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IV 

Sunday September 6 (HPIR Workshop) 
Workshop chairs:  Prof. Dr. Marc Kachelrieß, Erlangen, Germany  

Prof. Dr. Klaus Mueller, Stony Brook, NY, USA 
 
8:30 - 8:40   Welcome 
Session 1: Platforms and Optimization  
8:40 - 9:05 Hannes G. Hofmann, Benjamin Keck, Christopher Rohkohl, 

and Joachim Hornegger: Towards C-arm CT Reconstruction 
on Larrabee. 

 
 
p.001

9:05 - 9:30 Wenxuan Liang, Hui Zhang, and Guangshu Hu: Optimized 
Implementation of FDK Algorithm on a Digital Signal 
Processor. 

 
 
p.005

9:30 - 9:55 Marc Kachelrieß: High Performance Exact Spiral Cone- Beam 
CT Image Reconstruction. 

 
p.009

9:55 - 10:20 Wenyuan Bi, Zhiqiang Chen, Li Zhang, Yuxiang Xing, and 
YajieWang: Real-time Visualize Reconstruction Procedure 
Using CUDA. 

 
 
p.013

Coffee Break 
Session 2: Artifacts and Precision 
10:45 - 11:10 Arkadiusz Sitek, Stephen C. Moore: Estimation of Energy 

Spectra from Compton Scattered Photons Using a GPU. 
 
p.017

11:10 - 11:35 Wei Xu, Klaus Mueller: A Performance-Driven Study of 
Regularization Methods for GPU-Accelerated Iterative CT. 

 
p.020

11:35 - 12:00 Clemens Maaß, Sven Steckmann, Matthias Baer, Lars 
Hillebrand,WilliA. Kalender, and Marc Kachelrieß: CT Image 
Reconstruction with Half Precision Floating Point Values. 

 
 
p.024

Lunch 
Session 3: Algorithms and Accuracy 
13:45 - 14:10 Colas Schretter, ChristophNeukirchen, Georg Rose, and 

Matthias Bertram: Optimal Pre-Filtering for Linear 
Interpolation in Computed Tomography. 

 
 
p.029

14:10 - 14:35 Fang Xu: Rapid Tomosynthesiswith Exact Ray-driven 
Projector using Graphics Processing Units. 

 
p.033

14:35 - 15:00 Xing Zhao, JingjingHu, and PengZhang: GPU-based 
MultigridIterative algorithm for 3D Cone-Beam CT Image 
Reconstruction. 

 
 
p.037

15:00 - 15:25 Poster Fast Forward: One Minute - One PPT Slide per Poster  
 Junjun Deng, Shikui Yan, and Mu Chen: A fast iterative 

reconstruction scheme for micro-CT. 
 
p.041

 Han Zheng, Yan Kang, Jiren Liu, and Yin Dai: Implementation 
of Helical Cone-Beam Back-Projection Filtered 
Reconstruction Algorithm on GPU. 

 
 
p.045

 Simon Rit, Marcel van Herk, and Jan-Jakob Sonke: Fast  



V 

distance-driven projection and truncation management for 
iterative cone-beam CT reconstruction. 

 
p.049

 Ayako Akazawa, Keishi Kitamura, Yosihiro Yamada, 
Yoshiyuki Yamakawa, Nobuya Hashizume, and Yoshihiko 
Kumazawa: A GPU Acceleration of List-mode Forward and 
Back Projections using CUDA. 

 
 
 
p.053

 Yajie Wang, Haifeng Hu, and Yuxiang Xing: Strategy for GPU 
Acceleration of Massive Data Cone Beam CT Reconstruction.

 
p.057

 Tao Feng, Yajie Wang, Yiming Wang, and Yuxiang Xing: 
Acceleration of 3D CT Back-projection Based on ATI Stream 
Computing. 

 
 
p.061

 Thomas Felder, Moritz Blume, Josep F. Oliver, and 
Magdalena Rafecas: ML-EM Implementation on a GPU: 
Avoiding Simultaneous Read-Modify-Write Processes. 

 
 
p.065

 Changguo Ji, Brendan Vastenhouw, and Freek J. Beekman: 
Fast U-SPECT-II image reconstruction with multi-core CPUs. 

 
p.069

 Peng Zhang, Defeng Chen, Weiwei Qi, and Huitao Zhang: 
Reconstruction Algorithm for Multi-Cone-Beam and Its GPU 
Implementation. 

 
 
p.073

 D. Vintache, B. Humbert, and D. Brasse: Iterative 
Reconstruction for Transmission Tomography on GPU using 
Nvidia CUDA. 

 
 
p.078

Coffee Break 
Session 4: Panel Discussion 
15:55 Panel Discussion and Best Paper Award  
17:30 Finished  
 



VI 

Monday September 7 (Fully 3D Meeting) 
Session 0: Welcome (Benjamin M. W. Tsui, Zhiqiang Chen) 
8:10 - 8:40 Opening ceremony  
 
Session 1: Analytical Image Reconstruction (Xiangyang Tang, Emil Sidky) 
8:40 - 9:05 Frank Dennerlein, Holger Kunze, and Frederic Noo: Filtered 

Backprojection Reconstruction with depth-dependent filtering. 
 
p.082

9:05 - 9:30 Dirk Schäfer, Michael Grass: Cone-beam filtered 
back-projection for circular X-ray tomography with off-center 
detector. 

 
 
p.086

9:30 - 9:55 Frederic Noo, Adam Wunderlich, G¨unter Lauritsch, Hiroyuki 
Kudo: On the problem of axial data truncation in the reverse 
helix geometry. 

 
 
p.090

9:55 - 10:20 Harald Schöndube, Karl Stierstorfer, and Frédéric Noo: Exact 
efficient handling of interrupted illumination in helical 
cone-beam CT with arbitrary pitch 

 
 
p.094

Coffee Break 
Session 2: Theory of Image Recontruction (Jiang Hsieh, Alexander Zamyatin) 
10:45 - 11:10 Hao Yan, Xuanqin Mou, Shaojie Tang, Qiong Xu: Improved 

Scatter Correction in X-Ray Cone Beam CT with Moving 
Beam Stop Array Using John’s Equation. 

 
 
p.098

11:10 - 11:35 Margo S. Levine, Emil Y. Sidky, and Xiaochuan Pan: 
Consistency conditions for cone-beam CT data acquired with 
a straight-line source trajectory. 

 
 
p.102

11:35 - 12:00 Gengsheng L Zeng and Grant T. Gullberg: Exact Iterative 
Reconstruction for the Interior Problem. 

 
p.106

Lunch 
Session 3: 4D and Dynamic PET and SPECT Image Reconsrtuction (Laurent 

Desbat, Jinyi Qi) 
13:45 - 14:10 Bryan W. Reutter, Rostyslav Boutchko, Ronald H. Huesman, 

Anne C. Sauve, and Grant T. Gullberg: Penalized 
Least-Squares Dynamic Pinhole SPECT Image 
Reconstruction using a Smooth 4-D Image Prior and 
Multiresolution Spatiotemporal B-Splines. 

 
 
 
 
p.110

14:10 - 14:35 Nelly Pustelnik, Caroline Chaux, Jean-Christophe Pesquet, 
Florent C. Sureau, Elodie Dusch, and Claude Comtat: 
Adapted Convex Optimization Algorithm for Wavelet-Based 
Dynamic PET Reconstruction. 

 
 
 
p.114

14:35 - 15:00 Moritz Blume, Axel Martinez-Moller, Andreas Keil, Nassir 
Navab and Magdalena Rafecas: Joint Reconstruction of 
Image and Motion in Gated Positron-Emission-Tomography. 

 
 
p.118

15:00 - 15:25 Taek-Soo Lee and Benjamin M. W. Tsui: Optimization of a 4D 
Space-Time Gibbs Prior in a 4D MAP-RBI-EM Image 
Reconstruction Method for Application to Gated Myocardial 

 
 
 



VII 

Perfusion SPECT. p.122
Coffee Break 
Session 4: Poster Session I: Analytical Image Reconstruction, PET (Larry 

Zeng, Vladimir Panin) 
15:55 - 17:50 Poster Session  

 Rostyslav Boutchko, Arkadiusz Sitek, and Grant T. Gullberg: 
Practical aspects of tomographic reconstruction on tetrahedral
meshes. 

 
 
p.126

 Fei Gao, Jingjia Xu, Yiqiang Jian, Huafeng Liu, and 
Pengcheng Shi: Point Clouds Based PET image 
reconstruction. 

 
 
p.130

 Deepak Bharkhada, Hengyong Yu, Bruno De Man, Ge Wang: 
Total variation based Cone-beam Reconstruction using 
Composite-circling Scanning Trajectory. 

 
 
p.134

 Holger Kunzea and Frank Dennerlein: Cone beam 
reconstruction with displaced flat panel detector. 

 
p.138

 Zhu Zhang, Jiao Chun, Jerome Z. Liang, and Hongbing Lu: A 
Novel Multi-scale Non-local Means Algorithm for Low-dose 
CT Denoising. 

 
 
p.142

 Yong Long, Jeffrey A. Fessler, and James M. Balter: A 3D 
Forward and Back-Projection Method for X-Ray CT Using 
Separable Footprint. 

 
 
p.146

 Xiangyang Tang: Axial cone beam reconstruction: Can 
asymptotic extrapolation of trajectory radius be helpful? 

 
p.150

 Michael S. Vaz and Russell Mersereau: On Filter Design for 
CT Reconstruction. 

 
p.154

 A. V. Narasimha Dhan, K. P. Anoop, and Kasi Rajgopal: FDK 
algorithms with no backprojection weight. 

 
p.158

 Baodong Liu, and Li Zeng: POCS Algorithm for 3D Exterior 
CT with Prior Knowledge. 

 
p.162

 Xiaobing Zou, and Li Zeng: Katvich-type algorithm for dual 
helcial cone-beam CT. 

 
p.166

 Dan Xia, Seungryong Cho, and Xiaochuan Pan: 
Backprojection filtration algorithm with improved noise 
properties for a circular cone-beam CT. 

 
 
p.170

 Fabian Stopp, Christian Winne, Emanuel Jank, and Erwin 
Keeve: A new method for evaluation of x-ray imaging 
trajectories for limited angle tomography. 

 
 
p.174

 Michael S. Vaz, Russell Mersereau, Guillaume Spalla, Cédric 
Marchessoux: CT Reconstruction from Truncated Scans. 

 
p.178

 F.C. Sureau and M. Defrise: Discretization of the Two-step 
Hilbert Transform for Truncated Data Reconstruction. 

 
p.182

 Han Wang, Samuel Legoupil, and Laurent Desbat: 2D X-Ray 
Tomographic Reconstruction From Few Number of 
Projections And 3D Perspectives: Applications of 

 
 
 



VIII 

Compressed Sensing Theory. p.186
 Yannick Grondin, Laurent Desbat, and Michel Desvignes: 

Sampling in cylindrical 2D PET. 
 
p.191

 Colas Schretter: Online PET Reconstruction From List-Mode 
Data. 

 
p.195

 Christophe Cloquet, Florent Sureau, Michel Defrise, Ga¨etan 
Van Simaeys, Nicola Trotta, and Serge Goldman: 
Space-variant resolution modelling for list-mode 
reconstruction on the Philips Gemini 16 Power. 

 
 
 
p.199

 Jürgen J. Scheins, and Hans Herzog: PRESTO – A Universal 
C++ Library for Fully-3D, High-Resolution PET Image 
Reconstruction using Compressed, Scanner-Independent 
System Matrices 

 
 
p.203

 Éric Barat, Claude Comtat, Thomas Dautreme, Thierry 
Montagu, Mame Diarra Fall, Ali Mohammad Djafari, and 
Régine Trébossen: Nonparametric Bayesian Spatial 
Reconstruction for Positron Emission Tomography. 

 
 
 
p.207

 Bing Bai, J. John Mann, and Ramin V. Parsey: Calculation of 
Region-of-Interest Value and Noise Properties of 3DRP 
Images. 

 
 
p.211

Meeting Adjourn 



IX 

Tuesday September 8 (Fully 3D Meeting) 
Session 5: PET Image Reconsrtuction (Ronald Huesman, Samuel Matej) 
8:30 - 8:55 Jian Zhou, Sara St. James, Simon Cherry, Jinyi Qi: Adaptive 

3D PET Imaging using a High-Resolution Detector. 
 
p.215

8:55 - 9:20 Marlies C. Goorden and Freek J. Beekman: Ultra-high 
Resolution Imaging of PET tracers with clustered pinholes. 

 
p.219

9:20 - 9:45 Quanzheng Li, Bing Bai, Sanghee Cho, Anne Smith and 
Richard Leahy: Count Independent Resolution and Its 
Calibration. 

 
 
p.223

9:45 - 10:00 Scott D. Metzler, Ahmet S. Ayan, Roberto Accorsi, Samuel 
Matej, Joel S. Karp: PET Collimation to Improve Spatial 
Resolution and Sampling. 

 
 
p.227

Coffee Break 
Session 6: CT Image Reconstruction (Frédéric Noo, Jean-Baptiste Thibault) 
10:40 - 11:05 Junguo Bian, Xiao Han, Emil Y. Sidky, Daniel Tward, Jeffrey 

H. Siewerdsen, Xiaochuan Pan: Sparse-data Reconstruction 
in Flat-panel Cone-beam CT for Potential Use in 
Image-guided Surgery. 

 
 
 
p.231

11:05 - 11:30 Hengyong Yu, Guohua Cao, Laurel Burk, Yueh Lee, Jianping 
Lu, Pete Santago, Otto Zhou, Ge Wang: Compressive 
Sampling Based Interior Reconstruction for Dynamic Carbon 
Nanotube Micro-CT. 

 
 
 
p.234

11:30 - 11:55 Yang Lu, Alexander Katsevich, Jun Zhao, Hengyong Yu, Ge 
Wang: Fast Exact/Quasi-Exact FBP Algorithms for 
Triple-Source Helical Cone-Beam CT. 

 
 
p.238

Lunch 
Session 7: Iterative CT Image Recontsruction (Michel Defrise, Thomas 

Koehler) 
13:45 - 14:10 Kai Zeng, Bruno De Man, and Jean-Baptiste Thibault: 

Correction of Iterative Reconstruction Artifacts in Helical 
Cone-Beam CT. 

 
 
p.242

14:10 - 14:35 Jingyan Xu, Katsuyuki Taguchi, Benjamin M.W. Tsui: 
Statistical projection completion in x-ray CT using consistency 
conditions. 

 
 
p.246

14:35 - 15:00 Wei Xu and Klaus Mueller: Learning Effective Parameter 
Settings for Iterative CT Reconstruction Algorithms. 

 
p.251

15:00 - 15:25 Zhou Yu, Jean-Baptiste Thibault, Charles Bouman, Ken 
Sauer, and Jiang Hsieh: Edge Localized Iterative 
Reconstruction for Computed Tomography. 

 
 
p.255

Coffee Break 
Session 8: Poster Session II: CT and SPECT Image Reconstruction (Marc 

Kachelrieß, Freek Beekman) 
15:25 - 17:10 Poster Session  



X 

 Synho Do, Sanghee Cho, W. Clem Karl, Mannudeep K. Kalra,
Thomas J. Brady, and Homer Pien: CT system response 
models in iterative reconstruction algorithms for low-dose 
imaging. 

 
 
 
p.259

 Thomas Köhler and Roland Proksa: Noise Properties of 
Maximum Likelihood Reconstruction with Edge-Preserving 
Regularization in Transmission Tomography. 

 
 
p.263

 Herbert Bruder, Rainer Raupach, Johan Sunnegårdh, Martin 
Sedlmair, Heinrich Wallschläger, Karl Stierstorfer, Thomas 
Flohr: A New Class of Regularization Priors for Iterative 
Reconstruction in Cone-Beam CT. 

 
 
 
p.267

 Clemens Maaß and Marc Kachelrieß: Material Decomposition 
with Inconsistent Rays (MDIR) for Cone-Beam Dual Energy 
CT. 

 
 
p.271

 Hui Xue, Li Zhang, Yongshun Xiao, and Zhiqiang Chen: Metal 
Artifact Reduction by Sinogram TV Inpainting in Dual Energy 
Computerized Tomography. 

 
 
p.276

 Yuanyuan Liu, Zhiqiang Chen, Li Zhang, Yuxiang Xing, 
Jianping Cheng, Zhentian Wang: Dual Energy CT 
Reconstruction Method with Reduced Data. 

 
 
p.280

 Ming-kai Yun, Bao-ci Shan, Long Wei, Li Liu, and 
Shuang-quan Liu: Effect of System Matrix Model and 
Reconstructed Image Pixel Size on Image Quality in OSEM 
Reconstruction. 

 
 
 
p.284

 Kjell Erlandsson, Brian F Hutton: Partial volume correction in 
SPECT using anatomical information and iterative FBP. 

 
p.287

 Chao Wu, Frans van der Have, Brendan Vastenhouw, Rudi 
Dierckx, Anne Paans, and Freek Beekman: Absolute 
Quantitative Focusing Pinhole SPECT. 

 
 
p.291

 Bing Feng: Calibration of a Multi-Pinhole SPECT System 
without Pre-Knowledge of Point-Source Markers’ 3D Coordinates. 

 
p.295

 Ho-Hui Hsieh, Ing-Tsung Hsiao: Image Reconstruction for A 
Stationary Multi-pinhole SPECT System. 

 
p.299

 Anne C. Sauve, Bryan W. Reutter and Grant T. Gullberg: Fully 
3D SPECT Attenuation and Scatter Correction Using Monte 
Carlo Generated System Matrices. 

 
 
p.303

 Chuanyong Bai, Hetal Babla, and Richard Conwell: 
Emission-Based Scatter Correction in SPECT Imaging. 

 
p.307

 Tianyu Ma, Yinbin Miao, Rutao Yao, Tiantian Dai, and Xiao 
Deng: Quantitative Accuracy Assessment and Optimization of 
SPECT Geometrical Calibration. 

 
 
p.312

 Xiao Deng, Tianyu Ma, and Rutao Yao: Determination of the 
Septa-to-crystal Position in Axial Direction for a Slit-Slat 
Collimator SPECT. 

 
 
p.316

Meeting Adjourn 



XI 

Wednesday September 9 (Fully 3D Meeting) 
Session 9: 4D CT Image Reconsrtuction (Xiaochuan Pan, Katsuyuki Taguchi) 
8:30 - 8:55 Andreas Keil, Jakob Vogel, G¨unter Lauritsch, and Nassir 

Navab: Dynamic Cone-Beam Reconstruction Using a 
Variational Level Set Formulation. 

 
 
p.319

8:55 - 9:20 Christopher Rohkohl, G¨unter Lauritsch, Marcus Pr¨ummer, 
Jan Boese and Joachim Hornegger: Towards 4-D Cardiac 
Reconstruction without ECG and Motion Periodicity using 
C-arm CT. 

 
 
 
p.323

9:20 - 9:45 Colas Schretter, Fabian Pilatus, Georg Rose, Til Aach and 
Matthias Bertram: Optical Flow Motion Estimation for 
Approximate Motion Compensation in Cone-Beam CT. 

 
 
p.327

9:45 - 10:10 Thomas K¨ohler, Tobias Klinder, Udo van Stevendaal, 
Cristian Lorenz, Peter Forthmann: Correction of 
Breathing-Induced Rib Cage Motion in Helical CT. 

 
 
p.331

Coffee Break 
Session 10: Time-of-Flight PET Image Reconstruction (Arkadiusz Sitek, Xuan 

Liu) 
10:40 - 11:05 Michel Defrise, Vladimir Panin, Florent Sureau, Monica 

Abella, and Mike Casey: An exact axial rebinning method for 
time-of-flight PET. 

 
 
p.335

11:05 - 11:30 André Salomon, Volkmar Schulz, Bernd Schweizer, Andreas 
Goedicke, and Til Aach: Simultaneous Reconstruction of 
Activity and Attenuation in Multi-Modal ToF-PET. 

 
 
p.339

11:30 - 11:55 V. Y. Panin and M. Defrise: 3D TOF PET Forward Projector 
Based on the Exact Axial Rebinning Relation in Fourier 
Space. 

 
 
p.343

Lunch 
Session 11: SPECT Image Recontruction (Grant Gullberg, Yuxiang Xing) 
13:45 - 14:10 Woutjan Branderhorst, Brendan Vastenhouw, and Freek J. 

Beekman: Improved subset choice for block-iterative 
multi-pinhole SPECT reconstruction. 

 
 
p.347

14:10 - 14:35 Jingyan Xu, Chi Liu, and Benjamin M.W. Tsui: 
MammoSPECT Using Rotating Slant-Hole Collimator 
Designs. 

 
 
p.351

14:35 - 15:00 Gengsheng L. Zeng, Eric Hawman: Stationary 
Multi-Divergent-Beam or Multi-Slant- Parallel-Beam Cardiac 
SPECT. 

 
 
p.354

15:00 - 15:25 Qiu Huang, Tsutomu Zeniya, Hiroyuki Kudo, Hidehiro Iida, 
and Grant T. Gullberg: Interior SPECT Reconstruction 
Problem with Tiny a proiri Knowledge – An Application for 
High Resolution Pinhole Brain Imaging. 

 
 
 
p.358

Coffee Break 



XII 

Session 12: Poster Session III: 4D CT, PET and SPECT imaging 
Reconstruction and Other Topics (Günter Lauritsch, Jerome Liang) 
15:55 - 17:10 Poster Session  

 Xin Jin, Liang Li, Zhiqiang Chen, Li Zhang, Yuxiang Xing: 
Motion Tomography on Multiple Moving Objects. 

 
p.362

 Katsuyuki Taguchi and Hideaki Tashima: Comparison of 
analytical motion compensated cone-beam reconstruction 
algorithms for x-ray computed tomography. 

 
 
p.366

 Yin Xue-Min, Yan Lei: Simultaneous super-resolution 
restoration and motion esitmation based on bayesian 
framework with total variation. 

 
 
p.369

 Si Chen and Benjamin M.W. Tsui: Four-Dimensional OS-EM 
PET Image Reconstruction Method with Motion 
Compensation. 

 
 
p.373

 Yi Fan, Hongbing Lu, and Zhengrong Liang: A Fully Four 
Dimensional Reconstruction Strategy for Cardiac Gated 
SPECT with Noise Reduction, Scatter Correction, Resolution 
Restoration and Inversion of Attenuated Radon Transform in 
KL Space. 

 
 
 
 
p.377

 Shaojie Tang, Xuanqin Mou, Qiong Xu, Hao Yan, Junfeng 
Wu, Yanbo Zhang, Hengyong Yu: Noise Reduction by 
Projection Direction Dependent Diffusion for Low Dose X-Ray 
Cone Beam Computed Tomography. 

 
 
 
p.381

 Seungryong Cho, Dan Xia, Erik Pearson, Charles A. Pelizzari,
and Xiaochuan Pan: Half-fan-based Region-of-interest 
Imaging in Circular Cone-beam CT for Radiation Therapy. 

 
 
p.385

 Xiao Han, Seungryong Cho,Junguo Bian,Erik Pearon,Emil 
Y.Sidky, Charles A.Pelizzari,and Xiaochuan Pan: Low-dose 
Kilo-voltage Cone-beam CT Imaging for Image-guided 
Radiation Therapy: A Feasibility study. 

 
 
 
p.389

 Emil Y. Sidky, Margo Levine, Xiaochuan Pan, Ingrid S. 
Reiser, and Robert M. Nishikawa: Non-convex, adaptive 
image-reconstruction algorithms for digital breast 
tomosynthesis. 

 
 
 
p.394

 Jie Tang, Jiang Hsieh, and Guang-Hong Chen: Temporal 
Resolution Improvement using PICCS in MDCT Cardiac 
Imaging. 

 
 
p.398

 Min Yang, Yimin Yang, Chunmei Han, Gang Wang, and 
Wenjin Wu: Research on 3-D Information Acquisition of Micro 
Drilling Marks on Ancient Perforated Bead by Micro-CT. 

 
 
p.402

 Xuan Liu, Alexander Sasov and Peter Bruyndonckx: An EM 
reconstruction algorithm for microXRF. 

 
p.406

 Junguo Bian, Xiao Han, Emil Y. Sidky, Guohua Cao, Jianping 
Lu, Otto Zhou, and Xiaochuan Pan: Investigation of 
Sparse-data Mouse Imaging Using Micro-CT with a Carbon 

 
 
 



XIII 

Nanotube X-ray Source. p.410
 Yan Xi, Jun Zhao and Ge Wang: A Reconstruction Method for 

Helical Interlaced-source-detector-array CT. 
 
p.414

 Liang Li, Zhiqiang Chen, Ronglan Xu, Xin Jin, Wenyuan Bi, Li 
Zhang, Kejun Kang: A Study of the Global Density Distribution 
of the Plasmasphere Using Computed Tomography Methods..

 
 
p.418

 William Hawkins: Backscatter Tomography. p.422
 Rongchang Chen, Honglan Xie, Luigi Rigon, Guohao Du, 

Edoardo Castelli, and Tiqiao Xiao: Phase contrast 
micro-computed tomography of biological sample at SSRF. 

 
 
p.426

 Yuan-Yi Lin, Chih-Chang Liang, Chih-Hsiang Chan and 
Shih-Chieh Lin: A Feasibility Study of Using X-ray Computed 
Tomography for Electronic Product Inspection. 

 
 
p.430

 Jian Zhou and Jinyi Qi: High-Resolution Adaptive PET 
Imaging. 

 
p.434

Meeting Adjourn 



XIV 

Thursday September 10 (Fully 3D Meeting) 
Session 13: Other Topics (Ge Wang, Peng Zhang) 
8:30 - 8:55 Zhentian Wang, Zhifeng Huang, Li Zhang, Zhiqiang Chen, 

and Kejun Kang: New solution for reconstruction problem 
about grating-based dark field computed tomography. 

 
 
p.438

8:55 - 9:20 Xiao Han, Junguo Bian, Diane R. Eaker, Emil Y. Sidky, Erik L. 
Ritman, and Xiaochuan Pan: Image reconstruction of Animal 
Vasculature from Undersampled Circular Cone-beam 
Micro-CT data. 

 
 
 
p.442

9:20 - 9:45 Zhifeng Huang, Li Zhang, Zhentian Wang, Zhiqiang Chen, 
and Kejun Kang: Grating-based Multiple Information 
Computed Tomography. 

 
 
p.446

Coffee Break 

10:10 - 11:10  Close Ceremony, Fully3d2011 Announcement 

11:10 - 13:30  Farewell Lunch 

Tour 



Towards C-arm CT Reconstruction on Larrabee
Hannes G. Hofmann, Benjamin Keck, Christopher Rohkohl, and Joachim Hornegger

Abstract—Reconstruction of 3-D cone-beam CT data is a
computationally complex task. Therefore, many research groups
were and are currently investigating methods for hardware-
acceleration. A novel many-core computing platform—code
named Larrabee—is currently developed by Intel. In this work
we demonstrate how the back-projection step of an FDK-
based reconstruction algorithm can be implemented efficiently
on Larrabee. We introduce relevant features of this upcoming
hardware platform, describe how to port legacy code and show
several Larrabee-specific optimizations.

Index Terms—Back-projection, CBCT, CT, GPU, Larrabee,
Many-core, Multi-core, Reconstruction

I. INTRODUCTION

Modern computing architectures offer a high level of par-
allelism. Current CPUs feature up to six cores per socket,
each one able to process four single precision (SP) floating
point numbers simultaneously. They offer a great deal of
flexibility but are outperformed in terms of peak performance
by modern GPUs. This is owed to the fact that GPUs hold
hundreds of simple processing units. Moreover, their memory
bandwidth is typically much higher due to the use of GDDR
RAM. However, historically their programming model was
rather stiff. Languages and frameworks for general purpose
computing on GPUs (GPGPU) were developed [1]–[3] and
with the advent of CUDA [4] in 2007 GPUs gained even more
popularity.

Recently, Seiler et al. [5] presented details about a novel
computing architecture code named Larrabee which is cur-
rently developed by Intel. Larrabee is an approach to com-
bine the best of both worlds. The add-on card consists of
several CPUs and some fixed-function hardware. It can be
programmed like a GPU (i.e. using DirectX and OpenGL)
or be programmed natively and resemble a compute cluster
on a card. More details about the architecture are given in
Section II-A.

In an interventional environment [6] fast 3-D reconstruction
of tomographic data is highly desirable. In the past, hardware
acceleration of reconstruction methods was investigated by
several groups, e.g. on FPGAs [7], [8], CELL [9], [10] or
GPUs [11]–[13]. Currently the most wide-spread reconstruc-
tion algorithms in clinical C-arm CT belong to the class
of filtered back-projection (FBP), e.g. the Feldkamp-Davis-
Kress (FDK) method [14] for cone-beam data. The most
time consuming part of an FBP reconstruction is the back-
projection step where the volume data is actually computed. It
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TABLE I
LIST OF ACKRONYMS

API Application Programming Interface
CELL CELL Broadband Engine Architecture
CPU Central Processing Unit
CUDA Compute Unified Device Architecture
FOV Field of View
FPGA Field Programmable Gate Array
GDDR Graphics Double Data Rate memory
GPGPU General-Purpose computing on Graphics Processing Units
GPU Graphics Processing Unit
ISA Instruction Set Architecture
LRBni Larrabee new instructions
SIMD Single Instruction, Multiple Data
SP Single Precission
SSE Streaming SIMD Extensions
TBB Threading Building Blocks
VPU Vector Processing Unit

is both computationally complex and bandwidth demanding—
yet highly parallelizable. Also iterative reconstruction algo-
rithms that contain a back-projection step would benefit from
its acceleration. The outline of this paper is as follows: In
Sect. II we outline the features of Larrabee. Further, we present
the RABBITCT framework which we used to implement our
prototypes and check their correctness. In Sect. III imple-
mentation aspects for the Larrabee programming model are
introduced. It is first explained how to port legacy code. In the
following, several platform-specific optimization strategies are
discussed. We conclude with Sect. IV and provide an outlook
of future developments.

II. METHODS

A. Larrabee

In the following a brief overview of the key facts and rele-
vant new features of the Larrabee platform will be provided.
A more in depth description can be found in Seiler et al. [5].

A single Larrabee core is based on the dual-issue in-order
Pentium design [16]. It is augmented with a 16-wide vector
processing unit (VPU) and offers support for four hardware
threads and 64-bit extensions. Many of those cores are placed
around a ring bus, together with fixed function hardware units
and other agents like memory and I/O interfaces. Each proces-
sor has access to a 256KB local subset of the global coherent
L2 cache. The Larrabee new instructions ISA (LRBni) [17]
provides some novel instructions that allow to solve problems
that arise from vectorization more efficiently.

Vector masks are 16-bit unsigned integer values where each
bit corresponds to an element of a SIMD vector. Most LRBni
instructions have two variants. The first one operates on all
vector elements equally. The second one takes a vector mask
as additional parameter. Where a mask bit is set to zero, the
corresponding element in the result vector is unchanged. In
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turn if it is set to one, the element in the result is updated.
This allows to write vectorized conditional code sections in a
simpler and more efficient way.

Many algorithms compute array indices on the fly and
access non-contiguous memory addresses. The new gather and
scatter instructions allow to load or write 16 elements from or
to 16 different addresses specified in a vector register.

Most graphics cards’ fixed function hardware is replaced
by a software implementation on Larrabee, but it includes
dedicated hardware for texture filtering. In the back-projection
algorithm they can be used to efficiently access the projection
images and perform a bilinear interpolation. In a ray-driven
forward-projection algorithm they may be used to sample the
volume with trilinear interpolation.

Actual Larrabee hardware is not available yet. Hence, in this
work we used the Larrabee SDK with the Netsim emulator—
generously provided by Intel in our cooperation. Netsim
maps LRBni instructions onto native machine instructions.
Therefore, we were able to show the correctness of our
implementations but could not estimate the performance on
the future hardware.

B. RabbitCT

Once we are able to make performance estimates we want
to obtain results which are comparable to other publications.
Therefore, we implemented all prototypes as modules for the
open reconstruction benchmark RABBITCT. It provides a stan-
dardized C-arm CT dataset, well defined problem statements
and a framework to support implementing and benchmarking
the back-projection step of the FDK algorithm. Further, even
though we were only using an emulator, we were able to check
the correctness of our implementations.

The dataset consists of 496 pre-processed projection images
In ∈ RSu×Sv from a C-arm system (Siemens AG, Artis Zee)
acquired on a 200◦ circular short-scan trajectory. The size of a
projection image is Su = 1248 pixels in width and Sv = 960
pixels in height. For each projection image a pre-calibrated
projection matrix An ∈ R3×4 is available [18], [19].

The task for RABBITCT modules is the reconstruction of
an isocentric cubic volume. Four volume resolutions were
chosen to represent different problem sizes with different
computational costs. The side lengths of the volume are
L ∈ {128, 256, 512, 1024} voxels respectively.

III. IMPLEMENTATION

Our implementations follow the RABBITCT reference im-
plementation. That is, the outermost loop iterates over all
projections, the inner ones traverse the volume in z, y and
x direction respectively. Every voxel is updated exactly once
per projection.

In the first part of this section we explain how we ported our
existing CPU-optimized implementation onto Larrabee and the
necessary changes are highlighted. Next, we describe how we
exploited specific novel features of Larrabee.

A. Enabling legacy code for Larrabee

Larrabee is x86 compatible and can run your legacy code
after recompiling it. However, since it is an add-on card that
has its own memory some changes are required. Similar to
programming of GPUs, programs are split into two parts that
execute on the host (CPU) and Larrabee device respectively.
Memory allocations from the device memory could theoreti-
cally be done by the device itself. However, Windows Vista’s
driver model requires larger allocations to be done by the host.
Similar to DirectX the host program allocates buffers and adds
them to a context. The device program can subsequently access
them. Host and device can communicate through these buffers
or use a dedicated low latency message passing API.

1) Multi-Threading: After recompiling our scalar OpenMP
implementation we could execute it in the emulator without
further changes. Moreover, an extended version of Intel’s
Threading Building Blocks (TBB) [20] will be supported.
Finally, Larrabee provides a task API with a work-stealing
software scheduler. Besides OpenMP we also developed a
RABBITCT module using this task API. We were able to re-
use the same concepts that were used to parallelize the back-
projection on CPUs using TBB.

2) Vectorization: Regarding vectorization, the first differ-
ence between Larrabee and current CPUs is the increased
SIMD width. As mentioned in Section II-A there are also
some novel SIMD instructions. Their use will be discussed
in Section III-B since we focus on porting existing code here.

LRBni provides 512-bit versions of all SSE instructions that
we used in our optimized CPU implementation. Thus we just
had to do three steps to get our code compiled and running.

• Change data types to new 512-bit types
• Adjust number of loop iterations to new SIMD width
• Update intrinsics’ names

The general rule for the new intrinsics’ names is similar to
SSE: _mm512_<op>_<type>, but it is not guaranteed to
be the final naming convention.

B. Optimizing code for Larrabee

1) Multi-Threading: Larrabee’s task scheduler is able to
handle large numbers of small tasks efficiently. To exploit
this we created more tasks than by just partitioning the z-
loop. Therefore, we also implemented a version where we
parallelized the z- and y-loops and one where all three loops
were split.

Algorithm 1 shows the basic steps performed for each voxel.
The processing thread stalls in line 4 when it waits for memory
access. At that point processing continues with another task
that is ready for execution. Given a sufficient number of
tasks, main memory latency can completely overlapped by
computation.

Further performance gains could be achieved by pre-
fetching values for future iterations or by utilizing the texture
sampler hardware. The first measure would reduce or eliminate
the time that tasks wait for memory access while the later one
would furthermore eliminate the interpolation in line 5.
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Algorithm 1: Basic steps for back-projection of one voxel.

foreach vxyx do1

project vxyx;2

(pre-)fetch projection values;3

wait for projection values;4

bilinear interpolation;5

update vxyz;6

end7

2) Vectorization and vector masks: Vectorization is most
efficient in code parts where a lot of computation is done.
Therefore we used it within the x-loop where the actual
back-projection happens—including a bilinear interpolation.
It iterates over all voxels in one column (fixed y and z
coordinate) and performs the same computation on each of
them. This makes it just natural to use SIMD here.

While multi-threading was supported by libraries, vector-
ization was done manually. For most parts of the code it
was straightforward and the new multiply-add instruction were
used wherever possible. However, vectorization is particu-
larly complicated for code sections that contain conditional
branches. For example, the algorithm contains a check if the
current voxel is in the Field-of-View (FOV) of the current
projection before the four neighboring projection values are
read. If a projection coordinate lies outside the corresponding
value should be set to zero. The interpolation and voxel update
can then be performed as usual. Listing 1 shows the scalar
version of the code that reads projection values.

Current SSE VPUs cannot branch independently for indi-
vidual vector elements. If the projected pixel coordinates of a
voxel have to be clamped to the image dimensions to avoid
invalid memory access. After fetching the projection values,
the outliers have to be set to 0. To implement these measures
in SSE we used integer vectors as binary masks as shown in
Listing 2. Invalid coordinates are set to (0, 0) in line 7 and in
line 9 outlying pixel values are set to 0. Using the new vector
masks introduced by LRBni it is possible to write the same
code more concise and efficiently (lines 7 and 8 in Listing 3).

3) Scatter/gather instructions: Another problem is caused
by the projection geometry. Rays through adjacent voxels do
not necessarily end up in neighboring pixels in the projection
image. This results in non-linear memory accesses when load-
ing the projection values for a vector of 16 voxels. Therefore,
all pixel values had to be fetched in a scalar manner in SSE
and inserted into vectors which were subsequently used to
compute the bilinear interpolation (not shown in Listing 2).
Listing 3 shows how we compute the offsets of the pixels’
memory addresses in a vector register (line 7) and the new
gather instruction to load the required values into another
vector (line 8). The result vector of gather is initialized with
vfZero and only elements which are not masked by vmIn
are loaded and updated. The speedup depends on the number
of required cache lines.

IV. CONCLUSIONS

In this paper we described how to implement the back-
projection step of FDK-based cone-beam reconstruction, an
algorithm with clinical relevance and high demands on com-
putation and memory bandwidth, on Larrabee. We have shown
how to exploit specific features of this upcoming comput-
ing platform like many cores, wide VPUs, new instructions
and fixed function hardware. Larrabee’s programming model
showed to be well suitable for the back-projection problem.
However, we do not have performance measurements from
cycle-accurate simulators or real hardware so far. Therefore,
we cannot make statements about the expected performance of
Larrabee for this specific task. Nor can we make judgments
about the efficiency of our optimizations. Due to our close
collaboration with Intel we will have access to hardware
prototypes before general availability and include performance
numbers in the final version of this paper if possible.

From our experience we can conclude that only little effort
is required to make an existing algorithm run on Larrabee. The
most notable change—for legacy code, not optimization—is
the additional level in the memory hierarchy introduced by the
device memory and the use of buffers to transfer data between
host and Larrabee device. Porting SSE optimized and/or multi-
threaded code (using OpenMP or TBB) requires only little
changes if any. While the maximum speedup gained from
SSE is four, the wider Larrabee VPUs justify the effort of
vectorization instead of simply using more cores. However, to
get best performance one must fully exploit the new features
of this architecture. Manual code optimization using profiling
tools is currently mandatory.

Other medical imaging tasks like dynamic or iterative recon-
struction methods have irregular data access patterns, too. We
are convinced that with its flexibility, Larrabee is well suited
for many image processing tasks and can deliver significant
performance improvements over existing CPU architectures.
In our future research and with the availability of the first
Larrabee hardware we will further investigate these issues.
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Abstract—An optimized implementation of the FDK algorithm 

on single fixed-point TMS320C6455 digital signal processor (DSP) 

is presented in this paper. By applying software pipelining 

technique and properly configuring the data transfer, a 2563 

volume is reconstructed in 42 seconds from 360 projections with 

quite good accuracy. This implementation reveals the potential of 

modern high-performance DSPs in accelerating image 

reconstruction, especially when cost and power consumption are 

emphasized. 

 
Index Terms—Computed Tomography, DSP, high performance 

computing, software pipelining 

 

I. INTRODUCTION 

In recent years, 3D cone-beam CT has been gaining 

popularity in both medical and industrial applications. 

Meanwhile, the FDK algorithm [1] has been adopted widely in 

practical reconstruction due to its easiness in implementation 

and acceptable result under small cone-angle. However, the 

complexity of FDK is up to O (MN
3
), where M is the number of 

projections and N
3
 is the number of voxels in the reconstruction 

volume. Intensive computation and huge amount of data 

involved raise demanding requirements on the computational 

power of the imaging system. How to fully utilize new parallel 

processors, such as GPU and Cell processor, in accelerating 3D 

CT reconstruction has naturally become a hot topic in recent 

years. Many experiments and implementations have been 

carried out and have revealed the promising application of the 

awesome computational power of these platforms [2]-[3]. 

On the other hand, the potential of modern high-performance 

digital signal processors (DSPs) is far from being fully exploited. 

Early in 1997, the Texas Instruments Incorporated (TI) had 

released the TMS320C6000 platforms with the VelociTI, an 

advanced very long instruction word (VLIW) architecture [6]. 

VelociTI retains the advantages of VLIW (e.g. parallelism) and 

improves its deficiency (e.g., reducing code size). Thus C6000 

platform has actually transcended the conventional concept of 

DSP since it doesn’t integrate dedicated multiply-add units but 

deploys eight parallel functional units. Today the cores (CPUs) 

in C6000 family have evolved into C64x+ core (fixed-point) and 
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C67x+ core (floating-point). Also, bus bandwidth, capacity and 

flexibility of the on-chip memory, and diversity and capability of 

the integrated I/O interfaces and peripherals are developing 

continuously. Earlier experiments of applying DSPs in medical 

imaging include mapping some core routines in digital 

radiography (DR) and ultrasound, e.g. fast unsharp masking, 2D 

convolution, and 2D FFT [4]-[8]. Reference [9] accelerates the 

parallel-beam CT reconstruction based on a single 

TMS320C6416 DSP mainly by minimizing CPU stalls due to 

cache misses. However, it has not taken full advantage of the 

power of modern DSPs. There exist other programming 

techniques that are critical to guarantee high performance, as 

adopted in the implementation presented in this paper for 

accelerating the FDK algorithm  

The rest of the paper is structured as follows. Section II  

provides some general descriptions of the platform used and 

several algorithm mapping methods to obtain high performance. 

The implementation of the FDK algorithm is elaborated in 

Section III. Section IV presents our reconstruction result as well 

as necessary analysis. Finally, Section V is conclusion and 

discussion.  

 

II. DESCRIPTION OF THE PLATFORM AND THE ALGORITHM 

MAPPING METHODS 

The block diagram of Texas Instruments TMS320C6455 DSP 

(C6455) is shown in Fig. 1. Its C64x+ CPU features 2 data paths, 

each with 4 functional units and a register file consisting of 32 

32-bit registers. M unit is capable of multiply operations. L and 

S units accommodate various arithmetic and logic operations. D 

unit is capable of loading and storing data as well as common 

arithmetic operations. All the four units support data-level 

parallelism, i.e. treating a word-typed (32-bit) operand as a 

multiple of sub-words (e.g. 4 8-bit operands or 2 16-bit operands) 

and execute operations on the sub-words simultaneously. More 

details on the advanced instruction set can be found in [10].  

C6455 has a 32K-byte 2-way set-associative L1 data cache, a 

32K-byte direct-mapped L1 program cache, and a 2M-byte 

on-chip L2 memory. Up to 256K bytes of L2 memory can be 

configured as a 4-way set-associative cache. C6455 also features 

an enhanced DMA controller (EDMA) that allows various and 

flexible modes of data transfer. C6455 DSP also contains a 

DDR2 controller to interface to external DDR2 SDRAM device.  

To achieve high performance on DSPs, the algorithm should 

be mapped efficiently to the underlying processor architecture 

by several programming techniques. Reference [8] summarizes 
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five techniques, three of which are iterated here: 

a) Judicious use of instructions to utilize multiple functional 

units and data-level parallelism: Carefully select instructions so 

that the all the functional units are kept busy, and make use of 

partitioned operations to improve performance. 

b) Loop unrolling and Software pipelining: Due to hardware 

pipelining, most assembly instructions have a single-cycle 

throughput (i.e., another identical instruction can be issued in the 

next cycle), though several take multiple cycles to complete 

(which is defined as latency). To overcome the multi-cycle 

latency and utilize their one-cycle throughput, unrolling loop to 

compute multiple sets of data in one loop and software 

pipelining by which successive loops are overlapped, are widely 

employed. 

c) Use of the programmable DMA controller: In order to 

reduce cycles of the CPU stalls due to accessing non-cached data, 

DMA should be employed to transfer data between faster 

on-chip memory and slower off-chip memory concurrently with 

CPU, especially when huge amount of data are involved. 

Typical usage of DMA (also adopted in this implementation) 

called double buffering scheme is illustrated in figure 2. 

 

III. IMPLEMENTATION DETAILS 

We give out the equations of the FDK algorithm [1] to 

facilitate following description of the program architecture.  

 The first part of FDK is pre-weighting and ramp-filtering the 

2D projection data as 
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where R  is the source trajectory radius and a  and b  are 

coordinates on the virtual flat detector. Here  P
g a  is the 

space-domain convolution function of the ramp filter as 

    
+

-

1
= exp

2

P
g a j a da







   (2) 

Then the pre-weighted and filtered projection data are 

backprojected to the reconstruction volume as 
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where 

 cos sinxyU R x y      (4) 

sin cosxyV x y      (5) 

xy xy xya V R U     (6) 

xyz xyb z R U    (7) 

 It is first observed that xyR U  and xyV  are independent 

of z . So for each given projection (   given) we can calculate 

all xyR U  (array RdivU) and xyzV  (array normV and why it 

is named normV is explained later) and then reuse them in 

backprojection slice by slice along z-axis direction. Such 

pre-calculation is critical because it not only avoids reduplicate 

calculation, but also excludes division operations from the 

backprojection loop, which enables the software pipelining 

technique to be applied.  

 So, the pseudocode for the whole program is as follows: 

1. Necessary initialization. 

2. Compute the coefficients for pre-weighting as in (1). 

3. Loop projection-angle = 1:360 

4. Loop y = 1:256 

5. Loop x = 1:256 

6. Compute RdivU and normV as in (4) and (5). 

7. End loop x 

8. End loop y 

9. Pre-weight and ramp-filter the projection row by row. 

10. Loop z = 1:256 

11. Backproject the volume slice 

12. End loop z 

13. End loop projection-angle. 

 

 

 

 

 

 

 

 

 

Fig. 2 Double buffering in L2 SRAM. While CPU is processing data using one 

buffer pair (e.g. InBufA and OutBufA) by reading data from InBufA and 

writing result to OutBufA, EDMA is transferring data between the other 

buffer pair (e.g. InBufB and OutBufB) and the external DDR2 SDRAM, by 

filling InBufB with new data and exporting result from OutBufB. After CPU 

and EDMA have both completed their work, the buffer pairs are switched. 

Similar procedure of processing and switching repeats. 
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Fig.1 Block diagram of C6455. SCR is short for switched-central resource, 

which is one component of EDMA and functions as interconnection between 

different masters and slaves [11]. 
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Implementation considerations and programming technique 

involved are detailed as follows. 

A. Q Format Selection 

Since floating-point operations are inevitable as in FDK 

algorithm, Q-format numbers can be utilized. To be more exact, 

in a Qm.n format there are m bits used to represent the integer 

portion and n bits used to represent the fractional portion. With 

an extra sign bit, m+n+1 bits are needed to store a general Qm.n 

number. So the range can be represented by a Qm.n number is 

[-2
m
,2

m
) and the finest fractional resolution 2

-n
. Q-format 

numbers are still fixed-point, but with an imaginary radix-point.  

It is easy to observe that RdivU is always positive and less 

than 2, since in a practical cone-beam system with small 

cone-angle, radius of the source trajectory is much larger that the 

object volume. xyV  is normalized to the a-size of cells on the 

virtual detector (that is also why the array is named normV) to 

exclude division operations from backprojection step. So the 

absolute value of normV is limited by half number of cells in a 

row on the (virtual) detector, which is 512 in our program. 

Elements in array RdivU are Q2.13 numbers and in array normV 

are Q12.3 numbers. Half word saves internal memory space and 

also makes better use of the partitioned operations supported by 

the hardware. Under such Q format, absolute error in (6) is less 

than 2
-13×2

8
 + 2

-3×2 and so nearest-neighbor interpolation in 

backprojection step is accurate. Similar strategy is applied to (7) 

where z is normalized to the b-size of cells. IQmath library is 

employed to carry out division and square root operations [12]. 

B. Other Optimization and Simplifications 

Double buffering scheme was employed for data transfer. 

Each time two rows of the projection are processed and then 

stored into L2 SRAM. This double buffering scheme is actually 

a little different from that in Fig. 2 since no data output is done. 

Besides, the same skill presented in [9] was adopted when using 

the FFT function in the C64x+ library [13] for ramp-filtering. 

Only ordinary assembly operations are involved in the loop of 

backprojection, so software pipelining technique can be used. 

First, the loop is unrolled to backproject 2 voxels once. The 

unrolled loop consists of 29 assembly instructions, including 8 

multiplication instructions. Since only two .M units are available 

in one CPU cycle, at least 4 CPU cycles are needed for one loop. 

By careful instruction arrangement and elaborate software 

pipelining by hand, this limit was indeed achieved. Up to eight 

loops are overlapped and executed concurrently. On average it 

takes only 2 CPU cycles to backproject 1 voxel. Double 

buffering scheme are certainly employed here too.  

 

IV. RESULT 

We experiment on the TMS320C6455 Evaluation Module 

board. A 256
3
 volume is reconstructed from 360 projections of 

size 512
2
 each. Out of the limit from the capacity of the on-board 

DDR2 SDRAM and the consideration to simulate the practical 

situation where projection data are streamed in from imaging 

system one frame by another, memory space for only one 

projection was allocated in DDR2. Since the main goal here is to 

evaluate the speed and feasibility of the DSP implementation, 

we go further by using only one projection. Such simplification 

means that the object should produce same projections at any 

projection angle. Thus we selected homogeneous round disk 

model as the reconstruction object and generated the discrete 

14-bit projection value analytically. The reconstruction volume 

(all 32-bit voxels) also resides in the external DDR2 SDRAM. 

Cone-angle in our simulation is about 11.7 degrees.  

A. Accuracy Analysis 

We also write a C++ program which runs FDK algorithm 

under 32-bit floating-point precision. Since error of the FDK 

algorithm is well-known, we just compare our DSP result with 

that obtained from C++. 

Fig. 3 is the reconstruction image (at the plane Y=0.0625) 

from the two implementations. The two images are almost 

visually indistinguishable. Average absolute error was 

calculated after normalization, which was 2.8%. 

It is known that significand of single-precision floating-point 

number is 24-bit. The Q format of operands in the DSP program 

varies in different stages. But, significands of the Q-format 

operands are always maintained more-than-14-bit under careful 

control. Since the original projection value is generated in 14-bit 

precision, significand during calculation in the DSP program is 

enough. Though some extent of right-shift is inevitable to avoid 

overflow, the final result using fixed-point numbers deviates just 

appreciably from that obtained using 32-bit floating-point 

numbers. 

B. Speed Analysis 

It took 41.6s to reconstruct a 256
3 

volume from 360 

projections of size 512
2 
each.  

To examine whether the speed (of this implementation) has 

hit the limits of the hardware, the numbers of CPU cycles 

consumed in different stages during filtering and backprojection 

of one projection are measured, as shown in Table I. As 

mentioned in Section III, the three stages include filling RdivU 

and normV arrays, pre-processing the projection, and at last 

 

 
      (a)            (b) 

Fig.3 Reconstruction result of the disk model at the plane Y=0.0625. 

Subfigure (a) is obtained from the C++ program under floating-point 

precision. Subfigure (b) is obtained from DSP using Q format fixed-point 

number. Note that they are visually indistinguishable, showing that our 

implementation on DSP acquired acceptable image quality.  
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voxel-driven backprojection.  

From Table I, it is first noticed that backprojection is still the 

most time-consuming of all the three stage. Then, according to 

the ideal performance of pipelined loop (2 cycles for 1 voxel), 

the overall CPU cycle number needed for one-time 

backprojection is 256
3×2 = 33,554,432, which is much less 

than number 101,274,870 in Table I. Though due to inevitable 

cache misses the ideal speed cannot be achieved, performance is 

limited actually by the speed of data transfer, as analyzed in the 

following.  

The DDR2 Memory Controller on C6455 DSP uses 32-bit 

533MHz (data rate) external bus. Its internal data bus frequency 

is fixed at 1/3 of the CPU frequency. Since the C6455 CPU used 

runs at 1GHz, it is the internal bus frequency that limits the 

DDR2 throughout. During one-time backprojection, the whole 

256
3
 32-bit voxels have to be moved out and back into DDR2, so 

the total number of cycles needed for such data transfer is 256
3

×2×3 = 100,663,296, which is consistent with the number in 

Table I.  

Besides, when using practical 360 different projections, the 

projections actually can be updated independently by the 

integrated Ethernet media access controller which supports 

speed of 1000Mbits per second. Since projection data transfer 

can be completed concurrently with CPU processing, the overall 

performance will be hardly degraded. 

 

V. CONCLUSION AND DISCUSSION 

By elaborately designing the algorithm architecture, properly 

utilizing EDMA, and skillfully pipelining the backprojection 

loop, we optimize the FDK algorithm and verified potential of 

DSPs in reconstruction acceleration. Our implementation can be 

easily adapted to other time-consuming image reconstruction 

task which involves large number of repeated loops. 

The accuracy of our DSP implementation was comparable 

with that of the equivalent floating-point program. In the 

presented DSP implementation, only calculations involving 

division, square root, and trigonometric function are carried out 

using IQmath library. In situations requiring higher accuracy, 

more computation can be carried out using IQmath library (e.g. 

FFT and IFFT). Since backprojection determines the overall 

time-complexity as shown in Section IV, we can anticipate that 

such shift will not impair the overall performance too much. 

Though a fair inter-platform comparison is nearly impossible 

considering so many factors involved (e.g., hardware 

technology, bit depth, number and size of projections, I/O 

bandwidth), we still list some latest high-performance FDK 

implementations in Table II for reference. 

We just stress that the reconstruction result and speed reveal 

the potential of modern high-performance DSP, the low-cost and 

low-power-consumption VLIW processor with only eight 

parallel functional units. DSPs have formed a competitive 

alternative in the field of medical imaging acceleration such as 

cone-beam CT reconstruction, especially when cost and power 

consumption are emphasized more. 
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TABLE I 

CYCLES USED IN EACH STAGE  

DURING FILTERING AND BACKPROJECTING ONE PROJECTION 

Stage Description CPU Cycles Used 

Filling RdivU and normV arrays 15,103,748 

Pre-processing the projection 3,222,098 

Voxel-driven backprojection 101,274,870 

Total 119,600,716 

The numbers in the table are the average of cycles from 8 measurements. 

Since our C6455 DSP runs at 1GHz frequency, multiply the total cycles in the 

last row by 360 yields 43.0s, which is consistent with the overall time. 

  

 

TABLE II 

SOME HIGH-PERFORMANCE FDK IMPLEMENTATIONS 

 Platform Time 

M. Kachelrieß, et al. [3] Cell BE 9.6s 

K. Mueller, F. Xu [2] GPU 8800GTX 8.9s 

This paper TMS320C6455 336s 

The time in table is normalized to 5123 volume and 360 projections. Note 

that neither [2] nor [3] included the time to pre-weight and ramp-filter all the 

projections. 
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High Performance Exact Spiral Cone–Beam
CT Image Reconstruction

Marc Kachelrieß,Member, IEEE

Abstract—Fast cone–beam spiral image reconstruction is of
high importance in clinical CT as well as in preclinical, industrial
or security applications. The major processing steps in filtered
backprojection–type spiral CT image reconstruction are rawdata
rebinning, convolution, and backprojection. For iterative spiral
CT image reconstruction an additional forward projection step
must be added.

This study discusses a high performance implementation of a
filtered backprojection–type exact spiral cone–beam CT image
reconstruction algorithm that uses data approximately confined
to the Tam window (1π window). Our implementation uses a
vectorized forward rebinning process, a vectorized convolution
step and a backprojection that makes use of the spiral symmetry
to allow for full vectorization. Since the backprojection allows
to store all coordinate look–ups and all voxel–specific weighting
functions in look–up tables we can avoid the typical inverse height
rebinning step and we can use an optimized voxel–specific weight
that smoothly fades data at the edge of the1π window on a
voxel–by–voxel basis.

We show that a volume consisting of10243 voxels can be
reconstructed from spiral CT data with 1024 projections per
rotation within a few seconds on standard hardware.

I. I NTRODUCTION

H IGH performance CT image reconstruction aims at the
very fast computation of high fidelity CT images. While

today most studies focus on the fast reconstruction of cone–
beam CT data acquired from circular trajectories we here
consider the fast reconstruction of cone–beam CT data from
spiral trajectories.

The major performance bottleneck is the spiral backpro-
jection. Spiral backprojection is more complicated than back-
projection from circular trajectories since the illumination of
the voxels by the cone exhibits a complex voxel location–
dependent behavior that must be taken into account during
the backprojection step. Basically, this requires to compute
a weight functionw(x, y, z, α), where(x, y, z) is the voxel
position andα is the angle of the projection that is back-
projected, and apply this function during the backprojection.
Numerous algorithms have been published that already use
voxel–specific weighting [1], [2], [3], [4]. We implemented a
1π window reconstruction based on the convolution along K–
lines proposed by Katsevich and analyzed by Noo et al. [5],
[6], [7]. In theory the backprojection range of this algorithm
is strictly confined to the Tam window and therefore can be
in prinicple realized by multiplying the characteristic function
of the Tam window to the detector prior to backprojection.
To avoid discretization artifacts we rather implement the Tam

Prof. Dr. Marc Kachelrieß: Institute of Medical Physics (IMP), University
of Erlangen–Nürnberg, Henkestr. 91, 91052 Erlangen, Germany.

Corresponding author: marc.kachelriess@imp.uni–erlangen.de

window as a smooth voxel–specific window function that
slightly exceeds the Tam window. This allows us to combine
the backprojection window function with the inverse distance
and with the inverse square distance weighting required during
backprojection, and further with derivatives acting on those
weights that become necessary when one wants to avoid
derivatives acting on the source trajectory parameterα. A
novel backprojection approach allows us to store all precom-
puted weights as well as all precomputed detector look–up
coordinates in look–up tables, and it further allows us to
generate a fully vectorized backprojection implementation [8],
[9]. Thereby, the algorithm works with any detector shape,
such as the curved or the flat detector, for example.

Increasing backprojection speed by an order of magnitude
however generates new performance bottlenecks since the time
required for the other processing steps is no longer negligible.
These other steps, that are needed for exact spiral image
reconstruction, are the differentiation of the rawdat wrt the
source trajectory parameter, the forward height rebinning of
the rawdata from measurement geometry into the convolution
geometry, the convolution itself, and the inverse height rebin-
ning into backprojection geometry.

II. GEOMETRY

Let α be the projection angle. The source position as a
function of α is given as

s(α) =





RF sinα
−RF cosα

d̄α





whered̄ = d/2π andd is the table increment per full rotation
and RF is the radius of the focal spot trajectory. This study
uses data from a cylindrical detector array where

d(α, β, b) = s(α) +





−RF sin(α + β)
RF cos(α + β)

b





is the detector position of view angleα, angle within the fan
β, and longitudinal detector coordinateb.

To standardize the performance assessment we standardize
the scan geometry as follows: LetS be the problem size which
we will either set to 512 or to 1024. The radius of the focal
spot trajectoryRF is set to be twice the radius of the field of
measurementRM , the detector pixels shall be of square shape,
and we use a detector with the number of detector rowsM
being equal to the number of detector columnsL. We further
set the number of projections per rotationN360 to the same
value, i.e.N360 = M = L = S. The spiral pitch value is set
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continuous discrete comment
x, y j 0<=j<J whereJ is the number of pixels per slice

z = α k 0<=k<K whereK is the number of voxels inz
χ m 0<=m<M whereM is the number of detector elements
a n 0<=n<N whereN is the number of projections contributing to one slice

f(x, y, z) Vol(j,k) Vol[j*K+k], linear layout with thez–direction being the fast index
w(x, y, a) wLut(j,n) wLut[j*N+n] if stored as a look–up table and not computed on–the–fly
χ(x, y, a) mlLut(j,n) mlLut[j*N+n] if stored as a look–up table and not computed on–the–fly

p(α + a, χ) Raw data layout specified in the listing

TABLE I
CONTINUOUS AND CORRESPONDING DISCRETE VARIABLES.

to its maximum such that the Tam window just fits onto the
detector.

Hence, we use a scanner withRF = 2 and RM = 1. This
means that the fan angle isΦ = π/3 = 60◦. With M being
the number of detector columns the detector is discretized in
steps of∆β = Φ/M and∆b = RF∆β, respectively. Since the
longitudinal detector size is given asL∆b = ΦRF = 2π/3
and the longitudinal range of the Tam window is4d/3

√
3 we

use the maximum table incrementd =
√

3π/2 ≈ 2.72 for our
study. This corresponds to a spiral pitch value ofp = 3

√
3/4 ≈

1.30. The angular increment between two projections is∆α =
2π/N360, in our case we have∆α = 6∆β.

The volume reconstructed is centered at the origin, is cubic
and consists ofNx by Ny by Nz voxels. We chooseNx =
Ny = Nz = S and set the voxel size to∆x = ∆y = ∆z =
2RM/S such that the volume covers the complete lateral field
of measurement. Only voxels inside the FOM cylinder are
reconstructed.

III. D ERIVATIVE

The exact spiral cone–beam image reconstruction algorithm
we use requires to compute the partial derivative of the
projection datap(α,Θ) wrt the source trajectory parameter
α while keeping the ray direction vectorΘ constant. I.e. the
function p′(α, β, b) = ∂αp(α,Θ) enters the reconstruction
process.

One way to do so, is to use finite differences, which yield

p′(α, β, b) =
1

2dα

∑

±

±p(α ± dα, β ∓ dα, b)

where 2dα = ∆α is the angular increment between two
projections. The sampling positions inα must then interlace
the original sampling positions. For data that are not suffi-
ciently dense sampled inα this procedure may impair spatial
resolution.

Regarding the derivative operation we observe data–level
parallelism inb, i.e. we can vectorize overb. To emphasize
this possibility we drop the corresponding variable from the
equation and use vector notation

p′(α, β) =
1

2dα

∑

±

±p(α ± dα, β ∓ dα)

where the entries of the vector are indexed by the variable(s)
we vectorized over. In this case each entry is indexed byb.

Alternatively, one may proceed using the chain rule

p′(α, β) = (∂α − ∂β)p(α, β).

Implementing this equation using finite differences requires
interlaced sampling positions inα for the first term and inβ for
the second term. Reference [6] proposes to achieve interlaced
sampling positions simultaneously in both terms by using
linear interpolation in combination with finite differences:

p′(α, β) = 1

2

∑

±

(

∂αp(α, β ± dβ) + ∂βp(α ± dα, β)
)

=
∑

±

c±
(

p(α + dα, β ∓ dβ) − p(α − dα, β ± dβ)
)

with c± = 1/4dα±1/4dβ anddβ being the angular increment
between two detector channels. Depending on the sampling
distances inα and β computing the partial derivatives using
a combination of averaging and finite differences may or may
not have a negative effect on the spatial resolution properties.

As a third alternative one may use partial integration in
the convolution integral and in the backprojection integral to
remove all derivatives wrtα andβ. This introduces a derivative
operation alongb which can be handled during forward height
rebinning, which requires interpolation anyway, and this intro-
duces two kinds of backprojection weights, one proportional
to 1/|r−s| and a new one proportional to1/(r−s)2. Further
on, four convolutions per filtering are required, then. Hence,
the price to pay for the improved resolution properties of this
method based on partial integration is a significant increase in
reconstruction time.

IV. FORWARD HEIGHT REBINNING

Forward height rebinning is resampling the detector on
curves of typeb(β, δ) whereδ is the new parameter used in
place ofb. Hence, we need to do

p̃(α, β, δ) = p′(α, β, b(β, δ))

which involves linear interpolation between two adjacent sam-
ples in b. Since the forward height rebinning calculations
are independent ofα we can vectorize the process in the
α–direction and may use the following vector notation to
emphasize vectorization:

p̃(β, δ) = p′(β, b(β, δ)).

2nd Workshop on High Performance Image Reconstruction (HPIR) 2009 10



V. CONVOLUTION

Convolution means

p̂(α, β, δ) = p̃(α, β, δ) ∗ k(β)

with k being the convolution kernel(s). Since convolution is
independent ofα andδ we will vectorize as

p̂(β) = p̃(β) ∗ k(β).

VI. I NVERSEHEIGHT REBINNING

Inverse height rebinning, which is the process of switching
back to (β, b) in place of (β, δ), is not required since we
can hide this change of coordinates in the definition of the
backprojection look–up tables.

VII. B ACKPROJECTION

Backprojection means evaluating

f(x, y, z) =

∫

dα w(x, y, z, α)p̂
(

α, χ(x, y, z, α)
)

where χ(x, y, z, α) is the projected position of the of the
voxel (x, y, z) onto the detector. In the native geometry,χ
corresponds to the pair(β, b). After height rebinning we may
identify χ with the pair(β, δ). The said voxel–specific weight
function is w(x, y, z, α) and the preprocessed rawdata are
denoted bŷp(α, χ).

We make use of the spiral symmetry and let

f̂(x, y, α) = f(x cosα − y sin α, x sin α + y cosα, d̄α)

be a new representation of the volumef . In the new volumêf
each slice rotates in the same fashion as the spiral trajectory.
Hence f̂ exhibits the same spiral symmetry as the data
acquisition itself. Due to the fact that thez–position in spiral
CT is proportional to the gantry angleα we were free to drop
z in favour of α. Now, backprojection is

f̂(x, y, α) =

∫

da w(x, y, a)p̂
(

α + a, χ(x, y, a)
)

with all look–up functionsw = w(x, y, a) andχ = χ(x, y, a)
now being functios of three arguments instead of four argu-
ments. The anglea is counting relative to the slice position
α.

Since neitherw nor χ depend on thez–position α the
backprojection can be easily vectorized:

f̂(x, y) =

∫

da w(x, y, a) p̂(a, χ(x, y, a)).

A vector f (x, y) is a rod of voxels with the samex– and
y–position. The vector may have any length; we typicall use
vectors of 64, 128 or 256 elements which means that 64, 128
or 256 slices are reconstructed simultaneously.

For the spiral backprojection we want to provide a reference
code listing. To do so, let us introduce discrete variables
corresponding to the continuous variables used so far. Ba-
sically, the coordinatesxy and z are replaced by indicesj
andk, while the scanner coordinatesα andχ becomen, and
ml, respectively. The correspondences and the range of these
indices are summarized in table I. The reference source code
of backprojection algorithm is given in listing 1.

Listing 1: Reference backprojection algorithm.
void SpiralBP(int const J, // Number of pixels (x, y)

int const K, // Number of slices (z and alpha)
int const N, // Number of views per slice (a)
int const * const mlLut, // chi(x, y, a)

float const * const wLut, // w(x, y, a)
float const * const Raw, // p(alpha+a, chi)
float * const Vol) // f(x, y, alpha)

{
#define mllut(j, n) mlLut[j*N+n]
#define wlut(j, n) wLut[j*N+n]
#define V(j, k) Vol[j*K+k]
#define R(ml, n, k) Raw[ml*(N+K)+n+k]

for(int j=0; j<J; j++) // xy-loop
for(int n=0; n<N; n++) // a-loop

{
int const ml=mllut(j, n); // chi(x, y, a)

float const w= wlut(j, n); // w(x, y, a)

for(int k=0; k<K; k++)
V(j, k)+=w*R(ml, n, k); // z-loop (fast loop)

}

#undef mlut
#undef wlut
#undef V
#undef R
}

Fig. 1. Slices of the FORBILD thorax phantom after backprojection.

VIII. S LICE ROTATION

The improved backprojection performance comes at the
price of having the slices rotating together with the spiral
as shown in figure 1. Since image viewers are typically
constrained to voxels on Cartesian grids and therefore are not
able to handle rotated slices we must add an additional rotation
step to undo the inherent rotation and to finally end up with
images in standard Cartesian domain. This is an additional
step in the reconstruction pipeline but it does not add to the
total reconstruction time because slice rotation must be done
only once at the end of the reconstruction while backprojection
accesses each voxel about103 times more often.

To rotate the slices back we have to implement the transform

f(x, y, d̄α) = f̂(x cos α + y sin α, y cosα − x sin α, α)

which cannot be vectorized because there is no data–level
parallelism.

We use a destination–driven rotation algorithm with linear
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interpolation on the source side. To obtain the same spatial
resolution as with a conventional backprojector that does not
require the slice rotation we slightly enhance the reconstruc-
tion kernel used during convolution to compensate for the
smoothing introduced during the slice rotation.

IX. RESULTS

For our time measurements we used an Intel Xeon 7300
platform with four X7460 hexa core processors running at
2.66 GHz with 3 · 3 MB L2-Cache and 16 MB L3-Cache
and a Celsius R650 workstation (Fujitsu Siemens Computers)
using the Intel Xeon 5400 platform with two X5460 Quad
core processors running at 3.16 GHz with2 · 6 MB Cache.

To quantify performance let us first compute the operation
count. For the derivative operation we define one update as
being the operation of computingp′(α, β, b) for one datum
(α, β, b). The number of derivative operations required for
the complete reconstruction therefore equals the number of
rawdata valuesNML.

Similarly, we count longitudinal rebinning. Here, however,
the number of detector rows is increased to avoid subsequent
losses of spatial resolution. In our case we upsample by a
factor of1.5 and therefore useLr = 768 detector rows for the
S = 512 problem size andLr = 1536 detector rows for the
large problem size (S = 1024) after longitudinal rebinning.

Convolution is done using the fast Fourier transform (FFT),
hence the update count of convolution is set toNLr2M lb 2M
updates. The factor of 2 accounts for the zero padding: before
entering the FFT the number of detector channelsM needs to
be doubled.

Backprojection requires approximatelyNxNyNzN360π/8
which accounts for the fact that only voxels within a cylinder
inscribed into the cubic volume need to be reconstructed and
that each voxel receives backprojection contributions from
aboutN360/2 projections.

All update values are divided by10243 and the resulting
number is called giga updates (GU). Performance is measured
in how many giga updates can be performed per second,
i.e. in giga updates per second (GUPS). Results for our
implementation are shown in table II. The reconstruction of the
10243 volume withN360 = 1024 projections per full rotation
andN = 2036 projections in total can be achieved in about 15
seconds with our hardware. Backprojection is the dominating
contribution on both architectures.

Count 8 threads 24 threads
Derivative 1.99 GU 7.3 GUPS 11 GUPS
Rebinning 2.98 GU 9.8 GUPS 13 GUPS

Convolution 65.6 GU 6.8 GUPS 12 GUPS
Backprojection 406 GU 24 GUPS 59 GUPS

Rotation 0.79 GU 0.7 GUPS 1.4 GUPS

TABLE II
T IMING RESULTS FORS = 1024.

The code measured here is an optimized version which
uses well known techniques like loop unrolling and subset
building to achieve high cache utilization. As discussed above
the algorithm was designed to be data–level parallel and to

fit the need of vector calculations. Hence, we make use of
SSE intrinsics. Using the Intel 64 technology and compiling
64–bit code allows us to use more than 4 GByte RAM and it
provides us with 16 SSE register (instead of 8 registers that
are available in 32 bit mode).

For multiprocessing the code is parallelized with OpenMP
directives. The implementation divides the volume into sub-
volumes, and these subvolumes were delegated to the cores
for processing. Timing measurements and our experience with
various memory layouts show that this is the most efficient
way with the lowest overhead for backprojection to achieve a
good speedup factor.

X. D ISCUSSION

Using data–level parallelism that is typically available due
to system geometries one can achieve highly performant
implementations. In our case the exact image reconstruction
of cone–beam spiral CT data is possible within a few seconds.
Images can be made available almost in real–time, just after
a typical clinical CT scan has finished.
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Abstract—In some CT systems for online control or inspection, 

people need to do some operations referring to the median 
reconstruction results during the CT scanning. It requires a very 
high computing ability to realize an online reconstruction and 
immediate volume rendering. In this paper, we present a 
complete Real-Time Visualization method (RTV) for Cone-beam 
CT with latest GPU Tesla C1060. Different from the former 
solutions, our method can visualize the intermediate results of the 
reconstruction procedure during scanning each projection. We 
can see clearly that how the filtered projection data group forms a 
3d volumetric reconstruction, and how broken projections and 
bunch of error pixels affect the final result. The final volume 
rendering result is obtained as soon as the scanning is completed. 
This method can also be a good solution candidate for 4D CT 
visualization.  
 

Index Terms—CT reconstruction, CUDA acceleration, 
Dynamic volume rendering, Online FDK 

I. INTRODUCTION 
3D CT data reconstruction is always a complicate problem 

with high computing density and hence time consuming. 
Usually there could be some unexpected results we don’t know 
where it is from exactly. As a result we have to repeat the 
reconstruction or even the scanning sometimes. Recently, 
thanks to the fast development of parallel computing technique, 
especially the multi-core CPU and CUDA on GPU, fast 3D 
reconstruction becomes possible and practical. The volume data 
can be reconstructed and rendered in just a few seconds after the 
scanning is done. It helps a lot to medical operations and online 
inspection. But in some other cases, scanning will cost a longer 
time, and people need to do some operations referring to the 
intermediate results. It will be very necessary and helpful if 
there is a tool to visualize the procedure of the reconstruction 
during the scanning. Obviously, a new hardware with much 
higher computing capability is a must.  

As a result of continued demand for programmability, 
modern graphics processing units (GPUs) such as the NVIDIA 
GeForce 200 Series are designed as programmable processors 
containing a large number of processor cores. Many GPU 
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programming languages such as Cg, CUDA, Brook+ are more 
and more popular in parallel computing. Many algorithms in 
different fields are rewritten and accelerated by tens to 
hundreds times. Recently, NVIDIA just released its latest 
professional CUDA computing hardware Tesla C1060 which 
has 240 processors and 4GB memory. [1] 

In this paper, we present a complete Real-Time Visualization 
method (RTV) for cone-beam CT with Tesla C1060. The 
specialty and advantage of this solution is that our system will 
show the intermediate results of the reconstruction procedure 
during the scanning. We also demonstrated how to implement 
3D image processing like histogram adjustment on the 
reconstructed data in CUDA and how fast it works.  

II. IMPLEMENT CT RECONSTRUCTION WITH CUDA 
In this paper, we will show our real-time visualization method 

on FBP type reconstruction procedure. For a circular cone beam 
CT scan, FDK is a classical reconstruction algorithm proposed 
firstly by Feldkamp, Davis and Kress in 1984 [3]. Many 
improved versions for different cases have been proposed such 
as HFDK, CFDK and TFDK. Recent years, all these practical 
methods are accelerated by hardware especially GPU, gaining 
hundreds of times’ acceleration than single core CPU [5-11]. 
All these kinds of methods consist of 3 major parts, weighting, 
filtering and back projection. Usually, all the projection data is 
ready, and the volume data is reconstructed slice by slice. 
However, in our case, the object is scanned one-by-one 
projection, and we use each projection data as soon as it is ready. 
So in implementation, we changed the order of the 
reconstruction, and we always have a 3D memory block to store 
the intermediate volume data.  

Here we will take FDK as an example to describe how we 
implement these operations in CUDA, which is currently the 
most effective parallel computing architecture and language. 

A. Weighting 
First, the original projection data of the angle β  is loaded 

into GPU memory, stored in a 2D buffer ),( vug . Different 
from traditional GPU FDK, we don’t need a big 3D texture to 
store all the projection data, only 1 or a few ),( vug  is needed 
to store the projection data temporally. Then a kernel is 
executed to apply the data format transform from short16 to 
float32 complex for the following FFT operation. At the same 
time each pixel of the original data is weighted referring to its 
geometry parameters, as described in formula (1). 

Real-Time Visualize the 3D Reconstruction 
Procedure Using CUDA 

Wenyuan Bi, Zhiqiang Chen, Li Zhang, Yuxiang Xing, Yajie Wang 
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B. Filtering 
In the traditional FDK, the 1D filtering of a projection is 

done by direct convolution as formula (2) or accelerated with 
FFT and IFFT as formula (3). In CUDA implementation, the 
CUFFT tool is very effective to apply FFT and IFFT.  

)(*),('),(" uhvugvug =                           (2) 

))(()),('(),(" 1 uhFvugFvug ⋅= −                 (3) 

F denotes 1D Fourier transform, and )(uh is a ramp filter. 

C. Back Projection 
After the filteration, the filtered data are restored into a 3D 

texture, in order to let the back projection procedure benefit 
from the automatic linear interpolation. Then the BP kernel is 
executed to apply the operation. Each voxel is added by the 
corresponding pixel value in the filtered projection. As shown 
in formula (4) (5) (6). 

)),,(),,,(("),,(ˆ ββ yxvyxugzyxf =+               (4) 
The u and v are calculated with:  
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where 22 yxd += ,
d
xarcsin=γ . The variable b is the 

distance between source and rotation axis; R is the distance 
between source and detector; and α is the detector fan angle.  

III. REAL-TIME VISUALIZATION WITH CUDA 
Ray casting is the most popular volume rendering method for 

3D visualization. It is already implemented effectively with Cg 
and CUDA by NVIDIA [2]. There are also a lot of methods to 
optimize the procedure to make it more effective and attractive. 
[16] In the CUDA implementation, the volume data is loaded 
into a 3D texture. A ray casting kernel calculates each ray to get 
the color of each pixel. This method works very well on a static 
3D volume data, and it is very convenience to implement some 
special effect with it to make the rendered image cooler. 
Unfortunately, the 3D texture buffer is read-only in current 
version of CUDA. So if we want to show a dynamic data, such 
as a 4D CT or our on-going process of reconstruction, we have 
to find an indirect way to modify the volume data. 
 After the reconstruction is done, a kernel will do the 
following works: calculate the histogram distribution with the 
method of [19]; adjust the histogram referring to the customer 
input; transform the float32 data into uchar8. Then copy the 

uchar8 data into a 3D array and bind it with a 3D texture. After 
that a ray-casting kernel will calculate each light ray casted to 
each pixel through the volume, use look up table to colorize the 
volume data, calculate the normal direction and lighting of a 
particular surface. At last the result buffer is displayed by 
OpenGL.  The whole pipeline is show in Figure 1. 

 
Figure 1: Pipeline of the Real-Time Visualization 

IV. EXPERIMENTS WITH REAL-TIME VISUALIZATION 
In this part, we will show some results from our RTV. We 

damaged the original projection in different ways, and with the 
RTV we can see lively how these damages affect reconstruction. 
It will help researchers and operators to localize the problem 
and react immediately. 

We apply our RTV method on real data scanned from our 
laboratory CT platform ICT225, as shown in Figure 2. It is a 
multi-mode radiation imaging system with great freedom in 
geometrical setting. The platform mainly consists of 3 parts: a 
225kV x-ray source, a flat panel detector, and an object rotating 
stage. Resolution of each projection image can be 
1920*1536*16bit at most, and it outputs 3.75frame per second 
in this solution. 

 
Figure 2: Multi-Mode radiation imaging system, ICT225 
From this system, we generate several data set. Figure 3 

shows the scanning procedure of an orange. We use our RTV 

Projection Data in GPU 

Format Transform and Weighting 

Filter by CUDA FFT 

Back Projection by CUDA 

Histogram Adjustment 

Ray casting 

Display in OpenGL 

Colorize 

Loop through all the Projections 
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method to reconstruct and visualize the volume data during the 
scanning. From these images, the change of the volume data 
between every projection is obvious. The final rendered result 
can be displayed as soon as the scanning is done. 

  
60 Projections 5.7s 120 Projections 11.3s 

  

180 Projections 17.1s 240 Projections 22.7s 

  
300 Projections 28.4s 360 Projections 33.0s 

Figure 3: RTV result of an orange and the operation moments 
 

TABLE I    OPERATION TIME OF RTV 

Operation Time per projection 
Upload to GPU memory 5 ms 
Weighting 3 ms 
Filtering with FFT 21 ms 
Back Projection 24 ms 
Histogram Adjustment 2 ms 
Volume Rendering 32 ms 
Total 87 ms 

Projection data: 1920*1536*16bit 
Reconstruction data: 512*512*512*32bit 
Volume Rendering Image: 512*512 
CUDA Device: NVIDIA Tesla C1060 
240 stream processors  4GB off-chip memory, 512bit, 800MHz 

Table I shows the executing time of each function in RTV. 
The total time, including the uploading, weighting, filtering, 
back projection, histogram adjustment and volume rendering, 
is about 87ms per projection, the speed can totally satisfy most 
practical CT systems with detector of such a high resolution. In 
other systems like our luggage inspecting CT, because the 

projection data is much smaller, the RTV time is much less than 
scanning time. 

RTV is useful not only in the online scanning and inspecting, 
but also in reconstruction analysis. Considering all the FBP 
type reconstruction methods, there are always several very 
tough problems like metal artifacts, truncated data, noise and 
broken detectors. With RTV’s help, it is easy for researchers to 
see the procedure of reconstruction, and have a clear visual 
image about how the damage on each projection data affects the 
result.  

Example 1: We set a small region of each projection to 0 to 
simulate that there is a group of pixels of the detector are broken 
and always return 0. The RTV results are shown in Figure 4. 
From the procedure we can see that the broken region brings a 
special artifact from the beginning to the end, produces a high 
light circle in the final volume, and affects the neighbor slices. 
Except these slices, the rest of the data is perfect. That means, 
benefited by RTV, the mistakes can be seen and avoided at very 
beginning of the scanning. We can change the position of the 
object to make sure our ROI is in the region which can be 
perfect reconstructed. This is even more valuable when the path 
is helix or more complicated. 

  
60 Projections 120 Projections 

  

180 Projections 240 Projections 

  
300 Projections 360 Projections 

Figure 4: RTV result of damaged data. Example 1 
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Example 2: In Figure 5, there is an extra cylindrical structure 
overlapped on the original data. All regions are full of noises. 
That is because we set a column of each projection image to 
3000(close to air background value), to simulate the case that a 
column of pixels on the detector doesn’t work. Obviously the 
volume is ruined very much by the wrong column.  

  
60 Projections 120 Projections 

  

180 Projections 240 Projections 

  
300 Projections 360 Projections 

Figure 5: RTV result of damaged data. Example 2 

V. CONCLUSION 
Real-Time Visualization is just a beginning in a series of 

works. We built such a demonstration to prove the possibility 
and utility of online reconstruction and volume rendering. With 
the amazing computing capability of GPU, RTV can execute 
very complicated operations not only the histogram generating 
we used in the demo, but also many other work, such as 3D 
filtration, recognition, segmentation and so on. It can also be a 
good solution confidant for 4D CT visualization when the 
scanning is fast enough. 
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Estimation of Energy Spectra from Compton 

Scattered Photons Using a GPU 

Arkadiusz Sitek and Stephen C. Moore

    Abstract– One of the major limiting factors of emission 

tomography is the finite energy resolution of the detectors, which 

limits our ability to distinguish Compton-scattered photons from 

primary, unscattered photons. One of the most accurate 

approaches to correct for scattered radiation is to model it 

during the iterative tomographic reconstruction; however, this is 

a computationally intensive task.  In this work, we describe the 

use of a graphics-processing unit (GPU) for computing estimates 

of Compton-scattered radiation, and we verify the accuracy of 

the method against Monte Carlo simulations. 

I. INTRODUCTION 

omographic reconstruction of emission data is difficult 

because the inverse solution used to estimate emission 

intensities from projection data is ill-posed. Compton scatter 

is considered to be an important factor which degrades the 

quality of images obtained from emission tomographic 

studies.  Several scatter correction strategies have been 

investigated that, in general, were aimed at improving 

quantitative image estimates as well as improving contrast[1]. 

In order to perform the correction for scattered radiation the 

contribution of scatter to the total projection data needs to be 

estimated. 

 In this work, we used an approach in which the energy 

spectrum of first-order scattered photons is estimated. The 

challenge of this calculation is its high computational 

demand. In this work we used high-performance computing 

(HPC) based on a TESLA C1060 computing device 

manufactured by NVIDIA (Santa Clara, CA). This device 

consists of 240 parallel processors with 4 Gbyte of memory 

shared among the processors; the device can provide a peak 

computational performance of 1 Tera flop (10�� floating point 

operations per seconds) and 100 GByte/s  bandwidth between 

the processor and the memory.  

We will concentrate on the derivation of this approach for 

the case of SPECT imaging. However we would like to point 

out that the method is not limited to SPECT, and can also be 

used for PET.   

II. METHODS  

A. Binning in the projection and reconstruction spaces 

In the current implementation the number of energy bins � 

was set to 12 but in general it can be any number. Each 

energy bin � corresponded to enegies ��	�
 � �
 � ��
 where 
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�
 indicates detected energy which in general is different than 

real energy � of the photon due to limited energy resolution 

of the detector.  

 We used standard voxel based representation of the 

reconstruction area with homogeneous voxel sizes equal to � 0.39 cm of total number of voxels �  128 � 128 � 128. 

It was assumed that attenuation maps are known and 

represented as a volume with the same voxel size and number 

of voxels as for the representation of emission intensity. For 

each voxel the value of attenuation was specified in units of cm	� for energy corresponding to energy of primary photons ��. For energies � � �� this value was scaled by an 

appropriate factor. For each voxel two values ����  and �� of 

attenuation were specified where ����  corresponds to total 

attenuation including coherent scattering, incoherent 

(Compton) scattering, and photoelectric effect and �� 

corresponded to linear attenuation for incoherent scattering 

only.  

B.  Projection operation of primary and first order 

scatters.  

We split the calculation of the projection estimate �̂�� of 

projection bin � and energy bin � into two parts defined by 

the following equation: �̂��  �̂��� � �̂��� (1) 

The first term �̂����  is projection operation for primary 

photons which is a summation of bins along lines of response 

(Figure 1). Since in this work we consider monenergetic 

source of photons �̂���  0 for �  1 where we assumed that 

energy bin 1 contains energy ��. Thus,  �̂���  ! " #�$�$%LOR)
*+$  (2) 

where #�$�  is a attenuation factor between projection bin � 

and voxel , and ! is a voxel volume in units of cm-. If by .$ 

and .� we denote 3D position vectors of centers of the voxel , and bin �, then  

#�$�  exp234����56.$ � 51 3 67.�786�
�

9 (3) 

The second term in Eq. 3 �̂��:  is a result of projection 

operation for the first order scattered radiation and is equal to:  �̂���
 ! 58; 8Ω⁄ 7�;�>� " #�$� �$� 4 #$.� *+ 5.74@A.A� 8-.

�>$: CD
�>$: CDEF$%LOR)

 
(4) 

where volume integral is performed between two half conic 

surfaces originating at voxel , and with conic angles 

corresponding to Compton energies ��	� and ��. Unit less 

T 
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attenuation factor #�$�  is a total attenuation between the 

detector bin � and voxel , (similar to Eq 2) but for energy 

corresponding to energy bin �. Value of �$� is s linear 

atteanution coefficient for Compton scattering for voxel , in 

units of cm	�. Differential cross section for energy 

corresponding to energy bin � and total Klein-Nishina cross 

section for photons with �� are denoted by 58; 8Ω⁄ 7� and ;, 

respectively. Vector . is three dimensional location vector 

defined in coordinate system with the beginning centered at 

cone apexes (see Figure 1). An estimate of emission density 

in units of 1 cm-⁄  at location . is denoted by *+5.7. Lastly, 

factor #$.�  is a total attenuation factor for photons emitted at 

location . and scattered at a voxel ,.  

Equation (4) is impossible to evaluate in a reasonable 

amount of computing time even with high computing power 

provided by TESLA. For this reason, the integration was 

approximated by the following: first, the area between cones 

was divided into G sections along circumferential direction, 

and integration within each section was approximated by line 

integral along a line defined by a vector unit H�I with the 

origin in the cone apex and direction between cone surfaces 

Cone �� and Cone ��	�. For each section J, �,  H�I was 

positioned in a center of the sector weighted by a differential 

KN cross section center (Figure 1) of a section J, �. This line 

integration was numerically performed by summation along H�L direction with integration step equal to the size of the 

voxel M and was terminated when summation point was 

outside defined reconstruction area Ω. Taking this into 

account, equation (4) after few transformations becomes: 

 

�̂����  ! 58; 8Ω⁄ 7�2;�>� 5cos P� 3 cos P�	�7 
 " #�$� �$�" " #$Q� *+�5MRH�I7S
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W
IT�$%LOR)

 
(5) 

where #$Q�  is a attenuation factor between voxel , and current 

integration point located at MRH�I.  

 Equation (5) provides convenient implementation of the 

projection operation. Note that although attenuation factors #$Q�  are independent of iteration number and by that there are 

good candidates for precalculation, the large size of matrix 

(~2Y�  elements) precludes that.  

Image rotations using GPU and CUDA[2]. Voxel image was 

rotated to calculates the scatter for each projection. The 

rotation was implemented on GPU allowing very fast 

implementations. Image volumes were mapped to texture 

units and rotated volume was extracted from the texture using 

trilinear interpolation. All these operations are very efficiently 

implanted on  the GPU.  

Numerical integrations using CUDA. After performing the 

rotations rotated volume were mapped to texture unit again 

and integrations were performed  using equations 2 and 5. 

Figure 1 summarizes the integrations.  For each projection 

image (center of rotation is depicted as a cross in the center in 

Figure 1A) is rotated so voxels are aligned and parallel 

projection constitutes of summing values for voxles along the 

red line. For each voxel during projection additional 

summation was performed for each energy bin � (Eq. 4). This 

was done along lines originating in center of each voxel with 

directions inside the volume contained between the two cones 

that define energy bins � and � 3 1. In other words if photons 

originated in this volume are Compton scattered the energy 

with which they reach detector will fall in energy bin �. 
Summations along these lines approximate volume integral 

(shaded area represents the volume).   

 

C. Validation and Numerical Experiments    

We performed numerical experiments to validate the 

above theory and implementation. A numerical phantom was 

used. A sphere of activity with diameter of 5 cm was 

simulated. Attenuating cylinder with the attenuation 

corresponding to water of diameter of 20 cm co-centered with 

emission activity was simulated. Phantom was represented 

with two areas voxelized in 128 � 128 � 128 and 64 � 64 �64 sizes. Projections of primary and scatter windows were 

acquired in 128 � 128 and 64 � 64 matrices with pixels size 

being the same as size of the voxels, for two reconstruction 

areas respectively. Primary photons with energy of 140 keV 

were simulated. 

 To validate the approach, separate Monte Carlo 

simulations [3] were performed. Number of primary counts 

with energy of 140 keV obtained by Monte Carlo was used to 

scale GPU generated profiles. For both approaches elastic 

scattering was ignored. 

III. RESULTS 

The integration time per projection was 0.8 and 20 seconds 

for 64 � 64 � 64 and 128 � 128 � 128 matrices, 

respectively. The comparison with Monte Carlo approaches of 

profiles obtained for 128 � 128 � 128 volumes are presented 

in Figure 2.   

IV. SUMMARY 

We have shown that method of calculating energy spectrum 

using GPU gives a very accurate estimate of energy spectra 

first order Compton scattered radiation. The calculation time 

can be substantially reduced since for most applications only 

a single energy window will be necessary to perform 

correction for scattered radiation. Additional reduction in 

calculation time can be performed by using coarser 

integration steps which will not significantly reduce the 

accuracy.  

   

 

Figure 1. Schematic representation of projection for the GPU estimation of 

the scatter spectrum. Note that for clarity drawings are 2D but in real 

implementation all calculation are done 3D since this is inherently a 3D 

approach. (A) for parallel projections of primary radiation. (B) Integration of 

areas between cones 
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��  140 keV 140 � � _ 139 keV 139 � � _ 137 keV 134 � � _ 130 keV 

130 � � _ 125 keV 125 � � _ 120 keV 

108 � � _ 104 keV 

120 � � _ 116 keV 

112 � � _ 108 keV 104 � � _ 100 keV 100 � � _ 96 keV 

Monte Carlo Analytic  

Figure 2. Comparison of Monte Carlo and GPU based analytic calculations. Sphere filled with water with 20 cm diameter was simulated. 

Activity was placed in 5 cm diameter sphere in center of larger sphere. Profiles through resulting projections were drawn and are 

compared for primary photons and first order scattered photons in 11 energy windows. Monoenergetic photons were simulated with 140 

keV, and energy windows were set up as described. All values are given in keV.  

116 � � _ 112 keV 
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Abstract—Iterative reconstruction algorithms with regularization 
can produce high-quality reconstructions from few views and even 
in the presence of significant noise. In the research presented here 
we focus on the particularities associated with the GPU 
acceleration of these. Specifically, we not only focus on 
reconstruction speed but also on reconstruction quality which 
reveals a number of important interaction effects and trade-offs.  
To obtain this insight, we use exhaustive benchmark tests to 
determine the optimal settings of the various parameters 
associated with the algorithm, here OS-SIRT. The same mindset 
we also apply in the selection of the most GPU-amenable 
regularization mechanism, where we compare the traditionally 
used TVM filter with the less frequently used bilateral filter, which 
we find to be a viable and cost-effective means for regularization.  

Index Terms—Iterative Reconstruction, Ordered Subsets, 
Computed Tomography, GPU, Bilateral Filter, Total Variation 
Minimization 

I. INTRODUCTION 
Iterative reconstruction methods have gathered significant 
interest in recent years since they can cope well with limited 
projection sets and noisy data. These scenarios occur most often 
in low-dose CT, where one seeks to either limit the dose per 
projection, or the number of projections overall, or both.  Low 
dose CT has been a response to growing concern about the high 
radiation dose delivered to a patient in multi-slice X-ray CT, but 
the noise associated with reduced radiation dose decreases SNR 
and the few-view scenario can lead to prominent streak artifacts 
in the reconstruction. Both can obliterate the features of interest 
and generally make the CT image hard to read. While exact or 
approximate exact CT reconstruction methods do not work well 
under these conditions, iterative methods can produce 
acceptable results. These methods, however, suffer from high 
computational effort, which has prevented a deployment in 
routine clinical applications so far as these computational 
demands cannot be met by reasonable CPU-based platforms. 

High-performance graphics chips (GPUs) are poised to 
provide a breakthrough in this problem. In recent work, we have 
shown that with just a single such board one can filter and 
back-project cone-beam projections faster (at 50 projections/s) 
than they can be produced by a modern flat-panel gantry, 
enabling a new paradigm we call streaming CT [8].  Further, in 
earlier work [6] we have also shown that reconstruction 
algorithms, both iterative and analytical, can typically be 
broken down into blocks, which can be accelerated individually 
on these platforms using dedicated programs (called shaders).  

In this current work we specifically address the acceleration 
of iterative optimization algorithms for the purpose of low-dose 
CT with reduced sets of noisy projections. Our framework 
alternates projection-space prediction-correction with 

object-space regularization. The former ensures adherence of 
the solution to the data, while the latter seeks to drive the former 
to a more plausible solution. Our prominent aim is to make this 
procedure amenable to GPU-acceleration.  

Our paper is structured as follows. Section 2 discusses related 
work. Section 3 describes our framework. Section 4 present 
results, and Section 5 ends with conclusion. 

II. RELATED WORK  
We chose algebraic reconstruction as the predictor-corrector 
method. In expectation maximization (EM), ordered subsets 
(OS) have long been known to speed up convergence speed, 
with larger numbers of subsets converging faster.  In recent 
work [7], we have introduced the idea of using ordered subsets 
also for algebraic settings, giving rise to OS-SIRT. In this 
scheme SIRT and SART form two extremes, with SIRT having 
just one and SART having M subsets (M being the number of 
projections). We showed that while on the CPU there is little 
difference in the running time per iteration, on the GPU an 
iteration with SART is typically the slowest, due to the many 
projection-backprojection context switches which disturb 
parallelism and data flow. This has significant implications for 
the overall reconstruction wall clock time, where SART, in the 
noise-free case, is no longer the fastest method (which it is on 
the CPU). This effect has also been observed by other authors 
[2], but there the focus was solely on reconstruction speed. In 
contrast, we have found, in the present work, that once 
reconstruction quality is considered as well, these relationships 
are altered and SART becomes more competitive again. In 
addition to this insight, we also address the issue of noise, and 
revisit GPU OS-SIRT under these new circumstances.  

For few-view, limited-angle, and noisy projection scenarios, 
the application of regularization operators between 
reconstruction iterations seeks to tune the final or intermediate 
results to some a-priori model. A simple regularization scheme 
is to enforce positivity. In [4], the method of total variation (TV) 
was proposed for additional regularization (in conjunction with 
POCS reconstruction). TV minimization (TVM) has the effect 
of flattening the density profile in local neighborhoods and thus 
is well suited for noise and streak artifact reduction. Based on 
the assumption of a relatively sparse gradient object, the method 
has been shown to work quite well under a variety imperfect 
imaging situations, yet this assumption may not be realistic in 
general. In computer vision, two prominent TV models are 
frequently used, that is, the ROF model and the TV-L1 model 
[3]. A number of variational algorithms have been designed as a 
minimizer of the energy functional of the models. They are 
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mainly based on solving the associated Euler Lagrange 
differential equation with optimization techniques. These 
methods are well suited for the removal of noise and other 
unwanted fine scale details while preserving edges. However, in 
the context of high performance computing, due to its iterative 
procedure TVM is quite time-consuming, even when 
accelerated on GPUs. 

III. METHODOLOGY 
We aim to devise a method that is not iterative but has the same 
goals as TVM, that is, the reduction of local variations (noise, 
streaks) while preserving coherent local features. The bilateral 
filter [5] is such a method. It combines a range filter with a 
domain filter, giving rise to a non-linear filter designed for 
edge-preserving smoothing. When based on the Gaussian 
function, two parameters are required, σr and σd, to control the 
weight of each filter. We then compare this filter with a TVM 
method [1] to explore its performance under different scenarios. 
 An important aspect of Ordered Subsets-EM (OS-EM) is that 
it balances noise suppression with convergence speed – 
typically in the presence of noise using a smaller number of 
subsets leads to faster convergence and better results, due to the 
inherent smoothing provided by the larger projection sets. 
These issues are also relevant for our GPU-accelerated 
OS-SIRT, but with the added constraints imposed by the GPU 
hardware architecture. Finally, in contrast to EM, algebraic 
methods also offer a relaxation factor λ which has a great effect 
on convergence speed. In [7], a simple linear selection scheme 
for λ (as a function of subset size) was used, which we found 
sub-optimal in the current work. We therefore propose a scheme 
that determines the optimal setting of λ (and subset number) 
based on an exhaustive set of benchmark tests under different 
noise conditions. This framework is more detailed described in 
a companion publication [9]  

A. OS-SIRT 
The correction update for OS-SIRT is given as follows: 
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where the weight factor wij determines the contribution of a 
voxel vj to a ray ri (starting from a projection pixel pi) and is 
given by the interpolation kernel. This equation is a 
generalization of the original SART and SIRT equations to 
support any number of subsets [7]. The pi are the pixels in the 
M/S acquired images that form a specific (ordered) subset OSs 
where 1 ≤ s ≤ S and S is the number of subsets.  

B. Bilateral Filter 
The bilateral filter non-linearly averages similar and nearby 
pixels values. To achieve effective and efficient computation, 
the averaging only occurs inside a fixed window area. It consists 
of two filter components, the domain filter and the range filter:   
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Here, W is the window centered at x, ε and x represent the 
spatial variables, f is the input image, and c and s are the 
measured closeness and pixel value similarity, respectively. The 
geometric closeness function acts as the domain filter 
controlling the contribution according to spatial distance, while 
the pixel value similarity function acts as a range filter 
generating very low weights for dissimilar pixel values. 
Normalization forces the sum of pixel weights to 1. In our work, 
we model the closeness and similarity functions as Gaussians: 

        
2

2

2),( d

x

exc σ
ε

ε ⋅

−
−

=
2

2

2
))()((

),( r

xff

exs σ
ε

ε ⋅
−−

=  
(3) 

where σr and σd control the amount of smoothing.  
The implementation of GPU-accelerated bilateral filtering is 

as follows. The rendering target is a texture of the size of the 
reconstructed image, with image texture and other parameters 
(size of image, σr, σd, etc.) passed into the GPU. We avoid the 
expensive evaluation of the exponential function by 
pre-computing both closeness and similarity functions and 
storing them into two 1-D lookup textures. We implemented 
bilateral filtering both in 2D and 3D. 

C. Total Variation Minimization (TVM) 
We also implemented a TVM algorithm [1] to compare it with 
our bilateral filter framework. The TVM solution is obtained by 
minimizing the following energy functional: 
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where Ω is the image domain, x is the spatial variable, f is the 
input image, u is the sought-after solution and λ is a parameter 
controlling the level of smoothing. The TV of u is: 
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In this equation, x and y are the horizontal and vertical 
coordinates, respectively. The minimization is transformed to 
its dual formulation, and a semi-implicit gradient descent 
algorithm is used to compute the nonlinear projection of f. The 
solution u is then obtained after convergence, with τ set to some 
value constraint: 
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Here, div is the divergence. In practice, when 4/1≤τ the 
algorithm converges. 

D. Regularized OS-SIRT 
In our new regularized OS-SIRT, bilateral filtering is applied 
after each iteration (after backprojecting all subsets). This 
removes artifacts at the very beginning when the errors are just 
generated and thus steers the reconstruction towards more 
plausible and favorable solution regions. Since the target texture 
(to be filtered) is already in GPU memory, this operation does 
not require any expensive texture upload/download operations 
between the CPU and GPU.  
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z

Original Noise-free SNR15 
CC 0.99 0.98

Time (s) 0.045 0.035

SNR10 SNR5 SNR1
0.98 0.96 0.82
0.035 0.027 0.012

Fig. 1.  Reconstructions obtained with different SNR levels for the Baby 
head test image 

Fig. 2. Best performing (both in terms of time and image quality) subset 
number and relaxation factor as a function of imaging condition, here SNR 

TABLE I 
WALL CLOCK TIME (IN S) OF GPU VS. CPU BILATERAL FILTER 

Test size Window 
size 

CPU time 
(s) 

GPU (Cg) 
time (s) 

GPU 
(CUDA) 
Time (s) 

256x256 

11x11 
31x31 
61x61 
91x91 

0.622 
4.891 
18.626 
39.031 

0.007 
0.013 
0.037 
0.069 

0.005 
0.011 
0.033 
0.066 

512x512 

11x11 
31x31 
61x61 
91x91 

2.652 
19.998 
74.319 
164.065 

0.011 
0.038 
0.119 
0.253 

0.007 
0.032 
0.112 
0.241 

1024x1024 

11x11 
31x31 
61x61 
91x91 

10.811 
84.618 
> 300 
> 300 

0.033 
0.133 
0.452 
0.983 

0.017 
0.098 
0.368 
0.823 

256x256x256 
3x3x3 
7x7x7 

11x11x11 

46.831 
592.969 
> 600 

0.492 
1.535 
4.823 

N/A 
N/A 
N/A 
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Fig. 4.  Comparison of Bilateral Filtering for the noise-free, few-view case 

IV. RESULTS 
Our experiments were conducted on an NVIDIA GTX 280 GPU, 
programmed with GLSL and an Intel Core 2 Quad CPU @ 
2.66GHz and 2.67GHz. We group our results into two sections: 
(1) the OS-SIRT results showing the relationship between noise 
levels and parameters settings, and (2) the performance of our 
GPU-accelerated bilateral filter using both Cg and CUDA and 
the reconstruction results using bilateral filter and total variation 
minimization. 

A. OS-SIRT with noisy data 
We used the 2D Baby Head test image (size 2562) to evaluate 
the performance of the different reconstruction schemes. We 
obtained 180 projections at uniform angular spacing of [-90˚, 
+90˚] in a parallel projection viewing geometry. We then added 
different levels of Gaussian noise to the projection data to 
obtain SNRs of 15, 10, 5, and 1. Fig. 1 presents the best 
reconstruction results (using the correlation coefficient CC 
between original and reconstructed image), for each SNR, at the 
smallest wall-clock time. 
 The optimal settings greatly depend on the particular imaging 
situation at hand, such as SNR, total number of projections and 
their angular range, the imaged object, scanner, etc. Fig. 2 
presents results on the influence of SNR. The plot gives 
quantifying hints on how to pick the best-performing number of 
subsets and the associated λ (to obtain the best possible quality 
within the smallest time), for each expected SNR level. For 
example, we observe that low SNR requires a low number of 
subsets. As for the relaxation factor λ, it is related to both subset 
number and noise level. For each noise level, the curve of λ is 
approximately piece-wise linear with a turning point at some 
subset number. For example, the λ values for SNR 10 are 1 from 
subset number of 1 to 60, then decreasing until hitting the 
lowest value of 0.4 at subset number of 180. This is a strong 
departure from the linear model used on [7] – a higher λ will 
lead to faster convergence and confirmed by our exhaustive 
benchmark tests we know it also leads to more accurate results.  

B. Bilateral Filter Regularized OS-SIRT 
We tested the speed of both 2D and 3D bilateral filters with 
different sizes of images and windows on both CPU and GPU 
(using Cg). Table I shows that speedups of more than two orders 

of magnitude can be obtained by using the GPU. For 2D images, 
we also implemented a CUDA version of our scheme. 

To gauge the performance of the regularized reconstruction 
for both the few-view and the noise (SNR=10) scenario, we 
used the NIH Visible Human dataset at 5123 resolution. We ran 
SART with 8 iterations for the noise-free few-view case. The 
filter window size was fixed to 11. Fig. 4 (previous page) shows 
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Fig. 5. Comparing bilateral filtering for the noisy (SNR=10), few-view case. 

#proj 1-ch 1-ch w/ BF 4-ch 4-ch w/ BF

180 91.8137 94.9598 34.789 34.944 
30 21.942 25.6891 9.21 10.124 

The 1-ch and 4-ch accelerate the reconstruction with 1 (R) or 4 (RGBA) 
color channels, respectively. A NVIDIA GTX 280 GPU was used. 

TABLE II 
TIME FOR ONE GPU-ACCELERATED SART ITERATION (5123 VOLUME)

Fig. 6.  Bilateral Filtering vs. TVM: (first two rows): the noise-free 
few-view case; (last two rows): the noisy (SNR=10) few-view case. 

Bilateral Filtering Total Variation Minimization 
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Fig. 6.  Bilateral Filtering vs. TVM: (first two rows): the noise-free 
few-view case; (last two rows): the noisy (SNR=10) few-view case. 

one slice of the reconstructed volume with and without filtering, 
respectively, for reconstructions from 90, 60, and 30 views. We 
notice that SART is already well suited for the few-view 
reconstruction. For the regularized reconstructions we tested a 
number of combinations of representative σr and σd and selected 
the best results. In particular the 30-view reconstruction shows 
prominent streaking artifacts, which can be avoided by 
intermediate bilateral filter regularization. 

Fig. 5 shows the results for the noisy few-view case, after 5 
iterations. Like in the noise-less case we observe that the salient 
features are well preserved in both size and shape.   

Finally, Table II lists the GPU-accelerated reconstruction time 
required for one SART iteration, for the Visible Human dataset 
at 5123 resolution for both 180 and 30 projections. The 1-ch 
time uses only the R-channel of the GPU hardware, while the 
4-ch time uses all 4 (RGBA) channels in parallel. Using 4 
channels yields a 2.5-fold speedup, while regularization with 
bilateral filtering (BF) adds only a moderate time overhead.  

C. Bilateral Filter vs. Total Variation Minimization 
We tested the same slice with identical settings for both the 
few-view (30 projections) and the noisy few-view (30 
projections and SNR=10) case and show the results in Fig. 6.  

We observe that for the noise-free case, bilateral filtering 
achieves similar results than TVM (maybe even slightly better). 
However, TVM works better for the noisy case. This is not 
surprising since for TVM the energy functional imposes a 
constraint over the image, while bilateral filtering just averages 
the neighboring values which cannot eliminate all noise for 
higher noise levels. Nevertheless, both successfully preserve 
salient features and remove noise and streaking artifacts.   

From the perspective of high performance computing, the 

bilateral filter is a better choice. Table I shows that the 
computation time is less than 1s. Although a GPU-accelerated 
version of TVM exists [3], once the parameter λ grows larger, 
which is needed for very noisy data, the computation time 
(usually >> 1s) is still far greater than with the bilateral filter. 

V. CONCLUSIONS 
We have demonstrated that careful parameter-tuning taking into 
account reconstruction quality results in better speed 
performance. This is particularly true for ordered subsets 
approaches in the presence of adverse data scenarios, such as 
noise and sparse views. We also demonstrated that bilateral 
filtering represents a viable option for regularization compared 
with Total Variation Minimization (TVM), with the added 
advantage that it accelerates very well on GPUs.  

REFERENCES 
[1] A. Chambolle, “An algorithm for total variation minimizations and 

applications,” J. Math. Imaging Vis., 20(1-2):89-97, 2004. 
[2] B. Keck, H. Hofmann, et al., "GPU-accelerated SART reconstruction 

using the CUDA programming environment," Proc. SPIE, 7258, 2009. 
[3] T. Pock, M. Unger, D. Cremers, H. Bischof, “Fast and Exact Solution of 

Total Variation Models on the GPU,” Comp. Vis. Patt. Reco, 1–8, 2008. 
[4] E. Y. Sidky, C.-M. Kao, X. Pan, “Accurate image reconstruction from 

few-views and limited-angle data in divergent-beam CT,” J. X-ray 
Sci.Tech. 14: 119–139, 2006. 

[5] C. Tomasi, R. Manduchi, “Bilateral filtering for gray and color images,” 
Intern. Comf. Comp. Vis., pp. 839–846, 1998. 

[6] F. Xu, K. Mueller, "Accelerating popular tomographic reconstruction 
algorithms on commodity PC graphics hardware," IEEE Trans. on Nucl. 
Sci., 52: 654-663, 2005. 

[7] F. Xu, K. Mueller, et al. "On the efficiency of iterative OS Reconstruction 
algorithms for acceleration on GPUs," MICCAI Workshop on 
High-Performance Medical Image Computing, New York, 2008. 

[8] F. Xu, K. Mueller, "Real-time 3D CT reconstruction using commodity 
graphics hardware," Phys. Med. Biol., 52: 3405–3419, 2007. 

[9] W. Xu, K. Mueller, “Learning effective parameter settings for iterative CT 
reconstruction algorithms,” (submitted) Fully 3D Reconstruction 2009. 

2nd Workshop on High Performance Image Reconstruction (HPIR) 2009 23



CT Image Reconstruction
with Half Precision Floating Point Values
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Abstract—Computed tomography is a highly quantitative
modality where the data values processed are of a high dynamic
range and therefore computing CT images requires high accuracy
and high precision during all processing steps. Especially clinical
CT is the most demanding modality where the CT values in the
reconstructed images should deviate from the true CT values
by no more than a few Hounsfield units (HU). To account for
these demands, high dynamic range and high accuracy, CT image
reconstruction is typically done with single precision floating
point values, i.e. 32 bit values.

Attempts to accomodate the restrictions of early reconstruction
hardware and of older generation graphics processing units
(GPUs) by performing image reconstruction with 8, 16 or 32
bit integer values have been made. While some promising results
have been shown for the case of flat panel detector CT, which are
of low dynamic range, reconstructions based on integer variables
were less convincing for the case of clinical CT. The introduction
of additional discretization noise increases image noise while the
limited dynamic range available in integer arithmetic reduces the
contrast detectability.

Those experiments were driven by the restrictions of former
computer hardware and reconstructions based on integer arith-
metics are not necessary anymore, today. For example, modern
GPUs can handle single precision floating point data as well as
integer data. Nevertheless, memory bandwith is one of the major
bottlenecks in today’s reconstruction algorithms and it would be
of high interest to represent a datum with only 16 bit rather
than with 32 bit.

Intel’s new Larrabee x86 architecture offers a half precision
floating point value that has the potential to be useful for CT
image reconstruction. Since it is floating point it combines a
high dynamic range with sufficient significant digits to potentially
allow to reconstruct high quality CT images. Using this data
format may reduce the memory bandwidth requirements by up
to 50%.

This study evaluates the image quality of CT image recon-
struction based on suchhalf values and compares to the standard
case of usingfloat values. Whenever data are stored in memory
they are converted to the half precision format. Calculations that
involve these data first perform a conversion to single precision
floating point values, then carry out the calculations, followed by
casting the values back to half precision values.

Our findings are that the conversion to half precision data
does not impair CT image quality.

Index Terms—CT Reconstruction, Image Quality, Fast Recon-
struction, Larrabee

I. I NTRODUCTION

H ALF precsion floating point values, that require only 16
bit for each datum, have the potential to be be suffi-

ciently accurate to reconstruct high quality CT images. While

Institute of Medical Physics (IMP), University of Erlangen–
Nürnberg, Henkestr. 91, 91052 Erlangen. Corresponding author:
clemens.maass@imp.uni–erlangen.de

Fig. 1. Conversion to half precision can take place before convolution, after
convolution, or even both.

Fig. 2. The shoulder region of the modified Forbild thorax phantom. Standard
images use C/W=3/20 HU. The left column and center column use float
and half precision for q, respectively. The upper two difference images in
the right column depict the difference of the images in the same row at a
grayscale of C/W=0/0.1 HU. The sub–HU grayscale window is necessary to
see a difference. The first and second row images use float and half precision
for p, respectively. The bottom row shows difference images of the same
column at a grayscale of C/W=0/2 HU. The difference image on the bottom
right position is the difference between the gold standard image on the top
left position and the center image, where both p and q use half precision.

single precision values (32 bit) and double precision values
(64 bit) are well known and widely spread the support of 16
bit half precision values is more limited. For example current
GPUs support this quasi IEEE conformal half precision format
and mainly profit from reduced memory requirements. The
streaming SIMD extensions 5 (SSE5) that were proposed a few
years ago will also include the half precision format. Further
on, this data format is supported by the new Intel Larrabee
x86 architecture [1], which we are particularly interested in.
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The IEEE 754 standard describes how real numbers are
approximated by finite–precision floating–point numbers that
can be represented with finite precision and how this repre-
sentation is done. Let0 ≤ S < 2s be thes = 1–bit sign,
0 ≤ E < 2e be thee–bit exponent, and0 ≤ M < 2m be the
m–bit mantissa. Then a finite–precision floating–point number
X with b = s + e + m bits can be represented as a function
of S, E, andM as follows:

X = X(S, E, M) = (−)S · 2E+1−2
e−1 · (1 + M · 2−m)

Note the hidden–1 representation for the mantissa magnitude
which effectively increases the number of bits by 1. The
special caseE = 0 where IEEE 754 deviates from this normal
representation and switches to the sub–normal representation
is introduced below.

Single precision floating–point numbers (float, 4 bytes) are
composed as32 = 1 + 8 + 23 whereas double precision
floating–point variables (double, 8 bytes) are composed as
64 = 1 + 11 + 52. Further on, there is the said half precision
floating–point format (half, 2 bytes) proposed in IEEE754r.
This minifloat is composed as16 = 1 + 5 + 10. We are
interested in analyzing the differences between the typical CT
data format float and the computationally more efficient half
format. For these two, we have,

h =



















NaN if E = 31, M 6= 0,

(−)S · ∞ if E = 31, M = 0,

(−)S · 2−14 · (0 + M · 2−10) if E = 0,

(−)S · 2E−15 · (1 + M · 2−10) elsewhere

f =



















NaN if E = 255, M 6= 0,

(−)S · ∞ if E = 255, M = 0,

(−)S · 2−126 · (0 + M · 2−23) if E = 0,

(−)S · 2E−127 · (1 + M · 2−23) elsewhere

The tiniest numberε, the tiniest number with full accuracyǫ,
the largest numberκ, and the relative errorρ due to truncating
digits, representable are (up to their sign)

ε = 21+1−2
e−1 · 2−m

ǫ = 21+1−2
e−1

κ = 22
e−1

−1 · (2 − 2−m) ≈ 22
e−1

ρ = 2−m.

Evaluating for half and single precision variables yields

εhalf = 2−24 ≈ 6.0 · 10−8 εfloat = 2−149 ≈ 1.4 · 10−45

ǫhalf = 2−14 ≈ 6.1 · 10−5 ǫfloat = 2−126 ≈ 1.2 · 10−38

κhalf ≈ 216 ≈ 6.6 · 104 κfloat ≈ 2128 ≈ 3.4 · 1038

ρhalf = 2−10 ≈ 9.8 · 10−4 ρfloat = 2−23 ≈ 1.2 · 10−7.

The range covered by the halfs appears sufficient to cover
the range of sinogram values (after taking the logarithm) and
of a reconstructed volume. This can be understood by regard-
ing the fact that volumes are typically precise to not more
than one Hounsfield unit (HU). 1 HU in water corresponds

Fig. 3. Simulation results using the Forbild head phantom. The standard
images use C/W=50/50 HU. The layout and difference image grayscale is the
same as in figure 2.

to a relative error of10−3 which is larger thanρhalf. Thus
volume data can well be represented using the half data type.
The presence of image noise, typically 10 to 100 HU, further
reduces the precision requirements in practical situations by
one or two orders of magnitude. The required precision of
sinogram values is less easy to estimate. If we think of the
sinogram being a line integral through the object and if we
think of this line integral being produced by forward projection
through an image withN ×N pixels we find that, on average,
N image values contribute to a sinogram value. Let us assume
that all pixels are filled with the same value and let us model a
pixel value as a random variable with expectation valueµ and
standard deviationσ such that the acceptable relative error
corresponds toσ ≥ 10−3µ. Summing upN pixels yields
a sinogram value with expectation valueNµ and, by error
propagation, with a standard deviation ofNσ. Hence, the
relative error is the same. What remains to be done to show
that these considerations are in fact valid for a wide range of
phantoms and applications, by numerical experiments.

Dependent on the implementation of the backprojection
procedure either the volume data or the raw data need to be
transfered between the RAM and the processor cache several
times. When using optimized reconstruction algorithms this
data transfer turns out to be the bottleneck that limits the
reconstruction speed.

The Intel Larrabee architecture as well as modern graphic
processing units (GPU) and the SSE5 instructions support the
data type half in a way that these numbers can be converted
into float values when loading them from the cache into a
processor register and vice versa. For the Larrabee architecture
this conversion comes at no extra cost without loss of time, i.e.
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Fig. 4. Simulation results using the micro–CT mouse phantom. The figure’s
layout and difference image grayscale is the same as in figure 2. Standard
images use C/W=0/20 HU.

the conversion is done while loading the data into a register.
This feature motivates to store data that need to be processed
in the half precision format. On the one hand this reduces the
memory requirements, which may be of importance for GPU–
based applications with limited RAM. On the other hand the
bandwidth requirements for data transfers betwen RAM and
the processing units can be reduced by 50% which will be
beneficial for bandwidth–limited algorithms.

We analyze the image quality of half–based image recon-
struction assuming a filtered backprojection–type reconstruc-
tion algorithm, as illustrated in figure 1. The reconstructions
are compared to the gold standard of single precision image
reconstruction. The data are clipped from float to half prior
to convolution, which we refer to asp (projection value), or
between convolution and backprojection, which we refer to as
andq (projection value convolved with reconstruction kernel),
respectively.

II. SIMULATIONS

Several phantoms have been used to show the applicability
of half precision number representation during image recon-
struction. Each simulation uses 2D parallel geometry with
1024 detector channels and 2048 projections equiangularly
distributed on 180◦ rotation. Projections have been simulated
using an analytical projection simulator (RayConStruct-PS)
that computes intersection lengths through geometrically de-
fined objects, assuming monochromatic rays and no scatter.
Focal spot area and detector pixel area were adequately
subsampled mimicing a finite focal spot size and a finite
detector area to avoid aliasing artifacts. Apart from the noise

study all simulations were done without simulating quantum
noise.

Our first experiment simulates the Forbild thorax phantom in
a scanner with 50 cm field of measurement (FOM). We show
the shoulder region of this phantom because it is the most
challenging region regarding the differences in attenuation
along the a.p. and the lateral direction. We further added a
low contrast detail to the center of phantom: a 5 cm disk with
5 HU contrast to the surrounding tissue.

The second experiment is the central slice of the Forbild
head phantom. Here we simulated a 25 cm FOM. The phantom
naturally comes with structures of high and low contrast. The
head phantom is quite demanding because of its large number
of high contrast bubbles in the inner ear.

Last but not least our micro–CT mouse phantom, originally
proposed in reference [2], was simulated (33 mm FOM) in
order to demonstrate the effect of half–based reconstruction
in micro–CT.

For each of the three objects four reconstructions were
performed covering all four combinations of float or half
before or after convolution. Difference images are presented
on a sub–HU scale due to the very low differences. Mean value
and standard deviation have been evaluated in these difference
images in order to get an estimate of the additionally induced
quantization noise. Additionally the minimum and maximum
difference value are given.

To evaluate the propagation of quantum noise we recon-
structed data of the (modified) Forbild thorax phantom with
quantum noise added to the projections. To determine the noise
independent of other potential image artifacts, two independent
noise realizations and reconstructions were performed. The
resulting images were subtracted and in those difference
images image noise was quantified as the standard deviation
of the pixel values.

Last but not least we want to estimate the performance gain.
On the one hand we benchmark perspective backprojections
from an approximate circular trajectory on an nVidia GeForce
280GTX GPU with 1 GB RAM hosted by a standard PC
equipped with an Intel Xeon X5450 CPU and 32 GB RAM.
On the other hand we want to test the performance gain on
purely CPU–based image reconstruction. Due to the lack of
half precision type values on the current architectures that are
available to us we simply increased the detector pixel size to
reduce the required bandwidth by 50% for a given volume size.
On the CPU we were able to benchmark not only perspective
backprojections but also parallel beam backprojections and
spiral cone–beam backprojections. The algorithms used were
highly optimized and are described in references [3], [4]. For
our simuations we used volumes of size5123 fully inscribed in
the scanner’s field of measurement. The number of projections
per half rotation were set to 512. The detector used had1024
channels for the parallel beam backprojection and10242 pixels
for the circular and spiral cone–beam backprojection for the
float reconstruction. To mimic the half data type the number
of channels was reduced for the CPU–based study to reduce
the raw data bandwidth by 50%, as mentioned above.
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III. R ESULTS

A. General image quality

Figures 2, 3, and 4 present the simulation results using the
modified Forbild thorax phantom, the Forbild head phantom,
and the micro CT mouse phantom, respectively. The figures
proof that it is possible to clip the rawdata representation to
half precision after the convolution without loss of accuracy.
When clipping the raw data before the convolution, a higher
amount of quantization noise is induced to the image than by
clipping after convolution.

Fig. 5. Results of the quantitative evaluation of the difference images of
figures 2, 3, and 4.

Table 5 presents the quantitative results of the evaluation of
the difference images. There need to be considered the cases
of clipping before convolution or after convolution. In the case
of clipping before convolution, the amount of error is typically
larger than 1 HU and may not be negligible in very low noise
images.

When clipping after convolution the maximum error ampli-
tude is 0.119 HU and therefore negligible. Often, rounding to
integer CT values occurs before the images are stored to disk
or sent to the viewing station. In such integer–valued images
nearly all voxels will be identical to the gold standard image
and very few will show a difference of 1 HU, which is due to
rounding.

The case of clipping both before and after convolution is
dominated by the error due to clipping before convolution.
Hence we do not show the corresponding values in the table.

B. Noise

The results of the noise simulation are presented in table 6.
The noise level of about 25 HU we chose is relatively low.
However, results indicate that in the presence of quantum noise
even the clipping before convolution becomes an adequate
method to reduce data rates.

C. Spatial resolution

As each of the phantoms simulated in this study contains
sharp edges of high contrast structures but none of the differ-
ence images presented shows these edges one can conclude
that the clipping of raw data to half precision has no influence

Fig. 6. Results of the quantitative noise evaluation of the modified Forbild
thorax phantom. The standard reconstruction of the phantom is depicted over
the table using C/W=0/50 HU

on the spatial resolution of the reconstruction result, no matter
whether this is done before convolution, after convolution, or
in both cases. This is as expected since clipping introduces
low contrast errors while spatial resolution is measurable only
in high contrast structures.

D. Performance Gain

Figure 7 tabulates the performance gain estimated when
switching to half precision reconstruction. In all cases a
significant performance gain can be obtained although newer
platforms show less gain. This is due to the fact that the
interprocessor communication is significantly improved in
those CPUs which, in turn, improves the bandwidth available
to feed the backprojector.

Fig. 7. Estimated performance gain due to using halfs instead offloats.
The last three columns list the values for the perspective cone–beam back-
projection, for the parallel beam backprojection and for the spiral cone–beam
backprojection, respectively. All CPUs available to us are Intel CPUs, the
name of the corresponding platform can be found in the first column

IV. D ISCUSSION

We have shown that it is possible to replace single precision
floating point numbers (32 bit) by half precision floating point
numbers (16 bit) for the convolved raw data without relevant
accuracy losses. The reduced memory bandwidth leads to a
significant gain in backprojection performance that strongly
depends on the system and the reconstruction algorithm: The
reconstruction speed may improve by up to 50%. For systems
that do not natively support float–to–half conversion, the
performance gain due to lower memory bandwidth may be
impaired by the increased time required for conversion. A
quantification thereof is not our aim since we are primarily
interested in using the Larrabee architecture in the near future.
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Further investigations will include half precision representa-
tion of the reconstruction volume, the applicability to iterative
reconstructions, and performance tests using the upcoming
Intel Larrabee processor.
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Optimal Pre-Filtering for Linear Interpolation
in Computed Tomography

Colas Schretter, Christoph Neukirchen, Georg Rose and Matthias Bertram

Abstract—Image interpolation is ubiquitous for image re-
construction in computed tomography (CT). For instance, the
backprojection step of reconstruction algorithms is traditionally
implemented with the simple linear interpolation model. This
model is approximate but offers a good trade-off between speed
and accuracy. Furthermore the implementation is natural and
available on hardware graphics processing units (GPU). Approx-
imation theory says that the image blurring induced by the
triangular interpolation kernel can be compensated by enhancing
the image with an all-pole recursive filter before resampling.
This paper shows that the experimentally optimal pole differs
from the one derived by theoretical approaches and that optimal
pre-filtering leads to significant image quality improvement in
term of signal to noise ratio (SNR). In fact, optimal pre-filtered
linear interpolation outperforms the higher order cubic B-spline
interpolation for image reconstruction in CT.

Index Terms—Image sampling, image reconstruction, interpo-
lation, approximation.

I. INTRODUCTION

L INEAR image interpolations are widely used in the field
of computed tomography (CT). Bilinear interpolation is

traditionally used during backprojections when fetching the
value of filtered line integrals for filtered-backprojection (FBP)
tomographic reconstruction algorithms. Trilinear interpolation
is often used in conjunction with a numerical integrator
for computing forward projections through digital volumetric
images.

Linear interpolation from point samples relies on a compact
triangle reconstruction kernel that is only a very crude approx-
imation of the theoretically exact sinc kernel. Nevertheless the
computational performances, the ease of implementation, the
implicit handling of image borders and the fair accuracy of the
interpolated values made the uncontested popularity of linear
interpolation schemes.

Furthermore, linear interpolations are implemented in hard-
ware in graphical processing units (GPU) that are used to
accelerate the backprojection and forward projection opera-
tions. Those two algorithms are ubiquitous in CT and are also
the main bottleneck in analytical and iterative tomographic
image reconstruction algorithms. The impact of several image
interpolation methods on the accuracy of forward projections
has been evaluated by Xu and Muller [1].
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Figure 1. Spatial (a) and frequency (b) responses of various interpolation
kernels. The frequency response is expressed as a fraction of the sampling
frequency. The goal of pre-filtered triangle interpolation is to compensate
smoothing in the pass-band while ensuring simultaneously an effective sup-
pression of aliasing. Note that the support of the sinc kernel is infinite.

Traditional image interpolation approaches [2] do not con-
sider the possibility to filter the image before resampling.
However it has been shown long ago that optimal accuracy
can be obtained for signal reconstruction by using a pair
of optimized pre-filter and reconstruction post-filter [3]. A
generalized sampling theory that does not assume band-limited
signals justifies theoretically this approach [4]. Very accurate
image interpolation have been reported for medical images [5].

Recently, approximation instead of interpolation has been
considered in the image processing community. In particu-
lar, quasi-interpolation with infinite impulse response (IIR)
filter [6] and least-square approximation with finite impulse
response (FIR) filter [7] have been proposed independently
in 2005. The aim of the present work is to demonstrate the
potential of modern interpolation and approximation schemes
for more accurate image reconstruction in CT.

This paper is structured as follows. Traditional image in-
terpolation and modern image approximation methods are
presented in section II. Section III shows the benefit of
a simple image approximation scheme implemented by a
pre-filter before linear interpolation for tomographic image
reconstruction. Finally, conclusions are drawn in section IV.
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II. INTERPOLATION AND APPROXIMATION

This section introduces the classical interpolation and ap-
proximation problems as the reconstruction of a continuous
time-varying function from uniformly distributed point sam-
ples. For interpolation, the reconstructed continuous signal is
required to match exactly the sampled values at the sampling
point locations. For approximation, this constraint is not
required and this unveils possible improvements over inter-
polation. In this section, the term “reconstruction” refers to
the reconstruction of a continuous signal from point samples.

The spatial impulse and the frequency response of classical
interpolation kernels are compared in Fig. 1 along with the pre-
filtered linear interpolation model investigated in this work.
One can remark that the frequency response of the box kernel
is superior to the triangle kernel in the pass band w ∈ [−π, π].
This translates into sharper interpolated image. However, the
large ripples outside the pass band translate in very strong
aliasing artifacts.

The recovery of high frequency components in the pass
band is always underestimated with the triangle kernel and
this causes blurring artifacts. Unfortunately, interpolation with
the theoretically optimal sinc kernel (last row in Fig. 1) is
impractical since the support of the spatial impulse function
is infinite. Pre-filtering the signal before linear interpolation
(third row in Fig. 1) allows a trade-off between blurring and
aliasing artifacts but does not ensure the interpolation property.

A. Interpolation

Let a sequence of N ≥ 2 point samples s (k) , k ∈ [1, N ],
sampled from a continuous function f (t) , t ∈ R. If f is band-
limited to frequencies w ∈ [−π, π] and sampled at the Nyquist
rate 2π, then it is well known that an exact reconstruction of
the original signal is possible between the first and last samples
by using sinc interpolation [8] such that

f (t) =
N∑

k=1

s (k) sinc (t− k) ,

Since the sinc kernel has infinite support, exact interpolation
requires to convolve each sample with the kernel. While
feasible if the support of the image is finite, the very large
computational cost of convolutions is often impractical. Fur-
thermore, to prevent loss of information, interpolated values
have to be computed and stored also for the infinity of samples
lying outside the image boundaries.

Instead, the reconstruction of a continuous function f̃ close
to the original signal f can be computed effectively by
piecewise linear interpolation from s such that

f̃ (t) =
N∑

k=1

s (k)β1 (t− k) ,

where the reconstruction function β1 (t) = max (0, 1− |t|)
is the second order B-spline function also known as triangle
kernel. Interpolation with the triangle kernel ensures that the
reconstructed signal is continuous and this property is often
preferred over the simplest interpolation with a box kernel,
also called nearest neighbor interpolation.
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Figure 2. Tomographic image reconstructions from 1024 projections, sampled
from a voxelized phantom. Linear interpolation during backprojections intro-
duces some blurring in the reconstruction of the phantom image. The square
frames delineate the borders of the two close-up views shown in Fig. 5.

The impact of linear interpolation in tomographic image
reconstruction can be seen in Fig. 2. Unfortunately, the re-
constructed image suffers from overall blurring artifacts when
using linear interpolations during backprojections.

Modern developments have shown that very accurate in-
terpolation can be implemented effectively by pre-filtering
the image before resampling. Unser et al. [5] recommend
to implement image interpolation by the application of a
theoretically derived pre-filter followed by convolution with
a third order B-spline basis function. The cubic B-spline
interpolation model is very popular nowadays and has been
evaluated in our experiments for comparison purpose.

B. Approximation

Traditional interpolation ensures that the reconstructed sig-
nal f̃ (t) equals the original signal f at the sampling points,
hence when t = btc. When this constraint is not a require-
ment, approximation schemes instead of interpolation have
the potential for better reconstructions. Approximation for
image resampling has been initially proposed by Mitchell and
Netravalli [9] and Blinn [10] to find a qualitatively good visual
compromise between blurring, aliasing and ringing artifacts.

Although the derivations are different, the independent
works of Condat et al. [6] and Dalai et al. [7] have shown that
a least-square approximation of the continuous function can be
implemented by pre-filtering the signal prior to interpolation
with the simple triangle kernel. Their derivations assume that
the continuous function is the cubic B-spline interpolation
from the know samples. However, it is likely that the true
underlying function is not a linear combination of B-spline
basis function. In this case, better approximation can be
obtained as demonstrated in our experiments.

When considering the triangle kernel as reconstruction post-
filter, a general formulation of approximate reconstruction can
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(a) Dalai (b) Condat (c) Optimal (-0.15)

Figure 3. Point spread function (PSF) of the FIR pre-filter of Marco Dalai
(a), the IIR pre-filter of Laurent Condat (b) and the experimentally optimal
pre-filter (c). Gray correspond to zero, darker values are negative and brighter
values are positive. The PSFs of (a) and (b) looks very similar, however, the
support of the FIR implementation (a) is compact.

be written as

f̂ (t) =
N∑

k=1

ŝ (k)β1 (t− k) ,

where the coefficients ŝ (k) have to be computed from the
original point samples s (k). The coefficients ŝ (k) are com-
puted by filtering the original samples s (k) with a symmetric
pre-filter kernel ϕ such that

ŝ (k) = [s ∗ ϕ] (k) .

Condat proposes an infinite impulse response (IIR) imple-
mentation with a simple all-pole recursive filter while Dalai
proposes a finite impulse response (FIR) implementation of
the pre-filter by discrete convolution. From the derivation of
Condat, the negative pole for implementing the convolution
with a simple IIR recursive filter is 2

√
6 − 5. The Fourier

transform of the pre-filter can be extracted from the pole:

WIIR (w) =
6

5 + cos (2πw)
.

The equivalent discrete convolution implemented by FIR
filtering is computed by Dalai as follows:

ŝ (k) =
49
40
s0 −

11
90
s1 +

7
720

s2,

with s0 = s (k), s1 = s (k − 1) + s (k + 1) and s2 =
s (k − 2)+ s (k + 2). The support is arbitrarily limited to five
samples. However, a larger support of seven samples have not
shown any significant improvement in terms of image quality.
From the coefficients of the FIR kernel, the Fourier transform
of the pre-filter can be extracted:

WFIR (w) =
49
40
− 11

45
cos (2πw) +

7
360

cos (4πw) .

Despite very different expressions, WIIR and WFIR are
surprisingly similar functions. Since convolutions in spatial
domain are equivalent to multiplications in frequency domain,
the resulting Fourier transform of the pre-filtered linear recon-
struction is just

H (w) = sinc2 (w)WIIR ≈ sinc2 (w)WFIR (w) .

This frequency response can be observed in comparison to
traditional linear interpolation in Fig. 1. The recovery of high
frequencies in the pass band is clearly improved at the cost of
slight aliasing.

 27

 27.5

 28

 28.5

 29

 29.5

 30

 30.5

-0.17-0.15-0.13CondatDalaiLinearB-spline

S
N

R

Figure 4. Quantitative analyses of image reconstruction in term of signal to
noise ratio (SNR) from the original phantom image. Various values of the pole
for the pre-filtering have been experimented. The experimentally optimum
value of the pole (-0.15) differs from the one derived from approximation
theory. The FIR filter derived by Dalai gives a very similar result than the IIR
filter derived by Condat that uses a pole equals to 2

√
6−5 = −0.1010205...

Recursive filtering takes constant time per image element
and requires two passes for the causal and anti-causal filtering.
While discrete convolutions require more operations per pixel,
in practice, in-place convolution with small kernels can be
implemented to run as fast as IIR filtering and the choice
between IIR and FIR is left to subjective appreciation. For
two-dimensional images, the filter is applied successively in
the vertical and horizontal directions.

The point spread functions of the FIR and IIR implementa-
tion of the theoretically optimal pre-filter in least-square sense
are compared to the experimentally optimized pre-filter in
Fig. 3. Since the support of the IIR filter is infinite, the point
spread function (PSF) extends to the whole image. Despite
their different intrinsic properties, experiments demonstrate
that FIR and IIR implementations yield nearly identical results.

III. EXPERIMENTS

For experiments, a set of 1024 parallel-beam tomographic
projections of 256 × 198 pixels has been computed from a
phantom image of 256 × 256 × 198 isotropic voxels of size
equal to 1.36 mm. The goal is to reconstruct the original
phantom image from the projection data with the best possible
accuracy. The reconstruction algorithm is FBP and the ideal
Ram-Lak filter is used to preserves all frequency content. A
large number of projection is used to alleviate possible issues
with angular aliasing that translates into streak artifacts.

Several image reconstruction results have been compared
using various interpolation methods for sampling filtered line
integrals in projection space during backprojection. The tra-
ditional linear interpolation is compared to cubic B-spline in-
terpolation and several pre-filtered linear interpolation models.
The FIR and IIR implementations of the pre-filter for least-
square optimal linear approximations give similar results.

Quantitative analyses conducted in terms of signal to noise
ratio (SNR) are presented in Fig. 4. The SNR is conventionally
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Figure 5. Close-up views of tomographic image reconstructions using various image interpolation methods. The resolution recovery is much better when using
the cubic B-spline interpolation model in comparison to first order linear interpolations. However, when a suitable pre-filtering is applied before interpolations,
linear interpolation have the potential to outperform the more costly cubic B-spline interpolation.

used for assessing the quality of image interpolation proce-
dures [5]. Given a reference image P and a reconstructed
image Q defined by N image elements, the SNR is a classical
metric of the relative image similarity defined by

SNR (P,Q) = 10log

( ∑N
i=1 P

2
i∑N

i=1 (Pi −Qi)
2

)
.

A transversal and a coronal slice of reconstructed volumetric
images are shown in Fig. 2. Two selected close-up views are
shown in Fig. 5. Gray is set to the attenuation of water and the
window width equals 1000 HU such that black corresponds
to the attenuation of air. The experimentally optimal pre-filter
demonstrates dramatic improvement in image fidelity.

IV. CONCLUSIONS

This paper shows results of a heuristic approach to com-
pensate for the typical blurring that can be observed when re-
constructing an image with FBP. In the backprojection step of
FBP, linear interpolation is used to fetch filtered line integrals
in projection space. This simple interpolation model is exact
only if the interpolation points exactly match pixel centers.
A simple pre-filtering is used to transforms interpolations
into approximations and it has been observed that a sharper
reconstruction can be obtained this way.

Linear interpolations are ubiquitous when using GPU imple-
mentations for backprojection. Therefore, optimal pre-filtering
can improve significantly the accuracy of current image re-
construction codes. For analytic FBP algorithms, the pre-filter
is applied in projection space before the backprojection step.
For accurate high-performance computation of line integrals
through digital volumetric images, the pre-filter can also be

applied in image space before sampling points along integra-
tion lines. This leads to computation of forward projections
that are experimentally more accurate than using the more
expensive cubic B-spline interpolation model.
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Abstract—Digital tomosynthesis (DT) requires the participation 

of iterative tomographic algorithms due to the fact that it involves 
reconstruction of volumetric data from incomplete sets of 
projections. This process involves frequent uses of forward and 
backward projections that are computationally expensive. 
Particularly, it is desirable to have an efficient implementation of 
forward projector that can produce high quality images in order 
to achieve good convergence rate. In this paper we described a 
high performance tomosynthesis reconstruction framework that 
incorporates two popular iterative algorithms: Simultaneous 
Algebraic Reconstruction Technique (SART) and 
Ordered-subsets Expectation Maximization (OSEM). Our 
framework adopts Siddon’s ray-driven method to generate 
forward projected images. Benefited from functionalities offered 
by current generation of graphics processing units (GPUs), it 
achieves better performance when compared to previous GPU 
implementations using grid-interpolated methods, on top of the 
significant speedups over CPU-based solutions.  
 

Index Terms—image reconstruction, tomography, graphics 
processing units. 
 

I. INTRODUCTION 
Digital Tomosynthesis (DT) images are generated from 

tomographic projection data acquired from a series of limited 
viewing angles [4]. The high degree incompleteness of data 
prevents the use of conventional analytical algorithms, such as 
filtered backprojection (FBP) [5], which result in producing 
severe artifacts in the reconstructed volume. To address the 
problem, iterative methods are often adopted due to their 
superior capability of solving ill-posed inverse problems. 
Previous studies have shown that they can not only produce 
results with higher in-depth resolution but effectively reduce 
ghost artifacts [10].  Among them, algebraic algorithms such as 
the Simultaneous Algebraic Reconstruction Technique (SART) 
[1], and statistical methods that based on maximum-likelihood 
(ML), e.g., Ordered-subset Expectation Maximization (OSEM) 
[6], are popular candidates. However, these iterative methods 
are computationally very intensive due to the repeatedly use of 
massive system matrix that models the imaging process. 
Moreover, when coupled with projection images of high 
resolution generated from latest flat-panel detectors, the 
reconstruction process usually results in a very lengthy 
calculation time for CPU-based solutions. This has prevented 
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iterative algorithms from being applied in time-critical clinical 
applications.  

Recently graphics processing units (GPU) have emerged as a 
popular platform to perform numerous computationally 
intensive tasks thanks to its low-cost, commodity 
parallel-computing architecture. Various scientific applications 
including a wide area of medical imaging modalities have 
successfully utilized GPUs to boost their performance. Using 
GPUs for tomographic reconstruction is particularly attractive 
due to the effective mapping of the algorithm and significant 
speedups it offers. Both analytical and iterative methods have 
been accelerated on GPUs, while competitive performance has 
been obtained compared to other popular platforms using 
parallel processors (Cell, FPGA and so on) [8][9][12][13][14]. 
The most significant speedups were observed on iterative 
applications due to their high complexity of computation. 
Specifically, forward projection, being the most frequently used 
component, has been extensively investigated. These include 
exact algorithms such as Siddon’s method [11], where 
intersection lengths between a voxel and the ray are computed. 
For this, various acceleration schemes were proposed to make it 
amenable for parallel computing [2][7][16]. The other popular 
category is grid-interpolated method, where sample points are 
spaced in identical distance along the ray [15].  

In spite of all the successful applications using GPUs, certain 
hardware limitations often prevent straightforward 
implementations of general-purpose computation due to the 
evolving programming interface. Before write-to-3D-texture 
functionality is supported on the latest hardware, the 
reconstructed volume usually has to be represented as stacks of 
2D textures. Hence, either approximate methods that result in 
loss of image quality were used [14], or extra memory 
addressing scheme and management have to be introduced to 
implement the 3D ray-driven forward projection [3]. To cope 
with the issue, here we designed a simplified GPU-based 
reconstruction framework that takes advantage of latest 
functionalities to achieve optimal speedups without 
compromising the image quality. 

The paper is organized as follows. In Section II we provide 
details of our implementation of the framework that supports 
both SART and OSEM algorithms. Then we show results in 
Section III and conclude the paper in Section IV.  
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II. IMPLEMENTATION 

A. Forward projection using Siddons’ ray-driven projector  
We implemented Siddon’s forward projection method on 

GPU based on the improved incremental algorithm described in 
[2][7]. Basically a preprocess step is performed firstly to 
generate direction vectors of detector rays, as well as their 
intersection locations (entry and exit) with the volume 
bounding box. The first intersected voxel is then calculated to 
obtain initial parametrical information of the ray. Then the 
incremental algorithm is applied to traverse the ray until it 
finishes visiting all intersection points with voxels. The core of 
the algorithm is performing comparisons on each ray’s current 
parametric components along X, Y and Z axies to decide in 
which direction the ray will encounter next closest intersection 
point. Figure 1 shows the pseudo code for GPU implementation. 

 
 
 
Traditional ray-driven forward projectors on GPU mostly use 

the grid-interpolated scheme, where sample points are spaced in 
identical distance and independent of viewing angle. 
Interpolation is commonly performed with a nearest or trilinear 
filter, and trapezoidal rule is applied for integration calculation.  
Despite the fact that Siddon’s method uses a box interpolation 
filter, it considers ray-voxel intersection length as weighting 
factor for the integration calculation. And it has been shown to 
perform better than many popular forward projectors, 
particularly on low frequency data [15]. To improve image 
quality, grid-interpolated scheme has to reduce sampling 
distance to increase the total number of sample points, but this 
will lead to high computational complexity and significantly 
affect the performance of forward projection. Figure 2 compares 
results generated from forward projectors using Siddon’s 
scheme and grid-interpolated scheme on a uniform cube 
dataset. As we can see from the figure, grid-interpolated 
schemes produce jagged edges, and a sampling step size of 0.2 
is required to generate visually smooth curve to approximate the 
ground truth, which happens to be identical with what Siddon’s 
method produces. 

Complexity-wise, nearest neighbour sampling has been 
proved to be insufficient to produce good results despite its 
simplicity. The use of trilinear interpolation improves the image 
quality but requires many more arithmetic operations per 
sampling point. In out implementation on GPU, each sampling 
operation breaks down to approximately 15 
additions/subtractions, 3 floor/ceiling and 7 multiplications. In 
contrast, our implementation of Siddon’s forward projection 

uses 2 comparisons to figure out the next intersection point, 3 
additions/subtractions and 1 multiplication to obtain the 
ray-voxel intersection length. Although generally Siddon’s 
method will collect more sampling points than a 
grid-interpolated method with a step size of 1 due to its uneven 
spacing scheme, the reduced computational complexity still 
yields better performance. As shown in Table 1, forward 
projection using Siddon’s method always outperforms those 
using trilinear interpolation of different sampling frequency, 
with a speedup varying from 55% to almost 6 fold. 

 

 
Forward Proj. Method Time (s) Speedup 

Siddon 1.8  
Trilinear (step size = 1.0) 2.8 56% 
Trilinear (step size = 0.5) 5.3 194% 
Trilinear (step size = 0.2) 12.6 600% 

Table 1. Forward projection performance on GPU. A group of 52 projections of 
resolution of 5122 are generated from a volume resolution of 2563.  

B. Backward projector and Correction 
Like previous implementations, we continue to adopt the 

voxel-driven approach for backward projection, which is 
proved to be an efficient method amenable for parallel 
computing [8]. In details, each voxel of the volume looks for its 
projected location on the projection image using the geometry 
matrix. Then sampling is performed on the detector image, 
using either nearest or bilinear interpolation kernels. In our 
framework we take advantage of the render-to-3D-texture 
functionality to implement the slice by slice update of the 
volume. In practice, two copies of volumetric datasets are 
needed to avoid simultaneous read-write of the texture. 

When SART algorithm is used, sum-of-weight images are 
required to normalize the difference projection calculated from 
the scanner and projected images during the correction step. We 
combine the computation of weight images with the normal 
forward projection stage, where an extra accumulation is 
performed during the ray traversal with a constant sample value 
of 1. This extra value is stored in the 2nd channel of the 
projection image to enable the generation of weight image 

getRayDirectionAndEntryExitInfo(); 
getFirstIntersectedVoxel(); 
raySum = sampleFirstVoxel(); 
     
for (s = 0; s < intersectPointNumber; s++) 
{ 
 marchRay(); 
 voxelValue = sampleCurrentVoxel(); 
 raySum += voxelValue*voxelRayLength; 
}  
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Siddon's method grid-interpolated (step = 1.0) grid-interpolated (step = 0.5)
grid-interpolated (step = 0.2) grid-interpolated (step = 0.05)

Figure 2. Forward projection of a uniform cube dataset using Siddon’s method 
and grid-interpolated method. 

Figure 1.  Pseudo codes for GPU implementation. 
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on-the-fly. This combination technique does not introduce any 
penalty on performance since the extra accumulation effort is 
minimal and storing/reading from multiple color channels are 
well parallelized on GPU. 

