and 
specificity for matters with low attenuation contrast, such as 
soft biological tissues [1-2]. In comparison, x-ray dark-field 
images are formed by small-angle scattering signals, and may 
offer superior contrast resolution. X-ray interactions with 
matters in an energy range between 20 and 150 keV can 
mainly be described by photoelectric absorption and 
scattering. X-ray small-angle scattering patterns are collected 
at very small-angles (a few degrees). This angular range 
contains information about the shape and size of molecules. 
The small-angle scattering of x-rays was found to reveal 
heterogeneity in the electron density with characteristic 
dimensions from one to a few hundred nanometers [3-4]. The 
x-ray small-angle scattering has become a key tool in analysis 
of macromolecular and micro-structures of samples, and is 
sensitive to structural variation and density fluctuation.  
Moreover, scattering of x-rays at small angles is dominated by 
coherent scattering. X-ray coherent scattering conveys 
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information about chemical bonds between atoms rather than 
just atomic number. So, coherent scattering can differentiate 
between different chemical materials even though the atomic 
numbers are very similar. Small-angle scattering behaviors of 
tumors are significantly different from that of healthy tissues 
because the tumor growth induces density fluctuation on the 
micron and submicron scale [5-6]. Hence, small-angle 
scattering imaging has a great potential in the biomedical 
field.   

A fan-beam scanning modality was proposed to illuminate 
an object slice for acquisition of small-angle scattering signals 
with multiline detectors [7-8]. The central detector row 
receives the transmitted radiation while the out-of-center rows 
record only the scattered radiation. The technique scans an 
object rapidly, and improves image contrast for quantitative 
analyses. Diffraction enhanced imaging (DEI) is a 
radiographic imaging method that selectively utilizes the 
angular deviation of x-rays traversing an object [2]. Its 
angular sensitivity allows measuring, besides the x-ray 
attenuation coefficient, the gradient of the x-ray refractive 
index, and the small-angle scattering of the object [9-12]. 
Recently, a grating interferometric technique was developed 
to produce high quality dark-field images with a hospital-
grade x-ray tube [13]. Dark-field images of biological 
specimens present significantly better contrast resolution than 
conventional attenuation-based images. Strobl et al. proposed 
a method to simulate the broadening of the angular 
distribution of small-angle scattering signals for dark field 
tomographic imaging [14-15]. This method assumes the 
angular probability distribution of the small-angle signal 
intensity as a Gaussian distribution [16-17]. This broadening 
is related to both microscopic structures and multiple 
scattering along the beam path. A theoretical and experimental 
study was conducted for small-angle scattering CT using a 
Talbot-Lau interferometric imaging method [18]. It was 
demonstrated that the logarithm of the modulation visibility in 
differential phase contrast images is related to the line integral 
of the small-angle scattering property. However, the 
propagation of x-ray photons through matter is a complex 
process, which involves both absorption and scattering 
simultaneously. The scattering is caused by the change in the 
refractive index. The absorption depends on the density of 
matter. A photon propagation model describes the photon 
interaction with matter, and is essential for tomographic 
imaging. In this paper, we derive a novel physical model to 
describe x-ray small-angle scattering, and apply the model to 
reconstruct volumetric small-angle scattering images. In 
Section 2, our physical model for small-angle scattering is 
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derived in detail. In Section 3, the numerical and biological 
experiments are described to evaluate the proposed model and 
associated dark-field tomographic imaging performance. In 
the last section, relevant issues are discussed, and conclusions 
drawn. 

II. X-RAY SMALL-ANGLE SCATTERING 

X-ray scattering signals mostly come from incoherent and 
coherent scattering (Compton and Rayleigh scattering). X-ray 
scattering is directly related to the electron density [19]. As x-
ray photons interact with an object, some photons would be 
deflected from the original straight trajectory because of a 
difference in the refractive index. The x-ray small-angle 
scattering signal is particularly sensitive to structural variation 
and density fluctuation, offering a significant contrast 
mechanism to reveal subtle features in an object. As an x-ray 
beam propagates in an object, a fraction of photons are 
attenuated (due to scattering and photoelectric absorption), 
and the other photons travel along an original straight path in 
a direction θ. The intensity of transmitted photons along the 
direction θ can be well described by the Beer-Lambert law 
[20], 
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where  ta  r   is the light intensity along the direction  θ, 

and µt  is the linear attenuation coefficient defined as a sum of 
absorption coefficient µa, wide-angle scattering coefficient µw    
and small-angle scattering coefficient µs, that is, µt =µa +µw 
+µs .  Eq. (1) can be reduced to a Radon transform, 
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where   ta  r   and   Ra  r  express the intensity of 

transmitted photons at position tr  and Rr , 
respectively. While an x-ray beam propagates along a straight 
line in an object, this beam would become the sources for 
photon scattering. The small-angle scattered photon intensity 

 rs  depends on both absorption and scattering properties 

of the object. According to the principle of energy 
conservation, the difference  rsd  of the small-angle 

scattering intensity between the opposite sides of an 
elementary volume with a cross sectional area dA and length 
dh along the direction θ is equal to the difference between the 
intensity of the small-angle scattering from the primary beam 
and the sum of the intensities of small-angle scattering 
photons absorbed and wide-angle scattered by the object, 
which can be expressed as follows: 

             AAA ddhddhdd swaass rrrrrr   (3)    
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, the x-ray small-

angle scattering coefficient  µs corresponding to the scattering 
angle α defined by the detection aperture is expressed as  
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and the associated x-ray wide-angle scattering coefficient µw 
is expressed as  
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where  ZxF ,  is the atomic form factor with the momentum 
transfer variable x  defined as sin(φ/2)/λ, Z the atomic 
number, and  r  the electron density [19].  For an imaging 
system with a fixed detection aperture, the dark field signal 
reaching a detector would depend on the distance from a pixel 
to the detector. For example, the detectable scattering angle at 
a far-away position will be less than that at a nearby position 

for that detector. Hence, 
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1  where Dr  and 

D  denote the detector spatial position and the detector 
aperture, respectively. Since     AA ddhdd ss rr   , a 

differential equation in terms of the small-angle scattered 
photon intensity can be established from Eq. (3):   

            rrrrrr asswas            (6) 

The term       rrr swa    represents the loss of the small-

angle scattering intensity due to photoelectric absorption and 
wide-angle scattering, while    rr as   is the quantity of 

small-angle scattering photons scattered from the primary 
beam  ra . In other words, Eq. (6) describes the balance of 

the photons between the input and output of an elementary 
volume at a given primary x-ray beam direction θ. Because 
Eq. (6) is a linear first-order differential equation, its solution 
can be obtained in the closed form: 
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Substituting Eq. (1) into Eq. (7), we obtain, 
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Eq. (8) is an integral formula with respect to the small-angle 
scattering coefficient µs. Through a variable transformation, 
this integral formula can be simplified to a Radon transform 
with respect to the small-angle scattering coefficient [21]: 
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where   Ra  r  and  Rs  r   are the intensities of 

directly transmitted and small-angle scattered photons from 
the x-ray beam along the direction  θ, respectively.  Eq. (9) 
can be normalized as, 
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are the photon transmission and small-angle scattering 
transference, respectively, and 0  is the initial intensity of 

incident x-ray.  In Eq. (10), the detector acquires small angle 
scattering signals from a pixel within an angle depending on 
the distance from the pixel to the detector. To reconstruct an 
intrinsic small-angle scattering coefficient sam defined with 
the same scattering angle  β  at any position, we have the 
following formula 
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Note that  
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2


  sw r  if we assume that the small angle 

scattering is isotropic, and   1 sw r  if the detector is far 

away from the object being imaged. Eq. (11) describes the 
relationship between the small-angle scattering coefficient, 
measured photon transmission and small-angle scattering 
transference. Since Eq. (11) is a standard Radon transform 
with respect to the small-angle scattering coefficient, any 
classical CT reconstruction algorithm, such as the filtered 
back-projection (FBP) algorithm, ART, SART and 
compressive sensing techniques, can be applied to reconstruct 
a small-angle scattering coefficient distribution [20]. 

TABLE 1. Forbild phantom’s attenuation coefficient (µt) and small-
angle scattering coefficient (µs×10-4) 

Type I II III IV V VI VII 

µt 0.100 0.130 0.251 0.221 0.110 0.105 0.102 

µs 1.369 2.568 5.136 8.560 4.280 3.424 3.424 

III.  NUMERICAL EXPERIMENTS 

We employed Forbild's phantom (http://www.imp.uni-
erlangen.de/phantoms/lowcontrast/lowcontrast.htm) to 
evaluate the proposed dark-field tomographic method based 
on the proposed small-angle scattering model Eq. (11) with 

  1 sw r . This is a low attenuation contrast phantom. It is 

piecewise constant and consists of 40 disks with different 
absorption and small-angle scattering properties, being 
divided into I, II, ..., VII classes,  as shown in Table I and 
Fig.1 (a).  In this study, the incidence x-ray wavelength was 
0.1Å. The detector array included 512 elements and the 
parallel-beam scanning mode was assumed. A total of 180 
projections were recorded over a 180 degree ranges. The dark-
field/transmission data were simulated using our in-house 
Monte Carlo simulator. The small-angle scattering image was 
in a 512 by 512 matrix. Then, the filtered back-projection 
(FBP) reconstruction algorithm was used to reconstruct small-
angle scattering images based on the proposed model. The 
reconstructed scattering images were in an excellent 

agreement with the original small-angle scattering image, as 
shown in Fig. 1(a-c), and the average relative error is less than 
5%. Also, we performed a direct reconstruction from the dark-
field data based on the following linear integral model [7,12]:  

   dssR
R

ss    0

0

0 rr                  (12) 

Because of the mismatch between Eq. (12) and the real 
physical process, the reconstructed small-angle scattering 
coefficient distribution contained significant artifacts, as 
shown in Fig.2 (a-c). Furthermore, we performed attenuation-
based reconstruction from the measured transmission data of 
the phantom. In this case, the interior disks could not be 
discerned due to the insufficient attenuation contrast, as 
shown in Figure 3 (b), while the small-angle scattering image 
obviously yield a much better contrast the interior disks, as 
shown in Figure 1 (b). 

 
Fig. 1. Comparison of reconstructed small-angle scattering images
from x-ray Monte Carlo simulation data. (a) The original small-angle
scattering image, and I, II, ..., VII indicate the different small-angle
scattering properties in the phantom; (b) the reconstructed small-
angle scattering image using the filtered back-projection method
based on our proposed physical model, and (c) the profiles along the
vertical midlines in (a) and (b) respectively. 

 
Fig. 2. Comparison of reconstructed small-angle scattering images
from x-ray Monte Carlo simulation data. (a) The original small-angle
scattering image; (b) the reconstructed small-angle scattering image
using the filtered back-projection method based on the direct linear
integral model, and (c) the profiles along the vertical midlines in (a)
and (b) respectively.  
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IV. DISCUSSIONS AND CONCLUSION 

X-ray dark-field imaging collects scattering signals at very 
small-angles and extracts information on small-angle 
scattering properties. The acquisition method requires that the 
measured intensity of small-angle scattering signals should 
reflect the small-angle scattering properties of its primary 
beam path and avoid the cross-talk of scattering signals from 
different x-ray beams that would degrade the dark-field image 
quality and compromise 3D reconstruction. At present, there 
are several methods to extract the small-angle scattering 
signals, such as fan-beam and cone-beam scanning [6], grating 
interferometer [8], diffraction-enhanced imaging, and multiple 
beam configurations with highly collimated x-ray sources and 
anti-wide-angle scattering detectors. 

The x-ray wide-angle scattering photons are scattered far 
away from the primary beam due to their large mean free path 
values at hard x-ray energy levels, and distributed in a wide 
angular range. Because the angular range of small-angle 
scattering photons is very narrow as compared to the whole 
scattering angular range, the probability that the wide-angle 
scattered photons are re-scattered back into the very narrow 
small-angle scattering range around the primary beam is rather 
low in practical x-ray imaging experiments. Based on this 
understanding, our physical model should be quite accurate 
for x-ray small-angle scattering imaging. It is a general model 
and suitable for various acquisition modalities of x-ray small-
angle scattering signals. 

In summary, we have developed a novel physical model to 
describe the x-ray small-angle scattering process based on the 
principle of energy conservation. Our numerical simulation 
and biological experiment have shown that the proposed dark-
field tomographic imaging method can generate high-quality 
small-angle scattering images, yielding superior contrast 
resolution for low attenuation contrast features relative to 
conventional attenuation-based CT results. Moreover, while 
the attenuation-based CT deposits more x-ray energy for 
higher contrast resolution, the dark-field imaging method does 
not intrinsically depend on photon absorption to generate 
contrast. As a result, for x-ray dark-field imaging x-ray energy 
can be chosen to minimize radiation damage in an object. 
Moreover, grating interferometric imaging can provide a 
higher contrast-to-noise ratio than conventional attenuation 
imaging at an equivalent dose level for most materials and has 
a better radiation dose efficiency than conventional 

attenuation-based CT . Therefore, x-ray dark-field imaging 
has a great potential for preclinical and clinical applications. 
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Fig. 3. Comparison of reconstructed small-angle scattering images.
(a) The original small-angle scattering image, and I, II, ..., VII
indicate the different attenuation properties in the phantom;  (b) the
reconstructed attenuation image from the transmission projection data
using the filtered back-projection method. 
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Abstract—X-ray in-line phase contrast computed tomography 

(CT) is an effective nondestructive tool, providing 3D distribution 

of the refractive index of weakly absorbing low-Z object with 

high resolution and image contrast, especially with high-brilliance 

third-generation synchrotron radiation sources. Modified 

Bronnikov's algorithm (MBA), one of the in-line phase contrast 

CT reconstruction algorithms, can reconstruct the refractive 

index distribution of a pure phase object with a single computed 

tomographic data set. The key idea of the MBA is to use a 

correction factor in the filter function to stabilize the behavior at 

low frequencies. In this paper, we evaluate the influences of the 

correction factor to the final reconstruction results of the 

absorption-phase-mixed objects with analytical simulation and 

actual experiments. The limitations of the MBA are discussed 

finally. 

 

Keywords—In-line phase contrast computed tomography, 

phase retrieval, Modified Bronnikov’s Algorithm 

1. INTRODUCTION 

X-ray computed tomography (CT) technology is one of the 

most important methods for nondestructive testing. 

Conventional attenuation-based CT shows excellent results 

when imaging highly absorption structures such as bones. 

However, it shows poor result when imaging weakly 

absorption objects such as soft tissue. But soft tissue can 

produce significant phase shifts of the X-ray beam. Phase 

contrast CT, which reconstructing the refractive index 

distribution of an object, can provide a better result than the 

conventional attenuation-based CT for weakly absorption 

objects. Several methods to generate phase contrast images 

have been investigated with synchrotron radiation or 

microfocal X-ray sources. Interferometric-based methods
 [1-2] 

measure ϕ directly using an X-ray interferometer. 

Analyzer-based methods
 [3-4]

 and grating-based methods
 [5-6]

 

use a perfect crystal and a grating interferometer, respectively, 

to yield differential phase shift (▽ϕ). In-line imaging methods
 

[7-9] 
provide contrast which is relative to the second derivative 

of phase shift (▽2
ϕ) by applying Fresnel diffraction.

 1
 

In-line phase contrast imaging with synchrotron radiation 

sources was first reported in 1995 by A.Snigirev and 

I.Snigireva, et al
 [9]

. In 1996, in-line phase contrast imaging 
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with a microfocus X-ray tube was demonstrated by 

S.W.Wilkins et al
[10]

 These methods used high spatial 

coherence sources and high resolution X-ray imaging detectors 

with a given distance between the samples and the detectors. 

The wave fronts of the coherent X-rays were distorted as the 

X-rays passed through the samples. Edge enhancement due to 

the refractive index variations in the samples can be observed 

on the detector after the X-rays propagate a proper distance 

from the samples. Much work has been done to retrieval 

refractive index (ϕ) from in-line images which are 

approximately represented as differential refractive index 

(▽2
ϕ)

[8-14
]. In 1999, Bronnikov proposed a direct 

reconstruction method which could reconstruct the 3D 

distribution of refractive index of the samples from the in-line 

images directly
[11-13]

. However, this method is only available 

for pure phase objects since it uses a filter which is unstable at 

low frequencies. In 2006, Bronnikov
[13]

 and Groso
[14]

 et al, 

respectively, brought forward the Modified Bronnikov's 

algorithm (MBA) which added a correction factor to the 

denominator of the filter to stabilize the behavior of the filter 

at the lower frequencies. 

In this paper, we will focus on the correction factor of the 

MBA. In the section 2, we will present the basic theory of 

MBA. In the section 3, we will give an evaluation on the 

influences of the correction factor with analytical simulation. 

In the section 4, we will evaluate the correction factor with 

actual experiments. Finally, we will draw a conclusion in the 

section 5. 

2. THEORY 

The Schematic diagram of an in-line imaging experimental 

system with synchrotron radiation is shown in Fig. 1. An 

object is illuminated by a monochromatic plane wave of 

wavelength λ, and a detector is placed at distance z=d. 

d

sample
detector  

synchrotron radiation
z

y

x

Fig. 1: The schematic diagram of the in-line experimental system, where d is 
the distance from the sample to the detector. 

 

In the near field Fresnel region, if /2ad  (a is the 

transversal size of the smallest structure in the object) and 
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Dd  (D is the size of the object), the intensity distribution 

at distance z=d can be approximated by the following 

expression
[11-14] 
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 , ),(0, yxI z  is the intensity 

distribution at the distance z=0 , θ is the rotation angle of the 

CT processing and ( , )x y is the phase function of the 

X-rays passing through the object which can be express 

as
[11-14]
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Where f(x,y,z)=n(x , y ,z)-1, n(x , y ,z) is the real part of the 

refractive index. 
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then the distribution of the refractive index decrement of the 

object, ),,( zyx
, 

can be solved by
[11-13]
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The corresponding transfer function of ),( yxq in Fourier 

domain, ),( Q
,
 is

[11-13]
: 
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),( Q  has a single pole at the origin of coordinates, 

which leads the instability of the solution for low-frequency 

noises. Therefore, a correction factor   is add to the 

denominator of ),( Q to stabilize it:
[13-14]
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This is so-called Modified Bronnikov's Algorithm (MBA). 

At least two projection images at different distances from 

source to detector are needed to obtain ),( yxg . However, 

for pure phase objects or weak absorption objects (that 

is, 1),(0,  yxI z ), 1),(),( ,   yxIyxg dz . That is to 

say, the refractive index decrement distribution of the object 

can be retrieved by use of one single tomographic data set. 

3. EVALUATION 

Qα(ε,η) is only an approximation of the exact filter function 

with the correction factor α at the low spatial frequencies. 

Some analytical simulation experiments with both pure phase 

phantom and absorption-phase-mixed phantoms were done to 

evaluate the differences between the retrieved results and real 

values of the refractive index decrement distribution in the 

object. In all experiments, 180 phase contrast projections were 

generated by the Fresnel propagator
 [15-16] 

with λ=1 Å, the 

distance from the sample to the detector d=30cm, 200
2
 pixels 

detector array with isotropic pixel size of 5μm. 

The refractive index decrement distributions of the 

phantoms were reconstructed by MBA with different α. 

The pure phase phantom was a three dimension 

Shepp-Loggn phantom whose parameters are shown in table 1.  

 

Table.1: The parameters of the pure phase Shepp-Loggn phantom. 

 

Some of the reconstructed results of the pure phase 

Shepp-Loggn phantom are shown in Fig. 2. In order to 

evaluate the retrieval quality, the correlation coefficients 

between the retrieved results and the real values of the 

phantoms were calculated with the follow formula: 





  

 






M

i

N

j

ji

M

i

N

j

ji

M

i

N

j

jiji

XY

YYXX

YYXX

R

1 1

2

,

1 1

2

,

1 1

,,

)()(

))((

 (8) 

Where Xi,j
 
is the retrieved value, Yi,j

 
is the real value,  M, N 

the two dimensions of the image and RXY is the correlation 

coefficient. 

The correlation coefficients were plotted in Fig. 3(a). It is 

found that the pure phase phantom cans be well retrieved with 

the correction factor α smaller than 10
5
 m

-2
, while the results 

become worse as α increase. 

 

 
Fig. 2: The reconstruction results of the pure phase phantom with the 

correction factor α = 0, 109，1012 m-2 , respectively. 

δ 
a/m

m 

b/m

m 

c/m

m 

x0/m

m 
y0/mm 

z0/m

m 
ϕ θ 

10-6 0.69 0.92 0.81 0 0 0 0 0 

-8×10-7 0.66 0.87 0.78 0 -0.18 0 0 0 

-2×10-7 0.11 0.31 0.22 0.22 0 0 -18 0 

-2×10-7 0.16 0.41 0.28 
-0.2

2 
0 0 18 0 

10-7 0.21 0.25 0.41 0 0.35 
-0.1
5 

0 0 

10-7 0.05 0.05 0.05 0 0.10 0.25 0 0 

10-7 0.05 0.05 0.05 0 -0.10 0.25 0 0 

10-7 0.05 0.02 0.05 
-0.0

8 
-0.60 0 0 0 

10-7 0.02 0.02 0.02 0 -0.60 0 0 0 
10-7 0.02 0.05 0.02 0.06 -0.60 0 0 0 
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There were two kinds of absorption-phase-mixed 

Shepp-Loggn phantoms whose elliptical structures’ refractive 

index decrements were the same as those of the pure phase 

phantom:  

1) Each elliptical structure in the absorption-phase-mixed 

Shepp-Loggn phantoms had the absorption coefficient index (β) 

proportional to refractive index decrement. Fig. 3(b) shows the 

correlation coefficients between the retrieved results and the 

real values of four phantoms (PA, PB, PC, PD) with different 

proportions of β/δ, 1, 10
-2

, 10
-3

, 10
-4

, respectively. 

2) Each elliptical structure in the absorption-phase-mixed 

Shepp-Loggn phantoms had a uniform absorption coefficient 

index. Fig. 3(c) shows the correlation coefficients between the 

retrieved results and the real values of four phantoms (PE, PF, 

PG, PH) with different uniform absorption coefficient index, 

10
-6

, 10
-8

, 10
-9

, 10
-10 

m
-1

, respectively. 

 

 

Fig. 3: The correlation coefficients between the retrieved results using 

different α and the real values of the phantoms (a) pure phase phantoms (b) 

absorption-phase-mixed phantoms with different proportions of β/δ, (c) 

absorption-phase-mixed phantoms with different uniform absorption 

coefficient index. 

 

It is found that the phase contrast information (that is, 

refractive index decrement distribution) can be well retrieved 

with a small α under the weak absorption condition, while the 

phase contrast information almost can't be well retrieved under 

the strong absorption condition. Note that the phase contrast 

information could be retrieved approximatively with a proper 

α in the range from 10
6
 to 10

7
 if the absorption-phase-mixed 

objects have small absorption coefficient indexes which can’t 

be neglected. The deduction is very important for real objects 

inspected in actual experiments. 

 

4. EXPERIMENT 

Two samples, a polyethylene tube and a cochlea of a guinea 

pig were inspected with in-line phase contrast CT system at 

the Shanghai Synchrotron Radiation Facility (SSRF). The 

distance from the detector to the sample was 1m and the pixel 

size of the CCD camera was 9μm in the experiment. The 

monochromatic photon energies were 30keV and 15keV for 

the polyethylene tube and the cochlea of a guinea pig, 

respectively.  

 

 
Fig. 4: The reconstruction results of a polyethylene tube:(a)  The images 

reconstructed by MBA with correction factor α = 0, 5×105, 5×106，5×107，

5×108，5×109 m-2 (b) The profiles along the lines in (a). 
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Fig. 5: The reconstruction results of a cochlear of a guinea pig. (a) The images 

reconstructed by MBA with correction factor α = 0, 5×105, 5×106，5×107，

5×108，5×109 m-2  (b) The profiles along the lines in (a) . 

 

The retrieved tomographic slices of both samples with 

different α are shown in Fig. 4 and Fig. 5, respectively. Both 

samples are not pure phase objects. The β of the polyethylene 

is approximately 10
-7 

and the proportions of β/δ of the 

polyethylene tube is approximately 10
-1

. The β of the cochlea 

is approximately 10
-6 

and the radio of β to δ of the cochlea is 

approximately 1. It is found that the results retrieved with 

α=5×10
6
 m

-2
 are most closer to the actual structures of the 

samples. However, there is still little artifact at the third image 

of Fig.4, it is because that Qα(ε,η) is only an approximation of 

the exact filter function, so there is little lower frequency noise 

with the phase-contrast retrieving. The value of α is within the 

range from 10
6
 to 10

7
 deduced in the previous simulation 

experiments. The value of α should not be too large or small to 

retrieve the phase contrast information of the weakly absorbing 

materials. 

5. CONCLUSION 

We demonstrated the evaluation of the correction factor in 

MBA and the reconstruction the 3D distribution of the 

refractive index of weakly absorbing objects. Both analytical 

simulation and actual experiments were done to evaluate that 

the phase information of weak absorption objects can be well 

retrieved with an appropriate correction factor with in the 

range from 10
6
 to 10

7
, while the phase information of strong 

absorption objects almost can't be retrieved whatever the 

correction factor is. More research work should be done to 

retrieve phase information from strong absorption object in the 

future. 
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Iterative Reconstruction for Differential Phase
Contrast Imaging: Theory and Initial Results

Thomas Köhler∗, Bernhard Brendel∗, and Ewald Roessl∗

Abstract— In this work we derive a maximum likelihood
reconstruction algorithm with regularization for differen-
tial phase contrast imaging. Forward and back-projection
is implemented using spherically symmetric basis functions
(blobs) and differential footprints, thus completely avoiding
the need for numerical differentiation throughout the re-
construction process. The initial results show reduced noise
level compared with filtered back-projection. However, the
amount of noise reduction is limited which we attribute to
the fact that the locally acting regularization term is not
efficient in suppressing the dominant low-frequency noise.

I. Introduction

Iterative reconstruction in general and statistical itera-
tive reconstruction in particular is currently one of the hot
topics in CT reconstruction [1–5]. One major objective
of statistical iterative reconstruction is to improve the sig-
nal to noise ratio (SNR) in reconstructed images compared
with filtered back-projection (FBP). This is obtained by
using a priori knowledge, e. g., an improved geometrical
and physical modeling of the system and by proper mod-
eling of the noise in the data.

Another new trend in X-ray imaging is to perform in
addition to the conventional absorption contrast imaging
(ACI) also phase contrast imaging (PCI). This became re-
cently feasible even with a conventional x-ray tube by using
a Talbot-Lau interferometer [6–9] and is known as differ-
ential phase contrast imaging (DPCI). This technique pro-
vides additional information about the object [10,11] and,
furthermore, shows excellent soft-tissue contrast [12–14]
that would likely add diagnostic value if it is applicable
to human imaging.

Barely any work has been published so far on a combi-
nation of differential phase contrast imaging and iterative
reconstruction. In fact, we are aware only of the work by
Qi et al. [15]. In their work, the focus is on the aspect of
reconstruction of sparsely sampled differential projections.
In order to facilitate this, the concept of total variation
(TV) minimization known in the field of transmission to-
mography was adopted to the field of DPCI. The imple-
mentation by Qi et al. further requires empirical weighting
factors since in their implementation, the derivative is im-
plemented as a weighted sum of projections through the
image differentiated along the two major axes.

In this work, we propose a new way to handle the fea-
ture that the data are differential projections by using blobs
as basis functions in image domain and appropriate foot-
prints, which is an elegant and natural way to implement

∗ Philips Research Laboratories, Röntgenstrasse 24-26, D-22335
Hamburg, Germany; Corresponding author is Thomas Köhler
(thomas.koehler@philips.com)

differential forward projection. Furthermore, we discuss
other implications of the differential nature of the data on
iterative image reconstruction.

II. Method

A. Measurement setup

The setup for grating based PCI is depicted in Fig. 1,
where only the most important optical elements required
for phase contrast imaging are shown [7, 9]. A plane wave
of coherent x-rays hits the sample. Due to refraction, the
phase front behind the object is distorted. The distorted
wavefront passes a beam-splitter grating G1, which creates
a characteristic interference pattern at the location of the
analyzer grating G2. The interference pattern is imaged by
measuring the x-ray intensity using a detector D immedi-
ately behind G2 at several relative transverse positions of
the gratings G1 and G2. From this series of projection im-
ages projections of three different physical quantities can
be derived: The conventional attenuation projection, the
(differential) projection of the real part of the refractive
index of the object, and a projection related to small angle
scattering [16].

G1 G2 Dy

x

Fig. 1. Grating based differential phase contrast imaging setup.

-2 -1 1 2
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Fig. 2. Footprint of a Kaiser-Bessel blob and its derivative.

B. Reconstruction Algorithms

The basic prerequisites of an iterative reconstruction al-
gorithm are a discrete representation of the image and a
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discrete implementation of a forward projection operator.
A single projection datum is parameterized in 2D by the
projection angle θ and the distance ̺ of the ray to the ori-
gin. Let δ be a vector that represents the image, i. e., the
real part of the refractive index of the object, and Pθ be a
conventional projection operator with the projection direc-
tion θ. The measured differential data dθ of a projection
taken at direction θ correspond to the first derivative of
Pθδ with respect to ̺:

dθ =
∂

∂̺
Pθδ . (1)

Qi et al. implemented the differentiation by exchanging dif-
ferentiation and projection and splitting the differentiation
with respect to ̺ into a weighted sum of differentiations
along the two major axes of the coordinate system. Here,
we include the differentiation directly into a forward oper-
ator A, i. e.,

A =
∂

∂̺
P . (2)

Since we want to avoid implementing the derivative as
a numerical calculation using finite differences1, we rather
adapt the idea of using spherically symmetric basis func-
tions to represent the image. Specifically, we use the well-
known Kaiser-Bessel functions as proposed by Lewitt [17]

bm,a,α(r) =

{
(1−(r/a)2)

m/2
Im(α

√
1−(r/a)2)

Im(α) for 0 ≤ r ≤ a

0 else
(3)

where r is the distance from the center of the blob, Im
denotes the modified Bessel function of order m, a is the
radial dimension of the blob, and α is a taper parameter
controlling the blob shape. The beauty of this approach is
that the projection of an image element does not depend
on the projection direction and that this projection can be
calculated analytically. In an implementation of a forward
projection using blobs as basis functions, this projection
of the basis function, the so-called footprint, is stored in a
lookup table. Note that it is easy to account for a finite
detector pixel size by a simple convolution of the footprint
with the pixel size. Now turning to the problem of differ-
ential data, we note that differentiation is a linear operator
and thus instead of calculating a derivative of the entire
projection, we can equivalently calculate the derivative of
the conventional contribution of each blob independently.
This can be conveniently implemented by simply using the
derivative of the conventional footprint. Fig. 2 shows the
conventional footprint of a 2D Kaiser-Bessel blob and the
differential footprint that needs to be used for DPCI.

Fig. 3 illustrates how to calculate the elements aij of the
system matrix A.

1One initial thought for the implementation of an iterative recon-
struction algorithm might be to integrate the data and to apply one of
the multitude of algorithms for transmission tomography. However,
this is not recommended for two reasons: Firstly, numerical integra-
tion is not as simple as it looks and can easily lead to artifacts in
the sinogram (see, e. g., the integrated projection images in [7]). Sec-
ondly, integration introduces a long ranging correlation of the noise
within each detector row whereas the algorithms for transmission to-
mography assume uncorrelated noise of the data.

Fig. 3. Illustration of forward projection using blobs. A sample
blob indicated as a red dot in image grid has a support as indicated
by the red circle. The contribution of this blob to the differential
projection is obtained by forward projection of the blob center to the
detector (green line) in order to determine the relative position of the
differential footprint to the detector and sampling the pre-tabulated
differential footprint (which contains already a convolution with the
active detector pixel width) at the detector pixel centers (blue dots).

Now having defined the forward operation, we still need
to pick a noise model. Since the differential data d are gen-
erated by a fit of a cosine function to a couple of intensity
measurements, it is reasonable to assume Gaussian noise
on these data. The variances of the data di is denoted σ2

i .
Then the log-likelihood function (omitting constant terms)
is

L = −1

2

∑

i

1

σ2
i

(di − [Aδ]i)
2
. (4)

Now we aim at deriving an SPS-type algorithm [18] for
the problem of maximization of the log-likelihood function.
We can write

L =
∑

i

hi([Aδ]i) (5)

with

hi(l) = − 1

2σ2
i

(di − l)
2
. (6)

In the following, we also need the first and second deriva-
tive of hi:

h′
i(l) = (di − l)/σ2

i (7)

h′′
i (l) = −1/σ2

i . (8)

Since h′′
i (l) < 0, we note that hi is a strictly concave func-

tion. Let’s denote the current image estimate as δ(n) and
the resulting current estimate for the differential line inte-
grals as d(n) with the relation

d
(n)
i =

∑

j

aijδ
(n)
j . (9)

Now we can write the log-likelihood function as

L =
∑

i

hi


∑

j

aijδj −
∑

j

aijδ
(n)
j + d

(n)
i


 (10)

=
∑

i

hi


∑

j

aij

(
δj − δ

(n)
j

)
+ d

(n)
i


 . (11)
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Since h is strictly concave, we can apply Jensen’s inequality
(which is also known as DiPierro’s trick) for any set of
weights αij ≥ 0 with

∑
j αij = 1, leading to

L =
∑

i

hi


∑

j

αij

(
aij

αij

(
δj − δ

(n)
j

)
+ d

(n)
i

)
(12)

≥
∑

i

∑

j

αijhi

(
aij

αij

(
δj − δ

(n)
j

)
+ d

(n)
i

)
, (13)

which is a separable function in the unknown image ele-
ments δj . Applying the Newton-Raphson method leads to
the iteration function

δ
(n+1)
j = δ

(n)
j +

∑
i aij

1
σ2

i
(di − d

(n)
i )

∑
i

a2
ij

αij

1
σ2

i

. (14)

In the standard SPS algorithm [18], αij are chosen as

αij = aij/
∑

j

aij , (15)

which we need to change to

αij = |aij |/
∑

j

|aij | , (16)

to meet the prerequisite of αij ≥ 0 since the elements of
the system matrix A are no longer non-negative. Inserting
Eq. (16) into Eq. (14) leads to the final form of the SPS
algorithm for DPCI

δ
(n+1)
j = δ

(n)
j +

∑
i

aij

σ2
i
(di − d

(n)
i )

∑
i

|aij |
σ2

i

∑
j |aij |

. (17)

Finally, regularization can be added to the SPS algo-
rithm in the usual way since total cost function Ψ(δ) to
maximize is simply the sum of the log-likelihood and a
roughness penalty −βR(δ)

Ψ(δ) = L(δ) − βR(δ) (18)

where β is the regularization parameter. The roughness
penalty is written in the form

R(δ) =
∑

j

∑

k∈Nj

wjkψ(δj − δk) (19)

where Nj is the set of all neighbor grid points of the grid
point j, ψ is a convex potential function, and wjk are
weights, which can be used, e. g., to account for the ge-
ometrical distance of the grid points j and k. Since the
roughness term is already separable, the final update equa-
tion of the regularized SPS for DPCI is

δ
(n+1)
j = δ

(n)
j +

∑
i

aij

σ2
i
(di − d

(n)
i ) − β

∑
k∈Nj

wjkψ
′(δj − δk)

∑
i

|aij |
σ2

i

∑
j

|aij | − β
∑

k∈Nj

wjkψ′′(δj − δk)
.

(20)

The Huber potential function

ψ∆(x) =

{
x2/2 for |x| < ∆
∆|x| − ∆2/2 for |x| ≥ ∆

(21)

was used for the potential function. As recommended by
Erdogan and Fessler [19], the second derivative of ψ(x) in
the denominator of Eq. (20) was replaced by ψ′(x)/x.