C. Integration of components 
Both SART and OSEM share similar components described 

in section A and B. A typical SART iteration consists of one 
forward projection, one correction image calculation and one 
backward projection. In addition, OSEM needs a separate 
volume to store the temporary results generated from subset 
images during the backprojection stage, as well as an extra 
procedure to update the current volume being reconstructed.  

 

III. RESULTS 
We tested our framework using a GeForce 8800 GT graphics 

card (NVIDIA, Santa Clara, CA) with 512MB video memory. 
OpenGL Shading language (GLSL) is used to program the 
GPU. The CPU host codes were compiled with Microsoft 
Visual Studio 8.0 running on an Intel Xeon 1.86GHz PC. 

Our first experiment was running SART and OSEM using 
Siddon’s forward projector on two phantom datasets. Both 
configurations and outputs of the experiments are recorded in 
Table 2. Please note that we did not include the disk operation 
time consumed by transferring projections to GPU memory and 
downloading volume data to main memory after reconstruction. 
Images of reconstructed volume slices of phantom No. 2 are 
shown in Figure 3. 

The experiment shows that when reconstructing a 2563 
volume from 52 projections at 5122 resolution, 3 to 5 iterations 
of SART or OSEM using 4 subsets can produce good results. 
Therefore, a typical tomosynthesis study can be performed 
within 10 or 30 seconds after projections images are acquired, 
depending on the algorithm used. With the introduction of 
top-of-the-line GPUs, such as NVidia’s 9 series and 200 series, 
we expect an interactive reconstruction performance thanks to 
the scalability provided by modern graphics architectures. Both 
a quantitative and visual comparison show that the GPU 
framework produces results with no degrades of quality 
compared to a CPU-based program, which is also confirmed in 
[9]. Table 2 also shows that due to the extra update procedure 
introduced by the subset reconstruction that incurs expensive 
write-to-3D-texture operations, OSEM is generally slower than 
SART. Moreover, performance of OSEM reconstructions 
scales accordingly with the number of subsets used. 

Table 3 compares reconstruction performance from SART and 
OSEM, using Siddon’s method and trilinear interpolation of 
various sampling distances. Similar to the values presented in 
Table 1, reconstructions using Siddon’s method in the forward 
projector have better performance over those using trilinear 
interpolation schemes. For SART reconstruction, a speedup of 
5% has been gained for the trilinear implementation of unit 
sampling distance and up to 2 fold of speedups can be observed 
when a denser sampling scheme of trilinear interpolation is 

used. Compared to Table 1, the speedups are not as significant 
due to the fact that backprojection stage is typically time 
consuming and occupies much of the reconstruction process. 
This downgrade is exemplified more when the framework was 
tested using OSEM because it involves more volume update 
operations.  

 
Dataset Phantom 1 Phantom 2 

Volume Res. 2563 2563 
Projection Res. 2562 5122 

Acquisition Num. 160 52 
SART 4.3s 3.5s 

OSEM (4 subsets) 11.0s 9.8s 
OSEM (10 subsets) 19.4s N/A 
OSEM (13 subsets) N/A 22.9s 
OSEM (40 subsets) 61.6s N/A 

Table 2. Reconstruction performance on two phantom datasets using SART and 
OSEM with Siddon’s method on a Geforce 8800GT GPU. 

 
Forward Proj. Method Time (s) Speedup 

Siddon (SART) 4.3  
Trilinear (1.0) (SART) 4.5 5% 
Trilinear (0.5) (SART) 6.4 49% 
Trilinear (0.2) (SART) 12.6 193% 
Siddon (OSEM) 19.4  
Trilinear (0.5) (OSEM) 19.9 2.6% 
Trilinear (0.2) (OSEM) 21.6 11.3% 

Table 3. Comparison of reconstruction performance on a phantom dataset using 
various forward projectors. A volume of 2563 resolution and 160 acquisitions of 
projections at a resolution of 2562 were used. Values in the parentheses for all 
trilinear methods indicate the sampling distance. Projections are divided into 10 
subsets for OSEM experiments. 
 

  
SART 3 iterations SART 5 iterations 

  
OSEM, 13 subsets, 1 iteration OSEM, 4 subsets, 3 iterations 

Figure 3. Reconstructed phantoms from SART and OSEM using Siddon's 
forward projector. A volume of 2563 resolution and 52 acquisitions of 
projections at a resolution of 5122 were used. 
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IV. CONCLUSION 
In this paper we proposed a GPU-accelerated high 

performance tomosynthesis framework that supports iterative 
reconstruction algorithms of SART and OSEM. The framework 
employed Siddon’s method for the forward projector and 
showed various degrees of speedups over previous 
implementations that use grid-interpolated methods. Benefited 
from the use of 3D texture, our framework can easily 
accommodate various ray-driven modalities and is easy to be 
extended to incorporate and simulate advanced physical effects, 
such as attenuation correction, scattering effects and so on.  
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GPU-based Multigrid Iterative algorithm for 3D 
Cone-Beam CT Image Reconstruction 
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Abstract—Iterative image reconstruction algorithms have many 

advantages over analytical image reconstruction algorithms. 
However, so far the slow speed of these iterative methods has 
prohibited their routine use in clinical applications. This paper 
presents a GPU-based multigrid iterative method for accelerating 
3D cone-beam CT image reconstruction. This method decomposes 
target volume onto different resolution grids, and uses the solution 
obtained at a lower resolution as an initial guess for the next finer 
level. Following a coarse-to-fine strategy, the method achieves fast 
convergence while dramatically reducing the computational cost. 
Its GPU-based implementation accomplishes forward-projection 
via ray casting, and backward-projection via texture spreading, 
and connects the two steps in the programmable pipeline of GPU 
by using the recently introduced render-to-3D-texture technique. 
Since preformed entirely in graphics hardware with full 32 bit 
floating point precision, the method has the advantages of 
reducing the amount of transferred data between main memory 
and GPU memory, and producing a higher accuracy image than 
the traditional 2D texture mapping based implementation. These 
advantages of the method are verified by the experiment of the 3D 
image iterative reconstruction of Shepp-logan brain phantom. 

Index Terms—Cone-beam CT, image reconstruction, graphics 
processing units, iterative approach.  
 

I. INTRODUCTION 
Computed Tomography (CT) has become one of the most 

popular diagnostic modalities since its invention thirty years 
ago. Compared with 2D parallel-beam and fan-beam CT, 3D 
cone-beam CT system is able to achieve higher special 
resolution and better utilization of photons [1]. However, 
current image reconstruction speed is still a bottleneck for the 
development of 3D cone-beam CT. The study of fast and 
efficient 3D CT reconstruction algorithms and their 
implementation on hardware or software will have important 
significance both theoretically and practically [2]. 

Many approaches have been proposed for CT image 
reconstruction. These methods can be divided into two major 
categories: analytical approach and iterative approach. 
Compared with analytical approach, iterative approach has 

some advantages: 1) it can yield better image quality under 
noisy projections; 2) it can still be applied when complete 
projection data are unavailable; 3) some prior knowledge 
constraints are easier to be interpolated into its reconstruction 
process. However, the method also has some disadvantages: 1) 
in many cases it stagnates before reaching a solution and 
becomes trapped in a local minimum; and 2) it needs a large 
amount of computation and time, which increase exponentially 
with increasing size of the image to be reconstructed [3]. 
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Multigrid techniques, which are multiresolution approaches 
originally developed for fast partial differential equation (PDE) 
solvers, have been recently studied as an effective method for 
reducing the computation required to iterative image 
reconstruction [4-6], because coarse-resolution operations are 
much cheaper than those at fine resolution. Currently Graphics 
Processing Unit (GPU) based implementation is another 
effective method for accelerating CT image reconstruction. The 
dramatically increasing programmability of (GPU) has made it 
possible that CT image reconstruction based on CPU can be 
implemented on GPU with a much faster computation speed 
[7-11]. 

In this paper, we combine the two speed-up methods and 
present a GPU-based multigrid iterative algorithm. This 
algorithm extends traditional multigrid method for 3D 
cone-beam CT image reconstruction by decomposing target 
volume onto different resolution grids, and using the solution 
obtained at a lower resolution as an initial guess for the next 
finer level. Following a coarse-to-fine strategy, our approach 
enables the iterative algorithm to escape local minima by 
providing a better initial volume estimate while dramatically 
reducing the computational cost. Based on GPU, we achieve the 
forward-projection of iterative algorithm via ray casting [12], 
and the backward-projection via texture spreading [9]. 
Furthermore, we connects these two steps in the programmable 
pipeline of GPU by taking advantage of the new 
render-to-3D-texture technique provided by the recent DirectX 
Pixel Shader 4.0 [13]. Compared with the 2D texture mapping 
based iterative algorithm proposed by Mueller and Xu [7, 8], 
our GPU-based implementation is preformed entirely in 
graphics hardware with full 32 bit floating point precision, and 
has the advantages of reducing the amount of transferred data 
between main memory and GPU memory, avoiding the 
computation of data shuffle between two texture stacks, and 
producing a higher accuracy image. The typical iterative 
algorithms include Simultaneous Algebraic Reconstruction 
Technique (SART) [14], OS-SART [15], 
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Maximum-Likelihood Expectation Maximization (ML-EM), 
OS-EM, and so on. This paper takes the SART algorithm as an 
example to describe our method. Since the main steps for 
implementing these iterative algorithms are similar, our method 
can be rather straightforwardly extended to other iterative 
algorithms. 

This paper is organized as follows. In Section 2, the SART 
algorithm is briefly introduced. In Section 3, we present the 
multigrid iterative algorithm for 3D cone-beam CT image 
reconstruction. Section 4 is the GPU-based implementation of 
the algorithm. In Section 5, numerical experiments are 
presented to evaluate the speedups with our method. In Section 
6, relevant issues are discussed. 

 

II. MULTIGRID SART ALGORITHM FOR 3D CONE-BEAM CT 
RECONSTRUCTION  

The detail SART algorithm is described in [14] and [8]. In 
this section, we focus on introducing our multigrid SART 
algorithm for 3D volume reconstruction. Let the volume to be 
reconstructed contains 2N×2N×2N voxels, and the number of 
different volume resolutions is L, where 0<L<N. We 
decompose the volume into different levels (l=0, 1, …, L-1). At 
the initial coarsest level l=0, every 2L-1×2L-1×2L-1 voxels of the 
volume is partitioned as an initial block, then the volume 
contains 2N-L+1×2N-L+1×2N-L+1 initial blocks altogether. The 
volume at the next finer level is produced by dividing each 
block of previous coarser level into 2×2×2 sub-blocks, as 
illustrated in Fig. 1. Applying the process again to the volume 
repeatedly yields succeeding finer levels till reaching the finest 
level L-1, where each block contains only one voxel. The 
multigrid SART algorithm is summarized as following: 

Step1: Start at the coarsest level (l=0), the target volume is 
initialized to zero or mean value. 

Step2: At the current level l, interpolate the reconstructed 
volume of previous level to obtain the new initial guess of 
the current volume, and perform I number of iterations of 
the SART algorithm until certain stop criteria of this level 
are satisfied, and then go to the next finer level: l=l+1. 

Step3: If l<L, go to Step2 to continue loop, otherwise the 
above loop ends, and the volume is now reconstructed at 
the full resolution. 

 

III. THE GPU-BASED IMPLEMENTATION OF MULTIGRID SART 
ALGORITHM 

Current GPUs can be used either as a graphical pipeline or as 
a multiprocessor chip thanks to the CUDA interface from 

Nvidia. For both options, the acceleration factor of GPU is high. 
Xu and Mueller have observed that an implementation of the 
cone beam back-projection using the graphics pipeline is 3 
times faster than the one made with CUDA interface [9]. Hence 
we use the graphics pipeline to accelerate CT reconstruction in 
this paper. 

One important step of iterative algorithm is 
forward-projection. Our GPU-based implementation represents 
the target volume as a single 3D texture instead of an 
axis-aligned stack of 2D textures used in other methods [7, 8], 
and employs ray casting method to implement the forward 
projection. Ray casting is a widely recognized method for high 
quality volume rendering. We modify the ray casting method 
for simulating forward projection of cone-beam CT by 
removing its classification and shading steps. Now the direction 
of each ray is determined according to the positions of X-ray 
source and each detector unit. The forward-projection value of 
each X-ray is approximately evaluated by sampling the ray at a 
finite number of positions inside the volume, and accumulating 
those samples along the ray. The ray casting approach fits very 
well into the intrinsically parallel stream processing semantics 
of GPU, and can be implemented at high speed on GPU. Since 
ray casting is an image order algorithm, and its runtime linearly 
scales with the effort spent on sampling projections. By 
controlling the number of samples in each projection, we can 
compute the forward projections of multi-resolution at each 
projection view.  

Another important step of iterative algorithm is 
backward-projection. There are two GPU-based 
implementation methods for backward projection: projective 
texture mapping and texture spreading [9]. Texture spreading 
approach spreads the corresponding correction projection and 
updates the horizontal slices instead of the vertical slices, so that 
it minimizes the required memory bandwidth and also 
eliminates the need for the texture stack merge that arises with 
projective textures. In the past, single 3D textures do not 
support an efficient update mechanism. In order to effectively 
connect forward projection and backward projection, previous 
GPU-based iterative algorithms usually choose projective 
texture mapping to accomplish backward projection. Currently 
the render-to-3D-texture technique provided by the recent 
DirectX Pixel Shader 4.0 supports an efficient update of 3D 
textures, hence we apply the texture spreading approach to 
implement backward-projection and store the reconstructed 
horizontal slices as a 3D texture. Thus forward-projection can 
be directly computed on GPU in the next iteration, which can 
help reduce context switch overhead and the requirement for 
intermediate buffer reads and writes. 

The current computational model for GPU streaming has 
some restrictions. For example, a streaming pass cannot both 
read and write the same memory buffer. In light of this, we 
apply two 3D textures to store the target volume and 
intermediate correction volume, respectively. 

The workflow architecture of our GPU-based 
implementation of the multiresolution SART algorithm is 

 

 
level 0               level 1                level 2  

 
Fig. 1.  The coarse-to-fine strategy of the multiresolution algorithm. 
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outlined in Fig. 2, and the detail of the algorithm is as follows:  

 

 
 

 
 

Fig. 2. Workflow architecture of our GPU-based implementation 

Step1: The initial volume is saved as a 3D texture (3DT1) and 
transferred to the GPU memory, while the measured 
projections are saved as a stack of 2D textures and also 
transferred to the GPU memory. 

Step2: Perform forward projection and projection 
comparison on GPU. First a quadrilateral is created as a 
proxy polygon 1, which defines the location and spatial 
extent of detector plane, and loaded into the vertex shader 
of GPU. Then the rasterizer of GPU overlays the polygon 
to a grid raster with the resolution of level l and assigns 
each raster point a fragment. In the fragment shader of 
GPU, ray-casting method is employed to calculate the 
projections from every projection view by sampling the 
volume represented by the 3D texture 3DT1 at the current 
level and accumulating these samples. Subsequently, in 
the remaining part of the fragment shader program, 
projection comparison is achieved by directly comparing 
the generated projection at each view with the measured 
projection at the same view and correction projections are 
obtained, which are saved as another stack of 2D textures.  

Step3: Perform backward projection and volume updating on 
GPU. In the beginning, another quadrilateral is created as 
a proxy polygon 2 for defining the location and spatial 
extent of a horizontal slice of the reconstructed volume, 
and then the polygon is rasterized according to the 
resolution of current level. In the subsequent fragment 
shader, the values of the voxels in each horizontal slice are 
computed in parallel via texture spreading method to 
accomplish the backward projection of the correction 
projections. In the remaining part of the fragment shader 
program, the obtained horizontal slice image is added to 
the corresponding slice image in the 3DT1 reconstructed 
in the previous iteration, and the sum is stored into the 
corresponding slice of another 3D texture (3DT2) with the 
resolution of current level by using the render-to-3D 

-texture technique. After all the slices of 3DT2 are updated, 
the whole volume is updated in this iteration. 

Step4: Repeat the Step2 and Step3 to an arbitrary limit of 
current level with Ping-Pong technique by using 3DT1 and 
3DT2 alternately, then go to the next finer level: l=l+1. In 
the new level, the proxy polygon is rasterized in Step3 
according to the resolution of level l+1, the old 3DT2 is 
removed and a new 3DT2 is created with the new 
resolution. Then all above computations are executed with 
the new resolution. 

Step5: The above processes are repeated following the 
coarse-to-fine strategy, until the finest level is reached, 
and the volume is now reconstructed at the full resolution. 

Note that our GPU-based multigrid method does not build 
projection image pyramid as in traditional multigrid method. 
The measured projections are directly sampled in different 
levels by nearest-neighbor interpolation or bilinear 
interpolation supported by GPU hardware. 

 

IV. NUMERICAL EXPERIMENTS 
In this section, we employ a 3D version of Shepp-Logan 

brain phantom to test the reconstruction quality and 
performance of our algorithm. The PC used has a 1.83GHz Intel 
Xeon 5120 dual-core CPU with 8 GB of system memory. The 
graphics card is NVIDIA Quadro FX5600 model with 1.5 GB 
of memory. In this reconstruction, the Shepp-Logan phantom 
shown in Fig. 3 is sampled by 256×5122 voxels, and the 
projection data are measured on a detector with 256×512 units 
from 360 projection views. 

For reconstructing the phantom, our algorithm used a four 
levels multigrid recursion, i.e. from the initial coarsest level 
with 64×1282 voxels to the second level with 64×1282 voxels, 
then to the third level with 64×1282 voxels, at last to the finest 
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level with 256×5122 voxels. After 2 iterations at the first level, 3 
iterations at the second level, 5 iterations at the third level, and 7 
iterations at the last finest level, our algorithm reconstructs a 
volume whose 96th slice is shown in Fig. 4(a). The entire 
process is implemented in full float point in the programmable 
pipeline of GPU, and takes only 9.84 minutes. Fig. 4(b) shows 
the comparison between the two line profiles along the 230th 
row of the images in Fig. 3 and Fig. 4(a), little difference is 
shown in the line profiles, which means the reconstructed image 
has an excellent quality. For reconstructing a volume with 
equivalent quality to Fig. 4(a), GPU-based fixed-resolution 
SART algorithm needs about 13.35 minutes on the same 
computer, and CPU-based fixed-resolution SART algorithm 
needs about 927.24 minutes. Fixed data resolution here means 
the reconstructed volume always keeps the same finest 
resolution in the every iteration of SART. The results show that 
the proposed GPU-based multiresolution iterative algorithm 
significantly reduces computation and increases image 
reconstruction speed as compared with the fixed-resolution 
algorithm and CPU-based implementation. 

 

 
 

  
 

V. CONCLUSION 
In the work, we present a GPU-based multigrid iterative 

algorithm for accelerating 3D cone-beam CT image 
reconstruction. The algorithm employs multigrid technique to 
achieve fast convergence while dramatically reducing the 

computational cost, and its GPU-based implementation further 
increases volume reconstruction speed. All steps of the 
algorithm are preformed in GPU programmable pipeline with 
full 32 bit floating point precision, providing sufficient 
accuracy for medical imaging applications. Experiments show 
that the GPU-based multigrid iterative algorithm has speeded 
up the reconstruction process by 1.35 times when compared to 
the GPU-based fixed-resolution SART algorithm, and by 94 
times when compared to the CPU-based fixed-resolution SART 
algorithm. 

Further work is in progress to develop our method as a 
framework for rapid development and testing of novel iterative 
algorithms with a variety of parameter configurations.  
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A fast iterative reconstruction scheme for micro-CT 
Junjun Deng*, Shikui Yan*, and Mu Chen*

Abstract–Iterative CT reconstruction is particularly attractive 
when the projection data contains high noise or is incomplete, 
but it is computationally expensive for 3D acquisitions. Thus, it is 
still not widely adopted in real-world applications. In this work 
we propose a modified reconstruction scheme that greatly 
reduces the computational effort. This approach is designed 
especially for shared memory multi-core computer architectures, 
and exploits parallel computing and ordered subsets to achieve a 
large speedup factor. Compared with other acceleration methods, 
such as parallel computing by using distributed-memory high 
performance computing (HPC), (i.e. using a "PC cluster"), this 
method avoids costly communication overhead between CPUs. 
The experiments conducted on Siemens Inveon™ CT data show 
that the computation time is decreased by a factor of ten when 
using only parallel computing techniques. When all the 
techniques are applied, it is reduced by a factor of more than 120. 

I. INTRODUCTION 

N contrast to its analytic peers, iterative CT reconstruction 
methods start from a pre-assumed starting image, which can 

be zero, and gradually make corrections towards the optimal 
result. For each iteration, the current estimation is re-projected 
along the x-ray path, and compared with the measured data. 
The difference is then back-projected to update the current 
image. This procedure is repeated until the maximum allowed 
iteration number is reached or a pre-defined error is obtained. 
Generally speaking, each iteration loop consists of a forward 
projection and a backward projection process, where the 
former calculates the current projection estimate to compare 
with the measured projection data, and the latter makes 
corrections in the image domain based on the comparison. In a 
computational study, it may require tens or even hundreds of 
iterations before the images converge to a reasonably good 
result. Thus the total computation time for an iterative 
algorithm is much longer than for its analytic counterpart.  

As is well known, iterative methods are superior to analytic 
ones if the projection data contains high noise or is incomplete 
[1]. However, long processing time for iterative methods 
prevents their use in clinical applications. Scientists have been 
working to accelerate the speed of iterative reconstruction 
methods for the past decade or two. Parallel computing is one 
of the popular strategies. Conventionally, on a cluster of PCs 
with network connections used to parallelize the computation 
of an iterative algorithm, the projection data is first partitioned 
into several groups and then sent to different processors. Then 
each processor uses the projection data to complete its portion 
of the reconstruction task. When this step is finished, the 
processors exchange the current estimation and continue the 
next iteration [2]. This approach reconstructs images 
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identically to its sequential prototype. However, it suffers 
from heavy communication overhead. Consequently, the 
expected performance improvement is significantly 
compromised if a large number of processors are used or if the 
dataset is large. 

To avoid the high communication overhead typically in 
parallel computing on distributed-memory PC clusters, we 
chose to use shared-memory architecture for the 
reconstruction. In this case, only one copy of the data is 
allocated in memory which is shared among all processors. 
Consequently, there is no need to transfer the data from the 
memory associated with one CPU to that of another and in this 
way, the communication cost is saved. Using this computing 
architecture, several computation accelerating techniques, i.e., 
SIMD (Single Instruction Multiple Data), MT (multi-
threading), and OS (ordered subset) methods can be applied to 
achieve maximum speedup. 

In the following, we will first give a brief introduction to 
the iterative algorithm used in this work, and then describe the 
acceleration scheme. Then the real data experiments are 
reviewed to examine the performance of this implementation. 
Finally, some issues and conclusions are discussed. 

II. ITERATIVE ALGORITHM FOR IMAGE RECONSTRUCTION 

Synder et al. [3] interpret the CT reconstruction as solving 
the de-blurring problem: 




 ,),()()|( yyadxxcxyh                             (1) 

where ( )a y  can be regarded as the measured data, ( | )h y x  

is a known blurring kernel, and ( )c x  is the function to be 

recovered. The de-blurring problem is then discretized to be 





x
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In the context of CT reconstruction, all the functions involved 
are non-negative. Since the exact solution ( )c x  satisfying the 

above equation may not exist, one could alternatively try to 
minimize Csiszar’s I-divergence measure: 
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which describes the discrepancy between the observed data 
( )a y  and the approximated value: 
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After comparing with other possible measures, such as least 
square error and entropy, this choice of measure was shown 
by Csiszar to be an optimally consistent one, given that all the 
functions are non-negative [4]. 
The iterative scheme 
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gives a formula that converges monotonically toward 
minimizing the Csiszar’s I-divergence, where 

0 ( ) ( | )
y

H x h y x


  , and k  is the iteration number. It can 

be shown that the iterative scheme derived from this de-
blurring approach gives a solution identical to that given by 
the EM (Expectation Maximization) algorithm for emission 
tomography [7-8].  

III. FAST ITERATIVE RECONSTRUCTION SCHEME 

This fast reconstruction is implemented based on a circular 
cone-beam scanning geometry with a planar detector 
recording the projection data. Fig. 1 gives an illustration of 
such a scanning mode. 

 

 
Fig. 1. Illustration of circular cone beam CT scanning geometry. 

 

A. Sequential implementation of the iterative method 
As mentioned earlier, an iterative method consists of two 

major steps, namely, forward-projection and back-projection. 
In this study, both processes are implemented in a voxel-
driven pattern. In the forward-projection step, each voxel is 
projected along the ray path onto the detector plane, where bi-
linear interpolation is employed to calculate the projection on 
the detector grid. After the forward projection for all the rays 
is finished, the error between the calculated projection and the 
measured data is computed and then back-projected to the 
voxel domain. Pseudo-code for the whole process is given in 
Fig. 2. 
 

for iter = 1 to maxIter 
  for each projection angle  

    for each voxel x  in volume  

      do forward projection of estimate 
    end 
    do calculate error  
    for each voxel x  in volume 
      do backward projection of error 

end 
  end 

  do volume update 
end 

Fig. 2. Pseduo-code for conventional iterative reconstruction algorithm. 

 

B. Implementation of the fast iterative method 
To accelerate the reconstruction, parallel computing 

techniques such as SIMD, MT and OS methods are used in the 
implementation.  

SIMD is a data processing parallelism in which a block of 
data is processed simultaneously instead of one entry at a time 
in the conventional way. Currently the Intel SSE (Streaming 
SIMD Extensions) and its upgrades (SSE2, SSE3 …) allow 
streaming processing of data of size 128 bits. This suggests 
that we could do the computation for four 32-bit floating or 
integer data in parallel. In our implementation we use this 
capability by performing computation for four consecutive 
projection views at the same time. To be specific, the data 
from the four views are packed together and enter the 
computation workflow. Then SIMD instructions are exploited 
to process the packed data. Using this approach, the execution 
time for the operations could potentially be reduced by a 
factor of four fold. Another benefit of this approach is that the 
CPU memory/cache access time may be reduced since a single 
voxel memory access is associated with the processing of four 
projection views. Since the volume in real applications is 
usually very large, this repeated retrieval and archival 
operation in reconstruction can be very costly.  

MT is also used in the implementation. For each slice, the 
voxels are divided evenly based on their associated 
computational load, and sent to different CPUs for processing. 
Since this is a shared memory machine, there is only one copy 
of the projection data shared among all processors, and the 
communication time to pass projections to the CPUs is saved. 
It is important to note that there is a potential memory access 
conflict during forward projection. Since during forward 
projection different voxels may be projected to the same 
detector position by different CPUs, extra memory is allocated 
so that each CPU preserves a copy of the memory space for 
the current projection. Therefore the voxels are forward-
projected to the detector plane independently by each CPU 
and the accessing conflict is resolved. After the forward-
projection is finished, the projections from different CPUs are 
summed together as the final result. Fig. 3 gives an illustration 
of the independent forward projection for different CPUs and 
the summation afterwards. 
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Fig. 3. Illustration of the forward projection scheme. In this example, 
forward projections from four views are performed simultaneously, and two 
CPUs are used. The corresponding projections from different CPUs are 
summed as the final forward projection result. 

 

To further reduce the computational time, the OS method 
[9-11] is utilized. The implementation is straightforward: the 
projection views are grouped into a number of subgroups, and 
the reconstruction is conducted on the subgroups in order, as 
in a conventional approach. As a general rule, the speedup 
achieved compared to conventional iterative reconstruction is 
roughly proportional to the number of subsets used. 

IV. EXPERIMENTS 

Computation was carried out on a shared memory 
workstation with two Quad-Core Xeon CPUs (2.83GHz). The 
total RAM installed was 32GB. The code was in C/C++ and 
compiled with Microsoft Visual Studio 2005. 

A. Acquisition 
The data was acquired on a Siemens Inveon™ CT [12]. The 

Inveon CT source moves along a circular trajectory around a 
stationary bed with cone-beam x-rays. A planar CCD-based 
X-ray detector across the gantry records the projection data. 
Table 1 lists some typical parameters of the scanner. 

The phantom used in the experiments was a tissue 
equivalent phantom (TEP). This is a uniform cylinder with six 
holes filled with materials of different densities, resulting in 
different coefficients (Fig. 4). 
 

   Table 1. Configuration of the scanners                    
Scanning radius (cm) 26.865 
Source to detector distance (cm) 34.318 
Detector pixel pitch (width, height) (μm) 126 x 126 
Detector size (width, height) (pixels)  512 x 512 
Number of projections 360 
Typical X-ray source current (μA) 500 
Typical X-ray source voltage (kV) 80 
Typical exposure time (ms) 200 

NOTE: The actual detector size is 2048 x 2048 pixels. The 
readout data was binned by four for reconstruction. 

 

 
Fig. 4. Photograph of the tissue equivalent phantom (TEP). The density of 

the basic material of the phantom is the same as water (1000 mg/cc). The six 
structures are marked with their densities. 

B. Computation results 
For iterative reconstruction methods, there are usually two 

kinds of stopping criteria used. The first one is to stop 
iterating when a pre-defined error is reached. The second is to 
stop at a maximum iteration number. For convenience, in this 
experiment the second approach was used.  

We chose the number of iterations to be 60 for the 
conventional iterative method, allowing sufficient 
convergence of the “hot spot” (the red cylinder in Fig. 4) in 
the TEP phantom. A volumetric image of size 5123 was 
reconstructed. Fig. 5 shows a central slice through the 
reconstructed volume for different combinations of the 
described techniques. In addition, the result of a 
reconstruction using a standard Feldkamp algorithm with 
Shepp-Logan filter is shown for comparison. 

For the OS method, we chose to use 15 subsets for the 360 
views. In this case, the number of iterations for the OS method 
was set to be 4. This was seen to be comparable to the 
iterative method without the OS strategy from the images in 
Fig. 5. Profiles through the central lines of the images are also 
plotted in Fig. 5. It can be observed that all acceleration 
schemes give results comparable to the conventional EM 
algorithm. 

Table 2 lists the computation time for each of the 
implementations, compared to the traditional EM method. The 
associated performance benchmark speedup factor is also 
calculated and shown in Table 2. 

 

Open 
hole

Open 
hole

1000 mg/cc 1050 mg/cc 1750 mg/cc 

1250 mg/cc 

1 

2 

3 

4 

1 2 3 4 1 2 3 4

1 2 3 4 

CPU 1 CPU 2

Intermediate 
projections 

Final projections 
after summation 

Forward 
projection 

1 

2 

3 

4 

pt1 pt2 

2nd Workshop on High Performance Image Reconstruction (HPIR) 2009 43



 

 
Fig. 5. Reconstructed images for different methods, together with the 

profiles through the center of the images. 

 
 

Table 2. Computational results for different methods 
 Traditional 

EM 
SIMD SIMD 

+MT 
SIMD+ 
MT+OS 

Time (s) 36600 20010 3515 287 
Speedup  1.00 1.83 10.41 127.53 

NOTE: (1) For the first three methods the number of iterations 
was set to 60, for the OS approach, the number of iterations 
was set to 4 and the number of subsets to 15. (2) The speedup 
factors are calculated relative to the traditional EM algorithm. 

V. DISCUSSION AND CONCLUSION 

In this article, we have presented a reconstruction scheme 
that can greatly reduce the computational time for a fully 3D 
iterative CT reconstruction algorithm. Three major 
accelerating methods, namely SIMD, MT and OS, are utilized. 
On data acquired with a Siemens Inveon™ CT, a maximum 
speedup of over 10 fold is achieved when both SIMD and MT 
techniques are used. If the OS method is applied as well, the 
speedup can be as high as 120 fold. As for the image quality, 
initial investigations show that the results are comparable to 
the conventional approach. Additional work is needed to fully 

characterize the image properties and the speedup using 
different image sizes and parameters. 

It should be noted that SIMD alone gives a speedup of less 
than four fold. This is because not all operations in the 
computation can be converted to SIMD streaming calculations. 
Our estimation is that less than 50% of the computation is 
converted. Also, packing and un-packing 128-bit SIMD data 
costs additional time as well. It is also observed that MT 
doesn’t give an ideal speedup either. This may be due to load 
imbalance in that the partition of the voxels for different CPUs 
is not fully even, especially when more than four CPUs are 
used. Therefore, the combination of these two techniques 
gives a speedup smaller than expected. 

Future work includes investigating the performance of this 
implementation on more advanced hardware, e.g., 
workstations with more cores/CPUs. Additional effort will 
also be needed to address the load imbalance when 
partitioning the voxels.   
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Abstract—Cone beam reconstruction algorithm basing on 

PI-lines (chords) represents a state-of-the-art CT technique, which 

provides exact image reconstruction within a volume of interest (VOI) 

from longitudinal and transverse truncations projection data. 

However, both the filtered back-projection (FBP) and 

back-projection filtered (BPF) reconstruction algorithms demand 

enormous computations, which becomes the bottleneck of PI-lines 

computing. This paper proposes a novel technique to speed up the 

BPF reconstruction using the graphic process unit (GPU) and C for 

graphic (Cg) method. Simulation results show, the proposed method 

by using the GPU technology, can speed up the reconstruction by 100 

times, making a great step for BPF real-time volume reconstruction. 

Keywords-component; Cone beam CT；；；；PI-lines；；；；back projection 

filtered(BPF)；；；； GPU 

I. INTRODUCTION 

Research on cone beam tomography reconstruction 

algorithms is an active topic of cone beam computed 

tomography (CBCT). And the reconstruction algorithms basing 

on Radon transform are the hot points of the CBCT research 

[1]-[4], because of their exact image reconstruction within a 

volume of interest (VOI) from longitudinal and transverse 

truncations cone beam projection data. In 2002, Katsevich 

proposed his inverse formula of back-projection filtered 

reconstruction [5]. His formula provided a brand new 

reconstruction method on PI-line segments. In 2004 he 

proposed a improved algorithm for the Radon-transform-based 

reconstruction algorithms [6].Yu Zou and Xiaochuan Pan 

proposed the BPF, FBP and minimum data filtered 

back-projection (MDFBP) algorithms in 2004 and 2005 

[7]-[11]. All the algorithms used the PI-line segments to be the 

smallest reconstruction unit and did the shift-invariant 1D 

filtering alone PI-line segments. And the most significant 

algorithm is BPF algorithm for its reconstruction efficiency and 

the lesser data quantity.  

 
This work was supported by the National Natural Science Foundation of 

China under grant. NO. 30770591.  

Han Zheng is with the school of information science and engineering of 

northeastern university, Shenyang, Liaoning 110004 China (phone: 

+86-24-25949009; fax: +86-24-83681955; e-mail: zhenghan@neusoft.com).  

Yan Kang is with the sino-dutch biomedical and information engineering 

school of northeastern university, Liaoning 110004 China. 

Jiren Liu is with the school of information science and engineering of 

northeastern university, Shenyang, Liaoning 110004 China. 

Yin Dai is with the sino-dutch biomedical and information engineering 

school of northeastern university, Liaoning 110004 China. 

II. THEORY 

A. Helical Scan Trajectory 

As we know, for given a point in a helical trajectory, there is 

at least one PI-line passing through the point. If we can find the 

whole intersecting PI-line segments cover over the VOI, the 

algorithm can reconstruct the VOI images by reconstructing the 

PI-line segments. Fig.1 shows the PI-line segments in a helical 

trajectory. 

 

Fig.1. PI-line segments in a helical trajectory 

For a given helical scan trajectory, we introduce two 

coordinate systems: image system { }, ,x y z and rotation system 

{ }, ,u v w .And for a projection angle λ, the scan trajectory can be 

represented as ( )0 cos , sin ,
2

h
r R Rλ λ λ λ

π

 
=  
 

, which R is the 

radius; h is the pitch. And we can also get the formula in the 

rotation system like (3). 
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                                     (1) 

For given λ1 and λ2, the PI-line is defined uniquely. The points 

locating on PI-line segments can be presented as (2). 
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t in (2) is the percent with PI-line point of the whole PI-line 

segments, which belongs 0 to1. 

B. BPF Reconstruction Algorithm 

Section Ⅱ-A introduces some characteristics of the helical 

scan. The general helical scan especially on the planar detector 

can be shown as Fig.2. 

 

Fig.2. PI-line segments and scan parameters in helical trajectory 

 S is the distance between X-ray source and detector, R is 

rotation radius. PI-line segment is defined by 1xπ and 2xπ . xπ is a 

random point on the PI-line with direction xπ′ .βis the direction 

vector from X-ray source to xπ . BPF reconstruction algorithm 

can be expressed as (3).    
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1xπ and 2xπ are the start and end points of the portion of this 

PI-line segment that intersects with the support cylinder. The 

second term of (3) is a constant term, which is defined by the 

PI-line direction and projection angle 1λ  . D is the projection 

value defined by reconstruction point and projection angle, 

which satisfies ( , , )P u v Dλ = . The first term of (3) is a finite 

inverse Hilbert transform alones PI-line’s direction. And 
'

1 2( , , )g xπ π λ λ  can be expressed as (4),  
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where ', 'u v are the detector-coordinate parameters.  For a given 

projection angle λ , projection data ( ', ', )P u v λ  is specified. 

0 ( )r r λ−   is the distance between the X ray source and 

reconstructed point, '( ', ', )P u v λ can be shown in (5). 
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using (1)(2)(6)and(5), the projection data derivation '( ', ', )P u v λ  

can be calculated. 

III. METHOD 

As Pan’s method, the BPF reconstruction process mainly 

contains five steps. 

(1) For given VOI, select PI-lines passing thought VOI. 

(2) Determine each PI-line projection data on the detector. 

(3) For each projection angle, calculates data 

derivation '( ', ', )P u v λ , and does back projection for selected 

angles. 

(4) Perform 1D inverse Hilbert transform of the modified 

derivation data. 

(5) Perform interpolation form PI-line coordinate to 

reconstructed coordinate system. 

They also can be summarized into three parts: finding 

PI-lines, back-projection and inverse Hilbert transform. We 

notice that the finding PI-lines and inverse Hilbert transform 

steps don’t contain tremendous computations, for inverse 

Hilbert transform can using FFT, and PI-lines can predefine out 

of loops. Therefore the back-projection step contains main 

computational complexity of the whole BPF reconstruction, 

whose loops are driven by 1, 2, , xπλ λ λ . The computational 

complexity is 4( )NΟ (loop dimensions are N×N×N×N). It is 

huge computations, which consumed most time of BPF 

algorithm. 

Since graphic process unit (GPU) has more advantages in 

general purpose computation than CPU, for its data flow 

structure and multi-fragment processors [12]; and the back 

projection process contains huge floating-point operation. GPU 

can realize back-projection more efficiently. But due to the data 

flow structure of GPU, we can’t use any conditional or iterative 

language during GPU programming. It means GPU can’t do 

BPF reconstruction directly. We should do some changes to 

BPF reconstruction algorithm. The new process also contains 

five steps: 

(1) For each projection angle, read projection RAW data and 

do data derivation using (1) (5) and (6). 

(2) Define the PI-line segments cover whole VOI, and 

determine the parameters of PI-line clusters, such as 

sampler number of angle and PI-lines, with the range of
2

λ . 

(3) Setup the environment variables of GPU, and do texture 

mapping from physics memory to display memory. Do 

back-projection for each PI-line using (4), and save the 

result to physics memory. 

(4) Do 1D inverse Hilbert transform of the back-projection 

data by step (3) (use FFT or GPU methods). 

(5) 
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(5) Perform interpolation from PI-line coordinate to 

reconstructed coordinate system, and get the reconstruction 

results. 

Obviously, we change the order of defining PI-lines and 

derivation data computation, as the Cg language doesn’t 

support some logical operations. The PI-line segments should 

be defined before back-projection. And the textures are 

composed by PI-lines clusters. It can be shown as 
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Fig.3. PI-line clusters and memory structure of back-projection  

Fig.3 shows the memory structure of back-projection procedure. 

During GPU processing, a texture can only be set as writable or 

readable. Since back-projection needs to summate the results, 

double back-projection textures are required for PingPong 

operations. Both the back-projection textures are set by 

PingPong control, and GPU uses frame buffer object (FBO) to 

read or write texture. The PI-lines parameters should be 

predefined before back-projection. Each texture is a PI-lines 

cluster, the loops are defined as 

For each λ1 do 

Setup PI-lines parameters 

Texture mapping 

For projection angle from λ1 to the last projections do 

Setup projection angle 

Back-projection using GPU 

Change writing and reading texture 

End 

Read PI-line cluster data 

End 

Above codes are general structures of the back-projection loops.  

Obviously, the Cg parameters and back-projection resource are 

stetted outside GPU. Since 2λ is a texture coordinated with 

invisible loops, the last projection angle is used to be the end of 

the projection loops, identically there is a judgment segment to 

estimate 2λ  and projection angle. As (4) shows, there is still 

some conditional logic in the GPU loop. Since Cg doesn’t 

support conditional statement, we should change the form like 

(7). 

if  AфB  do C=C+D = { flag= AфB C=C+flag×D }           (7) 

Where A, B, C, D are variables, flag is a boolean variable,ф is  

conditional logic operator. Equation (7) uses a flag to replace 

the logical statement AфB. And it is easier to be realized in Cg 

programming. 

IV. NUMERICAL SIMULATION 

In this section, we perform some numerical simulations to 

verify the validity of the new BPF steps we proposed and the 

speedup rate of GPU BPF in helical cone-beam reconstruction 

by using 3D Shepp-Logan phantom and a universal helical scan 

protocol. The numerical simulation parameters we used are 

shown in Table Ⅰ. 
TABLE I 

HELICAL SCAN AND BPF PARAMETERS USED IN NUMERICAL SIMULATION 

Reconstruction parameters Value 

rotation radius (mm) 570 

distance source to detector (mm) 1040 

channels 672 

rows 256 

interval of channels (mm) 1.513918 

interval of rows (mm) 1.0 

projection number 300 

pitch(mm) 100 

projection angle range -π~π 

sample number on PI-lines 1024 or 512 

sample number of λ2 512 

reconstruction size (mm) 256×256×256 

field of view (mm) 400 

Tube Voltage (KV) 120 

Tube Curren(mA) 330 

The versions of tool softwares are Cg1.5 and glew1.4.0 and 

glut3.7.6. The simulations use VC++6.0 as coding platform. 

The reconstruction computer configurations are Intel Core 2 

Quad Q8200 CPU，4GB physical memory, nVidia 9800GTX 

512MB graphic memory card. And we get the PI-line clusters 

image. 

 

Fig.4. PI-line segments images reconstructed by GPU(λ2=0.2π~0.7π; λ
1=-0.25π  Window Level =1.01, Window Width =0.03) 

Fig.4 shows the images reconstructed by PI-line segments. The 

images are distorted for they are not in a same plane. Linear 

interpolation should be performed between the two coordinate 

systems.  

 

Fig.5. Reconstructed images by BPF algorithm using GPU (left: transaxial 

image at z=0 mm; middle: coronal image at y=27 mm; right: sagittal image at 

x=0  mm. Window Level =1.01, Window Width =0.03) 

Obviously the GPU reconstruction results are reasonable and 

visually no distortion and artifacts less. The results show that 

BPF reconstruction by GPU has the same veracity to CPU. For 

testing the speed up effect of GPUBPF, we both perform GPU 

back-projection and CPU back-projection process and record 
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the time respectively. Each method is executed for twenty 

times. 

 

Fig.6. Back-projection time using GPU and CPU in different sample ranges 

Fig.6 shows the reconstruction time of back-projection 

process.  The reconstruction time is in different order of 

magnitude, which GPU costs in back-projection less than one 

second and CPU costs several tens seconds. Interestingly, the 

reconstruction times obtained by using GPU in different sample 

ranges are basically uniform. It means the data throughput is 

fearfully high to do the back-projection. And the bottleneck of 

the GPU reconstruction is the bandwidth between RAM and 

graphic memory instead of the data quantity to be disposed. 

Since the whole reconstruction contains two main parts: 

back-projection and inverse Hilbert transform, the entire 

reconstructions are implemented in GPU and CPU. We define 

theλ2 from -0.3π to 0.7π, and the angle sampling distribute 

uniformly along the helical curve(sample number is M=512). 

 

Fig.7. Reconstruction time using GPU and CPU in different sample ranges 

As Fig.7 shows, PI-line clusters reconstructed by GPU cost 

much less time than CPU, which the inverse Hilbert transform 

is carried out by using FFT. Specifically, the speed up rate is 

more than 100 times both in back-projection and the whole 

reconstruction process. 

V. CONCLUSION 

In this work, we implement the helical cone-beam 

back-projection filtered reconstruction algorithm on GPU by 

changing the steps and doing logic conversion. Furthermore, 

we perform some comparative experiments between GPU and 

CPU. The results show, BPF reconstruction using GPU can 

significantly improve the reconstruction efficiency without 

additional high data processing equipment. It is a novel way to 

solve the massive data reconstruction problem, making a great 

step for real-time volume reconstruction. 

   We only perform some preliminary computer-simulation 

study to verify the speed up effect of GPU. Some complex 

interpolation methods are not used in our codes, and there are 

still some streaks and other artifacts in the reconstructed images. 

And our implementation method may not be optimal of the 

GPU BPF reconstruction. Further investigation should be done 

in future work.  
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Fast distance-driven projection and truncation
management for iterative cone-beam CT

reconstruction
Simon Rit and Marcel van Herk and Jan-Jakob Sonke

Abstract—The purpose of this study was to optimize the speed
of Simultaneous Algebraic Reconstruction Technique (SART)
based on a distance-driven forward projector with truncated
cone-beam projections. First, we optimized the innermost loop
of the projector for a cone-beam scanner with a circular source
trajectory and a flat panel. We used the common axis of the
projections and the CT volume to reduce the distance-driven
projection of a segment of voxels parallel to this axis to the
mapping of two segments of samples with constant spacings. Sec-
ond, we implemented the projector to handle a multi-resolution
grid in the planes orthogonal to the rotation axis in order to
minimize the overhead required to manage the truncation of
the cone-beam projections. The distance-driven projector was
1.5 times faster than an optimized ray-driven projection with
Joseph interpolation. Moreover, the multi-resolution reduced 4
times the overhead required to handle an half-truncated Shepp-
Logan phantom.

Index Terms—Optimization, distance-driven projection, cone-
beam reconstruction, truncation.

I. INTRODUCTION

In the past few years, the use of cone-beam (CB) computed
tomography (CT) has rapidly grown for different clinical
applications, e.g. the acquisition of CT images in the treatment
room for patient positioning [1]. In-room acquisition requires
efficient CB reconstruction to provide a CT image to the
operator within a few seconds after the end of the acquisition.
This need has logically led to the use of analytic methods,
more specifically to the Feldkamp algorithm [2] for circular
source trajectories, and hindered the use of iterative tech-
niques. However, iterative techniques have different properties
that can turn to their advantage in some situations. Therefore,
faster iterative reconstruction techniques could increase their
clinical interest. This contribution is a step in this direction
and focuses more specifically on algebraic reconstruction.

The algebraic reconstruction technique (ART) has been one
of the first CT reconstruction techniques proposed [3]. Starting
from an initial guess of the CT image (generally 0 for all
samples), the algorithm iterates over each pixel of the CB
projections and updates the reconstructed image in three steps:
(1) project the current image along the ray corresponding to
the sample, (2) compute the difference between the estimated
and the acquired projection and (3) backproject the estimated
difference in the image. In [4], Andersen and Kak proposed an

S. Rit, M. van Herk and J.-J. Sonke are with the Department of Ra-
diation Oncology, The Netherlands Cancer Institute-Antoni van Leeuwen-
hoek Hospital, Plesmanlaan 121, 1066 CX Amsterdam, The Netherlands
j.sonke@nki.nl

improvement of ART, the Simultaneous ART (SART), which
is a block version of ART: an update process simultaneously
all rays of a given CB projection. Its implementation simplicity
and its computational efficiency have brought SART to be one
of the main iterative reconstruction techniques used nowadays.

However, SART remains computationally expensive com-
pared to Feldkamp algorithm. The main reason is its higher
algorithmic complexity due to the additional forward projec-
tion (step 1) and the need to go over each CB projection a
few times. These issues were not investigated in this study
because they can not be adressed without changing the core
of ART. This study identifies and addresses two other reasons:
the computational cost of the forward projection (step 1)
compared to the backprojection (step 3) and the management
of truncation.

II. FAST DISTANCE-DRIVEN PROJECTION

Forward projection of a CT volume produces a Digitally
Reconstructed Radiography (DRR). Different methods have
been proposed for DRR generation which can be classified
in two main approaches: voxel-driven and ray-driven [5]. The
latter has often been preferred because it produces aliasing-
free DRRs but its computational cost is quite high compared to
backprojection which can now be implemented hyperfast [6].

Hyperfast backprojection takes advantage in circular geom-
etry of the alignment of one axis of the CT volume with one
axis of the DRR (Fig. 1). Indeed, this alignment implies that
all voxels belonging to a segment of the CT volume parallel to
this axis projects on a segment of the DRR parallel to the same
axis. One can take advantage of this property to optimize both
the computation and the memory alignment of the innermost
loop of the backprojection [6].

S

x

y

z
x v

Detector
CT volume

Fig. 1. Geometry of the scanner: we assumed a circular source trajectory
in a plane orthogonal to x. Having the axis x shared by the volume and the
detector allows an efficient innermost loop for distance-driven projection.

Using the same property in a forward projection algorithm
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is not straightforward. Ray-driven methods are designed to
run along the ray corresponding to each DRR pixel which
will generally not align with any axis of the CT volume due
to the beam divergence. A voxel-driven strategy can be used
instead but it is subject to aliasing in simple implementations,
e.g. splatting each CT voxel on the DRR using a constant
kernel size. These limitations have brought De Man and Basu
to propose an alternative, the distance-driven projection [5],
which bijectively maps each slice of the CT volume to the
DRR. Having a bijection allows aliasing-free projection and
backprojection but also affords the choice of the axis for the
innermost loop. We used this property to efficiently implement
a distance-driven forward projection.

We assumed a circular trajectory of the source orthogonal to
the CT volume and selected the x axis for the innermost loop
for the reasons above-mentioned (Fig. 1). The optimization of
the innermost loop comes then to an efficient mapping of a
scaled segment of the CT volume with constant voxel width
vw to a segment of the DRR, also with a constant width pw
(Fig. 2).

We distinguished two cases: shrinking (vw<pw) and stretch-
ing (vw>=pw) the segment of CT voxels. Both cases address
the splitting of a CT voxel in two DRR pixels in the same
way: (1) a fraction of the current voxel value corresponding
to the distance dx between the inferior corner of the current
CT voxel and the superior corner of the current DRR pixel
is accumulated in the current DRR pixel, (2) the rest vw-dx
is accumulated in the next DRR pixel, and (3) the distance
dx for the next voxel is computed by taking the complement
pw-(vw-dx). Moreover, case 1 addresses the specific case
where a voxel does not split but entirely maps to one pixel,
i.e. dx>vw, and case 2 the specific case where a voxel splits
in more than 2 pixels, i.e. vw-dx>pw. Listing 1 details our
optimized implementation of this innermost loop. The rest of
the projection algorithm will be described below because it
also incorporates efficient truncation management.

x
DRR pixels DRR

pw

CT voxels / Case 1 CT

dx vw

CT voxels / Case 2 CT

dx vw

Fig. 2. Graphical illustration of cases and variables for Listing 1. Case 1
and 2 are respectively a shrinking and a stretching of a segment of the CT
volume to a segment of the DRR.

III. EFFICIENT TRUNCATION MANAGEMENT

Truncation of the CB projections is a common problem with
in-room CBCT due to the limited size of the flat panels. In
theory, Feldkamp can not reconstruct the image of an object
when its CB projections are laterally truncated but in practice,
feathering strategies correct most of the artifacts [7], and their
cost is limited because they only act on the 2D CB projections.

Listing 1. Bijective mapping of n voxels of a segment of the CT volume
with constant vw width to pixels of the DRR with constant pw.

void MapSeg(float *CT, // Pointer to first CT voxel
float *DRR, // Pointer to first DRR pixel
int n, // Number of voxels
float dx, // Distance between:

// - current voxel inferior corner
// - current pixel superior corner

float vw, // Projected voxel width
float pw, // Pixel width
float f) // Voxel correction factor

{
int i; // Voxel index
float vv; // Voxel value weighted with f

if (vw<pw) /*** Case 1: 0 or 1 split ***/
{ for(i=0; i<n; i++) // Loop over the voxels
{ vv = (*CT)*f; // Get and weight voxel value
if (dx>vw)
{ // Voxel projects in 1 pixel only

*DRR += vv*vw; // Accumulate full voxel
dx -= vw; // Update distance for next voxel

}
else
{ // Voxel splits in two pixels

*DRR += vv*dx; // Accumulate first part of voxel
dx = vw-dx; // Compute rest of voxel width
++DRR; // Go to next pixel

*DRR += vv*dx; // Accumulate second part of voxel
dx = pw-dx; // Update distance for next voxel

}
++CT; // Go to next voxel

}
}
else /*** Case 2: 1 or more splits ***/
{ for(i=0; i<n; i++) // Loop over the voxels
{ vv = (*CT)*f; // Get and weight voxel value

*DRR += vv*dx; // Accumulate first part of voxel
dx = vw - dx; // Compute rest of voxel width
++DRR; // Go to next pixel
while(dx>=pw)
{ // Rest covers an entire pixel

*DRR += vv*pw; // Accumulate a pixel of voxel
dx -= pw; // Compute rest of voxel width
++DRR; // Go to next pixel

}

*DRR += vv*dx; // Accumulate last part of voxel
dx = pw-dx; // Update distance for next voxel
++CT; // Go to next voxel

}
}

}

On the contrary, iterative reconstruction is theoretically less
limited by truncation [8] but it requires a larger field-of-view
(FOV) during reconstruction (Reconstruction FOV) than the
usable FOV after reconstruction (CT FOV).

The Reconstruction FOV is the part of space which is hit
once by the X-ray beam while the CT FOV is the part of
space which is hit by the X-ray beam for every source position
(Fig. 3). Both FOVs are circles in the plans parallel to the
source trajectory but the radius of the Reconstruction FOV is
determined by the isocenter-detector distance and can be much
larger than the CT FOV which is determined by the detector
size at the isocenter. Of course, the Reconstruction FOV can
be reduced with a priori information on the maximum patient
dimensions but it will generally remain significantly larger
than the CT FOV.

The CT grid must encompass the reconstruction FOV during
reconstruction which can lead to a huge number of voxels
when using a fine resolution. However, the more the voxel
is away from the CT FOV, the less it is used during recon-
struction. Therefore, we used a multi-resolution grid with a
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progressively lower resolution for voxels outside the CT FOV.
An example of such grid is provided in Fig. 3b.

Most previous contributions dealing with fast forward and
back-projection assumed that the CT volume is represented
on a regular grid, i.e. that the CT voxels are regularly spaced
along x, y and z (Fig. 1). Of course, a regular pacing
minimizes the computational cost so we kept a regular spacing
along x (Fig. 3a) and, therefore, we preserved our simple
innermost loop (Listing 1). Nevertheless, we adapted the
projection to handle a set of segments arbitrarily spaced along
y and z, e.g. a rectilinear grid (Fig. 3b). This set is represented
by a cloud of 3-D points containing the coordinates of the
inferior and superior corners Ci and Cs of each CT segment
parallel to x (Fig. 3a) associated with their corresponding
voxel index.

(a)
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z

Ci

Cs

(b)

D
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CT FOV

Reconstruction FOV

y

z

Fig. 3. (a) Example of a segment of voxels along the axis x (Fig. 1):
the coordinates of its corners Ci and Cs are passed to the reconstruction
algorithm in order to know its location in space. (b) Rectilinear grid used
during reconstruction from truncated data to cover the CT FOV with a fine
resolution and the Reconstruction FOV with a gradually coarser resolution.

The main loop of the projection goes over all segments
of this cloud. For each segment, its corners Ci and Cs are
projected on the DRR. Similarly to [5], the segment projects
to a rectangle which sides are parallel to x and v. Depending
on its dimensions, the rectangle is then mapped to one or more
segments of DRR pixels using the function MapSeg which
parameter f is set to the fraction along v multiplied by the
length of the intersection between the ray and the segment.

IV. EXPERIMENTS

We analytically simulated 640 CB projections of the Shepp-
Logan phantom regularly spaced around a full revolution using
the geometry of an existing CBCT scanner [1]. The resolution
of the CB projections was 512× 512 pixels of 0.5× 0.5 mm2

at the isocenter.
The performance of our distance-driven projector was eval-

uated using a CT volume having 512 × 512 × 512 voxels of
0.5 × 0.5 × 0.5 mm3 which computation requires 80 Giga-
voxel Updates (GUP). DRRs were computed for every angle
corresponding to the 640 CB projections. The performance
was compared to local implementations of an optimized ray-
driven algorithm using Joseph interpolation [9] with adequate

orientation of the volume [10] and an optimized voxel-
driven backprojection [6]. Only single-threaded implementa-
tions were evaluated because the full (back-)projections were
sequentially computed in each direction which is known to be
mainly limited by communication bandwidth [6]. The test was
performed on an Intel Mobile Core 2 Duo 1.2 GHz processor
with 800 MHz frontside bus.

The truncation management was evaluated by generating
a new set of CB projections with the center of the Shepp-
Logan phantom shifted to the border of the CT FOV in the
y direction. First, reference images were reconstructed using
the same 512 × 512 × 512 grid as with the previous set of
CB projections but shifted to be centered on the phantom.
Second, the superior half of the grid along y (part in the
Reconstruction FOV but out the CT FOV) was replaced with a
multi-resolution grid. The voxel width along y was increased
by a factor 2 every 16 voxels so that only 64 voxels covered
the space normally occupied by 256 voxels. All CT images
were reconstructed using 3 iterations of the SART and a 0.2
convergence factor.

V. RESULTS

Table I summarizes the speed of the different operators
evaluated in this study. Backprojection is hyperfast because its
innermost loop requires a very little operations per voxel and
it uses an optimized memory layout [6]. In contrast, the ray-
driven implementation is 7.1 times slower because the memory
layout is less optimal and it requires more computation even
after optimization. Finally, our distance-driven operator is only
4.8 times slower than backprojection, i.e. 1.5 times faster
than the ray-driven implementation, because it uses the same
memory layout as the backprojection and its innermost loop
remains sufficiently simple (Listing 1).

TABLE I
(BACK-)PROJECTION SPEED IN GUP/S OF THE THREE OPERATORS

EVALUATED IN THIS WORK.

Voxel-driven backprojection 0.277
Ray-driven projection 0.039

Distance-driven projection 0.057

Fig. 4 show the slices of the reconstructed images. When
there is no truncation, the full Shepp-Logan phantom is
adequately reconstructed in the CT FOV. We observe noise in-
troduced by the edges of the phantom but it is a known artefact
of both ray-driven and distance-driven projectors [11]. When
there is trucation, the Shepp-Logan is adequately reconstructed
in the CT FOV although it is less accurate at the edge of the
CT FOV. Finally, the multi-resolution algorithm to correct for
the truncation reconstructs a very similar CT image but with
512×320×512 voxels instead of 512×512×512. The small
ellipsoids are still well defined and only the noise is more
pronounced.

VI. DISCUSSION AND CONCLUSION

In this paper, we presented an implementation of the SART
with an optimized distance-driven operator and management
of the truncation of the CB projections.
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Fig. 4. Slices of the reconstructed images. Top: axial slices. Bottom: sagittal slices. Left: reconstruction without truncation. Middle: reconstruction with
truncation. Right: reconstruction with truncation and a multi-resolution grid. The lines indicate the limit of the CT FOV.

First, we showed that the innermost loop of the distance-
driven algorithm can be implemented very efficiently if it runs
along the rotation axis x in contrast to what other papers
have reported, e.g. [12]. Indeed, all the voxels having the
same coordinates y and z project with a constant width
along x on the detector. Using this property, we developed
an optimized mapping of two parallel segments with constant
spacings of their samples (Fig. 2, Listing 1). Thus, we obtain
a faster implementation than our optimized implementation of
a ray-driven projection with Joseph interpolation. Moreover,
in contrast to ray-driven projection [10], this implementation
does not require flipping the volume depending on the source
angle which is an advantage for SART. Note that faster
(back-)projections can be obtained with a better CPU and
multithreading as well as with additional tricks to optimize
the flow of data through the memory cache [10]. The latter
tricks will be added to our algorithm and results presented.

Second, we used a multi-resolution grid in the other di-
rections y and z to correct for the truncation of the CB
projections. We evaluated the algorithm on a half-truncated
Shepp-Logan phantom and observed similar convergence with
1.6 times less GUP and 4 times less voxels in the part added
to the CT FOV to correct for the truncation. Only the edge
noise is enhanced but we will implement the use of the
footprint of the voxels to correct for it, as proposed in [11].
Of course, the object was known in advance in this case and
the reconstruction grid tailored to fit the object but it is not
true in practice. If truncation can be expected in every side of
the object, the multi-resolution grid schematically represented
in Fig. 3 will reduce a lot more significantly the number of

GUP required.
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Abstract—For diagnosis of very small lesions of breast cancer 

on very early stage, a dedicated breast PET scanner consisting of 
four-layer depth of interaction (DOI) detectors is now under 
development. Due to the large number of lines of response (LORs) 
obtained by these high-resolution detectors, we use dynamic 
row-action maximum likelihood algorithm (DRAMA) for image 
reconstruction incorporating corrections for random coincidences, 
attenuation, detector sensitivity, and system response functions. 
However, image reconstruction using list-mode data requires 
gigantic computation. In this work, we investigated an accelerative 
method of forward and back projections using CUDA (compute 
unified device architecture). CUDA is provided by NVIDIA and 
enables us to graphics processing units (GPU) computing with 
C-like language. We evaluated image quality and reconstruction 
time of GPU-based list mode DRAMA using simulation data of a 
breast PET scanner. The reconstructed images computed by both 
CPU and GPU are practically identical, while our GPU approach 
runs 16 times faster than an equivalent CPU implementation. 

 
Index Terms—Positron emission tomography, iterative image 

reconstruction, list-mode, graphics processing units, dynamic 
row-action maximum likelihood algorithm. 

I. INTRODUCTION 
Our group is now developing a breast positron emission 

tomography (PET) consisting of four-layer depth of interaction 
(DOI) detectors for diagnosis of very small lesions of breast 
cancer on very early stage [1]. The sensitivity of four-layer DOI 
detector is high and we can take a massive amount of list-mode 
data. Due to the detector opening and the large number of lines 
of response (LORs) obtained with these high-resolution 
detectors, we use dynamic row-action maximum likelihood 
algorithm (DRAMA) for image reconstruction. We also 
implemented corrections for random coincidences, attenuation, 
detector sensitivity, and system response functions in the image 
reconstruction because these corrections are essential to 
accurate diagnosis. However, image reconstruction using 
list-mode data requires gigantic computation. In this work, we 
investigated an accelerative method of forward and back 
projections using CUDA (compute unified device architecture). 
CUDA [2] is provided by NVIDIA and we can realize graphics 
processing units (GPU) computing with C-like language. We 

evaluated image quality and reconstruction time for GPU-based 
list mode reconstruction using simulation data of a breast PET 
scanner. 

 

II. MATERIALS AND METHODS 

A. List-mode dynamic row-action maximum likelihood 
algorithm 
The iteration formula of list-mode DRAMA is written as 

follows [3]:  
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where i(t) indicates t-th coincidence event. We decompose the 
list-mode events into L subsets Sl (l = 0, …, L-1).  is the 3D 
reconstructed image after iteration k and subset l. ai(t)j is the 
probability of an event from voxel j (j = 0, …, J-1) to be 
detected along the i-th LOR and is called the system matrix. The 
matrix Cj is the normalization matrix and plj is called the 
blocking factor [3]. The definition which we choose allows a 
fast convergence, but its computation requires the whole 
list-mode data. λ(k,l) is the relaxation parameter which stabilizes 
the convergence. γ and β0 are the parameters to control λ(k,l).  

),( lk
jx

 We also incorporated some corrections in the image 
reconstruction as follows:  
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Ai(t) gives attenuation correction factors and μj is the 
distribution of attenuation coefficients. ri is a random 
coincidence rate, which is estimated from singles count rates , 

 and a coincidence timing window 2τ  [4].  
0is
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Moreover, ai(t)j is calculated with system response functions 
(SRFs) [5]. The system matrix calculation is one of the 
time-consuming operations in forward and back-projections. In 
our implementation, we calculate the system matrix on-the-fly. 
 

B. Parallel Processing of Forward and Back Projection 
To accelerate the list-mode DRAMA reconstruction with 

utilization of GPU parallelism, we implemented forward and 
back projections as described below.  
1) Forward Projection: Fig. 2(a) shows an illustration of 3D 
geometry for forward projection and Fig. 3 is the pseudo code 
of forward projection. Since each subset has enormous number 
of list-mode events, we calculate the forward projection for 
each event on each thread. Thread means basic execution unit, 
and many threads can be created on a GPU. They execute a 
same function in parallel, and the function is called kernel. 
 The direction of LOR is defined by the direction vector d (dx, 
dy, dz), where ||d|| = 1. First, we determine the main direction by 
comparing dx with dy. The bigger one’s direction becomes the 
main direction. The calculation range for each LOR is 
determined from the main direction and scanner’s geometry.  
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                              (a)                                                         (b) 
Fig. 2.  (a)An illustration of 3D geometry for projection. (b) The colored 

rectangle represents the calculation area for projection on a cross sectional slice 
(y-z plane) on condition that the main direction is x. 

 

 
Fig. 3.  The pseudo code of forward projection 

As shown in Fig. 2(b), we calculate Min_0, Min_1, Max_0 
and Max_1 which define the calculation area on each cross 
sectional slice. In the most inner loop, we calculate the system 
matrix and update the projection value. After the loop, we add a 
random coincidence estimate to the forward projection value. 
2) Back Projection: We implemented the voxel-based back 
projection, in which the system matrix is calculated for each 
voxel. We decompose the volume data into some division and 
each thread covers each division. As shown in Fig. 4, we divide 
one cross sectional slice into some division row by row. This 
decomposition prevents load unbalance among the threads. In 
order to avoid memory conflict, we first calculate the list-mode 
data which have the main direction of x and then calculate the 
list-mode data which have the main direction of y. To determine 
the main axis and the calculation range is the same process as in 
forward projection Fig.5 is the pseudo code of back projection. 
 
 

Thread_0
Thread_1
Thread_2
Thread_3
Thread_4
Thread_0
Thread_1

:
Min_0

Max_0

Min_1 Max_1  
Fig. 4.  Division of back projection calculations on one slice. Each thread covers 
each division. Voxels updated by one event are represented by colored 
rectangles. 
 

 
Fig. 5.  The pseudo code of back projection 

__global__  

void back_projection(...) { //For each voxel division 

for(events per subset){ 

  bpr[ptr] = 0.0f; //Initialize the back projection value 

 Determine the main direction and the calculation range 

 for(slice_start to slice_end){ 
  Calculate the value of Min_0, Min_1, Max_0 and Max1 
  for(Min_0 to Max_0){ 
   for(Min_1 to Max_1){ 

          psf = calc_psf(); 
     bpr[ptr] += 1/fpr[event] * psf; 

 }}} 

} 

__global__  

void forward_projection(...) {  //For each event 

fpr[event] = 0.0f;//Initialize the projection value 

att[event] = 0.0f;//Initialize the attenuation coefficient 

Determine the main direction and the calculation range  

for(slice_start to slice_end){ 

Calculate the value of Min_0, Min_1, Max_0 and Max_1 

for(Min_0 to Max_0){ 

 for(Min_1 to Max_1){ 

     psf = calc_psf(ptr); 

     att[event] += psf * mu[ptr];//mu[] is distribution of 

attenuation coefficients 

  fpr[event] += psf * img[ptr]; 

                    //img[] is reconstructed volume data 

}}} 

  sensitivity = calc_sensitivity(event); 

random = calc_random(event); 

fpr[event] = sensitivity * exp(-att[event]) * fpr[event] 

                                                + random; 

} 

 

C. Simulation Studies 
We performed simulation studies using GATE package [6] 

and compared the reconstructed image using list-mode 3D 
DRAMA on a GPU and a CPU. Fig. 6 shows the schematic of a 
breast PET scanner. The scanner consists of 28 detector 
modules arranged in a 2-ring configuration with a radius of 288 
mm and an axial extent of 104 mm. The transaxial field of view 
(FOV) is 200 mm.  

In order to achieve both high sensitivity and high spatial 
resolution, the four-layer DOI detector [7] is equipped to this 
scanner. The size of each crystal element is 1.44mm × 1.44mm 
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× 4.5mm. The crystal block consists of 4,096 crystal elements 
which arranged in four layers of 32 × 32 array (Fig. 7). 

 
 

200 mm 228 mm
105 mm

 
 

Fig. 6.  Geometry of breast PET scanner. 
 
 

52mm52mm

  

 
 

Fig. 7.  The detector module consisting of a four-layer DOI crystal block. 
 

D. Hardware and Programming Environment 
For the time measurements we used DELL Precision T7500 

workstation having two quad-core Intel Xenon CPU running at 
3.2 GHz, whereas we used single core only. The GPU was 
NVIDIA Tesla C1060 computing processor, which has 240 
streaming processor cores running at 1.296 GHz and 4 GB of 
memory.  

The CPU code was written in C++ and GPU components was 
written in CUDA, which is application programming interface 
(API) provided by NVIDIA. CUDA offers the new 
environment accessing to the processing power of graphics card 
even for programmers who do not have special knowledge of 
computer graphics. 
 

III. RESULTS 
Table I shows calculation time. In this case, the number of 

subsets is 128 and iteration is one. In this study, we use γ =1.0 
and β0 =100.0. The image size is 256 × 256 × 101 voxels  and 
total count of coincidences is 30 M. Total time does not include 
the calculation of the normalization matrix and the blocking 
factor. “Others” includes the calculation of parameters for 
reconstruction and the initialization of some arrays. Our 
approach on GPU-based list-mode reconstruction runs 16 times 
faster than an equivalent CPU implementation. 

TABLE  I 
CALCULATION TIME [SECOND] 

CPU GPU 
Forward Projection 3388.3  155.1 
Back Projection 4460.4  295.4 
Update image 3.2  0.3 
Others 33.3  28.1 

Total 7885.4  479.0 
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Fig. 8.  Reconstructed images using list-mode 3D DRAMA. (a) is on the CPU 
and (b) is on the GPU. (c) represents horizontal profiles through the center of 
both the images 
 

Fig. 8 shows reconstructed images and horizontal profiles 
through the center of both the images. The image size is 225 × 
225 × 55 voxels and total count of coincidences is 196 M. There 
is no significant difference between two images. 

IV. CONCLUSION 
In this study, we implemented list-mode 3D DRAMA 

reconstruction on a GPU, incorporating corrections for random 
coincidences, attenuation, detector sensitivities, and system 
response functions. We developed a parallel processing method 
of forward and back projection using CUDA and achieved 16 
times faster running than equivalent CPU implementation. 
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Abstract— This work is to investigate the optimal 

implementation strategy for accelerating 3D CT reconstruction 

with GPU in the cases of massive data involved and with not 

enough GPU memory available for hosting all the date necessarily 

allocated in GPU during reconstruction. For this case, the 

computation is divided into batches. Our experiment result is 

interesting but not surprising: the overall time cost is linearly 

related to the batch number of the processing. The speed of 

processing in each batch is independent of the elements processed 

by kernels within each batch. This leads to the conclusion that the 

optimal choice of implementation is to load as many projections as 

the GPU memory size allowed. FDK is used for our testing and we 

do our experiments on an NVIDIA GeForce 8800 Ultra graphic 

card with 768M memory. The reconstruction is further fastened by 

using texture memory and the final time cost in reconstruct a 5123 

volume by 720 projections of 7502 detector bin data is less than 10 

seconds. 

 
Index Terms— GPU, CT reconstruction, CUDA, FDK, 

Acceleration  

 

I. INTRODUCTION 

During past decades, GPU-based acceleration of CT 

reconstructions has been researched extensively. For example, 

Klaus Mueller and Roni Yagel took advantage of GPU hardware 

for texture mapping in the CT reconstruction arithmetic. They 

implemented algebraic reconstruction methods (ART)
[1]

 and 

later the simultaneous ART (SART)
[2]

 on an SGI Octane 

workstation. Significant acceleration is achieved in their work. 

The acceleration is even more significant with the development 

of GPU in these years, which makes real-time reconstruction of 

volumetric images possible. In 2007, Klaus Mueller and his 

colleagues accelerated FDK algorithm by AG-GPU on the 

Geforce8800GTX platform of NVIDIA and completed a 

reconstruction of 512×512×512 image within 9s
[3]

. In recent 

years, the idea of General Purpose GPU (GPGPU) has been 

proposed. It provides an environment to both accommodate the 

needs for high performance computing and eases users from 

difficulties of applying. With the continuous development of 
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graphics technology and the emergence of programmable 

GPGPU concept, high performance computing is made possible 

by a more convenient way for non-graphic users. Several works 

about accelerating CT reconstruction with Nvidia-CUDA has 

been published and known to the culture. Holger Scherl, 

together with his colleagues from Nuremberg University, 

reconstructed an image of 512×512×512 in 7.06s
[4]

. He used 

8800GTX Graphics card on the CUDA platform by NVIDIA. 

By applying the same hardware on the same platform, Hiroyuki 

Kudo from University of Tsukuba gains a same size image 

reconstruction with minimum of 8.8ms.
[5]

 In 2008, Wenyuan Bi 

et. al.
[6]

 used GPU-CUDA to implement helical CT 

reconstruction for real time luggage scan. 

In this work, we pay attention to two practical issues we face 

in reality. 

1. In a CT system, data collected from detectors need to be 

preprocessed before being input to the reconstruction algorithm. 

Data reformatting and minus log arithmetic with division of 

blank scan are two of the basic operations. For example, a 

Shad-o-Box™ 2048 from Rad-icon Imaging Corp gives a 12-bit 

digital video output. We kept the data flow as it is till they arrive 

at our data and image processing PC. The reformatting step is to 

convert the 12-bit data flow to 16-bit floating point numbers for 

further processing. The minus logarithmic step afterwards is 

straightforward that the data is divided by blank scan and a 

minus log operation is applied. Normally, we do not pay much 

attention to the time cost of these steps. However, with the data 

size getting large and the dramatic speedup of the 

time-consuming backprojection step, the amount of time cost in 

those steps running on CPU becomes not completely ignorable 

and comes into our sight. To gain reconstruction in real-time, 

minimizing the overall time cost in computation is our aim. 

Hence, we pay attention to a complete implementation of 

accelerating the whole practical procedure to obtain a 

reconstruction in minimum time.  

2. Another problem challenging GPU-based acceleration is 

the limitation of its on-board memory. For example, the 

commonly used NVIDIA GeForce 8800 has 768MB off-chip 

memory. For a 512
3
 volumetric image, we needs at least 512

3×

2×4 (bytes of each float point number) =1GB>768MB (much 

more than that in practice) to accommodate all sinogram data 

and reconstruction data inside GPU memory. Here, for 

convenience, we simply count the size of sinogram data as the 

same size of reconstruction. Also, to ensure precision, float 

point numbers are the data format in our count. In reality, we 

have seen requirements of even higher resolution images in 

some applications such as non-destructive testing. In such a 

huge-scale data situation, management of the data in/out of GPU 
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becomes a must-do. There are works in the literature mentioned 

the way to deal with the problem of non-enough GPU memory 
[3]

 

or the limitation in maximum size of individual stream 
[7]

 but 

without discussing the problem deeply. In this investigation, we 

are to study in detail the strategy for GPU acceleration algorithm 

design in massive data cases. 

The paper is organized as follows. In Section II, we overview 

the circular cone-beam FDK algorithm that is used as the test 

algorithm in our study. In Section III, we present a complete 

implementation strategy of our GPU acceleration scheme. Our 

experiments and testing results of the performance are given in 

Section IV. Finally, Section V is a discussion of this work.  

 

II. OVERVIEW OF FDK ALGORITHM FOR A CIRCULAR 

CONEBEAM RECONSTRUCTION 

Firstly, we define the geometry as illustrated by Fig.1. The 

rotation axes on virtual detector are denoted as u and v . The 

distance from X ray source to iso-center is R . Each cone-beam 

projection is indexed by angle  . We use 

( , )u vg ， denoting the projection data collected. Attenuation 

coefficient function of object is denoted as 

( , , )x y zf and ˆ( , , )x y zf as its estimation. Three steps are 

conducted in an FDK reconstruction: weighting projection data, 

convolution, and weighted backprojection. Their mathematical 

expressions are as follows: 

1. Weighting  

2 2 2
( , ) ( , )

R
u v u v

R u v
  

 
g g， ，  

where ( , )u vg ， is projection data collected with a circular 

cone-beam scan. 

2. Convolution 

( , ) ( , ) ( )u v u v h u   g g， ，  

with ( )h u  being a ramp filter. 

3. Weighted backprojection 
2

2
ˆ( , , ) ( , )

( sin cos )

R
x y z u v d

R x y
 

 


 f g ， . 

For a circular cone beam CT scan, FDK is a classical 

reconstruction algorithm. Though improved versions have been 

proposed in the literature, the processing steps involved in FDK 

are typical and acceleration based on this algorithm is suggestive 

to other algorithms. 

 

III. STRATEGY FOR GPU IMPLEMENTATION OF FDK 

As we mentioned in Section I, before starting reconstruction, 

data collected from detector needs to be preprocessed to be 

feeded into reconstruction algorithm: a) non-integral bytes (e.g. 

12bits) data are formatted to 2byte Short numbers. 2) Each 

datum is divided by blank scan followed by a minus-log 

operation. Since both steps are completely parallelizable, they 

are ready to be calculated in GPU. Hence, as shown in the flow 

chart of Fig. 2, we combine these two steps with the weighting 

step and form one overall kernel for GPU to execute. In this 

kernel, zero-padding is also done if needed, as well as 

reformatting data to complex numbers (This is because we 

directly call the FFT function provided by CUDA library which 

only support complex numbers). Then, the convolution is 

realized by filtering in the frequency domain. Here, both FFT 

and IFFT are applied using cufft which is provided by CUDA. 

The filtration is just a one-by-one multiplication and is a 

separate kernel itself. The data is removed of imaginary part and 

back to be real numbers after IFFT transform by C2R kernel in 

Fig.2. After data being filtered, they are back-projected by 

kernel WBP. 

 

 
Now, let us consider the on-board memory size we needed in 

the above implementation. Denote that M projections of Nd 

detector data are collected. A volumetric image of Nr
3
 voxels is 

to be reconstructed. If the filtration of data is to be completed in 

one batch within GPU, at least M×Nd×2 float numbers will 

stay in GPU memory as intermediate data to be used in FFT and 

IFFT process (If considering zeropadding, double of this size 

would be the case.). Hence, the total memory occupation is:  
(1) 3( 3 ) 4byte r dN N MN                                            (1) 

where each float point number is 4 bytes. Normally, 
3 ~r dN MN . We can see from (1) that complete filtration of 
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Fig. 1. Geometry of a circular cone beam CT system with a planar detector. (a) 

perspective view (b) within mid-plane of a circular orbit. 
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all data in one batch is very expensive. In case of GPU on-board 

memory 
(1)

GPU byteN N , it would be formidable. However, 

the size of intermediate date can be reduced by divide the FFT 

and IFFT job into multiple batches as indicated by the dash line 

in Fig. 2. By reducing the data size processed in each batch of 

FFT, the memory occupation can be reduced to: 
(2) 3( 2 ) 4byte r d dN N MN CN                                        (2) 

with C being the number of projections in each batch, i.e. the 

maximum memory needed for us to execute our FDK is 
(2)

byteN . 

More correctly,  
(2) overheadGPU byteN N                                                 (3) 

is required in this implementation.  

 
Unfortunately, in massive data applications, (3) may still not 

be satisfied. To deal with that, we have no other choice but to 

load less data into GPU memory, i.e., 
(3) 3( 2 ) 4byte r d dN N mN CN                               (4) 

where mNd controls the amount of projection data to be loaded 

into a batch. The biggest possible data set can be loaded into 

GPU is 
3overhead ( 2 ) 4GPU r dN N N    in each time, 

i.e., maxm projections of data is allowed to sit in GPU with  

3

max

overhead ( 2 ) 4

4

GPU r d

d

N N N
m

N

    
  
 

        (5) 

with    denoting math function floor. Notice that the C in (2) 

is chosen to be 1 in (4) to maximize maxm . With the limited size 

of GPU on-board memory, totally  

max/ ,n M m m m                                                            (6) 

iterations are needed as shown by the blue line in Fig. 2. Here, 

   denotes math function ceil. 

In the context above, we suppose that the size of GPU 

memory is enough for holding the reconstruction volume. In 

some CT systems which are to imaging objects of extremely 

massive volume size, we will face the problem: 
3 overheadGPU rN N   

However, the solution to such cases is rather straightforward. 

The most efficient way is to divide the volume into sub-volumes, 

as shown in Fig. 3, whose size is small enough so that it can be 

held in GPU memories completely. For each sub-volume, the 

strategy in (4) is directly applicable except the volume size 

becomes 
2

r subN N  instead of 
3

rN : 

(4) 2( 2 ) 4byte r sub d dN N N mN CN    . 

Here, we would like to emphasis that the partition of volume 

shall be done along the rotation axis, i.e., no inner-plane 

division. 

About the optimization of stream occupancy for running each 

kernel, results in [4] are very suggestive and we will not repeat 

them. 

IV. EXPERIMENTS 

In our experiment, we run out experiments on a HP xw8600 

workstation with 2.83GHz CPU and 4GB memory. A NVIDIA 

GeForce 8800 Ultra graphic card is used. Projection data are 

simulated by our software. Each projection is composed of 750

×750 detector bins, and 720 projections are take in all. A 3D 

volume with 512
3 

grids is reconstructed using a standard FDK 

algorithm as we described in Section II.  

To analyze the performance, we tested the speed by setting 

m  in (6) to be different values and measured the time cost for 

comparison. Fig. 4 is our results. As we can see, when we do not 

have enough GPU memory to complete whole reconstruction in 

one time and divide the data processing into multiple batches, 
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Fig. 2. The flow chart of FDK implementation on GPU. The dashed line means 

compute the convolution of projection data by multiple batches. The blue line 

denotes the needs for multiple memory copy and processing in case of massive 

projection data to be processed and non-enough GPU on-board memory. Here, 

host is CPU and device is GPU. 

subN

 
Fig. 3.  Dividing a volume to several segments so that each segment is of size 

small enough to be held in GPU memories completely. 
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the overall time cost for the whole volume reconstruction is less 

if we load more projections (bigger m ) each time. That tells us 

that the best strategy in the acceleration of reconstruction with 

the limitation on GPU on-board memory is that we shall process 

as many projection data as possible in one batch. This is also the 

reason that we chose 1C  for the FFT step to get maxm  in (5). 

By plotting the curve of time cost versus the number of batches 

n in (6), we got the almost linear relationship as shown in Fig. 

4(b). That means, the time cost in complete the computation in 

all these kernels in Fig. 2 are almost constant independent of the 

number of elements they execute the functions on. Through our 

experiment, we also estimated that the overhead of GPU 

memory is about 10% of all the GPU onboard memory. 

One thing we would like to mention is that, beside the 

strategies we discussed in last section, using texture memory is a 

way to further accelerate the computation. CUDA allows the 

maximum size of a 2D texture to be 64K×32K assuming 

sufficient device memory is available. Hence, as long as our 

4 64 32dmN K K  , we can use 2D texture memory in our 

process instead of global memory. The result in Fig. 4 is 

obtained with texture memory used. We also tested the time cost 

for using global memory for the case of our biggest 40m  . 

The reconstruction takes 142.4s, which is 14.4 times slower than 

using texture memory.  

 

V. DISCUSSION AND CONCLUSION 

In this work, we study the optimum strategy for implementing 

GPU acceleration of 3D CT reconstruction. We focus on the 

problem with massive projection data to be processed and 

non-enough GPU on-board memory is available to hold all 

projection data, reconstruction and intermediate data for FFT. 

We use the scheme to reconstruct the whole size object with 

batches of projection data. By experiments on a NVIDIA 

GeForce 8800 Ultra graphic card, we found that the overall 

reconstruction is fastest if we maximize the memory usage for 

each batch under the condition of allowable GPU memory minus 

the overhead which is about 10% in our testing. The minimum 

time cost to reconstruction a 512
3
 volume is 9.89s. 
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Fig. 4.  The change of time cost according to the choice of m. Fewer projection 

data per time (smaller m), i. e., more outer loops (bigger n) in Fig. 2 results in 

longer time to reconstruct the volumetric image. (a) is the overall reconstruction 

time versus the number of projections processed in each batch. (b) is the overall 

reconstruction time versus the number of batches to cover all projection data 

processing. 
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Abstract— This work is to investigate the performance of stream 

computing of weighted back-projection using an ATI Radeon HD 

4870 graphics card. CUDA and ATI stream computing are two 

main platforms in the field of high performance computing with 

general purpose GPU. Compared with CUDA, ATI stream 

computing has not been studied much in the field of CT image 

reconstruction. Here, we use weighted back-projection as an 

indicator to investigate the performance of ATI Radeon HD 4870 

in acceleration. In our experiment, a 512×512×512 3D image is 

reconstructed from 360 projections of 512×512 detector data. The 

reconstruction with GPU is completed in 19 seconds which is a bit 

slower but comparable to the speed obtained from other same level 

GPU cards. Our results demonstrated the great capability of ATI 

graphics card in accelerating CT reconstruction as we expected. 

The implementation method is introduced in detail in this paper 

and we believe it would be suggestive to users. 

 
Index Terms— GPU, back-projection, stream computing, ATI 

graphics card, acceleration  

 

I. INTRODUCTION 

During past decades, volumetric CTs have become the trend 

in medical and industrial applications. With the great 

achievements in FPD, as well as CT theories and reconstruction 

methods, high quality 3D CT images are very much expectable 

to us. Massive computational requirements in the processing 

become a major obstacle for its practical usage. More 

specifically, long time cost in 3D CT reconstruction is not 

satisfying in practical applications which ask for on-the-fly 

images. Different techniques have been explored in accelerating 

CT reconstructions, including: cell processor based 

back-projection
[1]

, implementation of backprojection on 

FPGA
[2]

, and GPU based algorithms
[3, 4, 5, 6, 7]

. Among them, 

GPU based acceleration of CT reconstruction has been 

researched most in these days from our readings. For example, 
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Klaus Mueller and Roni Yagel took advantage of GPU hardware 

for texture mapping in the CT reconstruction arithmetic. They 

implemented algebraic reconstruction methods (ART)
[3]

 and 

later the simultaneous ART (SART)[4] on an SGI Octane 

workstation. Significant acceleration is achieved in their work. 

With similar strategy, Zhishen Dai et. al.
[5]

 worked on 

cone-beam TFDK reconstruction and gained a speedup of 27 in 

2006. The acceleration is even more dramatic with the 

development of GPU in these years, which makes real-time 

reconstruction of volumetric images possible. In 2007, Klaus 

Mueller and his colleagues accelerated FDK algorithm by 

AG-GPU on the Geforce 8800GTX platform of NVIDIA 

completing a reconstruction of 512
3
 3D image within 9s

[6]
. 

However, all of these works above are realized in the OpenGl or 

DirectX framework. Knowledge and skills on computer 

graphics are very much required to design algorithms using the 

CG/GLSL language. Learning curve is relatively high. In recent 

years, the idea of General Purpose GPU (GPGPU) has been 

proposed. It provides an environment to both accommodate the 

needs for high performance computing and exempt users from 

difficulties of applying. With the continuous development of 

graphics technology and the emergence of programmable 

GPGPU concept, high performance computing is made possible 

by a new way. The Common Unified Device Architecture 

(CUDA) from NVidia company and Stream from AMD 

company have been developed as the two development 

platforms for this GPGPU purpose. With this scheme, 

reconstruction algorithms based on GPU is free from DirectX or 

OpenGL frameworks. Instead, standard C language can be now 

used to program for graphic card. Some work about accelerating 

CT reconstruction with NVidia-CUDA has been published and 

known to the culture. Holger Scherl, together with his colleagues 

from Nuremberg University, reconstructed a 3D volume of 512
3
 

with 7.06s
[7]

. He used 8800GTX Graphics card on the CUDA 

platform by NVidia. By applying the same hardware on the same 

platform, Hiroyuki Kudo and his colleagues from University of 

Tsukuba gains a same size image reconstruction with minimum 

of 8.8s.
[8]

  

From our knowledge, not many results and instructions have 

been published about ATI Stream Computing (ATI-SC) on CT 

reconstruction for people to refer to. ATI-SC has its own 

characteristic and advantages as another GPU type. It would be 

suggestive to research on the performance of ATI-SC in 3D CT 

image reconstruction. Hence, in this work, we studied the 

technique of using ATI-SC to accelerate a typical 3D CT 

reconstruction.  
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The aim of this investigation is to implement 3D cone beam 

back-projection by stream computing using ATI Radeon HD 

4870 graphics card and test its performance. The organization of 

this paper is as follows. In section II, we introduce the basics of 

stream computing and characteristics of ATI Radeon HD 4870 

graphics card, and in Section III, we overview the 3D weighted 

back-projection algorithm. In section IV, we present the 

implementation details of weighted back-projection. Our testing 

results of the performance are given in Section V. Finally, 

Section VI is a discussion of this work.  

II. STREAM COMPUTING AND CHARACTER OF ATI GRAPHICS 

CARD 

In the ATI-SC model, the graphics card (also known as the 

stream processor) comprises group of SIMD (single-instruction 

multiple-data) engines. A SIMD engines was composed 

numerous thread processors. Each thread processor contains 

numerous stream cores which were responsible for performing 

integer, single, precision floating point, double precision 

floating point, and transcendental operations as the fundamental, 

programmable computational units [9], as shown in Fig.2. For 

example, an ATI Radeon 4870 gpu stream processor has 10 

SIMD engines. A SIMD engine has 16 thread processors, each 

with five stream cores. Program run on the stream processor was 

called kernel. Thread processors were responsible for executing 

kernels. 

  
ATI has released a set of development toolkits including a 

high-level brook+ based on C/C++ and a low-level CAL 

(Compute Abstraction Layer). Brook+ is an extension of 

standard C++ that makes development easy. The program 

written by brook+ was compiled to CPU and GPU components 

by the C++ compiler and the kernel compiler. The kernel 

compiler produces the Intermediate Language (IL) code for the 

GPU. 

Under the Brook + environment, a collection of data that was 

grouped as a stream could be operated on in parallel. A mapping 

of threads to locations in the output stream was called a domain 

of execution. Threads run on the same SIMD engine were called 

a wavefront. Wavefront is hardware architecture-related.  

III. OVERVIEW OF WEIGHTED BACKPROJECTION 

It is well acknowledged that projection and backprojection 

are two most time consuming steps in CT reconstruction. 

Research on the acceleration of projection and backprojection 

step would be very suggestive to the speed on reconstruction 

methods. Here, we use a circular 3D CT scan as an example. 

Moreover, we consider the back-projection step with a 

weighting since weighted back-projection is even a more general 

case of back-projection. Because FDK is a classical 

reconstruction algorithm for a circular scan with a weighted 

back-projection, we focus our calculation following the 

FDK-type algorithm. 

 

 
We define a free-geometry geometry

[10] 
of a circular cone 

beam CT as illustrated by Fig. 3. The axes on virtual detector are 

denoted as u and v . The distance from X ray source to 

iso-center is R, and to the detector plan is D. Each cone-beam 

 

 

                                                   (a) 



Virtual Detector

D


X

Y

R

Actual
Detector



u

Source

 

                                                   (b) 

Fig. 3. Geometry of CT system with a planar detector. (a) perspective view (b) 

within mid-plane of circular orbit. 

 
 

Fig. 2. AMD/ATI stream processor structure [9]. 

TABLE I 

ATI RADEON HD 4870 SPECIFICATIONS 

  

stream processing units 800 

thread processor  160 

SIMD engine 10 
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projection is indexed by angle 


. Mainly, there are three steps 

in an FDK reconstruction: weight projection data, filtration, and 

weighted back-projection. With the geometry defined as in Fig. 

3, the last step of weighted back-projection is expressed by
[10]

: 
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where  ,P u v
 are filtered projection data which we treated as 

known in this work.  

 

IV. GPU IMPLEMENTATION 

We mainly implement the weighted back-projection 

algorithm using brook+. Due to the constraint of index capacity 

in z-direction and the limit graphics memory, we had to divide 

the image space to be reconstructed into slices paralleling to x-y 

plane and compute them slice-by-slice.  

We transfer the projection data to the card as an input stream, 

and reconstruction data was mapped as the output stream. The 

domain of execution was the same size of the reconstruction 

slice. That means each thread processor responses for one pixel 

in the reconstruction slice as shown in Fig.4. 

 
In Fig. 5, we show the main part of our code for the kernel so 

that readers can see shows how the kernel works. By calling a 

2D index function, we can easily get the index of the voxel in the 

stream to column and row indices. Bilinear interpolation is 

applied to gain enough accuracy of the calculation by mapping 

the projection data to the texture memory. When finished, the 

data of current slice is transferred back to host using function 

streamWrite(). 

All slices are reconstructed in turn with parameter k 

increasing in a loop.  

 

V. EXPERIMENTS 

In our experiment, we test the weighted back-projection on an 

ATI Radeon HD 4870 graphics card. It has 1 GB of GDDR5 

memory onboard. Overall, 360 projections of 512 × 512 

detector data are obtain from our numerical simulation software. 

A volume consisting of 512 × 512 × 512 voxels are 

reconstructed.  

Overall, it took 19s to gain the result of weighted 

back-projected image in our test. We timed the cost for data 

transmission between CPU and GPU and the computation of the 

back-projection separately to clearly analyze the performance. 

From our test, the streamRead() consumes 38.2ms and the 

execution time of every slice is shown in Fig. 6.  

Except for the first slice (94.4ms), it takes about 35ms evenly 

to complete the processing for each other slice. That means, the 

execution is rather stable after all the source located ready in the 

computation of the first slice.  
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Fig. 4. A block diagram of the scheduler which maps voxel(i,j) onto physical 

thread processor k. 

kernel void WBP(float proj[],out float recon<>,int z,…) 

{ 

 float2 index=indexof(recon).xy; //get recon image index 

 float d_sin=0.0f,d_cos=0.f; 

 float X,Y,fU,fWeightP,deltaP, u,v, index_u,index_v, temp; 

 float Z=(z-NImageZ*0.5)*fsampleZ; 

 for(i=0;i<NAngel;i++) {  

d_sin=sin(i*2.f);d_cos=cos(i*2.f); 

  X=(index.x-NImageX*0.5)*fsampleX; 

  Y=(index.y-NImageY*0.5)*fsampleY; 

  fU=R+X*d_cos+Y*d_sin; 

  fWeightP=(R*R)/(fU*fU); 

  u=(D/fU)*(-X*d_sin+Y*d_cos); 

  v=(D/fU)*Z; 

  index_u=u+NDectorCol*0.5f; 

  index_v=v+NDectorRow*0.5f; 

 deltaP=proj[i*NDectorCol*NDectorRow+index_v*NDectorCol+i

ndex_u]; 

  temp+=fWeightP*deltaP; } 

  recon=temp;} 

void ThreeD_WBP(){ 

 streamRead(streamIn,projData); 

 for(int k=0;k<NZ;k++){ 

  WBP(streamIn,streamOut,k,..); 

  streamWrite(streamOut,reconData); 

 }} 

Fig. 5. Example code of the kernel for weighted backprojeciton. 

 

 
 

Fig. 6. Time of weighted backprojection for each slice. The reconstruction of each 

slice is about the same except that the first slice takes a little longer time. 
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VI. DISCUSSION AND CONCLUSION 

In this work, we presented our preliminary results of weighted 

back-projection implementation by GPGPU based on stream 

computing with an ATI Radeon HD 4870 graphics card. A 

general weighted back-projection step of FDK algorithm for a 

free-geometry circular cone beam CT is used as our test 

algorithm. In our results, ATI stream computing demonstrated 

good performance in accelerating the most time-consuming step 

in CT reconstruction. The speed is a little slower than the result 

published for other similar-specification GPU card, but still 

comparable. Since we have not optimized the process for the 

computation on this ATI stream computing environment, we 

expect the performance can be improved with further study and 

more careful design of the implementation. Our result indicates 

that, beside CUDA with NVidia graphics card, ATI stream 

computing is also a good choice for us to accelerate 3D CT 

reconstructions. The capability of the ATI stream computing in 

accelerating CT reconstructions is well demonstrated through 

this study. 

We also noticed, as a high-level language similar to C, 

Brook+ makes the programming convenient for general users. 

However, because of the shielding to low-layer interface, there’s 

less space for optimization of program structure and resources 

allocation than Compute Abstraction Layer (CAL ) which is a 

lower layer of ATI stream programming. The efficiency and 

acceleration can be improved further if we do the optimization in 

this lower layer though it is more complex and needs more 

efforts. 
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ML-EM Implementation on a GPU: Avoiding
Simultaneous Read-Modify-Write Processes.

Thomas Felder, Moritz Blume, Josep F. Oliver and Magdalena Rafecas

Abstract—Iterative image reconstruction algorithms for
positron emission tomography (PET) became more and more
common in the last decade. The reconstruction time of these
computational intensive approaches can be reduced using graph-
ics processing units (GPU).
We implemented the ML-EM algorithm to reconstruct mea-
surement data of a Biograph Senstation 16 PET/CT scanner
(Siemens). To build the system matrix the Siddon’s algorithm
was used. The implementation of the backprojection operation
on the GPU showed a possible data loss due to a simultaneous
read-modify-write process of parallel threads. In this work we
analyze the problem and show that this data loss can lead to worse
image quality when the probability of the simultaneous memory
access increases. We have developed several strategies on the
GPU; a straight forward implementation, one that reduces the
probability and one that avoids simultaneous access completely
applying atomic functions. Our fastest GPU implementation is
33 faster than the CPU reconstruction.

Index Terms—Positron Emission Tomography, Image Recon-
struction, ML-EM, GPU.

I. INTRODUCTION AND MOTIVATION

Computation time can be a bottleneck for image recon-
struction in positron emission tomography (PET). On the one
hand a long computation time can lead to a greater degree of
detail for images which can improve diagnosis capacities, on
the other hand it has to be assured that a physician receives
the image in an acceptable period of time. So, one issue in
scientific and industrial investigation is how to handle this
enormous calculation demand in an acceptable period of time.
A solution which provides high computational output for a
reasonable price came up in recent years: using graphics
processing units (GPU) for medical image reconstruction.
The computation on a graphic card follows the single instruc-
tion multiple data (SIMD) approach, i.e. one instruction is
applied to a huge amount of data, calculated in parallel. Several
works have already presented efficient implementations on
graphic cards for PET image reconstruction [1]–[4]. Two of
these groups mentioned the simultaneous read-modify-write
process during backprojection. When two threads access the
same memory element, modify it an write a new value to
this element, the first written value will be overwritten by
the second. Due to this problem Barker et al. [2] did not
implement the backprojection on the GPU as results were not
predictable, Schellmann et al. [1] implemented the backprojec-
tion but stated a minor error due to this simultaneous memory

The authors belong to Instituto de Fı́sica Corpuscular (IFIC), Edificio
Institutos de Investigación, Polı́gono de la Coma, 46980 Paterna - España.
Corresponding author: Thomas Felder, E-mail: thofel@ific.uv.es or mag-
dalena.rafecas@ific.uv.es.

access.
In this work, we analyze this problem, present factors that
influence the results and develop three different approaches
on the GPU. Finally, we evaluate the GPU versions and
compare it in image quality and computation time to the CPU
reconstruction.

II. MATERIALS

We used a Dell Precision 7400 with two Intel Xeon E5430
running at 2.66 Ghz and 16GB of RAM. The Asus Eng-
GTX280(OC) was used as GPU, which is equipped with a
NVIDIA chip set. The processor contains 240 cores that run
at 1.46 GHz. The graphic card has 1 GB of RAM. Scientific
Linux 4.4 is installed as operating system. For the compilation
of the C++ code we used the G++ compiler (3.46) and for the
GPU code NVIDIA’s programming language CUDA (2.0).
For simplicity, the CPU implementation was not parallelized,
i.e. the computation is only executed on one processor core.

A. PET/CT scanner Siemens Biograph Sensation 16

For the evaluation of the approaches we used data of a
rod phantom, measured with a clinical Biograph Sensation 16
PET/CT scanner. The scanner has 9216 LSO crystals, a radial
Field of View (FOV) of 58.5 cm and an axial FOV of 16.2
cm. The measured data are sampled using sinograms and a
Michelogram. The Michelogram permits that in one sinogram
bin are sampled up to four lines of response (LOR), however,
for simplicity, we assume in the following that one bin samples
the events detected by one LOR.

III. IMAGE RECONSTRUCTION

A. ML-EM

The maximum likelihood-expectation maximization (ML-
EM) algorithm [5] is defined as:

x
(k+1)
j =

x(k)

B−1∑
i=0

aij

B−1∑
i=0

aijyi

V−1∑
j′=0

aij′x
(k)
j′

(1)

where x
(k+1)
j is the next image estimate for the jth voxel

based on the current estimate xk
j . yi are the measured event

counts for sinogram bin i, B is the total number of sinogram
bins, V the total number of voxels and aij is an element
of the system matrix (SM). aij is the probability that an
annihilation event is generated in pixel xi and detected along
a LOR that is sampled to the sinogram bin i. The term
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∑B−1
i=0 aij corresponds to the sensibility image.

B. System Matrix

The Siddon approach [6] is a line-driven ray tracing
algorithm. Its basic idea is that the contribution of a voxel
j to the detection of events in LOR i is proportional to the
length of intersection (LOI) of the LOR through the voxels.
The reconstruction was implemented as an on-the-fly
approach. For the implementation we used single floating
point precision for the CPU and the GPU.

IV. IMPLEMENTATION ON GPU

For the implementation on the GPU we used NVIDIA’s
CUDA, which is an extension of the C programming language,
designed to facilitate the general-purpose computation on
GPUs (GPGPU).
The implementation of the Siddon’s algorithm on the GPU is
challenging; the calculation of the LOIs of one LOR cannot
be parallelized, this yields in high register memory usage per
thread which in turn yields to less threads in parallel, due to the
limited register memory size. Furthermore, the implementation
of the algorithm is full of program controlling statements
(if, while), which are more penalized on the GPU than
on the CPU.
The communication between the CPU and the GPU is slow,
therefore we implemented almost the whole reconstruction
process on the GPU and reduced the data transfer to a
minimum. The sensibility image depends only on the SM,
so we pre-calculate it once, store it on hard disk and copy it
to the GPU. Apart, only the measurement data ~y have to be
passed from the CPU to the GPU.
This straight forward parallelized implementation, which we
call resolution dependent implementation (RDI), shows a pos-
sible loss of data in the calculation of the backprojection due
to a simultaneous memory access. When two threads access
the same memory element for a read/modify/write process, the
second thread will overwrite the result of the first thread. The
data loss is visualized in Figure 1; (a) and (b) shows the results
of the forward and backprojection, respectively. (c) and (d)
are differential images showing the result of the substraction
of the images (a) and (b) with the corresponding result of
the GPU computation. The differential image of the forward
projection (c) does almost show no difference, however, for the
backprojection (d) discrepancies can be seen over the whole
image space.

1) Problem Statement: Mathematically, the backprojection
is the multiplication of the transpose of the SM with a
vector. Each thread calculates the LOIs of one LOR, which
corresponds to one column of the SM. Hence, to get the end
result of one element of the resulting vector all columns have
to be calculated and several threads can treat the same result
vector element adding their fraction to it.
The problem can also be understood geometrically; two LORs
that are calculated in parallel cross the same voxel (Fig. 2). The
voxel intersected by both lines is computed at the same time;

(a) (b)

(c) (d) -no
difference

high 
-difference

low
-distribution

-high
distribution

Fig. 1. (a) and (b) are the results of the forward and backprojection computed
on the CPU, visualized as images after one iteration. (c) and (d) present
the difference between the CPU and GPU computation. (c) almost shows no
difference, whereas (d) has discrepancies over the whole image. Measurement
data of a rod phantom was used for reconstruction, the image resolution is
32x32x32.

LOR1

LOR2

Voxel crossed by LOR1
Voxel crossed by LOR2
Voxel crossed by LOR 1 and 2

Fig. 2. Simultaneous memory access occurs when two LOIs of one voxel
are calculated at the same time.

one LOI will not be summed to the value of the voxel, because
both computation instructions accessed the current value at the
same time.

2) Approaches to reduce or avoid simultaneous memory
access: Principally the aim is to reduce the probability that
two or more LOIs in the same voxel are calculated at the
same time. We have developed two versions for the GPU,
that only differ from the RDI in the computation of the
backprojection. The resolution independent implementation
(RII) reduces the probability of the occurrence of the error
and the atomic function implementation (AFI) eliminates the
simultaneous read-modify-write access.
There are several options to reduce the simultaneous memory
access, but not all make sense to be implemented. We could
reduce the number of threads in parallel, however, this would
degrade the time performace. As opposite, increasing the
number of voxels would decrease the error; the more voxels
the image has, the fewer LORs intersect each voxel and
the lower the probability of simultaneous computation is.
However, the number of voxels cannot be chosen arbitrarily.
Our computation pattern is linear, i.e. we go through
all sinograms linearly, each LOR whose corresponding
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bin saved at least one event is calculated. This approach
coalesces memory accesses, but increases the probability of
intersection. Bins that are close together in the sinogram,
their corresponding LORs are geometrically close. Hence, an
aleatory computation pattern reduces the error.
The probability could be further reduced by using several
vectors for intermediate results, so that each element is
modified by less threads. At the end of the backprojection
all vectors are summed to one. As our implementation uses
only about 1/3 of the whole GPU memory (value depends
on the resolution1 of the image) we add 64 arrays for
intermediate results. The changed computation pattern and
the additional arrays are applied in the resolution independent
implementation.
One last option is offered by the functionality of CUDA.
Atomic functions are arithmetic instructions that protect
the element which they modify against foreign access. The
implementation of these functions can be tricky; the GPU
we used supports atomic functions only for integer values,
so the float values have to be converted for calculation.
Furthermore, there is the risk of a dead lock, i.e. one thread
processes a protected read-modify-write action, another one
is queued and the first thread needs the result of the queued
thread. Taking these challenges into account, we applied this
functionality in the atomic function implementation.

V. RESULTS

For evaluation we have studied two different resolutions
maintaining the same FOV size. A resolution of 32x32x32
voxels (18.2mm x 18.2mm x 5mm) is too low to see details
of the object, however, it shows a case where the probability
of a simultaneous memory access is high. Previous works have
shown that a resolution of 192x192x54 (3mm x 3mm x 3mm)
represents an adequate voxel number for our PET system for
clinical data.

A. Time Performance
Table I shows the computation time for the reconstruction of

the rod phantom after 30 iterations. All GPU implementations
are faster than the CPU implementation. The fastest version is
the RDI which achieves an acceleration factor from 47 and 33
versus CPU for the lower and higher resolution, respectively.
The gain factor for the RII shows less differences for both
resolutions with a factor of 9.9 and 8.4. Large discrepancies
show the AFI, for the low number of voxels a factor of 1.7
is only achieved but a factor of 14 for the higher number of
voxels.

B. Image Quality
The images in Figure 3 show the reconstructed rod phantom

after 30 iterations for an image grid of 32x32x32. The reso-
lution dependent implementation on the GPU (b) shows great
discrepancies compared to the other three implementations (a)
,(c), (d) which are visually equal and show only insignificant
differences in the line profile (bottom Fig. 3).

1In this work we refer to resolution as the number of voxels for a fixed
FOV.

TABLE I
COMPUTATION TIME FOR RECONSTRUCTION OF A ROD PHANTOM FOR 30

ITERATIONS SHOWN FOR THE DIFFERENT IMPLEMENTATIONS FOR TWO
DIFFERENT IMAGE RESOLUTIONS (MAINTAINING SAME FOV) AND THE

GAIN FACTOR VERSUS THE CPU COMPUTATION.

Resolution Implementation Rec. time (sec) Gain factor

32× 32× 32

CPU 2543 1
GPU RDI 54 47.1
GPU RII 258 9.9
GPU AFI 1475 1.7

192× 192× 54

CPU 11787 1
GPU RDI 355 33.2
GPU RII 1395 8.4
GPU AFI 834 14.1
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Fig. 3. (a) was reconstructed with the CPU, (b) with the GPU RDI, (c) with
the GPU RII and (d) with the GPU AFI. For all images 30 iterations were
run with a image resolution of 32x32x32. The graph at the bottom shows the
line profile of all 4 implementations, the location of the line can be seen in
(a).

For the higher resolution of 192x192x54 (Fig. 4) slight
differences are visible in the line profile between the images
(a)-(d). The RII and AFI have equal results, the RDI differ
from these results slightly. All GPU implementations show
small discrepancies compared to the CPU image, however, all
these differences are so small that they are not detectable by
visual inspection.

VI. DISCUSSION

A. Time Performance

The best acceleration factor was achieved by the RDI for
the reconstruction with low resolution, however, the image
quality is not acceptable for clinical studies. Applying the
same implementation to the high resolution case gives an
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Fig. 4. (a) was reconstructed with the CPU, (b) with the GPU RDI, (c) with
the GPU RII and (d) with the GPU AFI. For all images 30 iterations were
run with a image resolution of 192x192x192. The graph at the bottom shows
the line profile of all 4 implementations, the location of the line can be seen
in (a).

image quality almost equal to the CPU, and a gain factor of
33.
The RII on the GPU is far slower than the RDI. The difference
in computation time is caused by the modified computation
pattern; the aleatory selection of bins yields to an arbitrary
memory access, which cannot be coalesced anymore.
The AFI runs 14 times faster for the high resolution but only
1.7 times faster for the small resolution. The reason is the
number of simultaneous memory accesses; there are almost
none for the high resolution, so almost no threads are queued.
For the low resolution, the protection of the memory elements
decelerates enormously the computation. In any case, the use
of atomic functions has a negative influence to the computation
time, so that it is worth to test different approaches, as it
can be seen in the RII which runs 5.7 times faster when the
probability of intersection is high.
One should take into account, that for a realistic performance
comparison between CPU and GPU also the CPU algorithm
should be parallelized.

B. Image quality

The image quality of the low resolution RDI
reconstruction (Fig. 3(b)) is not acceptable. The equal results
of the RII and the AFI images (Fig. 3(e), 4(e)) demonstrate
that our measures reduced the parallel read/modify/write
process to a minimum. Figure 4(b) shows that when the
probability of intersection decreases, e.g. due to a high

resolution, no measure at all is necessary to achieve a
satisfying image quality.
We also tested the implementations with a resolution of
128x128x47 voxels. The results are in-between the presented
results, the RDI still shows a worse quality than the other
implementations, however the error is not as strong as for the
small resolution.
One should also take into account, that the change to a better
GPU can influence the image quality, as more threads can be
launched in parallel.
It is not absolutely clear, why we have slight differences
between the GPU and the CPU images. The reason could
be that the floating point arithmetic on the GPU does not
comply completely the IEEE standard and/or that the internal
accuracy of the CPU is higher than the one of the GPU.
These points could lead to rounding errors, that increase due
to the iterative nature of the algorithm. However, visually no
differences are visible.

VII. CONCLUSION

In this work we have presented an effective implementation
of ML-EM on a GPU. A gain factor for the GPU of up
to 33 was achieved versus a CPU reconstruction. We have
analyzed the problem of the simultaneous memory access
during the backprojection computation and showed the de-
pendency on the image resolution. We have also shown that
atomic functions are not necessarily the best way to avoid
the problem, as they can highly degrade the time performance
of the computation. When the probability of parallel memory
access is high, the resolution independent implementation runs
5.7 times faster than the atomic function implementation.
Nevertheless, even if the risk of simultaneous memory access
exists, an error has not to be visible in the results, as it has
been shown with the resolution dependent implementation.
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Abstract— Multi-pinhole SPECT devices for the high resolution 

quantitative imaging of molecule distributions in experimental 
small animals are rapidly gaining in popularity. Using systems 
with many pinholes that focus on a tumor or a specific organ, 
SPECT images with sub-half-mm resolution can be readily 
obtained. The same systems can be used to scan large volumes 
using scanning focus methods (SFM). With SFM the animal is 
translated during scanning so that each part is sampled by focus 
area. As a large number of projections are involved in SFM, 
iterative image reconstruction can be very computational 
intensive.  In this paper, we address how to solve the challenges 
involved in implementing SFM reconstruction. We also present 
the finding of our studies into how to accelerate SFM 
reconstruction using multi-core CPUs, in which the forward 
projection and backward projection were computed in parallel 
using multiple threads. Preliminary results demonstrate that 
typical speedup factors of 6.14 for OSEM (16 subsets, 2 iterations) 
and 12.24 for MLEM (32 iterations) can be obtained for SFM data 
on a mainstream workstation using 4 quad-core CPUs. These 
factors include the time required to read the pre-calculated system 
matrix. A typical OSEM reconstruction of a total body mouse 
bone scan (0.375 mm voxel size), using a mainstream workstation 
with 4 quad-core CPUs, that is 16 cores in total, takes about 11 
minutes and can be further reduced by using more CPUs. 
 

Index Terms—small animal imaging, pinhole SPECT, iterative 
reconstruction, multi-core CPU, high performance computing 

I. INTRODUCTION 

We recently developed high focus multi-pinhole Single Photon 
Emission Computed Tomography devices (U-SPECT) for small 
animal in vivo imaging with sub-half-mm resolution (Beekman et al 
2005, Beekman et al 2007, Vastenhouw et al 2007, van der Have et al 
2009). These systems are based on a stationary triangular detector 
setup (see Figure 1). The large NaI detectors allow for large 
magnification of the pinhole projection images. Differently sized 
cylindrical collimators with 75 individually interchangeable pinhole 
apertures enable optimized mouse and rat imaging. With the exception 
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of purely stationary imaging, projection data can be obtained using a 
scanning focus method (SFM, for further details, see Vastenhouw et al, 
2007). With SFM, an XYZ stage translates the animal in the axial and 
trans-axial directions within the collimator tube. In this way, it is 
feasible to collect photons from each part of the entire animal or 
perform highly focusing imaging on a specific organ or tumor using the 
same collimator. A graphical user interface incorporating pre-selection 
of the field-of-view using optical images of the animal and an overlay 
of animal organs, allows the pinholes to be focused to any volume of 
interest. This minimizes the scanning time and, at the same time, 
maximizes imaging sensitivity. Statistical reconstruction (SR) methods 
such as Maximum Likelihood Expectation Maximization (MLEM) 
(Shepp and Vardi 1982, Lange and Carson 1984) and Ordered-Subsets 
Expectation Maximization (OSEM) (Hudson et al 1994), are used to 
iteratively find an estimate of 3D tracer distribution within the target 
volume.  

However, a disadvantage of SR is its relatively long reconstruction 
time. The large number of projection pixels involved with SFM and the 
small voxels used in high-resolution reconstruction require efficient 
reconstruction combined with fast computation hardware.  
 To reduce reconstruction time, paralleled SR algorithms have been 
proven to be an effective approach in both emission and transmission 
computed tomography. For instance, in positron emission tomography 
(Möller 1999, Shattuck et al 2002), SPECT(McCarthy and Miller 
1991, Miller and Butler 1993, Smith et al 1993, Butler et al 1994, 
Vollmar et al 2002) and x-ray CT(Kole and Beekman 2005) parallel 
computing can yield a significant reduction in reconstruction time. 
However, most of the work on parallelization has been based on 
mainframe computers or massively paralleled computers connected by 
a fast local area network. Among the disadvantages of such an 
approach is that it is both expensive and inefficient with regard to 
hardware usage. A comprehensive literature review on the subject of 
parallel image reconstruction in computed tomography can be found in 
Ni et al 2006.  

With the number of cores in microprocessors doubling almost each 
generation, and given the success of hyper-threading technology, 
modern microprocessors are able to handle a large number of threads 
simultaneously using different cores of the CPU. The most salient 
advantage of using multi-core CPUs is the improved performance 
using cheaper hardware and a relatively simple software programming 
model. This provides high performance computing potential for 
personal computers as well as for workstations. Current dual-core and 
quad-core CPUs for example, are particularly useful for many 
computation-intensive applications, such as real time 3D image 
visualization and iterative 3D image reconstruction.  

However, performance gains using multi-core CPUs is highly 
dependent on the software algorithms and the way these are 
implemented. In order to take full advantage of the computing power 
of multi-core CPUs, software must be written with multiple cores in 
mind. More specifically, an application must be programmed to run in 
a multi-threaded environment by dividing a task into multiple subtasks, 
which can be executed by the different cores in parallel. The possible 
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gains are limited by the fraction of the software that can be parallelized 
to run on multiple cores simultaneously. Some tasks such as reading or 
writing to disk cannot be accelerated by using more cores. In the best 
case, speedup factors can be achieved to near the number of cores for 
so-called embarrassingly parallel problems. Many typical applications 
however, do not realize such high speedup factors. There are at least 
two challenges we will need to surmount with regard to the SFM 
reconstruction algorithm. Firstly, an efficient method needs to be 
found to manipulate large matrix data on each shifted voxel volume at 
different bed positions. Secondly, an efficient solution to schedule the 
access to the shared memory between the different threads needs to be 
found as this could dramatically degrade the overall speedup achieved.  

In this paper, we will introduce the multi-core computation 
approaches to multi-pinhole U-SPECT-II image reconstruction, 
present solutions for the two challenges mentioned above, and, finally, 
analyze the speed improvements achieved for MLEM and OSEM, 
respectively.   

 

 

 

II. IMAGE RECONSTRUCTION 
Multi-pinhole SPECT image reconstruction is often performed 

using statistical algorithms. These algorithms have several advantages 
over analytical methods (Shepp and Vardi 1982, Vardi et al 1985, 
Lange and Carson 1984), for instance, they can produce images that 
have less noise, better spatial resolution and higher quantitative 
accuracy. Moreover, they are able to handle almost all collimator 
geometries, does not require equally spaced projection data, and can 
use an incomplete set of projection data. The statistical algorithm can 
be used to estimate the solution to a linear set of hundreds of thousands 
of equations with up to millions of unknowns. Such a set of equations 
can be written as: 

11 1 1 1

1

i

j ji i j

M M A P

M M A P

⎛ ⎞ ⎛ ⎞⎛ ⎞
⎜ ⎟ ⎜ ⎟⎜ ⎟ =⎜ ⎟ ⎜ ⎟⎜ ⎟

⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠ ⎝ ⎠

…
… …         (1) 

The system matrix M (which describes how the activity in object 
space is mapped into projection space) and measured projections P 
determine the set of equations from which the activity distribution A 
has to be estimated. The main limitations of the statistical algorithm are 
its slow convergence rate and the high computational cost of its 
practical implementation(Chuang et al 2005). 

 
 
 
 
 
 
 
 

 
 

 
 

 
 
 
 
Figure 2 shows the concept of iterative updating between object 

space and projection space using forward projection and backward 
projection. Typically, this process is repeated tens of times to obtain a 
satisfying solution. Faster convergence can be obtained by using 
OSEM, which typically accelerates the reconstruction by a factor that 
approximately equals the total number of subsets used. For example, 
the result of the OSEM algorithm with 16 subsets and 2 iterations 
closely resembles that of the MLEM algorithm with 32 iterations. 

III. IMPLEMENTATION 
 We implemented iterative reconstruction that uses a pre-measured 
system matrix, which is loaded in the memory during reconstruction. 
The two most computation intensive steps of iterative reconstruction 
are forward-projection and the backward-projection. For image 
reconstruction with multi-core CPUs, the system matrix is divided into 
different parts that can be calculated in parallel using multiple threads 
(see Fig. 3). 
 For the forward-projection, each thread gets a full copy of the 
activity distribution and applies its part of the matrix to form a local 
copy of the projection. After all threads are finished, the final 
projection is obtained by summation of the local parts of each thread. 
During backward-projection, each thread has a full copy of the 
projection and applies its part of the matrix to obtain a local error 
volume. These local parts are combined and applied to the current 
estimated activity to obtain an updated activity volume. The OSEM 
version of the algorithm works in a similar way, where the individual 
subsets are calculated in parallel. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. U-SPECT-II system with three large field-of-view stationary 
detectors and interchangeable mouse or rat collimators.  
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Fig. 3. The steps of forward-projection and backward-projection 
implemented in multi-threaded way using n cores. 
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Figure 2. The iterative scheme: the object space and projection space are 
iteratively updated using multiple processes of forward projection and 
backward projection simulation. 
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 When the SFM method is used to scan an animal, a projection is 
obtained for each of the bed positions. It is possible to reconstruct each 
of these positions separately and stitch the partial volumes afterwards, 
but we have previously shown that much better images are obtained by 
using all projections simultaneously to reconstruct the entire volume 
[5]. This can be done by using the same transition matrix for each bed 
position and apply this to a voxel volume which is shifted analog to the 
translation of the animal in the collimator. However, just applying the 
matrix on each shifted voxel volume would mean that the 
reconstruction time would increase by a factor which equals the total 
number of bed positions. We avoid going through the matrix for each 
bed position by a special implementation. For each matrix element of 
M, we find in each bed position the voxel which is shifted to the 
location corresponding to M by looking up a translation table stored in 
memory. Next , we calculate the simulated projections for these voxels 
at the same time. It is much more efficient to perform all calculations 
related to that matrix element when it is in the cache of the CPU, than 
to load the matrix element from main memory for every bed position. 

IV. COMPUTATION TIME ANALYSIS 
 Figure 4 shows the measured speedup of the forward projection and 
backward projection steps with the  increasing number of threads. We 
found that the speedup is virtually linear with respect to the number of 
threads for both steps. We calculated the average to 0.768, which we 

denoted as F . This value times the number of total cores represents 
the full potential speedup that can be achieved using the parallel 
reconstruction of MLEM or OSEM algorithm.  
 
 

 
 
 
 

 
 
 The computation time for the entire reconstruction process can be 
formulated as follows: 
 

total init iter
N N NT T T= +                                   (2) 

0 1 2
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NT T T P T N= + ⋅ + ⋅                             (3) 

6
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⎡ ⋅ ⎤⎛ ⎞= ⋅ + + ⋅ − +⎜ ⎟⎢ ⎥⋅⎝ ⎠⎣ ⎦
     (4) 

 where N is the total number of threads, i.e. the number of cores to be 
fully used for the acceleration, P is the total number of bed positions, S 
is the total number of subsets, and L is the total number of iterations. 
All other parameters are explained below: 

T0: time to load system matrix. 
T1: time to load projection data at a single bed position.  
T2: time to allocate local copy for each thread.  
T3 : time to save current voxel volume for every iteration.  
T4 : time to clear memory and update voxel volume for every subset.  
T5 : time to summate the two copies of partial results of forward 

projection and backward projection in main thread. 
T6 : time to sequentially compute the forward projection and back 

projection at a single bed position.  
 

 The speedup factor of image reconstruction with multiple threads 
can be calculated as follows: 

1
total

speedup total
N

Tf
T

=                                      (5) 

Currently, our reconstruction program summates partial results of 
the forward projection and backward projection in the main thread. 
This step can be improved by using a multi-threaded implementation. 
However, we found that the time required in this step is much shorter 
than the time spent on the forward and backward projections when the 
total number of threads is relatively small. 

V. RESULTS 
 We performed timing analysis and achieved some typical 
reconstruction results using a workstation with 4 quad-core 
CPUs(AMD Opteron™ Processor 8356) as this configuration is widely 
available in the current mainstream workstation market. 

 
Table 1 shows a number of measured reconstruction time and speedup 
factors with different numbers of threads using multi-core CPUs. For 
MLEM reconstruction with 32 iterations the speedup is 12.24 using 16 
threads run on a workstation with 4 quad-core CPUs. When OSEM 
with 2 iterations is used, a speedup of 6.14 using 16 threads is obtained. 
Because in this case the time spent on forward projection and 
backward projection takes a smaller fraction of total reconstruction 
time, i.e. more time is spent on other steps of the reconstruction process 
(for example, T0 , T1 , T2 , T3 and T4). 
 

Table 1. Measured reconstruction time and speedup with different  number of 
threads on a workstation with 4 quad-core CPUs. 

 
 

Algorithm 
Number 

of iterations 
Number 

of threads 
Time 
(min) Speedup 

 
 
 
 

MLEM 

32 1 2191 1.00 
32 4 578 3.79 
32 8 313 7.00 
32 12 225 9.73 
32 16 179 12.24 
16 1 1108 1.00 
16 4 300 3.69 
16 8 155 7.15 
16 12 109 11.17 
16 16 98 11.31 

 
 
 

OSEM 
16 subsets 

2 1 129 1.00 
2 4 39 3.01 
2 8 26 4.96 
2 12 22 5.86 
2 16 21 6.14 
1 1 66 1.00 
1 4 21 3.14 
1 8 14 4.71 
1 12 12 5.50 
1 16 11 6.00 

 

Figure 4. Speedup for the forward projection and backward projection 
with increasing number of threads. The measurements are performed on a 
workstation with 4 quad-core CPUs. 
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Table 2 shows an example of the measured computation time for 

the individual steps of OSEM reconstruction with 8 and 16 threads 
respectively. From these timings, we can see that the total time spent 
on the forward projection and backward projection steps has been 
reduced by a factor 1.46 by using twice as many threads. Although the 
overall time spent on the summation of the partial results of forward 
projection and backward projection doubles, it is relatively short 
compared with the time spent on the forward projection and backward 
projection (about 8.6% for 8 threads and 24% for 16 threads). 

 

 
 

 
Figure 5 shows maximum intensity projection images of a total body 
mouse bone scan injected with Tc-99m-HDP. The mouse (30g male 
C57Bl/6) was anesthetized using isoflurane anesthesia. One hour after 
the HDP injection the mouse was imaged for 1 hour in the U-SPECT-II 
device using a 0.35 mm pinhole collimator. The entire volume (0.375 
mm voxel) was reconstructed using 16 threads on a workstation with 4 
CPUs (Quad-Core AMD Opteron™ Processor 8356) using MLEM and 
OSEM, respectively. The reconstruction time with 1 iteration and 16 
subsets was 11 minutes. 

VI. DISCUSSION AND CONCLUSIONS 
We demonstrated that by using multi-threaded programming the speed of 

U-SPECT-II image reconstruction can be improved almost linearly with the 
total number of threads run in different cores of CPUs. Typical speedup factors 
of 12.24 and 6.14 are achieved for MLEM and OSEM, respectively, using 4 
quad-core CPUs. The reconstruction time with 1 iteration for a total-body mouse 
scan can be reduced from 1108 minutes using MLEM and 1 core to 
approximately 11 minutes using OSEM and 16 cores. The continuing 
improvement of imaging resolution of multi-pinhole SPECT device challenges 

the current reconstruction software as well as computation hardware. Finer 
target volume grids need to be reconstructed from a large amount of projection 
data. However, with the development of multi-core CPUs and many-core 
processors dedicated for high performance computation, such as the 
programmable Graphics Processor Unit, multi-pinhole SPECT image 
reconstruction can be effectively paralleled with tens to hundreds of 
computation threads using the same computation strategy as presented in this 
paper. In this case, the total speedup might not scale linearly anymore as the 
overhead of the summations of the local copies from the individual threads will 
become a significant factor. It might not be sufficient to only parallelize the 
forward projection and backward projection of the reconstruction. Additionally, 
computer memory design used in multiprocessors is based on so-called 
Non-Uniform Memory Architecture (NUMA), whereby the memory access time 
depends on the memory location relative to a processor, i.e. different CPUs have 
different priorities to memory access based on their location. Performance, 
therefore, might increase when the matrix is distributed in memory in such a way 
that matrix elements are loaded into the memory of the core. This then uses the 
elements to calculate local parts of the projection and volume. We will study this 
further in our future work. 
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Table 2. Measured computation time at all steps of OSEM reconstruction. 
 

Term Description Time(min) 
8 threads 16 threads 

T0 Load system matrix 0.049 
T1·P Load background and projection data 1.089 
T2·N Allocate additional memory  

introduced by multi-thread 
implementation 

0.020 0.032 

T3·L Save current voxel volume 0.002 
T4·L·S Empty memory and update image   0.198 

T5· L·S·N Summate the partial results of 
forward- projection and 
backward-projection in main threads 

0.942 1.875 

6P T L S
F N

⋅
⋅ ⋅

⋅
 

Parallel forward projection and 
backward- projection 

11.000 7.755 

total
NT  Total reconstruction time 13.3 11.0 

4 CPUs (Quad-Core AMD OpteronTM Processor 8356) 

Figure 5. Maximum intensity projection images of total body mouse bone 
scan reconstructed by OSEM (with 16 subsets and a single iteration), which 
is implemented in a multi-threaded way. The total reconstruction time is 11 
minutes. 
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Abstract—In order to enlarge the horizontal field of view for 

cone-beam CT, we develop a BPF-based reconstruction algorithm 
for multi-cone-beam projections. A distinguishing feature of our 
algorithm is able to reconstruct image directly without explicit 
projection data rebinning process. Therefore, it not only speeds up 
the image reconstruction, but also improves the spatial resolution 
of the reconstructed image. In addition, our algorithm is especially 
fit to be accelerated by graphic processing unit. 
 

Index Terms—reconstruction algorithm, rotation-translation 
scan, cone-beam CT, GPU implementation.  
 

I. INTRODUCTION 

In the recent years, cone-beam CT has been a hot topic in the 
areas like medical imaging and non-destructive testing. 
However, one obstacle to the practical applications of the 
cone-beam CT is the small size of the panel detector. In order to 
enlarge the longitudinal field of view for cone-beam CT, the 
cone-beam helical scanning mode was first proposed in 1991 
and has been extensively studied since then. A significant 
breakthrough for exact image reconstruction from cone-beam 
helical projections was achieved by Katsevich [1] in 2002, who 
proposed an exact reconstruction algorithm with filtered 
backprojection (FBP) format. Another kind of exact 
reconstruction algorithm called backprojection filtration (BPF) 
formula was proposed by Zou & Pan in 2004 [2]. The 
generalized works on FBP and BPF formula were given by 
many researchers [3, 4].  

On the other hand, in order to enlarge the horizontal field of 
view for cone-beam CT, several scanning modes were proposed 
including Translation-Rotation (TR), rotation-translation- 
translation (RTT) and rotation-translation (RT) scanning modes 
[5, 6]. A simple option is to translate the detector horizontally 
within its plane. However, this will usually result in the 
difference of X-ray intensities detected by the units of panel 
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detector, due to the non-isotropy of the flux output from an 
X-ray source. The existing methods to reconstruct image from 
TR, RTT and RT scanning modes are all based on 
filtered-backprojection (FBP)-based. As a common feature of 
them, a data rebinning process is inevitably introduced, which is 
not only increases computation cost, but also degrades image 
spatial resolution.  

Among of the scan modes above, RT scanning mode is more 
practical in engineering. A BPF-based reconstruction algorithm 
for fan-beam multiple RT scans was recently proposed by our 
group in [7]. In the present paper, we generalize the algorithm to 
multi-cone-beam scan, which is a virtual scan mode equivalent 
to cone-beam multiple RT scans in the term of mathematics. A 
distinguishing feature of our algorithm is able to reconstruct 
image directly without explicit projection data rebinning 
process. Therefore, it not only speeds up the image 
reconstruction, but also improves the spatial resolution of the 
reconstructed image. And our algorithm allows to 
reconstructing image from cone-beam RT multiple scanning 
data acquired with CT turntable translated unilaterally, which 
reduces scan data approximately by half. In addition, our 
algorithm is especially fit to be accelerated by graphic 
processing unit (GPU).  

II. BPF RECONSTRUCTION ALGORITHM FOR PARALLEL BEAM 

A. Hilbert transform and Finite Inverse Formula  
The Hilbert transform of one-dimensional function ( )g s is 

defined as 

( )
( )

( )

g sHg s ds
s s








 . 

If there are L and U  (satisfyingU L ) so that ( )Hg s  is 

known for [ ]s L,U" ? , and there is a small positive so that 

( )g s is zero for s outside[ , ]L U   , then ( )g s can be 

recovered from the finite Hilbert inverse formula given by 
Mikhlin [8],  

1
( )

( )( )

( )
( )( ) ,

( )

U

L

g s
s L U s

Hg ss L U s ds C
s s




 

        


 (1) 

where C is an unknown constant which can be determined from 

knowledge of ( )g s at some s , for example from the fact that 
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( ) 0g s   for [ , ] [ , ]s L L U U     . 

B. DBP Image for Parallel Beam and Its Decomposition  
Let   denote the angle of the normal of an X-ray measured 

from the x  axis anti-clockwise, r  the distance from the origin 

O  to the X-ray. Then the X-ray can be expressed as 

, ( , )r s s    x φ φ , where (cos ,sin ) φ , 

( sin ,cos )   φ . The projections of ( )f x  for parallel 

-beam is denoted by 

( , ) ( )p r f r s ds
 


  φ φ . (2) 

Let  be angle measured from the x  axis anti-clockwise, 

(cos ,sin ) θ and ( sin ,cos )   θ . The DBP 

(differentiated backprojection) image of ( , )p r   related to 

angle  is defined by 
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where ( )r  is the derivative of the Dirac function. It was 

proved in [9] that 

( ) 2 ( )b H f  x x , (4) 
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which is called as Hilbert image of ( )f x  related to angle 

 . Then it follows from (1) that 
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where tL , tU and ( 0)t  are some constants so that ( )b x  

is known for t sx θ θ^= + , [ ]t ts L ,U" ? , and ( ) 0f x  

for all [ , ]t t t ts L U    ; tC  can be calculated by means 

of the line integral, referring to the papers [9] in detail. 

We choose a set of interval mI  and the function ( )mk r  

( M m M   ) satisfy 
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where 0r  is a positive constant so that ( ) 0f x for 0rx . 
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III. RECONSTRUCTION ALGORITHM FOR MULTI-CONE -BEAM 

A. Multi-Cone-Beam Scanning Mode 
For most of industrial cone-beam CT, the cone-beam formed 

by the X-ray source and the panel detector is fixed while the 
turntable is rotated. Besides, the turntable can also be translated 
along the direction parallel to the panel detector and vertical to 
rotation axis. 

 
The multiple RT scans for cone-beam CT are shown as Fig.1 (a). 
The scanned object is placed on the turntable. The turntable can 
be translated to multiple positions along the direction parallel to 
the panel detector and vertical to rotation axis. When the 
turntable is rotated around its rotation axis in full turn, the panel 
detector measures the flux of X-ray emitted from source and 
penetrating through the scanned object. In this way, multiple 
sets of projections corresponding to the multiple positions of the 
turntable are obtained. Obviously, the multiple sets of 
projections collected by the scanning mode shown in Fig.1 (a) 
can be imagined to be collected by a set of virtual cone beams 
simultaneously shown in Fig.1(b), which is called as 
multi-cone-beam scan, in which all of cone beam are congruent 
and all of the detectors are located in the same plane.  

B. Derivation of DBP formula for multi-cone-beam 
As mentioned above, we suppose that the multi-cone-beam 
consists of 2M virtual cone beams which are congruent in 
geometry, and all of detectors are located in same plane and 
parallel to rotation axis of turntable. For convenience, we use 
the coordinates of the virtual detector to describe the cone beam 

projections As shown in Fig.2., let m m mO u v  represent the 

coordinates of the mth virtual detector which is parallel to the 

mth detector, mO  be its origin; Oz be the rotation axis of the 

turntable located in the same plane with m m mO u v . Let 

(a) (b)

Fig. 1.  (a) Multiple RT scans.   (b) Multi-cone-beam scan equivalent to the 
mode in (a). 
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mS represent the mth X-ray source. Let  denote the rotation 

angle of the turntable rotated around axis Oz , measured from 

axis mu  to axis x  clockwise, β  (cos ,sin ,0)   , and 

( sin ,cos ,0)   β . Let 0L and 0H be the width and 

height of the the mth virtual detector, respectively. Denote that 

0 m mR O S


 and m mh OO 


β . 

 
The cone beam projections corresponding to mS is expressed by 

( , , )m m mp u v . Let ,0 ,0( , )m mu v  denote the coordinates of 

the projection point of 0x  from source mS onto the mth virtual 

detector plane. We have 
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In the mid-plane 0z  , the X-ray emitted from mS and 

intersecting with mth virtual detector at ( ,0)mu  can be 

expressed by 
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from which, we obtain  
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where ( , )r has the same meaning as in (7). By changing the 

variables in (7) from relations (11), we obtain  
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In order to (11) is well-defined, we should design mk so that 
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, 0 0[ / 2, / 2]mu L L   ,  (12)  

because ( , ,0)m mp u is unknown for such mu .  

Set 0 0[( / 2)cos , ( / 2)cos ]m m mI h L h L    , 

where 2 2
0 0 0cos 2 / 4R R L   . Under the condition 

2
0 m mR h u >0, it can be verified that ( )mr r u defined in 

(10) is increasing function monotonously and mr I , when 

0 0[ /2, /2]mu L L  . This fact allows us to design mh  and 

functions ( )mk r  to satisfy (12) and the properties 

supp ( )m mk r I , ( ) 1m
M m M

k r
  

 , 0 0[ , ]r r r   , 

where 0r is the radius of a cylinder that includes the support of 

( )f x  in side. Due to limited space, we omit the details on the 

design of mh  and ( )mk r . 

For the case that 0x  lies on the off-mid-plane, the multi 

-cone-beam projections do not satisfy Tuy’s condition. So, it is 
impossible to give an exact DBP formula for this case. Similar 
to the idea of the FDK algorithm [10], we suggest to derive an 

approximate DBP formula on 0( )b x , i.e. 
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From the approximated DBP image, we define an approximated 
Hilbert image as follows 

0 0

1
( ) ( )

2z z z zH f b   x x      (18) 

Similar to 2D case, we can use the finite Hilbert inverse 

formula (6) to recover ( )f x  at the slice 0z z . The 

remaining thing is how to determine tC in (6). If 0 0z  , tC  

can be calculated by mean of the projection data of ( )f x  

along the PI-line. However, if 0 0z  , there is no PI-line 

relative reconstructed point. Then we choose an approximate 

tC  suggested in [11]. 

Remark: If choosing mh  and ( )mk r satisfy  

m mh h   , ( ) ( )m mk r k r   ,  

it can be derived that , 0 , 0( ) ( )m mb b  x x . Then 
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Fig. 2.   Coordinates system for multi-cone-beam scan 

2nd Workshop on High Performance Image Reconstruction (HPIR) 2009 75



 
 
 
 
 
This implies that in practice the turntable only need to be 
translated unilaterally in order to enlarge horizontal field of 
view. 

IV. GPU  IMPLEMENTATION AND CONCLUSION 

 Our numerical implementation consists of the four steps:  

Step 1: To weight projection ( , , )m m mp u v , and then 

differentiate the weighted projection in mu  for each m ; 

Step 2: To backproject the derivative of the weighted 

projection data to obtain partial DBP 0( ),mb xq for the scanned 

object; 

Step 3: To add all of partial DBP images 0( ),mb xq  together, 

and obtain the entire DBP image 0( )b xq of each slice. 

Step 4: To obtain the Hilbert image from the DBP image, and 
then recover the CT image for each slice by the finite Hilbert 
inverse transform. 

The main computational cost of the four steps above is back 
-projection in Step 2, which occupies more than 90% of total 
cost. We notice that this step especially is suited for the 
implementation on GPU. So, we carry out step2 and step3 on 
GPU, while carry out step 1 and step 4 on CPU. 

In our GPU implementation, we divide the 3D volume of CT 
image into a set of horizontal slices. We pack projections at α, α 
+ 90, α + 180, α + 270 into the RGBA channels of a 2D 
texture similar to Xu and Mueller [12]. In order to save the 
video memory, we store the target image in a single channel 
texture and use a 4-channel texture as a temporary render target. 
For given angle α, we first choose a slice to be reconstructed. 
According to the vertexes of the slice, we determine the part of 
the required projections, then render the part of the required 
projections into the temporary 4-channel texture, and finally 
render the results in the temporary 4 channels texture onto the 
target image with single channel texture, respectively. After this, 
we switch to a new slice and execute the task similarly until all 
of slices are traversed. After all angles of projections are 
circulated, the DBP image has been obtained in video memory. 
Then the DBP image will be transmitted to main memory to be 
filtered on CPU by means of finite Hilbert inverse transform. In 
the render processing, we also exploit multiple texture blending 
technique which can profoundly increase the efficiency of 
backprojection algorithm. 

Our numerical experiments are implemented on the PC with 
Intel Xeon 5120(1.83GHz) and NVIDIA Quadro FX4600 card. 
The time-consuming is 30.0 second for reconstruction of 3D 
entire DBP image 512512256 from two sets of 720 2D 
projections with matrix 512512. The DBP and CT images 
reconstructed are shown in Fig.3.  
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Abstract—Iterative reconstruction algorithms for x-ray CT 

image reconstruction suffer from their high computational cost. 
Recently Nvidia releases CUDA (common unified device 
architecture), allowing developers to access to the processing 
power of Nvidia GPUs (graphical processing units), in order to 
perform general purpose computations. OSC (ordered subsets 
convex) algorithm has been developed with CUDA. Performances 
have been evaluated and compared with another implementation 
using graphics hardware and OpenGL. 
 

Index Terms— tomography, image reconstruction, parallel 
processing 

I. INTRODUCTION 

The Feldkamp algorithm [1] is the conventional tool to 
reconstruct images, in cone beam computed tomography. Such 
algorithm is easy to implement, gives relatively good-quality 
images at high radiation doses and can be started as soon as the 
acquisition process begins. Due to the large amount of data to 
be processed, in transmission tomography, the Feldkamp 
algorithm is often preferred compared to iterative algorithms 
that are more time-consuming. However, the image quality 
suffers from artifacts such as streaks due to detector or source 
characteristics. 

Indeed several iterative reconstruction algorithms have been 
proposed for the x-ray CT image reconstruction, including the 
family of algebraic techniques [2] commonly known as 
Algebraic Reconstruction Technique (ART), Simultaneous 
Iterative Reconstruction Technique (SIRT), as well as 
statistically based methods like Maximum 
Likelihood–Expectation Maximization (ML-EM) [3], Ordered 
Subsets Convex Algorithm (OSC) [4]. Generally speaking, 
these algorithms are considered to produce images of high 
quality, but the computational cost is unfortunately also high. 
Due to recent advances in computer technology, the iterative 
reconstruction may prove to be practicable. Such iterative 
algorithms are good candidates for an implementation on 
graphical processing unit, as they are highly parallelizable. 

Statistical algorithms allow correcting image artifacts and 
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producing higher quality images, modeling the source emission, 
the photon transport and the detection physical process [5], [6].  

Kole and Beekman [7] proposed an evaluation of iterative CT 
image reconstructions using the ordered subset convex 
algorithm (OSC) implemented on graphics hardware, using 
OpenGL. Depending on the volume and the detector size, 
speed-ups of factor 40 to 220 can be achieved, compared with 
the conventional CPU implementation. 

Weinlich et. al. [8] propose a comparison of high-speed ray 
casting on GPU using CUDA and OpenGL and have shown that 
the performance of the recent CUDA version is slightly better 
than an implementation using OpenGL. Moreover, the OpenGL 
implementation requires much more knowledge in computer 
graphics and implementation time. 

In this article, we propose to implement the ordered subset 
convex algorithm (OSC) using the Nvidia CUDA architecture. 

II. STATISTICAL ALGORITHMS FOR TRANSMISSION IMAGE 
RECONSTRUCTION 

A. Statistical algorithms for transmission tomography 
Lange and Carson [3] first proposed to compute the 

maximum-likelihood estimate of transmission images via an 
expectation maximization (EM) algorithm based on Poisson 
statistics. For twenty years, several reconstruction algorithms 
based on the Poisson statistical model for transmission images 
and converging faster than the original ML-EM algorithm were 
introduced [4], [7], [9], [10]. 

Iterative algorithms are based on the same scheme: they aim 
to reconstruct a 3D image from 2D projections. An estimated 
volume image is chosen, this volume is projected in the detector 
plan for each acquisition angle. Then estimated projections are 
compared to acquired projections: correction coefficients are 
computed and applied to the estimated volume image. 

Using ordered subsets is one way to reduce reconstruction 
time in statistical algorithms. Instead of modifying the 
estimated image volume for each projection angle, the 
correction is applied for each subset of projection angles. 
Reconstruction time decreases but this does not impact image 
quality. 

B. Ordered Subsets Convex Algorithm 
In this article, we focus on one of these ordered subsets 

algorithms, the convex (OSC) algorithm, introduced by 
Beekman and Kamphuis [4], which iteratively tries to improve 
an image estimate to a solution [11], [12], [13]. 

As describe in [14], this algorithm is based on the following 
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ν  denotes a given subset. 
fν is the estimation of the attenuation coefficient for the 

subset ν. 
pν is the set of measured projections for the subset ν. 
Rν denotes the projection operator from the volume image 

space to the detector plane space for subset ν. 
Rνfν is the estimated projection of f at subset ν. 
Rν

T is the transposed operation, backprojection from detector 
plane space to volume image space for subset ν. 

After iterating through all angles of a subset, the estimated 
attenuation coefficients are updated for each voxel of the 
volume. Numerator in (1) corresponds to the backprojection of 
an error computed as the difference for each pixel between the 
exponential of the estimated value and the exponential of the 
measured value. Denominator in (1) is the backprojection of the 
product, for each pixel, of the estimated value and the 
exponential of this estimated value. 

III. OPERATORS 
Two main functions, corresponding to the two geometrical 

operators of the forward projection and the backprojection have 
been written to implement the OSC algorithm. 

A. Forward projection 
This operator is the geometrical transformation from the 

volume space to the detector plan space. For the 
implementation, we need to compute the contribution of each 
voxel of the volume to the value of each pixel of the projection 
plan. 

The following algorithm is used: 
For each pixel of the detector: 

• Compute the unit vector on the ray from the source point 
to the current pixel. 

• Choose the integration direction given by the largest 
coordinate of the unit vector. 

• Scan all the voxels along this direction, compute their 
contribution in the projection via a bilinear interpolation. 

• Set the value of the pixel intensity as the sum of these 
contributions. 

B. Backprojection 
The backprojection is the geometrical transformation from 

the detector plane space to the volume space. We need to 
compute the contribution of each pixel of the projection plan to 
the value of each voxel of the volume. 

The following algorithm is used: 
For each voxel of the volume: 

• Get the coordinates of its projection point. 
• Compute the intensity value of this projection point via 

bilinear interpolation. 

• Weight this value, according to the distance from the 
voxel to the projection point. 

• Add this weighted value to the current voxel attenuation. 
 

The forward projection, backprojections and estimated 
volume correction are the more computationally expensive 
operations of the OSC algorithm. In order to get an accurate 
image in a shortest delay, we choose to perform these tasks on a 
graphical processor unit using CUDA, a hardware and software 
architecture developed by Nvidia for GPU computing. 

IV. IMPLEMENTATION 

A. CUDA Architecture 
CUDA (Common Unified Device Architecture) refers to the 

hardware architecture as well as the software platform for 
massively parallel high performance computing. Designed by 
Nvidia, CUDA includes C/C++ software-development tools, 
function libraries and an hardware abstraction mechanism that 
hides the GPU (Graphical Process Unit) hardware from 
developers [15]. 

GPU is used as a data-parallel computing device capable of 
executing a very high number of automatically managed 
threads. The compilation result of a C function is called 
“kernel”. This kernel is downloaded and executed on 
multiprocessors of the GPU, as batch of threads. 

With a minimal set of extensions to the C language, CUDA 
allows the developer to use the computing power of GPU 
without mapping the general purpose problem to the graphics 
Application Programmable Interface (API), e.g. OpenGL. 

Recently, several implementations of forward projection and 
backprojection using CUDA have been proposed by [16], [17] 
or [18]. 

B. Implementation details 
To get the lowest computation times, we have to avoid 

memory transfers between CPU and GPU. Textures are of 
interest in our case, because they provide low latency to access 
the memory and are able to perform hardwired interpolations. 

Three kernels have been implemented to perform parallel 
computation on GPU, corresponding to the forward projection, 
backprojection and estimated volume update operations. 