III. Results

Fig. 4 shows the mathematical phantom used in the
study, which we already used in [11]. A parallel beam
short scan sinogram with 721 projections was simulated
at 45 keV. The projection size was 256 columns and the re-
construction was performed on a 3842 grid. The parameter
∆ is always given in % of the background image value.

Water

Breast HwholeL
50�50

Lipid

Water

Adipose tissue
lipoma

Breast mammary
gland adult 2

Breast mammary
gland adult 2

Breast mammary
gland adult 3

Breast HwholeL
33�67

Water

Fig. 4. Phantom used for simulations. The diameter of the object
is 110 mm. The background material is breast mammary adult 1.
See [20] for the material definitions.

The numerator of the update term in Eq. (17) is ba-
sically a back-projection of the variance weighted differ-

ences between measured data di and current estimates d
(n)
i .

Fig. 5 shows the sinogram d of differential data and the
plain back-projection (i. e., AT d) of these data into image
space. Evidently, the plain back-projection recovers the
edges of the phantom already reasonably well, whereas the
low spatial frequencies of the object are completely wrong.
This illustrates that the back-projection has completely dif-
ferent properties than the back-projection of conventional
ACI: The conventional back-projection recovers only the
low spatial frequencies well but it heavily smears the edges,
whereas the back-projection of DPCI, edges are recovered
well, but the low spatial frequencies are not. Since the
update during the iterative reconstruction uses the back-
projection, low frequencies converge much slower than high
frequencies, which is opposite to the common behavior of
iterative reconstruction in the field of ACI. However, it is
qualitatively in line with the feature that the ill-posedness
of DPCI is located at low spatial frequencies in DPCI
whereas it is located at high spatial frequencies for ACI.
Fig. 6 illustrates the rather slow convergence speed at low
frequencies. For these and for all following reconstruction
results, an ordered subset version of the SPS algorithm
with 103 subsets was used.

Fig. 7 shows reconstruction results of the phantom us-
ing FBP and the SPS algorithm for the noise free case.
Apart from overshoots at the object edge, the phantom is
recovered well by the SPS algorithm.
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Fig. 5. Illustration of a DPCI sinogram containing differential pro-
jection data (left) and a plain, unfiltered back-projection of these
data (right). The level is set to the center of the dynamic range and
the window is set to 10% and 20% for the sinogram and the image,
respectively.

Fig. 6. Illustration of the slow convergence speed of the SPS algo-
rithm for low spatial frequencies. From left to right: Image estimate
after 10, 100, and 1000 iterations of the SPS algorithm using 101 sub-
sets and a blank start image. Level and window is set for each image
to show the full dynamic range.

Reconstruction results of noisy data are shown in Fig. 8
for different choices of the regularization parameter β and
Huber parameter ∆. In order to handle the slow conver-
gence at low frequencies, we used FBP as the initial images
followed by 100 iterations.

The implemented Huber regularization penalizes differ-
ences between neighboring image points, i. e., it is efficient
in suppressing high-frequency noise, which is also the dom-
inant noise in ACI. However, noise in DPCI is predomi-
nantly located at low spatial frequencies [11]. This is likely
the reason that the noise reduction is limited for moder-
ate values of ∆ in the Huber potential function. Only if
∆ is chosen very small, i. e., in a regime where the Huber
regularization behaves very similar to total variation min-
imization, we achieved a substantial suppression of noise.
However, we also note that this noise suppression does not
lead to a better visibility of the objects of very small con-
trast in the object (e. g., water and adipose tissue lipoma).

Fig. 7. Reconstruction results for the noise-free case: FBP (left) and
SPS (right, 1000 iterations with blank initial image, ∆ = 2, β = 5).
The level is set to the background material and the window to 20%
of the window.

Fig. 8. Reconstruction results for the noisy case. FBP (top left), SPS
with ∆ equal to 20 (top right), 2 (bottom left), and 0.2 (bottom right),
β = 5, 50, and 500, respectively. The level is set to the background
material and the window to 25% of the level.

IV. Summary

We presented an elegant way to set up a forward projec-
tion operator for DPCI using blobs and differential foot-
prints that avoids any numerical differentiation and heuris-
tic weighting in iterative reconstruction as described in for-
mer work by Qi et al. [15]. Our concept can be easily ex-
tended to a divergent beam geometry by considering the
magnification. It can also easily be extended to 3D cone-
beam imaging by using the 2D footprint of the 3D blob
which is differentiated in one direction only, namely the
direction perpendicular to the grating trenches of G1 and
G2.

We further derived an SPS-type ML reconstruction al-
gorithm with regularization for DPCI. Initial results ob-
tained with an edge-preserving regularization show a re-
duced noise level compared with FBP.
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Regional Spatio-temporal Prior Based Dynamic 
PET Reconstruction 

Zhaoying Bian, Jianhua Ma, Jing Huang, Hua Zhang, Lijun Lu, Qianjin Feng, and Wufan Chen* 

  
Abstract—High quality dynamic positron emission tomography 

(PET) reconstruction is a challenging issue due to the 
spatio-temporal nature and the complexity of the measurement 
data. Conventional frame-by-frame approaches fail to explore the 
temporal information of dynamic PET measurement, and may 
lead to inaccurate results due to the low counting rates and noise 
effect. To deal with the ill-conditioning of image reconstruction, 
some proper prior knowledge should be incorporated to constrain 
the whole reconstruction. In this paper, a regional spatio-temporal 
(RST) prior model is proposed based on Bayesian theory. The 
proposed prior, combining the spatial prior widely used in 
conventional reconstruction and the temporal prior used in 
compartment model, can exploit sufficiently both the spatial and 
temporal information of dynamic PET activity images. 
Comparing with other classical reconstruction methods, the 
proposed method achieves better dynamic PET reconstruction 
and results in more accurate estimate to the kinetic parameters. 
 

Index Terms—Dynamic PET, Bayesian reconstruction, regional 
spatio-temporal prior, compartment model 
 

I. INTRODUCTION 
Dynamic positron emission tomography (PET) enables the 

in-vivo imaging of biochemical processes, which provides 
quantitative and noninvasive information of physiological and 
biological processes to lead to improve drug discovery and 
disease treatment [1]. However, reconstructing the dynamic 
PET activity images is often an ill-posed problem due to low 
counting rates and noise effect [2]. Furthermore, the estimation 
accuracy of kinetic parameters depends directly on the quality 
of dynamic activity images. 

To reduce noise, one simple and relatively mature 
approaches are conventional frame-by-frame reconstruction 
with spatial regularization or post-processing. However， by 
frame-by-frame reconstruction the estimated kinetic parameters 
often have a very lower accuracy due to the low signal to noise 
ratio (SNR) of TACs without consideration of the temporal 
information of dynamic PET measurement. So incorporating 
the temporal information to dynamic PET reconstruction is 
necessary. Such one approaches are accommodate temporal 

information in the reconstruction procedure through temporal 
basis functions by representing the TACs as a sum of temporal 
functions: such as, B-splines or other sophisticated functions [3]. 
These methods estimate the weight of each temporal basis 
component for each voxel and produce activity images with 
higher spatial resolution for comparable variance. However, the 
basis functions, and hence the weight values, have no 
immediate physiological interpretation. Moreover, the selection 
of the optimal type of basis function and their proper number 
remains a significant challenge. Recently, a temporal prior that 
constrains each voxel’s behavior in time to conform to a 
one-tissue compartmental model has been used in dynamic 
SPECT (single-photon emission computed tomography) 
reconstruction [4] with high quality image reconstruction and 
accurate kinetic parameter estimation.  
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As we known, Bayesian theory based maximum a posteriori 
(MAP) algorithm has been widely used to solve the ill-posed 
PET reconstruction [5], which incorporates image prior 
information into the image reconstruction. In this paper, we 
propose a regional spatio-temporal prior model for dynamic 
PET reconstruction based on MAP reconstruction strategy. The 
presented prior model exploits sufficiently both the spatial and 
temporal information of dynamic PET data. Computer 
simulations of brain dynamic 18  PET was conducted to 
validate the proposed method. The comparisons with other 
classical reconstruction methods show that the proposed 
method achieves better dynamic PET reconstruction and results 
in more accurate estimate to the kinetic parameters.  

II. MATERIALS AND METHODS 

A. PET Statistical Model 
PET data are well modeled as a collection of independent 

Poisson random variables with the log-likelihood function 

1
( | ) ( ) log( ) ( ) log( ) !

M

t t t i t i t i t i
i

L
=

= − −∑y x y y y y ,            (1) 

where 1M
t

×∈y R
1N

 is the measured sinogram at frame t , 

t
×∈x R is the unknown activity image at frame t , 1M

t
×∈y R  

is the mean of the sinogram, which is related to the image  
through an affine transform: 

tx

t t= +y Gx rt , where M N×∈G R
1

 is 
the detection probability matrix, and MRt

×∈r is the 
expectation of scattered and random events at frame t . 

B. Two-tissue Compartment Model 
We explain a two-tissue compartment model which is 

commonly used in FDG studies. Let PC (pmol/ml) denotes the  
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Fig. 1.  A two-tissue compartment model with 4 kinetic parameters. 

 
tracer concentration in the plasma assumed to be spatially 
constant, FC (pmol/ml) the concentration of unbounded tracer, 
and BC (pmol/ml) the concentration of the bounded tracer. The 
kinetic parameters  are the rate constants 
that define the rate of tracer movement between compartments. 
The transfer of the tracer in the compartment model shown in 
Fig. 1 can be mathematically represented by a set of ordinary 
differential equations (ODEs): 

1
1 2 3 4, , , (min )k k k k −

1 2 3 4

( )
( ) ( ) ( ) ( )F

P F

dC t
k C t k k C t k C t

dt
= − + + B ,     (2) 

3 4

( )
( ) ( )B

F B

dC t
k C t k C t

dt
= − ,                               (3) 

where  denotes the time coordinate. Solving the ODEs 
above, we can get the relationship between the TAC of each 
ROI or voxel denoted by 

( 0)t t ≥

( )f t  and the kinetic parameters as 
follow: 

3 4
1 2

( ) (1 )[ ( ) ( )] ( )

(1 )[( ) ( )]

t
B F B A B WB

t t t
B

( )
P A

B WB

f t V C t C t S e V C t

V e e C t S e

λ

α α

V C t

λα α

−

− − −

= − + +

= − + ⊗
+

,     (4) 

where  denotes convolution, (nCi/pmol) is the initial 
specific activity of the tracer, 

⊗ AS
λ ( ) is the decay rate of the 

isotope,

1−min
BV

1, [= ±

 is a known constant for the volume fraction of the 
voxel that contains blood, and (nCi/ml) is the tracer activity 
concentration in whole blood. The parameters 

 and  

with 

WBC

]/21 2 1 2 3 4( ) /k k k k kα α − − 3 4 2 3 4, ( )/k k kα α = + + ± 2
2( )k k k= + + −2 3 4 2 4

( )

4k k . 

According to Eq. (4), f t  is fitted to conform to the 
two-tissue compartmental model, and then the optimal fitted 
ˆ ( )f t  with prior information in the time can be obtained. 

C. Pre-segmentation 
Segmentation for dynamic PET images is often used in 

quantification of tissue volumes, localization of tumors, 
treatment planning, and image-guided surgery. Particularly in 
the estimation of kinetic parameters, clustering the 
physiologically similar pixels into one ROI to estimate the 
kinetic parameters with the average TAC can effectively reduce 
noise in the single pixel’s TAC and improve the parameters 
estimation accuracy. There have been many ways to achieve 
segmentation for dynamic PET images, which include manual 
delineation and automatic segmentation [6-7]. To reduce the 
complexity of the reconstruction algorithm, we simply perform 
the pre-segmentation with manual delineation on the initial 
images for iterative reconstruction in this work. 

D. Regional Spatio-temporal Prior Model 
Based on MAP strategy, we can build the following PET 

image reconstruction cost function: 
ˆ arg min[ ( ) ( )]L Uβ= − +x y | x x

)
,                 (5) 

where  represents the likelihood function. 
Traditionally, the value of  is commonly computed 
through a simply weighted sum of potential functions 

(L y | x
( )U x

ψ  of the 
differences between pixels in the neighborhood : iN

1
( ) ( )

N

ij i j
i j Ni

U w xψ
= ∈

= ∑ ∑x x− ,                    (6) 

where weight  is usually considered to be the reciprocal of 
the Euclidean distance between pixel i  and  in local 
neighborhood prior model. 

ijw
j

Inspired by the spatial prior and the temporal prior been 
widely used in conventional PET reconstruction and 
compartment model based parameter reconstruction, we 
introduce a spatio-temporal prior model to exploit sufficiently 
the advantages both of the spatial and temporal information in 
the dynamic PET activity images reconstruction. Specially, a 
TAC vector can be described for each spatial pixel i  at each 
iteration by collecting the reconstructed activity estimates of the 
pixel over time: 1 2( ) [ , , , ]i i Tii x x x=X , where T  is time 
frames. By fitting the compartment model to X  using 
nonlinear least squares method, we can obtain a set of optimal 
kinetic parameters and the corresponding fitted curve . 
This process is called as compartment model fitting. Then, 
compartment model fitting is performed in each ROI, and the 
obtained  is used for pixels in this ROI to computer 
temporal prior. In summary, the regional spatio-temporal prior 
model can be denoted as follow: 

( )i

ˆ ( )iX

ˆ ( )iX

2

1 1

ˆ( ) ( ) ( )
i

N N

st t ij ti tj ti ti ti
i j N i

U x w x x w x xψ
= ∈ =

= − +∑ ∑ ∑
1, 2, ,t T

− ,

= ,                                         (7) 
where ( )st tU x

ˆ( ti tiw x x

 represents the prior energy function of the 
estimated activity image at frame t  during iteration 
reconstruction; is the spatial prior weight;  is the 
temporal prior weight of pixel of the activity image at frame , 

ijw

2 2) / ti

tiw
i t

ti σ= − ,
2

2 ˆ(ti ti ti
t 1

T

)x xσ −
=

= ∑ . For the spatial prior, 

an eight-neighborhood is set to incorporate spatial information 
in the image, and a simple quadratic function   is 
used as the potential function. With the regional 
spatio-temporal prior model, one step late (OSL) method is used 
to optimize Eq. (5) [5].  

2x x=( ) / 2ψ

To speed the reconstruction, an ordered-subsets (OS) method 
is also used in our reconstruction [8]. The estimated time 
sequence images are then reconstructed by conventional FBP 
method, which is well estimated for the consideration of speed 
and consistence. In addition, as the presented RST-OSMAP 
algorithm belongs to OSL iterative scheme, rigorous proof of 
global convergence may be hard, but the local optimal solution  
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Fig. 2.  (a) A brain phantom; (b) Regional TACs of gray matter, white matter and 
a small tumor. 
 
can be obtained by optimizing the reconstruction 
hype-parameters. 

III. SIMULATION AND RESULTS 

A. Simulation Design 
We conduct computer simulations of brain dynamic 

18 F-FDG  PET to validate the proposed RST-OSMAP 
algorithms. A digital phantom shown in Fig. 2(a) is used to 
simulate glucose metabolism in brain. It consists of gray matter, 
white matter and a small tumor. The TAC of each region shown 
in Fig. 2(b) is generated using a two tissue compartment model 
and an analytical blood input function ( )PC t  in Feng’s model 
[9]. The kinetic parameters used in the simulation are taken 
from literature [10] and are listed in Table 1. In the simulations, 

BV  is assumed to be zero, and the tracer is chosen to be 
18 F-FDG , which has a decay constant -1 . Total 
scan time is 90 min, divided into 24 time frames with 4×0.5min, 
4×2min and 16×5min. The TACs were integrated for each 
frame and forward projected to generate dynamic sinograms 
using a Poisson model. The imaging matrix is modeled using 
the MATLAB toolbox developed by Professor J. Fessler [11]. 
The detection probability matrix used in the reconstructions of 
brain phantom corresponds to parallel strip-integral geometry 
with 66 radial samples and 90 angular samples distributed 
uniformly over 180 degrees. The size of reconstructed images is 
64×64. The total number of counts in all sinogram frames is 
approximately 74.8 10× .The percentages of simulated delayed 
coincidences (scatter effects are ignored) in all counts are all set 
to be 10%. 

0.034minλ =

 
Tab. 1.  The kinetic parameters used in our simulations. 

ROI k1 k2 k3 k4 
Gray matter 0.1104 0.1910 0.1024 0.0094
White matter 0.0622 0.1248 0.0700 0.0097
Small tumor 0.0640 0.0890 0.0738 0.0057

 
In the experiments, all the iterative images are set to be FBP 

images reconstructed by using a ramp filter with cutoff at the 
Nyquist frequency. The regularization parameters of both 
QM-OS MAP and RST-OS MAP are chosen by hand to give 
the reconstructions with the highest SNR, where SNR is defined 
by 

2

10 2

( ( , ) ( ))
SNR 10log

( ( , ) ( , ))
i

truei

x t i x t
x t i x t i

⎛ ⎞−
= ⎜ ⎟⎜ ⎟−⎝ ⎠

∑
∑

,             (8) 

where ( , )x t i  denotes the activity of pixel i  in the 
reconstructed image at time frame , t ( , )truex t i  denotes the true 
activity  
 

 
(a) 

k1
 

    0

0.149

k2
 

  0

0.4

k3
 

    0

0.299

k4
 

   0

0.02

 
(b) 

Fig. 3.  (a) Reconstructed dynamic PET activity images at frames 4, 8, 12, 20 
(left to right). Followed by each line from top to bottom are the original true 
images, and the images reconstructed by FBP, QM-OSMAP and RST-OSMAP; 
(b) Parametric images of . Followed by each column from left to 
right are the original true parametric images and the parametric images 

1 2 3 4, , ,k k k k
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estimated from activity images reconstructed by FBP, QM-OSMAP and 
RST-OSMAP. 
 
generated from TACs, and ( )x t  denotes the mean activity of 
reconstructed image at time frame . t

B. Dynamic PET activity images 
Fig. 3(a) shows the reconstructed dynamic PET activity 

images at time frames 4, 8, 12, 20, and their corresponding 
SNRs are listed in Table 2. 
 
Tab. 2.  SNRs of reconstructed dynamic PET activity images in Fig. 3(a). 

SNR Frame 4 Frame 8 Frame 12 Frame 20
FBP 8.3803 9.1107 8.7925 8.5001 

QM-OSMAP 16.2789 17.7644 17.1811 17.0025
RST-OSMAP 23.0514 26.1452 26.4308 26.2050

 
From Fig. 3(a) and Table 1, we can see that the activity 

images reconstructed by both MAP methods have the higher 
SNR than FBP method with obvious noise-reduction. 
Furthermore, the presented RST-OSMAP method achieves 
much better SNR than the QM-OSMAP approach. 

C. Kinetic parametric images 
 
Tab. 3.  SNRs of kinetic parametric images of . 1 2 3 4, , ,k k k k

SNR (dB) 1k  2k  3k  4k  

FBP 9.7187 14.8511 14.8624 17.5345
QM-OSMAP 16.8882 9.7846 8.4855 6.4515 
RST-OSMAP 23.7962 19.6530 20.6929 20.4106

 
Considering that the initial values for kinetic parameters in 

the background are all zeros and the TACs in the background 
are almost horizontal lines, we ignore the parametric estimation 
in the background by setting all the parameter values to be zero. 
Fig. 3(b) shows the kinetic parametric images of k k  
reconstructed by different methods, and their corresponding 
SNRs are also listed in Table 3. 

1 2 3 4, , ,k k

2 3 4k、 、

Fig. 3(b) denotes that the parametric images obtained from 
FBP are rather vague by the human vision; and the images from 
QM-OSMAP even contain serious noise, especially in the 
parametric images of k k . Obviously, the presented 
method achieves remarkable gains in both the visual effects and 
noise reduction.  
 

IV. CONCLUSION 
In this paper, we propose a new regional spatio-temporal 

prior for dynamic PET activity images reconstruction with 
noticeable improvement of the kinetic parameters estimation. 
Specially, the new prior can be regard to be a hybrid prior, 
which combines the compartment model and the conventional 
reconstruction method under the Bayesian MAP framework. 
Due to the nature of the propose method, i.e., exploiting 
sufficiently both the spatial and temporal information of 

dynamic PET activity images, it is theoretically reasonable and 
easy to be implemented with OSL strategy in practice. The 
widely experimental results show that our proposed method can 
achieves better dynamic PET reconstruction and results in more 
accurate estimate to the kinetic parameters. 
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Abstract—A multiscale/multiframe 3D reconstruction scheme 

for Positron Emission Tomography is presented. Usually the 
dimensions of the reconstructed volume or the projection space 
binning do not change during the image reconstruction process. 
In this paper we introduce the concept of time frame to the 
multiscale reconstruction proposed by Raheja et al. [1]. This 
approach can be used for the generation of images reconstructed 
in near real time using a suitable scale, taking full advantage of 
list mode reconstruction techniques.  

When compared with the Maximum Likelihood - Expectation 
Maximization algorithm (single scale ML-EM), the 
Multiscale/Multiframe proposed in this work improves the 
convergence speed in particular in cold regions, as well as 
performing a fast reconstruction. The generation of different 
image sequences at different spatial scales and times may be 
useful to optimize the acquisition clinical protocols on the fly. 
 

Index Terms— Multiscale,Multiresolution, Positron Emission 
Tomography, 3D reconstruction, 3D analytic simulation.  

I. INTRODUCTION 
 Positron Emission Tomography (PET) is a nuclear medicine 
imaging technique that provides three-dimensional functional 
images of the human body.  Usually, image reconstruction is 
done using a single scale or grid, i.e., the dimensions of the 
reconstructed volume or the projection space binning do not 
change during the reconstruction process.  The use of different 
grids or scales during the reconstruction was proposed by 
Ranganath et al.[3][1], who applied this idea to the Maximum 
Likelihood - Expectation Maximization (ML-EM) [2] 
algorithm, improving the convergence speed. 
 In this paper we introduce the concept of time frame to the 
multiscale approach. Instead of beginning the reconstruction 
only after the end of the acquisition we start the reconstruction 
during the acquisition using coarse scales.  This reconstruction 
scheme can be used to generate near real time images in the 
scale that is the most suitable to the data statistics available at a 
given frame. If combined with high performance computer 
(HPC) techniques as well as with the advances in PET 
instrumentation, this technique may allow the optimization of 
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the acquisition parameters on the fly. Multiscale/multiframe 
(MS/MF) can be easily applied to listmode data reconstruction. 
 In this work, the performance of the proposed method was 
compared with the (single scale) ML-EM reconstruction 
algorithm. 

II. THEORY 

A. Single scale image reconstruction 
 The objective of PET image reconstruction is to recover the 
activity image from the raw data (projection data). Assuming a 
discrete-discrete linear model, the projection data can be 
related with the activity image by (1) [4][5]: 
 

! 

y(i) = a(i, j)"( j)
j=1

m

#  (1) 

 with m being the number of voxels and a(i,j) expressing the 
probability that an annihilation in the jth voxel, (!(j)), is 
detected by the ith detector pair ( y(i)) . Currently, some of the 
most popular iterative algorithms for PET image 
reconstruction are based in the ML-EM [2] method, which 
maximizes the log likelihood function. The log likelihood for a 
Poisson random variable is given by (2) [4][5]: 
 

! 

logL(y,") = (# a(i, j)"( j) + y(i)ln( a(i, j)"( j)) # ln(y(i)!
j=1

m

$ )
j=1

m

$ )
i=1

n

$

 (2) 
 
where n is the number of Lines of Response (LORs). 
The ML-EM can be expressed in the vector-matrix form by: 

! 

"k+1 =
"k

AT1y
AT y

A"k
 (3) 

with T  being the transpose operator and 1y a vector of ones 
with the same size as y. 
Besides being simple to implement, it has some nice properties 
such as [4] : assuring that the image is non-negative and that 
the cost function increases monotonically at each iteration. 
However, it also has some problems when compared with 
Filtered Backprojection algorithm such as [4]: Some non 
isotropy and non-uniformity of the spatial resolution 
(especially with attenuated data) and slower convergence on 
regions of lower tracer uptake than for regions of high tracer 
uptake. 

A multiscale/multiframe approach to 3D PET 
data reconstruction 

Luis Mendes, Nuno Ferreira, Claude Comtat 
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B. Multiscale/MultiFrame reconstruction 
 Usually during the reconstruction the dimensions of the 
image space and the sampling of the projection space do not 
change. Raheja et al. [1] proposed a Multiresolution 
Expectation Maximization (MREM) algorithm where these 
dimensions change. The algorithm begins at the coarsest image 
scale using data that has been binned at the coarsest detector 
level. After a few iterations in a particular scale, the image 
scale and the projection binning scale switches simultaneously 
until the finest binning projection is reached. This strategy 
allows a faster convergence than the conventional single grid 
ML-EM algorithm. 
 In this paper, instead of starting the reconstruction only at 
the end of the acquisition we start the reconstruction during the 
acquisition in the coarse scales, as we can see in Fig. 1. 
 

   
Fig.  1. Multiscale/Multiframe reconstruction scheme 
 
At the coarsest scale all the events available until the instant t1 
are processed. The resulting reconstructed image, after 
resizing, will be used as initial condition to the medium scale, 
where all the events between the acquisition start and the 
instant t2 are reconstructed. As before, the medium scale 
image will be used as initial condition to the fine scale 
reconstruction, using all events between the acquisition start 
and the acquisition stop t3. In the case of MS/MF (3) changes 
to  

! 

"s
k+1 =

"s
k

As
T1ys

As
T ys,t
As"s

k  (4) 

! 

"s
0 = sw "s+1

Ks+1  (5) 
where s represents the reconstruction scale (the fine scale 
correspond to s=1), t the frame number (in Fig. 1, t3 
corresponds to using all the data available). 
!0

s is the initial condition used in the scale s, Ks+1 the number 
of ML-EM iterations made in the preview scale (s+1), W the 
interpolation operator that maps the coarse scale image to the 
next scale image.  
The choice of the interpolation operator, the number of 
iterations to perform in a given scale and the number of frames 
are new variables introduced by the use of scales and frames in 
the image reconstruction. 

III.  MATERIALS AND METHODS 

A. Data Generation 
 In this study, the MS/MF reconstruction was compared with 
the (single scale) ML-EM. Analytic simulations of a 3D 
phantom composed by 26 ellipsoids acquired by a tomograph 
with geometry similar to the High Resolution Research   
Tomograph (HRRT,Siemens) were done [6].  No scatter, 
random, attenuation or radioisotope decay were simulated.  
 For the MS/MF 3 scales  (coarse, medium and fine) and 3 
time frames were used, as shown in Fig. 1. The optimization of 
the number of scales, of the change scale criteria and of the 
interpolation operator is out of the scope of this study. 

Three datasets were simulated with ~1x108/3 counts each. 
They were binned into 3 groups of 2209 sinograms(207 axial 
slices and 15 polar subsets), each with dimensions of 256 by 
288 along the radial and azimuthal directions respectively.  

For each dataset the corresponding medium and coarse 
scales were generated by adding the neighbouring LORs in the 
azimuthal direction and in the radial direction of the previous 
scale sinogram. Thus for scale s (s=1,2,3 for the fine, medium 
and coarse scales respectively), the sinograms used in this 
study had 256/2(s-1) bins radially and 288/2(s-1)  bins along the 
azimuthal direction. The corresponding reconstructed images 
had 256/2(s-1) pixels by 256/2(s-1) pixels by 207 pixels (x, y and 
z directions respectively).   

The coarse MS/MF data used the first sinogram data set, 
corresponding to events acquired from time 0 to t1 (the first 
third of the acquisition).  

The medium MS/MF sinogram data used the sum of the two 
medium scale sinograms generated with the first and the 
second sinogram dataset (thus corresponding to the 
coincidence events acquired from 0 to t2, or the first two thirds 
of the acquisition). 

The fine scale MS/MF data used the sum of the three 
sinogram datasets and thus corresponds to all the coincidence 
events obtained until the end of the acquisition. This is the 
same data that was used in the reconstruction with the single 
scale ML-EM. 
  The interpolator operator W (see (5)) that was used to 
convert the image from the coarse scale to the next scale was 
based in the 3-lobed Lanczos window interpolation function 
[7]. 

B. Performance Criteria  
 The performance of the two reconstruction methods was 
evaluated taking into account the variation of the 
reconstruction error in the sinogram space (as in (6)) and in the 
image space (for the slice crossing the central plane z=103) (as 
in (7)) as well as the variation of the log likelihood (as in (8)). 
 

! 

ImageReconsError(k) = ("true ( j) # "1
k ( j))2

j
$  (6) 

! 

SinoReconsError(k) = (y1,3(i) " (A1#1
k )(i))2

i
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An analysis based on Regions of Interest (ROIs) of the 
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reconstructed images was also made. For each ROI, different 
parameters were analyzed such as the mean value, the variance 
(VAR) and the contrast (as defined in (9)). 

! 

Contrast = (R " B) /B (9) 
where R is the mean activity in the ROI and B the mean 
activity in the background. 

IV. RESULTS AND ANALYSIS 
Fig. 2 presents slice 103 of the true image and the resulting 
reconstructed images obtained with MS/MF and ML-EM. The 
MS/MF achieved the minimum reconstruction image error at 
iterations 40, 28 and 12 in the coarse, medium and fine scale, 
respectively. In the case of the ML-EM the minimum was 
reached at the 23rd iteration.  
 

 
Fig.  2. From left to right : True image, MS/MR and ML-EM reconstruction 
results for the slice 103 in transaxial view. 
 
Although we had to perform several iterations in the coarse 
scales, the fact that the number of operations per iteration is 
lower allows to reduce the overall reconstruction time. In this 
study the time per iteration in the coarse, medium and fine 
scales was about 15 seconds, 1.4 minutes and 7.2 minutes, 
respectively. 
 As we can see in Fig. 3 the minimum reconstruction error 
achieved by the two methods are similar. If we analyze the 
evolution of the sinogram error (Fig. 4) we see that for 
iteration numbers below ~38 the ML-EM error is higher then 
the MS/MF. In the following iterations this behavior reverses 
and the error is higher with MS/MF.  
Fig. 5 presents the variation of the log likelihood as a function 
of the iteration number. 
From the analysis of the profile plots presented in top row of 
the Fig. 6, MS/MF reconstruction recovered the hot structures 
better than ML-EM, as well as the cold region. Since the image 
space error is similar this suggests that the MS/MF 
reconstruction introduced more oscillations in the solution. In 
ML-EM these oscillations are usually associated with the noisy 
amplification that occurs with the increase of the number of 
iterations.  
 Fig. 7 - 9 present the ROI analysis made for the hot 
structures, background and cold structures, respectively. As we 
can see in Fig. 7 both strategies allow the same contrast level 
for the hot structures if we iterate enough. However, the same 
amount of contrast can be achieved faster with MS/MF, having 
approximately the same amount of noise. For the cold spots 
(see Fig. 9), there is a lack of convergence. Since in ML-EM 
the convergence of the lower tracer uptake is slower, the 
maximum number of iterations used may not have been 
enough. It’s expected that both strategies will converge to the 
same value and the number of iterations needed with MS/MF 
be significantly lower. 

 The lower row of the Fig. 6 shows the profiles when the 
ML-EM reconstructed image has the same contrast in the 
central hot structures as the correspondent MS/MF 
reconstructed image with the minimum image space error. This 
condition was satisfied at the 34th ML-EM iteration. For this 
case the mean image space reconstruction error of the ML-EM 
is larger. Similar profiles were achieved for the hot structures. 
For the cold region the MS/MF continues to achieve a better 
result. When we observe the contrast as a function of the 
background variance (see Fig. 7) no significant differences 
between the two strategies were found.  

V. CONCLUSION 
A multiscale/multiframe reconstruction technique has been 
presented and its performance evaluated. This reconstruction 
scheme can be used to generate images in near real time in the 
scale that is best suited to the data statistics available at a given 
time frame and also to take full advantage of listmode 
reconstruction techniques. When compared with ML-EM the 
MS/MF accelerate the convergence, in particular for regions of 
lower tracer uptake, improving the reconstruction speed.  
 

  
Fig.  3. Fine scale image space reconstruction as a function of the iterations 
number for the slice number 103. The blue curve correspond to the  MS/MF 
error and the red to the ML-EM error. 
 

  
Fig.  4. Sinogram reconstruction error as a function of the iteration number for 
the fine scale. The blue curve correspond to the MS/MF error and the red to 
the ML-EM error. 
 

  
Fig.  5. Log Likelihood variation as a function of the iteration number for the 
fine scale. The blue curve correspond to the MS/MF error and the red to the 
ML-EM error 
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Fig.  6. From the top to the bottom row: Vertical profiles for the slice number 
103 when the reconstruction image has the minimum image space error (12 
iterations in the fine scale for the MS/MF and 24 for the ML-EM) and when 
the ML-EM reconstructed image has the same contrast in the central hot 
structures as the correspondent MS/MF reconstructed image with the 
minimum image space error (12 iterations in the fine scale for the MF/MS and 
34 iterations for the ML-EM). The left column profiles contain a region with 3 
hot structures and the right column a cold region as shown in the top left/right 
image. The yellow, blue and red curves correspond to the true phantom, 
MS/MF and ML-EM reconstruction results respectively. 
 

Fig.  7. Mean and contrast values as a function of the number of iterations and 
contrast as a function of the background variance (from the top to the bottom, 
respectively) for the central hot structures and the right hot structures (from 
left to the right, respectively). The yellow, blue and red curves correspond to 
the true phantom,  MS/MF and ML-EM reconstruction results respectively. 
 

 
Fig.  8. From left to the right: mean and variance values for the background 
ROI (represented by the blue region in the top left thumbnail phantom) as a 
function of the number of iterations. The yellow, blue and red curves, 
correspond to the true phantom, MS/MF and ML-EM reconstruction results 
respectively. 
 

 
Fig.  9. From left to the right: mean values for the big and small cold ROI 
(represented by the green region in the top left/right image) as a function of the 
number of iterations. The blue and red curves correspond to the MS/MF and 
ML-EM reconstruction results respectively. 
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Abstract—Accurately modeling PET system response is 

essential for high-resolution image reconstruction. Traditionally, 
sinogram blurring effects are modeled as a 2D blur in each 
sinogram plane. Such 2D blurring kernel is insufficient for fully 
3D PET data, which has four dimensions. In this paper, we 
implement a fully 3D PET image reconstruction using a 4D 
sinogram blurring kernel estimated from point source scans and 
perform phantom experiments to evaluate the improvements in 
image quality over methods with existing 2D blurring kernels. 
The results show that the proposed reconstruction method can 
achieve better spatial resolution and contrast recovery than 
existing methods.     

 

 

I. INTRODUCTION 

Fully 3D PET is widely used in clinical and preclinical 
imaging. The histogram data acquired by a fully 3D PET 
system are of four dimensions (4D) because of the data 
redundancy. Previously we have developed 2D detector 
response kernels that models the sinogram blurring in radial 
and azimuthal directions and are assumed to be invariant 
across all sinogram planes. Such 2D blurring model is not 
sufficient for fully 3D PET data. The dependency of the 
blurring kernel upon the oblique angle was shown by a Monte 
Carlo simulation study [1]. To overcome this limitation, we 
have developed a maximum likelihood (ML) approach to 
estimating a 4D blurring kernel that can account for the 
blurring across axial planes and oblique segments (angles), 
while maintaining the modeling of the radial and azimuthal 
angular blur. The proposed 4D sinogram blurring kernel also 
models the detector block structure characterized by most 
modern PET scanners. In this paper, we incorporated the 
estimated 4D sinogram blurring kernel into a fully 3D MAP 
reconstruction algorithm and performed phantom experiments 
on the microPET II scanner to evaluate the image quality.  

II. METHODS 

1) Sinogram Blurring Kernel Estimation 

The 4D sinogram blurring kernel was estimated from a set 
of point source scans, which were obtained by scanning a 
point source at M (=3,064) positions on a rectangular grid 
with 0.5 mm spacing in the central transaxial plane. The 
iterative update equation of the estimation algorithm is  
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where b, g, and y denote the blurring kernel, geometric 
projection, and point source measurements, respectively, i, k, 
z, ξ are the indices along the radial, azimuthal angular, axial, 
and oblique angular directions, respectively. The above 
blurring kernel estimation makes use of two symmetries. The 
first is the rotational symmetry of cylindrical PET scanners on 
the detector block level. This symmetry is reflected by the 
summation at every K angles with K being the number of 
detector elements per block. The second symmetry is the 
parallel symmetry along the axial direction, reflected by the 
summation over the axial planes (z) with a common oblique 
angle. The estimated detector response kernel is stored in a 7D 
matrix: the last four indices contain the radial, azimuthal 
angular, axial, and oblique angular blurring information which 
act on a particular radial bin, azimuthal and oblique angular 
sinogram element defined by the first three indices. The 
blurring for different axial plane within each oblique angular 
segment is the same because of the parallel symmetry (hence 
only 3 indices for the reference bin). 

We run the blurring kernel estimation equation for 400 
iterations. Due to the large size of 3D sinograms (865 GB for 
storing my and mg of the 3,064 point sources), we only store 
the non-zero elements of the data. The algorithm was 
implemented in parallel on a PC cluster using p-thread in C 
language to speed up the computation. The total estimation 
time was about one month for the microPET II scanner.  

The estimated 4D sinogram blurring kernels were 
incorporated into a 3D MAP reconstruction algorithm [2]. We 
performed phantom experiments to compare the proposed 
method with a 3D MAP algorithm without a detector response 
model, with the 3D MAP using the existing in-plane 2D MC-
based blurring matrix [2], and with the 3D MAP with the 
previously estimated in-plane 2D blurring kernel [3]. Both the 
MC-based blurring matrix and the previously 2D estimated are 
transaxial kernels, and do not model the blur effects across 
axial and oblique angle planes. All reconstructions were 
performed with β=0 (equivalent to ML) and with various 
number of iterations to evaluate the convergence property. 
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2) Evaluation Phantoms 

Two physical phantoms are used in this study. The first 
phantom is a cylindrical phantom with two 30 Gauge line 
sources (inner diameter of 160 µm) and filled with 14.8 MBq 
(400 µCi) of 18FDG solution, resulting in a concentration of 20 
µCi/cc in the background and about 4mCi/cc inside the line 
sources. This phantom was scanned for 20 minutes at two 
positions. In position A, the phantom is placed along the axial 
direction of the scanner (line sources parallel to the z-
direction). This dataset was used to evaluate the transaxial 
resolution. In position B, the phantom is rotated to form a 
small angle with respect to the transaxial plane and the dataset 
is used to study the axial resolution. The second phantom 
consists of three hot spheres in a warm background. The 
sphere radii are approximately 2, 2.5, and 3 mm. The spheres 
are filled with an activity concentration ratio of 3-to-1 with 
respect to the background, for a total phantom activity of 10.4 
MBq (280 µCi) of 18FDG at the time of acquisition. The 
phantom was positioned at 1cm off-center in the field of view. 
A 25 min scan was obtained, resulting in 250 million events. 

III. RESULTS 

1) Point Source Sinogram Comparison 

Figure 1 shows a comparison between point source 
projections obtained by different sinogram blurring kernels 
and the actual point source measurement in an oblique 
segment. Clearly the 2D kernel cannot recover all projection 
angles. This is due to the fact that the 2D blurring kernel is an 
in-plane kernel, and does not take into account neighboring 
axial and oblique angle planes. Since the oblique plane of the 
geometrical projection in Figure 1 only has non-zero elements 
in a limited number of projection angles (roughly between 
azimuthal angle index 70 to 140), the blurred result using the 
2D kernel will only display non-zero values in this range of 
projection angles (± a few angles due to the blur along this 
direction). The 4D kernel, on the other hand, uses information 
from neighboring axial and oblique angle planes to recover all 
projection angles. The resulting blurred oblique plane 
sinogram in this case visually matches the actual 
measurements.  

2) Dual-line source phantom (position A) 

Figure 2 shows the reconstructed images of the dual-line 
source phantom (Position A) for all 3D MAP reconstruction 
methods at iteration 100. The corresponding resolution versus 
noise curves are plotted in figure 3. The proposed 4D blurring 
kernel results in better resolution when compared with the 
other three MAP reconstruction results. For the center line 
source, the improvement in resolution is 34%, 12%, and 10% 
over the no-blur case, the 2D Monte Carlo blur kernel, and the 
estimated 2D blur kernel, respectively, while it is 43%, 24%, 
and 15%, respectively, for the off-center line source. These 
percent improvements are obtained from the end point of each 
curve in figure 3. The general trend is that the proposed 
method outperforms all other methods, followed by the 

 

 

 

 

Figure 1: Comparison of a point source projection in 
oblique planes (ξ=5). From the top to bottom, the four rows 
correspond to geometrical projection (no blurring kernel), 
blurred sinogram using a 2D blurring kernel, blurred 
sinogram using the 4D blurring kernel, and actual 
measurement. In each row, the center sinogram is the central 
axial plane, with the left and right sinograms being the 
neighboring planes. 
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Figure 2: The reconstructed images of the dual-line 
source phantom (position A, iteration 100). (Upper left): 
MAP reconstruction with no detector response model. 
(Upper right): MAP reconstruction using the 2D Monte 
Carlo based blurring matrix. (Bottom left): MAP 
reconstruction using the estimated 2D blurring matrix. 
(Bottom right): MAP reconstruction using the estimated 4D 
blurring kernel. 
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estimated 2D kernel, which is itself followed by the standard 
2D Monte Carlo-based kernel. The image reconstructions that 
did not include any blurring model consistently show the 
worse image quality in terms of contrast and resolution. 
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Figure 3: Resolution versus normalized noise curves for the 
dual-line source phantom at position A.  

3) Dual-line source phantom (position B) 

The coronal views of the reconstructed images of the dual-
line source phantom at position B are shown in figure 3 for all 
four MAP reconstructed methods (iteration 100). The 
corresponding resolution along the axial direction versus noise 
curves are plotted in figure 4.  

The axial and oblique angle blurring information modeled 
in the 4D blurring kernel appears to visually sharpen the line 
sources as well as increase their contrast, when compared to 
the other three cases without any axial and oblique angular 
blurring effects. Quantitatively, for the central line source, this 
results in an increase in resolution by 25%, 24% and 40% over 
the cases when the estimated 2D kernel was used, the 2D 
Monte Carlo-based kernel was used, and no blurring 
information was modeled, respectively. This improvement for 
the off-center line source becomes 19%, 18%, and 36%, 
respectively. The off-center line source has better resolution 
than the center line source because of the nature of Poisson 
noise [4]. It is of interest to note that both 2D transaxial 
kernels produce very similar images in figure 4, with almost 
overlapping resolution curves in figure 4. This is expected 
because neither the estimated 2D kernel nor the 2D Monte 
Carlo-based one contains any blurring information along the 
axial or oblique angle directions, and hence they should 
perform similarly when comparing the axial resolution.  

4) Hot spheres phantom with warm background 

The transaxial plane passing through all three spheres of the 
reconstructed images of the hot spheres phantom with warm 
background are shown in Figure 6 for all four 3D MAP 
reconstructed methods (with 100 iterations).  There are no 
obvious differences, visually, between the reconstructed 
images using different blurring kernels.  

We measured the contrast recovery coefficient of each 
sphere and the resulting contrast versus noise curves are 
plotted in Figure 7. The contrast recovery coefficients for the 
largest sphere are comparable among different blurring 
kernels. Quantitatively, there is a modest improvement with 
the proposed 4D kernel of 5%, 6%, and 15% over the cases 
where the estimated 2D kernel, the 2D Monte Carlo-based 
kernel, and no blurring kernels were used, respectively. This 
gain in contrast recovery coefficient becomes slightly more 
substantial with decreasing sphere size. For the medium-sized 
sphere, the improvement in CRC is 8%, 7% and 17%, 
respectively, while the gain in CRC values for the smallest 
sphere is 10%, 12%, and 17%, respectively. 
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Figure 4: Coronal views of the reconstructed images of 
the dual-line source phantom (position B, iteration 100). 
(Upper left): MAP reconstruction with no detector 
response model. (Upper right): MAP reconstruction using 
the 2D Monte Carlo based blurring matrix. (Bottom left): 
MAP reconstruction using the estimated 2D blurring 
matrix. (Bottom right): MAP reconstruction using the 
estimated 4D blurring kernel. The vertical axis is the axial 
direction. 

 

Figure 5: Resolution versus normalized noise curves for 
the dual-line source phantom with warm background at 
position B. 
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IV. CONCLUSION 

We have developed a fully 3D PET reconstruction 
algorithm using a 4D sinogram blurring kernel. The phantom 
experiments showed that the estimated 4D blurring kernel 
improves both spatial resolution and quantitative accuracy of 
fully 3D PET image reconstruction. The impact of such 
improvements on real animal studies will be investigated in 
future work. 
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Figure 6: Reconstructed images of the hot spheres 
phantom with warm background (at iteration100). (Upper 
left): MAP reconstruction with no detector response model. 
(Upper right): MAP reconstruction using the 2D Monte Carlo 
based blurring matrix. (Bottom left): MAP reconstruction 
using the estimated 2D blurring matrix. (Bottom right): MAP 
reconstruction using the estimated 4D blurring kernel. 
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Figure 7: Contrast recovery coefficient versus 

normalized noise for the large sphere (top), the medium-
sized sphere (middle) and the small sphere (bottom) for the 
reconstructed images in Figure 6. The legends are shown in 
the top figure only. 
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Object-space interpolation of SPECT system
matrices from point-source measurements

Roel Van Holen, Brian W. Miller, Jared W. Moore, Stefaan Vandenberghe and Harrison H. Barrett

Abstract—Because of its accuracy, the measurement of a point
source throughout the field of view of a PET or SPECT camera
has been an attractive approach to derive system response. The
procedure however is tedious; Instead, a coarse grid of discrete
point source measurements may be experimentally measured
while interpolation is used to derive the system response on a
finer grid. Existing techniques suffer from the parameterization
of the system response to a discrete number of variables. Here
we propose an object-space interpolation that imposes no prior
knowledge on the the geometric system response and can be
widely applied for SPECT imaging systems of any kind. When
using graphics hardware, the computational performance of this
method enables its use for on-the-fly interpolation in iterative
reconstruction, substantially reducing memory and storage re-
quirements.

Index Terms—SPECT, system matrix, interpolation, GPU.

I. INTRODUCTION

AN accurate model for the geometric response of a SPECT
system is key for improving the quality of reconstructed

images. Limited spatial resolution due to the finite collimator
hole size and limited detector intrinsic resolution can be com-
pensated for by modeling this effect during image reconstruc-
tion. The most common approach is to model the geometric
response by assuming a Gaussian model for the Point Spread
Function (PSF). The problem with analytic methods is that
the real system’s geometry often deviates from the presumed
one. This has been shown to be of particular importance in
pre-clinical imaging where high resolution is required. This
problem may be overcome by a calibration of the system’s
geometrical parameters [1], [2]. Another, yet more accurate
method that also accounts for more complex effects such as
detector variability and collimator imperfections, is to measure
the system response at a grid of discrete locations in the field
of view (FOV) of the camera [3], [4], [5]. A discussion on
system matrices and their interpolation can be found in sec.
17.2.6 of Barrett and Myers [6].

Previous implementations consist of measuring a point
source on a sparse grid and splitting the system matrix H
into a sensitivity and centroid component R and a geometric
component B that describes the resolution of the system [3].
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An implementation of this approach for the FastSPECT II
imager, where each point spread function is characterized by
a Gaussian, can be found in Chen et al. [4]. This approach is
also adopted by van der Have in the U-SPECT system, where,
instead of linear interpolation of the fitted PSF parameters, a
generalization of the PSF model throughout the object-space
is used [5]. Reducing the system matrix to depend on a certain
number of parameters has the advantage that (i) point source
locations can be interpolated to a finer f-space sampling from
these coefficients and (ii) system matrix storage is greatly
reduced. We will refer to this interpolation approach as the
Rowe method.

A more subtle problem is associated with the assumption
that the PSF follows the behavior of some parameterized
function. This problem has been challenged by a Fourier space
interpolation method, also developed for the FastSPECT II
imager by Chen [4]. In Chen’s work, the Fourier transform of
the PSF is parameterized by its amplitude and phase which
are interpolated to a finer grid. Slightly worse performance
compared to the Rowe method results from the assumption of
local spatial invariance of the PSF. Also, calculation time of
this method has been reported as a drawback [4].

Here, we propose an interpolation method that does not rely
on any kind of parametrization (either in image space or in
Fourier space) of the PSF. While the system matrix columns
can be regarded as the PSFs from one point in object-space
for different detectors and detector rotation angles, the system
matrix’s rows can be interpreted as a data element’s sensitivity
function in object-space that typically has a tube-like support.
Here we propose a simple and intuitive approach that does not
rely on any kind of parameterization of the PSF, but uses 3-
dimensional (3D) interpolation on the rows of a system matrix.

II. MATERIALS AND METHODS

A. PSF interpolation - the Rowe method

A discrete-to-discrete model of a SPECT system, described
by system matrix H , mapping an object, f = [f1, · · · , fN ]

t,
into measured data g = [g1, · · · , gM ]

t, can be described as:

g = Hf . (1)

With the number of object (f ) expansion functions (voxels) N
and the number of data bins M , H is an M×N matrix. Here,
we base ourselves on the FastSPECT II imager [7], which has
16 detectors of 80 × 80 1.5 mm detector pixels. Since the
system is stationary, M equals 80× 80× 16.

The Rowe method works on the PSFs of each measured
grid point. For the FastSPECT II imager, there are 16 PSFs
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for each measured grid point. By assuming that a point-source
projection through the round pinholes has a 2D Gaussian
shape on the detectors, a Gaussian fit is performed using
the Levenberg-Marquardt algorithm. A total of six parame-
ters (amplitude, x-position, y-position, x-width, y-width and
rotation angle) is used to parameterize a 2D Gaussian. Once
the fit is performed for all grid points, the parameters can be
displayed as a 3D map, histogrammed according to source
position. To obtain a finer sampling in object-space, these 3D
histograms are interpolated to a finer grid spacing [4]. For
the interpolated points, PSF values can now be created by
sampling the parameterized Gaussians.

B. Object-space interpolation - the proposed method

!"#

!" #"

$%# &"%'#()*+,-#

!"#

!" #"

$%# &"%'#()*#

(a) (b)

Fig. 1. The object-space interpolation method draws the (a) system response
for a single detector element gi in object-space and (b) interpolates this
response function to a finer grid in object-space. The pixel gray levels indicate
the system response corresponding to a certain system matrix element Hij ,
connecting fj to gi. The sketch is a 2 dimensional simplification of a 3 D
problem.

Instead of working on the columns of H , the method we
propose here uses a single row of the system matrix as a
starting point. Every row of the system matrix contains the
sensitivity of a single detector pixel for emissions in every
single voxel (Fig. 1). If we sort a row according to voxel
position, the sensitivity typically has a tube-like support in
object-space. By viewing the rows as 3D objects, we can im-
mediately interpolate the tube-like function, without the need
for any parameterization. Therefore, the system matrix values
on the coarse grid are treated as point samples from which the
fine grid is interpolated using cubic spline interpolation.

C. Implementation on the GPU

We use NVIDIA R© CUDA in combination with an
NVIDIA R© TeslaTM C1060 GPU to do the processing of a
raw, coarse H-matrix to a finer grid. First, we developed a
CUDA-kernel that extracts a single row from the raw system
matrix. The row is copied to the texture memory of the
GPU as a 3D image. By 3D texture interpolation, the image
is interpolated to a finer grid and stored as a row of the
interpolated system matrix after reverting the 3D ordering to
lexicographic ordering. This procedure is repeated for all M
rows.

The raw system matrix is stored on disk in ’coordinate’
(COO) sparse matrix format. Using the functionality of the
CUSPARSE library, this format is converted to ’compressed
sparse row’ (CSR) format using the CUSPARSE function

cusparseXcoo2csr(). This enables us to use the row
pointer as an offset when extracting column indices and system
matrix values to create a single non-sparse row. Next, the
lexicographically ordered row is copied to texture memory
with the object-space x-, y- and z-dimensions as volume
extent. The CUDA tex3D()-function does perform linear
interpolation of the image to a user specified output grid.
However, we do not use the standard interpolation scheme,
but we make use of cubicTex3D() that results in a cubic
spline interpolation after pre-filtering the input image [8].

D. Validation of the method

Simulations are used to compare the proposed interpolation
method against a gold-standard method and the Rowe method.
First we compare on the basis of PSF difference images for
some representative voxel locations. A second validation is
on the level of reconstructed images. A uniform phantom is
simulated and reconstructed with the gold-standard method,
the Rowe method and our proposed object interpolation
method. Difference images will be presented. Finally, a
reconstructed resolution phantom with rods ranging from
0.5-2 mm diameter will be presented.

1) Simulation of the gold-standard system matrix: The
gold-standard system matrix, Hgs, of the FastSPECT II
system is calculated using ray tracing and stored using a
sparse-matrix representation. Pinhole diameters are modeled
by tracing 456 rays through each pinhole. Intrinsic resolution
is modeled as a stationary Gaussian blur with 3 mm FWHM.
For generating Hgs, 64 × 64 × 128 voxel locations are
considered to simulate a 64 × 64 × 128 point-grid scan with
0.5 mm grid pitch. Projection images of 80 × 80 pixels are
collected on 16 cameras for every voxel location. This results
in a M = 102400×N = 524288 gold-standard system matrix.

2) Generating the interpolated matrices: To mimic a coarse
1 mm pitch point-source scan of 32× 32× 64 grid positions,
rows corresponding to non-scanned positions are deleted from
Hgs. This result in a M = 102400 × N = 65536 coarse
system matrix. From this coarse system matrix, we generate
the Rowe method interpolated system matrix and the object-
space interpolated system matrix, respectively Hro and Hoi,
according to the methods described in II-A and II-B.

III. RESULTS

A. Comparison of the PSFs

In Fig. 2, we plot the PSFs for an interpolated grid point
near the center of the FOV. The grid coordinates corresponding
to this point are (33,32,64). Fig. 2(a) and (b) show difference
PSF images with the gold-standard method, respectively for
the Rowe method and the object-space interpolation method.
Profiles through a point at the maximum PSFgs-value are
shown for both x- and y-direction in Fig. 2(c) and (d), respec-
tively for the Rowe method and the object-space interpolation
method. From these plots it can be seen that the errors made
in both methods are in the same range. A slightly worse
performance in reproducing the PSF shape might be seen for
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our newly developed method.
In Fig. 3, results are shown for an off-center point at grid
coordinates (11,32,90). Fig. 3(a) and (b) again show difference
PSF images with the gold-standard method while Fig. 3(c) and
(c) show profiles. The plots again show that the Rowe method
has an advantage in accurately reproducing the gold-standard
PSF. However, when we investigate the conservation of sensi-
tivity, we consistently find that the object-space interpolation
method has an advantage. For the point near the center, the
integrated value under the PSF deviates with 5.9% and 3.25%,
respectively for the Rowe method and the proposed method;
For the off-center point we find an error of 5.3% and 4.5%,
respectively for the Rowe method and the proposed method.
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Fig. 2. Point in the center in the field of view, corresponding to scan position
(32,32,64). PSF difference image with gold-standard for Rowe method (a) and
object-space interpolation method (b). Profiles in both directions through the
PSFs for the Rowe method (c) and the object-space interpolation (d). In (c)
and (d) the gold-standard (blue) is plotted together with the evaluated method
(red) and their difference (black).

B. Uniformity in reconstructed images

We simulate a uniform cylinder from which a transaxial
slice in the axial center is shown in Fig. 4(a). The phantom
is projected to a 80x80x16 dataset with the same simulator,
used for creating the gold-standard system matrix. However,
we oversample 4 times in each direction, which means that
we start from a 256x256x512 discretized phantom. Results
for MLEM reconstruction are shown in Fig. 4(b), (c) and (d),
respectively using Hgs, Hro and Hoi. Reconstruction with the
gold-standard method results in an expected Gibbs artifact at
the sharp edge of the cylinder. The Rowe method reconstruc-
tion introduces some structure and reduces uniformity. Finally,
the object-space interpolation method shows that we have lost
uniformity and also introduced some correlations compared to
the gold-standard method but to a slightly lower extent than
the Rowe method. We calculated the deviation from uniformity
as standard deviation over the mean in a central portion
of the reconstructed cylinder; results showed 1.5%,4.5% and
4.1% deviation from uniformity for the gold-standard method,
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Fig. 3. Point in the center in the field of view, corresponding to scan position
(11,32,90). PSF difference image with gold-standard for Rowe method (a) and
object-space interpolation method (b). Profiles in both directions through the
PSFs for the Rowe method (c) and the object-space interpolation (d). In (c)
and (d) the gold-standard (blue) is plotted together with the evaluated method
(red) and their difference (black).

the Rowe method, and the object-space interpolation method,
respectively.

(a) (b)

(c) (d)

Fig. 4. Reconstruction of a uniform cylinder after 100 MLEM iterations.
Original phantom (a). Reconstructed with Hgs (b), Hro (c) and Hoi (d). All
images are thresholded at the same value.

C. Hot-rod phantom reconstruction

In Fig. 5, the reconstructions of a resolution phantom is
shown. Fig. 5 (a),(b),(c) and (d) show the original phantom
and MLEM reconstructions (200 iterations) with Hgs, Hro and
Hoi, respectively. No visual differences between the different
methods can be observed.
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D. Memory requirements and computation time

For the Rowe method, fitting and interpolation took about
4 hours. Once the interpolated parameters are resampled, the
sparse system matrix is stored in a 3GB file. The speed is
further determined by the reconstruction algorithm as long
as the system matrix can be stored in system memory. If
this is not the case, file access will become a burden and
tremendously slow down reconstruction.

The object-space interpolation took about four minutes, also
resulting in a 3GB sparse system matrix. This short com-
putation time enables on-the-fly interpolation during image
reconstruction. In case the system matrix becomes larger, for
instance when more angular samples are taken, we only need
to store the coarse matrix (now 100MB) in memory.

(a) (b)

(c) (d)

Fig. 5. Reconstruction of a hot-rod phantom (diameters 0.5-0.75-1.0-1.25-
1.5-2.0mm) using 200 MLEM iterations. Original phantom (a). Reconstructed
with Hgs (b), Hro (c) and Hoi (d). All images are thresholded at the same
value.

IV. DISCUSSION

The results show that the Rowe method is slightly better
in preserving the shape of the PSF while the object-space
interpolation method shows a slightly better count preserva-
tion and uniformity. On the resolution phantom, no visible
differences were found between the gold-standard method and
either of the interpolation methods. The technique we propose
here is thus complementary to already existing techniques with
the advantage that it lends itself to on-the-fly interpolation
in iterative reconstruction, thereby limiting both the storage
space of a system matrix and the memory requirements for a
computer system. All the results presented here are based
on a simulated system matrix, which is then interpolated.
In the next phase of this research, we will investigate these
methods on real, measured system matrices, thereby including
the effects of noise. In the presence of noise, the fitting method
might have an advantage over the method we propose here,

since a fitting procedure inherently gets rid of the noise in
the measured PSFs. We might need to add a step of an edge
preserving filter to our object-space interpolation method to
suppress noise. However, since this concerns a simulation
study where the detector response was modeled by a shift
invariant Gaussian kernel and the pinholes are perfect circular
shapes, we do not favor our newly developed method in
comparison to the Rowe method. Since the simulated PSFs
all have a very close Gaussian shape, which is often not the
case in a real system, our method might have an advantage
there.

Currently, the bottleneck for speed on the GPU is memory
transfer to a texture-bound array. In the future, we will
further increase the speed of the on-the-fly implementation
by grouping different images to be interpolated at once.

In order to have a fair speed comparison, we are working
on an on-the-fly GPU implementation of the Rowe method
where only the interpolated coefficients are stored and the
H-matrix elements are calculated on-the-fly from these coef-
ficient. Comparisons in terms of computational performance
will be reported.

Finally, the results presented here are for interpolating the
system matrix from a 32x32x64 grid to a 64x64x128 grid. In
the future, we will investigate whether results remain valid
when scanning only a 16x16x32 grid and interpolating twice,
to 64x64x128.

V. CONCLUSION

We have developed and validated a method for interpolating
a SPECT imager’s system matrix, measured by scanning a
point source of activity over a grid in the FOV. The method
shows comparable performance to already existing techniques
and is therefore complementary to these techniques. The
method has an advantage in that it lends itself to be used on-
the-fly during iterative reconstruction. Furthermore, it might
have an advantage over existing techniques in systems where
the PSFs are difficult to parameterize.
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Abstract—The goal of this research is to propose a stationary 

cardiac SPECT system using the segmented parallel-beam 
collimator and to perform some computer simulations to test the 
feasibility. A stationary system has a benefit of acquiring 
temporally consistent projections. The most challenging issue in 
building a stationary system is to provide sufficient projection 
view-angles. A 2-detector, multi-segment collimator system with 
14 view-angles over 180˚ in the transaxial direction and 3 
view-angles in the axial directions was designed, where the two 
detectors are configured 90˚ apart in an L-shape. We applied the 
parallel-beam imaging geometry and used segmented parallel-hole 
collimator to acquire SPECT data. To improve the system 
condition due to data truncation, we measured more rays within 
the field-of-view (FOV) of the detector by using a relatively small 
detector bin-size. In image reconstruction, we used the 
maximum-likelihood expectation-maximization (ML-EM) 
algorithm. The criterion for evaluating the system is the summed 
pixel-to-pixel distance that measures the discrepancy between the 
3D gold-standard image and the reconstructed 3D region of 
interest (ROI) with truncated data. Effects of limited number of 
view-angles, data truncation, varying body habitus, attenuation, 
and noise were considered in the system design. As a result, our 
segmented-parallel-beam stationary cardiac SPECT system is able 
to acquire sufficient data for cardiac imaging and has a high 
sensitivity gain. 

 

 
Index Terms—Cardiac SPECT, Stationary imaging system, 

Segmentted-collimator, Parallel slant hole collimator 
 

I. INTRODUCTION 
SPECT is a popular, effective functional imaging technique 

for displaying blood flow, perfusion, and metabolic activity of 
the heart and other vital organs. Recently small field-of-view 
dedicated cardiac SPECT systems have become popular due to 
the low cost and compact design.  

Spectrum Dynamics developed a D-SPECT system, which 
contains 10 sweeping detectors, with parallel-beam 
measurements [1]. Digirad developed dedicated cardiac SPECT 
systems [2], with a rotating chair. CardiArc has a system with a 
180˚ arc of pixelated detectors with a series of lead plates to 
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provide axial collimation for the detectors [3]. A similar slit-slat 
design is used in the Marc-SPECT, developed by Dr. Wei 
Chang [4]. UC San Francisco and Western Cardiology 
Associates developed a stationary multi-pinhole system for 
myocardial perfusion imaging [5]-[9].  

All these SPECT systems have their advantages and 
disadvantages. The advantage is that the patient can be 
positioned very close to the detectors so that they can achieve 
high-sensitivity and high-resolution performance. Their 
disadvantage is that the detector motion or the slit motion 
creates inconsistent temporal data, as do conventional rotational 
SPECT systems. The multi-pinhole collimation is the 
state-of-the-art in small animal SPECT, with the main 
advantage being the pinhole magnification effect, which allows 
a high-sensitivity, high-resolution image to be obtained. 
However, for human cardiac studies, the multi-pinhole system 
operates in image reducing mode and the detection sensitivity 
becomes worse than that of a parallel-hole system. Therefore, 
we proposed a high-sensitivity stationary SPECT system for 
human cardiac studies using a segmented parallel-hole imaging 
geometry.  

For a stationary system, the main concern is the lack of 
sufficient view-angles. While using only two large area 
detectors, each detector must provide multiple view-angles. We 
used 14 view-angles in the transaxial direction and 3 
view-angles in the axial directions. The segments had 
horizontal slant angles: 12.9̊ , -25.7˚, 38.6˚, 0˚, -38.6˚, 25.7˚, 
and -12.9˚, respectively. The Segments had vertical slant angles: 
26˚, 26˚, 0˚, 0˚, 0˚, -26˚, and -26˚, respectively. Since both 
convergent and divergent imaging geometries can give 
data-insufficiency when detector orbit is planar, we stayed with 
the parallel-beam imaging geometry and used segmented 
parallel-hole collimators to acquire SPECT data. The price to 
pay to have 14 transaxial view-angles and use parallel-beam 
imaging geometry is to truncate the projections of the patient 
torso background. The heart is never truncated. In this paper, 
whether background data truncation in our design could cause 
any damage to the heart image was studied carefully. The 
computer simulation results from the NCAT phantom using the 
proposed system was compared with the computer simulation 
results using a conventional rotational parallel-hole system.  

II. METHOD 
For a stationary system that only cover 180 ˚ view-angles, the 

optimal position of the detectors is to position the detectors in 
an L-shape configuration in front of the heart (Figure 1a), where 
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the detectors are closest to the heart and the attenuation is 
minimized. Each detector was segmented into 7 sub-detection 
regions (Figure 2). Thus, according to Figure 1b, the angle 
θ =90˚/7=12.9˚. Then the view angles in horizontal direction 
are obtained as:  -38.6˚, -25.7˚, -12.9˚, 0˚, 12.9˚, 25.7˚, and 
38.6˚.  

 

 
 For a stationary system, all sub systems should “see” the 
heart simultaneously. According to the slant angles and the 
length of detector, the distance from the ROI to the detector is 
approximately F=22.5 cm and the field-of-view (FOV) of the 
center sub system is 15.8 cm in diameter. Table I was quoted 
from the studies on heart and patient size [10], from which we 
concluded that it was reasonable to set an ROI to be a sphere of 
diameter = 15.8 cm. In [10] a spherical “common volume” (CV) 

is defined to enclose all the outlines of the left ventricle of the 
heart, and an elliptical “maximum torso” (MT) is defined to 
enclose the torso. 
 According to the width of detector and the distance F, we 
figured out the slant angles in vertical direction: 0˚, 26˚, -26˚, 0˚, 
26˚, -26˚, and 0˚.  
 The sensitivity gain of our segmented parallel-hole stationary 
system can reach to 6-fold over a conventional, 2-detector, 
parallel-hole collimator system. 

III. SIMULATION AND RESULTS 
The well-known NCAT phantom was used for computer 

simulations. The gold-standard is the reconstruction from 
projections at 64 views uniformly spaced over 180˚ using a 
conventional rotational SPECT system. Figure 3 shows the 
reconstructed image from the attenuation-free, noise-free, 
64-view rotational SPECT system. Three orthogonal cuts 
through the heart center are displayed. We used ML-EM 
algorithm with 25 iterations to reconstruct the images. 

 
 We used visual inspection to detect whether the small 
number of views can introduce angular aliasing artifacts and 
image distortion. Our findings indicated that for truncated data 
reconstruction, very severe angular artifact could be visualized 
in the region outside the ROI. The image distortion is not a 
problem in the ROI if the number of independent views is 
greater than 10; the image is totally distorted outside the ROI. 
 As a numeric measure, we used the summed pixel-to-pixel 
distance to measure the discrepancy between the 3D 
gold-standard image and the reconstructed 3D ROI with 
truncated data. We only measured the discrepancy in the 3D 
cardiac region; anything outside the ROI was not considered. 
The figure-of-merit is defined as  

R SI I
Discrepancy

N
−

= ∑ ,                                (1) 

where IR and IS

A. Effects of limited number of view-angles 

 represent the pixel values in reconstruction 
image and gold-standard image, respectively. N is the total 
number of pixels in the ROI. The smaller discrepancy value 
means less distortion.  

The reconstruction result of our stationary SPECT system is 
shown in Figure 4. No distortion was observed in the result. 
Figure 5 and Table II show that the number of views greatly 
affects the image quality. Image distortion happens when the 
number of views is too small. 

 
Fig. 3.  Three orthogonal views of the reconstruction from the projection data 
simulated with a rotational SPECT system with 64 views over 180°. No 
attenuation correction and deblurring were performed during image 
reconstruction. 

 
Fig. 2.  A spherical object is projected on the detector and 7 projections are 
obtained.  

F

0       𝑎1     𝑎2     𝑎3
𝐴′𝐴

𝜃
𝜃 = 12.9°

𝜃𝜃

 
        (a)                                               (b) 

Fig. 1.  (a) Two detectors are positioned in an L-shape configuration in front of 
the heart. (b) The slant angle θ   in the horizontal direction. 

TABLE I 
MT AND CV FOR MALE AND FEMALE 

(cm) Small/Medium 
Male (<181 lbs) 

Large Male 
(181-209 lbs) 

Extra Large 
Male(>209 lbs) 

MT width 40 43 43 
MT thickness 28 29 31 
CV diameter 14 14 14 
CV left offset 6 7 9 
CV anterior offset 7 7 8 

 

(cm) 
Small/Medium 

Female  
(<160 lbs) 

Large Female 
(160-189 lbs) 

Extra Large 
Female 

(>189 lbs) 
MT width 40 43 43 
MT thickness 28 29 31 
CV diameter 14 14 14 
CV left offset 6 7 9 
CV anterior offset 7 7 8 
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B. Effects of data truncation 
If we have a large number of view-angles, the data truncation 

does not affect the ROI reconstruction, as shown in Figure 6. In 
order to focus on the truncation effect, attenuation is turned off 
in projection data generation in this part. When projections are 
truncated, the reconstruction algorithm is slower to converge. 

 
In the segmented parallel-hole SPECT system, the torso 

projection data are always truncated. Since this system only has 
smaller number of view-angles, it is more ill-conditioned 
(Figure 7) than the rotational system which does not have data 
truncation. In order to improve the image quality, we measured 
more rays within the field-of-view of the detector by using a 
relatively small detector bin-size. For example, we can have 1 
pixel-size = 2 detector bin-sizes, or 1 pixel-size = 3 detector 
bin-sizes. As shown in Figure 8, this strategy makes some 
improvements.   

 

 

 
 
Fig. 6. Computer simulation results from conventional rotational system data with 
64 views of 180˚. Projection data are truncated. Truncation does not affect the 
ROI images much, but more iterations are required if more projection data are 
truncated. 

 
Detector bin-size = pixel-size 

 
2×Detector bin-size =  pixel-size 

 
3×Detector bin-size = pixel-size 

Fig. 8. The results of using different detector bin-sizes.  

 
32 view-angles 

 
14 view-angles 

 
8 view-angles 

 
4 view-angles 

 
Fig. 5. Number of view-angles affects the image quality. All the images are 
obtained from a rotational SPECT system. 

 
 
Fig. 4.  Three orthogonal views of the reconstruction from the projection data 
simulated with a stationary SPECT system with 14 views over 180°. No 
attenuation correction and deblurring were performed during image 
reconstruction. 

 

 
 

Fig. 7. Computer simulation results from segmented parallel-hole stationary 
system data with 14 views of 180˚. Projection data are truncated.  