V. TESTS DESCRIPTION 

A. Test-bench 
The machine used to perform the tests contained an Intel 

Core 2 Quad Q6600 2.4 Ghz CPU, 1Go RAM and an Nvidia 
GeForce 8800 GT with 1Go VRAM. It runs on a Linux 
operating system. 

B. Phantom and simulation set-up 
To test our framework, we use a 3D version of the 

Shepp-Logan phantom. The voxel size is 0.1x0.1x0.1 mm3. 
Five hundred projections have been generated using the CPU 
implementation of the forward projection operator and an 
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angular gap between two consecutive projections of 2xPI/500 
radians. The size of the projection pixels is 0.05x0.05 mm2. The 
focal length (distance between the cone vertex and the detector 
plane) equals 100 mm and the distance between the cone vertex 
and the rotation center is 50 
mm.

 
Fig 1 presents the projection of the Shepp-Logan phantom at 

0°. 
As initial volume image estimate, a cube with a uniform 

attenuation factor of 0.01 is used. 

C. Assessment of image accuracy 
To assess the reconstructed image accuracy, four different 

figures of merit are described in [7]. 
For preliminary results, we just focus on the normalized 

mean square error (NMSE) defined as 
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where µ(k) denotes the attenuation of the voxel k in the 
phantom and ν(k) denotes the reconstructed attenuation of the 
voxel k. 

VI. RESULTS 

A. Comparison Between CPU And GPU Implementations 
A basic CPU version of the OSC algorithm is implemented to 

get a reference of image accuracy and processing time that we 
could expect. In this part the Sheep-Logan phantom is sampled 
on a 643 voxels grid and projected on a 2562 pixels grid. 

The basic CPU implementation only uses one thread on one 
processor core: no optimization has been performed. 

The same algorithms for the forward projection, the 
backprojection and the volume correction, are implemented 
using CUDA. 

Table I gives the time performance measurements for 
operators like the forward projection, the backprojection and 
the volume correction. The projection processing corresponds 
to the set of instructions related to the same projection 
(parameters initialization, measured projection reading, 
estimated volume forward projection, error and product 
backprojection). GPU times are given with and without 

memory transfer between CPU and GPU. Speedup factors 
between CPU and GPU implementation are given in 
parenthesis. 

NMSE and total processing time depend on subset size and 
iteration number. Ten iterations have been performed for each 
test. We use two configurations in both GPU and CPU tests, 
varying the number N of projections in subsets. The projections 
in subsets are defined by the angle of projection, i.e. the subset 
Sn can be defined by the set θn of angles used to perform the 
projections. 

θn = {n, n+Δθ, n+2.Δθ, …, n+k.Δθ,...,  n+(N-1).Δθ} 
n is varying from 0 to 500/N 
Δθ is the angular gap between two successively acquired 

projections 
Table II gives the normalized mean square error for GPU and 

CPU implementations with 10 subsets of 50 projections or with 
50 subsets of 10 projections. The volume correction is 
performed at the end of each subset processing: the 
configuration using 50 subsets gives more accurate results. 
GPU and CPU implementations give the same NMSE value in 
both configurations. 

As, in our case, a very small volume size is used, the volume 
correction time is lower than projection processing, the subset 
configuration does not affect total reconstruction time. 

Table III shows performances with 10 subsets of 50 
projections.  

 

 
Fig. 1.  Projection of the Sheep-Logan phantom at 0° on the 2562 detector grid.

TABLE I 
TIME PERFORMANCE MEASUREMENTS 

Operator CPU time in 
µs 

GPU time with 
memory 

transfer  in µs 
(speedup) 

GPU time 
without 
memory 

transfer  in 
µs 

(speedup) 
Forward Projection 110730 10910 (10) 9870 (11) 
Backprojection 10050 1820   (6) 522 (19) 
Projection processing 135190 13130 (10) 11381 (12) 
Volume Correction 4280 740   (6) 105 (41) 

TABLE II 
NMSE 

Subset number CPU GPU 

10 subsets with 50 projections 4.8 x 10-2 4.8 x 10-2 
50 subsets with 10 projections 0.9 x 10-2 0.9 x 10-2 

TABLE III 
TIME PERFORMANCE MEASUREMENTS FOR 10 SUBSETS OF 50 PROJECTIONS 

Operation CPU time in s 

GPU time 
with memory 
transfer  in s 

(speedup) 

GPU time 
without 
memory 
transfer  

in s 
(speedup) 

Subset processing 6.8 0.7 (10) 0.6 (11) 
Iteration processing 67 6.6 (10) 5.6 (12) 
Total reconstruction time 677 66 (10) 58 (12) 
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Fig 2 presents the central axial slice of the Sheep-Logan 

phantom (left image) and the central axial slice of the 
reconstructed volume using GPU with fifty subsets of ten 
projections after ten iterations (right image). In this case, NMSE 
is lower than 10-2. 

B. Optimization 
Reconstruction qualities using CPU or GPU are very similar. 
We optimized the reconstruction time, using CUDA textures 
that allow us to perform hardware interpolation and provide a 
cached memory access, in read mode. 
In the forward projection step, the estimated volume is mapped 
to a 3D texture. In the backprojection step, error and product 
projections are mapped to 2D textures. 
Using textures gives us a speed-up factor of 7.5 compared to the 
un-optimized GPU version and a speed-up factor of 76 
compared to the un-optimized CPU version. 
Several configurations have been tested with different volume 
and projection plan sizes. The times in seconds needed for each 
operation are given in table IV. 

The read projection times and the backprojection times depend 
on the projection size. The correction time changes with the 
volume size. The projection time depends on the volume size 
and the projection size. 

VII. DISCUSSION 
CUDA implementation of the Ordered Subset Convex 

algorithm gives us good performances, in terms of image 
quality and reconstruction time. The next step consists of 
reconstructing small animal images and trying to reduce 
artifacts due to detector or source characteristics. 

VIII. CONCLUSION 
In this paper, we have shown that using a GPU as computing 

coprocessor for iterative image reconstruction in transmission 
tomography can easily yield to speed-ups of two orders of 
magnitude, with negligible impact on image accuracy. Nvidia 
CUDA has been used to implement the OSC algorithm on 
graphics hardware, with a minimal learning cost and in a very 
short time. 
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Fig. 2.  Reconstruction results after ten iterations: Sheep-Logan phantom (left) 
reconstructed volume using GPU (right) 

TABLE IV 
TIME PERFORMANCE MEASUREMENTS FOR 10 SUBSETS OF 50 PROJECTIONS 

Volume and 
Projection 

Sizes 

Read 
projection Projection Back-proje

ction Correction Total 

643 2562 1.1 5.5 0.3 1 9 
643 5122 4 17 1 1 25 
643 10242 172 64 2 1 240 
643 20482 654 242 8 1 907 
1283 10242 185 91 2 7 292 
1283 20482 662 333 8 8 1020 
3003 20482 621 656 8 88 1435 
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Filtered Backprojection Reconstruction with
depth-dependent Filtering

Frank Dennerlein, Holger Kunze and Frédéric Noo

Abstract—We present a filtered-backprojection (FBP) recon-
struction algorithm for circular cone-beam computed tomogra-
phy (CB-CT) that allows the filter operation to be applied with
shift-variant band-pass characteristics on the kernel function.
Our algorithm is derived from the ramp-filter based FBP method
of Feldkamp et al and obtained by decomposing the ramp filtering
into a convolution involving the Hilbert kernel (global operation)
and a subsequent differentiation operation (local operation). We
suggest to implement the differentiation as a finite difference of
two (Hilbert filtered) data samples and to carry out this operation
as part of the backprojection step. The spacing between the two
samples, which defines the low-pass characteristics of the filter
operation, can thus be selected individually for each point in the
image volume. We here define the sample spacing to follow the
magnification of the divergent-beam geometry and evaluate the
resulting algorithm using computer-simulated full-scan CB data.
We demonstrate that our algorithm yields results where spatial
resolution and image noise are distributed much more uniformly
over the field-of-view, compared to Feldkamp’s approach.

I. INTRODUCTION

Most X-ray scanners for volumetric imaging that are cur-
rently in clinical use apply a filtered-backprojection (FBP)
algorithm [1] to convert a series of acquired X-ray cone-
beam (CB) projections into the 3D density distribution of
the investigated object. In an FBP algorithm, CB projections
are first convolved with a 1D high-pass filter (typically the
ramp filter) and then backprojected into the image volume.
Before filtering and during backprojection, the CB data is
furthermore multiplied with specific weighting factors. For the
practically-relevant case of reconstruction from discrete data,
the ramp filter needs to be applied with specific bandlimitation
in order to avoid aliasing artifacts [2] in the reconstructions. To
suppress image noise or enhance spatial resolution, the ramp
filter can furthermore be modified by an additional linear filter
[3].

It has been often demonstrated that in fan-beam or CB CT,
the image noise in the FBP reconstruction is nonstationary
[4] and that the spatial resolution in the reconstructed slices
is locally varying. One of the reasons for these properties is
the way the bandlimitation of the ramp filter is implemented.
In [5], it was shown that in fan-beam or CB geometries,
the bandlimitation applied on this filter kernel has to depend
on distance between X-ray source point and the position in
the image volume where reconstruction is to be achieved.

F. Dennerlein and H. Kunze are with Siemens AG, Healthcare Sector,
Forchheim, Germany and F. Noo is with UCAIR, Dept. of Radiology,
University of Utah, Salt Lake City, USA. The concepts and information
presented in this paper are based on research and are not commercially
available.

However, this depth-dependence of the filtering is typically
neglected in implementations due to efficiency reasons.

In this paper, we propose a novel FBP reconstruction
algorithm for circular CB CT in which such a depth-dependent
filtering can be efficiently implemented.

II. GEOMETRY AND NOTATION

We assume that CB data is acquired in the geometry
illustrated in Fig. 1. The X-ray linear attenuation coefficient of
the object under investiagtion is described using the function
f(x) with x = (x, y, z). The object is entirely contained in
a cylindrical region of circular base with radius R0, which
is centered on the z-axis. The focal spot of the X-ray source
describes the circular path a(λ) = (R cos λ,R sin λ, 0) during
the scan, with λ describing the angular position of the source,
and R being the scan radius. Data is acquired with a 2D
flat detector at distance D from the source and parallel to
the vectors eu(λ) = (− sin λ, cosλ, 0) and ev(λ) = (0, 0, 1).
The vector ew(λ) = (cosλ, sin λ, 0) is perpendicular to the
detector and faces towards the source. CB data can then be
expressed as

g(λ, u, v) =

∞∫

0

dt f (a(λ) + tα(λ, u, v)) (1)

where u and v are the detector coordinates measured
along eu(λ) and ev(λ), resp., and where α(λ, u, v) =
(ueu(λ) + vev(λ)−Dew(λ)) /

√
u2 + v2 + D2 gives the unit

Fig. 1. Top-view of the circular CB geometry.
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direction of the ray that connects the source with the detector
point (u, v).

We focus on the problem of recovering f(x) from CB data
g(λ, u, v) that is known over at least a short-scan, i.e., for
λ ∈ [λ1, λ2] with λ2−λ1 ≥ π +2 asin(Ro/R). Moreover, we
assume that no truncation occurs in u, i.e., g(λ, u, v) is known
for u ∈ [−um, um] with um = RoD/

√
R2 −R2

o.

III. RECONSTRUCTION APPROACH

A. The Feldkamp FBP approach

The Feldkamp formula for CB reconstruction [2] can be
expressed as

fe(x) =

λ2∫

λ1

dλ
RD

(R− x · ew(λ))2
gF (λ, u∗, v∗), (2)

where u∗ and v∗ are the coordinates of the CB projection of
x onto the detector, and where the subscript e emphasizes that
the outcome is an estimate to the true object density funtion
f . The function gF denotes weighted and filtered data:

gF (λ, u, v) =

um∫

−um

du′ hb
r(u− u′)

Dw(λ, u′) g(λ, u′, v)√
u′2 + v2 + D2

. (3)

In this equation, w(λ, u) is a smooth weighting function that
accounts for redundancies in the fan-beam data and hb

r(u) is
the regularized ramp filter [2]:

hb
r(u) =

∫ ∞

−∞
du′Φ(u− u′)hr(u′), (4)

where Φ(u) is a low-pass filter that allows to modify the global
trade-off between noise and spatial resolution.

B. The new FBP approach

We now derive a new CB reconstruction algorithm by
making use of the identity

hb
r(u) =

1
2π

∂

∂u
hb

h(u), (5)

where hb
h(u) denotes the kernel of the regularized Hilbert

transform [6]. First, we note that (3) can be written as

2π gF (λ, u, v) =

um∫

−um

du′ δ′(u− u′)gH(λ, u′, v). (6)

where δ′ is the kernel of the differentiation operator and

gH(λ, u, v) =

um∫

−um

du′ hb
h(u− u′)

Dw(λ, u′) g(λ, u′, v)√
u′2 + v2 + D2

(7)

denotes weighted and Hilbert-filtered CB data. Then, we apply
the change of variable u → l at fixed x and λ, which is defined
by

u(l) =
Dl

R− x · ew(λ)
(8)

and has Jacobian |D/(R − x · ew(λ))|. We picture l as the
coordinate that describes locations on a virtual detector, i.e.,

a detector that is parallel to the physical detector but shifted
along ew(λ) such that it contains the point x (Fig. 2). The
right hand side of (6) is then developed into

lm∫

−lm

dl′ δ′
(

D(l − l′)
R− x · ew(λ)

)
gH

(
λ, u(l′), v

) ∣∣∣∣
D

R− x · ew(λ)

∣∣∣∣

=
R− x · ew(λ)

D

lm∫

−lm

dl δ′(l − l′)gH

(
λ, u(l′), v

)

=
R− x · ew(λ)

D
lim
ε→0

gH(λ, u(l + ε), v)− gH(λ, u(l − ε), v)

2ε
.

(9)

We suggest to discretize (9) by setting ε to ∆l, which yields

R− x · ew(λ)
D

× gH (λ, u(l + ∆l), v)− gH (λ, u(l −∆l), v)
2∆l

.

(10)
The parameter ∆l allows us to control the band-pass charac-
teristics imposed on the differentiation operation. Combining
(10), (6) and (2) yields the new CB FBP formula for estimating
the object density:

fe(x) =
R

4π∆l

λ2∫

λ1

dλ
1

R− x · ew(λ)

× (
gH (λ, u∗ + u(∆l), v∗)− gH (λ, u∗ − u(∆l), v∗)

)
(11)

with gH defined in (7). Image reconstruction according to (11)
is thus achieved by filtering each CB projection according
to (7) and by backprojecting the filter result into the image
domain, such that each image point receives the difference
of two filter values, separated by 2u(∆l). Note that u(∆l)
depends on the depth of the point x along the backprojection
ray and will thus be different for points that project onto
the same detector coordinate u∗. Hence, the band-pass of
the filter kernel used for reconstruction at x is related to
the magnification of the CB geometry, without losing the
algorithmic structure of filtering and backprojection.

IV. NUMERICAL EVALUATION

We carried out a numerical evaluation of the CB reconstruc-
tion algorithm introduced in section III-B and compared its
performance to that of Feldkamp’s algorithm. The evaluation
was based on computer-simulated data and focussed on the
reconstruction within the plane of the source trajectory, to
avoid the issue of CB artifacts. We investigated image noise

Fig. 2. Top-view of the physical detector as well as of the virtual detector
through x and of some of the associated quantities.
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TABLE I
GEOMETRY PARAMETERS

field-of-view radius [mm] Ro = 100
source trajectory radius [mm] R = 150
source-detector distance [mm] D = 300
discretization along trajectory [◦] ∆λ = 0.5
detector pixel size [mm] ∆u = 1, ∆v = 1

and spatial resolution and were particularly interested in how
uniformly these image properties are distributed over the
reconstructed region.

CB data was created for a full-scan (i.e., λ2 = λ1 + 2π)
with the parameters listed in table 1. The data sample at any
detector pixel was computed by first subdividing the pixel,
then computing the object density integrals along the lines
that connect the X-ray source point with every subdivided
patch and finally averaging these integral values. For the noise
studies, we uniformly subdivided each detector pixel along the
u-axis by a factor of 9, and for the resolution studies, we used
a factor of 25.

A. Implementation details

To allow an accurate numerical comparison, the two re-
construction formulas were implemented using identical dis-
cretization schemes, wherever possible. During backprojec-
tion, e.g., we applied bilinear interpolation in u and v to
obtain the filter value at coordinates u∗ and v∗. The smoothing
function Φ in the filter equation of the classical approach was
set to a Gaussian low-pass filter with standard deviation σ and
for the new algorithm, we applied the Hilbert transform with
a half-pixel shift and a straight cut at Nyquist frequency [7].

B. Spatial resolution

We investigated spatial resolution by estimating and evalu-
ating trans-axial point-spread-functions (PSFs), using an ap-
proach similar to that of [8]. The redundancy weighting
function was set to w(λ, u) = 0.5, so that resolution in a
transaxial slice essentially depends on the distance to the z-
axis. We estimated resolution at distance d from the isocenter,

Fig. 3. Illustration of 5 PSFs computed at z = 0 mm and at (from left to
right) 10 mm, 20 mm, 30 mm, 40 mm and 50 mm from the isocenter. (Top)
Feldkamp with σ = 0.5, (bottom) the new approach for ∆l = 0.2. Each PSF
was normalized such that the maximum reconstructed intensity (in the PSF
center) is displayed with the same color.
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Fig. 4. Evaluation of spatial resolution in the plane of the scan. (Left)
Feldkamp, (right) the new approach. Each figure displays the mean FWHM
(circle) and the FWHM variance (error-bar) over the slice z = 0 mm, as a
function of σ or ∆l.

by simulating CB data of a cylindrical water object of tiny
circular base (radius 0.2 mm), which was centered on the axis
(x, y) = (d, 0). Reconstruction was carried out at z = 0 mm,
on a fine Cartesian grid with ∆x = ∆y = 0.03 mm. The
reconstruction result, which was assumed to represent the PSF
for the plane z = 0 mm, was evaluated on 360 radial profiles
diverging from the center of the water object. We determined
the full-width at half maximum (FWHM) for each profile and
used the mean of these 360 values to quantify spatial resolution
at distance d from the z-axis.

The average resolution over the reconstructed slice as
well as the resolution uniformity were investigated using
the mean of the 5 resolution values obtained at d =
{10, 30, 50, 70, 90}mm and the standard deviation of these 5
values, respectively.

Fig. 4 shows these figures-of-merit for various selections of
∆l and σ. In the classical approach, resolution varies notice-
ably over the investigated slice, and this variation becomes
even more pronounced when using smoother filter kernels.
Resolution achievable with the new approach, in contrast, is
more uniformly distributed at equal mean resolution; see also
the PSF reconstructions displayed in Fig. 3. The advantage
of the new approach becomes particularly visible for larger
selections of ∆l, where resolution tends to become almost
constant over the field-of-view (FOV).

C. Image noise

For an evaluation of image noise, we simulated CB data of
a cylindrical phantom of radius 100 mm that has the density
of water (µ = 0.01836/mm). The phantom contains small
circular inserts of different sizes and of densities that are
slightly higher than that of the phantom background (the
maximum contrast is 45 HU). Prior to reconstruction, we
added Poisson noise to the CB data, with a noise level that
corresponds to an emission of 200 000 X-ray photons per
ray. Fig. 5 shows the reconstruction at z = 0 mm from
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one noisy data set, obtained with the new and the classical
approach and parameters ∆l = 0.2 and σ = 0.5, respectively,
for which the two algorithms have similar resolution. This
figure also displays the noise profile along the y-axis for each
result, which is computed as the pixel-wise standard deviation
across the reconstructions obtained from 200 distinct noise
realizations. We can see that the new approach yields a clear
improvement in noise uniformity over the Feldkamp approach
for the selected smoothing parameters.

Fig. 6 displays the mean and homogeneity of image noise
(computed as the mean and the standard deviation of the noise
profile) achievable with both methods, for various selections
of ∆l and σ. Clearly, the new approach improves noise uni-
formity at identical mean noise, contributing to more uniform
image characteristics over the entire FOV.

V. CONCLUSIONS

We introduced a new algorithm for CT reconstruction from
circular CB data. Our approach was derived from the classical
CB algorithm of Feldkamp et al. A nice property of our
approach is that it allows the band-pass characteristics of the
filter operation to vary with the point to be reconstructed,
without loosing the general algoritmic structure of filtering and
backprojection. Numerical evaluation in the full-scan scenario
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Fig. 5. The slice z = 0 mm through the reconstruction result obtained
from one noisy full-scan fan-beam data set, in a grayscale window of
[−100, 100] HU. (Top) Feldkamp, (bottom) the new approach. The right
column shows the noise profile of the reconstructions along the y-axis,
computed from 200 distinct noise realizations.
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Fig. 6. Evaluation of image noise in (left) the Feldkamp approach and (right)
the new approach, for various selections of the algorithmic parameters. The
gray circles in each figure indicate the mean noise level along the y-axis and
the error-bars indicate the uniformity of image noise along the y-axis.

and inside the plane of the scan demonstrated that this property
allows for more uniformly distributed spatial resolution and
image noise, compared to the Feldkamp algorithm. This im-
provement is particularly visible when enforcing smooth image
characteristics, i.e., for larger selections of ∆l and σ. Studies
outside the plane of the scan still need to be performed.

Note that it is possible to use discrete differentiation op-
erations involving more than two samples in our approach,
and that ∆l does not need to be constant, but might for
instance be defined as a function of λ and x. We expect further
improvements in image quality when making use of these
additional degrees-of-freedom, but still need to quantify in
detail these improvements. Note finally that the idea presented
in this paper is not restricted to circular fan-beam or CB-
CT, but can be applied in a straight-forward manner to exace
or approximate FBP reconstruction in many other geometries,
involving non-planar and/or non-circular source trajectories.
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Cone-beam filtered back-projection for circular X-ray

tomography with off-center detector

Dirk Schäfer, Michael Grass

Abstract— We present a new reconstruction method for circu-
lar cone-beam X-ray tomography with off-center detector. The
method combines the concept of approximating the truncated
data by complementary rays measured at the opposite side of the
circular arc with a Katsevich-type reconstruction algorithm that
correctly handles the quasi-redundancy of the complementary
data after filtering. The approximated data is used only for
the filtering and not in the back-projection step. The proposed
algorithm is compared to two variants of FDK filtered back-
projection with weighting of complementary data before and
after the filtering step as proposed by other authors before.
Simulation studies show improved image quality using the new
method compared to both FDK variants.

I. I NTRODUCTION

Circular X-ray tomography with off-center detectors has
attracted interest already for quite a while, mainly to save
on detector area while keeping a big field-of-view (FOV).
The detector is positioned asymetrically in fan direction
with respect to the central ray passing through the iso-
center. Typically, the projections are heavily truncated in fan
direction causing problems for filtered back-projection (FBP)
algorithms. The source rotates on a full circle of 360° and
only the overlapping detector part measures redundant data
in the central axial plane on opposite source positions. The
concept of redundancy is extended as an approximation to
higher cone-angles, and rays from opposite direction with
same cone angle will be called complementary rays. Cho
et al. [2] adapted the well known FDK algorithm [4] and
proposed to weight the complementary data in the overlap
region before filtering similar to the Parker weighting [11]
for cirular short scans. This method is called pre-weighting
FDK in the following. The pre-weighting FDK method was
reinvented by Wang [12] and later generalized to helical
scanning [8]. Yu et al. applied the pre-weighting FBP concept
to circular acquisitions with rebinning to parallel beam
geometry and improved numerical properties [14].
Cho et al. [1][2] also proposed a method to approximate
the truncated projection data from the views measured at
the opposite sides of the circle before the filtering step
in the FDK algorithm. The ramp filtering is applied to a
much smoother profile around the projected rotational axis
and reconstructions improve at higher cone angles. The
weighting of complementary rays is applied after the filtering
and only data corresponding to physical detector pixels are

DS and MG are with Philips Research Europe - Hamburg, Sector Medical
Imaging Systems, Roentgenstraße 24–26, 22335 Hamburg, Germany. corre-
sponding author: dirk.schaefer@philips.com

back-projected. Hence, this method is called post-weighting
FDK in the following and proved to mitigate cone artifacts
especially for small detector overlap. However, the weighting
of complementary data in the FDK algorithm after the
filtering is incorrect from a theoretical point of view and
already Cho et al. [2] reported slight shading artifacts, though
they used almost symmetric objects. Zamyatin et al. [15]
adapted the concept of approximating truncated data by
complementary rays for helical CT with off-center detector.
More recently developed reconstruction algorithms have
also been applied to the off-center detector scenario. Leng
et al. [6] applied a back-projection filtration (BPF) algorithm
to the fan-beam case of an asymmetric half-size detector and
Li et al. [7] presented a cone-beam variant of this concept.
Clackdoyle et al. [3] investigated the fan-beam reconstruction
algorithm proposed by Noo et al. [9] in case of truncated
data for region-of-interest reconstructions. This algorithm has
been generalized by Yu and Wang [13] to the cone-beam case
and is the special case of a Katsevich-type reconstruction [5]
for circular acquisitions. One important feature of this FBP
algorithm is that complementary data is weighted after the
two-step filtering of differentiation and Hilbert filtering.
The main contribution of this paper is to combine the idea
of the approximation of truncated data by complementary
rays [1] with a reconstruction algorithm that handles
complementary data after filtering in a correct manner [9].
The approximated data is only used for the filtering and not
in the back-projection step.

II. RECONSTRUCTIONMETHODS

A schematic view of the acquisition geometry is shown in
Fig. 1. The planar detector and the X-ray source are rotated
around they-axis. The distance between source and detector is
given byD. The distance from the source to the rotation axis
is denotedR, and I represents the iso-center of the imaging
system. The circular orbit is parameterized by the path length
λ ∈ Λ = [0, 2πR). The projected iso-center on the detector is
located atD(λ) and defines the origin of the detector system.
The detectorv-axis is parallel to the rotational axis and has an
extent ofvmin ≤ v ≤ vmax. Accordingly, theu-axis is parallel
to the trajectory tangent vector withumin ≤ u ≤ umax. The
cone beam projection data is denoted byX (u, v, λ):

X (u, v, λ) =
∫ ∞

0

f(S(λ) + lê(u, v, λ))dl, (1)
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Fig. 1. Geometry for off-center circular X-ray tomography.

where ê(u, v, λ) is the unit vector from the source position
S(λ) to the detector elementE(u, v, λ). The corresponding
length is denoted bySE. The flat detector is positioned in
off-center geometry. The overlap regionO(λ) = {(u, v) ∈
R2 | u−o ≤ u ≤ u+o, vmin ≤ v ≤ vmax} is defined as
the symmetric region aroundD(λ) with measured projection
valuesX (u, v, λ). The width of the overlap region is∆u =
u+o − u−o.

Following the idea first introduced by Cho et al. [1], a
redundancy weightw(u) is introduced according to:

w(u) =


0, umin ≤ u < u−o

sin2

(
π

2
u− u−o

∆u

)
, u−o ≤ u ≤ u+o

1, u+o < u ≤ umax.
(2)

Three different reconstruction methods are used in this article
and presented in the following.

A. Pre-weighting FDK

Cho et al. [2] have used a simple pre-weighting of the
projection data with a redundancy weight similar to Eq. 2,
followed by standard FDK reconstruction [4]. The weighting
function mitigates artifacts that are caused by ramp filtering
across the boundary of measured data and the detector edge.
These pre-weighted projections are reconstructed according to
the modified FDK formula given in Eq. 3:

fpre(x) =
∫
Λ

D

|(x− S) · d̂|2

∞∫
−∞

w(u)
D

SE(x)
(3)

X (u′, v, λ) hR(u− u′) du′dλ

with: hR(ρ) =

∞∫
−∞

|P |ej2πρP dP.

d
The pre-weighting FDK is exact in the axial mid-plane, where
filtering and redundancy are correctly handled. However, at
higher cone-angles no really redundant data exist due to the
divergent geometry. Combined with the approximative FDK
reconstruction, this leads to significant artifacts especially for
asymmetric objects (see Fig. 3). The filtering and redundancy
weighting close to the projected rotation axis is sensitive to all
kind of imperfections: geometry jitter, scatter, etc. Hence, an

algorithm using continuous projections around the projected
rotation axis is desired.

B. Post-weighting FDK with extended projections

Redundancy weighting after filtering combined with the FDK
algorithm leads to a non-exact reconstruction algorithm in
the axial mid-plane. However, these filtering problems can
be avoided. First, the truncated projections from off-center
geometry are rebinned to a complete projection data set using
complementary rays. The fan angleα of a specific rayu
is given by α(u) = atan(u/D) and the source angle by
β = λ/R. Rewriting the projection data with these coordinates
gives X̃ (α, v, β) = X (atan(u/D), v, λ/R). The projections
are extended with the complementary rays in the region
umin ≤ u < u−o with umin = −umax:

X̃1(α, v, β) = X̃ (−α, v, β ± 2α + π) (4)

for α(umin) ≤ α ≤ α(u−o),

where the sign depends on the rotation direction. To guarantee
a smooth transition of the extended data and the originally
measured data a faded additive offset correction is applied.
Switching back to the detector coordinates gives:

X2(u, v, λ) = (5)
X1(u, v, λ), umin ≤ u < (u−o −∆)

X1(u, v, λ) + δ cos
(

π
2

u−o−u
∆

)
, (u−o −∆) ≤ u ≤ u−o

X (u, v, λ), u−o < u ≤ umax,

whereδ = X (u−o, v, λ)−X1(u−o, v, λ) defines the offset and
the fading region is chosen as∆ = u+o − u−o.
The post-weighting FDK with extended projections as pre-
sented in Eq. 6 has been proposed by Cho et al. [1][2].

fpost(x) =
∫
Λ

D

|(x− S) · d̂|2
w(u)

∞∫
−∞

D

SE(x)

X2(u′, v, λ) hR(u− u′) du′dλ (6)

C. Katsevich-type algorithm with extended projections

The problem of incorrect handling of redundancy with the
post-weighting FDK method can be removed by using an
algorithm that applies redundancy weights after the filtering
step. This can either be achieved by rebinning to parrallel
geometry with subsequent standard FBP or to avoid the
rebinning by applying a Katsevich-style algorithm [5] to the
circular acquisition data [10]:

fnew(x) =
1
2π

∫
Λ

w(u)
R− (x− I) · d̂

∞∫
−∞

D

SE(x)
(7)

Xd(u′, v, λ) hH(u− u′) du′ (1/R) dλ,

with hH(ρ) = −
∞∫

−∞

i sgn(P)ej2πρP dP,

and Xd(u, v, λ) =
(

∂X2

∂λ
+

∂X2

∂u

∂u

∂λ
+

∂X2

∂v

∂v

∂λ

)
(u, v, λ)

10th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 87



is the derivative along the source trajectory with fixed ray
direction. This derivative is computed using the blended chain
rule for arbitrary detector orientations derived by Noo et
al. [10].
In the central plane, the algorithm reduces to the fan-beam
algorithm proposed by Noo et al. [9]. Note, that the general-
ized 3D variant of Noo’s 2D fan-beam algorithm proposed by
Yu and Wang [13] differs slightly by applying the cone angle
weighting before instead of after the differentiation step.

III. R ESULTS

Simulated projection data have been generated using 600 pro-
jections equally-angular sampled on 360 degree. The detector
is symmetric with respect to the projected rotation axis and has
a width of 756.6 mm and a height of 397.3 mm with 975×512
pixels. The distance from the source to the rotation axis is
R = 881.8 mm and to the detectorD = 1325.1 mm. The
off-center detector acquisitions are generated by setting all
projection data withu < u−o to zero. The full detector data
with non-truncated projections has been used for reference
reconstruction with the standard FDK algorithm.
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Fig. 2. Simulation of water sphere, positioned in iso-center with detector
overlap of ∆u = 3.8 cm. Central axial (y) and central sagittal (x) slices.
Level/Window = 0/100HU.

Reconstructions for a homogeneous water sphere with a diam-
eter of 20 cm positioned in the center of rotation are shown
in Fig. 2. Central axial (y) and central sagittal (x) slices are
shown for the three different reconstruction algorithms. The
coronal slices are ommitted for sake of brevity. The well
known intensity drop at higher cone angles can be observed
especially for the pre-weighting FDK. The Katsevich-type
method reveals some aliasing due to the diffention step using
only two projections. Apart from these minor artifacts the
sphere is accurately reconstructed, which is consistent with
the results in the literature using well centered and almost
symmetric objects [1][12].

The acceptable results with the pre- and post-weighting
FDK for simple symmetric objects cannot be obtained for
asymmetric object or imaging conditions as shown in the
following. If the center of the sphere is positioned 40 mm in x-
direction away from the rotational axis, strong artifacts become
visible for the pre- and post-weighting FDK (Fig. 3). The
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Fig. 3. Simulation of water sphere, positioned 40mm in x-direction off-iso-
center with detector overlap of∆u = 3.8 cm. Level/Window = 0/100HU.

central axial plane of the pre-weighting FDK is still correctly
reconstructed, however at higher cone angles strong artifacts
are visible especially in the plane orthogonal to the direction
of displacement. The artifacts at high cone angles can be
mitigated using the post-weighting FDK by paying the price
of a shading artifact that is caused by the incorrect redundancy
weighting after the filtering. The Katsevich-type reconstruction
significantly reduces the high cone angle artifacts without
compromising image quality at smaller cone angles.

fpre fpost fnew
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∆
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=
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cm

Fig. 4. Simulation of water sphere, positioned 40mm in x-direction off-iso-
center. Simulations using different overlap regions∆u = 10 cm (top row)
and15 cm (bottom row). Level/Window = 0/100HU. Sagittal slices (x).

The severity of the artifacts not only depends on the asym-
metry of the object but also on the size of the overlap region.
Sagittal slices of reconstructions with two different sizes of
the overlap region are shown in Fig. 4. The artifacts for the
pre-weighting FDK are reduced with increasing overlap, but
remain significant at 15 cm overlap. The low-frequent shading
artifact for the post-weighting FDK cannot be removed, only
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Fig. 5. Simulated head phantom, positioned 40mm in x-direction off-
iso-center. Voxel phantom from high resolution helical CT scan (top row),
reference FDK reconstruction from non-trunctaed projection data (bottom
row). Level/Window = 0/200HU.

the transition from the dark to the bright region becomes
smoother. The Katsevich-type algorithm delivers an image free
of these cone beam artifacts and without shading already for
an detector overlap of 10 cm.
The three reconstruction methods are also tested in a simu-
lation using a more complex object. A post-mortem helical
CT head scan has been carried out at very high X-ray dose
and reconstruction was performed with an isotropic voxel
resolution of 0.5 mm. The center of the CT head volume
was displaced 40 mm in x-direction from the rotational axis.
The same settings as described above were used for the
simulations. Three orthogonal slices of the CT phantom data
and a full detector reference reconstruction using standard
FDK is shown in Fig. 5. Note the presence of some streak
artifacts in the coronal and sagittal slices of the reference
reconstruction and the cap artifact on top of the head visible
in the coronal slice.
Reconstructions of the simulated CT head data set using the
three methods are shown in Fig. 6 with a detctor overlap of
3.8 cm. The results are similar to those obtained with the off-
center sphere in Fig 3. The pre-weighting FDK gives a correct
reconstruction in the axial mid-plane, whereas strong artifacts
dominate at higher cone angles. Alternating checkerboard-like
patterns are observed around the rotational axis indicating the
strong object-dependent nature of the artifacts using the pre-
weighting FDK. The artifacts at higher cone-angles and the
checkerboard patterns are reduced using the post-weighting
FDK but shading artifacts corrupt the image quality throughout
the whole volume. The Katsevich-type algorithm significantly
reduces the artifacts without introducing shading, and the
image quality is comparable to the full detector FDK refer-
ence reconstruction when using a detector overlap of 10 cm
(see Fig. 7). Note, that the streak artifacts already visible in
the reference reconstruction are more pronounced in all off-
center methods.

IV. CONCLUSIONS

Improved image quality for circular off-center detector tomo-
graphy has been demonstrated with the presented method. The
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Fig. 6. Simulation of head phantom, positioned 40mm in x-direction off-
iso-center with detector overlap of∆u = 3.8 cm. Level/Window = 0/200.
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Fig. 7. Simulation of head phantom, positioned 40mm in x-direction off-
iso-center with detector overlap of∆u = 10 cm. Level/Window = 0/200HU.

improved approximations of the filtering step at higher cone
angles and the correct handling of complementary data deliver
superior image quality compared to FDK-type methods. A
comparison of this approach to the BPF-type algorithms for
circular off-center detector acquisitions will be a topic of
future research.
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On the problem of axial data truncation in the
reverse helix geometry

Frédéric Noo, Adam Wunderlich, Günter Lauritsch, Hiroyuki Kudo

Abstract— Cone-beam data acquisition using a reverse helix as
source trajectory is an attractive geometry for extended volume
scanning with systems that lack slip-ring technology. Examples
of such systems are found in image-guided radiation therapy and
also in interventional radiology, where volume CT imaging has
now become a popular tool. The reverse helix is generated as a
conventional helix but with reversal of the rotation direction every
360 degrees. Reconstruction from reverse-helical cone-beam data
has been thoroughly investigated over the last few years, and
accurate reconstruction algorithms have been suggested. But
none of these algorithms allow axial data truncation, and the
question of whether such truncation prevents theoretically exact
and stable reconstruction has remained an open problem, as well
as that of how to perform such a reconstruction. We present here
a new reconstruction scheme that is dedicated to the reverse
helix and appears to allow axial data truncation. This scheme
is based on a combination of existing reconstruction techniques,
and requires a numerical test for verification of its validity. This
test currently prevents us from guaranteeing its application to
arbitrary scanning parameters. Nonetheless, we have so far not
found unacceptable parameters. Moreover, we have been able to
implement the core idea of the scheme and obtain reconstruction
results that support the theory.

Index Terms— computed tomography, cone-beam, truncation,
reverse helix, reconstruction

I. I NTRODUCTION

Over the last few years, cone-beam (CB) computed tomog-
raphy (CT) has become a prominent tool in image-guided ra-
diation therapy treatment, and also in interventional radiology.
One of its main assets in these fields has been its ability
to provide immediate feedback during clinical procedures,
allowing essential on-the-fly adjustments. So far, circular data
acquisition has been used, but more sophisticated geometries
are being sought due to the known drawbacks of cone-beam
artifacts and limited volume coverage of this data acquisition.
The helix, which has been a very powerful geometry for
extended volume imaging in diagnostic CT, is unfortunately
not an option here, as a practical, low-cost incorporation of
slip-ring technology appears very challenging. In response to
this problem, the group of X. Pan at The University of Chicago
recently introducted the reverse helix as a source trajectory [1].
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Reverse-helical data acquisition only differs from conventional
helical data acquisition in one aspect: the rotation direction
is reversed every 360 degrees. This single difference allows
continuous volume coverage while avoiding the problem of
cable entanglements.

Image reconstruction from reverse helical CB data turns out
to be a challenging problem when the data is truncated in the
axial direction. If the data were not truncated, reconstruction
could be easily performed using the method of Grangeat [2],
or one of its FBP formulations [3]–[5]. But assuming that there
is no axial truncation is not realistic for obvious dose issues.
Cho et al [6] investigated the utilization of the differentiated-
backprojection (DBP) method [7], [8], which has been shown
to be very flexible in terms of truncation, but found that this
method does not allow reconstruction within the entire field-
of-view (FOV). The problem is that large subsets of the FOV
consist of points that do not belong to R-lines, i.e, lines that
connect two positions on the source trajectory. Unfortunately,
this geometrical feature of the data acquisition invalidates the
most powerful techniques that have been devised in the past
decade [9], [10]. The feature in question turns out to be that
for which the Pack-Noo formula had been suggested in 2005
[11], but the reverse-helix does not seem to comply with the
freedoms of this formula either, since its use has only led to
an algorithm that does not allow axial truncation [1].

We present here a new reconstruction scheme for the reverse
helix. This scheme combines together the DBP method with
an FBP formulation of the method of Grangeat, and appears
suitable for correct handling of axial truncation, at least with
the parameters that we considered. The scheme is described
in section III, after the presentation of relevant background
material in section II. Then, section IV shows preliminary
results supporting our theory and section V summarizes our
results and discusses future work.

II. BACKGROUND

A. Data acquisition geometry

We describe the data acquisition geometry using a system
of Cartesian coordinates,x, y and z, that is attached to the
object under investigation. The linear attenuation coefficient
of the object is denoted either asf , f(x, y, z), or f(x) with
x = [x, y, z], depending on the context.

We focus on the case of a reverse helix with two complete
rotations, which is depicted in figure 1. Thez-axis is along
the rotation axis of the scanner. The radius of the reverse helix
is denoted asR0, and the distance covered per 360 degree
rotation asP . The source position is given by a polar angle
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Fig. 1. 3D view of a reverse helix consisting of two complete rotations
(radiusR0 = 75 cm, pitchP = 40 cm).

λ ∈ [−2π, 2π]. Forλ ∈ [−2π, 0] the source-detector assembly
rotates counter-clockwise, whereas forλ ∈ [0, 2π] the rotation
is clockwise. The source position atλ can thus be expressed
as

a(λ) =

{

[R0 cosλ, R0 sin λ, Pλ/(2π)] if λ ∈ [−2π, 0]
[R0 cosλ,−R0 sinλ, Pλ/(2π)] if λ ∈ [0, 2π]

.

(1)
A flat detector geometry is assumed. The detector plane is

always parallel to thez-axis and the tangent of the source
trajectory. Detector locations are indexed using two Cartesian
coordinates,u and v, such that(u, v) = (0, 0) is at the
orthogonal projection ofa(λ) onto the detector plane. The
v axis is parallel to thez-axis, and theu-axis is parallel to
[− sinλ, cos λ, 0] for any λ ∈ [−2π, 2π]. (The definition ofu
is not changed at reversal of the rotation direction.)

The detector coverage inu encompasses a central cylindrical
FOV of radius RFOV, whithin which the object is wholly
contained. The FOV is denoted as region

ΩFOV = {x | x2 + y2 < R2

FOV} . (2)

By construction,f(x) = 0 if x /∈ ΩFOV. The range inu that is
needed to coverΩFOV is u ∈ [−um, um] with um = D tan γm

whereγm = arcsin(RFOV/R0) is the fan angle subtending the
FOV andD is the distance from the source to the detector.

The CB projection at positionλ is a function ofu and v
and is expressed as

(Df)(λ, u, v) =

∫ ∞

0

f(a(λ) + tα(λ, u, v)) dt (3)

whereα(λ, u, v) is the unit vector along the line that connects
a(λ) to the point (u, v) on the detector plane. Since the
detector covers the whole FOV inu, (Df)(λ, u, v) is measured
for all |u| ≤ um, and known to be zero for|u| > um.

Given that the source trajectory is a connected curve, Tuy’s
condition [12] is satisfied for all points within its convex
hull. By definition, this convex hull is the smallest convex
set that contains the source trajectory. It is bounded above
by the surface of helicalπ-lines that diverge downwards
from a(2π), and below by the surface of helicalπ-lines that

diverge upwards froma(−2π). We refer to this volume as
T . Theoretically exact and stable reconstruction is known to
be possible everywhere insideT when the projections are
all non-truncated inv as well as inu [2], [12]. In general,
the projections are, however, truncated inv. Note that the
expressions “truncation inv” and “axial truncation” are used
as synonyms throughout the text.

B. DBP reconstruction

When the projections are truncated inv, the Grangeat
theory cannot be used for reconstruction [2]. Nevertheless,
theoretically exact and stable reconstruction can be performed
using the DBP method [7], [8], which allows, in the reverse-
helix case, reconstruction from axially-truncated data onto any
line that connects two source positions [1]. Here, we call these
lines eitherπ-lines or R-lines, depending on the points they
connect. A line that connects two source positions that are on
the same helix turn is called aπ-line, whereas a line that
connects a source position from the lower helix turn to a
source position from the upper, reversed helix turn is called an
R-line, whereR stands for “redundantly-measured” [8]. This
definition is consistent with the historical usage that aπ-line
is a line that connects two points that are within 360 degree
of each other on a helix.

Let Tπ be the set of points inT that belong to aπ-line, and
let TR be the set of points inT that belong to anR-line. By
construction,Tπ is the union of two sets that intersect the plane
z = 0 only at one location, namelya(0), the cusp of the source
trajectory. So,Tπ is only a subset ofT . By construction,TR

is also only a subset ofT . Moreover, both sets,Tπ andTR,
have a finite-volume intersection and their union fails to cover
the whole ofT . These geometrical properties of the reverse
helix were demonstrated by Choet al. [1].

We call the region ofT that does not belong toTπ ∪TR the
core, and we use the notationΩcore to refer to the portion of the
core that is within the FOV. See figure 2 for a visualization
of the core.

By definition, the DBP method does not allow reconstruc-
tion in Ωcore, and the challenge being investigated here is to
perform theoretically exact and stable reconstruction inΩcore

from axially-truncated data. No existing CB reconstruction
theory seems applicable to this problem. In the next section,
we will show that a combination of the DBP method together
with the conventional Grangeat theory offers, however, a
potential solution.

III. OUR RECONSTRUCTION SCHEME

To present our reconstruction scheme, we need first to give
additional details onTπ. As previously mentioned,Tπ consists
of the union of two volumes that touch each other only at
the cusp point. These two volumes are mirror images of each
other relative to the planez = 0. The volume that is above this
plane is bounded below by the surface ofπ-lines that diverge
upwards froma(0) and above by the surface ofπ-lines that
diverge downwards froma(2π). We call these two surfaces
Σ+

0
and Σ+

1
, respectively; they are illustrated in figure 3. The

mirrored surfaces ofΣ+

0
and Σ+

1
across the planez = 0 are
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Fig. 2. Visualization of the core. The bottom right image shows a3D
rendering ofΩcore, the portion of the core that is within the FOV, whereas the
other three images show three slices through a discrete volume that identifies
the pixels that belong to aπ-line (gray pixels), the pixels that belong to
an R-line only (white pixels), and the pixels that belong to neither, which
form the core (inner black pixels). The slices are atx = 10.7087 cm (top
left), z = 5.625 cm (top right),y = −10.7087 cm (bottom left) and cover
the whole helix cylinder in the trans-axial direction, unlike the bottom right
image. The parameters used for these images areR0 = 75 cm, P = 40 cm
and RFOV = 25 cm. This paper focuses on reconstruction insideΩcore from
axially-truncated data, i.e., on the subset of inner black pixels that are within
the FOV.

Σ+
1

Σ+
0

Fig. 3. Illustration of the two surfaces,Σ+

0
andΣ

+

1
, that bound the portion

of Tπ that is above the planez = 0; Tπ is the subset of the convex hull
of the source trajectory that consists of points belonging to aπ-line. (radius
R0 = 75 cm, pitchP = 40 cm).

denoted asΣ−

0
and Σ−

1
, and bound the other portion ofTπ

above and below, respectively.
By construction,Ωcore is sandwiched betweenΣ+

0
andΣ−

0
,

and there is only one point on each of these bounding surfaces
that touchesΩcore; these two points are on thez-axis. Hence,
the segment,Γc, of the source trajectory that corresponds to
the intervalλ ∈ [−λc, λc] satisfies Tuy’s condition for every
point inΩcore as long asλc ≥ π+2γm. This observation implies
that theoretically exact and stable reconstruction off inside
Ωcore would be possible if non-truncated CB projections of the
restriction off to Ωcore were available for eachλ ∈ [−λc, λc]
with λc ≥ π + 2γm. Such projections are not measurable,

but they may be computable from knowledge off over
Tknown = T \(Tπ ∪ TR), which can be gained using the DBP
method. The computation would be performed by substracting
from the measurements the projection of the restriction of
f to Tknown. This computation is clearly possible forλ = 0
because any line that diverges froma(0) throughΩcore covers,
outsideΩcore, a region wheref is completely known, either by
application of the DBP method or because it is outside the
FOV. For λ 6= 0, attention must be given to lines that pass
simulatenously throughΩcore and through the portion of the
object that is outsideTknown.

Our reasoning leads to the following geometrical condition:
Theoretically exact and stable reconstruction of f
in Ωcore is possible when every line that passes
simultaneously through Ωcore and a source position
λ ∈ [−λc, λc] enters and exits the FOV within T ,
for some λc ≥ π + 2γm.

We have verified to our satisfaction that the condition above
is satisfied in the case of the reverse helix of figures 1 and 2.
Any value ofλc betweenπ + 2γm and1.3(π + 2γm) appears
allowable in this case. In other words, reconstruction off
inside Ωcore can be performed using as much as 284 degrees
of projections on both sides of the cusp, as illustrated in
figure 4. This freedom inλc may be used to reconstruct on a
volume slightly larger thanΩcore and perform smooth feathering
between the core and the region covered by the DBP.
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Fig. 4. Numerical evaluation of the portion of the source trajectory
where non-truncated projections ofΩcore can be created from values off
reconstructed using the DBP method, without interference from the content
of f outside the convex hull of the source trajectory. The red curve depicts
this portion. Two different 3D views are shown, demonstrating thatΩcore is
inside the convex hull of the red curve and therefore that the red curve satisfies
Tuy’s condition for all points inΩcore.

In summary, we suggest the following reconstruction
scheme. First, we use the DBP method to reconstructf inside
Tknown ∩ ΩFOV. Second, we reproject the restriction off to
Tknown for eachλ ∈ [−λc, λc], using a givenλc ≥ π + 2γm.
Third, we substract the reprojection result from the measured
CB projections. Fourth, we perform a reconstruction off
in Ωcore by applying the Defrise and Clack formulation [3]
of Grangeat’s method to the data set resulting from step 3.
Fifth, we merge the reconstruction inΩcore with the DBP
reconstruction obtained outsideΩcore, in the first step.

If there exist values ofλc that meet the geometrical con-
dition above, and such a value is used, the scheme delivers a
thereotically exact and stable reconstruction because the result
of step 3 is a set of non-truncated CB projections that is
complete for the restriction off to Ωcore, in the sense of Tuy’s
condition. Otherwise, the scheme delivers an approximate
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reconstruction. Either way, the scheme applies to data that
canbe axially-truncated.

IV. EXPERIMENTAL VALIDATION

We have tested our reconstruction scheme using computer-
simulated data of the FORBILD head phantom. For this test,
we considered a reverse helix of radiusR0 = 75 cm and pitch
P = 6 cm. The detector was at distanceD = 110 cm from
the source and consisted of256 × 256 square pixels of side
0.15 cm. Reconstruction was performed on a grid of cubic
voxels of side0.1 cm.

For simplicity, we did not use the DBP method to create
the voxel values insideTknown; we used the true values with a
slight smoothing consisting in defining each voxel value as
the average of2 × 2 × 2 subvoxel values. Figure 5 shows
slice x = 0 through the original phantom, the portion of the
phantom withinT , and the portion of the phantom within
Tknown. Figure 6 shows our first reconstruction result.

Fig. 5. Slicex = 0 cm through the FORBILD head phantom. (left) As is.
(middle) The portion that is within the convex hull of the source trajectory.
(right) The portion that can be obtained using the DBP method and that can
thus be used to create complete non-truncated projections of the restriction
of f to Ωcore.

V. D ISCUSSION AND CONCLUSIONS

We have presented an original scheme for theoretically exact
and stable reconstruction inside the convex hull of a reverse
helix from axially-truncated projections. The presentation was
based on a reverse helix consisting of only two complete
rotations, but is easily extended to a larger number of rotations
using a pairing technique. Encouraging preliminary results
were obtained. Further work will focus on refinement of
discretization rules to decrease the level of numerical artifacts
and improve resolution, and also on estimation of the axial
detector extent required for any given set of values ofR0, P
andRFOV.
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Exact efficient handling of interrupted illumination
in helical cone-beam CT with arbitrary pitch

Harald Schöndube∗†, Karl Stierstorfer†, and Frédéric Noo∗

Abstract—We present a theoretically-exact and stable CT
reconstruction algorithm that is capable of handling interrupted
illumination and therefore of using all measured data at arbitrary
pitch. This algorithm is based on differentiated backprojection
(DBP) on M-lines. First, we discuss the problem of interrupted
illumination and how it affects the DBP. Then we show that
it is possible to take advantage of some properties of the
DBP to compensate the effects of interrupted illumination in
a mathematically exact way. From there, we have developed an
efficient algorithm, which we have successfully implemented and
from which we show encouraging preliminary results.

I. INTRODUCTION

In helical cone-beam computed tomography (CT), approx-
imate reconstruction algorithms are currently the method of
choice for commercial use, see, e.g., [1] and references therein.
They are especially attractive because they are able to use all
measured data for a broad range of pitch values. However,
due to mathematical approximations subtending them, their
reconstruction results are often distorted by low-frequency
cone-beam artifacts.

In contrast, theoretically-exact and stable (TES) algorithms
do not employ approximations and yield reconstruction results
that are free of cone-beam artifacts [2]–[8]. However, they
usually perform reconstruction using exclusively the data
measured inside the Tam-Danielsson (TD) window [9], [10],
or more generally inside the n-π window [11]. Consequently,
the range of useful pitch factors for these algorithms is limited
to the discrete values for which the TD window or n-π window
just fits within the detector area, as in these cases the amount
of detector data measured outside the respective window (and
therefore not used for reconstruction) is minimized. The pitch
factor for which the TD window just fits within the detector
is the largest one for which TES reconstruction is possible;
we call it maximum pitch. As the topic of this paper is TES
reconstruction, we assume in the following that the pitch is
always smaller than or equal to maximum pitch.

In [12], we have introduced a TES method dubbed “M-line
DBP-HT” that is capable of beneficially using all detector
data at maximum pitch. The method operates by using a
differentiated backprojection (DBP) followed by an inverse
Hilbert transform (HT) and is capable of processing redundant
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data when working on M-lines, which are lines connecting a
source position with any point on the detector (“M-line” is an
acronym for “measured line”). However, this algorithm does
not solve the problem of finding a TES algorithm that is able
to process all detector data at arbitrary pitch, as for a pitch
factor smaller than maximum pitch, interrupted illumination
[11] may occur, which prevents the usage of the M-line DBP-
HT for such data.

Here, we present a modified TES version of the algorithm
in [12], which is capable of handling the problem of inter-
rupted illumination and thus able to use all measured data at
arbitrary pitch. We first give a short overview of the M-line
DBP-HT algorithm presented in [12] (section II). In section III
we discuss the problem of interrupted illumination and how
it affects the reconstruction. In section IV we show that it is
possible to take advantage of some properties of the M-line
DBP-HT such that the effects of interrupted illumination are
compensated in a mathematically exact way; some preliminary
reconstruction results using this new scheme are shown in
section V. A discussion of our results and some conclusions
are given in section VI.

II. THE M-LINE DBP-HT ALGORITHM

Let a(λ) = [R0 cos(λ), R0 sin(λ), hλ] describe the helical
source trajectory of radius R0 around the object f(x), where
cone-beam CT measurements are taken by a cylindrical detec-
tor at each source position λ ∈ [λstart, λend]. The quantity h
is equal to the helix pitch divided by 2π, it is related to the
pitch factor p through the equation

p = 2πh
D

R0Nrows∆w
, (1)

where D is the distance from source to detector, Nrows the
number of detector rows, and ∆w describes the height of
each row. At maximum pitch (denoted by hmax or pmax,
respectively), each voxel x is illuminated continuously and
exclusively over the interval [λa(x), λb(x)], i.e. interrupted
illumination does not occur.

The backprojection result of the DBP is not the object itself,
but rather its Hilbert transform (HT) along an M-line. The HT
is inverted using, e.g., the techniques in [4], [13]. We denote
the HT of f(x) along the direction of the unit vector pointing
from a(λ) towards x by (Hf)(x, λ) . We use a rebinning step
in our implementation of the DBP; this significantly improves
efficiency and noise properties as we showed in [13], [14].

The DBP-HT algorithm is based on the equation [4]

(Hf)(x, λM ) = . . .

1
2

(
DBP{λM , λ2(x), x}+DBP{λM , λ1(x), x}

)
, (2)
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Fig. 1. The three different kinds of M-line surfaces used for the M-line DBP-HT, from left to right: pointing to the center, top and bottom of the rebinned
detector. The green lines denote the boundaries of the TD window, the shaded area the amount of data used in reconstructing the respective surface.

where DBP{λi, λo, x} is a simplified notation for the DBP
over the interval [λi, λo] at x and where a(λ1(x)) and a(λ2(x))
denote those source positions where the projection of x just
enters (resp. leaves) the TD window on the detector. This
relation is valid for any voxel x inside the helix as long as
x is illuminated over the whole backprojection interval. If we
choose λ1(x) ≤ λM ≤ λ2(x), only the non-redundant data
from inside the TD window is used for backprojection. How-
ever, if we choose λM /∈ [λ1(x), λ2(x)], the backprojection
interval is extended beyond the boundaries of the TD window
and thus redundant data is taken into account.

In [12], we have shown that this property of the DBP
can be employed to significantly reduce image noise while
maintaining resolution by using the following steps. Partition
the desired volume V into a stack of surfaces of M-lines,
perform reconstruction on those surfaces, and then interpolate
to a Cartesian grid. Do this three times using each time
a different set of M-line surfaces. When using surfaces of
M-lines pointing towards the central row of the rebinned
detector (see Fig. 1), λM ∈ [λ1(x), λ2(x)] holds and we
get a first reconstruction result V ∗

1 that does not use any
redundant data. On the other hand, if we use surfaces of M-
lines pointing towards the upper or lower edge of the rebinned
detector (see again Fig. 1), we make sure that the maximum
amount of redundant data is used during backprojection and
we obtain two additional reconstructions, V ∗

2 and V ∗
3 , of V .

The final result is then obtained by simply averaging the three
reconstructions to V ∗ = (V ∗

1 + V ∗
2 + V ∗

3 )/3. Note that the
noise levels of reconstructions V ∗

2 and V ∗
3 are actually higher

than the one of V ∗
1 , it is only after averaging them that a noise

reduction is achieved.

III. INTERRUPTED ILLUMINATION

The term “interrupted illumination” describes the fact that
under certain circumstances a voxel x might be illuminated
over several disjunct parts of the source trajectory, i.e., the CB
projection of any point inside the field-of-view (FOV) enters
(resp. leaves) the area detector more than once when varying
λ from −∞ to∞. In this paper, we assume that no lateral data
truncation occurs, i.e., the object is always strictly contained
within the FOV. As a consequence, interrupted illumination
can only occur at the top or bottom of the detector, as no
projection of any voxel can enter or leave the detector area on
the lateral boundaries.

Fig. 2 shows an example of how the projection of a voxel
x travels over the area of the detector when varying λ. In
this example interrupted illumination occurs and can clearly

λ1

λi2 λo2

λ2

λb

λa λi1 λo1

Fig. 2. Exemplary path of the projection of a voxel x over the detector
(red) when varying λ. The projection path is plotted in blue, the green curves
indicate the boundaries of the TD window.

be recognized: at λa(x), the projection of the voxel enters
the detector for the first time. From λo1(x) to λi1(x), it is
outside the detector area again, i.e., interrupted illumination
occurs over that interval. At λ1(x) and λ2(x), it enters
(resp. leaves) the TD window. Between λo2(x) and λi2(x),
a second interruption in illumination can be observed, before
the projection finally leaves the detector area completely at
λb(x).

Note that interrupted illumination cannot occur between
λ1(x) and λ2(x): due to geometrical considerations and the
definition of the TD window, the projection of any voxel
inside the FOV enters (resp. leaves) the TD window only
once. As the projection of any voxel within the FOV can
not travel over the lateral boundaries of the detector, it is
impossible for the projection to leave the detector area inside
the interval [λ1(x), λ2(x)]. This has an important consequence
for the M-line DBP-HT algorithm: since the backprojection
interval for M-lines that point into the TD window is limited
to [λ1(x), λ2(x)], i.e., to data within the TD window, the M-
lines for V ∗

1 are not affected by interrupted illumination. Thus,
for any pitch value, reconstruction V ∗

1 is always exact.
The situation is different, however, for the M-line surfaces

pointing to the upper and lowers edges of the detector, which
form the basis of reconstructions V ∗

2 and V ∗
3 , respectively, and

the amount of voxels affected from interrupted illumination on
these surfaces increases with decreasing pitch. As an example,
Fig. 3 shows which voxels on the M-line surface pointing to
the top of the detector are affected by interrupted illumination
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Fig. 3. Regions inside the FOV on the M-line surface pointing to the top
detector row which are affected (white) or not affected (gray) by interrupted
illumination. Pitch factors p = 0.5 (left) and p = 0.75 (right).

for pitch factors p = 0.5 and p = 0.75.

IV. COMPENSATING FOR INTERRUPTED ILLUMINATION

As discussed in the previous section, only those M-line
surfaces used by the M-line DBP-HT that point to the upper or
lower edge of the detector are affected by interrupted illumina-
tion, whereas the central surfaces, and therefore reconstruction
V ∗

1 , are not. This observation suggests that it may be possible
to compensate the interrupted illumination by using V ∗

1 to
obtain all information that is missing on the outer surfaces.

To explain our approach, it is necessary to remember the
general DBP relation [4]:

DBP{λi, λo, x} = (Hf)(x, λo)− (Hf)(x, λi). (3)

Equation 2 follows from equation 3 by recognizing that λ1(x)
and λ2(x) are the endpoints of the π-line through x and
therefore (Hf)(x, λ1(x)) = −(Hf)(x, λ2(x)).

Now consider equation 2 in the case when the M-lines point
to the upper end of the detector (i.e., λM ≡ λa(x) < λ1(x))
and when interrupted illumination occurs. Let λo1(x) and
λi1(x) be the locations where this interrupted illumination
begins and ends (see again Fig. 2). Then each of the two
terms on the RHS of equation 2 can be written as the sum
of three terms, the first and third of which can be computed
directly from the data, but not the second term:

DBP{λM , λ2(x), x} = DBP{λM , λo1(x), x} . . .
+DBP{λo1(x), λi1(x), x}+DBP{λi1(x), λ2(x), x} (4)

DBP{λM , λ1(x), x} = DBP{λM , λo1(x), x} . . .
+DBP{λo1(x), λi1(x), x}+DBP{λi1(x), λ1(x), x}. (5)

We move this second term to the LHS of equation 2 and use
equation 3 to replace it by differences of Hilbert transforms:

DBP{λo1(x), λi1(x), x} = (Hf)(x, λi1(x))−(Hf)(x, λo1(x)).
(6)

This manipulation leads to the following fundamental result
of this paper:

(Hf)(x, ω(λM , x))− (Hf)(x, λi1(x)) + (Hf)(x, λo1(x)) =

=
1
2

(
DBP{λM , λo1(x), x}+DBP{λi1(x), λ2(x), x} . . .

+DBP{λM , λo1(x), x}+DBP{λi1(x), λ1(x), x}
)

(7)

On the LHS of this fundamental formula we have two
unknown quantities, (Hf)(x, λi1(x)) and (Hf)(x, λo1(x)),
but fortunately it is possible to compute both directly from
reconstruction V ∗

1 . This result leads to the following algorithm:
1) Partition the desired volume V into three stacks of M-

line surfaces and perform the DBP over all available
data as with the original M-line DBP-HT.

2) Perform the inverse HT on the M-line surfaces pointing
inside the TD window and interpolate the result to form
reconstruction V ∗

1 .
3) For all points in the stack of M-line surfaces pointing to

the top detector row, compute λi1(x) and λo1(x), then
compute (Hf)(x, λi1(x)) and −(Hf)(x, λo1(x)) from
V ∗

1 . Add those values to the backprojection result.
4) Proceed analogously for the stack of M-line surfaces

pointing to the lower edge of the detector.
5) Finally, perform the inverse HT on the outer M-line

surfaces, interpolate to reconstructions V ∗
2 and V ∗

3 , re-
spectively, and average to the final result V ∗ = (V ∗

1 +
V ∗

2 + V ∗
3 )/3.

V. RESULTS

We have successfully implemented our idea and obtained
very encouraging preliminary results. Some of those results
are presented in this section. To compute these results, we
used simulated data of the FORBILD thorax phantom with 64
detector rows and 736 detector columns; the reconstructions
were performed on a grid of 512× 512 square pixels of side
1 mm.

The top row of Fig. 4 shows the backprojection on a surface
of M-lines pointing to the upper edge of the detector from
simulated data with pitch factor p = 0.5, before (left) and after
(right) performing the inverse HT. The impact from interrupted
illumination is clearly visible. The values (Hf)(x, λi1(x)) and
−(Hf)(x, λo1(x)) to compensate for the interrupted illumina-
tion according to equation 7, computed from reconstruction
V ∗

1 , are displayed in the middle row of that figure, while the
final result after adding the computed terms is shown in the
bottom row, again before and after performing the inverse HT.

To demonstrate stability to noise, Fig. 5 shows again the
results on the same surface as above before and after com-
pensating for the interrupted illumination, but with Poisson
noise corresponding to 200.000 photons per ray added to the
simulated data before starting the reconstruction process.

VI. DISCUSSION AND CONCLUSION

We have presented a TES reconstruction algorithm for he-
lical cone-beam CT which is capable of handling the problem
of interrupted illumination and thus of using all measured
data at arbitrary pitch. This algorithm is an extension of our
previously introduced “M-line DBP-HT” algorithm and takes
advantage of the fact that this DBP-HT method reconstructs
the volume of interest several times, where one reconstruction
is never affected from interrupted illumination. We have shown
that it is possible to use this reconstruction to compensate the
effects of interrupted illumination in the other reconstructions
by way of the fundamental equation 7. For a visual evaluation,
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Fig. 4. Reconstructions of the FORBILD thorax at pitch factor
p = 0.5 on an M-line surface pointing to the top detector row. Top
row: result after backprojection, before (left) and after (right) perform-
ing the inverse HT, window=[−250 HU, 250 HU]. Central row: Com-
pensation values (Hf)(x, λi1(x)) (left) and −(Hf)(x, λo1(x)) (right),
window=[−250 HU, 250 HU]. Bottom row: result after compensation
for interrupted illumination, before (left) and after (right) the inverse HT,
window=[−100 HU, 100 HU].

Fig. 5. Reconstructions of the FORBILD thorax at pitch factor p = 0.5 on
an M-line surface pointing to the top detector row with Poisson noise corre-
sponding to 200.000 photons per ray added to the simulated data, before (left)
and after (right) performing the inverse HT, window=[−250 HU, 250 HU].

we have furthermore presented some reconstruction results
from our proposed method, showing promising image quality
and a good stability in the presence of noise. As a next step

in evaluating the algorithm, a detailed analysis of its resolu-
tion/noise properties and artifact behaviour is necessary, which
remains a topic of our future investigations. This analysis will
focus on V ∗, whereas the results displayed here have been
limited to V ∗

3 .
The method that we have proposed here is not the only way

of handling interrupted illumination using V ∗
1 . For example,

we could have extended the detector by a number of rows
using forward projection through V ∗

1 . However, this process
would be less efficient than our method because it would
require backprojection on the segments of interrupted illumi-
nation in addition to the forward projection. Our approach
involves only straightforward Hilbert integrations, once λi1(x)
and λo1(x) are known for all x. Moreover, due to the rotational
symmetry of the backprojection geometry, λo1(x) − λM and
λi1(x)− λM are only dependent on the location of the point
x on the M-line surface and on the detector row the surface
points to, but not on the z location of the surface itself. It
is thus possible to easily tabulate these values. The values of
λo1(x) and λi1(x) can then be obtained by simply adding λM .

REFERENCES

[1] H. Kunze, “Iterative Rekonstruktion in der Medizinischen Bildverar-
beitung,” Ph.D. dissertation, Friedrich-Alexander-Universität Erlangen-
Nürnberg, Germany, 2007.

[2] A. Katsevich, “Analysis of an exact inversion algorithm for spiral cone-
beam CT,” Phys. Med. Biol., vol. 47, pp. 2583–2597, 2002.

[3] Y. Zou and X. Pan, “Exact image reconstruction on PI-line from
minimum data in helical cone-beam CT,” Phys. Med. Biol., vol. 49,
pp. 941–959, 2004.

[4] J. Pack, F. Noo, and R. Clackdoyle, “Cone-beam reconstruction using
the backprojection of locally filtered projections,” IEEE Trans. Med.
Imag., vol. 24, no. 1, pp. 70–85, Jan. 2005.

[5] C. Bontus, T. Köhler, and R. Proksa, “A quasiexact reconstruction
algorithm for helical CT using a 3-pi acquisition.” Med. Phys., vol. 30,
no. 9, pp. 2493–2502, Sep 2003.

[6] A. Katsevich, “On two versions of a 3π algorithm for spiral CT.” Phys.
Med. Biol., vol. 49, no. 11, pp. 2129–2143, Jun 2004.

[7] C. Bontus, T. Köhler, and R. Proksa, “EnPiT: filtered back-projection
algorithm for helical CT using an n-pi acquisition.” IEEE Trans. Med.
Imag., vol. 24, no. 8, pp. 977–986, Aug 2005.

[8] A. Katsevich, “3PI algorithms for helical computer tomography,” Ad-
vances in Applied Mathematics, vol. 36, pp. 213–250, 2006.

[9] K. Tam, S. Samarasekera, and F. Sauer, “Exact cone-beam CT with a
spiral scan,” Phys. Med. Biol., vol. 43, pp. 1015–1024, 1998.

[10] P. Danielsson, P. Edholm, J. Eriksson, and M. Magnusson Seger,
“Towards exact reconstruction for helical cone-beam scanning of long
objects. a new detector arrangement and a new completeness condition,”
in Proc. 1997 Meeting on Fully 3D Image Reconstruction in Radiology
and Nuclear Medicine (Pittsburgh, PA), D. Townsend and P. Kinahan,
Eds., 1997, pp. 141–144.

[11] R. Proksa, T. Köhler, M. Grass, and J. Timmer, “The n-PI-method for
helical cone-beam CT,” IEEE Trans. Med. Imag., vol. 19, no. 9, pp.
848–863, 2000.

[12] H. Schöndube, K. Stierstorfer, and F. Noo, “Accurate helical cone-
beam CT reconstruction with redundant data,” Phys. Med. Biol., vol. 54,
no. 15, pp. 4625–4644, Aug. 2009.

[13] H. Schöndube, K. Stierstorfer, F. Dennerlein, T. White, and F. Noo,
“Towards an efficient two-step Hilbert algorithm for helical cone-beam
CT,” in Proc. 2007 Meeting on Fully 3D Image Reconstruction in
Radiology and Nuclear Medicine (Lindau, Germany), F. Beekman and
M. Kachelrieß, Eds., 2007, pp. 120–123.

[14] H. Schöndube, K. Stierstorfer, F. Dennerlein, and F. Noo, “Comparative
evaluation of two analytical methods for helical cone-beam tomography,”
in IEEE Nuclear Science Symposium Conference Record NSS ’07, vol. 6,
2007, pp. 4467–4471.

10th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 97



 
Fig. 1. flat panel CBCT configuration. u and v are coordinates on the 2D 
detector. t is the rotation angle. r and d represent the distances of source to 
center and center to detector respectively. z is the longitudinal coordinate 

  
Abstract—In this paper, an improved scatter correction with 

moving beam stop array (BSA) for x-ray cone beam (CB) CT is 
proposed. Firstly, correlation between neighboring CB views is 
deduced based on John’s Equation. Then, correlation-based 
algorithm is presented to complement the incomplete views by 
using the redundancy (over-determined information) in CB 
projections. Finally, combining the algorithm with scatter 
correction method using moving BSA, where part of primary 
radiation is blocked and incomplete projections are acquired, an 
improved correction method is proposed. Effectiveness and 
robustness is validated by Monte Carlo (MC) simulation with 
EGSnrc on humanoid phantom. 
 

Index Terms—Beam Stop Array, Consistency Condition, CT, 
Scatter Correction, John’s Equation 

I. INTRODUCTION 

CATTER is an open problem in CBCT. Various scatter 
correction methods are proposed [1-9] and yet continued 

research is necessary [10]. In the existed methods, scatter 
estimation with BSA measurements, herein named BSA method 
[1], is a reliable way. In this method, besides the usual scan, 
using an extra scan with BSA, scatter is measured view by view. 
Considering that scatter is slow-variant, it is estimated with 2D 
spatial interpolation based on the measurements. When the 
estimated scatter is removed from the projections acquired in 
the usual scan, primary is got and scatter correction is achieved. 
Its main limitation is much dose due to the extra scan. Improved 
BSA method greatly reduces the dose by adopting a sparse-view 
extra scan with BSA for scatter measurements and estimations. 
Scatter in other views is estimated by angular cubic 
interpolation with the estimated scatter in the measured sparse 
views [2]. For more dose reduction and operation facility, 
efforts are aiming at integrating the step of scatter measurements 
into the usual scan, i.e., using appurtenances like moving BSA 
or collimator leaves to get scatter-removed projections in single 
scan [3, 4]. Here we focus on the moving BSA method [3], in 
which scatter is measured in each view with moving BSA and 
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the lost primary blocked by BSA is spatially interpolated. 
Different with scatter estimation, spatial interpolation has 
limitation in the estimation of blocked primary, because it 
performs well only in low frequency but not all the primary is in 
that way. For this reason, although in [3], the authors design a 
raster-moving BSA to prevent primary being blocked at fixed 
position, thereby to reduce the cumulated interpolation error, 
streak artifacts and noise increase are inevitable in the 
reconstructed image. 

Aiming at overcome above-mentioned limitations, we are 
searching novel interpolation method for restoring more lost 
information. Based on the seminal work about John’s Equation 
[11], we get a correlation between neighboring CB views. 
Accordingly, correlation-based algorithm restoring incomplete 
views is designed. We name it view-completing algorithm 
(VCA). Through combining VCA with moving BSA 
configuration, we get an improved scatter correction method.  

II. METHODS 

A. John’s Equation in CBCT Configuration 
Weighted 3D x-ray transform satisfies a cone beam 

consistency condition, named John’s Equation [12]. Denote 
x-ray spot as ξ and detector cell η. g (ξ;η) is the line integral of 
object f through ξ and η,       

 1( ; ) ( ( )) ( ( ; ))g f t dt X fξ η ξ η ξ ξ η ξ η −= + − = ⋅ −��          (1) 

X (f (ξ;η) is CT data (3D x-ray transform). Denote gxy as the 
partial differential of g to variables x and y.  John’s Equation is: 

( ) ( ); ; 0, , 1,2,3
i j j i

g g i jη ξ η ξξ η ξ η− = =                              (2) 

For spiral CBCT shown in Fig. 1, (2) is integrated to (3) [11]: 
22

vt uz v vv uv

u uv u
g rg g g r d g

r d r d r d
� �

− = − − − + +� �+ + +� �
      (3) 
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Fig.3. Left: Scanning configuration with moving BSA. Right: One view of 
Scan. Right Top: Forbild. Right Bottom: Zubal For better vision, 
projections are log operated and elongated in z direction. Investigated slices 
are marked with white line. Center slice with no blocking is denoted as A, 
and off-center-slices with blocking are denoted as B, C.  
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 Approximation
2 2 2( + ) + +

( + )uz uv

r d u v
g g

r r d
≅ ⋅ is adopted into (3), 

similarly as that used in [13], we get: 

 
22

vt v vv uv

u uv v
g g g g

r d r d r d
≅ − − +

+ + +
                               (4) 

Denote g*(t, k1, k2) as the Fourier transform of g (t, u, v), 
wherein superscript * representing Fourier transform. We will 
simplify g*(t, k1, k2) as g*(t) and g (t, u, v) as g (t) later. In 
frequency domain, the counterpart of (4) is: 

( )
2 1 2 2 2

* * 2 * *
2 1 2 1 22 k k k k kt

j
k g k g k g k k g

r d
≅ − + −

+
          (5) 

On this basis, we notice that further derivation is: 

1 1 2 2 2

* * * *1
2 1 2

2

2 , 0k k k k kt
kj

g g k g k g k
r d k

� �
⋅ − + − ≠� �+ � �

�      (6) 

Denote the right part of (6) as G (t, g*(t)), t�  represents a tiny 
rotation in t, (6) could be simply written as: 

( )
* *( ) ( )

( )*g t + t g t
G t, g t

t
−�

�

� , k2
�

0 .                                  

i.e., ( )* *( ) ( ) ( )*g t + t g t t G t, g t+� � �� , k2
�

0.                    (7) 

From (7), we get a correlation between neighboring CB 
projections in frequency domain (except longitudinal zero 
frequency). Using this correlation, it is possible to compute 
g*(t+ � t) (except g*(t+ � t,k1,0)) from neighboring view g*(t). 
Compared with common spatial interpolation, the correlation in 
(7) would be a novel promising interpolation because it supplies 
a quasi-exact way utilizing angular-contained information.  

B. View-completing Algorithm (VCA) 
  For incomplete spiral CB projections g(t+ � t), according to 
(7), we can develop VCA to restore g(t+ � t) using information in 
the neighboring views g(t) and g (t+2 � t).  
1) Firstly, g(t+ � t) is initially restored by spatial interpolation. 

The result is denoted as gIR(t+ � t), wherein superscript 
means initial restoration. 

2) If one of the neighboring views is complete, e.g., g(t) is 
complete. In frequency domain, g*(t) is put into (7) and 
current view g*C (t+ � t) is computed, wherein superscript 
means computed. Since (7) is not applicable for k2=0, we 
just let g*C (t+ � t, k1, 0) equal to g*IR(t+ � t, k1, 0). Back to 
space domain, we get gC(t+ � t). Corresponding to blocked 
pixels, value of gIR (t+ � t) is replaced by gC(t+ � t) and 
refined restoration g RR (t+ � t) is got, wherein superscript 
means refined restoration.  

3) If both neighboring views are incomplete, when compute 
gC(t+ � t) with g(t), g(t) needs to be spatial interpolated also. 
The following procedure is the same with 2). 

 In our opinion, in the situation of 3), although both g(t) and 
g(t+ � t) are incomplete, complementary information exists. In 
another word, between neighboring incomplete views, one has 
part of complement information that the other lost, and vice 
versa.  We inferentially realize this since it is well known that 
there is redundancy in 3D projections. Now we will study 
whether this is reasonable. Referring to (3), we are aware that 

John’s Equation is local in spiral CBCT. For neighboring CBCT 
views, according to tiny angular rotation, redundancy is 
contained in the neighborhood of same position. i.e., if pixel (u, 
v) is blocked in current view, to recover it, in the neighboring 
view, information on pixel (u, v) and its peripheral pixels should 
be known. We name it View-Completing Condition (VCC). In 
the situation of 3), VCA is effective when VCC is fulfilled. VCC 
will be further validated by simulation later. 

C. Improved Scatter Correction with Moving BSA  
 In [3], the blocked positions change according to the views, 
so VCC is fulfilled (on condition that movement of BSA is large 
enough). In our following improved scatter correction with 
moving BSA, utilizing VCA is straightforward: 
1) One scan with moving BSA is performed. According to 

each view, scatter is estimated using the measurements with 
moving BSA and is subtracted from the views. With this 
step, scatter-free views are got.  

2) For the restoration of blocked primary, VCA is iteratively 
adopted view by view. 

Compared with previous version [3], in proposed method, 
advantages of (7) and spatial interpolation are combined by 
VCA. Firstly, more lost information especially high frequency 
information is restored since (7) is effective in most frequency. 
Secondly, for longitudinal zero frequency which is beyond the 
ability of (7), VCA keeps spatial interpolation because it could 
perform well estimation in low frequency.  

III. SIMULATIONS 

   Both analytical and MC simulations are performed. Firstly, 
we validate VCC and the effect of VCA with analytical 
simulation [14] on FORBILD [15], which is a complex head 
phantom with rich high frequency details.  Secondly, to simulate 
a realistic application and test robustness under noise (quantum 
noise and inconsistence due to approximate scatter estimation), 
MC (Egsnrc [16]) simulation on humanoid phantom Zubal [17] 
is adopted. FDK algorithm is used in reconstruction [18]. In the 
reconstructed volume, representative slices such as center slice, 
off-center-slice existing serious blocking are investigated.  
Simulation configuration is circular CBCT, because it is the 
special case of spiral and is more commonly used in practice 
(Fig.2). The application for spiral case is straightforward. 

A. The Validation on VCC 
We validate VCC with CBCT scan on FORBILD (right-top 
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Fig. 5. Validation of MC (Egsnrc) simulation. Left: profiles of measured and 
simulated projection of water phantom (logarithmic scale). Right: Normalized 
error of simulation data corresponding to the same profile 
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Fig.3. Validation on VCC. Left: Relative Error according to each view with 
different movements. For better vision, only results of three movements are 
demonstrated. Right: Mean Relative Error with standard deviation. (In both 
images, initial restorations are normalized to one (red line in left image and 
black dotted line in right image) 
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Fig.4. Performance of proposed VCA. Reconstruction of Sc and S1 marked 
in Fig.2 are displayed in 1st and 3rd row, from left to right respectively is 
reconstructed image with ideal projection, interpolated projection, results 
of 1st, 2nd and 3rd cycle of iterations with VCA. Displayed window is 
[0,100] HU. Accordingly, difference image is shown in 2nd and 4th row, 
displayed with [-10, 10] HU. In first column of 2nd and 4th row, for better 
comparison, results of 3rd iteration is duplicated. 

image in Fig.2). Detector is 850 ×200. View Number is 1080. 
Each view is blocked by raster-moving BSA. BSA has 10×6 
blockers and each blocker shades 5×5 pixels. BSA movements 
are 0,1,2,3,4,6,7 pixels per view. For each view, horizon 1D 
cubic spline interpolation as in [3] is used and initial restoration 
is got. On the other hand, refined restoration is got by VCA (the 
first cycle of computation).The ratio of refined restoration to 
initial restoration is defined as Relative Error, see (8), wherein, 
View0 is the ideal non-blocking projections. For each movement, 
Relative Error is a 1D array with elements of view numbers. 
Mean Relative Error is defined in (9).  
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Results are plotted in Fig.3. It demonstrates that when the 
BSA is static, VCA has little improvement compared with 
interpolation. When BSA is moving, the positive effect is 
exhibited. It is more evident with more movements (right 

image). When movement is large, e.g., 7 pixels per view, the 
VCC is fully satisfied (recall that blocker shades are 5 pixels 
width, so 7 pixels are large enough for one blocked area plus a 
neighborhood). At this time, in each view, VCA is better than 
interpolation, because in left image, refined restoration is below 
initial restoration according to each view.  

B. Evaluation of VCA with analytical simulation 
     We iteratively perform view-completing to FORBILD with 
moving BSA. BSA moves 6 pixels per view. The other 
parameters are same with above section. Results are shown in 
Fig. 4. It could be observed that streaks due to inaccurate 
interpolation (2nd column, Fig.4) are greatly reduced with VCA 
and vision-satisfied restoration could be achieved through three 
iterations. This evaluation is only with noise-free views. Results 
for noisy case will be shown in section D where both scatter and 
quantum-noise are considered. 

C. MC Simulation 
To generate scatter data, we simply revise the normal 

transmission user code in EGSnrc [16]: if photons never been 
scattered till they will hit the detector, then their weights are set 
zero. To save time, Richardson-Lucy fitting [19] is adopted. 
The primary is computed by analytical ray-tracing method [14]. 
Quantum noise is included in accordance with 106 photons.  

 To evaluate the accordance between simulation and real 
equipments, data from micro CT (skyscan 1076) is used. The 
parameters are the same with [20]. A homogenous water 
phantom is scanned and result is shown in Fig.5. Profiles of 
simulated data agree well with real data. The average 
normalized error is below 5%. Relative large error is observed 
near the edge for tiny geometry misalignment in the 
measurement of real data.  

D. Results of Improved Scatter Correction in MC simulation 
    To eliminate the influence of beam-hardening effect, X-ray 
source is chosen as monochromatic 60keV (This is common in 
preliminary MC simulation for scatter correction [3, 5] and will 
help us study the effect of correction methods alone). Circular 
chest scan is performed to Zubal phantom [17] (right-bottom 
image in Fig.2). Distance of source to center and center to 
detector are 750 mm and 375 mm respectively. Flat panel (CsI) 
is 800×200, with pixel resolution of 1mm×1mm. Total view 
number is 540. BSA moves 6 pixels per view. The BSA has 
20×10 blockers and the blocker shades 5×5 pixels on the 
detector. The distance between adjacent blocker shades is 40 
and 20 pixels in row and column directions. Considering the 
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Fig.6. Reconstruction with scatter-polluted views. Window: [-300,200]HU 
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Fig.7. Reconstructions of scatter corrected views. Slices S2, Sc and S1 
marked in Fig.2 are displayed. In 1st, 3rd and 5th row, from left to right: 
reconstructed image of correction with BSA method, improved BSA method, 
moving BSA method with interpolation and proposed method (3rd iteration). 
Displayed window is [0,200] HU. Accordingly, difference image is show in 
2nd, 4th and 6th row, displayed with [-50, 50] HU 

penumbra edge effects, scatter is assumed to be measured 
accurately only in the centered shaded pixel. To combat with 
scatter (Fig.6), four BSA correction methods are compared 
(Fig.7).  They are BSA method [1], improved BSA methods (the 
sparse views occupy 5% of the total views) [2], moving BSA 
methods based on interpolation and proposed moving BSA 
method with VCA. In comparison, BSA method is referred as an 
ideal correction. Form Fig. 7, we can see that with our method, 
evident improvement is achieved compared with method that 
only uses spatial interpolation, and a quasi-ideal correction is 
got. In improved BSA method, inaccurate scatter estimation due 
to sparse-view measuring causes under- or over- correction 
observed in some positions. 

IV. DISCUSSION AND CONCLUSION 

 In both analytical (Fig.4) and MC (Fig.7) simulations, using 
proposed methods, significant streaks removing and noise 
reduction are observed compared with [3]. We reveal that VCA 
is effective when VCC is fulfilled and validate this with 
simulation. Considering that VCA works among neighboring 

views, we think it is applicable independent of the moving way 
of BSA, as long as the movement of BSA is large enough to 
fulfill VCC. It is useful because in practice, the movements may 
have tiny geometry misalignment. 
 To conclude, View-completing algorithm is developed and 
used in scatter correction with moving BSA. The improved 
method is efficient, robust and with potential use in practice. 
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Consistency conditions for cone-beam CT data
acquired witha straight-line source trajectory

Margo S. Levine, Emil Y. Sidky, and Xiaochuan Pan

Abstract— A consistency condition is developed for CT pro-
jection data acquired from a straight x-ray source trajectory.
The condition states that integrals of normalized projection data
along detector lines parallel to the x-ray path must be equal.
The projection data is only required to be untruncated along
the detector lines parallel to the x-ray path, a less restrictive
requirement compared to Fourier conditions that necessitate
completely untruncated data. The condition is implemented
numerically on simple image functions and a discretization error
bound is estimated.

Index Terms— data redundancy, John’s equation

I. I NTRODUCTION

Computed Tomography (CT) is the extension of x-ray based
medical imaging from the familiar two-dimensional shadow-
grams to full three-dimensional reconstructions of a patient’s
internal structure. CT scanners measure the approximate line
integrals of a patients linear attenuation coefficient along the
x-ray path. Reconstructing an image from CT data requires
solving the following inverse problem: given a set of measured
line integrals (projections), estimate the patient’s attenuation
distribution (image) function. In reality there are several
setbacks to determining the exact image function. First the
data collected from a real CT system is not continuous, thus
real CT reconstruction involves solving the discrete version
of a continuous model equation which introduces unavoidable
discretization errors. Second the continuous model is an ideal
model that depends on perfect projection data. However real
projection data is far from perfect; the data is wrought with
inconsistencies due to practical considerations such as x-ray
scatter, noise, beam hardening effects, patient motion, and
machine calibration.

The aim of this abstract is to develop quantitative methods
for evaluating the quality of projection data by deriving consis-
tency conditions on the projection data so that inconsistencies
may be systematically reduced prior to reconstruction. Condi-
tions for 2D parallel- and fan-beam CT geometries are well-
known but those for cone-beam CT and other more practical
configurations are less understood. In general the redundancies
in the data can be expressed by an ultrahyperbolic partial dif-
ferential equation derived in 1938 by the mathematician Fritz
John. Working years before the development of tomography,
John observed that the x-ray integral naturally depends on
four independent parameters while the image function itself
relies only on three, so that the reconstruction problem must

Dept. of Radiology – MC-2026, University of Chicago, 5841 S. Maryland
Ave., Chicago, IL 60637. Corresponding author: Margo Levine, E-mail:
msl24@uchicago.edu.

contain redundancies [1]. Recent works have shown that John’s
equation may integrated to determine cone-beam projections
for certain point sources located near the x-ray trajectory [2],
[3]. Exact reconstruction may then be more readily achieved
by first obtaining a new set of cone-beam projection data.
John’s equation has been applied to rebinning algorithms for
helical cone-beam CT and has been extended beyond CT to
include derivation of an exact rebinning algorithm for 3D
positron emission tomography (PET) [4]. However application
of John’s equation to improve quality of known projection data
has not been sufficiently explored.

In Sec. II we present a new consistency condition on
projection data from sources moving along a linear x-ray
trajectory, repeating some earlier work by Patch for clarity.
This condition may be used on truncated data; the data is
only required to be untruncated along lines on the detector
that are parallel to the x-ray trajectory. In Sec. III we present
the numerical implementation of the condition and discuss
discretization error bounds. At the meeting we will present
the derivation of the consistency condition for projection data
acquired from sources on a circular x-ray path and discuss
extensions to circular and helical trajectories.

II. CONSISTENCYCONDITIONS AND JOHN’ S EQUATION

Let f ∈ C2
0 be a real image function with compact support.

The x-ray transform off is defined as

g(~ξ, ~η) =

∫

R

f(~ξ + t(~η − ~ξ)) dt (1)

where ~ξ and ~η denote locations on the x-ray source trajec-
tory and detector plane, respectively, andg is the measured
projection data. The normalized projections

g̃(~ξ, ~η) =
1

|~η − ~ξ|
g(~ξ, ~η), (2)

are the measured projections scaled by|~η− ~ξ|, the length of a
line segment beginning at~ξ on the source trajectory and ending
at ~η on the detector plane. We consider a mathematically
convenient setup in which the x-ray trajectory lies in a plane
parallel to and unit distance above the detector plane. As
shown in Fig. 1, one can see that the projection datag (as
well as the normalized datãg) depends on four independent
variables,ξ1, ξ2, η1, and η2. The image functionf can be
at most a function of three independent spatial variablesx, y
andz, so that Eq. (1) necessarily contains redundancies. The
ultrahyperbolic partial differential equation,

(

∂2

∂η1∂ξ2

− ∂2

∂η2∂ξ1

)

g̃(~ξ, ~η) = 0, (3)
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Fig. 1. Geometrical illustration of redundancies in the x-ray transformEq. (1).
The path from a source~ξ = (ξ1, ξ2, 1) to a point on the detector~η =

(η1, η2, 0) is parametrized by four independent variables while the object
lying between the source and detector planes can be a function of at most
three independent variables.

known as John’s equation, expresses these redundancies as
a consistency condition, and the solution of (3) under appro-
priate boundary conditions yields a solution to the integral
problem (1).

Beginning with Eq. (3) we take the Fourier transform ofg̃
with respect to the detector variable~η,

∫

R2

(

∂2

∂η1∂ξ2

− ∂2

∂η2∂ξ1

)

g̃(~ξ, ~η)e−2πi~η·~κ d~η = 0, (4)

where ~κ is the wave vector associated with the detector
variable~η. Integrating (4) by parts gives

~κ⊥ · ∇~ξ
ĝ(~ξ,~κ) = 0, (5)

a wave equation with solution

ĝ(~ξ,~κ) = ĝ(~ξ + τ~κ⊥, ~κ) ∀τ ∈ R. (6)

The known boundary data are the normalized projections
g̃(~ξ, ~η) acquired from source points~ξ on the x-ray source
trajectory. This data may be used together with Eq. (6) to
compute certain transformed normalized projectionsĝ(~ξ,~κ)
from source points not on the x-ray source trajectory. As
shown in Fig. 2 when the x-ray source moves along a circular
trajectory |~ξ|2 = 1, one can computêg(~ξ,~κ) for all |~ξ|2 < 1
and build up the two-dimensional partial Fourier space with
the one-dimensional transformed projections. Then the unmea-
sured normalized projections inside the source trajectory can
be recovered by inverting the two-dimensional transform [2].

In this article our goal is not to determine unmeasured
projection data; rather, we aim to use Eq. (6) to construct
a metric to evaluate the quality of known projection data. We
first consider the situation where the source moves along a
line; without loss of generality, the source~ξ = (ξ, 0) moves
in the~κ⊥ = (κ, 0) direction. Equation (6) then reads

ĝ(ξ, κ) = ĝ(ξ + t, κ) ∀t ∈ R, (7)

wheret = κτ , and after inverting the partial Fourier transform,
the consistency condition becomes

∫ ∞

−∞

g̃(ξ, η) dη =

∫ ∞

−∞

g̃(ξ + t, η) dη ∀t ∈ R. (8)

Fig. 2. The partial Fourier transform of the normalized projections with
respect to the detector variable can be computed for all points inside the
circular x-ray source trajectory [2].

Fig. 3. For any two sourcesξ andξ + t on alinear x-ray source trajectory,
the integral of the normalized measured projectionsg̃ over a parallel line in
the detector plane must be equal.

Thus from condition (8) we conclude that for any two point
sources on a linear x-ray trajectory, the integrals of the
normalized projections acquired from the two sources over
the detector must be equal. The advantage of condition (8) has
over is that it requires untruncated projection data only for the
lines on the detector parallel to the linear x-ray trajectory while
condition (6) requires completely untruncated data everywhere
so that one can compute the Fourier transform. These conclu-
sions are illustrated in Figs. 3 and 4. It is also worth noting
that Eq. (8) is not equivalent to the parallel beam condition
equating the integrals of projection data over the detector for
each view. The latter is an equal area condition which is not
the case here as the data is weighted by the x-ray path length.

III. R ESULTS

The integral condition (8) is a quantitative metric for evalu-
ating the quality of CT measured projection data. For perfect
CT projection data,

Q =

∣

∣

∣

∣

∫ ∞

−∞

g̃(ξ, η) dη −
∫ ∞

−∞

g̃(ξ + t, η) dη

∣

∣

∣

∣

(9)

is identically zero, however in practical situations the data
contain inconsistencies resulting in nonzeroQ. Furthermore
Eq. (8) is a continuous condition and must be discretized
before implementation as real data is discrete and fixed by the
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Fig. 4. Eq. (8) may be used when the projection data is truncated. Only
untruncateddata from the line on the detector parallel to the x-ray path is
required.

Fig. 5. Geometrical setup employed to rewrite one side of Eq. (7) in an
analytically tractable form. The result for a square with side2a centered at
(x0, y0) having constant image functionf(x, y) = 1 is given by Eq. (11).

number of bins on the detector. Discretization errors are thus
unavoidable and are introduced independent from the quality
of the projection data;Q 6= 0 even when applied to perfect
data. Condition (8) is then only useful if one can distinguish
between data inconsistencies and discretization errors.

Let δ be a bound for the discretization errors that result
from numerical implementation of Eq. (8). Then

Q =

∣

∣

∣

∣

∫ ∞

−∞

g̃(ξ, η) dη −
∫ ∞

−∞

g̃(ξ + t, η) dη

∣

∣

∣

∣

≤ δ (10)

is true provided the projection data is perfect or contain
inconsistencies with sufficiently small total error. An estimate
for the error boundδ can be determined quantitatively with
perfect projection data by computingQ numerically for a
realistic number of equally sized detector bins. Consider for
example a square object with side length2a and constant
image functionf = 1 centered at(x0, y0) as shown in Fig. 5.
For two sources on a straight x-ray path, we numerically
integrate the corresponding normalized projections over the
detector and plot the results as a function of the number of
detector binsN as shown in Fig. 6. One can see that as
the number of bins increases, the difference between the two
integrals decreases. In particular, when there are a realistic
number of bins (N= 672), the differenceQ is on the order
of 10−2 and thusδ ∼ 10−2. Equation (8) can be computed

Fig. 6. Numerical integration of Eq. (8) as a function of detector binnumber
N for two sources located at(0, 0) and(y0 cot(5π/12), 0) on a linear x-ray
trajectory (blue and green curves). The object considered is shown in Fig. 5
with a = 1, (x0, y0) = 2, andd = 8.

analytically as well by rewriting
∫ ∞

−∞

g̃(ξ, η) dη =

∫ ∞

−∞

∫ 1

0

f [ξ + t(η − ξ)] dt dη

=

∫ ∞

−∞

∫ 1

0

f(tη, td) dt dη

=

∫ ∞

−∞

∫ d

0

f(x, y)

y
dy dx,

= 2a ln

∣

∣

∣

∣

y0 + a

y0 − a

∣

∣

∣

∣

, (11)

using transformationx = tη, z = td. One can see in Fig. 6
that the numerical integration does converge to the analytical
integration indicated by the red line. To measure the quality
of the object’s real CT projection data, one would computeQ
for this real data and compare the result toδ ∼ 10−2. If Q >
δ we conclude that the real projection data has measurable
inconsistencies and we rank the quality of projection data from
different scans by the amount thatQ deviates fromδ. However
whenQ ≤ δ we cannot conclude that the projection data is free
of inconsistencies; we can only conclude that the errors from
the inconsistencies cannot be resolved due to the presence of
larger discretization errors.

It is important to point out that as the object approaches
the ξ axis in Fig. 5 the denominator of Eq. (11) gets de-
creases resulting in the integral of the normalized projections
over the detector increasing. Wheny0 = a the integral is
undefined and Eq. (11) breaks down. This situation, when the
object intersects the line connecting two x-ray sources, is an
important practical case and may be dealt with by rewriting
Eq. (11) as the sum of the integrals over two detectors, the
real detector and a virtual one placed on the other side of the
source trajectory at distanced.

IV. CONCLUSIONS

This preliminary study shows that consistency conditions
based on John’s equation may be used toquantitatively
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compare the quality of projection data sets obtained from
different scans of the same image object. The projection data
tested may be partially truncated; the only restriction is that
the data is untruncated on detector lines parallel to the x-
ray path. The abstract thus far has considered only linear
source trajectories and the analysis was performed on objects
with simple geometries and image functions. Results shown
at the meeting will include a derivation of the consistency
condition for sources moving along a circular path, and we
will demonstrate the utility of the condition by implementing
it on heart phantom data.
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Abstract — This paper claims that the common generic 

iterative image reconstruction algorithms are able to exactly 
solve the interior problem under the conditions that the 
convex ROI is fully sampled and the image value in a sub 
region within the ROI is known. Theoretical proofs are 
provided in the paper. 

I. INTRODUCTION 
HE interior problem in tomography considers the 
situation that the projection data are only available to 

cover an ROI within the support of the object. The aim is to 
reconstruct the ROI with truncated projections. The interior 
problem has received attention of many researchers. Many 
researchers, for example, Natterer [1], Mass [2], Hamaker 
et al [3], and Louis and Rieder [4], studied the nature of the 
interior problem. They concluded that the interior problem 
is stable and one can reconstruct up to an additive almost 
constant function in a fairly stable way. More recent results 
indicated that if additional information about the ROI is 
available, the interior problem is exactly solvable [5]-[8]. 
The main idea is to use the analytic continuation technique 
to extend the known information to the entire ROI. The 
numerical implementation of the analytic continuation is 
the iterative POCS (projection onto convex sets) technique. 
The image is reconstructed by first taking the derivative of 
the projection data; backprojecting the differentiated data 
into the ROI;  estimating the Hilbert transform in the ROI 
with the iterative POCS technique and some prior 
information of the image in a sub-region of the ROI; finally 
performing the finite one-dimensional Hilbert transform to 
obtain the ROI image. In SPECT, iterative algorithms, 
especially, the ML-EM and OS-EM, are most popular in 
image reconstruction. We have previously investigated the 
general performance of an iterative algorithm using 
truncated projection data [9]. In this paper, we investigate 
whether the iterative image reconstruction algorithm is able 
to exactly solve the interior problem if additional 
knowledge of the image in a sub-region of the ROI is given.  
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NIH grant EB00121; and by the Director, Office of Science, Office of 
Biological and Environmental Research of the U. S. Department of Energy 
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II. THEORY 

A. Attenuation-Less (Radon Transform) Case 
Without loss of generality, we formulate a 2D problem as 

follows. The 2D object f(x, y) is compact and has a support 
of a unit disc. That is, f(x, y) = 0 if x2 + y2 > 1. A circular 
ROI has a radius r with 0 < r < 1. A line-integral of the 
object f(x, y) is denoted as p(θ, s): 

∫
∞

∞−

⊥+= dttsfsp )(),( θθθ      (1) 

where the direction is defined as )sin,(cos θθθ = . 
For an interior problem, p(θ, s) is only available for 

rs ≤|| . In other words, every line-integral of f(x, y) passing 
through the ROI is measured and the lines do not pass 
through the ROI are not measured. If the imaging geometry 
is not parallel, we can always rebin the data into 
parallel-beam format to satisfy (1). Since this paper only 
deals with iterative reconstructions, the imaging geometry 
is not a concern as long as all line-integrals passing through 
the ROI are measured. We also assume that f(x, y) is known 
in a sub-region Ω of the ROI. Without loss of generality, 
this sub-region is defined as x2 + y2 < ρ2 with 0 < ρ < r. 

Next, we formulate the iterative algorithm solution of the 
interior problem with f(x, y) known in a sub-region Ω. To 
make our analysis tractable, we only consider the noiseless 
situations where all projections are exact and consistent. 
We also assume that the iterative algorithm has already 
converged to a solution f1(x, y), all measurements are 
satisfied, that is, 

∫
∞

∞−

⊥+= dttsfsp )(),( 1 θθθ      (2) 

for rs ≤|| , and the solution matches the given image 
values in Ω, that is, f1(x, y) = f(x, y) in Ω. We are going to 
prove that f1(x, y) = f(x, y) holds for the entire ROI,  x2 + y2 < 
r2. 

Let 
 f2(x, y) = f(x, y) - f1(x, y),     (3) 

and we will prove that f2(x, y) = 0 if(x, y) is in the ROI, that 
is, x2 + y2 < r2. 

According to the projection definition (1), let the 
projection of f2 (x, y) be p2(θ, s), as illustrated in Fig. 1. 
Then p2(θ, s) = 0, for |s| < r, because both f and f1 satisfy the 
measurements according to (1) and (2).  

Exact Iterative Reconstruction for the Interior 
Problem 

Gengsheng L Zeng and Grant T. Gullberg 

T 
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We also have  p2(θ, s) = 0, for |s| > 1, because of the 
finite support of the object is a unit disc.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1.  In the image domain the objects have a finite support which is 
assumed to be a unit disc. The ROI is a disc with a radius r. In the 
sub-region Ω, which is a disc of radius r, the object values are known. 

 
 Now we apply the well-known filtered backprojection 
(FBP) algorithm (i.e., the Radon inversion formula) to 
reconstruct f2 (x, y) from p2(θ,s) as follows. 
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(4) 
If we are only interested in reconstructing the image values 
in (-r, r) on the x-axis, (4) becomes 
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Next, we decompose the right-hand-side of (5) into two 
terms: 
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The first term of the right-hand-side of (6) is zero, because 
p2(θ, s) = 0 when |s| < r. Let’s denote the second term of the 

right-hand-side of (6) as h(x) for |x| < r: 

ds
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dxh
sr ∂
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In (7), |x| < r and |s| > r, thus )cos/(1 θxs − is differentiable 
of any order. If we replace x by the complex variable z in 
(7), h(z) defined by (7) is an analytic function in the entire 
z-plane with cuts along [-1, -r] and [r, 1], provided that 

sp ∂∂ /2 is integrable, which is usually satisfied in practice. 
It is known that for any x0 in (-ρ, ρ), f2 (x0, 0) = 0 because 

 f1(x, y) = f(x, y) in Ω. From (7), h(x) = 0 in (-ρ, ρ). Using 
analytic continuation, we have h(x) = 0 in (-r, r). Thus, f2(x, 
0) = 0 in (-r, r). 

Since the x-axis is arbitrarily chosen (that is, any line 
passing through the origin can be the x-axis), f2(x, y) = 0 in 
the entire ROI, x2 + y2 < r2. In other words, f1(x, y) = f(x, y) 
holds for the entire ROI which means that we have an exact 
reconstruction on the ROI. 

Applying analytic continuation in ROI reconstruction 
was first used in [5]. The above proof is different from that 
provided in [5]. 
 We must point out that the above proof does not imply 
that the ROI image reconstruction is via the FBP algorithm 
and analytic continuation. The image is reconstructed by a 
generic iterative algorithm such as the ML-EM or OS-EM. 
The FBP algorithm and analytic continuation are only used 
to prove the exact solution can be obtained. 

B. Uniform Attenuation (Exponential Radon Transform) 
Case 
In this section, we consider a simple SPECT imaging 

situation where the detector is at the center of rotation and 
the attenuation coefficient is a constant µ. We define the 
exponential Radon transform as 

∫
∞

∞−

⊥+= dttsfesp t )(),( θθθ µ .      (8) 

We now make the same assumptions as in Section A. The 
projection p(θ, s) is only available for rs ≤|| . All weighted 
line-integrals (8) passing through the ROI are measured. 
We also assume that f(x, y) is known in a sub-region Ω, x2 + 
y2 < ρ2, 0 < ρ < r, of the ROI.  

We also assume that the iterative algorithm has already 
converged to a solution f1(x, y), all measurements are 
satisfied, that is, 

∫
∞

∞−

⊥+= dttsfesp t )(),( 1 θθθ µ .      (9) 

for rs ≤|| , and the solution matches the given image 
values in Ω, that is, f1(x, y) = f(x, y) in Ω. We are going to 
prove that f1(x, y) = f(x, y) holds for the entire ROI,  x2 + y2 < 
r2. 

Let 
 f2(x, y) = f(x, y) - f1(x, y).     (10) 

According to the weighted projection definition (8), let the 
weighted projection of f2 (x, y) be p2(θ, s), as illustrated in 

1-1 r -r ρ-ρ 

ROI 

Support 

Ω
x

y 

s

p2(θ, s) 

-r r -1 1

f2(x, y) 
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Fig. 1. Then p2(θ, s) = 0, for |s| < r, because both f and f1 
satisfy the measurements according to (8) and (9).  

Now we apply Tretiak and Metz’s FBP algorithm [10] to 
reconstruct f2 (x, y) from p2(θ,s) as follows. 
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where θθ cossin yxt +−= . If we are only interested in 
reconstructing the image values in (-r, r) on the x-axis, (11) 
becomes 
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The differences between the FBP algorithm (4) for the 
Radon transform and the FBP algorithm (11) for the 
exponential Radon transform are that (11) has an 
exponential weighting factor in the backprojector, and the 
Hilbert transform kernel 1/s has an extra cosine function. 
The effect of this cosine function is to shift the Fourier 
transform of 1/s to the left and to the right in the frequency 
axis. The combination of the left and right shifted versions 
results in a notch in the low frequency region.  

As in Part A, we decompose the right-hand-side of (12) 
into two terms: 

ds
s

sp
xs

xsdexf
r

r

x

∂
∂

−
−

= ∫ ∫
−

),(
cos

)coscos(
4

1)0,( 2
2

0

sin
22

θ
θ

θµµθ
π

π
θµ

 

ds
s

sp
xs

xsde
sr

x

∂
∂

−
−

+ ∫ ∫
<<

),(
cos

)coscos(
4

1 2
2

0 1||

sin
2

θ
θ

θµµθ
π

π
θµ . 

  (13) 
The first term of the right-hand-side of (13) is zero, because 
p2(θ, s) = 0 when |s| < r. Let’s denote the second term of the 
right-hand-side of (13) as h(x) for |x| < r: 
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   (14) 
In (14), |x| < r and |s| > r, thus )cos/(1 θxs − is 
differentiable of any order. If we replace x by the complex 
variable z in (14), h(z) defined by (14) is an analytic 
function in the entire z-plane with cuts along [-1, -r] and [r, 
1], provided that spxse x ∂∂− /)coscos( 2

sin θµµθµ is 
integrable, which is usually satisfied in practice. 

It is known that for any x0 in (-ρ, ρ), f2 (x0, 0) = 0 because 
 f1(x, y) = f(x, y) in Ω. From (14), h(x) = 0 in (-ρ, ρ). Using 
analytic continuation, we have h(x) = 0 in (-r, r). Thus, f2(x, 
0) = 0 in (-r, r). 

Since the x-axis is arbitrarily chosen (that is, any line 
passing through the origin can be the x-axis), f2(x, y) = 0 in 
the entire ROI, x2 + y2 < r2. In other words, f1(x, y) = f(x, y) 
holds for the entire ROI which means that we have an exact 
reconstruction on the ROI. This proof procedure is exactly 

the same as that in Part A.  
From the proof we observe that the requirement of the 

object being compact is not used. We can change the 
integrals with respect to s from [-1, 1] to (-∞,∞) and change 
the integrals with respect to s from r <|s| < 1 to r <|s|. Thus, 
our result can be extended to general integrable object 
function that may not have a compact support. If the object 
is compact, the interior problem of the exponential Radon 
transform with some known values in the ROI has been 
solved by Yu et al [11], but our proof is different from 
theirs. If the object is compact, the interior problem of the 
regular Radon transform with some known values in the 
ROI has been solved previously [5]-[7]. 

C. Non-Uniform Attenuation (Attenuated Radon 
Transform) Case 
In this section, we consider a simple SPECT imaging 

situation where the detector is at the center of rotation and 
the attenuation coefficient is a non-uniform attenuator µ(x, 
y)  which is given. We define the exponential Radon 
transform as 
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We now make the same assumptions as in Sections A 
and B. The projection p(θ, s) is only available for rs ≤|| . 
All weighted line-integrals (8) passing through the ROI are 
measured. We also assume that f(x, y) is known in a 
sub-region Ω, x2 + y2 < ρ2, 0 < ρ < r, of the ROI.  

We also assume that the iterative algorithm has already 
converged to a solution f1(x, y), all measurements are 
satisfied, that is, 

∫
∞

∞−

⊥
+

+
∫

=
⊥

dttsfesp

t
tdts

)(),( 1

ˆ)ˆ(
0 θθθ

θθµ .      (16) 

for rs ≤|| , and the solution matches the given image 
values in Ω, that is, f1(x, y) = f(x, y) in Ω. We are going to 
prove that f1(x, y) = f(x, y) holds for the entire ROI,  x2 + y2 < 
r2. 

Let 
 f2(x, y) = f(x, y) - f1(x, y).     (17) 

According to the attenuated projection definition (16), let 
the attenuated projection of f2 (x, y) be p2(θ, s), as illustrated 
in Fig. 1. Then p2(θ, s) = 0, for |s| < r, because both f and f1 
satisfy the measurements according to (16) and (17).  

Now we apply Novikov’s FBP algorithm [12] to 
reconstruct f2 (x, y) from p2(θ,s) as follows [13]. 
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where θθ sincos yxs += , θθ cossin yxt +−= , 
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),]()[(
2
1),( sisg θµθ HRR += , R is the Radon transform 

operator, H is the Hilbert transform operator. 
 The proof procedure is identical to those in Parts A and 
B. We first let y = 0 and only consider the image f2(x, 0) 
values (-r, r) on the x-axis. We then write the expression 
(18) of f2(x, 0),  -r < x < r, as 

=)0,(2 xf  

dl
l

lpe
ls

ed
gr

r

sgtsa

∂
∂

−∫ ∫
−

− ),)(([
4

1Re 2
2

0

),(),(

2
θθ

π

π θθ

 

]),)((),(),(
2

0

dl
ls

lpee
s

dr
g

sgtsa
r

r −∂
∂

+ −

−
∫ ∫

θθ
π

θ        

dl
l

lpe
ls

ed
g

lr

sgtsa

∂
∂

−
+ ∫ ∫

<

− ),)(([
4

1Re 2
2

0 ||

),(),(

2
θθ

π

π θθ

 

]),)((),(),(
2

0 ||

dl
ls

lpee
s

d
g

sgtsa

lr −∂
∂

+ −

<
∫ ∫

θθ θ
π

θ      (19) 

where θcosxs = and θsinxt −= . The first term of the 
right-hand-side of (19) is zero, because p2(θ, s) = 0 when |s| 
< r. Let’s denote the second term of the right-hand-side of 
(19) as h(x) for |x| < r: 
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In (20), |x| < r and |l| > r, thus )/(1 ls − is differentiable of 
any order. If we replace x by the complex variable z in (20), 
h(z) defined by (20) is an analytic function in the entire 
z-plane with cuts along (-∞, -r] and [r, ∞). 

It is known that for any x0 in (-ρ, ρ), f2 (x0, 0) = 0 because 
 f1(x, y) = f(x, y) in Ω. From (20), h(x) = 0 in (-ρ, ρ). Using 
analytic continuation, we have h(x) = 0 in (-r, r). Thus, f2(x, 
0) = 0 in (-r, r). 

Since the x-axis is arbitrarily chosen (that is, any line 
passing through the origin can be the x-axis), f2(x, y) = 0 in 
the entire ROI, x2 + y2 < r2. In other words, f1(x, y) = f(x, y) 
holds for the entire ROI which means that we have an exact 
reconstruction on the ROI.  

D. Extension to More General Cases 
From the above almost identical derivations we conclude 

that the interior problem with some known values in the 
ROI is exactly solvable in a general imaging problem, 
regardless the dimension (e.g., 2D or 3D) and the geometry 
(e.g., parallel-beam, fan-beam, or cone-beam), as long as a 
closed-form reconstruction algorithm exists for 
non-truncated data. This algorithm can be FBP type and can 
be other types, such as backprojection then filter, or Hilbert 
transform of backprojection of differentiated data. The 
object does not need to have a finite support. 

In order to make the analytical continuation work, the 

filtering can only have one singularity at the point of 
reconstructions. The general reconstruction scheme is in 
the form of  

f2 = (data p2 contribution from ROI) 
+ (data p2 contribution from outside of ROI).   (21) 

The singularity only appears in the first-term of the 
right-hand-side of (21). This first term is zero because p2 is 
zero in this region. There is no singularity in the second 
term because we only reconstruct f2 in the ROI. 

III. CONCLUSION 
In this paper, the noiseless projection data are assumed to 

be consistent. After the application of an iterative image 
reconstruction algorithm, all projections are assumed to be 
exactly satisfied. The resultant image is assumed to be the 
only smooth image that satisfies projections and matches 
the given image values in the sub region in the ROI. This 
last assumption implies that analytic continuation has 
automatically been performed because analytic 
continuation enforces smoothness. We believe that our 
conclusion is not restricted to iterative algorithms if we 
require that the known function within the sub region of the 
ROI is differentiable with any order, and the proof is similar 
to [5]-[8].  
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I. INTRODUCTION

THE goal of this work is to quantitatively compare fatty
acid metabolism in the hearts of Wistar-Kyoto (WKY)

normal rats and spontaneously hypertensive rats (SHR) as
a function of age, and thereby track physiological changes
associated with the onset and progression of heart failure in
the SHR model. The fatty acid analog, 123I-labeled BMIPP,
was used in longitudinal metabolic imaging studies performed
every seven months. Slow rotation of the SPECT camera
necessitated modeling the radiotracer time variation in the
tomographic image reconstruction algorithm, which yielded
time-activity curve estimates for the blood and myocardium
directly from dynamic projection data.

This work builds on our previous work in fully 4-D
multiresolution SPECT image reconstruction [1], [2]. In the
work presented here, a smooth 4-D image prior is used
to obtain less-noisy, least-squares estimates of time-activity
curves directly from projections for dynamic pinhole SPECT
studies of 123I-BMIPP in the myocardium of two WKY normal
rats and two SHRs. Compartmental modeling is then applied
to the time-activity curves to obtain quantitative estimates of
the metabolic rate of 123I-BMIPP in the myocardium. Results
are presented for studies performed when the rats were age 7,
14, and 21 months.

This fully 4-D image reconstruction method can also be
applied to dynamic PET.

II. METHODS

A. Penalized Least-Squares Reconstruction with a Smooth 4-D
Image Prior

A dynamic SPECT projection data model that relates de-
tected events to a 4-D spatiotemporal B-spline representation
of a time-varying radiotracer distribution can be written as

p = Fa, (1)

where p is an I-element column vector of modeled dynamic
projection data values, F is an I ×M system matrix, a is
an M -element column vector of B-spline coefficients, I is
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under contract DE-AC02-05CH11231.

B. W. Reutter, R. Boutchko, R. H. Huesman, A. C. Sauve, and G. T.
Gullberg are with the Department of Radiotracer Development & Imaging
Technology, Lawrence Berkeley National Laboratory, One Cyclotron Road,
Berkeley, CA 94720, USA (e-mail: bwreutter@lbl.gov).

the total number of projection measurements acquired by the
SPECT detector(s), and M is the number of 4-D B-spline basis
functions that span the space and time to be reconstructed.
The system matrix F incorporates the spline model for time
variation of the radiotracer distribution, as well as physical ef-
fects such as attenuation, depth-dependent collimator response,
and scatter that affect detection of gamma rays emitted by the
radiotracer distribution.

At the outset, the least-squares criterion to be minimized,
χ2, is simply the sum of squared differences between the
measured projections, p∗, and the modeled projections:

χ2 = (p∗ − Fa)T(p∗ − Fa), (2)

where the superscript “T” denotes the matrix transpose. Min-
imizing the criterion χ2 yields an estimate, â, of coefficients
for the 4-D B-spline basis functions that represent the time-
varying radiotracer distribution:

â = (FTF)−1FTp∗. (3)

The corresponding minimum value for the criterion χ2 is

χ2
min = (p∗ − Fâ)T(p∗ − Fâ). (4)

To reduce noise, we now wish to add a penalty term to
the criterion χ2 that encourages the reconstructed image to be
smooth in both space and time. Insight into what a reasonable
penalty term might be can be obtained by expressing χ2 in
terms of its minimum value:1

χ2 = (p∗ − Fa)T(p∗ − Fa)

= [(p∗ − Fâ)− F(a− â)]T[(p∗ − Fâ)− F(a− â)]

= χ2
min − 2(p∗ − Fâ)TF(a− â) + (a− â)TFTF(a− â)

= χ2
min + (a− â)TFTF(a− â).

(5)

Inspecting (5), one sees that differences from the least-squares
solution â are penalized by the term (a− â)TFTF(a− â).

To mimic this effect for purposes of reducing noise, we pro-
pose to add a penalty term that resembles (a−α)TFTF(a−α),
where α is a smooth 4-D image prior obtained by normalizing
a simple backprojection of the measured projections:

α = (FTp∗) ./ (FTF[1]), (6)

where the operator “./” denotes pointwise division of elements
in the left operand by the corresponding elements in the

1The term that is linear with respect to (a− â) vanishes because the model
error p∗ − Fâ lies in the null space of the backprojection operator FT.
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right operand and “[1]” denotes an M -element column vector
of ones.2 Note that the image prior α has the desirable
physiologic property of being nonnegative—thus, the recon-
structed image is encouraged to have nonnegative 4-D B-spline
coefficients.

The penalty term that we propose to use is

I∑
i=1

M∑
m=1

[
Fim(am − αm)

]2
, (7)

where Fim is the (i,m)-th element of the system matrix F,
am is the m-th element of the spline coefficient vector a, and
αm is the m-th element of the smooth image prior α. For
the resulting negatively correlated, zero-mean elements in the
vector (a−α), (7) imposes a penalty that is greater than the
penalty imposed by (a−α)TFTF(a−α). The latter penalty
can be expressed as3

I∑
i=1

[
M∑

m=1

Fim(am − αm)

]2

. (8)

B. Pinhole SPECT Data Acquisition and System Modeling

With use of methods described in [3], dynamic cardiac
pinhole SPECT projection data and pinhole geometric calibra-
tion data were acquired on a dual-head GE Millennium VG
Hawkeye SPECT/CT scanner equipped with custom pinhole
collimators (Fig. 1). For each study, an injection of about
4 mCi of 123I-BMIPP was performed shortly after the dynamic
data acquisition began. Data were acquired for 60 min in 1-sec
time frames with an angular step of 4 degrees per frame.
Collimator response was modeled via ray tracing and excluded
the effects of collimator penetration. The system model also
excluded the effects of attenuation and scatter; however, we
are currently studying these effects via Monte Carlo simulation
in a separate investigation [4], [5].

C. Fully 3-D Late Static Image Reconstruction

To determine spatial locations for the left ventricular blood
pool and myocardial tissue, late data acquired 1.5–60 min after
injection were summed and a static image was reconstructed
with use of a 3-D version of the penalized least-squares
algorithm presented here. The late static spatial distribution
of 123I-BMIPP was modeled with use of 3-D multiresolution
spatial B-splines that were piecewise constant. The 3-D spatial
splines were organized on a 20×20×20 3-D grid that provided
uniform sampling of 3.2 mm in each dimension. Inside the
volume containing the heart, a 6×6×6 neighborhood of these
lower-resolution splines was replaced by a 12×12×12 neigh-
borhood of higher-resolution splines that provided uniform
sampling of 1.6 mm.

2Normalization by FTF[1] ensures that backprojecting the noiseless pro-
jections of a constant image yields the original constant image.

3In general, the penalties (7) or (8) may be scaled by a smoothing
parameter β. By virtue of (5), a reasonable value is β = 1, which was
used for the work presented here.

Fig. 1. Clinical dual-head SPECT/CT scanner with custom pinhole collima-
tors used for quantitative dynamic imaging of fatty acid metabolism in the rat
heart.

Fig. 2. Piecewise quadratic temporal B-spline basis functions used to
reconstruct dynamic data from the first gantry rotation.

D. Fully 4-D Early Dynamic Image Reconstruction

To quantify fatty acid metabolism in the rat heart, early data
acquired 0–1.5 min after injection were not summed and a dy-
namic image was reconstructed with use of the 4-D penalized
least-squares algorithm presented here. The time-varying spa-
tial distribution of 123I-BMIPP was modeled with use of 4-D
multiresolution B-splines that were piecewise constant in space
and piecewise quadratic in time. The 4-D splines were spatially
organized on a 10×10×10 3-D grid that provided uniform
sampling of 6.4 mm in each dimension. Inside the volume
containing the heart, a 3×3×3 neighborhood of these lower-
resolution splines was replaced by a 12×12×12 neighborhood
of higher-resolution splines that provided uniform sampling of
1.6 mm. The 4-D splines were temporally organized on a 1-D
grid that provided nonuniform sampling intervals of 0–2.4,
2.4–9.4, 9.4–30, and 30–90 sec during the first gantry rotation
(Fig. 2).

E. Compartmental Modeling of Fatty Acid Metabolism

Left ventricular blood pool and myocardial tissue locations
were identified in the late 3-D static image, and time-activity
curves were obtained by sampling the early 4-D dynamic
image at these locations. A one-tissue-compartment model
(Fig. 3) was then fitted to the time-activity curves to obtain
a quantitative estimate of the metabolic rate of 123I-BMIPP
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Fig. 3. One-tissue-compartment model used for quantifying fatty acid
metabolism during the first 1.5 min after injection of 123I-BMIPP.

in the rat myocardium. Early myocardial tissue uptake was
modeled with a single, irreversible compartment:

tissue(t) = Ki ·
∫ t

0

blood(τ)dτ, (9)

where Ki is the metabolic rate of 123I-BMIPP. Myocardial
tissue voxels were modeled as mixture of blood input and
tissue uptake:

voxel(t) =
[
fv · blood(t)

]
+

[
Ki ·

∫ t

0

blood(τ)dτ

]
, (10)

where fv is the fraction of vasculature in the tissue and also
incorporates the effect of spillover from the blood pool to the
tissue.

III. RESULTS

In the late 3-D static images (Fig. 4, next page), more
trapping of 123I-BMIPP is evident in the WKY normal hearts,
compared to the SHR hearts.

For the early 4-D dynamic images, the use of nonuniform
time sampling with splines that varied quadratically in time
yielded smooth time-activity curves (Fig. 5, next page) that
captured the relatively fast rise and fall of 123I-BMIPP in the
left ventricular blood pool, as well as the uptake and initial
trapping of the radiotracer in the left ventricular myocardium.

From these time-activity curves, compartmental modeling
yielded estimates of Ki shown in Fig. 6 (this page). The
decline with age of the rate of fatty acid metabolism in the
heart is what one expects. The generally slower rates of fatty
acid metabolism in the SHRs, compared to the WKY normal
rats, is also what one expects as the SHR hearts switch to
a reliance on glycolysis as the primary pathway for energy
production during the development of heart failure.

IV. DISCUSSION

This analysis method enables quantitative dynamic imaging
of fatty acid metabolism in the rat heart, even with slow
camera rotation. To the best of our knowledge, no other group
has successfully developed a method to reconstruct the blood
input function from small animal dynamic pinhole SPECT data
acquired with slow camera rotation.

Future work includes correcting for spillover from tissue to
the blood pool. Future work also includes addressing compu-
tational issues associated with reconstructing a dynamic image
from the entire 60 min of projection data. It is anticipated that
an additional, reversible tissue compartment will need to be

added to the compartmental model to account for washout of
123I-BMIPP from the myocardium over this longer time scale.

This fully 4-D image reconstruction method can also be
applied to dynamic PET.
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Fig. 4. Typically, more trapping of 123I-BMIPP is evident in late 3-D static images of the WKY normal hearts (left two columns), compared to the SHR
hearts (right two columns). Trapping also tends to decrease with age (top row, 7 months; middle row, 14 months; bottom row, 21 months). SHR B died of
congestive heart failure before 21 months.
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Fig. 5. Time-activity curves for the WKY normal rats (left two columns) and the SHRs (right two columns) capture quantitative differences between their
blood inputs and myocardial uptakes (triangles and circles, respectively). Compartmental models (solid lines) provide good fits to the myocardial uptake
curves. Top row, 7 months; middle row, 14 months; bottom row, 21 months. SHR B died of congestive heart failure before 21 months.

10th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 113



Adapted Convex Optimization Algorithm for
Wavelet-Based Dynamic PET Reconstruction

Nelly Pustelnik, Caroline Chaux, Jean-Christophe Pesquet, Florent C. Sureau, Elodie Dusch and Claude Comtat

Abstract—This work deals with Dynamic Positron Emission
Tomography (PET) data reconstruction, considering time as an
additional variable (space+time). A convex optimization approach
closely related to a Bayesian framework is adopted. The objective
function to be minimized is expressed in the wavelet-frame
domain and is non-necessarily differentiable in order to promote
sparsity. We propose an adapted version of Forward-Backward-
Douglas-Rachford (FBDR) algorithm to solve the resulting min-
imization problem. The effectiveness of this approach is shown
with simulated dynamic PET data. Comparative results are also
provided.

Index Terms—Dynamic PET, wavelet-frame representations,
convex optimization, reconstruction.

I. I NTRODUCTION

In Positron Emission Tomography (PET), a main challenge
consists of finding new reconstruction methods to improve im-
age quality degraded during the acquisition process. Iterative
reconstruction methods such as the Expectation Maximization
algorithms (which maximize the Poisson log-likehood asso-
ciated with PET data) have been proposed to achieve this
objective [1], [2]. Accelerated versions of these algorithms
have been suggested such as Ordered Subsets EM (OS-EM)
[3] and a modified form called RAMLA [4] for which the con-
vergence is established. A drawback of ML-EM approaches is
that they converge to noisy images and, in practice, it is thus
required to stop iterations before convergence. To overcome
this problem, Maximum A Posteriori (MAP) approaches have
been developed which take into account a prior controling
noise effects. The major difficulty is to find an appropriate
prior. Markov Random Fields (MRF) were first proposed,
which are well-adapted to image features. Multiresolution
models such as wavelet-based priors were also proved benefi-
cial. A MAP-EM algorithm based on a Gaussian fidelity term
and generalized Gaussian distributions to model the wavelets
coefficients have been proposed in [5]. The same authors [6]
adapted the RAMLA algorithm to solve a MAP estimation
problem under the constraint that the regularization term is
differentiable (BSREM algorithm [7]).

A new challenge consists of considering dynamic PET data
(space+t) to extract additional physiological parameters. For
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dynamic data, the acquisition duration per time-frame is short
and thus data noise is more severe. Usually, for dynamic
studies, each time-frame is reconstructed independently by
using the aforementioned methods. However, in [8], [9], [10]
the authors demonstrated the advantage of taking into account
time-frame characteristics. These methods can be divided
into two classes: on the one hand, methods which directly
reconstruct parametric maps [8], [9] and on the other hand,
methods reconstructing an image [10], [11], [12]. In parallel,
new convex optimization algorithms have been proposed in
[13], [14], [15] which are able to solve numerically MAP
estimation problems. The main advantages of these algorithms
are twofold: i) their ability to deal with a wide class of
problems andii) guaranty of their convergence. In this paper,
we propose to apply one of these appealing methods to
space+tPET reconstruction. Previously, Verhaeghe et al. [10]
have suggested to use Forward-Backward-iterations [13] to
minimize a criterion with a Gaussian data fidelity term and
a wavelet spline regularization. In [11], the authors performed
TAC denoising before reconstruction by using the Douglas-
Rachford algorithm. In this paper, we propose to develop a
nested iterative algorithm (FBDR algorithm) [15] to directly
address a Poisson linear degradation model and to perform
denoising and reconstruction simultaneously. The convergence
proof of this kind of algorithm is given in [15]. This method
has another advantage: the possibility to constrain the dynamic
range of the image intensity.

This paper is organized as follows. In a first part, we
will present the degradation model and the associated objec-
tive function to be minimized. The use of multidimensional
wavelet representations will be motivated. Then, the FBDR
algorithm will be introduced in the case of dynamic recon-
struction (space+t) and the quadratic extension necessary to
use this algorithm will be presented next. Finally, we will
provide some results for simulated2D + t PET data.

II. PET RECONSTRUCTION MODEL

A. Model

We consider the following degradation model:

(∀t ∈ {1, . . . , T}) zt = P(Ayt) (1)

whereyt = (yi,t)1≤i≤N represents a finite parameterization
of the original image and corresponds to the spatial activity
distribution for a time-framet. Here, zt = (zj,t)1≤j≤M is
the dynamic PET data corresponding to the number of coin-
cidences for each tube of response for a time-framet. Finally,
A denotes the system linear operator associated with matrix
(Aj,i)1≤j≤M,1≤i≤N where each elementAj,i represents the
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probability for a voxeli to be detected in tube of response
j. During the acquisition process, data are contaminated by a
Poisson noise. The effect of the noise is denoted byP.

B. Maximum A Posteriori and Convex Optimization

Following a Bayesian approach, the MAP estimate can be
expressed as

ŷMAP = arg max
y

{

log p(z|y) + log p(y)
}

(2)

where, on the one hand,p(z|y) corresponds to the Poisson
likelihood such thatp(z|y) =

∏T

t=1

∏M

j=1
p(zj,t|uj,t) with

uj,t =
∑N

i=1
Ajiyi,t,

p(zj,t|uj,t) =
(uj,t)

zj,t

zj,t!
exp

(

− uj,t

)

(3)

and on the other hand,p(y) is ana priori distribution on the
original image, which will be assumed to correspond to a log-
concave function.

In many convex optimization problems, the goal is similarly
to minimize a convex objective function by finding

ŷCO = arg min
y∈RN×T

g̃(y) + ˜f(y) (4)

where ˜f and g̃ are functions in the classΓ0(R
N×T ) of lower

semicontinuous convex functions taking their values in] −
∞,+∞] which are proper (i.e. not identically equal to+∞)
and defined on the Hilbert spaceRN×T . In the context of
inverse problems,̃g is considered as the data fidelity term and
˜f is a regularizer. Actually, a link between (2) and (4) can
be established [16] by identifying̃g with the Poisson antilog-
likelihood term and˜f with the prior potential function.

Then, the main difficulty lies in the choice of the prior.
In the last decade, wavelet representations have demonstrated
their efficiency in modelling prior information for images
involved in general inverse problems and in PET particularly
[6], [10], [5]. In the following, the minimization problem (4)
is reformulated in the wavelet transform domain.

C. Wavelets representation and redundant representation

Let F ∗ : R
K → R

N×T represent a tight wavelet-frame
synthesis operator such thatF ∗ ◦ F = νId with ν ∈]0,+∞[
and let x ∈ R

K denote the wavelet coefficients of a field
y ∈ R

N×T [16]. The field ȳ can be expressed asy = F ∗x =
(F ∗

t x)1≤t≤T and Model (1) becomes:

zt = P(AF ∗

t x) (5)

where x represents the unknown vector of wavelet-frame
coefficients. In this context, the minimization problem (4) can
be reformulated as

min
x∈RK

g(x) + f(x) (6)

where the noise related termg is such thatg =
∑T

t=1
gt where

gt = Ψt ◦A ◦ F ∗
t and, for everyut = (uj,t)1≤j≤M ∈ R

M ,

Ψt(ut) =

M
∑

j=1

ψj,t(uj,t) (7)

with ψj,t(uj,t) = − log p(zj,t|uj,t), j ∈ {1, . . . ,M}. For
the regularization term, previous studies have emphasized the
advantage of taking thel0 “norm” as a penalty term so as to
promote sparsity but the main difficulty is the non-convexity
of this “norm”. The l1-norm was then proposed as a penalty
term in [13]. Good performance was demonstrated in spite of
the possible non-uniqueness of the solution. In [16], authors
proposed to take a weighted combination of anl1-norm and
an lp-norm with p > 1 to regularize the solution, so ensuring
the uniqueness of the solution and a more accurate modelling
of wavelet-frame coefficients. In this work, we will consider
the latter regularizer. Futhermore, a positivity constraint on the
image is introduced. More generally, letC be a closed convex
in R

K allowing us to take into account the image range values,
then the minimization problem is reformulated as:

min
x∈RK

g(x) + f(x) + ιC(x) (8)

whereιC corresponds to the indicator function of the setC,
such that(∀x ∈ R

K), ιC(x) = 0 if x ∈ C and ιC(x) = +∞
otherwise.

III. FBDR ALGORITHM

To solve Problem (8), a nested iterative algorithm named
Forward-Backward-Douglas-Rachford (FBDR) was proposed
in [15], which consists of a Douglas-Rachford [14] inner loop
in each Forward-Backward iteration [17]. To guarantee the
convergence to a solution to Problem (8), a necessary condition
is theβ-Lipschitz differentiability of the fidelity term which is
not guaranteed forg as defined in (7). A quadratic extension
was proposed in [15] to circumvent this problem.

A. Quadratic extension

The idea behind the quadratic extension approach is to
notice that the following inequality is satisfied for the sec-
ond derivative of functionψj,t with t ∈ {1, . . . , T} and
j ∈ {1, . . . ,M}:

(∀υ ∈]0,+∞[) 0 ≤ ψ′′

j,t(υ) ≤ θ ⇔ υ ≥ υj,t(θ) = (zj,t/θ)
1/2

(9)
whenθ ∈ ]0,+∞[. It is then possible to build a lower approx-
imation of ψj,t that is θ-Lipschitz differentiable, denoted by
ψθ,j,t. For every value over thresholdυj,t(θ), ψθ,j,t is chosen
equal to the Poisson antilog-likelihood, whereas for values
lower than the threshold,ψθ,j,t takes a quadratic form. A lower
approximationgθ =

∑T

t=1
gθ,t with gθ,t = Ψθ,t◦A◦F ∗

t is then
obtained, which is(ν‖A‖2θ)-Lipschitz differentiable, where
(∀ut = (uj,t)1≤i≤M ∈ R

M ) , Ψθ,t(ut) =
∑N

j=1
ψθ,j,t(uj,t)

and (∀υ ∈ R), if zj,t > 0

ψθ,j,t(υ) =















υ − zj,t + zj,t ln
(

zj,t

υ

)

if υ ≥ υj,t(θ)

θ
2
υ2 + ζj,t,1(θ) υ + ζj,t,0(θ) if 0 ≤ υ < υj,t(θ)

+∞ otherwise
(10)

and, if zj,t = 0, ψθ,j,t(υ) = υ, if υ ≥ 0, and+∞, otherwise.
Note that a different polynomial approximation of the

objective function was considered in [18].
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B. Application of FBDR to space+t PET reconstruction

The proposed reconstruction algorithm possesses some ap-
pealing features. At first, the gradient descent is performed
in the space domain based on a time-frame by time-frame
computation. Secondly, it is grounded on an adapted wavelet
decomposition performed along the space/time dimensions
taking into account the fewer number of available samples
in time.

Algorithm III.1
➀ Choose sequences(γn)n∈N and (λn)n∈N such thatγn ∈

]0, 2/(ν‖A‖2θ)[ andλn ∈]0, 1]. Setτ ∈]0, 2].
➁ Setn = 0 andx(0) ∈ C.
➂ Computey(n) = F ∗x(n).
➃ For each time-framet ∈ {1, . . . , T}, computed(n)

t =

A∗∇Ψθ,t(Ay
(n)

t ).
➄ Setp(n) = x(n) − γnFd

(n).
➅ Setz(n,0) = 2proxγnfp

(n) − p(n).
➆ For m = 0, . . . ,Mn − 1

a) Computez(n,m+
1

2
) = PC

(z(n,m) + p(n)

2

)

.

b) Chooseτn,m ∈ [τ , 2].
c) Computez(n,m+1) =

z(n,m)
+ τn,m

(

prox
γnf

(2z
(n,m+

1

2
)
− z(n,m)

) − z
(n,m+

1

2
)
)

.
d) If z(n,m+1) = z(n,m), then goto➇.

➇ Setx(n+1) = x(n) + λn

(

z(n,m+
1

2
) − x(n)

)

.
➈ Incrementn and goto➂.

In Step➀, the step-size and relaxation parameters used in
the Forward-Backward iterations are chosen. Step➁ initializes
the wavelet coefficient vector to an element of the convex
set C. Step ➂ to ➄ correspond to the gradient descent.
The gradient ofgθ is defined as:(∀x ∈ R

K) ∇gθ(x) =
F (A∗ ∇Ψθ,t(AF

∗
t x))1≤t≤T where (∀ut = (uj,t)1≤j≤M ∈

R
M ),

∇Ψθ,t(ut) = (ψ′

θ,j,t(uj,t))1≤j≤M , (11)

ψ
′

θ,j,t
(uj,t) =











1 −

z
j,t

u
j,t

if zj,t > 0 anduj,t ≥ υj,t(θ)

θuj,t + ζj,t,1(θ) if zj,t > 0 and0 ≤ uj,t < υj,t(θ)

1 if zj,t = 0 anduj,t ≥ 0.
(12)

Step ➆ allows us to compute the proximity operator of
ιC + f at point p(n). Details on proximity operators can be
found in [17], [14], [16]. The corresponding Douglas-Rachford
procedure is mainly decomposed in two operations performed
iteratively: on the one hand, a projectionPC onto the convex
setC, and on the other hand, the computation ofproxγnf . In
practice,C is defined from a convex setC∗ ⊂ R

N×T allowing
us to incorporate constraints on the image range values, the
positivity constraint, in particular. The relation between the
two convex sets isC = {x ∈ R

K |F ∗x ∈ C∗}.
To computePC , we use the following relation [14]:

PC(x) = x+
1

ν
F (PC∗(F ∗x) − F ∗x) (13)

For the computation ofproxγnf , explicit forms are given in
[16]. Step➅ represents the initialization of Douglas-Rachford
iterations and allows us to ensure its convergence in one

iteration when the proximity operator off at p(n) belongs
to the convex setC [15]. Finally, Step➇ corresponds to the
relaxation part of the Forward-Backward algorithm.

IV. M ATERIALS AND METHODS

Results are presented on two differents slices of theZubal
brain phantom including two additional arteries. Each2D+ t
phantom consists of256× 256 voxels. The generated activity
corresponds to a [18F]-FDG exam which was simulated and
divided in 16 time-frames with a duration varying between 50
seconds for the first time-frames to 5 minutes for the last ones.
288 (radial)× 144 (angles) sinograms with a radial sampling
of 2.247 mm were simulated by analytically projecting the
phantom in the presence of Poisson noise. Attenuation, random
and scattered coincidences were not simulated. The number of
events in Slice 1 varies from 3 for first time-frame to647162
for the last time-frame. For Slice 2 the event number varies
from 47 to 331348.

The FBDR algorithm is run over 2000 iterations. The chosen
separable orthonormal wavelets correspond to Daubechies fil-
ters of length 6 on 2 resolution levels for spatial decomposition
and 1 level of Daubechies-6 on the interval [19] for temporal
decomposition. The latter choice is motived by the small
number of time-frames. The parameterθ is choosen equal to
10−4 and the parameters associated with the prior have been
determined by a maximum likelihood approach. We compare
this algorithm with EM stopped at the iteration that gives
the lowest MSE (here 10 iterations for Slices 1 and 2). EM
with post-reconstruction smoothing using a Gaussian kernel
adapted so as to minimize the MSE was also employed. The
EM iteration number in this approach is 120 and 100 for Slices
1 and 2, respectively, and a 4.7 mm x 4.7 mm full width at
half maximum (FWHM) Gaussian filter is used.

V. RESULTS

Figs. 1, 2, 3 and 4 display the different reconstruction results
for the 4th and 14th time-frames of each slice. As it can be
observed, structures are better recovered using the proposed
approach. The advantage of taking into account the temporal
aspect can be mainly observed for the first time-frames where
the noise level is relatively important (Figs. 1 and 3).

Temporal Activity Curves (TAC) are presented in Figs. 5
and 6 for two neighbouring voxels in the cortex (green area in
Fig. 1(a)) and arteries (red area in Fig. 3(a)), respectively. The
MSE values presented in Table I show the differences between
the reconstructed TAC and the original ones. In each situation,
the FBDR approach is the more accurate.

VI. CONCLUSION

We have proposed to employ the FBDR algorithm to restore
space+time PET data. This method is very flexible. It allows
us to consider non-necessarily differentiable priors, which can
be of main interest when using wavelet-frame representations.
The obtained results for2D + t PET simulations are very
encouraging, and we are now working on3D + t data.
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(a) EM Smoothing EM FBDR

Fig. 1. Slice 1 - time-frame 4.

(a) EM Smoothing EM FBDR

Fig. 2. Slice 1 - time-frame 14.

(a) EM Smoothing EM FBDR

Fig. 3. Slice 2 - time-frame 4.

(a) EM Smoothing EM FBDR

Fig. 4. Slice 2 - time-frame 14.
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Fig. 5. TAC extracted from Slice 1 for two neighbouring voxels. Original
(red), EM (cyan), Smoothed-EM (green) and FBDR (blue).
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Joint Reconstruction of Image and Motion in Gated
Positron-Emission-Tomography

Moritz Blume, Axel Martinez-Möller, Andreas Keil, Nassir Navab and Magdalena Rafecas

Abstract—We present a novel method for joint reconstruction
of both image and motion in positron-emission-tomography
(PET). Most other methods separate image from motion es-
timation: They use deformable image registration/optical flow
techniques in order to estimate the motion from individually
reconstructed gates. Then, the image is estimated based on this
motion information. With these methods, a main problem lies
in the motion estimation step, which is based on the noisy gated
frames. The more noise is present, the more inaccurate the image
registration becomes.

As we show in a simulation study, our joint reconstruction
approach overcomes these drawbacks and results in both visually
and quantitatively better image quality. We attribute these results
to the fact that for motion estimation always the currently best
available image estimate is used and vice versa. Additionally,
results for real dual respiratory and cardiac gated patient data
are presented.

Index Terms—PET, reconstruction, motion compensation, gat-
ing.

I. INTRODUCTION

With increasing physical resolution of nowadays positron-
emission-tomography (PET) scanners, even small patient mo-
tion can significantly reduce the image quality and thus lead to
false diagnosis. Figure 1a shows how a state-of-the-art static
reconstruction that does not consider subject motion leads to
a motion-blurred image. The goal of motion compensation
methods in PET is to reconstruct the image as if no motion
had taken place.

Most of current motion compensation methods consist of
two steps: (i) motion estimation and (ii) image estimation.

A popular way to estimate respiratory and/or cardiac motion
is to (i) divide the measured data into different gates according
to the cardiac/respiratory cycle, (ii) reconstruct each gate
by a state-of-the-art PET reconstruction method (such as
maximum-likelihood expectation-maximization, ML-EM, [1])
and (iii) register each frame to a reference frame. For gated
PET, this has been done with affine motion models [2], non-
rigid b-spline models [3] and optical flow [4]–[7].

In the second step, the image is estimated based on the
available knowledge about motion. A very common approach
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(a) State-of-the-art reconstruction without motion compensation

(b) Reconstruction with our proposed motion compensation method

Fig. 1: Transverse, coronal and sagittal views of a human’s
heart for a real 10 minutes 18FDG PET scan.

is to deform reconstructed gates to the reference frame and
then combine them (usually by taking the sum of these
deformed frames) [4]–[7]. More sophisticated methods use an
adapted ML-EM algorithm which is able to deal with arbitrary
non-rigid motion [3], [8], [9].

A major drawback of these methods lies in the motion
estimation step. On the one hand, one wants to have as many
gates as possible in order to accurately measure the motion.
On the other hand, using more gates implies less photon counts
in each gate and thus leads to noisier reconstructed images on
which the motion estimation is based. So, with an increasing
number of gates, the motion estimation step becomes more
and more likely to be of low accuracy or even fail completely.

Beyond the described methods which separate motion esti-
mation from image estimation, another (much smaller) class
of algorithms that jointly estimates image and motion has
emerged. It can be broadly sub-classified into two categories:
those that use a different image estimate for each frame [10]–
[12], and those that use a common image estimate for all
frames [13].

In this work, we present a novel method for joint estimation
of image and motion. We use a common image estimate and -
in contrast to [13] - a deformable motion model. The resulting
reconstruction contains considerably less motion blur than a
standard reconstruction (see Figure 1b).
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II. MATERIALS AND METHODS

A. Joint Reconstruction

In the following, we describe a mathematical model for
gated image acquisition in PET. Based on this model we
develop a cost functional for reconstruction which depends
on both image and motion and is subject to minimization.

1) Model: It is well known that, ideally, the relationship
between an image f : R3 7→ R and measurement data ĝ :
N 7→ R in PET can be modeled as ĝ(a) =

∫
H(a,x)f(x)dx.

H : N × R3 7→ R is the system model which contains
the probability that the two annihilation photons emitted at
position x will be measured in line-of-response (LOR) a.

We extend this model to

∑
t

ĝ(a, t) =
1
T

∑
t

∫
H(a,x)f(ϕ(x, t)) dx (1)

in the case of subject motion. Here, T is the number of gates
and ϕ(x, t) : R3 × N 7→ R3 represents the deformation field
of image f at gate t with respect to an arbitrary reference gate
tref (this implies ϕ(x, tref) = x).

2) Cost Functional: Our preliminary goal is to build a cost
functional D(f,ϕ) in such manner that a tuple of image f?

and ϕ? for which D(f?,ϕ?) is minimal fits to the above model
as well as possible. Then, we introduce a regularization term in
order to encourage physically meaningful deformation fields.

a) Dissimilarity Term: It is well known that the number
of counts g(a, t) that is measured for an LOR a is distributed
by a Poisson random variable:

P (g(a, t)|f,ϕ) = e−ĝ(a,t) · ĝ(a, t)
g(a,t)

g(a, t)!
, (2)

where ĝ(a, t) = 1
T

∫
H(a,x)f(ϕ(x, t)) dx is the estimated

measurement vector given an image f and transformation ϕ.
The likelihood function for all measured events of a gate t

is

L(f,ϕ|g(a, t)) =
∏
a

P (g(a, t)|f,ϕ) . (3)

We seek to find a pair of image f and motion ϕ that max-
imizes the likelihood function for all gates. This is equivalent
to minimizing the negative log-likelihood function

log(−L(f,ϕ)) = (4)∑
t

∑
a

ĝ(a, t)− g(a, t) log (ĝ(a, t)) + log(g(a, t)!) .

Here,
∑

t

∑
a log(g(a, t)!) can be omitted since it does not

affect the minimum. So, finally we arrive at

D(f,ϕ) =
∑

t

∑
a

ĝ(a, t)− g(a, t) log (ĝ(a, t)) (5)

which is subject to minimization.

b) Regularization: In order to prohibit extreme deforma-
tions we use homogeneous diffusion regularization, which is
well known in the image registration community:

S(ϕ) =
∑

t

3∑
i=1

∫
‖∇xϕi(x, t)‖2 dx (6)

We initially also employed smoothing in the time domain,
however, no differences in the reconstruction could be noted.