TABLE II 
IMAGE COMPARISON USING “DISCREPANCY” AS A MEASURE 

SPECT 
Systems Imaging Geometry Discrepancy 

(%) 
Rotational 
System 

32 views, w/truncation, w/o attenuation 0.28 
14 views, w/truncation, w/o attenuation 1.51 
8 views, w/truncation, w/o attenuation 3.11 

4 views, w/truncation, w/o attenuation 6.20 
Stationary 
System 

w/truncation, normal patient size, w/o 
attenuation 

2.03 

w/truncation, large patient size, w/o 
attenuation 

2.71 

w/truncation, extremely large patient 
size, w/o attenuation  

9.66 

w/truncation, normal patient size, 
w/attenuation 

2.32 

w/truncation, normal patient size, 
w/attenuation, w/noise 

2.57 
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C. Effects of different patient body habitus 

 
 In our simulations, the effects of different body habitus are 
illustrated by keeping the heart size unchanged, while varying 
the body size (Figure 9). In theory, as the patient body gets 
larger, the data truncation gets severer and the imaging system 
becomes more ill-conditioned. If the patient body is enlarged a 
little bit, not many changes in the ROI reconstruction are 
observed. If the patient body is extremely huge, ROI 
degradations can be observed. To improve the system condition, 
we must provide more data. One strategy is to use finer 
sampling on the detector. The results are listed in Table II. 
 Other effects such as noise and attenuation are shown in 
Figure 10. Regarding to the attenuation effect, there is not much 
difference for a stationary system and a rotational system. 

 

IV. DISCUSSION 
We proposed the use of a stationary system with 14 views 

over 180° using two detectors. Each detector measures 7 views 
in the transaxial directions. Our NCAT torso/heart phantom 
computer simulations verify that if we have at least 9 views in 
the transaxial direction data are sufficient and no image 
distortion is observed. A very small number of view-angle 
makes the imaging system very ill-conditioned (even though no 
distortion is introduced to the image shape).  

We cannot avoid the background data truncation problem. It 
is very challenging to use a 53.3 cm x 38.7 cm detection area to 
measure 7 non-overlapped heart images. The space is very tight. 
Heart mispositioning can make the entire scan useless. The 
good news is that for a stationary imaging system, patient 
positioning is much easier than that in a rotational system. Once 
the heart is positioned in the center of the common FOV, the 

heart will stay there during the entire scan. Another good news 
is that the heart size seems to be unrelated to the patient body 
habitus. A 300 lb. patient’s heart is not 3 times larger than that 
of a 100 lb. patient. However, a patient with cardiac diseases 
tends to have a heart which is a little larger than a normal-size 
heart, but not much. 

We observed that the activity outside of the common imaging 
volume did not cause any structural artifacts in the ROI. 
However, the outside activity does cause image bias within the 
ROI. The bias is almost a constant within the ROI. 

The noise greatly affects the image quality in general for both 
complete data and truncated data. We do not see any special 
noise behavior for the truncated data. Attenuation and blurring 
effects are the same for rational systems and stationary systems. 

V. CONCLUSION 
Our 14-view-angle, 2-detector, parallel-hole, stationary 

cardiac SPECT measures sufficient data for cardiac imaging 
and has high sensitivity gain. Patient positioning is much easier 
for this stationary system than a conventional rotational system. 
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Fig. 10. The reconstruction results of 14-view segmented parallel-hole stationary 
system. Upper: with noise; down: with attenuation. 

 
Fig. 9. Three different patient body shapes are used in the computer simulation. 
Left to right: the normal patient size as set up by the default NCAT phantom, a 
large patient, and an unrealistic extremely large patient.  
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Sparsity constraints and dedicated acquisition
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Abstract—Digital Subtraction Rotational Angiography (DSRA)
allows reconstruction of three-dimensional vascular structures
from two spins: the contrast is acquired after injecting vessels
with a contrast medium, whereas the mask is acquired in the
absence of injection. The vessels are then detected by subtraction
of the mask from the contrast. Standard DSRA protocol samples
the same set of equiangular-spaced positions for both spins. Due
to technical limitations of C-arm systems, streak artifacts degrade
the quality of all three reconstructed volumes.

Recent developments of compressed sensing have demon-
strated that it is possible to recover a signal that is sparse in
some basis under limited sampling conditions. In this paper,
we propose to improve the reconstruction quality of non-sparse
volumes when there exists a sparse combination of these volumes.
To this purpose, we develop an extension of iterative filtered
backprojection that jointly reconstructs the mask and contrast
volumes via `1-minimization of sparse priors. A dedicated proto-
col based upon interleaving both spins is shown to further benefit
from the sparsity assumptions, while using the same total number
of measurements.

Our approach is evaluated in parallel geometry on simulated
phantom data.

Index Terms—Digital Subtraction Angiography, Rotational
angiography, Compressed sensing, `1-minimization, Iterative re-
construction

I. INTRODUCTION

In interventional radiology, one of the main purposes is
the visualization of vascular structures. Since vessels inherit
contrast comparable to the one of encompassing tissues, they
are imaged by injecting a radio-opaque contrast medium into
the blood.

In rotational angiography, a tomographic acquisition (spin)
of two-dimensional (2D) X-Ray projection views is used to
reconstruct a three-dimensional (3D) model of the injected
vessels in their environment. However, it might be difficult
to separate the vascular structures from surrounding bones
or dense devices such as coils. This can be circumvented
by performing two acquisitions in a single protocol, simi-
larly to 2D Digital Subtracted Angiography (DSA) [1]. The
first acquisition, called mask, is performed without injection,
while the second acquisition, called contrast, is performed
after vessel opacification. All structures but the vessels are
removed by digital subtraction of the mask volume from the

The authors are with 1GE Healthcare – 78530 Buc – France, 2Ecole
Centrale Paris – 92290 Châtenay-Malabry – France, and 3Supélec – 91192
Gif-sur-Yvette – France.
E-mail: helene.langet@ge.com.

contrast volume. One can thus visualize either the vessels
alone (subtracted volume), or the vessels and their context
(contrast volume) or the context alone (mask volume of bones,
tissues and devices).

DSRA is more challenging than DSA, because the injection
must be such that all vessels located inside the field of view
are fully opacified from the beginning to the end of the
contrast spin. The contrast medium is however rapidly flushed
in the blood flow. To minimize contrast use, the rotation of
the C-arm has to be as fast as possible, while its acquisition
frame rate is limited, which significantly restricts the angular
sampling. Subsampling has little incidence on visualization of
highly contrasted structures, but it generates streak artifacts
that hide weakly contrasted structures such as soft tissues.
To reconstruct a satisfying subtracted volume, the mask and
contrast spins are traditionnally acquired with identical param-
eters, which allows the straightforward removal of redundant
background structures and their associated streaks.

Standard reconstruction of the mask and contrast volumes
is obtained independently. Each volume suffers from the same
undersampling artifacts and the same noise level. They cannot
be combined a posteriori to either reduce noise or artifacts
because vessel streaks would then propagate into the mask
volume.

In the following, we propose to use recent compressed
sensing results to jointly reconstruct the mask and contrast
volumes. Based on the assumption that vessels are sparse, we
show how improved image quality can be obtained for the
non-sparse background structures as well. Through a temporal
interpretation of the subtraction problem, we define a coupling
between the mask and contrast volumes that allows for their
joint reconstruction via imposing sparse priors. We extend
the iterative filtered backprojection so that vessel sparsity
can be applied and promote redundance of the non-opacified
structures captured in both spins. We show that adopting
interleaved spins rather than identical spins allows for increas-
ing the angular sampling of the mask and contrast volumes.
Two sparsity constraints and two acquisition protocols are
combined and evaluated in a numerical simulation phantom
study. Potential applications of this work are finally discussed.

II. METHOD

Let f =

(
fC
fM

)
be the vector containing the contrast

volume (fC ∈ RJ ) and the mask volume (fM ∈ RJ ),
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where J is the number of voxels. Let p =

(
pC
pM

)
be

the vector containing the injected projections (pC ∈ RI )
and the mask projections (pM ∈ RI ), where I is the total
number of measurements. Let R = diag{RC , RM} with RC ,
RM ∈ RI×J be the block-diagonal matrix describing the
trajectory of the contrast and mask spins respectively. The
reconstruction problem consists in recovering f given that
p = Rf .

A. Least-squares approach

The reconstruction used in practice consists in a discretiza-
tion of the analytical inverse of the system, i.e. backprojection
of the filtered projections: f = RTDp, where D refers to the
ramp filter. This method is known as filtered backprojection
(FBP).

There exists an iterative version of FBP (iFBP), which
comes round to use the euclidian norm as measure of the
distance between p and the filtered projections of f :

{
f∗ = argmin

f
Q(f)

Q(f) = 1
2‖D1/2 (Rf − p) ‖22

(1)

iFBP scheme is a standard gradient descent with step τ > 0:
{

f (0) = 0
f (n+1) = f (n) − τ∇Q(f (n))

FBP and iFBP provide valid solutions if the system is
well-determined. When the system is underdetermined (i.e.
I << J), typically when the number of projections is low,
these methods set to zero the Fourier components that are
unobservable given the measures, which is not justified from
a physical point of view, and results in a volume that is
deteriorated by streak artifacts.

In a general way, if f̃ is the solution of the fully sampled
problem, it can be expressed as:

f̃ = f∗ + f⊥ where
{
f∗ is the iFBP solution
f⊥ ∈ Ker(R)

To reduce the magnitude of f⊥, which is the error image
made of complementary streak artifacts, it is necessary to
constrain f̃ by introducing additional regularization terms to
the quadratic functional.

B. Compressed sensing approach

In [2] [3] notably, it is demonstrated that it is possible
to recover a signal from a small number of measurements
if it is sparse in some basis, that is, if most of the signal
energy is concentrated in a few coefficients only. In practice,
minimization of the `1-norm promotes sparsity [4] and is
applied for generating sparse approximations of undersampled
signals.

We define a functional J as the sum of a quadratic data
fidelity term Q and a sparsity penalty ϕ, i.e J(f) = Q(f) +
ϕ(f). The function Q is convex and differentiable, whereas
ϕ is convex and non-differentiable due to the singularity of
the `1-norm. This excludes the use of conventional smooth
optimization techniques.

Combettes and Pesquet [5] have shown that it is possible to
reach convergence with a simple implementation that consists
in an explicit gradient step for minimizing Q (in our case
iFBP) and an implicit step applying the constraint ϕ:

{
f (n+1/2) = f (n) − τ∇Q(f (n))
f (n+1) = proxτ,ϕ

(
f (n+1/2)

) (2)

where the penalization is applied via its proximity operator
defined as:

∀x ∈ RJ , proxγ,ϕ : x→ argmin
y∈RJ

[
ϕ(y) +

1

2γ
‖x− y‖22

]

where γ > 0 and is set equal to the gradient step τ in (2).
Several accelerated implementations of (2) have been pro-

posed. In practice, we used the Fast Iterative Shrinkage
Thresholding Algorithm (FISTA) [6].

C. Temporal interpretation

DSRA can be viewed as a temporal acquisition with two
time points tO and tM , such that fC = f(tC) and fM =
f(tM ). It is possible to define an invertible temporal transform
Ht such that at least one of the components of Htf is sparse.

Here Ht is the operator associated with the one-dimensional
(1D) Haar wavelet transform:

Ht =

[
1 1
1 −1

]

Define w by w =

(
w1

w2

)
= Htf =

(
fC + fM
fC − fM

)
. The

vector w2 corresponds to the subtracted volume which contains
vascular structures only, and as such, is intrinsically sparse.
The use of Ht thus allows for isolating the sparse structures
induced by contrast injection.

1) Soft-thresholded (ST) reconstruction: `1 penalization
through ‖w2‖1 has already been successfully applied to the
dynamic reconstruction of naturally sparse volumes such as
the coronary arteries [7]. In our case of DSRA, we expect that
the sparsity constraint on w2 will promote in f the redundance
of the non-opacified structures captured in both spins. We thus
minimize the following functional:

JST (f) = Q(f) + λ‖w2‖1 (3)

where λ is the regularization parameter that allows for con-
trolling the strength of the `1-penalization. In this case, the
proximal operator corresponds to soft-thresholding: Sλτ (w2)
of threshold λτ where τ is the step defined in (2). By
minimizing JST , the maximal sampling that can be achieved
for w1 cannot exceed the addition of the mask and the contrast
sampling.

2) Total Variation (TV) reconstruction: The addition of the
mask and the contrast sampling may still result in an under-
sampled problem. Since w1 is not naturally sparse, an efficient
method consists in promoting sparsity of TV (w1) = ‖∇w1‖1
[2]. The corresponding solution is a piece-wise constant ap-
proximation of w1. Furthermore, the subtracted volume often
contains not only vessels, but also perfused structures such as
parenchyma that can be approximated by piecewise constant
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distributions. Thus, we propose to minimize TV (w2) as well.
The corresponding functional is:

JTV (f) = Q(f) + λ1‖∇w1‖1 + λ2‖∇w2‖1 (4)

To minimize (4), the digital TV filter [8] is used as proximal
operator of ‖∇ · ‖1. This filter is applied to w1 with strength
λ1τ and to w2 with strength λ2τ . In order to minimize bias
in the estimation of w1, we set λ1 << λ2.

3) Data acquisition: We consider N equiangular-spaced
views of the contrast and mask volumes with two protocols:
• Homogeneous protocol: this is the standard DSRA ac-

quisition where the trajectories of each spin samples the
same set of angular positions:

AC = AM = {αn =
n

N − 1
·αrange | n = 0 · · ·N−1}

• Heterogeneous protocol: alternatively each spin samples
two sets of interleaved angular positions defined by:
{
AM = {αn = n

N−1 · αrange | n = 0 · · ·N − 1}
AC = {αn = n+δ

N−1 · αrange | n = 0 · · ·N − 1}

where δ =]0, 1[ is the angular shift.
Standard DSRA uses redundance of the non-opacified struc-

tures in the mask and contrast views to obtain the vessels
without background streaks, which is only possible using the
homogeneous protocol.

Introduction of sparsity assumptions based on the minimiza-
tion of JST or JTV will also remove background streaks
in the subtracted volume, whatever the acquisition protocol.
However, when interleaving the contrast and mask spins, the
angular sampling of the non-opacified structures is increased.
In particular, with δ = 0.5, background structures are sampled
with 2N equiangular-spaced views, whereas the vessels are
sampled with N equiangular-spaced views.

III. RESULTS

Minimization of JST and JTV was evaluated for each
acquisition protocol in parallel geometry on a 2D numerical
simulation phantom.

A. Simulations

In order to simulate a realistic anatomy, we used a true
abdominal CT cross-section (Fig. 1(a) and Fig. 1(b)) as mask
image. We obtained the contrast image by adding to the mask
four intense disks (Fig. 1(c)) that represent strongly opacified
arteries. Intensities are given in Hounsfield Unit (HU). The
value of simulated injected vessels is about 3000 HU, while
values of soft tissues are those of the original CT slice, around
0 HU. Acquisitions were simulated with 150 views over 180◦.
The angular shift δ = 0.5 was used for the heterogeneous
protocol.

FISTA for iFBP was run for 100 iterations with step τ =
0.1. We set λ = 10 in JST and λ2 = 10 in JTV . λ1 in JTV
was set to 1, i.e. one tenth of the penalization strength applied
on w2.

(a) (b)

(c)

Fig. 1. Numerical simulation phantom. (a) Mask image; (b) Details of (a);
(c) Simulated vessels.

(a) (b)

Fig. 2. FBP reconstruction from 150 views. (a) Details of the vessels; (b)
Details of the mask image. WC = 60 HU and WW = 75 HU.

B. Evaluation

Images are visualized with a windowing of window center
(WC) 60 HU and window width (WW) 75 HU.

FBP reconstruction from 150 views, which is the current
level of image quality in clinical routine, is displayed in Fig.
2. Fig. 2(a) shows details of the vessel streaks that actually
degrade the entire field of view, while Fig. 2(b) shows details
of the background streaks.

Both JST and JTV perfectly restored the vessels, since
they verify the sparsity constraints, by setting to zero all non-
vessel pixels. Consequently mask and contrast reconstructions
shared the same background. Artifact level in the background
depended on both acquisition protocol and sparsity constraint.
This level was quantified by computing over the Jb pixels
of the background structures the root mean square devia-
tion (RMSD) between the reconstruction and the reference

d =

√
1
Jb

∑Jb
j=1

(
fj − f̃j

)2
.

Fig. 3(a) and Fig. 3(b) show that the minimization of JST
from homogeneous spins did not improve the quality of the
background over FBP. RMSD values are equivalent in these
two cases: d = 18 HU. On the opposite, Fig. 3(c) and Fig. 3(d)
show that the heterogeneous protocol allowed for reducing
streak artifacts and benefited from a sampling of twice as many
views. The RMSD d was reduced to 11 HU.

Fig. 4 shows that the use of TV resulted in less streaks in
the homogeneous protocol (Fig. 4(a)) as well as in the het-
erogeneous protocol (Fig. 4(c)). The RMSD was d = 13 HU
in the homogeneous case and was reduced to d = 11 HU
in the heterogeneous case. Figure details (Fig. 4(b) and Fig.
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(a) (b)

(c) (d)

Fig. 3. Reconstruction by minimization of JST from 150 views. WC =
60 HU and WW = 75 HU. (a) Reconstruction of the contrast from homo-
geneous spins; (b) Details of (a); (c) Reconstruction of the contrast from
heterogeneous spins; (d) Details of (c).

(a) (b)

(c) (d)

Fig. 4. Reconstruction by minimization of JTV from 150 views. WC =
60 HU and WW = 75 HU. (a) Reconstruction of the contrast from homo-
geneous spins; (b) Details of (a); (c) Reconstruction of the contrast from
heterogeneous spins; (d) Details of (c).

4(d)) also highlight that the piecewise-constant approximation
implied by TV affected the overall texture of the background.

IV. DISCUSSION

Soft-thresholded reconstruction did not improve the image
quality when spins are homogeneous, even though the simu-
lated vessels verified the sparsity hypothesis. In this latter case,
the use of an heterogeneous protocol was required to raise
image quality without introducing a bias. However, natural
sparsity does not generalize to contrast distributions that may
be found in perfused tissues. Reconstruction penalized by
TV gave decreased artifact levels, whatever the acquisition
protocol, at the expense of a change in the overall texture of the
background that may not be clinically acceptable. Still, these
results suggest dose reduction strategies. On the one hand, it
should be possible to reduce the noise (simultaneously to the
reduction of the streaks) and raise image quality, at constant
dose level. On the other hand, one could reduce the dose by
half without deteriorating image quality.

Confirmation of the applicability of the proposed algorithms
in cone-beam geometry and on clinical data is on-going.

Compressed sensing penalties were selected in this work
according to the acquisition pattern at hand. An alternative
sparsity penalty has been proposed in PICCS [9], which relies
on a prior image. If the mask image is taken as the prior image,
the redundant background structures will be set to the mask
and will not be improved further. The sum of the mask and
contrast volumes cannot be taken as prior, since it is degraded
by vessel streaks. The PICCS approach rather suggests an
unbalanced acquisition protocol where many views would be
dedicated to sampling the mask, while the contrast volume
would be estimated from very few contrast projections and a
prior image equal to the mask.

V. CONCLUSION

Extension of iterative filtered backprojection with `1-
minimization has been presented for X-ray Digital Subtraction
Rotational Angiography. Evaluation on a simulated phantom in
parallel geometry showed that sparsity constraints on vessels
allowed to generate streak-free vessel images. More interest-
ingly, the non-sparse non-injected structures were estimated
from both mask and contrast acquisition, thus benefiting from
an increased angular sampling that reduced the streak level.
Overall image quality depended on the selected penalties and
acquisition protocols. A simple angular shift between the
mask and the contrast acquisition resulted in artifact reduction,
whatever the sparsity constraint. This suggests strategies for
either reducing the dose or improving the image quality of
current clinical X-ray DSRA exams.
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Split-Bregman-based sparse-view CT reconstruction
Bert Vandeghinste, Bart Goossens, Jan De Beenhouwer, Aleksandra Pizurica, Wilfried Philips,

Stefaan Vandenberghe and Steven Staelens

Abstract—Total variation minimization has been extensively
researched for image denoising and sparse view reconstruction.
These methods show superior denoising performance for simple
images with little texture, but result in texture information loss
when applied to more complex images. It could thus be beneficial
to use other regularizers within medical imaging. We propose
a general regularization method, based on a split-Bregman
approach. We show results for this framework combined with a
total variation denoising operator, in comparison to ASD-POCS.
We show that sparse-view reconstruction and noise regularization
is possible. This general method will allow us to investigate other
regularizers in the context of regularized CT reconstruction, and
decrease the acquisition times in µCT.

Index Terms—Computed Tomography, Iterative Algorithms,
Noise, Reconstruction Algorithms

I. INTRODUCTION

In in-vivo µCT, a research topic emerging in the last years
is dual-energy or spectral energy imaging. The decompo-
sition methods are however highly susceptible to the high
noise in the µCT images. Also, due to the extra binning in
spectral CT detectors, the detector noise will increase even
more. Overcoming this issue with longer acquisition times
is impossible due to limitations on administered dose and
anesthetics in in-vivo small animal imaging. Reducing the
number of acquisition angles and the overall noise through
reconstruction means may provide us with the perfect tools
for in-vivo spectral µCT.

Total variation (TV) minimization is one of the techniques
that have been extensively researched in the last decade in the
context of image denoising by image processing groups [1]. In
the context of compressed sensing, TV minimization was used
for few-view and limited-angle CT reconstruction [2]–[6], as
well as sparse-view MRI reconstruction [7]. All implemen-
tations of these ideas share the same basic framework as in
[2].
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It is generally understood that TV-based methods have
superior denoising performance when applied to simple classes
of images with no textures, such as images of conic shapes
with flat colors. These methods, however, often produce ap-
proximations that are reminiscent of cartoons when applied to
images that contain complex textures and shading. This can be
understood by considering [1] in a Bayesian framework. Data
fidelity expresses the likelihood, while TV models the prior on
the denoised image. Piecewise constant images have a low TV
and are given a high probability. TV minimization therefore
biases the solution towards piecewise constant (cartoon like)
images. This is also referred to as the staircasing effect [8]–
[10]. The TV regularizer is thus unsuitable for medical images
with complex textures, such as those in CT.

We propose a general regularization method, based on the
split-Bregman approach [11], as a different method for sparse-
view CT reconstruction. As stated in [11], the most significant
advantage of the Bregman iteration technique, is that the
convergence speed can be chosen optimally by the user.
Ultimately, we want to use this technique with regularizers
different from TV. As a means of validation however, we chose
to present this technique using TV. We call this SpBR-TV.

The remainder of this paper is organized as follows. In Sec-
tion II, we introduce the problem formulation and the math-
ematical background for using the split-Bregman approach in
CT. Section III describes set-up for the the simulation data for
a Shepp-Logan phantom and the in-vivo measured µCT data.
Section IV contains the results, comparing Simultaneous Itera-
tive Reconstruction Technique (SIRT) [12], [13] and adaptive-
steepest-descent projection-on-convex-sets (ASD-POCS) [6]
with SpBR, using TV as regularizer. These results are then
discussed in section V. Finally, we conclude in section VI.

II. PRELIMINARIES

A. Noise free case
In the noise free case, the projection data y is modeled by

yi =
N∑

j=1

wijxj , (1)

where the weights wij incorporate some approximations of
the forward projection model. Equation (1) can alternatively
be written in matrix-form as

y = Wx, (2)

with wij the elements of W.
With no noise present and an underdetermined system (less

projection samples than pixels in the image), solving for x
gives the following cost function:

g(x) = ||y −Wx||22. (3)
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The optimal solution is then given by the pseudoinverse.
Unfortunately, this pseudoinverse is too complicated to com-
pute directly in CT imaging. An alternative is using gradient
descent steps:

∂g(x)

∂x
= −2WT (y −Wx) (4)

such that

x(i+1) = x(i) + 2λWT (y −Wx) (5)

with (i) the iteration number.
Assuming that the row sum and column sum are 1 and λ =

1/2 and correct scaling, this gives the classical SIRT algorithm
[12], [13]. The gradient descent algorithm will converge to the
pseudoinverse.

B. In the presence of noise

When noise is present in sinogram space, we have the good
additive approximation:

y = Wx + n (6)

with n given by a Gaussian Random Field [14]. Because the
noise is zero-mean by approximation, the data fitting function
(3) is still applicable, except for a diagonal matrix C. This
matrix can model detector acquisition system, such as the
noise variances for each projection sample or the correlations
between different detector elements. However, because the
problem is very ill-posed (noisy data and/or sparse views),
we will need to use regularization to properly reconstruct the
CT image.

Therefore, we will use the following cost criterium:

x̂ = arg min
x
|Φ(x)|1 + µ||C−1/2(y −Wx)||22, (7)

with Φ a sparsifying transformation (e.g. the gradient images
in the X, Y and Z directions for TV) and with µ constant.

This can be efficiently solved using augmented Lagrangian
approaches. Reference [11] shows that the generalized con-
strained optimization problem

min
x
E(x) s.t. y = Wx (8)

can be solved by iterating over

x(i+1) = min
x
E(x) +

λ

2
||Wx− b(i)||22 (9a)

b(i+1) = b(i) + b−Wx(i). (9b)

The error in the constraint is simply added back to the right
hand side. This is equivalent to ”adding the noise back” in the
Rudin-Oshir-Fatemi (ROF) model for TV denoising [1].

In [11] is is then shown, provided (9a) and (9b) converge
in the sense of

lim
i→∞

Wx(i) = y, (10)

that the iterates x(i) will get arbitrarily close to a solution of
the original constrained problem (8).

Applying (9a) and (9b) to (7) leads to the following 3 update
equations:

x(i+1) = arg min
x

λ

2
||C−1/2(y −Wx)||22 (11a)

+
µ

2
||d(i) − Φ(x)− b(i)||22

d(i+1) = arg min
d
|d|1 +

µ

2
||d− Φ(x(i+1))− b(i)||22 (11b)

b(i+1) = b(i) + (Φ(x(+1))− d(i+1)). (11c)

The auxiliary variables d(0) and b(0) are initialized with 0
at the beginning of the algorithm.

The speed of the split-Bregman method is largely dependent
on how fast we can solve each of the first two sub problems.
This in turn depends on the specific transformations used.

To solve (11a), Gauss-Siedel or Fourier transform methods
can be used, depending on the exact nature of the data fidelity
term.

In (11b), there is no coupling between elements of d. We
can explicitly compute the optimal value of d using shrinkage
operators.

We compute

d
(i+1)
k = softshrink(Φ(x)k + b

(i)
k ,

1

µ
) (12)

with

softshrink(x, γ) =
x

|x| ×max(|x| − γ, 0). (13)

Shrinkage is an extremely fast operation, and requires only
a few operations per element of d(i+1).

Equation (11c) is trivial to solve.
Parameter λ determines the contribution of the regular-

ization to the total cost. The lower the value, the more
the resulting reconstruction will be denoised. Parameter µ
determines the convergence speed. The higher µ, the faster
the algorithm will converge to the solution determined by λ.
The ability to choose the convergency speed is one of the main
advantages of a Bregman iteration approach [11]. When these
parameters are set to µ = 0 and λ = 1, no regularization is
performed. We then obtain the classical SIRT algorithm with
cost function (3).

III. MATERIALS AND METHODS

Equations (11a–11c) were implemented in an iterative CT
reconstruction framework developed at our research group.
Conjugate Gradient on the Normal Equations (CGNE) was
used to implement (11a). This optimization method uses W,
the forward projector, and WT , the backward projector, to
solve y = Wx. These were implemented as Siddon ray-
tracers [15]. The stopping condition for CGNE was fulfilled
when the squared l2-norm of the new residual got below some
pre-defined value. For noiseless simulation tests we set this
tolerance at 1 × 10−7. This leads to less than 100 CGNE
iterations. The C parameter was set to the identity matrix.

The parameters µ and λ were empirically chosen based on
a pre-test. This involved solving (11a-11c) using the identity
matrix I for W, and x set to the reconstructed image obtained
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SIRT ASD-POCS SpBR-TV

36

180

Fig. 1. Comparison between SIRT, ASD-POCS and our new method for
36 angles and for 180 angles. In the top row, a line profile has been plotted
through the central row. Window [0, MAX].

from setting µ = 0 and λ = 1. This amounts to pure de-noising
and allows to investigate the different possibilities for λ.

The reconstruction algorithms were tested on simulated
data from a digital Shepp-Logan phantom. The phantom was
generated with a size of 1024 × 1024 pixels. The imaging
detector was modeled as a line of 2368 elements. X-ray
projections were then generated by ray-tracing using Siddon
along 36 and 180 angles over a 2π rotation. To help reduce
redundancy in the projection data, the second half of the
angular measurements (180◦ to 360◦) was shifted by half the
angular spacing. These projections were then used as input to
the reconstruction algorithms.

The measured data were obtained from a flat-panel cone-
beam µCT scanner during an in-vivo contrast-enhanced mouse
scan. The detector exists of 1280 × 1120 elements with a
100µm pixel pitch. 2048 views were obtained. This data was
reconstructed to a 2563-grid with a voxel size of 0.1 mm. We
rebinned the 2048 views to 64 views by keeping only every
32th projection, to obtain a sparse-view dataset.

IV. RESULTS

Fig. 1 shows different converged solutions for SIRT, ASD-
POCS and SpBR-TV, for 36 angles and for 180 angles. For
SpBR-TV, 50.0 was empirically chosen for both µ and λ. C
was set to the identity matrix, effectively canceling its effect.
The ε-parameter for ASD-POCS was then chosen at ε = 25.0
to get a comparable visual quality to the SpBR-TV result. A
line-profile through the central row has been drawn on top of
the 36-views images.

The convergence speed of these methods is plotted on
Fig. 2, by evaluating the data fitting error ||y − Wx||22,
normalized to the number of detection elements, after each
outer iteration. The number of iterations has been normalized
to the complexity of one iteration for the respective method.

Table I shows the normalized root mean squared error
(NRMSE) and edge cross-correlation coefficient (E-CC) [16]
for the 3 methods for both datasets.

Fig. 3 shows the results obtained reconstructing the mea-
sured dataset with SpBR-TV. The first image is the actual CT
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Fig. 2. Cost of the different methods plotted against the iteration number.
As cost the data fitting error ||y−Wx||22 was used, normalized over the total
number of elements. Only the outer iterations have been plotted, normalized
to the complexity of one iteration.

TABLE I
NRMSE AND E-CC OF THE DIFFERENT METHODS AT CONVERGENCE.

36 views 180 views
NRMSE E-CC NRMSE E-CC

SIRT 0.376660 0.765521 0.107525 0.986950
ASD-POCS 0.230132 0.992087 0.105009 0.996503
SpBR-TV 0.091894 0.992751 0.063433 0.997580

scan of 2048 views, reconstructed using SIRT to convergence.
The second image shows SIRT using only 64 views. The
last image shows the 64-view dataset, reconstructed using
SpBR-TV with µ = 100 and λ = 12. The NRMSE has
been calculated against the 2048-view SIRT reconstruction,
and plotted on top of the images.

V. DISCUSSION

It is clear on Fig. 1 that sparse-view reconstruction is
possible with our method. For noiseless data, less than 36
views are necessary to get sufficient image quality. The ASD-
POCS reconstructed image shows a little bit more structure in
the uniform Shepp-Logan regions than the SpBR-TV recon-
struction. SpBR-TV shows good convergence to a regularized
solution for both the 36 angles dataset as well as the 180
angles dataset.

Both SpBR-TV reconstruction and ASD-POCS show com-
parable image quality on Fig. 1 and comparable cost on Fig.
2. This cost is much higher than the cost for SIRT when fully
converged. This is as expected, as the regularization methods
do not minimize cost (3) as such, but minimize cost (7).
This adds an error to the data-fitting term, allowing better
suppression of the noise and aliasing artifacts.

From Table I it is clear that both ASD-POCS and SpBR-TV
converge to some regularized solution, though not the same
one. This is due to the different optimization method that was
used and different parameter selection.

Fig. 3 is a good example of the piecewise constant biasing
due to TV minimization. The leftmost figure shows a good
approximation of noiseless data in in-vivo µCT scanning.
When the number of views is reduced from 2048 to 64
views over 360◦, it becomes clear that regular reconstruction
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Fig. 3. Left: SIRT 2048-view reconstruction. Middle: SIRT 64-view reconstruction. Right: SpBR-TV 64-view reconstruction. NRMSE was calculated against
the left-most image. Window [0, MAX]. Profile shows a vertical profile through the centre of the SIRT 2048-view reconstruction and the SpBR-TV 64-view
reconstruction.

algorithms such as SIRT (middle figure) converge to a noisy
solution. SpBR-TV converges to a better image, with a sig-
nificant lower NRMSE, though the approximations made by
TV are still visible, especially around the animal contour. The
approximations are also visible on the profile, where smooth
curves have been approximated by straight lines. Streaking
artifacts due to bone are still apparent.

The authors want to stress that the intention of this paper
was not to compare SpBR-TV and ASD-POCS as to find
which one performs best. Due to parameter selection (3
parameters for SpBR-TV, 7 parameters for ASD-POCS), such
a comparison would be a very strenuous task.

The advantage of our new method, is that the specific
regularizer has not been incorporated from the beginning in
the mathematical derivation of the split-Bregman approach
for CT. This means that other regularizers or sparsifying
transformations can still be used. Possible replacements for
the TV regularizer are wavelets or shearlets [17], enabling
simultaneous reconstruction and image denoising in multiple
image resolutions. This would not bias the solution to a
piecewise constant image, leading to a better regularized image
than the right image in Fig. 3.

Further research will focus on optimizing this algorithm for
in-vivo µCT imaging and especially for spectral µCT imag-
ing. Sparse-view CT scanning has the potential of reducing
the dose due to the smaller amount of projections scanned,
reducing the total scanning time at the same time. Our focus
will lay on finding better regularizers, together with a better
data model in the cost function. An extensive search for the
best parameters µ and λ also needs to be conducted.

VI. CONCLUSION

We have shown that a split-Bregman approach can be used
to solve sparse view CT reconstruction and noise regulariza-
tion. This method has been compared against conventional
iterative CT reconstruction methods and one TV regularization
method from literature. This general method will allow us to
investigate other operators in the context of regularized CT
reconstruction, and decrease the long acquisition times in µCT.
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Accelerated gradient methods for
total-variation-based CT image reconstruction

Jakob H. Jørgensen, Tobias L. Jensen, Per Christian Hansen, Søren H. Jensen, Emil Y. Sidky, and Xiaochuan Pan

Abstract—Total-variation (TV)-based CT image reconstruction
has shown experimentally to be capable of producing accu-
rate reconstructions from sparse-view data. In particular TV-
based reconstruction is well suited for images with piecewise
nearly constant regions. Computationally, however, TV-based
reconstruction is demanding, especially for 3D imaging, and the
reconstruction from clinical data sets is far from being close to
real-time. This is undesirable from a clinical perspective, and thus
there is an incentive to accelerate the solution of the underlying
optimization problem.

The TV reconstruction can in principle be found by any
optimization method, but in practice the large scale of the systems
arising in CT image reconstruction preclude the use of memory-
intensive methods such as Newton’s method. The simple gradient
method has much lower memory requirements, but exhibits
prohibitively slow convergence.

In the present work we address the question of how to reduce
the number of gradient method iterations needed to achieve a
high-accuracy TV reconstruction. We consider the use of two
accelerated gradient-based methods, GPBB and UPN, to solve
the 3D-TV minimization problem in CT image reconstruction.
The former incorporates several heuristics from the optimization
literature such as Barzilai-Borwein (BB) step size selection and
nonmonotone line search. The latter uses a cleverly chosen
sequence of auxiliary points to achieve a better convergence rate.