Finally, the complete cost functional we seek to minimize
is

J (f,ϕ) = D(f,ϕ) + α S(ϕ) . (7)

The regularization parameter α defines the smoothness of our
sought deformation. It has to be carefully adjusted to the
specific case. If it is too high the resulting ϕ will represent no
visible deformation and thus the resulting image f will still
suffer from motion blur. Is it too low, J will be over-fitted
and an unrealistic pair of image and motion results. Section
III contains more information on the right choice of α.

B. Registration and Fusion of Reconstructed Frames (RFRF)

We choose the RFRF approach for comparison since it is a
common motion compensation method in cardiac PET. It can
be separated in the motion estimation and the image estimation
step.

Motion estimation: we register each of the already recon-
structed gates to a reference gate (in this case the first gate).
Registration is done by an optimization approach where we
seek to optimize the following cost functional:

R(ϕRFRF) =
∑

t

∫
(ft(x)− f0(ϕRFRF(x, t)))2 dx + α S(ϕRFRF) .

(8)

ft is pre-reconstructed t-th gate. ϕRFRF is the sought time-
dependant transformation field that transforms f0 to the re-
spective gate. S is the homogeneous diffusion regularization
term from equation (6). Note that for the first gate we get the
identity transformation: ϕRFRF(x, 0) = x.

The image estimation is a summation of the transformed
gates: fRFRF(x) =

∑
t ft(ϕ−1

RFRF(x, t)).

C. Data

We test our algorithm for both simulated and real data.
1) Simulation: We generate 32 frames using the XCAT

phantom [14]. One complete respiratory cycle of a length of
five seconds is simulated, without any cardiac motion. The
extent of diaphragm motion is set to two centimeters. These
32 frames are then redistributed to eight gates. In doing so
we make sure that motion is simulated also within a gate. For
each gate, a volume of 50 × 50 × 50 voxels containing the
heart is cropped.

The expected number of counts for each LOR is calcu-
lated by projecting each gate to measurement space. The
measurements are finally generated from the expected number
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of counts by a Poisson random generator. This way we take
into account the acquisition time and activity. Ten levels of
statistical noise, representing very long to extremely short
acquisition times, were simulated.

Since we want to focus on image degradations induced
by motion, we did not make use of external simulation
packages which would include effects like scattering, random
coincidences etc. We simulate a Siemens Biograph Sensation
16 PET/CT scanner and use Scheins’s algorithm to generate
the system matrix [15].

2) Real Data: The patient data was taken from a previ-
ously accomplished cardiac examination which measured the
myocardial metabolism in order to assess tissue viability. It
was acquired with a Siemens Biograph Sensation 16 PET/CT
scanner. The injected dose of 18F-FDG was roughly 400 MBq.
The patient had to rest for 60 minutes before data acquisition
started. Both the respiratory and the ECG signal were recorded
and later used in order to divide the data into eight respiratory
gates by omitting the systolic phase and combining all diastolic
phases into one (since the diastolic phase is the longest cardiac
phase with minimal motion).

As for the simulation, we also use Scheins’s algorithm for
calculating the system matrix. Due to memory and computa-
tional complexity we have to use an adaptive voxel grid: within
a predefined region-of-interest (ROI) the grid is constant and
fine (0.4 × 0.4 × 0.4 mm3) and outside the ROI it gets
exponentially coarser.

D. Data Analysis

For the simulated data, we compare our joint reconstruction
approach (JR) to an ML-EM reconstruction (30 iterations) for
motion-contaminated data (MC), an ML-EM reconstruction
(30 iterations) for the first gate (FG), the RFRF approach (as
described in section II-B) and an ML-EM reconstruction (30
iterations) for motion-free data (MF).

As reference frame for all comparisons we choose the first
gate. In case of our joint reconstruction approach, we map the
resulting image f to the first gate by applying the reconstructed
deformation ϕ: f(ϕ(x, t)).

As a quantitative measure for evaluation we use the correla-
tion coefficient CC(x,y) = xTy

‖x‖‖y‖ between the reconstructed
image of the respective reconstruction approach (represented
by a vector x) and the original image (represented by a vector
y). Both x and y are shifted such that their mean value is
zero.

In addition, we provide selected resulting images for visual
inspection. For real data, no quantitative analysis is possible
and one has to rely on visual inspection.

III. RESULTS AND DISCUSSION

A. Simulation

Table I summarizes the results for different noise levels. Fig-
ure 2 shows visually selected transverse, coronal and sagittal
slices for three levels of noise. The level of noise is indicated
by the number of annihilation events - the less events, the
higher the level of noise.

Counts MC FG RFRF JR MF
9.00e+07 0.93 0.98 0.97 0.99 0.99
4.50e+07 0.93 0.97 0.97 0.98 0.99
2.25e+07 0.93 0.95 0.96 0.98 0.99
1.13e+07 0.92 0.91 0.94 0.98 0.98
5.60e+06 0.91 0.85 0.89 0.97 0.97
2.80e+06 0.88 0.74 0.77 0.96 0.95
1.40e+06 0.84 0.62 0.61 0.93 0.91
7.00e+05 0.76 0.48 0.46 0.87 0.85
3.50e+05 0.65 0.36 0.33 0.78 0.74

TABLE I: Simulation: quantitative evaluation for different
reconstruction scenarios. We calculate the correlation coeffi-
cient of the respective reconstruction method and the original
image. We compare an ML-EM reconstruction of the motion-
contaminated data (MC), an ML-EM reconstruction of just
the first gate (FG), the registration and fusion of reconstructed
frames (RFRF) as described in the methods section, our joint
reconstruction (JR) and an ML-EM reconstruction of motion-
free data (MF).

JR performs better than MC, FR and RFRF in all cases.
Especially for moderate and high noise levels the difference
is striking.

Comparing JR to MF, it is surprising that JR has an even
higher correlation coefficient for high noise levels. Consulting
Figure 2c reveals that this observation may be attributed to
the fact that the joint reconstruction is less noisy than the
reconstruction for motion-free data.

Interestingly, RFRF works better than MC only for low
and moderate noise levels. Our explanation is two-fold: firstly,
image registration in the RFRF approach becomes more and
more inaccurate with increasing noise. Secondly, fusion by
summation in image space is a permitable approximation only
for low-noise scenarios.

B. Real Data

Figure 3 compares our JR approach (fourth column) to MC,
FG and RFRF. It clearly shows the better defined myocardial
walls, indicating the potential to achieve a notable reduction
of the motion induced blur.

IV. CONCLUSION

We present a novel motion compensation algorithm for
gated positron-emission-tomography. Our method jointly re-
constructs both image and motion. We compare our method
to a registration-and-fusion-of-reconstructed-frames approach
which is a typical ambassador of methods that separate
image from motion estimation. In a simulation study, both
quantitative and visual comparison clearly proof the superior
reconstruction quality of our method for all simulated noise
conditions, particularly in high noise scenarios. The paper
concludes with results for real dual respiratory and cardiac
gated patient data which further underline its potential in
reducing motion blur.
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Abstract-- We investigated the optimized parameters of a 
generalized potential function (GPF) of the 4D space-time Gibbs 
prior in a 4D maximum a posteriori rescaled-block iterative 
(MAP-RBI) EM image reconstruction method for application to 
gated myocardial perfusion (GMP) SPECT. The optimized 
MAP-RBI-EM reconstructed images were evaluated using a 
task-based observer study. In the 4D MAP-RBI-EM, 4D space-
time Gibbs priors enforce selective smoothing on pre-defined 
clique structures in space and time domains. The selective 
smoothing force is determined by a GPF with three parameters, 
δ, α and γ. By varing the values of the three parameter, the GPF 
can be degenerated into a wide range of  potential functions, 
including those previously proposed by Geman-McClure (GM), 
Herbert-Leahy (HL), and Green. To seek the optimal potential 
function with the optimal set of parameters for use in the 4D 
MAP-RBI-EM for application to Tc-99m Sestamibi GMP 
SPECT, we used realistic simulated gated GMP SPECT images 
obtained from the 4D Extended Cardiac-Torso (XCAT) phantom 
consisting of a regional hypokinetic cardiac motion defect. Noise-
free and noisy projection data were reconstructed using various 
combinations of GPF parameters in 4D MAP-RBI-EM with 
ADS corrections, and trade-offs between normalized mean 
squared error (NMSE) in noise-free reconstructed images and 
normalized standard deviation (NSD) in noisy images were 
determined. We then selected reconstructed images with a range 
of NMSE-NSD trade-off and tested them using a task-based 
human observer study with receiver operating characteristic 
(ROC) analysis. The task of the observer is to detect a regional 
myocardial wall motion defect. The same observer study was 
performed for 3D FBP and 3D OS-EM with ADS correction both 
followed by 4D filter for their various NMSE-NSDav trade-offs. 
The result showed that the 4D MAP-RBI-EM with ADS 
correction had the highest AUC value, resulting in significantly 
better human observer detection performance among the tested 
methods. The results indicate that the 4D MAP-RBI-EM method 
with an optimized 4D space-time Gibbs Prior and corrections for 
image degrading factors provides significant improvement in 
detecting wall motion abnormalities for GMP SPECT. 

I. INTRODUCTION 
Previously, a new MAP-RBI-EM algorithm was developed 

that takes advantage of the MAP-EM and the RBI-EM 

                                                           
Taek-Soo Lee is with the Department of Environmental Health Sciences, 

Johns Hopkins University, Baltimore, MD 21287, USA. Telephone: (410) 
287-7315, E-mail: tslee@jhmi.edu.  

Benjamin M. W. Tsui, Ph.D. (Telephone: (443) 287-4025, E-mail: 
btsui1@jhmi.edu) are with the Department of Radiology, Johns Hopkins 
University, Baltimore, MD 21287-0859, USA. 

algorithm and have been applied in emission computed 
tomography for use with two-dimension (2D) and three-
dimension (3D) projection data [1]. To apply the method to 
4D GMP SPECT, it is essential to understand and optimize 
the parameters of generalized potential function (GPF) which 
offers increased flexibility in selecting the properties to be 
emphasized in the final reconstruction image. In this study, 
we investigated the use of 4D space-time Gibbs priors with 
the GPF for 4D MAP-RBI-EM algorithm and evaluated the 
image quality of its reconstructed images using a task-based 
observer study for gated myocardial perfusion SPECT. 

II. METHODS 

A. General Form of Gibbs Distribution 
The 4D MAP-RBI-EM image reconstruction algorithm 

consists  of a 4D space-time Gibbs prior which define the 
relationship between a given image voxel and its neighboring 
voxels. A general form of the Gibbs distribution is given by 
[2]: 

( ) [ ]( )1( )  U x
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The vector x represents the set of voxels of the image in 
question. The total potential function, U(x), represents the 
total energy of the image lattice, and is the weighted sum of 
energies of individual cliques which are defined by voxel i 
and k in the neighborhood N. If the neighborhood consists of 
all voxels that surround the central voxel xi, then they form a 
clique whose potential energy is evaluated using the potential 
function V(xi-xk) which enforces a certain closeness toward 
each other in the reconstructed image. The weight, wik, is 
associated with a particular clique, and Z is a normalization 
factor. The parameter β is the overall weight of the smoothing 
prior applied to the reconstructed image.  
 

B. The Potential Function for the 4D Gibbs priors 
The total potential function U(x) is a function of the image 

voxels for all time frames, but the derivative with respect to a 
given space-time voxel only involves those cliques around that 
voxel. So, it reduces to a summation over a set of cliques [3].  
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The first summation represents the 3D spatial smoothing 
cliques within a single time frame, and a clique consisted of 
18 nearest neighboring voxels which share at least a common 
edge with the current voxel. The second summation represents 
the cliques that cross time frames, and a clique included 7 
voxels; one is the current voxel within the current time frame 
(xi,t; spatial location i, time frame t), and the other 6 voxels are 
located in the next time frame, sharing a common face with a 
voxel xi,t+1 (spatial location i, time frame t+1).  

The derivative of the generalized potential function (DGPF) 
[3] is given by 

( ) ( )
1

2 2

2( )
1 1

2 1

r
V r r r

rr r r

γ δ δα γ
δ

δ

−

=
∂

− + − +
∂ +

             

      (3) 

where r = xi – xk. It is developed to provide the flexibility 
which can be adapted to a wide variety of object types, and to 
approximate the potential functions in the priors used by 
others, such as GM [4], HL [5], and Green [6] with 
appropriate choices of the three parameters. However, these 
priors have inherent limitations compared to the GPF. For 
example, as shown in Fig.1, the GM prior only equipped with 
smoothing selectivity which is equivalent to using the 
parameter δ in GPF, and HL prior has less selectivity due to 
its wider peak than GM prior. Green prior suppress all 
differences above a certain level, thus have no particular 
ability to maintain edge sharpness.  

 
                   (a)                                  (b)                                   (c)           
Fig.1. Plots of the derivative potential function (DPF) for (a) GM, (b) HL and 
(c) Green priors. (x axis: r, difference in neighboring pixel values, y axis: 
∂V(r)/ ∂r) 
 

As shown in Fig. 2, the shape of DGPF is determined by 
the parameters, δ, α and γ, which define the smoothing 
constraints in terms of the difference between the neighboring 
voxels within the specified clique.  

 
                  (a)                                  (b)                                  (c) 
Fig. 2. The derivative of a generalized potential function of the Gibbs prior for 
various values of (a) δ (with α = 2.0 and γ = 0.5), (b) α (with δ = 10 and γ = 
0.5) and (c) γ  (with δ = 10 and α = 2). (x axis: r, difference in neighboring 
pixel values, y axis:  ∂V(r)/∂r) 

The δ parameter determines the position of the DGPF peak 
in terms of the difference between neighboring pixel values. It 
plays an important role in image noise smoothing while 
preserving the important structures in the image. The α 
parameter determines the width of the DGPF peak governing 
the range of neighboring pixel values differences to be 
smoothed. It affects the selectivity of noise smoothing and 
edge preservation in the image estimate. The convergence 
parameter, γ, regulates the height of the DGPF tail to permit 
the algorithm to converge in a reasonable number of iterations. 
The larger the absolute value of ( )V r

r
∂

∂
 for a particular value 

r, the more strongly the algorithm tries to force that difference 
between the neighboring pixel values to zero. The use of the 
‘generalized’ potential function allows us to perform a 
systematic study of the effect of a wide range of shapes of the 
DGPF, as determined by the three parameters and including 
those special cases found in the literature, on the 
reconstructed images quality.  
 

C. The 4D MAP-RBI-EM Image Reconstruction Algorithm 
Given the Gibbs prior defined above, the 4D MAP-RBI-

EM algorithm [1] can be written in the  following form                              
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The updated estimate and the previous iteration’s estimate for 
spatial voxel i in time frame t are represented by

,

new

i tx and
,

old

i tx , 

respectively, and the fractional contribution from spatial voxel 
i to projection bin j is given by the transition matrix cij which 
may include model of attenuation, detector response, and/or 
scatter. The measured projection data for projection bin j in 
time frame t is given by pj,t. Note the additional weighting 
factor, β, which control the overall smoothing by the potential 
function.  

D. Sample Application of 4D MAP-RBI-EM algorithm  
We chose Tc-99m Sestamibi GMP SPECT study as a 

sample application for the 4D MAP-RBI-EM with the GPF 
used in the Gibbs prior. Using the 4D extended cardiac-torso 
(XCAT) phantom [7], we generated 16 frames per cardiac 
cycle with hypokinetic motion defect. For each phantom, 
emission projection data was generated using an analytical 
projector which includes the effects of CDR, nonuniform 
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attenuation, and scatter (ADS). Then, they were collapsed 128 
x 128 and Poisson noise was added.  

The projection data were reconstructed using the 4D MAP-
RBI-EM with ADS correction using various combinations of  
GPF parameters so that a wide range of the NMSE-NSDav 
trade-offs can be included in the observer study. For each 
space and time domain of the Butterworth filter for 3D FBP 
and 3D OS-EM with ADS correction methods, a various 
combinations of cut-off frequencies in space and time 
domains were also applied to the reconstructed images. 

The normalized mean squared error (NMSE) in the noise-
free reconstructed images was calculated to evaluate how 
much the reconstructed image is deviated from its phantom.  
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where i
jx  is jth pixel value of the ith gate of the reconstructed 

image, i

jλ  is jth pixel value of the ith gate of the phantom 

slice, jx  is the mean of ROIheart of the ith gate of the 

reconstructed image, jλ  is the mean of ROIheart of the ith gate 

of phantom slice, n is the number of pixels in the ROIheart, and 
N is the number of gates in the gating scheme.  

The averaged normalized standard deviation (NSDav) was 
used to evaluate the image noise level.  
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For NSDav, 
i
jx  is jth pixel value of the ith noise realization, 

jx is the ensemble mean value of pixel j, m is the number of 

noise realizations (30 in this study), n is the number of voxels 
in the ROILV, and N is the number of gate per cardiac cycle. 

E. Develop an Interactive Application and Procedure for 
Human Observer Studies of Motion Images 

We developed tools and procedures for performing human 
observer studies for motion images. As shown in Fig. 3, the 
application can displays multiple slices and views of the 
beating heart with the appropriate frame rate. It includes two 
modes, training and testing modes. In training mode, it 
presents a series of animated noisy images then asks the 
observer to provide a rating as to the likelihood of a motion 
defect being present. After the rating, corresponding noise-
free images are shown in the upper panel of the window and 
the observer is given the correct answer. Testing mode is 

similar, except that the ratings are stored in an output file, and 
the true result is not revealed.  

 
Fig. 3. The application for human observer study of motion images. 

The entire study requires six days with 2850 images to 
complete for each observer. Day 1 only comprises 
introduction to the study and training blocks. Total 15 blocks 
of images from 5 different NMSE-NSDav trade-offs for each 
of 3 different methods were randomly presented to each 
observer. Total number of images for each observer for Day 1 
was 450. From Day 2 – Day 6, 160 sets of multi-sliced 16-
frames noisy images for each method were presented to each 
observer. Since the observer viewed 3 different methods per 
day, the number of images for 5 days was 2400.  

The observers consisted of five including 2 nuclear 
cardiologists at Johns Hopkins Hospital. Average AUC (area 
under the ROC curve) values are also calculated by MRMC 
(Multi-Reader-Multi-Case) software from University of 
Chicago [8]. 

III. RESULTS 

To select the candidates of the trade-off relationships for 
human observer ROC study, total 15 different trade-off points 
(5 for each of 3 methods) were chosen so that they cover up a 
reasonably wide range in their trade-off relationships. Those 
are the images in the circles in Fig. 4 (a) and (b). Comparing 
the averaged maximum AUC values from each method shown 
in Fig. 4 (c), (N) and (O) of 4D MAP-RBI-EM with ADS 
correction (0.84) are significantly higher (p = 0.00) than the 
maximum AUC values from the rest (0.72 and 0.68). It clearly 
demonstrates that images obtained from the 4D MAP-RBI-
EM with GPF parameters in optimal ranges and ADS 
corrections gave better human observer detection performance 
compared to the images reconstructed with other methods. 
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                                                          (c)                                             
Fig. 4. Effect of different cutoff frequencies of (a) 3D spatial and 1D 
temporal Butterworth filtering on 16 frames in 3D FBP and 3D OS-EM with 
ADS correction reconstructed images, and (b) effect of β in 4D MAP-RBI-EM 
with ADS compensation. (δ = 0.5, α = 3, and γ = 0.5 for both spatial and time 
domains). Images in the circles were selected for the human observer study.) 
(c) Average AUC values from 5 observers. 
Legend: 3D FBP followed by 3D spatial + 1D temporal filtering : (A) 3D 0.6 

cycle/cm + 1TD 3 cycle/sec, (B) 0.5 c/c + 2 c/s, (C) 0.4 c/c + 1 c/s, (D) 0.3 
c/c + 0.9 c/s, (E) 0.2 c/c + 0.8 c/s 

3D OS-EM with ADS correction followed by 3D spatial + 1D temporal 
filtering : (F) 3D 0.6 cycle/cm + 1TD 3 cycle/sec, (G) 0.5 c/c + 2 c/s, (H) 
0.4 c/c + 1 c/s, (I) 0.35 c/c + 0.9 c/s, (J) 0.3 c/c + 0.8 c/s)  

4D MAP-RBI-EM with ADS correction for different β : (K) β = 0.005, (L) β 
= 0.007, (M) β = 0.01, (N) β = 0.015, (O) β = 0.03) 

   
However, the result from the 4D MAP-RBI-EM suggests 

further testing for additional sets of images of the method 
since the AUC values tend to increase as smoothness of the 
image is increased. Finally, the supplementary ROC study 
using the 7 sets of images (Fig. 5 (a)) for 4D MAP-RBI-EM 
with ADS correction was conducted. Fig. 5 (b) shows the 
averaged AUC values of the result with the comparison of the 
first result. It indicates where the maximum AUC value 
occurs: at (N)’ where β = 0.15. The ranking of AUC values 
among the candidates was also similar to that of the first study.  
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                            (a)                                                   (b)    
Fig. 5. (a) An extended range of NMSE-NSDav relationship for 4D MAP-RBI-
EM with ADS correction. Two data points with arrowed were added to the 
previous 5 data points. (b) Comparison of the averaged AUC values for the 
first and the supplementary studies. (Left side (K) – (O) is the same to that of 
in Fig. 4. Right side (K)’ – (Q)’ is the result of the supplementary study which 
includes the extended range of NMSE-NSDav relationship for 4D MAP-RBI-
EM with ADS correction. The legends (A) through (O) are the same to those 
in Fig. 4. (P)’ β = 0.5, (Q)’ β = 0.7) 
 

The result confirms that either high noise fluctuations or 
excessive smoothing is not effective for the detection of 
regional myocardial wall defect and the highest detectability 
occurs in the region of the NMSE-NSDav trade-off curve that 
is closest to the origin. 

IV. CONCLUSION 
We investigated the use of 4D space-time Gibbs priors with 

GPF for a 4D MAP-RBI-EM and evaluated the image quality 
using a task-based observer study for GMP SPECT. The 4D 
MAP-RBI-EM with optimal GPF parameters and ADS 
corrections offered significantly better human observer 
detection performance as compared to the other methods. The 
NMSE-NSD trade-off was also shown to agree with observer 
performance for the task of detecting the regional motion 
abnormality in the 4D GMP SPECT images. Results from the 
image evaluation and optimization study based on the trade-
off between smallest possible image error and lowest possible 
noise level can be used as a guide in choosing the optimal 
range of parameter values for each method. We conclude that 
4D MAP-RBI-EM method with corrections of image 
degrading factors provides improvement in detecting wall 
motion abnormalities in GMP SPECT.  
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Practical aspects of tomographic reconstruction on
tetrahedral meshes

Rostyslav Boutchko, Arkadiusz Sitek, and Grant T. Gullberg

Abstract—This paper describes several aspects of practical
implementation of tomographic reconstruction on tetrahedral
meshes and the associated data processing algorithms. The
targeted application for the discussed method is single photon
emission computed tomography (SPECT). Application schemes
in PET and X-ray CT are also possible and analogous to
SPECT. Standard linear interpolation scheme previously used in
tetrahedral meshes is not always optimal for representing medical
images. In addition to the linear intensity interpolation within
each tetrahedron or triangle, constant intensity is considered. Our
previous implementation of reconstruction on point clouds used
weighted-density random distributions as the starting point for
further geometry optimization. In order to overcome a number
of difficulties posed by this approach, an alternative method for
generating cloud geometry is proposed. We start with a dense
uniform mesh and then use a special adaptive mesh-thinning algo-
rithm to it until we arrive to a sparse irregular mesh. Additional
point-moving methods are used for further mesh optimization.
In order to maintain the integrity of the tetragonal mesh during
all motion-related transformations, only those transformations,
which preserve the positivity of the tetrahedron-defining vector
triplets, are undertaken. Both linear-interpolation and constant-
intensity meshes offer easy to implement image segmentation
schemes, which facilitate image reconstruction from highly noisy
projections, such as in dynamic SPECT imaging. Using a regular
mesh as the starting point for the mesh generation allows for
a straightforward extension of this method to finite element
mechanical models, which makes tetrahedral mesh the primary
candidate representation for time-resolved cardiac SPECT.

Index Terms—Computed tomography, 3D reconstruction, ir-
regular grids, multiresolution, dynamic imaging

I. INTRODUCTION

The main motivation for the work described here is the
continuing search for medical image representation methods
which would be both sparse, convenient, and easy to im-
plement. Standard ways of representing images in terms of
pixels (or voxels in three dimensions) remain prevalent in
the field despite the fact that pixel representation is hardly
sparse, because most of the common data processing steps
are well developed when applied to square grids. These
include physical interpretation, visualization, forward- and
backprojection, image smoothing, convenient expressions for
various reconstruction priors and, most importantly, computer
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implementation. Different representations have been proposed
over the years for use in medical image reconstruction. While
typically sparser than pixels, they are harder to implement and
use routinely. In this paper we address implementation details
for one such representation.

One of the most natural and easy to understand ways
to represent an image or a volume is a polygonal mesh.
Polygonal meshes correspond to a large class of representa-
tions, for example, standard pixels and voxels can be viewed
as square and cubic meshes. We would like to focus on
meshes combined with the most primitive polygons for given
dimensionality, i.e. triangles in 2D and tetrahedrons in 3D.
The general tomographic problem (reconstructing images from
projections) has been solved both for triangular meshes [1] and
for tetrahedral meshes [2]. We will concentrate on the latter
method, which is optimal for reconstruction However, in both
cases the reconstruction schemes lack simple straightforward
algorithms of mesh generation from projections. In the work
below, we discuss the details of mesh generation and image
reconstruction using triangles or tetrahedra. Our ultimate goal
is to provide a clear and complete description of the method
for anybody who would like to attempt its implementation. In
addition to considering tetrahedral meshes with linear interpo-
lation explored by [1] and [2], we consider constant-intensity
tetrahedra and compare the performance of the method in
both cases. For both linear-interpolated and constant-intensity
meshes, we describe the details of mesh generation, mesh
preservation (for motion) and image segmentation. Although
we do not focus on the platform-specific implementation de-
tails, we find it appropriate to mention that tetrahedral meshes
carry a special appeal to computer programmers, since much
of the necessary calculations involving tetrahedral meshes can
be done outsourced from CPU to computer graphics cards [2]

Because of the limited ”abstract” format of this paper, we
focus our presentation mainly on the definitions, methods and
derivations portion of the large project that we plan to present
at the Fully 3D conference. In Section 2, we describe the
basic methods and algorithms related to triangular/tetrahedral
meshes, implemented by us. In Section 3, we list the compu-
tation results that will be presented in this project. Section
4 discusses the applicability of the presented methods in
different sub-categories of medical imaging.

II. METHODS

A. Triangular and tetrahedral meshes on point clouds: repre-
sentation details and tomography

Most of the methods and definitions described here share
the same formulation for the two-dimensional case (triangular
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mesh) and the three-dimensional case (tetrahedral mesh). By
default, we will use the term tetrahedron when describing the
element of volume independent of its dimensionality. (A trian-
gle can be viewed as a two-dimensional tetrahedron just as a
square is commonly viewed as a two-dimensional hypercube.)
The diagrams and illustrations will show triangular meshes,
solely due to the limitations of the paper format.

A tetrahedral mesh is defined by specifying a set of K
vertices with coordinates Rk and the tessellation scheme,
defining M individual tetrahedra. In ND-dimensional space,
the vertices can be represented as a K × ND matrix of
coordinates and the tessellation – as a M × (ND + 1) matrix
T. Tm, the mth row of T, contains the indices of (ND + 1)
vertices of the mth tetrahedron. We l denote a specific mesh
by M, and the intensities at its nodes as I:

MK,M = {R,T} , Ik = f(Rk). (1)

where K denotes the number of vertices and M denotes the
number of tetrahedra.

Equations (1) define a continuous representation of the
function f(r) in ND dimensions. Our goal is to solve the
tomographic problem of determining f from its projections
Pn. We assume that the reader is familiar with the general facts
and methods in computed tomography (a good description of
classic problems in computed tomography (CT) is provided in
a number of textbooks, E.g. [3]). For the case when the mesh
geometry MK,M is known, the direct tomographic problem
in X-ray transmission tomography or in nuclear emission
tomography can be represented as a linear system:

Pn =
∑

k

SnkIk + λn, (2)

where λ is the noise and the known matrix S is typically
referred to as system matrix. The proof of the above statement
is outside of the scope of this abstract, however, intuitively, it
is rather straightforward.

The inverse problem defined by (2) (finding I from known
P and S) can be solved using a number of different methods.
In cases when noise λ is small and (2) denotes a conebeam,
fanbeam or a parallel beam Radon transform, the solution can
be obtained in the form of filtered backprojection or other
analytical formulae. These methods, however practical in X-
ray CT, are usually insufficient in the noisy case of emission
tomography, which usually employs iterative statistical or
algebraic methods such as Maximum Likelihood Expectation
Maximization (MLEM) or conjugate gradient optimization.
Either analytical or iterative approaches are straightforward
once the geometry of the mesh is known. A subtler part of
the reconstruction is the process of generating the tetrahedral
mesh M that would provide a good representation of the (yet
unknown) image function f . Finding an optimal mesh is a
crucial part of the image reconstruction scheme.

B. Constant intensity and linear intensity mesh elements

Selecting a sparse representation for a class of images
depends on a number of properties of these images, such as
continuity, information content, spatial frequency distribution,

(a) (b)

(c) (d)

Fig. 1. Different types of interpolation schemes in triangular meshes. (a)
Original image and the triangular mesh generated using Delaunay triangu-
lation applied to a content-adapted distribution of 32 vertices. (b) Standard
interpolation scheme: image function is sampled exactly at the vertices and
interpolated linearly within mesh triangles. (c) Constant intensity within each
triangle determined as the mean of the vertex intensities. (d) Constant intensity
within each triangle optimized to achieve best representation of the original
image in terms of image difference.

typical features etc. It can be observed that medical images
can be viewed as areas of constant intensity (corresponding
to different tissue) with relatively thin boundaries. This ob-
servation partially explains the success of constant-intensity
pixel model. Also, this fact is one of the underlying reasons
why total variation minimization has been successfully applied
as a prior in statistical reconstruction [4] and as a constraint
in undersampled image reconstruction [5]. We would like to
propose a possible extension of the the tetrahedral method to
allow constant intensity volume elements.

When using linear interpolation, the image function f(r)
inside the mth tetrahedron is represented as

f(r) = am ·r+bm, am ·Rk+bm = Ik, (r,Rk) ∈ {Tm}. (3)

The length of the image intensity array in this case is equal to
the vertex number K, however 2M intermediate parameters
am and bm have to be used in calculation. We propose to
assign a constant intensity value to each tetrahedron

f(r) = Im, r ∈ {Tm}. (4)

While yielding a larger intensity array (in most large meshes
M > K), this approach carries a few advantages over (3). It
simplifies the computation and reduces the the time necessary
to calculate the system matrix. In addition to that, the constant
intensity method may be more appropriate for describing
medical images because of their intrinsic properties. This
aspect is explained and illustrated in Figure 1. Finally, in the
next subsection we will show that using constant intensity
tetrahedra greatly simplifies the problem of mesh optimization.
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(a) (b)

(c) (d)

Fig. 2. (a) MATLAB-generated modified noisy Shepp-Logan phantom
smoothed with an 8 × 8 uniform filtering kernel. This phantom was used
as the information matrix to generate the following meshes. (b) Simplistic
mesh refinement without re-triangulation. (c) The same mesh as above, re-
triangulated during the refinement process. (d) Mesh achieved via adapted
mesh thinning algorithm. In each of the cases (b)-(d), the mesh consisted of
512 vertices that formed 1018 triangles.

C. Mesh generation by adaptive mesh coarsening

In [2], the author starts with a coarse random vertex dis-
tribution and obtains the initial mesh by applying Delaunay
triangulation [7]. Then, the mesh is adaptively refined by
adding points to the centers of tetrahedra with largest vari-
ations in vertex intensities. The MLEM intensity calculation
is repeated after each mesh refinement step. This method is
relatively easy implement, but the mesh generated using this
approach appears to be extremely inhomogeneous. Such a
mash has a tendency to produce image artifacts that manifest
themselves as thin asymmetrical tetrahedral ”wedges” that can
significantly degrade the image quality. In Figure 2(b), we
show an example of a triangular mesh generated using this
approach. The cloud of 512 points was generated using 64
arbitrary points as a seed distribution. The mesh was generated
using a noisy Shepp-Logan phantom as the target intensity
map. The phantom image was heavily smoothed and then
repeatedly sampled during the refinement process.

The process described above is visibly enhanced if after
each refinement step, the Delaunay triangulation of all vertices
is repeated. This allows the user to avoid generating extremely
narrow tetrahedrons that could be a frequent cause of the
wedge artifacts. In Figure 2(c), we show a result of this
method applied to the same initial distribution of 64 points.
This approach shows clear improvement over the simplistic
refinement. The downside of this method is that considerable
amount of computation is required in order to repeat the
tessellation algorithm multiple times.

Even when the enhanced refinement method is used, some
boundary artifacts are still possible, as seen in Figure 1 (b).
These artifacts arise when an individual tetrahedron ”punc-
tures” the true boundary between different intensity regions,

which happens regularly when any automatic tessellation
techniques such as Delaunay triangulation are used. Methods
of mesh generation that avoid this problem usually require
that a good-quality segmented image of the is available as a
starting point for mesh generation. [8]. Such situation is typi-
cally unlikely in nuclear emission imaging. Another potential
deficiency of the method that relies solely on refinement of a
randomly generated mesh is that it carries a risk of missing
regions of space where higher resolution is desired, if no
vertex points are placed in those regions at the initial step.
Both of these potential problems can be avoided, by reversing
the direction of the mesh generation. We propose to start by
generating a fine regular mesh, and then coarsen it, using the
following algorithm:

• Initial mesh is generated by placing points in the vertices
of a regular square (cubic) or triangular (tetrahedral)
symmetric lattice. Dividing a square into two triangles
or dividing a cube into five tetrahedra is straightforward.

• The initial image is reconstructed onto this initial mesh
using any of the standard reconstruction approaches, with
heavy post-smoothing applied in order to remove local
noise. We use a square pixel-based MLEM method.

• For each vertex, all neighboring points are identified.
• All the points k whose neighbors’ intensities do not differ

significantly from Ik, are removed from the mesh.
• Closely-spaced-pairs of points with the same intensities

are merged along zero-gradient directions.
In Figure 1 (d), we show a 512-point mesh constructed
using this approach for the same realization of Shepp-Logan
phantom as the previously discussed meshes. The next op-
timization step (not shown in the figure) involves moving
individual vertices without changing the tessellation of the
mesh. The distance and direction of the motion of points
differs depending on the type of mesh interpolation. In the
case when the intensity inside each tetrahedron is constant,
the optimal vertex position is obviously on the boundary of
different types of tissue, which corresponds to the regions of
the image with the largest absolute value of intensity gradient.
In the linear interpolation case, we expect that the regions with
the largest absolute value of the Laplasian (also known as ∇2

operator) of the intensity function should be targeted, although
more detailed analysis is still needed in this case.

D. Preserving mesh integrity

The exact mechanism of removing a point from a grid
involves an important re-meshing step. Typically, one tries to
avoid re-running the tessellation algorithm for the whole set
of vertices in order to save time and to preserve the mesh
structure at other regions of space. We find that the most
convenient algorithm of point removal can be interpreted as
continuous merging of a removed vertex (C) into one of its
neighbors (D). The chords connecting C with its neighbors
stretch and rotate elastically in the process of merging. The
process is illustrated in Figure 3.

As illustrated in Figure 3, moving one vertex of a triangle
may result in a situation which is forbidden, when a vertex of
one (or more) of the mesh triangles intersect its opposite side.
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(a) (b)

Fig. 3. (a) Removing one of the mesh vertices by merging it with one of the
neighboring points. If the polyhedron created by the removed point neighbors
is not convex, some of the neighboring points are forbidden, as illustrated by
the red (longer) arrow. The green (shorter) arrow shows the allowed direction
of vertex merging. (b) Illustration of the forbidden motion: point C cannot
move into point D because it cannot cross the line defined by AB. Motions
C → E and C → F are allowed. .

In three dimensions, this corresponds to a case when a vertex
of the tetrahedron intersects an opposite facet. In order to avoid
such situation, the following check must be implemented at all
computational stages that deal with motion:

• The indexing of the vertices of the triangle (tetrahedron)
is fixed. Let it’s vertices be RA, RB , RC (and RO in
3D). Suppose that the point RC has to be moved into
RD.

• In two dimensions, any motion of one of the point should
occur only when the sign of a scalar expression

(RA −RC)× (RB −RC)

remains unchanged.
• In three dimensions, the sign of a pseudo-scalar

(RC −RD) · ((RA −RD)× (RB −RD))

has to remain constant for all possible vertex combina-
tions in the above expression.

This check is used to trace if the integrity of the mesh is
preserved when any point-motion operation is applied to the
mesh, including elastic motion of individual points

E. Image segmentation

Representing images as tetrahedral meshes is especially
convenient for the purposes of image segmentation. We will
show how image segmentation is implemented both in the case
of linear interpolation and in the case of constant intensity
tetrahedra.

III. RESULTS

In this section, we will list the main results which we
achieved or plan to achieve in the area of image reconstruction
on tetrahedral meshes.

• The primary application of the new method is dynamic
cardiac SPECT. Using a summed sinogram, collected
over the course of long (up to one hour) scans, we
generate a better quality image and optimize a sparse
mesh. The mesh is then used to reconstruct the (highly
noisy])projection data from the individual gantry rota-
tions. The same mesh is used to implement the dynamic
image analysis from projections from the data acquired
during the first half-rotation.

• Both for dynamic and static SPECT experiments, static
image frames are reconstructed and used to generate a
sparse mesh representation. The mesh is then optimized,
segmented into larger regions (modeling physiological
organs or large portions of them) and used as a prior for
the subsequent reconstructions. The process is repeated
iteratively.

• Tetrahedral mesh segmentation is used to define the
boundary between the heart and the surrounding tissue.
Tetrahedra vertices are then allowed to move so that the
product of the volume of a tetrahedron and the intensity
value associated with this remain constant. This approach
is used to reconstruct cardiac-gated SPECT data.

IV. DISCUSSION

The main discussion question which we would like to
address in our presentation is classifying different problems
in medical image reconstruction into categories which would
be most appropriate for different image representations and
different image reconstruction algorithms. We believe that
non-uniform tetrahedral meshes are most convenient for those
problems, when standard voxel reconstruction is obstructed by
high noise content of the images. A parallel category that can
benefit greatly from this representation is dynamic imaging: if
the imaged spatial structures, while changing their intensity,
retain their geometric structure, then one is able to generate
a high-quality sparse mesh, which would then carry most of
the structural information about the imaged object. The mesh
then can be used to reconstruct the intensity map in space
from fewer projections.

An on-going research effort related to tetrahedral meshes is
using them to generate mechanical models of the reconstructed
organs, specifically, finite-elements mechanical models of the
heart.
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Point Clouds Based PET Image Reconstruction
Fei Gao, Jingjia Xu, Yiqiang Jian, Huafeng Liu, and Pengcheng Shi

Abstract—A novel way to perform Positron Emission To-
mography reconstruction by using point clouds representation
is presented. The new system model, which has been greatly
reduced in size, adopts content-adaptive point clouds structure,
rather than uniform pixels. To capture both anatomical and
functional information, a two-step algorithm is employed in the
integral emission image reconstruction. In the first process, the
pre-acquired prior information from attenuation image or fast
FBP reconstruction is coupled into point clouds system matrix,
followed by iterative reconstruction implementation. Then some
nodes need to be added to the point clouds for functional detail
reconstruction in the second process. Such two-step process
proves to reduce the time consumption while at the same time
maintains the reconstruction accuracy at the same level.

Index Terms—Positron Emission Tomography, image recon-
struction, system matrix, point clouds framework.

I. INTRODUCTION

Positron Emission Tomography (PET), as a biomedical
research technique and clinical diagnostic procedure, is one of
the most important applications in nuclear medical imaging.
The data of PET are obtained from the detection of radiation
resulting from the emission of radio isotopes tagged onto
the tracer of interest. Traditionally, these measurements can
be approximately treated as spatial line integrals of intensity
of radio isotope concentration in the field of view (FOV).
Currently, most of the methods focus on the uniform voxel-
based image model. However, this representation has some
difficulties in achieving accurate modeling of spatial projec-
tion system model, and computation is also disconcerting
on images of big size. To overcome this weakness, some
methods have been proposed for projection modeling and
image representation. Generalized cylinder representation was
used for reconstruction from incomplete projections in [1].
Spherically symmetric volume elements were also used as
alternatives to the conventional voxels [2]. These methods
typically adopted the element model with predefined geometric
shape as image representation. However, modification on the
shape of image elements leads to limited improvement on
image accuracy and introduces additional computations. Other
methods called adaptive point clouds or nodes model have
been introduced recently [3] [4]. This approach defines the
image by a series of nodes rather than the shape of image
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elements, and allows for reproducing the content-adaptive
image elements in the process of tomographic reconstruction.
To our knowledge, however, implementation of such method
is a laborious task for computations, because emission recon-
structions are performed repeatedly following a small part of
node added to the point clouds each time. Therefore, this
algorithm improves the projection system model at the cost
of huge calculation time.

As we know, fast and simple reconstructing techniques are
one of the critical concerns in clinical PET research. In this pa-
per, we propose a new PET imaging model of content-adaptive
point clouds, using prior information which is obtained from
the transmission reconstruction or fast FBP reconstruction. A
primary distinction between our approach and previous efforts
is the notion of image sampling: the amounts of sampling
nodes are objective-variant and the generation of nodes is
objective-guided. We wish to obtain benefits of the accurate
image representation and fast, simple computation in algorithm
implementation. Thus, our approach necessitates prior guided
sampling. The algorithm implementation is basically a two-
step or one-step procedure, depending on which type of prior
information it chooses. The simulation experiments illustrate
that the new method reduces the computing consumption and
at the same time maintains the accuracy of reconstructed to-
mographic images. We envision that this method is promising
in its practical applications.

II. METHODS

A. Prior information

In our problem, prior information is the pre-acquired item
of image before the implementation of PET emission re-
construction. PET attenuation image and MRI/CT image are
anatomical image inherently. Some researches [5] [6] focus
on incorporating this anatomical information into emission
reconstruction algorithm to guide the reconstruction of PET
data, aiming at reducing image smoothness near the bound-
aries of tumors. In our framework, we apply the attenuation
image to distribute the point clouds. Though PET focuses on
reconstructing functional images, the anatomical boundaries
are closed with functional boundaries in most parts of objects.
The two-step strategy is able to cover the regional functional
details in the second reconstruction step (referred to II-C).

B. Point clouds distribution with prior information

The term ”point clouds” is a kind of domain representation
method in meshfree framework [7]. Comparing with the
traditional pixels of uniform distribution, point clouds hold
the advantage in capturing the critical information in certain
local regions. Besides, point clouds structure is more flexible
with some active image problems. It is convenient to modify
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the point clouds distribution even during the image evolution
process.

It is an application-depended problem that what kinds of
features from prior image should be extracted to determine
the nodes distribution. In our problem, we assume that a
prior image provides approximate, but not exact boundary of
reconstructed objective. Thus, the gradient information is the
most applicable in algorithm implementation.

We firstly define a feature function that reflects information
density around node x

f(x) =
1
ρ

k

Area
(1)

where Area is an influence domain with k neighboring nodes
around x, and ρ is a scaling constant, which is always set to
one in our experiments. In this paper, f(x) is computed as the
gradient function of prior image, and the item k

Area on the
right side of Eqn. (1) represents the node density around x.
Thus, Eqn. (1) demonstrates that the node density in objective
image is proportional to the information density in prior image
among the whole image space. By defining a circular influence
domain around node x, we also get

Area = πR2 =
k

ρf(x)
(2)

R =

√
k

πρf(x)
(3)

where R is the radius of influence domain, and the Area is
dominated by f(x), that is the gradient at node x as mentioned
above. Ideally, the node distribution strategy should distribute
sufficient nodes around all the distinctive boundaries in prior
image without generating redundant nodes, thus, parameter k
should be determined experimentally to reach a compromise
of computation and accuracy. We set k = 8 in the following
experiments.

The nodes distribution algorithm is performed as follow:
1) Compute the feature function f(x) of prior image at

each point x;
2) Put a set of uniform and sparse nodes in image space

as initial point clouds structure with settled neighbor
interval at R =

√
k

πρ mean(f(x))/2 , where mean(f(x))
is the average gradient among the whole prior image;

3) Add a set of nodes xi to image space whose feature
function meets the condition that f(xi) > mean(f(x));

4) Check the influence region Area of each node in image
space to find n neighbors of the node, if n < k, put
k − n to Area of this node and update this node;

5) Repeat step 4 with the new nodes generated in each
iteration, and the process terminates until each node has
at least k neighbors in its influence domain.

C. Point clouds distribution with functional information

In some case, the anatomical prior information is not
sufficient for PET reconstruction of functional images. We
approach this problem by performing two-step evolution of
point clouds: the first process of point clouds distribution is
the same as the strategy in II-B, and the second process is

Fig. 1. (a)(b) Intersection and subdivision of triangle. (c) Prism used for
indirectly calculating weight integral. The base of prism is the refined triangle
from processes (a) and (b), and the height η1, η2 and η3 are the values of
the intensity at the vertexes.

manipulated by putting additional nodes to point clouds in high
information density region. We define functional information
density in each triangular δ in analogue to Eqn. (1)

ffun(δ) = G(I1, I2, I3) • T (δ) (4)

where I1,I2 and I3 are the vertex intensity of each triangular δ.
In this paper, we define that G(I1, I1, I1) = (I1−I2)2 +(I1−
I3)2 + (I2 − I3)2, and T (δ) equates the area of triangular δ.
It is intuitionally understandable that functional information
density ffun(δ) is proportional to the area of triangle and
intensity difference of three vertexes. Then additional m nodes
are put randomly inside each triangle to capture the details in
high density region

m(δ) = γffun(δ) (5)

where γ is a constant which should be determined experimen-
tally. More details about this application will be presented in
the section of simulated experiments.

D. Point cloud image representation and formation of the
system matrix

A representative discrete model for tomographic system is

pj =
M∑

i=1

αj,iIi (6)

where pj is the projection vector acquired from the system
hardware at bin j, Ii is the value of reconstructed radioactivity
at image element i, which is triangle in our approach, and
matrix α should be specified according to the physics and
geometry of the tomographic data acquisition model.

The triangle weights projection algorithm is analogous
with the tetrahedron projection method proposed in [4].
The procedure of the triangle projection is as follows: 1)
Intersection of each Delaunay triangle generated from point
clouds by projection bin, 2) subdivision of the quadrilateral
into refined triangles. In the first step, intersecting the triangles
make them fit the geometric projection model in tomographic
reconstruction [Fig. 1(a),(b)]. The second step is performed
for the sake of convenient weight projection. As presented
in Fig. 1(c), the subdivided triangles could be visualized
as prisms, with intensity of the three vertexes as the third
dimension scale . Such modification brings great benefit: the
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integral weights projection of each triangle equals to the
volume of the corresponding prism

vol =
1
3
(η1 + η2 + η3)T (δ) (7)

where T (δ) is the area of the triangle in Eqn. (4), and
parameters η1, η2 and η3 are the intensity at the vertexes,
which are obtained directly from the nodes in the point clouds
or from linear interpolation of those nodes.

The system matrix α is constructed as follows. Set the value
of an individual node to one and the others to zero each
time. All the triangles with this node as one of their vertexes
are projected for each angle, then the values of weighted
projection in all the projection bins are calculated to fill each
element of jth column of the system matrix. The complete
system matrix is acquired after all the nodes in point clouds
are applied to this process in calculation.

After implementation of difference reconstruction algo-
rithms [8], the regular points are obtained by linearly interpo-
lating the values inside each triangle. Ultimately, the emission
image reconstructed by point clouds framework displaces in
regular pixels representation does.

III. EXPERIMENTS AND RESULTS

A. Experiments on Digital Zubal Phantoms

Simulation experiments are used to evaluate the quality of
reconstruction and time consumption of the point clouds based
PET reconstruction framework. Fig. 2 shows a schematic
representation of the Zubal thorax phantom, which has three
distinctive tissue regions and a background region. The phan-
tom is digitized at 128×128 pixels. Forward parallel projection
data was calculated with 90 projection angles over an angular
range of 180◦ and 128 bins each angle. No Poisson noise was
added. Approximate 2000 nodes were distributed at distinctive
boundaries in the attenuation map, as presented in Fig.3a. The
nodes intensity was reconstructed by employing 20 iterative
EM-ML algorithm, and this reconstructed image was the first-
step reconstructed image. Due to the limited point clouds

(a) Emission image (b) Attenuation image

Fig. 2. digital Zubal thorax phantom

(a) (b)

Fig. 3. Point clouds reconstruction (a) Approximate 2000 nodes distribution
on attenuation image. (b) Approximate 3700 nodes distribution on first-step
reconstructed image

distribution shown in fig. 3a, the first reconstruction will be

lack of functional information, the problem was solved by a
two-step algorithm illustrated in II-B and II-C. We set γ to
0.08 and put additional sampling nodes inside each triangle
to the first-step reconstructed image according to Eqn. (5).
The final point clouds structure in image space consisted
of nodes sets generated in two steps (Fig.3b). The final
reconstructed result by 20 EM iterations was shown in fig.4a.
Note that the image was recovered with all the details, on
the other hand, an image representation of 3700 nodes greatly
reduced both the size of system matrix, and computational
time in reconstruction procedure. A statistical analysis on

(a) (b)

Fig. 4. reconstruction results (a) Reconstructed image in the second step by
point clouds (b) EM reconstruction of Zubal phantom and ROIs selected for
statistical analysis

reconstructed images against true values is performed to
compare the qualities of reconstructed images from both voxel-
based reconstruction(EM algorithm) and point clouds based
reconstruction. Let Np be the total number of pixels and XRi

be the final reconstruction result of pixel i respectively, and
XTi be true value of corresponding pixel i, then we have the
following error definitions:

bias =
1

Np

∑

i

(XRi −XTi)
XTi

(8)

std = (
1

Np − 1

∑

i

((XRi −XTi)/XTi)2)0.5 (9)

5 ROIs including lung, walls of the thorax, cardiac region
are selected for statistical analysis. The calculated bias and
standard derivation values of the reconstructed images from
two reconstructions are summarized in Table I, the results
show that the point clouds based reconstruction can keep
the same reconstruction quality as voxel-based reconstruction.
The time consumption of two reconstruction algorithms is
summarized in Table II, the point clouds based reconstruction
need less time due to the fewer points in the reconstruction
procedure. The results from two tables show that the point
clouds based reconstruction reduces the time consumption
while at the same time maintains the reconstruction accuracy
at the same level.

B. Experiments with Data from Monte Carlo Simulations

The second data set used for validation in this study was ac-
quired by Monte Carlo simulations [9]. The simulated scanner
is Hamamatsu SHR74000, which is a new designed full 3D
whole body PET/CT scanner with small crystal size and large
field of view by Hamamatsu Photonics K.K.. The PET scanner
is designed with 6 rings of 48 detector blocks. Each detector
block consists of a 16 × 16 array of LYSO crystals. Each
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TABLE I
STATISTICAL ANALYSIS OF THE RECONSTRUCTION QUALITIES BY TWO

RECONSTRUCTION ALGORITHMS. SUBSCRIPT EM AND PC STAND FOR EM
RECONSTRUCTION AND POINT CLOUDS BASED RECONSTRUCTION

ROI 1 2 3 4 5

biasEM -0.0082 -0.0256 0.0914 -0.0296 0.0104

biasPC -0.0040 -0.0219 0.0473 -0.0062 0.0080

stdEM 0.0071 0.0050 0.2091 0.0469 0.0165

stdPC 0.0061 0.0061 0.1659 0.0877 0.0186

TABLE II
TIME CONSUMPTION OF TWO RECONSTRUCTION ALGORITHMS

Image representation Computing time

EM 16384(128×128) 7.52s

Point Clouds 5739(1959+3780) 6.1s(2.5+3.6)

TABLE III
STATISTICAL ANALYSIS OF THE RECONSTRUCTION QUALITIES BY TWO

RECONSTRUCTION ALGORITHMS. SUBSCRIPT EM AND PC STAND FOR EM
RECONSTRUCTION AND POINT CLOUDS BASED RECONSTRUCTION. THE
TRUE VALUE IN THE COLD REGIONS IS SET TO 10−6 FOR CALCULATION

ROI sphere 1 sphere 2 sphere3 cold regions

biasEM -0.4705 -0.5817 -0.6768 -0.4961

biasPC -0.4695 -0.5809 -0.6483 -0.5768

stdEM 0.5256 0.6410 0.7659 0.5868

stdPC 0.4964 0.6343 0.7113 0.5965

LYSO crystal is 2.9mm × 2.9mm × 20mm. The ring diameter
of scanner is 826mm, the transaxial FOV is 576mm, and the
axial FOV is 318mm. The simulated phantom is NEMA 6
– spheres phantom, which is usually used to measure the
recovery coefficients. For the phantom, there are six circular
regions of different diameters. These spheres have diameters
of φ37mm, φ28mm, φ22mm, φ17mm, φ13mm, φ10mm and
are inserted in a circular cylinder with diameter of 200mm
corresponding to a volume of 9300ml, as shown in Fig. 5a. In

(a) Physical phantom (b) point clouds distri-
bution

Fig. 5. The transverse view of the phantom used for Monte Carlo simulation
and point clouds distribution

(a) EM (b) point clouds

Fig. 6. The EM and point clouds reconstruction of physical phantom

simulations, the cylindrical phantom was filled with pure wa-
ter, bottom 3 spheres were left as cold regions, FDG solutions

TABLE IV
TIME CONSUMPTION OF TWO RECONSTRUCTION ALGORITHMS

Image representation Computing time

EM 16384(128×128) 9s

Point Clouds 1019 2s

with radiopharmaceutical concentration 30kBq were injected
into top 3 spheres respectively. The final generated sinogram
has 128 × 128 projections for every slice. Since this is a Monte
Carlo simulation, we can get the true activity concentration
in every slice. The reconstructed image by voxel-based EM
algorithm is shown in fig. 6a, the reconstructed image by point
clouds is shown in fig. 6b.

Like above section, a statistical analysis on reconstructed
images against true values is performed, the calculated bias
and standard derivation values of the reconstructed images
from two reconstructions are summarized in Table III, the time
consumption of two reconstruction algorithms is summarized
in Table IV, the results from two tables show that the point
clouds based reconstruction reduces the time consumption due
to the fewer points used for reconstruction while at the same
time maintains the reconstruction accuracy.

IV. CONCLUSION

We have developed and evaluated a point clouds based PET
reconstruction method. The new system model, which has been
greatly reduced in size, adopts content-adaptive point clouds
structure, rather than uniform pixels. A two-step algorithm
is employed in the integral emission image reconstruction.
The experiment results from digital phantom and Monte Carlo
simulations show that the point clouds based reconstruction
can reduce the time consumption while at the same time
maintain the reconstruction accuracy at the same level as
traditional voxel-based reconstruction.
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Abstract---Recently, cone-beam reconstruction from limited views 
over a circular trajectory has been proposed, using the 
compressive sampling principle. It is well known that circular 
trajectory does not satisfy Tuy’s exact reconstruction condition 
and leads to artifacts in the planes away from the source rotation 
plane. On the other hand, the composite-circling trajectory 
permits exact reconstruction and is suitable for cardiac imaging 
due to its closed and periodic nature. It is also more practical 
from implementation standpoint as compared to saddle curve 
trajectory. In this article, total variation based limited view 
reconstruction from composite-circling scanning trajectory is 
proposed and demonstrated with numerical simulations. 
 
Index terms---Composite-circling scanning trajectory, circular 
scanning trajectory, total variation regularization, compressive 
sampling.  
 

I. INTRODUCTION 
 
CT has become the cornerstone of radiology departments. The 
introduction of the helical scanning trajectory, multi-slice CT 
(MSCT) and sub-second x-ray source rotation speeds has 
increased the usefulness of CT significantly. The number of 
CT scans in the United States (US) increased from 3 million in 
1980 to 62 million in 2006. This has led to increased concern 
of cancer risks associated with ionizing nature of x-rays. It has 
been estimated that CT radiation may account for 1.5-2% of 
all cancers in US [1]. High dose applications like cardiac CT 
are of a great concern. The use of cardiac CT in the US 
doubled between 2000 and 2003 to 485,000 and has continued 
to grow since then [2, 3]. Hence, finding ways to reduce CT x-
ray dose has become an important topic.  
    Several strategies have been proposed to reduce x-ray dose,  
including scan parameters optimizations, improved scanner 
architectures, and use of prospective gating etc [4, 5]. Interior 
tomography [6, 7], which has great potential to reduce x-ray 
dose, is also currently being developed. Candes et al [8, 9] 
utilized the compressive sampling (CS) principle and 
proposed an algorithm to reconstruct from few views utilizing 
total variation minimization of the image for parallel-beam 

non-divergent geometries. The CS theory states that sparse 
signals can be exactly recovered from severely 
underdetermined system. Although medical images are not 
sparse, their gradients may be approximately assumed to be 
sparse with uniformity within organs and variations at the 
boundary [10]. Total variation (TV) regularization involves 
minimizing the ℓ  norm of the gradient of a function. The edge 
preserving properties of ℓ  norm have been established [11] 
and the CS theory has highlighted previously unknown 
capabilities of TV regularization.  
    The TV algorithm developed by Candes et al. cannot be 
applied to divergent-beam geometries directly. Recently, Sidky 
et al [10] proposed a TV based method to perform CT 
reconstruction from few views of a fan-beam geometry. Later, 
they extended it to cone-beam CT using a circular scanning 
trajectory [12]. TV based algorithms have also been 
successfully applied in diffraction tomography [13] and 
SPECT [14].  
    It is well known that the circular scanning trajectory does not 
satisfy the exact reconstruction condition for cone-beam 

Fig. 1. Composite-Circling scanning trajectory for 75 cm,  
10 cm and 2 
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geometry, which leads to cone-beam artifacts. In 2007, we 
proposed a composite-circling scanning mode [15]. Similar to  
the saddle curve scanning mode [16], composite-circling 
scanning satisfies the exact reconstruction condition and is 
closed and periodic. For practical implementation of a saddle 
curve scanning mode, an x-ray source must rapidly move back 
and forth in the z-direction while it rotates in the transverse x-y 
plane. Whereas, composite-circling mode involves rotation of 
an x-ray source in a plane facing the object and simultaneous 
rotation of the x-ray source in the gantry plane. The latter may 
be more practical to implement than the saddle curve scanning 
mode. The general equation for various saddle-like composite 
trajectories is given by  

)cos()(
)cos()sin()sin()(
)sin()sin()cos()(

)(

13

122

121

λρ
λλλρ
λλλρ
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mRRs
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= ρΓ

 

(1) 

where 1 is a rational number, 01 ≥aR  and 01 ≥bR  are 

the lengths of the two semi-axes of the scanning range in the 
focal  plane facing the short object, and 02 >R  is the radius 
of the tube scanning circle on the x-y plane. The composite-
circling scanning mode is a special case of Eq. (1) when 

 used.

     In the following, we will describe the methods and then 
report numerical results. Finally, we discuss relevant issues to 
conclude the paper. 
 

II. METHODS AND MATERIALS 
 
2.1 Problem definition 
CT can be modeled with the following discrete linear system 
equation 

,                 (2) 
where, A is a system matrix corresponding to certain 
integration along x-ray paths,  is an image vector and  is a 
vector with measured projection data information. 
The problem of CT reconstruction in the CS framework can 
now be defined as  
Minimize || ||  subject to || ||                             (3) 
 
2.2 Reconstruction Algorithm 
We used the adaptive steepest descent algorithm (ASD-POCS) 
developed in ref. [12] with minor modifications. The following 
pseudo-code summarizes the algorithm with parameters that 
we use for our simulations. The symbol ~ indicates estimated 
parameters,  is the number of image pixels, and  
corresponds to the total number of projections. 

1) 1.0; 1; 
2) 20; 0.2; 
3) 0.95; 0.95; 
4) 0; 
5) 0; 
6) repeat main loop POCS/descent  loop  

7)  

8) for 1,  do 
∑

∑
∑

,    

SART 
9) for 1,  do if 0 ) then 0, enforce 

positivity 
10)  
11)  
12) | |  
13) | |   
14) if iteration number 1  then   
15)  
16) for 1,  do TV-descent loop 
17) | |  

18)  
| |

 

19)  dtvg  
20) end  
21) | |   
22) If  and  then 

0.95 
23)  
24) Until {stopping criteria} 
25) return  

 
Projection onto convex set (POCS) is used to incorporate the 
constraints while gradient-descent is utilized to minimize the 
TV. The POCS step includes an iteration of SART followed by 
image positivity enforcement. The POCS-steps alternates with 
the gradient-descent steps.  represents the image update in 
the POCS step and  represents the same for gradient-descent 
step. It is necessary to take multiple gradient descent steps 
initially and the number for these steps is defined by parameter 

. The initial step-size  is determined by parameter  
as a small percentage of first POCS step. To obtain an image 
with lower TV, the gradient descent step must be smaller than 
but of the order of the POCS step. This requirement is met by 
reducing the gradient-descent step-size by the factor   if 
the ratio of gradient-descent step to POCS step is greater than 

 (usually 1.0). The algorithm convergence can also be 
controlled by the SART regularization parameter  which is 
reduced at every iteration by . A reduction in  reduces  
which in turn reduces the step-size and hence . For accurate 
reconstructions this value must be close to 1.0.   represents 
the error in estimated projection data and real projection data.  
is the error tolerance. For our simulation we used 0 and a 
fixed numer of iterations as stopping criterion. For a 
converging solution the  value keeps decreasing and the 
final result is determined by the number of iterations. 
 
2.3 Matched Projection Model 
A continuous projection model can be used to numerically 
generate projection assuming a continuous object. While this 
method is more realistic, it leads to large errors between real 
projection data and those estimated from the digital image 
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D) views by half of the angular distance between two 
consecutive views. For the composite-circling scanning 
trajectory, there are 1667924 non-zeros pixels in the projection 
datasets and for the circular scanning trajectory there are 
1601729 non-zero pixels. Thus, the system is underdetermined 
in both of the cases. The reconstructed image has the same size 
as the original one with a voxel size of 0.078 cm3. The 2-D 
reconstructions (256 128 with a pixel size of 0.078 cm2, 
number of iterations=1200) for the central slice (z=0 cm) of the 
thorax phantom for the two projection models are shown in 
Fig. 2. It can be seen that the image reconstructed with the 
continuous model is quite inaccurate when linear interpolation 
is used in the forward projection data model. However, the 
capability of the algorithm to reconstruct from this type of 
projection data has been demonstrated using more accurate 
model [10]. 
    The cone-beam reconstruction images for the matched 
projection data model for both circular and composite-circling 
trajectories are presented in Fig. 3. The number of iterations 
was 1152 for composite-circling trajectory, with the final value 
of  equaling 41.64. For the circular trajectory, the solution 
diverges after reaching a minimum value of  at ~701 
iterations and hence reconstructed image slices after 701 and 
901 iterations are shown. The value of  after these iterations 
are 65.78 and 135.17 respectively. Comparing the 
reconstructed images in columns b) and c), it is easy to see that 
the images reconstructed from the composite-circling trajectory 
are more accurate than those reconstructed from the circular 
scanning trajectory, as illustrated for example by the visibility 
of fine structures like the ribs. 
 

IV CONCLUSION AND DISCUSSION 
 
The existing TV-based cone-beam reconstruction algorithm 
(ASD-POCS) was modified and applied to CT reconstruction 
from data acquired along a composite-circling x-ray source 
trajectory. The composite-circling scanning trajectory satisfies 
Tuy’s exact reconstruction condition and is well suited for 
cardiac applications. We also compared the reconstructed 
images from data acquired along composite-circling and 
circular scanning trajectories to demonstrate the advantage of 
the composite-circling scanning mode. 
    It is acknowledged that the algorithm in its current version is 
developed sufficiently to demonstrate its merits and but has not 
been optimized. Better optimization algorithms can be 
developed to minimize the TV of the image. Also, in this paper 
we only reconstructed from matched projection data. It can 
certainly be applied to projections from continuous image 
when improved methods are used during reconstruction. Also, 
other methods like quarter detector offset may be used to 
reduce the redundancy. 
    In conclusion, we proposed to use composite-circling 
scanning trajectory for cone-beam reconstruction from few 
views using a CS-based ASD-POCS reconstruction algorithm 
and demonstrated its advantages over circular scanning mode. 
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Cone beam reconstruction with displaced flat 
panel detector 

Holger Kunzea and Frank Dennerlein 

 
Abstract— In 3D medical imaging, the size of the 
reconstructable field-of-view (FOV) is a factor that 
significantly defines the clinical benefit of medical X-ray 
systems. Due to the small detector size, the diameter of the 
FOV of C-arm devices is limited, but it is known that the FOV 
can be enlarged by using a horizontally displaced detector for 
data acquisition. Compared to the standard scenario, however, 
this geometry requires a different 3D reconstruction 
approach. We here present a new cone beam reconstruction 
algorithm for the displaced-detector geometry. Our algorithm 
is an extension of the formula of Noo et al. and consists of an 
extrapolation of the acquired data and a weighting scheme 
that enforces that only measured rays are used during the 
backprojection step. Compared to another existing algorithm, 
our method can reduce the level of image artifacts.   
 
Index Terms—displaced detector, cone-beam CT, large volume 

I. INTRODUCTION 
The size of the reconstructable field of view (FOV) is a 
known limitation for the practical use of flat panel detectors 
in C-arm devices [1]. New robot based stands offer means 
to overcome this limitation and provide acquisition 
protocols with which the diameter of the field of view can 
be increased from 25 cm to 48 cm. This allows e.g. the 
reconstruction of a non truncated liver. These protocols are 
based on the idea that for each focus position two 
projections with a detector shifted in right and left direction 
are taken and stitched together to get a virtual large 
projection [2]. Projections are acquired over less than a full 
rotation to enable a short acquisition time. Image 
reconstruction can be achieved using the FDK algorithm 
with a Parker weighting scheme. We call the acquisition 
technique short scan large volume (SSLV) acquisition. 
In [3], a further technique is proposed to reconstruct a large 
FOV: images with a shifted detector are acquired in a full 
rotation and are reconstructed using the FDK algorithm 
with a specific detector weighting scheme applied before 
the filtering step (W-FDK). We call this acquisition 
technique full scan large volume (FSLV) acquisition. 
The proposed reconstruction algorithm in [3] for the FSLV 
acquisition delivers an artifact free reconstruction for the 
plane in which the tube moves, but for large cone angles the 
artifacts on the rotation axis are worse than for the 
reconstruction of the SSLV acquisition. 

                                                           
a Both authors are with Siemens Medical Solutions, D-91301 Forchheim, 
Germany. E-Mail: holger.hk.kunze@siemens.com. 

However, the acquisition time and dose for FSLV is only 
80% of that for SSLV. Therefore a reconstruction algorithm 
for FSLV that reconstructs images with less cone beam 
artifacts is desirable. 
We present such an algorithm for FSLV reconstruction 
based on the cone beam reconstruction formula presented in 
[4] using an appropriate weighting function to account for 
the displaced detector. 

II. RECONSTRUCTION ALGORITHM 

A. Cone-Beam Reconstruction Formula 
In the following, we briefly review the algorithm for cone 
beam reconstruction from data acquired with an equally 
spaced flat panel detector presented in [5] that is the base 
for the following investigations.  
This algorithm can be seen as a generalization of the fan-
beam inversion formula of [4]. Its goal is to reconstruct the 
x-ray linear attenuation coefficient )(xf r
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Fig. 1: Illustration of the cone-beam geometry 
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with )(λuer  a unit vector in row direction, )(λver  a unit 
vector in column direction and )(λwer  a unit vector ortho-
gonal to the detector, see figure 1. The detector coordinate 
(0, 0) corresponds to the orthogonal projection of the source 
point onto the detector. The distance between detector and 
source is D.  
Given a set of transaxially (along the coordinate u) 
untruncated projection data, the object density can be 
obtained according to [5] as follows: 

1. Calculate the partial derivative of the measured 
data with respect to the parameter of the source 
trajectory 
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2. Multiply the differentiated data with a length 
correction weight 
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3. Perform a Hilbert transform  
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4. Back project the filtered data using a linear 
distance weight and a smooth weighting function 

),( uw λ  to approximately account for the 
redundant data 

( )( ) ( ) ),,(),(
2
1)( **

*

0

max

vug
exa

uwdxf F
w

λ
λλ

λλ
π

λ

rrr
r

−
= ∫

 
where ( )** ,vu  are the coordinates of the cone 
beam projection of  onto the detector. xr

B. Formula for a displaced detector 
In the following we modify the algorithm of section A so 
that it can be used for reconstruction in the FSLV geometry, 
in which the detector is displaced in positive u direction. 
This means that the range of the active detector area is not 
symmetrical with respect to the axis u = 0 anymore. The 
detector could be totally displaced in one direction, so that 
only data for  is considered. But for stability reasons, 
we use a small overlap so that 

0≥u
εu2 ),,( vug λ  is measured 

in the interval . ];[ muuε−
Our modification is focused on steps 3 and 4 described 
above, which we need to adapt so that data of the displaced 
detector can be handled: The convolution with the Hilbert 
kernel (step 3) requires the projection data to be non 
truncated in u-direction, but due to the detector 
displacement, only a truncated part of this projection data 
was measured at the source position )(λar . The missing 

part can be obtained – for cone beam data at least 
approximately – using data from other projections. We thus 
introduce the extrapolated data function 
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and substitute this function for g in the differentiation 
operation (step 1). Therefore, the input to the convolution is 
known over the interval . ];[ mm uu−
The missing part of the truncated projections i.e. the part 
that we extrapolated using the above equation is not 
considered during the backprojection step, since we expect 
this part to degrade the image quality. Therefore we choose 
a smooth weighting function 
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in step 4, which suppresses these values. 

III. NUMERICAL EVALUATION 
We compared our new algorithm of section II B to the W-
FDK method that has been suggested in [3].  To implement 
the W-FDK algorithm, we again use the weighting function 
described at then end of the previous section, but apply it 
before the ramp filtering step. The filtering of the W-FBP 
was implemented using the Ramlak kernel. 
In our algorithm, we implemented the differentiation (step 
3) according to the scheme described in [7]. The Hilbert 
transform was computed using the half pixel shift formula; 
see for instance [8]. 
As test object we chose the Schaller head phantom [6]. 
Cone beam projections were simulated using the parameters 
listed in table 1. 
 

source isocenter distance R = 570 mm 

source detector distance D = 1200 mm 

detector pixel size ∆u = ∆v = 1 mm 

# of projections 360 

overlap  εu  = 20 mm 

Table 1: Geometry parameters used for data simulation 

In our evaluation, we omit the extrapolation of the unknown 
values because we expect this extrapolation to produce 
good results. Instead we simulate values for a large 
untruncated detector. Possible artifacts due to imperfect 
data extrapolation are thus not visible in our evaluation. At 
the time of the conference, we will add corresponding 
evaluations, using the described extrapolation. 
Figure 2 presents two slices (at z = 0cm and z = 2cm) 
through the reconstructions of the head phantom. For both 
algorithms, the W-FDK and our FBP method, the slice at 
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Fig. 2: Comparison of the reconstruction result using the proposed method (left) and method proposed in [3] (right) for z = 0 cm (top) and z = 2 cm (bottom) in 
the gray scale window [0 HU; 100 HU] 

z = 0cm is essentially artifact free. Note that the visible 
stripes are a result of the low number of the projections and 
are not caused by the displaced detector. 
 For larger cone angles, however, both algorithms show 
artifacts. These artifacts are of low frequency, but might 
nevertheless appear disturbing to a human observer. In the 
W-FDK results, these artifacts cover a large part of the 
investigated slice. In the result of our algorithm, however, 
the artifacts are much more concentrated around the region 
that causes them, so that they cover only a relatively small 
area. Our proposed algorithm thus helps to improve the 
reconstruction result.  

IV. CONCLUSION 
We presented a new algorithm for full scan cone beam 
reconstruction using a displaced detector. As expected, the 
presented algorithm yields artifact free results for the plane 
of the scan, at z = 0. Outside this plane, artifacts become 
visible, but these artifacts are lower than those obtained 
with the W-FDK algorithm of [3]. Our new approach thus 
has the potential to noticeably improve the clinical benefit 
of the FSLV acquisition. 
In contrast to the W-FDK algorithm, our method requires 
an additional rebinning step, which increases the 
computational complexity and prohibits a reconstruction 
inline with the data acquisition. We here still omitted this 

step as the image result will heavily depend on the 
rebinning algorithm and the number of projections. 
However, we will show results at the time of the 
conference. 
Instead of using a rebinning algorithm, the usage of 
extrapolation methods for truncated projections could be 
studied [9], as these methods would allow a reconstruction 
during the measurement procedure. A further question 
subject of ongoing research is the influence of  on the 
reconstruction result. 

εu
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Index Terms—Low-dose CT, wavelet, non-local means 
 

 
Abstract—In this paper, a multi-scale denoising method for 

low-dose CT image is proposed, which utilizes statistically-based 
iterative non-local means filtering in the wavelet domain. Our 
previous work has shown that the noise in low-dose CT sinograms 
is signal-dependent with a nonlinear relationship between the 
sample mean and sample variance, and developed a multi-scale 
penalized weighted least-squares (PWLS) minimization to 
implement multi-scale analysis for an optimal regularized solution. 
Considering the anisotropic and sparse distribution of signal 
coefficients in wavelet domain and the efficiency of non-local 
means filtering, a multi-scale iterative non-local means filtering 
based on the noise properties of the low-dose CT sonogram is 
further developed. Specifically, the dyadic wavelet transform is 
applied to decompose the sinogram data into different resolution 
levels. At each resolution level, iterative non-local means filter is 
applied for statistically adaptive filtering. The effectiveness of the 
proposed method is validated by computer simulation, indicating 
its potential for low-dose CT denoising. 
 

I. INTRODUCTION 
Methods to avoid unnecessary X-ray exposure to patients 

in computed tomography (CT) scans are widely studied. The 
most simple and cost-effective way reducing patient dose is to 
lower the X-ray tube current (mA). Via the recently developed 
automatic exposure control approach based on the technology of 
tube current modulation, X-ray tube current can be adapted to 
the morphology of patients, in order to achieve a pre-selected 
image quality level at minimal dose. It solves the problem to a 
certain extent. However, for screening purpose, low-dose CT is 
more desired, in which tube current is decreased to an extreme 
for least radiation risk. The patient dose could be comparatively 
much lower but in the meanwhile the acquired images would be 
severely degraded due to photon starvation and excessive X-ray 
quantum noise. Many algorithms have been developed to reduce 
the noise. Among them, statistics-based sinogram smoothing 
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approaches followed by filtered back-projection (FBP) image 
reconstruction have shown the potential for noise reduction and 
edge-preservation in low-dose CT imaging. For example, the 
spline-based penalized-likelihood sinogram smoothing recently 
proposed by La Riviere et al [1] and the multi-scale 
penalized-weighted least square (PWLS) smoothing proposed 
by Wang et al [2]. 
 Multi-scale analysis via wavelet transform has brought 
significant improvement on image denoising. It is commonly 
observed that in wavelet domain, sparse coefficients 
representing the main image discontinuities are relatively large 
as compared to coefficients that only contain noise. This 
observation inspires the first attempt of shrinkage method [3]. 
Actually, as was revealed in joint statistics model of coefficients 
in wavelet domain [4], wavelet transform has further merit for 
image restoration: partial correlation preservation, which means 
the neighboring coefficients partly preserve the correlation as 
they have in spatial domain. Therefore some statistics-based 
spatial filters are also applicable in wavelet domain, as well as 
potential benefit acquired from multi-scale analysis. 

Non-local means filter [5] is one of the similarity based 
filters which take averaging of similar pixels for restoration. And 
the specialty lies in the similarity measure, which is computed 
toward neighborhood patches around the pixels. The idea is that 
similar pixels lead to similar patches, and vice versa. It may be 
inspired by texture synthesis, and the idea is to use the 
redundancy of these patches that may occur elsewhere in the 
picture more than once, just like the textural patterns. 

In this paper, a novel multi-scale non-local means algorithm is 
proposed to deal with the noise in low-dose CT sinograms. This 
algorithm improves the traditional non-local means filter 
according to statistical properties of the sinograms, based on the 
characteristics of the coefficients of sinogram data in wavelet 
domain.  

 

II. METHODS 

A. Non-local means filtering 
Non-local means filter is derived from non-local averaging 

filter，which was introduced by Yaroslavsky as non-local 
neighborhood filter (NF) [6]. For a continuous signal )(xI , the 
NF is defined as 

dyyIyxK
xD

xNFI )(),(
)(

1)( ∫=  (1)  

where ),( yxK  is any smoothly decaying integrable kernel, 
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such as a Gaussian kernel of )))()((exp(),( 2
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and dyyxKxD ∫= ),()(  is a normalization factor. In NF the 

restored value of x  is calculated by averaging those values of 
signal y  whose value )(yI is similar to )(xI . 

Combination of NF with spatially adaptive local kernel 
leads to bilateral filter [7], which take averages of the pixels with 
close both spatial and intensity distance to the pixel to be 
restored. Non-local means further extends the idea [5], where 
the similarity measure is computed toward the patches around 
those pixels rather than the single pixels. To denote the 
non-local means filter, we can simply define a kernel K(x,y) of 
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in equation (1). The similarity between patches is measured as a 
decreasing function of the weighted Euclidean distance of the 
intensity gray level vectors )( xNv  and )( yNv , where 

kN denotes a square neighborhood patch of fixed size and 

centered at a pixel k , 0>a is the standard deviation of the 
Gaussian kernel. And h  acts as a filtering parameter. 
 

B. Mallat and Zhong’s dyadic wavelet transform 
In this paper, dyadic wavelet transform, which is a kind of 

discrete wavelet transform, is adopted to perform multi-scale 
decomposition. Dyadic wavelet transform was first presented by 
Mallat and Zhong [8], and a fast realization algorithm was also 
developed. Due to redundant representation and easy realization, 
it is suitable for image denoising, especially for medical images. 

The fast algorithm is characterized by a set of low-pass 
filters H  and high-pass filters G , K  and L . At scale j2 , 

),(2 yxfS d
j  is decomposed into ),(12 yxfS d

j+
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jG  and jH are obtained by putting 12 +j  zeros between 

consecutive coefficients of G  and H . D  donates the Dirac 
filter. ),( DGA∗  denotes the separable convolution of the 
rows and columns, respectively, of the image A with the 1-D 
filters G and D .  

The corresponding reconstruction algorithm is  
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, where H~  is the conjugate filter of H . 
 

C. Multi-scale non-local means algorithm. 
The low-dose CT sinograms are characterized by high 

relativity in neighborhood, and strong noise that could even 
suppress the local details in some parts. The former is beneficial, 
but the latter brings difficulty. From our previous experiments 
and work, the noise in calibrated sinograms of low-dose CT can 
be modeled approximately as signal-dependent Gaussian noise, 
and the variance of noise can be determined by an exponential 
formula as [9],[10]: 

)exp(2 ησ iii Pf ×=   (7) 

where iP  and 2
iσ  are the mean and variance of the projection 

data at detector i , if  and η  are object independent parameters 
and determined by the system or manufacture configuration, 
respectively. Considering the noise property of low-dose CT, 
several modifications have been made for better non-local 
means filtering in this study. 

Firstly, since the noise discussed here is non-stationary, not 
white noise usually assumed, we must alter the non-local means 
filter to meet this problem. A possible solution is to make h  in 
(2) adaptive to local noise standard deviation that can be 
estimated from (7). By doing so, the filtering becomes local 
adaptive and consequently applicable for the non-stationary 
noise. Secondly, contaminated by such strong noise as 
forementioned, the similarity computation may fail to work. The 
corresponding weights computed according to (2) concentrate to 
only a few locations, leading to over-weighted effect. In this 
circumstance, the noise will remain even after numbers of 
iterations. To avoid this, we impose PWLS filtering to those 
pixels where the weights are judged to be excessively 
concentrated. Thirdly, because of inefficiency of computing 
weights over the whole image for every single pixel, a limited 
window of size 1515×  is applied, while the window size of the 
neighborhood used to find the similarity between two pixels is 
set to 55× . 

The non-local means filter was initially proposed as a 
non-iterative algorithm. To improve the denoising performance, 
Thomas Brox et al. proposed an iterative scheme, in which for 
the )1( +n th iteration, weights are determined by the )(n th 
restored image and averaging is taken over the original image. 
And the update equation is: 
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)(1 . (8) 

Equation (8) was adopted in our study for better noise reduction 
after comparing the efficiency of different iteration equations. 

After wavelet transform, noise contaminates the wavelet 
coefficients, especially is dominated in those coefficients at the 
fine scale. Though in wavelet domain, the coefficients are sparse, 
the correlation in neighborhood preserves. So similarity based 
denoising algorithm can also be utilized in wavelet domain. 
Based on these observations, non-local means filtering of the 
wavelet coefficients is applied at those fine scales, with the 
coarsest scale untouched. In a certain sense, the dyadic wavelet 
transform decomposes images into different gradient orders (i.e. 

10th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 143



identical to different resolution levels), and when non-local 
means filter is applied to the decomposed coefficients, the 
restoration gains multi-gradient-order merit. Therefore, in virtue 
of the multi-scale decomposition of dyadic wavelet transform, 
the proposed method can potentially improve the performance 
of single-scale method. 

 

III. RESULTS 
To test the performance of the proposed method, computer 

simulation studies were performed using a modified 2D 
Shepp-Logan head phantom, as shown in Fig. 1(a). 
Signal-dependent Gaussian noise with mean-variance 
relationship defined in (3) was added to the ideal phantom 
sinogram to simulate low-dose CT noise. Fig. 1(b) shows the 
standard FBP reconstruction (i.e., using the Ramp filter at 100% 
Nyquist frequency cutoff) from the noisy sinogram, where 
strong streaking artifacts are presented. Fig. 1(c-f) shows the 
FBP reconstruction results using different denoising methods. 
Fig. 1(c) shows the reconstructed image filtered by spatially 
invariant low-pass Hanning filter with cutoff at 80% Nyquist 
frequency. Significant noise-induced streak artifacts can be 
observed. The FBP reconstruction from single-scale non-local 
means filtering is shown in Fig. 1(d). Fig.1(e)-(f) give the 
reconstructed results from wavelet-based PWLS smoothing and 
proposed non-local means method, respectively. In these images, 
noise-induced streak artifacts are seen to be satisfactorily 
removed. In Fig. 1(g) and (h), which are zoomed images of a 
region of interest in (e) and (f) correspondingly, the edges are 
preserved better in the proposed method. For quantitative 
comparison, we calculate the PSNR of different denoising 
results according to the equation )(log10 2

max10 MSEPPSNR = . 
The PSNR is 26.1887 and 26.4186 for Fig. 1(e) and (f), 
respectively.  

 

IV. CONCLUSION 
The proposed multi-scale non-local means method fully 

utilizes the noise property of low-dose CT sinograms, and 
benefits from multi-scale analysis using Mallat and Zhong’s 
dyadic wavelet transform. The effectiveness of the proposed 
method was demonstrated by a computer simulation study. With 
visual judgment and quantitative evaluation, the proposed 
method demonstrates improved signal-to-noise ratio with the 
merit of edge-preserving, which is especially valuable for 
medical image denoising. 
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Fig. 1.  Simulation results using the modified Shepp–Logan phantom: (a) 
noise free image; (b) standard FBP reconstruction with Ramp filter at the 
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method; (g) and (h) are zoomed regions of interest (ROI) of (e) and (f) 
correspondingly. 
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A 3D Forward and Back-Projection Method for
X-Ray CT Using Separable Footprint

Yong Long, Jeffrey A. Fessler and James M. Balter

Abstract—The computation burden of cone-beam forward
and back-projectors is one of the greatest challenges facing
iterative methods for 3D image reconstruction in CT. This
paper describes a new separable footprint (SF) projector. It
takes advantage of small polar angles of X-rays in cone-beam
geometry to approximate the voxel footprint functions as 2D
separable functions with simple rectangular functions in the
axial direction. Due to rotation of the source, a more accurate
function is adopted to approximate the footprint function in the
transaxial direction, such as a trapezoid function. Because of
the separability of these footprint functions, calculating their
integrals over a detector cell is greatly simplified and can be
implemented efficiently. Simulations and experiments showed
that the SF projector is more accurate with similar computational
speed than the distance-driven (DD) projector, which is a current
state-of-the-art method in the field.

Index Terms—Cone-beam tomography, iterative tomographic
image reconstruction, forward and back-projection

I. I NTRODUCTION

Iterative statistical methods for 3D tomographic image re-
construction offer numerous advantages such as the potential
for improved image quality and reduced dose, as compared
to the conventional methods such as filtered back-projection
(FBP). The primary computational bottleneck in iterative re-
construction methods is forward and back-projections. The
forward projection is roughly a discretized evaluation of the
Radon transform, and the back-projector is the adjoint of
the forward projector. Traditionally the forward and back-
projection steps involve operations such as computing the
lengths of intersections between each tomographic ray and
each image basis function.

A variety of methods for 3D forward and back-projection
have been proposed [1]–[6]. All methods provide some com-
promise between computational complexity and accuracy.

Although spherically symmetric basis functions (blobs) have
many advantages over simple cubic voxels or other basis
functions for the image representation,e.g., their appearance is
independent of the viewing angle, evaluating integrals of their
footprint functions is computationally intensive. Ziegleret al.
[3] proposed to store the integrals of their footprint functions
in a lookup-table, but the computation of forward and back-
projection is still large due to loading a large table and the fact
that blobs intersect many more tomographic rays than voxels.

This work was supported in part by NIH grant P01-CA59827.
Y. Long and J. Fessler are with Dept. of Electrical Engineering and

Computer Science, University of Michigan, Ann Arbor, MI 48109.
J. Balter is with Dept. of Radiation Oncology, University of Michigan, Ann

Arbor, MI 48109

The distance-driven (DD) projector [2] is a current state-
of-the-art method. It maps the horizontal and vertical bound-
aries of the image voxels and detector cells onto a common
plane such asxz or yz plane, approximating their shapes by
rectangles, calculates the lengths of overlap along thex (or
y) direction and along thez direction, and then multiplies
them to get the area of overlap. The DD projector has the
largest errors when azimuthal angle of the X-ray source is
around multiples ofπ/4, because the transaxial footprint
is approximately triangular rather than rectangular at those
angles.

We have developed a new approach for 3D forward and
back-projection that we call the separable footprint (SF)
projector. It approximates the voxel footprint functions as
2D separable functions. This approximation is reasonable
for typical axial or helical cone-beam CT geometries. The
separability of these footprint functions greatly simplifies the
calculation of their integrals over a detector cell and allows
efficient implementation of the new projector. Our studies
showed that the SF projector is more accurate with similar
computational speed than the DD projector.

The organization of this paper is as follows. Section 2
describes the cone-beam 3D system model, and introduces the
SF projector and its acceleration. Section 3 gives simulation
results, including accuracy and speed comparison between
the SF and DD projector as stand alone modules and within
iterative image reconstruction of a region of interest (ROI)
method [7]. Finally, conclusions are in Section 5.

II. M ETHOD

A. Cone-Beam 3D System Model

In the practice of iterative image reconstruction, rather than
operating on a continuous objectf(~x), we want to forward
project a discretized object based on a common basis function
β0(~x) superimposed on aN1 × N2 × N3 Cartesian grid as
follows:

f(~x) =
∑

~n

f [~n]β0

(

1

~∆
⊙ (~x − ~xc[~n])

)

, (1)

where the sum is over theN1×N2×N3 lattice,~xc[~n] denotes
the center of the~nth basis function and~n = (n1, n2, n3).
The grid spacing is~∆ = (∆X,∆Y,∆Z). We consider the case
∆X = ±∆Y hereafter, but we allow∆X 6= ∆Z.

Axial cone-beam projection space is characterized by three
independent indices(s, t, β), whereβ denotes the angle of
the source point counter-clockwise from they axis, and(s, t)
denote the local coordinates on the 2D detector plane where
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the s-axis is perpendicular to thez-axis and thet-axis is
parallel to thez-axis.

The cone-beam projections off(~x) are given by

p(s, t;β) =

∫

L(s,t,β)

f(x, y, z) dℓ, (2)

where

L(s, t, β) =

{

~p0 + α~e3 : α ∈ [0,
√

D2

sd
+ s2 + t2]

}

,

~e3 denotes the direction vector of a ray from the source
position~p0 to a point~p1 on the detector plane, andDsd denotes
the source to detector distance.

Assume that the detector blurh(s, t) is shift invariant,
independent ofβ, and acts only along thes andt coordinates.
Then the mean projections satisfy

ȳβ [sk, tl] =

∫∫

h(sk − s, tl − t)p(s, t;β)dsdt, (3)

where(sk, tl) denotes the center of detector cell specified by
indices(k, l) for k = 0, . . . , Ns − 1 and l = 0, . . . , Nt − 1.

Using the basis expansion model (1) for the object leads to
the linear model

ȳβ[sk, tl] =
∑

~n∈S

aβ [sk, tl;~n]f [~n],

where the elements of cone-beam system matrixA are sam-
ples of the following cone-beam projection of a single basis
function centered at~xc[~n]:

aβ [sk, tl;~n] =

∫∫

h(sk − s, tl − t)q(s, t;β;~n)dsdt

= F (sk, tl;β;~n), (4)

where

F (s, t;β;~n) ,

∫∫

h(s− s′, t− t′)q(s′, t′;β;~n)ds′dt′,

which is the “blurred footprint” function andq(s, t;β;~n)
denotes the cone-beam footprint of basis function
β0

(

1

~∆
⊙ (~x − ~xc[~n])

)

. i.e.,

q(s, t;β;~n) =

∫

L(s,t,β)

β0

(

1

~∆
⊙ (~x − ~xc[~n])

)

dℓ . (5)

A simple model for the detector blur is

h(s, t) =
1

rsrt
rect

(

s

rs

)

rect

(

t

rt

)

, (6)

where rs andrt denote the width alongs and t respectively.
This model accounts for the finite size of the detector elements.

B. Separable Footprint (SF) Projector and Its Acceleration

The footprints of cubic voxel basis functions can be com-
puted analytically for cone-beam geometries [8, p. 104]. Fig. 1
shows an example of a true footprint and its profiles.

Inspired by the shape of the true footprint, we approximate
it as a 2D separable function with a rectangular function in
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Fig. 1. An example of true footprint function and its profiles of a voxel with
∆X = ∆Y = ∆Z = 1mm centered at the origin under a flat-detector cone-
beam geometry withDsd = 949mm andDs0 = 541mm (Ds0 is the source
to rotation center distance) whenβ = 30

◦.

the axial direction and a trapezoid function in the transaxial
direction as follows,

q(s, t;β;~n) ≈ ∆Xl(β;~n) rect

(

t− t0
wt0

)

trap(s; τ0, τ1, τ2, τ3) ,

(7)
where

l(β;~n) ,
1

| cos(θ0) | · max{| cos(ϕ0) |, | sin(ϕ0) |}
,

trap(s; τ0, τ1, τ2, τ3) ,















s−τ0

τ1−τ0

, τ0 < s < τ1
1, τ1 ≤ s ≤ τ2
τ3−s
τ3−τ2

, τ2 < s < τ3
0, otherwise

t0 =
tl + tr

2
,

wt0 = tr − tl, tr ≥ tl, (8)

where θ0 and ϕ0 denote the polar and azimuthal angles of
the ray connecting the source and center of the~nth voxel
respectively,τ0, τ1, τ2 andτ3 denote vertices of the trapezoid
function which are at the exact locations as those of the true
footprint function in thes direction, andtl and tr denote the
boundaries of the rectangular function which are the projected
t coordinates of two axial boundaries of the voxel. Since the
boundaries of the separable function are determined by the
projections of boundaries of the voxel basis function under
the cone-beam geometry, the depth-dependent magnification
is accurately modeled.

The scalel(β;~n) depends on angles(θ0, ϕ0) of the ray
connecting the source and center of the~nth voxel. This means
that N1 × N2 × N3 × Nβ different l(β;~n) values have to
be computed, whereNβ denotes the number of projection
views. In addition, computing the angles for each voxel at
each projection view usually involves twotan−1 functions.

To accelerate the computation of the SF projector, we
propose a method that initially ignoresl(β;~n) by setting
l(β;~n) = 1 for all the voxels at any projection view, and
then scales the “blurred footprint” functions by multiplying
them by a ray-dependent scale factor. There are many fewer
tomographic rays (ns × nt) than voxels in a 3D image
(N1 ×N2 ×N3), so this saves substantial computation.

This acceleration method utilizes the fact that for small basis
functions and narrow blursh, the angles of rays that intersect
the basis function are very similar. This method is similar to
Joseph’s method [9] where the scale of the triangular footprint
function is determined by1/max(| cosϕ|, | sinϕ|) for 2D fan-
beam geometry.
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The system matrix model (4) is used for both the SF forward
and back projector, which ensures they are the exact adjoint
operators of each other.

III. RESULT

A. Forward and Back-Projector as Single Modules

We simulated an axial cone-beam flat-detector X-ray CT
system with a detector size ofNs × Nt = 512 × 512 cells
spaced by∆S = ∆t = 1mm with Nβ = 984 angles over
360◦. The source to detector distanceDsd is 949mm, and the
source to rotation center distanceDs0 is 541mm. We included
a rectangular detector response (6) withrs = ∆S andrt = ∆t.

We implemented the accelerated SF projector in an ANSI
C MEX routine using single precision. The DD projector was
provided by De Manet al., which is also implemented as a C
MEX interface to C code.

1) Maximum Errors of Forward Projectors: We define the
maximum error as

ek(β;~n) = max
s,t∈R

|F (s, t;β;~n) − Fk(s, t;β;~n)| , (9)

wherek = 1 stands for the accelerated SF projector andk = 2
stands for the DD projector. We generated the true footprint
F (s, t;β;~n) in (4) by linearly averaging1000×1000 analytical
line integrals of rays sampled over each detector cell.

We compared the maximum errors of the accelerated for-
ward SF and DD projectors for a voxel with∆X = ∆Y =
∆Z = 1mm centered at the origin. Since the voxel is centered
at the origin, we chooseNβ = 180 angles over only90◦

rotation. Fig. 2 shows the results on a logarithmic scale. The
maximum errors of the DD projector are much bigger than
those of the accelerated SF projector,e.g., the maximum error
of the DD projector is0.3/(4.63× 10−4) ≈ 649 times of the
proposed method whenβ = 45◦.

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90

10
−4

10
−3

10
−2

10
−1

Maximum error comparison

M
ax

im
um

 e
rr

or

 

 

β

SF
DD

Fig. 2. Maximum error comparison between the accelerated forward SF and
DD projector.

2) Accuracy and Speed of Forward Projectors: We com-
pared the accuracy and computation times of the accelerated
SF and DD forward projectors using an image containing 10
voxels centered at thez = 0.5mm plane. The size of the
image isN1 = 512, N2 = 512, N3 = 128 with ∆X =
∆Y = ∆Z = 1mm in thex, y, z direction respectively. The
transaxial centers of the voxels were chosen randomly. The
“gold standard” reference sinogram was generated by linearly

Forward projectors SF DD
max % error 3.4 17.4
% nrms error 2.3 8.1

computation time (seconds) 158 172

TABLE I
COMPARISON OFSFAND DD FORWARD PROJECTORS

averaging8 × 8 analytical rays sampled across each detector
cell. For the two projectors, we computed the normalized
maximum error,maxi(|xi − yi|)/maxi(|xi|), and normalized
root-mean-square (NRMS) error,‖xi − yi‖2

/ ‖xi‖2
. We eval-

uated both projectors using 4 threads as computational cores
on a computer with Quad-Core Intel Xeon Processor X3230
(8M Cache, 2.66 GHz, 1066 MHz FSB).

Table I summarizes the comparisons of accuracy and com-
putation times. The accelerated SF forward projector is more
accurate than the DD forward projector, and the computation
time (using Matlab elapsed time commands) is about the same
(of course, the execution times depend on code implementa-
tion).

B. Forward and Back-projectors within Iterative ROI Recon-
struction

In many cases, the region of interest (ROI) is much smaller
than the field of view (FOV) that covers the whole irradiated
volume. If the ROI were known in advance, the reconstruction
could save resources in terms of computation time and memory
usage. Ziegleret al. [7] proposed the following solution to
iterative reconstruction of a ROI.

1) Iterative reconstruction of the whole FOV, yielding an
initial estimatex̂ of x which is the vector representation
of the objectf(~x).

2) Definex̂mask = x̂ · m wherem = (m1, . . . ,mp) with
0 ≤ mj ≤ 1(j = 1, . . . , p) is a mask vector setting the
estimated object̂x, inside the ROI to zero and provides a
smooth transition from the ROI to the remaining voxels.

3) Computepout = Ax̂mask which is the forward projec-
tion of the masked object̂xmask.

4) Obtain the projection of ROI,proi = p − pout where
p = Ax.

5) Iterative reconstruction of the ROI only fromproi. Due
to the transition zone, the region of this reconstruction
needs to be extended slightly from the predetermined
ROI.

This method requires accurate forward and back projectors.
Errors in step 2, where re-projection of the masked estimation
image is computed, can greatly affect the results of subsequent
iterative ROI reconstruction. Moreover, for iterative image
reconstruction, even small approximation errors might accu-
mulate after many iterations. We evaluated the accuracy of our
proposed accelerated SF projector and the DD projector in this
iterative ROI reconstruction method.

We simulated the GE LightSpeed X-ray CT system with
an arc detector of888 detector channels for 64 slices (Ns =
888, Nt = 64) byNβ = 984 views over360◦. The size of each
detector cell is∆S × ∆t = 1.0239× 1.0964mm2. The source
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to detector distance isDsd = 949.075mm, and the source to
rotation center distance isDs0 = 541mm. A quarter detector
offset in thes direction is included to reduce aliasing.

We used a modified 3D Shepp-Logan digital phantomxFOV

that only has ellipsoids centered at thez = 0 plane to
evaluate the projectors. The brain-size field of view (FOV)
is 250×250×40mm3, implying 256×256×64 voxels with a
coarse resolution of0.9766× 0.9766× 0.6250mm3. We used
the analytical method mentioned above to simulate noiseless
cone-beam projection measurements from the Shepp-Logan
phantom. Noiseless data is used because we want to focus on
the accuracy of projectors. First, an entire FOV imagex̂FOV

with the coarse resolution is reconstructed by the FDK method
since there is no noise.

The ROI is chosen to center at the rotation center and cover
about48.8 × 48.8 × 12.5mm3 (50 × 50 × 20 voxels with the
coarse resolution). The transition zone directly follows the
ROI, and covers about13.7 × 13.7 × 5mm3 (14 × 14 × 8
voxels with the coarse resolution). To construct a masked
imagex̂m

FOV
from x̂FOV, we removed the ROI and smoothly

weighted the voxels corresponding to the transition zone by a
3D separable Gaussian function (see Fig. 3).

For reconstruction of the ROI, we implemented iterative
image reconstruction with these two projectors. We ran 300
iterations of the conjugate gradient algorithm, initialized with
x̂0

ROI
which is the linearly interpolated image from̂xFOV, for

the following penalized weighted least-squares cost function
with a quadratic roughness penalty (QPWLS-CG):

Φ(xROI) =

N
d

X

i=1

wi

1

2
(yi − [AxROI]i)

2 + βR(xROI) (10)

R(xROI) =
X

k

ψ([CxROI]k), (11)

where yi is the negativelog of the measured cone-beam
projection of ROI,wis are statistical weighting factors,A is
the system matrix,C is a differencing matrix andψ(t) is the
potential function. Hereψ(t) = t2/2, a quadratic penalty. For
this simulation, we usewi = exp(−[AxFOV]i) andβ = 0.25.
Evaluating the PSF using the approximations described in [10]
shows that the FWHM is about1.37 × 0.96 × 0.90mm3 for
this value ofβ.

Fig. 3 shows the axial slices of reconstructed images and
their errors. We can see that the accelerated SF projector
provides lower artifact levels than the DD projector.

IV. CONCLUSION

We have presented a three-dimensional forward and back
projector, named the SF projector for X-ray CT. To further
improve the computation efficiency, we also proposed an
accelerated SF projector. Our results have shown that the
accelerated SF projector is more accurate with similar com-
putational speed than the DD projector. To the best of our
knowledge, the DD projector is particularly favorable relative
to other previously published projectors in terms of the balance
between speed and accuracy.

Approximation of the footprint functions as 2D separable
functions is the key contribution of our work. Since the
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separability greatly simplifies the calculation of integrals of
the footprint functions, using more accurate functions in the
transaxial direction is possible without complicating signifi-
cantly the calculation.

ACKNOWLEDGMENT

We thank GE for the use of their DD projector/backprojector
code.

REFERENCES

[1] R. L. Siddon, “Fast calculation of the exact radiological path for a three-
dimensional CT array,”Med. Phys., vol. 12, no. 2, pp. 252–5, Mar. 1985.

[2] B. De Man and S. Basu, “Distance-driven projection and backprojection
in three dimensions,”Phys. Med. Biol., vol. 49, no. 11, pp. 2463–75,
Jun. 2004.
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Index Terms—Image reconstruction, tomography, cone beam 
reconstruction, axial scan, CT.  
 

 
Abstract— Because of its advantages in physiological/functional 

CT imaging, axial scan has been the most desirable scan mode in 
the clinic, especially with the increment in x-ray detector  
z-dimension or cone angle.  However, due to the violation of data 
sufficiency condition, reconstruction inaccuracy deteriorates with 
increasing detector z-dimension. A number of algorithms, 
including the 3D weighted cone beam filtered backprojection 
(CB-FBP) algorithm, have been proposed thus far to combat the 
reconstruction inaccuracy in axial scan at small to medium cone 
angle. It has been well understood that, the larger the radius of the 
circular source trajectory, the more accurate the axial 
reconstruction, whereas the axial reconstruction becomes accurate 
if the radius approaches the infinite.  Inspired by such an 
observation, an asymptotic weighting scheme is proposed here for 
axial scan at large angle to improve reconstruction accuracy. In 
practice, there may be more than one way that can be employed to 
implement the asymptotic weighting scheme, and one approach is 
exemplified qualitatively in this paper with preliminary results. It 
is speculated that, through further investigation, the proposed 
asymptotic weighting scheme or asymptotic extrapolation of 
circular trajectory radius may be able to improve the 
reconstruction accuracy in axial scan at large cone angle 
substantially, enabling numerous clinical and/or preclinical 
applications in which the axial scan at circular trajectory is the 
most desirable.    
 

I. INTRODUCTION 
Because of its advantages in physiological and/or functional 

imaging, axial scan along a circular source trajectory has been 
the most desirable scan mode in the clinic, especially with 
increasing x-ray detector z-dimension or cone angle.  However, 
due to the violation of the data sufficiency condition, 
reconstruction accuracy of axial scan deteriorates substantially 
with increasing detector z-dimension or cone angle. A number of 
algorithms, including the initial FDK algorithm [1, 2] and 
following-up 3D weighted cone beam filtered backprojection 
(CB-FBP) algorithms [3, 4], have been proposed thus far to 
combat the reconstruction inaccuracy in axial scan at small to 
medium cone angle. Even though axial CT scan at large cone 
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angle has already been employed in preclinical [5] and clinical 
applications [6, 7], to have an image reconstruction solution for 
such a most desirable scan mode at large detector z-dimension or 
cone angle remains one of the most challenging tasks in the CT 
imaging community.  

It has been well understood that, the larger the radius of the 
circular source trajectory, the more accurate the axial 
reconstruction, whereas the axial reconstruction becomes 
accurate if the radius of a circular source trajectory approaches 
the infinite.  Inspired by such an observation, an asymptotic 
error analysis based algorithm was proposed to improve 
reconstruction accuracy, in which an axial scan along two 
concentric circles at different radiuses are implemented [8]. The 
main ideas underlying the asymptotic error analysis based 
algorithm is to improve the reconstruction accuracy by adding a 
correction term estimated from the reconstruction difference 
between the two concentric circular trajectories. Obviously, 
conducting an axial scan at two concentric circular trajectories 
leads to degraded temporal resolution and radiation dose 
inefficiency, in addition to the difficulties in mechanical 
feasibility. To overcome the difficulties associated with the axial 
scan at two concentric circular source trajectories, an asymptotic 
weighting scheme to extend the 3D weighting scheme published 
by us previously [3, 4, 9, 10] is proposed and preliminarily 
evaluated in this paper.    

II. GEOMETRY OF HELICAL SCANNING 

A. Cone beam geometry of axial scan and reconstruction 
The native CB geometry for axial data acquisition and the 

geometry for axial image reconstruction are illustrated in Fig. 1 
(a) and (b), where α, β, γ  are the cone angle, view angle and fan 
angle of the ray emanating from source S and passing through 
the point to be reconstructed P(x, y, z), respectively, and l is the 
distance between the reconstruction plane and the central plane 
determined by the circular source trajectory.    

B.  Axial scan along two concentric circular trajectories and 
image reconstruction 
The vertical sectional view of axial scan at two concentric 

circular trajectories is schematically illustrated in Fig. 2. Since 
radius OSl is larger than OSs, it is apparent that the 
reconstruction accuracy corresponding to radius OSl is better 
than that corresponding to radius OSs. Furthermore, the larger 
the radius OSl, the more accurate the reconstruction.  In [8], two 
reconstructions corresponding to radius OSl and OSs are initially 

Axial cone beam reconstruction: Can asymptotic 
extrapolation of trajectory radius be helpful? 

Xiangyang Tang, Senior Member, IEEE 

10th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 150



obtained using the original FDK algorithm [1], and the final 
reconstruction is obtained through 
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where rs and rl are radiuses OSl and OSs, respectively, and fs(x, y, 
z) and fl(x, y, z) are their corresponding reconstructions. 

C. Axial scan and image reconstruction via 3D weighting 
For axial scan, a 3D weighted cone beam filtered 

backprohection (CB-FBP) algorithm as specified below has 
been proposed by us previously to reconstruct images in the 
cone-parallel geometry obtained from the native cone beam 
geometry via row-wise fan-to-parallel rebinning [3, 4, 9] 
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w(α, β, t) is a cone angle dependent window function [10] 
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and α is the cone angle corresponding to a direct ray, and αc is 
that corresponding to its conjugate ray, as shown in Fig. 1 (b). 
An asymptotic approximation of w(α, β, t) called weighting 
function can be 
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and a computationally efficient implementation of eq. (4) can be 
obtained by letting g(•) = tan(•)  
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It has been verified that the noise characteristics of the 
algorithm specified by eqs. (2) – (5) can be improved 
significantly if the window function eq. (4) is substituted with its 
asymptotic approximation eq. (5).  

D. Correspondence between effective radius of circular 
trajectory and cone-angle-dependent windowing/weighting 
The key point behind eq. (3) is that, for any point to be 

reconstructed P(x, y, z) (see Fig. 1 (b)), only the ray with the 
smaller cone angle out of the conjugate ray pair contributes to 
the image reconstruction. This is equivalent to say that, only the 
contribution from the ray emanating from the further source 
focal spot is counted in image reconstruction [11, 12]. On the 
other hand, we may chose to make use of the contribution from 
the ray emanating from the closer source focal spot only, and 
then the window function becomes  
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It is interesting to point out that, eq. (3) corresponds to the 

best scenario in terms of cone angle, whereas eq. (6) 
corresponds to the worst. Any situation between such two 
extremes can be described by eqs. (4) or (5). Furthermore, if we 
imagine that there is an effective trajectory source radius 
corresponding to each pixel to be reconstructed, it should not be 
hard for us to understand, that the image reconstruction using eq. 
(3) possesses the largest average effective radius, whereas that 
using eq. (6) possesses the smallest. As indicated previously [3, 
4, 9, 10], parameter k in eq. (5) can vary the situations between 
the two extremities, i.e., by tuning parameter k, various average 
effective radiuses can be attained. For example, given 
parameters k1 and k2 (k1 ≤ k2), we can obtain two reconstructions 
fk1(x, y, z) and fk2(x, y, z), corresponding to different effective 
average radius rk1 and rk2 (rk1 ≤ rk2), respectively. 
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Fig. 1.  Schematic diagrams showing the native cone beam geometry of 
axial scan (a) and the relationship between the reconstruction plane and the 
central plane determined by the circular source trajectory (b). 

E. Asymptotic reconstruction accuracy and error correction 
In general, the reconstruction accuracy improves with 

increasing parameter k, and shown in Fig. 3 are the variation in 
CT number of a number of pixels within an image as a function 
over parameter k. It is observed that the CTN varies drastically 
while k ≤ 2.25 and becomes smoother while k ≥ 3.25.   

There is no doubt that eq. (1) can be extended to improve the 
reconstruction accuracy by employing two different parameters 
k1 and k2, because they correspond to different effective average 
radius of circular trajectory. In addition, we propose the 
following scheme to improve reconstruction accuracy  

)),,(),,((),,(),,(
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where η(•, •) is a two-dimensional function in which certain 
optimization criteria can be exercise. It should be not hard to 
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understand that eq. (7) is to estimate the reconstruction error 
from the asymptotic analysis in a way similar to eq. (1). It should 
be indicated that eq. (7) can be implemented in either the image 
domain (post-reconstruction) or the projection domain 
(pre-reconstruction). From the perspective of computational 
complexity, the pre-reconstruction implementation is preferable, 
and thus the scheme specified by eq. (7) is termed as asymptotic 
weighting hereafter. In overall, eq. (7) can be perceived as an 
asymptotic extrapolation of circular trajectory radius in axial 
scan and image reconstruction. 

 
z 

Sl S′l 
Ss S′s 

O 

 

Fig. 2.  Schematic diagrams showing the geometry of axial scanning at two 
different radius OSl and OSs, respectively, where Ss, S′s, Sl and S′l represent the 
x-ray source focal spot at different scanning time. 

III. EVALUATION AND RESULTS 
Computer simulated helical body phantom is utilized to 

evaluate the capability of the asymptotic weighting scheme in 
improving reconstruction accuracy. The image reconstruction is 
carried out in the cone-parallel geometry using eqs. (2) and (5), 
though the data acquisition is simulated in the native CB 
geometry. The cylindrical detector for data acquisition is 
assumed with a z-dimension of 128×0.625 mm, and each row of 
the detector consists of 888 cells with a latitudinal dimension of 
0.584 mm. The distance from source focal spot to the gantry 
rotation axis is 541.0 mm, and the cone angle associated with 
such detector z-dimension is 8.39°. The x-ray techniques 
simulated are 120 kVp and 300 mA, respectively, and the gantry 
speed is 1.0 sec/rotation.  

Shown in Fig. 4 (a) and (b) are the images reconstructed by eq. 
(2) at z-location of 56.5×0.625 = 35.3125 mm away from the 
central plane with k = 3.0 and 4.0, respectively. Such an image 
z-location corresponds to a cone angle of 3.73° and is 7×0.625 = 
4.375 mm away from the detector boundary. Presented in Fig. 4 
(c) is the image obtained through asymptotic weighting by 
simply setting η = 3.0 in eq. (7). It is observed that the severe 
artifacts surrounding the high contrast structure emulating ribs in 
Fig. 4 (a) and (b) have been reduced significantly in Fig. 4 (c) 
through the proposed asymptotic weighting scheme. 

 

IV. DISCUSSIONS AND CONCLUSIONS 
Recognizing the potential capability of axial cone beam 

image reconstruction from data acquired along two concentric 
circular trajectories, we propose an asymptotic weighting 
scheme, which is an extension of the 3D weighting CB-FBP 
image reconstruction algorithm previously published by us, to 
enable axial image reconstruction at large cone angle with 
improved reconstruction accuracy by asymptotically 
extrapolating the circular trajectory radius.   

 

 

Fig. 3.  Variation of pixel intensity as a function over weighting parameter k. 

 

 

Fig. 4.  Transaxial images of the helical body phantom reconstructed by eq. 
(2) with k = 3.0 (a) and k = 4.0 (b), and by eq. (7) with η = 3.0 (c) (z-location of 
image slice: 35.3125 mm; display w/l = 300/0). 
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It is important to point out that, the potential of the asymptotic 
weighting in improving reconstruction accuracy varies over the 
location of pixels. For example, suppose a pixel locate at the 
boundary of a 500 mm field of view (FOV) within a CT gantry 
with rotation radius 541 mm. Then its effective radius 
corresponding to the best and worst cases are 791 mm (541 + 
250 = 791) and = 291 mm (541 – 250 = 291), respectively, and 
the difference is quite large. However, if the pixel locates near 
the iso-center of the FOV, e.g., 10 mm away from the iso-center, 
the best and worst cases become 551 mm and 531 mm, 
respectively, which is quite a small difference. Intuitively, the 
potential of improving the reconstruction accuracy at a pixel is 
dependent on its discrepancy between its best and worst cases. 
Hence, it is expected that the pixel locating at the outer area of 
the FOV possesses a larger potential in improving 
reconstruction accuracy than the one locating near the iso-center 
of the FOV. Fortunately, this is consistent with the situation in 
reality – the reconstruction accuracy or artifacts caused by data 
insufficiency deteriorates with increasing radius of the FOV. 
Meanwhile, this means that, parameter η should be dependent 
on the distance l between the image slice and the central plane 
determined by the circular source trajectory (see Fig. 1 (b)) and 
the distance between the pixel to be reconstructed and the 
iso-center of the image slice. 

It is also important to point out that the correction term η(fk2(x, 
y, z) – fk1(x, y,z)) in eq. (7) may introduce extra noise in the final 
result of image reconstruction, even though the noise of (fk2(x, y, 
z) – fk1(x, y,z)) is smaller than that of either fk1(x, y, z) or fk2(x, 
y,z)). Apparently, the larger the parameter η, the  more the extra 
noise introduced. Meanwhile, it should be noted, that the 
artifacts caused by data insufficiency is morphologically 
different from noise caused by photo or electronic statistics. 
Therefore, certain image manipulation through multi-scale 
analysis based methods can be exercised to avoid introducing 
extra noise while the correction to artifacts can be retained.   

The preliminary results obtained so far have been very 
encouraging. However, we would like to indicate that the 
investigation along this technical path is still in its early stage, 
and further experimental investigation is under the way. 
Meanwhile, we would like to publish this scheme of asymptotic 
extrapolation of trajectory radius to initiate or induce more 
studies to improve the reconstruction accuracy of axial scan – 
the most desirable scan mode in clinical and preclinical 
applications.  
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On Filter Design for CT Reconstruction 
Michael S. Vaz and Russell Mersereau 

 
Abstract—In CT reconstruction, we often see modified ramp 

filters, such as the Shepp Logan filter, being used. While such 
filters are empirically known to improve image quality in certain 
situations, the apparent lack of understanding of why these filters 
improve said image quality leaves users having to empirically 
decide whether to use them or not. We distill the goodness of such 
filters, which we then incorporate into a filter design methodology 
that offers direct and deliberate filter design capability. The 
results demonstrate the method’s ability to improve CT image 
quality as well as computational performance. The presented 
method has been implemented in the commercially available 
Barco TDRS-7101 GPU accelerated CT reconstruction platform. 
 

Index Terms—CT reconstruction, filter design, aliasing 

I. INTRODUCTION 
The Fourier slice theorem relates the (measured) projection 

data of a scanned object to the Fourier transform of its cross 
section and forms the basis of computed tomography (CT). 
The FDK filtered backprojection (FBP) algorithm is a popular 
method for cone beam CT (CBCT) reconstruction [1]. It 
requires each projection to be row-wise filtered using the ramp 
filter, otherwise known as the Ram-Lak filter. The ramp filter 
is a direct consequence of the Fourier slice theorem and 
essentially performs frequency domain equalization [2, 3]. 

A. Why is the ramp filter often modified/smoothed? 
In practice, we often see the use of modified ramp filters: 

usually, where the ramp is weighted using a smoothing 
window. In [4] the Shepp Logan filter, obtained by weighting 
the ramp filter with a sinc function, is used. In [3, 5] 
smoothing the ramp filter with the Hanning or Hamming 
window is suggested. However, little justification is offered as 
to why such smoothing works. [2] simply suggests that 
superior reconstructions may be obtained if a certain amount 
of smoothing is combined with the ramp filter, adding that 
such smoothing is theoretically unnecessary. [5] proposes that 
smoothing windows will reduce noise by de-emphasizing the 
higher spatial frequencies. This intuitive but incomplete 
reasoning does not promote deliberate filter design. Rather, it 
has the opposite effect – essentially leaving users with a binary 
choice of whether or not to use a known smoothing window.  

In [6], an attempt is made to design a filter specifically for    
lung imaging and two smoothing windows that were 
previously designed for lung parenchyma and for bone are 
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simply combined to form a hybrid filter kernel. Although filter 
design is the topic of that paper, very little discussion is 
offered regarding the actual filter design itself. 

Fig. 1. Different versions of the ramp filter are obtained by weighting the 
ramp (Ram-Lak) with various smoothing functions.  

B. What is spatial aliasing and how should it be addressed? 
[5] suggests that the use of smoothing windows may reduce 

aliasing, without any further discussion. [7] alludes to the use 
of 2D filters to address the issue of spatial aliasing, also known 
as grid aliasing. However this work does not appear to have 
been adopted by the CT community, perhaps because its very 
theoretical presentation obscures its practical significance. 
Aliasing is a topic of practical importance in image processing 
and should be deliberately addressed. 

C. What are the considerations for short filters? 
Another aspect of consideration for filters used in CT 

reconstruction is the relationship between the filter’s 
frequency response (FR) and corresponding impulse response 
(IR). There are practical situations in which short IR filters 
may be desirable in order to speed up computation or localize 
artifacts to a certain region of an image [4]. However, simply 
truncating these IR gives rise to an undesirable ripple in the 
corresponding FR [8] leads to increased variance in the 
resulting CT images. Further, finite length IR ramp filters have 
been plagued with a non-zero frequency response at 0 Hz [2, 
3] and this is especially prominent in short IR filters [4]. 

D. What is the contribution of this paper? 
We deliberately address spatial anti-aliasing and the 

theoretical implications of smoothing windows. We also 
address challenges in short IR filter design and the DC bias 
issue. We propose a simple filter design platform that enables 
direct and deliberate control of the characteristics of the 
resulting CT images. Although we are mainly concerned with 
filters used in conjunction with the FDK FBP algorithm for 
circular or elliptical trajectory CBCT, the work presented here 
is applicable to other reconstruction algorithms and modalities.  
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II. METHOD 

A. Illustration of the problem 
A direct approach to filter design is to define it piece-wise, 

as shown by the solid line in Fig. 2. While this approach offers 
acute control over the filter design itself, its direct use may not 
be suitable for CT reconstruction. The abrupt transitions (sharp 
corners) between the different line segments diminish the 
energy compaction (EC) of the corresponding IR. This is 
illustrated by the noticeable (and avoidable) ripple and DC 
bias in the FR (dotted line) when the IR is truncated. 

B. Criteria for the solution and filter design overview 
A well designed filter will afford direct and deliberate 

control over the FR while promoting EC in the corresponding 
IR.  EC is improved by smoothing out the transitions of the 
piece-wise filter. The DC bias can be overcome by restoring 
the sum of the IR to zero after truncation.  A filter designed in 
this way will look similar to the original filter (Fig. 3).  

For filter specifications that include a cutoff frequency (Fc), 
as shown in Fig. 3, we specify the transition bandwidth, where 
the FR ramps down to the stop band from the pass band,  to be 
0.3*Fc. As such, in Fig 3, the transition bandwidth = 
0.3*(0.8*Pi) = 0.24*Pi. This allows a wider transition band for 
higher Fc, where a wider transition will not have any apparent 

impact on the characteristics of the resulting CT image. 
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C. Short IR filters 
There may be situations in which short IR filters are 

desirable [4, 9]. The obvious question here is “how short?”  A 
key goal is to shorten the IR as much as possible, without 
negatively impacting the corresponding FR and of course the 
resulting image quality. We have found that if we smooth the 
transitions of the piece-wise defined ramp filter, the central 
10% of the corresponding IR will contain at least 99% of its 
absolute sum for FFT lengths 256 or greater. EC is less for 
shorter FFT lengths, but since the smallest detector array we 
have encountered has 300 pixels across, this is not a practical 
issue at this point. Erring on the side of caution, we specify 
that the IR length for a short IR ramp filter should be no less 
than 12% of the number of detector elements per scan line (U). 
Since the IR should have a well defined central impulse, the 
short IR length should be an odd number. Note that the 
resulting short IR is significantly shorter than the 2U IR length 
used by the standard FDK algorithm. 

If Fc is specified, such as Fc = 0.8*Pi in Fig. 3, the IR 
length should be longer than the 0.12*U minimum, with the IR 
length inversely proportional to Fc. This is because band-
limiting the FR mitigates EC of the corresponding IR. As such, 
for scan width U = 300 and Fc = 0.8*Pi, we calculate that 
minimum short IR length = (0.12/0.8)*U = 45. This gives rise 
to the FFT length (NFFT) of 344 shown in Fig. 3, where 
NFFT = U + IR length – 1 = 300 + 45 -1 = 344. As a safety 
precaution, we clamp the maximum permitted IR length at 2U. 
Note that the NFFT equation above works for the general case 
and should be used for filtering truncated projections [9]. For 
non-truncated projections however, we may exploit the fact 
that the FFT performs circular convolution and use NFFT = U 
+ (IR length – 1)/2 instead. In the regular FDK implementation 
(non-truncated), we consider IR length = 2U + 1, which gives 
way to NFFT = 2U. 

Note that having very short IR length (< 0.3*U) can yield 
images with boosted structural edges, similar to what may be 
observed if unsharp masking was applied post reconstruction.  
This may indeed be desirable in some cases. In cases where 
this effect is not desired, use IR length >= 0.5*U. 

Fig. 2. The piece-wise defined filter (solid line) ramps up from 0 frequency 
to 0.35*Pi circular frequency and holds constant through 0.8*Pi, which is 
also its cutoff frequency (Fc). The corresponding IR is then truncated by 
preserving the central 45 impulses. The FR of to the truncated IR is shown 
by the dotted line, which exhibits an obvious ripple. Inset: magnification of 
the lower frequencies – the truncated filter has a DC bias. 
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filter must be purely real

  

 
the desired filter 

frequency response
 

Constructing a Ramp Filter with Finite (S hort) IR 

FR 

Fig. 4. Overview of proposed method to design filters for CT reconstruction. 

Fig. 3. Solid line: the transitions of the piece-wise filter in Fig. 2 have been 
smoothed out. The transition from the pass band to the stop band has been 
made more gradual. Dotted line: short IR filter produced just as in Fig. 2, but 
with the additional step for DC bias correction. Notice that the two FRs here 
are almost identical, unlike in Fig. 2. Inset: the truncated filter FR is in-fact 
null at DC, as a result of restoring the zero-sum of the IR after truncation. 
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D. Spatial Aliasing 
In FBP CT reconstruction, the filtered projections are 

usually sampled using nearest neighbor or bi-linear sampling 
schemes. Spatial aliasing occurs when the virtual detector 
pixel width (du) is smaller than the voxel width of the 
reconstruction grid (dx); adjacent voxels in the reconstruction 
grid may fetch projection information from detector pixels that 
are not adjacent, but rather have one or more pixels between 
them. This “skipping” of projection information causes grid 
aliasing. 

Spatial aliasing should be addressed by band-limiting the 
ramp filter with Fc = min(1, du/dx)*Pi, which may be directly 
incorporated into the filter design as illustrated in Fig. 3-4.  

E. Filtering along the columns of 2D detectors 
Just as grid aliasing in the transverse plane is addressed in 

section D above, grid aliasing in vertical (axial) direction 
should be addressed. Fc for vertical anti-aliasing (AA) is 
computed by comparing the virtual detector pixel height (dv) 
and reconstruction grid voxel height (dz). Vertical Fc = min(1, 
dv/dz)*Pi. Since detector elements (pixels) and reconstruction 
grid voxels are usually isotropic in CT imaging, it follows that 
transverse Fc is usually equal to vertical Fc. 

The vertical AA filter is a simple low pass filter (LPF).  
While LPF design has been studied extensively [10], the 
presented filter design methodology (Fig. 4) may also be 
adapted for LPF design, by substituting the DC correction step 
with a step to scale the truncated IR such that it sums to one. 
Medical CT projection images are usually truncated vertically.  
Therefore, special considerations for truncation should be 
made in the implementation of vertical AA [9] or any other 
filtering that operates along the projection columns. 

III.  RESULTS AND ANALYSIS 

A. Results overview 
The proposed method for filter design has been 

implemented in the commercially available Barco TDRS-7101 
GPU accelerated CT reconstruction platform [11] and has 
been tested on multiple medical datasets. 

A thorough validation of the presented method in the 
context of spatial AA was conducted using the MEVIC 
(medical virtual imaging chain) framework [12], that can 
measure the clinical value of image enhancement and artifact 
reduction algorithms. SSIM (structural similarity) [13] was 
also incorporated in our validation to account for perceptual 
quality. The study confirmed the clinical value of the method. 

 

Source to object distance (Dso) 

Source to detector distance (Dsd) 

Iso-Center of Image 
Acquisition System 

Scanned Object 

X-ray 
Source

 Iso-ray 

u 
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y
`
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Actual 
detector 

 
Fig. 5. Top view of a CBCT acquisition system. The virtual detector is 
obtained by scaling the actual detector to the iso-center, using the actual to 
virtual scaling factor S = Dso/Dsd. Virtual detector pixel width (du) = 
S*actual detector pixel width. If du < reconstruction grid pixel width (dx), the 
resulting CT images are subject to spatial aliasing. 

B. An example 
Fig. 6 illustrates one dataset that was included in the 

MEVIC study. The Catphan phantom [14], scanned using 
circular trajectory CBCT with a 1024 x 768 flat panel detector 
(du = dv = 0.2548 mm) was considered. A reference (ground 
truth) volume was obtained by first reconstructing the volume 
on a 1155 x 1155 x 753 isotropic grid (dx = 0.221 mm) using a 
ramp filter (not modified) and then downscaling this volume 
by a factor of 3 (Fig. 6a). Since dx < du, this CT volume was 
not subject to spatial aliasing and a 1/3-band AA filter (LPF) 
was used in all three dimensions during the downscaling. 
Next, still using the simple ramp filter, the same spatial 
volume was reconstructed on a 385 x 385 x 251 isotropic grid 
(dx = 0.663 mm). Spatial aliasing occurred in this case, since 

Fig. 6. Axial slice: high resolution segment of the Catphan phantom. (a) 
Reference reconstruction (ground truth) obtained by first computing a high 
resolution volume and then downscaling it by a factor of 3. (b)  Directly 
reconstructing a low resolution volume causes spatial aliasing that is evident in 
the region demarked by the red rectangle. All line pairs in the actual Catphan 
phantom are radially oriented and the spatial aliasing cause the false depiction 
of their orientation (artifacts). (c) Low resolution volume reconstructed with 
filters designed using the proposed method successfully averts spatial aliasing. 
Since the filter used in (b) is not band-limited, the region demarked by the 
green circle shows higher structural detail than even the reference (a). The 
same region in (c) shows lower detail: a worthwhile cost to directly obtain 
results that are otherwise comparable to the ground truth (a). 
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dx > du (Fig. 6b). Finally, the proposed method was used to 
design filters (modified ramp for horizontal filtering and LPF 
for vertical filtering) with Fc = du/dx = 0.2548/0.663 = 0.3843, 
which were used to reconstruct a volume on the same 385 x 
385 x 251 reconstruction grid and overcome spatial aliasing 
(Fig. 6c). 

C. User-friendly implementation 
The proposed method has been implemented in the TDRS-

7101 product so as to automatically compute and incorporate 
Fc. It elegantly allows the user to control the level of 
smoothing, by way of a parameter to specify ramp width (R), 
whose range is (0, 1]. For the filter in Fig. 3, R = 0.35. 

D. Practical considerations and approximations 
We have not accounted for the divergence of the cone beam 

in the calculating Fc, because doing so would disallow using 
only one filter for an entire projection, which is impractical. 
We use the far-field assumption instead and consider the x-ray 
beam to be approximately parallel within the bounds of the 
reconstruction volume. 

We also found that for circular trajectory acquisitions, 
changing the horizontal Fc as a function of projections angle θ 
to account for the rectangular reconstruction grid as suggested 
in [7] did not improve image quality. For elliptical trajectory 
however, Dsi and Dso vary as a function of θ, which, in turn 
affect du and as such Fc. 

E. Computational performance 
Filtering was performed using the popular FFTW library, 

which does not limit NFFT to powers of 2; NFFT values that 
have has small prime factors are recommended for best 
performance [15]. We measured a 640-length FFT to compute 
40% faster than a 1024-length FFT, indicating that short IR 
filters designed using the proposed method can offer a 
significant performance advantage. 

For projections that required both row-wise and column-
wise filtering, the separable filter implementation executed 
faster than when 2D FFTs were used. Using rotationally 
symmetric 2D AA filters, as suggested in [7], would 
negatively impact performance: they usually require a 2D non-
separable implementation and don’t appear to improve image 
quality in a significant way.  

IV. CONCLUSION AND DISCUSSION 
The presented method offers precise control over the design 

of filters for CT reconstruction, which is in sharp contrast to 
merely deciding between using either the Ram-Lak or the 
Shepp Logan filter. A fortunate consequence of weighting the 
ramp filter with a smoothing window (Ex. Hamming) is the 
EC of the IR and even improved spatial AA in certain 
situations. However, the proposed filter design method 
deliberately incorporates EC and spatial AA without 
sacrificing acute control over the filter characteristics. Special 
considerations for truncation may be required for a successful 
spatial AA implementation and are discussed in detail in [9].  
The method has been implemented in the commercially 
available Barco TDRS-7101 GPU accelerated CT 
reconstruction platform [11]. 

Fig. 7. CT image of a section of a human jaw. The ramp width parameter (R) 
gives the user acute control over the CT image characteristics. Left: R = 0.9 
yields a noisy image. Middle: R = 0.4 suppresses the noise while preserving 
the fine structural details. Right: R = 0.15 makes the image blurry and fine 
details are lost. Note that the best value for R will vary depending on many 
factors, including scanning geometry, detector noise, the intended use of the 
images and the physical characteristics of scanned object itself. If necessary, 
more parameters can easily be included in the implementation. 
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FDK algorithms with no backprojection weight
A. V. Narasimhadhan, K. P. Anoop, Member, IEEE and Kasi Rajgopal, Senior Member, IEEE

Abstract— In this paper, we give two new Feldkamp type algo-
rithms for cylindrical detector cone-beam geometry, obtained by
extending to three dimensions (3D) a recent exact Hilbert filtering
based filtered backprojection (FBP) algorithm for 2D divergent
beam reconstruction without position dependent backprojection
weight. The first algorithm requires full-scan projection data
while the second algorithm can handle partial scan data including
very short scan. These algorithm have better noise performance
characteristics than the conventional ramp filtered FBP algorithm
where the backprojection weight is known to result in spatial
non-uniformity in these characteristics. The simulation results of
noise and cone-beam artifacts performance as well as the partial
scan reconstruction are presented.

Index Terms— FDK algorithm, Hilbert transform, Circular
scan CT, Cylindrical detector geometry.

I. INTRODUCTION

One of the most widely used practical methods for cone-
beam reconstruction has been the approximate algorithm of
Feldkamp, Davis and Kress (FDK) [1] originally proposed
for circular cone-beam reconstruction. The wide popularity
of this algorithm is due to the filtered-backprojection (FBP)
structure of the resulting reconstruction formulae, with spa-
tially invariant filtering. Though the reconstruction algorithm is
theoretically approximate, it can produce good quality images
with comparatively high computational efficiency for small
cone-angle. The cone-beam artifacts increase with increasing
cone-angle; however the cone-angles encountered in practice
are relatively small.

This original FDK algorithm was proposed for circular
cone-beam scan with a planar detector, and was suited for
reconstruction of a spherical field-of-view and resulted in
image blurring along the longitudinal or axial direction due
to inherent data incompleteness of the circular trajectory. The
original FDK algorithm, initially limited by the data incom-
plete circular geometry, has undergone many extensions and
generalizations. These include generalization to handle flexible
scanning loci including helical scanning [2], extensions for
handling short-scan data [3], [4], alternate Hilbert filtering
based FDK formulae [5], [6], extension to the third generation
cylindrical detector geometry [7], an alternate selection of the
filtering direction [8], etc. The key unifying idea behind the
FDK approach is to modify the cone-beam data into fan-beam
counterpart in a heuristic manner.

The cylindrical cone-beam detector geometry finds wide
application in medical imaging scanners. The standard FDK-
type algorithms for handling cylindrical cone-beam data are
obtained by extending the classical equiangular FBP fan-beam
reconstruction formulae.

Dept. of Electrical Engg, Indian Institute of Science, Bangalore, India.
Corresponding author: Kasi Rajgopal, E-mail: kasi@ee.iisc.ernet.in.

Recent investigations into classical ramp filter based equian-
gular fan-beam FBP algorithm have revealed that the presence
of position dependent weights in the fan-beam backprojection
causes spatially non-uniform distribution of noise and artifacts.
This has motivated development of new equiangular fan-beam
reconstruction algorithms which avoids spatially dependent
backprojection weights through the Hilbert transform [9] and
the 1-dimensional transformation between the fan- and the
parallel-beam coordinates [10]. In 2D classical divergent beam
reconstruction, the spatially dependant weighting is a major
factor contributing to computational complexity of fan-beam
backprojection when compared to parallel beam reconstruc-
tion. Based on these results in fan-beam reconstruction [9],
[10], this paper introduces the FDK extension of these algo-
rithms and evaluates their performance against the classical
FDK algorithm.

II. NEW FDK FORMULAE

The new FDK formulae are obtained from the equiangular
fan-beam reconstruction formulae given in equation (8) by
Dennerlein et al. in [9] and equation (15) by You et al.
in [10] by employing standard FDK extension technique.
Let f(x, y, z) be the object density to be reconstructed and
g(λ, α, v) be the cylindrical detector cone-beam projection
data collected with a circular scan trajectory given by ~a(λ) =
[R cosλ,R sinλ, 0]T where R is the radius of the source
trajectory. To describe the cone-beam data, we use a system
of three unit orthogonal vectors: ~eu(λ) = [sinλ,− cosλ, 0]T ,
which is tangent to the source trajectory at ~a(λ), ~ew(λ) =
[− cosλ,− sinλ, 0]T , which gives the direction from source
~a(λ) toward the origin ~x = (0, 0, 0)T and ~ev(λ) = [0, 0, 1]T ,
which is perpendicular to both ~eu(λ) and ~ew(λ). The cone-
beam projection for cylindrical detector geometry is given by

g(λ, α, v) =

∞∫
0

f(~a(λ)+t sinα~eu(λ)+t cosα~ew(λ)+v~ev(λ)) dt.

(1)
The source to detector distance is represented by D and let
hH(·) be the Hilbert filter kernel in spatial domain.

The FDK-W1 formula is derived from equation (8) given by
Dennerlein et al. in [9] by standard FDK extension technique,

f(~x) =
1
4π

2π∫
0

gF (λ, α′, v′)dλ (2)

where

α′(x, y, λ) = arctan
(

x sinλ− y cosλ
R− x cosλ− y sinλ

)
(3)

v′(x, y, z, λ) =
Dz cosα′

R− x cosλ− y sinλ
(4)
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and

gF (λ, α, v) =
1

R cosα

(
∂

∂α
− ∂

∂λ

)(
g(λ, α, v)∗hH(sinα)

)
.

(5)
The FDK-W2 formula is derived from equation (15) given

by You et al. in [10] by standard FDK extension technique,

f(~x) =
1
8π

2π∫
0

gF (λ, α′, v′)dθ (6)

where

α′(x, y, θ) = arcsin
(
x sin θ − y cos θ

R

)
(7)

and
λ(x, y, θ) = θ − α′(x, y, θ). (8)

The filtered projections gF (λ, α, v) is given by (5) as in
FDK-W1 where v′ is computed using (4) and (8). Note
that the integration in first formula in (2) is over λ and
therefore it is a fan-beam backprojection while the integration
in second formula in (6) being over θ results in parallel-beam
backprojection. The second formula in (6) can be modified to
include redundancy weight for partial scan data as given in
equation (26) by You et al. [10].

III. SALIENT FEATURES OF THE ALGORITHMS

The new FDK formulae are extensions of exact fan-beam
FBP reconstruction formulae for full- and partial-scans based
on Hilbert filtering with respect to the angular variable. The
proposed formulae for circular cone-beam reconstruction will
exhibit the standard properties satisfied by the classical FDK
algorithm [1]. These properties include the exact reconstruc-
tion at the mid-plane, conservation of the axially integrated
intensity and exact reconstruction of the entire object when
object is axially invariant.

The conventional circular FDK formula for cylindrical de-
tector geometry extends the equiangular fan-beam filtered-
backprojection (FBP) formula and involves a weighted back-
projection. The backprojection step in new FDK algorithms
does not include position-dependent weights as can be seen
from (2) and (6). The weight L−2 in the backprojection, where
L is the distance between the point of reconstruction (x, y)
and the source location a(λ), is therefore position dependent.
The weight 1/R cosα required in the new algorithms during
backprojecton is independent of both (x, y) and a(λ) and
hence the position.

These algorithms use Hilbert filter rather than ramp filter
during the filtering step. The use of Hilbert transform avoids
the approximation introduced by the non-uniform cutoff fre-
quency [11] required in the ramp filter-based FDK algorithm.
The new algorithms are expected to exhibit better spatial uni-
formity of noise and lower noise due to absence of any spatial
dependent weight in backprojection and Hilbert filtering.

The axial blurring associated with conventional circular
FDK algorithms, due to data incompleteness of the circular
trajectory, is reduced in the reconstruction with both the new
algorithms. Since the underlying fan-beam formula can give

TABLE I
CONE-BEAM IMAGING PARAMETERS USED IN SIMULATIONS

Imaging Parameter Value

Number of pixels (Npic ×Npic ×Npic) 2563

Object radius (r) 1.0

Scanning radius (R) 2.4

Source to detector distance (D) 4.8

Number of source positions (K) 450

Detector element height (∆w) 0.01569

Detector element angular width (∆α) 0.18724◦

Number of Detector columns (N ) 373

Number of Detector rows (M ) 281

exact reconstruction with half-scan and less than half-scan over
a limited region [10], the new FDK-W2 formula also supports
partial reconstructions of good visual quality from less than
short scan data. The symmetry of the filtered projections leads
to exact reconstruction of partial scanned data for the central
slice at z = 0.

IV. SIMULATION RESULTS

A typical CT scanner with a cone-beam and circular X-
ray source trajectory is used in the computer simulations.
We evaluate the performance of the new FDK algorithms
with no backprojection weight in terms of longitudinal or
axial blurring, noise uniformity, lower noise and cone-beam
artifacts. We also illustrate the short-scan data and less than
short-scan data handling capabilities of the proposed second
algorithm.

A. Scan parameters

The scan parameters used in the simulations are given in
Table I. The low contrast 3D Shepp-Logan phantom [2] is
used for evaluating the image quality of the reconstructed
images. A cylindrical water phantom oriented along z-axis
is used for noise performance analysis while a clock phantom
[12] is used to study the cone-beam artifacts. The radius of the
circular trajectory of the source R is 2.4, and full fan-angle is
49.2◦. Circular cone-beam projection data is simulated with
450 uniformly spaced source positions over 2π interval, using
373 detector elements, and 281 detector rows. Image matrix
for slice of the 3D phantom is 256× 256.

B. Axial blurring

The axial blurring is associated with circular FDK algo-
rithms due to data incompleteness of the circular trajectory. To
study this property we have used low contrast Shepp-Logan
phantom. Fig. 1 shows the xy-slice at z = −0.25 for the (a)
original, (b) circular FDK, (c) FDK-W1 and (d) FDK-W2.
It is observed that the drop in density in case of FDK-W1
and FDK-W2 in fig. 1(c) and 1(d) respectively is significantly
less than the circular FDK in 1(b). Fig. 2 shows the yz-slice
at x = 0. The axial density variation is seen more clearly
in fig. 3 along the z-direction. The x-profile comparison at
y = −0.605 in fig. 1 is shown in fig. 3(a). It is seen that
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(a) (b)

(c) (d)

Fig. 1. Slices of low contrast Shepp-Logan phantom at z = −0.25 from (a)
Original Phantom. (b) Circular FDK reconstruction. (c) Reconstruction with
FDK-W1 formula. (d) Reconstruction with FDK-W2 formula.

(a) (b)

(c) (d)

Fig. 2. Comparison of amount of axial blur due to circular scan trajectory.
Slices of low contrast Shepp-Logan phantom at x = 0 from (a) Original
Phantom. (b) Circular FDK reconstruction. (c) Reconstruction with FDK-W1
formula. (d) Reconstruction with FDK-W2 formula.

density drops for the new FDK algorithms are less compared
to the conventional FDK. Fig. 3(b) shows comparison of axial
variation in density along z-direction in the vertical profile
at y = 0 in fig. 2. The density profiles in fig. 3 show more
accurate reconstruction with the two new FDK algorithms with
no backprojection weight than the circular FDK.

C. Noise Uniformity

To study the noise properties, we simulate noisy projection
data using a water cylinder centred on z-axis with Poisson
noise based on an emission of N0 = 3 × 105 photons. The
number of photons detected N was calculated by − ln(N/N0).
With this as the mean to a Poisson random process, N for
the case of noisy projection is computed, corresponding noisy
projection is then given by − ln(N/N0). The noise uniformity
was quantified by measuring the noise mean and standard
deviation of the reconstructed image within circular ROIs
along the circular path and along the diameter as shown in fig.
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Fig. 3. Illustration of axial blurring in full-scan reconstructions of low
contrast Shepp-Logan phantom (a) horizontal profile of the Shepp-Logan
phantom at y = −0.605 in fig. 1. (b) vertical profile of the Shepp-Logan
phantom at y = 0 in fig. 2.

4(a) and (b) respectively. The corresponding plots are shown in
fig. 4(c)-(f). It is observed from fig. 4(c) and (d) that the mean
variation of the noise along both angular and radial directions
is significantly less in the case of the new FDK algorithms as
compared to conventional FDK algorithm. Similarly, the plots
in (e) and (f) show that the standard deviation is reduced (i.e
lower noise) considerably and is also more uniform in case of
the FDK-W1 and FDK-W2 algorithms.

D. Cone-beam artifacts

To observe the cone beam artifacts, the clock phantom
[12] is used and is shifted by 0.1 in the z direction. We
reconstruct z = 0.1 slice of the modified clock phantom
using the conventional FDK and new FDK algorithms with no
backprojection weight. A wide cone angle of 49.2◦ is chosen
in this simulation to highlight con beam artifacts. Fig. 5(a)
shows the reconstruction using conventional FDK algorithm
which shows artifacts increasing radially while (b) and (c)
show more uniform and less grainy artifacts with FDK-W1 and
FDK-W2 respectively. It is seen that FDK-W1 is better than
FDK-W2 as the streaks are lighter and not easily noticeable.

E. Handling short scan and very short scan data

FDK-W1 algorithm is based on fan-beam backprojection
over 2π scan and therefore it is only for full-scan recon-
struction. FDK-W2 is a more general algorithm which can
accommodate both short-scan as well as very short-scan data
while the conventional FDK algorithm can not deal with very
short-scan data. Figure 6(a) shows the reconstructed slice at
z = −0.25 of Shepp-Logan low contrast phantom using new
FDK-W2 for short scan (scan angle of π+fan angle) and (b)
shows the reconstruction using very short-scan (scan angle =
π).

V. CONCLUSION

Two new variants of the FDK algorithm for cylindrical
detector circular cone-beam scan geometry are proposed based
on recent work on equiangular fan-beam FBP algorithms with
no backprojection weight. The new FDK algorithms have no
position dependent weights in backprojection step and hence
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Fig. 4. Noise uniformity study using simulated noisy water cylinder phantom.
Noise mean and standard deviation are measured within ROIs located (a) along
the circular path and (b) along the diameter. Comparison of mean and standard
deviations of reconstructions with standard circular FDK, FDK-W1 and FDK-
W2 algorithms from noisy projection data. (c) Angular and (d) radial variation
of mean value. (e) Angular and (f) radial variation of standard deviation.

(a) (b) (c)

Fig. 5. Illustration of cone-beam artifacts in full-scan reconstructions of
modified 3D clock phantom for the plane slice at z = 0.1 for (a) standard
circular FDK. (b) FDK-W1 algorithm (c) FDK-W2 algorithm. The display
window is [-0.05 0.05]

(a) (b)

Fig. 6. Reconstructed slices at z = −0.25 of low contrast Shepp-Logan low
contrast phantom using FDK-W2 formula for (a) short scan (scan angle of π
+ fan angle). (b) less than short scan (scan angle = π).

exhibit better noise performance and lesser axial blur artifacts
when compared with the classical FDK algorithm. The FDK-
W1 is applicable to full-scan while FDK-W2 can also deal
with short- and very short-scan.
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Abstract—The exterior computed tomography (CT) problem is 

one kind of truncation problem. It is very ill-posed, so that 
accurate reconstruction of the attenuation function is hardly 
possible from real data. Iterative algorithms have advantages to 
cope with this problem and the prior knowledge of detected object 
can improve the stability of reconstruction algorithm. In this 
paper, one kind of projection on convex sets (POCS) algorithm 
based on simultaneous algebraic reconstruction technique (SART) 
and prior knowledge is developed. Numerical simulations of two 
3D models are presented to illustrate the efficiency and the good 
stability of the POCS algorithm. The results of this paper are 
potentially useful in practical medical and industrial CT imaging 
applications. 
 

Index Terms—CT, Image reconstruction, Exterior problem, 
POCS, Prior knowledge 
 

I. INTRODUCTION 
In computed tomography (CT), incomplete data problems 

arise when parts of projection data are unavailable. In 2D CT, 
the most common examples are the limited angle problem, the 
exterior problem, and the interior problem [1]. In this paper, we 
focus on the exterior problem.  

In dimension 2, the exterior problem arises when Radon 
transform is only measured over the lines that do not intersect a 
disk of radius r  [2]. This situation happens when the object is 
so large that x-rays cannot penetrate the centre of the object [3], 
it is of special interest to detect cracks or corrosion in the 
outermost layers of pipes and rockets, or the object is so dense 
that x-rays cannot cross through the diameter [2]. 

Exterior CT has advantages: In industrial field, the data 
acquisition time and the radiation dose level of exterior CT 
scans will be lower than with normal CT scans; Furthermore, 
high-density objects and data artefacts from inside the rocket do 
not affect reconstructions using exterior data [3]. In medical 
imaging, the exterior CT scan of braincase can circumvent brain 
and avoid the radiation of brain. 

In the case of the exterior problem, the measurements are 
enough to uniquely determine the attenuation function for the 
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points satisfying | |x r>  [4], and a reconstruction formula for 
these points was provided by Cormack [5]. Bates and Lewitt 
developed a data completion method for this problem [6], and 
Frank Natterer developed a regularization method [7]. The 
singular value decomposition method was given in [3] and 
[8]-[10]. This decomposition includes a null space, and a 
bounded extrapolation procedure was developed to 
approximate the null component of compactly supported 
functions [9]. But, the exterior problem is very ill-posed [8], so 
that accurate reconstruction of the attenuation function is hardly 
possible from real (noisy) data [2]. 

Iterative algorithms have advantages to cope with ill-posed 
problem and the prior knowledge of detected object can 
improve the stability of reconstruction algorithm. In practice, 
sometimes the coefficients of attenuation function in the center 
region of detected objects are relatively small (such as 
parenchyma and air). So they can be recognized as the prior 
knowledge. 

In this paper, a projection on convex sets (POCS) method for 
3D exterior problem based on simultaneous algebraic 
reconstruction technique (SART) and prior knowledge will be 
developed. This paper is organized as follows. In section II, we 
introduce geometry in circle cone-beam CT, and the definition 
of 3D exterior problem used in this paper, and POCS method. In 
section III, we give the numerical simulation results. In section 
IV, we conclude this paper. 
 