The methods are memory efficient and equipped with a
stopping criterion to ensure that the TV reconstruction has
indeed been found. An implementation of the methods (in
C with interface to Matlab) is available for download from
http://www2.imm.dtu.dk/˜pch/TVReg/.

We compare the proposed methods with the standard gradient
method, applied to a 3D test problem with synthetic few-view
data. We find experimentally that for realistic parameters the
proposed methods significantly outperform the standard gradient
method.

Index Terms—Total-variation, Gradient-based optimization,
Strong convexity, Algorithms

I. INTRODUCTION

Algorithm development for image reconstruction from in-
complete data has experienced renewed interest in the past
years. Incomplete data arises for instance in case of a small
number of views, and the development of algorithms for
incomplete data thus has the potential for a reduction in
imaging time and the delivered dosage.
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Total-varation (TV)-based image reconstruction is a promis-
ing direction, as experiments have documented the potential
for accurate image reconstruction under conditions such as
few-view and limited-angle data, see e.g. [1].

However, it also known that it is difficult to design fast
algorithms for obtaining exact TV reconstructions due to non-
linearity and nonsmoothness of the underlying optimization
problem. Many different approaches have been developed,
such as time marching [2], fixed-point iteration [3], and various
minimization-based methods such as sub-gradient methods
[4], second-order cone programming (SOCP) [5], and duality-
based methods [6], [7] – but for large-scale applications
such as CT image reconstruction the computational burden
is still unacceptable. As a consequence heuristic and much
faster techniques such as the one in [1] for approximating
the TV solution have been developed. In such inaccurate,
but efficient, TV-minimization solvers the resulting image
depends on several algorithm parameters, which introduces an
unavoidable variability. In contrast, for the accurate TV algo-
rithms considered here, the resulting image can be considered
dependent only on the parameters of the optimization problem.

In this work we present two accelerated gradient-based
optimization methods that are capable of computing the TV
reconstruction of 3D volumes to within an accuracy specified
by the user.

II. THEORY

A. Total-variation-based image reconstruction

In this work we consider total-variation (TV)-based image
reconstruction for computed tomography. The 3D reconstruc-
tion is represented by the vector x∗ which is the solution to
the minimization problem

x∗ = argmin
x∈Q

φ(x), φ(x) =
1

2
‖Ax− b‖22 + α‖x‖TV. (1)

Here, x is the unknown image, Q is the set of feasible x,
A is the system matrix, b is the projection data stacked into
a column vector, and α is the TV regularization parameter
specifying the relative weighting between the fidelity term and
the TV term. ‖x‖TV is the discrete total-variation of x,

‖x‖TV =
N∑

j=1

‖Djx‖2, (2)

where N is the number of voxels and Dj is the forward
difference approximation to the gradient at voxel j.

11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 435



B. Smooth and strongly convex functions

We recall that a continuously differentiable function f is
convex if

f(x) ≥ f(y) +∇f(y)T (x− y) (3)

for all x, y ∈ Q. A stronger notion of convexity is strong
convexity: f is said to be strongly convex with strong convexity
parameter µ if there exists a µ ≥ 0 such that

f(x) ≥ f(y) +∇f(y)T (x− y) + 1

2
µ‖x− y‖22 (4)

for all x, y ∈ Q. Furthermore, f has Lipschitz continuous
gradient with Lipschitz constant L, if

f(x) ≤ f(y) +∇f(y)T (x− y) + 1

2
L‖x− y‖22 (5)

for all x, y ∈ Q. The ratio µ/L is important for the
convergence rate of gradient methods we will consider.

The problem (1) can be shown [8] to be strongly convex
and have Lipschitz continuous gradient in the case where A
specifies a full-rank overdetermined linear system. In the rank
deficient or underdetermined case, which occurs for instance
for few-view data, the strong convexity assumption is violated.
However, as we shall see, this turns out not to pose a problem
for the gradient methods we consider.

III. ALGORITHMS

A. Gradient projection methods

The optimization problem (1) can, in principle, be solved
by use of a simple gradient projection (GP) method

x(k+1) = PQ
(
x(k) − θk∇f(x(k))

)
, k = 0, 1, 2, . . . , (6)

where PQ denotes projection onto the set Q of feasible x, and
θk is the step size at the kth step. The worst-case convergence
rate of GP with µ > 0 and constant step size is

f(x(k))− f? ≤
(
1− µ

L

)k
· CGP, (7)

where CGP is a constant [9, §7.1.4].
For large-scale imaging modalities, such as CT, this slow

convergence renders the simple gradient method impractical.
On the other hand the simplicity and the low memory re-
quirements of the gradient method remain attractive. Various
modifications have been suggested in the optimization litera-
ture. For instance, a significant acceleration is often observed
empirically if the gradient method is equipped with a Barzilai-
Borwein (BB) step size strategy and a nonmonotone line
search [10], [11], [12], [13], [14], see Algorithm 1: GPBB
for a pseudo-code. Empirically we have found K = 2 and
σ = 0.1 to be satisfactory parameter choices. However, it
remains unproven that GPBB achieves a better worst-case
convergence rate than (7).

Algorithm 1: GPBB
input : x(0), K
output: x(k+1)

θ0 = 1 ;1

for k = 0, 1, 2, . . . do2

// BB strategy3

if k > 0 then4

θk ← ‖x(k)−x(k−1)‖2
2

〈 x(k)−x(k−1),∇f(x(k))−∇f(x(k−1)) 〉 ;5

β ← 0.95 ;6

x̄← PQ(x(k) − βθk∇f(x(k))) ;7

f̂ ← max{f(x(k)), f(x(k−1)), . . . , f(x(k−K))} ;8

while f(x̄) ≥ f̂ − σ∇f(x(k))T (x(k) − x̄) do9

β ← β2 ;10

x̄← PQ(x(k) − βθk∇f(x(k))) ;11

x(k+1) ← x̄ ;12

B. Nesterov’s optimal method

Nesterov [15] proposed a gradient-based method that for
given µ > 0 achieves the convergence rate

f(x(k))− f? ≤
(
1−

√
µ

L

)k
· CN, (8)

where CN is a constant, and he proved the method to be
optimal, i.e., that no gradient-based method can achieve better
worst-case convergence rate on the class of strongly convex
problems.

Comparing (7) and (8), we see how the ratio µ/L affects the
predicted worst-case convergence rates: When µ/L decreases,
both convergence rates become slower, but less in (8) due
to the square root. We therefore expect Nesterov’s method to
show better convergence for smaller µ/L. Small µ/L arise for
instance when the number of views is small, see [8].

Nesterov’s method requires that both µ and L are given
by the user, and in order for the method to be convergent
µ must be chosen sufficiently small and L sufficiently large.
For real world applications such as CT, µ and L are seldom
known, which makes the method impractical. Taking overly
conservative estimates can depreciate the better convergence
rate (8); hence, accurate estimates of µ and L are important.

C. Estimating µ and L

A sufficiently large L can be chosen using back-tracking
line search [16], [17], see Algorithm 2: BT for pseudo-code.
Essentially, an estimate L̄ of L is increased by multiplication
with a constant ρL > 1 until (5) is satisfied.

Accurately estimating µ, such that (4) is satisfied globally, is
more difficult. Here, we propose a simple and computationally
inexpensive heuristic: In the kth iteration choose an estimate
µk as the largest value of µ that satisfies (4) between x(k) and
y(k), and make the µk-sequence non-increasing:

µk = min

{
µk−1,

f(x)− f(y)−∇f(y)T (x− y)
1
2‖x− y‖22

}
. (9)
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Algorithm 2: BT
input : y, L̄
output: x, L̃
L̃← L̄ ;1

x← PQ
(
y − L̃−1∇f(y)

)
;2

while f(x) > f(y) +∇f(y)T (x− y) + 1
2 L̃‖x− y‖22 do3

L̃← ρLL̃ ;4

x← PQ
(
y − L̃−1∇f(y)

)
;5

Algorithm 3: UPN
input : x(0), µ̄, L̄
output: x(k+1)

[x(1), L0]← BT(x(0), L̄) ;1

µ0 = µ̄, y(1) ← x(1), θ1 ←
√
µ0/L0 ;2

for k = 1, 2, . . . do3

[x(k+1), Lk]← BT(y(k), Lk−1) ;4

µk ← min
{
µk−1,M(x(k), y(k))

}
;5

θk+1 ← positive root of θ2 = (1− θ)θ2k + (µk/Lk) θ ;6

βk ← θk(1− θk)/(θ2k + θk+1) ;7

y(k+1) ← x(k+1) + βk(x
(k+1) − x(k)) ;8

We call the Nesterov method equipped with estimation of µ
and L Unknown Parameter Nesterov (UPN) and pseudo-code
is given in Algorithm 3: UPN.

Unfortunately, convergence of UPN is not guaranteed, since
the estimate (9) can be too large. However, we have found
empirically that an estimate sufficient for convergence is
typically effectively determined by (9).

It is possible to ensure convergence by introducing a restart-
ing procedure [8] at the price of lowering the convergence rate
bound and thereby losing optimality of the method. However,
we have found empirically that the restarting procedure is sel-
dom needed, and for realistic parameters the simple heuristic
(9) is sufficient.

D. Stopping criterion

For an unconstrained convex optimization problem such as
(1) the norm of the gradient is a measure of closeness to the
minimizer through the first-order optimality conditions [18].
For a constrained convex optimization problem it is possible
to express a similar optimality condition, namely in terms of
the gradient map defined by

Gν(x) = ν
(
x− PQ

(
x− ν−1∇f(x)

))
, (10)

where ν > 0 is a scalar. A point x? is optimal if and only if
Gν(x

?) = 0 for any ν > 0 [17]. We can use this to design
a stopping criterion: Stop the algorithm after iteration k if
‖Gν(x(k))‖2/N ≤ ε, where ε is a user-specified tolerance.

For an under-determined problem, e.g. in the few-view case,
the objective function in (1) is nearly flat at the minimizer,
which makes it difficult to determine when a sufficiently
accurate reconstruction has been found. Here, the gradient map
provides a simple, yet sensitive, stopping criterion.

IV. SIMULATION RESULTS AND DISCUSSION

A. Simulation setup

At this point we emphasize that our objective is to obtain
an accurate TV reconstruction while reducing the required
number of gradient method iterations. We include two recon-
structions merely to demonstrate that the methods indeed are
successful in solving (1), thereby reconstructing the desired
image. In [8] dependence of the convergence with respect to
parameter variation is explored.

To demonstrate and compare the convergence of GP, GPBB
and UPN we set up a simple test problem. As test image
xtrue we use the threedimensional FORBILD head phantom
discretized into 643 voxels. We simulate a parallel beam
geometry with view directions evenly distributed over the
unit sphere. Projections are computed as the forward mapping
of the discretized image subject to additive Gaussian white
noise e of relative magnitude ‖e‖2/‖Axtrue‖2 = 0.01, i.e.,

b = Axtrue + e. (11)

We enforce nonnegativity by taking Q = R643

+ . We consider
two reconstructions: A “many-view” using 55 views and a
“few-view” using only 19 views of size 912 pixels. In the
latter case A has less rows than columns, which can be shown
[8] to lead to violation of the assumption on strong convexity.
The iterations are continued to the tolerance ε = 10−8 is met.

B. Simulation results

Fig. 1 shows the middle (33rd) axial voxel slice through the
original 3D volume together with many-view and few-view
UPN reconstructions using α = 0.01. Both reconstructions
reproduce the orignal features accurately, except for two small
features are missing in the few-view reconstruction. Fig. 2
shows the convergence of the three methods in terms of
objective value φ(k) relative to the true minimal objective value
φ? as function of the iterations k. As φ? is unknown, we have
approximated it by computing the UPN solution for an ε two
orders of magnitude lower than the value used in the iterations.

In both cases we see that UPN converges to a satisfactory
accuracy within 2000 iterations, whereas GP does not, and
GPBB only does in the former case. In the many-view case
UPN and GPBB both produce a significant (and comparable)
acceleration over GP. In the few-view case, we also observe
acceleration for both, but UPN stands out with much faster
convergence. This is in accordance with the expectation stated
in Section III-B.

The adequacy of the stopping criterion is evaluated by a
simple visual comparison of the few-view simulation gradient
map norm decay (Fig. 2 right) and the objective decay
(Fig. 2 center). Apart from the erratic decay for GPBB (which
is caused by highly irregular step length selection) there is
a pronounced correspondence, and we therefore consider the
stopping criterion effective.

Although UPN was designed for strongly convex problems,
we conclude that the method also works in the non-strongly
convex case of having few-view data – in fact, from the
preliminary results the non-strongly convex case is where
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Fig. 1. Central axial slices. Left: Original. Center: Many-view UPN reconstruction. Right: Few-view UPN reconstruction. The display color range is set to
[1.04, 1.07] for improved viewing contrast.
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Fig. 2. Convergence histories. Left: Many-view simulation. Center: Few-view simulation. Right: Gradient map norm histories for few-view simulation.

UPN shows its biggest potential by exhibiting a much faster
convergence than GP and GPBB.

V. CONCLUSION

We have described the gradient-based optimization methods
GPBB and UPN and their worst-case convergence rates.
Our simulations show that both algorithms are able to
significantly accelerate high-accuracy TV-based CT image
reconstruction compared to a simple gradient method.
In particular UPN shows much faster convergence when
applied to few-view data. The software (implementation
in C with an interface to Matlab) is available from
http://www2.imm.dtu.dk/˜pch/TVReg/.
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Low-Dose Computed Tomography Image
Reconstruction byα-Divergence Constrained Total

Variation Minimization
Jianhua Ma, Lingling Tian, Jing Huang, Yi Fan, Gaohang Yu, Hongbing Lu, Wufan Chen, and Zhengrong Liang

Abstract— In this article, we propose a novel low-dose com-
puted tomography (CT) image reconstruction algorithm by α-
divergence constrained total variation (αD-TV) minimization.
Specifically,α-divergence is utilized to measure the discrepancy
between the measured and the estimated data in the proposed
αD-TV model. Meanwhile, a total variation constraint is adopted,
as an edge-preserving prior, to regularize the solution. The
presented algorithm is based on two observations that 1) the
measured CT data follow a relatively complex or compound
Poisson distribution and the α-divergence has several unique
properties in describing the statistical inference; and 2) the total
variation constraint is effective for optimization of a cost function
when the associated inverse problem is ill-posed. To compute
the αD-TV minimization, we develop a Barzilai-Borwein step-
size based adaptive non-monotone line-search scheme which can
guarantee the convergence of the minimization for the low-dose
CT image reconstruction. The effectiveness of the presentedαD-
TV method is validated by computer simulations.

Index Terms— low-dose computed tomography;α-divergence;
total variation minimization.

I. I NTRODUCTION

Excessive use of X-ray computed tomography (CT) ex-
aminations has arisen a great concern of causing radiation-
induced cancerous, genetic, and other diseases [1]. Minimizing
the X-ray radiation is clinically desired, particularly for mass
screening, pediatric imaging and image-guided intervention.
Lowing the milliampere-seconds (mAs) in data acquisition
protocol can be a simple and effective approach to achieve
low-dose CT (ldCT) applications, but the image quality would
be degraded if there is no adequate image reconstruction
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strategy due to the excessive quantum noise in the low-mAs
data. Mathematically, the ldCT image reconstruction is an ill-
posed problem [2].

To achieve high-quality ldCT reconstruction, several strate-
gies have been investigated in the last decades. Specifi-
cally, sophisticated filtering methods have been proposed for
sinogram or image restorations according to data or image
characteristics, and have shown noticeable gains under some
special conditions [2]. Statistical iterative reconstruction (SIR)
methods, taking into account the data measurement model, can
achieve superior image quality over the conventional analytic
reconstruction methods, such as the filtered back-projection
(FBP) method. Due to the complicated noise properties of the
measured sinogroms and the reconstructed images, filtering
the noise for high resolution ldCT images remains a challeng-
ing task. Similarly, constructing a numerically-tractable cost
function for SIR also remains a challenging task. In addition,
the high computational load of SIR is another concern. In this
study, we intend to relieve the SIR challenge by exploring
numerically-tractable cost functions and rely on the further
advancement of fast computers and dedicated hardware to
relieve the concern of the high computational load.

For most SIR algorithms, the cost function usually consists
of two components [3]. The first one, also named data fidelity
term, models the statistics of the measured data. The second
one, also named a priori information, regularizes the data
fidelity for an optimal solution or image reconstruction.

For the data fidelity term, great efforts have been devoted
to model the CT measurements [2], [4] because an accurate
model for the measured data is very important for a SIR
algorithm. Theoretically, the measured data from each detector
element follows a compound Poisson statistics because of the
poly-energetic nature of the X-ray spectrum and the energy in-
tegration of the detection mode [2], [4]. A cost function based
on the compound Poisson model is theoretically attractive, but
its implementation encounters several challenges due to the
severe non-linear relationship between the data and the image
to be reconstructed. Linearization of the relationship removes
these challenges, but opens the question of how to model the
sinogram statistics in the Radon space for an effective cost
function, which can be efficiently manipulated for a superior
reconstruction of ldCT [2], [4]. This study intends to explore
solutions to address this question.

Our first aim is to reasonably construct a fidelity term
using α-divergence to measure the discrepancy between the
sinogram data and the expected data or line integrals of the
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ldCT image to be reconstructed.
Our second aim is to reasonably construct thea priori

information term, which is a critical component for successful
image reconstruction. This term is usually chosen as a shift-
invariant function that penalizes the discrepancy between the
local neighboring elements. Examples are the commonly used
smoothing quadratic membrane prior [5] and edge-preserving
Huber prior [6]. Recently, compressive sensing (CS) has
attracted a significant research interest in recovering high-
quality signals or reconstructing high-quality images from
fewer measurements [7]. Typically, the CS-based image re-
construction is achieved by total variation (TV) minimization
[8]. By the two aims, we develop a ldCT image reconstruction
algorithm by α-divergence constrained total-variation (TV)
(αD-TV) minimization.

II. MATERIALS AND METHODS

A. α-divergence

The α-divergence was proposed by Amari to measure the
discrepancy between two probability distributionp(x) and
q(x) [9], which is defined as follows:

Dα (p, q) =
1

α (1− α)

∫ [
αp+ (1− α) q − pαq1−α] dx (1)

whereα ∈ (−∞,+∞). Two significant properties of theα-
divergence can be summarized as:

1) Dα(p, q) is convex with respect to parametersp andq;
2) Dα(p, q) ≥ 0 andDα(p, q) = 0 if and only if p = q.

Moreover, classical KL-divergence andχ2-divergence can
be derived from theα-divergence with differentα settings [9].

B. CT Imaging Model

Let µ = [µ1, µ2, · · · , µN ]T ∈ RNdenote the attenuation
coefficients to be estimated andf = [f1, f2, · · · , fM ]T ∈
RM be the measured data. The CT imaging model can be
approximated by the following discrete linear system [8]:

f = Kµ (2)

whereK = (Ki,j) is the system matrix, which accounts for
the system geometry as well as any other significant physical
effects such as detector response. Referring to the Sidky-Pan’s
work [8], constrained TV minimization yields the discrete
object imageµthat minimizes its TV

µ∗ = argmin
µ≥0

‖µ‖TV (3)

subject to the data fidelity constraints:

|Kµ− f | ≤ ε. (4)

Based on equations (3) and (4), the ldCT reconstruction
task can be translated into solving the following convex
optimization problem:

µ∗ = argmin
µ≥0

|Kµ− f |2 + λ ‖µ‖TV . (5)

C. α-divergence Constrained Total Variation Minimization

From the cost function of equation (5) above, we can ob-
serve that the fidelity term describes the discrepancy between
the measured datafand the expected (or estimated) dataKµ,
which does not consider the statistical distribution properties
of the two data sets. To overcome this weakness, we propose
the following α-divergence constrained total variation (αD-
TV) minimization cost function:

min
µ≥0∈BV (RN)

Dα (f,Kµ) + λ |µ|BV (6)

whereDα represents theα-divergence as defined in equation
(1). The subscriptBV (RN ) denotes the space of functions
with bounded total variation inRN , λ > 0 is the global
penalty parameter.|µ|BV is an exact TV definition[10], which
reads as follows:

|µ|BV = sup
w∈C∞

0 (RN),‖w‖∞≤1

∫

RN

µdiv (w) (7)

wherediv(·) represents the divergence operator andw denotes
the dual variable of the exact TV definition.

D. αD-TV Minimizing Algorithm

To minimizing theαD-TV cost function of (6), let∂ denote
the subgradient of a function, then we get

∂
(
Dα (f,Kµ) + λ |µ|BV

)
= ∂uDα (f,Kµ) + λ∂ |µ|BV (8)

Furthermore, the first-order optimality condition about theαD-
TV cost function can be derived from equation (8) as follows
{
1−

(∑
i
Ki,j

(
fi/ (Kµ)i

)α)
/
∑

i
Ki,j

}
+ αλ̃p = 0 (9)

where p ∈ ∂ |µ|BV , λ̃ = λ/
∑
iKi,j . From (8) and (9), we

derive the following semi-implicit iteration scheme:

µα
k+1 − µα

k

(∑
i
Ki,j

(
fi/ (Kµ)i

)α)
/
∑

i
Ki,j + αλ̃µα

kp = 0

(10)
To update above iteration, we adopt the following nested

two steps optimized scheme:

µαk+1/2 = µαk

(∑
i
Ki,j (fi/ (Kµ)i)

α
)
/
∑

i
Ki,j(11)

µαk+1 = µαk+1/2 − αλ̃αkp. (12)

Suppose thatµαk and µαk+1/2 are known, the solution ac-
cording to iterative scheme (11) and (12) can be rewritten as
the following variational problem:

µα
k+1 = argmin

µ∈BV (RN)

{
1

2

∫

RN

(
µα − µα

k+1/2

)2

αµ2α−1
k

+ αλ̃ |µ|BV

}
.

(13)
Using the dual variablew of the exact TV definition, the

minimization of equation (13) can be approximately reformed
as a saddle point problem aboutw andµ, i. e.,

inf
u

sup
w,‖w‖∞≤1

{
1

2

∫

RN

(
µα − µα

k+1/2

)2

αµ2α−1
k

+αλ̃µ1−α
k

∫

Ω

µαdiv (w)

}
.

(14)
According to the primal optimality condition, we further get

µα
k+1 = µα

k+1/2 − αλ̃µα
kdiv (w) . (15)
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If the dual variablewis known, then the solution can
be achieved by update scheme (15). However, the optimal
dual variablew is usually unknown. In practice, a pure dual
problem is often introduced to solve an optimal dual variable
w by combining equations (14) and (15), i.e.,

w = argmin
w,‖w‖∞≤1

∫

RN

(
α
√
2α− 1λ̃µα

kdiv (w)− α√
2α−1

µα
k+1/2

)2

2αµ2α−1
k

(16)
Similar to [10], a projection gradient descent algorithm is

adopted to minimize the cost function of equation (16) in
this study. Given an initial dual variablew, we can derive
the following update to achieve an optimal dual parameterw:

wn+1 =
wn + t∇

(
α
√
2α− 1λ̃µαkdiv (w)− α√

2α−1
µαk+1/2

)

1 + t
∣∣∣∇
(
α
√
2α− 1λ̃µαkdiv (w)− α√

2α−1
µαk+1/2

)∣∣∣
.

(17)
To accelerate the convergence of iterative update scheme

(17), the time stept is adaptively estimated based on our
previous work about non-monotone Chambolle projection al-
gorithm for TV image restoration [10].

III. EXPERIMENTAL RESULTS

A. Simulation Setup

To demonstrate the presentedαD-TV minimizing algorithm
for ldCT image reconstruction, the low-dose projection data
or sinogram were generated according to a circular fan beam
geometry. The distance from the center of rotation to the
curved detector is 408.00mm. The detector arrays were on
an arc concentric to the X-ray source with distance of 541.00
mm. The detector cell spacing is 1.00 mm. The reconstructed
image was represented by 512×512 array size (each pixel size
was 1×1 mm2). A total of 984 views with each of 888 bins
were simulated for a 2π rotation. We obtained each projection
datum along a ray through the phantom based on the known
densities and intersection lengths of the ray with the geometric
shapes of the objects in the phantom. Similar to [5], [11],
after the noise-free line integralŝfi were calculated, the noisy
measurement{yi} at each bini was generated according to
the statistical model of pre-logarithm projection data which
was described in [5]

yi = Poisson
(
I0 exp

(
−f̂i

))
+Normal

(
0, σ2) (18)

whereI0 is the incident X-ray intensity andσ2 is the back-
ground electronic noise variance.I0 is set to 2.5×105 andσ2 is
set to be the 4‰ of the maximum of noise-free pre-logarithm
projection data, in this study. The noisy measurementsfi were
calculated by logarithm transform fromyi.

B. Shepp-Logan Phantom Experiments

A modified two dimensional (2D) Shepp-Logan phantom
as shown in Fig. 1(a) was used to test the accuracy of the
reconstructed images. Fig. 1(b) and (c) show the reconstructed
images by the traditional FBP algorithm with Ramp filter at the
Nyquist frequency cutoff and the conventional FBP algorithm
with Hann filter at 80% Nyquist frequency cutoff, respectively.

(a) (b) (c)

(d) (e) (f)

Fig. 1. Reconstructed Shepp-logan phantom images by the proposedαD-TV
algorithm from ldCT measured data. (a) The modified Shepp-Logan phantom
image. (b) the result from the FBP algorithm with ramp filter; (c) the result
from the FBP algorithm with Hann filter at 80% cutoff Nyquist frequency;
(d) the result from the proposedαD-TV algorithm withα=0.6 andλ=2.0; (e)
the result from theαD-TV algorithm with result from theαD-TV algorithm
with α=1.0 andλ=2.0; and (f) the result from theαD-TV algorithm with
result from theαD-TV algorithm with α=2.0 andλ=2.0. Display window:
[562, 890].
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Fig. 2. Profiles of the sub-images in Fig. 2. (a) the result from theαD-TV
algorithm withα=0.6 andλ=2.0; (b) the result from theαD-TV algorithm
with α=1.0 andλ=2.0; and (c) the result from theαD-TV algorithm with
α=2.0 andλ=2.0.

Serious noise-induced streak artifacts can be observed in two
FBP images. As shown in Fig. 1(d)-(f), the presentedαD-
TV algorithm exhibits excellent performance in both sup-
pressing noise effect and preserving edges while resolution is
satisfactorily preserved. Moreover, Fig. 2 depicts the vertical
profiles through the center of the sub-images in Fig. 1. The
“solid line” and the “dashed line” in all of sub-figures are
the profiles of reconstructed images and true Shepp-Logan
phantom, respectively. It is obvious that the profiles from the
mages reconstructed by the presentedαD-TV algorithm agree
much better with the profile of the phantom. This comparison
is further confirmed that higher low-contrast detestability can
be achieved by our proposedαD-TV algorithm. The total
iterations of theαD-TV algorithm were all set to 150. The
initial value for theαD-TV algorithm was set to the image
reconstructed by FBP algorithm with Hann filtering.
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Table 1 illustrates the CPU times from the Shepp-Logan
phantom image reconstructions corresponding to Fig. 2. We
can see that theαD-TV algorithm with α=1.0 illustrates less
CPU times than other two cases while the image quality
attained by threeα settings are very similar by visual inspect.

TABLE I

CPU TIMES FROM THESHEPP-LOGAN PHANTOM IMAGE

RECONSTRUCTIONS BY DIFFERENT METHODS WITH150 ITERATIONS.

Methods FBP (Hann)
αD-TV

α=0.6 α=1.0 α=2.0
CPU time (s) 5.22×101 8.77×103 1.46×104 1.18×104

C. Performance Phantom Experiments

A performance phantom as shown in Fig. 3 was used to test
the contrast to noise (CNR) of the images reconstructed by
the FBP algorithm with Hann filter at 80% Nyquist frequency
cutoff, and theαD-TV algorithm. We selected two different
regions of interests (ROIs) as shown in Fig. 3 for the CNR
calculation. The CNR was defined in [3]. The total iterations
of the αD-TV algorithms were set to 150. The initial value
for the αD-TV algorithm was set to the image reconstructed
by FBP algorithm with Hann filtering.

Table 2 illustrates the CNRs of two ROIs from the images
reconstructed by different methods. It can be seen that the
CNRs from theαD-TV algorithm are larger than that of
the FBP algorithm, especially for the case ofα=1. Further
notice from Table 2 that the proposedαD-TV algorithm can
achieve better distinguish ability between various structures
in the reconstructed image which is very important for ldCT
reconstruction.

Fig. 4 displays the non-monotone descent behavior for
the presentedαD-TV algorithm. It indicates that theαD-TV
algorithm converges to a stable solution very rapidly. This
property is very important especially for large-size CT images.

TABLE II

CNRS FROM THE IMAGES RECONSTRUCTED BY DIFFERENT METHODS.

Methods FBP (Hann)
αD-TV

α=0.6 α=1.0 α=2.0
CNR(ROI1) 4.07 67.56 1784.10 704.34
CNR(ROI2) 10.22 195.63 3268.30 1398.40

IV. CONLUSION

In this study, we proposed a novelαD-TV model for
ldCT reconstruction. To more reasonably measure, by the
data fidelity term, the discrepancy between the measured data
and the estimated data in the cost function, theα-divergence
was adapted. Meanwhile, to achieve a stable ill-posed image
reconstruction, the TV penalty, as an edge-preserving prior,
was also adapted to regularize the solution. According to the
convexity of theαD-TV model, the novelαD-TV minimiz-
ing algorithm was developed, which uses an adaptive non-
monotone line search scheme to guarantee the convergence
of the ldCT reconstruction. Simulated experimental results
have clearly demonstrated that the presentedαD-TV algorithm
performs better in lowering the noise-induced artifacts.

Fig. 3. Performance phantom image. Display window: [90, 300]
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Fig. 4. The nonmonote descent behavior for the presentedαD-TV algorithm.
(a) the result from theαD-TV algorithm withα=0.6 andλ=2.0; (b) the result
from theαD-TV algorithm with α=1.0 andλ=2.0; and (c) the result from
theαD-TV algorithm withα=2.0 andλ=2.0.
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Comparison of ML Iterative Reconstruction and
TV-Minimization for Noise Reduction in CT Images

Kevin M. Brown1, Stanislav Žabić1, and Thomas Koehler2

Abstract—This report analyzes a maximum likelihood (ML)
iterative reconstruction algorithm for computed tomography in
the light of some practical considerations: low dose scanning,
small number of iterations, and the choice of an appropriate
starting image. We show that the choice of the starting image
has a great influence on early iterations, and suggest ways to use
projection- and image-based total variation (TV) minimization
to improve the convergence. We also argue that reconstructing
with a combined projection and image TV approach is nearly
equivalent to performing a full iterative reconstruction algorithm
for a low dose simulation.

Index Terms—CT, reconstruction.

I. INTRODUCTION

Much attention has been paid in recent years to the potential
of statistical iterative reconstruction algorithms for CT to
deliver images with much lower noise while maintaining res-
olution, compared to traditional filtered backprojection (FBP)
reconstruction [1], [2], [3], [4], [5]. This coincides with a
general desire for dose reduction across the CT patient popu-
lation. Few authors however have investigated the differences
between such algorithms and some advanced image-based
methods for denoising. In this work we introduce a new
Total Variation-based method for projection denoising, and we
compare the performance of a penalized maximum-likelihood
(ML) reconstruction algorithm to a projection- and image-
based total-variation minimization algorithm.

II. METHODS

A. ML Algorithm Description

Statistical image reconstruction algorithms attempt to max-
imize a cost function Ψ(u) that consists of a likelihood term,
which compares the fit to the measured data, and a regulariza-
tion or penalty term, which penalizes noise or ”roughness” in
the reconstructed image. Given a system matrix (or forward
projection operation) A, an image u, measured data y, and
roughness penalty R(u) of the form

R(u) =
∑

j

∑

k∈Nj

wkψ(uj − uk) (1)

with Nj being the set of all neighbor voxels of voxel j and
ψ being a potential function, the penalized likelihood cost
function becomes

Ψ(u) = −L(Au|y) + βR(u) (2)

1 Philips Healthcare, Cleveland, OH. E-mail: kevin.m.brown@philips.com.
2 Philips Technologie GmbH, Innovative Technologies, Research Labora-

tories

As an algorithm to solve for an image which optimizes
this cost function, we take the ordered-subsets version of the
separable paraboloidal surrogates (SPS) algorithm [6], [7] , in
which the update equation for each iteration is given by

un+1
j = unj +

M · BP[bie
−li − yi] + β

∑
k wkψ̇(unj − unk )

BP[yiai] + β
∑
k wkψ̈(unj − unk )

(3)
with li = Aunj , and where BP[] is the backprojection opera-
tion. Here the ai’s are the sum of the coefficients of the ith row
of the system matrix A, and the bi’s are the incident photon
flux prior to the scanned object. M is the number of subsets
and is kept large for a rapid convergence.

For the potential function ψ we use the Huber function with
δ = 1, which means that the penalty transitions from quadratic
to linear at a HU of 1. We note that this particular penalty
function approximates closely the Total Variation penalty [8],
which is described in the following section.

The results shown here use cubic voxels as the image basis
functions for the reconstruction, but similar results have been
achieved using spherically symmetric Kaiser-Bessel functions
(blobs).

B. TV-Minimization

In Total Variation minimization [9], given a noisy image f ,
its domain Ω and scalar λ, one obtains a new image û by
solving the following constrained minimization problem:

û = argmin
(∫

Ω

|∇u|+ λ

2

∫

Ω

(f − u)2

)
(4)

The interpretation of the equation above is the following:
of all images with small total variation (the first integral), find
the one that is, in a Euclidean sense, closest to the noisy image
f (the second integral). The scalar λ controls the strength of
the regularization and balances if it is more important for the
solution to be closer to the original image, or to be flat and
noiseless.

The solution to the problem in (4) coincides with the
solution of the following Euler-Lagrange partial differential
equation (PDE):

0 = −div
( ∇u
|∇u|

)
+ λ(f − u) with

∂u

∂−→n on ∂Ω (5)

We apply the lagged diffusivity fixed point iteration [10] as a
numerical scheme for implementing equation (5) on Cartesian
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Fig. 1. The ideal phantom image.

grids. We denote the method of applying the TV-minimization
to a set of images as TVimage.

The TV-minimization processing can also be applied to the
projection data before reconstruction. When applying TV-min
to the projections, we treat each 2D projection as an ”image”
f and make the following change to the cost function:

p̂ = argmin
(∫

Ω

|∇p|+ β0

2

∫

Ω

v(f − p)2

)
(6)

Here, β0 is a scalar parameter, and v represents a general
statistical weighting function, defined on the same domain as
f , that gives a preference to the original projection when the
noise is small, and a preference to projections with small
total variation when the noise is large. Now, let Np denote
an estimate of the mean number of detected photons, derived
by taking a smoothed version of the original measurement
f . Since we know that the noise variance of the logged
measurements is proportional to 1

Np
, it is reasonable to replace

v with Np in the PDE, which gives

0 = −div
( ∇p
|∇p|

)
+ β0Np(f − p) (7)

We denote the method of applying the TV-minimization
to a set of projections and reconstructing with a standard
FBP as TVproj , and note that TVproj and TVimage may be
applied separately or combined. The TVproj method may be
considered as similar to other previously published adaptive
filter algorithms [11], [12], but a comparison between different
projection filtering methods is outside the scope of this paper.

C. Phantoms

Data for a typical medical CT scanner was generated by
simulation for a circular scan of a modified Forbild Thorax
phantom, with a slightly larger outer ellipse than the traditional
one, and a modified ”liver” insert which includes some low
contrast cylinders, as shown in Figure 1. Poisson noise was
added to the data in the intensity domain, including a typical
wedge or beam-shaper profile, for a number of photons equiv-
alent to a tube flux of approximately 10mAs. This setting was
specifically chosen to provide a situation where sometimes no
photons are detected for the most attenuated rays.

III. RESULTS

One motivation of this study is to find an efficient way of
applying the SPS reconstruction to data acquired with very low
dose. While parallel hardware methods of accelerating such
algorithms are becoming more available, the time required for
many iterations on large clinical data sets still exceeds the
desired time. The top row of Figure 2 shows how the quality
of the SPS reconstruction depends heavily on the number of
iterations. Beginning from a blank image, the image after 5
iterations contains a still large amount of noise, while the
image after 15 iterations is quite improved.

One common strategy for accelerating convergence of ML
algorithms is to use an FBP image as the start image. This can
sometimes be counter-productive, however, in the case where
the FBP image contains many artifacts from the low signal
acquisition. The second row of Figure 2 shows that after 15
iterations starting from the FBP image, the SPS image contains
more streak artifacts than for 15 iterations starting from a blank
image, so there is no advantage to beginning with FBP here.

A better choice for the starting image would be an FBP
image with the streak artifacts removed. The TVproj approach
provides such an image. Figure 3 shows the image resulting
from the TVproj application, and compares the SPS results
using TVproj as a start image. Now note that it is possible to
achieve a similar image in only 5 iterations, as compared to
15 for the SPS with a flat start image.

Note again in Figure 3 how a nearly homogeneous noise
has been achieved in the TVproj image. The question now
naturally arises how much of this noise can be removed by
an application of the TVimage processing. Figure 4 shows the
results of this approach, compared to the SPS result after 5
iterations. We show a more quantitative comparison later, but
the important point here is that a very similar result has been
achieved, which requires only one backprojection operation.
Considering that each update of the TVimage processing costs
only a little more than the computation of the penalty term
in the SPS algorithm, this is a significant time savings in the
reconstruction.

Figure 5a shows the difference images between the ideal
phantom and the SPS and TV images from Figure 4, re-
spectively. While the difference values are not identical ev-
erywhere, still it can be seen that both images have close
to the same differences from the ideal image. One further
comparison in Figure 5b shows horizontal profiles through the
spine region. Here it can be seen that, at least in the region of
the spine, the SPS and TV images have a practically identical
resolution.

A few points about the convergence of iterative algorithms
should be mentioned. First, while the convergence of algo-
rithms is interesting from a mathematical point of view, there
is no proof that an image which is converged according to
the cost function of equation (2) is necessarily the optimal
image for a given imaging task. What may be more important
for a clinical imaging task is to achieve a ”useful” image in
a reasonable amount of time, and such an image may not
necessarily be the fully converged one.

Still, one way of comparing different algorithms is to
examine how rapidly they can achieve an image that meets
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Fig. 2. Top row: SPS after 5 (center) and 15 iterations with a flat start image. Bottom row: FBP, and SPS after 5 and 15 iterations with an FBP start image.
W / L = 350 / 20.

Fig. 3. FBP, the TVproj image, and SPS after 5 iterations with a TVproj start image. W / L = 350 / 20.

Fig. 4. The TVproj image, SPS after 5 iterations with a TVproj start image, and the TVproj + TVimage result. W / L = 350 / 20.

the same cost function, so in Figure 6 we compute the cost
function from equation (2) for both SPS with different start
images (over a number of iterations), and TVproj + TVimage.
The top graph shows the cost function computed over the
entire object; here the TV image is equivalent to the SPS
image (with TVproj start) at 2 iterations. If TVproj+TVimage
is used as the start image instead, then after one iteration of
SPS the cost function is equivalent to 5 iterations starting from
TVproj alone. One aspect of the ML reconstruction is that it
heavily favors a fit to the measured data where the signal
is high, and thus at the edges of the phantom. This can be
seen by the white border or ”overshoot” visible in the SPS

images at the air-object boundary. But with reference to the
ideal phantom, this overshoot is obviously not true, so the
bottom graph in Figure 6 computes the cost function with the
data term calculated only over the object interior within the
sinogram. Here, the TV image has a lower value than even
the 20th iteration of SPS. Thus, even though TV does not set
out explicitly to maximize the same cost function as SPS, in
practice it proves a very efficient means of doing so.

IV. CONCLUSION

We have demonstrated that the choice of the starting image
is important in statistical iterative reconstructions, and that a
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(a) Difference images from the ideal phantom.
Top: SPS, Bottom: TV. W / L = 500 / 0.

(b) Profiles through the circular section of the spine.
Profile location is at the blue line in the image above.

Fig. 5. Resolution comparison of the SPS and TV images.

TVproj method for processing the projections is at least one
good approach to reduce the number of iterations required for
a reasonable SPS image. A further application of a TVimage
algorithm prior to the SPS start can reduce the number of
iterations even further.

Furthermore, we find that, as long as the behaviour at the
object border is unimportant, applying the TV strategy in both
the projection and image domains allows a nearly equivalent
image to be made as with SPS, but with much less processing
effort.

These simulations were done under conditions of very high
noise - it may be that different results are obtained when the
noise is not so large in the data, and when the penalty term
does not have such a large contribution to the overall cost
function. Also, clinical data should be investigated, particularly
as the piecewise-flat nature of the simulated phantoms may
be more suitable for a TV-minimization approach than a real
patient.
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Abstract—Frequency response of ultrasound transducers used 

to collect thermoacoustic computerized tomography (TCT) 
impacts the frequency content of the reconstructed image.  If the 
transducer’s frequency response is spatially invariant, the impact 
on reconstructed images is clear.  Impulse response functions of 
ultrasound transducers are spatially varying, which impacts 
reconstructions.    
 

Index Terms— thermoacoustic, spherical Radon, acoustic 
tomography, acoustic imaging 

I. INTRODUCTION 
Thermoacoustics (TA) is an emerging hybrid diagnostic 
imaging technique. A short burst of electromagnetic energy 
irradiates the object under test (e.g., a patient). 
Electromagnetically lossy objects undergo rapid thermal 
expansion, generating outgoing pressure waves that can be 
detected by ultrasound transducers positioned around the 
object.  The governing equation for TA pressures is  
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where c, B, ρ, β,  and C are speed of sound, bulk modulus, 
density, thermal expansion coefficient and specific heat 
capacity.  These tissue parameters are often assumed constant, 
but electrical conductivity, σ(x;ω), is a function of tissue type 
as well as frequency.  These are all intrinsic tissue properties, 
but the electromagnetic field, E(x,t), is applied by the 
experimental setup. The TA pressure source term on the right-
hand side of Eq. (1) is therefore a nonlinear combination of 
thermal, mechanical, and dielectric material properties as well 
as applied electric field.  

Thermoacoustic computerized tomography (TCT) has 
several parallels with current diagnostic imaging techniques.  
Like PET, TCT is an (acoustic) emission imaging technique.  
Ideal measurements represent spherical Radon transform.  
Finally, measured data are ultrasound pulses. Most modalities 
transmit and receive the same type of energy.  In contrast, TCT 
systems transmit electromagnetic energy but receive acoustic 
pressures. The TCT contrast mechanism is therefore 
completely different from x-ray absorption, ultrasound 
scattering, particle emission and spin resonance phenomenon 
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of standard diagnostic imaging techniques. 
 Although AG Bell observed the photoacoustic effect over a 
century ago, the earliest application to diagnostic imaging did 
not occur until the ‘80s when TA signals were generated by 
microwave pulses with carrier frequencies of 9GHz [1] and 
2.45 GHz [2]. Modern household microwave ovens efficiently 
heat food products that rotate food during to avoid “hotspots” - 
and also coldspots - due to standing waves.   We therefore 
have taken great pains to design our system so that the electric 
field is nearly uniform over our field of view; E(x,t)~E(t).  The 
UW-Milwaukee system propagates an electromagnetic pulse 
with carrier frequency of 108 MHz, which is to our knowledge 
the lowest EM frequency used to generate TA signal.  These 
TE10 pulses propagate along a water-filled waveguide, with 
wavelength λ~33cm.  Tissue is far less lossy at 108 MHz than 
GHz and optical frequencies, so the 108 MHz EM pulse 
penetrates many centimeters into tissue.  These facts ensure a 
fairly uniform field over an 8cm field of view, in contrast to 
photoacoustic systems which tend to image with far higher 
resolution but with far less depth penetration.    

Borrowing from [3] we rewrite the source term  
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where R = βBσ/Cρ represents “fractional energy absorption.”  
The solution to Eq. 2 can be written in terms of spherical 
means 
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The goal of TCT is to recover R(x) from boundary 
measurements of p.   The excitation pulse, |E(t)|, bandlimits 
the excited pressures.  We explore the spatially dependent 
bandlimiting imposed by ultrasound transducers used to 
measure p, and the impact on reconstructed images. 

II. EXPERIMENTAL SETUP 
Acoustic pressures are generated throughout the entire 

object, not just the acquisition plane. Furthermore, pressures 
travel in all directions, not just within the acquisition plane. 
Therefore, significant out-of-plane signal is expected to 
degrade single-slice reconstructions. Our 2nd-generation 
testbed is very similar to the earlier system described 
elsewhere [4].  Fully 3D data is acquired by step-and-shoot 
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rotation and translation of the object under test. 
Reconstructions presented below were generated from 6-slice 
acquisition with 5.5 mm z-axis translation between slices.  200 
views were collected per slice and the focal spot-to-isocenter 
distance was 37 mm.  A focused ultrasonic immersion 
transducer (Olympus V325) with point target focus of 0.6” and 
center frequency 2.25 MHz was used to collect data presented 
below. TA signals are weak, so they are first amplified 54 dB 
by a low noise pre-amplifier (Olympus #5662).  128 signals 
are then averaged and recorded by a digital scope (Tektronix 
DPO 7104) with onboard Windows PC.   

Measurements are badly corrupted by electromagnetic 
interference at small times and testbed vibration for large time.  
Nevertheless, time- and band-pass filtering removes most of 
these errors, leaving sinograms as shown in Figure 1. 

 
Figure 2 shows a reconstruction plane with a focused 

transducer’s position at view angle 0.  Note that the center of 
curvature, which is very nearly at the same location as the 
focal spot, lies within the reconstruction region.   

   

III. SPHERICAL RADON INVERSION 
 A plethora of mathematically exact image reconstruction 

algorithms include series solutions [5-7] and formulae of 
filtered backprojection type [8, 9].  Because thermoacoustic 
signals are weak we currently work with highly sensitive 
single element transducers, which average over a large 

aperture to increase S/N.  Treating the far smaller focal spot of 
a focused transducer as a point receiver improved 
photoacoustic microscopy over very small fields of view [10], 
and we consider focused transducers below.    

IV. TRANSDUCER IMPULSE RESPONSE 
Impulse response functions of “ideal” single-element 

transducers are computed in [11].  These transducers have 
cylindrical symmetry and spatially dependent impulse 
response functions. Not only does geometric spreading reduce 
the amplitude of the impulse response function like 1/r, but 
signal drops off even more dramatically with distance from the 
transducer axis (x/z directions in Figure 2).   Ideal frequency 
response functions are plotted in Figure 3.  Note that the 
response is virtually zero for points more than 1cm out of 
plane. 

 
At the geometric focus, an ideal transducer has a δ-function 

impulse response, and flat frequency response.  However, in 
practice transducers have limited bandwidth.  For instance, the 
heavily damped “videoscan” transducer with center frequency 
2.25 MHz is only sensitive to signals from about 1-3.5 MHz, 
as measured at the focus [12].  

 
Unfortunately, this author has neither persuaded the 

manufacturer to provide response functions nor mustered the 
experimental wherewithal to measure throughout the imaging 
volume.  It seems reasonable to assume, however, that our 
single-element transducers are most sensitive to pressures 
generated in-plane, near the transducer axis.  This is 

 
Fig. 4   2.25 MHz focused transducer (left) frequency response as measured at 
the focus and power spectrum of various excitation pulses, |E(t)|2 (right) 
sinogram from slice 4 (of 6).  

   
Fig. 3  Frequency response power spectra.  Labels correspond to  
reconstruction points in Figure GEOM.  (left) along transducer axis, (right) 
away from transducer axis, i.e. out of plane.    

 
Fig. 2 Reconstruction geometry.  Transducer surface and center of 
curvature in bold black.  

   
Fig. 1 Sinogram from slice 4 (of 6) collected with a focused transducer 
with center frequency of 2.25 MHz.  
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corroborated by measurements of geometrically simple 
phantoms for which ideal data can be computed via the 
spherical Radon transform in Eq. 3.  Measured TA pressures 
generated by a cylindrical source are compared to the 
theoretical pulse in Figure 5.  

 
 

 

V. RECONSTRUCTION 
An exact filtered backprojection formula for our cylindrical 

measurement aperture is [9] 
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This assumes ideal δ-function excitation and transducer 
impulse response.  Notice that the (x-y)•n heavily weights 
backprojection onto points along the transducer axis, and 
suppresses backprojection away from the transducer axis, 
including points far out of plane.  

Implementing Eq. (5) requires taking a first derivative with 
respect to time, or multiplying by iω  in the frequency domain. 
Ideally, we would deconvolve the transducer frequency 
response and high-pass filter.  However, the quality of our 
measurements does not yet warrant delicate deconvolution and 
high-pass processing.  The transducer frequency response 
effectively multiplies by an apodized |ω |  kernel. We therefore 
reconstruct as simply – and stably – as possible by band 
passing the data and applying a Hilbert transform prior to 
back-projection as discussed below.  

Let h represent the transducer’s impulse response function.  
Then  

             

 

pmeas t( ) = h ! pTA[ ] t( ) = h !I * pideal[ ] t( )   
Denoting the Fourier transform with a “^” we denote the 
frequency response function as 

 

ˆ h !( ) = ˆ h !( )  ei" !( ) .  In our 

experience φ is slowly varying so for simplicity assume φ=0. 
|h^| was measured using a 40 dB preamplifier (Olympus 
#5678) [12].  A [0.2,5] MHz bandpassed version of these 
measurements at the focal spot is plotted in Fig. 6, where G^ is 
the sum of Gaussians  
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For the 2.25 MHz focused videoscan transducer we choose 
ωo=σ=1.4 MHz and C=1.2 and note that 

 

ˆ h !( ) ~ !  ˆ G !( )  

so that 

 

ˆ p meas !( ) ~ !  ˆ G !( )  ˆ p TA !( )   Taking the Hilbert 
transform of the measured pressures yields 
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so -Hpmeas is an apodized version of pTA’.  Note that one could 
carry exp(i φ(ω)) through this analysis, yielding an additional 
convolution with an approximate delta-function in Eq. 5.
 Reconstructions are performed in parallel by two 3 GHz 
quad-core Intel Xeon processors in a Macintosh with 16 GB 
RAM running SnowLeopard.   

 
Fig. 5  TA signal from cylindrical source of radius 12 mm positioned 28mm 
from the transducer.  (left) theoretical TA pulse (right) measuremets.  TA 
pulse in red, ultrasound pulse-echo in black validates leading and trailing 
edges in TA pulse.  

      
Fig. 6  Impulse response.  Bandpassed |h^|, |ω|G^(ω) and ω G^(ω) for the 
2.25 MHz focused transducer. 

 

Fig. 7 Single-slice 
reconstructions.  (upper left) 
slice 4, (upper right) slice 5, 
(lower left) slice 6.    Yellow 
arrow denotes a calyx 
emerging in slice 5; white 
arrow denotes a receding calyx 
in slice 6. 
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VI. RESULTS 
Reconstruction at a point x via Eq. 4 requires integrating over 
the entire cylindrical surface.  To highlight the impact of poor 
off-axis transducer response on reconstructions we saved the 
backprojection of data from each acquisition slice separately.  
Healthy porcine kidneys were acquired immediately after 
slaughter from a local abbatoir, and imaged fresh within 6 
hours.  

A. In-plane backprojection 
Single-slice reconstructions of planes 4-6 from in-plane data 
visualize major calyces as shown in Figure 7.  In vivo calyces 
are filled with urine, but in our testbed they fill with the 
acoustic couplant, which has low electrical conductivity.  We 

therefore expect calyces to have low reconstruction values 
compared to the surrounding renal tissue.   

B. Out-of-plane backprojection 
Reconstructions including data from nearest neighbor slices 
are shown in Fig. 8.   Slice 4 is reconstructed from data 
acquired a z-locations +/- 7mm to either side of the 
reconstruction plane in Fig. 9.   The profile plots show that 
although noise is reduced by including data acquired far from 
the reconstruction plane, contrast is also diminished.    

C. Focal Spot inside FOV → limited angle recon outside    
We note that the reconstruction formula (5) only holds for 
points closer to isocenter than the source-to-isocenter radius.  
As shown in Figure 2 the focal spot actually lies within the 
8cm reconstruction field of view, approximately 3.7 cm from 
isocenter.  Clearly, reconstruction in the corners of the FOV 
where |(x,y)|>3.7 suffers from limited angle problems, largely 
causing the extreme brightening of the lower left kidney 

boundary.  It is possible to eliminate this reconstruction 
problem simply by moving the transducer further from 
isocenter.  This solution comes at the expense of S/N due to 
geometric spreading as well as attenuation in tissue, which 
typically limit clinical ultrasound depth penetration to 4-5 cm.       

VII. CONCLUSION 
Applying only Hilbert transform very provides a very stable 
filter, but results in spatially variant apodization. Near-term 
practical challenges for accurately reconstructing data from 
this prototype system are first determining the spatially 
dependent transducer impulse response and then developing a 
reconstruction algorithm to more accurately correct for 
transducer response and the fact that the focal spot trajectory 
lies within the field of view.  Clearly, however, reconstructions 
should be quasi-local because focused transducers are 
insensitive to pressures generated far from the transducer axis.  
Backprojection throughout an acquisition volume to points far 
out of plane will not improve image quality.   
 Long term, translation of TCT into clinical practice will 
require hardware improvements which should make such 
algorithmic efforts moot.  A clinical system should generate 
stronger TA pulses and also have a more sensitive data 
acquisition system, with lower noise floor.  This would enable 
the use of transducers with smaller active areas, which would 
more closely resemble ideal point detectors.  
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Fig. 8  Reconstructions of slice 4 (left) and 5 (right) using data from nearest-
neighbor acquisition slices, representing acquisition z-coverage of 7mm. 

 
Fig. 9  (left)  Reconstruction of slice 4 using data from 5 acquisition slices, 
representing z-coverage of 14 mm.  (right) Profiles through vertical 
centerline depicted in yellow. 

450 11th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine



PDART: A Partially Discrete Algorithm for the
Reconstruction of Dense Particles

Tom Roelandts, Kees Joost Batenburg and Jan Sijbers

Abstract—This paper introduces a partially discrete algebraic
reconstruction technique (PDART) for the tomographic recon-
struction of dense particles. The main advantages of discrete
tomography are that it allows to exploit prior knowledge about
the discreteness of the scanned object, and that it produces
a segmented solution. The algorithm that is introduced here
is an algebraic reconstruction technique, where it is assumed
that only the densest material in the reconstruction is discrete,
and where the rest of the reconstruction is allowed to vary
freely. This assumption expands the range of applications in
which concepts of discrete tomography can be applied. The
gray level corresponding with the densest material is determined
automatically, and, using simulations, it is shown that the density
that is found is closer to the correct value than the estimate
obtained by performing an optimal global segmentation of a
continuous reconstruction.

Index Terms—Discrete tomography, image segmentation.

I. INTRODUCTION

Tomographic reconstruction techniques can generally be
divided into Fourier-based and iterative methods [1]. Fourier-
based methods are directly related to the Radon transform.
Iterative techniques formulate the reconstruction problem as a
system of linear equations. Iterative techniques are much more
computationally demanding, but are, due to the ever increasing
available computing power, applied more and more often.

Discrete tomography adds the possibility to exploit prior
knowledge about the discreteness of the material that is being
reconstructed. This can improve the reconstruction quality,
or allow lowering the number of projections while keeping
the reconstruction quality the same. Another advantage of
discrete tomography is that the resulting reconstruction is
an image that is already segmented, instead of being the
input to a separate segmentation step which is itself non-
trivial. A practical algorithm for discrete tomography is DART
(discrete algebraic reconstruction technique) [2]. It has been
successfully employed to produce accurate reconstructions in
several domains [3]–[5].

The main limitation to the applicability of discrete tomog-
raphy is that the scanned object has to be fully discrete. The
PDART (partially discrete algebraic reconstruction technique)
algorithm that is introduced in this paper is based on the
more general assumption that only the densest material in the
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reconstruction is discrete, while the rest of the reconstruction
is allowed to vary freely. This assumption expands the range
of applications in which concepts of discrete tomography can
be applied. The gray level corresponding with the densest
material is determined automatically. Potential applications
are objects that contain dense particles (e.g. catalyst particles,
nanoparticles, etc.) or other dense material, where the back-
ground material may both be discrete or non-discrete.

The structure of this paper is as follows. In Section II
the algorithm is introduced, starting with general concepts in
Section II-A that are followed by a detailed description in
Section II-B. Section II-C explains how the parameters of the
algorithm are optimized. Section III describes the simulation
experiments that were performed to validate the algorithm.
Finally, Section IV discusses the results.

II. METHOD

A. Concepts

As mentioned in the introduction, iterative techniques for-
mulate the reconstruction problem as a system of linear
equations,

Wx = p. (1)

In (1), p is an m×1 column vector that contains the projection
data and x is an n× 1 column vector that corresponds to the
image. The connection between the two is the m×n projection
matrix W , which is determined by the projection geometry.

SIRT (simultaneous iterative reconstruction technique) is an
algebraic method that is often used to iteratively solve (1) in
tomography. It is also the underlying method of the PDART
algorithm. Using matrix notation, the SIRT update can be
expressed in a compact way as [6]

xt+1 = xt +CW TR(p−Wxt), (2)

where R and C are, respectively, the diagonal matrices of
inverse row and column sums, i.e. rii = 1/

∑
j wij and cjj =

1/
∑
i wij .

In this paper, the quality of a reconstruction will be mea-
sured using two Euclidean distances. The Euclidean projection
distance dpr : Rm → R is defined as

dpr(x) = ‖Wx− p‖2. (3)

The Euclidean phantom distance dph : Rn → R, which can
be only calculated for reconstructions of phantoms, is defined
as

dph(x) = ‖x− h‖2, (4)

where h ∈ Rn is the original phantom image.
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B. Algorithm Description

An overview of the algorithm in pseudocode is shown
in Fig. 1. Each step is described in detail in the following
paragraphs.

Input: p (for reconstruction), τ and ρ (for segmentation)

Algorithm:

Initialize x0 to the zero vector

Initialize the set D0 of dense pixels to the empty set

t = 0

while stop condition is not met

t = t+ 1

Using xt−1 as the start solution, compute xt

by performing a single SIRT iteration, while
keeping the pixels in Dt−1 fixed

Compute the partially thresholded image st = r(xt)

Compute the set Dt of dense pixels of st

xt = st

endwhile

Output: xt

Fig. 1: Overview of the PDART algorithm.

Each iteration of the algorithm consists of performing
a single SIRT iteration that keeps the dense pixels fixed,
followed by a dense object segmentation step.

The segmentation step is described first. In each segmenta-
tion step, the reconstruction is partially thresholded. The result
is an image that has all pixels for which the reconstruction had
a value greater than τ set to ρ (with ρ > τ ). Define the partial
thresholding function r : R→ R as

r(v) =

{
v if v < τ

ρ if v ≥ τ. (5)

The partial thresholding function for an image x ∈ Rn is
defined as

r(x) = (r(x1) · · · r(xn))T . (6)

The segmentation step can then simply be described as st =
r(xt).

From the partially thresholded reconstruction st, the set Dt

of dense pixels is computed. A pixel is referred to as dense if
it has the value ρ. Initially, the set of dense pixels D0 is the
empty set.

The second operation that is performed in each iteration of
the algorithm is a single SIRT iteration that keeps the dense
pixels fixed. We first describe how we define fixing a variable
(or pixel in this case). Consider the system of linear equations



| |

w1 · · · wn

| |





x1
· · ·
xn


 = p, (7)

where wj denotes the jth column vector of W . A variable xj
is fixed at the value vj ∈ R by transforming (7) into



| | | |

w1 · · · wj−1 wj+1 · · · wn

| | | |







x1
· · ·
xj−1

xj+1

· · ·
xn



= p−vjwj . (8)

The new system has the same number of equations as the orig-
inal system, whereas the number of variables has decreased by
one. Using the partially thresholded image as the start solution,
the new reconstruction is then computed by performing a
single SIRT iteration, keeping all dense pixels fixed.

The algorithm terminates when the size of the set Dt has
not increased during a (configurable) number of iterations.
For the experiments in this paper, however, we have run all
experiments using a fixed number of iterations, to allow for a
fair comparison between SIRT and PDART.

C. Parameter Optimization

The algorithm as described in Section II-B takes as input
the projection data p, together with a threshold τ and a gray
level ρ. It then produces a partially discrete reconstruction in
which the densest material is segmented and has the value ρ.
The values for τ and ρ can be set manually. A good value
for ρ can be determined by calculating the average value of
one or more dense regions in a continuous reconstruction.
For τ , a value that is somewhat higher than the highest gray
level in the background material generally leads to accurate
reconstructions. Although this manual procedure may lead to
satisfactory results, it is highly subjective.

An objective way to optimize the values of τ and ρ is to
calculate the projection distance dpr for each finished PDART
reconstruction. The two-dimensional parameter landscape that
is formed by τ and ρ can then be searched for the reconstruc-
tion with the minimum dpr. In the experiments that follow,
this optimization was performed by applying an unconstrained
nonlinear optimization, using the derivation-free Nelder-Mead
simplex algorithm [7].

III. SIMULATION EXPERIMENTS

The partially discrete reconstructions were compared with
SIRT. To make this comparison fair, we also compared each
PDART reconstruction with a segmented SIRT reconstruction
(called SSIRT hereafter for brevity). As has also been noted
by others [8], it is difficult to determine a threshold to segment
SIRT reconstructions with, since the reconstructed image in-
tensities depend on the feature size. As a way to objectify this
choice of threshold, we used again an optimization procedure
to find the parameters that produce the ideally segmented SIRT
reconstruction, i.e. the parameters that minimize the projection
distance. We determined, starting from the finished SIRT
reconstruction, the optimal values for τ and ρ, using (6) and
the optimization algorithm that was mentioned in Section II-C.

For the simulation experiments three phantoms were cre-
ated. The first two are 2D phantoms, they are shown in
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Fig. 2, together with SSIRT and PDART reconstructions.
The phantoms consist of discrete ellipses on a randomly
varying background. The ellipses in Phantom 2 are generally
smaller, and the structure of the background also varies on a
smaller scale. The size of each phantom is 512× 512 pixels.
Starting from these phantoms, synthetic datasets were created
by calculating 90 parallel beam projections, evenly spaced at
2◦ intervals. All reconstructions were run for 100 iterations.
The third phantom is 3D. Fig. 4 shows an isosurface rendering
of this phantom and of its SSIRT and PDART reconstructions.
The phantom consists of discrete ellipsoids embedded in a ball
made of a randomly varying material. The size of the phantom
is 512×512×512 voxels. As for the 2D phantoms, a synthetic
dataset was created, consisting of 90 parallel beam projections
at evenly spaced 2◦ intervals. The reconstructions were run for
50 iterations.

(a) Phantom 1 (b) SSIRT (c) PDART

(d) Phantom 2 (e) SSIRT (f) PDART

Fig. 2: Phantom 1 and 2 with SSIRT and PDART reconstruc-
tions.

(a) Phantom 1 (b) SSIRT (c) PDART

(d) Phantom 2 (e) SSIRT (f) PDART

Fig. 3: Detail of Phantom 1 and 2 with SSIRT and PDART
reconstructions from Fig. 2.

Table I summarizes the results for the reconstruction quality
numerically. It compares the projection distance for each of the
phantoms, and for each of the reconstruction algorithms. The
values that are shown are located at the minimum projection

distance, the values of τ and ρ that minimize dpr. The phantom
distance was also calculated for the same parameter values,
this result is shown in the last column of the table.

TABLE I: Optimal parameters for thresholds, gray levels and
the corresponding projection and phantom distances.

Phantom Reconstruction τ ρ dpr dph
Phantom 1 Phantom N/A 1 0 0

PDART 0.33 0.99 108 14.0
SSIRT 0.84 0.96 394 31.8
SIRT N/A N/A 412 32.5

Phantom 2 Phantom N/A 1 0 0
PDART 0.27 0.99 81.7 6.77
SSIRT 0.81 0.96 332 28.3
SIRT N/A N/A 356 29.0

Phantom 3 Phantom N/A 1 0 0
PDART 0.16 0.99 1669 74.6
SSIRT 0.54 0.87 4173 213
SIRT N/A N/A 5256 257

IV. DISCUSSION

From the detail from Phantom 1 and 2 in Fig. 3, where the
segmented dense material is shown in red for clarity, it is clear
that the ideal global segmentation of SIRT has not identified
all the particle pixels. This is especially true for the smaller
particles, some of which have been missed completely. In the
PDART reconstruction, the shape and size of the particles
from the phantom have been preserved almost perfectly. For
Phantom 3, Fig. 4 shows isosurfaces of the dense material as
determined by the optimal threshold values, so the particles
shown are equivalent to the red regions in the particles from
Fig. 3. It is again clear that especially the smaller particles do
not have the correct size in the SSIRT reconstruction, or are
completely absent.

The arrow in Fig. 3f indicates an isolated pixel that has been
erroneously found to be a particle pixel. A total of nine of
these isolated pixels are present in the PDART reconstruction
of Phantom 2. The reason for this is that the search algorithm
performs a global optimization, and that isolated misclassified
pixels do not change the overall results enough for them to be
completely avoided. If these “stray pixels” cannot be accepted,
they can be avoided by constraining the parameter τ during the
parameter search, or removed by post-segmentation filtering.

From the numerical results in Table I, it is clear that
the projection distance is consistenly lower for the PDART
reconstruction. The final gray level that is found is also closer
to the real value (one) for PDART than for SSIRT. The
phantom distance is also consistenly lower for PDART. It
must be noted that the projection distance for Phantom 3 was
calculated for the complete reconstruction volume at the same
time at each step of the optimization algorithm. This means
that the values that were found for ρpr and dpr are truly the
global optimum for the complete volume.

In order to situate these minima in the overall parameter
space, Fig. 5 shows the complete parameter landscapes for
SSIRT and PDART for Phantom 1. Both graphs have the
same scale. The plateau at low threshold values is caused
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(a) Phantom 3 (b) SSIRT (c) PDART

Fig. 4: Isosurface rendering of Phantom 3 and SSIRT and PDART reconstructions.
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Fig. 5: Parameter landscapes for PDART and SSIRT, for Phantom 1.

by limiting the function values (to 800 in this case) to keep
the scale resonable. It is much more prominent for SSIRT.
The plateau at high threshold values is at the height of the
projection distance of SIRT. This is caused by the fact that
the threshold is too high to be crossed by any pixels at those
points. The overall minimum of the parameter landscape for
PDART is considerably lower than for SSIRT, and quite sharp.

V. CONCLUSION

We have presented a partially discrete technique for the
reconstruction of dense particles, called PDART. The algo-
rithm expands the area of applicability of discrete tomography
to objects for which only the densest material needs to be
discrete. The result is a reconstruction in which the dense
material is segmented.

Our experiments have shown that optimizing the parameters
of the algorithm by minimizing the projection distance results
in a reconstruction that is closer to the original phantom
image than a SIRT reconstruction, even if the latter is ideally
segmented using a global threshold. Additionally, the gray
level of the densest material that is found is very close to the
correct value. This suggests that the PDART reconstruction

could be used as a basis of quantitative analysis, particularly
of the densest material.
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Tomographic Reconstruction of 3D Cardiac
Diffusion Tensor Fields by Utilizing Reduced

Number of Projection Measurements
Archontis Giannakidis and Grant T. Gullberg

Abstract—Tensor tomography relies on projection space rep-
resentations of the tensor quantity to be reconstructed. In this
paper, motivated by the Helmholtz decomposition, we use rat
heart diffusion tensor data to show that the solenoidal component
alone is sufficient for determining the orientations of the cardiac
myofibers. The a priori knowledge of the outcomes of this study
may halve the number of measurements required by tensor
tomography for cardiac diffusion imaging. In addition, the data
acquisition and processing time may decrease significantly. Tensor
tomography may offer the substantial potential of utilizing mag-
netic resonance imaging in a more efficient way than diffusion
tensor magnetic resonance imaging for cardiac applications.

Index Terms—Tensor Tomography, Diffusion, Cardiac Imag-
ing, Helmholtz Decomposition, Fibertracking.

I. INTRODUCTION

Three-dimensional (3D) 2nd-order symmetric tensors have
geometric nature and present analogy to ellipsoids. Hence,
they lend themselves well for concisely describing physical
quantities of anisotropic biological tissue. A detailed knowl-
edge of the tensor maps of diffusion, deformation (stress
and strain), conductivity and photoelasticity is of fundamental
importance for the understanding of tissue architectural orga-
nization in health and disease.

Myocardium is composed of a complex helical network
of muscle fibers that form sheets [1]. Within this oriented
structure, water is transported at microscopic scale due to
Brownian motion. However, the collagen, that encompasses
the fibers, acts like a barrier to water diffusion. As a result,
mobility of endogenous water molecules becomes the greatest
along the fibers’ long-axis. In addition, the cleavage planes,
that physically separate the cardiac laminar sheets, bar passage
to the transport of water. This results in the diffusion being
smaller in the normal direction of the laminar sheets than
inside the sheets. From the description above, it follows that
myocardial tissue is a highly anisotropic medium because it
has different diffusion properties depending upon the tissue
orientation.

Diffusion tensor magnetic resonance imaging (DT-MRI)
[2]-[3] has paved the way to calculate anisotropic water
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opment and Imaging Technology, Lawrence Berkeley National Laboratory–
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diffusion in the myocardial tissue and, therefore, infer the my-
ocardium microstructure. It is a non-invasive, non-destructive
and powerful tool. It has been demonstrated and validated that
the primary eigenvector of the diffusion tensor measured at
each voxel by DT-MRI is aligned locally with the long-axis
of the cardiac fibers [4].

The in vivo imaging of myocardium microstructure by
using DT-MRI is hindered by long acquisition times. Cardiac
and other patient motion artifacts and eddy currents artifacts
also degrade DT-MRI cardiac images. Tensor field computed
tomography (TFCT) [5]-[7] together with magnetic resonance
imaging (MRI) has been recently proposed as a useful imaging
technique that allows one to elicit cardiac diffusion tensor
quantities without physically probing the interior of the exam-
ined system. Contrary to DT-MRI, which is a non-tomographic
tool, TFCT belongs to the group of projection reconstruction
techniques. Such techniques are more suitable for following
dynamic processes, like cardiac imaging. Moreover, TFCT
has the added advantage that the tensor reconstruction may
be performed iteratively, hence, the effects of noise may be
further reduced [7].

The principles of 3D TFCT are discussed in [6]. Definitions
of projections of a tensor field, methods for measuring pro-
jections of diffusion tensors using MRI, the Helmholtz-type
tensor field decomposition, Fourier projection theorems and
reconstruction algorithms are given there. According to the
Helmholtz-type decomposition, a tensor field may be decom-
posed into a solenoidal component (curl of a tensor potential)
and an irrotational component (gradient of a vector field). The
importance of this decomposition also lies in the fact that if
a tensor field is recognized to be purely irrotational or purely
solenoidal, then, only half the projection measurements are
required to reconstruct the tensor field. This possibility of
exploiting the Helmholtz-type decomposition to reduce data
acquisition and processing time makes TFCT appealing over
DT-MRI.