II. CIRCLE CONE-BEAM CT AND POCS METHOD 

A. Circle Cone-Beam CT and 3D Exterior Problem  
With development of sources, detectors, computers, and 

algorithms, X-ray CT is in a rapid transition from fan-beam to 
cone-beam geometry [11]. Let 1nSθ −∈  and na ∈ R . The 

cone-beam transformation D  of ( )nf ∈ RS  (The space 

( )nRS  is defined to be the class of all those C∞  functions ϕ  

on nR such that | ( )( ) |sup
nx

x D xα βϕ
∈

< ∞
R

 for all n-tuples 

α  and β  of nonnegative integers.) [12], is defined by  

0
( , ) ( )Df s f s t dtθ θ

∞
= +∫  (1) 

s  is considered as the source of a ray with direction θ .  
As shown in Fig. 1, the circle source trajectory and planar 

detector are often used in cone-beam CT. In the fixed 

POCS Algorithm for 3D Exterior CT with Prior 
Knowledge 
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coordinate system, the x-ray source location can be expressed as  

0 0( ) ( cos , sin ,0)Ts R Rλ λ λ=  (2) 

where 0R  denotes the distance between the x-ray source and 

the rotation axis, [0, 2 ]λ π∈  stands for the rotation angle. For 

a given rotation angle λ , the cone-beam projections of object 
function onto the detector can also be denoted as ( , , )P u v λ  in 

terms of the orthogonal coordinates ue  and ve , which parallels 
to the rotation axis z . 

 
By our assumption, in dimension 3, the exterior problem 

arises when ( , , )P u v λ  is only measured over the lines that do 

not intersect a column of radius r . Specially, ( , , )P u v λ  is 

known only when 0u u> . Fig. 2 shows a cutaway view of 3D 
exterior problem. The dashed circle of radius r  is not scanned 
by x-ray, so it can not be reconstructed. But in this paper, we 
assume that the function f of the circle with radius 0r  ( 0r r> ) 
is a prior knowledge. Our target is to reconstruct the shaded 
annulus.  

 
B. POCS Method 
The convex set theoretic image recovery problem is to 

produce an estimate of the original image in the intersection of a 
family of closed and convex sets 1{ }i i mC ≤ ≤  in a real Hilbert 
space H, which represents the a prior knowledge about the 
problem, such as non-negativity and bound constraints etc., and 
information from the data [13]. The reconstruction problem is 

then reduced to the convex feasibility problem (CFP) [13]: 
finding a function ( )f x  belongs to the intersection of convex 

sets 1{ }i i mC ≤ ≤ .The mostly used method to solve CFP is POCS 
method. POCS algorithm is a sequential algorithm. Starting 
from an arbitrary initial point 0 nx ∈ R , the POCS algorithm’s 
iterative step is  

( )( )

1 ( )
i k

k k k k
k Cx x P x xλ+ = + − , (3) 

where 0{ }k kλ ≥  are relaxation parameters and 0{ ( )}ki k ≥  is a 
control sequence, and in this paper, we set them equal to 1. 
1 ( )i k m≤ ≤ , for all 0k ≥ , which determines the individual 

set ( )i kC  onto which the current iterate kx  is projected [14]. For 

more details of POCS, refer to [14] and [15]. 
CT system can usually be discretized into linear systems of 

equations [16] 
Af b=  (4) 

where, ( )ijA A=  denotes an M N×  matrix, 

1 2[ ( ), ( ),..., ( )]T N
Nf f x f x f x R= ∈  is an underlying 

image, 1 2[ , ,..., ]T M
Mb b b b R= ∈  is observed data. Image 

reconstruction is to seek f  according to b  and A . 
According to the assumption in this paper, we construct the 

following convex sets: 

1 { | }NC f R Af b= ∈ =  

2 { | ( ) 0, supp( )}N
i iC f R f x x f= ∈ = ∉  

3 { | ( ) 0}N
iC f R f x= ∈ ≥  

*
4 { | ( ) ( ), }N

i i iC f R f x f x x= ∈ = ∈Ω  

where supp( )f  denotes the support of f , and 
2 2 2

0{( , , ) | }x y z x y rΩ = + <  represents the region with 
prior knowledge.  

If we define for 1,..., 4j =  the orthogonal projector jP  on 

to the convex set jC , the POCS algorithm is defined by the 

following iteration: 
1( ) ( )( ), 1, 2,...k k

i j if x P f x k−= = and 1 ( 1)%4j k= + −
 (5) 

To define 1P  simultaneous algebraic reconstruction 
technique (SART) is used, which was first reported in [17]. The 
formula used in this paper can be stated as follows: 

1 1
1( )  

ˆ
(( 1)  )

k

k

j jk
i ji

j
i

i

k

j j
j

b b
f xx A

A
P

A
f

θ
θ

−

∈ +
∈

−
⎛ ⎞−

= + ⎜ ⎟
⎜ ⎟
⎝ ⎠

∑∑
 (6) 

where, 1

1

ˆ ( )
N

k
j jl l

l
b A f x−

=

= ∑ , 
1

N

j ji
i

A A+
=

= ∑ , kθ  is the kth 

Fig. 2. Cutaway view of 3D exterior problem 

Fig. 1. Circle cone-beam scan geometry 
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view. We set initial estimate 0 ( ) 0if x = . 

 

III. SIMULATION RESULTS 
The algorithm was evaluated using the Shepp–Logan 

phantom and another simulated 3D pipe model which both have 
a size of 256×256×256 (pixel). Fig. 3 (a) shows the 
Shepp–Logan phantom, and the slice of Shepp–Logan phantom 
at position z=128 is shown in Fig. 3 (b). As Fig. 3 (c) shows, the 
pipe model contains 256 slices and each slice is the same as Fig. 
3 (d) whose inner radius equals to 80 (pixel). And there are 
some simulated cracks and one hole (both with one pixel width) 
in the pipe model. According to our previous assumption, 

2 2 2{( , , ) | 80(pixel) }x y z x yΩ = + <  is the region with prior 
knowledge. The panel detector consists of 360×120 cells 
(which are arranged at every 1 pixel of distance) was used 
which defined a cone angle of 30° and a flare angle of 10°. We 
compute 256 cone-beam projections over 360° angular range 
with the radius of 493 (pixel). 

 
The reconstructed slices with 20 iterations are shown in Fig. 

4. We can see that the discontinuities of the slices are a little 
fuzzy, especially the two straight cracks, shown in Fig. 4 (b), 
which point to the center of the slice. But all cracks and hole are 
distinguishable. 

To verify the algorithm’s stability for noise, we have also 
applied the POCS algorithm to noisy data generated by adding 
Gaussian noise to the truncated projection data. The standard 
deviation of the Gaussian noise is 0.5% of the maximum value 
of the cone-beam data. The results are shown in Fig. 5. And we 
show the horizontal profiles along the centers of the 

reconstructed images in Fig. 6. For comparison, we also plot the 
true profiles as dashed lines in Fig.6. We can see that most 
cracks are still distinguishable, except the two straight cracks 
which point to the center of the slice. 

 

 
 

 
 
 

IV. CONCLUSION 
In this paper, a POCS algorithm for 3D exterior problem based 

Fig. 6. Horizontal profiles along the centers of the reconstructed images. The 
solid and dashed lines indicate the reconstructed and true profiles, respectively. 
Top: the profiles of Shepp–Logan phantom with or without Gaussian noise.
Bottom: the profiles of Pipe with or without Gaussian noise. 

(a) (b) 

   
Fig. 5. The reconstructed slices with 0.5% Gaussian noise. (a) Reconstructed 
slice corresponds to Fig. 3 (b), (b) Reconstructed slice corresponds to Fig. 3 (d).

(a) (b) 

   
(c) (d) 

  
Fig. 3. (a) 3D Shepp–Logan phantom. (b) Slice of Shepp–Logan phantom at 
position z=128, and the coefficients of attenuation function in the dashed 
circle are prior knowledge. (c) Simulated 3D pipe model. (d) One slice of 
simulated 3D pipe model. 

(a) (b) 

    
Fig. 4. The reconstructed slices without noise. (a) Reconstructed slice
corresponds to Fig. 3 (b), (b) Reconstructed slice corresponds to Fig. 3 (d). 
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on SART algorithm and the prior knowledge of detected object 
was developed. The experimental results showed evidence that 
the POCS algorithm is effective and stable. The results of this 
paper are potentially usefully in practical medical and industrial 
CT imaging applications. However, it is dissatisfactory for 
those straight cracks point to the center of the slice. Furthermore, 
the algorithm is time consuming, it is necessary to research the 
way to reduce the reconstruction time. 
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Katsevich-type Reconstruction Algorithm for 
Dual-helical Cone-beam CT 
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Abstract—This paper is about inspecting large and long object 

using dual-helical cone-beam computed tomography (CT) and 
extended Katsevich algorithm. Conventional x-ray CT imaging is 
based on the assumption that the entire cross-section of an object 
is illuminated with x-rays at each view angle. The field of view is 
limited by the width of planar detector. As an alternative, this 
paper developed a dual-helical scanning. When scanning, part of 
cross-section is covered by ray at each view angle. During 
reconstruction, Katsevich algorithm is extended in order to suit 
dual-helical scanning, which does not rebin projection data. 
Computer simulations validate that the dual-helical scanning 
extend the field of view up to 1.6 times, and numerical results are 
described to support the correctness of the algorithm. 
 

Index Terms—Computed tomography, Cone beam, Dual-helical 
scanning, Image reconstruction, Extended Katsevich algorithm 
 

I. INTRODUCTION 
Cone beam imaging in the form of x-ray computed 

tomography (CT) is used extensively in a variety of applications 
ranging from nondestructive inspection of industrial parts and 
engineered materials to non-invasive screening of animal 
models for mutations or pathologies. Helical cone-beam 
computed tomography (CT) can allow rapid volumetric 
imaging, high longitudinal resolution, and efficient utilization 
of X-ray power. Investigation on non-iterative algorithms for 
accurate reconstruction of images in helical cone-beam CT has 
received much attention in the past ten years. In the last few 
years, Katsevich [1], [2] has proposed an exact filtered 
backprojection (FBP) algorithm, which appears to be 
particularly attractive because it requires minimum over-scan 
and less computational effort.  

The field of view is determined in part by the size of the 
detector array. And, conventional Katsevich algorithms assume 
that the entire cross-section of an object is illuminated with 
x-rays at each view angle [1], [2]. Unfortunately, large detector 
arrays are very costly to manufacture. As an alternative, Jian Fu 
et al. [3], [4] proposed half-scan and offset-scan, J. Gregor et al. 
[5] and Liang Li et al. [6] proposed detector offset scan, Jian Fu 
et al. [7], [8] and Peng Zhang et al. [9] proposed parallel-type 

scan. These scan trajectories mentioned above are planar. 
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In this work, based upon traditionally helical scan, we 
developed a dual-helical scan that table is translated 
horizontally before each helical scanning, and then cone-beam 
projection is backprojected by extended Katsevich algorithm. 
Numerical results show that the proposed algorithm yields 
images with high image quality and dual-helical approach 
approximately 1.6 times the field of view of the conventional 
helical system.  

 

II. DUAL HELICAL SCANNING 
Fig. 1 depicts the initial geometry before the first helical scan, 

and Fig. 2 demonstrates the planform of Fig. 1. The center of 
table is translated horizontally to O1, and then the first helical 
scan is executed. After the first helical scan, the center of table 
is translated horizontally to O2, and then the second helical scan 
is executed. According to Fig. 2, at each view angle, the filed of 
view is only covered partly by one of two helical scan, but can 
be completely covered by two helical scans. 

 
To guarantee the cross-section of field of view is completely 

coved by two helical scans at each view angle, the translation 
step (See Fig. 2) should be satisfied Td

 
Fig. 1.  First helical scanning of dual helix 
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mT RRd γtan)(
2
1

0−≤  (1) 

where R denotes the distance from the source point to center of 
rotation before translation, R0 is the radius of filed of view, mγ  
indicates the maximum half fan angle. 

 
In one of two helical scans, because the center ray does not 

pass through the rotary center (See Fig. 2), the scan radius is not 
R anymore, it should be  

22
1 TdRR +=  (2) 
 

III. EXTENDED KATSEVICH RECONSTRUCTION ALGORITHM  

A. Conventional Katsevich Algorithm 
In conventionally helical cone-beam CT, the scanning radius 

equals to R (In Fig. 2, the dashed circle is field of view of 
conventional helical scanning), from the perspective of the 
imaged subject, the trajectory of the x-ray source forms a helix 
and, in the coordinate system { }zyx ,,  (See Fig. 1), can be 
expressed as 

⎟
⎠
⎞

⎜
⎝
⎛=

π2
),sin(),cos()(0

hssRsRsr  (3) 

where the parameter R indicates the distance between the x-ray 
source and the rotation center,  denotes the rotation angle of 
the x-ray source, h denotes the pitch indicating the translation 
distance along the z-axis during each rotation of the x-ray 
source. 

s

The cone-beam projection of the object can be expressed as 

∫
∞

+=
0 00 ))(()),(( dttsfsD βrβr  (4) 

where the unit vector denotes the direction of a specific x-ray 
passing through a point 

β
( , , )x y z=x in the image space and is 

determined by 

)(
)(

),(
0

0

s
s

s
rx
rx

xβ
−
−

=  (5) 

Let us consider a rotation-coordinate system { }vwu ,, with 
its origin on the rotation axis. We also assume that the 

wu − plane and the v-axis of the rotation-coordinate system 
are parallel to the yx − plane and to the z-axis, respectively, of 
the fixed-coordinate system. For a given rotation angle s, unit 
vectors, ,  and , of the rotation-coordinate 

system

)(sue )(swe )(sve
{ }vwu ,, can be expressed in terms of the 

fixed-coordinate system { }zy,,x as [10] 

  

Fig. 2.   Top view of the first helical scanning 

)0),cos(),sin(()( sssu −=e  

)0),sin(),cos(()( sssw −−=e  (6) 

)1,0,0()( =sve  
Without loss of generality, we assume that the detector is on 

the rotation center. Using the flat detector, the cone-beam 
projection as a function of , u and v such that [10] ),,( vusg s

)),((),,( 0 βr sDvusg =  (7) 
With 

( , )
( , )

u

w

su R
s

•
=

•
β x e
β x e

 

( , )
( , )

v

w

sv R
s

•
=

•
β x e
β x e

 (8) 

Similarly the result of [10], Katsevich inversion formula is 
given by 

∫ −
=
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),,(
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1
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1)(
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x
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s
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π
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where 

)()),(,,(1),,( 1 uhuvusgvusg
w

F ∗
•

= ϕ
eβ

,  (10) 

)/(1)2exp()sgn()( udujjuh πωπωω =−= ∫
∞

∞−
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is the kernel of the Hilbert transform, 
),,()),(,,( 11 vusguvusg =ϕ , (12) 
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[ ]tbPI ssI ,)( =x  is PI interval corresponding to the PI-line [10] 

passing through . x

To obtain , it is first needed to get),,( vusg F ),,( vusg
s∂

∂
, 

the derivative of . Using the chain rule, the derivative 

of can be expressed as 

),,( vusg
)v,,( usg
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B. Extended Katsevich Algorithm 
Conventional Katsevich algorithm assumes the center ray 

pass through rotation axis. But this situation is not supported in 
dual-helical scan. In dual-helical scanning, the rotation center is 

(or ), the radius of x-ray source trajectory is . So, we 
need extend the Katsevich algorithm in order to suit dual-helical 
scanning.  

1O 2O 1R

Let us consider another rotation-coordinate system 
with its origin on rotation center, we use unit 

vectors ,  and to represent the direction of 

the three orthogonal axes u1, w1 and v1, respectively. In the 
fixed-coordinate system , the three unit vectors are 
expressed as 
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If mγ is small, we have 
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The insertion of (18) into (11) yields 
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Substitute (18)-(20) into (9)-(14), we can get the extended 

Katsevich inversion formula 
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Fig. 3.  Relationship between (u, v) and (u1, v1) 
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Although Eq. (21) is deduced from conventional Katsevich 

algorithm, Hilbert filter is global, and projections are 
horizontally truncated at each view angle. Equation (21) is a 
quasi-exact algorithm. 

 

IV. NUMERICAL SIMULATIONS 
We have performed a computer-simulation study to 

demonstrate and verify the proposed dual-helical scan and 
extended Katsevich algorithm. In the numerical study, we 
imaged the 3D Shepp-Logan phantom [11] with different 
detector size. Simulated data of the Shepp-Logan were 
computed using analytical formula for line integrals through all 
objects composing the phantom. The parameters of the 
simulation are summarized in Table1.  

Reconstruction from the computer-simulated data was 
performed on a grid of 256×256×256 cubic voxels. Fig. 4 
illustrates the reconstructions. Fig. 4 shows that using 
dual-helical scan and extended Katsevich algorithm can image 
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If we use the same size of detector with 63.0×15.46mm2 and 
other scan parameters is as same as Table 1, the radius of field 
of view is 15.60mm with classical helical scanning, but the 
radius of field of view is 25.00mm with dual-helical scanning, 
which is 1.6 times of conventional method. 

large object, and the image quality is similar to conventional 
Katsevich algorithm with large planar detector. Fig. 5 plots for 
lines through the central vertical lines of Fig. 4. As mentioned in 
III (B), projections are truncated at each view angle. The image , 
which is reconstructed by dual-helical scanning and extended 
Katsevich algorithm, is not so good as the image reconstructed 
by standard Katsevich algorithm with large planar detector (See 
Fig. 5) 

 

V. CONCLUSIONS 
We have presented a dual-helical scan and extended 

Katsevich algorithm for inspecting large object. From 
simulation, the method can inspect large object with small 
planar detector. The main advantage of the dual-helical scan is 
the capability to enlarge field of view with no rebinning needed. 
The developed algorithm is FBP-type. Because Hilbert filter is 
not local, and projections are truncated, the extended Katsevich 
algorithm is quasi-exact. Scanning mode presented this paper is 
mainly used in industrial field, but it is worthy of reference for 
medical imaging. 
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Bakprojetion Filtration Algorithm with Improved NoiseProperty for A Cirular Cone-beam CTDan Xia, Seungryong Cho, and Xiaohuan Pan
Abstract�The bakprojetion-�ltration (BPF) algorithmhas been applied to image reonstrution from irularone-beam projetions. The BPF algorithm an reon-strut 3D region-of-interest (ROI) images from data on-taining transverse trunations. However, similar to otherexisting one-beam reonstrution algorithms suh as �l-tered bakprojetion (FBP), the BPF algorithm involvesa bakprojetion with a spatially varying weighting fa-tor, whih is omputationally demanding and, more im-portantly, an lead to undesirable noise properties in re-onstruted images. In this work, we proposed a BPF al-gorithm to improve the noise property for image reon-strution from irular full-san data. This proposed BPFalgorithm is omputationally more e�ient and numeri-ally more stable than the original BPF algorithm, whileit also retains the nie properties of the original BPF algo-rithm suh as minimum data requirement and ROI-imagereonstrution from trunated data.I IntrodutionBeause of its minimal mehanial omplexity, the ir-ular trajetory has been widely employed for data a-quisition in many appliations, suh as diagnosti CT,miro-CT, and CT imaging in radiation therapy. In thelast several years, signi�ant advanes have been madein the algorithm development for image reonstrutionfrom one-beam projetions [1, 2, 3, 4, 5℄. In additionto the �ltered bakprojetion (FBP) algorithms [6, 7℄, thebakprojetion-�ltration (BPF) algorithms have also beenapplied to reonstruting 3D images for irular one-beam sans [8℄. However, both FBP and BPF algorithmsinvoke spatially weighting fators in their bakprojetionsteps, whih have been demonstrated to inrease the om-putational load in image reonstrution and noise levelin numerially reonstruted images [9, 10℄. When theparallel-beam projetions are onsidered, the FBP andBPF algorithms involve no spatially varying weightingfator in their bakprojetion steps. Therefore, e�ortshave been devoted to rebinning one-beam projetionsinto parallel-beam projetions so that the parallel-beamFBP and BPF algorithms an be applied, thus avoidingthe issues assoiated with the spatially weighting fatorsin the one-beam FBP and BPF algorithms. However,when the projetions are not densely sampled, the re-The authors are with the Department of Radiology, The Universityof Chiago, 5841 S Maryland Avenue, Chiago, IL 60637, USA. E-mail:danxia�uhiago.edu, srho�uhiago.edu, and xpan�uhiago.edu

binning between the one-beam and parallel-beam pro-jetions an lead to a redution of spatial resolution inreonstruted images.Reently, an FBP algorithm has been proposed for re-onstruting images diretly from full-san fan-beam pro-jetions, in whih the spatially varying weighting fatoris removed through the appropriate utilization of dataredundany [10℄. In this work, we proposed a BPF al-gorithm without invoking a spatially varying weightingfator for image reonstrution in irular one-beam CT.In this BPF algorithm, an appropriate weighting funtionis designed to normalize the redundant data in full-sandata, thus eliminating the spatially varying weighting fa-tor in the bakprojetion step. The proposed BPF algo-rithm is numerially less suseptible to data inonsisten-ies, and omputationally more e�ient, than the originalBPF algorithm, while it retains the favorable properties ofthe original BPF algorithm for ROI reonstrution fromtransversely trunated data.II BPF Algorithm without Spatially VaryingWeighting fatorThe BPF algorithm an reonstrut the image on ahord, whih is de�ned as a line segment onneting twopoints on the soure trajetory ~r0(λ). Any point ~r on thehord spei�ed by λa and λb an be expressed as
~r =

~r0(λa) + ~r0(λb)

2
+ xc êc, xc ∈ (−l/2, l/2)where l is the length of the hord, êc = ~r0(λb)−~r0(λa)

|~r0(λb)−~r0(λa)|
de-notes the diretion of the hord. When the BPF algorithmis applied to 3D image reonstrution for a irular one-beam san, the onept of virtual irular trajetory andvirtual hord is introdued [7, 8℄. Without loss of gener-ality, we assume the soure trajetory is within the plane

z = 0. A virtual irular trajetory is de�ned as a irlewithin a plane at z 6= 0 and shares the same rotation-axis with the atual irular trajetory and has a radius
R idential to that of the atual irular trajetory. Thestraight line segment that onnets any two points on avirtual irular trajetory is de�ned as a virtual hord. Itan be shown that a point ~r in the image spae an beexpressed, in terms of hord oordinates, as
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λFig. 1. Illustration of the approximate data-redundany in a full one-beam irular san. The thik irle and line segment represent thesoure trajetory and the hord, respetively. For a reonstrution point
~x within the midplane, whih is on the hord spei�ed by λa and λb,data aquired along the ray onneting points ~r0(λ) and ~x is idential tothat along the ray onneting ~r0(λ′

) and ~x. For a reonstrution point ~x′within the o�-midplane, data aquired along the ray onneting points
~r0(λ) and ~x′ and data aquired along the ray onneting ~r0(λ′

) and
~x′ are not redundant. Notie that λ ∈ [λa, λb] while λ′

∈ [−π, λa] ∪

[λb, π].
~r =

[~r0(λa) + ~r0(λb)]

2
+ xcêc + z0êz, xc ∈ (−l/2, l/2),where parameter z0 is used to speify the plane where thevirtual hord loates. Therefore, for a partiular hordspei�ed by λa and λb, the image funtion f(~r) on thehord an be reonstruted [8, 11℄,

fc(xc, λa, λb, z0) =
1

2π2

1

C(xc)
{2πP0 (1)

+

∫ xB

xA

C(x′
c)dx′

c

xc − x′
c

g(x′

c, λa, λb, z0)

}where
C(xc) =

√

(xB − xc)(xc − xA), (2)
xA and xB are the points on the hord satisfying [−l, l] ⊃
[xA, xB] ⊇ [xs1, xs2], and xs1 and xs2 denote two endpoints of the intersetion of a hord with the objet sup-port. The onstant term P0 represents the projetiondata along the hord, whih is approximately estimatedfrom the average of projetion data for the x-rays pass-ing through the middle point of the hord at view λa and
λb. The bakprojetion image g(x′

c, λa, λb, z0) an be ex-pressed as
g(x′

c, λa, λb, z0) =

∫ λb

λa

dλ

|~r ′ − ~r0(λ)|
dP (u, v, λ)

dλ

∣

∣

∣

∣

β̂

, (3)In a irular one-beam san, the one-beam projetiondata satis�es
P (u, v, λ) = P (u′, v, λ′), (4)

dP (u, v, λ)

dλ
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β̂

= − dP (u′, v, λ′)

dλ′

∣
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, (5)

for the midplane, where u′ = −u and λ′ = λ + π −
arctan u

D
. Parameter D denotes the soure-to-detetordistane. While this equation is not valid for o�-midplanes,the data aquired over angular ranges [−π, λa] and [λb, π]do not generally ontain truly redundant data informa-tion, beause no ray passing through the point within theo�-midplane has been measured twie, as shown in Fig.1. However, data over the angular ranges [−π, λa] and

[λb, π] an be treated as approximated redundant infor-mation. By inorporating suh �redundant information�,a weighted BPF algorithm was derived for a full iru-lar one-beam san, and the bakprojetion in Eq. (3) issubstituted by
g(x′

c, λ1, λ2, z0) =

∫ π

−π

dλ
w(λ,~r′)

|~r′ − ~r0(λ)|
dP (u, v, λ)

dλ

∣

∣
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β̂

,(6)where w(λ,~r′) is a funtion to adequately normalize the�redundant� data derivative dP (u,v,λ)

dλ

∣

∣

∣

β̂
in a full san, whihsatis�es

w(λ,~r′) − w(λ′, ~r′) = 1.0,where λ′ = λ+π−arctan u
D
. It an be shown that di�erentweighting shemes will result in di�erent reonstrutionalgorithms.Reently, an FBP algorithm has been proposed for re-onstruting images diretly from fan-beam projetions,in whih the spatially varying weighting fator is removedthrough the appropriate utilization of data redundany[10℄. In this work, we proposed a weighting sheme toeliminate the spatially varying weighting fator 1

|~r′−~r0(λ)|in reonstrution formula Eq. (1). Spei�ally, the sele-tion of the data weighting funtion
w(λ,~r′) =

{

|~r′
−~r0(λ)|

2Rcosγ
, λa < λ < λb

− |~r′
−~r0(λ)|

2Rcosγ
, otherwise

, (7)where γ = arctan u
D

. Substituting Eq. (7) into Eq. (6)yields a new BPF reonstrution algorithm below,
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.Clearly, the new BPF algorithm involves no spatially vary-ing weighting fator in the bakprojetion step, whih anpotentially improve the image noise and omputationalproperties. Moreover, ompared to FBP algorithm, theproposed BPF algorithm an handle the image reonstru-tion from trunated data.
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Source

Detector
CollimatorFig. 2. Illustration of the sanning geometry for the ROI-image reon-strution in the middle plane. The region enlosed by the white solidlines is the ROI to be reonstruted. For eah soure position, the x-raybeam is ollimated to only over the ROI. Notie that the projetiondata are trunated.III Numerial resultsA Image reonstrution from trunated dataIn this study, a irular trajetory with a soure to ro-tation axis distane R = 32.0 m was used, and a 2D �atpanel detetor was plaed at the distane S = 58.0 mfrom the soure. The detetor array onsists of 256× 256elements eah of whih has a size of 2.2 mm. Therefore,the maximum fan-angle subtended by the detetor is 520,whih is the typial maximum fan-angle for lini san-ners. In this study, we used a 3D ROI, as the regionenlosed by the white solid lines in Fig. 2, to evaluatethe performane of the proposed BPF algorithm for ROIimage reonstrution from trunated one-beam data. Asshown in Fig. 2, the x-ray beam is narrowed by the olli-mator to over the ROI, whih an result in a redution ofradiation dose. The trunated one-beam projetion datawere generated at 300 views uniformly distributed over[−π, π℄, from whih a 3D ROI-image was reonstrutedby use of the proposed BPF algorithm without spatiallyvarying weighting fator. The 2D images within oronal,saggital and transverse slies are shown in the upper rowof Fig. 3. We also displayed in the lower row of Fig. 3the orresponding 2D slies of the image reonstruted byuse of the original BPF algorithm. Comparison betweenthe two images in Fig. 3 indiates that they are virtu-ally idential, whih demonstrates that the proposed BPFalgorithm and the original BPF algorithm yield mathe-matially idential images from noiseless full san datafor the midplane. Both of algorithms an give the exatreonstrution for midplane. While it an be observedthat, these two sets of images within the o�-midplane(i.e., z 6= 0) are di�erent beause data ontain only ap-proximate redundant information for the o�-midplane, asshown in Figs. 3a and 3b.B Noise propertyWe have also performed a omputer-simulation studyto investigate the noise properties of the proposed BPFalgorithm without spatially varying weighting fator for

a b Fig. 3. 2D slies in the 3D image reonstruted by use of the proposedBPF algorithm (upper row) and the original BPF algorithm with theoriginal BPF algorithm (lower row), respetively, from trunated one-beam data in a full san. Columns (a), (b), and () display the imageswithin the 2D slies at (a) x = 0 m, (b) y = 3.38 m, () z = 0 m,respetively. The display grey sale is [1.0, 1.04℄.the irular one-beam san. In this study, the phantomand sanning geometry desribed in Se. A were usedto generate the noiseless projetion data. 3000 sets ofnoisy data were generated by adding stationary Gaussiannoise to the noiseless one-beam projetion data, with thestandard deviation that is 0.16% of the maximum proje-tion value. From these noisy projetion data sets, theimages were reonstruted by use of the proposed BPFalgorithm. Using these images we then omputed empir-ial image varianes, whih are shown in the top row ofFig. 4. In order to ompare with the performane of theoriginal BPF algorithm, we also alulated the empirialimage variane obtained by use of the original BPF algo-rithm, whih is shown in the bottom of Fig. 4.For image reonstrution within the midplane, the vari-anes obtained by use of the original BPF algorithm, aswe expeted, are observed to inrease when the reon-strution position is far from the rotation enter, whilethe varianes obtained by use of the proposed BPF al-gorithm are more uniform. Furthermore, the proposedBPF algorithm without spatially varying weighing fatoran yield generally lower image varianes than the originalBPF algorithm, and the di�erene between the varianesobtained with these two algorithms has been ampli�ed forthe peripheral region. These numerial results on�rmour theoretial predition that the removal of the spa-tially varying weighting fator in the bakprojetion stepan lead to the redution of image varianes, espeially inperipheral region of the �led of view (FOV).It an also be observed that the varianes obtainedwith the original BPF algorithm inrease for the posi-tion within the peripheral region for the o�-midplane,and there is a general trend that the non-uniformity ofthe image varianes within the transverse plane redues
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a b Fig. 4. Image varianes within the 2D slies at obtained by use of theproposed BPF algorithm and the original BPF algorithm, respetively,from noisy data in a full-irular one-beam san. Columns (a), (b), and() display the image varianes within the 2D slies at (a) x = 0 m, (b)
y = 0 m, () z = 0 m, respetively. The display window is [3 × 10

−5,
8 × 10

−5℄when the distane between the reonstruted plane andmidplane inreases. It turns out that this trend is ausedby the spatially varying weighting fator in the bakpro-jetion step, beause the spatial variation of the weightingfator is smaller for the the plane far from the midplane.While the proposed BPF algorithm yields more uniformimage varianes within the reonstruted ROI than theoriginal BPF algorithm does, whih is the diret onse-queny of the removal of the spatially varying weightingfator in the proposed BPF algorithm.IV ConlusionA BPF algorithm that involves no spatially varyingweighting fator was proposed for image reonstrutionfrom full-san one-beam data. We have onduted nu-merial studies to investigate and evaluate the proposedBPF algorithm for ROI-image reonstrution in a iru-lar one-beam san. Quantitative results in these stud-ies demonstrate that the proposed BPF algorithm retainsthe desirable property of the original BPF algorithm whileyielding more uniform and lower image varianes than theoriginal BPF. As disussed above, the noise redution isattributed to the removal of the spatially variant weight-ing fator in the bakprojetion step. Suh a redutionand uniformity of image noise levels may improve the a-uray and preision of lesion detetion and parameterestimation in CT images, without inreasing the radia-tion dose to the patient. Moreover, based upon the ap-proah desribed in this work, one an also generalize thehord-based algorithms to reonstrut images from dataaquired by use of detetors with di�erent shapes, suhas the urved detetor, whih is employed in the linisanner.
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Abstract—In this paper we propose a new method for 

evaluation of image recording strategies for limited angle 
tomography. In limited angle tomography exact 3D reconstruction 
is not achievable. With our method a metric for the reachable 
reconstruction quality is calculated. The result is independent of 
reconstruction algorithms and only depends on the image 
recording strategy.  

Our approach is based on the gradients of the scanned volume 
and their grade of determinability. Our simulation results show 
that the relative reconstruction accuracy is similar to the 
simultaneous algebraic reconstruction technique. By using our 
method different x-ray source trajectories for a predefined limited 
angle range are now comparable with respect to the 
reconstruction quality. 
 

Index Terms—3D reconstruction quality, intraoperative 
imaging, limited angle tomography, x-ray source trajectories 
 

I. INTRODUCTION 
Commercial 3D imaging systems, like 3D C-Arms and CTs, 

are characterized by a circular movement of x-ray source and 
image detector. With this design specific demands on 
intraopertive use of 3D imaging are not optimal fulfilled. 
Unobstructed access to the patient, short imaging time, good 
imaging quality and low radiation exposure are required. To 
avoid the disadvantages of commercial systems, the 
development of an intraoperative 3D imaging system with a 
new recording strategy is proposed [1]. Alternative x-ray source 
trajectories have already been presented, e.g. a closed sinusoid 
trajectory [2] and a wobble trajectory [3] for 3D C-Arm 
imaging. To evaluate the reconstruction quality of x-ray source 
trajectories, computer generated phantoms and reconstruction 
algorithms are used to calculate the resulting accuracies, e.g. in 
[4]. An alternative method is presented in [5]. A resolution 
function is suggested to predict the tomographic capability of 
image recording strategies respective to single features in the 
scanned volume. The features are assessed in reconstruction 
accuracy independent of reconstruction algorithms. An 
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estimation of the total reconstruction quality of an image 
recording strategy is not described. A visual method for 
evaluation of x-ray source trajectories is shown in [6]. Surfaces 
depending on the trajectory are drawn within a sphere 
representing the reconstruction volume. The source trajectory is 
complete if the surfaces fill the sphere sufficiently.  

The condition for a complete trajectory and exact 
reconstruction respectively is described by Tuy [7]. For an exact 
reconstruction of a point this condition requires that every plane 
passing through the point has to intersect the x-ray source 
trajectory at least once. X-ray source trajectories of limited 
angle tomographies don’t fulfil Tuy’s condition (Fig.  1). To 
determine the reachable reconstruction quality of those 
trajectories, a quantity describing the reconstruction accuracy is 
necessary. 

In this article a new method for evaluation of reachable 
reconstruction quality of defined x-ray source trajectories is 
proposed. Our quality evaluation is independent of 
reconstruction algorithms and any point in the scanned volume 
can be considered. The scanned volume is assumed to be 
completely pictured in the projection images. With our method 
different image recording strategies within a limited angle range 
are comparable in resulting 3D reconstruction quality.  

 

source path

object

limited angle range

image detector
 

Fig.  1  Example of limited angle tomography. 
 

II. OUR METHOD 
Our approach is based on the determinability of the gradients 

at one point in the volume. It can be observed that a gradient at a 
point p in direction of the x-ray beam from source position s is 
not displayed in the image of the beam.  

With growing difference between the directions of gradient 
θ  and x-ray beam, the changes of the density are better visible 
in the image. The projection of the gradients in the image 
depends on the angle ϕ  between the gradients and the x-ray 
beam.  

A new method for evaluation of x-ray imaging 
trajectories for limited angle tomography 

Fabian Stopp, Christian Winne, Emanuel Jank, and Erwin Keeve 
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Fig.  2  Line scanning of density function f . 

 
Since only information contained in the images can be 

reconstructed, the reconstruction accuracy of a point is 
dependent on the projection of the gradients at this point. 
Because the x-ray source s, the x-ray beam, the point p in the 
volume and the gradient θ  are located in a plane, in the 
following the two-dimensional space is considered.  

With the Radon transform the projection of a density 
function ( , )f x y  can be described with line integrals of this 
function (Fig.  2). The ( , )ξ η -coordinate system rotates with 
the x-ray source s. The ( , )x y -coordinate system of the density 
function and the ( , )ξ η -coordinate system have following 
geometrical relation: 

 sin( ) cos( )ξ ϕ η ϕ= − +x  (1) 
 cos( ) sin( )ξ ϕ η ϕ= +y  (2) 
For a constant angle of projection ϕ  the projection integral 

for parallel beam geometry is 

 ( ) ( ) .ϕ ξ ηξ ξ η η
∞

−∞

= ⋅ + ⋅∫p f dn n  (3) 

The vectors ξn  and ηn  are the unit vectors in direction of 
the lateral shift of the x-ray source as well as in direction of 
projection. 

 ( sin( ),cos( )) ;  (cos( ),sin( ))ξ ηϕ ϕ ϕ ϕ= − =T Tn n  (4) 

In order to determine the gradient projection of the density 
function f  at point p, (3) is differentiated with respect to ξ . 
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Using (1) and (2), we can transform the derivative (5) to:  
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If the x-axis of the ( , )x y -coordinate system is interpreted as 
the direction of the gradient θ , note the gradient /∂ ∂f x  is 
comprised with factor sinϕ  in the differentiation of the Radon 
transform. An equivalent proof of this observation can be also 
shown for fan-beam geometry.  

  

 
 
Fig.  3  Gradient unit sphere for a projection from the x-ray source position 

(0,1,0)= Ts ; the quality values of the sphere surface describe the calculated 
results of the gradient directions emanating from point (0,0,0)= Tp  by means 
of the quality function q. 

 
A quality function q is defined, where the gradient θ  is 

weighted with the sine of the included angle ϕ  between the 
x-ray beam and the gradient direction. 
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 (8) 

The quality function q is calculated for all gradient directions 
, 1..i gi N∈θ  emanating from point p. The result of q is 0 for 

same directions of θ  and x-ray beam and 1 if they are 
orthogonal. With a unit sphere considering the point p in the 
center of the sphere the results of q can be visualized. At the 
intersection points of the gradients iθ  with the surface of the 
unit sphere the qualities of the respective gradient directions are 
illustrated. The so called gradient unit sphere with the 
visualized quality values is shown in Fig.  3. 

For a set of projections from different directions to point p 
each gradient is weighted with the maximal quality value of all 

SN  x-ray source positions. 
 { }( , ) max( ( , , ) 1,2,..., )= ∈i sq q i Np θ p s θ  (9) 

With a set of x-ray source positions the value ( , )q p θ  of the 
quality function for a gradient direction describes an upper 
bound of his determinability. To determine the quality of the 
reconstruction at the position p, the mean quality value ( )q p  of 
all gradients 2S∈θ  is calculated. 

 
2

0 0

1 1( ) ( , ( , ))
2

π π

ϕ ϑ ϕ ϑ
π π

= ∫ ∫q q d dp p θ  (10) 

 ( )with  ( , ) sin cos ,sin sin ,cosϕ ϑ ϑ ϕ ϑ ϕ ϑ= Tθ  (11) 
 

III. COMPARISON WITH SART-RECONSTRUCTION 
Our proposed method of gradient determinability in 

projection images is compared to accuracy determination with 
simultaneous algebraic reconstruction technique (SART) [8]. 
The SART is used because of the analysis of our method with 
limited angle source trajectories and a limited number of 
projection images. 
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A. X-ray source trajectories 
Three different classes of x-ray source trajectories for 3D 

reconstruction are defined. Every class consists of a trajectory 
with a variable parameter. 

By a modification of the variable parameter the source 
trajectory is changed and influenced in resulting reconstruction 
quality (see Fig.  4).  

The circular path (Fig.  4 left) is a x-ray source trajectory 
around the volume with a variable angle at center cφ . The angle 
at center varies from 90° to 180° in 15°-steps.  

The crosswise path with central intersection (Fig.  4 middle) 
is a source trajectory consisting of two single circular paths 
around the volume. The circuits intersect orthogonal in their 
center. The angle at center of the first circuit cφ  is 90° and the 
angle at center of the second circuit cϑ  varies from 0° to 90° in 
10°-steps.  

The crosswise path with variable intersection (Fig.  4 right) is 
a source trajectory consisting of two single circular paths 
around the volume. The angles at center cφ  and cϑ  of these two 
circuits are constant with 90°. The circuits intersect orthogonal 
in the center of the second path. The angle position pφ  of the 
point of intersection on the first circuit is variable. The angle pφ  
varies from 0° to 45° in 5°-steps.  

B. Quality evaluation with SART 
Based on the three defined types of source trajectories 

two-dimensional projection images of the Shepp-Logan 
phantom [9] were produced with a software environment. For 
each recording strategy 180 cone-beam projection images were 
created. All 180 source positions are evenly distributed over the 

complete possible path. The Shepp-Logan phantom is located in 
the center of the circular paths. The distance between x-ray 
source and center of the phantom is 20 mm. The distance from 
x-ray source to the detector is 40 mm. The central beam of the 
x-ray source forms the normal of the image plane. The size of 
the image is 5.5 mm x 5.5 mm with 1024 x 1024 pixels. The 
reconstructed volume consists of 256 x 256 x 256 voxels with a 
voxel size of 0.01 mm³. The used reconstruction algorithm is 
SART with three iterations. The results of the reconstructed 
volume V are compared with the original phantom P. The range 
of the density values of V and P is between 0 and 65535. To 
determine the resulting accuracy the difference between 
original and reconstruction is calculated for each voxel of the 
volume. With the normalized root mean square RMS of all 
differences the reconstruction quality is specified. 

 ( )
256 256 256 2

, , , ,3
1 1 1

1
256 = = =

= ⋅ −∑∑∑ x y z x y z
x y z

RMS V P  (12) 

C. Quality evaluation with our method 
  The arrangement of source positions and volume is exactly the 
same as in the quality evaluation with SART. To compensate 
the different dimensions of Shepp-Logan phantom and gradient 
unit sphere, the size of the whole configuration is scaled with 
factor 20. For each recording strategy 180 source positions are 
used. The volume in the center of the unit sphere has the same 
proportion of size compared to the simulation with SART and 
consists of 3 x 3 x 3 points. The considered  10000gN =  
gradients at each of these points are uniformly distributed in all 
directions. Every gradient of the 27pN =  volume points is 
determined with the maximal quality value of all projections (9)
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Fig.  4  Comparison with SART reconstructions: row 1: defined x-ray source trajectories with variable parameters φc , ϑc  and φp ;  row 2: accuracies of SART 
reconstructions; row 3: results of our proposed quality evaluation method. 
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. 

As the total quality measurement of one complete source 
trajectory the arithmetic mean μ  of all gradient quality values 
is calculated with (13). 

 ,
1 1

1 ( , )μ
= =

= ⋅
⋅ ∑∑

p gN N

i j
i jp g

q
N N

p θ  (13) 

 
The error value ε  of a source trajectory is derived from μ . 
 
 1ε μ= −  (14) 

 

IV. RESULTS 
The results of our method were compared with the results 

calculated with SART. The error values of our method have 
similar dependencies on the x-ray source trajectory as the 
results of SART. This is shown for all defined recording 
strategies depending on their respective parameters. The 
graphical presentation of the comparison is illustrated in Fig.  4.  

With increasing angle cφ  of the circular path the error values 
ε  and RMS decrease. The slopes of both error curves are also 
decreasing with a growing angle cφ  (Fig.  4 left). The most 
accurate results were achieved with an angle 180cφ = ° . For the 
central point in the scanned volume this trajectory fulfils the 
sufficiency condition. The RMS error is 2580 by a total density 
range from 0 to 65535. The RMS value is caused by the 
comparison of the reconstructed volume with the discretized 
mathematic defined Shepp-Logan phantom. This leads to 
increased differences at the density borders of the discretized 
phantom and the slightly blurred reconstruction. 

For the crosswise path with variable intersection the error 
values ε  and RMS show the same variation depending on a 
change of pφ  (Fig.  4 right). By changing the intersection of 
both circuits from pφ  = 0° to pφ  = 45° the reconstruction 
accuracy decreases continuously. 

In contrast to our method the SART reconstruction error rises 
with increasing angle cϑ  from 0° to 30° (Fig.  4 middle). 
Because of the constant number of 180 source positions, the 
distances between the positions on the first circuit are growing 
with an increasing angle cϑ . The increasing density of source 
positions near the central intersection decreases the weighting 
of projections from outer positions in calculating the 
reconstruction with SART. With an angle cϑ  greater than 30° 
the error values ε  and RMS  show again the same dependency 
on cϑ . 

 

V. CONCLUSION 
In this paper a method for evaluation of image recording 

strategies for limited angle tomographies is proposed. Our 
method computes a metric for the reachable reconstruction 
quality of any considered point in the scanned volume. The 
result of the method depends on the x-ray source trajectory and 

is independent of reconstruction algorithms. In comparison with 
SART we showed that our method represents the reconstruction 
accuracy of x-ray source trajectories and can be used to 
compare the reachable 3D reconstruction quality of different 
image recording strategies. The aim of future work is to use our 
method to determine an optimal x-ray source trajectory for 3D 
imaging within a predefined limited angle range. 
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CT Reconstruction from Truncated Scans 
Michael S. Vaz, Russell Mersereau, Guillaume Spalla, Cédric Marchessoux 

 
Abstract—Truncation occurs for many different reasons in 

CBCT and lateral truncation causes truncation artifacts. 
Although the truncation problem has been extensively studied in 
the past, to our knowledge, no single available method that can be 
implemented within a filtered backprojection CT reconstruction 
framework performs well for all different types of truncation. 
Further, most of these methods make unrealistic assumptions 
about the data and some do not lend themselves to a real-time 
implementation. The presented method works for all cases of 
truncation, does not make any assumptions about the scanned 
object and has been implemented in the real-time streaming 
Barco TDRS-7101 GPU accelerated CT reconstruction platform. 
The multi-faceted approach addresses special filter design 
considerations for truncated scans – an aspect that is absent in 
almost all previous methods. A thorough validation study 
demonstrated that the method greatly improves image quality in 
the regions most affected by truncation while preserving the 
image quality of the unaffected regions. 
 

Index Terms—CT reconstruction, truncation, anti aliasing 

I. INTRODUCTION 
In 3D computed tomography (CT) imaging, a scanned 

object that exceeds the detector’s field of view (FOV) is said 
to be truncated. While projection images are often vertically 
truncated, in CT literature, the term “truncation” generally 
refers to lateral truncation, which causes CT image artifacts. 

Truncation can be attributed to many causes: the scanned 
object being too large to be contained within the detector 
FOV, region of interest (ROI) tomography – where the 
projections only pass through a ROI within the object, 
asymmetric detector configuration (ADC) – where the detector 
has been offset laterally to increase the reconstructable FOV, 
and the use of image intensifier (II) detectors that have a 
circular FOV (vs. rectangular FOV of flat panel detectors) are 
the most common causes of projection truncation. 

We are specifically interested in truncation in the context of 
circular/elliptical trajectory cone beam CT (CBCT), such as C-
arm imaging systems. Such systems usually perform CT 
reconstruction using the popular FDK filtered backprojection 
(FBP) algorithm [1] and our ideal solution should fit into the 
FDK framework. Further, the truncation solution should work 
for all the cases of truncation noted above; it should not make 
any assumptions regarding the object being scanned or 
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regarding how much of that object was scanned and should 
work for short scan (<360 degree rotation) acquisitions. It 
should also port well to a real-time streaming implementation. 

The truncation problem has been studied by many 
researchers and the majority of the previous methods to 
address truncation view the problem as an exercise in 
extrapolating the missing data: they generally involve fitting a 
smooth function over the region of truncation [2]. In [2, 3] 
linear prediction is used to extrapolate the missing data, while 
[4, 5] use symmetric mirroring. In [6] the missing data is 
extrapolated by modeling the scanned object as a water 
cylinder. All these methods extrapolate a limited number of 
samples, which gradually tend to zero, thereby implying that 
the width of truncation is known, which is often incorrect. The 
methods in [6, 7] do not work for the “interior problem,” 
where all the projections are truncated. Further, [6] is devised 
from parallel beam geometry and requires rebinning the cone 
beam data and [7] requires projections to be in pairs that are 
180o apart, neither of which are feasible for a real-time 
streaming system. [8] calls for a multi-resolution dual scan 
protocol. The method in [5] requires specific parameters and 
makes assumptions about the scanned data, thereby making 
assumptions about the scanned object itself. Although [2, 4, 5] 
have been implemented for II detectors, they ignore 
consideration specific to circular FOV truncation. 

The presented method to address truncation satisfies all the 
stated requirements, includes the special filter design 
component detailed in [9] and was thoroughly validated. 

As discussed in [9], if grid aliasing is an issue, both, the 
columns and the rows of a projection may have to be filtered.  
We address column-wise truncation, because most scan 
projection images are vertically truncated, regardless of 
whether they are laterally truncated or not. 

II. METHOD 

A. Overview of the presented method (lateral truncation) 
 The proposed method is designed to work within the FDK 

framework for CT reconstruction. An overview is presented in 
Fig. 1. Design of the short impulse response (IR) ramp filter 
and the non-zero padding component are discussed further. 

B. Short IR filter 
Using a filter with a short IR length naturally mitigates 

propagation of truncation artifacts [4]. However, short IR 
filters have been plagued with a non-zero frequency response 
(FR) at 0 Hz [4, 9] and an undesirable ripple in their 
corresponding frequency responses [10], leading to increased 
variance in the resulting CT images. Using the filter design 

10th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 178

mailto:michael.vaz@barco.com


 
 
 
 
 
method described in [9], we construct short IR filters that do 
not have these shortcomings. Fig. 2-3 show an overview of the 
filter design methodology and an example, respectively. 

C. Non-zero padding of truncated scans 
We take a signal processing view of the truncated scan 

problem. Filters that adapt to data boundaries are discussed in 
the Second Generation Wavelets section of [11]. One 
approach is for the spatial domain filter to “fold” on itself at 
the data boundary. Directly implementing this approach would 

require defining different filters for different spatial locations, 
which is not conducive to FFT-based filtering. However, 
padding the data with symmetric mirroring [5, 4] will achieve 
the same result, while letting let us use the same filter for the 
entire projection. Fig. 4a illustrates symmetric mirroring to pad 
the truncated projection data. 
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Fig. 1. Algorithm overview. The cosine weighting component [7] is included 
to support truncation due to an asymmetric detector configuration (ADC) and 
is not novel.    

Scan data acquired using image intensifiers (II) usually 
result in data being truncated outside a roughly circular FOV. 
Such data presents additional challenges that are not properly 
handled by most data extension methods including symmetric 
mirroring. The pad length is defined by the filter IR length and 
for scan lines that are close to the top and bottom of the scan 
FOV (SFOV) the available data length can be less than the 
required pad length. One option to handle this situation is to 
define a different filter for each different scan line length, but 
this approach is undesirable, both in terms of performance and 
image quality. Another approach would be to redirect the 
spatial domain filter along the data boundary instead of folding 
it upon itself at the data boundary. Again, instead of modifying 
the filter, this result can be achieved by padding the data using 
values along perimeter of the SFOV, which we refer to as 
“perimeter padding” (PP). Fig. 4b illustrates PP.  

   

DC correction: 
restor e zero-sum 

of the impulse 
response

 

Acquisition 
parameters 

   
Compute filter 

parameters (FFT 
length, IR length, 
cutoff frequency)

 
  Smooth  the transitions: 

round out the sharp corners 
 

  
  

Truncate the IR according to the 
desired IR length: preserve the 

centra l portion and null out the rest
  

  
FFT

 

IFFT
 

IR of smoothed ramp filter
  

Ramp  
filter 

used in 
proposed 
method

 

Fig. 3. Filter design example for scan width U = 300. Solid line: the desired 
FR is piece-wise defined and the transitions (corners) are smoothed out. 
Dotted line: short IR filter produced by the method presented in Fig. 2 [9]. 
Notice that the two FRs are almost identical. Inset: the truncated filter is in-
fact null at 0 Hz – DC bias issue of [4, 9] has been solved.  

IR  
 

Set imaginary values to zero: 
filter must be purely real

 

Piece-wise construct
the desired filte

Constructing a Ramp Filter with Finite (S hort)   IR

r 
frequency response

 

  

FR

 
 

Fig. 4. (a) Inner yellow (light) region: log scaled projection data values. 
Outer blue and green (dark) regions:  symmetric mirroring used to pad the 
left and right boundaries of the truncated projection data. Note that the 
padding “pivots” on the boundary value which makes the right side pad
values of the upper row F E instead of G F. This leads to the effect of the 
filter folding upon itself at the data boundary. (b) Inner yellow (light) region: 
log-scaled projection data within a circular SFOV due to II truncation. Outer 
purple (dark) region: area to be filled using PP. Considering the right side of 
second row, the filter would have been redirected to follow the data 
boundary clockwise along the perimeter and encounter D E F (boundary 
values of lower rows). Considering the left side of the bottom row, the filter 
would have encountered N O P Q R as it was redirected clockwise along the 
data boundary. Considering the left side of the third row however, the 
redirected filter would have traveled counterclockwise and encountered U T. 
Note: PP is only used to complete the bounding rectangle of the SFOV. 

 

Fig. 2. Overview of the method to construct short IR filters [9]. 
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 Non-Zero Padding  (a) (b) 

(c) (d) 

(e) (f) 

 
Fig. 6. Axial slice of Catphan phantom [15]. (a) Reference (ground truth) 
slice from non-truncated scan data. (b) Reconstruction of truncated data 
using the original FDK method and (c) the proposed method. (d) Structural 
similarity map comparing (a) and (b). Hot regions of the structural similarity 
maps indicate the regions of greatest discrepancy. Notice the most affected 
regions are at the periphery of the reconstruction FOV. (e) Structural 
similarity map comparing (a) and (c). 

D. Filtering along the columns of 2D detectors 
While FBP usually only requires filtering along the detector 

rows, there may be situations in which the detector columns 
need to be filtered as well: band-limiting the projection to 
address grid aliasing is one such situation [9]. If the projection 
data is vertically truncated, and medical scans usually are, then 
non-zero padding needs to be used for the column-wise 
filtering. 

The practical implementation of column-wise filtering is to 
(i) transpose the projection data, (ii) apply non-zero padding in 
the same manner as shown in Fig. 4-5, (iii) filter the rows and 
(iv) transpose the result. Referring to Fig. 1, if vertical filtering 
is necessary, the above 4-step process should be executed 
immediately after the ramp filtering block and before the ADC 
decision block. The filter design itself is discussed in [9]. 

III. RESULTS AND ANALYSIS 
The proposed method was tested on multiple truncated 

medical datasets: Ex. ankle, spine, hand, shoulder and head.  
Establishing proper validation criteria was challenging 

because the CT images to be compared had very different 
luminance and contrast characteristics, making standard pixel-
wise comparison methods essentially meaningless.  We 
overcame the challenge to thoroughly evaluate our method and 
assess its clinical value by using the MEVIC (medical virtual 
imaging chain) framework [12, 13], combined with SSIM 
(structural similarity) [14]. MEVIC essentially simulates the 
entire imaging chain from image capture through visualization 
and is composed of (a) a virtual image, (b) a virtual medical 
display and (c) a virtual specialist which, in this case, was 
based on SSIM. The study revealed that the method had strong 
clinical value.  

Starting with non-truncated scan data of a Catphan phantom 
[15] and a chest phantom, we first constructed reference 
(ground truth) CT volumes from the non-truncated data (Fig. 
6a, 7a, 8a). Truncation was then simulated by applying a mask 
to the non-truncated scan data: reconstruction results were 
obtained for this data using the original FDK method (Fig. 6b, 
7b, 8b) and the proposed method (Fig. 6c, 7c, 8c).                 

 
Fig. 7. Coronal slice of Catphan phantom. (a) Reference (ground truth) slice 
from non-truncated scan data. (b) Reconstruction of truncated data using the 
original FDK method. (c) Reconstruction of truncated data using the 
proposed method. Original non-truncated data was obtained using a 
1024x768 detector. Truncation was simulated by masking out the left-most 
and right-most 270 columns, thus simulating  a rectangular detector that had 
only 484 (1024 – 2x270 = 484) detector elements per scan line. The 3D 
reconstructable FOV is a cylinder, which implies a rectangular FOV for a 
coronal slice. Sagital slices are treated similar to coronal slices. 

If II

Perimeter padding (PP) 

Symmetric 
mirroring 

Padded 
image for 
pre-
weighting Yes 

No Log scaled 
projection 

Fig. 5. Exploded non-zero padding block from Fig. 1 
  

TABLE I 
COMPARISON OF THE ORIGINAL FDK METHOD AND THE PROPOSED METHOD 
FOR TRUNCATED SCANS. SIMILARITY SCORES ARE MEASURED WITH RESPECT 

TO THE REFERENCE (NON-TRUNCATED/GROUND TRUTH) VOLUMES. 
  

Original FDK Proposed 
method 

 

Global similarity score (full FOV) 
 

88% - 95% 
 

95% - 99.6% 

Local similarity score (regions 
affected by truncation) 

 
11% - 49% 

 
90% - 96% 
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All the evaluated CT volumes were 5123. Considering the 
volumes as stacks of 512 axial slices, the truncated scan results 
were compared to the reference (ground truth) and these 
results are summarized in Table 1. While the proposed method 
significantly improved the image in the regions most affected 
by truncation (local similarity score), we also verified that it 
did not adversely affect the other regions – in fact, there is a 
modest improvement in the full FOV (global similarity score). 

We also considered the volumes as stacks of coronal and 
sagital slices and obtained corresponding similarity scores, 
which were similar to those obtained for the axial orientation. 

 
Fig. 8. Same coronal slice of Catphan phantom as shown in Fig. 7, but a 
circular mask was applied to the original scan data to simulate truncation 
caused by image intensifier (II) detectors. The circular mask was 484 pixels 
in diameter. Note that the reconstructable FOV is sphere in this case, which 
implies a circular coronal slice FOV. The results in Table I account for II 
truncation as well as for regular (rectangular) detector truncation. 
  

Since filtering was performed using the popular FFTW [16] 
filtering library, which does not limit FFT lengths to powers of 
2, the proposed method demonstrated computational speed 
advantages as well [9]. 

IV. CONCLUSION 
The presented method realizes a significant image quality 

improvement for CT reconstruction from truncated scans and 
satisfies all the requirements for a real-time streaming 
implementation. The method makes no assumptions regarding 
the object being scanned and works effectively for all the 
different types of truncation, including ADC, II and the 
“interior” problem. Having satisfied all these properties, the 
method qualified to be used as the truncation solution in the 
commercially available Barco TDRS-7101 GPU accelerated 
CT reconstruction platform [17]. 

The use of high quality short IR filters [9] is a core and 
novel component of the proposed truncation solution. The 
short IR filters serve to curtail artifact propagation and have 
the added advantage of fast computational speed. 

Although the truncation problem usually refers to lateral 
truncation alone, vertical truncation should be explicitly 

addressed in situations where column-wise filtering is 
necessary. Ex. anti-alias filtering to address grid aliasing [9]. 

Many valuable lessons were learned from evaluation study 
itself. To our knowledge, there were no established evaluation 
criteria already developed to specifically evaluate artifact 
reduction in CT reconstruction.  The significant differences 
between CT images with artifacts compared to those without, 
both, in terms of luminance and contrast characteristics, 
rendered standard pixel-wise comparison methods essentially 
meaningless. The evaluation study itself will be discussed in a 
future publication that is already in preparation. 
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Discretization of the Two-step Hilbert
Transform for Truncated Data Reconstruction

F.C. Sureau and M. Defrise

Abstract—In this work we systematically investigate several
implementation strategies to reconstruct truncated data using
the differentiated backprojection (DBP) followed by inverse finite
Hilbert transform (FHT). As performed in most studies using
these algorithms, we implemented the DBP using 2-point and
3-point derivatives followed by voxel-driven backprojection with
linear interpolation. We also considered differentiating interpo-
lating splines followed by voxel-driven backprojection. For the
inverse FHT, we implemented two different strategies: singular
value decomposition using linear and sinc interpolating bases
functions ; implementation of Söhngen formula using delta, linear
and sinc interpolating bases functions. A geometrical phantom
of the thorax was simulated to assess the performance of these
implementations for complete or limited data reconstructions.
The results indicate that higher accuracy can be obtained using
interpolating splines for the DBP, at the expense of increased
noise in the reconstructed images. For the inverse finite Hilbert
transform, results are similar using both approaches ; sinc
interpolating functions lead to higher levels of noise for both
strategies.

I. I NTRODUCTION

FOLLOWING the seminal works [1], [2], a new class of
analytical reconstruction algorithms have been proposed

in 2D and 3D computed tomography (CT). These techniques
involve two steps : a differential backprojection (DBP) and
an inversion of the finite Hilbert transform (FHT). In fan
beam and parallel beam geometries, these algorithms lead to
comparable image quality with the classically used filtered
back-projection (FBP) when data are complete [2]. Besides
they also allow accurate reconstructions in truncated data sit-
uations where FBP would fail. Local quantitative tomography
can therefore be performed with these algorithms. This could
ultimately lead to a reduction of dose delivery to the patient,
which is an important issue in CT imaging.

Effort has recently been made to identify the data sufficiency
conditions to obtain a unique and stable reconstruction from
these algorithms in 2D and 3D [1], [2], [3], [4]. However,
in contrast with the vast litterature on the numerical imple-
mentation of the FBP, only a limited number of papers have
so far investigated in details the implementation of the DBP
and FHT ; no systematic analysis of the various strategies
proposed has been performed. Our goal will be to compare
systematically several implementation strategies commonly
used for performing DBP followed by FHT, as well as to
investigate other approaches aiming at potential improvements
on image quality for high SNR data.

To date, for the DBP, most algorithms involves 2-point ([2],
[3]) or 3-point differentiation ([5], [6]) followed by a pixel-
driven backprojection using linear interpolation ([2], [3], [6]).
For the second step, various strategies have been proposed to
perform the inversion of the finite hilbert transform (FHT).
Most papers compute the inverse FHT using the formula of
Söhngen [7] and trapezoidal quadrature (e.g. [2]). Yu, Ye
and Wang [8] also used singular value decomposition (SVD).

F.C. Sureau and M. Defrise are with the Vrije Universiteit Brussel, Depart-
ment of Nuclear Medicine, Brussels, Belgium ; email : fsureau@vub.ac.be.

Sidky and Pan described a method based on decomposition
onto Chebyshev polynomials or truncated cosine and sine
bases [9]. Projection onto convex sets (POCS) algorithms have
also been employed [3], [4].

In this work, we considered for the DBP the differentiation
formulae commonly used followed by backprojection with
linear interpolation. Inspired by the work of Horbelt et al
[10] for FBP, we have also studied the use of interpolating B-
splines. Secondly, we compared two non-iterative approaches
for the inversion of the FHT. On one hand, we implemented
the fully discrete approach based on the SVD of a matrix
obtained by discretization of the FHT, as performed in [8].
On the other hand, schemes to discretize the analytic formula
of Söhngen were investigated. In these two approaches, several
interpolating functions were considered.

These strategies have then been compared for 2D parallel
beam data, but these approaches can also be employed to
discretize the DBP and the inversion of FHT in 2D fan beam
or 3D cone beam reconstructions.

This paper is organized as follows. In section II we present
the analytical formulae that were used for reconstruction of
complete and truncated data and the corresponding discretiza-
tion strategies investigated. In section III we describe the
geometrical phantom and Monte-Carlo simulation used to
evaluate the relative performance of the different implementa-
tions. We then provide results and discuss them in section IV.
Preliminary conclusions as well as future work are presented
in section V.

II. T HEORY

We consider a smooth functionµ(~r) with ~r = (r1, r2)
on a bounded supportΩ ∈ R

2. Its Radon transform is
parameterized by the radial coordinates ∈ R and azimuthal
angleφ ∈ [0, π] :

p(s, φ) =

+∞
∫

−∞

µ(s~u(φ) + t~u⊥(φ))dt, (1)

where~u⊥(φ) = (− sinφ, cos φ) is a unit vector parallel to the
line of integration and~u(φ) = (cos φ, sin φ) is orthogonal to
the line.

The DBP consists in performing the following operation:

b(~r) =
−1

2π

φ0+π
∫

φ0

[

∂(p(s, φ)

∂s

]

s=~r·~u(φ)

dφ. (2)

This backprojected image is related to the Hilbert transform
HLµ of µ along the lineL parallel to~n = (− sinφ0, cosφ0)
passing through the point~r :

b(~r) =
1

π
P.V.

+∞
∫

−∞

µ(~r − t~n)

t
= (HLµ)(~r), (3)

where P.V. indicates the Cauchy principal value.
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In this work we will use the following data sufficiency con-
dition to reconstruct an objectf(x) from its Hilbert transform
g(y) [2]: if the data are truncated so that we only know the
Hilbert transformg on an interval[−1, 1] of the Hilbert line
L and if the support of the objectf belongs to this interval,
then we can recoverf . The analytical formula of Söhngen [7]
allows to invert the finite Hilbert transformg:

f(x) =
1√

1 − x2



Cf +
1

π
P.V.

1
∫

−1

1

x′ − x
g(x′)

√

1 − x′2dx′



 ,

(4)
whereCf is a constant obtained from the sinogram as in [3].
We now present our implementations of these two steps.

A. Implementation of the DBP
To perform the derivative of the projections with respect to

the radial variables, we first consider both 2-point:
[

∂(p(s, φ)

∂s

]

s0−∆s/2

=
p(s0) − p(s0 − ∆s)

∆s
, (5)

and 3-point central derivatives:
[

∂(p(s, φ)

∂s

]

s0

=
p(s0 + ∆s) − p(s0 − ∆s)

2∆s
, (6)

where ∆s is the sampling step in the radial direction. This
3-point derivative can be considered as the 2-point derivative
followed by a discrete low pass filter of weights[1/2 1/2].
We have also performed cubic (n = 3 in the following
equation (7)) and parabolic (n = 2 in (7)) polynomial splines
interpolation of the projections along the radial direction. This
procedure using compactly supported functionsβ (B-splines)
is equivalent to filtering with functionsη (cardinal splines)
that have a faster spatial decay than the sinc function and
converge to this ideal interpolator as the order of the B-splines
goes to infinity [11]. Furthermore, this representation is suited
to differentiation since the derivative of a B-spline of order
”n” can be represented with a spline of order ”n-1” [12].
This scheme is summarized in the following formulae. For
interpolation, we perform:

p̃(s, φ) =
+∞
∑

k=−∞

cφ(k)βn(s − k), (7)

where βn(x) is the B-spline of ordern, cφ(k) are the B-
splines coefficients, and we have the constraintsp̃(l∆s, φ) =
p(l∆s, φ) for the l discrete samples. The differentiation with
respect tos leads to:

∂p̃(s, φ)

∂s
=

+∞
∑

k=−∞

[cφ(k) − cφ(k − 1)]βn−1(s − k +
1

2
). (8)

Note that the two-point derivative is the derivative of the
spline of ordern = 1 (linear spline). In this work we employ
voxel-driven backprojection with linear interpolation for the
2-point and 3-point derivatives, and with sampling of the
continuous derivative in equation (8) for the B-spline repre-
sentation. Following the work of Horbelt et al [10], we have
also implemented the backprojection of radially interpolated
projections (with cubic splines) onto parabolic spline spatial
basis functions, thus resulting in a continuous approximation
of the DBP (labeled ”full spline” in the next sections).

B. Inversion of the FHT
1) Singular Value Decomposition:In this fully discrete

approach, the Hilbert transform is first modeled, discretized
and used to build a matrixH then inverted using singular
value decomposition. To model the Hilbert transform, we
first represent continuously the discrete object to recover
fj = f(x0 + j∆x) with sampling ∆x on interpolating

bases function
1

∆x
Ψ(x/∆x) and then compute its continuous

Hilbert transform on the discrete pointsgk = g(y0 + k∆y):
gk = Hf(y0 + k∆y)

=
+∞
∑

j=−∞

fj

π∆x
P.V.

+∞
∫

−∞

Ψ([x′ − (x0 + j∆x)]/∆x)

y0 + k∆y − x′
dx′.

(9)
The elementhkj of the matrixH then represents the contri-
bution of fj to gk according to the preceding formula.

Different choices ofΨ may be considered. First ifΨ(x) =
δ(x) then we obtain the usual trapezoidal integration of the
Hilbert kernel. ForΨ(x) = sinc x, it is straightforward to
show that its Hilbert transform ish(x) = [1− cos(πx)]/(πx)
which gives after discretization the kernel used in [2], [8]. This
is also equivalent to using trapezoidal integration with a half-
pixel shift (i.e. y0 = x0 + ∆x/2) as proposed by Noo [13].
One can also use the B-splinesΨ(x) = ηn(x). In particular
n = 1 (linear interpolation) leads to the discrete kernel used in
[14]. Fig. 1 illustrates that both the choice of the interpolating
function and the shift between the samples off andg matter
for accurately modeling the Hilbert transform̂hs(ν). In this
work, we consider the casesΨ(x) = sinc(x) and Ψ(x) =
η1(x). We invert the discretized matrix H by unregularized
SVD.

Fig. 1. Modulation transfer functioniĥs(ν) for various choice ofΨ.
Horizontal axis is the frequency, with Nyquist frequency equal to1/2. The
ideal curve issign(ν). For the first line, on the left: Shannon discretization,
no shift between the samples off andg ; middle: Shannon discretization, half
pixel shift ; right: nearest neighbour interpolation, half pixel shift (η 0). For
the second line on the left: linear interpolation (η 1), no pixel shift ; middle:
η 1 half pixel shift, right: cubic spline interpolation, half pixel shift.

2) Inversion using S̈ohngen formula: The alternate ap-
proach is to discretize equation (4). In this approach, we first
interpolate the truncated Hilbert transformg(k) with functions
Ψ and then compute equation (4) :

fj =
1

√

1 − (−1 + j∆x)2

[

Cf +

(1−y0)/∆y
∑

k=0

gk

π∆y
·

P.V.
+1
∫

−1

Ψ([x′ − (y0 + k∆y]/∆y)

x′ − (−1 + j∆x)

√

1 − x′2dx′

]

(10)
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The first strategy to implement this formula is to assume
that the square root inside the integral is approximatively
constant over the support ofΨ. This assumption holds better
for functionsΨ with small support (e.g. B-splines of small
ordern) but is violated nevertheless close to the edges 1 and
-1. The inner term in the sum in equation (10) then becomes:

gk

√

1 − (y0 + k∆y)2

π∆y
P.V.

+1
∫

−1

Ψ([x′ − (y0 + k∆y)]/∆y)

x′ − (−1 + j∆x)
dx′.

(11)
We have implemented this approach usingδ, sinc and β1

interpolating functions.
The integral in equation (10) may also be computed analyt-

ically. We have derived the values of the integral for the linear
and parabolic interpolatorsη1(x) and η2(x), including the
special cases at the edges. Note that using Söhngen formula,
we expect numerical instabilities near the edges|x| ≈ 1 due
to the inverse of the square root in (4).

III. M ETHODS

We performed our 2D Monte-Carlo simulations on the
FORBILD phantom as in [3], represented in Fig. 2. Parallel-
beam data were generated (4 lines of response averaged per
detector, sampling step of 0.035cm, radial convolution of the
projections with a [1/4 1/2 1/4] kernel to simulate degradation
of the resolution). Moderate Poisson noise was also added to
the data, corresponding to a mean of about2.4× 109 photons
recorded in the sinogram.

Complete data were first reconstructed using the various
implementations of the DBP and FHT, and compared with
reconstructing the phantom with classical FBP using a ramp
filter (FBP). Data were then truncated so that the Hilbert trans-
form of the object is only known in the field of view (FOV)
delimited by a red line in Fig. 2. The data sufficiency condition
expressed in section II guarantees accurate reconstruction of
the phantom in this FOV using the DBP and inversion of the
FHT along vertical lines (vector~n).

For the DBP, B-splines coefficients were obtained using
the recursive filters described in [12]. Backprojection was
performed in an isotropic1200×1200 voxel grid with the same
spatial resolution as the sinogram sampling step in the radial
direction, so as to avoid potential artefacts due to aliasing.
The inverse finite Hilbert transform was then implemented for
both approaches (labeled ”SVD” and ”Söhngen”) and with the
interpolating functions described in II-B, using either half or
zero pixel shift between the input and output of the inverse
FHT.

The respective performance of the algorithms was first
estimated using both root mean square error (RMSE) and
mean absolute error (MAE) between the reconstructed images
without noise and the reference, for both complete data and
truncated data. These values were normalized by dividing them
with the mean pixel value of the phantom in the region con-
sidered. Large discrepancies have a larger weight with RMSE
compared with MAE, and RMSE is therefore expected to be a
more sensitive measure to assess resolution improvements at
the edges of the phantom. For limited data reconstruction, the
mean RMSE was also computed in a homogeneous region

displayed in Fig. 2 in presence of noise using replicated
simulations.

Fig. 2. Left: slice of the thorax phantom used for the validation. Right:
corresponding reconstruction using FBP. The region of interest used for
complete data reconstruction evaluation is displayed in green. For limited
data reconstruction, the area where the Hilbert transform is exactly known is
delimited by a red line superimposed on the phantom. This region is also used
as a region of interest for evaluation of the algorithms after erosion by one
pixel to avoid numerical instabilities at the edges (where the Söhngen formula
results in an indefinite form). A blue line also delineates the homogeneous
region where the normalized RMSE is computed in presence of noise. The
yellow line indicates the location of the profiles displayed in the next section.

IV. RESULTS AND DISCUSSION

The results for complete data reconstruction are displayed
in TABLE I andTABLE II using respectively half and zero pixel
shifts for the inverse FHT. The region of interest consisted in
the ellipse displayed in green in Fig. 2. For the discretization
of Söhngen formula, the equation used is also displayed in
the title of each column.ηn-DBP indicates interpolation in
the radial direction with polynomial splines of ordern before
derivation.

For comparison, in this region of interest the RMSE was
4.9% and the MAE was1.0% for FBP. These results indicate
that the half pixel shift is crucial for improved accuracy when
using δ or η1 interpolating functions, the zero pixel shift
leading to large biases. Artefacts related to the imperfect
model of the Hilbert transform (as displayed in Fig. 1) are
also observed. Consequently, we only used half pixel shift for
limited data reconstruction. For the DBP, the 2-point derivative
leads to similar quality reconstruction as with conventional
FBP. Slightly better accuracy can be achieved using parabolic
or cubic splines for radial interpolation of the sinogram as
previously reported [15]. For complete data, no difference of
MAE is observed using the Söhngen approaches compared to
SVD for the inversion of the FHT.

TABLE I
NORMALIZED RMSE IN (%) FOR COMPLETE DATA RECONSTRUCTION FOR

SEVERAL DBP (LINES) AND INVERSE FHT (COLUMNS) IMPLEMENTA-
TIONS. NORMALIZED MAE IN % ARE ALSO DISPLAYED BETWEEN PAREN-
THESES. HALF PIXEL SHIFT WAS USED FOR THE INVERSEFHT.

inverse FHT SVD Söhngen
function Ψ η1 sinc δ η1 eq. (11) η1 eq. (10) η2 eq. (10) sinc eq. (11)

2-pt DBP 4.9 (1.0) 5.1 (1.0) 5.1 (1.0) 5.3 (1.1) 5.3 (1.1) 5.1 (1.0) 5.1 (1.1)

3-pt DBP 5.5 (1.1) 5.7 (1.2) 5.7 (1.2) 5.9 (1.2) 5.9 (1.2) 5.7 (1.2) 5.7 (1.2)

η3 DBP 4.2 (0.9) 4.5 (0.9) 4.5 (0.9) 4.7 (0.9) 4.7 (0.9) 4.4 (0.9) 4.5 (0.9)

full spline 4.3 (0.8) 4.5 (0.9) 4.5 (0.9) 4.7 (0.9) 4.7 (0.9) 4.5 (0.9) 4.5 (0.9)

TABLE II

SAME AS IN TABLE I, BUT ZERO PIXEL SHIFT WAS USED.

inverse FHT SVD Söhngen
function Ψ η1

sinc δ η1 eq. (11) η1 eq. (10) η2 eq. (10) sinc eq. (11)

2-pt DBP 6.2 (4.3) 5.1 (1.0) 6.5 (1.9) 5.4 (1.1) 5.4 (1.1) 5.2 (1.0) 5.1 (1.0)

3-pt DBP 6.7 (3.2) 5.7 (1.2) 6.9 (2.0) 5.9 (1.2) 6.0 (1.2) 5.7 (1.2) 5.7 (1.2)

η3 DBP 5.0 (3.0) 4.5 (0.9) 6.0 (1.8) 4.9 (0.9) 4.9 (0.9) 4.6 (0.9) 4.5 (0.9)

full spline 5.1 (3.1) 4.4 (0.9) 6.0 (1.8) 4.8 (0.9) 4.8 (0.9) 4.5 (0.9) 4.4 (0.9)
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The results for limited data reconstruction are displayed in
TABLE III using the red FOV eroded by one pixel as a region
of interest (as displayed in Fig. 3). RMSE and MAE reported
are lower than for complete data reconstruction since the
largest differences were located at the borders of the phantom.

For comparison FBP using complete data results in this
region of interest in a RMSE of3.7% and in a MAE of
0.7%. These results indicate that for this phantom, in this
region, almost no difference can be observed using these
various approaches as illustrated in the profile showed in Fig.
3. However computing the inverse FHT with equation (10)
lead to a small improvement in MAE compared to the other
approaches, mainly due to better reconstruction at the edges
as illustrated in Fig. 4.

TABLE III

SAME AS IN TABLE I, BUT FOR LIMITED DATA RECONSTRUCTION.

inverse FHT SVD Söhngen
function Ψ η1

sinc δ η1 eq. (11) η1 eq. (10) η2 eq. (10) sinc eq. (11)

2-pt DBP 3.8 (0.8) 4.4 (0.9) 4.0 (0.9) 4.3 (0.9) 4.1 (0.8) 3.9 (0.8) 3.9 (0.8)

3-pt DBP 4.9 (0.9) 5.4 (1.0) 4.4 (1.0) 4.7 (1.0) 4.5 (0.9) 4.3 (0.9) 4.4 (0.9)

η3 DBP 3.4 (0.7) 3.6 (0.7) 3.5 (0.8) 3.9 (0.8) 3.6 (0.7) 3.4 (0.7) 3.5 (0.7)

full spline 3.7 (0.7) 3.7 (0.7) 3.6 (0.8) 3.9 (0.8) 3.7 (0.7) 3.5 (0.7) 3.5 (0.7)

Fig. 3. Profile along the yellow line in the truncated FOV displayed in Fig.
1 using cubic spline interpolation for the DBP and two approaches for the
inversion of the FHT.

Fig. 4. Profile along the end of the yellow line in the truncated FOV using
cubic spline interpolation for the DBP and equations (10) and (11) with a
linear interpolation function for the inversion of the FHT

Finally, the RMSE obtained for the homogeneous region
in presence of noise are displayed inTABLE IV for some
implementations of the inversion of the FHT. These results
illustrate that using interpolating splines for the DBP leads
to higher levels of noise. 3-point differentiation lead to lower
noise (but also higher RMSE for reconstructions without noise
as illustrated in the previous tables) since it can be considered
as a low pass filtered version of the 2-point derivative.

TABLE IV
RMSE INSIDE THE HOMOGENOUS REGION DELIMITED BY A BLUE LINE IN

FIG. 2 IN PRESENCE OF NOISE(×10
−4). 16 REPLICATES WERE USED

inverse FHT SVD Söhngen
function Ψ sinc δ η1 eq. (11) η2 eq. (10)

2-pt DBP 3.7 3.8 3.4 3.8

3-pt DBP 2.5 2.5 2.3 2.6

η3 DBP 5.7 5.7 5.1 5.8

full spline 5.6 5.7 5.1 5.7

V. CONCLUSIONS ANDPERSPECTIVES

In this work, our reconstructions with complete data con-
firm that the two step approaches with 2-point derivative
give similar image quality compared with conventional FBP.
Higher accuracy can nevertheless be achieved by differenti-
ating parabolic or cubic splines for the DBP. However these
interpolating functions also lead to higher levels of noise in
the reconstructed images. For the inverse FHT, our results
first indicate that a half pixel shift should be employed in
all approaches. All strategies to invert the FHT lead to similar
RMSE or MAE, with only a small decrease of MAE when
using the Söhngen formula without approximations (due to
better reconstruction near the edges of the FOV).

These different implementations still need to be further
investigated. We first plan to better assess noise levels in the
reconstructed images using more replicated simulations for the
various approaches.

For the DBP, preliminary results indicate that the use
of cubic smoothing splines [12] can efficiently limit noise
propagation in the backprojected images.

The main advantage of the ”full spline” approach for the
DBP is to allow a more consistent reconstruction, a single
interpolation being performed in the sinogram for the whole
process. In this work no significant difference was found when
compared to using a discrete backprojection grid and spline
interpolation in the sinogram. We are currently investigating
the use of spatial cubic spline instead of parabolic so as
to reduce the approximation error during backprojection as
reported in [10].
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2D X-Ray Tomographic Reconstruction From Few
Number of Projections And 3D Perspectives :
Applications of Compressed Sensing Theory

Han WANG ∗ Samuel LEGOUPIL† Laurent DESBAT‡

Abstract—The X-Ray tomographic reconstruction from
few number of projections presents concrete interests in
both industrial and medical imaging applications. How-
ever, the problem is extremely ill-posed and most classical
reconstruction algorithms fail in this situation. In a general
signal sampling point of view, the questions are : 1) what
kind of object can be reconstructed with extremely low
sampling rate? 2) how to reconstruct it? The emerging
Compressed Sensing(CS) theory is a prodigious contri-
bution to the signal processing community and answers
these questions in a rigorous way. Besides its enormous
impact on the others domains, its applicability to the
X-Ray tomography problem seems still unclear. In this
article we present a preliminary study on this subject. We
introduce some basic notions and results of this theory and
demonstrate, through a series of numerical experiments,
the CS system’s capability of reconstruction using few
number of projections.

I. INTRODUCTION

The X-Ray transmission tomography is applied in vast
domain of since a few decades, and many successful high
quality reconstruction algorithms have been proposed,
as FBP, ART [19], EM [22], [21] etc. One of the
major trends of today’s X-Ray CT applications is the
reconstruction from few number of projections, which
has important realistic interests like the reduction of
dose delivered to patient or acceleration of acquisition
procedure in 3D or 4D imaging systems. However, it
is well known that classical algorithms generally fail
in case of incomplete data situation. From the classical
signal sampling point of view, the recovery of a signal
needs the minimum Shannon/Nyquist sampling rate in
angular direction [26], [15], [11], which is violated in
case of insufficient projections, the reconstruction prob-
lem is therefore ill-posed, and the reconstructed image is

∗ Email : han.wang@cea.fr
† Email : samuel.legoupil@cea.fr
∗†CEA Saclay, 91191 Gif-Sur-Yvette, France.
‡ TIMC-IMAG,Medical Faculty, University Joseph Fourier 38706
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Manuscript received April 17, 2009; revised April 17, 2009.

usually corrupted by artifacts. Some remediations have
been proposed, generally based on the use of prior infor-
mation : like the edge-preserving reconstruction [7], [10],
[27], projection onto convex sets(POCS) [31], [28], [32]
etc. These methods can effectively reduce the artifacts
but none of them seem to reveal the relation between
reconstruction quality and number of projections.

A. TV prior and notion of sparsity

In some recent papers, a class of algorithms based
on minimization of TV prior [34], [35], [33], have been
proposed. For some ”simple” objects, one can obtain nice
reconstruction results from few projections. We recall the
definition of the discrete TV semi-norm for a 2D image
f ∈ IRN×N :

TV (f) =
N∑
n=1

N∑
m=1

√
(∂xfm,n)2 + (∂yfm,n)2 (1)

this is just the l1-norm of image’s gradient magnitude.
Obviously, a piecewise constant image’s TV norm is
small since it concentrates only on the contour of image.
Therefore, the minimization with respect to TV norm
generally forms “cartoon” type images containing very
few information outside the contours. Others methods
based on wavelet transform improve also the reconstruc-
tion results [16], [24]. Roughly speaking, the common
point of these methods is to regularize the reconstruc-
tion by exploiting the sparsity of image under some
”sparsifying” transform, thus eventually compensates
the ill-poseness of problem due to the few number of
projections.

The sparsity hypothesis therefore seems to be a natural
choice in case of incomplete data, since generally one
can’t expect to recovery the whole image when the
major part of observation is lost. Generalizing this idea,
we conclude that a good approach to the few number
of projections problem is to find the sparsest image
(with respect to some sparsity measure) from the whole
solution space satisfying the data adequency. So the
problem is translated to the uniqueness of the solution,
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the necessary number of linear measurements, and the
solution’s interpretation in terms of reconstruction error.

B. Overview of Compressed Sensing theory

The recent developed Compressed Sensing theory [6],
[5], [3] offers a rigorous answer to these questions. In a
signal sampling point of view, it confirms that one can
perfectly recover a signal using a sampling rate far below
the well-known Shannon/Nyquist rate. We introduce in
this section some main results of this theory. Let’s
consider the under-determined linear system Ax = b,
where A is a K × N(K � N) linear measurement
matrix, and x ∈ IRN the signal to be reconstructed. We
say that x is S-sparse if it has only S non zeros, and
note xS the S-biggest terms approximation [8] of x. CS
theory confirms that if the RIP1 constant of A satisfies
δ2S <

√
2 − 1, then one can recover x by solving the

following (P1) optimization problem :

min
x
‖x‖1 s.t. Ax = b (P1)

and the solution x∗ of (P1) obeys

‖x∗ − x‖2 ≤ C‖x− xS‖1/
√
S (2)

In case of noisy observation, we similarly search for the
solution of :

min
x
‖x‖1 s.t. ‖Ax− b‖2 ≤ ε (NP1)

and the solution of (NP1) obeys :

‖x∗ − x‖2 ≤ C
′ε+ C‖x− xS‖1/

√
S (3)

The constant C ′, C here have good behavior.
The first result essentially says that the (P1) recon-

struction error is at the same order as the smallest
S-biggest term approximation error of whole solution
space, therefore if the real solution x is S-sparse, then
x∗ is perfect, in the sense that x∗ = x. And the second
result confirms that in noisy case the reconstruction error
is just the sum of observation error and approximation
error, thus CS is quite robust since it avoids to “blow
up” the observation error as usually does the Minimum
Squared Error (MSE) solution.

Some more recent results [30] show that this as-
tonishing phenomena isn’t private to the l1 norm. In
fact, using the general lp-norm for p ∈ (0, 1], defined
by ‖x‖p

4= (
∑

n|xn|p)1/p, one can always perfectly
reconstruct a S-sparse x under some similar conditions
on RIP of A by solving :

min
x
‖x‖p s.t. Ax = b (Pp)

1The Restricted Isometry Property(RIP) [1] constant refers to the
minimum δS > 0 such that (1− δS)‖x‖22 ≤ ‖Ax‖

2
2 ≤ (1+ δS)‖x‖22

holds for all S-sparse x.

and the (Pp) reconstruction requires less linear measure-
ments than (P1) to achieve same order of signal recovery
quality.

C. Sparsifying transforms

The real images in reality are rarely sparse, however
it is always possible to find some (over-complete2) basis
or transforms Ψ under which the transformed coefficient
α = Ψ(x) is sparse, such as previously mentioned TV
norm and wavelet transform, or others efficient multi-
scale decompositions like the bandlet [23] or curvelet [4]
transforms. If such transform is linear and orthonormal,
then the recovery procedure becomes :

min
α
‖α‖1 s.t. AΨ∗α = b (Q1)

which is identical to (P1) except that the measurement
matrix becomes now AΨ∗. For a general sparsifying
transform Ψ, it is possible to generalize the CS idea to
the variant form :

min
x
‖Ψ(x)‖1 s.t. Ax = b (Q2)

For now there is no available theoretical results like (2)
or (3) for the variant form (Q2), nevertheless we can
estimate its efficiency by numerical tests as proposed
later in this paper.

D. Limitations of CS

One major challenge in the CS theory today is the
design of system matrix meeting RIP condition for
large S. Some special class of random matrices [1]
are known to satisfy RIP with high probability, even
combined with a orthonormal basis Ψ. Nevertheless, due
to the combinatorial character of problem, it is generally
very difficult to verify the RIP condition for a given
deterministic measurement matrix, as the case of the X-
Ray projection matrix in the tomography applications.

E. This paper

While the CS theory seems to offer a very promising
reconstruction scheme compared to classical methods,
only a few number of papers [35], [34], [33] specifically
contribute to the application of CS on X-ray CT prob-
lem3 for now. In this article we propose a preliminary
study on this subject. In II we demonstrate the capability
of CS system in CT reconstruction by a series of 2D
numerical simulations and conclude by discussing some
future 3D perspectives using the CS approach.

2A over-complete basis Ψ is also called a dictionary in the sparse
representation theory [13], [12]. For example, the combination of two
[14] or more [17] basis usually give a more sparse representation
coefficient than one basis.

3For the papers on CS MRI, see [25]
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II. NUMERICAL EXPERIMENTS IN 2D

A. Notation and formulation

In the following we note A the projection matrix
calculated using pixel-driven method4, x ∈ IRN the true
image’s gray level (attenuation coefficient), y ∈ IRM

the photon counting data, I0 the source intensity, and
b = log(I0/y) the converted sinogram.

B. Imaging system

In all the following experiences, we have simulated
a fan-beam 2D X-ray imaging system. The object is a
square of size 10× 10 cm placed at rotation center. The
source radius is 85 cm and the detector radius 15 cm. We
use a linear detector of size 17 cm, and the projections
are equally distributed between 0 and π.

C. Data generation

In order to generate sinogram data, all the image’s
gray level are normalized to [0, 1] interval. The pho-
ton data yi, i = 1...M is then generated by sampling
indenpendently the Poisson law P(yi|x) of mean λi =
I0 exp(−(Ax)i). When source intensity I0 is high, the
difference between the noiseless sinogram and the noisy
one εi = (Ax − b)i is quite small, and it is well
approximated by a Gaussian white noise N (0, λ−1

i ).

D. Experiments

1) Reconstruction capability of a basic CS system: As
predicted by the CS theory, the recovery capability of the
basic CS system as (P1) depends on the RIP constants δS
of the measurement matrix A. Since it seems impossible
to verify the RIP of the projection operator A in the
tomography application, we proceed here by a simple
numerical approach : we fix the resolution of object
and detector, then solve (P1) for various number of
projections K and sparsity level S of object. At each
combination of K and S, 20 experiences are repeated
using randomly generated x and noiseless data Ax. For
each experience, the reconstruction x∗ is compared to
the original x, and the reletive error ‖x − x∗‖/‖x‖ is
recorded. Then the mean reconstruction error is plotted
in Fig. 1 as an indicator of (P1) recovery capability.

For the reason of numerical feasibility, the detector
resolution is fixed to 64 pixel, and the image x is of
size N × N pixels with N = 32, with a support Ω
uniformly chosen and the sparsity level |Ω|/N2 varies

4A is calculated by oversampling first the object by a factor 2, then
normalized to [0, 1], and finally multiplied by object’s resolution. We
have also tested the ray-driven method and obtained similar results.

from 0 to 1. The image’s pixel value is sampled indepen-
dently following a uniform distribution on [0, 1], and the
number of projections K varies from 6 to 64. We have
implemented the interior point method [2] for solving
(P1) in the Python+Scipy [18] environment.
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Fig. 1. (P1) relative reconstruction error. The value of dark region
here is typically around 10−3.
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Fig. 2. (a) (Q1) relative reconstruction error with Haar wavelet
transform, and (b) (NP1) relative reconstruction error.

2) Wavelet transform: To estimate the CS system
behavior incorporated with a sparsifying transform (Q1),
we repeat here previous experiences with the wavelet
transform and noiseless observations. Ψ is taken to be
a one-level 2D Haar transform. The image to be recon-
structed is now synthesized from its wavelet coefficient
generated in the same manner as above. Fig 2(a) shows
the relative reconstruction error.

3) Robustness of CS system: Under the same settings
as in II-D1, we demonstrate here the robustness of CS
system by solving (NP1). The noisy data is generated
as described in section II-C.

It is well known [29] that (NP1) is equivalent to the
easier unconstraint optimization problem :

min
x

1
2
‖Ax− b‖22 + λ‖x‖1 (4)

for some λ > 0 depending on error level ε. Therefore
we solve (4) instead of (NP1). Many efficient solvers
exist for this purpose, for example the methods based
on soft-thresholding [9].
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One can also recast (4) as a Bounded Constraint
Quadratic Programming(BCQP) problem by splitting x
into positive and negative parts : x = x+ − x−, with
x+, x− � 0. Then (4) becomes :

min
z�0

1
2
z∗Bz + c∗z (5)

with

z =
[
x+

x−

]
, c =

[
λ−A∗b
λ+A∗b

]
and B =

[
A∗A −A∗A
−A∗A A∗A

]
We have adapted in this paper the Inactive Feasible Set
method [20] for solving (5). This is a very efficient algo-
rithm and converges generally in less than 10 iterations.
In this experience we have choosed the source intensity
I0 = 103 and the corresponding lagrangian λ = I−1

0 .
The reletive reconstruction error is shown in Fig 2(b)

4) Reconstruction examples: In this last experience
we compare the CS reconstruction to the classical al-
gorithms on a real image. For this, a 256 × 256 brain
slice phantom is used and the detector resolution is fixed
to 1024 pixels. The original image 3(a) has a sparse
representaion(only 12.5% non zeros) under Haar wavelet
basis 3(b) but less sparse under pixel basis, therefore we
use the sparsified image 3(b) as the original one from
which the sinogram is generated. The reconstruction
results by classical ART with positive constraint(POCS)
method and by (P1) are shown respectively in Fig.3(c)
and Fig.3(d).

(a) Original image (b) Sparsified image

(c) POCS SNR=17.14 db (d) P1 SNR=41.8 db

Fig. 3. Reconstructions with 45 projections.

III. CONCLUSION AND PERSPECTIVES IN 3D

We have reviewed in this paper some basic notions and
results of the CS theory, and illustrated the effectiveness
of the 2D CS reconstruction framework for the few
projections CT problem. The approach proposed above
can be easily extended to 3D, eventually this will demand
more efficient numerical methods and more powerful
computing resources such as the GPU techniques. To
achieve the objective of reducing the number of pro-
jections, others variant forms such as (Q2) with more
efficient sparsifying transforms should be investigated.
We will present the results in a future work.
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Sampling in cylindrical 2D PET
Yannick Grondin, Laurent Desbat, and Michel Desvignes

Abstract—In this paper, we study different acquisition schemes
for cylindrical 2D Positron Emission Tomography (2D PET).
From results on efficient sampling in 2D PET, we give a the-
oretical justification of using crossed LORs in order to improve
the axial sampling rate. We then compare regular acquisition
schemes based on rectangular detectors to those from more
classical square schemes.

Index Terms—cylindrical 2D PET, sampling, crossed LORs
rebinning

I. CYLINDRICAL 2D PET AND SAMPLING

A. PET

In Positron Emission Tomography (PET), the internal nu-
clear activity of a patient is mapped from exterior activity
projection measurements. Usually, the patient receives some
nuclear substance by inhalation or injection. In PET this
substance is tagged with a radioactive isotope. This substance,
called radiotracer, emits a positron per decay. The positron
annihilates with an electron, which results in the emission of
two opposite gamma rays detected in the PET system. Thanks
to detectors surrounding the patient and a powerful electronic
processing, coincident photon pairs can be sorted, localizing
the emission on the line joining both detectors.

Detectors ring

r

z

z1

z2

ρ

ψ2

LOR(ψ1, z1, ψ2, z2)

ψ1

support
f

Fig. 1. Parametrization of a LOR with the variables (ψ1, z1, ψ2, z2)

In a cylindrical PET system of radius r, see Fig. 1, the
unitary detectors are distributed on a cylinder surrounding the
patient (supposed to lie in a cylinder of radius ρ). Each detector
position can be parametrized by cylindrical coordinates (ψ, z).
When the coincidence on two detectors (ψ1, z1) and (ψ2, z2)
is detected, some activity is supposed to have occurred on the
line joining the detectors (ψ1, z1) and (ψ2, z2). This line is
called a LOR (Line Of Response).

In 2D mode, septa (lead rings) are used to restrict the
measured LORs to be essentially perpendicular to the PET

TIMC-IMAG, UMR CNRS 5525, UJF-Grenoble 1 (GU) In3S, Faculté de
Médecine, 38706 La Tronche France. E-mail: Yannick.Grondin@imag.fr, E-
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Grenoble-INP/Phelma/ GIPSA-LAB 961 Rue de la houille blanche BP 46
St Martin d’Heres France. E-mail: michel.desvignes@gipsa-lab.inpg.fr

cylinder axis, see Fig. 2. Thus 2D PET LORs have only
three parameters (ψ1, ψ2, z), see Fig. 3. LORs with a small
oblicity (crossed LORs) are usually approximated to LORs
perpendicular to the axis, creating a virtual detection ring
between two true detectors rings, allowing to increase the
sampling rate along the cylinder axis by a factor two, see [11],
[4], [2] and Fig. 2.

z
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LORCrossed

LORs

Detector rings

Septum

Fig. 2. Crossed LORs interpolated to improve axial sampling

z
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z

LOR(ψ1, ψ2, z)

Transverse plane

Detectors ring

ψ2
ψ1

ρ

support
f

Fig. 3. Parametrization of a LOR with the variables (ψ1, ψ2, z)

In 2D PET, after the attenuation correction [8], the measure
can be modeled by g : [0, 2π]× [0, 2π]× R→ R, with

g (ψ1, ψ2, z) =
∫

R
f (u (ψ1, z) + tθ (ψ1, ψ2)) dt

with u (ψ1, z) = (r cosψ1, r sinψ1, z)
t and θ (ψ1, ψ2) =

1

2|sin(ψ1−ψ2
2 )| (cosψ2 − cosψ1, sinψ2 − sinψ1, 0)t.

Obviously g satisfies the symmetry relation

g(ψ1, ψ2, z) = g(ψ2, ψ1, z). (1)

B. Sampling on lattices in 2D PET
We want to sample the function g. It is 2π-periodic in its two

first variables. In [5], [6] a general framework for sampling
such functions on lattices is given. In 2D PET, the Fourier
transform of g ∈ C∞0 ([0; 2π[×[0; 2π[×R) can be defined by:

ĝ(ξ) =
1

(2π)2
√

2π

∫

[0;2π[

∫

[0;2π[

∫

R
g(x)e−ix·ξdx,
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where x = (ψ1, ψ2, z)t ∈ [0; 2π[×[0; 2π[×R, ξ =
(p1, p2, ζ)t ∈ Z× Z× R and ξ · x = p1ψ1 + p2ψ2 + ζz.
The inverse Fourier transform defined for G a function on
Z× Z× R is given by

Ǧ(x) =
1√
2π

∫

Z×Z×R
G(ξ)eix·ξdξ

=
1√
2π

∑

p1∈Z

∑

p2∈Z

∫

ζ∈R
G(p1, p2, ζ)ei(p1ψ1+p2ψ2+ζz)dζ.

Let K ⊂ Z×Z×R, the non-overlapping Shannon condition
associated to K for the sampling lattice LW = WZ3 ∩
([0; 2π[×[0; 2π[×R) generated by the non singular 3×3 matrix
W is that the sets K + 2πW−tl, l ∈ Z3 are disjoint sets in
Z × Z × R. The Petersen-Middleton theorem [9], [6] yields
the Fourier interpolation formula

(SW g)(x) =
1√
2π
| detW |

∑

y∈LW
g(y)χ̌K(x− y),

where χK is the indicator function of the set K. The interpo-
lation error is given by

||SW g − g||∞ ≤ 2√
2π

∫

ξ 6∈K

|ĝ(ξ)|dξ.

Thus if K is the essential support of ĝ, i.e.,
∫
ξ 6∈K

|ĝ(ξ)|dξ
can be negligible, then the interpolation error is low. The
geometry of the set K can be exploited for the design of
efficient sampling schemes, i.e., the choice of W satisfying
the Shannon condition with | detW | maximal in order to
minimize the number of sampling points.

f
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ρ
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ρ

ψ1

LOR(ψ1, ψ2, z)
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ψ2

r
f

(a) (b)
Fig. 4. Fan beam (a) and natural PET (b) parametrization in a transverse
plane

II. 3D SAMPLING CONDITIONS IN CYLINDRICAL 2D PET
Let us consider the 3D Fan-Beam X-ray Transform (3DF-

BXRT):

De3⊥f(β, α, z) =
∫

Lβ,α,t

f(u)du,

where u ∈ R3, Lβ,α,z is the line in the plane perpendic-
ular to e3 at abscissa z (z ∈ R), joining the source at
r(cosβ, sinβ, 0)t+ze3, β ∈ [0, 2π[ and the detector at angular
position α ∈ [−π/2, π/2[, see Fig. 4. Cylindrical PET in 2D
mode can be linked with the 3DFBXRT in the following way:

g(x) = D3Df(A(x− eπ)) (2)

where x = (ψ1, ψ2, z)t, eπ = (0, π, 0)t, and (see Fig 4)

A =




1 0 0
− 1

2
1
2 0

0 0 1


 .

v

Ω

ζ

v

√
2

2 ΩrΩ
2 (r + ρ)Ω

2 (r − ρ)

−Ω
2 (r + ρ)

−Ω
2 (r − ρ) Ωr

−Ωr

p2

p1

Fig. 5. Kg : essential support of ĝ for η = ρ/r = 2/3, slices in the planes
(p1, p2) (left) and (v, ζ) (right). The 3D set Kg is just at the intersection
of two cylinders of respective basis the slices in the (p1, p2) and (v, ζ) and
respective axis ζ and the direction perpendicular to (v, ζ)

In [3] we have established the essential support of the
3DFBXRT Fourier transform. From [3] and Eq. (2) we can
easily derive the essential support of ĝ : Z × Z × R → R.
Indeed, after some elementary developments we have

ĝ(ξ) =
(−1)p2

|detA|D̂3Df(A−t(ξ))

Thus the essential support of ĝ is simply a linear deformation
of the essential support of D̂3Df . From [3] it can be easily
shown that Kg, the essential support of ĝ(p1, p2, ζ) when the
emission function f is supposed the be essentially Ω band
limited, is given by

Kg = {(p1, p2, ζ) ∈ Z× Z× R,
|p1 − p2|2 + r2ζ2 < Ω2r2; r|p1 + p2| < ρ|p1 − p2|}

see Fig. 5 for a representation.
In PET, the samples of ψ1 and ψ2 must identical, because

the angle ψ1 and ψ2 parametrize the same detectors. We
consider here only standard sampling, i.e. equidistant sam-
pling along each direction. The most efficient diagonal matrix
satisfying the non overlapping Shannon conditions, see Fig. 6,
is given by:

2πW−t
S = Ω




r 0 0
0 r 0
0 0 2


 ,WS =

2π
rΩ




1 0 0
0 1 0
0 0 r

2




(3)
Thus we see that the most efficient sampling distances

are ∆ψ1 = 2π/rΩ(= ∆ψ2) and the detector axial length
lz(= ∆z) = π/Ω. If we approximate the detector tangential
length by lt = r∆ψ1, we see that the most efficient relation is
lz = lt/2, thus the most efficient detectors from the sampling
point of view are rectangular detectors. The empirical ring
oversampling by rebinning the crossed LORs as in Fig. 2
yields exactly the factor 2 of oversampling in the direction z
needed for efficient sampling. This is a theoretical justification
of this widely used heuristic rebinning method [11], [4], [2].

III. NUMERICAL EXPERIMENTS

A. Essential support

We have estimated from numerical phantoms the essential
support of |ĝ(p1, p2, ζ)| see Fig. 7.
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Fig. 6. Non overlapping conditions for the rectangular sampling scheme

In (a) and (c) the simulation is based on simple deterministic
line integrals of a phantom f built with 3 concentric weighted
ball indicator functions: f = χB(c,0.03)+χB(c,0.05)+χB(c,0.07)

where χB(c,R) is the indicator function of the ball of radius R
centered on c = (0.9, 0, 0). The data are simulated for a PET
of radius r = 1.5 with 32 rings and 300 detectors on each
ring.

(b) and (d) are based on a Monte Carlo (MC) simulation
computed with GATE [7]. The phantom f is built with 5 con-
centric weighted ball sources (of radius r expressed in mm):
f = a(χB(c,9) + χB(c,10) + χB(c,11) + χB(c,12) + χB(c,13)),
where the center c = (130, 0, 0) mm and the activity a = 106

becquerel. The data are simulated for a PET of radius 402
mm with 32 rings and 576 detectors on each ring, imitating
the ECAT EXACT HR+ scanner of CTI/Siemens. We see that
the simulation data are in good agreement with the theoretical
results.
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Fig. 7. In (a) and (c) the emission function f is the sum of 3 concentric
indicator functions. In (b) and (c) the data are obtained by a MC simulation of
5 concentric spherical sources. (a) and (b) slice ζ = 0 of |ĝ(p1, p2, ζ)| ; (c)
and (d) 3D visualization of the isosurface at 1% of maximum of |ĝ(p1, p2, ζ)|
(|ĝ(p1, p2, ζ)| is essentially negligible outside of this surface)

B. Reconstruction resolution

In Fig. 8, Fig. 9 and 10, we present the reconstruction of
the clock phantom, see [12], from simple line integrals. The
simulated cylindrical PET is of radius r = 1.5, the recon-
struction region is of radius ρ = 1. We consider two sampling
schemes with essentially the same number of data. The square
scheme is based on square detectors, with lt = lz = 0.049.
The number of ring is 20. The number of detectors on a
ring is 190. The rectangular scheme is based on rectangular
detectors, with lt = 2lz = 0.062. The number of ring is 32.
The number of detectors on a ring is 150. In order to perform
the reconstruction, we use a regularized algebraic approach.
The 3D reconstructed image f is discretized into 64×64×nS
voxels, where nS is the number of available slices (nS is 32
for the rectangular scheme, 20 for the square scheme and 39
when the crossed LORs are used). We then compute from the
available discrete data g:

min
f∈R64×R64×RnS

||Af − g||2 + τ ||∆f ||2

where A is an ART matrix, ∆ is a Laplacian matrix and τ a
regularization parameter (chosen by the Generalized Crossed
Validation).

We see in these numerical experiments that the rectangular
scheme yields, with slightly less data, better reconstructions
than the square scheme. However, if we take into account
the rebinned crossed LORs, the reconstruction from the 190×
190×20 square scheme can be greatly improved, see FiG. 11.
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Fig. 8. A = Original image: transverse view ; B = Image profile ; C =
Original image: axial view ; D = Image profile 1 ; E = Image profile 2
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scheme image profile
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Fig. 10. A = Square scheme image: axial view ; B = Rectangular scheme
image: axial view ; C = Square scheme image profile 1 ; D = Rectangular
scheme image profile 1 ; E = Square scheme image profile 2 ; F = Rectangular
scheme image profile 2

IV. CONCLUSION

We have presented a theoretical justification based on the
Fourier analysis that, in cylindrical 2D PET, crossed LORs re-
binning should improve the information. Indeed, in cylindrical
2D PET, the sampling rate along the axis of rotation direction
must be twice the tangential sampling rate. This is obtained
by crossed LORs rebinning in case of squared detector.
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Fig. 11. A = Square scheme with rebinned crossed LORs image: transverse
view ; B = Rectangular scheme image: transverse view ; C = Square scheme
with rebinned crossed LORs image profile ; D = Rectangular scheme image
profile

These first results should be deeply investigated with MC
simulations. Sampling conditions in fully 3D PET as initiated
in [10] using a planogram approach [1] should be further
studied.
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Online PET Reconstruction From List-Mode Data
Colas Schretter

Abstract—This work proposes an alternative to ordered subsets
to improve the convergence speed of list-mode expectation-
maximization image reconstruction algorithms. Instead of sub-
dividing the input data in non-overlapping subsets, the stream
of measured coincidence events is processed online. The recon-
struction algorithm maintains a sliding window covering the
events that contribute to the current image estimate. The image
is seamlessly updated by adding a new contribution for the
next event read from the list-mode and possibly subtracting old
contributions from a batch of events that leave the window. This
incremental event-by-event estimation method can reconstruct a
dynamic image sequence in real-time during data acquisition. If
the reconstructed object is static, the width of the sliding window
can be expanded during the reconstruction process to balance
between early estimation and global convergence behaviors.
Encouraging results are shown on image reconstructions from a
simulated static phantom and from a clinical dataset of a dynamic
cardiac perfusion study.

Index Terms—Positron emission tomography, list-mode, max-
imum likelihood, expectation-maximization.

I. INTRODUCTION

ORDERED SUBSETS (OS) have been used for long in
tomography to improve the convergence speed of statisti-

cal image reconstruction algorithms based on the expectation-
maximization (EM) framework [1]. In the popular OSEM
method [2], an early image is estimated by considering only
a small subset of the complete input data. Each successive
sub-iteration produces a new result by using the latest image
estimate and the next subset of input data. In positron emission
tomography (PET), the raw input data is a list of coincidence
events measured by a ring of high energy photon detectors.

A drawback of reconstruction methods based on OS is
that they are not in general convergent since the current
image is built from a limited view of the complete data only.
Fortunately, globally convergent variants that consider the full
dataset have been developed. In the complete data ordered
subset expectation-maximization (COSEM) algorithm [3], the
best image estimate so far is equivalent to the sum of previous
images computed by the classical OSEM algorithm.

An extension of COSEM, called ECOSEM [4], combines
OSEM and COSEM. OSEM is used at early stage of the
reconstruction process then COSEM is used to polish the
image at the end of the run. The adaptation of OSEM from
sinogram to list-mode by Reader et al. [5] produced impressive
results. COSEM and ECOSEM have been adapted to list-mode
by Khurd et al. [6] and Rahmim et al. [7], respectively. Faster
event-by-event (EBE) variants of the list-mode OSEM and
COSEM methods were introduced in a previous work [8].

The author was with the TEP/Cyclotron Biomédical Unit, Erasme hos-
pital, Université libre de Bruxelles (ULB), Brussels, Belgium (e-mail:
cschrett@ulb.ac.be). He is now with Philips Research Europe, Aachen, Ger-
many with financial support from the Marie Curie program of the European
Commission under contract MEST-CT-2005-020424.

This paper introduces an alternative online reconstruction
algorithm that does not rely on ordered subsets and updates
the current image estimate event-by-event. This approach
improves convergence speed by directly updating the image
estimate from the new statistical information of each processed
event. For static image reconstruction, the list of events can
be read in a cyclic way such that the file is implicitly reset to
return the very first event whenever the end of the list-mode is
reached. This never-ending data stream model deprecates the
concept of iteration over a dataset.

The next section introduces the sliding window expectation-
maximization (SWEM) method for online image reconstruc-
tion from list-mode PET data. This new method is based on
the incremental EM algorithm first proposed by Titterington
in 1984 [9] and popularized by the seminal paper of Neal and
Hinton [10]. The new reconstruction algorithm is driven by
three intuitive parameters: the allowed budget of memory, the
initial window width and a window expansion factor.

II. SWEM

The rationale of the SWEM image reconstruction algorithm
is the maintenance of an estimate of the maximum-likelihood
solution that depends only on the most recent events read from
a list-mode data instance. To achieve this goal, two algorithmic
building blocks are needed. First, an operator that updates the
current image for any measured coincidence event must be
defined. This update have to increase the likelihood of the
current image estimate. Second, incremental image updates
from previous events must be archived for future subtraction.
The most precise bookkeeping mechanism should be able
to remember previous image modifications for each event.
However, experiments demonstrate that such a fine storage
granularity is not mandatory.

The SWEM algorithm is shown graphically in Fig. 1 and
is parametrized by the number s of memory pages that select
the granularity of the bookkeeping storage, the initial width w
of the sliding window and the window expansion factor δ ≥ 1
that drives a trade-off between early estimation and global
convergence. The initial window width w can be set to the
typical size of a OSEM subset. The number s of pages should
be maximized in order to fit available memory resources. The
window expansion factor δ drives the geometrical progression
of page capacities.

The input dataset is denoted by N and the subscripts i
select a particular event i ∈ N . The set of image elements
to be estimated is denoted by M and the subscripts j select a
particular image element j ∈ M . A set of indexed images
βp, p ≥ 1 is considered available as memory pages. For
the experiments, the image is initialized with an initialization
constant ε = 1 such that λj ← ε, ∀j ∈ M . The initial image
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Figure 1. Graphical representation of the pagination-based bookkeeping
mechanism of the SWEM algorithm. Different shades of gray delimit the
splitting of the window in s = 5 non-overlapping pages. The width and posi-
tion of each page are shown for some successive steps of the reconstruction
process. The number of already processed pages is noted in front of each
line while N equals the size of the whole data stream. An expansion factor
δ = 1.25 is chosen to increase progressively the sliding window width w.
SWEM reach global convergence when w = N . In this example, the pages
stop to expand once the maximum limit of N/s is reached.

must also be spread among the first bookkeeping pages, hence
βp

j ← ε/s, ∀j ∈M, 1 ≤ p ≤ s.
The number of events that belongs to the page of index

p ≥ 1 is denoted by gp. The initial size of the first pages
are initialized accordingly to gp = w/s, 1 ≤ p ≤ s and
a variable p of the current page starts at p = s + 1. The
next sections explain the three core principles of incremental
image update, paginated bookkeeping and geometrical window
expansion that define the SWEM algorithm.

A. Event-by-Event Image Update

The event-by-event reconstruction algorithm adopts the in-
cremental image update principle of COSEM. The COSEM
method is proven to be convergent for any number of subsets
and the convergence rate increases with the number of subsets
[3]. The case of singleton subsets is therefore of special
interest. With one event per subset, COSEM can be simplified
to a direct event-by-event incremental updates followed by the
subtraction of the previous image contributions for this event.

Event-by-event image updates directly exploit statistical
information from new events as soon as they are processed
because the current image is used to weight backprojections
along the line of response (LOR) of each event. Unfortunately,
the classical ordered subsets techniques have process all events
of the current subset before exploiting their statistics. For an
event i ∈ N , the current image estimate λ is updated with

λj ← λj +
Aijλj

aisj

∑
k∈M

Aikλk

, ∀j ∈M. (1)

The element of the system matrix Aij is equal to the
probability than an annihilation occurring in image element
j ∈M is detected along the LOR associated to event i ∈ N .
The values of A are computed on-the-fly by a fast tube of
response ray-tracer developed in a previous work [11].

The sensitivity correction factors sj are equal to the ratio of
annihilations occurring in image element j ∈M and detected
by the PET scanner on the total number annihilations. These
factors are proportional to the solid-angle that the detector
edge subtends at the center of the voxels and can be pre-
computed for each image element.

The attenuation factors ai are equal to the probability that
the two collinear photons are not absorbed during their flight
along the LOR of the event i ∈ N whose length in centimeter
equals li. According to Beer’s law, this probability can be
approximated by

ai = exp

(
−li

∑
k∈M

Aikµk

)
, (2)

where µ is a linear attenuation image segmented into air, water
and lung materials and containing corresponding attenuation
factors per cm at 511 keV.

For each event read from the input dataset, the current image
is modified online by the incremental image update in (1).
Anyone can observe that only values of voxels straddling
the LOR of the event will be modified, this key property
makes it feasible to implement fast event-wise reconstruction
methods. For instance, one can re-use the result of the ray-
tracing algorithm to access only the relevant elements in both
the emission and attenuation images.

B. Bookkeeping Image Updates

The most straightforward way to remember previous mod-
ifications of the current emission image is simply storing
the whole history of modifications for each image element.
Remark that for each event, only the voxels along its associated
LOR are modified and therefore only a short list of pairs
containing an image bin identifier and the associated increment
can be stored. Unfortunately, for a realistic input dataset
counting several tens of millions of events and a detailed image
definition, the amount of information to store is impractical.

To reduce the required memory resources, the processing
of each event is nested in an outer loop that store in memory
the accumulation of a batch of consecutive image updates.
Before processing the events that will belong to the page βp,
the current image is first saved:

βp
j ← λj , ∀j ∈M (3)

and after processing the bgpc next events with (1), the total
of incremental updates can be retrieved by simple image
difference:

βp
j ← λj − βp

j , ∀j ∈M. (4)

Once the page has been stored, the next page is considered by
incrementing p and contributions of the oldest page βp−s are
removed from the current image:

λj ← λj − βp−s
j , ∀j ∈M. (5)

The pagination technique trades storage granularity with
storage capacity. Given a budget memory resources, the
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Figure 2. Reconstruction results of the numerical phantom. Each row contains
the image estimates after processing 106 and 8 × 106 events, respectively.
EBE-OSEM uses 16 subsets and is equivalent to SWEM with s = 1, δ = 1
and w = 5× 105. EBE-COSEM corresponds to SWEM with s = 16, δ = 1
and w = 8 × 106. The third column shows results of SWEM with s = 4,
δ = 1.1 and an initial window width w = 5× 105.

memory is segmented into several pages of the size of the
output image. Then incremental updates corresponding to
several events are accumulated into the pages. In practical
implementations, the pages will be stored in a cyclic buffer
of size s in order to limit memory requirements.

C. Window Expansion

Page capacities gp are counted in number of events and de-
pend geometrically on the previous page such that gp = δgp−1.
Therefore, the window width is continuously expanded if
δ > 1. Stopping the reconstruction when the window covers all
the available data ensure that the SWEM algorithm reached a
convergent behavior. It is easy to evaluate the value of δ given
the initial window width w, a number events to process N
and the amount of available pages p. Indeed, the geometrical
progression of the page size can stops when gp = N/s and
since gp = (w/s) δp−s, then δ = p−s

√
N/w.

For some choices of the parameters w, s and δ, it is easy
to see that EBE-OSEM and EBE-COSEM algorithms [8] are
special cases of SWEM. If δ = 1, then the width of the
window will never increase and thus the capacity of each page
stays constant. Moreover, if one chooses w = N/k and s = 1,
then the technique yields EBE-OSEM with k subsets because
only a fraction of the events contributes to the estimation. On
the other hand, if one chooses w = N , then the whole dataset
is covered by the window and the algorithm reduces to the
globally convergent EBE-COSEM method.

III. RESULTS

Assessment of the SWEM method has been conducted
from the reconstruction of a nested balls phantom defined by
four uniform regions described in normalized coordinates as
follows. Two balls of radius 0.25 and 0.125 are superposed
over a ball of radius 0.5 centered at the origin. The densities
of these three spheres are respectively 1, 4 and 8. A uniform
background noise signal of density 0.1 has been modeled too
with a sphere covering the whole field of view.

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

 1.2

168421

C
on

tr
as

t o
f V

O
I v

s 
ba

ck
gr

ou
nd

Sub-iteration number

ebe-osem
ebe-cosem

swem(4,1.0)
swem(4,1.1)
swem(4,1.2)

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 0.16

 0.18

168421

N
or

m
al

iz
ed

 M
S

E
 in

 V
O

I
Sub-iteration number

ebe-osem
ebe-cosem

swem(4,1.0)
swem(4,1.1)
swem(4,1.2)

Figure 3. The contrast recovery coefficient and the normalized mean squared
error (MSE) from the objective image are plotted for various values of the
expansion factor δ ∈ {1.0, 1.1, 1.2} with a number of memory pages fixed to
s = 4 for SWEM. The results of the EBE-OSEM and EBE-COSEM methods
with 16 subsets are also shown for comparison. The sub-iteration numbers
correspond to multiples of 5× 105 events.

A list-mode dataset of 8 millions events has been generated
by simulating the emission process. For each event, one ball
is picked and an annihilation position inside the sphere and an
emission direction is randomly sampled. From the radius and
density of each ball, a discrete probability density function can
be defined such that the probability of selecting a ball depends
on its density and its volume.

Reconstruction results are shown in Fig. 2. Each recon-
structed image is a matrix of 643 voxels but only the median
transversal slice is shown. After processing one million events,
we already observe that the EBE-OSEM and SWEM methods
of the left and right columns produce sharper images compared
to the EBE-COSEM method of the central column. The images
of the second row correspond to the result after only one pass
over the data.

Quantitative analysis of the reconstructed images is shown
in terms of contrast recovery and mean squared error (MSE)
from the objective emission image in Fig. 3. The visual
contrast is defined as the ratio between the reconstructed
total activity in the small high activity ball (VOI) and the
total activity in a reference region inside the background.
With an appropriate window expansion factor, SWEM prevents
overfitting the data and therefore demonstrates better image
quality than OSEM.

Fig. 4 shows selected transversal slices of a dynamic image
reconstruction from a clinical cardiac perfusion study. The data
has been acquired during two minutes on a Philips Gemini
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Figure 4. Slices from the dynamic images of a cardiac perfusion reconstructed by MLEM with 32 iterations and SWEM. A snapshot is shown every 10
seconds for the two first minutes of acquisition. However, since the SWEM method reconstructs a new image for each event, all the intermediate frames are
available as well. For SWEM, the window width is adapted dynamically to cover events measured in the past 10 seconds.
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Figure 5. Time activity curves (TAC) measured at two voxels located in
the right atrium and the blood pool. The dotted path is a linear interpolation
from frames that are independently reconstructed with MLEM. One frame is
reconstructed every 10 seconds and therefore the resulting TACs lack temporal
coherence. TACs estimated with SWEM tend to recover unambiguously the
position and amplitude of peaks.

PET/CT scanner. A bolus of N-13 ammonia tracer is injected
intravenously when the patient lies under the PET scanner.
The tracer quickly enters the blood pool during the first few
seconds of acquisition and then, passively diffuses into tissues.
The left ventricular wall become visible at the end of the exam.

Fig. 5 plots two time activity curves (TAC) that have been
sampled inside the right atrium and the left ventricle. In
comparison to the reconstruction of independent frames with
MLEM (32 iterations), the TACs estimated by the online
SWEM method are smoother and exhibit a much more plau-
sible physiological behavior. Moreover, the contrast between
the two different activity curves is improved.

IV. CONCLUSION

This work presents SWEM: a general image reconstruction
method for PET list-mode data. The online approach based
on event-by-event incremental image updates allows direct
improvement of the image by exploiting the new statistical
information of events as soon as they are measured. The tech-
nique is explained by the concept of a sliding window covering
the data elements contributing to the current image estimate.
By expanding progressively the window width, the SWEM

algorithm can smoothly balance between early estimation and
global convergence behaviors.

Results from simulated phantom data have shown that a
further increase in performance over event-by-event variants of
the OSEM and COSEM algorithms is possible. Furthermore,
a preliminary dynamic image reconstruction from clinical data
demonstrates the potential of SWEM for improving image
quality in comparison to the reconstruction of independent
frames with MLEM. Further work on ground truth experiments
is needed to evaluate quantitatively the potential accuracy of
dynamic reconstruction with SWEM.
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Space-variant resolution modelling for list-mode
reconstruction on the Philips Gemini 16 Power

Christophe Cloquet∗, Florent Sureau§, Michel Defrise§, Gaëtan Van Simaeys∗, Nicola Trotta∗, Serge Goldman∗

Abstract—We investigate the effects of resolution modeling
on the reconstruction of images acquired on a Philips Gemini
16 Power. Currently, no resolution modeling is included in the
clinical reconstruction algorithms.

We implemented an experimental space-varying image space
resolution model in an iterative PET reconstruction algorithm.
Using a physical resolution phantom, we compared the results
obtained to the cases without resolution modeling and with
resolution modeling by means of a space-invariant Gaussian point
spread function (PSF).

We showed that even implementing a crude model of resolution
(space-invariant Gaussian PSF) improves the signal to noise ratio
in regard to the case without deconvolution. The experimental
PSF resolution modeling performs slightly better, but this remains
to be confirmed on more phantom data.

I. INTRODUCTION

Improving the spatial resolution of the reconstructed images
in positron emission tomography (PET) has an important
clinical impact, for instance to better detect small tumors in
oncology or to enhance quantification by reducing the partial
volume effect. Optimizing the spatial resolution with a given
scanner requires accurately modeling the detector point spread
function, as well as other characteristics of the scanner, into the
system matrix H used by the reconstruction algorithm. Many
clinical software, however, still use simplified models, which
rely on a purely geometrical system matrix Hgeom that ignores
effects such as the parallax and the inter-crystal scatter. Recent
works have demonstrated the impressive improvement of the
trade-off between resolution and noise that can be obtained by
using a more accurate system matrix. Such a model represents
H as the product of three matrix H ' Hdet · Hgeom · Hrange,
where Hrange models the positron range, and Hdet models the
parallax and inter-crystal scatter (attenuation and normalisation
factors are multiplicative factors and are not discussed here).
Such a full model has been developed for the micro-PET [1]
but may still be intractable numerically in a clinical set-up.
Two simplified approaches have been investigated for human
scanners, which both represents H as the product of only
two factors. The so-called projection space approach [2], [3]
includes all effects in a matrix Hspat that acts in projection
space as a simple spatially variant convolution in the radial
and axial variables, resulting in a model H ' Hspat · Hgeom.
We investigate in this work the second, image based, approach
[4], [5], which includes all effects in a matrix Hreso acting
as a 3D convolution on the image, resulting in a model

∗Dept. Nuclear Medicine, Université Libre de Bruxelles, B-1070 Brussels,
Belgium. email: christophe.cloquet@ulb.ac.be
§Dept. of Nuclear Medicine, Vrije Universiteit Brussel

H ' Hgeom · Hreso. One attractive feature of this second
approach is that it can be implemented efficiently for list-mode
reconstruction.

Both the projection space and the image space approach
determine the model from the measurement of point sources.
In the image space method, each column of Hreso is equal to
the image of a point source located in the voxel corresponding
to the column index (this image is called the PSF in the present
paper). That image is obtained by reconstructing the point
source data using the selected iterative algorithm, e.g. ML-
EM, using the simple geometrical model H = Hgeom. The
implementation by [5] for the brain scanner HRRT uses a
spatially invariant model for the PSF, resulting in a Toeplitz
matrix Hreso. This approximation is acceptable because the
depth-of-interaction (DOI) measurement in the HRRT scanner
results in a fairly uniform spatial resolution. The goal of
this work is to apply the image space method to list-mode
reconstruction on a large field-of-view (FOV) clinical scanner
without DOI capability, the Philips Gemini 16 Power. For this
scanner, Surti et al [6] reported a degradation of the radial
resolution from 5.49 mm FWHM at 1 cm to 7.69 mm FWHM
at 20 cm from the center of the FOV; this figure suggests
that a non-stationary model might be relevant for this scanner.
Non-stationary, non-symmetrical, models of the PSF will be
compared to a stationary Gaussian model, and the efficacy of
these various models for the improvement of resolution will
be evaluated.

The rest of this paper is organized as follows : section
II reviews the theory of resolution modelling. Point source
measurements and fitting are described in section III, and
preliminary results on a physical phantom are described in
section IV.

II. THEORY : SPACE-VARIANT RESOLUTION MODELING

We use the ML-EM algorithm, defined by the iteration

f (k+1) = f (k) 1
Hta

Ht g

Hf (k)
(1)

where f (k) is the image at iteration k, H is the system matrix,
g are the data, and a is a data vector containing for each LOR
the product of the attenuation and normalisation factors. The
transposed matrix Ht corresponds to the backprojection.

We model the system matrix, according to [4], as H =
HgeomHreso, where Hgeom models the tube of response cor-
responding to perfect crystals and Hreso approximates the
contribution of the other effects, including parallax, positron
range and intercrystal scatter. The matrix Hgeom is imple-
mented using a 16-ray Siddon projector, where each LOR
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is obtained as the average of 16 line integrals connecting 4
points randomly distributed on the entry surface of each of
the two crystals in coincidence. This averaging roughly models
the tube of response, which is especially important when the
voxels are smaller than the crystals. Each line integral through
the voxelized image is calculated using Siddon’s method. This
16 ray method is used for this preliminary investigation, we
plan in the future to use faster projectors such as Joseph’s [7].

As discussed in the introduction, the matrix element Hresoj,k
is set equal to the value at voxel j of the image of a
point source located at voxel k, obtained using the ML-
EM algorithm (1) with H = Hgeom. This image can be
seen as the PSF at voxel k of the system consisting of
the scanner and ML-EM algorithm. Once Hgeom has been
calculated, data are reconstructed using ML-EM, now with
the model H = HgeomHreso. In practice, the PSF has a
limited support and multiplication of an image by Hgeom
can be implemented efficiently as a convolution with a finite
impulse response, spatially variant, kernel. Implementation is
particularly efficient if the PSF model is separable as the
product of three PSFs acting only on the x, the y and the z axis
of the image matrix. We only considered separable models in
this work, though [5] uses a 3D non-separable kernel.

III. POINT SOURCE MEASUREMENTS AND FITTING

Materials and methods: In the sequel, a left hand system
has been used and positioned as follows: the origin is at the
center of the FOV. The x-axis is horizontal pointing to the
right hand side of a supine patient. The y-axis is vertical,
pointing towards the floor. The reconstructed image dk of each
measured point source located in voxel k has been fitted in the
mean square sense with a separable space-variant 3D function

pk = arg min
p
||dk(x, y, z)− f3D(p;x, y, z)||2 (2)

where f3D(p;x, y, z) = p0 · f1D(px;x) · f1D(py; y) ·
f1D(pz; z), with f1D a 1-D function, px, py and pz the
parameters of the function for the directions x, y and z, re-
spectively, p0 a global scaling factor, and p = [p0 px py pz].

The cost function has been minimized using the Levenberg-
Marquardt algorithm ( [8], [9]), implemented in C by Lourakis
[10], for several separable 3-D models : a separable non
parametric 3-D model (3N parameters, with N the number
of pixels), a biexponential model (21 parameters) [5], and the
Asymmetric Modified Pearson model (AMP3D) (9 parame-
ters) :

f1D(px;x) =



(
1 +

(
x− µ

2σL − 3

)2
)−σL

if χµ > 0

(external)
(3a)(

1 +
(

x− µ
2σR − 3

)2
)−σR

if χµ ≤ 0

(internal)
(3b)

where χµ = (x−µ)µ, px = [µ, σL, σR]. The parameters have
been initialized using the parameters found by a preliminary
1D fitting.

Although the non parametric 3-D fit gave the best fitting
error, AMP3D gave the most robust fit for a fixed number

of parameters. To investigate the importance of using a non-
stationary and non-symmetric model of the PSF, the results
obtained with the AMP3D fit were compared to those obtained
with a space-invariant (stationary) Gaussian model of the
PSF with 4-mm FWHM, which corresponds roughly to the
resolution of the scanner.

Measurements: A 22Na, 30 µCi source, of 300 µm
diameter, enclosed in a small acrylic cylinder, posed on a
frigolite support has been used as point source.

List-mode acquisitions of 2 million counts (prompts +
delayed) have been performed, on the Philips Gemini 16P [6],
for 42 positions of the source in a central coronal plane, in
order to cover the largest part of one quadrant of the FOV. The
interval between adjacent positions of the source was 41 mm
radially, and 15 mm axially. The position of the source has
been approximated by the center of mass of the reconstructed
image, rather than inferred from the physical location of the
22Na source. Therefore, potential displacements could not be
corrected.

Data have been reconstructed with our implementation of
list-mode OSEM (3 iterations, 4 interleaved temporal subsets),
on a grid of voxels of 1-mm side. For this preliminary
approach, three iterations seemed enough as a point source
in the air converges rather fast.

The images of the point sources sampled on the coronal
plane had then to be extended to the 3-D FOV. Therefore
each point has been rotated around the axis of the scanner
by means of the algorithm of [11], to produce a cylindrical
grid of PSF images. These images have then been fitted using
the procedure described above. The parameters have been
interpolated from the cylindrical grid to each voxel of the FOV,
and the PSF model has been sampled with a 1-mm step in each
direction, and finally downsampled to 2 mm (intended voxel
size) to yield the discrete convolution kernel.

Results: As an illustration of the reconstructed pro-
files, we show on figure 1 summed profiles (f(x) =∑
y f(x, y, zCM ), with zCM the axial position of the center

of mass) for two point sources : (a) centered in the FOV, and
(b) axially centered, but 246 mm radially off-center. The fit
with the function AMP3D is also shown. It is observed that
the profile at the center of the FOV is narrower and more
symmetric than the one at the edge.

Based on the parameters of the above fit, the FWHM
has been estimated for each radial position, by separately
computing the left and right width, using

∆L = |2σL − 3|
√

21/σL − 1 (4)

∆R = |2σR − 3|
√

21/σR − 1 (5)
FWHM = ∆L + ∆R (6)

The result is shown on figure 1c. As expected, the trans-
verse FWHM increases as the radius increases. Though the
reconstruction algorithm and the estimation procedure of the
FWHM are different, these values are compatible with those
reported by Surti and Karp [6].

An asymmetry index has also been computed for each radial
position :

AI [%] = 100 · (∆R −∆L)/∆L. (7)
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Figure 1. (a) sum of profiles through a point source located at the center
of the FOV (blue) and corresponding AMP3D fit (green), (b) sum of profiles
of a point source situated radially at 246 mm off-center of the FOV (blue)
and corresponding AMP3D fit (green) (c) FWHM of the point sources, at
z=0, vs radial position, computed from the parameters of the AMP3D fit. (d)
Asymmetry index of the point sources, at z=0, vs radial position.

As shown on figure 1d, the asymmetry can be as large as
50 % at the edge of the FOV. This observation motivates our
investigation of an asymmetric model of the PSF.

IV. PHANTOM EVALUATION

Measurements and reconstruction: We acquired 80 mil-
lions counts of a Flanged Deluxe Jaszczak phantom with hot
inserts of 4.8 to 12.7 mm diameter, in compact list-mode on the
Philips Gemini 16 Power. The azimuthal undersampling factor
(”phi-mashing”) was equal to 2. The axis of the phantom was
orthogonal to the axis of the gantry.

The data have been reconstructed on a grid of 2-mm
voxels with our implementation of list-mode OSEM, with
35 iterations and 8 interleaved temporal subsets, and with
normalization and attenuation corrections. Scatter and randoms
were not corrected. Four options were used:

• (a) no resolution modeling (OSEM-noRM),
• (b) no resolution modeling and post-smoothing

(FWHM=3 mm) (OSEM-noRM-PS),
• (c) resolution modeling by a Gaussian PSF of 4-mm

FWHM (OSEM-RM-GA) and
• (d) resolution modeling using the experimental PSF fitted

with the AMP3D function (OSEM-RM-PSF).

Results: Figure 2 shows the output of the 20th iteration
and Figure 3 shows a profile through the 4.8 and 7.9 mm rods.
The most striking feature is the clear image noise lowering. To
further characterize this, a preliminary estimate of the noise
has been made as follows. We drew two types of ROIs around
the axis of each of eight of the 12.7 mm rods :
Large ROI : 4 by 4 by 5 voxels (8 mm by 8 mm in a transversal
plane, and 10 mm in the axial direction).

Figure 2. OSEM, 8 subsets, 20 iterations. The vertical direction is parallel to
the axis of the scanner. The horizontal direction is transaxial to the scanner.
(a) No resolution modeling, (b) No resolution modeling + Gaussian post-
smoothing (FWHM = 3 mm), (c) Stationary Gaussian resolution modeling,
(d) Measured PSF resolution modeling

Figure 3. Profiles through the center of the rods of 4.8 and 7.9 mm.
(a) without resolution modeling (blue) and with resolution modeling by
experimental PSF (red). (b) with resolution modeling by Gaussian PSF
(turquoise) and by experimental PSF (red).

Small ROI : 2 by 2 by 5 voxels (4 mm by 4 mm in a transversal
plane, and 10 mm in the axial direction).

We then computed the standard deviation for each ROI,
and averaged them out. We also computed the average of the
mean values in each rod, on the same ROIs. The results are
shown on figures 4. On figure 4a, the standard deviation of
OSEM-noRM-PS, OSEM-RM-GA and OSEM-RM-PSF stays
at a significantly lower level than for OSEM-noRM. This
confirms the noise reduction observed in the images.

At the same time, the mean value of the intensity in the rods
is lowered after post-filtering, whereas OSEM-RM-GA and
OSEM-RM-PSF achieve higher mean values. This can be
understood as follows in terms of activity recovery in the
rods. OSEM-noRM-PS has a lower mean value, meaning that
activity has been spread out of the rod because of the filtering.
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Figure 4. Standard deviation versus mean for the non resolution modeled re-
construction (blue), for the reconstruction with stationary Gaussian resolution
modeling (red) and for the reconstruction with non stationary measured PSF
(green) + post smoothing. (a) Large ROI. (b) Small ROI. The arrows indicate
the direction of increasing iterations

On the contrary, OSEM-RM-GA and OSEM-RM-PSF tend to
concentrate the intensity inside the rods, suggesting a reduction
of the partial volume effect.

Figure 4b shows the same quantities computed with the
small ROI. The results for the standard deviation are roughly
the same, but the mean value now dramatically decreases as the
number of iterations increases. A tentative explanation is that
the current RM reconstructions still suffer from Gibbs effect
due to a modeled PSF that differs from the actual PSF [5]. As
the OSEM-noRM and OSEM-noRM-PS profiles are more bell
shaped, their mean value increased when the size of the ROI
decreased.

Examination of the profiles through the largest 12.7-mm
rods showed that RM reconstructions achieve a reasonable
plateau recovery even when the noRM methods only output a
degraded plateau. An example is shown in figure 5.

Figure 5. Profiles through a 12.7-mm rod reconstructed with OSEM, 15 itera-
tions, 8 subsets. (blue) no resolution modeling. (green) no resolution modeling
and Gaussian post-smoothing. (red) resolution modeling with experimental
PSF. (cyan) resolution modeling with space invariant Gaussian.

V. DISCUSSION AND CONCLUSION

This paper shows that the implementation of image-space
resolution modeling during the reconstruction has a positive

impact on image quality on the Philips Gemini 16 P. The
results with the Jaszczak phantom only test the central 20
cm of the FOV, in which a stationary and symmetric model of
the PSF is expected to be a good approximation. In this range
the results nevertheless suggest a slightly better contrast/noise
trade-off with the experimental PSF than with the stationary
Gaussian model, but this warrant future confirmation with
a measurement of the phantom in a non-central location,
where a much more asymmetrical PSF was found (see figure
1d). Results with an improved method and validation will be
presented at the conference. In particular, we still need to
• Improve the data normalization,
• Replace the 16-ray geometric projector by Joseph’s

method to enhance the numerical efficiency,
• Reconstruct the phantom data with random and scatter

correction.
In addition, the preliminary data analysis must be improved.
In particular a more rigorous estimate of the noise will
be obtained by acquiring 20 independent data sets of the
phantom, and by calculating the reconstructed variance of each
individual voxel. We also plan to validate the rotation step
used to generate a cylindrical grid of PSF from the measured
2D grid in a coronal plane, and to investigate the validity
of the separability hypothesis of the PSF, which might be
replaced by a more general, yet still fairly efficient 1D(axial)
× 2D(x,y) separable model. The ultimate goal is to develop a
practical algorithm for list-mode reconstruction with resolution
modeling in whole body clinical PET.
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PRESTO – A Universal C++ Library for Fully-3D,
High-Resolution PET Image Reconstruction using

Compressed, Scanner-Independent System Matrices
Jürgen J. Scheins, and Hans Herzog, Member, IEEE

Abstract—With PRESTO (PET Reconstruction Software Tool-
kit) a novel versatile C++ library for fully-3D, high-resolution,
iterative PET image reconstructions becomes available.

The essential concept of PRESTO is founded on an accurate,
scanner-independent, adaptive 3D projection data model. Basi-
cally, any detected Line-of-Response (LOR) is projected onto a
cylinder surface which is subdivided into generic crystals. Thus,
any LOR intersects a unique combination of generic crystals
which can be accurately considered independent of scanner
properties. By this way, geometrical divergencies between applied
projectors and measured LORs can be minimised. Scanner-
specific implementations become straight-forward and are com-
pletely separated from the costly 3D reconstruction algorithm
which thus can be optimized in terms of effective acceleration
strategies and improved projector models.

PRESTO advantageously combines the optimal regularity of
the introduced generic projection data with highly rotation-
symmetric voxel assemblies. Thus, a strongly compressed, pre-
calculable, memory-resident system matrix can be realised for
any scanner topology. The generic Tubes-of-Response (TOR)
are taken into account using an efficient implementation of the
accurate Volume-of-Intersection (VOI) projector. In addition,
PRESTO makes use of an optimised compression and access
scheme, thus any forward/back projection operation can be
performed nearly as fast as for an uncompressed matrix rep-
resentation.

First applications of PRESTO are presented for the Siemens
ECAT HR+ PET scanner as well as for the BrainPET detector,
the PET component of the recently developed Siemens hybrid-
3TMR/PET scanner.

I. INTRODUCTION

The iterative, fully 3D PET image reconstruction for large
detector systems with multiple rings still remains a challenging
computational task due to the tremendous number of Lines-of-
Response (LORs). An efficient implementation of projectors
and backprojectors incorporating an accurate LOR geometry
description and optimal LOR reduction scheme are crucial to
keep the reconstruction time practical for routine applications.
However, most approaches have an inherent trade-off between
portability to different scanner systems and optimisation in
terms of the achievable image quality and the resulting pro-
cessing speed.

In fact, a flexible fully-3D PET image reconstruction needs
the definition and design of a specific projection data model
to store the measured projection data in a formal way which

J.J. Scheins and H. Herzog are with the Institute of Neurosciences and
Medicine, Forschungszentrum Jülich GmbH, Germany, (e-mail: j.scheins@fz-
juelich.de).

allows the application of simple projections and backprojec-
tions, respectively. Typically, sinogram-based approaches are
used where the data are treated as regular parallel projections.
However, for 3D PET scanner systems with multiple rings the
true sampling patterns are more complicated and do not fit well
in this concept. For example, an arc correction and interleaving
techniques spoil the original data. This is especially true
for systems with a long axial field of view and small ring
diameters. An example for such a system is the BrainPET
detector, which is the PET component of a hybrid-3TMR/PET
scanner newly developed by Siemens (sec.II-D).

In this context, we have developed a novel reconstruc-
tion software library, named PRESTO (PET Reconstruction
Software Toolkit), which combines several techniques of cal-
culating, storing, and accessing the system response matrix
efficiently and accurately [1]–[3]. In addition, the introduced
’Generic Cylinder Model’ (sec. II-A) provides a simple mech-
anism to accurately reconstruct measured projection data of
any scanner topology with PRESTO. In this paper applications
for two completely different scanner systems (sec. II-D) will
be presented which show the capability and flexibility of our
software.

II. METHODS AND MATERIAL

A. Generic Cylinder Model (GCM)

The functionality of PRESTO is based on a generic cylinder
of specific radius R and axial length Z (Fig.1). The cylinder is
subdivided into a specific number of rings Nz of equal width
along the axial direction and a specific number of crystals
Nc equal for each ring. Thus, the obtained regular polar grid
segments the cylinder surface into generic crystals of equal
size where any combination of generic crystals spans a unique
3D Tube-of-Response (TOR). Each generic TOR corresponds
to a specific projection intensity value which is appropriately
considered in the reconstruction. Furthermore, the number of
generic TORs can be reduced by defining the maxium ring
difference and the maximum width of the radial field-of-
view. We refer to this model as ’Generic Cylinder Model’
(GCM). For the perfectly regularised sampling pattern of the
GCM accurately matching projector/backprojector pairs can
be implemented and optimized (II-B).

The GCM offers a simple method to uniquely assign any
given singular 3D LOR to a corresponding ’best-matching’
TOR of the GCM minimising parallax errors. The matching
procedure is sketched in Figure 1. For any detected LOR the
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Fig. 1. Generic Cylinder Model: example of a generic cylinder of radius R and
axial length Z subdivided into Nc=80 crystals per ring and Nz=14 rings. Any
generic crystal is uniquely identified by the crystal number (transaxial view)
and the ring number (axial view). Each detected LOR determines a unique
pair of intersection points which address a specific combination of generic
crystals.

user only has to provide its intensity value and the appropriate
LOR end-points in 3D. Then, from the given line the 3D
intersection points on the cylinder surface are calculated which
hit a unique combination of generic crystals and specific TOR
of the GCM respectively. Finally, the corresponding addressed
generic intensity value is incremented according to the LOR
contribution. In this way, the necessary scanner-dependent
adaptations can be minimized and explicitly comprise the
definition of end-points of all occuring LORs and the pro-
vision of corresponding coincidence data. The full conversion
procedure is realised with a scanner-dependent pre-calculable
lookup table which maps any measured LOR to exactly one
TOR of the GCM where different LORs are also allowed to
be assigned to the same TOR.

B. System Matrix Specification

The central component of PRESTO is the system matrix
modul which implements the calculation and the fast access
to a strongly compressed, memory-resident system response
matrix. Here, the usage of the GCM in combination with
highly rotation-symmetric voxel assemblies (Fig. 2) allows to
reduce the number of non-zero matrix elements by a factor
of 300 and beyond [1]. The number of angular sectors Nsec

(Fig. 2) determines the degree of compression and is a free
parameter of the software. Restrictions are only imposed by
the projection data which must hold the same symmetries.
Here, the benefit of the applied GCM becomes evident. Due
to the regularity of the projection data the user-definable
angular structure of the GCM and the value of Nsec can be
adjusted to each other. Thus, also for scanner topologies with
a low number of symmetries a high compression factor for
the system matrix can be achieved! For large, multiple ring
scanners the system matrix can be sufficiently compressed
(to approx. 1-5 GB). Using the GCM for the construction of
the system matrix makes the matrix modul implementation
independent of any scanner topology.

Fig. 2. Example of a transaxial assembly of voxels (left) which is composed of
Nsec =12 identically structured angular sectors (right). As example a system
of four LORs (dashed lines) is shown which are symmetric to each other
when rotating for multiples of 360o/12. The drawn LORs have the same
intersection properties with respect to the voxels. The sector partitioning in
radial and tangential direction (right) is identical for all sectors.

Generally, the system matrix modul of PRESTO comprises
the following functionalities:

• Matrix pre-calculation, storage and automatic matrix
compression including ultra-fast matrix element access
patterns for symmetric LORs [1]. Thus, the calculation
of matrix elements has no influence on the effective
reconstruction time.

• User-defined granularity of GCM projection data,
i.e. number of generic rings and number of generic crys-
tals per ring are free parameters. Therefore, the trade-off
between calculation effort and accuracy can be adjusted
depending on the available computing resources. Usage
of the described ’intersection method’ (II-A) provides a
very accurate geometrical description for a high granu-
larity.

• User-defined voxel assemblies. The number of sec-
tors Nsec (Fig. 2, left) as well as the radial and tangential
sector partitioning (Fig. 2, right), i.e. voxel volumes,
can be freely adjusted. For example, slices of different
width in the radial direction are feasible by using a non-
equidistant grid.

• Volume-of-Intersection (VOI) scheme for the calculation
of system matrix weights taking generic TORs in combi-
nation with highly rotation-symmetric voxel assemblies
into account [1]. The VOI scheme also provides higher
stability and flexibility with respect to sampling arte-
facts [2], e.g. restrictions on the axial slice thickness
of the image with respect to detector ring thickness are
omitted.

• Maximum-Likelihood-Expectation-Maximisation
(MLEM) or Ordered-Subset-EM (OSEM)

• Parallelisation onto multiple nodes/processes where each
process only needs to store and evaluate a fraction of
the system matrix. The matrix is sent over network onto
different computing nodes using simple socket commu-
nication. Therefore, the matrix size is not limited to the
available memory of a single machine.
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C. Implementation

The functionality of PRESTO is organised in object-oriented
high-level C++ classes with a simple user interface structure
which allows to easily handle the complexity of most parts
of the reconstruction problem. All implemented C++ classes
have been serialized, thus no unformatted, error-prone data
structures are used, but consistent data objects can be stored on
disc and re-built or in case of parallelisation sent and received
via sockets over network.

A global C++ class holds the GCM projection data and
provides the interface for data filling via LOR-end-points,
matching symmetric TORs, accessing the generic TORs in
terms of geometry properties and projection intensity values.
Another C++ class manages the full 3D voxel assemblies and
holds the symmetric data structures representing the image for
the reconstruction task. Instances of both classes in combina-
tion are given to the matrix builder class which analytically
calculates the appropriate VOI weights to build a system
matrix for the reconstruction task. Finally, the matrix access
class performs the parallelised MLEM/OSEM reconstruction
for a given generic data set and provides an image in the
representation of the voxel assembly used for the matrix
generation.

D. Applied Scanners

For this paper PRESTO has been applied for the Siemens
ECAT HR+ whole-body scanner [4] and the Siemens Brain-
PET scanner [5]. The latter one has MR-compatible PET
detectors and is integrated into a Siemens 3TMR-gantry, thus
allowing the simultaneous acquisition of MR images and 3D
PET listmode data of human brains. Technical properties as
well as elementary parameters for the standard sinogram-
based reconstruction and the PRESTO reconstruction are listed
in Table I for both scanners. The differences between both
systems are evident and comprise several features, e.g. ring
diameter, number of rings and crystals, structure of gaps. The

Scanner properties ECAT HR+ BrainPET
# of rings 32 72
ring thickness 4.85 mm 2.5 mm
axial FOV 155.2 mm 192.5 mm
ring diameter 825 mm 376 mm
# crystals per ring 576 384
gaps no 5 axial & 32 transax.
# physical LORs ≈ 70 millions ≈ 250 millions
Sinogram Recon.
axial compression span 9 span 9
# of views 144 192
# radial bins 288 256
# of sinograms 239 1399
PRESTO Recon.
# of sectors 72 80
# crystals per ring 576 480
# of rings 32 77 (72+5 gaps)
compression factor 288 320

TABLE I
OVERVIEW OF SCANNER PROPERTIES FOR THE ECAT HR+ WHOLE BODY
SCANNER AND THE BRAINPET SCANNER AND ADJUSTED PARAMETERS

OF THE RECONSTRUCTION USING SINOGRAMS OR PRESTO

PRESTO ECAT reco

Fig. 3. Comparison of image quality of a 18F-filled 3D Hoffman Brain
phantom measured with the Siemens ECAT HR+ whole body scanner for
transaxial (top), coronal (middle) and sagittal (bottom) view. Left column
images show the PRESTO fully-3D iterative reconstruction using all LORs
without LOR rebinning. Right colunm images show the standard iterative
console sinogram-based reconstruction [4].

basic parameters of PRESTO have been individually adapted,
so that the generic crystal pattern is closely related to each
scanner system. The PRESTO settings (Table I) provide a
bijective assignment of measured to generic LORs for both
scanners, i.e. any measured LOR exactly corresponds to one
generic LOR1.

III. RESULTS

A. ECAT HR+ scanner

The PET data comparatively shown in Figure 3 were ac-
quired with the Siemens ECAT HR+ whole-body PET scanner
and iteratively reconstructed with PRESTO (left column) and
the sinogram-based ECAT console reconstruction (right). The
applied reconstruction parameters are listed in Table I. The
ECAT HR+ scanner provides approx. 70 million detected
LOR which are rebinned to approx. 10 million LORs for the
sinogram-based reconstruction. In contrast, the PRESTO re-
construction evaluates all individual LORs separately without

1This is not necessarily required for the reconstruction with PRESTO.
Multiple contributions to generic LORs can be considered by an appropriate
normalisation.
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any axial or transaxial LOR rebinning. The system matrix size
of PRESTO comprises roughly 3 GB memory after compres-
sion with an overall compression factor of 288 which is related
to the 72-fold rotational scanner symmetry. The improved
image resolution in terms of contrast and resolution becomes
evident. The separate evaluation of all LORs in combination
with the accurate VOI weighting provides a significantly better
image quality.

B. BrainPET hybrid-MR/PET scanner

Figure 4 compares images acquired with the BrainPET
scanner. The reconstruction parameters applied for PRESTO
(left column) and the sinogram-based reconstruction (right
column) are listed in Table I. The sinogram-based recon-
struction delivered by the manufacturer effectively considers
approx. 68 millions LORs after rebinning whereas PRESTO
takes approx. 500 millions generic LORs with VOI weigthing
in the forward and backward projections appropriately into
account. The much higher calculation effort results in a
significantly improved image quality in terms of contrast and
noise.

PRESTO Sinogram-based reco

Fig. 4. Comparison of image quality of a 18F-filled 3D Hoffman Brain
phantom measured with the Siemens BrainPET MR/PET-hybrid scanner for
transaxial (top), coronal (middle) and sagittal (bottom) view. Left column
images show the PRESTO fully-3D iterative reconstruction. Right colunm
images show the standard iterative sinogram-based reconstruction [5].

The pre-calculated system matrix of PRESTO has a size
of 11 GB for the applied compression factor of 320. The
full matrix calculation needs 28 hours CPU time which is
performed on a Linux cluster (14 nodes used) in 2 hours
effectively. For the reconstruction OSEM with 4 subsets has
been applied. Any subset requires 100 billion matrix ele-
ment accesses and related floating point multiplications. The
reconstruction has been performed on a cluster with Intel
Xeon X5365 3 GHz CPUs using three nodes and needs 240
seconds per subset iteration. The shown images correspond
to 60 iterations which are performed within 4 hours. Further
speed-up can be achieved when using more nodes and more
subsets.

IV. DISCUSSION

First applications with PRESTO have been presented for
the ECAT HR+ whole-body PET scanner [4] and for the
novel Siemens BrainPET hybrid-MR/PET scanner [5]. Despite
several design differences, PRESTO provides high-quality re-
constructed 3D PET images for both scanner types document-
ing the capabilities and universality of the new reconstruction
framework.

The trade-off between accuracy and calculation effort in 3D
PET image reconstruction is evident, but the usage of memory-
resident accurate system matrices allows significant improve-
ments in reconstruction strategies. Especially, the continuously
increasing available computing resources open new possibil-
ities of high-quality PET imaging. Here, PRESTO follows
some (maybe) unconventional strategies to provide a versatile
and competitive framework for iterative 3D PET image recon-
struction. The presented applications suggest some alternative
techniques in PET imaging beyond the familiar concepts of
sinograms and cubic voxels. The PRESTO library is still
under development, i.e. further improvements and benchmarks
have to be done. An accelerated version of PRESTO using
Graphical Processing Units (GPU) to massively speed up the
MLEM/OSEM-related multiplications and addressing is under
development.
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Nonparametric Bayesian Spatial Reconstruction for
Positron Emission Tomography

Éric Barat, Claude Comtat, Member, IEEE, Thomas Dautremer, Thierry Montagu, Mame Diarra Fall, Ali
Mohammad Djafari, Member, IEEE, and Régine Trébossen.

Abstract— In this contribution we address the challenging
problem of emission tomographic spatial reconstruction in con-
tinuous space. We cast the problem in the context of point inverse
problems (see [1]) namely observations are discrete projections of
detected random emission locations whose probability distribu-
tion has to be estimated. Firstly, we look for solutions in the whole
set of probability measures on R3 which is an infinite dimension
space. This leads to a nonparametric approach. Secondly, we
want to explore the posterior distribution of the activity distri-
bution, we have thus to define a prior on the nonparametric
spatial measure, revealing the Bayesian nonparametrics (NPB)
framework. The regularization of the inverse problem depends
entirely on the nonparametric prior.

This statistical approach, offering a rigorous handling of
reconstruction uncertainty, is well suited for low doses imaging.
In order to illustrate the availability of the method, we take into
account the limited field of view of the system. This requires
to deal with density estimation of truncated data. Scattered and
random events, as well as attenuation and normalization aspects,
are also considered.

Based on a hierarchical data model we propose a Markov chain
Monte-Carlo (MCMC) algorithm which is able to generate draws
of the posterior distribution of the spatial activity distribution.
Any functional (conditional expectation and variance, credibility
intervals, etc.) can then be estimated.

Results illustrating continuous fully 3D reconstructions are
given for synthetic data from a digital phantom.

Index Terms— Positron Emission tomography, Bayesian non-
parametrics, density estimation, Dirichlet mixture, point inverse
problems.

I. INTRODUCTION

Statistical reconstruction methods in PET imaging ([2])
make use of a model of the data likelihood conferring in-
teresting properties to activity distribution estimates (e.g. non-
negativity, image variance reduction, physical models, etc.).
Nevertheless, usual statistical methods rely on a decompo-
sition of the object space using a finite set of fixed basis
functions. Among others, the voxel-based basis function is
mostly considered. The finiteness and rigidity of the basis
may induce some bias in the spatial distribution estimates.
As an illustration, the voxel size has to be determined a priori
without fine structure knowledge of the object and acts as a
tuning parameter in the reconstruction algorithm. This work
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can be viewed as the design of a reconstruction scheme where
we substitute to the finite fixed basis a nonparametric measure
adapted to the quantity of information available in the dataset.

In addition, for quantitative low doses PET imaging, a
rigorous handling of reconstruction uncertainty appears of
interest in order to give credibility intervals over profiles or
any regions. This posterior exploration constitutes an argument
for the Bayesian nonparametrics choice. In [1] authors give a
short introduction to this field and illustrate the approach on
2D data.

While satisfying naturally the framework presented in [1], a
fully 3D context requires some refinements. In particular, the
losses of decays due to the limited axial field of view, gaps,
detectors efficiency and deadtimes have to be considered. In
the statistical terminology these losses correspond to a so-
called truncated data situation. Besides this random emissions
thinning, actual PET imaging involves scattered and random
events. In the next section we enhance the hierarchical model
proposed in [1] in the sense that we precise the implications
of truncated observations on the nonparametric prior for the
spatial activity distribution and complete the data model by a
mixture of true vs. scattered/random events.

We will use the notation P (·) for probability mass function,
f (·) for probability density function and symbol “∼” for “is
distributed as”.

II. THEORY

A. Problem formulation

In the context of PET, the set of the L possible physical lines
of response (LOR) lies in a 4D space characterized for l =
1, . . . , L, by (sl, $l, rl, ϕl) where sl is the distance between
the z-axis (ring center) and the lth LOR onto a transaxial plane
xy; $l is the azimuthal angle between the LOR and the x-axis;
rl is the difference between the axial coordinates of the two
detector crystals in coincidence (z1, z2) and ϕl is the angle
between the lth LOR and the transaxial plane. We construct
a direct mapping between the LOR parameters space and the
index l. With this mapping the random variable y corresponds
to the index of the line of response (LOR) for an observed
coincidence.

For an emission located in x, the probability to detect an
event in LOR y = l is P (y = l|x). The limited field of view,
detectors efficiencies and pile-up induce a loss of photon pair
coincidences. To construct a normalized measure we introduce
a virtual 0-indexed LOR to take into account the waste of
coincidences and we define a random variable v = {y > 0}
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indicating that an emission is recorded. Then, for any x,
P (v|x) =

∑L
l=1 P (l|x) ≤ 1 and P (y = 0|x) = 1−P (v|x).

The distribution of projection LOR y given an emission in x
can then be written (with δl the Dirac-delta mass probability
function in l)

(y|x) ∼ H (y|x) =
L∑
l=0

P (y = l|x) δl (y) (1)

Only positive y are observed a.k.a. data such that y = 0
are truncated. The distribution of LOR y given a recorded
emission in x is defined as

(y|x,v) ∼ Hv (y|x,v) =
L∑
l=1

P (y = l|x,v) δl (y) (2)

with P (y = l|x,v) = P (y = l|x)/P (v|x). Within the trun-
cated data framework, the Bayesian nonparametric inverse
problem can be expressed as follows

Gv(·) ∼ G

F (·|Gv,v) =
∫
X
Hv (·|x,v) Gv (dx|v)

and for i = 1, . . . , n,

(Yi|F,Gv, Yi > 0) i.i.d∼ F (·|Gv,v)

(3)

where Gv(·|v) is a G-distributed random probability measure
corresponding to the spatial distribution of recorded emissions,
X represents the object space and Y = {Y1, . . . , Yn} is the
observed Fv-distributed truncated dataset.

Based on the representation (3) of the inverse problem, our
purpose is to infer the posterior distribution of the spatial
decays locations (not necessarily recorded) distribution G (·)
given observations Y. From Bayes rule,

G (dx) =
Gv (dx|v)
P (v|x)

P (v) (4)

For given Gv the distribution G (x) is a normalized version
Gv (x|v) /P (v|x) revealing that inference on Gv (x|v) |Y is
exhaustive for estimation of G (x) |Y as soon as P (v|x) >
0 for any x in X (meaning that any location of the object
space is observable). An important point is that we have to put
a nonparametric prior on the spatial distribution of recorded
events in order to access posterior uncertainty.

We consider now scattered and random events.
1) Scattered events: A rigorous way to deal with scattered

events is to model H (y|x) as a mixture of true (T) and
scattered (S) events projections. Let define the projection
distribution for true events HT (y|x)

HT (y|x) =
L∑
l=0

P (y = l|x,T) δl (y) (5)

and HS (y|x) similarly. We model then H(y|x) and P (v|x)
as statistical mixtures with weight πT ∈ ]0, 1]

H (y|x) = πTHT (y|x) + (1− πT)HS(y|x)
P (v|x) = πT P (v|x,T) + (1− πT)P (v|x,S)

Hv (y|x,v) = πT
HT (y|x)
P (v|x)

+ (1− πT)
HS(y|x)
P (v|x)

(6)

An approximation in equations (6) consists in considering
P (v|x,T) ≈ P (v|x) for x close to the scanner center, which
comes to assume that the observation probability of a decay
is the same for a true or any (scattered or not) event. Thus,

HT,v(y|x,v) =
HT (y|x)
P (v|x)

≈ H?T,v(y|x,v)

H?T,v (y|x,v) =
L∑
l=1

P (y = l|x,v,T)δl (y)
(7)

with P (y = l|x,v,T) = P (y = l|x,T)/P (v|x,T). An
equivalent expression stands for H?S,v(y|x,v). Note that with-
out this approximation HT,v(y|x,v) depends on P (v|x,S).

2) Random events: The model above can be completed by
a random events contribution R in the mixture

F ? (·|Gv,v) = πT

∫
X
H?T,v(·|x,v)Gv (dx|v)

+ πS

∫
X
H?S,v(·|x,v)Gv (dx|v) + πRR(·|v)

(8)

with πT + πS + πR = 1.
Formula (8) suggests that scattered events may contribute

to the reconstruction of G (·), requiring the knowledge of
HS(y|x). But usually the scattered projection distribution is
unused, and its contribution is considered as fixed after a (or
some) preliminary reconstruction. We can then rewrite (8)

F ? (·|Gv,v) = πT

∫
X
H?T,v(·|x,v)Gv (dx|v)

+ (1− πT)Q(·|v)
(9)

whereQ, deduced from (8), is assumed known and fixed which
is very common in PET reconstruction.

3) Attenuation, normalization, calibration, geometrical fac-
tors, deadtime and LOR distribution model: From Bayes rule,
the projection distribution probability can be expressed as

P (y|x,T) = hT,x (y)P (y|T) (10)

where hT,x (y) is a likelihood term in which x is assumed to
follow a uniform prior over the object space X whose volume
is denoted by |X | =

∫
X dx

hT,x (y) = |X | fgeom (x|y,T) (11)

fgeom (x|y = l,T) is the geometrical probability density that a
photon pair observed in LOR l comes from an emission lo-
cated in x including point spread effects (acolinearity, positron
range, etc.). Note that any other prior on x can be chosen
leading to different fgeom. The LOR distribution probability is
modelled as follows, for any l > 0,

P (y = l|T) = λn (l) a (l) (12)

In (12), n (l) is a relative normalization factor includ-
ing detectors efficiency, geometrical and deadtime factors
(
∑L
l=1 n (l) = 1); λ is an absolute calibration factor and a (l)

stands for the attenuation factor for LOR l estimated from a
transmission analysis of the object. With this model,

P (v|x,T) = λ |X |
L∑
l=1

n (l) a (l) fgeom (x|y = l,T) (13)
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We can then express P (y = l|x,v,T), for 1 ≤ l < L,

P (y = l|x,v,T) =
n (l) a (l) fgeom (x|y = l,T)∑L

m=1 n (m) a (m) fgeom (x|y = m,T)
(14)

After a probabilistic characterization of system physical and
geometrical properties, we focus in the next section on priors
elicitation for Gv(x|v).

B. Nonparametric priors for random activity distributions

1) Dirichlet Process Mixture: For G we use the prior
described in [1] for nonparametric spatial random distribution
of recorded true events. Readers may also refer to [3] for a
definition of mixtures of Dirichlet processes (DPM) and to
[4] for a tutorial on Bayesian nonparametrics. If we denote by
fGv the density of random distribution Gv

fGv (·) =
∫
fN (·|Z) Gd (dZ)

Gd ∼ DP (αG0)
(15)

where fN (·) is the density of the multivariate (3D) normal
distribution parameterized by its mean m and covariance
matrix Σ and Gd is a Dirichlet Process (DP)

Gd (·) =
∞∑
j=1

pj δZj (·) (16)

where p1 = V1 and for all k ≥ 2, pj = Vj
∏j−1
h=1 (1− Vh) and

V1, V2, . . . are generated from a Beta (1, α) (beta distribution
with parameters 1 and α > 0), pj is thus generated following
the so-called GEMα distribution (stick-breaking) and Zj =
(mj , Σj) are G0-distributed with G0 taken as a Normal-
Inverse Wishart model NIWρ,n0,µ0,Σ0 (see [1] for definitions
and parameters meaning). With these notations the generated
activity distribution is obtained as follows

Gv (·) =
∞∑
j=1

pj N (mj , Σj) (17)

Equation (17) makes explicit the key point that we represent
the random activity distribution in PET as an infinite random
mixture of normal distributions. Another point is that the
regularization of the inverse problem depends entirely on
parameters α, n0, Σ0, µ0 and ρ.

2) Hierarchical model for PET data: Even if we do not
use time information, we suppose here that Y is available in
list mode acquisition (or that we process sinogram acquisition
event by event). Thanks to the Bayesian framework, it is
allowed to express the observation model (9), based on DPM
priors, by a hierarchical model provided that we complete
the data with some latent variables (as it is the case in EM
approach with another choice of hidden variables). The gener-
ative model for the n observed photon pairs has to be extended
compared to [1]. First, T = (T1, T2, . . . , Tn) indicates whether
an event is a true event or not: Ti = 1 for a true event
and Ti = 0 otherwise. Define, ι1 = (i1, i2, . . . , inT) =
{i ∈ Nn : Ti = 1}, ι0 = Nn r ι1, T1 = {Ti ∈ T : i ∈ ι1}
and T0 = T r T1. In the same way we define Y1 =
{Yi ∈ Y : i ∈ ι1} and Y0 = Y r Y1. As solely projections

are recorded in emission tomography, emission locations have
to be introduced as hidden variables in the reconstruction
algorithm, but since we do not use scattered nor random
events information, only emission locations of eventual true
events have to be sampled. We denote by nT the number of
eventual true events and note X = (Xi1 , Xi2 , . . . , Xin) the
emission locations of the nT true events leading to recorded
projections. It is convenient, when inferring on DPM, to
allocate each Xi to a component of the underlying DP, see [5]
for details. We then denote by K = (Ki1 ,Ki2 , . . . ,Kin) the
classification variables defined such that Ki = j if (m,Σ)i =
Zj . Another hidden variables vector Here, (m,Σ)i are the
parameters of the normal component of the DP at which Xi

is affected to. We finally introduce the conditional variables
V = (V1, V2, . . . , Vn) = (Y1 > 0, Y2 > 0, . . . , Yn > 0) to
indicate that we deal with truncated data. With these notations
and p, Z defined supra, we may write the joint probability
density of the complete variables set of recorded data

f (X,K,p,Z,Y,T|V) = P (Y1|X,T1,V)
× f (X|Z,K,T1,V)× P (K|p,T1,V)
× P (Y0|T0,V)× P (T|V)× f (p, Z|V)

(18)

which leads to the following hierarchical model for PET data

(p, Z|V) ∼ GEMα (p)
×NIW∞ρ,n0,µ0,Σ0

(Z)
for all i ∈ Nn,

(Ti|Vi)
i.i.d.∼ BerπT (Ti)

for all i ∈ ι0,

(Yi|Ti, Vi)
i.i.d.∼ Q (Yi|Vi)

and for all i ∈ ι1,

(Ki|p, Ti, Vi)
i.i.d.∼

∞∑
j=1

pj δj (Ki)

(Xi|Z,Ki, Ti, Vi)
ind∼ N (Xi ; mKi

,ΣKi
)

(Yi|Xi, Ti, Vi)
ind∼ H?T,v (Yi|Xi, Vi)

(19)

where BerπT is the Bernoulli distribution with parameter πT.

C. Gibbs sampler

Thanks to the hierarchical model (19) and following [1], we
propose a Markov Chain Monte Carlo algorithm in order to
generate random distributions fG (·) |Y. The MCMC sampler
will successively draw samples from the following conditional
distributions

Event classification (true vs. not true) : (T|Y,p,Z,V)
Annihilation location proposal : (X|Y,p,Z,T,V)
DPM component parameters : (Z|K,X,T,V)
Allocation of emission to DP : (K|p,Z,X,V)
DP weights (Stick breaking) : (p|K,V)

(20)
Except generation of Xi|Yi, p, Z, Ti, Vi, all the conditional
distributions allow direct sampling. The MCMC algorithm
is then mainly a Gibbs sampler. Nevertheless, generation
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of Xi|Yi, p, Z, Ti, Vi requires a Metropolis-Hastings (MH)
step and choice of a proposal distribution. Let express this
distribution using the Bayes rule

f (Xi|Yi,p,Z, Ti, Vi) ∝ f (Xi|p,Z, Ti, Vi)P (Yi|Xi, Ti, Vi)

where f (Xi|p,Z, Ti, Vi) is the likelihood fGv (Xi|Vi,p,Z)
and P (Yi|Xi, Ti, Vi) is given by formula (14). We propose a
candidate distribution g (Xi|Yi,p,Z, Ti, Vi) such that

g (Xi|Yi,p,Z, Ti, Vi) ∝ f (Xi|p,Z, Ti, Vi) fN (Xi|Yi)

where mean and covariance matrix of fN (Xi|Yi) depend on
Yi and chosen s.t. fN (Xi|Yi) ≈ fgeom (Xi|Yi,T). Thus g(·) is
a mixture of normals, convenient for sampling. An improve-
ment compared to [1], is the use of slice sampling for gener-
ation of p which draws an auxiliary variable and avoids any
hard truncation of the infinite dimensional distribution while
requiring only a finite number of DP components N at each
iteration of the sampler, see [6] for details. After convergence,
the sampler generates draws from (X,K,p,Z,T|Y,V). Then
from draws (X∗,K∗,p∗,Z∗,T∗) we construct

f∗Gv
(·) =

N∗∑
k=1

p∗k fN (·|Z∗k) (21)

and, using formula (4) and (13),

f∗G (·) ∝
f∗Gv

(·)∑L
l=1 n (l) a (l) fgeom (·|y = l,T)

(22)

Generating f∗G (·), we can estimate the posterior distribution
of fG|Y and its functionals. In particular, we compute the
conditional mean, E (fG|Y), the so-called predictive activity
distribution. In addition, provided that we use the prior νT ∼
1/νT for the number of missing (unrecorded) decays, we can
sample from the posterior

νT|Y,T,p,Z ∼ NegBin (· ; nT, η) (23)

where NegBin(·) is the negative binomial distribution with nT
successes and parameter η = P (v|T,p,Z). From Bayes rule
and formula 13,

η = λ |X |

(∫
X

fGv (x|v,p,Z)∑L
l=1 n (l) a (l) fgeom (x|y = l,T)

dx

)−1

The random variable nT + νT corresponds to the total number
of decays. The ability to infer on this quantity in the statistical
framework allows an estimate of the posterior distribution of
nT + νT which is suitable for quantitative analysis.

III. MATERIAL AND METHODS

A. Test of the method
We generated decays from a 3D voxelized brain phantom

(modified Zubal, see Fig. 1a) such that only 107 were recorded
due to the scanner FOV. Not truncated decays are detected
as true coincidences by a 32 rings scanner (axial FOV =
155 mm), each ring is made of 576 detectors (ring radius =
412 mm), approximating an ECAT HR+ geometry. Significant
parameters for the Dirichlet mixture were chosen as follows :
α = 1000, Σ0 = 6.25 mm2 × I3, n0 = 4. We retained 10000
draws of the Gibbs sampler (after 2500 burn-in iterations) to
estimate functionals of the random spatial activity.

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)
Fig. 1. a) 3D isosurfaces digital brain phantom; b) 3D isosurfaces NPB
conditional mean; c) 3D isosurfaces NPB conditional standard dev.; d) Brain
phantom : sagittal view; e) Brain phantom : coronal view; f) Brain phantom
: axial view; g) NPB conditional mean : sagittal view; h) NPB conditional
mean : coronal view; i) NPB conditional mean : axial view.

B. Results

As already reported in 2D ([1]), based on available infor-
mation, the NPB approach is able to adapt the number of non
empty components of the DPM (≈ 4000 in our 3D simulation)
in order to tackle the structure of brain concentration activity
and increases components with the number of true recorded
events. It is significant on 3D curves that reconstruction in a
continuous space leads to smooth isosurfaces, while preserving
edges, including for cold regions. This property is emphasized
in 3D vs. 2D since we make more use of spatial correlations.
Posterior uncertainty is directly accessible for quantitative
analysis on any region of interest.
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Abstract— This paper presents a method to calculate the 

region-of-interest (ROI) values and the noise properties of 
Positron Emission Tomography (PET) images reconstructed 
using 3D Re-Projection (3DRP) algorithm. Theoretical formulas, 
similar to the results for 2D Filtered Backprojection (FBP) by 
Huesman, are derived. We modify the Software for Tomographic 
Image Reconstruction (STIR) to compute the ROI value and the 
covariance matrix. Monte Carlo simulations are done to evaluate 
the accuracy of the proposed method. This method is useful for 
appropriate weighting of PET data for dynamic analysis. It is 
also useful in comparing different reconstruction algorithms. 
 

Index Terms—Covariance analysis, noise, PET, Quantization 
 

I. INTRODUCTION 
HE accuracy and precision of the measurements with 
positron emission tomography (PET) are influenced by 

many factors, including the finite resolution of the PET 
scanner, errors in data correction and uncertainty in the 
measured data. In this paper, we consider the noise of PET 
data due to the Poisson statistics of measured counts. In 
quantitative PET imaging such as tracer kinetic modeling 
studies, the time activity curves (TACs) are usually averaged 
over a region-of-interest (ROI) to reduce statistical noise. We 
propose a method to calculate the average ROI values and the 
covariance matrix of images reconstructed using 3D Re-
Projection (3DRP) algorithm [1], which has been the gold 
standard for quantitative 3D PET image reconstruction. 

The noise properties of 2D FBP images have been studies 
extensively. Alpert et al [2] modified FBP to calculate the 
noise in FBP images. A method to calculate the ROI value and 
the statistical uncertainties was proposed by Huesman [3]. 
Carson et al [4] derived an approximation formula for the ROI 
variance, which does not require the original projection data.  
A significantly amount of work has also been done for 
iterative reconstruction algorithms [5-7]. 

For 3D analytic reconstruction algorithms such as 3DRP, 
little has been done to characterize the noise properties of the 
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images. Expressions of the variance of images with simple 
activity distribution have been derived [8]. Phantom scans 
have been used to characterize the noise properties of 3DRP 
images and empirical formulas have been derived for voxel 
variance and covariance, which can be used to calculate the 
ROI variance [9]. 

In this paper, we present a method to calculate average ROI 
values and the covariance matrix of 3DRP images. Theoretical 
formulas are derived, in the spirit of Huesman’s algorithm. We 
consider the corrections of data applied prior to the 
reconstruction.  Monte Carlo simulations are done to evaluate 
the accuracy of the proposed method and to investigate the 
noise properties of dynamic images with complex activity 
distribution. 

II. METHODS 

A. 3DRP Algorithm 
3DRP is an analytic image reconstruction algorithm for 3D 

PET [1]. There are three steps in 3DRP: first, reconstruction of 
image using a subset of 3D data, which is complete for 
reconstruction. Usually this subset is constructed using the 
events within each detector ring and neighboring rings. 
Second, forward project the reconstructed image to estimate 
the data in the missing lines of responses (LORs). Finally, a 
3D FBP algorithm is used to reconstruct the final image from 
the complete 3D dataset, which includes both the measured 
data and the estimated missing data in the previous step. The 
whole procedure is a linear operation on the data which can  
be written as: 

  

! 
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]  (1) 

where   

! 

) 
x  is the reconstructed image in vector format, y3d is a 

vector of the size of Nx1, with measured counts in the 
measurable LORs and 0 filled in missing LORs, where N is 
the number of LORs in the 3D complete dataset. y2d is the 
vector of measured counts in the subset of data used for initial 
reconstruction (usually sinograms in direct planes), C1d is the 
1D convolution matrix used for 2D-FBP in the initial 
reconstruction, C2d is the 2D convolution matrix used in 3D-
FBP (i.e. Colsher filter), I3d and I2d are identity matrices with 
size V3dxV3d and V2dxV2d, where V3d is the number of 
projection angles for 3D-FBP and V2d is the product of 
number of projection angles and number of sinograms for 2D-
FBP, ⊗ represents Kronecker product, P3d is the 3D forward 
projection matrix, P3d

back and P2d
back are the 3D and 2D back 
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projection matrices respectively. S is a diagonal matrix with 
size NxN, Sii=1 for missing LOR i and 0 otherwise. a is a 
scaling factor for decay correction and calibration. 

B. ROI Value and Covariance Matrix Calculation 
For quantitative PET imaging studies, a common practice is 

to average the image value over a pre-defined ROI, to reduce 
noise in the following data analysis: 
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where zk is the average activity in the kth ROI, nk is the 
number of voxels in the kth ROI, and Jk is the indicator 
function for the ROI, 
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and we can write the ROI value as 
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where LOR2d is the set of LORs used in the initial 
reconstruction. Here the vector 

! 

gk  is independent of the 
measured data, and can be pre-calculated, given the ROI 
indicator function 

! 

J
k
. Then the covariance matrix for the ROI 

values can be written as follows: 

! 

cov{zk,zl} = gk (i)gl ( j)cov{y(i),y( j)}
j

"
i

"  (6) 

Assuming the data are statistically independent, equation (6) 
simplifies to: 

! 

cov{zk,zl} = gk (i)gl (i) var{y(i)}
i

"   (7) 

and the variance of each ROI is: 

! 

var{zk} = gk (i)
2
var{y(i)}

i

"     (8) 

C. Data Correction 
Before applying 3DRP reconstruction, the measured data 

(number of events acquired in each LOR) is corrected for 
random and scattered events, attenuation, detector and 

geometric efficiency, and deadtime. The corrections are 
summarized in the following equation, assuming the random 
events are corrected using delayed window method: 

! 

y(i) = ((p(i) " d(i)) # n(i) " s(i)) # a(i)   (9) 

where p(i) is the number of prompt events, d(i) is the number 
of delayed events, n(i) is the normalization factor, s(i) is the 
number of scattered events, and a(i) is the attenuation 
correction factor, for the ith LOR respectively. Assuming the 
prompts and delayed data are independent Poission random 
variables, it can be shown that 

! 

var{y(i)} =

a(i)n(i)"(i) + a(i)
2
n(i)s(i) + 2a(i)

2
n(i)

2#(i)
 (10) 

where 

! 

"(i) is the expectation of true coincidence events, 

! 

"(i)  
the expectation of delayed events. Here we ignore the noise in 
the correction factors. 

In phantom or human scans, 

! 

"(i) can be estimated from the 
projection of reconstructed images, 

! 

"(i)  can be estimated 
from the delayed sinograms or single data. 

D. Implementation 
We modified the 3DRP code in the open source package 

Software for Tomographic Image Reconstruction (STIR) [10]. 
A matrix based projector pair is used. In this case, the forward 
projection matrix is the transpose of the back projection matrix 
and vise versa. Equation (4) can be written as: 
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which allows us to use the existing projection and back 
projection routines in STIR. 

The computation time required to calculate each ROI value 
and its variance is similar to one 3DRP reconstruction. We 
modified and compiled STIR on a MAC Pro server with 2x3 
GHz dual-Core Intel Xeon, 4GB DDR2 RAM, running Mac 
OS X and gcc 4.0.1. It takes approximately 2 minutes to 
calculate the 

! 

gk  in equation (5) using one CPU core. Similar 
time is required for 3DRP reconstruction.  

III. SIMULATION RESULTS 

Simulation is done using the forward projector in STIR and 
MATLAB (MathWorks, Natick, MA). The geometry of a 
Siemens/CTI HR+ scanner is used in the simulation with 
default sinogram parameters. All reconstructed images are 
128x128x63, and are reconstructed using zoom of 1 (pixel size 
2.25mm), Colsher filter with cut-off at Nyquist frequency. 

A. Hoffman Brain Phantom 
First, a digital Hoffman brain phantom [11] is simulated to 

evaluate the accuracy of proposed method. For this purpose, 
noiseless sinograms of prompts and delayed data are 
generated, then Poisson noise is added. Calculated distribution 
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TABLE I 
DIFFERENCE BETWEEN MC AND PROPOSED METHOD 

 Max Min Mean Std 

Mean 1.86% 1.9% -0.03% 0.5% 
Variance 12.0% -10.5% 0.65% 4.56% 
Difference calculated as (m1-m2)/m2, where m1 is the mean or variance 

calculated using proposed method, m2 is the one computed from 1000 Monte 
Carlo simulation. 

 
 

of scattered events from a uniform cylindrical phantom scan 
on HR+ is used, and the singles data from the same scan is 
used to create the normalization factors, which are then used 
to generate the prompts data in the simulation. The 
distribution of random events is assumed to be uniform. The 
radioactivity concentration ratio between gray matter and 
white matter is 4:1. We simulate 100 million total prompts. 
The scatter fraction and random fraction are 0.35 and 0.15 
respectively. 1000 datasets are generated and reconstructed 
using 3DRP. 

We select 200 circular ROIs with 1cm diameter in the 20 
image planes in the center of phantom, 100 of them are in the 
gray matter and the other 100 are in the white matter. Figure 1 
shows the Hoffman brain phantom with the ROIs. In Figure 2 
the means and variances of the 200 ROIs measured from the 
1000 simulations are compared with those calculated using 
equations (3) and (8) in scatter plots. The differences between 
Montel Carlo simulation and the proposed method are small 
(Table I). The mean difference in variances is less than 1%. 
The differences in the means are smaller than differences in 
the variances. 

B. Zubal Head Phantom 
A Zubal head phantom is also simulated using STIR. This 

phantom has 62 structures [12]. We select 20 regions that are 
important for neuroreceptor studies. A dynamic brain scan 
using [11C]WAY-100635 is simulated as follows: 

• Two tissue compartment model is used to describe the 
uptake and binding of the tracer in each region. The 
kinetic parameters of each region is taken from [13]. 

• The input function derived from a human scan is used 

for the simulation. 
• Total scan time is 110 minutes, which is divided into 20 

frames (3x20sec, 3x1min, 3x2min, 2x5min, 9x10min). 
• Normalization factors and calculated distribution of 

scattered events from the human scan are used for each 
frame. The distribution of random events is assumed to 
be uniform. 

• Fractions of scattered and random events in each frame 
are derived from the same human scan. 

• Input function is scaled such that the total number of 
prompt events from simulation is the same as that of the 
human scan. 

• Poisson noise is added to both prompts and delayed 
sinograms. Then delayed events are subtracted from the 
prompts to get true events. 

The Zubal phantom is shown in Figure 3. To further 
validate the proposed method, 100 noisy datasets are 
generated with Poisson noise added to the prompts and 
delayed sinograms, similar to the simulation with Hoffman 
brain phantom described in the previous section. Means and 
variances of ROI values are calculated from the noisy datasets 
and compared with those calculated from equations (3) and 
(8). The results are shown in Figure 4. The differences of 

 
 
Fig. 2.  Mean (left) and variance (right) of the ROIs in Hoffman brain 
phantom, calculated from 1000 simulations and proposed method. 
  

 
 
Fig. 1.  Hoffman brain phantom. 
  

 
 
Fig. 4.  Mean (left) and variance (right) of the ROIs in Zubal head phantom, 
calculated from 100 simulations and proposed method. 
  

 
 
Fig. 3.  Zubal head phantom.  
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variances measured from Monte Carlo simulation and 
calculated using proposed method are larger than the Hoffman 
phantom simulation, mainly due to the less number of datasets 
in the simulation (100 vs. 1000). 

The mean and variance of cerebellum, pons, putamen and 
amygdala are shown in Figure 5. The variance is the lowest in 
the middle frames, which have more counts and lower noise in 
the measured data. 

IV. DISCUSSION 
In this paper, we present a method to evaluate the average 

ROI value and calculate the variance and covariance for 3DRP 
images. The proposed method matches very well with Monte 
Carlo simulation results. The amount of computation is similar 
to 3DRP reconstruction. The calculated variance and 
covariance can be used for appropriate weighting of data in 
kinetic modeling. It may also help us to compare the 
properties of image reconstructed using different algorithms. 
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Adaptive 3D PET Imaging using a High-Resolution
Detector

Jian Zhou, Sara St. James, Simon Cherry, and Jinyi Qi

Abstract— PET has become a leading modality in molecular
imaging. Demands for further improvements in spatial resolution
and sensitivity remain high with growing number of applications.
Here we present a novel PET system design that integrates a high-
resolution detector into an existing PET system to obtain higher-
resolution and higher-sensitivity images in a target region around
the face of the high-resolution detector. A unique feature of the
proposed PET system is that the high-resolution detector can be
adaptively positioned based on the detectability or quantitative
accuracy of a feature of interest. The proposed system will be
particularly effective for studying human cancers using animal
models where tumors are often grown near the skin surface and
therefore permit close contact with the high resolution detector.
It will also be useful for the high-resolution brain imaging in
rodents.

I. I NTRODUCTION

The performance of small animal PET systems has been
improved impressively in terms of spatial resolution and
sensitivity since their first development in the mid 1990s. Some
research systems have reported a sub-mm spatial resolution in
animal studies using arrays of small scintillator elements [1],
[2], [3]. However, the resolution of these systems is still
mainly limited by the physical size of the scintillator elements
and the intrinsic spatial resolution of the detectors. Therefore,
placing detectors with much smaller scintillator elements in
close proximity to the object is useful to obtain higher spatial
resolution and higher sensitivity. Successful instances have
been presented where high-resolution detectors are either
inserted into an existing whole body PET scanner [4], [5] or
a small-animal PET device [6], [7], [8] to improve the system
performance in a smaller field of view (FOV). The effect of
a high-resolution detector insert on the system resolution was
analyzed by Taiet al [9]. Related work on system modeling
of a half-ring PET insert was presented in [10].

While these approaches have been successful, room for
improvement remains. For instance, most PET-insert scanners
require a large number of high-resolution detectors (either
partial or full ring) to be placed within the gantry of an existing
system, which significantly increases the number of electronic
channels and cost. Secondly, most existing PET inserts use
short scintillation crystals (e.g., 3.75 mm for the micro insert
[8]) to avoid the depth of interaction (DOI) effect, so the
sensitivity of the high-resolution detector is fairly low, which
limits the potential improvement. In addition, the detectors are

This work is supported by the US Department of Energy under Grant No.
DE-FG02-08ER64677.

The authors are with the Department of Biomedical Engineering, University
of California, Davis, California, USA.

For correspondence please contact J. Qi (email: qi@ucdavis.edu).

in a ring at a fixed radius, so it may not be possible to position
animals right up against the high-resolution detectors to take
full advantage of the resolution available.

Here, we study a “zoom-in PET” PET system that integrates
a single high-resolution detector into an existing PET scanner
to provide higher resolution and sensitivity in a small region
around the face of the high-resolution detector (see Fig. 1).
The proposed design offers an innovative solution to take the
advantage of a single available high-resolution detector and to
obtain high-resolution images well before a full-ring PET sys-
tem can be built. It will be particularly effective for studying
human cancers using animal models where tumors are often
grown near the skin surface and therefore permit close contact
with the high resolution detector. The proposed system then
provides high-resolution and high-sensitivity images that can
reveal the heterogeneity inside a tumor, which permits better
understanding of tumor progression and response to therapies.
It will also be useful for high-resolution brain imaging in
rodents.

Using a single high-resolution detector also provides greater
flexibility because this detector can be adaptively positioned
with respect to the subject being imaged following the adaptive
imaging concept proposed by Barrettet al [11] and Clarkson
et al [12]. A short-duration scout image will be acquired first.
Then a task-specific figure of merit will be evaluated based on
the scout image and prior information for different position of
the high-resolution detector to find the optimal position that
maximizes the task performance. At last, the high-resolution
detector will be placed at the optimal position and a complete
scan will be acquired. The adaptive capability is a novel feature
of the proposed system.

We note that other researchers have used similar hardware
configurations without adaptive imaging. One design was stud-
ied by Wuet al [13], where a high-resolution detector insert
was rotated inside a microPET scanner forming coincidences
with the low-resolution detectors. Huhet al [14] presented
a PET imaging probe where a high-resolution detector is
used in coincidence with an arc of low-resolution detectors
to perform limited angle tomography of a region of interest.
Compared with these prior works, our system collects not only
the coincidence data between the high-resolution detector and
the detectors in the microPET scanner (which we refer to
as high-resolution data), but also the projection data between
microPET detectors (which we refer to as low-resolution data).
The combination of the high-resolution and low-resolution
data provides high sensitivity and a full angular coverage of
any point inside the FOV.

In [15] and [16] we presented simulation studies of a 2D
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zoom-in PET system. The basic theory of image reconstruction
and prediction of task performance remains the same. Here we
include a brief description of the image reconstruction method
and theoretical evaluation of lesion detection for completeness
and present some new simulation results.

II. T HEORY

A. Imaging Model

The data from the proposed PET system consist of both
high-resolution data from the high-resolution detector and low-
resolution data from the microPET II scanner. These emission
data are well modeled as a collection of independent Poisson
random variables with the expectation̄y = [ȳ1, . . . , ȳN ]′ ∈
R

N (whereN is the total number of detector pairs, and ‘′’
denotes the vector or matrix transpose), related to the unknown
imagex ∈ [x1, . . . , xM ]′ (whereM is the number of voxels)
by an affine transform:

ȳ = Px + r, (1)

where P ∈ R
N×M is the system matrix with the(i, j)th

element representing the probability of detecting an event from
voxel j by detector pairi, andr = [r1, . . . , rN ] ∈ R

N is the
mean contribution of background events such as randoms and
scatters.

For comparison with the original microPET scanner, we
divide the system matrix of the proposed system as

P = [(P low)′, (P high)′]′, (2)

whereP low concerns the LORs formed by the microPET II
detectors, andP high models the LORs between the microPET
II detectors and the high-resolution detector. Similarly, we also
partition the data as

ȳ = [(ȳlow)′, (ȳhigh)′]′, (3)

whereȳlow and ȳhigh represent the low- and high-resolution
data, respectively.

B. MAP Image Reconstruction

A MAP reconstruction is found by

x̂ = argmax
x≥0

{L(y|x) − βU(x)} (4)

whereL(y, x) is the Poisson log-likelihood function withy =
[y1, . . . , yN ]′ ∈ R

N as measured sinogram data,U(x) is the
prior energy function, andβ is the smoothing parameter that
controls the resolution of a reconstructed image. The Poisson
log-likelihood is given by

L(y|x) =

N
∑

i=1

{yi log(ȳi) − ȳi − log yi!} . (5)

The prior we use here are Gaussian priors whose energy
function has the form

U(x) =
1

2

M
∑

m=1

∑

k∈Nm

ωmk(xk − xm)2 (6)

whereNm represents the neighborhood of voxelm, andωmk

is a weighting factor that is chosen to be the reciprocal of the
Euclidean distance between voxelsm andk.

C. Theoretical Analysis of Lesion Detection

We analyze the performance of a “signal-known-exactly,
background-known-exactly” (SKE-BKE) detection task using
computer observers. One observer that we studied is the
prewhitening (PW) observer, which computes the test statistic
by

ηPW(x̂) = (E {x̂|H1} − E {x̂|H0})′Σ−1x̂ (7)

In previous work [17], it has been shown that for MAP
reconstruction, the SNR of PW observer can be approximated
by

SNR2

PW(η(x̂)) ≈ f̄ ′

l F f̄l (8)

wheref̄l is the true lesion profile andF , P ′diag {1/ȳi}P

is the Fisher information matrix. Note that the PW observer
SNR depends only on the system matrix and is independent
of the prior function and parameterβ.

From (2) and (3), we have

F = F low + F high

, (P low)′diag

{

1

ȳlow
i

}

(P low) (9)

+ (P high)′diag

{

1

ȳhigh

i

}

(P high),

whereF low andF high are essentially the Fisher information
matrices of the low- and high-resolution data, respectively.
Substituting the above equation into (8), we get

[SNRPW(η(x̂))]2 ≈ f̄ ′

l F
lowf̄l + f̄ ′

l F
highf̄l. (10)

Ignoring the attenuation of the high-resolution detector, the
PW observer SNR of the original PET system can be approx-
imate by

[SNRorginal

PW
(η(x̂))]2 ≈ f̄ ′

lF
lowf̄l.

BecauseF high is nonnegativity definite, the above expressions
indicate

SNRPW(η(x̂)) > SNRoriginal

PW
(η(x̂)), (11)

i.e., the PW observer performance of the proposed PET is
always superior to that of the original PET. The SNR gain
is approximately equal tōf ′

l F
highf̄l, which comes from the

contribution of the high-resolution detector. One can also show
that (11) still holds when the attenuation of the high-resolution
detector is considered under certain conditions.

We have also obtained a theoretical experssion for the SNR
of channelized Hotelling observers (CHOs) [18], [19] using the
results presented in [20]. The CHO test statistic is calculated
by

ηCHO(x̂) = (E {x̂|H1}−E {x̂|H0})′U ′K−1(Ux̂+n) (12)

whereU ∈ R
l×M representsl frequency-selective channels

that mimic the human visual system,K ∈ R
l×l is the

covariance of channel outputs, andn is the internal channel
noise with mean zero and covarianceKN that models the
uncertainty in human detection process. Using the results
derived in [20], the SNR of a CHO can be computed by

SNR2

CHO ≈ w′K−1w (13)
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Fig. 1. The proposed PET system shown with a high resolution detector
positioned inside a scanner at angle45◦.

with

K ≈ Ũdiag

{

λm(j)

(λm(j) + βµm(j))2

}

Ũ ′ + KN (14)

andw = [w1, . . . , wℓ]
′,

wk =
∑

m

Ũk,mλm(j)ξm(j)

λm(j) + βµm(j)
, k = 1, . . . , ℓ. (15)

Here Ũ = UQ′ are the Fourier coefficients of the channel
functions,{ξm(j), m = 1, . . . , M} is the Fourier transform
of f̄l.

The theoretical expression allows fast evaluation of image
quality and will be used to guide the positioning of the high-
resolution detector based on the imaging task.

III. S IMULATION STUDY

A. System setup

We simulated the microPET II scanner, which has30 LSO
detectors in a16 cm diameter ring, with each detector module
containing14×14 individual LSO crystals of size1.0×1.0×
12.5 mm3. For the high-resolution detector, we considered an
LSO array with64×64 LSO crystals of size0.25×0.25×20
mm3. Eight DOI bins were used with a DOI resolution of
2.5 mm (FWHM). The FOV of the system is restricted to
a circular region of diameter30 mm, which is large enough
for small animals such as mouse. The high-resolution detector
was placed outside this FOV,15 mm away from the center of
the scanner transaxially. The transaxial view of our target PET
system is shown in Fig. 1.

The system matrix was calculated using a numerical method
proposed in [21] which is capable of handling arbitrary
geometry. The software models the block structure of the PET
scanner and takes into account the photon penetration and
gaps between detectors, but assumes a single photo-electric
interaction upon the first interaction. To compute a high-
resolution system matrix with a desired DOI resolution, we
modeled the blurring effect along the DOI direction using a
Gaussian function with the FWHM equal to 2.5 mm (Fig. 2).
The Gaussian profiles are similar to the experimental results
from DOI detectors with dual-end readouts. DOI information
is discretized into eight DOI bins. The events that fall outside
the two ends of the detector after DOI blurring are assigned to

0 2 4 6 8 10 12 14 16 18 20
0
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Fig. 2. Simulated DOI resolution profiles. The detector has eight DOI bins
each with a Gaussian profile except two ends where truncation occurs. These
profiles represent the probability of an interaction at a certain depth being
credited to each of the eight DOI bins. At each interaction point, the sum of
all the profiles equal to one, i.e. no event loss during the DOI encoding.

the nearest valid DOI bin. The probability of detecting an event
in each DOI bin is calculated by numerically integrating the
Gaussian profiles through the whole detector with a sampling
interval of 0.25 mm.

For computational efficiency, here we simulated a single
ring of the microPET II scanner with a single axial layer of
the high-resolution detector. We modified the high-resolution
detector to have the same axial dimension as the microPET
II scanner (i.e., 1.0 mm) to preserve the relative sensitivity.
Simulation of a fully 3D system is currently underway.

B. Spatial resolution improvement

We created a phantom that consists of a warm disc back-
ground (diameter of28.0 mm) and five sets of 3×3 tiny round
spots located near the edge of the disc. The diameter of each
hot spot is0.3 mm, and the center-to-center spacing between
adjacent spots is0.8 mm. The activity ratio of the hot spots
to the background is40 : 1. A noisy sinogram was generated
with the expected total number of low-resolution events equal
to one million.

Fig. 3 shows MAP reconstructed images of the phantom
for the proposed system with the high-resolution detector
at 0 degree and the microPET II (β = 1 × 10−4 in both
cases). These images are quite similar to those reconstructed
with a rectangular DOI profile shown in [15]. Clearly it
is difficult to distinguish individual hot spots along radial
directions from microPET II reconstructed images, because
its radial resolution is slightly worse than the edge-to-edge
spacing between the hot spots. In comparison, the hot spots
are better identified by the proposed system, in particular,
at 45◦ position. The two sets of hot spots at 0◦ and 180◦

positions are resolve sharply along the tangential direction,
but not along the radial direction. The result indicates that the
optimal target region for small feature identification may not
be located exactly at the face of the high-resolution detector.
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Fig. 3. Reconstructed images of the hot spots phantom for the microPET II
(left) and the proposed system (right).
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Fig. 4. (a) Phantom for the lesion detection task. The crosses indicates three
lesion locations. (b) Predicted CHO-SNR maximum changes as a function of
the position angle of the high-resolution detector.

C. Adaptive positioning of the high-resolution detector

We simulated a SKE-BKE lesion detection task in which a
lesion is superimposed on a uniform background. We evaluate
the lesion detectability for three different lesion locations (Fig.
4(a)). We positioned the high-resolution detector at different
angular positions and calculated the SNR of the CHO. For
a fair comparison between different positions, the maximum
SNR among all possibleβ values was used under each
condition. The results are plotted in Fig. 4 (b). It shows that
the proposed system has higher SNR for lesion detection and
adaptively positioning the high-resolution detector according
to the lesion location can improve the overall lesion detectabil-
ity compared with keeping the high-resolution detector at a
fixed position.
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Abstract— State-of-the-art small-animal Single Photon 

Emission Computed Tomography (SPECT) with multi-pinhole 
collimators (MP-SPECT) can reach sub-half-millimetre image 
resolutions, which outperforms the reconstructed resolution of 
high-end small-animal Positron Emission Tomography (PET), 
that has a resolution just below 1 mm. This naturally raises the 
question how well positron emitters can be imaged with dedicated 
pinhole collimators. A SPECT system with an additional 
collimator to image positron emitters at a high resolution could be 
extremely cost-effective and has the additional advantage that it 
can perform simultaneous dual-isotope imaging of PET and 
SPECT tracers. 

Multi-pinhole collimators for SPECT tracers (typically 
30-250keV) are not suitable to image positron emitters, because of 
the large amount of edge penetration of 511keV annihilation 
photons. The resulting image blurring can be remedied by using 
pinholes with smaller acceptance (cone-)angles. However, as a 
consequence the field-of-view of each pinhole is reduced. Here, we 
present a completely new collimator geometry, which is based on 
clusters of pinholes with small acceptance angles. All the pinholes 
in such a cluster sample about the same field-of-view as a single, 
traditional pinhole. As a result it is avoided that an undesirable 
number of bed or detector position has to be used to have complete 
data of the volume-of-interest (VOI). 

To investigate the performance of this new collimator geometry 
for positron emitters, we compare simulated images of a resolution 
phantom and a mouse brain striatal phantom with i) a traditional 
collimator (TMP), ii) a collimator with pinholes with smaller 
acceptance angles focusing on a smaller central field-of-view 
(FMP), iii) a collimator with clusters of pinholes (CMP) that 
samples the same field-of-view as TMP. The smallest rods of the 
resolution phantom that can be resolved have a diameter of 0.9 
mm (TMP), 0.65 mm, (FMP) and 0.65 mm (CMP). Both FMP and 
CMP enable to visualize uptake in sub-compartments of the mouse 
brain, which opens up unique possibilities to analyze processes 
underlying the function of neurotransmitter systems, but FMP  
needs an undesirably high number of bed movements to sample 
the entire VOI. We conclude that imaging of positron emitters 
with CMP collimators is extremely promising, since PET tracers 
can be imaged with an even better resolution than state-of-the-art 
co-incidence PET.  

 
Index Terms— SPECT, PET, pinholes, fully 3D iterative 

reconstruction 
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I. INTRODUCTION 
In recent years, the image resolution of SPECT systems 
dedicated to imaging small animals has improved dramatically: 
SPECT with multi-pinhole collimators (MP-SPECT) can now 
image tracer uptake in structures < 0.35mm [1-4]. These 
resolutions are much better than those of state-of-the-art 
small-animal PET (just below 1 mm), despite the much higher 
sensitivity of PET. This naturally raises the question if cases 
exist in which PET tracers can be imaged better using special 
SPECT collimators [5]. 

Simultaneous imaging of multiple-tracers is of increasing 
interest. In SPECT, performing simultaneous dual-tracer 
imaging is possible by setting multiple-energy windows [6-8], 
whereas this is impractical in PET where all gamma-photons 
have equal energies. A system performing PET and SPECT 
scans simultaneously brings many new possibilities of 
dual-tracer imaging into reach. Compared to separate PET and 
SPECT devices, a combined PET/SPECT scanner can produce 
images of different processes that are perfectly aligned, has 
reduced acquisition time and is potentially much more 
cost-effective. 

The limited resolution in co-incidence PET imaging is caused 
by i) intrinsic detector resolution, ii) non-collinearity of the 
annihilation gamma-photons, iii) random co-incidences, and iv) 
the finite range of positrons. The first three factors are not 
prominent in pinhole SPECT: the disadvantages of intrinsic 
detector resolution can be largely overcome by the principle of 
pinhole magnification, while non-collinearity and random 
co-incidences do not play a role in single photon imaging. 
These advantages of pinhole imaging may partly compensate 
the limited sensitivity of SPECT. As a result, in a subset of 
imaging situations the extension of MP-SPECT to detect 
high-energy annihilation photons may yield better resolution 
for positron emitters than contemporary small-animal PET as 
will be shown in the next sections. 

Current pinhole collimators are not suitable for 
high-resolution imaging of 511 keV annihilation photons, 
because of the strong pinhole edge penetration at high energies. 
The resolution loss due to edge penetration can in principle be 
reduced by using smaller pinhole acceptance angles. This, 
however, restricts the field-of-view of the collimator. In this 
paper we investigate a completely new pinhole geometry which 
uses many pinholes with small acceptance angles, which are 
grouped in clusters [9]. The pinholes grouped in a single cluster  
sample a field-of-view that has approximately the same size as 
the field-of-view of a single traditional pinhole.  

Ultra-high Resolution Imaging of PET tracers 
with clustered pinholes  
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The application of pinholes to image positron emitters was 
already investigated in [10]. However, the Uranium collimators 
used in this study do not give high-resolution images: even for 
Tc-99m only 1.5 mm reconstructed resolutions were obtained, 
while in F-18 scans structures with a diameter of 3.9 mm were 
resolved at best. Other authors have followed the opposite 
approach of combining PET and SPECT by inserting a 
collimator in an existing PET system [11]. An attempt to 
improve resolution of co-incidence PET based on the principles 
of so-called virtual pinholes, is investigated in [12] 

The aim of the present paper is to investigate the performance 
of the cluster-pinhole collimator geometry by comparing 
simulated images of a resolution phantom and a mouse brain 
striatal phantom. Traditional MP-SPECT (TMP), MP-SPECT 
with small acceptance-angle pinholes and a reduced 
field-of-view (FMP) and MP-SPECT with clusters of pinholes 
(CMP) are simulated.  
 

II. METHODS 

A. Cluster pinhole design and geometry of collimators 
Cluster pinholes. The concept of a cluster of pinholes [9] is 
illustrated in figure 1, where a cross section through a cluster of 
four pinholes is shown (cross section through two out of four 
pinholes). The cluster of pinholes, with acceptance angle α/2 
each, samples approximately the same field-of-view as a single 
traditional pinhole with acceptance angle α. A 
three-dimensional illustration of a ring of clusters containing 
four pinholes each, is shown in figure 2. 
 
Geometry of collimators. We compare three different 
geometries which differ only by their collimator design. For the 
detector geometry, we assume three conventional 
gamma-detectors placed in a triangular shape [4]. The detectors 
have an intrinsic resolution of 3.5 mm and 12% of the 511 keV 
photons that fall onto the detector end up in the photo-peak [14].  

The number of pinholes of each collimator is determined by the 
requirement that the complete detector area is used but that 
projections from different pinholes do not overlap. 
Furthermore, we demand that our collimator is large enough for 
whole-body mouse imaging and consequently, an inner 
collimator diameter of 44 mm is required for a central 
field-of-view (CFOV) with a diameter of 12 mm [15]. We 
define the CFOV as the area that is seen by all pinholes or 
pinhole clusters. A reduction of the CFOV diameter requires an 
equal increase in the inner collimator diameter, because much 
more mouse translations are necessary. We choose a pinhole 
diameter d=0.6 mm for all collimators. To prevent direct 
penetration of the collimator, we assume a collimator wall 
thickness of 25 mm with pinholes placed symmetrically in the 
collimator. 
 
TMP. The traditional SPECT geometry we consider has 75 
pinholes, placed in 5 rings, with an acceptance angel α=30°. 
The pinhole centres are at a distance of 34.5 mm from the centre 
of the collimator.  CFOV is about 18 mm in diameter and 12 
mm long. 
 
FMP. The second geometry has 270 pinholes with an 
acceptance angle α=15° and pinholes centres placed at a radius 
of 37.5 mm. The CFOV is about a factor of two smaller in all 
directions than that of  TMP. 
 
CMP. The cluster-pinhole collimator design has clusters of four 
pinholes, each pinhole having an acceptance angle of 15°. The 
CFOV is almost equal to that of TMP and the centres of the 

α

α/2

a) b)

α

Figure 1: Cross section through a traditional pinhole (a) 
with opening angle α, that samples the same 
field-of-view as a cluster of four pinholes (b) with 
opening angles α/2.  This cross section is taken through 
two of the four pinholes within the cluster. 

Figure 2: Six clusters of 4 pinholes each placed 
in a ring 
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pinholes are at a distance of 34.5 mm from the centre of the 
collimator. 
 

B. Simulations 
 Projection simulations representing F-18 are performed with 
a resolution phantom and a mouse brain striatal phantom. The 
simulator takes into account effects such as finite positron 
range, pinhole edge penetration and detector blurring [14].  The 
resolution phantom consists of six sectors with rods of different 
diameters (0.6, 0.65, 0.7, 0.75, 0.8 and 0.9 mm), as shown in 
figure 3.a. An activity concentration in the active areas of the 
resolution phantom of 250 MBq/ml and a scan duration of 1.5 
hours were assumed. The mouse brain striatal phantom is 
shown in figure 4.a. Our simulations assume that an activity of 
40 MBq is injected into the mouse which is scanned during 45 
minutes starting 15 minutes post-injection. 
 Poisson noise was generated in the projection data. The voxel 
size of both phantoms was 0.125 mm, twice as small as the 
voxel size during image reconstruction. This was done to 
emulate the fine resolution properties of real activity 
distributions. 

  

C. Image reconstruction 
 Image reconstruction for all systems was performed using 
Ordered Subset Estimation Maximization (OSEM[16]) with ten 
subsets. Relevant non-zero matrix elements were pre-calculated 
using simulations of point source responses. The voxel size 
during reconstruction was 0.25 mm. 

III. RESULTS 
 In figure 3 we show images of the hot rod resolution phantom 
for TMP, FMP, and CMP. The smallest rods that can be 
resolved have a diameter of 0.9 mm (TMP), 0.65 mm (FMP), 
and 0.65 mm (CMP). In figure 4, images of the mouse brain 
striatal phantom are shown. FMP and CMP show much more 
details than TMP and it is even possible to partly distinguish 
sub-striatal structures.  
 

IV. DISCUSSION 
It is clear from the simulated images of figure 3, that 

a) Hot rod phantom with cappilary diameters of 0.6, 0.65, 0.7, 0.75, 0.8 and 0.9 mm simulated with b) TMP, c) 
FMP, d) CMP. Slice thickness is 1.5 mm. 

a) A trans-axial slice through a mouse brain striatal phantom simulated with b) TMP, c) FMP, d) CMP. Slice 
thickness is 1.5 mm. 
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decreasing the pinhole acceptance angle is a good remedy 
against the strong blurring due to pinhole edge penetration of 
511 keV gamma-rays. However, the improved resolution is 
traded for a smaller CFOV and as a consequence, an increase in 
the number of steps with a factor of 8 is necessary to sample the 
same VOI with FMP compared to TMP. The resolution of the 
cluster-pinhole geometry is equal to that of FMP, while it has 
the same CFOV as traditional pinhole SPECT.   

While the resolution of CMP is distinctively improved 
compared to high-end small-animal co-incidence PET, the 
sensitivity of this newly proposed device cannot reach the level 
of co-incidence PET devices. We believe that for applications 
where only small parts of a mouse are imaged, such as 
sub-compartments of the mouse brain (see figure 4), the limited 
sensitivity does not necessarily pose a large problem and that in 
many cases our cluster-pinhole collimator could allow imaging 
of structures that are not resolvable by any traditional PET 
device. For whole body imaging, the limited sensitivity may 
have more consequences. Although it has been shown that 
MP-SPECT with SPECT tracers is able to achieve sub-mm 
image resolutions [15], further investigations are needed to find 
our in which cases this also holds for CMP. A detailed 
comparison of CMP and ring-PET will be performed in the 
future to investigate all these issues for a wide range of imaging 
situations. 

 

V. CONCLUSION 
 In this paper we have shown that pinhole geometries based 
on cluster of pinholes are extremely promising for imaging PET 
tracers and possibly combined imaging of PET and SPECT 
tracers. Our simulations indicate that the resolution that can be 
obtained with clustered pinholes surpasses that of 
state-of-the-art small-animal PET devices in case of imaging 
objects with the size of mouse organs. The high image 
resolution, the possibility to perform simultaneous dual-tracer 
imaging as well as the enormous costs saved by the fact that 
only a single scanner is needed for PET and SPECT can have a 
large impact on several future research applications. 
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Count Independent Resolution and Its Calibration
Quanzheng Li, Bing Bai, Sanghee Cho, Anne Smith and Richard Leahy

Abstract—The resolution of maximum a posteriori (MAP)
methods for reconstruction of PET images is well known to
be affected by count rate. Analytic approximations have been
developed in which image resolution, as measured by a local
impulse response, can be computed in terms of the Fisher
information matrix, the system model, and the properties of the
smoothing prior. These results can in turn be used to locally
adapt the smoothing prior so as to achieve resolution which is
independent of count rate and spatial location. Here we describe a
practical method that makes use of these results to automatically
adjust smoothing in a practical MAP reconstruction method
so as to achieve count independent resolution. Furthermore,
we calibrate the smoothing parameter in terms of FWHM
resolution. Using this approach it is possible to reconstruct MAP
images from PET data where the only user defined parameter
is the desired FWHM resolution. The method is demonstrated
in applications to small animal imaging and evaluated using
experimental phantom data.

Index Terms—PET, microPET, statistical image reconstruction,
model based, quantification.

I. INTRODUCTION

The quality of PET images is primarily limited by two
factors: photon limited noise and the geometry and physics
of the photon detection system. We have developed a MAP
method for 3D PET image reconstruction [1] that attempts
to optimize image quality by accounting for both of these
factors. In other words, we combine accurate statistical data
models with accurate physical models of the system in a
regularized image reconstruction framework. Versions of this
MAP approach have been implemented and applied to clinical
[2] and small animal [3] scanners.

Fessler and Rogers [6] showed that MAP estimation, or
equivalently penalized maximum likelihood, has resolution
and covariance properties that depend on source activity and
can vary both spatially and over time in dynamic multiframe
studies. They also proposed characterizing resolution prop-
erties through the local impulse response (LIR). The LIR
accounts for the nonlinear nature of MAP for Poisson data,
which is the cause of this count dependent behavior, by
considering the effects of perturbation of the underlying true
source distribution. By first characterizing behavior through
the LIR it then becomes possible to control resolution by
locally modifying the MAP cost function to counteract the
effects on resolution of source activity. Using this concept,
Fessler and Rogers [6] described a method for spatially
varying the smoothing function for 2D data to produce count
invariant resolution. This method assumed a space-invariant
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system matrix, but was later extended to space-variant imaging
systems [8]. Qi and Leahy [4] developed a uniform contrast re-
covery coefficient (CRC) method for 3D data. While Stayman
and Fessler focused on LIR to achieve uniform and isotropic
resolution, Qi and Leahy use CRC to obtain uniform resolution
for complex 3D imaging system. While these approaches are
attractive, implementation of a full compensation method that
produces isotropic, spatially and count independent resolution,
is computationally demanding and these methods have not
been widely used in practice.

Here we use a relatively simple but practical version of
the methods reviewed above in which we compensate for
count dependence but not for the spatially variant nature of
the PET system response. We use the CRC as a metric to
evaluate resolution recovery and spatially adapt the smoothing
prior to make this quantity invariant in the reconstructed
images. By computing FWHM at the center of the field of
view as a function of the degree of smoothing we are then
able to explicitly control reconstructed image resolution. A
look up table translates the desired FWHM to the degree of
smoothing required to achieve it. We validate this method
using experimental line source measurements.

Since we use a convergent reconstruction method, the
images are not strongly dependent on the number of iterations
applied, so that this approach avoids consideration of the
combined effects of number of subsets, number of iterations,
and post smoothing filter, that all affect image resolution when
using OSEM [10]. The attraction of the method described
here is that the user can, through a single parameter, specify
the desired resolution of the reconstructed image (within
reasonable limits of course). Furthermore, since resolution is
then independent of count rate, in dynamic studies we can be
assured that partial volume effects will not vary from frame
to frame, avoiding time-varying bias in ROI quantitation.

We note that this approach does not fully compensate for the
spatially variant response that results from crystal penetration
effects that increase toward the edge of the transaxial field
of view. Using an accurate system model will tend to com-
pensate for this effect in comparison to filtered backprojection
methods, however, some degree of drop-off in radial resolution
will still be observed in the transaxial plane. In principal the
method described here can be extended to compensate for this
effect, as has already been shown in the papers we cited above.

II. METHOD
A. MAP Image Reconstruction

For randoms pre-corrected PET data y, and image x, the
log likelihood for the shifted Poisson model [9] is:

L(y|x) =
N∑

i=1

(yi+2r̄i) log([Px]i+2r̄i+s̄i)−([Px]i+2r̄i+s̄i).

(1)
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where P is the system matrix and N is the number of sinogram
elements. We use a Gibbs prior with a hyperparameter β and
an energy function of the form U(f) =

∑
c∈C Vc(f), where

Vc(f) is a potential function on clique c, C is all possible
cliques. We use a quadratic potential function on a 26 nearest-
neighbor system.

In MAP reconstruction, our objective is to find the image
that maximizes the following log posterior function:

φ(x,y) = L(y|x)− βU(x) (2)

We use the preconditioned conjugate gradient algorithm to
solve the optimization problem [1] with two iterations of a
modified 3D OSEM as initialization.

B. Count Independent Resolution

For MAP estimators, the resolution of the images can be
characterized by the LIR [6] or CRC [4]. Given LIR lj for the
jth voxel, the CRC is defined as CRCj = ljj(x), i.e. the height
at voxel j of the local impulse response at voxel j. LIR can be
used to produce both uniform and isotropic resolution, while
CRC does not explicitly consider the 3D shape of the impulse
response. However, at a fixed location in the image, the system
response is also fixed, so that controlling CRC at this location
will effectively also control resolution. In other words, we
would not expect the shape of the LIR at a fixed location
to change with the degree of smoothing, but only its height.
Since CRC is much easier to work with, we therefore control
CRC to produce an effective count independent resolution at
each voxel. The CRC can be approximated by [4]:

CRCj ≈ 1
N

∑

i

λi(j)
λi(j) + βκ−2

j µi

(3)

where λi(j) is the 3-D Fourier transform of the positive-
semidefinite approximation of the central column of
the block-Toeplitz matrix formed from the jth col-
umn of D[νj ]−1P

′
geomP

′
blurPblurPgeomD[νj ], and νj is

the square root of the (j, j)th element of the matrix
P
′
geomP

′
blurPblurPgeom. Here Pgeom and Pblur are the ge-

ometric and blur kernel (detector response) components of
the system matrix [4], respectively. The µis are the 3-D
Fourier transform of the central column of R, which is the
second derivative of the penalty function, and κj is the jth

diagonal element of the Fisher Information Matrix (FIM)
F = P′D(1/ȳi)P.

It is difficult to compensate for true spatially invariant CRC
[4] by spatially varying β, because the system is shift variant
so that the λ(j)s vary with spatial index ”j”. However, one
can achieve a count independent effect by simply keeping
βκ−2

j constant. To achieve count independent resolution we
first write the quadratic smoothing function in the following
way as in [6]:

βU(x) =
1
2
β

N∑

j=1

∑

k∈Nj ,k>j

δjkκ̂j κ̂k(xj − xk)2 (4)

where δjk is the reciprocal of the Euclidean distance between
voxels j and k, κ̂j and κ̂k are the jth and kth diagonal

elements of the estimated FIM , β is a global scale factor,
and Nj is the set of neighboring voxels of voxel j. Using the
prior in equation (4), we have the following second derivative
of the penalty term:

R(j, k) =




−δjkκ̂j κ̂k, if j 6= k, k ∈ Nj∑

l∈Nj
δjlκ̂j κ̂l, if j = k

0, otherwise.
(5)

To simplify the expression we concentrate on the diagonal
elements and approximate R by D[qj ]R0D[qj ], where D[qj ]

is a diagonal matrix with qj =

(∑
l∈Nj

δjlκ̂j κ̂l∑
l∈Nj

δjl

)1/2

and R0

is the second derivative of the quadratic penalty with a single
global smoothing parameter. This approximation leads to the
following approximation of the CRC:

CRCnew
j ≈ 1

N

∑

i

λi(j)
λi(j) + βηjµi

(6)

where

ηj =

∑
l∈Nj

δjlκ̂j κ̂l∑
l∈Nj

δjl
κ−2

j =

∑
l∈Nj

δjlκ̂l∑
l∈Nj

δjl
κ̂jκ

−2
j (7)

Note that κ̂j , j = 1, 2, · · ·N is very smooth, furthermore,∑
l∈Nj

δjlκ̂l∑
l∈Nj

δjl
is a weighted summation of all the κ̂ surrounding

κ̂j , therefore it is reasonable to approximate it by κ̂j to get
the following:

ηj ≈ κ̂2
jκ
−2
j (8)

If κ̂j is correctly estimated, then ηj ≈ 1 and CRCnew
j can be

rewritten as:

CRCnew
j ≈ 1

N

∑

i

λi(j)
λi(j) + βµi

(9)

In equation (9) all the variables are independent of the image
and measured data, which indicates that the resolution we
achieve by using the spatial variant prior in equation (4) is
not count dependent. The accuracy of the approximation in
equation 9 depends on the accuracy of the estimation of κj ,
which is the diagonal element of FIM: P′D(1/ȳi)P. Since
P is known, it is then critical to accurately estimate 1/ȳi. A
direct plug-in method was first proposed to estimate 1/ȳi by
Fessler and Roger [6]. An improved modified plug-in method
with reduced bias was developed by Qi and Leahy [4] and
later, we described a generalized error look-up table method
that more accurately estimates the FIM [5]. We use this latter
method in the results presented here.

C. β Calibration

As indicated by equation (9), the resolution is still a function
of the system matrix that maps from the image into the data
space. Resolution will depend on the physical parameters of
the scanner, the β values, and the voxel size used to do
the reconstruction. Therefore, for a certain scanner type, the

10th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 224



 

 

6 7 8 9 10 11 12 13 14 15

5

6

7

8

9

10

11

12

(a) (b)

Fig. 1. (a)a transverse view of a reconstructed phantom image. (b)countour
image of one of the needle.

FWHM resolution is a two dimensional function of voxel
size and the β value in equation (9). We can determine this
function in a discretized grid using either experimental data
or simulations. In either case, we simply reconstruct real or
simulated data, respectively, for a range of β values and voxel
sizes and plot the resulting FWHM resolution at the center of
the field of view. When we have a new data set to reconstruct,
we then interpolate this function to find the approximate β
that will achieve the target resolution at the selected voxel
size. This method is in fact very similar to the approach first
described in [6], however we believe this is the first publication
that specifically reports on the performance of this approach
in fully 3D PET. We refer this procedure as β calibration.

We used a phantom study to investigate the dependency
of resolution on the location, voxel size and β value. We
placed a 10cm diameter cylindrical phantom in the center of
a microPET F220 scanner to cover the entire field of view
(FOV). Five needles were inserted axially into the phantom
arranged 8mm apart in the radial direction, starting from the
the center to the field of view, as shown in Fig. 1 (a). The
cylinder was filled with 0.629mCi 18F solution. The ratio
between the concentrations of the activity in the needles and
the background was 300:1. We scanned the phantom for 4
hours and recorded list mode data. The list mode data was
sorted into 16 frames each with a duration of 15 minutes to
achieve different total counts per frame as a result of the decay
due to the halflife of 18F. Each frame was then reconstructed
using MAP with count independent resolution for a range
of β values. All reconstructions included scatter as part of
the data model so that the images are scatter corrected. One
reconstructed image is shown in Fig. 1 (a). The resolution
is defined as the FWHM of the line source. Both radial and
tangential resolutions were calculated by selecting a small
region around the line source in each image plane and fitting
the profile through the peak point to a Gaussian.

Fig. 1 (b) shows a contour plot of the second needle (8mm
away from center of FOV) in the central image plane. Nine
different β values ranging from 0.005 to 2 and 5 different voxel
sizes ranging from 0.4mm to 1.0mm were used to achieve
different resolutions. The image size is 256 × 256 × 95 to
cover the entire FOV for small voxel sizes. Using this data we
generated the table of FWHM as a function of β and voxel
size shown in Fig. 3 (a).

It is not convenient to do these phantom studies for each

(a) (b)

Fig. 2. The image (a) and profile (b) of the line spread function used in the
simulation.
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Fig. 3. (a) β calibration table. (b) β calibration tables generated from
simulation and experimental data. “ED“ indicates “Experimental generated
table“; “SD“ indicates “Simulation generated table“

scanner type, therefore, we also studied whether we could use
simulated data to compute the relationship between FWHM,
β and voxel size. We simulated a F 18 positron range blurred
line sources with a 0.2mm voxel size and forward projected
them using the same system model. We then use this simulated
noiseless sinogram data to compute reconstructions with dif-
ferent configuration of β and voxel size to generate a similar
table to Fig. 3 (a). The image and profile of the simulated
line source are shown in Fig. 2. Both the original and the
new table are shown in Fig. 3 (b). This shows the table
generated from simulated data is very close to that generated
from experimental data, which indicates we can simply use
the simulated data to generate the β calibration table for other
scanners.

III. RESULTS

A. Count Independent Resolution

We used the 16 frames of data for the dynamic acquisition
from line source phantom to investigate count dependence of
resolution. Each frame was reconstructed using MAP with
count independent resolution for 4 different β values ranging
from 0.01 to 0.5. The resolution in the 10 central axial image
planes was calculated and the average values were plotted.
Results are shown for a voxel size of 0.4 × 0.4 × 0.8mm in
Fig.4. For different β values both the radial and tangential
resolution are approximately uniform. Note that the activity
ratio from frame 1 to frame 16 is approximately 4:1.

B. β Calibration

We validate the beta calibration method using another
phantom study on a microPET F220 scanner. We use a
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Fig. 4. count independent resolution: (a)radial resolution for different β.
(b)tangential resolution for different β.
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Fig. 5. Predicted and experimental resolution using beta calibration process.
“ED“ indicates “Experimentally generated table“.

4cm diameter cylindrical phantom with two needles, 5mm
away from the center in an opposite direction. The data
acquisition and processing procedures are the same as the
first phantom. The β calibration table is generated using
β = [0.005 0.01 0.05 0.1 0.3 0.5 0.8 1.0 2.0], the recon-
struction of the second phantom data is done using β =
[0.008 0.03 0.08 0.2 0.4 0.7 0.9 1.5]. The predicted and
experimental resolutions are shown in Fig. 5. The mismatch
could be caused by the offset of the needle location. The
needles of second phantom are 5mm away from the center
while the β values are calibrated exactly in the center of FOV.

C. Animal in vivo Study

We conclude with an example of an application of the
count independent MAP method to an in vivo animal study
with desired FWHM 1.5mm and voxel size 0.4 × 0.4 × 0.8
mm. A mouse injected with 2-[18F]fluoro-2-deoxy-D-glucose
([18F]FDG) was scanned for one hour in a microPET F120
scanner. The total number of true events was 390 million.
Fig. 6 shows orthogonal views through reconstructions in
comparison to ramp filtered filtered backprojection using both
Fourier rebinning and 3D reprojection [11] and to Fourier
rebinning [12] combined with 2D OSEM based on a simple
line integral projector model that does not account for detector
response.

IV. DISCUSSION

In this paper, we theoretically and experimentally demon-
strate one can achieve count independent resolution in MAP
reconstruction by spatially adapting the smoothing parameter.
While this result has been known for some time, this is we
believe the first practical demonstration in a fully 3D imaging

Fig. 6. microPET F120 [18F]FDG mouse images. From top to bottom:
Transaxial plane 54; Coronal plane 135; Sagittal plane 138. From left to
right: FORE+FBP; 3DRP; FORE+OSEM; MAP.

system. We also use a look up table approach to directly
relate FWHM resolution to reconstructed voxel size and the
choice of the smoothing parameter, so that it is possible to
directly specify desired image resolution when reconstructing
images. Count independent resolution is particularly important
in dynamic studies where the counts from a single region
of interest will vary over frames. Through the procedure
described here we are able to avoid biases resulting from time-
dependent variations in partial volume effects.
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PET Collimation to Improve Spatial 
Resolution and Sampling  

Scott D. Metzler, Ahmet S. Ayan, Roberto Accorsi, Samuel Matej, and Joel S. Karp 

 Abstract–The use of collimation in PET offers improvements 
in spatial resolution and sampling at the cost of reduced 
efficiency. The resolution and efficiency with collimation are 
quantified using Geant4 simulations. The interplay of improved 
resolution with reduced count densities on reconstructed images 
is also evaluated. In many scenarios, improved contrast and 
image quality are obtained with collimation. In addition, the use 
of collimation may be most practical in cases where the efficiency 
loss can be partially recouped through longer scans of a single 
bed position.   

I. INTRODUCTION 

ECONSTRUCTED image resolution in positron emission 
tomography (PET) is limited by several factors, including 

the pixel size of the crystals, inter-crystal scatter, depth-of-
interaction effect, acolinearity, positron range, and sampling 
[1]. Z. H. Cho et al. previously investigated the use of 
collimation with the Dichotomic PET scanner based on 25 
mm-diameter NaI crystals [2, 3] to improve the spatial 
resolution of detected photons. They also used a mechanism to 
rotate one half of the system relative to the other to improve 
spatial sampling. 

Although collimation improves the measured spatial 
resolution of photons by restricting acceptance to an aperture 
that is smaller than the crystal size, it has the drawback of 
reducing efficiency because the collimator absorbs a 
potentially large fraction of the photons. In some cases, 
particularly resolution-limited cases, this may be a worthwhile 
trade-off. Further, it is possible in some cases that the lost 
counts may be recouped by a longer scan; this may be 
appropriate if the region of interest falls within a small 
number of bed positions that may be scanned with collimation 
while the rest of the body, if scanned, could be scanned 
without collimation to improve overall efficiency. Such cases 
may include brain, breast, and prostate imaging. 

In this paper, we consider using collimation that exposes 
only a portion of each crystal at a given time; this is a 
resolution realm not previously explored by Cho. We consider 
in the transverse direction dividing each crystal into two 
halves (left and right), exposing one half of the crystal at a 
time, as in Fig. 1. This can be further applied to the axial 
direction, dividing the crystal in four sections. Different 
combinations of exposure positions need to be acquired in 
order to measure all of the resolution-enhanced lines of 
response (LORs); this yields a factor of 4 sampling increase in 
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the transverse direction or a factor of 16 increase if 
collimating both the axial and transverse directions.  

This paper will use simulation studies to estimate the septal 
penetration and spatial resolution of collimated photons for a 
small-animal PET system, A-PET. A-PET has an LYSO 
crystal ring that is 21 cm in diameter, composed of 2.0 mm x 
2.0 mm x 10 mm crystals. A method for acquiring all the 
resolution-enhanced lines over the field of view will then be 
described, following by a description of a filtered 
backprojection (FBP) method for reconstruction with the 
resolution-enhanced LORs. Lastly, reconstructions of 
simulated phantoms will be used to evaluate the tradeoff in 
resolution improvement but efficiency loss.   

II. METHODS 

A. Septal Penetration of 511 keV Photons with Geant4 
We have performed studies of septal penetration in PET 

to understand the thickness of the collimation that will be 
needed in order to restrict high-energy photons from passing 
through the septa. As the acceptance angle decreases, the 
amount of attenuating material (tungsten, 19.4 g/cm3) near the 
edge increases, but the field of view is restricted. In the study, 
we considered 511 keV photons isotropically emitted from a 
point source. The source was 105 mm from the crystals, just 
as the center of the field of view for A-PET. Only three 
crystals were considered on each side of the ring: the center 
was fully exposed (no collimation) and the other two were 
restricted by collimation of varying thickness, T, and 
acceptance angle, α (Fig. 2(left)), where α =13.7 deg. 
corresponds to an untruncated 25 mm field of view, which is 
appropriate for mouse imaging, for a 210 mm PET ring. Two 
three-crystal assemblies were positioned diametrically across 
the PET ring (Fig. 2(right)). The photons of interest in this 
study are those emitted from the center of the field of view 
and that are detected in the side (dark green) crystals (Fig. 2).  
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Fig. 1. Several adjacent crystals. Left: The collimation for these crystals is in 
position 0 (i.e., exposing the left side of the crystals). Right: The collimator is 
in position 1. These are the only two positions for the collimation when 
collimating in one dimension; four positions in two dimensions. 
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B. Resolution Performance of PET with Collimation 
We used Geant4 to estimate the improvement in spatial 

resolution when using collimation. We developed a Geant4 
model of A-PET with a single axial ring of 280 LYSO crystals 
that were 2.0 x 2.0 x 10 mm separated from their neighbors by 
0.3 mm at the inner surface of the 21 cm-diameter ring. We 
also developed a model for collimation that used 1.0 x 2.0 x 
10 mm septa (i.e., T=10 mm), covering the full length of the 
crystal axially (2D study) and half the crystal transaxially. The 
septa were rectangular. 

A small source of positrons was simulated to annihilate, 
generating photon pairs. The coincidence rate of those pairs 
was measured as a function of the source position as it moved 
in a direction perpendicular to a particular line of response 
near the center, just as is often done to measure resolution. 
The measurement was made without collimation and with 
collimation made of tungsten and lead for crystals directly 
opposite each other. No reconstruction was used in the 
determination of the resolution, only the count rate as a 
function of position.  

C. Reconstructed Resolution of PET with Collimation 
1) Sampling 
In this study, we cover half of each crystal in each 

dimension (axial and transverse). This improves the resolution 
of each line by about a factor of two in each dimension. For 
transverse collimation only (n=1), half the crystal will be 
covered; three-fourths of the crystal will be covered for 
collimation in both directions (n=2). Each crystal can be 
exposed in 2n ways; each pair of crystals can be exposed in 
(2n)2 = 4n ways, increasing the number of sampled lines by 4n. 
Since it is impractical to treat each crystal separately, we 
instead partition each axial slice of the scanner into m 
segments (Fig. 5). All crystals in that segment will expose the 
same portion (e.g. left half or left-rear quadrant) at the same 
time (Fig. 1). All combinations of exposures for each segment 
with every other segment must be measured in order to have a 
complete data set. 

The cost of segmenting the scanner is that crystals within 
a segment cannot measure all combinations of lines (Fig. 1). 

The field of view that measures all combinations of lines, the 
Enhanced Field of View (EFOV), depends on m. From Fig. 
5, which shows four segments, the angular size of each 
segment measured from the center is 2π/m. One can also draw 
a chord from an edge of one segment to its opposite edge. 
This chord is a distance rFOV, the radius of the EFOV, from the 
center of the scanner; some chords, which are farther than rFOV 
from the center, are within only one segment; hence not all 
these chords are measured. Through geometry, one finds that 
the diameter of the EFOV is 2rFOV =Dcos(π/m), where D is the 
ring diameter. Note that this formula correctly predicts zero 
for m=2 since all points inside the scanner have lines 
measured within a segment. The formula is not valid for m=1 
since one cannot measure all lines within only one segment. 
For 3 segments, the EFOV is 0.5D; for 4 segments, the EFOV 
is 0.71D. 

We have developed a binary notation to express the 
configuration of each axial slice. In this notation, each 
segment has two digits, one indicating the position of the 
collimator in the transverse direction and one indicating the 
axial position. For example, 00 can indicate that the right front 
corner is exposed whereas 10 and 11 can indicate that the left 
front and left rear corners are exposed, respectively. Overall, 
m binary digits express the state of the collimation per 
dimension, with a total of 2mn states. Table I contains an 
example configuration for m=4, n=2 (i.e., four segments, 2D 
collimation) that shows that all lines for all segment 
combinations can be measured with less than 2mn exposures 
(only 2m exposures are needed); this solution removes a 16-
fold redundancy. In this example, slice 1 measures all the 
right-front to right-front lines (i.e., 00-00 lines). Slice 2 
measures the right-front to right-rear lines for segment 
combinations AB, AC, and AD. For segment combinations 
BC, BD, and CD, the right-rear to right-rear lines are 
measured. By stepping the collimator through these 16 slices 
(i.e., stepping it by one crystal period at a time while the 
patient is stationary or by stepping the patient 16 times), all 
collimation-enhanced lines within the EFOV are measured. 

We expect that reconstruction of regions outside of 
Dcos(π/m) will still be artifact free and may show some 

      
Fig. 2: Septal penetration study in PET using Geant4. Three crystals were used 
on each side of the PET ring, 21 cm apart (right). The central crystal (gray) is 
unobstructed by collimation. The two side crystals (dark green) have knife-
edge slit collimation. The full acceptance angle of the opening is α . The 
thickness of the collimating slab is T. The study counted the number of single 
photons in the side (dark green) crystals for different values of T and α . The 
study also counted the number of coincident photons for opposite crystals, 
both of which have the same collimation. The diagram on the right indicates 
the single and coincident photons that are counted.  
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Fig. 5: The collimator ring (solid circle) of diameter D is split into 4 segments: 
A-D. The four solid lines indicate the regions within which the collimator 
configuration is the same for all crystals. The dashed circle, indicating the 
field of view where all 16 line combinations are sampled, is circumscribed by 
the four solid lines; the radius of this circle is [Dcos(π/m)]/2. 
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resolution enhancement, but this region does not measure all 
of the 16 combinations between each crystal pair, only four of 
them: 00-00, 01-01, 10-10, and 11-11, since all crystals within 
a segment have the same collimator position at one time. Still, 
this is better than the single measurement without collimation. 

Four segments provides the largest EFOV (0.71D) with 
only 16 views, which is the minimum for 2D collimation. For 
example, m=5 would increase the EFOV to 0.81D, but 
requires at least 25=32 views to measure the 16-fold increase 
in lines. 

2) Reconstruction 
Two reconstruction algorithms have been developed for 

collimated PET emission data. The maximum-likelihood 
expectation maximization (MLEM) algorihm simultaneously 
uses projections from all configurations; it can also 
reconstruct uncollimated projections. A filtered 
backprojection (FBP) algorithm was also used to reconstruct 
collimated and uncollimated coincidence data. For the case of 
collimation, the data sets were used to generate a super-

resolution sinogram that accounted for the LOR of the two 
half crystals exposed during each acquisition. The sinogram 
was reconstructed into a direct-space image applying Hann 
filtering.  
 

3) Phantom Studies 
Two digital phantoms were simulated to have 18F 

distributions. The first was a hot-rod phantom in a warm 
background (signal:background=4:1). The rod diameters were 
0.6, 0.8, 1.2, 1.6, 2.0, and 2.4 mm. A second digital phantom 
had hot and cold lesions of the same diameter in a warm 
background (signal:background:cold=4:1:0). 

III. RESULTS 

A. Septal Penetration of 511 keV Photons with Geant4 
The numbers of single and coincident photons detected in 

the side crystals are plotted as a function of collimator 
thickness for several acceptance angles for both tungsten and 
lead collimation in Fig. 3. The plots plateau, except for α =0, 
at about 10 mm of thickness (T), indicating that there is no 
advantage in making the collimation thicker than 10 mm 
because of edge penetration. The case of α =0 is a channel, 
often used in pinhole imaging, because it reduces edge 
penetration. 

B. Resolution Performance of PET with Collimation 
The coincidence rate of photon pairs was measured as a 

function of the source position as it moved in a direction 
perpendicular to a particular line of response. The 
measurement was made without collimation and with 
collimation made of tungsten (Fig. 4(left)) and lead (Fig. 
4(right)) for crystals directly opposite each other. The 
collimated profiles in Fig. 4 are narrower than the 
uncollimated profiles, suggesting improved resolution.  

Table I shows the resolution and sensitivities for lead and 
tungsten. The resolution was measured as the full width at half 
maximum for a central line of response, as shown in Fig. 4. 
The sensitivities were calculated as the number of coincidence 
pairs compared to the case of no collimation for point source 
locations stepping over a range of 12 mm near the center of 
the scanner. An energy cut of 400 keV was applied. These 
results suggest that resolution can be improved by about a 
factor of ~2 for a reduction in sensitivity by a factor of ~4, for 
these one-dimensional septa. 

Table I: Possible collimator positions for 4 segments (A-D). Sixteen slices are 
needed to sample all combinations of lines (16 line combinations) between all 
combinations of segments: AB, AC, AD, BC, BD, and CD. 

Segment 
Slice 

A B C D 
1 00 00 00 00 
2 00 01 01 01 
3 00 10 10 10 
4 00 11 11 11 
5 01 00 01 10 
6 01 01 00 11 
7 01 10 11 00 
8 01 11 10 01 
9 10 00 10 11 
10 10 01 11 10 
11 10 10 00 01 
12 10 11 01 00 
13 11 00 11 01 
14 11 01 10 00 
15 11 10 01 11 
16 11 11 00 10 

 

Fig. 4: Spatial resolution measurement for no collimator (solid lines) and 
collimation with α=0 (dashed lines) for crystals that are directly across from 
each other. The septa are 10 mm tall and cover half the crystal transaxially. 
The left plot shows resolution for tungsten septa. The right plot is for lead 
septa. In both cases, the resolution is improved, but tungsten provides better 
shielding. Numerical results are in Table I. 

  Tungsten                             Lead   a  

 
Fig. 3: Results of septal penetration study in PET using Geant4. The number 
of single photons in shielded crystals (Fig. 2) is shown on the top; the number 
of coincident photons is shown on the bottom. Tungsten is used for the septa 
on the left and lead is used on the right. The plots plateau by 10 mm of 
thickness, except for α =0. Tungsten rectangular (α =0) bars that are 10 mm-
thick stop about 80% of singles’ penetration.  
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C. Reconstructed Resolution of PET with Collimation 
Fig. 5 shows the iterative reconstructions for collimated 

and uncollimated projections for different acquired count 
levels in a single slice. The upper row simulates 1 mm crystals 
and the bottom, 2 mm crystals. This simulation does not allow 
intercrystal scatter, acolinearity, or positron range. 
Consequently, a scanner ring with 1 mm crystals has a 
resolution value that is half that of a scanner ring of the same 
diameter with 2 mm crystals. 

Fig. 6 shows FBP reconstructions of Geant4 simulations 
that include intercrystal scatter, acolinearity, and positron 
range. The top row shows lesions with 0.5 mm diameter; the 
bottom row shows lesions with 1 mm diameter. 

IV. DISCUSSION 
Collimation offers improved spatial resolution in both 

simple point-source resolution scans (Fig. 4 and Table II) and 
in reconstruction (Figs. 5 and 6). The cost is a reduction in 
collection efficiency, which scales depending on the number 
of dimensions collimated. For both axial and transverse 
collimation, there is a factor of 16 loss in efficiency whereas 
transverse-only results in a factor of 4 loss. 

Collimation also offers a method for improving sampling 
because sub-crystal elements may be connected with sub-
crystal elements. In the case of covering half the crystal in 
both the axial and transverse directions, a factor of 16 
improvement in sampling is obtained. For transverse-only the 
factor is 4. 

Fig. 5 shows that in many cases the improvement in 
resolution using 1 mm ideal crystals (a surrogate for 
collimation) yields better quality image reconstructions than 
the 2mm-crystal case, even when there is a reduction in the 
count level by a factor of 4, which would occur for transverse-
only collimation; this can be seen in the figure by comparing 
diagonal images. The figure further shows that a factor of 16 

loss still results in better images for many noise levels; the 
exception is at very low count densities. In addition, the 
smallest rods are not well resolved with the 2 mm crystals 
because of undersampling. Collimation improves sampling in 
the transverse direction by a factor of 4. 

Fig. 6 shows FBP reconstructions for collimation and no 
collimation (left column). The collimation case shows 
different noise levels. The top row shows 0.5-mm lesions. In 
many cases, except for the noisiest, the lesions are more 
discernible with collimation. Even for the noisiest, the profiles 
show a higher contrast ratio. The bottom row shows similar 
results for a 1.0-mm lesion; the contrast is typically improved 
with collimation. 

One possible scenario for the use of collimation may be 
when only a single bed position is needed. This will allow for 
the combination of higher resolution from collimation while 
obtaining better count densities through longer scans of only 
that single bed position. 

V. CONCLUSIONS 
Collimated PET offers improved spatial resolution at the 

cost of reduced collection efficiency. Reconstructions of 
different noise levels indicate that the improvement in 
resolution often overcomes the loss in efficiency. 
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Table II: Spatial resolution (Res.) and relative sensitivity (Rel. Sens.) 
compared to no collimation (No col.) for the tungsten and lead septa in Fig. 4. 

C (mm) Res. 
(mm) 

Rel. Sens. 

No col. 0.99 1.00 
Tungsten 0.59 0.27 

Lead 0.65 0.34 
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Fig.  5: Reconstructions of a hot-rod phantom in a warm background 
(signal:background=4:1) using simulated projections in 2D and 0.25 mm 
voxels. The crystals sizes were modeled as 1.0 mm (top) and 2.0 mm (bottom) 
for a detector ring of 21 cm in diameter. The rod diameters are 0.6, 0.8, 1.2, 
1.6, 2.0, and 2.4 mm. Different levels of noise are shown for the 
reconstructions: 100k coincidence pairs (CP), 400k CP, 1,600k CP, 64,000k 
CP, 25,600k CP, and noiseless. In general, the reconstructions with better 
resolution of the line pairs (top) show better image quality, especially for the 
smallest rods, than reconstructions with worse resolution but more counts. 

Fig. 6: Analytic reconstruction of Geant4-generated phantom data with and 
without collimation. The top row shows reconstructions for a 25-mm uniform 
cylinder with a cold lesion and 3 hot lesions (0.5 mm diameter) with a contrast 
ratio of 4. The profiles through the center are shown immediately beneath. The 
bottom row shows 1.0 mm lesions. The left column (“No Col.”) shows the 
reconstructions without collimation. The other five show reconstructions with 
different noise levels. The right-most column (1:16) is for the same total 
number of emissions as the no-collimation case (i.e., about 1 / 16 th the 
number of counts). The column 1:1 has the same number of counts as the no-
collimation case (i.e., 16 times longer acquisition). The other columns vary in 
counts by factors of 2.  
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Sparse-data Reconstruction in Flat-panel Cone-beam
CT for Potential Use in Image-guided Surgery
Junguo Bian, Xiao Han, Emil Y. Sidky,∗Daniel Tward,∗Jeffrey H. Siewerdsen, and Xiaochuan Pan

Abstract—Cone-beam CT (CBCT) is considered a potential useful
tool for clinical image-guided surgery (IGS) partly because it
provides rich anatomical information and its ease of use. However,
total radiation dose to the patient from CBCT imaging can pose
a radiation safety concern in these intervention procedures. It is
desirable to reduce the imaging radiation dose to the patient by
reducing x-ray flux of each projection view or by reducing total
number of projections. We have recently proposed algorithms for
image reconstruction from fan- and cone-beam data collected at
highly sparse angular views through minimizing the total variation
(TV) of the image subject to the data fidelity condition. In this work,
we investigate and demonstrate the application of the TV algorithm
to reconstructing images from CBCT data acquired with a flat-panel
CBCT system at a number of views much lower than what is used in
conventional CT imaging. The results of this study demonstrate that
the TV algorithm can yield images with quality comparable to those
obtained from a large number of views by use of the conventional
algorithms. The significance of the work lies in that the substantial
reduction of projection views promised by the TV algorithm can be
exploited for reduction of imaging dose and time.

I. I NTRODUCTION

There has been a renewed interest in algorithm development for
image reconstruction from highly incomplete data in computed
tomography (CT). Such algorithms may lead to reduced imaging
dosage and time. Examples of incomplete data problems include
image reconstruction from data acquired at a small number of
views or over a limited angular range.

Cone-beam CT (CBCT) is a potential useful tool for image-
guided surgery (IGS) because it provides rich anatomical infor-
mation and its convenience of use. Target localization is one of
the most important steps and a primary reason for using CBCT
is to determine the current position and status of the target and
the surrounding tissues inside the patient [1], [2]. An accurate
image of the target reconstructed by CBCT can improve the
chance of favorable patient outcome. However, total radiation
dose to the patient from CBCT imaging poses a radiation safety
concern. Although the biological effects of imaging radiation dose
on the tumor control probability of the target require further
investigation, it is desirable to reduce the imaging radiation dose
to the patient by reducing x-ray flux of each projection view or
total number of projections.

We have recently proposed algorithms for image reconstruction
from fan- and cone-beam data collected at highly sparse angular
views through minimization of the total variation (TV) of the im-
age subject to the condition that the estimated data are consistent

J. Bian, X. Han, E. Y. Sidky and X. Pan are with the Department of Radiology,
The University of Chicago, 5841 S. Maryland Avenue, Chicago, IL 60637,
USA. E-mail:junguo@uchicago.edu, xpan@uchicago.edu; D. Tward and J. H.
Siewerdsen are with Department of Medical Biophysics, University of Toronto,
E-mail: jeff.siewerdsen@uhn.on.ca

with the measured data [3], [4]. By reducing the number of views,
the radiation dose delivered to the patient can be reduced.

Our proposed TV algorithms has demonstrated its success in
simulated data. However, real data is degraded by noise and other
physics factors, including scatter and beam hardening. This has
posed challenges to use TV-based algorithm for real applications.
In this work, we investigate and demonstrate the application of the
TV algorithm to reconstructing images from CBCT data acquired
with a flat panel CBCT system at a number of views much lower
than what is used in conventional CT imaging. The results of
this study demonstrate that the TV algorithm can yield images
with quality comparable to those obtained from a large number of
views by use of the conventional algorithms. The significance of
the work lies in that the substantial reduction of projection views
promised by the TV algorithm can be exploited for reduction of
imaging dose and time.

II. M ATERIALS AND METHODS

A. System and scan geometry

The flat-panel CBCT system included an X-ray tube Rad94 in
Sapphire housing (W target; 0.4–0.8 mm focal spot; 14◦ anode;
Varian Medical Systems, Salt Lake City, UT), powered by a
constant potential generator CPX-380, EMDInc., Montreal, QC.
The flat-panel detector (RID-1640A, PerkinElmer Optoelectron-
ics, Santa Clara, CA) was based on a 1024×1024 (41×41 cm2)
active matrix of a-Si:H photo diodes and thin-film transistors,
CsI:Tl X-ray converter. The detector pitch is 400µm. The
system incorporated computer-controlled translation stages and
a rotation stage. The phantom is held at the rotation stage. For
circular cone beam data acquisition, the phantom is rotated while
the source and detector are kept still. The source exposure is
controlled by electric pulse and the acquisition frame rate is about
1 frame/second.

The geometry of the system is: the source to rotation center
distance is 93.5 cm and the source-to-detector distance is 144.4
cm. The size of field of view is about 25.6×25.6×25.6 cm3.
Cone-beam projections data are acquired in a circular orbit over
an angular range of 0 to2π at 120 kVp exposure (added filtration
of 2.0 mm Al+1.1 mm Cu, chosen to provide beam quality
comparable to that of clinical CT scanners).

B. Data Preparation

Our previous studies are all based on simulation studies.
For data acquired with flat-panel system, there are several data
processing steps involved to convert the raw projection data into
sinogram, for example, detector response correction and logarithm
transform. Prior to each scan, detector calibration was performed
and offset, dark-field, and flood-field measurements are acquired
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for correction of detector response. Reference projection, which
is a projection without imaged object , is required to convert
the projections into sinogram data. We estimated the reference
projection by averaging pixel value over a small area outside
of object project. The logarithm of the ratio between reference
projection and object projection is used for measured data.

C. TV minimization algorithm

The idea of constrained TV-minimization algorithm originates
from the field of compressive sensing [6] on exact recovery of
an image from sparse samples of its Discrete Fourier Transform
(DFT). It was demonstrated that the image can be found by
solving the convex optimization problem of minimizing theℓ1-
norm of the gradient image subject to the constraint that the
image’s DFT matches the measured DFT values. Inspired by
Candes’ work, we investigated and developed TV minimization
algorithms for image reconstruction from divergent-beam projec-
tions, including both fan-beam and cone-beam geometries [3], [4].
The underlined assumption is that the image can be considered
piecewise constant, which is generally true for medical images.

In our TV algorithm, the imaging system is modeled by a
discrete linear system, given by

~g = M ~f, (1)

where vector~g is the measured projections with a length of
Nd, indicating the number of measured projection rays; vector
~f denotes the discrete image of a lengthNm, which indicates the
number of image voxels; andM is the system matrix, modeling
the discrete line integral of projection rays. The reconstruction
problem considered here is tantamount to the inversion of the
linear system model.

TV algorithm for inverting the linear system has been formu-
lated into a constrained TV-minimization approach [4], which
seeks to find image~f∗ that minimizes its TV, i.e.

~f∗ = argmin
∥

∥

∥

~f
∥

∥

∥

TV
(2)

subject to the data fidelity and non-negativity constraints:
∣

∣

∣M ~f − ~g
∣

∣

∣ ≤ ǫ and ~f ≥ 0, (3)

where parameterǫ can be selected for controlling the impact
level of potential data inconsistency on the image reconstruc-
tion. Clearly, this is a non-linear convex optimization problem.
In general, the linear system under consideration is an under-
determined system, and the minimal TV image is only one of
the many solutions of this system. The particular entries ofM
depend on the representation of image and the model for the ray
integration.

The proposed TV algorithm solves this constrained optimiza-
tion problem using a hybrid scheme in which the projection onto
convex sets (POCS) is used to enforce the data constraint, and
gradient descent method is used subsequently for minimizing
the image TV. This hybrid approach is called adaptive steepest
descent POCS (ASD-POCS) [4]. Positivity constraint is also
enforced at the POCS step. In this work, we applied the TV
algorithm to reconstructing images from the bench-top CBCT flat
panel system.

III. R ESULTS

In our studies, cone-beam data of 960 views uniform distributed
over angular range of 0 to2π were acquired. For simplicity,
we refer to the entire data set collected at 960 projection views
as the full data set. We extracted subsets of data at 60 views
and 96 views uniformly distributed over 0 to2π angular range
from the full data sets. The projection data for each view are
cropped to 1024×200 for the purpose of saving the computation
time. Because no truth about the the phantom image is known,
and because FDK algorithm is the standard algorithm used for
image reconstruction for circular cone-beam geometry, we use
FDK reconstruction from full 960 views as the gold standard for
comparison with the images reconstructed from the sparse data
set. The array for 2D image reconstruction is 1024×1024×300
with a pixel size of 0.0244×0.0244×0.0244cm3.

As discussed, the parameterǫ can be selected to control
the impact level of potential data inconsistency on the image
reconstruction. Givenǫ, the optimization problem is completely
specified. Larger values ofǫ tend to yield a smoothed image;
while very low values can yield high frequency “salt and pepper”
noise. We have investigated the impact ofǫ on the reconstruction
and determinedǫ that yields the “best” image according to visual
appearance. The detail result of these studies will be presented at
the conference.

In an attempt to compare the performance of different re-
construction algorithms, we also reconstructed the images by
using POCS and expectation maximization (EM) algorithms. We
compare with the EM algorithm because it is commonly used for
iterative image reconstruction. In Figs 1 and 2, we display images
reconstructed by use of the TV algorithm from the 60- and 96-
view sparse data sets, respectively. The TV reconstruction images
were selected based upon our studies ofǫ. Theǫ we chose for 60-
view and 96-view data sets are 7.0 and 8.8 respectively. Images
reconstructed by use of POCS and expectation maximization(EM)
algorithms from the 60- and 96-view data sets are also shown in
Figs 1 and 2, and the FDK reconstruction from the full data sets
are displayed in Figs. 1 and 2, as the gold standard. It can be
observed that the images reconstructed by TV algorithm preserved
more details than images reconstructed by use of EM or POCS.
The streak artifacts are greatly reduced in TV reconstruction
images. Some of the details in sinus region are invisible in 60-
views TV reconstruction image while those details have been
recovered in the 96-view TV reconstruction. By comparing the
TV reconstruction image from 96 views to FDK reconstruction
from full data, it can be observed that the details of the sinus part
are relatively well preserved in the image reconstructed by the
TV-minimization algorithm.

In Figs. 3, we plot the changes of data distance and TV versus
of iteration numbers for POCS, TV and EM methods in the
reconstruction of the 96-view data. It can be observed that in EM
and POCS reconstruction, the data distance decrease with number
of iterations while the TV of the image increase with number of
iterations. For TV reconstruction, the data distance reaches the
preset data distanceǫ and TV of the image is decreasing with
number of iteration, as is expected for solving the constrained
TV minimization problem in Eqs. (3) and (4) .
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Figure 1. Mid-slice images reconstructed from 60 views of projection data by
use of POCS (top left) , TV (top right), and EM(bottom left) algorithms. Images
reconstructed from 960 views of projection data by use of FDK algorithm is
displayed at bottom right as reference. Display window is[0, 0.4] cm−1.

Figure 2. Mid-slice images reconstructed from 96 views of projection data by
use of POCS (top left) , TV (top right), and EM(bottom left) algorithms. Images
reconstructed from 960 views of projection data by use of FDK algorithm is
displayed at bottom right as reference. Display window is[0, 0.4] cm−1.

IV. D ISCUSSION

We have applied our constrained TV-minimization algorithm
on sparse real data sets from circular cone-beam flat-panel CT
system. The study described demonstrated that TV algorithm can
yield image of practically utility with number of views much
less than that of convention algorithm. Comparison with EM
algorithm using the same sparse data sets suggest that our TV-
based method can achieve accurate reconstruction with much
reduced artifacts. The significance of the work lies in that the
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Figure 3. The change of data distance (left) and TV (right) versus iterations for
POCS (dashed line), EM (dotted line) and TV (solid line) reconstruction of the
96-view projection data.

substantial reduction of projection views promised by the TV
algorithm can be exploited for reduction of imaging dose and
time in a number of applications such as image-guided surgery.
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Abstract— In the computed tomography (CT) field, one recent 

invention is the so-called carbon nanotubes (CNT) based field 
emission x-ray technology. On the other hand, compressive 
sampling (CS) based interior tomography is a new innovation. 
Combining the strengths of these two novel subjects, we apply the 
interior tomography technique to local mouse cardiac imaging 
using respiration and cardiac gated method with a CNT based 
micro-CT scanner. The major features of our method include: (1) 
it does not need exact prior knowledge inside an ROI; (2) two 
orthogonal scout projections are employed to regularize the 
reconstruction. Both numerical simulations and in vivo mouse 
studies are performed to demonstrate the feasibility of our 
methodology.   
 

Index Terms— Computed tomography (CT), interior 
tomography, compressive sampling, carbon nanotube, field 
emission x-ray, respiration gated technique.  

I. INTRODUCTION 

     Field emission x-ray source based on carbon nanotubes 
(CNT) is a recent invention [1-3]. It has several intrinsic 
advantages over the conventional x-ray tubes with thermionic 
cathodes. These include high temporal resolution [4],  spatially 
distributed multi-beam and [1] multiplexing  capabilities [3]. In 
addition the ease of electronic control of the radiation readily 
enables synchronized and/or gated imaging which is attractive 
for imaging of live subjects [5, 6]. Based on this new source 
technology a physiologically gated micro-CT scanner with a 
stationary mouse bed and a rotating CNT based micro-focus 
x-ray source was recently developed [7]. Because of the 
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electronic programming and fast switching capabilities of the 
CNT field emission x-ray source, the scanner can readily gate 
its imaging acquisition to non-periodic physiological signals to 
provide high temporal and spatial resolutions in small animal 
imaging.  
      Very interestingly, an alternative theory of compressive 
sampling (CS) has recently emerged which shows that 
high-quality signals and images can be reconstructed from far 
fewer data/measurements than what is usually considered 
necessary according to the Nyquist sampling theory [8, 9]. The 
main idea of CS is that most signals are sparse in an appropriate 
orthonormal system when represented in some domain. 
Typically, CS based algorithms recovers signal/images from the 
limited data via the 1  norm minimization, which is also 

equivalent to the total variation (TV) minimization in some 
cases [10]. Based on the CS theory, we recently proved that if an 
object under reconstruction is essentially piecewise constant, a 
local region-of-interest (ROI) can be exactly reconstructed via 
the TV minimization in the CT field [11]. Because many objects 
in CT applications can be approximately modeled as piecewise 
constant, our approach is practically useful and suggests a new 
research direction of interior tomography. 

 The combination of the CNT-based micro-CT scanner and 
the CS-based interior tomography technique offers many 
research opportunities. Here, we will report our preliminary 
attempt to study the interior cardiac image reconstruction of a 
mouse with both respiratory and cardiac gating.  In the next 
section, we report our major material and method. In the third 
section, both numerical simulation and in vivo study results are 
presented. In the last section, we discuss some related issues and 
conclude the paper.  

II. MATERIAL AND METHOD 

A. CNT based Micro-CT Scanner 
   Figure 1 shows a picture of the micro-CT scanner [7]. It 

consists of a compact CNT field emission micro-focus x-ray 
tube, a flat panel x-ray detector (Model C7940DK-02, 
Hamamatsu), a high precision rotating gantry (Model 430, 
HUBER, Germany), and a home-made mouse bed. The x-ray 
tube and the detector are mounted on two translational stages. 
The two translational stages are positioned on the opposite sides 
of the gantry, which allows independent adjustment of the 
source-to-object distance (SOD) and the object-to-detector 
distance (ODD). For this study the scanner geometry is 
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optimized for in vivo animal studies. The SOD is 126 mm. The 
ODD is 39 mm. The short source-to-detector distance 
(SDD=165mm) and low magnification factor (M=1.3) would 
allow the scanner to deliver 100μm spatial resolution and 
20msec temporal resolution. 

       

      
Fig. 1. Dynamic micro-CT system using the CNT x-ray tube technology.  
Top: A CAD rendering of the dynamic micro-CT scanner architecture. 
Bottom: A photograph of the opened scanner.  The key components 
include (a) a CNT micro-focus x-ray tube and (b) a CCD detector that can 
be rotated around (c) a mouse positioning stage to collect projection data, 
as well as (d) a goniometer  to mount the tube and detector and (e) 
translational stages to adjust the position of the imaging chain relative to 
the mouse holder. 

 

   The scanner is controlled by a home-made computer 
program written in LabVIEW (National Instruments, Austin, 
TX). At the beginning of each CT scan, the LabVIEW program 
performs a series of initialization steps which include homing 
the gantry to its zero position. The program then instructs the 
x-ray tube, the detector, the gantry, and a home-made dynamic 
gating electronic circuits if gating is involved, to work 
sequentially so that projection images are acquired in the 
step-and-shoot mode. Multiple frame acquisition is also 
allowed for frame averaging. At the end of scan, the LabVIEW 
program rewinds the goniometer to its zero position.  

B. CS-based Interior Tomography Algorithm 
      Based on the CS theory, we have recently found that a local 
ROI can be exactly and stably reconstructed via the total 
variation minimization if the object under reconstruction is 

essentially piecewise constant [11]. Let ( , )   be a 2D polar 

coordinate system,  the 1  norm of the image ( , )f    inside 

the ROI can be mathematically expressed as: 
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where ( , )    represents a sparsifying transform of ( , )f   . 

For the commonly used gradient transform in the medical 
imaging field, we have 

2 2
( , ) ( , )

( , )
f f     
  

    
        

 (2) 

which is the gradient magnitude or absolute value of the 
maximum directional derivation at ( , )  . Typically, ( , )    

defined by Eqs. (1) and (2) represents the total variation. When 
there exists an artifact image ( , )g    due to a data truncation 

outside a central ROI of radius 0 , the total variation becomes  
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where   is a coefficient. Very recently, we contributed to the 
CS theory by proving the following theorem for exact interior 
tomography [11]. 

Theorem 1: In the compressive sampling framework, an 
interior ROI of a general compactly supported function  can 
be exactly determined by minimizing the total variation defined 
by Eq. (3) if can be decomposed into finitely many constant 
sub-regions.  

    The major idea of our proof is that tvf  can be minimized at 

0   for the given ( , )f    and ( , )g   . Because many 

objects in CT applications can be approximately modeled as 
piecewise constant, the Theorem 1 is practically useful and 
suggests a new research direction of interior tomography. For 
practical applications, it is the common case to acquire two 
global orthogonal scout projections to locate an ROI.  In this 
paper, we will employ two scout images to regularize our 
CS-based local reconstruction. Note that the use of scout images 
has not been reported elsewhere, this may be considered a 
contribution of our work in this paper.      
     To perform interior reconstruction from data collected on the 
aforementioned CNT based micro-CT scanner, we developed a 
numerical algorithm in the CS framework. Basically, this 
algorithm is a modification of our previous version [11]. The 
major difference lies at the new regularization of global scout 
projections. Different from our previous exact knowledge based 
interior tomography algorithms in terms of both projection onto 
convex sets (POCS) [12] and singular value decomposition 
(SVD) [13, 14], the CS based interior reconstruction proposed 
in this paper only uses some imaging model instead of  exact 
knowledge.  
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III. RESULTS AND ANALYSIS 

A. Numerical Simulation 
 In our numerical simulation, we assumed a circular scanning 

locus of radius 57.0 cm and a fan-beam imaging geometry. We 
also assumed an equi-spatial virtual detector array of length 
20.0 cm. The detector was centered at the system origin and 
made always perpendicular to the direction from the system 
origin to the x-ray source. The detector array included 600 
elements, each of which is of aperture 0.033 cm. For a complete 
scanning turn, we equi-angularly collected 650 projections. In 
our simulation, we first acquired two complete nontruncated 
projections (50th and 213th acquisition angles) to serve as scout 
images, then performed an ROI full scan to acquire truncated 
projections, each of which covered central 240 elements. 
Therefore, this scanning configuration covered a circular ROI 
of radius 3.990 cm. The imaging subject was a 2D modified 
Shepp-logan phantom within FOV of radius 10 cm [11]. The 
reconstructed images were in a 256x256 matrix covering the 
whole FOV and the reconstruction times were 59 minutes for 
100 iterations. As a comparison, we also reconstructed an image 
by a local FBP method combining smooth extrapolation for the 
truncated projection data. While the typical reconstructed 
images were shown in Figure 2, the typical profiles were plotted 
in Figure 3. As seen from Figures 2 and 3, the reconstructed 
images from the proposed algorithm have a very high precision 
inside the ROI. 

B. Animal Studies 
    Using a prospective gating approach, in vivo mouse imaging 
experiments were performed following protocols approved by 
the University of North Carolina at Chapel Hill. For CT scans 
carried out in this study, 400 projections were acquired over a 
circular orbit of 199.5 degree with a stepping angle of 0.5 
degree at single frame acquisition.  
     For the above acquired in vivo mouse cardiac projection 
datasets, we performed a CS-based interior reconstruction. 
Using the Feldkamp algorithm, first we reconstructed a 
volumetric image to serve as a global standard for our interior 
reconstruction. From such an image volume, we specified a 
circular ROI on a transverse slice to cover the 
contrast-enhanced beating heart. Then, we created a mask 
image for the ROI and performed a forward projection to 
generate a mask projection. Later the mask projection was 
binarized to extract the projection data only through the ROI as 
our interior scan dataset. Meanwhile, the global projections of 
1st and 360th were kept to serve as two scout images. The 
interior reconstruction was performed using our CS based 
algorithm described in section II. The final reconstruction 
results were in Figure 4.  Because the CS-based iterative 
reconstruction framework is capable of noise removing, our 
CS-based interior reconstruction result has a high SNR than that 
of the global full reconstruction.     

IV. DISCUSSIONS AND CONCLUSION 

      The major advantages of our interior tomography are to 
reduce radiation dose, speedup detector’s readout rate, improve 

temporal resolution, and so on. However, the current 
configuration of our micro-CT system covers the whole mouse 
body. While the global datasets can help us to demonstrate the 
feasibility of our interior tomography algorithm for 
physiologically gated mouse cardiac imaging, it does have 
redundant data. In the future, we will design a specific 
collimator to restrict the x-ray beam to a targeted ROI. We will 
report our results along this direction in the near future. 

  In conclusion, we have applied CS based interior 
tomography algorithm for mouse cardiac imaging using 
respiratory and cardiac gated technique on a CNT based 
micro-CT scanner. The combining of CS based interior 
tomography and CNT based micro-CT system is a novel idea 
and there are many new opportunities for us to improve the 
cardiac imaging temporal resolution for animal studies. The 
introduction of two global scout images for reconstruction is 
another originality of this paper.  
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                                        (a)                                        (b)                                        (c) 

Fig. 2.  Reconstruction of the modified Shepp-Logan phantom [11]. (a) The original phantom, (b) the reconstruction using the local FBP (after smooth data 
extrapolation) and (c) the reconstruction using the proposed CS-based interior tomography algorithm after 100 iterations. The display window is [0.1,0.4].  
 
 

                                                          (a)                                                           (b) 

Fig. 3.  Representative profiles along the white lines in Fig. 2. 
 

 

 

                                        (a)                                        (b)                                        (c) 

Fig. 4. Compressive-sampling-based interior tomography of a mouse chest using the CNT-based x-ray source gating technique. (a) The image reconstructed  
from a complete global dataset as the gold standard with the white circle for a cardiac ROI, (b) the local magnification of the ROI in (a) and (c) the interior 
tomography reconstruction from 400 projections (without precise knowledge of a subregion in the ROI).  
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Abstract— Cardiac CT has been improved over past years, but 

it still needs improvement for higher temporal resolution in the 
cases of high or irregular cardiac rates. Given successful 
applications of dual-source cardiac CT scanners, triple-source 
cone-beam CT seems a promising mode for cardiac CT. In this 
paper, we propose two filtered-backprojection algorithms for 
triple-source helical cone-beam CT. The first algorithm utilizes 
two families of filtering lines. These lines are parallel to the 
tangent of the scanning trajectory and the so-called  lines. The 
second algorithm eliminates the filtering paths along the tangent 
of the scanning trajectory, thus reducing the required detector 
size. Both algorithms are theoretically exact/quasi-exact and 
computationally efficient. Numerical results are presented to 
verify and showcase the proposed algorithms. 

 
Index Terms— Computed tomography (CT), cone-beam CT 

(CBCT), cardiac CT, triple-source, filtered backprojection (FBP). 

I. INTRODUCTION 
Cardiac CT is one of the most challenging R&D areas, since 

cardio-vascular diseases is the number one killer in the Western 
world.  It is responsible for 1 of every 2.6 deaths in the United 
States.  Cardiac CT has been improved over past years, but it 
still needs improvement for higher temporal resolution in the 
cases of high or irregular cardiac rates.  

Thanks to the modern detection technique, projection data 
can now be collected on a 2D array of detectors, which is much 
faster than with the conventional single- or multi-row detectors. 
The more detector rows we use, the larger the longitudinal 
coverage we have, and the faster the data acquisition for 
volumetric scanning is. However, the detector array cannot be 
too large in a cost and dose efficient way, and the mechanical 
rotation of an x-ray source has already approached its limit. One 
alternative solution is to use multi-source CT architecture, 
which led to the emergence of Siemens’ dual-source CT [1]. 
Given successful applications of dual-source cardiac CT 
scanners, triple-source cone-beam CT (CBCT) seems a 
promising mode for cardiac CT.  

As a natural extension of dual-source CT, triple-source CT 
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promises to bring temporal resolution down to 0.2s and 
hopefully to be as fast as electron-beam CT.  Interestingly, for 
exact helical cone-beam reconstruction, the trinity 
(triple-source architecture) is better than the duality 
(dual-source architecture) because the triple-source helical scan 
allows a perfect mosaic of longitudinally truncated cone-beam 
data to satisfy the Orlov condition and yields better noise 
performance than the dual-source counterpart .   

We previously published work on backprojection-filtration 
(BPF) for triple-source helical CBCT [2] and a corresponding 
“slow” filtered-backprojection (FBP) [3] algorithms in this 
case.  In this paper, we present two “fast” (i.e., shift-invariant) 
FBP algorithms for the triple-source helical CBCT. 

II. GENERAL APPROACH 

A. Geometry 
Let ( )f x  be an object function to be reconstructed. Assume 

that this function is smooth and vanishes outside the object 
cylinder    

             { }2 2 2
1 2 3 1 2 3min 3 3max( , , ) , ,  0 .x x x x x x r x x x r R= = + ≤ ≤ ≤ < <Ω     (1)  

where r  is the radius of the object cylinder and R  is the radius 
of the scanning cylinder on which a scanning trajectory resides. 
In the Cartesian coordinate system 1 2 3( , , )x x x , the triple-helix 
trajectories can be expressed as         

1

2

3

( ) cos , sin ,
2

2 2( ) cos( ), sin( ), .
3 3 2
4 4( ) cos( ), sin( ),
3 3 2

hsy s R s R s

hy s R s R s s

hy s R s R s s

π

π π
π

π π
π

  =    
  = + +  

 
  = + +  

 

              (2)                                                                          

where 0h >  is the pitch of each helix, and s ∈  is the rotation 
angle. 

Recall that an inter-PI line for ( )jy s  and mod3 1( )jy s+ , 

{1,2,3}j ∈ , is the line that (1) intersects ( )jy s  at one point and 

mod3 1( )jy s+  at another point; and (2) the absolute difference 
between the angular parameter values at the two intersection 
points is less than 2π  [4]. We already proved the existence and 
uniqueness of the inter-PI line in the following theorem [4]: 

Theorem 1. Through any fixed x ∈Ω , there exists one and 
only one inter-PI line for any pair of the three helices defined by 
(2).  

In the triple-helix case, there are three inter-PI lines for a 
fixed x ∈Ω  and corresponding inter-helix PI-arcs whose end 
points are along the corresponding helices and share the 
intersection points of the inter-PI lines. The three inter-PI arcs 
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represent the source trajectory arcs along which the sources 
illuminate the point x . The inter-PI arcs are denoted as 1 1

s es s , 


2 2
s es s and 3 3

s es s  respectively. 

B. Katsevich’s scheme 
In 2003, Katsevich proposed a general scheme for 

constructing an inversion algorithm for CBCT [5].  It can be 
stated as follows: 

2

2

0

( , )1( )
4 ( )

               ( ( ), ( , , )) |
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m
I

m

f q s

c s xf x
x y s

dD y q s x ds
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π

π
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= −
−

∂
× Θ

∂

∑∫

∫
 (3)                                                                  

where ( , ( , , ))fD y s x γΘ is the cone-beam transform of f , 

and ( , , )s x γΘ is a unit vector confined to the filtering planes 
passing through x . 

The aforementioned general inversion formula can be 
applied to any trajectory that satisfies Tuy’s condition, but only 
when the weight function ( , , )n s x α is well designed can the 
inversion formula have a shift-invariant filtering structure.   

C. Distributions of the intersection points 
In this paper we use several constructions developed in [6]. 

Because of lack of space, they are not described here, but the 
reader is referred to [6]. Given a fixed x ∈Ω , the A -curves and 
T -curves [6] divide the surface of the unit sphere into several 
connected domains, in each of which all the planes through x  
have the same number of intersection points (IPs) with the 
inter-PI arcs of x . Note that any vector on the unit sphere 
corresponds to a plane through x , which is perpendicular to 
that vector.The distribution of IPs over the inter-PI arcs is listed 
in Table I.  

TABLE I.  
DISTRIBUTION OF IPS ON EACH OF THE DOMAINS DELIMITED BY THE 

A -CURVES AND T -CURVES ON THE SURFACE OF THE UNIT SPHERE. 

 
 

1 1
s es s  

2 2
s es s  

3 3
s es s  

1D  1 0 0 
2D  0 1 0 
3D  0 0 1 
4D  1 1 1 
5D  2 1 0 
6D  2 0 1 
7D  1 2 0 
8D  0 2 1 
9D  1 0 2 
10D  0 1 2 
11D  3 1 1 
12D  1 3 1 
13D  1 1 3 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 1. Visualization of the domains delimited by the A -curves and T -curves 
on the surface of the unit sphere. (a) A -curves and T -curves in spherical 
coordinates for (0.1,0,0)x = , (b), (c) and (d) the zoom-in versions the areas 
bounded by green, blue and red circles in (a), respectively. 
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D. L-curves 
The L -curve is used to split the domain 4D  into 

sub-domains ( 41D , 42D and 43D ), making the weight function 
n  continuous across all the A -curves. Thus, the L -curve 
should not go across an A -curve.  A family of L -curves is 
formed as follows: Run s  over the three inter-PI arcs of x . If 
x̂  is in 2G  and above ˆus  where 1+Γ  intersects itL  (Fig. 2), we 
find the plane through x̂  and ˆus . If x̂  is in 2G  and below ˆds  

where 1−Γ  intersects ibL , we find the plane through x̂  and ˆds . 
In the other cases, we find the plane through x̂  and parallel to 
the u -axis. Then, we plot all the normal unit vectors of these 
planes in the spherical coordinates 

1 2( , )θ θ . This gives three 

L -curves. The corresponding lines on the detector plane are 
called L -lines. 

 
Fig. 2. Decomposition of the Zhao window into 1G , 2G

 
and 3G . 

itL and ibL are the inflection lines at ˆus and ˆds , respectively. 2±Γ are the 
boundaries of the Tam-Danielson window and 1±Γ are the boundaries of the 
Zhao window. 

III. TWO ALGORITHMS 

A. The first algorithm 
To have an efficient FBP structure, the weight function 

( , , )n s x α  should be continuous across all A -curves. Thus, the 
weight function can be defined as 
(1) In 5D , 6D , 11D  and 41D , one IP in 1 1

s es s  gets weight 1 
while others get weight 0; (2) In 7D , 8D , 12D  and 42D , one IP 

in 2 2
s es s  gets weight 1 while others get weight 0; (3) In 9D , 

10D , 13D  and 43D , one IP in 3 3
s es s  gets weight 1 while others 

get weight 0; (4)  In 1-IP domains, each IP gets weight 1. 
The filtering lines and the backprojection coefficients are 

shown in Fig. 3. lL , tL , 0L′ denote different families of filtering 
lines, and lc , tc  , 0c are their associated backprojection 
coefficients. 

B. The second algorithm 
To eliminate filtering along the tangent of the scanning 

trajectory, the weight function can be defined as follows 
(1) In 5D and 6D , one IP in 1 1

s es s  gets weight -1 while others 

get weight 1; (2) In 7D and 8D , one IP in 2 2
s es s  gets weight -1 

while others get weight 1; (3) In 9D and 10D , one IP in 3 3
s es s  

gets weight -1 while others get weight 1; (4) In 11D , two IPs in 

1 1
s es s  gets weight -1 while others get weight 1; (5) In 12D , two 

IPs in 2 2
s es s  gets weight -1 while others get weight 1; (6) In 

13D , two IPs in 3 3
s es s  gets weight -1 while others get weight 1; 

(7)  In 1-IP domains, each IP gets weight 1. 
The filtering lines and the backprojection coefficients are 

shown in Fig. 4. 

IV. RESULTS 
To verify and showcase our proposed fast FBP algorithms, 

numerical tests were performed using the Clock phantom. 
Three sources were arranged equiangularly along a circle with 
their corresponding detectors on the opposite side. The 
source-detector distance was 1000mm. Projections were 
generated from 800 view angles in one turn. The helix was of 
750mm in radius and 45mm in pitch. The detector plane 
consisted of 750×100 detection elements of 0.68×0.60mm2. 
Reconstructed images are shown in Fig. 5. 

V. CONCLUSION 
The proposed algorithms utilize the inter-PI line and inter-PI 

arcs, and have a shift-invariant filtering structure. Unlike our 
slow-FBP algorithm that performs filtration line by line in a 
spatially-variant fashion, the proposed fast-FBP algorithms 
filter projection data spatial-invariantly view by view, 
representing a significant computational benefit. Since 
triple-source helical CBCT may triple temporal resolution, it 
seems a promising mode for cardiac CT and other applications, 
and our proposed algorithms may find applications in this 
context. 
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Fig. 3. Filtering lines and the associated backprojection coefficients in the first algorithm. 

 

 
Fig. 4.  Filtering lines and the associated backprojection coefficients in the second algorithm. 

 
Fig. 5. Reconstructed images of the Clock phantom using the first fast FBP algorithm (left) and the second fast FBP algorithm (right).  Images were reconstructed at 

3 0x = mm and displayed in [0.95, 1.05]. 
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Abstract—Iterative reconstruction (IR) can offer significant 

image quality improvements relative to conventional filtered 
backprojection (FBP) reconstruction in X-ray computed 
tomography (CT). However, application of IR to CT is a relatively 
new area, and there are some remaining challenges that may 
prevent clinical application of current IR algorithms. In 
particular, we have observed a new type of rotating shading 
artifacts and rotating noise patterns in iteratively reconstructed 
images from helical cone-beam CT data. This paper presents a 
root cause analysis of those artifacts. We also propose a method to 
reduce these artifacts, based on a windowing method similar to the 
one used in analytical reconstruction. We also present a 
performance evaluation of the proposed method, based on 
phantom and clinical patient data, and we demonstrate that the 
artifacts can be completely eliminated. 
 

Index Terms—artifact reduction, computed tomography, 
helical cone-beam acquisition, iterative reconstruction. 

I. INTRODUCTION 
Although iterative reconstruction has been shown [1] to 

achieve great image quality improvements compared to 
conventional FBP when applied to CT, especially in low dose 
imaging situations (as illustrated in Figure 1), the technique is 
still relatively new, and some remaining challenges prevent 
practical clinical application. In particular, IR may be more 
susceptible to some types of artifacts than FBP. Much prior 
work has been accomplished to address different issues, such as 
aliasing artifacts [2-4], nonlinear partial volume artifacts [5], 
beam hardening/metal [5-6], gain fluctuations during the 
acquisition [7], and forward modeling issues [8]. The focus of 
this paper is to understand and reduce another type of artifact 
that specifically appears in the helical cone-beam CT geometry 
and manifests itself as shading artifacts and noise patterns that 
rotate as a function of slice number. For example, it appears in 
the IR reconstruction of the QUASAR phantom1 (Figure 2), 
scanned with a helical pitch of 1. Although this is a phantom 
with programmable motion, all scans in this paper were 
acquired without motion: the rod inserts are fixed, and the air 
bubble and transitions provide strong gradients, but there are no 
moving objects. The IR results are shown more clearly in Figure 
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Figure 1. Reconstruction of low-dose CT data with FBP 
(left) and IR (right). 

  
Figure 2. QUASAR phantom and cross-section IR image 
shown in [-200,200] HU window. 

 

 

Original IR Original IR 

TamWin IR TamWin IR 

Figure 3. Difference images between consecutive slices, for 
original IR and Tam-windowed IR methods. Left and right 
columns show two different z-locations. The slice thickness 
is 0.625mm and the display window is [-25,25] HU. 

1 http://www.modusmed.com/quasar_resp_phantom.html 
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Figure 4. The Tam window boundary is defined by the upper 
and lower turn of the helix. 

3 (top row), which depicts the difference between two 
consecutive slices along the z direction, for two different 
z-positions. Whereas the phantom is uniform in z, a shading 
artifact appears at the phantom boundary. This artifact rotates as 
a function of z-position. Noticeably, the noise and shading 
artifacts degrade image quality inside the object and may 
worsen farther away from the center. In section II.A we 
describe our analysis of the root cause of the artifact. In section 
II.B we present the proposed correction method and evaluate it 
in terms of visual artifacts and noise level. Results are presented 
in section III using phantom studies and patient data sets.  

II. MATERIAL AND METHODS 

A. Root cause analysis 
We first review the formulation of the objective function 

defined for statistical iterative reconstruction. For a complete 
review of iterative reconstruction we refer to [9]. For penalized 
maximum likelihood IR, the cost function is given by: 

∑ ∑ +⎟⎟
⎠

⎞
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i j
jijii Rlpw )()(
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where the regularizer )(μR  is a prior term, and the weights wi 
of the Gaussian noise model are the reciprocal of an estimate of 
the variance of the log projection data pi. The solution is 
obtained by an iterative maximization update step such as : 
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where  lij is the projection-backprojection coefficient. In this 
paper, the system model {lij} directly models the 3D cone beam 
trajectory and does not perform rebinning to parallel beam 
geometry or any other transformation. 

The first observation is that FBP does not exhibit the artifact 
seen in IR. This leads to questions about differences in data 
usage in both methods. FBP typically does not fully use all the 
available data: it either limits the used data to a Tam-window, or 
it down-weights some of the data at the outer rows to normalize 
all the contributions in the backprojection. For argument-sake, 
we focus on the first FBP case, using a Tam-window. The Tam 
window [11] is shown in Figure 4. For instance, for pitch 1, 
only one rotation worth of data is used for FBP, although some 
voxels are in reality illuminated significantly longer. 

IR on the other hand is generally implemented such that it 
uses all data available from any given scan. This optimizes the 
statistics and minimizes the image noise. However, spatial 
variations in the amount of data used for each voxel may have 
implications in terms of artifacts. Figure 5 compares the 
backprojection of a unity sinogram, using a TAM-window (like 
in FBP) and using all the data (like in IR), based on actual usage 
of available data. In FBP, helical weighting derived from the 
Tam window results in using a portion of the data whereas IR 
considers the full detector. However, the redundant samples in 

IR create rapid variations in the backprojection. The areas of 
transition from redundant samples to normal samples rotate 
with the scan trajectory from slice to slice, and correlate with 
the observed artifacts. This issue is similar to that observed in 
the multi-source CT geometry, where feathering was used to 
achieve a more uniform backprojection and suppress artifacts 
[10]. Here too, the solution could involve a more uniform 
backprojection. 

To confirm the hypothesis that this non-uniform data usage is 
related to the artifact issue, we reconstructed IR images from 
Tam-windowed data, as shown in Figure 3. These results were 
achieved by down-weighting the data outside the Tam window, 
modifying the statistical weighting matrix as in Equation (3): 
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Similar to data selection in FBP, applying the Tam-window 
to IR results in using only about half of the available data for a 
helical pitch of 1, as compared to a regular IR implementation. 
As expected, the images in Figure 3 demonstrate the complete 
suppression of the helical rotating artifact, although this comes 
at the cost of significantly higher noise due to the poorer 
statistics when less data is used. The measured standard 
deviation inside the phantom increases by more than 50%. 
Although this is not a practical solution for dose-critical 
applications, this experiment indicates that the rotating helical 
artifacts are indeed related to the fast changing regions in the 
backprojection as a result of the redundant samples in the 3D 
cone-beam helical geometry. 

Figure 5. Backprojection of a unity sinogram for FBP and IR 
illustrating system model characteristics. 
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B. Correction of the helical artifacts 
Here, we present a method to reduce the helical artifacts that 

trades off the artifact level against the impact on the noise 
characteristics of the statistical algorithm. Thanks to the 
shift-invariant property of the trajectory (in terms of projection 
views), the same weighting window can be applied to all the 
views in IR without compromising the model of the original 
objective function. Although applying the pure Tam window to 
IR resulted in a uniform backprojection, it is restrictive, since IR 
is not subject to the same constraints as analytical FBP. 
Generally, any shape of window can be used, provided the 
desired uniformity is achieved. Here, an enlarged Tam window 
parameterized for the helical pitch is developed. 

In this approach, the additional weight is defined by the 

enlarged Tam window, which can be done in several ways, such 
as shifting the Tam window boundaries, making the pitch 

artificially larger, etc. The former is done here and the 
weighting function becomes: 
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(4)  
where is the shifting amount and is the feathering length. 

The selection of the parameters and determine different 
shapes for the weighting window corresponding to different 
effective data usages, which is defined by the average value of 
the additional weighting function. We find empirically that 85% 
data usage is sufficient to suppress most of the visible rotating 
helical artifacts without significant noise penalty, that is 

st fe
st fe

rowsst 4= , rowsfe 14=  for helical pitch 1 on a GE 
Lightspeed VCT 64-row scanner.  The characteristics of the 
windowed backprojection is again assessed by the 
backprojection of a unity sinogram, as shown in Figure 6, 
shown before (left) and after (right) applying the proposed 
weighting function. The two wedges associated with the 
rotating shading pattern in the reconstructed images are now 
suppressed.  

III. RESULTS 
Phantom and clinical patient data sets are now used to validate 
the performance of the proposed artifacts reduction method in 
terms of visual artifacts and noise levels. 

A. Phantom data study 
We repeat the experiment in Figure 3 with the corrected IR 

algorithm using the parameters above. Figure 7 shows the 
difference between adjacent slices after application of the 
proposed window function, at the same two slice locations as in 
Figure 3.  There is only uniform noise in the homogeneous 
regions of the object along z and in the air outside the object, 
which confirms that the rotating helical artifacts correlated from 
slice to slice have been successfully eliminated. 

The increase in noise level also needs to be carefully 
measured to confirm that the correction does not excessively 
compromise the noise reduction capabilities of the statistical 
reconstruction. Table 1 shows the standard deviation results 
from several homogeneous regions in the phantom as depicted 
in Figure 2. The average standard deviation increase is 4% on 
average for this pitch. This can be reasonably compensated with 
stronger regularization. 

B. Patient data study 

 
 Original IR Proposed IR   

Figure 6. Backprojection of unity sinogram for original and 
corrected IR. 
 

 
Figure 7. z difference images from the proposed IR method, at 
the same two z locations and display window as in Figure 3. 

 
TABLE I. STANDARD DEVIATION FROM IN FIGURE 7 FOR THE 4 REGIONS IN FIG. 2  

Region # Original IR Proposed IR Diff 

1 6.7 7.0 +5% 
2 6.0 6.2 +3% 
3 6.4 6.6 +3% 
4 7.0 7.3 +4% 

On average 4% 
 

TABLE II. STANDARD DEVIATION FROM FIGURE 8 FOR THE 3 REGIONS IN FIG .9 

Region # Original IR Corrected IR Diff 

1 15.5 16.9 +9.0% 
2 12.9 13.9 +4.6% 
3 14.1 15.1 +7.0% 

On average 6.8% 
 

One patient data set was also used to evaluate the proposed IR 
method in Figure 8. The helical artifacts observed in the original 
images have been completely suppressed (a). Especially, in the 
reformatted sagittal images (b), the streaks pointed by arrows 
could be mistaken as actual structures or lesions, whereas they 
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disappear in the corrected images. As for noise, the average 
standard deviation increase in homogeneous regions is about 
7% (Figure 9 and table II), so there is a measurable impact on 
image quality. This may be warranted to reduce the helical 
artifacts. 

IV. DISCUSSION AND CONCLUSION 
The analysis shows that the uniformity of the backprojection 

weights in IR may have a significant impact on image quality. 
The proposed approach goes counter to the understanding that 
IR can handle any kind of data provided the forward model is 
correct. In practice, small inconsistencies in the data may trigger 
the type of artifacts analyzed in this paper. In the helical 
cone-beam CT geometry, adjustment for redundant samples 
along the scanning trajectory can be done explicitly to avoid the 
observed helical artifacts. This leads however to a trade-off 
between noise reduction capability and artifact suppression 
based on the amount of data used in reconstruction. 

We started our investigation with a helical pitch 1 because of 
its relevance to general CT abdominal imaging. For different 
pitches, the proposed enlarged Tam window must be adjusted, 
which may result in more or less data subtracted from the 
reconstruction in order to reduce the artifact to acceptable 
levels. This will incur a penalty in noise reduction capability, 
which could become more significant clinically. The same 
concept applies to geometries other than 3D helical cone-beam. 
For axial full-scan, the backprojection is uniform and 
rotationally symmetric, but for half-scan and cardiac imaging 
similar artifacts may be observed. 

In general, the backprojection weights can be made more 
uniform at the expense of using less data, and hence at the cost 
of an increase in noise or a dose penalty. We measured that the 
efficiency of statistical model aimed an optimally reducing 
noise in the images suffers from the loss of data. A better 
solution for dose efficiency would involve changing the 
acquisition to only measure the necessary data, using a bowtie 
shaped corresponding to the proposed windowing function. 
However, the bowtie would then need to be dynamically 
adjusted for the different pitches and geometries. 
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Statistical Projection Completion in X-Ray CT
Using Consistency Conditions
Jingyan Xu, Katsuyuki Taguchi, and Benjamin M.W. Tsui

I. INTRODUCTION

When the patient’s body extends outside of the X-ray CT scanner
field-of-view (SFOV), the projection data will be truncated in the
transverse direction. A projection data completion method is a
preprocessing step for obtaining a complete projection data, so that
subsequent FBP reconstruction can have reduced artifacts within the
SFOV, and extend the reconstruction field-of-view (RFOV) beyond
the SFOV [1], [2]. It is well known that the sinogram of a physical
function cannot be arbitrary and satisfies the so-called consistency
conditions [3], [4], which essentially characterize the range of the
Radon transform. In this work, we build on earlier research especially
[5], [6] and develop a statistical sinogram restoration method for x-
ray CT that incorporates (a) an appropriate statistical assumption of
the X-ray CT data, and (b) the Helgason-Ludwig (HL) consistency
condition to deal with projection data incompleteness. The recovered
sinogram is subsequently reconstructed by the analytical FBP type
algorithms. We study different factors in the problem formulation that
affect the properties of the final FBP images, including the truncation
level, the amount of prior knowledge on the object support as well as
different approximations of the statistical distribution of the available
projection data. In Table I we assemble some notations from [7] that
are related to the 2D Radon transform.

TABLE I: 2D Radon transform notations.
S, Ω2 unit circle, unit disk of R2

Z = S × R unit cylinder of R3

L2(Ω) space with norm
(∫

Ω
|f |2 dx

)1/2

L2(Ω, w) same as L2(Ω) but with the weight w

II. METHOD

We first introduce the HL condition of the 2D Radon transform
as described in [5], which states that some of the series expansion
coefficients of the 2D Radon transform must be zero for it to be
physically possible. This representation lends itself to an efficient
implementation of enforcing the HL condition via Fourier transform
pair. We then formulate and solve the projection completion problem
incoporating the HL condition in two separate statistical settings:
(1) the Poisson statistics of X-ray CT transmission data, and (2) a
weighted least squares criterion for pre-processed X-ray CT data.

A. The Helgason-Ludwig consistency conditions

With occasional exceptions, our notations here are almost identical
to those in [5]. The interested readers are referred to [5], [6] for more
information. We denote by R the 2D Radon transform that maps the
Hilbert space L2(Ω

2) to L2(Z, (1− r2)−1/2), −1 ≤ r < 1. Any
physically consistent sinogram g(r, θ) can then be written as a series
expansion using the basis functions of L2(Z, (1− r2)−1/2):

g(r, θ) =
1

π

∞
∑

k=0

∞
∑

m=−∞
bkm

√

1− r2Uk(r) exp {jmθ} , (1)

where −1 ≤ r < 1 and 0 ≤ θ < 2π. The complex constants
bkm are the expansion coefficients. The function Uk(r) is the k-
th order Chebyshev polynomial of the second kind. Let g1, g2 ∈
L2(Z, (1 − r2)−1/2), the inner product of g1 and g2 is defined as
follows:

〈g1, g2〉 =
∫ 2π

0

∫ 1

−1

g1(r, θ)g2(r, θ)
1√

1− r2
drdθ. (2)

The functions
√

1− r2Uk(r) exp {jmθ} form an orthogonal basis
of L2(Z, (1− r2)−1/2). The HL consistency condition dictates that
not all expansion coefficients bkm can be arbitrary. In fact, the HL
condition is embodied in the following requirement on bkm [5]:

bkm = 0, |m| > k, or k + |m| = odd. (3)

If we define

hm(r)
�
=

1

π

∞
∑

k=0

bkm

√

1− r2Uk(r), (4)

then (1) can be rewritten as

g(r, θ) =
∞
∑

m=−∞
hm(r) exp {jmθ} . (5)

In other words, hm(r) are the coefficients of the Fourier series expan-
sion of g(r, θ) with respect to θ. The conversion of g(r, θ) ↔ hm(r)
therefore can be implemented via 1D FFT along the view direction.
The transformation between hm(r) and bkm in (4) can be calculated
by a discrete sine transform [8], [9]. The key is to utilize the following
definition of the Chebyshev polynomial Uk(r):

Uk(cos γ) =
sin((k + 1)γ)

sin γ
, r = cos γ;

and realize that by resampling hm(r),−1 < r < 1 at r = cos γ,
0 ≤ γ < π we then have

qm(γ)
�
= hm(cos γ)

=
1

π

∞
∑

k=0

bkm

√

1− cos2 γUk(cos γ)

=
1

π

∞
∑

k=0

bkm sin((k + 1)γ). (6)

To complete qm(γ) as a periodic function in γ, we may define

qm(γ) = −qm(−γ), −π ≤ γ < 0. (7)

The coefficients bkm can then be obtained from a discrete sine trans-
form of qm(γ), a resampled version of hm(r). For the convenience of
our algorithm description, we use the phrase ”sinogram expansion” to
indicate the calculation of g(r, θ)→ bkm; and ”sinogram synthesis”
the reverse direction. Combining (5), (6), and (7), sinogram expansion
can be achieved via fast Fourier transform (FFT), first along the
channel direction (r), then along the view direction (θ). The reverse
direction, sinogram synthesis, can be achieved via inverse FFT. For
g(r, θ) ∈ Range(R), its expansion coefficients bkm necessarily
satisfy the HL condition in (3). Conversely, if some of the conditions
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in (3) are violated, the synthesized ’sinogram’ from such bkm’s can
not be consistent with any physical objects.