One of the main objectives in cardiac diffusion imaging is
the determination of myocardial fibers. The aim of this paper
is to show, by using real cardiac diffusion tensor data, that
the determination of myocardial fibers (which align with the
primary eigenvectors) may be performed by relying only on
the solenoidal component of the diffusion tensors. Therefore,
TFCT could potentially be used as a technique that utilizes
MRI in a more efficient way than DT-MRI for cardiac imaging.

The idea that the left ventricular wall has a diffusion tensor
field for which the first principal vector of the solenoidal
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component accurately approximates the first principal vector
of the overall diffusion tensor was also discussed in [6].
However, the authors of [6] performed studies on a cylindrical
phantom of the mid-ventricular region of the left ventricular
wall and relied on simulated cardiac diffusion data. To our
knowledge, this is the first time that one uses actual cardiac
data obtained across the whole myocardium of a biological
specimen to show that all useful information about the helical
fiber structure is contained in the solenoidal component of
cardiac diffusion tensors.

This paper is organized as follows. In Section II, we give
a brief summary of the TFCT framework and review the
Helmholtz-type decomposition for tensor fields. In Section III,
we present the technique we used to compute the solenoidal
and irrotational components of the cardiac diffusion tensor
fields. In Section IV, we discuss the experimental setting and
present some fibertracking results of the solenoidal and lon-
gitudinal tensor components, and the overall cardiac diffusion
tensor as well. We conclude in Section V.

II. TENSOR TOMOGRAPHY FRAMEWORK

In this section, we review some of the theory of TFCT that
is presented in [5]-[6].

A. Definition of Projection of a Tensor Field

Let us assume that we have a 3D 2nd-order tensor field
tij(x) that has nine elements (i, j = 1, 2, 3) and is a function
of the spatial coordinate x = (x, y, z) ∈ ℜ3. To form a scalar
projection, this tensor field is contracted with a pair of two
unit vectors, eλ, eτ , to give a scalar function that is integrated
over a plane to yield the directional measurement

rλτ (t; θ) =

∫

ℜ3

∑

i,j

eλi tij(x)e
τ
j δ(x · θ − t)dx (1)

where λ, τ = 1, 2, 3, θ gives the direction normal to the
integration plane, and t is the distance from the origin.

B. Generalized Helmholtz decomposition

The classical Helmholtz decomposition theorem [8] was
initially developed for vector fields. It states that if a vector
field has components that rapidly decrease in ℜ3 and vanish
at infinity, then, this vector field may be uniquely decomposed
into an irrotational (or, equivalently, curl-free) component and
a solenoidal (or, equivalently, source-free) component.

The extension of Helmholtz decomposition to tensor fields
is discussed in [9]. It is shown there that a smooth symmetric
tensor field tij(x), that vanishes rapidly at infinity, may be
uniquely decomposed as:

tij(x) = tIij(x) + tSij(x) (2)

where tIij(x) is the irrotational component of the tensor field
and tSij(x) is the solenoidal component of the tensor field.
tIij(x) may be expressed as the gradient of a 1st-order tensor
field. Also it is shown in [5] that tSij(x) may be expressed
as the curl of a 2nd-order tensor field. The importance of the
tensor field decomposition is appreciated next.

C. Reconstruction Formulae
By using the central section theorem for tensor fields and

the Radon’s inversion formulae, it is shown in [6], that the
elements of the recovered solenoidal component are given by

tSij(x) = − 1

8π2

∫ ∫

4π

∂

∂2t
[αiαjr

αα(t; θ)

+βiβjr
ββ(t; θ) + (αiβj

+βiαj)r
αβ(t; θ)]t=x·θ sin θ dθ dϕ (3)

and the elements of the irrotational component are given by

tIij(x) = − 1

8π2

∫ ∫

4π

∂

∂2t
[θiθjr

θθ(t; θ)

+(θiαj + αiθj)r
θα(t; θ)

+(θiβj + βiθj)r
θβ(t; θ)]t=x·θ sin θ dθ dϕ (4)

where αi, βi, θi with i = 1, 2, 3 are the unit vector com-
ponents. We can point out from Eqs. (3)-(4) that the two
components may be recovered independently of each other,
by relying on three separate sets of projection measurements.
Most importantly, if a tensor field is found to be purely
irrotational or purely solenoidal, then, the number of the
required measurements is reduced by a half.

III. METHOD FOR TENSOR COMPONENTS ESTIMATION

Next, we describe the method we used in this study to
implement the Helmholtz-type decomposition of the cardiac
diffusion tensor fields. The calculation is the same as in [10].

Let us assume that we have a 2nd-order tensor field that
is defined in a discretized space that has spatial dimensions
n×m×p. At each point of this 3D grid, the tensor field is
represented by a 3×3 matrix. Hence, there are 9 3D sets,
one for each tensor element. For computational convenience,
each 3D grid of the 9 tensor elements is reshaped to form a
row vector of nmp values. Subsequently, these 9 vectors are
concatenated to give an overall column vector D of 9nmp
rows, as D = [Dxx Dxy Dxz Dyx Dyy Dyz Dzx Dzy Dzz]

T .
It was mentioned in Section II-B that the solenoidal compo-

nent may be expressed as the curl of a 2nd-order tensor field,
whereas the irrotational component may be expressed as the
gradient of a 1st-order tensor field. Therefore, to implement
the tensor decomposition, we must first define the operators
of curl and gradient in a discretized fashion. To achieve this,
we represent them by block matrices that correspond to finite
difference operators, as in [11]. Hence, the curl of a 2nd-order
tensor field ψ = [ψxx ψxy ψxz ψyx ψyy ψyz ψzx ψzy ψzz]

T

may be approximated by Cψ where

C =

=




0 0 0 −∆z 0 0 ∆y 0 0
0 0 0 0 −∆z 0 0 ∆y 0
0 0 0 0 0 −∆z 0 0 ∆y

∆z 0 0 0 0 0 −∆x 0 0
0 ∆z 0 0 0 0 0 −∆x 0
0 0 ∆z 0 0 0 0 0 −∆x

−∆y 0 0 ∆x 0 0 0 0 0
0 −∆y 0 0 ∆x 0 0 0 0
0 0 −∆y 0 0 ∆x 0 0 0


 (5)

and the multidimensional difference matrices are given by

∆x = Ip×p ⊗ Im×m ⊗ ∆n×n (6)
∆y = Ip×p ⊗ ∆m×m ⊗ In×n (7)
∆z = ∆p×p ⊗ Im×m ⊗ In×n (8)
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where In×n is a n × n identity matrix, ⊗ is the Kronecker
product and ∆n×n is a n× n finite difference matrix

∆ =
1

2




0 +1 0 . . . 0

−1 0 +1
. . .

...

0 −1 0
. . . 0

...
. . .

. . .
. . . +1

0 . . . 0 −1 0




(9)

where central differences were employed to approximate
derivatives. Likewise, the gradient of a 1st-order tensor field
ϕ = [ϕx ϕy ϕz]

T can be approximated by Gϕ where

G =




∆x 0 0
0 ∆x 0
0 0 ∆x

∆y 0 0
0 ∆y 0
0 0 ∆y

∆z 0 0
0 ∆z 0
0 0 ∆z




(10)

To perform the Helmholtz-type decomposition and calculate
the irrotational and solenoidal components, we solve the least-
squares problem

min
ψ,ϕ

||D − Cψ − Gϕ||2F (11)

where || · ||F denotes the Frobenium norm of the tensor
trace(XijXjk). It is CTG = GTC = 0, hence, the numerical
solution of Eq. (11) is equivalently obtained by solving the
following system of normal equations:

CTCψ = CTD
GTGϕ = GTD (12)

IV. EXPERIMENTS AND RESULTS

The decomposition was implemented in Matlab (Math-
Works, Natick, MA) and applied to a DT-MRI dataset of a
rat heart. The age of the rat when the heart was excised was
7 months old. The specimen was placed in a susceptibility-
matching solution called Fomblin to increase the contrast
between tissue and fluid. The data acquisition took place at
the Small Animal Imaging Laboratory at University of Utah.
A Bruker BioSpec 7 Tesla horizontal-bore MRI scanner was
employed with a 3D spin echo pulse sequence. Imaging param-
eters were: TR=500ms, TE=19.1ms, number of averages=1.
Diffusion-weighted images were acquired at 12 different gra-
dient directions with b=1000s/mm2 and a single image was
acquired with b=0. The field of view was 27×15.5×15.5mm
and the acquisition matrix was 160×96×96. Voxel size was
0.160mm isotropic. The 2nd-order diffusion tensors were com-
puted from the diffusion weighted images by performing a
nonlinear least-squares fitting method [12].

The estimation of the principal eigenvectors is a primary
objective in cardiac diffusion imaging, since it determines
the fiber architecture. Therefore, to validate the Helmholtz-
type decomposition, that we performed in this study, we
estimated the principal directions of: (i) the overall diffusion
tensor , (ii) the (calculated) solenoidal component and (iii) the
(calculated) irrotational component. In Figs. 1-3, we visualize

[13] the orientation of these principal directions at a short-axis
slice in the equatorial region of the rat heart. The graphical
visualization that is shown in Fig. 1 contains information
of utmost importance about fiber paths and fiber inclination
angles. This information might be valuable for mechanical
studies of the motion of the heart [14]. It can also be helpful for
understanding the structural remodeling that follows infarct or
surgery [15]. From Figs. 1-3, we may deduce that this valuable
information in accurately visualized also in Fig. 2, hence, the
solenoidal component is dominant in determining the cardiac
helix structure.

V. CONCLUSION

TFCT is a field that has substantial potential for many
applications. Solving, therefore, the inverse problem in TFCT
may open new possibilities in a wide variety of disciplines.

This paper looked at the 3D cardiac diffusion tensor field
reconstruction problem from the aspect of the required number
of projection measurements. Motivated by the Helmholtz-type
decomposition, we used rat heart diffusion tensor data to
show that the solenoidal component alone is sufficient for
determining the cardiac helical fiber structure. Hence, the
number of the required measurements by TFCT for cardiac
diffusion imaging may be reduced by a half. This result makes
TFCT appealing over DT-MRI for cardiac diffusion imaging.
As a conclusion, TFCT may offer the substantial potential of
utilizing MRI in a more efficient way than DT-MRI.

The future direction of the work performed in this study
involves the use of the cardiac diffusion tensor field to generate
only those projections who are required to recover a purely
solenoidal field (these are half the projections that a normal
non-solenoidal non-irrotational tensor field would require), and
this step will be followed by reconstructions by using some
filtered backprojection of other iterative algorithm. In this way,
the current study will be completed and its results verified.

The finding in this paper, that the solenoidal component
is useful for predicting bending cardiac fibers, was expected.
This is because the solenoidal component is expressed as the
curl of a 2nd-order tensor and the curl is typically used to
characterize vortices and shear in flows.

An important issue when solving inverse problems in
medicine is the imaging time. It is very encouraging, therefore,
that the a priori knowledge of the outcomes of this study may
result in a reduction of imaging time. The findings in this paper
may also be valuable for developing electrical and mechanical
models of the heart.

A factor that currently hinders TFCT from establishing itself
as a routine imaging tool is the development of detectors
that can physically measure the projections necessary for the
applications of TFCT.
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solenoidal component of the diffusion tensor (same slice as in Fig. 1).

Fig. 3. Principal directions and absolute value of their helix angle of the
irrotational component of the diffusion tensor (same slice as in Fig. 1).
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Abstract— Comparing to SPECT and PET, a Compton camera 

based on electronic collimation has advantages of easy mobility, 

close-up scan, and simultaneous multi-tracer imaging for radiation 

therapy, molecular and nuclear medical applications. However, the 

spatial resolution of the Compton camera suffers from the 

measurement uncertainties of interaction positions and energies. 

Moreover, the degradation degree of the spatial resolution is 

shift-variant over field-of-view (FOV) due to the imaging principle 

based on the conical surface integration. In this study, the 

shift-variant point spread function (SV-PSF) is estimated from the 

measured resolution using 35 point sources in FOV and is 

incorporated into the system matrix of fully three-dimensional and 

accelerated reconstruction, i.e. listmode OSEM (LMOSEM) 

algorithm, for resolution recovery. The measured resolution of the 

35 point sources were fitted into the exponential function of radial 

(r) and axial (d) distances, f(r,d)=A*exp(Br+Cd). The coefficients 

(A, B, C) for fitting surface function of SV-PSF were not identical 

between x-axis (5.8, 0.0032, 0.019) and yz-palne (6.1, 0.0022, 0.013). 

LMOSEMs with SV-PSF of 2 point sources yielded more improved 

resolution over the FOV than LMOSEMs without PSF and with 

shift invariant PSF. The Compton camera can perform the 

volumetric and multi-tracer imaging in molecular and nuclear 

medical applications with the improved spatial resolution by 

LMOSEM with SV-PSF. 

 
Index Terms—Compton camera, OSEM reconstruction 

algorithm, resolution recovery reconstruction, shift-variant point 

spread function 

 

I. INTRODUCTION 

Non-invasive gamma-ray imaging modalities play an 

important role in biomedical and molecular applications. In 

addition, demands for the gamma-ray imaging systems with high 

spatial resolution and sensitivity have increased in recent years 
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to verify biological processes at the molecular level. A Compton 

camera should become a candidate gamma-ray detection system 

providing high imaging performance for the molecular 

applications [1]-[5]. As shown in Fig. 1, the conventional 

Compton camera consisted of two scatterer and absorber 

detectors and the detection process can be expressed 

mathematically by surface integration of a cone which is defined 

by two detection positions and a scattering angle of each 

recorded event. The fully three-dimensional (3D) gamma-ray 

distribution can be reconstructed by solving an inverse problem 

of the conical surface integration. 

The spatial resolution of the Compton camera suffers from the 

uncertainties of detection positions and energies measured from 

the scatter and absorber detectors. Moreover, the degradation 

degree of the spatial resolution should be different over 

field-of-view (FOV). The 3D statistical reconstruction, which is 

known to enhance the image quality by the robust mathematical 

expression of the imaging system than analytical reconstruction, 

requires the significant computational burden. In this study, we 

propose a measurement strategy on the shift-variant point spread 

function (SV-PSF) in the Compton camera consisting of a 

double-sided silicon strip detectors (DSSD) and 4 cadmium zinc 

tellurides (CZT). In addition, the SV-PSF is incorporated into 

the accelerated statistical reconstruction, i.e. listmode ordered 

subset expectation maximization (LMOSEM), for resolution 

recovery. 

II. SHIFT-VARIANT POINT SPREAD FUNCTION 

A degradation of the spatial resolution in the Compton camera 

is directly related to the measurement uncertainties of 

interaction energies and positions in two detectors. The angular 

and positional uncertainties affect the formation of the cones 

from the measurements as shown in Fig. 1. The determination 

error of scattering angles arise out of the limited energy 

resolution of two detectors and Doppler broadening effect and 

the angular uncertainty (Δr) produces the thickened conical 

surface as shown in Fig. 1(A). The positional uncertainty due to 

segmentation of detected positions makes the axis of the cone 

shift by Δd as shown in Fig. 1(B) [6]. The thickened and shifted 

cones by Δr and Δd cause the delocalization of the measured 

event in image space, and the degradation degree of the spatial 

resolution should be shift-variant over the scanned FOV.  
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A 3D Gaussian function was considered to express the 

shift-variant point spread function (SV-PSF), as in (1).  
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The 3D Gaussian SV-PSF at the position i(r,d) in image space 

was expressed by the standard deviations along x, y, and z axes, 

σx(i), σy(i), and σz(i), which is a function of the radial position r 

in yz-plane and the axial position d along x-axis. 

To measure shift-variant resolution over FOV, Geant4 based 

Monte Carlo (MC) simulations were independently performed 

to generate Compton data (10
6
) of 35 point sources (140 keV). 

The 35 point sources were located by 1 cm apart each other at 5 

radial distances in yz-plane and 7 axial distances along x-axis as 

shown in Fig 2. The measured 35 resolutions were fitted into the 

exponential FWHM function of radial (r) and axial (d) distances 

as in (2). 
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III. SHIFT-VARIANT RESOLUTION RECOVERY 

RECONSTRUCTION  

Listmode ordered subset expectation maximization  

(LMOSEM) reconstruction algorithm, which is performed by 

iterating forward and backward projection in a given subset, was 

considered for the computational acceleration and incorporation 

of the elaborate system model [7]-[9].  

 
The 3D Gaussian SV-PSF (Gi) determined from the fitting 

surface function of 35 point sources was incorporated into the 

system matrix of LMOSEM using image-space convolution 

operation which is suggested in [10] for resolution recovery as in 

(3).  
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In (3), the geometric system matrix, Hij, is implemented by 

ray-tracing method described in [11]. The image space 

convolution procedure with Gaussian SV-PSF was performed in 

the forward and backward projections at every iterations of 

LMOSEM except the convolution over sensitivity image (Si). 

The performance of LMOSEM with SV-PSF was compared 

with shift-invariant PSF (SIV-PSF) using combined MC data of 

2 point sources which were located by 4 cm apart each other.  

IV. RESULTS 

Fig. 3 shows the fitting exponential surface function of the 

measured resolution of 35 point sources located at different 

radial and axial distances as in Fig. 2. The coefficients (A, B, 

and C) of the surface function of the shift-variant resolution were 

not identical between x-axis (5.8, 0.0032, 0.019, R
2
=92%) and 

yz-palne (6.1, 0.0022, 0.013, R
2
=95%).  

As in Fig. 4(A), the combined MC data of two point sources, 

which were placed by 4 cm apart each other at different 

distances (4 and 8 cm) from the Compton camera, was obtained 

to compare the performance of the resolution recovery 

reconstruction with SIV- and SV-PSF. Fig. 4 (B) to (D) shows 

the cross-sections of 3D LMOSEMs (15 subsets and 10 

iterations) without PSF, with SIV-PSF and SV-PSF of the 

combined MC data of two point sources. Both LMOSEM with 

SIV (C) and SV-PSF (D) provided more improved spatial 

resolution of the reconstructed images than LMOSEM without 

PSF (B). Compared to SIV-PSF-LMOSEM, the two point 

sources were differentiated well between each other in xy- and 

xz-planes of LMOSEM-SV-PSF. However, the resolution of the 

point source at distance of 8 cm did not recover although the 

LMOSEM with SV-PSF were performed. 

 
Fig. 2.  35 point sources located at 5 different radial positions in yz plane and 

7 different axial positions along x-axis (distances from the scatterer detector) . 

 
Fig. 1.  Spatial resolution degradation due to angular and positional 

measurement uncertainties in the Compton camera. 
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V. CONCLUSION 

Using 35 point sources located at different radial and axial 

distances, the SV-PSF is obtained. In addition, the SV-PSF was 

incorporated into the accelerated resolution recovery 

reconstruction. We compared the performance of the 

LMOSEM-SV-PSF with SIV-PSF which was defined by the 

resolution measured from a point source in origin of the image 

space. The LMOSEM-SV-PSF gave more improvement on the 

image quality over the FOV than SIV-PSF for MC data of the 

combined two point sources. The Compton camera can perform 

the volumetric and multi-tracer imaging in molecular and 

nuclear medical applications with the improved spatial 

resolution by LMOSEM with SV-PSF.  
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Fig. 4.  Illustration of two point sources (A) and corresponding yz-planes to 

different distances, 4 (1st row) and 8 (2nd row) cm, from the Compton camera 

and central xz- and xy-planes of LMOSEM without PSF (B) and with 

SIV-PSF (C) and SV-PSF (D) of 15 subsets and 10 iterations. 

 
Fig. 3.  Measured shift-variant (A) axial and (D) radial resolutions of 35 point sources, fitting surface function of (B) axial and (E) radial directions over 

field-of-view, fitness residuals of (C) axial and (F) radial directions. 
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Non-Periodic 3-D Motion Estimation and
Reconstruction of Coronary Stents

Christopher Rohkohl, Günter Lauritsch and Joachim Hornegger

Abstract—C-arm CT enables 3-D imaging at high spatial
resolution. Image quality would be sufficient for coronary artery
stents at rest. However, spatial resolution is severely degraded by
cardiac motion which needs to be considered in the reconstruction
step. Existing approaches are based on detecting markers in the
projection images. Based on the exact marker locations in all
images, motion estimation and compensation is performed in the
2-D projection image domain and thus no 3-D motion information
of the stent is available. In this paper a novel method for
computing the non-periodic location of the stent markers in 3-D is
proposed. The motion estimation step comprises marker detection
in 2-D, computation of periodic 3-D motion and computation
of non-periodic 3-D motion. For motion compensation the 3-
D marker positions are used to compute an affine motion
model as input for a motion compensated FDK reconstruction
algorithm. First clinical results suggest a high image quality and
the possibility to compute physiological parameters e.g. velocity
curves.

Index Terms—Cardiac C-arm CT, coronary stents, 3-D recon-
struction, motion estimation, motion compensation

I. INTRODUCTION

CORONARY artery stent placement is an important car-
diac interventional procedure which has revolutionized

the treatment of stenosis since its introduction in the mid-
1980s [1]. A stent is deployed to a stenotic segment using
a balloontipped catheter. The balloon catheter has two X-
ray opaque markers which help the cardiologist to locate the
stent in the fluoroscopic images. An example of a stent and a
catheter with markers is provided in Fig. 1. Imaging of the
stent with a high level of detail is the key for improving
positioning and outcome control. Methods have been proposed
for enhancing the visibility of the stent in a series of 2-D
images. This is accomplished by detecting the markers in the
image sequence. The images are then accumulated after having
been transformed such that the marker positions match to each
other [2].

Modern C-arm systems allow the acquisition of rotational
image sequences which can be used for reconstructing a
3-D image [3]. The application in the cardiac domain is
critical [4] and requires a special treatment of the cardiac and
respiratory motion [5]–[7]. The high spatial resolution of C-
arm CT allows imaging of non-moving stents at a high level
of detail. However, the very small sized components of a stent
(< 1 mm), relative to the motion of the coronary artery (>

C. Rohkohl and G. Lauritsch are with the Siemens AG, Healthcare Sector,
Forchheim, Germany. C. Rohkohl and J. Hornegger are with the Pattern
Recognition Lab, Department of Computer Science, Friedrich-Alexander-
Universitt Erlangen-Nürnberg, Erlangen, Germany. J. Hornegger is with the
Erlangen Graduate School in Advanced Optical Technologies (SAOT).

Fig. 1. Example for a 2-D projection image of a stent placed on a balloon-
catheter with markers.

1 cm) pose a challenging problem. In literature this problem
yet has been handled by 2-D motion compensation in the
detector image [8], [9]. Given the marker positions and a
simultaneously recorded ECG, two images from a similar heart
phase are selected. From the marker positions of those images,
reference 3-D positions are computed using the geometric
calibration of the system. The reference 3-D marker positions
are then projected onto all projection images. For motion
compensation, the images are then transformed such that the
2-D marker positions match. The transform is usually based
on translation, rotation and scaling in 2-D.

Current approaches are limited to 2-D motion estimation
and compensation. In this paper a novel approach for esti-
mating the 3-D marker positions over the acquisition time is
proposed. This is beneficial in several ways. First, it allows
the application of enhanced motion compensation algorithms
and is not limited to the class of 2-D transforms [5]. Second, it
allows a quantification of the stent motion which can be used
to derive physiological parameters, e.g. the velocity the stent
undergoes which might be a valuable tool in future clinical
work. The outline of this paper is as follows. We start out by
discussing the marker detection in Sect. II and continue with
the computation of the 3-D marker positions in Sect. III. Next,
in Sect. IV it is demonstrated how the 3-D marker positions are
utilized to arrive at a motion compensated FDK reconstruction
algorithm. The paper is finalized with first results from clinical
data in Sect. V and concluding remarks in Sect. VI.

II. MARKER DETECTION IN 2-D PROJECTION IMAGES

The detection of marker positions of coronary stents has been
extensively studied in literature, e.g. [2], [8], [10]. In [10] it
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was demonstrated that a fully automatic marker detection is
feasible and that a flawless marker couple detection algorithm
is not necessary. However, better detection results will lead to
better image quality. Therefore for the studies in this paper the
marker positions are checked manually in order to guarantee
best image quality which is not influenced by imperfect marker
detection.

In the remainder of this paper, the detected 2-D marker
position of a single marker in the i-th projection image is
referred to by u i ∈ R2.

III. ESTIMATE OF THE MARKER POSITIONS IN 3-D

The 2-D marker locations are used as input for the computation
of the 3-D marker positions. In the following we present
the algorithmic procedure which is used to compute the 3-
D position of each individual marker.

A. Periodic 3-D Marker Position

In the first algorithmic step it is attempted to compute the
average position of a marker at a certain heart phase. The goal
is to find a voxel position x p,i of the marker whose projection
has a minimum distance to the 2-D marker positions at similar
heart phases. For the i-th projection image this leads to the
following minimization problem for finding the periodic 3-D
marker position x p,i:

x p,i = arg min
x∈R3

∑

j

λ(i, j) ‖A(j,x )− uj‖2 . (1)

Here, the function A : N×R3 7→ R2 performs the perspective
projection of voxel x onto the i-th image based on the
calibrated projection matrices P i [11]. It is given by:

A(i,x ) =

(
u/w
v/w

)
with P i

(
x
1

)
=



u
v
w


 . (2)

The function λ is a heart phase dependent weighting factor.
It is close to 1 if the heart phase of two projection images
is similar and goes to zero for very dissimilar heart phases.
Intuitively, this formulation allows us to adjust the amount
of data that is used for the computation of a voxel location.
The less data we use, the more noisy the results will be. If
more data is used, the accuracy decreases as the temporal
resolution is reduced. In order to allow a flexible regulation of
this tradeoff the flexible class of cosine-based gating functions
proposed in [12] is utilized. It is given by

λ(i, j) =

{
cos α

(
dh(h(i),h(j))

ω π
)

if dh(h(i), h(j)) ≤ ω
2

0 otherwise ,
(3)

where h returns the heart phase of a projection image and
dh computes the closeness of two heart phases given by
dh(h1, h2) = minc∈{0,1,−1} |h1 − h2 + c|. The parameter ω
adjusts the non-zero support region of the gating window
whereas the parameter α adjust the shape of the gating
function.

The optimization problem Eq. (1) can be reformulated in
terms of a system of linear equations which then can be
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Fig. 2. Example for the temporal smoothing effect by increasing the amount
of data in a clinical case. The gating shape is fixed to α = 2. With increasing
gating width ω the components of the periodic marker position become less
noisy but the level of detail is decreased.

1 20 40 60 80 100 120 133

42

44

46

48

50

projection image i

z-
co

m
po

ne
nt

in
m

m

periodic: x p,i

non-periodic: x np,i

Fig. 3. Comparison of the periodic and non-periodic marker position for a
clinical dataset. The gating parameters are set to ω = 0.2 and α = 2.

easily solved using a direct solver like the Singular Value
Decomposition (SVD). An example for the y-component of the
computed periodic marker position x p,i for various values of
ω is depicted in Fig. 2. The before-discussed tradeoff between
noise and level of detail can be nicely observed.

B. Non-Periodic 3-D Marker Position

The periodic marker position x p,i is only an estimate averaged
over all heart cycles. In the real-world the heart beat is not
strictly periodic and therefore the non-periodic components
need to be taken into account. The ideal non-periodic 3-D
position x np,i for the i-th projection image is the voxel that
is closest to the periodic voxel position but hits the detector
exactly at the 2-D marker position. Formally, this can again
be described as an optimization problem:

x np,i = arg min
x∈Li,ui

‖x − x p,i‖2 (4)

where Li,ui
= {x ∈ R3 | A(i,x ) = u i} is the set of voxels

along the measurement ray of the i-th image intersecting
the detector at marker position u i. The optimization problem
Eq. (4) can be directly solved using simple vector math and
will be skipped for brevity. In Fig. 3 the z-component (Head-
Foot) of a marker position of a clinical dataset is provided.
It can be seen, how the non-periodic component varies over
time slightly from the periodic component.
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IV. TOMOGRAPHIC IMAGE RECONSTRUCTION

The tomographic reconstruction in the presence of motion is a
problem that has received considerable attention in literature.
In this paper the motion compensated FDK reconstruction
algorithm is utilized [5]. It was used in numerous publications
in the field of cardiac C-arm CT, e.g. [6], [7], [13], [14]
because of its easy implementation and fast runtime [15].
The formal definition of the reconstruction algorithm and the
required motion model will be provided in the following.

A. Affine Motion Model

For obtaining a motion compensated tomographic reconstruc-
tion it needs to be decided which motion state (reference)
should be computed. Further a motion model function is
required which describes the transform of an arbitrary mo-
tion state to the the reference motion state. Formally this
is conceptionalized by a function M : N× R3 × RK 7→ R3

with M(i,x , s) = x ′. Based on the motion model parameters
s ∈ RK a voxel x is transformed to its new location x ′ at the
i-th projection image.

For a proper definition of M we first require the reference
motion state of the stent markers. In theory, this can be
any point in 3-D. However, as we seek a position which is
already quite stable we propose to derive that phase from
the periodic marker position. For each phase the variance of
the 3-D position of both markers in a 30% phase window is
computed and the phase with the minimum value is selected.
The corresponding reference position of the two markers are
denoted

x r,1 and x r,2 .

In the next step, the two non-periodic marker positions over
time (x 1

np,i and x 2
np,i) need to be transformed to the refer-

ence marker positions x r,1 and x r,2. This transform can be
computed using different strategies. We chose a formulation
with 7 degrees of freedom: 3 euler angles αi, 3 translational
components t i and one scaling factor si which is equivalent
for all spatial directions. For each set of parameters a 4 × 4
transformation matrix T i(αi, t i, si) can be found which ful-
fills the following equation:

(
T i(αi, t i, si)
T i(αi, t i, si)

)(
x̃ r,1
x̃ r,2

)
=

(
x̃ 1

np,i
x̃ 2

np,i

)
(5)

where x̃ ∈ R4 denotes the homogenous coordinates of x
with the last component being one. Now let the motion
model parameters s be the concatenation of all transformation
matrices, i.e. s = (T 1, . . . ,TN )T for N projection images.
The motion model is then given by

M(i,x , s) = x ′ with T i

(
x
1

)
∼=
(
x ′

1

)
. (6)

At this point it should be noted that the proposed motion model
is just one possible formulation. A non-global transform based
on B-splines with the assumption of no motion outside of the
stent region [6] could be used seamlessly due to the availability
of 3-D marker positions. However, yet we are only interested
in the stent itself and thus the assumption of a global affine
motion model can be applied.

Fig. 4. Example reconstruction result for a clinical dataset with two stents
being placed within each other. Top left, top right, bottom left orthogonal
multi-planar reformatting (MPR) images, bottom right 3-D volume rendered
image.

B. Motion Compensated FDK-Reconstruction

For motion compensation a motion compensated reconstruc-
tion algorithm f(x , s) is required. The function f returns
the reconstructed object value at a voxel x based on the
motion model parameters s . In this paper, an extension of
the FDK reconstruction method for moving objets is utilized
[5]. Formally, the motion compensated FDK reconstruction
f : R3 × RK 7→ R is given by

f(x , s) =
∑

i

w(i,M(i,x , s)) · p(i, A(i,M(i,x , s))) . (7)

The function w : N × R3 7→ R is the distance weight of
the FDK-formula. The pre-processed, filtered and redundancy
weighted projection data is accessed by the function p : N ×
R2 7→ R where p(i,u) returns the value of the i-th projection
image at the pixel u .

For the special case of global motion models, the transfor-
mation is independent of the voxel location. Therefore, also the
standard version of the FDK-reconstruction algorithm could be
utilized by adapting the projection matrices, i.e.

P i ← P iT i . (8)

V. EXPERIMENTS

For initial testing of the proposed algorithm, it has been
applied to a clinical dataset. The dataset was acquired using a
ceiling mounted AXIOM Artis zee C-arm system (Siemens
Healthcare, Forchheim, Germany). In total N = 133 pro-
jection images with a size of 1240 × 960 pixels have been
acquired at a resolution of 0.308 mm/pixel. An example of
the acquired projection data is provided in Fig. 1. The data
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Fig. 5. Example for the computation of physiological parameters from the 3-D marker position. Given the marker trajectory in 3-D the velocity can be
computed for each time during the acquisition. The relative heart phase of the patient ∈ [0, 1] is overlaid in red.

has been reconstructed using the presented algorithm with the
gating parameters ω = 0.2 and α = 2. The reconstruction
result is provided in Fig. 4. A new stent 2 is placed with
some overlap to an already implanted stent 1. The 3-D image
precisely shows the position of both stents which is hardly
seen in the fluoroscopic images.

The proposed method and the availability of 3-D marker
positions allows the computation of physiological parameters.
One example is the velocity the stent undergoes during the
motion of the coronary arteries. It can be computed as the
first derivative of the 3-D marker location with respect to the
acquisition time. The velocity curve for the clinical case is
presented in Fig. 5. The relative heart phase is overlaid in red.
It can be observed that the results are in good agreement with
values reported in literature [16]. For each heart cycle two
velocity troughs of coronary artery motion can be observed in
mid-systole and mid-diastole. Furthermore, the velocity values
with a peak value of 50 mm/s are within the expected range
of coronary artery velocity values reported in literature [16].

VI. SUMMARY AND CONCLUSIONS

In this paper a novel and promising approach for the 3-D
motion estimation and motion compensated reconstruction of
coronary artery stents was presented. In a first clinical case
it could be shown that the method is feasible to compute
tomographic images and enables the computation of physi-
ological parameters like velocity curves. Our future work will
require an extensive testing of the involved parameters and of
the reliability in a clinical environment.
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Kinetic Model for Motion Compensation in
Computed Tomography

Zhou Yu, Jean-Baptiste Thibault, Jiao Wang, Charles A. Bouman, and Ken D. Sauer

Abstract—Model based iterative reconstruction (MBIR) al-
gorithms have recently been applied to computed tomography
and demonstrated superior image quality. MBIR algorithms also
have the potential to incorporate sophisticated models of data
acquisition to address artifacts. In this paper, we introduce
kinetic models to the MBIR framework, which allow voxel value
to change as a function of time. Conventional reconstruction
algorithms assume the voxels are constant over time. This
assumptions is not true when patient motion is present, which,
in turn, results in motion artifacts. Our approach to address this
problem is to include such phenomena directly in the models of
the cost function. We introduces a kinetic model for each voxel
which is parameterized by a set of kinetic parameters. We then
reconstruct the image by estimating these parameters in a MBIR
framework. Results on phantom study and clinical data show that
the proposed method can significantly reduce motion artifacts in
the reconstruction.

I. INTRODUCTION

Model based iterative reconstruction (MBIR) algorithms
have recently been applied to computed tomography and
demonstrated superior image quality performance [1], [2], [3].
These methods typically work by estimating the images that
best fit the data based on the models of the system, the noise in
the data, and the reconstructed image. To do this, the images
are estimated by minimizing the following cost function,

x̂ = arg min
x≥0

{
1

2
(y −Ax)T D(y −Ax) + U(x)

}
(1)

where x denotes the voxels in the image stored in a vector, and
y denotes the vector form of the projection data. The models
of the system are incorporated in equation (1). The forward
model represented by the matrix A computes synthesized
projection data based on the image. The accurate modeling
of A is important for improving the spatial resolution and
reducing geometric related artifacts. The noise model denoted
by the diagonal matrix D models the signal to noise ratio
of each measurement, and therefore it is important for noise
reduction of the reconstruction. Last but not least, the image
is regularized by the function U(x) derived from a prior
distribution on the image. With accurate modeling of geometry
and noise, the MBIR algorithm can produce high resolution
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images with significantly reduced noise and artifacts. In order
to further improve image quality, this algorithmic framework
also provides the flexibility to incorporate more sophisticated
physical models of the data acquisition process such as the
spectrum of the X-ray [4], the gain fluctuation of the sys-
tem [5], etc.