B. Statistical projection completion using consistency conditions

Following [10], we denote the index set of an ideal (complete)
set of measurements by Y , the available1 but incomplete set of
measurements Yinc, and their difference, the missing portion by
Ymiss = Y\Yinc. To facilitate formulation of our sinogram restora-
tion problem, in the rest of the paper we use a discrete linear operator
form to represent the series expansion in (1) as the following,

l = Qb, (8)

where the non-subscripted variable l = [· · · , li, · · · ]T , i ∈ Y , repre-
sents the discretized version of g(r, θ). We use [b]r , a rectification of
the vector b, to represent the operation of enforcing the HL condition
in (3). Using this notation, a consistent sinogram in the discrete form
can be written as l = Q [b]r . In our implementation, the dimension
of the vector b is taken to be the same as that of l. More specifically,
for a 2D sinogram with K channels and M views, the index k in
bkm ranges from 0 to K − 1, and the index m in bkm ranges from
0 to M − 1.

We may model the available transmission data yi, i ∈ Yinc as
Possion distributed random variable with mean die

−li , where di

is the known air scan intensity at the detector cell i, and li is
the unknown line integral of attenuation coefficients from the x-ray
source to the ith detector cell. Our sinogram restoration algorithm is
then formulated as the following:

max
l

imize
∑

i∈Yinc

[

yi log die
−li − die

−li
]

(9a)

−β
∑

i∈Y

∑

j∈Ni

R(li − lj), (9b)

subject to l = Q [b]
r
. (9c)

The objective function in (9) consists of two terms. The first term in
(9a) represents the Poisson log-likelihood of the available incomplete
data. The second term (9b) represents a smoothness penalty defined
for all i ∈ Y . The constant β > 0 is a penalization weighting that
controls the overall strength of smoothing. In this work, we use the
quadratic penalty function [11] that penalizes abrupt changes in li.

R(li − lj) =

(

li − lj
)2

2
, j ∈ Ni, i ∈ Y, (10)

where Ni consists of the neighborhood pixels of the pixel i. For a
non-boundary pixel i, we penalize the horizontal (channel direction)
and vertical (view direction) differences in the sinogram similar to
[11], i.e., a neighborhood of 4 pixels of equal weights. The constraints
in (9c) requires that the restored sinogram li, i ∈ Y must obey the
HL consistency condition. Subject to this constraint, the objective
function seeks to maximize the penalized data log-likelihood when
the data are available; when they are not, the sinogram restoration
relies on the local smoothness penalty. The unknowns in our problem
formulation (9) are li, i ∈ Y , the known input data are di, yi, i ∈
Yinc.

If we treat the constraint in (9c) as a generic linear operator rather
than the HL condition, the problem formulation of (9) is similar to a
fully iterative reconstruction problem in transmission CT imaging
[12]. Some considerations are called for if we attempt to follow
the derivation of a ”reconstruction” algorithm for b as that in [13].
First, in the problem statement of (9), both the unknowns b and

1Here ’available’ means either measured, or not measured but assumed to
be zero, i.e., outside of the projection support region. See Sec. II-D.

the ”system” matrix Q are made of complex numbers, whereas in
a reconstruction problem they are all non-negative real numbers.
Second, a sequential updating scheme such as the one in [12] may
not fully exploit the particular structure of Q embodying the HL
condition. An efficient implementation of the ”projection” Q and
”backprojection” operator QT (in the language of fully iterative
reconstruction techniques) is critical for our sinogram restoration
algorithm. We can derive an iterative algorithm using the quadratic
surrogate function approach [14] for updating b and hence l of the
problem in (9). The derivation details are omitted in this abstract
in the interest of space. Starting from the current iteration of
l− = Q

[

b−
]

r
, the update equations for b− and hence l− can be

symbolically expressed as follows.

b− ← b− + α
[

QT Λ(l−)
(

Qb− − F (l−)
)

]

r

, (11)

where l− = Qb−, and F (l) is a column vector with the ith element
fi(l), i ∈ Y and Λ(l) is a diagonal matrix with the ith element
λi(l) < 0, i ∈ Y . The expressions for λi(l) and fi(l) are given by
the following:

λi(l
−) =

{

−die
−l−

i − 2βN, i ∈ Yinc,
−2βN, i ∈ Ymiss,

N is the total number of neighborhood pixels (N = 4 in this work),
and

fi(l
−) (12)

=

⎧

⎪

⎨

⎪

⎩

l−i −
(

yi−die
−l

−
i

)

+2β
∑

j∈Ni
(l−i −l−j )

2λi(l
−
i )

i ∈ Yinc,

1

N

∑

j∈Ni

l−i +l−j
2

, i ∈ Ymiss.

The constant α is a relaxation parameter with value of
1/maxi[−λi(li)] and α > 0. The ”forward projection” Q and the
”backward prejection” QT in (11) are implemented via FFT and IFFT
as we described in Sec. II-A.

C. A weighted least squares formulation

In a clinical environment, the raw data we can obtain from an
X-ray CT scanner are (scaled and) pre-processed line integrals.
An alternative problem formulation is the following weighted least
squares objective function subject to the HL consistency condition.

min
l

imize
∑

i∈Yinc

(

l̂i − li
σ2

i

)2

+ β
∑

i∈Y

∑

j∈Ni

R(li − lj),

subject to l = Q [b]r , (13)

where l̂i’s are the acquired line integral data, the least squares weight-
ing term σ2

i can be taken as the variance of l̂i. If l̂i = log di/yi, and
yi is Poisson with mean Ȳi = die

−li , then σ2
i can be approximated

by 1/yi [15]. An update equation for b and l can be obtained similar
to Sec II-B.

Both the Poisson model (9) and the Gaussian model (13) for
a statistical formulation of low dose x-ray CT imaging have been
proposed in the literature [16], [17]. In general, the advantages of a
statistical formulation compared with a pure analytical approach has
been established [16], [17]. However, it is less certain whether an
accurate statistical model leads to additional benefits, e.g., in terms
of noise-resolution tradeoff, compared to one that is only approximate
[18]. One of our simulation studies will be to compare the properties
of the final FBP reconstructed images using completed projection data
as outputs of the problems in (9) and (13), in order to emperically
evaluate advantages of a more sophisticated statistical model in our
particular problem setting.
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D. Obtaining Ymiss and Yinc

As a first step of the sinogram completion procedure, the truncated
projection is padded with zeros to enlarge the RFOV. The index
sets Yinc and Ymiss are defined on the padded sinogram and their
estimates can be obtained from the forward projection of the object
boundary (support) information (Fig. 1). From the direct FBP re-
construction using the truncated projection data, an estimate of the
object support can be obtained. This object support is then forward
projected, the parts that project to the extend projection region are
marked as Ymiss, and the other regions, i.e., everything measured
plus parts of the extended region where the object supports does
not project to, Yinc. In other words, Y = Ymiss ∪ Yinc is the
complete sinogram that can be applied directly to FBP. If i ∈ Ymiss,
the corresponding yi is not acquired (missing). If i ∈ Yinc, the
corresponding yi is either measured but noisy, or not measured but
is assured to be zero from an estimated object support.

channels

vi
ew

s

truncated projection 
data, all belong to

extended projection region

Ymiss

Ymiss

Ymiss

Ymiss

Yinc

Yinc

Yinc

Yinc

Fig. 1: The truncated projection data (after log operation) and its
relationship with Ymiss and Yinc. Ymiss is obtained from the forward
projection of an object support estimate. A loose object support
estimate is used in this example.

III. COMPUTER SIMULATIONS AND EVALUATIONS

We investigated three factors that may affect the performance of
our proposed algorithm: (1) the severeness of truncation, (2) the
accuracy of the object support estimation, and (3) the regularization
weighting β and different statistical assumptions.

We used a digital phantom that mimics the human torso anatomy
[Fig. 2] and simulated parallel beam projection data first without
truncation. To avoid sampling symmetry, this phantom was placed
tilted and offset (by 2.5 cm in both horizontal and vertical direction)
from the iso-center of a simulated SFOV of 50 cm. The high-density
pin in the lung was used to measure resolution properties in the FBP
reconstructed images using the completed projection data. The max-
imum line integral is around 9 along the long-axis of the phantom.
A selected number t of boundary channels in the parallel projection
image were then set to zero simulating transverse truncation. The line
integrals of attenuation coefficients were exponentiated and scaled by
the uniform air scan intensity of 106 to simulate a low-dose X-ray
CT scan. Poisson perturbation was then introduced to projection data
based on the mean transmitted counts in each detector cell. Noise-
free projection data with the high-density pin present, and Poisson
distributed noisy data without the high-density pin were simulated
separately.

A. Dependence on the degree of data truncation

The complete projection data consisted of 729 channels and
512 views over 180◦ acquisition. We varied the number of cut-

0.2

0

0.19

0.208

0.19

0.2040.3
0.2

0.3

0.204

high density pin

Fig. 2: The phantom definition. The numbers indicate the attenuation
values (cm−1) in different organs. The long axis of the body ellipse
is 30 cm. This phantom is placed at (2.5, 2.5) cm from the iso-center.
The dashed circles mark the SFOV at three truncation levels.

off channels t and for each truncation case t = 150 (SFOV =
42 cm) of t = 200 (SFOV = 32 cm), and t = 250 (SFOV =
22 cm), we compared the performance of our proposed sinogram
completion method with the symmetric mirroring method [2]. The
implementation of symmetric mirroring method and the related
parameter settings followed the description in [2].

B. Dependence on the accuracy of the object support estimate

We studied the performance of our proposed method when different
object support estimates were used. In addition to the exact object
support, we also used a tight convex object support, and a loose
rectangle support estimate shown in Fig. 3. The object support
estimate was forward projected to generate the trust region Yinc and
Ymiss.

exact support convex support

rectangle support

Fig. 3: Three object support estimates: the exact object support, a
tight convex support, and a loose rectangle object support.

C. Dependence on the regularization weight β and different statisti-
cal assumptions

As the weighting factor β in (9) and (13) varies, the noise and
resolution properties in the final FBP reconstructed image trace out
a noise-resolution tradeoff curve. To calculate a resolution measure,
we used zoomed FBP reconstruction from noise-free projection data
(with the same truncation level t as the noisy projection data,
and going through the same projection completion procedure). The
resolution was then measured as the full-width-at-half-maximum of a
2D Gaussian fitted to the image of the pin. The noise was calculated
as the coefficient of variation (COV) in a nearby region-of-interest
(ROI) of the pin location. We varied the regularization weight β
from 10−3 to 103 and compared the noise-resolution tradeoff curves
in the FBP reconstructed images using projection data obtained from
(9) and (13), respectively. In the weighted least squares formulation,
the pixel-dependent σ2

i was taken to be 1/yi, the inverse of the
transmission data. As a reference, we also plotted the tradeoff curve
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for the symmetric mirroring + FBP method. The reconstructed images
were post-smoothed by Gaussian-shaped filters. The FWHM of the
post-smoothing Gaussian filter serves the same purpose as β in the
statistical formulations.

IV. COMPUTER SIMULATION RESULTS

Figure 4 shows the sample reconstruction images at different
truncation levels using 5 different processing methods. We observe
that the truncation artifacts are greatly reduced by applying either the
symmetric mirroring method or our proposed sinogram restoration
method. Using our proposed method, some remaining truncation
artifacts can still be seen in the most severe truncation case t = 250
(Fig. 4, red arrows). The differences between the different support
estimates mainly show up outside the SFOV. The exact support
estimate helps to delineate the object boundary (Fig. 4, green arrows).

A. Dependence on the degree of data truncation

Further quantitative analysis demonstrated that within the SFOV
our proposed method using any of the three object support estimates
has smaller bias than the symmetric mirroring method. This same
observation is made at the three different truncation levels. Unlike the
symmetric mirroring method which uses ad-hoc data extrapolation,
the proposed method uses the HL consistency condition and tries to
estimate the sinogram based on the available data and prior object
support information. It is expected that the proposed method should
provide more accurate reconstruction within the SFOV.

B. Dependence on the accuracy of the object support estimate

The results from the different object support estimates do not differ
much within the SFOV, except when the truncation is severe (t =250)
the results from the loose rectangle support show larger bias than the
exact object support and the tight convex support.

The advantage of using the exact object support is mainly in
the extended RFOV [Fig. 4, green arrows]. There is a gradual
improvement in object boundary delineation when the sinogram
restoration is applied with the loose rectangle support estimate, the
convex support estimate, and the exact support; The reconstructed
object boundary in the symmetric mirroring method is determined
indirectly from the number of extended channels Next [2], an input
parameter based on subjective judgment. On the other hand, the object
support estimate enters our proposed method as part of the problem
formulation. The reconstruction results are then more intuitive; the
better the object support estimate is, the better delineation of the
object boundary can be obtained.

C. Dependence on the regularization weight β and different statisti-
cal assumptions

Figure 5 shows the noise-resolution tradeoff curves in the FBP
reconstructed images after projection completion using the symmetric
mirroring method, the Poisson assumption (9), and the weighted least
squares formulation (13). Compared to the analytic formulation, i.e.,
the symmetric mirroring method, there is a significant improvement
in terms of noise resolution tradeoff using either of the statistical
formulations. The Possion assumption performs slightly better than
the weighted least squares model at the simulated noise level.

V. CONCLUSIONS

We proposed a statistical projection completion approach that in-
corporates the HL consistency condition to reduce truncation artifacts
in X-ray CT. The advantages of the proposed method, in terms
of noise-resolution tradeoff and truncation artifacts reduction, over
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Fig. 5: The noise-resolution tradeoffs measured at the pin location.

an analytical method were demonstrated using computer simulation
studies. Comparison of different statistical assumptions indicates that
an accurate statistical model leads to a moderate improvement in the
final FBP reconstructed images than one that is only approximate.
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Abstract—Iterative reconstruction algorithms are preferably 
used when the projection data are noisy, irregular in acquisition, 
or limited in number or size. They typically offer a set of 
parameters that allow some control over the convergence process, 
both in terms of quality and speed. Examples include relaxation 
factor, number of subsets, regularization coefficients, and the like. 
The interactions among these parameters and within the various 
data conditions can be complex, and thus effective combinations 
can be difficult to identify, leaving their choice often to educated 
guesses. We propose a data-driven learning approach to match 
given data configurations with their most effective reconstruction 
parameter configurations. We overcome the computational 
challenges associated with such a data-intensive approach by using 
commodity high-performance computing hardware (GPUs), 
which themselves have interacting parameters as well.  

Index Terms—Iterative Algorithms, Ordered Subsets, 
Computed Tomography, GPU, Image Quality Metrics 

I. INTRODUCTION 
An effective way to limit the overall radiation dose a patient 

is subjected to in a CT scan is to reduce the number of 
projections and also the radiation per projection. Both, however, 
increase noise in the CT reconstructions, compromising 
contrast as well as resolution. Iterative algorithms have been 
shown to excel in these adverse settings, but due to the absence 
of an exact solution, careful parameter tuning is typically 
required to converge to a solution close to the exact. Examples 
for such parameters include relaxation factor, number of subsets, 
and regularization coefficients. Their choice is often made 
ad-hoc based on some prior experience, yet typically not 
endorsed by a certified level of confidence. An added difficulty 
is that parameters often interact in their effects on 
reconstruction speed and outcome. Thus it can be a non-trivial 
task to derive the most suitable combination for a given data 
scenario. There are two main strategies by which one may arrive 
at effective parameter settings: optimization and data-driven 
learning. Optimization is similar to the reconstruction process 
itself, seeking to find the optimal solution (here the parameter 
configuration) constrained by some objective function. 
However, optimization can be vulnerable to local minima and it 
also lacks in some sense the capability to adapt to new data 
scenarios. Learning, on the other hand, aims to determine a 
process model (described by parameters) from a set of collected 
observations. In our application, these observations are 
reconstructions obtained with parameterizations of a given 
iterative reconstruction algorithm, where the quality of the 
reconstructions then drives the parameterization.  

Clearly, the more observations we can provide and the 

greater their diversity, the more accurate our model is set to be. 
An important factor in this context is the quality metric. Since 
we aim to provide reconstructions to be examined by human 
observers, we require a quality metric that is perceptually based. 
Further, since we strive for a large number of observations, this 
perceptual metric needs to be computer-based and efficient to 
compute. In the following, we present a metric fitting these 
requirements and then describe our reconstruction 
parameter-learning framework. 

In our paper, Section 2 presents related work and background, 
Section 3 describes our parameter-learning framework, Section 
4 presents results, and Section 5 ends with conclusions.  

II. RELATED WORK AND BACKGROUND 
Iterative methods can broadly be categorized into projection 
onto convex sets (POCS) algorithms (such as SART, SIRT, and 
POCS) and statistical algorithms (such as EM, OS-EM, and 
MAP). For the purpose of demonstrating the principles of our 
proposed approach, we select OS-SIRT (Ordered Subsets SIRT) 
[5]. OS-SIRT is a generalization of SART and SIRT, with SIRT 
having just one and SART having M subsets (with M being the 
number of projections). Its correction update is computed as: 

∑
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Here, the weight factor wij determines the contribution of a 
voxel vj to a ray ri (starting from a projection pixel pi in subset 
OSs), and is typically given by the interpolation kernel. Hence, 
there are two parameters, the relaxation factor λ and the number 
of subsets S. Using these parameters the effects of noise and 
sparse views on reconstruction quality can be controlled, but 
their choice can also affect the number of iterations needed to 
converge. Typically, noisier projections require larger subset 
sizes (smaller S) and/or smaller λ-settings. On CPUs the subset 
size does not influence the speed of computation On GPUs, 
however, an iteration with SART is typically the slowest due to 
the many projection-backprojection context switches which 
disturb parallelism and data flow. This has significant 
implications for the overall reconstruction wall clock time [5]. 

In CT reconstruction, the commonly used metrics for gauging 
reconstruction quality are mostly statistical, such as the 
cross-correlation coefficient (CC), root mean square (RMS) 
error, and R-factor. However, the assessment of image quality 
should include both objective and subjective metrics [1]. 
Objective metrics, such as blurriness and contrast, measure the 
physical and geometric properties of the image and their effect 
on human perception. Subjective methods, rooted in 
psychophysics, more formally introduce observer perceptual 
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Fig. 1.  Image metric comparison I: the value for each metric is fixed to 0.99 in 
the first row and to 0.82 in the second row. 
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metrics to gauge overall image quality. For example, Zhou et al. 
presented a comprehensive study of image comparison metrics 
[8], some described in the spatial and the frequency domain and 
some formulated in terms of the human visual system – the 
perception-based metrics – such as the visual differences 
predictor (VDP). While this (and many other) studies strongly 
suggest that perception-motivated metrics are superior to 
statistical ones, most of these involve heavy computation and 
thus are not desirable for the large data quantities we anticipate 
to process in our learning framework.  

For few-view and noisy projection scenarios, the application 
of regularization operators between reconstruction iterations 
seeks to tune the final or intermediate results to some a-priori 
model. Total variance minimization (TVM) has commonly 
been used for noise and streak artifact reduction. But the 
iterative procedure of TVM is quite time-consuming, even 
when accelerated on GPUs. We therefore propose to use 
bilateral filtering [2], which is non-iterative, as an alternative 
regularization scheme. In a companion publication [7] we show 
that the bilateral filter can, in many scenarios, provide 
regularization effects of similar quality than TVM but at a 
fraction of its cost. The bilateral filter is a convolution operator 
which weighs a pixel neighborhood both in terms of closeness 
and similarity. We use Gaussian functions for these terms, 
adding two further parameters to our model: 
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Here, σr and σd control the amount of smoothing and denoising.   

III. METHODOLOGY 
In the study presented here, in order to facilitate the 
computation of a ground truth-based figure of merit, we only 
used projection data acquired via simulation from known 
objects. We then added Gaussian noise at different SNR levels. 

A. Overall Approach 
Using the simulated projection data, we compute a 
representative set of reconstructions, sampling the parameter 
space in a comprehensive manner. We then evaluate these 
reconstructions with a perceptual quality metric, as discussed 
below. Adaptive sampling can be used to drive the data 
collection into more “interesting” parameter regions (those that 
produce more diverse reconstruction results in terms of the 
quality metrics). Having acquired these observations, we label 
them according to certain criteria, such as “quality, given a 
certain wall-clock time limit” or “reconstruction speed, given a 
certain quality threshold”. The observations with the higher 
marks, according to some grouping, subsequently receive 
higher weights in determining the reconstruction algorithm 
parameters. Currently, we either use the max-function or a 
fast-decaying Gaussian function to produce this weighting.   

B. Image Quality Metrics 
As mentioned, most popular for the assessment of image quality 
in CT have been statistical metrics such as mean absolute error 
(MAE), root mean square (RMS), normalized RMS (NRMS), 

cross-correlation coefficient (CC) and R-factor. However, as 
also discussed above, these metrics do not consider the fact that 
human vision is highly sensitive to structural information [3]. 
These properties are well captured in the gradient domain, by 
ways of an edge-filtered image calculated via a Sobel Filter 
operator. We have labeled this group of metrics by prefix “E-”. 
For example, the E-CC metric stands for the CC of two edge 
images. Further, shifting effects caused by the CT 
reconstruction backprojection step can be alleviated by 
Gaussian-blurring the reconstruction image before 
edge-filtering. We have labeled this group of metrics with 
prefix “BE-”.  

Another method to gauge structural information is Structural 
Similarity (SSIM) which combines luminance, contrast and 
structure [3]. Given two signal images x and y, the definition of 
SSIM index is defined as: 

   [ ] [ ] [ ]γβα ),(),(),(),( yxsyxcyxlyxSSIM ⋅⋅=  (3) 

where α, β and γ are parameters adjusting relative importance. 
The terms l(x,y), c(x,y) and s(s,y) are the luminance, contrast 
and structure comparison functions, respectively. These 
functions are computed from local image statistics [3].  

IV. RESULTS 
All computations used an NVIDIA GTX 280 GPU / Intel 2 
Quad CPU 2.66GHz. We group our results into four sections: (1) 
the metrics comparison showing which metrics give consistent 
scores, (2) the OS-SIRT results showing the relationship 
between noise levels and parameters settings, (3) the OS-SIRT 
results for few-projection parameters settings, and (4) the 
parameter settings with our GPU-accelerated bilateral filter.  

A. Comparing the Metrics 
Our first (somewhat informal) study examined various image 
quality metrics and their suitability to replace a human 
judge/observer. We note that our emphasis in the onset was to 
select metrics that are fairly easy to evaluate, in order to keep 
the assessment of the expected large data volume manageable. 
We use a baby head scan (size 2562) to demonstrate our results 
(see Fig. 1). All metrics are in the range [0, 1] and thus allow 
direct numerical comparison. We compared the metrics at two 
levels: 0.99 (row 1 of Fig. 1) and 0.82 (row 2). We observe that 
the scores of E-CC and SSIM are quite faithful to the scores a 
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Fig. 2.  Image metric 
comparison II: four 
reconstructed images that 
have the same CC (0.89) 
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Fig. 3. Results for all SNR levels of three datasets using the same parameter 
settings, those found most effective for the baby head dataset: columns from 
left to right - baby head, visible human head, and visible human lung, rows 
from top to bottom - noise-free, SNR 15, 10, 5 and 1. 

human observer might give (0.99 for a near-perfect image and 
0.82 for a “B+ similarity”). On the other hand, CC is clearly 
bound to over-score the images. It assigned the left bottom 
image a score of 0.82 even though the object structure is barely 
discernable, and it assigned the top left image a near-ideal score 
even though the structures are still quite blurry.    

For a more comprehensive study of all metrics discussed in 
Section II, we reconstructed the popular “Barbara” test image 
(size 2562), varying the number of projections and the level of 
noise (quantified by SNR). This image contains very high 
frequency detail and is thus quite sensitive to small errors. For 
all reconstructions we stopped iterations when the CC reached a 
value of 0.89. We chose this relatively low CC value so all SNR 
levels could reach it – better reconstructions are possible. Fig. 2 
presents the images reconstructed from 180 and 140 noise-free 
projections (NF 180 and NF 140), respectively, and from 180 
projections with Gaussian noise added (SNR 10 and SNR 5). 
We clearly see that these images do not look the same from a 
perceptual point of view, although the CC metric has the same 
outcome. Informally, an observer would likely rank these 
images in the order NF140, NF180, SNR10, SNR 5, with 
NF140 being the best (small detail is better visible there, 
although there are some slight yet tolerable artifacts). From the 
table in Fig 2 we observe that only the edge-based metrics 
(E-MAE, E-NRMS, and E-CC) as well as SSIM can reproduce 
this ranking (note that the ordering for CC is the opposite than 
for RMS and MAE since they have reverse maxima, and also 
note that we scaled some metrics by the given multiplicative 
factor to better visualize the contrast of the bars). The other 
metrics have either a wrong ranking or could not distinguish 
some images at all. In the remainder of the paper, we use E-CC 
since it better tolerates global density shifts and is faster to 
compute (than SSIM).  

B. Learning Parameters 
With a suitable quality metric in place we are now ready to learn 
the most effective parameters for the iterative OS-SIRT 
reconstruction algorithm we used to evaluate our approach. We 
first simulated, from the baby head CT scan, 180 projections at 
uniform angular spacing of [-90˚, +90˚] in a parallel projection 
viewing geometry. We then added different levels of Gaussian 
noise to the projection data to obtain SNRs of 15, 10, 5, and 1. 
The first column of Fig. 3 presents the best reconstruction 
results (using the E-CC between original and reconstructed 

image), for each SNR, in terms of the “reconstruction speed, 
given a certain quality threshold” criterion. In other words, the 
images shown are the reconstructions that could be obtained at 
the shortest wall clock time given a certain minimal E-CC 
constraint. This constraint varies for each projection dataset 
(low SNR cannot reach high E-C levels), and this is also part of 
the process model.  

Fig. 4 summarizes the various parameters obtained for the 
various data scenarios mentioned above. The “Best Subset” and 
“Best Lambda” values denote the parameter settings that 
promise to give the best results, in terms of the given quality 
metric and label criterion. The “Lowest Lambda” and “Turning 
Point” values describe the shape of the λ-curve as a function of 
the number of subsets. The λ-factor is always close to 1 for 
small subsets and then linearly (as an approximation) falls off at 
the “Turning Point” to value “Lowest Lambda” when each 
subset only consists of one projection (which is SART) [5].    
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Fig. 4. Optimal parameter settings using E-CC for the baby head dataset: 
subset number and relaxation factor as a function of imaging condition 
(SNR) and the turning point and lowest lambda for each SNR level.

Fig. 5. Results for the few-view case: (first row) reconstructions from 180, 
90 and 60 projections, (second row) reconstructions from 45, 30 and 20 
projections, (third row) a lung reconstruction using the same parameters 
than the second row with 45, 30 and 20 projections. 

 
 

Fig. 6. (Top) The best results (using the time criterion) for the lung dataset 
with SNR 10 and 30 projections (E-CC=0.6). (left to right): original image, 
reconstruction without and with bilateral filter. (Bottom) Comparing the 
number of iterations required with / without bilateral-filter regularization.    

  

  

The summary plot of Fig. 4 helps practitioners to pick the 
best-performing number of subsets and the associated λ (to 
obtain the best possible quality within a given time) for a given 
expected SNR level. For example, we observe that low SNR 
requires a low number of subsets, while less noisy data can use a 
higher number of subsets. This trend is well confirmed by prior 
studies and field experience and thus validates the correctness 
of our general approach.  

We then explored if the knowledge we learned translates to 
other similar data and reconstruction scenarios. Column 2 and 3 
of Fig. 3 show the results obtained when applying the optimal 
settings learned from the baby head to reconstructions of the 
Visible Human head (size 2562) and Visible Human lung (5122), 
from similar projection data. We observe that the results are 
quite consistent with those obtained with the baby head, which 
is promising. As future work, we plan to compare the settings 
with those learned directly from these two candidate datasets.   

Next, we investigated the few-view reconstruction scenario. 
Here, we “learned” that SART consistently gave the best results. 
Fig. 5 shows the best reconstructions of the baby head with 
S=180 to 20 in the top two rows. The third row shows the results 
of lung dataset using the same parameters than used in the 
second row. They are quite similar which confirms the 
generalization of the learned parameters.  

Finally, we sought to learn the σ-parameters for the bilateral 

filter used for regularization. Fig 6 presents results. We found 
that the bilateral filter helped to reduce the number of iterations 
especially for the smaller number of subsets. Since the bilateral 
filter is less expensive than an iteration it pays off to use it.  

V. CONCLUSION 
We demonstrated an intelligent framework that has the potential 
to automate the parameter selection for CT reconstruction tasks. 
Iterative algorithms likely benefit the most from this scheme, 
since they tend to have a variety of parameters to adapt the 
optimizer to the present data conditions and reconstruction 
goals. Such a system can be helpful to practitioners that do not 
have the expertise to tune these parameters by hand. Eventually, 
we hope to refine our framework such that it can recognize 
“signatures” directly from the projection data, combining them 
with other information about scanner and object, and use this 
information to index the parameter knowledge base.    
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Abstract—Recently it has been shown that model-based recon-
struction (MBR) can greatly improve the quality of computed
tomography (CT) images. In particular, MBR can recover fine
details and small features in the reconstruction more accurately
than conventional algorithms. In order to fully benefit from this
higher spatial resolution, MBR reconstruction requires a higher
spatial sampling rate, or equivalently smaller voxels, to represent
fine details such as edges. However, these higher spatial sampling
rates generate many more voxels for a fixed region-of-interest,
so the resulting computation required for reconstruction can be
greatly increased.

In this paper, we introduce an edge-localized iterative re-
construction algorithm that produces high resolution images
at a fraction of the computational cost associated with the
conventional full update method. The proposed algorithm works
by focusing computation only on the regions of the image
that contain fine details, such as edges. Experimental results
demonstrate that the proposed algorithm can achieve the same
visual quality as the full high resolution reconstruction algorithm
at significantly reduced computational cost.

Index Terms—Computed tomography, model based reconstruc-
tion, coordinate descent, multi-resolution, targeted reconstruc-
tion.

I. I NTRODUCTION

Recent applications of model based reconstruction (MBR)
algorithms to computed tomography have shown that MBR
can greatly improve the image quality by both reducing noise
and increasing resolution [1]–[3]. In particular, MBR can sub-
stantially increase spatial resolution through the incorporation
of a more accurate model of the scanner. However, in order to
fully benefit from this higher spatial resolution, MBR typically
requires a higher spatial sampling rate, or equivalently smaller
voxels, to represent fine details in the images [4], [5]. One
disadvantage of this higher spatial sampling rate is that it
can significantly increase the computational cost of MBR
since many more voxels need to be reconstructed in the same
fixed region-of-interest (ROI). For example, reconstructing the
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images at twice the resolution increases the number of voxels
by a factor of 4 in a 2D plane and by a factor of 8 in a 3D
volume.

In this paper, we present an edge-localized update strategy
that can reconstruct high resolution images with computational
cost similar to a lower resolution reconstruction. The key
idea of our algorithm is to focus the computation only on
the regions of the image that contain fine details, such as
edges. Based on this idea, we first compute a low resolution
reconstruction of the ROI. Since the number of voxels in
the reconstruction is relatively small, this reconstruction can
be achieved with much less computation. The low resolution
reconstruction is then used as the initial estimate for the
high resolution reconstruction. At that stage, we can detect
the regions in the image that contain edges and fine detail,
and we use the iterative coordinate descent algorithm to only
update voxels in these locations. This approach results in high
resolution images that are very close to the results of the
conventional high resolution MBR reconstruction, but requires
only a fraction of the computation to evaluate.

Although generally speaking, the edge-localized update
strategy can be combined with a variety of optimization algo-
rithms, we find that the iterative coordinate descent algorithm
(ICD) has several advantages in this application. First, it allows
individual voxels to be efficiently updated. Second, it has a
relatively fast convergence behavior, especially for the high
frequency content and near the edges in the image [6], [7].

This paper is organized as follows. In section II, we provide
a brief review of our previous work on the ICD algorithm
and the targeted reconstruction framework, which provide
the initial estimate for the edge-localized ICD algorithm. In
section III, we present the edge-localized ICD algorithm used
for fast reconstruction of high resolution images. In section IV,
we verify the performance of the proposed algorithm on
clinical data.

II. M ULTI -RESOLUTION TARGETED RECONSTRUCTION

We use a Bayesian approach for model based reconstruction.
Let x denote the vector of the voxels to be reconstructed,
and y be the vector of the measurement data. We model
the data acquisition by the conditional probability density
functionp(y|x), and the image by the prior densityp(x). The
Maximum a posteriori estimate is computed by maximizing
the a posteriori density functionp(x|y) which leads to the
following minimization problem [6]

x̂ = arg min
x≥0

{

1

2
(y − Ax)

T
D (y − Ax) + U(x)

}

, (1)
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(a) (b)

(c)

Fig. 1. Illustration of the edge-localized ICD algorithm. (a) is the initial
estimate for the high resolution reconstruction, (b) shows the errors in (a)
relative to the true MAP estimate in a [-50,50] HU window, and (c) shows
the detected edge voxels that are updated in the final stage.

whereA is the forward system matrix, andD is a diagonal
weighting matrix which reflects variations in the credibility
of data [8]. The termU(x) penalizes large variations in the
image domain, while preserving edge characteristics [1].

The ICD optimization algorithm works by updating indi-
vidual voxels to minimize the cost of equation (1). It can be
efficiently implemented by keeping a state variablee = Ax−y,
which we call the residual error sinogram [6]. Conventionally,
ICD is implemented so that each voxel is updated exactly once
per iteration, but a faster version of the algorithm, which we
call non-homogeneous ICD (NH-ICD) updates some voxels
more frequently than others in order to speed convergence [7].

Medical imaging typically requires the reconstruction of
a targeted ROI smaller than the full size of the scanned
object. Several approaches have been proposed to reduce the
computation of targeted iterative reconstruction [9], [10]. In
our previous work, we proposed a multi-resolution framework
for targeted reconstruction [10]. In this framework, we first
perform a low resolution reconstruction that updates all the
voxels in the full field of view encompassing all the ob-
jects measured by the CT system. Next, a high resolution
reconstruction initialized from the low resolution images of
the previous stage focuses the computation on the ROI only
in order to achieve good image quality without propagating
artifacts from the outside to the inside of the target. The
residual error sinogram correction method described in [10]
reduces the mismatch due to the change in resolution when
switching to the high resolution stage.

III. EDGE-LOCALIZED ICD ALGORITHM

We propose an edge-localized ICD algorithm to perform
a fast high resolution reconstruction. The basic idea is to

focus the computation on the fine details of the image that
are not accurately represented by larger voxels, and update
only the voxels near the edges at the highest resolution, while
the rest of the voxels are directly estimated from the low
resolution reconstruction. In Figure 1(a), we show the initial
estimate of the high resolution image, which is interpolated
by a factor of 2 using bicubic interpolation from the low
resolution reconstruction. Errors in the initial estimate are
computed by comparing it to a fully converged high resolution
reconstruction. The resulting error image of Fig. 1(b) shows
that the edge voxels have significantly larger error magnitude
than other voxels. In the high resolution edge-localized re-
construction, the computation is focused on updating the edge
voxels depicted in (c), while the rest of the image remains
unchanged.

The edge-localized ICD algorithm solves a constrained
optimization problem. LetΩ denote the set of edge voxels
as shown in Figure 1(c), and̄Ω be the complement set ofΩ,
containing all the other voxels. We usexΩ andx

Ω
to denote

the vector of the voxels inΩ andΩ̄ respectively. Formally, the
edge-localized reconstruction algorithm solves the following
optimization problem.






x̂ = arg min
x≥0

{

1

2
(y − Ax)

T
D (y − Ax) + U(x)

}

Subject tox̂
Ω

= x̃
Ω

(2)

where x̃
Ω

is an estimate of the voxels in the setΩ̄. Notice
that, assumingU(x) is strictly convex, the objective function
is also strictly convex. Moreover, the constraints are linear.
Therefore, it is easy to verify that the optimization problem
in (2) is a convex optimization problem.

We initialize the reconstruction using 512 by 512 sized ROI
images reconstructed by the algorithm described in section II.
The ROI images are then interpolated by a factor of 2 using
bi-cubic interpolation in the axial planes, while the cross-plane
resolution remains unchanged. The interpolated images serve
two purposes in the edge-localized ICD algorithm. First, for
the voxels inΩ, they are used as the initial estimate. Second,
for the voxels inΩ̄, the interpolated images are used asx̃

Ω

in equation (2), that is, the estimate of the voxels that are not
edges.

The edge-localized reconstruction also uses the residual
error sinogram resulting from the low resolution reconstruction
as its initial residual error sinogram.

To form the setΩ, a robust edge detection algorithm needs
to be developed. We choose to perform the edge detection
independently on each slice of the interpolated volume, follow-
ing a four-step process: clipping, edge detection, thresholding,
and morphological operation. First, before edge detection, the
image is clipped by a lower thresholdT = −400HU , in
order to remove the background objects that are not clinically
relevant. Second, we use a Sobel edge detector to compute the
gradient image from the clipped image. Third, the gradient
image is thresholded using the valueTg. Tg determines the
contrast of edge features to be detected. Typically, we use
the thresholdTg = 300 in order to robustly detect high-
contrast edges such as the bone/tissue boundary as well as
some clinically important lower-contrast edges such as blood
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Fig. 2. Clinical reconstruction using MBR, displayed in [-50,350] HU
window

vessel boundaries. After thresholding, a binary image of the
selected edge pixels is formed. In the final step, noise and
outliers in the edge image are removed with a morphological
opening operation followed by a closing operation in order to
obtain the final edge map.

The edge-localized ICD algorithm iterates only on the set
Ω instead of updating all the voxels in the image volume. The
NH-ICD algorithm provides a mechanism to select the order of
voxels to update using two steps. First a voxel-line1 selection
algorithm is used to determine a voxel-line for update. Then
all the voxels on the voxel-line are updated in sequence. The
edge-localized ICD algorithm inherits the voxel-line selection
method from the conventional NH-ICD algorithm; however,
only the voxels in the setΩ are updated. In order to do so,
the voxel-line selection algorithm only selects voxel-lines that
have at least one voxel in the setΩ. When a voxel-line is
selected for update, the 3D edge mask is first checked and
updates are calculated only for the voxels in the setΩ; the
rest of the voxels are skipped.

IV. EXPERIMENTAL RESULTS

In this section, we verify the performance of the edge-
localized ICD algorithm on clinical data. We compare the
images reconstructed by FBP, low resolution MBR, high
resolution full update MBR, and high resolution edge-localized
MBR. The FBP and low resolution MBR images are recon-
structed on 512 by 512 grids over the targeted ROI, whereas
the high resolution reconstructions are of size 1024 by 1024. In
order to visualize the fine details, the images are interpolated
to the size of 2048 by 2048 for comparison.

Figure 2 shows a clinical reconstruction of a patient’s neck
in 240 mm targeted field of view (tfov). In Figure 3, the images
are zoomed in to compare the edges of the bone. The FBP
reconstruction using a standard kernel is shown in (a). The low
resolution MBR image shown in (b) produces sharper edges
than the FBP image. However, the sampling rate of this image
is not sufficiently high to support the reconstructed object
resolution, so the edges do not appear sufficiently smooth. In
(c) and (d) the high resolution reconstructions are shown using
full update NH-ICD and edge-localized ICD, respectively.
Both images produce sharp bone edges. There is little visual
difference between (c) and (d); however, the edge-localized

1A voxel-line is a set of voxels that fall on a line parallel to the axes of
the helix in the helical scan mode.

(a) (b)

(c) (d)

Fig. 3. Zoomed images comparing edge details displayed in [-50,350] HU
window. (a) FBP reconstruction (b) low resolution MBR (c) high resolution
full update MBR (d) high resolution edge-localized MBR

Method RMSE of all
voxels (HU)

RMSE of
edge voxels
(HU)

Total computa-
tion time a

Low resolution MBR
(NH-ICD)

10.4 19 1

Edge-localized ICD 8.06 10.9 1.075
Full update MBR
(NH-ICD)

6.3 7.8 1.38

Full update MBR
(Conventional ICD)

7.0 11.0 2.82

aNormalized by the total computation time of the low resolution MBR

TABLE I
TABLE COMPARING THE IMAGE QUALITY AND TOTAL COMPUTATION TIME

reconstruction requires substantially less computation than the
full update method.

Table I quantitatively compares the image quality and the
computational cost of each algorithm. In each row, we compute
the root mean squared errors (RMSE)2 of all the voxels and
the RMSE of the edge voxels only, as well as the total
computation time of the reconstruction algorithms. The first
row shows the low resolution MBR using NH-ICD algorithm.
In the low resolution reconstruction, the overall RMSE is
relatively low, which implies that low resolution reconstruction
provides a good initial estimate in general, while the large
RMSE among the edge voxels indicates that they need to
be refined. In the second row, by applying the edge-localized
ICD algorithm, the RMSE of the edge voxels is reduced by
almost half, while the total computation time is increased
by only 7.5%. In the third and fourth row, we use two
full update methods for the high resolution reconstruction.
In row three, we use the NH-ICD algorithm, and in row
four, we use the conventional ICD algorithm for both the
low resolution and high resolution reconstructions. Both the
edge-localized and full update high resolution reconstruction
algorithms can achieve similar RMSE for edge voxels, while
the computational costs with the two full update methods are
substantially higher since both algorithms iterate on all the
voxels in the high resolution image grid.

2We use a fully converged full update high resolution reconstruction as the
reference image for the RMSE calculation.
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Fig. 4. Abdomen CTA study with a stent implant, displayed in [-200,500]
HU window.

The high resolution reconstruction provides superior image
quality not only around bone edges but also when reconstruct-
ing small high contrast features. To illustrate this, Figure 4
shows an image of a computed tomography angiography
(CTA) study covering a patient’s abdomen and part of the chest
in 350 mm tfov. In this case, the patient has a stent implant
in the abdomen which introduces small high intensity features
that must be reconstructed with fine resolution. Figure 5 (a)
shows the FBP image using the standard kernel. The low
resolution MBR image shown in (b) significantly reduces
the noise in the soft tissue, and the stent has a sharper
appearance. The image reconstructed at high resolution using
full updates and edge-localized updates are shown in (c) and
(d), respectively. By comparing (c) to (b), we notice that the
slowly varying area in the image such as the soft tissue remains
almost unchanged, whereas the most noticeable difference is
in the reconstruction of the stent. Both (c) and (d) show finer
details of the stent with less undershoot around the edges.
By updating only the edge voxels, the edge-localized ICD
reconstruction shown in (d) achieves similar image quality as
the full update reconstruction.

V. D ISCUSSION ANDCONCLUSION

In this paper, we present a fast edge-localized iterative
reconstruction algorithm for high resolution reconstructions.
Experimental results with clinical data have demonstrated
that the proposed algorithm can achieve the same visual
quality as the full high resolution reconstruction algorithm at
significantly reduced computational cost.

Although our method is proposed in a multi-resolution
framework, the edge-localized update strategy can be im-
plemented differently. For example, a method that would
reconstruct the images directly on non-uniform grids to allow
the voxel size to vary across different locations as a function
of local frequency content would be a natural extension of
this work. Although the implementation of such hierarchical
approach might be significantly more complex, especially in
a regularized environment, it might result in overall improved
efficiency.

(a) (b)

(c) (d)

Fig. 5. Zoomed images of the stent implant displayed in [-200,500] HU
window. (a) FBP reconstruction; (b) low resolution MBR; (c) high resolution
full update MBR; (d) high resolution edge-localized MBR.
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Abstract—Pervasive use of CT imaging has led to greater
awareness of radiation dose exposure issues. Numerous
techniques are available for dose reduction, but the fun-
damental limitation to minimizing total radiation expo-
sure is imposed by the required image quality. Iterative
reconstruction techniques (IRTs) have been shown to
improve image quality. In this paper we further improve
the image quality produced by IRTs by incorporating
detector response and focal spot models into our 3-D helical
cone-beam projector model. Using a soft-tissue contrast
phantom, we show that the incorporation of these system
response models improve resolution and SNR. Further-
more, we demonstrate that at 25% of conventional dose,
our IRT algorithm with the blurring models achieves com-
parable image quality as 100% dose conventional image
reconstruction. These conclusions point to the promising
role IRTs may have in lowering radiation exposure from
clinical CT imaging.

Index Terms—low-dose scan, soft-tissue contrast, focal
spot, detector response, iterative reconstruction, MDCT.

I. INTRODUCTION

Recent advances in CT technology have dramatically
increased the use of CT in clinical settings. Conservative
estimates are that more than 60 million CT examinations
were performed in 2002 in the United States, represent-
ing an estimated 70% of all medical X-ray exposure [1].
Although it is a challenge to quantitate the risk associated
with a single CT scan, given the prevalence of CT
imaging, reducing by even a small fraction the lifetime
radiation exposure risk would translate into significant
society-wide health benefit.

Most current approaches to radiation dose optimiza-
tion are based on the area of concern, patient’s size and
age, and the required image quality [2]. The latest CT
systems provide extensive automatic exposure control
functions for optimization of radiation exposure; how-
ever the fundamental limitation of reducing total radia-
tion exposure is imposed by the required reconstructed

This research was funded in part by the NIH T-32 Cardiac Imaging
Training Fellowship.

image quality. Therefore, image reconstruction plays an
important role in reducing radiation exposure in medical
CT examination.

CT images are conventionally formed using filtered
back-projection (FBP) algorithms. Since image recon-
struction is an ill-posed inverse problem, analytical
solutions such as FBPs may be more susceptible to
measurement noise. This dependence of image quality
on noise is even more acute for low-dose imaging, where
the decrease in incident x-ray energy leads to much nois-
ier measurements. In contrast, iterative reconstruction
technique (IRT) solves the same problem by minimiz-
ing the difference between measurement and a forward
projection operation. Due to this iterative formulation,
we can readily incorporate prior statistical models of
the behavior of noise, and has been shown to have
greater resilience to image noise [3], [4]. Furthermore,
IRT allows us to embed detailed models of the scanner
in the formulation, including the exact geometry of the
scanner and, as we show in this paper, the geometry of
the focal spot and the detector response function.

In particular, in this paper we implement accurate
focal spot and detector response models in our projector;
these system response models are based on scanner spec-
ifications. To demonstrate the efficacy of our new model-
based image reconstruction algorithm, we scanned a
quality assurance phantom at 100% and 25% of normal
dose at our institution. In Section II, we describe our
system model and reconstruction algorithm in detail. In
Section III, we describe the scan protocol and phantom
configuration, and discuss our comparison of FBP and
IRT. Finally, we discuss issues of parameter optimization
for clinical use in Section IV.

II. METHODS

We incorporate into our projector models of both the
focal spot and the detector; this is described next.
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A. System Models

To push the limits of image quality and resolution
in an iterative reconstruction algorithm, very accurate
models of the scanner must be incorporated. Two system
attributes not generally modeled in CT iterative recon-
struction algorithms are the extended area of a focal spot,
and the response region of a detector. The size of focal
spot area is related to the length of filament and power
(i.e., current and voltage between anode and cathode)
of the X-ray tube [5]. And the active area of detector is
limited by the thickness of collimator in front of detector.

Fig. 1. Illustration of focal spot area

1) Focal spot area: The Sensation-64 and Definition
(Siemens Medical Systems, Forchheim, Germany) clini-
cal MDCT scanners utilize a flying focal spot (FFS) tech-
nique to improve the resolution of the system. Despite
the small size of the focal spot, it has a perceptible effect
on the resulting image, and has a noticeable contribution
to the presence of noise patterns, especially in the context
of very noisy measurements as we have in the case of
low-dose imaging. Figure 1 shows the length (FSL),
height (FSH = FSL×tan(7◦)), and width (FSW ) of the
focal spot area. The center of projected focal spot area
(i.e., rectangle shape in Fig. 1) is located at the z-FFS in
3D, and the area extends in the x-, y-, and z-directions.
As such, the focal spot areas are parallel to each other
and the distance from iso-center and z-location exactly
follows the geometry described in [6].

Fig. 2. Diagram of sub-detector elements. Gray area is the active
region of single detector element. Left: single element model, middle:
multiple elements by limiting active area of detector, right: multiple
elements by assigning rays to the boundary of active area of detector
element

2) Active area of detector element: The detector ele-
ments form a equiangular concentric cylindrical structure
with 32 rows and 672 channels. We assume the active

area of each detector element is identical to each other
and fixed for all elements according to manufacturing
specifications.

In Siddon-type ray-based projectors, single ray sum is
calculated for a single detector element by using the ratio
of intersections of the ray with equally spaced parallel
lines [7]. In our case, we calculate a bundle of rays to
simulate the virtual ray, which shapes the volume from
the focal spot area to the active detector area. The ratio
of the active detector area to physical spacing between
detector elements was provided to us by the scanner
manufacturer as 85% in the angular direction and 80%
in the z-direction.

The Siddon projector is known to generate aliasing
artifacts because of the truncated interpolation nature of
the ray [8], and multiple rays in the volume beam can be
used to compensate for this aliasing effect at the expense
of over-sampling the image grid. We have additionally
implemented a version of the Siddon projector which
does not require recursion, thus making it amenable to
parallel implementations [9].

Figure 2 shows how we divide active sub-elements to
compute ray-sums. In Figure 2, a single element model,
as well as a multiple element model that strictly limits
the active area of the detector (i.e., middle sub-figure), is
depicted. We have noticed, however, that in applications
where we perform reconstructions on voxel sizes which
are finer than the detector size, greater over-sampling
of the detector is necessary. In this case, not only does
the computational demand increase, but the gap between
active areas of two adjacent detectors also begin to
introduce artifacts. As such, we have implemented the
active area model depicted by the right sub-figure of
Figure 2, where the rays intersect the major boundary
points, leading to a higher quality reconstruction.

B. Formulation

We formulate our reconstruction problem by the fol-
lowing equation:

f̂ = argmin
f

Ed(g, f) + αE(f) (1)

where Ed(g, f) is the data fidelity term between image
f and sinogram g via the projection process. The second
term E(f) is the prior or regularization term, and α is
the weighting term. We formulate the fidelity term by

Ed(g, f) = ‖g −Hf‖2
2 (2)

where H is the system matrix. H is further composed
of a geometric projector (Pgeom), focal spot model (Afs)
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and active detector response function (Adet) as we dis-
cussed previously. The general form of the regularization
term E(f) is the Lp-norm:

E(f) = ‖Lf‖p
p. (3)

III. RESULTS

A. Scan protocol and phantom configuration

A clinical 64-MDCT (Siemens SOMATOM Sensation
64, Forchheim, Germany) was used to acquire data from
a phantom. This cone beam phantom (QRM, Moehren-
dorf, Germany) shows four groups of circles with dif-
ferent attenuation coefficients in Hounsfield Units (HU)
(i.e., -60, -90, -120 and -200 HU) in tissue equivalent
background (35 HU). Each group consists of 14 circles
with different diameters (i.e., 2, 4, 8, 16, and 32-mm).
The coronary CTA protocol was used: detector collima-
tion = 0.6-mm, table feed = 3.8-mm, gantry rotation
time = 330-msec, and tube voltage = 120 kV p. The
only difference for low-dose scan was tube current (i.e.,
25% of dose (denoted by 25%D) was 129-mA and 100%
dose scan (100%D) was 515-mA).

B. Model accuracy verification

We use the least-squares (LS) solution to illustrate
the difference with and without the incorporation of
system blurring models, using the formulation of Eq. 2.
Figure 3-(a) shows the LS solution with a pencil-beam
model, at 10 and 40 iterations. Note that in both cases,
artifacts are noticeable along the edge of the phantom.
These images can be compared to images formed using
the same formulation but incorporating the 3-D system
blurring models, shown in Figure 3-(b). These images
show no discernible aliasing artifacts, and appear to
have better noise and contrast characteristics. To further
analyze the noise statistics, we examined a 70 × 70
patch at the center of the phantom free of any structures.
Figure 4 shows the first four statistical moments (mean,
variance, skewness, and kurtosis) of over the patch, as a
function of the number of iterations. Note that although
the first two moments show similar trends and values, the
higher-order moments demonstrate faster convergence
and greater stability for our new formulation [10].

C. Image comparison

The previous section demonstrated the impact of in-
corporating system blurring response models; however,
a more reasonable comparison is to include the regu-
larization term of Eq. 3. Figure 5 shows our complete
formulation using low-dose images. In particular, Figure
5-(a) shows a conventional FBP image reconstruction

(a)

(b)

Fig. 3. Comparison of least-squares iterative reconstructions with
and without the use of system blurring models. (a) Simple pencil-
beam model reconstructions at 10 (left) and 40 (right) iterations.
Note the presence of artifacts along the boundary of the phantom. (b)
LS reconstructions with focal spot and detector response modeling,
at 10 and 40 iterations. All images displayed with [-200, 300]-HU
windowing level.

using the B46f sharp kernel, on a full-dose acquisition
(left) and a low-dose (25%D) acquisition (right). IRT
processing, incorporating the system response models,
on the same low-dose data (25%D), is shown in Figure
5-(b). Pixel spacing of 0.2 × 0.2 × 0.6mm is used,
and images are displayed on the same [-200 300]-
HU window. For the IRT image, we used α = 23.5,
β = 10−5, and 20 iterations.

IV. CONCLUSIONS AND DISCUSSIONS

The ability to improve CT image quality in the face
of high noise levels represents an important advance,
especially in the context of very low dose imaging. While
iterative reconstruction techniques have shown improve-
ments in the quality of low-dose images, in this paper we
demonstrated that even a simple iterative reconstruction
formulation can greatly benefit from higher fidelity mod-
eling of the CT scanner - in particular we incorporated
models of both the focal spot and the detector response

10th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 261



10 20 30 40
35

40

45
µ

10 20 30 40
0

50

100

150

200
σ

10 20 30 40
−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15
s

10 20 30 40
2

3

4

5

6

7
k

 

 
w/o PSF model
w/ PSF model

Fig. 4. Comparison of noise statistics in least-squares iterative
reconstructions with and without system response models. Shown
are the mean (µ), standard deviation (σ), skewness (s), and kurtosis
(k) over a 70 × 70 pixel patch at the center of the images in Fig. 3

function into our formulation. We further demonstrated
that our new IRT algorithm shows image quality at 25%
dose comparable to that of a full-dose FBP image.

While our IRT formulation with system blurring mod-
els shows promise in substantially improving the quality
of low-dose CT images using a phantom, we need to
demonstrate this functionality using clinical low-dose
CT data. We are actively acquiring such datasets at the
present time in order to provide such a demonstration.
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Noise Properties of Maximum Likelihood
Reconstruction with Edge-Preserving

Regularization in Transmission Tomography
Thomas Köhler1 and Roland Proksa1

Abstract—The noise properties of maximum likelihood re-
construction with edge-preserving regularization is analyzed
using a Monte Carlo study. The main finding is that the
noise variance at the edges of high-contrast objects is sig-
nificantly larger than in homogenous regions. In a mea-
surement task of determining the size of high-contrast ob-
jects, the maximum likelihood reconstruction with edge-
preserving regularization performs sometimes worse than
filtered back-projection.

I. Introduction

Maximum likelihood (ML) reconstruction for CT gained
a lot of interest in the past years [1–8]. Most groups use
edge-preserving regularization terms in the ML reconstruc-
tion in order to stabilize the reconstruction problem with-
out introducing unwanted image blurring at sharp edges.
In general, the appearance of the images reconstructed
with ML using edge-preserving regularization is the fol-
lowing: Homogeneous regions are reconstructed with very
little noise. Here, the term noise relates to noise that is
visible in spatial domain in just a single noise realization.
On the other hand, high contrast edges like tissue-bone bor-
ders are reconstructed with high sharpness. However, there
are no publication where the noise properties of ML recon-
struction with edge-preserving regularization are studied
for CT using noise ensembles, except for the paper by Yu
and Fessler [9], where the focus was more on the evaluation
of bias-variance tradeoffs at low count rates as they appear
in transmission scans used exclusively for attenuation cor-
rection.

The aim of our work is to study the noise properties
of ML reconstruction with edge-preserving regularization
for diagnostic CT. The focus is to investigate the effect of
the regularization on noise near the edges of high-contrast
objects, and to evaluate the implications of the noise on a
measurement task.

The estimation of the noise variance can be done ana-
lytically only special cases, like for FBP [10] or for ML re-
construction using a quadratic penalty [11]. Therefore, we
study the noise properties using a Monte Carlo approach
and statistical evaluation methods.

II. Method

A. Phantom and Measurement Task

Fig. 1 shows the phantom used in this study. It features
low-contrast (5 HU, 10 HU, and 20 HU) and high-contrast

1 Philips Technologie GmbH Forschungslaboratorien

(300 HU) objects of various sizes. Additionally, it con-
tains small high-contrast circular objects with contrasts
of 150 HU, 200 HU, 250 HU, and 300 HU, respectively.
These smaller objects are intended to model vessels filled
with contrast agents. It is a common task in cardiac CT
to quantify a stenosis in a coronary artery, i. e., to mea-
sure the cross sectional area of vessel. This clinical task is
simulated here as the task of determining the size of the
circular objects.

Fig. 1. Phantom used in the Monte Carlo study.

B. Reconstruction Algorithms

Filtered back-projection (FBP) images were produced
using the Shepp-Logan filter [12] and cubic spline interpo-
lation during back-projection in order to suppress aliasing.

For the ML reconstruction, we used the TRIOT
method [5] with the proposed acceleration to use the or-
dered subset (OS) version of the separable paraboloid sur-
rogate (SPS) algorithm [2, 13] during the first iterations.
Specifically, we used the FBP result as initial image and
started with 19 iterations using 10 projections per subset,
followed by 1 further iterations with the TRIOT update.
Image were represented using 2D blobs as proposed by Le-
witt and Matej as basis functions [14].

As a prototype of an edge-preserving penalty term, we
used the Huber-penalty

ψδ(t) =
{
t2/2 for |t| < δ
δ|t| − δ2/2 for |t| ≥ δ .

Edge-preserving regularization produces images with
strongly object dependent resolution: Low-contrast edges
(i. e., edges with a contrast smaller than δ) are blurred

10th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 263



more than edges with high contrast. The idea behind this
feature is that it is easier to recover high-contrast edges and
therefore, less smoothing is required. For the comparison
with FBP, we set δ = 10 HU and we adjusted the param-
eter β such that the resolution for the two methods match
for low-contrast objects. Consequently, the high-contrast
objects in the phantom are recovered more sharply with
ML.

C. Statistical Tools

The noise properties of the images are derived from an
ensemble of N statistically independent noise realizations.
From each noise realization 1 ≤ i ≤ N , an image µi(x) is
reconstructed. The ensemble average is defined as

µ̄(x) =
1
N

N∑
i=1

µi(x) .

The standard deviation image is defined as the square
root of the variance image

σ(x) =

√√√√ 1
N − 1

N∑
i=1

(µi(x)− µ̄(x))2 .

The noise covariance of the ensembles µML
i (x) and

µFBP
i (x) of images reconstructed with ML and FBP is de-

fined for each pixel as

σML,FBP(x) =
1

N−2
N∑
i=1

(µML
i (x)− µ̄ML(x))(µFBP

i (x)− µ̄FBP(x)),

and finally the correlation of the noise in the ensembles is
given by

r =
σML,FBP(x)

σFBP(x)σML(x)
.

For the measurement task, we used similar techniques.
For each ensemble (FBP and ML) and each vessel, we get
a set of measurements Ai of the cross sectional area. These
are samples of a random variable with unknown mean and
variance. We estimate from the set of N noise realizations
these two unknowns by the well known formulas

Ā =
1
N

N∑
i=1

Ai and σ2 =
1

N − 1

N∑
i=1

(Ai − Ā)2 . (1)

The most interesting quantity that we want to look at is the
variance (or its square root since it is a more intuitive quan-
tity): This quantity gives us a measure about how reliably
we can measure the vessel area from just one noisy sam-
ple as we would do in a clinical application. At the same
time, we are interested in how accurate we can estimate
this quantity in order to get a feeling whether we observe
statistically significant differences. According to [15], the
variances of our estimates Ā and σ2 are

var(Ā) = σ2/N (2)

and

var(σ2) =
N − 1

N3(N − 1)

N∑
i=1

(
Ai − Ā

)4 −
(N − 1)(N − 3)
N3(N − 1)2

(
N∑
i=1

(
Ai − Ā

)2)2

.

Since we want to give the estimated standard deviation
of the distribution σ as uncertainty of the measurement
process, we estimate the standard deviation of this estimate
by error propagation as

δ(σ) =

√
var(σ2)
2σ

. (3)

III. Results

We simulated a short scan with 500 parallel beam pro-
jections and 256 detector pixels. For each noise realization,
Poisson distributed noise was added to the projection data.
The average net flux per projection and detector pixel was
approximately 5 · 105 photons. All reconstructions were
done on a 2562 image matrix.

A total of N = 9400 noise realizations were calculated
and evaluated statistically. Fig. 2 shows one sample im-
age from the ensemble reconstructed with FBP and ML,
respectively. From a simple visual inspection, we can con-
clude that the noise level in homogeneous regions is far
lower for the ML than for the FBP reconstruction.

Fig. 3 shows the ensemble averages of the noise realiza-
tions and the difference image of the ensemble averages.
From the appearance of the edges in the difference images
in both, the sample image in Fig. 2 and the ensemble av-
erages in Fig. 3, we can infer that the resolution of the
ML image is in fact better for the high-contrast objects,
whereas it is comparable to the FBP image for the low-
contrast objects.

The standard deviation images are shown in Fig. 4. As
expected for an almost symmetric object, the standard de-
viation image of the FBP reconstruction shows only little
structure apart from the well-known feature that the noise
level is largest in the center. In concordance with the visual
impression of the sample images, the noise level in homo-
geneous regions is far smaller for the ML reconstruction
(about a factor of 2). However, at the edges of the high-
contrast objects, we observe no improvement of the noise
level compared with FBP. In fact, we even observe some
values, which are slightly larger.

The rightmost image in Fig. 4 shows the noise correla-
tion between the FBP and the ML reconstruction. Within
the homogeneous regions, the noise correlation is typically
80%, and at the edges of the high-contrast objects, we ob-
serve a correlation of typically around 90% with peak val-
ues as high as 95%. Note that some noise correlation can
even be seen in the sample images in Fig. 2, where for in-
stance some dark noise speckles can be observed close to
the smallest 20 HU contrast circles in both the FBP and
the ML reconstructions.
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Fig. 2. Sample images from the ensemble reconstructed with FBP (left) ML (middle) and the difference image (right). Level 0 HU, window
100 HU.

Fig. 3. Mean images reconstructed with FBP (left) ML (middle) and the difference image (right). Level 0 HU, window 100 HU.

Fig. 4. Standard deviation of the noise for FBP (left) and ML (middle) reconstruction. Level 9 HU, window 18 HU. The right image shows
the noise correlation between FBP and ML reconstruction using level 80% and window 40%.

The cross sectional area for the vessels was measured by
the following procedure: First, a region of interest centered
around the vessel center was selected. The size of such a
region was 32×32 voxels. Within these areas, we calculated
for each noise realization the number of voxels, which have
a CT number larger than half the contrast of the vessel.
For example, for the vessel with 300 HU contrast, all voxels
with more than 150 HU were counted.

The results for the measurement of the cross sectional

area are summarized in Tab. I and II, where we give the
mean measured cross sectional area and the standard de-
viation from all measurements in the ensemble.

IV. Discussion

The ML reconstruction with edge-preserving regulariza-
tion shows significantly less noise in the homogeneous re-
gions, and thus also in the homogeneous background of
the vessels. At the same time, the edges of the high-

10th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 265



vessel contrast FBP ML
150 HU 38.942± 0.013 37.465± 0.014
200 HU 39.166± 0.011 37.695± 0.011
250 HU 39.179± 0.010 37.743± 0.010
300 HU 39.346± 0.009 37.798± 0.008

TABLE I

Results for the estimated size Ā of the cross sectional area

(CSA) for vessels with different contrasts.

vessel contrast FBP ML
150 HU 1.289± 0.010 1.383± 0.010
200 HU 1.091± 0.008 1.098± 0.009
250 HU 0.976± 0.008 0.945± 0.008
300 HU 0.846± 0.007 0.772± 0.007

TABLE II

Results for estimated standard deviation σ of the

distribution of size measurement for vessels with different

contrasts, see Eqn. (1) and (3).

contrast objects are visibly sharper than in the images re-
constructed with FBP. In this regard, our results are in
agreement with previous publications on ML reconstruc-
tion with edge-preserving regularization. However, looking
at the standard deviation images, we see that the price
that we pay for reconstructing sharp edges is an increased
noise variance at the edges. Our interpretation is that we
actually observe an uncertainty of the position of the edge,
which leads to a higher noise variance at the edges. Fur-
thermore, we observe the increased noise variance at the
edges only for objects with contrast larger than the thresh-
old parameter δ in the Huber regularization. For the ob-
jects with contrast lower than δ, the noise standard devia-
tion image does not show any features near the edges.

In the results for the measurement task of the size of the
cross sectional area, we observe that the sizes are always
significantly smaller for the ML ensemble. We believe that
this is a side effect of the slight over- and undershoot at
sharp edges (see middle image Fig. 3).

The most interesting results are given in Tab. II. We
observe that the standard deviation, i. e., the uncertainty,
of the measurement increases with decreasing contrast of
the vessel, which is qualitatively what should be expected
since the contrast to noise ratio decreases. However, the
absolute values of the standard deviations are quite surpris-
ing: Given the features of the ML reconstruction that we
have sharper edges and less background noise, one would
intuitively expect that the task of measuring the cross sec-
tional areas is easier and more reliable to perform in these
images. However, this seems not to be the case in general.
Only for contrasts, which are far larger than δ, viz. for con-
trasts larger than 200 HU in our study, the variance of the
measurement becomes smaller for the ML reconstruction.

V. Summary

We studied the noise properties of ML reconstruction
with edge-preserving regularization. For a single noise re-

alization, we observe that for a particular set of parameters,
the images look both sharper and less noisier than the cor-
responding images reconstructed with FBP. However, we
also observed a high noise variance at the edges of high
contrast objects and, furthermore, that the features of low
background noise and sharp edges do not always lead to
more reliable measures of the size of high contrast objects.
In fact, the contrary is for some contrasts true, viz. the size
estimation is more reliable if FBP reconstruction is used.
Thus, a lot of care seems to be appropriate when the image
quality of ML reconstruction with edge-preserving regular-
ization is evaluated, since the appearance of a single noise
realization seems to be misleading for some aspects of the
noise properties. However, it is too early to make a final
conclusion based on this single study.
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Abstract— In this paper a novel regularization approach for 
(non-statistical) iterative reconstruction is developed. In our 
implementation the update equation of iterative 
reconstruction is based on Filtered Backprojection (FBP) and 
the solution is stabilized using nonlinear regularization priors. 
It is well known, that the usage of nonlinear regularization 
priors can reduce image noise at the same time preserving 
image sharpness. The final noise level can be adjusted by 
dedicated choice of regularization potential functions,  
regularization strength and the total number of iterations. 
However, in contrast to conventional CT using convolution 
kernels, image characteristics can not be further manipulated, 
which might cause artificial image texture.  
We present a new class of (non-local) 3D-regularization priors, 
which gives us control over image characteristics similar to 
that obtained with conventional CT convolution kernels. In 
addition, efficient noise reduction at high image sharpness is 
obtained. Due to the manipulation of the low-frequency 
components of the regularization filter, it is non-local. To 
establish contrast dependent sharpness the regularization 
strength becomes a 3D–matrix with contrast-dependent 
entries, which gives us control on contrast-dependent 
sharpness. The contrast edges are estimated using a 3D 
Laplacian kernel. High contrast edges get a low weight and 
vice versa. We demonstrate the potential of noise reduction on 
basis of simulated and clinical CT data. It was shown, that 
radiation exposure to the patient is reduced by 60% in general 
purpose radiological CT applications and cardiac CT at the 
same time maintaing image quality.  
 

Index-Terms: cone-beam CT, FBP-based iterative 
reconstruction, regularization prior, sharpness-to-noise 
 

I. INTRODUCTION 
 
This contribution is based on the iterative weighted filtered 
backprojection (I-WFBP) reconstruction presented in [1]. 
We have applied the iterative improvement scheme illus- 
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Phone: +49-9191-188793 
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trated in Fig. 1 to the non-exact weighted filtered 
Backprojection (WFBP) method proposed by Stierstorfer et 
al. [2]. Basically the reconstruction is of the Feldkamp-type 
with pre-filtration of cone-beam data using a classical CT 
convolution kernel. In the helical acquisition mode 
redundant data at table feed below the maximum are 
efficiently processed on purpose of optimal dose usage. 
Our iterative scheme is a special case of the iterative 
filtered backprojection (IFBP) methods analyzed by Xu et 
al.[3]. I-FBP methods have successfully been used for 
attenuation correction in single photon emission computed 
tomography (SPECT) [4],[5], reduction of streaks due to 
missing angles and for reduction of artifacts due to an 
incomplete focus trajectory in cone-beam CT [6]. A 
problem with exact analytical methods presented for helical 
cone-beam CT seems to be, that they are unable to utilize 
redundant data for arbitrary table feed. The I-WFBP 
method presented here does not suffer from this drawback, 
and is significantly faster than statistical iterative methods. 

 
 
Fig. 1: Illustration of the Iterative Weighted Filtered 
Backprojection (I-WFBP) method. First, input data are rebinned 
to semi-parallel geometry. Given an initial image 

vector , a sequence of image vectors is generated by the 

update formula f

NRf ∈0
k+1 = fk + α·Q·(preb−Pfk). The matrices  

andNxMRQ ∈ MxNRP ∈ correspond to the WFBP method 
and a projection operator modeling the acquisition process, 
respectively.  
 
To stabilize the solution and improve the convergence of 
the iteration loop, regularization priors are used, that are 
based on (local) q-
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GeneralizedGaussianMarkovRandomField (q-GGMRF) 
priors function [8]. Image sharpness can be preserved by 
virtue of non-quadratic prior functions.  The amount of 
noise reduction is controlled by regularization potential 
functions,  the regularization strength and the number of 
iterations. However, in contrast to conventional, FBP-based 
CT image reconstruction, further control on image 
characteristics is not possible, which might result in 
artificial image texture due to a change of the color of noise 
in each of the iteration steps. It is not clear whether 
radiologists will accept this. 
We introduce a new class of regularization priors, which 
provide image characteristics similar to that of a desired 
target CT convolution kernel. We demonstrate the potential 
of this type of regularization in terms of reduction of image 
noise, increasing (contrast-dependent) sharpness, and 
reducing radiation dose. Also, low-contrast visibility is 
discussed within the new framework. 

II. METHOD 

A. Iterative weighted filtered backprojection (I-WFBP) 
 
Let N be the number of voxels of the image volume and M 
the total number of x-ray attenuation measurements. 
Furthermore, let  denote input data and 

 the vector representing an initial image volume. 
The update step of I-WFBP is then given by [7] 

M
in Rp ∈

NRf ∈0

 
(1) fk+1 = fk  + αk ·Q· (preb − P·fk) 

 
where Q is the reconstruction matrix from the previous 
section and MxNRP ∈  is the projection matrix. The 
projection data preb represent the quasi-parallel cone-beam 
data obtained after parallel rebinning of the cone-beam 
input data pin.  
In this way, a sequence of voxel volumes {f0, f1, ...} is 
produced. Pre-filtration of the rebinned projection data with 
a sharp convolution kernel gives a good estimate of the 
point-spread function of the image signal. This substantially 
improves the convergence rate of the iteration. The second 
term on the right hand side of eq. (1) is called correction 
term and manages reduction of cone-beam and spiral 
artifacts that are introduced by non-exact image 
reconstruction. Our experiments show that only a few 
iterations (3!) are needed to obtain significant reduction of 
cone-and spiral artifacts. 

B. Regularization 
 
To stabilize the update image of eq. (1) a penalty term has 
to be added which imposes constraints on adjacent image 
pixels. Eq. (1) then reads as  
 

(2) fk+1 = fk -αk ·Q· (preb − P·fk)- ·βk· R(fk) 
 

e.g. R being a regularization filter based on GGMRF priors 
[7]. This class of regularization priors is characterized by a 
range filter, that operates on the gradients of image grey 
values, and a domain filter, which can be the inverse 
distance of adjacent pixels in the most simple case. One 
class of range filters consist of potential functions that can 
be cast as follows:  
 

(3) )qp(

c

df

p
df

)df(V −
+

=

1

 

where df denotes the image contrast, c is a measure of 
image noise, p and q are parameters, which should satisfy  
1 ≤ q ≤ p ≤ 2 for convex functions. This class of 
regularization priors provide high flexibility in terms of 
adjusting contrast dependent image sharpness and image 
noise. However, the flexibility to control further image 
characteristics is limited.  
Radiologists are accustomed to dedicated CT convolution 
kernels that provide dedicated image characteristics. 
Furthermore, choosing too large values for the 
regularization strength β might result in artificial image 
texture. In this paper we present a new class of 
regularization priors that provide dedicated, selectable 
image characteristics while at the same time widely 
reducing image noise at increased image sharpness. In the 
following a synopsis of the derivation of the new type of 
regularization is given. For small image contrasts the 
regularization term in eq. (2) can be linearized. We then 
have 

 
(4)  fk+1 = fk +αk ·Q· (preb − P·fk)- ·βk· R·fk 

 
In (7) a most important relation for the fixed point image 
has been derived in case of convergence: 
 

(5)  rebpQ)RPQ(f ⋅⋅⋅+⋅= −
∞

1β
 
This linear relation between the final image and the input 
data can be interpreted, that for linear regularization the 
fixed point image is obtained by backprojecting the 
measurement data followed by an image filtration. If we 
desire a dedicated image characteristics on representing 
a classical convolution kernel W, that means, 

∞f

∞f

 
(6) rebW pQf ⋅=∞  

 
then eqs. (4) and (5) can be utilized to derive the frequency 
representation of the operator R (Fig.2). Due to the 
dedicated low frequency characteristics of classical 
convolution kernels, the regularization filter is non-local. 
Actually, we transform the update image fk in fourier space, 
multiply its Fourier transform with the frequency 
representation of the regularization kernel, and go back to 
image domain using the inverse Fourier transform. 
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The operator R is a highpass filter on image data, however 
its effect in the update equation (4) is a lowpass filtration of 
the update image. Thus image noise can effectively be 
reduced. The benefit of this type of image filtration 
compared to conventional convolution kernels is twofold: 
first, using a contrast dependent regularization strength 
β(df) (see below) contrast dependent  image sharpness can 
be adjusted. Second, if we combine this target kernel 
regularization filter (TRF) with a highpass operation in 
through plane direction, we can improve the statistics of X-
ray quanta, which leads to further reduced image noise in 
the update image.  In case of 3D regularization we define 
the 3D regularization operator R3D by the following 
equation: 

(7)  lp
DRDR 313 −=

 
where denotes a 3D lowpass image filter based on the 
highpass target kernel regularization filter and a highpass 
kernel operating in z-direction. 

lp
DR3
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Here R2D denotes a TRF filter and Rz is a highpass in z-
direction, e.g. Rz = (-1,2,-1). The operator denotes the 
consecutive application of in-plane and through-plane 
operators. I is the identity. Update equation (4) then reads 
as  
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The regularization strength βk becomes a 3-dimensional 
matrix whose entries depend on the image contrast in the 3-
dimensional image representation fk. One way to detect the 
contrast edges of the image volume is to convolve the 
image volume fk with a 3D Laplacian. A simple choice of 
the regularization strength as a function of image contrast df 
could be a Gaussian weight  

(10) ))
kc

df
(exp()df(k

2−=β  

The value ck correlates to the level of image noise in the k-
th iteration loop. It is estimated as a local noise value, 
looking locally at the minimum noise variance of each 
pixel. The image volume is organized as a succession of 
adjacent, transaxial image slices, and ck is estimated slice 
by slice. For the Backprojection operator Q in eq. (9) the 
RAMLAK convolution kernel is used, which is 
characterized by a linear ramp in frequency domain. Thus 
very high sharpness can be estalished. For high contrast 
values df the β weight is small, thus the sharpness of the 
image volume fk is preserved. For low contrast signals, e.q. 
tissue the β weight is near to one. Consequently the update 
image is more or less smoothed reducing image noise. V3D 
operates as an highpass filter on the edges of the object, 
which further enhances spatial resolution.  

III. EVALUATION 
 
First, we present a simulation study based on a semi-
anthropomorphic phantom of the human skull (Fig. 3a). 
Based on the WFBP algorithm circular scan data of the 
anthropomorphic head phantom are reconstructed with a 
conventional head kernel (H40, medium) respectively in the 
I-WFBP with TRF for target kernel H40. Obviously, the 
image characteristics obtained with iterative reconstruction 
is very similar to the WFBP result.  The effectiveness of the 
proposed regularization was also demonstrated on basis of 
clinical CT-data (Fig. 3b). Obviously, the image texture is 
similar to the WFBP result, whereas the q-GGMRF prior 
might produce more or less artificial image characteristics. 
The smoothing property (at the same time preserving 
contrast edges) can be utilized to either reduce image noise 
at same radiation dose, or reduce radiation exposure at the 
same image noise. Fig. 4 presents the result of a 2–phase 
liver study at different dose levels, full dose and 60% dose 
reduction at same image noise. Obviously, the image 
quality could be fully restored with I-WFBP.  
 

 
0 2 4 6 8 10 12 14

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

 lp/cm 

(highpass) Regularisation kernels for different target kernels 

 

 
 targetKernel B30f
 targetKernel H40s
 spectrum of Rthib

Fig. 2 Frequency response of different regularization functions  
(black): GGMRF prior with p = 2, q = 1.2, c = 20 , which we call 
Rthib (red): target regularization filter for (body, smooth) target 
kernel B30 (blue): target regularization filter for target kernel 
H40 (head, medium). 

IV. CONCLUSION 
Further evaluation shows that the convergence speed of our 
iterative reconstruction scheme is very fast. In terms of 
artifact reduction (cone-beam artifacts, spiral artifacts, 
undersampling artifacts) and in terms of noise reduction the 
fixed point image is already reached after 3-4 iterations. It 
was shown that with I-WFBP reconstruction contrast-
dependent sharpness is established, which can be utilized 
for noise and/or dose reduction. As an example in case of a 
2-phase liver scan, dose reduction of 60% was achieved at 
the same image quality. For high contrast CT applications, 
e.g. CT angiography and coronary CTA even more dose 
saving is expected.  
The development of a new class of (non-linear) 
regularization filters enables adjusting image characteristics 
similar to that obtained in WFBP with conventional CT 
convolution kernels. The regularization strength has to be 
carefully adjusted to control the color of image noise, 
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because in each iteration step the regularization prior 
introduces additional correlations image noise. The 
proposed method was developed for an FBP-based (non-
statistical) iterative reconstruction method, which does not 
use a noise model for the projection data. However, it 
seems to be straight forward to incorporate the method into 
statistical iterative reconstruction by using the new 
regularization prior as an additive constraint to the objective 
function of projection data.  
 
 
 

 
 
Fig. 3a. Axial thin slice images of the anthropomorphic phantom 
of the human skull. (top): WFBP with H40 convolution kernel 
(middle): I-WFBP with TRF regularization filter (K = 3) and 
target kernel H40. (bottom): I-WFBP with Rthib-prior (q=2, p=2, 
c=2, K=3) Fig. 3b Axial thin slice images of the human skull 
(top): WFBP with H40 convolution kernel  (middle): I-WFBP with 
TRF regularization filter with target kernel H40 (bottom): I-
WFBP with Rthib-prior (q=2, p=2, c=20, K = 3). In the I-WFBP 
images the noise level is 40% less. Notice the highly increased 
sharpness visible at the inner ear. (window center 30HU, window 
width 80 HU) 

 
Fig. 4 Axial thin slice images of a 2-phase liver scan with 64x0.6 
mm beam collimation and helical pitch p = 1 (left): WFBP with 
B31 convolution kernel (right): I-WFBP using combined 
regularization filter (K = 3) with target kernel B31. Please notice, 
image noise is the same at 60% less radiation dose. (window 
center  0 HU, window width 400 HU) 
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Material Decomposition with Inconsistent Rays
(MDIR) for Cone–Beam Dual Energy CT

Clemens Maaß and Marc Kachelrieß

Abstract—Dual energy CT (DECT) provides material–selective
CT images by acquiring the object of interest with two different
x–ray spectra, a low and a high energy spectrum. Today, two
techniques to process the rawdata are in use:

Image–based DECT reconstructs the low and the high energy
data separately and then performs a linear combination of
the images to yield the desired material–selective images. This
method can only provide a first order approximation to the true
material decomposition and it will not be able to remove beam
hardening artifacts from the images.

By contrast, rawdata–based DECT naturally allows to deal
with higher order approximations and is therefore the better
way to go. However, rawdata–based DECT requires the same line
integrals to be available for both scans (consistent scans). This
requirement may not be met for CT scanner that are available
today.

To handle the material decomposition of DECT from in-
consistent scans we have developed and evaluated a material
decomposition algorithm (MDIR) that allows for different scan
trajectories and scan geometries for the low and the high energy
scan. The results of our iterative algorithm are close to those
obtained by a rawdata–based approach.

It should be noted that MDIR can be extended to scans with
more than two different spectra and to decompositions into more
than two basis functions in a straightforward way.

Index Terms—dual energy CT, material decomposition, beam
hardening, image quality, inconsistent rays

I. I NTRODUCTION

Dual energy CT (DECT) is a modality where one object
is scanned with two different x–ray spectra. Typically, one
would acquire an object with two different tube voltagesU1

andU2 but other possibilities such as different prefiltration,
postfiltration or stacked or sandwich detectors are in use, too.
Basically, DECT can be used to perform energy– and material–
selective reconstruction and, as a side–effect, it can be used
to remove beam hardening [1], [2], [3], [4], [5], [6], [7].

The requirement of performing the rawdata–based decom-
position of the measured values is thatq1(L) and q2(L)
are available for the same linesL. We call this type of
DECT data to be consistent data. For scanners whereq1(L)
is known for L ∈ L1 and q2(L) is measured forL ∈ L2

and where the intersectionL1∩L2 is not sufficient to perform
image reconstruction these conventional rawdata–based DECT
methods cannot be applied. This situation, however, frequently
occurs. In fact the scanners and the scan geometries we are
interested in haveL1∩L2 = ∅ and therefore are geometrically
completely inconsistent. In this case one can either use image–
based DECT methods, or one can accept strong approxima-
tions [8] to perform the conventional rawdata–based DECT

Institute of Medical Physics (IMP), University of Erlangen–
Nürnberg, Henkestr. 91, 91052 Erlangen. Corresponding author:
clemens.maass@imp.uni-erlangen.de

Fig. 1. Material decomposition results of the oval CTDI phantom composed
of PMMA and aluminum using consistent rays. The left column and center
column show the density images of the basis materials aluminum and PMMA,
respectively; the right column depicts a monoenergetic combination of the
density images at 70 keV. The inhomogeneity artifacts and inaccurate density
values that the standard image–based decomposition results (second row)
suffer from are completely corrected by the proposed method (third row).
Difference images prove that deviations from the phantom image are thereby
reduced to differences in spatial resolution (the phantom image contains hard
edges).

decomposition or one must use the new iterative approach
proposed in this work. In addition to clinical CT our aim is to
investigate the potential of pre–clinical DECT with respect to a
high–speed in vivo dual source cone–beam micro–CT scanner
(TomoScope 30s Duo, VAMP GmbH, Erlangen, Germany).

II. M ETHOD

The aim of the proposed MDIR algorithm is to simultane-
ously improve the quality of the two material–selective images
regarding their homogeneity and quantitative contents.

A. DECT Basics

Dual energy CT relies on the assumption that the linear
attenuation coefficientµ(r, E), that is a function of location
r and photon energyE, can be decomposed as

µ(r, E) = f1(r)ψ1(E) + f2(r)ψ2(E)
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with two independent energy dependenciesψi(E) and the
two material–selective imagesf1(r) andf2(r). One example
of these energy dependencies is the decomposition of the
linear attenuation coefficient into contributions of photoelectric
and Compton scattering interactionsτ(E) and σ(E). The
corresponding spatial dependenciesfτ (r) and fσ(r) would
then represent the cross–sections of these effects. Another
possibility is to choose two basis materials, say water(i = 1)
and bone(i = 2). Let ψi(E) = (µ/ρ)i(E) be the mass
attenuation coefficient for materiali. Then, one can reconstruct
the density distributions of water and bonefi(r) = ρi(r).

Let pi(L) denote the line integral along lineL throughfi(r)
such that

pi(L) = Rfi =

∫

L

dl fi(r).

R denotes the Radon transform operator in 2D, and the x–
ray transform operator in 3D, respectively. The DECT mea-
surements, however, do not yieldpi(L) directy but rather the
projection values

qj(L) = − ln

∫

dE wj(E)e−p1(L)ψ1(E) − p2(L)ψ2(E),

(1)
wherew1(E) andw2(E) are the two detected spectra used
during the scan, normalized to unit area.

After measuringqj(L) the aim of the DECT image recon-
struction is to come up with an estimate offi(r). To do so,
one must have sufficient knowledge about the detected spectra
wj(E) and the energy dependenciesψi(E) involved. There are
several methods to obtain this knowledge, either by measuring
the spectra, by measuring the energy dependence (i.e. the
attenuation coefficient as a function of energy), by using semi–
empirical methods to predict the spectra, by takingψi(E)
from tables, or by performing dedicated DECT calibration
measurements. It should be noted that the direct assessment
of the functionswj(E) andψi(E) is not necessarily required
to perform DECT reconstruction because calibration measure-
ments can determine the desired decomposition functions di-
rectly from the calibration data without computingwj(E) and
ψi(E). Thereby, calibration may be regarded as being more
convenient and probably more elegant than the assessment of
the spectra.

Here, we do not aim to propose a DECT calibration proce-
dure or a way of how to assess detected spectra or attenuation
coefficients. We are assuming to know howq1(L) andq2(L)
can be found as a function off1(r) and f2(r) for arbitrary
linesL. This means that we know the functional relationship
between the line integralspi(L) throughfi(r) along lineL
and the measured projection valueqj(L) at spectrumj:

qj(L) = q̂j(p1(L), p2(L)). (2)

B. Image–Based DECT

Image–based DECT regards the low and the high energy
scan as being independent rawdata sets and reconstruct the
projection dataq1(L) and q2(L) separately to obtain re-
constructed volumesg1(r) and g2(r). These reconstructions

Fig. 2. Material decomposition results of the mouse phantom composed
of seven different materials using consistent rays. The images use the same
order and grayscale window like figure 1. The top row density images miss
the contributions of five further materials. The center and bottom row density
images contain those contributions as the complete image is decomposed in
just two density images. Therefore, difference images are not reasonable and
differences can be realized in standard images as well.

usually include the typical precorrections and in particular
the water precorrection to remove first order beam hardening
artifacts. In a subsequent step linear combinations of these two
volumes are performed to obtain estimates off1(r) andf2(r):

fi(r) = ci1g1(r) + ci2g2(r). (3)

Thereby the linear combination coefficientscij , which play
a key role in our MDIR algorithm introduced below, can be
determined by some calibration measurement or by analytical
calculations that we do not focus on with this work as
discussed above. Further, those coefficients finally determine
the basis materials that the scanned object is decomposed
into. It can be easily seen that the non–linearities of equation
(2) cannot be addressed using this image–based approach.
As a consequence, the resulting material–selective images
are only an approximation to the true material distribution.
In particular higher order beam hardening artifacts, as they
become apparent between bony structures, for example, cannot
be accounted for and will propagate intofi(r).

C. Vector Notation

Since we reconstruct iteratively, a slight change of notation
is indicated. Let the vectorf i be the sampled version of the
imagefi(r). The entries off i, i.e. the voxel values, are the
unknowns to be reconstructed. Letqj be the vector of rawdata
values acquired with spectrumj. The entries ofqj are the
rawdata valuesqj(L) for L ∈ Lj . The images that result from
the direct reconstruction of the precorrected measurement data
of sourcej on image geometryi are denoted withgij . Let
pij be the vector of line integrals throughf i along lines in
Lj . Let the matrixRij be the discretized Radon or x–ray
transform operator such that the forwardprojection off i into
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pij is given by the linear equationpij = Rij ·f i. Accordingly,
the inverse Radon or x–ray transform matrixR−1

ij denotes
the filtered backprojection from source geometryj to image
geometryi including all the precorrections used for creation of
the initialization images (e.g. by the scanner’s reconstruction
software). The number of entries inf1 may differ from the
number of entries inf2 if the reconstruction is performed on
different voxel grids for both materials. The number of entries
of q1 may differ from the number of entries inq2 if the number
of rays measured with spectrumj = 1 differs from the number
of rays available from spectrumj = 2. The number of entries
in pij is the same as the number of entries inqj . Let the
vector–valued function̂qj(p1j ,p2j) be the vector form of the
rhs of equation (2) and the reconstruction of those data beĝij .

D. Iterative Reconstruction Algorithm

The k’th update step of our MDIR algorithm starts with
the current decomposition estimatef (k). For k = 0 we
initialize with a standard image–based material decomposition
according to equation (3):

f (0) =

(

f
(0)

1

f
(0)

2

)

=

(

c11g11 + c12g12

c21g21 + c22g22

)

.

The initialization images suffer from inhomogeneous and
imprecise values that are a consequence of higher order beam
hardening artifacts in the source images. Key to MDIR is
to amplify these artifacts in a first step and then make use
of this information for the correction. To amplify the beam
hardening artifacts, the measurement process of the scanner
is modeled including the polychromatic energy spectra. For
forwardprojection the current decomposition estimatef

(k) is
used to calculate four source imagesĝij :

(

ĝ
(k)

i1

ĝ
(k)

i2

)

=

(

R−1

i1 · q̂1(R11 · f (k)

1
,R21 · f (k)

2
)

R−1

i2 · q̂2(R12 · f (k)

1
,R22 · f (k)

2
)

)

.

Note that in the case of consistent (identical) geometries
for the material–selective images the four backprojections
R−1

ij reduce to two backprojections since theng1j = g2j .
From these recalculated source images, image–based material
decomposition is performed according to equation (3),

h(k) =

(

h
(k)

1

h
(k)

2

)

=

(

c11ĝ
(k)

11
+ c12ĝ

(k)

12

c21ĝ
(k)

21
+ c22ĝ

(k)

22

)

.

The difference to the reprojected image of this iteration,f (k),
is a good estimation of the error that the initialization image
f (0) suffers from and, therefore, used as correction image

f (k+1) = f (0) + f (k) − h(k). (4)

After the update the next iteration can start with a more
accurate estimation of the true object yielding a more accurate
estimation of the errorf (k) − h(k). As soon as the true
image is found inf

(k), f
(0) equalsh

(k) and equation (4)
has converged.

Fig. 3. Orthogonal circles trajectory used for simulations of the 3D Forbild
head phantom. The two solid (red) lines mark two circular source trajectories
that are orthogonal to each other. The dashed (blue) line marks a sagittal slice
that is perpendicular to both source circles.

III. S IMULATIONS

For our simulations we used the semi–empirical spectra of
reference [9] and the tabulated photon cross–section coeffi-
cients from reference [10] and plug them into the analytical
forward transform (1).

A first simulation uses a CTDI phantom of 32 cm long
axis with aluminum inserts. The basis materials are PMMA
(the body material of the phantom) and aluminum. The semi–
empirical Tucker spectrum was created forU1 = 80 kV and
U2 = 140 kV.

A second simulation applies MDIR on the 32 mm micro–
CT mouse phantom (for more information please refer to our
website www.imp.uni-erlangen.de/phantoms). The phantom is
composed of seven different materials: Water equivalent plas-
tic, lung tissue, soft tissue, hydroxyapatite (HA) with a density
of 200 mg/ml (HA200), bone (HA400), Iopromid5, and Iopro-
mid20. Two of those materials — water and bone — are used
as basis materials for material decomposition. The field of
measurement of the simulated scanner is 40 mm. Inconsistent
rawdata sets are obtained by simulated tube voltage switching
betweenU1 = 40 kV andU2 = 65 kV.

In a third simulation the applicability of the algorithm
with rawdata sets that maximize inconsistency between rays
measured using different spectra shall be proved. Therefore,
we simulated two orthogonal circles as source trajectories,
where thez-axis and they-axis are rotation axis (figure 3).
This simulation uses the Forbild head phantom along with the
same spectra like the previous CTDI phantom simulation. The
geometry was chosen to result in a field of measurement that
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Fig. 4. Material decomposition results of the 3D Forbild head phantom. The
images use the same order and grayscale window like figure 1. For simulations
the two orthogonal circles trajectory was used (cf. figure 3), that results in
inconsistent rays.

completely contains the phantom. The phantom is composed
of two materials — water and bone — that are used as basis
materials.

For each scanner setup we performed a separate calibration
run using a standard calibration phantom for the given geom-
etry and the intended basis materials to obtain the decomposi-
tion coefficientscij . Further, each volume is reconstructed on
a 512×512×512 grid. For depiction the central slice is used.
Our simulations include no noise to enhance the visibility of

Fig. 5. Sagittal view on the material decomposition results of the 3D Forbild
head phantom. The images use the same order and grayscale window like
figure 1. For simulations the two orthogonal circles trajectory was used (cf.
figure 3), that results in inconsistent rays.

beam hardening artifacts.
We present density imagesρ(r) for each basis material as

well as monoenergetic imagesµ(r) at 70 keV for the clinical
CT and at 35 keV for the micro–CT. Reconstructions using
standard image–based material decomposition, as it is used
in today’s scanners, and using three iterations of our new
material decomposition algorithm for inconsistent rays are
provided. Further on, difference images between the original
phantoms, which serve as the ground truth, and the presented
reconstruction results are displayed.

IV. RESULTS

A. CTDI phantom

Figure 1 shows the reconstruction results using the CTDI
phantom. The standard image, that was created by stan-
dard image–based dual–energy material decomposition, suf-
fers from severe artifacts. The aluminum density image is

10th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 274



inhomogeneous as can be seen in the corresponding standard
image and difference image in the second and fourth row,
respectively. After just three iterations of MDIR the beam
hardening artifacts are hardly noticeable. Difference images
show good agreement to the original phantom — only the
edges of the phantom body and the inserts appear in the
difference images in the bottom row of figure 1. This is
as expected as the reconstructed images have lower spatial
resolution than the original phantom.

B. Micro–CT mouse phantom

Figure 2 shows the reconstruction results using the micro–
CT mouse phantom. This simulation differs from the previous
simulations because it uses micro–CT geometry, micro–CT
spectra, and a phantom that is composed by seven differ-
ent materials including mixtures based on iodine. Iodine is
a special material because it causes high attenuation (like
bones), but the cross–sections of water and bone to the energy
dependency of iodine shows negative contributions ofψbone

and high positive contributions ofψwater. Therefore, iodine
shows very good contrast in material–specific images.

In the reconstructed material–specific images those seven
materials will show up with gray values corresponding to the
linear combination coefficients of the two basis materials. Note
that the original phantom’s density images (first two images
in the first row) only show the basis materials bone and water
and that contributions from the remaining five materials do
not appear in those images. Due to this reason we do not
show difference images. Regarding the reconstruction results
we find again that the MDIR images significantly outperform
the standard images.

C. Forbild head phantom

Figures 4 and 5 show the reconstruction results using the
3D Forbild head phantom. Compared to the image–based
approach MDIR shows remarkable improvements in decom-
position quality. The homogeneity of the bone material is
improved and the streak artifact that connects the frontal bone
structures with the inner ear is reduced (dark streak in the bone
images, light streak in the water images). The monoenergetic
initialization images (second row, right column) show reduced
streak artifacts, however, the difference image to the phantom
shows that there is an overall underestimation of the bone
material that is reduced after the three iterations. Additionally,
the CT-values of the frontal sinus become more accurate.

V. SUMMARY AND CONCLUSION

We proposed and evaluated an iterative material decomposi-
tion algorithm for inconsistent rays (MDIR) to reduce artifacts
and improve quantification accuracy in dual–energy CT from
inconsistent rays. The algorithm has proven to be capable to
deal with highly inconsistent rawdata sets as well as with
consistent ones. Results are shown in clinical and micro–CT
spectra and geometries. Three iterations of MDIR are sufficient
to significantly reduce decomposition errors that arise from
beam hardening artifacts and to improve the homogeneity and
accuracy of the decomposition results.
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Abstract—Metal artifact reduction (MAR) is a major problem 

with X-ray CT. Various methods have been presented to overcome 
this problem. In dual energy CT, which is widely used in industrial 
areas and security inspection, metal artifact is still a troublesome 
problem. Owing to the strong dependence on atomic number of 
the photoelectric coefficient, pronounced streaks appear in the 
reconstructed photoelectric coefficient image, leading to highly 
inaccurate values in the atomic number when metal objects are 
present. In this article, we present a practical metal artifact 
reduction (MAR) method for dual energy CT. Firstly, sinogram 
TV inpainting was applied to the reconstruction of the 
photoelectric coefficient image. Then the Compton coefficient 
image was obtained with a conventional filtered back projection 
(FBP) method. Finally, the atomic number and electron density 
are caculated. Experiments proved that with our MAR method, 
the accuracy and image quality of the atomic number can be 
greatly improved. 
 

Index Terms—dual energy computerized tomography, atomic 
number, electron density, photoelectric coefficient, Compton 
coefficient, metal artifact reduction(MAR), TV inpainting. 
 

I. INTRODUCTION 

Metal artifact reduction (MAR) is a major problem with 
X-ray computerized tomography. As is known that X-ray beam 
is severely attenuated by metals, an insufficient number of  
photons  reach the detector with the presence of metal objects,  
creating corrupted projection data or “missing data” and 
producing inconsistencies in the Radon space. Consequently, 
image reconstruction with the conventional filtered 
back-projection (FBP) method creates so-called metal artifacts, 
which greatly degrades the reconstructed image. 

Metal artifact is well studied and various metal artifact 
reduction methods have been presented to overcome this 
problem [1]~[6]. The main approaches for metal artifact 
reduction can be classified into two groups: sinogram 
interpolation and iterative reconstruction. Kalender et al. 
proposed an algorithm based on linear interpolation [1]. Shiying 
Zhao et al. adopted a wavelet-based multiresolution analysis 
method, improving image quality by a successive interpolation 
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in the wavelet domain [2].  Ge Wang et al. used an expectation 
maximization (EM) formula and an ART-type simultaneous 
iterative reconstruction technique (SIRT) [3].  May Oehler and 
Thorsten M. Buzug applied a directional interpolation scheme 
to bridge the missing data and reconstructed the image with a 
weighted MLEM algorithm [4].  The sinogram interpolation 
methods are easy for implementation whereas iterative methods 
are more accurate but usually time-consuming.  Sinogram 
inpainting methods based on more complex models are 
presented as an improvement of the conventional sinogram 
interpolation methods. Jianwei Gu et al. proposed a metal 
artifact reduction algorithm through Euler's elastica and 
curvature based sinogram inpainting [5] while Xinhui Duan et 
al. adopted total variation(TV) inpainting to sinogram 
recovery[6]. 

With the development of CT, dual energy CT has been 
widely used in industrial areas and security inspection. This 
technology not only provides the attenuation information of the 
scanned object, but also calculates the atomic number and 
electron density, which can be used for material classification.  

Metal artifact reduction is also a major problem in dual 
energy CT. However, compared with conventional attenuation 
coefficient images, atomic number images reconstructed in dual 
energy CT are more severely affected by metal artifact as the 
dependence on material of the photoelectric coefficient is much 
stronger than that of the attenuation coefficient. During the dual 
energy reconstruction, photoelectric coefficient projection 1A  
and Compton coefficient projection 2A  are firstly computed. 
Then the photoelectric coefficient 1a  and Compton coefficient 

2a are calculated with a conventional FBP method. The atomic 
number and electron density can be obtained from 1a  and 2a at 
last. Owing to the strong dependence on atomic number of 
photoelectric coefficient , 1a  is usually seriously contaminated 
and pronounced streaks spread all over the image when metal 
objects are present ; whereas 2a is usually relatively accurate. 
As a result, the calculated atomic number image is usually 
severely fluctuant and inaccurate, causing misrecognition 
errors in material classification while the electron density image 
maintains accuracy and good image quality. Unlike in a 
conventional single energy CT scanner, where attenuation 
coefficients are reconstructed, very small metal object may 
cause severe artifacts all over the image and the atomic number 
may be totally inaccurate. Metal artifact reduction in dual 
energy CT is of great difficulty. 

However, conventional sinogram interpolation based on 
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linear or polynomial interpolation is not able to deal with the 
complicate cases as in the reconstruction of 1a  and may get a 
poor result, especially when there are numerous metal objects.  

In this article, we proposed a metal artifact reduction 
algorithm, which deals the photoelectric coefficient image 1a  
and Compton coefficient image 2a  respectively. TV- 
inpainting is used to fill the missing data of 1A  and FBP method 
is used to acquire 1a ; while for 2a , metal artifact reduction is 
not necessary and conventional metal artifact reduction 
methods such as linear interpolation or iterative reconstruction 
is appropriate. Experiments proved that the reconstructed 
atomic number is more accurate and the image quality is greatly 
improved with this algorithm.  

 

II. METHODS 

A. Dual Energy Metal Artifact Reduction 
A classical pre-processing method [7] is applied for 

dual-energy reconstruction. In this method, we notice the fact 
that in the diagnostic energy range, interactions between x-rays 
and materials are dominated by Compton scatter and the 
photoelectric effect. In dual-energy CT, two measurements 

( )1 1 2,p A A and ( )2 1 2,p A A are taken with two different X-ray 
source spectra, where 
 ( )1 1 ,A a x y dl= ∫  (1)

 ( )2 2 ,A a x y dl= ∫  (2)
are respectively the line integrals of the energy-independent 
decomposition coefficients 1a and 2a . 1a  and 2a are 
respectively photoelectric coefficient and  Compton coefficient.  

In our dual energy metal artifacts reduction algorithm, the 
first step is to calculate 1A  and 2A  from each pair of 
projections ( )1 2,p p  by solving the nonlinear equations (1) and 
(2) [8].  Directly reconstructing 1a  with a conventional FBP 
method usually leads to severe metal artifacts when metal 
objects are present. In order to suppress the metal artifacts, the 
metal projection region (MPR) needs to be identified first. It is 
common to use a suitable thresh for segmentation of the metal 
parts in a pre-reconstructed image from the initial measured 
data and  reprojection of the metal parts is applied to identify 
MPR afterwards. However, in an actual dual energy CT scan, 
the pre- reconstructed effective atomic number image is usually 
full of severe artifacts and usually numerous metal objects are 
present, leading to great difficulty for an accurate segmentation. 
With conventional interpolation, even very little residual MPR 
will cause fatal failure for metal artifact reduction. In our 
method, we extract MPR directly from 1A  with  a suitable 
threshold to cover all the MPR before TV inpainting is adopted 
to fill this data gap smoothly.  
  In TV-based sinogram inpainting, MPR is regarded as the 
inpainting domain and the initial value is provided by a 
conventional linear interpolation. After we acquire the 

inpainted photoelectric coefficient projection 1

'A , 1a and 2a  

are respectively computed from 
1

'A  and 2A .Finally, effective 

atomic number effZ and electron density eρ  are calculated: 
 1

1

2

n

eff
a

Z
a

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
 (3)

 22e aρ =  (4)
where n  is an approximate constant ( 3.5n =  is used in this 
paper). 

B. TV Inpainting  
The TV inpainting model proposed by Tony F. Chan and 

Jianhong Shen[9], solves the following unconstrained problem: 
 

[ ] 20

2E D E
J u u dxdy u u dxdyλ

λ
∪

= ∇ + −∫ ∫ (5)

Where u and 0u are the image to be painted and the initial 
image, D and E are the inpainting domain and a extended ring, 
λ  plays the role of Lagrange mulitiplier. 

Unlike the time marching method Xinhui Duan used[6], 
which is usually time-consuming, we adopted the numerical 
scheme in[9]. It is a direct steady solution, in the form of a 
Gauss-Jacobi iteration scheme, which, at each step n  , updates 

( )1nu −  to ( )nu   by: 
 ( ) ( ) ( ) ( ) ( )1 1 1 1

O

n n n n n
O OP P OO O

P
u h u h u− − − −

∈Λ

= +∑ (6)

Where O is a given target pixel, OΛ is the set of the four 
adjacent pixels of O , OPh  and OOh are low pass filter 
coefficients. Readers are referred to [9] for more details of the 
low pass filter h . 
 

III. RESULTS 

A. Numerical Simulation 
Results of the numerical simulation are presented in this 

section. A model is designed for testing our metal artifact 
reduction algorithm. The model, which is a variation of the 
Shepp-Logan phantom, is shown in Fig. 1 and described in table 
I. The X-ray spectra and the detector response function are 
computed according to the experiment system. The X-ray mass 
attenuation coefficients are from NIST Standard Reference 
Database [10]. The projection data were obtained by 
parallel-beam projection. The data was acquired from 360 
views over 180 degrees with 512 detectors in each view. The 
image size is 512×512. 

The results are shown in Fig. 2 and Fig. 3. Fig. 2 gives the 
result of sinogram inpainting of 1A . Fig. 3 shows the effective 
atomic number images. The pre –reconstruction result in Fig. 3 
(b) is full of so strong streaks that the carbon ellipses 5, 6, 7, and 
8 are totally not able to be seen. Fig. 3 (c) gives the result after 
TV-inpainting. The metal artifacts are greatly suppressed but 
notice that the metal parts are lost. Fortunately, as this is a 
simple case, metal parts can be accurate extracted from the pre- 
reconstruction image and insert into (c) to get a more accurate 
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image (d). But we have to point out that this is not always an 
easy task in actual dual-energy scan. Fig. 3 (e) is the profile of 
the central column of (a), (b) and (d).Without MAR, the value is 
badly fluctuating and deviates from the accurate value. After the 
application of our MAR method, the reconstructed value is in 
good agreement with the accurate value.  
 

 
B. Experiments 
We use experimental data to demonstrate the effectiveness of 

our metal artifact reduction algorithm. In the experiment, 
projection data was acquired from 720 views over 360 degrees 
in the form of fan beams with 768 detectors in each view. The 
low and high energy levels are 120keV and 160keV.The data is 
rebinned into parallel beam projection data before the above 
algorithm is applied. The image size is 512×512. 

A luggage box containing a pack of explosive stimulant of 
RDX, with the calculated atomic number 7.2532 was scanned. 
There are numerous metal objects, such as bars and screws in 
the luggage. A fruit knife was placed near the pack, producing 
severe metal artifacts covering the pack which we are interested 
in. Results are presented in Fig. 4. As we can see, strong 
artifacts covering the whole image are mostly removed after the 
application of our MAR method, producing a smoother image 
with better quality. Fig. 4(c) shows a profile of the atomic 
number image in the center of the RDX pack. The value 
obtained with MAR is close to the true value, on the contrary, 
without MAR there is great fluctuation and the reconstructed 
value tragically deviates from the true value.  

Neglecting the slope on both ends, we calculated the average 

value of the reconstructed atomic number with MAR to be 

7.2597, which is only 0.09% smaller than the true value 7.2532, 
and the variance is 0.07.While with out MAR, the average value 
is 6.7402,which is 7.07% smaller than the true value, but with a 
variance of 4.1791, too large a value for material recognition. 

IV. CONCLUSION 
We presented a metal artifact reduction method for dual 

energy CT. Based on TV-inpainting of sinogram, this method 
greatly improves image quality and provides a more accurate 
atomic number image for further material recognition. 

 
(a)                                               (b) 

 
(c)                                                (d) 

 
                                                      (e) 
 

Fig. 3.  Numerical simulation results, effective atomic number: (a) is the initial 
model; (b) is the pre-reconstruction result from the initial measurement with 
FBP; (c) is the result after TV-inpainting; (d) is the result of adding back metal 
parts to (c); (e) is the profile of the central column of (a),(b),and(d), the green 
dashed line is the accurate value of the initial model, the blue solid line is the 
result after TV-inpainting, the red solid line is the result of pre-reconstruction.   

 
Fig .1.  Model definition: 1~8 are carbon ellipses submerged in water 12, two 
iron objects 9 and 10 are placed near the carbon objects.11 is an aluminum shell. 

 
               (a)                             (b)                                (c) 

Fig .2. Numerical simulation results, sinogram inpainting of A1: (a) is the 
initially calculated A1, (b) is the result of linear interpolation as an initial value 
for TV-inpainting, (c) is the result of TV-inpainting. 
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However, TV inpainting is time-consuming, further 
improvement could be done with acceleration of TV inpainting 
and adopting other PDE models. 
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(a)                                           (b) 

 
                                                   (c) 

Fig .4. Reconstructed atomic number image from dual energy scan. (a) is the 
originally reconstructed atomic number image; (b) is the reconstructed atomic 
number image with our MAR method. (c) is a profile in the center of the pack 
of RDX, of the atomic number image. The blue solid line is the value 
reconstructed with our MAR method; the red solid line is the value that is 
originally reconstructed; the green dashed line is the true value of RDX.  

TABLE I 
MODEL DEFINITION 

No. Material Zeff x/mm y/mm A/mm B/mm θ Note 

1 carbon 6.0 0 35.00 25.00 21.00 0  
2 carbon 6.0 -28.00 0 41.00 16.00 -18 
3 carbon 6.0 22.00 0 31.00 11.00 18  
4 carbon 6.0 0 0 4.60 4.60 0  
5 carbon 6.0 0 -20.00 4.60 4.60 0  
6 carbon 6.0 -8.00 -60.50 4.60 2.30 0  
7 carbon 6.0 0 -60.60 2.30 2.30 0  
8 carbon 6.0 6.00 -60.50 4.60 2.30 90  
9 iron 26.0 0 -45.00 2.50 2.50 0  
10 iron 26.0 40.00 -10.00 2.50 2.50 0  
11 aluminum 13.0 0 

-1.84 
0 
0 

92.00 
87.40 

69.00 
66.24 

90 
90 

Outer ellipse 
Inner ellipse 

12 water 7.51 ∕ ∕ ∕ ∕ ∕ ∕ 

Normalized parameters of the phantom for numerical simulation: Zeff  is the effective atomic numbers of each material; x, y denote the central coordinates of each 
ellipse; A,B are the lengths of semi-axes of each ellipse, respectively; θ is the rotation angle(in degree). 
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Abstract—Dual energy CT (DECT) has become a hot topic 

among people recently for its high detection precision and robust 
material identification ability. However, the high cost leads to the 
problem how to reduce the system expense to become a key point 
of DERT. In this paper, we proposed a new dual energy CT 
reconstruction method requiring much fewer data to reduce the 
cost of detectors. The method uses single energy complete 
sampling projections to reconstruct CT image as the prior 
knowledge to get the length information. Then, it is combined with 
dual energy undersampled projection data to acquire the integral 
values of dual effect coefficients. By using pre-reconstruction dual 
effect decomposition method for dual energy imaging, linear 
equations are set up to obtain the atomic number (Z) of the 
scanned object. Numerical simulations are done using only 7 dual 
energy detector bins instead of 256 complete bin sampling in each 
projection. The method gives us a good result with relative error 
less than 2%. The results demonstrated that detector bins can be 
greatly reduced in dual energy CT imaging, hence much lower the 
system cost. We believe this work will drive DERT into wide 
usage. 
 

Index Terms—dual energy, pre-reconstruction, undersampling, 
CT image, segmentation 
 

I. INTRODUCTION 
n recent years, because of its high detection precision and 
robust material identification ability1,2, DECT has played a 

significant role in medical and industrial applications3-5. 
Currently, in one typical realization of DECT, two sets of 
detectors are needed: one receives low energy photons, and the 
other receives high energy photons∗. However, the high cost of 
the two set detectors becomes one of the key problems for these 
systems. In this paper, in order to reduce the cost of a dual 
energy CT system without losing reconstruction accuracy, we 
proposed a new dual energy reconstruction method with 
reduced data. It firstly reconstruct a CT image. Then, using that 
as prior information, we obtain the atomic number of the 

 
This work was supported by the National Natural Science Foundation of 

China under the project No. 60871084, the National Natural Science 
Foundation of China under the project No. 60772051, the Program for New 
Century Excellent Talents in University No. NCET-05-0060 and the National 
Natural Science Foundation of China under the project No. 10575059. 

Authors are all with the Department of Engineering Physics, Tsinghua 
University and Key Laboratory of Particle & Radiation Imaging (Tsinghua 
University), Ministry of Education, Beijing, P. R. China, 100084 (e-mail: 
liuyuanyuan06@mails.tsinghua.edu.cn). 

∗ For convenience, we use “high energy” and “low energy” meaning the two 
energy levels in a dual energy system. Here, it is not to use specific boundary to 
define if one is high or low energy, but a relative meaning between two. 

scanned object with dual energy undersample-detector 
projections. It use only a few detectors instead of a full layer of 
high energy detectors to reduce the system expense. Our 
simulations are presented to demonstrate that the dual energy 
CT reconstruction method with reduced data (DECT-RD) for 
DERT is an effective way. 
 

II. METHODOLOGY 
The DECT-RD mainly contains four steps. Firstly, a single 

energy CT reconstruction is done by using complete 
normal-resolution-detector projections of the low energy 
detectors. At the same time, using high energy projections with 
only a few detector bins together with low energy projection 
data, we get the integral value of Compton and photoelectic 
coefficients by looking up the full elements H-L curve table6 . 
Secondly, using segmentation method, we divide the 
reconstruction into different regions and mark them with 
different IDs, then, calculate the length of every dual energy 
undersampling ray passing through every region. Thirdly, we 
use the dual energy pre-reconstruction dual effect 
decomposition method to set up equations. Finally, based on 
the existent equations, the atomic numbers of each segamented 
regions of object can be calculated. Fig. 1 is the process of the 
DECT-RD. The details of each step is described in the 
following subsections. 

 
Fig. 1.  Process of the DECT-RD. 

A. Obtaining Single CT Reconstruction and the Integral of 
Compton Coefficient and Photoelectric Coefficient A 
With one circular scan, a low energy complete projection 

data and a limited dual energy undersampled projection data 
are acquired together. We can use the low energy projection 
data to obtain a CT reconstruction to get the shape information 
of the scanned object. The integral value of Compton and 
photoelectic coefficients A which is short for 1A  and 2A , the 
first key elements of  setting up equations to solve the atomic 
number of the detective object, by looking up the full elements 
H-L curve table (as shown in Fig. 2). 

Dual Energy CT Reconstruction Method with 
Reduced Data 
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As shown in Fig. 2, an H-L curve table can be used to find 
out the integral value of Compton and photoelectic coefficients. 
In Fig. 2, the abscissa and ordinate respectively denote low and 
high energy projections and the integral value of Compton and 
photoelectic coefficients of different Z with different thickness 
are saved in the points of the table to which is H-L dual energy 
projection pair uniquely corresponding. Therefore, once we got 
the pair of undersampled high energy data and low energy data, 
the integrals of Compton and photoelectic coefficients which 
are denoted as 1A  and 2A  of the detective objects are obtained. 

 
Fig. 2.  The Full elements H-L curve table. 

B. Calculating Segmented and Marked Reconstruction 
Regions and the Length of passing through the Regions 
The second key elements of seting up equations to solve the 

atomic number of the detective object is the length of passing 
through the detective object. 

Firstly, we use the threshold segmentation method to put the 
single energy CT reconstruction into a new image with 
different regions by gray-value difference and marked them 
with different numbers. Then, through the knowledge of 
geometry, we can calculate the path length ( )jl i  of few-view 
dual energy ray i through region j. The process of the few-view 
dual energy rays passing through the marked regions is shown 
in Fig. 3: 

1(1)l

•

•
•

• ••

1(2)l 1( )l i

2 ( )l i

(2)jl
( )jl i

2 (2)l

 
Fig. 3.  The process of the limited dual energy rays passing through the marked 
regions. 

C. Using Dual Energy Pre-Reconstruction Dual Effect 
Decomposition Method to Set Up Equations 
Based on the two important elements, A, the integral value of 

compton and photoelectic coefficients, ( )jl i , the path length of 
dual energy undersampling ray i through region j and the dual 
energy pre-reconstruction dual effect decomposition method, 
we set up the equation (1). 

A a l= ⋅∑                                    (1) 

where a  is a short for 1a  and 2a  representing the photoelectic 

and Compton coefficients, respectively. Equation (1) can be 

expanded to equation (2) and equation (3): 

( ) ( ) ( )
( )

( ) ( )

( )
( )

( )

1,11 2 1

1,21 1

1,1 1

1 1 . . 1 1
2 . . 2

.. . . .

.. . . .
. . .

j

jj

al l l A
al A

al i l i A i

⎡ ⎤ ⎡ ⎤⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥ =
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

         (2) 

( ) ( ) ( )
( )

( ) ( )

( )
( )

( )

2,11 2 2

2,21 2

2,1 2

1 1 . . 1 1
2 . . 2

.. . . .

.. . . .
. . .

j

jj

al l l A
al A

al i l i A i

⎡ ⎤ ⎡ ⎤⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥ =
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

        (3) 

where 1, ja  and 2, ja  denotes the photoelectic and Compton 

coefficients of region j and 1( )A i  and 2 ( )A i  respectively 

represents the integrals of photoelectic and Compton 

coefficients of the ith ray with both its high energy and low 

energy projection data collected. 

D. Solving Equations to Obtain Atomic Number 
A few ray equations with low relativity have been selected to 

solve the equation (2) and equation (3) for getting the 1a  and 

2a . These rays equations selected are maily based on ( )jl i , the 
path length of dual energy undersampling ray i through region j. 
Firstly, in order to get the equations with low relativity, we put 
all of these rays equations into different parts for different parts 
having different patterns which are defined that: the dual 
energy undersampling ray only through one region is pattern-1, 
only through two regions is pattern-2 and through j regions is 
pattern-j. And then, in every different part, we only choose one 
of them to stand for this part equations. With the same way, 
more equations in different directions can be obtained to set up 
a new equations. Finally, we choose the final-equations passing 
through the least regions from these new equations, that means, 
if the equations which is only passing through one region are 
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not enough to solve the j detective regions, we can add the 
equations which is passing through two regions as an additon 
untill finding the enough equations to solve all of the detective 
regions, and solve them to get the 1a  and 2a . Then, we can use 
the equation (4) 7, equation (5)7 and equation (6) to obtain the 
atomic number of detective object. 

1 ' ( 4)
A

na Z nρ
≈ ≈                                   (4) 

2 'A
a Zρ

≈                                               (5) 

13

2

a
Z

a
≈                                               (6) 

 
where ρ  represents density and 'A  represents atomic weight. 

In summary, the dual energy reconstruction method with 
reduced data is illustratied by the chart in Fig. 4. 
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Fig. 4.  The detail process of the DECT-RD. 

 

III. NUMERICAL EXPERIMENTS 
In this paper, the full layer detectors for high energy are 

replaced by a few high energy detectors. The illustration of a 
dual energy system, e.g., parallel beam scan, is as shown in Fig. 
5. Based on the steps of DECT-RD, firstly, we set up three 
phatoms, as shown in Fig. 6 (a), (b) and (c), respectively 
represents: an Al cube and a F cube are vertically mounted from 
up to down; four small Na, P, Al, Cl spheres are symmetrically 
mounted in a big F sphere; two P, two Mg and an Al of different 
irregular shapes mounted in a big F ellipse. Meanwhile, the 
number of the low energy full-resolution detectors is 256 and 
the number of second layer of high energy detectors mounted 
as shown in Fig. 6 (d), is 7 which is decided by dividing 
averagely 256 detector positions into 7 positions mounted at 32, 
64, 96, 128, 160, 192, 224 to cover the detective area as large as 
possible without two detectors at the end of edges 1 and 256. 

Parallel beam filtered backprojection8 (FBP) algorithm is used 
to acquire a single-energy CT image. 

Detective 
Object

X-ray 
Sourse

Low Energy Detector Layer
High Energy Detector Layer

Velocity Uniformity Translation

Angle Changed

 
Fig. 5.  A dual energy imaging system setup of parallel beam projection. 

 
(a) The phantom 1 used in the numerical experiments. 

 
(b) The phantom 2 used in the numerical experiments. 

 
(c) The phantom 3 used in the numerical experiments. 

 
(d) The location of H-L energy detectors. 

Fig. 6.  The phantoms used in the numerical experiments and the location of 
H-L energy detectors. 

By using FBP and threshold segmentation method, we get 
the single energy CT reconstruction in Fig. 7 (a) and segmented 
image in Fig. 7 (b) with phantom 1; Fig. 8 (a) and segmented 
image in Fig. 8 (b) with phantom 2; Fig. 9 (a) and segmented 
image in Fig. 9 (b) with phantom 3. 
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(a) Single Energy CT Reconstruction             (b) Segmentation 
Fig. 7.  The single energy CT reconstruction and segmentation results of 

phantom 1. 

          
(a) Single Energy CT Reconstruction             (b) Segmentation 
Fig. 8.  The single energy CT reconstruction and segmentation results of 

phantom 2. 

           
(a) Single Energy CT Reconstruction             (b) Segmentation 
Fig. 9.  The single energy CT reconstruction and segmentation result of 

phantom 3. 
Finally, by using equation (2)~(6), we obtain the 

reconstructions by the DECT-RD and compare with the 
phantoms in TABLE I, TABLE II and TABLE III. 

TABLE I 
COMPARISON OF PHANTOM 1 AND DUAL ENERGY ANDERSAMPLING 

RECONSTRUCTION 
ATOMIC NUMBER (Z) REGION 

NUMBER 
MATERIAL 

Phantom Reconstruction Relative Error 
1 Al 13 13.0722 0.5% 
2 F 9 9.0692 0.7% 

TABLE Ⅱ 
COMPARISON OF PHANTOM 2 AND DUAL ENERGY ANDERSAMPLING 

RECONSTRUCTION 
ATOMIC NUMBER (Z) REGION 

NUMBER 
MATERIAL 

Phantom Reconstruction Relative Error 
1 F 9 8.9416 0.6% 
2 Na 11 11.1898 1.7% 
3 P 15 15.0442 0.2% 
4 Al 13 13.0849 0.6% 
5 Cl 17 17.1833 1% 

TABLE Ⅲ 
COMPARISON OF PHANTOM 3 AND DUAL ENERGY ANDERSAMPLING 

RECONSTRUCTION 
ATOMIC NUMBER (Z) REGION 

NUMBER 
MATERIAL 

Phantom Reconstruction Relative Error 
1 F 9 8.9175 0.9% 
2 Al 13 13.1720 1.3% 
3 Mg 12 12.1046 0.8% 
4 P 15 15.1264 0.8% 

From the simulation results, we can see that using the 
DECT-RD proposed in this paper, excellent results can be 
acquired with relative error less than 2%. 
 

IV. CONCLUSION 
In this paper, we proposed a new dual energy reconstruction 

method with reduced data for low cost DECT. That is, based on 
the prior knowledge of single energy CT image, we can use 
much fewer detectors for the high energy to reduce the system 
cost and get good results at the same time. Numerical 
simulations show that, under the condition of using only 7 
detectors instead of 256 high energy layer detectors, the 
identification method can give us a good result with the relative 
error less than 2%. However, this process that has been 
described in this paper is a simple situation. More work will be 
done to improve and further validate this method, such as how 
to select the more reasonable equations and how to find the 
exact edge information to reach a higher reconstruction 
precision, and etc. 
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Effect of System Matrix Model and 
Reconstructed Image Pixel Size on Image 

Quality in OSEM Reconstruction 
Ming-kai Yun, Bao-ci Shan, Long Wei, Li Liu, and Shuang-quan Liu  

  
Abstract—The effect of different system matrix models using 

different reconstructed image pixel sizes on image quality in 
OSEM method were investigated. A GATE simulation phantom 
was used to model different uptake in humans. Contrast recovery 
(CR) and coefficient of variation (CV) were evaluated using the 
simulation data. The experimental data from Micro-PET (type: 
Eplus-166) was also used to test spacial resolution. The results 
indicate that the system matrix models and the reconstructed 
image pixel sizes have significant effect on the image quality. To 
some extent, the choice of the system matrix model is partially 
depended on the image pixel size in reconstruction task. 
 

Index Terms—image quality, image pixel size, OSEM 
reconstruction, System Matrix model  
 

I. INTRODUCTION 
OSEM method has been widely used in positron emission 

tomography (PET) since its potential improvement in image 
quality and subsequently in the detection ability of small 
lesions[1][2]. As one of the most important components in 
OSEM reconstruction, system matrix represents the probability 
of gamma photon reaching the crystal surface of LOR. Several 
effects can be contained in system matrix, such as geometrical 
sensitivity, positron range, non co-linearity of the photon pair, 
spatially variant detector response etc[3]. One approach to get a 
simple system matrix is using analytic calculations. Also the 
system matrix can be computed using Monte Carlo 
simulations[4], or it can be even directly measured by scanning a 
small point source in the entire FOV[5]. In this study we only 
concerned the simple system matrix which represents the 
geometrical sensitivity of an event detected by LOR. There are 
several models can be used to construct simple system matrix, 
such as “lattice and line” [6], solid angle[7], line integral[8], strip 
area [9] etc. Each model to what extent describes the detection 
process correlates to the reconstructed image pixel size. And 
the proper combination of system matrix model and image 
pixel size is the key point in the high resolution reconstruction 

task. The image quality using different system matrix models 
and different image pixel sizes was tested separately in the 
reconstruction. Contrast recovery (CR) and coefficient of 
variation (CV) were evaluated to provide a quantitative 
indicator of different cases.  
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II. METHODS AND MATERIALS 

A. System matrix model description 
System matrix P= { ),( jip } represents the relationship 

between the reconstructed image and the projection data. The 
element of this matrix represents the probability of an event in 
pixel i being detected by line of response (LOR) j. Many effects 
can be contained in this matrix. In this work we only focus on 
the geometrical sensitivity which is the basic component in 
system response and the dependence of the choice of the system 
matrix on the reconstructed image pixel size. The geometrical 
elements of a system matrix can be computed by using different 
models such as “lattice and line” model, solid angle, and strip 
area. In the “lattice and line” model, the image pixel and LOR 
are treated as ideal. The system matrix element is determined 
by linear interpolation according to the relative position 
between the pixel and the LOR. More complex geometrical 
sensitivity model uses the area of the intersection between the 
image pixel and LOR as the system matrix element. Another 
model is using solid angle of the two crystals of each LOR 
suspending to the image pixel. Using this method the 
depth-dependent sensitivity of each pixel at different positions 
in the LOR can be represented. 

B. Experiment and simulation data 
A home made Derenzo phantom filled with 18F-FDG was 

scanned by Micro-PET (type: Eplus-166) to measure the spatial 
resolution using different combinations of system matrix and 
image pixel size. The hot spot diameters of the miniature 
Derenzo phantom are 1.4, 1.6, 1.8, 2.0, 2.2, 2.4 mm. The center 
to center distance between spots is twice of the hot spot 
diameter. For the Eplus-166 scanner, the first delicate PET 
scanner for small animals designed by Institute of High Energy 
Physics, Chinese Academy of Sciences, 16 modules are 
arranged in equilateral polygon, providing 32 crystal rings with 
an axial length of 64 mm and 166 mm face to face distance of 
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opposite crystals. Each module has two blocks which consists 
of a 16×16 array of Cerium-doped Lutetium Yttrium 
Orthosilicate (LYSO) crystal elements coupled to a 
position-sensitive photomultiplier. Each crystal element has the 
size of 1.9mm×1.9mm×10 mm. Reflective materials are used to 
improve the light collection efficiency, and results in the crystal 
pitch of 2.0mm×2.0mm in both axial and transverse directions. 
Each crystal can be coincident with 127 crystals in opposition 
in each ring. The maximum ring difference of 31 is accepted. 
No angle mashes to preserve the spatial resolution. 

A thin column and cube were simulated (about 1.4×107 
coincidences) using GATE as well. The parameters of the 
scanner are the same as those of Eplus-166. The thin column 
has the size of 10mm in diameter and 2mm in height, filled with 
0.5mCi 18F solution. The center of this column is located at 
(10mm, 10mm, 0mm). The cube has the size of 
10mm×10mm×2mm, filled with 2mCi 18F solution. And its 
center is located at (-15mm, -5mm, 0mm). 

C. Reconstruction 
All the data were acquired in 3D mode with the maximum 

ring difference of 31. No scatter and attenuation corrections 
were implemented in both simulation and experiment. Random 
events were subtracted from prompt events through the delayed 
timing window technique. The negative values introduced by 
subtraction were set to zero. All the data were rebinned to 2D 
using Fourier rebinning method. The reconstructed image pixel 
sizes in this work were chosen as 1mm×1mm, 0.5mm×0.5mm, 
and    0.25mm×0.25mm. The image sizes were 128×128, 
256×256, and 512×512 accordingly. The subset number was 16, 
each subset had 16 angles of projection data and the iteration 
number was 5. The region of interested (ROI) was chosen with 
the size of 4mm×4mm for contrast and CV calculation. In this 
study the CV was defined as std(ROI)/mean(ROI). 

III. RESULT  
It lists the contrast of the cube source to the column source 

and CV in each source in table 1. The results show that strip 
area model gain higher uniformity especially in low activity 
source when bigger image pixel size is used. When the image 
pixel decreases, the superiority of strip area model becomes 
loosing. As the contrast recovery, the solid angle model 
behaves better with the decrease of the image pixel size. 

Fig. 1 and Fig. 2 show the results of reconstruction of the 
home made Derenzo phantom using different system matrix 
models and different image pixel sizes. The images were 
converted and normalized for display. In Figure 1, the rod with 
the diameter of 1.6mm can be seen clearly when the image 
pixel size is 0.25mm×0.25mm which is one quarter of the 
average sampling near the center of the field of view (FOV).  
When the image pixel size increases to the size of 
0.5mm×0.5mm the details of image are corrupted. It should be 
mentioned that nearly the same spacial resolution is achieved 
using different models except the artifacts distribution. It seems 
that the artifacts in the reconstructed image using solid angle 
concentrated to the center of the FOV. In the contrast the 

artifacts spread around the hot rods when the other two models 
are used. 
Table.1 reconstruction results using different geometrical models and different 
image pixel sizes 

 strip area lattice and line solid angle 

512×512 CR：3.11 
CVcube：0.14 
CVcolumn：0.31 

CR：3.11 
CVcube：0.14 

colmCV ：0.27 

CR：3.13 
CVcube：0.18 

colmCV ：0.34 

256×256 CR：3.12 
CVcube：0.12 
CVcolumn：0.27 

CR：3.09 
CVcube：0.14 
CVcolumn：0.29 

CR：3.13 
CVcube：0.18 
CVcolumn：0.34 

128×128 CR：3.12 
CVcube：0.10 
CVcolumn：0.18 

CR：3.14 
CVcube：0.11 
CVcolumn：0.28 

CR：3.17 
CVcube：0.13 
CVcolumn：0.33 

model
size

   
Fig. 1 Reconstruction of Derenzo phantom with the image size of 512×512, 
using strip area, lattice and line, and solid angle, 5 iterations with 16 subsets 

   
Fig. 2 Reconstruction of Derenzo phantom with the image size of 256×256, 
using strip area, lattice and line, and solid angle, 5 iterations with 16 subsets 

 

IV. DISCUSSION AND CONCLUSION  
The image qualities of OSEM reconstruction method using 

different system matrix models and different image pixel sizes 
have been evaluated through simulation and experiment data. 
The results show that the system matrix model and image pixel 
size have significant effects on the contrast recovery and 
coefficient of variation. The choice of system matrix model and 
reconstructed image pixel size is task dependent. If high 
resolution needed, the image pixel size should be small enough 
but not necessary 4 times smaller than the average sampling of 
the scanner. The strip area model which is more complex in 
implementation does not exhibit superiority than the other two 
easily computing models. It seems not necessary to calculate 
the area of intersection between the image pixel and LOR since 
the image pixel size is small enough compared with the width 
of LOR in this case. And solid angle model would be 
appropriate if the accurate contrast recovery is preferred. 
Subsequently with the decrease of image pixel size the image 
pixel number will increase with the same FOV. The storage of 
the system matrix and time consuming of reconstruction will 
increase as well. With the increasing of the image pixel size, it 
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is common that one pixel spans two adjoining LORs. The strip 
area model would be better because the fragment effect can be 
contained in this model. And the pixel is too large to be treated 
as a dot then. 
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Abstract— 

 
 

Index Terms—Partial volume correction, SPECT 
 

I. INTRODUCTION 

The ability to correctly quantify single photon emission 
computed tomography (SPECT) activity concentrations in 
small structures is limited by the spatial resolution of the 
imaging system. The limited resolution results in blurring of 
data between adjacent structures, which is known as partial 
volume effects (PVE). Quantification of brain studies in 
particular will be degraded due to the presence of different 
components such as gray matter (GM), white matter (WM) and 
cerebrospinal fluid (CSF). It is possible to compensate for these 
effects by utilizing high resolution structural information from 
other imaging modalities such as CT or MRI.  

The purpose of partial volume correction (PVC) in PET and 
SPECT is two-fold: 1) provide quantitatively accurate values of 
tracer binding in individual studies; and 2) eliminate variations 
in PVE across subjects. A number of PVC methods have been 
developed in the past utilizing anatomical information, which 
are either voxel-based [1]-[4] or volume-of-interest (VOI) based 
[4]-[6]. PVC methods that do not depend on anatomical data 
have also been developed, although these can also be classified 
as resolution-recovery methods (see e.g. [7]). These methods 
were developed mainly for PET, but have also been applied in 
SPECT [8]-[9]. The main difference between PET and SPECT 
in relation to PVE is the spatial variation of the point spread 
function (PSF). While in PET it is often assumed that the PSF is 
symmetric and spatially invariant, in SPECT this is not 
generally a good approximation, since the resolution varies 
with the distance from the gamma-camera. This variation can 
be taken into account with an analytical restoration filter 
[10]-[11], or by using an iterative reconstruction technique that 
includes resolution-recovery (RR) (see e.g. [12]-[13]). Iterative 
reconstruction algorithms have also been developed 
incorporating anatomical information [14]-[16].  

We have developed a new PVC method that takes into 
account the distance dependent blurring in SPECT. The 
method operates in projection space and works in combination 

 
The authors are with The Institute of Nuclear Medicine, University College 

London, UK. 

with filtered back-projection (FBP) reconstruction, and is 
therefore faster than standard iterative algorithms. We have 
evaluated this new method, PVCp, using simulated SPECT data 
corresponding to a simple geometrical phantom as well as an 
anthropomorphic brain phantom. The results were compared 
with OSEM reconstruction [17] with resolution recovery.  

II.  METHODS 

A. The PVCp method 

The basis for the PVCp method is the availability of a 
structural image (CT or MRI) that is co-registered with the 
SPECT data. The structural image is segmented into regions 
corresponding to different anatomical structures. The number 
and size of the regions used depend on each application. For the 
purpose of the correction, it is assumed that each region 
contains a uniform activity distribution. The PVCp algorithm 
can be described as follows:  
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where p0 the measured projection data, In  is an image estimate, 
and Jn is a pseudo-image consisting of piece-wise constant 
regions. Also, R{·} represents FBP reconstruction, A{·} the 
operation of averaging an image over a set of pre-defined 
anatomical regions, generating a piece-wise constant image, 
F{·} represents simple forward-projection, and FAR{·} 
forward-projection with non-uniform attenuation and 
distance-dependent resolution. 

PVCp is an iterative algorithm, which converges after just a 
few (3-4) iterations. (Meaning that a relatively small change in 
image values was observed empirically.) In each iteration, a 
multiplicative correction is applied to the original projection 
data, compensating for the effects of resolution-blurring as well 
as attenuation, based on a simplified image. This image consist 
of piece-wise continuous regions with values that are updated in 
each iteration. New image estimates are obtained by FBP 
reconstruction. The algorithm is initialized with a uniform 
image, I0.  

The correction factors in (1) are similar to those used in [4], 
although in that case the correction is applied in the object 
domain, while in our method the correction is applied in the 
projection domain in order to take into account the distance 
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dependent PSF. The algorithm is similar to the iterative 
refinement approach [18], and is based on iterative FBP, which 
has long been used for attenuation correction [19].  

For comparative purposes, FBP reconstructions were also 
performed without PVCp. In this case attenuation correction 
(AC) was applied using a procedure similar to (1) but without 
including resolution modeling in the forward projection. In 
OSEM, attenuation was included in the system matrix.  

B. Simulations 

The PVCp method was evaluated with simulated SPECT data 
including the effects of distance-dependent resolution blurring 
in 3D and non-uniform attenuation, but not Compton scattering 
(assuming this can be accurately corrected for). Two different 
digital phantoms were used (see below), and projection data 
were generated using a layer-by-layer blurring technique [20]. 
In this algorithm, a 3D distance-dependent PSF is modelled 
using an incremental blurring procedure, in which a series a 
planes parallel to the detector, starting furthest away, are 
convolved with a small kernel and added to the next plane.  

The assumed geometry was that of a dual-headed rotating 
gamma-camera SPECT system, equipped with parallel-hole 
low-energy-high-resolution (LEHR) collimators. The radius of 
rotation was 150 mm (corresponding to a typical brain scan), 
the number of projection angles 120 and the pixel size 2 by 2 
mm. Poisson noise was added according to assumed activity 
concentration and scanning time. 

C. Elliptical phantom 

The first phantom consisted of an ellipsoid with half-axis 
dimensions of 80, 100 and 60 mm in the x-, y- and z-directions, 
respectively. It contained 6 hot spheres with 8 mm radius, 
placed centrally in axial direction and at different distances 
radially from the centre of the phantom: 10, 25, 40, 55, 70 and 
85 mm, respectively. The activity concentration in the spheres 
was 4 time that of the background. The total activity in the 
phantom was 100 MBq and the total scanning time 60 min. 
Projection data were generated assuming uniform attenuation 
within the phantom. Six noise realizations were performed and 
the data were reconstructed with FBP without resolution 
compensation as well as with 1-5 iterations of PVCp. Eight 
regions were used for PVC: the outside-of-the-phantom region, 
the phantom background and the 6 spheres. Reconstruction was 
also done with 1-24 iterations of OSEM (10 sub-sets) with 
resolution recovery (OSEM-RR) for comparison. Mean and 
standard deviation (SD) images were generated across the 6 
noise realizations.  

The data were analyzed by looking at the recovery value for 
each sphere, calculated as the mean value within the sphere 
divided by the mean background value, normalized to the true 
ratio (4). Mean values and SD were then calculated across the 6 
spheres. The mean recovery value were plotted versus the mean 
background coefficient-of-variation (COV=SD/mean) at each 
iteration. We also looked at the max-values in the spheres, 
processed in a similar manner. 

D. Brain phantom 

We also simulated SPECT data using an anthropomorphic 
brain phantom [21] with an activity distribution corresponding 
to a dopamine receptor or transporter scan. The relative activity 
concentration in CSF, WM, GM and striatum (caudate and 
putamens) was: 0, 1, 4 and 16, respectively. This corresponds to 
a striatal binding potential (BP) of 3. The total activity in the 
brain was 37 MBq and the total scanning time 40 min. 
Projection data were generated with non-uniform attenuation. 
The data were reconstructed with FBP without resolution 
compensation as well as with 3 iterations of PVCp. Eight 
regions were used for PVC: the outside region, CSF, WM, GM 
and left and right caudate and putamen. Reconstruction was 
also done with 12 iterations of OSEM-RR (10 sub-sets) for 
comparison. The images were analyzed by calculating striatal 
BP relative to GM (BP=striatum/GM-1) as well as by visual 
inspection. 

III.  RESULTS 

A. Elliptical phantom 

Figure 1 shows images of the elliptical phantom 
reconstructed with FBP with and without PVCp and with 
OSEM-RR as well as the original phantom. It can be seen that 
PVCp improves the contrast in the spheres as compared to FBP 
without PVC. There is also less variability between the spheres. 
The OSEM-RR image shows high contrast and low background 
variability, however the spheres appear too small compared to 
the original. In figure 2 it can be seen that the noise 
distributions for PVCp+FBP is relatively uniform over the 
field-of-view (FOV), while that for OSEM-RR mimics the 
activity distribution.  

The mean sphere recovery vs. background COV is shown in 
figure 3. This graph shows that the PVCp+FBP data converge 
towards a point close to the OSEM-RR curve, so that similar 
quantitative values can be obtained with the two algorithms at 
the same noise level. The PVCp+FBP curve is practically 
vertical – the contract increases in each iteration without ant 
increase in noise. This is because the pseudo-images, Jn in (1), 
used in the calculation of the correction factors, are noise-free. 
The max-recovery values are plotted in figure 4. While 
OSEM-RR overshoots the true max-value, PVCp+FBP 
converges to a value just above the true one.  

B. Brain phantom 

Reconstructed images from the brain phantom simulation are 
shown in figure 5. In the PVCp+FBP image the striatal 
structures are more well-defined and have higher contrast as 
compared to FBP alone. Compared to OSEM-RR, the shape of 
the striatum is closer to the true shape with PVCp+FBP. The 
calculated striatal BP-values were 1.94, 2.67 and 2.45 for FBP, 
PVCp+FBP and OSEM-RR, respectively, the true value being 3. 
These results show that PVCp+FBP can produce good results 
even with complex-shaped objects. 
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IV.  DISCUSSION 

We have presented a novel PVC method for SPECT which 
utilizes anatomical information, takes into account the distance 
dependent resolution in 3D, operates in projection space and 
can be combined with FBP reconstruction. As other PVC 
methods based on anatomical information, the accuracy of this 
method can be affected by errors in a series of data processing 
steps, such as image realignment, segmentation and 
parcelation. The sensitivity to this type of errors has been 
investigated by other groups for various PVC methods [8], 
[22]-[24], and we would expect the effects to be similar for 
PVCp. Methods for resolution recovery that do not utilize 
anatomical data are obviously not susceptible to this type of 
errors. We therefore chose to compare PVCp+FBP with 
OSEM-RR, with the aim of clarifying the advantages and 
disadvantages with each approach.  

Our simulation results show that our new PVCp algorithm 
can take advantage of additional structural information to 
improve SPECT images both qualitatively and quantitatively. 
Compared to OSEM-RR, it resulted in similar recovery vs. 
noise values in the elliptical phantom. However, while 
OSEM-RR showed a tendency to over-estimate the image 
values at the centre of the spheres, PVCp+FBP gave more 
accurate results. This, of course is due to the additional data 
utilized in PVCp, which was not available with OSEM-RR. The 
improved structural definition was also obvious in the brain 
phantom experiment, where also a more accurate BP value was 
obtained (although the OSEM-RR values may have improved 
with more iterations). Anatomical data can also be incorporated 
in conventional iterative reconstruction algorithms (as 
mentioned above), which could lead to similar improvements. 
However, the advantage with our approach is the speed: 
PVCp+FBP is an order of magnitude faster than OSEM-RR, 
which is particularly advantageous for processing dynamic 
(4D) data-sets. Furthermore PVCp does not increase the image 
noise as compared to FBP without PVC. This is evident from 
the vertical trend of the iteration sequence in the resolution vs. 
noise graph (figure 3).  

Our PVC method is based on the assumption of uniform 
distribution within a number of regions. This does not mean 
that the final outcome is a piecewise constant image – it does 
mean that the correction for resolution blurring is performed 
across different regions but not within each region. In the 
simulation experiments presented here, we assumed a uniform 
activity distribution in each region, which is obviously a 
simplification as compared to a realistic situation. In the future 
we plan to investigate the effect of non-uniform distributions on 
the accuracy of the algorithm. 

V. CONCLUSIONS 

Our new PVC method constitutes a fast and accurate method 
for improving SPECT images based on additional structural 
information. 
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Fig. 1.  Central slice through the elliptical phantom (top left), and images 
reconstructed with FBP (top right), PVCp+FBP, 3 iterations (bottom left) and 
OSEM-RR, 12/10 iterations/sub-sets (bottom right). 
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Fig. 5.  A slice through the brain phantom (top left), and images reconstructed 
with FBP (top right), PVCp+FBP, 3 iterations (bottom left) and OSEM-RR, 
12/10 iterations/sub-sets (bottom right). 
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Fig. 4.  The max-value to mean-background ratio in the spheres divided by the 
true ratio as a function of mean background noise (COV) for OSEM-RR (red 
empty diamonds) and FBP with PVCp (filled blue circles). Each point represents 
the mean value of the six spheres after a number of iterations, and the error bars 
represents the SD across the spheres. 
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Fig. 3.  The mean-value to background ratio in the spheres divided by the true 
ratio as a function of mean background noise (COV) for OSEM-RR (red empty 
diamonds) and FBP with PVCp (filled blue circles). Each point represents the 
mean value of the six spheres after a number of iterations, and the error bars 
represents the SD across the spheres. 

 
 
Fig. 2.  Noise distribution (SD) in images reconstructed with PVCp+FBP, 3 
iterations (left) and OSEM-RR, 12/10 iterations/sub-sets (right). 
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Abstract—Application of focusing pinhole geometries can result 

in improved resolution and reduced noise in small-animal SPECT 
studies. Attenuation of photon flux between object voxels and 
pinholes affects quantitative accuracy of reconstructed images. 
Although photon attenuation plays a much smaller role in 
small-animal SPECT than in clinical SPECT, correction for 
attenuation together with correction for scatter and 
distance-dependent sensitivity of pinhole collimators is desirable 
when high quantitative accuracy is required. Previously we 
proposed a 3D iterative correction method that deals with the 
pinhole sensitivity and scatter. Here we propose and validate a 
first-order method for attenuation correction in focusing pinhole 
SPECT, which is combined with 3D iterative reconstruction. The 
method has the advantage that no new system matrix has to be 
calculated for each scan. Instead of using X-ray CT data, optical 
photos made by webcams integrated in the SPECT system are 
used to estimate the body contour. Phantom and animal 
experiments were performed with U-SPECT-II (MILabs, The 
Netherlands), which by default provides three webcam images of 
the animal for each SPECT scan. Phantom experiments 
demonstrated that an average quantification error of –18.7% was 
reduced to –1.7% when window-based scatter correction and 
uniform attenuation correction were applied after 3D image 
reconstruction. Without scatter and attenuation correction, 
quantification errors in a sacrificed rat containing sources ranged 
from –23.6% to –9.3%. These were reduced to values between 
–5.2% and 4.8% after applying scatter and attenuation correction. 
We conclude that our modified Chang-based attenuation 
correction combined with window scatter correction is adequate 
for obtaining SPECT images with excellent quantitative accuracy. 
 

Index Terms—Attenuation correction, Fully 3D iterative 
SPECT reconstruction, Quantification, Scatter correction, 
Small-animal imaging 
 

I. INTRODUCTION 
Small rodents are widely used in biomedical research, e.g. 

translational studies of human diseases, biochemistry studies at 
the cellular level, or studies directly involved with animal 
diseases. In these studies SPECT plays an increasingly 
important role. Unlike in postmortem tissue distribution studies, 
far fewer animals need to be sacrificed in SPECT studies, 
because SPECT makes it possible to perform dynamic and 
longitudinal studies in the same animals.  

There are several differences between clinical and 
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small-animal SPECT. The small size of mice and rats leads to a 
demand of millimeter- or even submillimeter-resolution SPECT 
scanners, while clinical SPECT systems normally have spatial 
resolutions of about a centimeter. Several dedicated 
small-animal SPECT systems have been proposed. Most of 
them, (e.g. [1]–[6]), employ pinhole collimation instead of 
parallel-hole collimation used clinically, taking advantage of 
the magnification of pinholes to increase the final resolution [7]. 

Small-animal SPECT images are typically much less 
degraded by attenuation than clinical SPECT images because of 
smaller body dimensions, but the degradation is not negligible: 
in the center of a rat-sized cylinder of water, the photon 
attenuation can reduce the measured concentration of activity 
up to 50% when imaging with I-125, and up to 25% when 
imaging with Tc-99m [8]. Thanks to intensive research on 
attenuation correction, scatter correction, and integrated 
SPECT-CT, quantitative clinical SPECT is now commercially 
widely available [9]. There are few publications about 
quantitative small-animal SPECT however. Recently, Vanhove 
et al. [10] found an average error of –7.9±10.4% between 
scatter and attenuation corrected mouse pinhole SPECT and 
activity measured in the dose calibrator. Here micro-CT 
imaging was used for producing attenuation maps, which 
increases the dose to the animals. Furthermore, attenuation 
correction was performed within iterative reconstruction, 
requiring mouse-dependent system matrices. 