In this paper, we propose to incorporate a kinetic model
into equation (1), which allows voxel values to change as
a function of time. Conventional reconstruction algorithms
typically assume that voxel values are constant during data
acquisition. This assumption is violated when patient motion
occurs or when using contrast agents in perfusion studies,
for instance, which typically results in motion artifacts in the
reconstructed images. Our approach to address this problem is
to include such phenomena directly in the models of the cost
function. We introduces a kinetic model for each voxel which
is parameterized by a set of kinetic parameters. The objective
is to reconstruct the image by estimating these parameters
in a MBIR framework. To develop the kinetic parameter
iterative reconstruction (KPIR) algorithm, we derive a cost
function of the kinetic parameters. These parameters are then
jointly estimated by minimizing the cost function. Based on
the kinetic parameters, we can present a snapshot image at a
desired point in time to freeze motion. We can also produce
a 4D time sequence using the kinetic parameters to display
the image volume as a function of time. The algorithm we
propose is efficient in the sense that there is limited additional
computational cost added compared to the conventional MBIR
algorithm.

Kinetic modeling of voxel values and parametric reconstruc-
tion algorithms were originally developed for positron emis-
sion tomography (PET) and single photon emission computed
tomography (SPECT). In dynamic PET and SPECT imaging,
direct methods have been developed to estimate physiological
parameters directly from the sinogram data [6], [7], [8],
[9], [10]. The contribution of this paper is to introduce a
kinetic reconstruction algorithm for transmission tomography
problems, and apply it to motion artifact reduction. This paper
is organized as following. In section II, we introduce our
kinetic model, derive the cost function, and describes the
numerical algorithm we used to minimize the cost function.
Finally, in section III, we apply this algorithm to reconstruct
both clinical and phantom data to evaluate the perform ace of
the algorithm.
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II. KINETIC PARAMETER RECONSTRUCTION ALGORITHM

The key idea of our method is to model the voxel values
as a function of time. We discretize the time window of
the measurement into K intervals of width dt seconds. We
use y(k) and x(k) to denote the vector of measurements and
voxel values in the kth time interval. A brute force method
to perform temporal reconstruction would estimate one image
for each time interval to obtain a sequence of K images over
time. However, such method would increase the dimension of
the problem by a factor K, and finding a suitable a numerical
algorithm to obtain a stable solution would be challenging.

We reduce the dimension of the problem by introducing dif-
ferent kinetic models that parameterize possible voxel motion
with a small number of parameters. Let ϕ denote a matrix of
kinetic parameters, in which each row ϕs is a vector of kinetic
parameters for voxel s. The kinetic model is a function that
maps ϕ to the image at time t, that is,

x(k) = F (ϕ, tk) (2)

where tk is the sampling time of the kth time interval.
Given the kinetic model, the estimate ϕ̂ minimizes the fol-

lowing cost function of ϕ adapted from the MBIR framework.

ϕ̂ = arg min
ϕ

K∑

k=1

{(y(k) −A(k)F (ϕ, tk))T D(k) (3)

(y(k) −A(k)F (ϕ, tk))}+ U(ϕ)

This cost function has two terms. The first term is a summation
of a series of data mismatch penalty functions for each
sampling time tk, where A(k) represents the forward model
and D(k) is a diagonal matrix that assigns weights to each
measurement according to the statistical model. The second
term, U(ϕ), is a regularization function for the kinetic param-
eters that penalizes noise and outliers in the reconstruction.

Given this framework, developing a kinetic parameter re-
construction algorithm mainly consists of three tasks. First,
we need to select a kinetic model F (·) appropriate to describe
the realistic changes in object density over the length of the
acquisition. Second, parameter estimation must be stabilized
by choosing a prior model for the kinetic parameters leading
to the explicit formulation of the regularization function U(ϕ).
Third, a numerical algorithm must be developed to solve
the optimization problem in equation (4). In the following
paragraphs, we propose various methods for each of these
tasks.

A. Parameterized Kinetic Model

Similar to equation (2), we can write the value of voxel s
as a function of time using the following relation

xs(t) = Fs(ϕs, t) (4)

where Fs(·) represents the kinetic model parameterized by a
ϕs for each voxel s.

One possible choice is to represent voxel values as a linear
combination of a set of basis functions. In this case, we can

rewrite equation (4) in the following form

xs(t) =

m∑

i=1

ϕs,ibi(t) (5)

where bi(t) is the ith basis function. We sample the value of
the voxels at time points tk, k = 1, 2, ...K, and the sampled
values are given by xs,k = xs(tk). We use ~xs to denote the
K by 1 vector of the values of voxel s sampled at different
tk, which is computed by

~xs = Msϕs (6)

where M is a K by 3 matrix formed by sampling the basis
functions, that is, [Ms]k,i = bi(tk) .

The choice of basis functions determines the space of the
kinetic functions. In this paper, we use general polynomial
basis functions defined as follows

bi(t) = (t− Ts)
i−1 (7)

where i = 1, 2, 3, and Ts is the time when we would like to
freeze the motion. In this case, the parameter ϕ1 is the image
at time Ts. Other general basis function such as cosine and
spline basis functions can also be used.

B. Prior Model

Estimating multiple parameters per voxel from the same
amount of acquired data as available for conventional MBIR
reconstruction can be unstable without the use of regulariza-
tion. To stabilize this process, we assume the kinetic parame-
ters follow certain prior models. We use U(ϕ) to denote the
regularization function of the kinetic parameters derived from
the prior model.

Using the polynomial basis function described in equation
(7), the parameter ϕs,1 is the final image displayed to the user,
and therefore we use the same spatial image regularization
approach as in conventional MBIR for ϕs,1. The regularization
function of ϕs,1 can then be written generally as

U1(ϕ1) =
∑

{s,q}∈∂s

bsqρ(ϕs,1 − ϕq,1) (8)

where ∂s denotes the neighborhood of voxel s, bsq are
directional coefficients, and ρ(·) is the potential function that
penalizes large variations in the parameters.

We also apply additional prior models to regularize the
temporal changes in the voxel values. A simple prior model
would assume the kinetic parameters are independent of each
other. In this paper, we use L2 norm regularization for the
kinetic parameters given as follows

Ui(ϕi) =
1

σ2
i

∑

s

ϕ2
s,i (9)

where Ui(·) is the regularization function for the ith compo-
nent of the kinetic parameters, σ2

i adjusts the regularization
strength. This particular prior model assumes that motion
with large magnitude is less likely to happen, and therefore
penalizes large values in the kinetic parameters more than
small values.

2
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C. Parametric Iterative Coordinate Descent Algorithm (PICD)

We use the parametric iterative coordinate descent
(PICD) [6] algorithm to solve the optimization problem in
equation (4). The key idea of the PICD algorithm is to update
one voxel at a time, while all the kinetic parameters of the
voxel are updated simultaneously. When voxel s is updated,
the kinetic parameters of all other voxels are fixed in the cost
function, and we can then minimize the global cost function
over ϕs only.

For each voxel update, we first compute the first and second
derivative of the data mismatch term in the cost function with
respect to the current voxel s. The first derivative, denoted by
θ1, is a K by 1 vector, and the second derivative, θ2, is a K
by K diagonal matrix. θ1 and θ2 are computed directly from
the error sinogram data by

[θ1]k ←
∑

i

di,kai,s,kei,k (10)

[θ2]kk ←
∑

i

di,ka2
i,s,k, (11)

where ai,s,k = [A(k)]i,s, and ei,k and di,k respectively denote
the elements in the error sinogram and the corresponding
statistical weight.

Let ϕ̂s denote the values of the parameter after the update,
and ϕ̃s denote the values before the update. Let ∆ϕs = ϕ̂s−
ϕ̃s. We can then write the optimization problem for voxel s
as

∆ϕs ← arg min
∆ϕs

{
θT
1 Ms∆ϕs +

1

2
∆ϕT

s MT
s θ2Ms∆ϕs + U(ϕ)

}

(12)
With Q1 = θT

1 Ms − ϕ̃T
s MT

s θ2Ms and Q2 = MT
s θ2Ms, then

it is equivalent to solve

ϕ̂s ← arg min
ϕs

{
Q1ϕs +

1

2
ϕT

s Q2ϕs + U(ϕ)

}
. (13)

After the update of ϕs using equation (13), the change in
the parameters is forward projected into the sinogram domain.
The sinogram update is done in two steps. First, we compute
the change in the vector ~xs using the following relation.

∆~xs = Ms∆ϕs (14)

Next, for each sample time tk, we project the change in voxel
value ∆xs,k onto the error sinogram

e∗,k ← e∗,k + A
(k)
∗,s∆xs,k (15)

III. EXPERIMENTAL RESULTS

We implemented the KPIR algorithm using the kinetic
models described in equation (7), and the prior model given
by equations (8) and (9). We used PICD as the numerical
algorithm to solve the optimization problem.

This algorithm was applied to both a motion phantom and
clinical reconstructions. Figure 1 compares the reconstructions
on the Quasar motion phantom. This motion phantom has a
dense insert with an air chamber in the center moving at the
programmable speed of 40 beats per minute in this particular

(a) (b)

(c) (d)

Fig. 1. Comparison of algorithms on the Quasar motion phantom. The con-
ventional reconstruction in (a) shows motion artifacts appearing as shadings
near the moving air chamber. These artifacts are significantly reduced by
KPIR as shown in (b). In (c) and (d), we compare the converged residual
error sinograms computed by forward projecting the image and subtracting
the data for both reconstructions: the conventional reconstruction in (c), and
the KPIR in (d). The large remaining inconsistency in (c) cannot be explained
by the conventional model as it is caused by the phantom motion. The error
is significantly reduced in (d).

scan. Figure 1 (a) shows the reconstruction without motion
correction: significant motion artifacts appear as shadings in
a large area around the air pocket. After applying KPIR, the
reconstruction in (b) shows that the motion artifacts are signif-
icantly reduced and localized near the air bubble. The artifact
reduction can also be verified by comparing the converged
residual error sinograms. Figure 1 (c) and (d) shows the error
sinogram corresponds to the reconstructions in (a) and (b).
The residual error sinogram computed as Ax−y illustrates the
inconsistency between the image and the measurements. By
comparison with the error sinogram without motion correction
shown in (c), it is clear that the large errors are significantly
reduced by the KPIR algorithm in (d).

The proposed algorithm also have the flexibility to re-
construct images with different choices of Ts. We typically
choose Ts = Ts,0, where Ts,0 is the center of the temporal
window during which the voxel is measured by X-ray. Fig-
ure 2 shows the reconstruction of the motion phantom with
Ts = Ts,0−0.25, Ts,0, and Ts = Ts,0+0.25 second, separately.
Although there are some remaining motion artifacts, we can
clearly see how the air bubble enters this slice, and its diameter
grows as a function of time. In clinical reconstructions, this
feature would allow us to choose Ts to reconstruct images at
different phases.

3
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(a) (b) (c)

Fig. 2. Comparison of the images reconstruct with different Ts. The image
in (b) is reconstructed using KPIR with Ts = Ts,0, the center of the temporal
window of measurement. The image in (a) and (c) are reconstruct with Ts =
Ts,0 − 0.25 sec and Ts = Ts,0 + 0.25 sec respectively. Although there are
some remaining motion artifacts, we can clearly see how the air bubble enters
this slice, and its diameter grows as a function of time.

(a) (b)

Fig. 3. Comparison of the algorithms on clinical study. The conventional
reconstruction in (a) shows a ghosting artifact near the heart wall and blurred
vessels due to cardiac and respiratory motion. These artifacts are significantly
reduced by KPIR as shown in (b).

Figure 3 compares the reconstruction using various algo-
rithms on a clinical case. The images are zoomed into the
chest region to focus on respiratory motion. Figure 3 (a) shows
the conventional reconstruction without kinetic modeling. Due
to cardiac and respiratory motion, the heart wall boundary
shows a ghosting artifact and one of the vessels in the lung is
significantly blurred. In this case, the KPIR algorithm appears
effective in reducing both artifacts, as illustrated in (b).

Figure 4 compares the convergence speed between KPIR
and MBIR algorithm. We run both algorithms for 20 iterations
to produce a set of reference images. Then we compute the
root mean square error (RMSE) for both algorithm during the
reconstructions. In (a), the computational cost is measured by
number of updates in the unit of iteration. The plot shows that
KPIR and MBIR has very similar per iteration convergence
speed. In (b), the computational cost is measured by the wall
clock time normalized by 1 iteration time of MBIR. In this
plot, KPIR is slightly slower since the computational cost per
voxel update of KPIR is about 15% higher than MBIR on
average.

IV. CONCLUSION

In this paper, we present a method of model based motion
artifact reduction by introducing kinetic models to the MBIR
framework. The phantom and clinical results show that the
proposed algorithm can effectively reduce motion artifacts.
The kinetic model we use in this paper is relatively simple.
In the future, we can potentially improve this method by

(a)

(b)

Fig. 4. This figure compares the convergence speed between KPIR and the
MBIR. The image quality is measured by the RMSE of the image, and the
computational cost is measured by the iteration in (a), and by the wall clock
time normalized by the time of 1 iteration of MBIR in (b).

introducing more sophisticated kinetic model or prior model
of the kinetic parameters.
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Abstract—Our final goal is to develop a new class of fully 
four-dimensional computed tomography (CT) reconstruction 
algorithms for time resolved, low dose cardiac CT imaging. 
Toward this goal, we developed an iterative algorithm that 
alternate motion estimation and motion compensated image 
reconstruction of a time-dependent deforming object from 
cone-beam helical projections. We have evaluated the proposed 
method using a clinical cardiac data obtained by a 64-slice CT 
scanner.  
 

Index Terms—Computed tomography, motion estimation, 
motion compensation.  
 

I. INTRODUCTION 
ARDIOVASCULAR disease remains the leading cause of 

death in the western world, placing an ever-increasing 
burden on both private and public health services. The 

electrocardiogram (ECG)-gated cardiac computed 
tomography (CT) imaging is a promising non-invasive 
technique for early detection of fatty vulnerable plaque in 
coronary arteries. However, there are two major problems 
with the retrospectively ECG-gated image reconstruction 
technique: large patient radiation dose and insufficient 
temporal resolution, resulting in motion artifacts in images.  

Current solutions to these problems have limitations. A 
prospectively ECG-gated scanning technique is a typical 
solution to the dose issue, which turn off the x-ray for outside 
the cardiac phase of interest. Problems of this technique are 
as follows: (1) users have to identify the patient specific 
optimal phase with respect to the ECG signals to acquire data 
prior to the scan; (2) the heart rate must be stable during the 
scan; (3) the motion of the heart, which is a critical 
functionality of this dynamically deforming organ, cannot be 
obtained.  

Solutions to the temporal resolution include faster gantry 
rotation and dual-source CT; these hardware-based solutions 
increase the cost of the scanner.  

In this paper, we propose a fully 4-dimensional image 
reconstruction algorithm: an iterative algorithm that 
alternates two methods, one to estimate the time-dependent 
motion vector field (MVF) of the heart from image data, and 
the other to reconstruct images using the estimated MVF. The 
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temporal resolution will be limited not by the width of the 
gating time-windows, but by the accuracy of motion 
estimation. The quality of the image will be significantly 
improved since the motion is compensated. In addition, lower 
tube current could be utilized since all of the acquired data 
will be used to reconstruct any cardiac phase of interest.  

The structure of this paper is as follows. In section II, we 
outline the motion estimation (ME)-motion compensated 
reconstruction (MCR) algorithm, the ME method, and MCR 
method. In section III, the proposed method is evaluated 
using a clinical cardiac CT data. Relevant issues are 
discussed in section IV, followed by conclusion.   

II. ALGORITHMS 

A. ME-MCR algorithm 
The general framework of the proposed ME-MCR method is 
similar to that of Gilland, et. al. which was developed for 
nuclear medicine [1, 2]. The iteration starts with a set of 
images ftm

(0)(xtm) reconstructed by ECG-gated helical, 
halfscan Feldkamp algorithm, where xtm is a 3-D vector at a 
discrete cardiac phase, tm, m = 1,…,Nm. The two independent 
methods, ME and MCR, are alternatively performed in one 
loop of the iterative process. The iteration ends once the 
change of reconstructed images becomes small.  
 Step-1. k = 0: Reconstruct  ftm (0) (xtm) at phase tm by FDK.  

Step-2. k  k + 1 
Step-3. Estimate MVF u0 tm

(k) (x0). 
Step-4. Calculate MVFs u0 t

(k)(x0), toward arbitrary time t. 
Step-5. Reconstruct ftm (k )(xtm) by MCR using u0 t

 (k)(x0). 
Step-6. End if Σm|| ftm

(k)(xtm) - ftm
(k-1)(xtm) || < ε; go to Step-2 

otherwise.  
where ε is a small scalar value for the stopping criteria and 
u0 t

(k) (x0) denotes a motion vector that moves a point x0 at 
phase t0 to a point x0 + u0 t at phase t as  
 ( ) ( )( ) ( )0  0  0  0  0  t t t tf x f x u x f x→= + = .  (A.1) 

B. ME algorithm 
Zeng and Fessler proposed an optimization-based motion 
estimation (ME) approach that maximizes the agreement 
between the measured and calculated projection data [3]. We 
have modified their approach to image-based ME and 
obtained MVFs from a reference phase, t0, to other phases, 
tm’s.  
Deformation model: We choose a volume at the least motion 
phase as the reference, f0 (x), and assume that moving 
volumes are all deformations of the reference volume as 
shown in Eq. (A.1) and the deformation can be modeled 

A fully four-dimensional, iterative motion 
estimation and compensation  

for cardiac x-ray computed tomography 
Qiulin Tang, Jochen Cammin, and Katsuyuki Taguchi 
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using cubic B-splines as 

 ( ) 0  0  ,
1

; ,
mN

i
m i t x

t xx t x b m iτ
=

⎛ ⎞ ⎛ ⎞
Γ θ = + θ − β −⎜ ⎟ ⎜ ⎟Δ Δ⎝ ⎠ ⎝ ⎠

∑∑   (B.1) 

or in short, ft = Ψ0 (θ, t) f0, where Ψ denotes the warping 
operator.  
Cost function: We estimate the deformation parameters by 
minimizing a regularized least-squared difference between 
the warped reference volume and the target volumes:  
 ( ) ( )ˆ arg min L R

θ
θ = θ + α θ ,         (B.2) 

where  

 ( ) ( ) 2
0 0

1

1 ,
2

mN

tm m
m

L f t f
=

θ = − Ψ θ∑ ,        (B.3) 

 ( ) 21
2

R Cθ = θ ,             (B.4) 

where C is a differencing matrix. Note that the regularization 
is applied to both space and time. 
Optimization: We use an iterative coordinate descent (ICD) 
approach to minimize the cost function; conjugate gradient 
(CG) method is chosen to minimize the cost of one MVF 
between a pair of volumes, one at the reference time, t0, and 
the other at one of other phases, tm’s, a time. We choose 
conjugate gradient because it often provides fast convergence 
and does not require an inversion of the Hessian matrix. From 
the current estimation θk, the next estimation θk+1 can be 
obtained by the conjugate vector (searching direction) pk as 
 θk+1 = θk + λk+1 pk+1.             (B.5) 
where λk+1 and pk+1 can be calculated analytically taking an 
approach similar to Ref. [3].   

C. MCR algorithm 
We adapted Schafer’s motion tracking cone-beam 
backprojection method [4] to the helical scan and 
reconstructed volumes at cardiac phases tm,  m = 1,…,Nm. 
Motion vectors from tm to t: Motion vectors from a discrete 
phase tm to other continuous phases t can be obtained from 
MVFs estimated by the method described in Sec. II.B. We 
first invert an MVF from t0 to tm  
 u tm 0

 (xm) = invert u0 tm
 (x0)        (C.1) 

using an iterative method [5]. We then concatenate MVFs 
 u tm tm’ (xm)  

= u tm 0
 (xm) + u0 tm’

 (xm+ u tm 0
 (xm)).   (C.2) 

We then temporally interpolate the discrete set of MVFs to 
obtain an MVF for the phase which corresponds to each 
projection.  
 u tm t (xm) = interp(u tm tm’ (xm)), tm’ = 1,…,Nm. (C.3) 
Schafer’s method: It is almost identical to the standard 
Feldkamp algorithm except that during the backprojection 
process, a ray that corresponds to a new pixel location, xt = 
xtm + u tm t (xm), will be chosen with the inverse 
squared-distance weight calculated by the new pixel location. 

III. EVALUATIONS  

We implemented the proposed algorithm using C and CUDA 
programming and a graphic processing unit board, and 
evaluated its performance with a cardiac CT patient data. 

A. Patient data 
The patient was scanned by a 64-slice CT scanner (Sensation 
64; Forchheim, Germany) with a standard cardiac protocol: 

(b)(a) (c)

(d) (e)

f0(0) ft = 40%
(0) warped f0(0)

f0(0) - ft = 40%
(0) warped f0(0) - ft = 40%

(0)

 
Fig. 1: Results of motion estimation in the first iteration 
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detector collimation of 2 × 32 × 0.6 mm with z-flying focal 
spot technique, helical pitch of 0.29/rot., gantry rotation 
speed of 330 msec/rot, and 1160 projections/rot. ECG signals 
were also acquired during the scan. The heart rate during the 
scan was 52.2 beats-per-minute.  

We used 20 phases with a 5 % R-R interval in this 
experiment; the volume size at one phase was 512×512×321. 
The quiescent cardiac phases with least motion were 
determined manually as 5% of the R-R interval 
(end-diastole), 40% (end-systole), and 75% (mid-diastole), 
and the reference phase was chosen at 75%.  

B. ME algorithm 
It took 350 iterations and 16 hours for one ICD-CG process 
to converge to estimate 4-D MVFs. Image data were 
down-sampled to 256×256×161×20.  

Figure 1 shows results of the motion estimation in the first 
iteration. A subtraction image (Fig. 1d) shows that the 
difference between the reference image f0 and the image at 
the end-systole (40%) was quite large due to the contraction 
of the heart (white rim) and a large circumferential twisting 
motion near the right coronary artery (RCA) (yellow circle). 
By warping the reference image and repeating the subtraction 
(Fig. 1e), both of the differences were significantly 
decreased.  

The locations of RCA were traced by an observer (K.T.) at 
this slice location using the original images, ft (0), and warped 
reference images, Ψ0 (θ, t) f0 (0). Figure 2 shows that, despite 
the large extent of the circumferential twisting 
motion—which is difficult to estimate—the motion path 
traced using the warped reference images qualitatively agrees 
very well with that obtained using the images ft.  

C. ME-MCR algorithm 
We have completed two ME-MCR iteration loops. Figure 3 
shows images at a rapid systolic phase, 20%, and at diastolic 
phase, 85%, reconstructed by no motion compensation and 
by the proposed method in 1st and 2nd iterations. It can be 
clearly seen that the motion artifacts are significantly 
decreased by the proposed method, and the degree of 
improvement increases as the iteration goes. There were no 
visible striking improvements with images at quiet phases, 

probably because motion near those phases of this particular 
patient was sufficiently small.  

Figure 4 shows a summed squared difference between the 
images at the current and the previous iterations. The SSD 
values decrease at any cardiac phases, although with different 
degrees of improvement.  

IV.  DISCUSSION AND CONCLUSIONS  
We have developed a fully four-dimensional image 

reconstruction method that alternates ME and MCR 
algorithms in an iterative fashion. The motion artifacts 
decreased as the iteration increases, although the number of 
iteration was limited to 2. The current results are encouraging 
toward the ultimate goals: improvement of temporal 
resolution and radiation dose reduction. The improved image 
quality at 20% of R-R interval and near the three quiescent 
phases indicates that the effective temporal resolution has 
been improved. We have reconstructed images using more 
than 3 rotations of projection data, which corresponds to 
about 1 second or the entire cardiac cycle. Images 
reconstructed by the proposed ME-MCR method maintained 
the resolution of the anatomical structures, much better than 
neglecting the motion, although images reconstructed by 
~0.5 rotation of data was much sharper (not shown). This 
result indicated that the accuracy of MVFs has to further 
improve.  

We will continue the evaluation of the proposed method. 
By the time of the conference, we will perform quantitative 
assessment with ~10 patient data using a larger number of 
iterations.  

The proposed ME-MCR algorithm loosely couples the two 
sub-algorithms, ME and MCR, with sending images f from 
MCR to ME and vectors u from ME to MCR. It is 
advantageous because we can modify one of them without 
affecting the other. It is disadvantageous, however, because 
the improvement of the accuracy of MVFs on ME side 
solely depends on the improvement of the image quality on 
MCR side; and the improvement on MCR part relies on the 
inaccurate MVFs at the early stage of iterations. It has 
empirically shown that the use of MVFs—even though they 
are not completely accurate—somewhat improves the 
artifacts. It is especially true for rapidly moving phases 
because the use of inaccurate MVFs must be at least better 
than neglecting the motion as long as the directions of 
motion vectors are not the opposite of the true directions.  

We are using differences of pixel values of reconstructed 
images to monitor the progress and convergence of the 
proposed iterative algorithm. The fact that a difference is 
getting smaller does not guarantee that the image quality is 
being maximized. We will study it with more patient data. 
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Iterative Phase–Correlated Micro–CT Image
Reconstruction Using Spatial and Temporal

Sparsity.
Ludwig Ritschl, Stefan Sawall, Marc Kachelrieß

Abstract— Temporal correlated image reconstruction, also
known as 4D CT image reconstruction, is a big challenge
in computed tomography. The standard method for 4D CT
image reconstruction is extracting single movement phases
and reconstructing them separately. These reconstructions
often suffer from undersampling artifacts due to the low
number of used projections in each phase. In this paper
we present a new type of regularization which tries to com-
pensate for these artifacts. Therefore we use a higher di-
mensional cost function which accounts for the sparseness
of the measured signal in spatial and temporal direction.
This leads to the definition of a higher dimensional total
variation, which is used as cost function. The method is
validated using in vivo micro–CT mouse data. Additionally
we compare the results to phase correlated reconstructions
using the FDK algorithm and a total variation constrained
reconstruction, where the total variation term is only de-
fined in the spatial dimensions. The reconstructed datasets
show strong improvements due to undersampling artifacts
and low contrast resolution compared to the other methods.

I. Introduction

4D CT reconstruction means the reconstruction of a
measured signal with spatial and an additional temporal
dimension. In this paper we assume that the motion can
be higher dimensional, for example parallel breathing and
heart motion. Due to this we will use the expression tem-
poral correlated CT instead of 4D CT. In clinical CT the
underlying movements are often periodic. The standard
method to reconstruct temporal correlated CT volumes is
to separate these motions into single phases and to recon-
struct the corresponding raw data separately. These im-
ages often suffer from undersampling artifacts due to the
low number of used projections in each phase. In this pa-
per we present a new type of cost function which tries to
compensate for these artifacts. As shown in previous pub-
lications iterative reconstruction algorithms which use the
sparsity of images, also known as compressed sensing [1],
seem to treat undersampled datasets quite well [2], [3], [4],
[5], [6]. The mostly used method is enforcing the spar-
sity of the image gradient which leads to a total variation
penalty term. The resulting cost function is an inequality–
constrained convex optimization problem.

min ||∇rf(r)||1 subject to ||Xf(r)− p||22 < ε. (1)

Here X is the X-ray transform, f(r) is the reconstructed
image and p are the measured rawdata. The variable ε

Stefan Sawall, Prof. Dr. Marc Kachelrieß, Ludwig Ritschl: In-
stitute of Medical Physics (IMP), University of Erlangen–Nürnberg,
Henkestr. 91, 91052 Erlangen, Germany.

Corresponding author: ludwig.ritschl@imp.uni–erlangen.de

Fig. 1. Here an in vivo micro–CT scanner (TomoScope Synergy
Twin, CT Imaging GmbH, Nürnberg, Germany) which comes
with dual source technique is shown.

characterizes the rawdata consistency. The value of ε is
not known before performing the iteration process. It de-
pends on effects like noise, scatter, beam hardening and
misalignment in the rawdata which lead to a higher incon-
sistency. In the case of a time dependent signal equation 1
can be rewritten as

min
∑

t

||∇rf(r, t)||1 subject to

∑

t

||Xtf(r, t)− pt||22 < ε.

The vector

t =




t1
...
tNt




describes the motion phases. Nt is the temporal dimension
of the reconstructed signal. This leads to the correspond-
ing raw data pt and the X–ray transform Xt which treats
only the subset pt.
Another way to regularize temporal correlated image recon-
struction is explicitly incorporating the temporal dimen-
sions into the reconstruction process [7], [8], [9]. In this
work we want to follow this strategy and create a sparsi-
fying transform ψ(r, t), which accounts for the higher di-
mensional properties and periodic temporal behaviour of
the signal f(r, t).
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II. Method

A. Higher Dimensional Total-Variation

The main innovation of the method presented here is the
idea, that there exists a high correlation between the im-
ages of neighboured motion phases. This can be reflected
by the fact, that only single parts of the object are mov-
ing, for example in cardiac CT, or that these movements
are smooth, for example breathing. This correlation can
be used to create a sparsifying transformation of the high
dimensional signal f(r, t). Therefore we define according
to the definition of the spatial total variation an extension
of the image gradient to higher dimensions:

∇r,tf(r, t, α) =



α · 1
∆x

(
fx,y,z,t1,··· ,tNt

− fx−∆x,y,z,t1,··· ,tNt

)

α · 1
∆y

(
fx,y,z,t1,··· ,tNt

− fx,y−∆y,z,t1,··· ,tNt

)

α · 1
∆z

(
fx,y,z,t1,··· ,tNt

− fx,y,z−∆z,t1,··· ,tNt

)

(1− α) · 1
∆t1

(
fx,y,z,t1,··· ,tNt

− fx,y,z,t1−∆t1··· ,tNt

)

...

(1− α) · 1
∆tNt

(
fx,y,z,tNt

− fx,y,z,tNt−∆tNt

)




∆x,∆y, ∆z, ∆ti represent the spatial or temporal dis-
tance of two neighbouring voxels. If one of the spatial
components involves voxels outside the defined volume, the
corresponding term is eliminated. For the temporal compo-
nents we assume a periodic behaviour. If Si is the number
of phases in the ith temporal dimension,

ti =





(Si ·∆ti + (t mod Si ·∆ti) if ti < 0

ti mod Si ·∆ti if ti ≥ Si ·∆ti
ti else

defines these periodic boundary conditions of the coordi-
nate ti.

The weighting factor α defines a linear weight between
the spatial and temporal part of the gradient which have
different dimensions. The influence of the choice of this
value on the reconstruction result will be discussed later.
Now the high dimensional total variation is defined as

TV4Df(r, t) = ||∇r,tf(r, t)||`1
=
∑

r,t

|∇r,tf(r, t)| .

The minimization problem we have to solve now is

min||∇r,tf(r, t)||1 subject to
∑

t

||Xtf(r, t)− pt||22 < ε. (2)

B. Minimization Algorithm

To find a solution of equation 2 we use an approxima-
tive method, which has been developed for total variation–
constrained image reconstruction. The single steps are
shortly explained here, for a more detailed description we
refer the reader to reference [10].
To minimize the cost functional the two terms of equation
(2) are treaten separately. The raw data fidelity term is
minimized by an SART [11], which performs update steps
in the form of

fn+1(r, t) = fn(r, t) + β
1

XT
t 1

XT
t

Xtfn(r, t)− pt
Xt1

. (3)

The index n represents the iteration number. In the follow-
ing the index n will represent a so called outer iteration.
After applying this SART update to all phases t the gra-
dient descent method is applied on fn+1(r, t)SART to min-
imize the TV. An iteration of the gradient descent is given
by

fTV
n+1,m+1(r, t) = fTV

n+1,m(r, t)−α·grad||∇r,tf
TV
n+1,m(r, t)||1.

As initialization input fTV
n+1,0(r, t) we use fSART

n+1 (r, t). m
is the index of the gradient descent iteration, which is the
inner iteration. The parameter α is calculated individually
in each updatestep by a backtracking linesearch to ensure
a minimization of the TV [12].
The linear combination

fn+1(r, t, λ) = (1− λ)fSART
n+1 (r, t) + λfTV

n+1,M (r, t)

is the final update image of one iTV iteration. The weight
λ is determined analytically by solving

∑

t

||Xfn+1,t(r, t, λ)− p, t||22 = (1− w)εSART
n+1 + wεn

with
εSART
n+1 =

∑

t

||XfSART
n+1,t (r, t)− p, t||22

and
εn =

∑

t

||Xfn,t(r, t)− p, t||22.

w is a user defined parameter, here we set it to w = 0.8.
As stopping criterium

stop if ∆εSART
n+1 < ∆εlim

with
∆εlim = 0.01 · (ε1 − ε2)

was used.

III. Data Aquisition

The data were acquired with a dedicated in vivo
conebeam micro–CT scanner (Figure 1) in single source
mode installed at the Institute of Medical Physics, Erlan-
gen, Germany. The mouse was anesthesized with a com-
bination of ketamine and rompun. A bloodpool contrast
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agent (Binition, Binitio Biomedical Inc., Ottawa) was used
for contrast enhancement. The scans were conducted at
65 kV tube voltage, the tube current time product was
8.7 mAs. The whole number of projections is 720. The
corresponding phase information was created using a ret-
rospective gating. In this study only the heart motion was
considered, which leads to Nt = 1. Therefor a kymogram–
based movement detection method [13] has been applied
to the raw data, to extract the heart motion. The motion
phases are equally sampled and consist between 55 and 95
projections each.
To precorrect the data for scatter and beamhardening the
empirical cupping correction (ECC) [14] method was ap-
plied.

IV. Results

The dataset was reconstructed using three different
methods. The first is the FDK [15] algorithm, which recon-
structs the raw data pt of each phase separately. The sec-
ond one is an iterative total variation–based algorithm [10],
which minimizes equation (1). The third is the method pro-
posed in this paper. The reconstructions of one movement
phase are shown in Figure 2. Note, that the sampling of
the projections in radial direction is not equally spaced.
Additionally we show difference images between the FDK
reconstructions and both iterative implementations.

V. Discussion

As expected both iterative methods lead to a strong im-
provement in terms of streak artifacts and low contrast
information compared to the FDK reconstructions. The
high dimensional TV image shows better low contrast char-
acteristics compared to the pure spatial TV– based recon-
struction. The gaps in the aquired projection data lead to
artifacts, which are still present in the spatial TV images.
The additional information incorporated by the temporal
regularization is able to compensate therefor.
The optimal choice of the parameter α depends on the
temporal behaviour of the measured image. In the case of
imaging the mouse heart, the moving objects are small rel-
ative to the whole object size and have a high contrast due
to the contrast agent injection. This makes the total vari-
ation in temporal direction to a very effective sparsifying
tranform, so choosing a small value for α is recommended.
Here we used α = 0.99. An automatic adjustement of the
parameter α will be part of future work.

VI. Conclusion

We presented a new method for spatial and temporal
regularization in the context of temporal correlated CT
image reconstruction. Therefor higher dimensional total
variation has been defined. The proposed algorithm was
evaluated using in vivo micro–CT mouse data. Using the
proposed cost function leads to a much better artifact re-
duction and higher low contrast information compared to
other methods.
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Fig. 2. This image shows the the results of the different reconstruction algorithms. For all algorithms axial, sagittal and coronal views are
shown. The two rows at the bottom show differemce images between (C= 0HU, W = 200 HU) the high dimensional TV and the FDK
reconstruction and between 3D TV and the FDK reconstruction. All images are windowed (C = 0 HU, W = 1500 HU).
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