Due to the small animal dimensions, first-order attenuation 
correction methods, such as the Chang algorithm [11], which 
mostly lead to significant over- and under-correction problems 
in clinical images, may be sufficient in small-animal SPECT. If 
the over- and under-correction problems of the Chang 
algorithm can be ignored, one may benefit from the method’s 
simplicity (no new system matrix is needed for each animal) 
and high computation speed. This paper presents a Chang 
method for multi-pinhole SPECT and validates the absolute 
quantitative accuracy of this method. 

 

II. MATERIALS & METHODS 

A. U-SPECT-II: a Focusing Pinhole Small-Animal SPECT 
System 
U-SPECT-II [6] is a stationary focusing multi-pinhole 

SPECT system for small-animals. Exchangeable cylindrical 
collimators containing 75 pinholes can be mounted in the center 
of three NaI gamma-cameras placed in a triangle. Optical 
photos are acquired by three webcams for volume-of-interest 
(VOI) selection before SPECT acquisition. With an XYZ stage, 
an object such as a mouse or a rat can be moved inside the 

Absolute Quantitative Focusing Pinhole SPECT 
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collimator during imaging. 

The system can reach sub-half mm resolution. With the 
scanner hardware and acquisition software, the information, 
including scintillation time, position, and photon energy, is 
recorded in list-mode. This offers great flexibility for image 
reconstruction, such as implementing decay and scatter 
correction. 

B. Image Reconstruction 
For each collimator the system matrix is derived from a large 

number of point-spread-function measurements and stored on 
disk [12]. Fully 3D ordered subset expectation maximization 
(OS-EM) [13] is employed for reconstruction. A scanning focus 
method (SFM) is performed that involves a dedicated 
acquisition and reconstruction [14], in order to enable imaging 
objects bigger than the central-field-of-view (CFOV): with 
SFM, the animal-bed is stepped in the axial and transaxial 
directions during acquisition so that the pinholes can collect 
gamma photons from different portions of the object. The 
system matrix M calculated for a single bed position is reused at 
each focus location to form a large virtual matrix with N 
sub-matrices M (with N the number of bed positions) which 
maps the entire object part that needs to be reconstructed on the 
relevant projections. Results produced by SFM are much better 
than the ones involving stitching separate reconstructions of 
sub-volumes obtained from different focus positions [14]. 

C. Calibration Factor 
We define the calibration factor to be the ratio of the activity 

concentration to the voxel value in reconstructed SPECT 
images. Since the various distance-dependent 
pinhole-sensitivities are already modeled in the system matrix 
and subsequently compensated in the reconstruction process 
[12], the calibration factor should be theoretically homogenous 
at the location of every voxel in the VOI if attenuation and 
scatter can be neglected. It means that the calibration factor is a 
global scaling factor, thus we can obtain its value by measuring 
and reconstructing a point source which is almost 
attenuation-free. 

We prepared a Tc-99m point source with a resin bead. The 
activity of the source was 69.0 MBq measured in a VIK-202 
dose calibrator, and the diameter was about 0.2 mm. The 
calibration scan lasted for 200 minutes, and then a volume of 
10×10×10 mm3 containing the point source in the center was 
reconstructed by running six OS-EM iterations with 16 subsets. 
Decay effect was compensated during the reconstruction. Then 
the calibration factor, CF, was given by 

VR
ACF

×
=

∑
, (1) 

where A is the activity of the point source measured in the dose 
calibrator, ∑R is the summation of voxel values all over the 
volume, and V is the voxel size of the reconstruction. If A has a 
unit of MBq, V is expressed in milliliters, and voxel value R is 
considered to be dimensionless, then the CF has a unit of 

MBq/ml. 
For scatter- and attenuation-free acquisitions and 

reconstructions, after scaling by the CF, the voxel values of the 
reconstructed volumes represent directly the activity 
concentration in those voxels’ local regions. However, in 
practice, scatter correction and attenuation correction should be 
carried out apart from the global scaling of voxel values. 

D. Scatter Correction 
In the U-SPECT-II system, the scatter correction is integrated 

in the reconstruction step. We employed the 
triple-energy-window (TEW) technique [15] in both phantom 
and animal experiments for this paper. A photopeak window 
(140 keV, 20% width) was used in order to reject most 
Compton scattered photons. Two background windows (117 
keV, 10% width, and 163 keV, 7% width, respectively) were set 
adjacent to the photopeak for estimating the number of scattered 
photons of which the energies ranged inside the photopeak 
window. The contributions of these photons in projections were 
then taken into account during reconstruction in order to 
suppress the noise and artifacts they produced. 

This scheme was also performed during the reconstruction of 
the point source used for obtaining the calibration factor. 
Though the probability of scattering inside the bead is quite 
small, the amount of scattering by the imaging system, 
especially by the collimator, may not be negligible. 

E. Attenuation Correction 
The consequence of attenuation is a reduction in the number 

of gamma photons which can arrive directly at the detectors, 
caused by photon scattering and absorption. The amount of 
attenuation depends on both the medium properties and the 
travelling distance of gamma photons in the medium. The 
transmitted fraction (TF) is therefore represented as a function 
of the two:  

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−= ∫

L
L dllTF  exp μ , (2) 

where L denotes the travelling path of a gamma photon inside 
the attenuation medium, and μ is the attenuation coefficient. 
The number of counts detected in that path is then reduced to 

N = N0 TFL , (3) 

where N0 represents the number of counts detected without 
attenuation. 

Chang provided an approximation here: the TF of a voxel 
over all possible projection paths is the average of all TFLs, or 
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where M is the total number of projections taken in acquisition 
[11]. In small-animal SPECT, a small M could be sufficient due 
to the small amount of attenuation. To find a proper M, we 
calculated the TFs with different M on a single slice with an 
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attenuation coefficient of 0.151 cm–1 inside an area of a 5-cm 
diameter circle. Then we inspected the TFs of the voxels on the 
circumference. The results are listed in Table I. 

We found that with the growth of M the averages and SDs of 
TFs on the circumference stayed nearly unchanged from 32 
projection directions. Therefore, M = 32 can be considered as 
sufficient for a rat-sized object, and was used in our validation 
experiments. 

An attenuation map was needed to determine the attenuation 
coefficient μ in different locations of the image volume. In order 
to simplify the process, we considered the μ to be homogeneous 
(and = 0.151 cm–1 which is the value for water) inside the 
regions of the objects scanned. So we actually employed 
uniform attenuation corrections in our studies. In this scheme, 
only the contour information of the objects was required. We 
firstly defined top-view and side-view 2D contours by using the 
optical photos taken for the purpose of VOI selection, and then 
made elliptical contours slice by slice with major and minor 
axes measured on the horizontal and vertical 2D contours, 
respectively. This process is described visually by Fig. 1.  

F. Phantom Experiment 
To validate the accuracy of absolute quantification in 

U-SPECT-II imaging, a simple cylindrical phantom was 
scanned. The phantom was a bottle (45 mm diameter and ≥40 
mm height at its cylindrical part) that was filled with Tc-99m 
solution with activity concentration equal to 2.88 MBq/ml. The 
activity was measured by using the VIK-202 dose calibrator. 

At 100 minutes after that measurement, a two-hour (54 
stage-steps) scan was performed with U-SPECT-II. The image 
was reconstructed by using six OS-EM iterations with 16 
subsets, a 0.375-mm voxel size, and with decay and scatter 
correction integrated. 

G. Animal Experiment 
A cadaver of a 250 g female Wistar rat was used to simulate 

in-vivo studies. Twelve Tc-99m sphere-like sources were made 
from tips of microcentrifuge tubes (container), cotton balls 
(solution absorber), Tc-99m solution (radioactive source), and 
Parafilm (seal). Their diameters were around 5 mm and 
activities ranged from 7.29 to 9.87 MBq, measured in the same 
dose calibrator employed in the phantom experiment. These 
sources were inserted into the rat (mouth, neck, shoulder×2, 
lung×2, liver, right kidney, intestine, bladder, and back×2) by 
surgery. At one hour after the calibration of the sources, six 
50-min (117 stage-steps in each) total-body SPECT scans were 

made sequentially. Images were reconstructed by using six 
OS-EM iterations combining with 16 subsets, and a 0.375-mm 
voxel size. Decay and scatter correction were integrated into the 
reconstruction. 

 

III. RESULTS 

A. Phantom Experiment 
Fig. 2 shows reconstructed slices of the bottle phantom to 

illustrate the effect of the attenuation correction. The 
summation of 10 transverse slices (decay corrected) without 
attenuation correction (Fig. 2a, b) is much darker than with 
attenuation correction (Fig. 2c, d), especially in the center. This 
can be observed more clearly on the line profiles through the 
diameters of the phantom along the X direction (Fig. 2e). The 
activity concentration measured in the dose calibrator as a gold 
standard is indicated by a horizontal line at 2.88 MBq/ml.  

Without corrections, the difference between the activity 
concentrations calculated on the reconstructed SPECT images 
and measured in the dose calibrator was significantly 
underestimated by –0.54 MBq/ml, or –18.7% of the measured 
one. With scatter correction only, the difference worsened to 
–0.77 MBq/ml (–26.8%). Applying only attenuation correction 
led to an overestimation by 0.26 MBq/ml (9.2%). Applying 
attenuation correction in combination with scatter correction 
resulted in a small underestimation of –0.05 MBq/ml (–1.7%). 
These numbers were calculated on the voxels in a cylindrical 
volume with a diameter of 42 mm which was slightly smaller 
than the phantom size in order to avoid the influence of partial 
volume effect.  

B. Animal Experiment 
Since the sources inserted into the rat were isolated well, it is 

possible to segment sub-volumes for individual sources on the 
reconstructed SPECT images. The activity of each source was 
calculated by adding all the voxel values in the sub-volume 
containing that source and then multiplying the resulting sum, 
the CF, and the voxel size together. 

Fig. 3 shows the decay-corrected average activities of the 

TABLE I 
AVERAGES AND STANDARD DEVIATIONS OF TFS ON THE CIRCUMFERENCE 

M Average of TF SD of TF 
4 1.231 0.0260 
8 1.231 0.0060 
16 1.231 0.0040 
32 1.230 0.0030 
64 1.230 0.0030 

128 1.230 0.0030 
256 1.230 0.0030 
512 1.230 0.0030 

a          b           c 
Fig. 1.  Generate a 3D contour. (a) Two optical photos. (b) Segmentation on 
2D images. (c) A mesh plot of the 3D contour based on a stack of ellipses. 

p q q
p
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sources calculated on the six reconstructed SPECT images 
without and with scatter and attenuation correction, as well as 
the activities measured in the dose calibrator. The relative 
quantification errors on the uncorrected images ranged from 
–23.6% to –9.3%. With scatter and attenuation correction, these 
relative errors ranged from –5.2% to 4.8%, with an average 
magnitude of 2.3% over all the twelve sources. 

 

IV. CONCLUSION 
We conclude that the effects of attenuation are small in 

rat-sized objects, but not negligible. A uniform attenuation 
correction method derived from the Chang algorithm, in 
combination with scatter correction, is sufficient for accurate 
absolute quantification in pinhole SPECT imaging. The 
information of 3D contours for generating the attenuation maps 
could for example be obtained from optical photos instead of 
from X-ray CT images. This gives opportunities for reducing 
the dose on the animals.  
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Fig. 2.  Averages of 10 transverse SPECT slices of the bottle phantom. The 
gray scales of (a)-(d) are the same, from black (0 Mbq/ml) to white (3.5
MBq/ml). (a) Without corrections (NC). (b) With scatter correction (SC). (c) 
With attenuation correction (AC). (d) With scatter and attenuation correction
(SC+AC). (e) Line profiles through the center of the phantom. 
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Calibration of a Multi-Pinhole SPECT System 

without Pre-Knowledge of Point-Source Markers’ 3D 

Coordinates 

Bing Feng, Member, IEEE 

    Abstract– This work presents an iterative calibration method for 

a multi-pinhole SPECT system, which requires no pre-knowledge 

of 3D coordinates of the point source calibration markers. The 3D 

coordinates of markers, together with the geometric parameters of 

pinholes, are treated as independent variables and could be 

determined through an iterative minimization process. Combined 

with the inner loop of minimization using the downhill simplex 

method, the outer loop keeps the lowest point from the last 

iteration, and randomly sets the starting values of rest vertexes for 

the current iteration. This guarantees monotonically decreasing of 

the cost function, which is the residual error, defined as the 

average distance between the predicted and measured 2D dots on 

detector. Calibration ends when a pre-set threshold on the residual 

error is met or the pre-set number of iterations is achieved. 

Experiments with a five-pinhole system show good calibration 

results. The residual error from 1000 iterations was less than one 

half of detector pixel.  The whole calibration process takes about 15 

minutes on an Intel PC with 1.66 GHz CPU.  

I. INTRODUCTION 

ULTI-PINHOLE SPECT can provide sub-millimeter 

spatial resolution, and has become well-established in 

preclinical studies [1-5]. To achieve such high resolution, a 

multi-pinhole SPECT system requires accurate calibration of 

its geometric parameters. Among the geometric parameters 

that may need calibrating are the focal length, radius-of-

rotation, pinhole locations, pinhole plate transaxial and axial 

offset (or mechanical offset), detector center-of-rotation offset 

(or electrical shift), and twisting and tilting of the plate, etc. In 

practice simplifications can often be made to reduce the 

number of calibration parameters, based on the knowledge on 

a specific system. Bequé [6] has shown most of these 

parameters can be determined with imaging three point-

sources with known distances. The usual calibration approach 

includes acquiring the projection data of point-source 

calibration markers, finding the locations of the 2D dots on the 

projection data, and estimating the geometric parameters by 

fitting the forward-projected dot-locations to the measured 

dot-locations [6-10], or by some analytic methods [11, 12]. 

These methods generally requires   fairly good knowledge on 

the 3D coordinates of the point-source markers, to identify 

most of dots on the projection data in terms of what point-

source through what pinhole, and to pair up measured dots 

with dots by forward projection. This sorting procedure is 

called “dots assignment”.  If there are large errors in the 3D 
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locations of point-sources, the dots assignment may fail for 

most dots, and the calibration may fail as well. 

  We developed an iterative calibration method which requires 

no knowledge on the 3D locations of the calibration markers. 

Instead, the 3D coordinates of these markers will be 

determined through the iterative minimization process, 

together with the geometric pinhole parameters that need 

calibrating. By iteratively running downhill simplex method 

[13], while keeping the lowest vertex from last iteration and 

randomly resetting the starting values for the rest vertexes at 

each iteration, our method guarantees monotonically 

decreasing of the cost function – the residual error, which is 

defined as the average distance between the projected and 

measured 2D locations of markers on the detector.  As a 

feature of our method, dots assignment is performed whenever 

the cost function is calculated. As the minimization process is 

converging, the predicted and measured dots will finally pair 

up correctly. 

II. METHODS 

For a multi-pinhole system with one detector, the geometric 

parameters that may need calibrating can be expressed as a 

multi-dimension vector: 

,...),,,,,,( ψφuii edf mpG = ,      (1) 

Where if  is the focal length and ip  is 2D (x, z) location of 

i
th
 pinhole on the local pinhole plate coordinate, with i=1 

to pN , and pN is the number of pinholes on the plate, 

d ,m , ue ,φ , and ψ  are the pinhole to center-of-rotation 

distance (or radius-of-rotation, ROR), mechanical offset, 

electrical shift, tilt and twist of pinhole plate, respectively. 

Most notations in this article follow Bequé’s work [6]. Note 

that we use symbols in bold font for vectors, and symbols in 

plain font for scalars.  Results below can be easily generalized 

to a system with multi-detectors.  

Forward projection of a point-source at 
jx through i

th
 

pinhole may result in a forward-projected dot on the detector, 

if the point-source is within the aperture angle of that pinhole. 

Without being explicitly written out, we denote its 2D 

coordinates by 

),(~)(~ jj

i

j

i

j

i FP xGuxu == ,      (2) 

M 
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Where ()iFP denotes the forward projection through i
th
 

pinhole, j=1 to sN , and sN  is the number of point-sources. 

Collectively, we obtain a total of tN forward-projected (or 

predicted) dots, with pst NNN ≤ , we denote these forward-

projected dots by
fp

ku , where k=1 to tN .  

 From the measured projection data, suppose a total of 

mN dots are auto-segmented [8], we can write their 2D 

coordinates as
m

lu , where l =1 to mN , sorted with a 

decreasing order in terms of dot brightness (
m

1u  is the 

brightest dot). Note that mN takes into account all camera 

angles. 

The agreement between the projected and measured 2D dots 

can be measured by the sum of the squared distances (SSD): 
2

1

ˆ
21 ),...,,,( ∑

=

−=
m

m

N

l

fp

l

m

l

N
SSD uuxxxG ,         (3) 

Where 
fp

l̂
u is defined as the forward-projected dot that is 

nearest to
m

lu , and 
2

ˆ
fp

l

m

l uu − is the squared distance 

between 
fp

l̂
u  and 

m

lu . Note that
fp

l̂
u is identified first for the 

brightest dot
m

1u , last for the dimmest
m

Nm
u . 

Now we can define a cost function as 

m

N

N
SSDRE m =),...,,,( 21

xxxG ,      (4) 

Where RE is the residual error, defined as the average 
distance between the predicted and measured 2D dots on 

detector. RE is expressed in a unit of detector pixel.  
The calibration is turned into a multi-dimensional 

minimization problem: 

)(minarg PP
P

RE
N

cal

ℜ∈

= ,             (5) 

Where ),...,,,( 21 mN
xxxGP ≡ , N is the dimension ofP , 

calP is the calibrated results for the pinhole geometry and 

point-source 3D coordinates. 

The downhill simplex method [13] is chosen to minimize 

the cost function. A simplex is a geometric figure that has N + 

1 vertexes in N-dimensional space. The downhill simplex 

method is based on a series of geometric operations that will 

bring the initial guess to a (local, at least) minimum. One 

advantage of the method is that it requires calculation of only 

function values, not derivatives.  One of its disadvantage is the 

process may stop at local minimum, or may fail to go anyway 

because the termination criteria is somehow falsely satisfied. 

More detailed descriptions on the downhill simplex method 

can be found in [13]. To overcome this problem and obtain 

globally converged solution, we iteratively run the downhill 

simplex method [13]. Combined with the inner loop of 

minimization using the downhill simplex method, the outer 

loop keeps the lowest point from the last iteration, and 

randomly sets the starting values of rest vertexes for the 

current iteration (Fig. 1). Calibration ends when a pre-set 

threshold on the cost function is met or the pre-set number of 

iterations is achieved.  

 

 
Fig. 1. The flow chart that describes the calibration process, which 

contains double loops. The outer loop keeps the lowest vertex from last 

iteration, re-initializes the rest vertexes to random values, and feeds them to 

the inner loop of minimization using downhill simplex method. 

 

 At the very beginning (iteration 0), we initialized the N +1 

vertexes with the default values plus random variations. The 

default values for the geometric pinhole parameters G  are the 

nominal values from the mechanical design, and the default 

values of point-source locations ),...,,( 21 mN
xxx  are all set 

to 0 for simplicity, which corresponds to the center-of-rotation 

point. For the n
th
 iteration, we inherit the lowest vertex from 

(n-1)
th
 iteration, and set the starting values of the rest vertexes 

to the default values plus random variations, as in the iteration 

0. This will make sure the new iteration will not do worse than 

the last iteration, and it will continue to randomly search the 

parameter space for the minimum. It is guaranteed that the cost 

function will monotonically decrease with the iteration 

number.  To finish the calibration, a threshold on the cost 

function is preset based on the accuracy of the imaging system, 

or in practice the number of iterations is preset based on the 

experience.  

In calculation of the cost functionRE , the measured dots 
are assigned to the nearest projected dots, in a natural order of 
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the brightest first. Since the initial guess on the 3D locations of 

the point-sources could be far away from their real locations, 

the dots assignment could be totally wrong (against the true 

correspondence between the dots) at first, but as the 

minimization process is converging, the measured dots will be 

correctly assigned to the corresponding projected dots, at least 

for most dots, since the assignment is performed in each 

evaluation of the cost function.   

III. EXPERIMENTS 

A cylindrical calibration phantom on which three Co-57 

point-sources were mounted by tape was used to calibrate a 

five-pinhole SPECT system on a Siemens Inveon system [14]. 

Each point-source has a nominal activity of 20 uCi, and a 

physical dimension of 1 mm Diameter and 0.5 mm thickness. 

Two detectors were deployed 180 deg apart. Each of the two 

detectors acquired 30 projections through 360 deg rotation 

(Fig. 2).  Due to high accuracy in manufacturing of the pinhole 

plate, the pinhole locations relative to each other were 

assumed accurately determined by their nominal values. The 

calibration parameters were reduced to, for each detector, 

focal length f, the radius-of-rotation d, mechanical 

offset ),( zx mm=m , where xm and zm are the trans-axial 

and axial offsets of pinhole plate, respectively, electrical shift 

ue , and the 3D coordinates of the three point-sources 
1x , 2x , 

3x . There were a total number of 19 independent variables to 

be optimized through our double-looped minimization process. 

The calibration was terminated after 1000 iterations, and the 

cost function RE  was plotted vs. the iteration number. The 

residual error ( RE ), together with the calibration results, was 
compared after the 800

th
 and 1000

th
 iteration. The geometric 

parameters from the calibration were then used to reconstruct 

the point-source calibration data (as shown in Fig. 1). For a 

comparison, the same data were also reconstructed with the set 

of nominal pinhole parameters from the mechanical design. 

Each reconstruction used 16 iterations of OSEM with 5 

subsets. 

 

  
 

Fig. 2. A view of the raw projection from the calibration acquisition for 

detector one (Left) and detector two (Right) on a five-pinhole system.  

  

A mouse bone scan was performed using 
99m
Tc labeled HDP 

with the same five-pinhole plate right after the calibration 

scan, with the geometric pinhole parameters unchanged.  Forty 

projections were acquired per detector over 360 degrees in 40 

minutes. The data were reconstructed with the calibrated and 

nominal pinhole parameters. Each reconstruction used 15 

iterations of OSEM with 10 subsets.  

IV. RESULTS 

The cost function RE  was observed monotonically 
decreasing with the iteration number, as shown in Fig. 3. The 

calibration results from 800 and 1000 iterations were listed in 

Table 1.   The residual error (RE ) was reduced to less than 
one half (0.359) of the detector pixel after the 1000 iterations, 

showing that an accurate calibration had been achieved. Note 

that the 3D coordinates of the three point-sources after 

calibration were far away from their initialization values. This 

illustrated that our method requires no pre-knowledge of the 

markers’ 3D locations. The whole calibration process (for 

1000 iterations) takes about 15 minutes on an Intel PC with 

1.66 GHz CPU. 

 

 
 

Fig.3. The semi-log plot of the cost function – the residual error ( RE ) vs. 

the number of iterations. Monotonically decreasing of the cost function was 

observed with the number of iteration.  

 
Table 1. The results from the calibration. The residual error ( RE ) was 

reduced to one half of pixel after both 800 and 1000 iterations. Note that the 

3D coordinates of the three point-sources after calibration are far away from 

their initialization values. 

 

Geometric Parameters  

After 

Iteration # 

Det 1 (mm) Det 2 (mm) 

Point-Source 3D 

Locations 

x1, x2, x3 

(mm) 

 

RE  

(Pixel) 

 

0 

(At Very 

Beginning) 

f=90,   

d=30, 

mx=0, 

mz=0, 

eu=0 

f=90,   

d=30, 

mx=0, 

mz=0, 

eu=0 

 

(0,0,0), 

(0,0,0), 

(0,0,0) 

 

12.5 

 

800 

f=93.2,   

d=30.4, 

mx=0.773, 

mz=0.100, 

eu=-0.00673  

, 

f=89.6,   

d=29.7 

mx=0.573, 

mz=0.201, 

eu=0.568, 

 

(6.38,-1.11,3.73) 

(-1.18,7.08, -13.6) 

(-9.17, -0.490,10.2) 

 

0.361 

 

1000 

f=93.1,  

d=30.4, 

mx=0.763, 

mz=0.0764, 

eu=0.0328 

f=90.1,  

d=29.8, 

mx=0.567, 

mz= 0.177, 
eu= 0.594 

 

(6.38,-1.11,3.70) 

(-1.17,7.09,13.6) 

(-9.17,-0.488,10.2) 

 

0.359 
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Images reconstructed from the SPECT calibration 

acquisition were shown in Fig. 4. On the reconstruction with 

the non-calibrated nominal pinhole parameters, the point-

sources looked like “big” donuts, while on the reconstruction 

with the calibrated parameters they were shown to be with the 

right shape and size.  

The results from reconstruction of the mouse bone scan 

were shown in Fig. 5. Reconstruction with the non-calibrated 

pinhole parameters resulted in a blurred image, which showed 

no details of the mouse head, due to lack of resolution. 

Reconstruction with the calibrated pinhole parameters gave a 

clear image of mouse head with good resolution. 

 

 
 

Fig. 4. Reconstruction of the SPECT calibration acquisition. (Left) With 

non-calibrated nominal pinhole parameters. (Right) With calibrated pinhole 

parameters. In each case the reconstructed image was projected onto a plane 

for displaying of all points. 

 

 
 

Fig. 5. Reconstruction of the mouse bone scan. (Left) With non-calibrated 

nominal pinhole parameters. (Right) With calibrated pinhole parameters. In 

each case the maximum intensity projection (MIP) was displayed.  

V. DISCUSSIONS 

As in many other calibration methods, our method uses the 

SPECT calibration data only to localize the dots, and then 

discards information on the image intensities. It is possible to 

add a penalty term in the cost function, which penalizes large 

deviations of the predicted image intensities from the 

measured image intensities. This may help further constrain 

the non-linear multi-dimension minimization problem. 

Our method is generic in a sense that it has no strict 

requirements on calibration phantom, scan orbit, and 

calibration model, as long as most dots on calibration scan can 

be clearly identified and can provide enough constraints to the 

problem (however, this sufficiency may have no easy answer 

for an arbitrary calibration model). It is also possible to adapt 

our method to calibrate X-ray CT, video camera, and other 

image systems. 

VI. CONCLUSION 

We developed an iterative calibration method for multi-

pinhole SPECT, which requires no pre-knowledge of markers’ 

3D coordinates and monotonically reduces the cost function. 

Using this method, we successfully calibrated a five-pinhole 

SPECT system. 
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Abstract

Stationary SPECT system with multiple-head camera
allows simultaneous data acquisition without time
inconsistency in projection data between different
projection views, thus suitable for quantitative dynamic
imaging. We are developing a small-animal stationary
multiple-pinhole system based on a clinical 3-head SPECT
camera. Due to limited detector size and number of
pinholes, the projection data suffered from problems of
finite angular sampling and limited scanning coverage that
caused image quality degradation or distortion. Here we
are studying different reconstruction methods for
reconstructing the projection data with limited angular
sampling from the stationary multi-pinhole SPECT. We
compared three iterative reconstruction approaches
including OSEM, MAP-OSEM with a total variation (TV)
prior, and an alternating optimization schemes from both
OSEM and TV optimization (OSEM-TV). The preliminary
results showed that MAP-OSEM reconstructions can
improve image quality for the stationary multipinhole
SPECT, but OSEM-TV was not as effective as expected.

1. Introduction

Single photon emission computed tomography
（SPECT）and positron emission tomography（PET）
are useful in molecular imaging in imaging isotope-labeled
tracers in vivo in small animal. With pinhole SPECT, high
spatial resolution projection data can be obtained,
particularly in small animals, but limited in photon counting
sensitivity and temporal resolution. For this reason, several
groups have designed and constructed stationary multi-
pinhole SPECT systems with increasing system resolution,
sensitivity and temporal resolution by using polygonal or
ring-type geometries and multi-pinhole collimator.[1-2]

Stationary multi-pinhole SPECT system allows
acquisition of multiple projections at the same time such
that the high-resolution projection information can be
simultaneously obtained from multiple directions. In this
case, image reconstruction can be performed on the data
collected without rotating detector and enable dynamic
data acquisition as PET does. To achieve high-resolution
stationary multipinhole SPECT and larger FOV, a larger
detector surface is necessary. Limited detector size lead to
smaller number of pinholes, and may further result in
confined field-of-view (FOV). In stationary multi-pinhole
SPECT system, angular sampling is constrained by number
of pinholes. The limited angular scanning is not sufficient

to provide angular sampling data around the object, and
finite angular sampling and insufficient sampling coverage
can result in streak artifact and/or geometric distortion [3].

To reconstruct projection data with limited angular
sampling, iterative reconstruction methods were preferred.
However, conventional ML reconstruction was slow and
ill-conditioned. To alleviate this problem, regularization
can be applied.

We are developing a stationary multi-pinhole SPECT
system based on a clinical three-head SPECT system [4]. A
ring type collimator covered by the three detector heads
was designed with 21 pinholes focusing on FOV center to
achieve high sensitivity and high resolution. The goal of
this paper is to compare different reconstruction approaches
on restoring the sparse or insufficient projection data in the
stationary multi-pinhole SPECT system from simulated
data.

2. Methods

2.1. SPECT System Setup

A ring-type multi-pinhole SPECT system based on a
clinical three-head SPECT camera was developed as
illustrated in Fig.1, where three 440 ×340 ×9.8mm3 NaI
detector heads were fixed at 60°, 180°and 300° of angular
position with source-to-image distance (SID) 200mm. A
ring-type collimator with inner diameter 50mm and
thickness 12.7mm was placed at the center of detectors.
Multi-pinholes with tilted angles were arranged in three
radial symmetric groups with 7 pinholes per group on the
collimator, and each group project on three separate
detector surface without any projection overlapping. The
collimator was optimized in sensitivity from an analytical
sensitivity algorithm [4]. To achieve high sensitivity and
high resolution [5], as illustrated in Fig.1, the seven
pinholes were constructed in hexagon structure around the
central pinhole, and with pinhole axis aligned on detector
center and towards FOV center voxel. The resulted
geometric sensitivity and system resolution was 0.132%,
and 0.8mm. All pinholes in each group except the center
one were tilted to focus on the central FOV. Pinhole size
was set to 1mm with open-angle 50° on pinhole 0-4 and 32°
on 5-6.

10th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 299



Fig 1. The left is the proposed stationary multi-pinhole SPECT
system setup, and the right is the ring-type multi-pinhole
collimator with 3 groups and 7 pinholes per group.

2.2. MAP-OSEM Reconstruction

Compared to the conventional filtered backprojection
reconstruction, an MLEM reconstruction can improve
image quality in emission tomography, in particular for
low-count data. However, iterative reconstruction suffered
the ill-condition problem that leads to noisy images in
higher iterations. In order to stabilize the ill-condition
problem, a regularization term could be added to form a
Bayesian reconstruction. Here, an empirical MAP-OSEM
algorithm based on OSL (one-step-late) updating scheme
was applied and expressed as:
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where fj
k,l is the estimated activity at image voxel j and at

iteration k and subset l, gi the projection data at bin i, and
Hij the probability of detector bin i passing through voxel j.
Projections from L pinholes within a group on each detector
surface were segmented into L pinhole projection areas.
For the subset arrangement, projections of each pinhole at
the same radial symmetric position from 3 detectors were
viewed as one subset, and thus this leads to L total subsets
(L=7 in this case). Each subset was indexed as Sl with
l=1,…,L. βis the regularization parameter of the energy
function U(f). Note that when β=0, Eq. (1) is the usual
OSEM algorithm.

There are different priors available in the literature. To
achieve noise reduction but with edge-preserving property,
the regularization method using a total variation (TV) term
was applied. The energy function U(f) for the TV at
location r is defined as follows [6, 7, 8]:
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To implement the TV algorithm using the OSL method, the
partial derivative of TV in 3-dimention can be derived as:
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where (x, y, z) refers to pixel location.

2.3. Alternating Optimization Using TV

Another way to carry out the benefit of TV algorithm
without data regularization on sparse or insufficient data
restoration in tomography is to apply an alternating
optimization scheme between both reconstruction and TV
optimization [7, 8]. This approach was proposed on
reconstructing divergent-beam CT data with few-view or
limited angle projections, and resulted with improved
image qualities and reduced distortion [7].

Here we applied the alternating optimization approach
(OSEM-TV) by using OSEM reconstruction and TV
gradient descent optimization. The OSEM algorithm can
be expressed as follow:
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where k is the iteration index and l the subset index. The
TV optimization was implemented by a gradient descent
algorithm after one iteration of OSEM reconstruction. For
TV optimization, the distance dA(k) between the image
estimated before and after the OSEM reconstruction was
first computed as
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The gradient descent procedure was iteratively computed
with the update equations as Eq.(6-8) below:
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where m is the gradient descent iteration index (m=1,..,Ngd),
the normalized TV gradient, and λthe step size that

controls the speed of the gradient descent procedure. After
TV optimization, the resulted image was then fed back to
the reconstruction step in Eq.(4) as the initial condition for
next OSEM iteration, and followed by the TV updates in
Eq.(5)(6)(7). The alternating optimization between OSEM
and TV optimization was repeated until condition was met.
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2.4. Simulation

The 128×128×128 3D Shepp-Logan head phantom with
slices 47 and 64 (the central slice of the phantom) shown in
Fig.2 was used in the data simulation, and stationary
multipinhole projection data from 3 heads were simulated
with Poisson noise. No other physical effects were modeled.
The noisy projection data with dimension of 128×128 for
each head was generated and then reconstructed from the 3
reconstruction methods of OSEM, MAP-OSEM and
OSEM-TV.

Fig 2. 3D Shepp-Logan phantom was shown from slice 47 (left)
and 64(right), with pixel dimension 128×128.

3. Results

Figure 3 showed the images from the 3 reconstruction
methods of OSEM, MAP-OSEM, and OSEM-TV with 10
iterations, and the profiles along the central column for
slice 47 and 64. The OSEM reconstructions were noisy and
distorted on both sides of the contour as shown in the 64th

slice. Some streak artifacts were visible at 47th slice along
the 3 head directions. Similar results can be observed from
the MAP-OSEM reconstruction with β=0.001, and OSEM-
TV with λ=0.1 as shown from the profile plots. MAP-
OSEM showed slightly smoother images but still with
distortion and artifact as OSEM.

Figure 4 displayed same result as Fig.3 except with
higher iteration at 40th. As expected, the OSEM generated
noisier images at higher iteration. Distortion and streak
artifacts were more significant. The MAP-OSEM was
slightly smoother than both OSEM and OSEM-TV.

To study the effects with higher regularization, Figure 5
showed the MAP-OSEM reconstruction with larger
regularization parameter of β=0.01, and the OSEM-TV
with larger TV parameter of λ=0.5 at iteration 10. The
resulted MAP-OSEM images were much smoother than
those in Figs.3 and 4, and with more edge-preserving
effects. The alternating optimization with larger
regularization parameter λ=0.5 was sharper but noisier with
mosaic artifacts.
4. Discussion/Conclusion

We have evaluated 3 reconstruction methods on a
simulated three-head stationary multi-pinhole SPECT
system. The preliminary results demonstrated that MAP-
OSEM with TV regularization could effectively reduce the
effects from finite angular sampling and sampling coverage
in the stationary multipinhole SPECT if suitable

regularization parameter was applied. However, the
alternating optimization of OSEM-TV was not as effective
as expected. This might be from the way we implemented
the alternating scheme, and due to value of the
regularization parameter. Future work should increase the
OSEM iteration in the reconstruction step of the alternating
optimization, and optimization of the regularization
parameter.

Fig3.This illustrates the reconstructions from OSEM (1st row), MAP-
OSEM with β=0.001 (2nd row) and OSEM-TV with λ=0.1 (3rd row) at 10th

iteration, and the bottom row is the profile plots of the true phantom (blue
line), OSEM (red dot), MAP-OSEM (black dashdot) and OSEM-TV (dash)
along the central column.

Larger regularization parameter for the TV prior led to
smoother but edge-preserving results. However, this
parameter might depend on many factors, and need further
study for general application of this prior. The OSL
algorithm for MAP-OSEM was empirical, and less
optimal. An alternative is to apply the surrogate form [9]
of the TV prior.

OSEM provided a fast and accurate tomographic
reconstruction, but with degraded image quality and
distorted edge from sparse or insufficient data restoration as
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shown in the results. The MAP-OSEM for emission
tomographic image restoration was effective in reducing the
noise while preserving the edges. The results showed
improved quality with degradation caused by finite angular
coverage, and may alleviate image distortion by insufficient
sampling coverage for larger object.

The results seem to imply that finite angular sampling and
insufficient sampling coverage might affect the
reconstruction convergence, and thus higher iteration is
expected to improve the activity recovery. However,
noisier reconstruction images will be expected for ML type
reconstruction. Therefore, MAP reconstruction with
regularization is effective in this application.

Fig4. This illustrates the reconstructions from OSEM (1st row), MAP-
OSEM with β=0.001 (2nd row) and OSEM-TV with λ=0.1 (3rd row) at 40th

iteration, and the bottom row is the profile plots of the true phantom (blue
line), OSEM (red dot), MAP-OSEM (black dashdot) and OSEM-TV (dash)
along the central column.
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Index Terms— Attenuation and Scatter Correction, 
Monte-Carlo simulations, SPECT, System Matrices. 
 

 
Abstract—Accurately modeling the imaging physics is important 

in computed tomography in order to reduce the mismatch between 
the model and the acquired data. A Monte Carlo method is used to 
generate the system matrix for small animal single photon emission 
computed tomography (SPECT) imaging. Using a 
computer-generated rat phantom, Monte Carlo simulations were 
performed using SimSET (Simulation System for Emission 
Tomography) to model the attenuation and scatter in the system 
matrix needed to reconstruct a volume of 6 heart slices from 
projections of 6 detector rows.  The system matrix also modeled 
spillover to account for the scatter from outside the 6 heart slices. 
SimSET-simulated projection data were reconstructed using 50 
iterations of the ML-EM algorithm. At 140 keV, the 
attenuation-corrected heart with the 2 slice spillover model is 
103.3% (respectively 107.5% without the spillover model) of the 
original heart brightness while at 27.5 keV this percentage is 
112.8%.(respectively 120.2% without the spillover model). When 
we add scatter correction to attenuation correction, the estimate 
becomes closer to the original: at 140 keV, with the 6 slice spillover 
model, the estimate is 99.9% (respectively 104.7% without the 
spillover model) of the original heart intensity and at 27.5 keV this 
percentage is 102.2% (respectively 107.8% without the spillover 
model). The results suggest that for quantitative small animal 
imaging, it is important to correct for both attenuation and scatter 
when using radiolabeled tracers that emit 140 keV photons (99mTc) 
and even more important for radiolabeled tracers that emit 27.5 
keV photons (125I). 
 

I. INTRODUCTION 
 The approach presented in this paper follows that of the early 
work of Floyd et al [1]  using a Monte Carlo method to calculate 
the system matrix from the attenuation distribution. Our model 
differs from the referenced approach in that, in addition to 
modeling the attenuation and scatter within the region being 
imaged, it takes into account scatter from outside those slices 
being imaged. This presents an interesting inverse problem in 
that the measurements are contaminated from areas of the image 
outside the volume of interest but these areas need to be included 
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from the National Institutes of Health (NIH) and the U.S. Department of Energy 
under Contract No. DE-AC02-05CH11231. 
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National Laboratory, 1 Cyclotron Rd, MS55R0121, Berkeley, CA, 94720. 
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in the inverse problem. This is realized by employing a spillover 
model that includes a region outside the image to be 
reconstructed as part of the system of equations. To evaluate the 
effects of attenuation and scatter in this study, Monte Carlo 
simulations using SimSET [2-3] were performed. SimSET was 
chosen over the other Monte Carlo simulation codes available, 
such as MCNP [4], EGS4 [5], GATE [6], GEANT [7], SIMIND 
[8] and PETSIM [5], because it was designed specifically for 
emission tomography, it uses a voxelized object, it makes more 
extensive use of approximations, and it is significantly faster 
than the alternatives. For our study, SimSET was easy to 
implement for a parallel collimator. For other collimator 
geometries such as pinhole other software packages would be 
necessary.  

II. METHODS 
The 4D MOBY phantom (http://bme.unc.edu/~wsegars/phantom.html ) 
was used to simulate SPECT imaging of cardiac tracers in rats 
(figure 1). The mouse phantom [9] was scaled to correspond to 
the size of a rat [10]. The rescaled phantom provides a high 
resolution transmission map (spatial sampling = 0.90 mm) 
which was used in the Monte Carlo simulations to calculate 
attenuation and scatter. Here we first describe the spillover 
model used to model attenuation and scatter of photons from 
within and outside the slice being imaged.  We then describe 
methods used to perform a simulation and an evaluation of the 
model. 

  
  
 
 
 
 
 
 

 
 

 
                        

Figure 1.  MOBY phantom of a rat used to simulate the 
distribution of 125I and 99mTc-sestamibi. 
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Figure 2. Tomographic model: 6 heart slices – 6 detector rows. 

 

A. Three-dimensional model without spillover 
The entire MOBY rat is comprised of 138 slices (64×64), each 

0.9 mm thick. The detector consisted of 6 detector rows of 96 
bins with a thickness 0.9 mm, and rotates around the object 
space. The rat heart is approximately 5 mm long and spans 
approximately 6 myocardial slices (figure 2) which are 
reconstructed with attenuation and scatter correction. The 
matrix equation for a model consisting of 6 slices and 6 detector 
rows (assuming no photons are detected from above or below 
the 6 slices) is:  
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where S1 through S6 are 4096×1 vectors corresponding to the 6 
heart slices to be reconstructed. Fij is the Monte Carlo estimated 
(96)(180)×4096 system matrix modeling the projection 
(primary + scatter) from slice j onto detector Di corresponding to 
detector row i. The (96)(180)×1 vector Di consists of 
measurements of the ith row of 96 detector bins over 180 
angular views. In actual experiments, the activity is not 
arbitrarily restricted to the 6 myocardial slices so for our 
simulations 99mTc-sestamibi (and 125I) activity were distributed 
among the organs of the MOBY phantom according to a realistic 
99mTc-sestamibi distribution. In this realistic setting, some 
scatter and to a lesser extent primary photons originating from 
outside the heart region can be detected at the level of the 
myocardium. The liver, in particular which is located close to 
the heart and has high activity, will have a large number of 
emitted photons scatter into the heart region [11]. The model 
illustrated above omits this spillover effect. In fact, full scatter 
and attenuation correction requires the reconstruction of the 
entire MOBY phantom even if one wants to reconstruct only one 
phantom slice. This is a very large problem since it involves 
computing 1.3×1012 system matrix elements.  

B. Three-dimensional model with spillover 
Given that the camera collimator has a 1° acceptance angle, 

the spillover of the primary (i.e., unscattered) photons from 
regions below and above the myocardium is limited. Primary 

photons coming from one single slice are detected only on its 
three closest detector rows. First, consider only the modeling of 
the attenuation and the 1° acceptance angle. In this case, Fij is the 
Monte Carlo simulated element of the system matrix 
corresponding to only primary photons from slice j onto detector 
row i. Due to the 1° acceptance angle of the camera, a portion of 
the primary photons from slice 0 (respectively, slice 7) is 
detected on detector row D1 (respectively, D6). To include the 
spillover in the system matrix model, F10 (respectively, F67) was 
computed by SimSET and added to F11 (respectively, F66). The 
matrix equation for the resulting model is: 
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In this model, we assume that slice 0 and slice 1 (respectively, 
slice 7 and slice 6) have an equal distribution and are combined 
into a new slice, S1* (respectively, S6*), which corresponds to a 
thicker slice of coarser axial resolution. If we accept the loss of 
some resolution in the first and last heart slices, this model 
accurately corrects for attenuation in the remaining slices. This 
idea is easily extended for modeling scatter. Experimental 
results show that scatter into a single detector bin can come from 
as many as 20 slices above and below the detector row, though 
the scatter decreases for slices farther away from the detector 
row.  To balance accuracy versus computational complexity, it is 
reasonable to restrict the model to some smaller number of slices.  
If we assume that each detector row has contributions from only 
six slices above and below, the resulting 6-slice spillover model 
is:  
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Here Fij is again the Monte Carlo system matrix of primary + 
scatter from slice j onto detector row i. In this model, we assume 
that slices 1, 0,-1,…-4  (respectively, slices 6,7,…,11)  have an 
equal distribution and are combined into one slice S1* 
(respectively, S6*). 

C. Computer Simulations 
The Monte Carlo simulations were performed using SimSET 

[2]. These simulations were used to model 3 system matrices: 
one modeling no attenuation and no scatter, one modeling only 
attenuation, and one modeling attenuation and scatter. For the 
simulations with no attenuation and no scatter, an attenuation 
map with an attenuation coefficient of zero was used; for the 
simulation with attenuation and the simulation with attenuation 
and scatter, the MOBY rat full body attenuation map 
(64×64×138) was used. The system matrices also modeled 
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spillover to account for the scatter and attenuation from outside 
the 6 heart slices. In our simulations, two 6-slice spillover 
regions (respectively two 2-slice spillover regions) were added 
before and after the 6 heart slices for the attenuation and scatter 
correction system matrix (respectively for the attenuation 
correction system matrix), as discussed earlier.  

 
For each MOBY transaxial slice through the rat heart, these 

system matrices had 4096=64×64 columns, each representing a 
sinogram from a different unit activity source voxel in the slice, 
or, in the spillover region, a sum of sinograms from different unit 
activity source voxels. SimSET simulated 106 counts for each 
source voxel of unit activity. Each simulated photon was forced 
to be detected in one bin of 96 transaxial × 138 axial bins of one 
of the 180 parallel projections evenly spaced over 360°. The 
detector was specified to fit a Gaussian blur model, with a 20% 
energy resolution and 20% energy acceptance window for 140 
keV, and a 30% energy resolution and a 30% energy acceptance 
window for 27.5 keV. These choices of energy resolution and 
energy acceptance windows were chosen to match the 
characteristics of a NaI detector. Interaction in the crystal and 
collimator was not simulated. The SimSET simulations were 
executed on 13 cluster nodes, each an Apple Xserve G5 (dual 
processor 2GHz) on a switched Gigabit Ethernet network. For 
the scatter-and-attenuation-corrected matrix, each slice, whether 
in the region of interest or the spillover region, took 
approximately 4 hours and 30 minutes, resulting in an overall 
simulation time of approximately 3 days and 9 hours to run the 6 
slice spillover region scatter-and-attenuation corrected system 
matrix. The simulations for the other two matrices took much 
less time: 1 day and 21 hours for the attenuation-corrected 
matrix and 19 hours for the no-correction matrix. The 
scatter-and-attenuation-corrected system matrix took 2.4 Gbytes 
of disk space, the attenuation-corrected system matrix took 
100.8Kbytes, and the no-correction matrix took 100.5Kbytes  

For the reconstruction, projections were simulated using 
SimSET (1012 total counts of 99mTc-sestamibi and 1012 total 
counts of 125I activity distributed identically throughout the 
organs of a rat) to estimate the projections of the 6 slices through 
the heart including scatter from outside the 6 slices. These 
projections were reconstructed using the estimated system 
matrices using 50 iterations of the ML-EM algorithm. 

III. RESULTS 
To obtain the detector measurements Di, 180 projections 
attenuated with scatter of 140 keV photons were simulated for 
parallel geometry over 360°. These SimSET detector 
projections were simulated with 1012 counts and no forced 
detection. The same projections were used throughout our study 
and consistently reconstructed with 50 iterations of the ML-EM 
algorithm. A 20% energy window was used for all the SimSET 
simulations. As described in Methods, we reconstructed 6 64x64 
heart slices. Figure 4 shows a middle slice (slice 4) of the heart 
for a 140 keV study. Note the attenuation and scatter corrected 
reconstruction (figure 4a) after 50 MLEM iterations. Figure 4b 
shows the effect of attenuation correction only. Figure 4c shows 
the effect of scatter correction only. Figure 4d shows the 
comparison of 4 profiles. Figures 5 a,b,c and d are the 

corresponding plots for the energy 27.5 keV. As observed on the 
profiles, attenuation is much more important at 27.5 keV than at 
140 keV. More precisely, the no-attenuation-correction heart is 
52% less bright on average than the original while at 140 keV 
this percentage is only 17.2%. For attenuation correction alone, 
at 140 keV, the attenuation-corrected heart with the 2 slice 
spillover model is 103.3% (respectively 107.5% without the 
spillover model) of the original heart brightness while at 27.5 
keV this percentage is 112.8%.(respectively 120.2% without the 
spillover model). Note that even in our case of parallel hole 
collimation a 2 slice spillover model in the attenuation 
correction system matrix brings a big improvement in the 
attenuation corrected estimation. When we add scatter 
correction to attenuation correction, the estimate becomes closer 
to the original: at 140 keV, with the 6 slice spillover model, the 
estimate is 99.9% (respectively 104.7% without the spillover 
model) of the original heart intensity and at 27.5 keV this 
percentage is 102.2% (respectively 107.8% without the 
spillover model). The original used here is the ML-EM 
reconstructed after 50 iterations with a primary-only system 
matrix using a null attenuation map. These results show clear 
improvement between the attenuation + scatter corrected image 
and attenuation corrected image across the heart, and suggest 
that for quantitative small animal imaging it is important to 
correct for both attenuation and scatter. 

To study the propagation of errors from the system matrix, F, 
to the ML-EM reconstructed image, ŝ, 50 independent data sets 
were generated by adding pseudo-random Poisson noise to the 
projections. Each data set was reconstructed using both the 
“true” system matrix and a noisy system matrix with a penalty of 
0.01. The noisy system matrices were generated by adding 
scaled Poisson noise (µ,Σ) where Σ was the variance of the 
system matrix F returned by SimSET and µ was the Simset F 
value. The variation caused by Poisson noise in the projections 
was measured  by the trace (Σ), where Σ is the covariance matrix 
calculated from the 50 images reconstructed using the “true” F 
sytem matrix. This value was found to be 8.5 x 103. The 
variation caused by noise in the system matrix was measured by 
the average of the mean squared error between the reconstructed 
images using the “true” and noisy system matrices which is 
equal to trace{E[(∆ŝ )(∆ ŝ )T]}. This value was found to be 9.7 x 
103. The results show that at 4.3 M counts (detected on the 6 
heart slices), the artifacts caused by the system modeling error 
are larger than that due to Poisson noise in the projection data. 
This result is due to the structure of our Monte Carlo system 
matrix which has many very small values with relatively high 
SIMSET variance making the mean coefficient of variation of F 
large. More counts in the SimSET simulation of each column of 
F would be necessary to decrease these variances. Considering 
the time it takes already to simulate 106 counts with the relatively 
fast SimSET Monte Carlo code, some acceleration methods like 
convolution based forced detection have to be considered. 
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a b  

c d  
 

Figure 4. 4th heart slice of the Moby phantom at 140 keV: a) 
Attenuation and scatter correction after 50 iterations of the ML-EM 
algorithm; b) Attenuation corrected: no attenuation correction after 50 
iterations of  the ML-EM algorithm; c) (Attenuation + scatter) 
corrected: attenuation corrected only after 50 iterations of the ML-EM 
algorithm; d) Four profiles across the heart ventricles of the rat 
phantom: one with attenuation correction, one with no attenuation 
correction, one with attenuation and scatter correction and the original 
phantom.  

a b  

c d  
Figure 5. 4th heart slice of the Moby phantom at 27.5 keV: a) 
Attenuation and scatter correction after 50 iterations of the ML-EM 
algorithm; b) Attenuation corrected: no attenuation correction after 50 
iterations of  the ML-EM algorithm; c) (Attenuation + scatter) 
corrected: attenuation corrected only after 50 iterations of the ML-EM 
algorithm; d) Four profiles across the heart ventricles of the rat 
phantom: one with attenuation correction, one with no attenuation 
correction, one with attenuation and scatter correction and the original 
phantom. 
 

 

IV. CONCLUSION 
A multi-slice Monte Carlo approach for estimating scatter and 
attenuation in the system matrix has been developed. Scatter and 

attenuation effects were quantified using the MOBY rat model. 
In addition, spillover was modeled to account for scatter coming 
from outside the heart. Experimental results indicate that with 6 
slices in each of these spillover regions, most of the scatter from 
outside the axial field of view is corrected:. At 140 keV, the 6 
slice model results in image intensity of 99.9% of original on 
average, while at 27.5 keV, the 6 slice model results in image 
intensity of 102.2% of original on average.   
 

A Monte Carlo technique was used to estimate system 
matrices that model attenuation and scatter for imaging 125I and 
99mTc in small animals. A multislice spillover model was 
implemented which accounted for the scatter from a spillover 
region outside the myocardial slices. 
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Emission-Based Scatter Correction in SPECT Imaging 
Chuanyong Bai, Hetal Babla, and Richard Conwell 

Abstract--  Scatter correction in SPECT has been focused on 
either using multiple-window acquisition technique or the 
scatter modeling technique in iterative image reconstruction. 
We propose a new technique that uses only the emission data for 
scatter correction in SPECT. We assume that the scattered data 
(S) can be approximated by convolving the primary data (P) 
with a scatter kernel (K) followed by the normalization using 
the scatter-to-primary ratio (SPR), i.e., S = SPR·(P ⊗ K), where 

represents convolution. Since the emission data (Em⊗ ) is the 
superposition of the primary data and the scattered data (Em = 
P + S), the convolution of the emission data with the same kernel 
and the same normalization by the SPR will approximately 
results in the sum of the scattered data and a convolved version 
of scattered data with the kernel, i.e., SPR·(Em ⊗ K) = S + 
SPR·(S ⊗ K). By applying a proper normalization factor β to the 
equation, we can make the estimation approximately equal to or 
less than the scattered data anywhere in the projection domain. 
Explicitly, we can make β·SPR·(Em ⊗ K) = β·[S + SPR·(S ⊗ K)]  
approximately equal to S at the tails and less than S at the peak 
of the scatter kernel. This implies that even though the 
estimation of the scattered photon from the emission data with 
β·SPR·(Em ⊗ K) can be under-estimating at the peak of the 
scatter kernel, it can be used for scatter correction without 
introducing over-correction to the reconstructed images. 
Phantom and patient cardiac SPECT studies showed that using 
the proposed emission-based scatter estimation effectively 
reduced the scatter-introduced background in the reconstructed 
images. And additionally, the computational time for scatter 
correction is negligible as compared to no scatter correction in 
iterative image reconstruction. 

I. INTRODUCTION 
Photon scatter in Single Photon Emission Computed 

Tomography (SPECT) is one of the most important factors that 
degrade the reconstructed image quality. On their way from the 
emitters to the detector surface, photons interact with the attenuation 
media through two major mechanisms, namely the photoelectric 
absorption and Compton scatter. In the photon energy range that 
SPECT systems operate on, the domination mechanism of the 
interaction is the Compton scatter, during which a photon usually 
loses part of its energy and deflects from its original direction [1]. 
Since broad energy windows centered at the primary photon energy 
peak  (photon peak window) are used for emission data acquisition 
due to the finite energy resolution of SPECT cameras, a large 
number of the scattered photons are detected along with the primary 
photons (photons that are not scattered).  

For SPECT image reconstruction, if scatter correction is not 
performed, the scattered photons can be restored to incorrect origins 
because of the deflection. Thus the reconstructed images may have 
increased scatter-introduced background and suffer from reduced 
target to background contrast and decreased image resolution. 

The scatter correction techniques that have been developed so 
far can be classified into the following two categories on the basis of 
scatter estimation approach:  

                                                           

A. 
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i) Estimation of the scattered photons from the photons 
acquired in one or multiple scatter windows (energy 
windows that are set to either or both sides of the photon 
peak window, or from the photons acquired in different 
energy windows that can be a fraction of the photon peak 
window); and 

ii) Estimation of the scattered photons based on the estimated 
emission map (image) and physics models in iterative 
reconstruction algorithms. 

Techniques in the first category require the data acquisition in 
scatter window(s) [2-4]. This increases the complication of 
acquisition setup as well as the system hardware and software 
requirement. Additionally, the accuracy of most of the techniques in 
this category is limited by the high noise level of the data acquired 
in the scatter window(s) and the accuracy of the model that is used 
to estimate the scattered photons in the emission data from the data 
acquired in the scatter window(s).  

Techniques in the second category require the modeling of the 
physics of Compton scatter. They also require the knowledge of the 
attenuation map and the accurate correction of photon attenuation 
during image reconstruction so that the intermediate emission maps 
during the iterations are accurate for the scatter estimation. The 
accuracy of these techniques is limited by the accuracy of the 
physics model and the accuracy of the attenuation maps.  

More specifically, some category two techniques use the 
physically measured point scatter response [5-6] or empirical scatter 
response [7] for scatter estimation. Some use Monte Carlo (or 
pseudo Monte Carlo) simulation in the iterative reconstruction to 
estimate scattered photons in the photon peak window [8-11]. These 
techniques can be very computationally expensive. Some other 
category two techniques use analytical or semi-analytical 
approaches to calculate the scattered data based on the intermediate 
estimated emission map during the iterations [1, 12-15]. These 
techniques use the Klein-Nishina formula [16] as the theoretical 
starting point. Their applications in clinical use are limited by the 
computational complexity as well as the accuracy of the attenuation 
maps. 

In this work, we developed an emission-based scatter estimation 
technique using the Klein-Nishina formula. This technique only 
requires the emission data for the scatter estimation, thus introduces 
insignificant noise into the reconstructed image as compared to 
other scatter correction techniques. It also avoids the requirement of 
the multi-energy-window acquisition for category one approaches or 
the attenuation maps for the category two approaches. The estimated 
scattered data are then incorporated into the OSEM algorithm for 
scatter correction during image reconstruction [1, 17-18]. 

II. THEORY 

Scattered Data versus Primary Data 
Fig. 1 illustrates the photon path of a detected primary photon and 

a first-order Compton scattered photon, assuming the scatter occurs 
at a scattering slice that is parallel to the detector surface for 
parallel-beam geometry. To simplify the analysis, we do not include 
in the following the geometric point response of the system due to 
the collimator of imperfect collimating. For a point source, the 
primary data can be described as,  

)(21)( 00 xApApIxP δγ ⋅⋅⋅⋅= , (1) 
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where γ  is the system detection efficiency of the primary that is 
determined by the collimator geometry, crystal thickness, energy 
window setup, and etc. I0 is the activity of the point source. Ap1 and 
Ap2 are the attenuation factors from the point source to the 
scattering slice and from the scattering slice to the detecting point. 
And finally, δ( 0x ) is the Dirac delta function where 0x is the 

detection position of the point source on the detector surface. For 
perfect parallel-beam collimating, 0x is the intersecting point of a 

line with the collimator surface. The line passes the point source and 
is perpendicular to the detector surface. 

 
For the same point source, when only considering the scatter at 

the scattering slice parallel to the detector surface (see Fig.1), the 
scattered data are 

)(21)( 0 xKAsAsIxS ss ⋅⋅⋅⋅= γ , (2) 

where sγ  is the system detection efficiency of the scattered photon. 

As1 and As2 are the attenuation factors from the point source to the 
scattering point on the scattering slice and from the scattering point 
to the detection point of scattered photon. Finally, )(xKs is the 
scatter probability determined by the scatter cross-section described 
by the Klein-Nishina formula. 

B. Simplification of the Estimation of Scattered Data 
From Equations (1) and (2), we can see that if we make the 

following assumptions and approximations, we can significantly 
simplify the estimation of the scattered data and obtain a very 
simple relationship between the scattered data and the primary data. 

Assumption 1: The scattering slice is uniform. If a photon is 
scattered, it is only scattered once (first-order Compton scatter) on 
the scattering slice. 

Assumption 2: Using assumption 1, the scatter kernel )(xKs can 
be expressed as 

)()( xKSPRxKs ⋅= ,  (3) 

where )(xK is the kernel that is determined by the geometric factor 
of the Klein-Nishina formula, the system geometry, and energy 
window setup and is normalized by the scatter-to-primary ratio 
(SPR) (referred to as the geometric scatter kernel hereafter). As was 
shown in [1], the Compton scatter probability, which is given by the 
differential cross-section, can be decomposed into two factors, one 
is the factor R0 that is determined by the composition of the 
scattering media, and the other is the factor F(θ, E) that is 
determined by the incident photon energy and the scatter angle. The 
kernel )(xK could be derived from F(θ, E), the system geometry, 

and energy window setup. In [1], this kernel was approximated 
using a Gaussian function. In this work, we use the same 
approximation. Note that only by assuming that the scattering slice 
is uniform we can make the assumption in Equation (3) (see more 
discussions in Section V).   

Approximation 1: The system detection efficiency of the 
scattered photon is the same as the primary photon, i.e., γγ =s .
 (4) 

Approximation 2: The attenuation factor of the scattered photon 
is approximately the same as the attenuation factor of the primary 
photon, i.e., 

2121 ApApAsAs ⋅=⋅ . (5) 
Plug Equations (3-5) into Equation (2) and compare the result 

with Equation (1), we can see that 
[ ])()()( xKxPSPRxS ⊗⋅= . (6) 

This means, the scattered data can be approximated by the 
convolution of the primary data with the geometric scatter kernel 
followed by the normalization with the scatter-to-primary ratio. 

C. Estimation of Scattered Data from Emission Data 
The emission data in SPECT is the superposition of the primary 

data and the scattered data, i.e., 
)()()( xSxPxEm += . (7) 

If we multiply the emission data with SPR and convolve it with 
the geometric scatter kernel, we can see that  

[ ])()( xKxESPR m ⊗⋅  

[ ])()()( xKxSSPRxS ⊗⋅+= . (8) 
Careful observation of the right hand side (RHS) of Equation (8) 

show that by applying a scaling factor 0.1<β  to Equation (8), one 
can make the RHS of Equation (8) to be approximately equal to the 
scattered data at the tails and less than the scattered data at the peak 
of the scatter kernel. Explicitly, 

[ ]{ }
 tailsat the )(

)()()(
xS

xKxSSPRxS
≅

⊗⋅+⋅β
 

peak at the )(xS< . (9) 
If the relation in (9) holds, we can see that multiplication of the 

left-hand-size (LHS) of Equation (8) with 0.1<β  can be used as 
scatter estimation for effective scatter correction. Explicitly, we can 
estimate the scattered data from the emission data using the 
following formula: 

[ ]{ })()()( xKxESPRxS mest ⊗⋅⋅= β , (10) 

where )(xSest stands for the estimated scattered data.  

D. Determination of the Parameters for Scatter Estimation 
So far we’ve shown that by making the assumptions and 

approximations described in the above Section II (B), we can 
estimate the scattered data from the emission data using Equation 
(10). In this equation, only the emission data are known, other 
parameters, namely, the scaling factor β , the SPR, and the 
geometric scatter kernel, have to be determined by different means. 

We first use the results from [1] that approximate the geometric 
scatter kernel using Gaussian function, the full-width of half-
maximum is proportional to the distance from the scattering slice to 
the point source but independent upon the distance from the 
scattering slice to the detector surface for parallel-beam collimation. 
Mathematically, for the energy window setup described in 

Ap1 Ap2 

As1 As2 

I0 )(xP
)(xS

Detector 
Surface 

A Scattering 
Slice 

Fig. 1. Illustration of the photon path of a detected primary photon (black 
solid arrows) and a scattered photon (blue dashed arrows). 

Scattering 
Point 
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[1], , where d is the distance from the 
scattering slice to the point source. 

ddFWHM 32.1)( =

The SPR can be obtained by multiple-window acquisitions of 
phantoms and can be used as approximation for other studies with 
similar setup. For example, we used an anthropomorphic phantom 
with a cardiac insert to measure the SPR for Tc-99m cardiac studies 
performed on a Digirad Cardius-1M system. We then applied the 
measured SPR to patient studies performed on the same or similar 
systems with the similar acquisition setup. We will address the 
accuracy of this approach later in Section V (discussions section). 

The last parameter to be determined is the scaling factor β . An 
intuitive choice of this factor is to preserve the total counts of the 
scattered data. Since the geometric scatter kernel is normalized, 
Equations (8-10) shows that the factor should be chosen such that 
the product of β and SPR give the scatter-to-total ratio (STR), 
where the total is the total counts in the emission data, sum of the 
primary and the scattered data. Therefore, β equals the primary-to-
total ratio (PTR). Equation (10) then becomes 

[ )()()( xKxESTRxS mest ⊗⋅= ] . (11) 
In Fig. 2 (a), we plot the simulated scattered data of a point 

source of activity 1.0 (in arbitrary unit) in Equation [6], assuming 
that the scattering slice is 5.0 cm away from the point source and 
STR is 0.25 (thus SPR of 0.333 and PTR of 0.75). We then plot the 
scattered data estimated from emission data in Equation (9) [or (10)] 
when β is chosen to be PTR. It is shown that the curve 

of )(xSest largely matches the curve of )(xS . This implies that the 
estimation of scattered data from emission data using Equation (10) 
with β chosen to be PTR [or Equation (11)] is effective. 

However, one may argue that the estimation of scatter using 
Equation (11) may lead to over correction at the tails and under 
correction at the peak of the scattered data for the point source. The 
curve of )(xSest  is slightly above the curve of )(xS at the tails and 
slight under at the center of the scattered data. Quantitatively we 
calculate the integration of the difference of )(xSest and )(xS at the 

tails and the peak region. At the tails where )(xSest is above )(xS  
the total difference is 3.4%. At the peak, the total difference is -
4.1%. Therefore, )(xSest has 3.4% over estimation of scattered data 

as compared to )(xS at the tails and 4.1% under estimation at the 
peak.  

To further address the potential of over and under estimation 
issue, we vary the STR values and show that the over estimation at 
the tails is 1.3% and 6.7% and under estimation at the peak is 1.7% 
and 8.3% for STR of 0.10 and 0.50 (thus SPR of 0.11 and 1.00), 
respectively. This illustrates that the over and under correction issue 
due to the mismatch between the scatter estimation described in 
Equation (6) and the one in Equation [11]  are within 10% for a 
large range of STR from 0.10 to 0.50 (or SPR from 0.11 to 1.0).  

In order to minimize the over correction at the tails, we can 
further refine the choice of the scaling factor. Rather than using β = 

PTR which leads to Equation (11), one can try using β = 0.8×PTR. 
This will suppress scatter estimation from Equation (11) by a factor 
of 0.8 and result in 

[ )()(8.0)( xKxESTRxS mest ⊗⋅×= ] . (12) 
Fig. 2(b) plots the new estimated scatter using Equation (12) as 

compared to )(xS  from Equation (6). It is clearly shown that the 

over estimation at the tails is significantly reduced as compared with 
that in Fig. 2(a). The tradeoff, though, is the significant under 
estimation at the peak. The similar quantitative analysis shows that, 
the over estimation at the tails is 0.07%, 0.7%, and 2.6%, and the 
under estimation at the peak is 2.0%, 21.4%, and 23.9% for STR of 
0.10, 0.25, and 0.5, respectively. 

III. METHODS 

A. Phantom Studies for SPR Measurement 
In this work, we apply the proposed technique for scatter 

correction for cardiac SPECT imaging performed on Digirad 
Cardius-1M and other similar Digirad systems (Digirad 
Corporation, Poway, CA 92064). Therefore, we first perform 
anthropomorphic phantom studies with a cardiac insert to obtain the 
SPR for the model. These studies will use the similar setup as 
patient studies, such as heart position, scanning orbit and acquisition 
angles, etc. 

The Digirad Cardius-1M system has energy resolution of about 
12.5%. It has transaxial field-of-view of 20.0 cm and axial FOV of 
15.0 cm. The acquired data for each projection view were saved in a 
64×64 matrix with square pixels. 

For the phantom studies, Tc-99m activity was introduced to the 
cardiac insert (with two fixed defects), the liver, and the torso 
chamber with concentration of 6.0 µCi/cc, 0.6 µCi/cc, and 6.0 
µCi/cc, respectively. No activity was introduced to the myocardial 
chamber for a later evaluation of the effectiveness of scatter 
correction. Emission data were acquired in the photon peak window 
(26% window centered at 140.5 keV) and scattered data were 
acquired in a scatter window (6.5% window right next to the lower-
end of the photon peak window). The acquisition setup was as 
follows: the cardiac insert was centered in the imaging FOV; a 
circular orbit was used with a radius of 25.0 cm; 64 projection views 
were acquired over 180º from LPO 30º to RAO 30º. 

 
 
 
 
 
 

)(xSest )(xSest  
 
 
 
 
 
 
 
 
 
 
 

 
For each projection view of the acquired data, we first calculated 

the sum of the counts in the scatter window and multiplied it by two 
to approximate the total scattered photons in the photon peak 
window. We then calculated the sum of the counts in the photon 
peak window as the total number of photons in the emission data. 
The STR was then calculated as the ratio of the total scattered 
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                (a)                                            (b) 
Fig. 2. Plots of the scattered data )(xS (thin dashed line) from Equation (6) 

and )(xS (thick solid line) estimated from emission data using Equation 
(10) of a point source. The scaling factor is chosen to be (a) PTR and (b) 0.8 
times of PTR. 
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photons to the number of photons in the emission data. SPR and 
PTR were finally calculated from the measured STR as 

)1/( STRSTRSPR −=  and   (13) STRPTR −= 1

B. 

C. 

A. 

C. 

Line Profile Comparison of the Measured and 
Estimated Scattered Data 
Once the SPR and PTR were calculated, we estimated the 

scattered data from the emission data by assuming that (1) all the 
activity was at the center of rotation (center of imaging FOV); (2) 
scatter only occurred at a uniform scattering slice that was 5.0 cm 
away for the source; and (3) the geometric scatter kernel was a 
Gaussian with where d was 5.0 cm. With 
these assumptions, we could use Equation (11) or (12) to estimate 
the scattered data from the emission data. Line profile comparison 
was then performed on the estimated and the measured scattered 
data to evaluate the effectiveness and accuracy of the proposed 
scatter estimation. 

ddFWHM 32.1)( =

Image Quality Comparison 
Using the same assumptions in the above Section III (B) we 

estimated the scattered data from emission data [Equation (12)] for 
both phantom studies and multiple patient studies. The estimated 
scattered data were incorporated into the forward projector of the 
OSEM algorithm for scatter correction in image reconstruction.  

IV. RESULTS 

SPR Measurement 
Fig. 3 plots the STR versus the projection view for the phantom 

studies in Section III (A). It is shown that from LPO 30º to RAO 
30º, the STR was nearly a constant. For comparison purpose, Fig. 3 
also plots the STR for the heart region (calculated using a 
rectangular region at the center of the projection data that contains 
the heart). The plot shows that the STR for the heart region is also 
nearly a constant from LPO 30º to RAO 30º. The STR of the heart 
region differs only slightly from that of the entire projection which 
includes part of the hot liver in all the angles. 

Quantitatively, the STR for the whole projection falls in the 
range from 0.368 to 0.404 with average of 0.387 for the 64 
projection views from LPO 30º to RAO 30º. The STR for the heart 
region falls in the range of 0.365 to 0.415 with average of 0.388. For 
simplicity, in the rest of the studies, we used STR of 0.4 for all the 
projection angles for scatter estimation and scatter correction. 

B. Evaluation of the Estimated Scattered Data 
Fig. 4 illustrates the line profile comparison of the measured 

scattered data (smoothed using a 5x5 box filter) from the phantom 
studies at projection views 0, 31, and 63, which are the first, the 
middle, and the last projection views. The profiles show good match 
between the measured and estimated scattered data from the 
emission data using Equation (11). The profiles also show no over 
estimation of scatter when using Equation (12). Note that the axial 
profiles show the reduced axial field-of-view of the camera. Also 
note that after the three-dimensional scatter modeling, the two 
bottom rows of the scattered data were set to 0 to avoid the 
estimation complication at the edge of the axial FOV where 
truncation of the hot liver occurred. The same rows of the measured 
scattered data were also set to 0 for profile comparison purpose. 

Image Quality 
Fig. 5 shows the images of the cardiac insert of the 

anthropomorphic phantom in the reconstructed images (1) with 
scatter correction using the estimated scattered data, (2) with scatter 
correction using the measured scattered data, and (3) without scatter 

correction. Scatter correction clearly improved the myocardium to 
ventricular chamber contrast and also improved the defect to 
myocardium contrast. However, the contrast improvement was more 
when using the measured scattered data. This is consistent with the 
previous analysis that Equation (12) leads to potential under scatter 
estimation, which is the tradeoff for the prevention of over 
estimation. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. The measured scatter-to-total ratio (STR) as a function of projection 
views from LPO 30º to RAO 30º in the anthropomorphic phantom study. 
Image inserted into the plot shows an example of the measured emission 
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For twenty patient data sets acquired on Digirad Cardius-1M, 

Cardius-2, and Cardius-3 systems, we reconstructed images with 
and without scatter correction. All the studies showed image quality 
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Fig. 4. Line profile comparison of the measured and estimated scattered 
data. Thin black line: Measured scatter; Thick Red line: Estimated 
scatter from Equation (11); and Thin dashed line: Estimated scatter from 
Equation (12). From the top row to the bottom row: profiles for 
projection views 0, 31, and 63, respectively. The Left/right column is for 
the transaxial/axial profiles. The inserted images for each view are from 
left to right: Emission data, measured scatter, and the estimated scatter. 
The display is scaled to the individual maximum. The transaxial profiles 
are along the dashed lines shown in the inserted image of view 0.  
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improvement by performing scatter correction and fifteen out of the 
twenty studies showed significant improvement in myocardium to 
chamber contrast. The ratio of the intensity of the inferior wall to 
the anterior wall was lower in scattered corrected images than in 
non-scattered-corrected images. Fig. 6 shows an example of patient 
images that demonstrate significant image quality improvement by 
performing scatter correction.  

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

V. DISCUSSIONS 
The proposed technique of the estimation from emission data is 

an approximated technique. Its accuracy and effectiveness for 
scatter estimation depends on  

i) The accuracy of SPR (or STR) measurement and the 
application of the SPR (or STR) measured on a phantom to 
other studies. 

ii) The accuracy of the assumptions and approximations made in 
Section II (B) to derive Equations (6) and (8). 

In a full-length manuscript, the accuracy of this model, the 
potential of over or under correction using this model for patients 
with varying sizes, scatter kernel determination, first-order Compton 
scatter estimation, and the noise performance of this model, etc. will 
be discussed. 

VI. CONCLUSION 
We propose a new technique to estimate scattered data from the 

emission data for scatter correction in SPECT imaging. This 
technique does not require the knowledge of attenuation map even 
though the latter could potentially improve the accuracy of the 
proposed technique. Phantom and patient cardiac SPECT studies 
showed that scatter correction using the proposed technique 
effectively improved myocardium-to-chamber contrast and 
suppressed image background as compared to without scatter 
correction. The computational time was increased by less than 2.5% 
with the proposed scatter correction technique as compared to that 
without scatter correction. 
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Quantitative Accuracy Assessment and Optimization
of SPECT Geometrical Calibration

Tianyu Ma, Yinbin Miao, Rutao Yao, Tiantian Dai, and Xiao Deng

Abstract—Accurate geometrical calibration is critical to ob-
taining high resolution and artifact free reconstructed images
for modern animal SPECT systems. Although there have been
many published works on the calibration of various SPECT
systems, few studies have been done to evaluate the efficacy
of the proposed calibration methods in a quantitative manner.
We have presented a numerical method to assess both the
uniqueness and the quantitative accuracy of SPECT calibration,
which is based on analyzing the singular value decomposition
(SVD) components of the Jacobian matrix from a least-square
cost function of the calibration. In this work, the proposed
method is firstly validated by applying it to the calibration of
a single pinhole SPECT system and comparing the results with
the published ones, and is then used to optimize the calibration
setup for a slit-slat SPECT system. With the proposed method,
minimum required number of point source projections to achieve
the desired calibration accuracy can be estimated and used as
figure-of-merit to evaluate the goodness of a calibration setup.
An inverse-square relationship between the calibration accuracy
and the number of sampled projections is revealed. Optimal
calibration setup is determined through a exhaustive searching
approach among all the possibilities of point source arrangements
under certain conditions. We demonstrate that for the studied
system, the best calibration accuracy is achieved by arranging the
point source over the edge of FOV with evenly-spaced angular
positions. Point source experiments were conducted to validate
the proposed method.

Index Terms—single photon emission computed tomography
(SPECT), geometrical calibration, Jacobian matrix, singular
value decomposition (SVD), slit-slat collimator.

I. INTRODUCTION

SPECT geometrical calibration has been an active topic
in recent years with the development of high resolution

animal SPECT systems and their successful application to
molecular imaging area. In order to achieve high resolution
and noise free SPECT images, geometrical parameters of the
SPECT system have to be known accurately and be modeled
in the reconstruction algorithm. There have been numerous
studies on SPECT calibration in recent ten years. Most of the
studies employed point source(s) or a specially designed phan-
tom. By acquiring tomographic projections through SPECT
scan and fitting the measured data to the analytical models
which included those geometrical parameters, optimal esti-
mation of the parameters were obtained. Such methods have
been proven to be successful in terms of providing high
quality SPECT images. However, in most of the published
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approaches, calibration setups were empirically designed, and
few studies were focused on quantitative analysis of the
impact of calibration setups on the estimation accuracy of the
parameters.

We have presented a numerical method to assess the charac-
teristics of both uniqueness and numerical accuracy character-
istics of a given geometrical calibration setup. The method is
based on analyzing the singular value decomposition (SVD)
components of the Jacobian matrix from a least-square cost
function of the calibration. With the presented method, we can
compare different calibration setups in a quantitative manner
and find the optimal one. In this work, The presented method
is validated through comparison with published results, and is
then applied to a slit-slat SPECT system for calibration setup
optimization.

II. METHODOLOGY

In this section, we briefly review the proposed SVD-based
method for calibration performance analysis. Readers are
referred to [1] for more details.

For a given SPECT system with the calibration parameter
set Γ to be determined, typically the solution of the calibration
problem is found by minimizing the following cost function

Γ† = arg min
Γ

F (Γ), (1)

where F (Γ) measures the difference between the measured
and predicted projection centroids of one or multiple point
sources. In most cases a least square cost function is used,
which can be written as

F (Γ) =
1
2

m∑

i=1

(pi(Γ)− ci)
2 , 1

2

m∑

i=1

fi(Γ)2, (2)

where i is the projection index, m is the total number of
projections, pi is the predicted projection location of an ideal
point source, and ci is the measured centroid for the measured
projection. Ideally ci is noise-free, and the optimal estimation
Γ∗ that minimizes (2) satisfies fi(Γ∗) = 0. When noise ei

exists in ci, Propagation of noise will cause the estimation
error

∆ = Γ† − Γ∗, (3)

where Γ† minimizes (2) with noisy ci. The corresponding
normal equations are

JTJ∆ = JTe, (4)
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where J is the Jacobian matrix which contains the first
partial derivatives of fi(Γ). The performance of the calibration
problem is analyzed through SVD of J . With SVD, the m×n
Jacobian matrix J can be decomposed as

J = USV T

= [u1, . . . ,um]




s1

s2

. . .
sn

0




[v1, . . . ,vn]T

(5)

where U is a m×m unitary matrix, S is a m×n diagonal
matrix, and V is a n × n unitary matrix. {ui}, i = 1, . . . , m
and {vj}, j = 1, . . . , n are called the left-singular and right-
singular vectors respectively, and s1 > s2 > . . . > sn > 0 are
the singular values.

The uniqueness condition and quantitative expression of
calibration accuracy are described as follows:

1) Uniqueness condition: The calibration solution is unique
when si 6= 0, i = 1, . . . , n, i.e. J is non-singular. When J
is singular, those parameters that have non-zero components
in those right singular vectors corresponding to zero singular
values can not be uniquely calibrated.

2) Calibration accuracy: Supposing ei can be modeled by
independent Gaussian functions with zero mean and same
variance σ2

c , the covariance matrix of estimation error, cov(∆)
can be written as

cov(∆)kl = σ2
c

n∑

j=1

1
s2

j

vjvT
j . (6)

Therefore, the standard deviation (STD) of the j-th parame-
ter σΓj is given by the square root of the j-th diagonal element
of cov(Γ)

σΓj = σc

√√√√
n∑

r=1

(
Vjr

sr

)2

, (7)

which is determined by {si} and the j-th row vector of V .
(7) reveals the quantitative relationship between the calibration
accuracy σΓj

and the SVD components of J . Since V is uni-
tary, i.e.

∑n
r=1 V 2

jr = 1, (7) provides an intuitive way to judge
the calibration accuracy: if all the sr are large, or the small
singular values sr are combined with very small Vjr, one can
expect an accurate estimate of the corresponding parameters.
Otherwise the accuracy of the corresponding parameters may
be low.

III. VALIDATION OF THE SVD-BASED METHOD

A. Single pinhole SPECT system

The proposed SVD-based method is applied to a single
pinhole SPECT system to analyze the calibration performance.
In [2], the geometry of the SPECT system is characterized
by 7 parameters, as illustrated in Table. I. Bequé et al have
derived the minimum required number of point sources to
ensure the uniqueness of the calibration problem through
analytical derivations. Estimation accuracy is calculated both

TABLE I
DEFINITIONS OF THE 7 PARAMETERS THAT DESCRIBES THE GEOMETRY OF

A SINGLE PINHOLE SPECT SYSTEM IN [2] AND [3].

Symbol Name Symbol Name
f Focal length eu, ev Electrical shifts
d Distance φ Tilt
m Mechanical offset ψ Twist

using an analytical equation derived from a linear system
model and through numerical simulations in [3]. In this work,
we have reproduced the same geometrical setup and used the
proposed method to predict the uniqueness and accuracy of the
calibration problem. In case of using 1, 2, and 3 rotating point
sources, corresponding results are compared in the following
paragraphs respectively.

B. Case I: one point source

With one point source, in addition to the 7 parameters
in Table. I, parameters to be calibrated also include
the point source’s coordinate values (r, α, z) in a
cylindrical coordinate system. Bequé et al showed
that only α and ψ could be uniquely determined. In
the SVD analysis, the calculated singular values are
{922, 842, 755, 64.1, 54.5, 46.0, 0.813, 0.703, 0.000, 0.000}.
The last two zero singular values s9 and s10 indicate
that the calibration problem is non-unique. The last two
singular vectors v9 and v10 are { 0.4330, 0.0000, -
0.0209, 0.0255, 0.8638, 0.0216, 0.1027, -0.2331, -0.0011,
-0.0000} and { 0.1125, -0.0000, 0.1644, -0.0951, 0.2287,
0.0056, -0.4595, 0.8293, 0.0040, 0.0000}, corresponding to
{r, α, z, f, d, m, eu, ev, φ, ψ} respectively. Only α and ψ do
not have non-zero components in v9 and v10. In another
word, only these two parameters can be uniquely calibrated.

C. Case II: two point sources

In case of two point sources, Bequé et al found that when
m 6= 0, the calibration uniqueness condition was satisfied.
Otherwise the calibration was still non-unique. The SVD based
method shows that when m 6= 0, the smallest singular value
is 0.577, and when m = 0 a zero singular value is found in
the SVD results. Conclusions of both methods coincide well
in both cases.

D. Case III: three point sources

Both Bequé et al’s method and the SVD-based method
illustrate that using 3 point sources located at known distances
from each other is sufficient to calibrate a single pinhole
SPECT system as long as a ”favorable” point-source spatial
arrangement is used. Two optimal setups, opt1 and opt2 are
suggested in [3], and the parameter estimation accuracy is
calculated both using an analytical equation derived from a
linear system model and through numerical simulations. The
results are shown in column ”anal” and ”sim” for both setups.

With the SVD method, the smallest singular values for
calibration setup opt1 and opt2 are 1.293 and 0.705 respec-
tively, meaning that the calibration uniqueness is satisfied. The
accuracy calculated from (7) is shown in Table II.
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TABLE II
COMPARISON OF PARAMETER ESTIMATION ACCURACY BOTH WITH
BEQUé’S METHODS (TAKEN FROM TABLE III IN [3] AND WITH THE

PROPOSED SVD BASED METHOD FOR OPT1 AND OPT2.

estimation accuracy
f d d eu ev φ ψ

[mm] [mm] [mm] [mm] [mm] [deg] [deg]
opt1 anal 0.21 0.03 0.03 0.23 0.19 0.04 0.01

sim 0.22 0.03 0.03 0.23 0.20 0.04 0.01
SVD 0.211 0.029 0.030 0.230 0.188 0.040 0.012

opt2 anal 0.35 0.05 0.03 0.23 0.29 0.05 0.01
sim 0.35 0.05 0.03 0.23 0.31 0.05 0.01

SVD 0.349 0.052 0.031 0.235 0.292 0.052 0.012

IV. CALIBRATION OPTIMIZATION OF A SLIT-SLAT SPECT
SYSTEM

A. slit-slat SPECT system

The calibration work was initially motivated by the develop-
ment of a slit-slat animal SPECT system based on a microPET
scanner [4], [5]. So the calibration method developed was
naturally tested on this system. Fig. 1 illustrates the setup of
a collimator insert within the PET detector ring. The PET
scanner consists of 4 detector rings and each detector ring has
24 detector blocks. Each detector block consists of a 12× 12
array of Lutetium Oxyorthosilicate (LSO) crystals.

Fig. 1. These two diagrams illustrate the concept of placing a collimator
insert inside a PET detector ring for SPECT imaging. The 3-D view on the
left shows the relative positioning of the slit-plates and the annular speta (only
three septa are shown for clarity). The 2-D transverse view on the right shows
the collimator and the detector ring in one plane (septa are not shown).

Fig. 2. Geometrical definitions of the coordinate system and the symbols.

For a SPECT system with k slits and when L point sources
are used in the calibration, the geometrical parameter set Γ to
be calibrated include:

1) SAP (rck, αck), where k = 1, . . . , K.

2) COR (x0l, y0l), the radius of rotation (ROR) rsl, and the
starting angular position of the point source αsl, where
l = 1, . . . , L.

B. Calibration accuracy Comparison with different setup

Six cases of different calibration setups are investigated, as
listed below:
• Case 1: one rotating point source, COR is (0, 0), ROR =

17.17 mm.
• Case 2: one rotating point source, COR is (0, 0), ROR =

11.45 mm.
• Case 3: one rotating point source, COR is (0, 0), ROR =

5.72 mm.
• Case 4: two rotating point sources, COR are (0,5.72 mm)

and (0,-5.72 mm) respectively, ROR = 11.45 mm.
• Case 5: three rotating point sources, COR are (0, 6.28

mm), (5.44 mm, -3.14 mm) and (-5.44 mm, -3.14 mm)
respectively, ROR = 10.89 mm.

Impact of number of measured projections per point source,
N, is investigated first. N = 60, 120, 360, 600, 1200 and 3600
are chosen; For each N, the corresponding J , U , S and V are
calculated. The STD of all the parameters are calculated based
on (7). STD(x0) as a function of N are plotted in Fig. 3 with
log-log scale, and are fitted to the following equation

STD = A/
√
N, (8)

where A is a fitting parameter, as shown in Fig. 3.

Fig. 3. STD of x0 are shown as a function of number of projections N for
calibration setup cases 1 to 3.

(9) reveals a simple but useful relationship between the
calibration accuracy and the number of projection samplings.
Theoretical explanation of this relationship can be found in
[6]. Therefore, given a desired calibration accuracy criteria,
the minimum required number of projections can be use to
judge the goodness of a calibration setup. Table. III shows
the minimum required number of total projections NP , which
is the product of N and number of point sources used when
the specific accuracy criteria is satisfied. It is obvious case 1
provides the most favorable accuracy among the studied cases.

C. Optimization of calibration setup

Another investigation is conducted using a fixed number
of measure projections, and exhaustively evaluating all the
possible calibration setups to search for the global optimal
calibration setup. Fig. 4(a) – 4(c) shows the optimal setup with
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TABLE III
THE MINIMUM NUMBER OF TOTAL PROJECTIONS NP REQUIRED TO

ACHIEVE A DESIRED CALIBRATION ACCURACY FOR THE 5 CALIBRATION
SETUP CASES. NP IS THE PRODUCT OF N AND NUMBER OF POINT

SOURCES.

case σx0 < σy0 < σαs < σrc< σαc <
index 0.017 mm 0.017 mm 0.054◦ 0.033 mm 0.095◦

1 346 346 10 64 21
2 1053 1050 30 180 51
3 4920 4909 140 8090 215
4 745 637 20 126 36
5 658 663 20 123 35

3, 4 and 5 projections among all the possible combinations
when the point source are placed onto the cross points of a
11x11 grid. Size of the grid is about the same of FOV. It is
found that in all cases the point sources have to be located
over the edge of FOV to provide optimal calibration accuracy.

We also investigated the optimal setup using 7 projections,
by constraing the location of point sources to be on the “edge
circle” of FOV. As shown in Fig. 4(d), The 7 projections are
roughly evenly spaced over the edge circle.

(a) (b)

(c) (d)

Fig. 4. Global optimal calibration setup with (a) 3 projections, (b) 4
projections and (c) 5 projections, when the point source is placed in the
cross point of the 11x11 grid. The red circle indicates the FOV. (c) Optimal
calibration setup with 7 projections are constrained to be in the red circle.

V. EXPERIMENTAL STUDIES

Point source experiments were conducted to test the calibra-
tion accuracy and validate the proposed methods. A 57Co point
source was used to acquire the SPECT data for calibration. By
mounting the point source onto the same rotation stage, two
groups of SPECT data were acquired, the COR were same
and the ROR were 15.47 mm (Orbit A) and 6.02 mm (Orbit
B) respectively. For each orbit, 360 projections were acquired
with 3◦/step. By selecting only a portion of the projections,
impact of N on the calibration accuracy can be investigated.
7 different choices of N = 40, 45, 60, 90, 120, 180 and 360
were used, and the selected projections were always evenly
spaced over 360◦. For each N, the acquired list mode data were
evenly splitted into 100 pieces to generate 100 realizations of
measured projections. Therefore the calibration were repeated

7 x 100 times. For each N, STD(x0) were calculated over the
100 realizations and the results are shown in Fig. 5. Similar
to Fig. 3, a linear shape is observed in the log-log scale plot
for both curves. By fitting the data to the following equation

STD = A ∗ NB , (9)

We found B = -0.512 for Orbit A and B = -0.510 for Orbit
B. The result coincides well with (9). Fig. 5 also shows Orbit
A provides better estimation stability over Orbit B.

Fig. 5. STD of x0 are shown as a function of number of projections N.

VI. CONCLUSION

In this work, a SVD-based numerical method is used to
analyze the quantitative accuracy of SPECT calibration. By
applying the method to a slit-slat SPECT system, conditions
for optimizing the calibration setup are studied in terms
of using smallest number of point source measurements to
achieve the desired calibration accuracy. According to the
optimization study results, it is suggested that the point
source(s) should be placed as close to the edge of FOV as
possible and with evenly-spaced angular positions. A inverse-
square relationship between the calibration accuracy and the
number of point source measurements is observed both in
numerical calculations and in calibration experiments, which
is explained by a published theorem in nonlinear regression
theory. Calibration optimization studies with realistic number
of projections will be conducted by accelerating the current
exhaustive searching approach and will be presented.
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Index Terms—Single Photon Emission Computed Tomography 
(SPECT), axial geometrical calibration, singular value 
decomposition (SVD), slit-slat collimator.  
 

 
Abstract—The septa-to-crystal position is a geometrical 

parameter that affects the system response of a slit-slat collimator 
SPECT but has not been studied. In this work, we present a 
method to determine this parameter.  The method is based on 
minimizing the difference between the point spread functions from 
a series of measured and geometrically modeled point sources.  The 
method is assessed for its uniqueness and accuracy by analyzing 
multiple numerical simulations using a singular value 
decomposition (SVD) based approach. Given realistic estimations 
for the other geometric parameters, the accuracy of estimated 
septa-to-crystal position is 0.04mm, which is adequate for the 
SPECT system with resolution at ~ 1mm.  
 

I. INTRODUCTION 
Geometrical calibration is critical to the imaging quality of 

SPECT systems. In most of the recent literatures, calibration of 
the parameters was done by scanning point sources or dedicated 
calibration phantoms, and comparing and fitting the measured 
projection data to an theoretical model including those 
parameters [1]–[3]. By minimizing the difference between 
measured and theoretically estimated projections, optimal 
estimation of the parameters is obtained. 

In our previous work [4-5], we developed a method to 
determinate the transaxial geometrical parameters for the 
MicroSPECT systems, which was realized by inserting an 
slit-slat collimator into the MicroPET scanner, as shown in Fig. 
1. By rotating point sources in the field of view (FOV) and 
fitting the projection centroid, the geometrical parameters of the 
slit-slat collimator were determined for the SPECT imaging, 
including the slit-aperture center (SAC), the center of rotation 
(COR)  and the septa tilt and twist angle .  We also observed that 
the PSF in axial direction do have dependency on the 
geometrical characteristics of slit-slat [6]. To improve the 
reconstructed image quality in axial direction, it is important to 
calibrate the parameters in axial direction, such as the septa gap 
and the septa-crystal position. 

In this work, we develop a method to determine the 
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septa-crystal position in axial direction for slit-slat SPECT. 

 

II. METHOD AND MATERIALS 

A. Point Spread Function in Axial Direction 
For the slit-slat SPECT system (Fig. 1), the solid angle Ω of a 

point source to the crystal is determined by the geometrical 
parameters of slit-slat collimator, as shown in Fig.2.  

 
 In Fig. 2, θm,k is the view angle of point source projecting 

through the kth speta gap to the mth crystal m in axial direction,  

Determination of the Septa-to-crystal Position in 
Axial Direction for a Slit-Slat Collimator SPECT 

Xiao Deng, Tianyu Ma, Member, IEEE, and Rutao Yao, Member, IEEE 
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Fig. 3.  The diagram on the left illustrates a point source in FOV projecting 
through one slit opening and one septa gap only to a small area of the crystal 
on the detector ring. The diagram on the right shows the view angle of the 
point source to the crystal in axial direction. 

 
Fig. 1.  The diagram on the left illustrates a point source at K projects through 
one slit opening only to a small area of crystals on the detector ring. The 
diagram on the right shows the coordinate-system’s orientation and variables 
used for storing the sub-matrix for the source at K. 
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Where, zk = z0 + g/2 + k*t + (k-1)*g is the right edge position the 
kth septa, zpnt is the axial position of the point source, g and t are 
the septa gap and thickness, z0 is the septa-to-crystal position, d 
is the distance of point source to the inner face of septa, h is the 
length of septa in transaxial direction. The view angle β in 
transaxial direction is determined by the slit position, aperture 
width and open angle, and it’s assumed to be a fixed value in this 
paper. Then the counts in the mth crystal can be calculated by 
equation (2) and (3): 
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Where, Ωm,k is the solid angle of point source projecting through 
the kth septa gap to the mth crystal,  Ωm is the solid angle of point 
source to the mth crystal,  wc is the axial width of crystals, A0 is 
the total number of photons emitted by the point source in the 
measurement. It must be noted that the detector efficiency of 
crystals is assumed to be 1 here. 

B. Least Square Cost Function for Estimation 
The most commonly used least square function is used to 

define the cost function: 

( ) ( )( )2
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= =

Γ = Γ −∑∑  (4) 

Where i is the projection index, N is the total number of 
projections, M is the total number of crystals in axial direction, 
pi,m is the predicted counts of an ideal point source, and ci,m is the 
measured counts for the measured projection, Γ = {A0, zpnt, g, z0, 
t, wc} is the parameters set. The t and wc are accurately 
manufactured (0.03mm) and have a size information known, t = 
0.25mm, wc = 1.59mm. Therefore, there only four parameters in 
axial calibration, i.e., Γ = {A0, zpnt, z0, g}. 

C. SVD-based Approach for Uniqueness and Accuracy 
Analysis 
The singular value decomposition (SVD) based approach is 

used to analyze the Jacobian matrix J of the least-square cost 
function in (4). Then, the uniqueness of the calibration can be 
identified by assessing the non-singularity of J ( eq.(6) ), and the 
estimation accuracy of the calibration parameters can be 
quantified by analyzing the SVD components ( eq.(7) ) [5]. 
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where, i = 1, 2, …, n, n =M*N, Γ* is the given parameter for 
estimation. 
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where U is a n×n unitary matrix, S is a n×r diagonal matrix, and 
V is a r×r unitary matrix, r is the number of parameters for 
estimation. {ui}, i = 1, . . . ,n, and {vj}, j = 1, . . . , r are called the 
left-singular and right-singular vectors respectively, and s1 > s2 > 
. . . > sr are the singular values, σ1

2, σ2
2,… σn

2, are the variance of 
counts in crystals. Here, the σ1

2 is assumed to be the square root 
of counts. 

D. Considerations for the Parameter Set 
As the activity of the point source can be measured by the 

counting equipment with a resolution of 5%, the range of A0 
could be determined with a precision of about 5%. For the 
slit-slat collimator, the total axial length of slat L=K*t + (K-1)*g 
could be measured directly with a 0.5mm precision. Then the 
range of g could be determined as follows: 

0.83 mm .
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K K
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where, K = 76 is the number of septas. Without losing 
generality, the z0 can be recognized as the position of the center 
of nearest septa gap to the center of FOV, i.e,  - (g+t)/2 < z0 <  
(g+t)/2. 

To determine the point source position, the point source (18F) 
is moved in axial direction and the centroid is calculated by 
using the MicroPET reconstruction image.  With this method, 
the resolution of zpnt is about 0.04mm. 

III. RESULTS 

A. Numerical Validation 
To analyze the uniqueness and accuracy of axial calibration, 

the point source was moved in the center of FOV alone the axial 
direction with 100 projections and a fixed step size 0.2mm. 1000 
realizations of parameter Γ within certain ranges: A0 = [1e4,  
1e5, 1e6, 1e7, 1e8], zpnt = [10:0.4:11.6], z0 = [-0.7:0.2:0.7], g = 
[0.6:0.1:1]. For each sampled Γ, the SVD components U, S and 
V of J were calculated by using (4)-(7).  

The mean and STD of the singular values calculated from 
1000 realizations were {4.8064E5±8.5576E5, 
8.4676E4±1.4940E5, 4.0061E4 ±7.0526E4, 0.0015±0.0002}. 

TABLE I 
THE SINGULAR VECTORS (V1, …, V4) (ROW 2 TO 5) AND SINGULAR VALUES SI 

(LAST ROW) FOR THE CALIBRATION WITH 1 POINT SOURCE, 1 SLIT AND 100 
PROJECTIONS. COLUMN 1 SHOWS THE NAME OF EACH PARAMETER, AND THE 

LAST COLUMN IS THE CORRESPONDING STD. THE PARAMETER SET Γ WAS  = (A0, 
zpnt, g, z0) = (1e8, 10mm, 0.83mm, 0.0mm). 

parameters v1 v2 v3 v4 std 

A0 0.0000 0.0000 0.0000 -1.0000 6.7377E4 

zpnt -0.0078 -0.4653 0.8851 0.0000 0.4236 µm 

z0 0.0208 0.8849 0.4653 0.0000 0.2786 µm 

g 0.9998 -0.0220 -0.0028 0.0000 0.0406 µm 

sj 2.0483E6 4.0161E5 1.7503E5 0.0016 
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The minimums of the singular values were {174.5852,
 31.5295, 16.1482, 0.0011}. It was observed that all the four 
singular values were always non-zero, i.e., the parameters can be 
determined uniquely.   

Table I shows the singular values and right singular vectors 
calculated from one realization. From Table I, the precision for 
z0 and g is about 0.0047mm and 0.0001mm. 
 

B. Validation with Point Source Simulation 
In order to validate the accuracy of the proposed calibration 

methods, the Monte Carlo simulation for point sources was 
implemented in GATE. 27 cases were realized in simulation 
with g = [0.83 0.83±0.03] mm, zpnt0 = [10 10±0.04] mm, z0 = 
0.0mm and A = [5 5±0.25] mCi. For each case, 100 projections 
was acquired, and the acquisition time for each projection is 0.5 
second. And the point source was located in the center of FOV 
and moved in axial direction from zpnt0 with a step size 0.2mm.  

 
The simulation data was used to minimizing the cost function 

in (4), which was implemented in MATLAB.  The septa gap g 
and zpnt0 were assumed as a fixed value (0.83mm and 10mm) as 
running the least square fitting. The calculated and simulated 
PSF in axial direction are shown in Fig. 3. The mean and STD 
values of the estimated parameter z0 are 0.01±0.03mm, and the 
minimum and maximal estimated z0 are -0.04mm and 0.04mm.  

IV. CONCLUSION 
A new method was proposed to determine the geometrical 

parameters in axial direction for the slit-slat SPECT system. By 
using the SVD analysis on the PSF-based least square cost 
function, the septa-to-crystal position z0 could be determined 
uniquely with a rather high accuracy. The Monte Carlo 
simulation with point source was performed to validate the 
method. 

The impact of septa-to-crystal position on the reconstruction 
image is also on the way. 
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Fig. 3.  Calculated and simulated axial PSF of different projections for the 1st 
slit. The axial PSF was calculated by using the estimated parameters Γ = {A0, 
zpnt0, g, z0} = {2.1622E8, 10.00mm, 0.83mm, -0.0012mm}. 
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Dynamic Cone-Beam Reconstruction
Using a Variational Level Set Formulation

Andreas Keil, Jakob Vogel, Günter Lauritsch, and Nassir Navab

Abstract—Tomographic reconstruction from cone-beam X-ray
data is only solved for static objects, e. g. the abdomen. In cardiac
imaging, a rotational angiography sequence takes approx. 5 s and
therefore spans several heart beats. Since such an acquisition
scheme forces a trade-off between consistency of the scene and
reasonable angular spacings between camera positions, standard
reconstruction techniques fail at recovering the 3D + t scene.

We propose a new reconstruction framework based on vari-
ational level sets including a new energy term for symbolic
reconstruction and incorporating the motion into the level set
formalism. The resulting simultaneous estimation of shape and
motion proves feasible in the presented experiments. Since the
proposed formulation offers a great flexibility in incorporating
other data terms, it could be of interest for other reconstruction
settings as well.

Index Terms—Cardiac imaging, Cone-beam CT, Dynamic
reconstruction, Rotational angiography.

I. INTRODUCTION

The clinical motivation for providing a 3D(+t) reconstruc-
tion of the coronary arteries from rotational angiography data
is to provide the physician with intra-interventional volumetric
data. Currently, patients with acute coronary syndrome either
get a conventional CT (for a definite rule-out) or are directly
sent to the catheter lab where diagnosis and intervention are
performed at once using a C-arm system. In the former case,
the physician may obtain a 3D reconstruction which is not
intra-interventional whereas in the latter case, there are only
series of 2D X-rays available for diagnosis and navigation.

Bringing the two worlds together requires a reconstruction
from calibrated angiographic projections which can be ob-
tained during a rotational run (≈ 190◦) of the C-arm around
the patient (see Fig. 1). Such a run takes about 4 s to 5 s.
The resulting inconsistent projection data inhibits 3D recon-
struction. This is the reason why a simultaneous estimation of
shape and motion is needed in order to compensate for the
heart motion during the reconstruction of the shape.

The ill-posedness of a direct tomographic 4D reconstruction
suggests to seek a symbolic or binary reconstruction first
and then use the recovered motion for a later tomographic
reconstruction. Such a symbolic reconstruction is performed
on the contrasted coronary arteries. After enhancing these
tubular structures with some kind of “vesselness” filter (like

A. Keil, J. Vogel, and N. Navab are affiliated with Computer Aided
Medical Procedures (CAMP), Fakultät für Informatik, Technische Universität
München, Germany and G. Lauritsch is with Siemens AG, Healthcare Sector,
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Informatik, I-16, Technische Universität München, Boltzmannstr. 3, 85748
Garching, Germany. E-Mail: andreas.keil@cs.tum.edu.

This work was funded by Siemens AG, Forchheim, Germany.

the ones presented in [1] or [2]) in 2D, they are suitable
features, covering the motion in the relevant area around the
patient’s heart.

Please note that this work is an extension of [3], allowing a
wider range of motions (periodic deformable vs. global rigid)
and requiring different evaluation measures.

II. RELATED WORK

To the authors’ knowledge, all previous work on cardiac
cone-beam CT makes strong use of the assumption that the
heart motion can be grouped into several phases (usually
defined by a percentage value between two adjacent R-peaks).
Within such a phase (e. g. 10%− 20%), the heart is assumed
to re-position exactly. This permits a retrospective gating
using the simultaneously recorded ECG signals. Based on
this, Blondel et al. [4], Hansis et al. [5], and Movassaghi
et al. [6] mostly rely on epipolar geometry and triangulation.
Temporally distant but spatially consistent projections (yield-
ing a wider baseline) are used to reconstruct 3D points and
track them over time. Using traditional computed tomography
solutions (like filtered back projection [7] or algebraic recon-
struction [8], [9]) Prümmer et al. [10] and Schäfer et al. [11]
both perform phase-wise tomographic reconstructions. These
phase-wise reconstructions can then be fused if the motion
between cardiac phases is somehow known. Of these two,
[11] focuses on the motion-compensated FDK-reconstruction
algorithm, assuming a known motion field, whereas [10]
also proposes to do multiple sweeps for acquiring enough
projection data.

In order to avoid making strong (and often not valid)
assumptions about data consistency, we propose a variational
level set framework for symbolic reconstruction instead of us-
ing tomographic- or triangulation-based methods. This enables

cc Patrick J. Lynch, 2006

t1

t2

t3

t4

t5

Fig. 1. The problem setting: A rotational angiography of a dynamic scene.
(Image is derived from work by Patrick J. Lynch, medical illustrator; C. Carl Jaffe, MD,
cardiologist. http://creativecommons.org/licenses/by/2.5/)
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a soft coupling in space and time, thereby having the potential
to yield more robust algorithms.

Although we employ a novel model and energy formulation,
we still want to point the reader to the following works which
we share some ideas with: Yoon et al. [12] perform a CT-like
reconstruction from X-ray data using multiphase level sets.
This enables the reconstruction of piece-wise constant tissue
from very few projections but does not deal with motion. Rathi
et al. [13] and Cremers et al. [14] perform deformable tracking
on 2D images using active contours which is related to our
time-coupling.

Additionally, there is a lot of related work in the computer
vision community on 3D reconstruction from optical images
using level sets, graph cuts, or voxel occupancy grids. For the
sake of brevity, we do not delve into this field but just want
to mention Franco et al. [15] who present a nice solution to
the problem of 3D reconstruction from probabilistic silhouette
images in a synchronized multi-view environment.

III. METHODS

Having laid out our motivation for developing a level set
framework (offering the desired soft coupling) for symbolic
reconstruction, we now proceed to its modeling and imple-
mentation.

A. Dynamic Level Sets

Since we seek to obtain a symbolic or binary reconstruction
of our 3D scene over time, we have chosen to model the
“inside” and “outside” of reconstructed coronaries using a
level set function

Φ0 :
{

R3 → R
x0 7→ Φ0(x0)

(1)

on some reference domain with coordinates x0 and the con-
vention Φ0(x0) < 0 for “inside” or “reconstructed vessel
points”. (Please refer to [16] for a short introduction to
variational level set methods.) In order to establish a temporal
relationship of the reconstruction frames, this level set function
is made dynamic by introducing a parametric warping trans-
formation ϕ. This transformation maps points from location
x at time t to coordinates x0 in the reference frame. Note that
this reference frame (where the shape is reconstructed using
one single level set function Φ0) is arbitrary and not fixed
to any point in time. This way, we avoid any bias toward a
specific point in time. For the experiments presented in this
paper, we model the motion as

ϕ(x, t,α) = R(t,α) ·x+ T (t,α) + u(x, t,α) , (2)

where the rotation matrix R and the translation vector T to-
gether represent a dynamic rigid motion and u is a deformable
motion. The former is modeled using 6 temporal B-splines
with 12 degrees of freedom each, the latter is a tensor-product
spline with 53 · 12 knots in R3, totaling to α ∈ R4572. Both
motion parts are assumed to be periodic at this stage. However,
there is no restriction when modeling the scene motion and
future work will be aimed at including global, non-periodic
motions, too.

A dynamic level set function is now obtained by using the
motion model (2) to warp the shape model (1), yielding the
dynamic level set function

Φ(x, t,α) = Φ0

(
ϕ(x, t,α)

)
. (3)

Note that one could also directly model a 4D level set function
Φ(x, t). But using a parametric warping function ϕ has several
advantages:
• The shape reconstruction is implicitly regularized over

time, since there is only one shape model.
• The motion can be recovered directly, simplifying its later

use in a tomographic reconstruction as well as enabling
a direct motion regularization (as opposed to imposing
temporal soft constraints on Φ).

• Memory requirements for separate shape and motion
models are much lower compared to a 4D Φ grid if the
motion is parametrized.

B. Reconstruction Energies

Having modeled the shape and the motion to be optimized,
we now describe the energy functional that fits the reconstruc-
tion parameters Φ0 (implicitly representing the shape) and α
(representing the motion) to the given L projection images Il
acquired at times tl, 1 ≤ l ≤ L. The projection images’ pixels
are assumed to contain intensity values in [0, 1], corresponding
to the probability that the associated ray hit a vessel. Imposing
penalties on false positive and false negative reconstructed
points in space works in a manner similar to what was first
presented by Chan and Vese [16] in the segmentation domain
but taking into account the projective character of the imaging
device:

Let V be the reconstruction volume, Pl : R3 → R2 the
projection operator for frame l, and H the Heaviside step
function (or rather a mollified version of it, see [16] for
examples). The false positive term is then

EFP(Φ0,α) =
L∑
l=1

∫
V

SFP

(
Il
(
Pl(x)

))
·

·
[
1−H

(
Φ0(ϕ(x, tl,α))

)]
·
[
1− Il

(
Pl(x)

)]
dx , (4)

where SFP(i) = H
(

1
2 − i

)
is a switching function, enabling

the false positive penalty for low intensities/probabilities i ∈
[0, 1

2 ] only. In this formula, the first two factors filter out the
false (1st factor) positive (2nd factor) reconstructions, whereas
the 3rd factor weights the penalty. This way, reconstructed
points are penalized every time they are hit by a “non-vessel
ray”.

Penalizing false negatives works in a similar way. However,
the big difference is that we cannot accumulate penalties in
volume space. Due to the images being probabilistic projec-
tions, we may impose a false negative penalty if, and only if,
no object is reconstructed along the whole ray corresponding
to a high intensity pixel.1 Thus, whole rays have to be

1Note that another approach would be to focus on a point in space
and impose a false negative penalty iff all projected intensities enforce an
object. However, this would favor “empty” reconstructions due to the initially
inconsistent data.
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considered instead of single points:

EFN(Φ0,α) =
L∑
l=1

∫
A

SFN
(
Il(p)

)
·

·H
(

min
x∈Xl(p)

Φ0

(
ϕ(x, tl,α)

))
· Il
(
p
)

dp (5)

Here, A ⊂ R2 is the projection image space, Xl(p) is the
set of volume points corresponding to pixel p in image l, and
SFN(i) = H

(
i− 1

2

)
is the switching function enabling the

term for falsely reconstructed points only. The three factors
here are responsible for selecting pixels which indicate a vessel
to be reconstructed on the ray to pixel p (1st factor), selecting
rays where all Φ values are positive, i. e. there is no object
reconstructed (2nd factor), and adding a weighted penalty (3rd

factor), respectively.
Although the two data terms differ in their integration

domains (volumes vs. imaging planes), they are presented
using these intuitive formulas. For computation purposes,
the data terms may either be appropriately weighted or one
may convert the area integrals in the false negative term to
volumetric integrals using the coarea formula.

C. Regularization
In terms of regularization we only need to care about

shape regularization since the motion parameters are inherently
regularized due to the usage of B-Splines with an appropriate
number of knots. For obtaining a smooth shape reconstruction
in the reference frame, we use

Eshape(Φ0) =
∫
V0

δ(Φ0(x0)) · ‖∇Φ0(x0)‖ dx0 (6)

for penalizing the level set surface area, thus favoring recon-
structions with low surface curvatures.

D. Implementation
Optimizing the system

E(Φ0,α) = λFN ·EFN(Φ0,α) + λFP ·EFP(Φ0,α)
+ λshape ·Eshape(Φ0) (7)

is rather complex as the shape model Φ0 and the deformation
parameters α have to be computed simultaneously. The former
is minimized using the variational derivative of δE

δΦ0
, the latter

by calculating the gradient ∇αE. Computing these terms from
their analytic forms involves deriving the minimum functional
from equation (5), several numerical approximations, and a
step size management during gradient descent for Φ0 and α.

The most demanding issue to solve is the computation of
EFN and its derivatives. Computing the minimum functional in
the equation’s second factor requires a customized ray casting
step with a warping of every sample point.

Several approaches to implement such a scheme are possi-
ble, including GPU-based methods. After considering aspects
related to memory usage and speed of computation, we
decided to use a CPU-based procedure, parallelized using
OpenMP. Even though GPUs appear to be a natural choice for
ray casting, their bad support for “arbitrary writes” disqualifies
them for this algorithm.

(a) (b)

(c) (d)

Fig. 2. Exemplary overlays for error evaluation. The noise level for
the projections and reconstructions shown is 50 %. Top row: Overlay of
reconstructed shape borders (red) on input projection data. Bottom row: 3D
overlay of ground truth data (green) and reconstructed shapes (red). The left
column shows the “Synthetic” data set whereas the right column shows the
“Phantom” data set. Note that the whole setup is dynamic and the printed
images can only show a snapshot of the non-rigidly moving artery trees.

IV. EXPERIMENTS AND DISCUSSION

We test our method using synthetic and phantom data. The
“Synthetic” data is created by modeling tubes of considerable
diameter clearly visible in the projection images (see Fig.
2(a) and (c)) while the “Phantom” data was physically built,
scanned (without motion), reconstructed and segmented. It
contains thin vessels which can barely be represented at our
current voxel resolution as visible in Fig. 2(d).

In both cases, we use 3 × 4 projection matrices, obtained
from the calibration of a real stationary C-arm, to generate
projections of the data. During the simulated image acqui-
sition process we apply a periodic deformable motion with
amplitudes of 10 mm for the translations, 10◦ for the rotations
and up to 30 mm for the deformations. An image enhancement
step as necessary in the real setting can be omitted grace to the
use of symbolic ground truth data. Instead, we add Gaussian
noise (with zero mean and standard deviations of 0 % to 50 %
of the full intensity range) to the projection images in order
to simulate more realistic projections and test the algorithm’s
sensitivity to noise. Sample projections with 50 % noise are
shown in Fig. 2(a) and 2(b).

In order to speed up testing, we work on rather coarse data
using 48 projections at 155 × 120 pixels each (compared to
200-400 images with 620× 480 pixels each in a real setting).
The reconstruction volume V covers a cube of size (15 cm)3,
discretized as grid of 503 voxels (yielding a 3 mm spacing in
each dimension).

All experiments have been run on a machine with 24 cores.
Execution time depends on several factors such as noise and
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TABLE I
COMPARISON OF RECONSTRUCTION ERRORS FOR THE “SYNTHETIC” AND

“PHANTOM” DATA SETS AT SIX DIFFERENT NOISE LEVELS EACH.

Data Set Noise level R Se Sp

Synthetic 0 % 85.1 % 86.1 % 99.9 %
Synthetic 10 % 84.9 % 84.4 % 99.9 %
Synthetic 20 % 84.6 % 83.5 % 99.9 %
Synthetic 30 % 83.8 % 80.1 % 99.9 %
Synthetic 40 % 83.2 % 80.1 % 99.9 %
Synthetic 50 % 81.3 % 75.9 % 99.9 %

Phantom 0 % 66.7 % 75.2 % 99.6 %
Phantom 10 % 66.6 % 78.0 % 99.6 %
Phantom 20 % 65.0 % 73.8 % 99.6 %
Phantom 30 % 67.0 % 74.2 % 99.6 %
Phantom 40 % 66.3 % 72.8 % 99.6 %
Phantom 50 % 64.7 % 71.7 % 99.6 %

both, motion and scene complexity but is usually below 1 h.
Error measures well-known from the segmentation domain

are used for a quantitative evaluation of the symbolic recon-
struction: Let Tp, Tn, Fp, and Fn be the true positive, true
negative, false positive, and false negative voxel counts for a
symbolic reconstruction, resp. Then

overlap ratio R =
2 ·Tp

(Tp + Fn) + (Tp + Fp)
, (8)

sensitivity Se =
Tp

Tp + Fn
, (9)

and specificity Sp =
Tn

Tn + Fp
(10)

are used to measure the accuracy of the reconstruction.
A comparison of these measures for two data sets and

six noise levels is given in TABLE I. The phantom data set
performs worse than the synthetic model. The specificity Sp
is of limited interest since it mainly correlates with the ratio
of vessel voxels to the reconstruction volume’s total number
of voxels. It always approaches 1 if the reconstruction volume
is large enough (Tn is big) and is just given for completeness.
The chosen error measures are not really well-suited for
evaluating this data with its relatively coarse resolution. Since
the vessel structures (esp. of the “Phantom” data set) are barely
representable at the given resolution, the voxel counts are also
subject to discretization errors. However, a visual evaluation
of the recovered motion as in Fig. 2(d) shows that the motion
estimation is still very accurate. Unfortunately, a quantitative
evaluation of positional errors is quite difficult since there
is no reference frame where this error could be measured.
A deformable registration (with all its ambiguities) would
be required to compute motion errors between reconstruction
and ground truth volumes. Previous experiments with rigid
motion models (enabling a better evaluation of position errors)
in [3], however, have shown that the estimated motion is
usually sub-voxel accurate (about 1 mm errors for 1.5 mm
voxel spacings). This is even more relevant for subsequent
motion-corrected tomographic reconstructions. Comparing the
evaluation measures across noise levels shows the very high
robustness of the proposed formulation w.r.t. noise.

V. CONCLUSION

The symbolic 3D + t reconstruction presented in this paper
is another step towards dynamic reconstruction from rotational
cone-beam data. Its major benefit is that it does not depend on
hard constraints such as perfect ECG signals or an exact re-
positioning of cardiac anatomy between heart beats. Thus, the
computed motion is more robustly obtained than with other
approaches and it may by used for a subsequent, motion-
corrected tomographic reconstruction.

The experiments show the framework’s ability to obtain a
4D reconstruction from a series of very noisy 2D projections.
The types of motion covered by our periodic deformable
models are very similar to real cardiac motion. Future work
aims at allowing global, non-periodic motions and optimizing
the implementation, thus enabling to work with real data.
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Towards 4-D Cardiac Reconstruction without ECG
and Motion Periodicity using C-arm CT

Christopher Rohkohl, Günter Lauritsch, Marcus Prümmer, Jan Boese and Joachim Hornegger

Abstract—Heart motion is a crucial problem in cardiac to-
mographic cone-beam image reconstruction. It requires special
treatment to avoid motion related image artifacts. Analytic
and iterative algorithms for approximative and exact motion
compensated 3-D reconstruction are known. The estimation
of the motion field from the projection data is still an open
problem. The inherent assumption of recent publications is a
periodic heart motion. The electrocardiogram (ECG) is used as
an estimate for the periodically repeating heart phase. In those
approaches the heart motion is averaged over several heart cycles.
As a consequence heart beat variabilities cannot be captured.
However, frequently arrhytmic heart cycles can be observed in
a clinical environment. In addition breathing motion can still
occur.

We present a reconstruction method based on a 4-D time-
continuous B-spline motion field which is parameterized by the
acquisition time and not the quasi-periodic heart phase. A time-
correlated objective function is introduced which measures the
error between the measured projection data and the dynamic
forward projection of the motion compensated reconstruction.
For reconstruction an analytic motion compensation algorithm is
used. Our objective function formulation exploits the fact that the
desired motion compensated reconstruction is totally determined
by a given motion field. The motion model parameters are
estimated using an iterative optimization scheme. Simulation
results are provided for a synthetic cardiac vasculature phantom
undergoing deformable motion which could be well recovered
using the presented framework without using the ECG and
assuming periodicity of the motion.

Index Terms—Motion estimation, motion compensation, 4-D
reconstruction

I. INTRODUCTION

THE tomographic 3-D cone-beam reconstruction of mov-
ing objects is of high importance for many applications,

e.g. in the medical field. Patient or organ motion degrades
the image quality of 3-D reconstructions and thus is in the
focus of many current research activities especially in cardiac
applications. With the technology of C-arm CT it is possible
to reconstruct intraprocedural 3-D images from angiographic
projection data [1]. However, cardiac reconstruction is yet a
challenging problem due to the long acquisition time of several
seconds at which several heart beats occur, leading to motion
related image artifacts, e.g. blurring or streaks.

An established technique for time-resolved cardiac recon-
struction is to record the electrocardiogram (ECG) during the
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data acquisition. Based on the ECG-signal a relative cardiac
phase is assigned to each projection image assuming a cyclic
heart motion [2]. The phase information is used for a phase-
correlated reconstruction by gating or motion estimation and
compensation. A gated reconstruction takes only those images
into account that lie inside a defined temporal window, that
is centered at the targeting reconstruction phase [3], [4], [5].
This is however not ideal in terms of missing data and residual
motion. To increase the data usage motion compensated recon-
struction algorithms [6], [7], [8], [4] are applied. The phase
information is used during motion estimation to parameterize
a motion field that maps every heart phase to the target phase
by some kind of registration operation [6], [9], [10]. Another
approach is the integration of the motion estimation directly
into iterative reconstruction algorithms. The periodic motion
model parameters and the reconstruction are jointly estimated
during the optimization [11], [12].

The common problem of the previous approaches is that the
averaged periodic motion model does not necessarily represent
accurately the actual heart motion of each individual beat.
Thus the quality of the motion correction and periodicity
assumption are correlated. Accordingly, the previous methods
were shown to provide reasonable results in the presence of
regular heart rates without breathing or other patient motion.
However, patients requiring 3-D imaging of the heart are
likely to suffer from heart diseases and cannot completely hold
breath, stay still or have irregular heart beats. Those aspects
do conflict with the periodicity assumption. Up to now, these
problems were addressed by approximate 2-D corrections in
the projection image. Blondel et al. [6] proposed to model
breathing motion of the heart as a translation mainly in axial
direction. Hansis et al. [13] proposed to cope with the problem
by performing a 2-D/2-D registration of the projection image
with a forward projection of an initial reconstruction. However,
none of the methods can cope with the general case of non-
cyclic 3-D motion.

In this paper a method for the cardiac 4-D reconstruction
without perodicity assumption is introduced. We propose to
separate the estimation of the motion field from the im-
age reconstruction using an analytic motion compensation
algorithm. It is exploited that given a motion compensated
reconstruction algorithm, the desired image volume is totally
determined by the motion field. This representation allows
motion estimation for non-periodic deformable motions using
an iterative optimization scheme. The motion parameters are
estimated such that the error between the measured projection
data and the dynamic forward projection of the corresponding
motion compensated reconstruction is minimized.
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II. METHODS

This part of the paper is organized as follows. In Sect. II-A
an overview of formalisms and notation is provided. Next,
in Sect. II-B the objective function for motion estimation is
introduced. The upcoming Sections II-C and II-D contain the
explicit formulation of the non-periodic 4-D B-spline motion
model and motion compensated reconstruction, respectively.
Finally, in Sect. II-E the optimization strategy is discussed.

A. Preliminaries

Some basic assumptions about the data and motion model:
• Projection data mapping p : {1, . . . , N} × R2 → R: The

projection data mapping p(i,u) returns the measured image
value of the i-th projection image at the pixel u. The
number of projection images is denoted N .

• Projection function A : {1, . . . , N} × R3 → R2: The
projection function A(i,x) = u maps a voxel x to a pixel
location u in the i-th projection image.

• Set of voxels Li,u = {x ∈ R3 | A(i,x) = u }: The voxels
x ∈ Li,u form a straight ray hitting the detector bin u at
projection number i.

• Motion model M : {1, . . . , N}×R3×S→ R3: The motion
model is an invertable function M(i,x, s) = x′ mapping
a voxel coordinate x for the i-th projection image to a
new location x′. It depends on the motion model paramters
s ∈ S. The concrete 4-D B-spline motion model used in
this paper and the corresponding parameter space S are
detailed in Sect. II-C.

• Motion compensated reconstruction f : R3 × S → R:
The function f(x, s) returns the reconstructed object value
at the voxel coordinate x based on the motion model
parameters s ∈ S. It depends not only on the voxel
location as in the static case, but also on the motion model
parameters which define the object motion. The concrete
reconstruction algorithm used in this paper is detailed in
Sect. II-D.

B. Objective Function for Motion Estimation

Motion estimation is formulated as a multi-dimensional
optimization problem where the motion model parameters
ŝ ∈ S minimizing the objective function L : S → R need
to be estimated, i.e.

ŝ = arg min
s∈S
L(s) . (1)

The objective function introduced in this paper is motivated
by the basic relationship of the motion compensated re-
construction f with the measured projection data p. Digital
Reconstructed Radiographs (DRRs) can be created from a
reconstruction f(x, s) by dynamic forward projection:

r(i,u, s) =
∑

x∈Li,u

f
(
M -1(i,x, s), s

)
. (2)

The function r : {1, . . . , N} × R2 × S→ R returns the dy-
namic forward projection of the motion compensated recon-
struction f . The voxels on the straight ray Li,u are transformed

20 40 60 80 100 120
0

0.5
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x

W
t(x

)

Fig. 1: Temporal weighting function Wt(x) for the parameters
et = 1.5, ct = 67, wt = 130.

by the inverse motion model to consider the motion state
observed at the projection image i.

The matching of the measured data p and forward projected
data r is assessed using a pixel-wise dissimilarity measure
d : R× R→ R, e.g. the squared error d(x, y) = (x− y)2.
Formally, our objective function is then given by:

L(s) =
∑

i

Wt(i)

(∑
u

d (p(i,u), r(i,u, s))

)
. (3)

The term Wt : R→ [0, 1] is a temporal weighting function
which is introduced to obtain time-correlated motion model
parameters. It is required because without the additional
weighting term several solutions to the optimization problem
exist. Each set of motion model parameters at a certain point in
time that encodes the relative motion to all other points in time
is a minimizer of (1). This is problematic as it might lead to an
alternation between different solutions during the optimization
and can prevent convergence. The temporal weighting function
is given by

Wt(x) =

{
cos et

(
|ct−x|

wt
π
)

if |ct − x| ≤ wt

2

0 otherwise.
(4)

In Fig. 1 an example of the temporal weighting function is
depicted for et = 1.5, ct = 67, wt = 130.

C. Non-periodic 4-D B-Spline Motion Model

We assume a time-continous motion model that maps a
voxel x = (x0, x1, x2)T to a new voxel location x′ for each
projection image. The mapping is based on the motion model
paramters s ∈ S. In this work, a 4-D B-spline is used. It has
been shown to be suitable to describe cardiac motion numerous
times [6], [10], [12] as it guarantees a locally and temporally
smooth motion. A set of Cj × Ck × Cl × Ct control points is
placed uniformly in space and time. Each control point is as-
signed a displacement vector, forming the set of motion model
parameters S = {sjklt ∈ R3 | 1 ≤ j, k, l, t ≤ Cj , Ck, Cl, Ct}.
Formally, the motion model is then given by

M(i,x, s) = x +
∑

j,k,l,t

Bj(x0)Bk(x1)Bl(x2)Bt(i) sjklt ,

(5)
where Bj−t are the cubic B-spline basis functions [14].

During the estimation of the motion model parameters, it
needs to be ensured that only plausible motions are considered,
i.e. no rapid motion or folding. This can be enforced by either a
small number of control points or additional regularization [6],
[10] during the optimization. In this paper the former approach
is taken.
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Fig. 2: Search space S(x) for the parameters as = 10, es =
3, ct = 67, ws = 20. The number of projection images was
set to N = 133 and the number of temporal control points to
Ct = 30.

D. Motion Compensated FDK-Reconstruction

The formulation of our objective function for motion es-
timation (Sect. II-B) is based on a motion compensated re-
construction f(x, s). The function f returns the reconstructed
object value at a voxel x based on the motion model param-
eters s. In principle, any motion compensated reconstruction
algorithm could be used. In this paper, an extension of the
FDK reconstruction method for moving objects is utilized [4],
[10]. It is given by

f(x, s) =
∑

i

w(i,M(i,x, s)) · p̂(i, A(i,M(i,x, s))) , (6)

with w : {1, . . . , N} × R3 → R being the distance weight in
the FDK-formula and p̂ being the preprocessed, filtered and
redundancy weighted projection data.

E. Optimization Strategy

1) Constraining the Search Space: The search space during
the optimization of (1) can be constrained due to the fact
that we have a temporal focus of our reconstruction by the
weighting function Wt. The closer a temporal control point is
to the center ct of the temporal weighting function, the smaller
the expected motion is. If we further assume a maximum
control point displacement as we can restrict the search space
of a control point displacement to ‖sjklt‖2 ≤ S(t)

S(x) = as −

as cos es

(
|x N

Ct
−ct|

ws
π

)
if
∣∣∣x N

Ct
− ct

∣∣∣ ≤ ws

2

0 otherwise.
(7)

In Fig. 2 an example of the search space S is depicted for
as = 10, es = 3, ct = 67, ws = 20. The number of projection
images was set to N = 133 and the number of temporal
control points to Ct = 30.

2) Iteration Scheme: In general (1) can be optimized ei-
ther using gradient-based methods or optimization procedures
which do not require explicit knowledge of the gradient. The
derivative of the objective function (3) with respect to the
motion model parameters can be calculated analytically if
the derivatives of the pixel-wise dissimilarity measure d and
the motion compensated reconstruction function f can be
calculated, too. This is the case e.g. for the squared error and
the motion compensated FDK reconstruction.

However, in some cases the derivative may be noisy and
the optimization can get easily trapped by local minima. In
these situations optimization methods without the usage of
gradients can be beneficial. We propose an iteration scheme

(a) motion corrupted (b) motion corrected (c) no motion

Fig. 3: Volume rendering of the reconstructed phantom. The
motion corrupted reconstruction (s = 0) is depicted in (a).
The motion compensated reconstruction is depicted (b). The
ground truth reconstruction without motion is shown in (c). All
images were obtained using the same visualization settings.

which is based on the simultaneous perturbation stochastic
approximation (SPSA) algorithm [15]. SPSA is especially
efficient in high-dimensional problems in terms of providing a
good solution for a relatively small number of measurements
of the objective function. The essential feature of SPSA is
the underlying gradient approximation that requires only two
objective function measurements per iteration regardless of the
dimension of the optimization problem.

In each iteration the spatial control points which promise
the best reduction of the objective function are selected for
optimization using the SPSA algorithm. The optimization
stops after I iterations. In detail, the the following iteration
scheme is proposed for an efficient optimization of (1):
Step 1: Initialize s0 = 0.
Step 2: Dynamic backprojection of the temporally weighted

pixel-wise dissimilarities:

gn(x, sn) =
∑

i

Wt(i)d(p(i,u), F (i,u, sn)) ,

with u = A(i,M(i,x, sn)).
Step 3: Resampling of the dynamic backprojection onto the

Cj × Ck × Cl spatial B-spline grid.
Step 4: Select the control point with the maximum error and

J additional random control points. The likelihood of
a point to be selected is proportional to its backpro-
jection error. Thus it is more likely that points with
high error values will be selected.

Step 5: Perform Is iterations of the SPSA algorithm for the
selected subset of control points.

Step 6: Set n = n+1. Stop if n > I , otherwise continue with
step 2.

III. NUMERICAL SIMULATION

A. Methods

1) Phantom data: A synthetic cardiac vasculature phantom
undergoing local deformations in combination with a global
rigid motion has been used to generate motion corrupted
projection data. The number of projection images was set to
N = 133 covering an angular range of 200◦ in 5 seconds.
The size of the projection images was set to 512×512 pixels.
The heart rate of the phantom was set to 75 bpm leading to
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Fig. 4: Convergence behaviour of the iteration scheme for
optimization without gradient calculation.

six observable heart beats in the projection data. A video of
the moving phantom can be found online1.

2) Parameter Selection for Motion Estimation: The size of
the B-spline grid was set to Cj = Ck = Cl = 5 and Ct = 30.
This sparse selection of B-spline control points guarantees a
smooth motion. Thus, no additional regularizer has been used
during optimization. As pixel-wise dissimilarity measure the
squared error d(x, y) = (x−y)2 has been used. The parameters
of the optimization were set to I = 1000, Is = 30, J = 4. The
parameters for the temporal weighting function and search
space were set to et = 1.5, ct = 67, wt = 133 and
as = 15 mm, es = 3, ws = 20, respectively. The size of the
reconstructed volume was set to 1283 voxels with an isotropic
voxel size of 1 mm.

B. Results

In figure 3b the motion compensated reconstruction using
the estimated motion parameters is depicted. It can be seen
that the motion could be recovered well and that the motion
compensated reconstruction is of comparable quality to the
non-moving ground truth phantom reconstruction. The con-
vergence behaviour of the algorithm is depicted in figure 4.
The runtime for the presented setup was in average 5 minutes
per iteration on the NVIDIA Quadro FX5600 graphics card
using a CUDA 2.0 implementation.

IV. CONCLUSION AND OUTLOOK

Motion estimation is one of the most demanding issues to be
addressed in the cardiac reconstruction literature. In this paper
a framework for estimating motion was presented. Motion
estimation is formulated as optimization problem requiring
solely the estimation of motion model parameters. This could
be achieved by exploiting the availability of motion compen-
sated reconstruction algorithms. Those algorithms provide a
high quality reconstruction of a moving object assuming the
motion is known. Compared to methods estimating the object
function and the motion our method decreases significantly the
number of unknowns. In a numerical simulation study it could

1http://www5.informatik.uni-erlangen.de/en/our-team/rohkohl-christopher/
projects/motion-compensated-cardiac-reconstruction-using-c-arm-ct/

be shown that the method is capable of recovering deformable
motion without prior assumptions about the periodicity of the
motion.

In summary a promising framework laying out the founda-
tion for many future applications was presented. Our future
research will focus on accelerating the runtime and testing on
clinical data.

Disclaimer: The concepts and information presented in this paper
are based on research and are not commercially available.
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[9] M. Prümmer, L. Wigstroem, J. Hornegger, J. Boese, G. Lauritsch,
N. Strobel, and R. Fahrig, “ Cardiac C-arm CT: Efficient Motion
Correction for 4D-FBP ,” in Nuclear Science Symposium, Medical
Imaging , October 2006.

[10] C. Rohkohl, G. Lauritsch, A. Nöttling, M. Prümmer, and J. Hornegger,
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Optical Flow Motion Estimation for Approximate
Motion Compensation in Cone-Beam CT

Colas Schretter, Fabian Pilatus, Georg Rose, Til Aach, Senior Member, IEEE and Matthias Bertram

Abstract—Image quality of volumetric image reconstructions is often
degraded by residual patient motion when using slowly rotating C-
arm systems or radiotherapy linear accelerators. If the patient does
not manage to hold his or her movements during data acquisition,
the image resolution is impaired by strong motion blur artifacts. This
work proposes a method to detect and to estimate arbitrary patient
motion. The motion information is used within a motion-compensated
variant of the FDK algorithm to improve the image quality. Results of
two related experiments are shown. First, the motion is estimated in
projection space by optical flow-based elastic image registration, using
reference projections of a known static image. The motion-compensated
FDK reconstruction from a simulated free breathing acquisition shows
very good agreement with the objective image. Second, the motion is
estimated from approximate reference projections that are computed by
the SART method, using solely the acquired data.

Index Terms—X-ray tomography, image registration, motion estima-
tion, motion segmentation, motion compensation.

I. INTRODUCTION

MOTION ESTIMATION is an ubiquitous problem in medical
applications of computed tomography (CT). Each acquired

projection is a sharp snapshot of the anatomy. However, the whole
acquired dataset might be inconsistent if organ motion occurred
during the acquisition. Data inconsistencies introduce motion blur
artifacts in the reconstructed image. Those artifacts are even more
prominent when using a slowly rotating gantry CT scanner, such
as interventional C-arm or radiotherapy systems. On these systems,
a typical acquisition last for about 8 s to 20 s and often, the
patient is not able to hold the breath constantly. Furthermore, other
unwanted non-periodic movements such as nervous shaking or bowel
contractions can corrupt the data.

Optical flow has been applied with success for motion estimation
in medical imaging. Gilland et al. used a variant of the seminal paper
of Horn and Schunck [1] for estimating cardiac motion in emission
tomography [2]. The present work aims to improve the image quality
of soft tissue volumetric imaging on C-arm systems and relies on the
optical flow-based elastic image registration algorithm proposed by
Barber et al. [3]. His algorithm provides an automatic regularization
of the deformation grid and is both fast and robust.

Our motion estimation and compensation approach has been first
developed in the context of parallel-beam tomography [4], using
the exact reconstruction algorithm of Desbat et al. [5]. The present
work extends the method to the cone-beam geometry and validates
it on physiologically plausible motion. The motion-compensated
reconstruction relies on the heuristic algorithm of Schäfer et al. [6].
Taguchi and Kudo analyzed the properties of this algorithm [7] and
concluded that “the fan-beam and cone-beam versions of Schäfer’s
method are a very good approximation of the exact method.” This
statement is confirmed by our experiments.
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Figure 1. Illustration of the reconstructed region of interest (ROI) observed
by all projections, in cone-beam geometry. The ROI is a truncated cylinder
caped by two Chinese hats and is smaller than the whole field of view (FOV).
The fan angle is 18.9◦ and the maximum cone angle is 14.7◦. The definition
of reconstructed images is 256× 256× 198 voxels.

The remaining of this paper is organized as follows. Notations and
the approximate motion-compensated Feldkamp Davis Kress (FDK)
algorithm are defined in section II. Section III outlines the motion es-
timation and segmentation method. Results of experiments conducted
on a realistic respiratory phantom are discussed in section IV. Finally,
conclusions are drawn in section V.

II. BACKGROUND

With circular trajectory and cone-beam geometry, divergent X-
rays are emitted from a point source and attenuated intensities are
measured by a planar detector. The point source is located at distance
R from the rotation axis and the detector is positioned at distance
R +D from the point source such that the radius of the cylindrical
field of view (FOV) is equal to D. The region of interest (ROI)
that should be reconstructed is composed of image voxels that are
observed in every projection. The geometry of a realistic C-arm
system illustrated in Fig. 1 is simulated by choosing R = 5D.

When the arm is oriented at angle α ∈ [0, 2π), the position of
the point source is Rdα where the vector dα = (cosα, sinα, 0) is
normal to the detector plane. The perspective projection operator

Pα (x, y, z) = (y cosα− x sinα, z)
(R+D)

U
(1)

maps a point (x, y, z) ∈ R3 defined in object space to a point
(u, v) ∈ R2 defined in projection space. The denominator in (1)
is the perspective factor

U = Uα (x, y) = R+ x cosα+ y sinα (2)

which is equal to the distance between the source and the orthogonal
projection of the voxel position on the central plane. The central plane
contains the source point and is orthogonal to the rotation axis.

The adjoint of the perspective projection operator

P ′α (u, v) = (−u sinα, u cosα, v)
R

(R+D)
(3)

maps a point (u, v) ∈ R2 defined in projection space to a point
on a virtual detector defined in object space. The constant ratio
R/ (R+D) is called the magnification factor. The virtual detector
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(a) Acquired (b) Reference (c) Deformation grid

Figure 2. A specific deformation from motion estimation in projection space.
Each acquired projection (a) is deformed on the corresponding reference
projection (b) by elastic image registration based on optical flow. The resulting
reverse deformation grid (c) is an approximation of the perceived motion.
Independent registrations are performed for every pairs of projection.

shares the same orientation with the real one, but is smaller, propor-
tionally to the magnification factor and centered on the origin of the
FOV. Note the relation

Pα
(
P ′α (u, v)

)
= (u, v) ∀ (u, v) ∈ R2, (4)

however (3) is not the inverse of (1) since P ′α (Pα (x, y, z)) =
(x, y, z) is true only for points that lie on the virtual detector, when
U = R and thus, when x cosα+ y sinα = 0.

Let ft (x, y, z) → R, a dynamic volumetric image where
(x, y, z) ∈ R3 are Cartesian coordinates in image space and the
subscript t ∈ [0, 1) is a normalized time variable. The function ft is
compactly supported in the cylindrical FOV such that ft (x, y, z) = 0
when

√
x2 + y2 > D. Let gt (u, v) → R, the line integrals of ft

where (u, v) ∈ R2 are Cartesian coordinates in projection space. The
values of acquired line integrals are equal to

gt (u, v) =

∫
ft
(
(1− s)Rdα + sP ′α (u, v)

)
ds, (5)

with α = 2πt. Points of the integrated line segment connecting the
X-ray source to a pixel of the detector are selected by varying the
integration parameter s > 0.

A. Motion Model

The motion model can be seen as an extension of the admissible
class of motion suggested by Desbat et al. [5] and is represented by
a dynamic displacement vector field in projection space Dt (u, v)→
R2 and a normalized scalar field in image space M (x, y, z) ∈ [0, 1].
The associated image M indicates for each voxel if some motion
occurred during the acquisition. This segmentation information is a
key for successful local motion compensation.

The displacement of image elements in object space is modeled
by backprojecting the displacement field Dt and weighting vectors
with the scalar field M . Displacements expressed by

∆t (x, y, z) = P ′α (Dt (Pα (x, y, z)))M (x, y, z) , (6)

with α = 2πt. The trajectories of image elements along time are
given by applying the displacement in (6), relatively to the initial
position of image elements. Trajectories are expressed by

Γt (x, y, z) = (x, y, z) + ∆t (x, y, z) , (7)

where the displacement vectors of ∆t lie on the detector plane and
thus represent only the component orthogonal to the projection ray.

A particularity of the model is that neither periodicity nor spatial or
temporal smoothness of the underlying motion is assumed. Therefore
it could capture unwanted sudden patient motion such as hiccups,
breath-hold failures, or bowel movements, for example. Although the
model is approximate, our experiments demonstrate that it has the
potential to capture local motion very well. The success of motion
compensation mainly depends on the accuracy of motion estimation.

(a) Detected motion (b) Thresholding (c) Regularization

Figure 3. A specific coronal slice from motion segmentation in image space.
The motion is first detected by reconstruction of absolute differences between
acquired and reference projections (a). Then, a segmentation is obtained by
thresholding (b). This binary map is regularized with a non-linear max filter
and edges are smoothed by Gaussian filtering to produce the motion map (c).

B. Motion-Compensated Image Reconstruction

For motion compensation, a modification is introduced within
the FDK algorithm by displacing the projected position of voxels
before fetching the pre-weighted and filtered line integrals, denoted
here by g∗t . The motion model defined in (7) is inserted in the
backprojection of FDK and the reconstruction of a static volumetric
image f (x, y, z)→ R is computed as follows:

f (x, y, z) =

∫ 1

0

R2

U2
g∗t

(
PΓ
α (x, y, z)

)
dt, (8)

with α = 2πt and

PΓ
α (x, y, z) = Pα (Γt (x, y, z))

= Pα
(
(x, y, z) + P ′α (Dt (Pα (x, y, z)))M (x, y, z)

)
= Pα (x, y, z) +Dt (Pα (x, y, z))M (x, y, z) . (9)

Using the property pointed out in (4), the motion-compensated
FDK algorithm can be implemented in projection space by displacing
the projected position of the current image element, as shown by the
last expression in (9).

III. METHOD

The motion estimation method is split into three sequential steps
which are solved by standard algorithms from the image reconstruc-
tion and image processing communities. First, a sequence of reference
projections is synthesized from the acquired projections, using a pilot
image reconstruction. Second, a 2D displacement vector field that
maps every acquired projection on its corresponding reference projec-
tion is computed using optical flow-based elastic image registration,
as shown in Fig. 2. Third, a binary segmentation is obtained from the
reconstruction of absolute difference between acquired and reference
projections, as shown in Fig. 3. The motion segmentation can be
executed in parallel with motion estimation. Finally, a static image
is reconstructed with the modified FDK algorithm in (8) that uses
both the motion estimate and the segmentation to apply locally a
compensation during the back-projection step. The three steps of the
method will be described in more details in the following sections.

A. Computing Reference Projections

Motion estimation requires a reference static image f̂ (x, y, z)→
R from which a set of reference projections ĝα (u, v) is forward
projected, with one projection per acquisition angle α ∈ [0, 2π). The
simultaneous algebraic reconstruction technique (SART) proposed
by Andersen and Kak [8] is used to reconstruct a pilot image
from the available acquired projections. By principle, iterative image
reconstruction techniques try to estimate an image such that the error
between forward projection and input projections is minimized. A
corollary is that the forward projection of the image will be more
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Figure 4. Transversal views of frames 1, 6, 11, 16, 21, 26, 31 and 36 of the breathing dynamic phantom from a respiratory-gated helical CT acquisition.
The first four and last four frames correspond to exhalation and inhalation, respectively. Pulled by contraction of the thoracic diaphragm, organs leave the
selected transversal slice during inhalation. By relaxing the contraction of the diaphragm, the air is expulsed naturally during exhalation.

robust to possible projection truncations that often arise in cone-beam
geometry, see Fig. 1.

It is known that, if data are consistent, the reference projections
will match the acquired projections in the weighted least square
sense when using SART. However, if acquired data are corrupted
by unwanted patient motion, the iterative reconstruction will never
converge and the image will contain motion blur artifacts. This pilot
image is nevertheless valuable for sampling approximate reference
projections. Experiments demonstrate that even if the resolution of
those approximate reference projections is limited by motion blurring,
their quality is sufficient for motion estimation in projection space.
The SART method is used because of its fast convergence rate but
another reconstruction algorithm could have been used as well.

B. Motion Estimation in Projection Space

The perceived deformation between each pair of acquired projec-
tions gt and corresponding reference projections ĝα is represented in
projection space by the bijective mapping function Dt (u, v) → R2

that map gt (u, v) on ĝα (u, v), with α = 2πt:

ĝα (u, v) = gt ((u, v) +Dt (u, v)) , ∀ (u, v) ∈ R2. (10)

In this paper, the displacement vectors Dt are computed using the
optical flow principle introduced by Horn and Schunck in 1981 [1].
The brightness of a particular point of the projection gt is assumed
to remain constant over time, so that

∂gt
∂t

= −Dt ·
(
∂gt
∂u

,
∂gt
∂v

)
. (11)

Provided that the displacement vectors in (11) are small, the chain
rule for differentiation gives

ĝα − gt = Dt ·Gt, (12)

where Gt contains gradient vectors that capture the direction and the
amplitude of the intensity change between the two images ĝα and
gt. Partial derivatives are approximated by finite differences.

For robustness, the components of gradient vectors are computed
for both the source and target images and then averaged such that

Gt =
1

2

(
∂ĝα
∂u

+
∂gt
∂u

,
∂ĝα
∂v

+
∂gt
∂v

)
. (13)

In the implementation, vectors of (13) are averaged at a coarse
grid of control points and then interpolated back for every pixel.
This procedure improves the numerical stability but also reduces the
resolution of the deformation vector field. The optimal deformation
Dt is iteratively estimated by the conjugate gradient descent imple-
mentation of Barber et al. [3]. The objective function minimizes the
sum of squared differences between ĝα and gt while a regularization
term penalizes the updates of Dt to avoid irregularities in the final
deformation. The penalization is proportional to the Laplacian of the
deformation vector field computed in the previous iteration. For the

first iteration, the initial deformation is a zero vector field and no
regularization term is used.

C. Motion Segmentation in Image Space

For detecting motion in image space, data inconsistencies are first
identified in projection space by computing the absolute differences
dt = |ĝα − gt| , α = 2πt. The differences dt are evaluated indepen-
dently for each acquired projection and are reconstructed to detect
the voxels strongly affected by motion. The reconstruction relies on
the regular FDK algorithm. Finally, a threshold is applied to yield a
binary image that is regularized to give the final motion map.

In experiments the reconstruction of differences is post-processed
with the following procedure. First, a binary mask is created by
thresholding the image at 100 Hounsfield units (HU). Then, a non-
linear max filter with a spherical structural element of radius 2 is
applied to grow the segmented region. Finally, edges between moving
and non-moving regions are smoothed by convolving the binary
image with a volumetric Gaussian kernel. Note that the end result
is the same if the threshold is applied after the max filter. Alternative
post-processing pipelines may equally fulfill the regularization task.

IV. RESULTS

In this paper, all slices are extracted from volumetric images
represented by a Cartesian grid of 256×256×198 isotropic voxels
of size equal to 1.36 mm. Gray is set to the attenuation of water and
the window width equals 1000 HU such that black corresponds to the
attenuation of air. To simulate a motion-corrupted acquisition, a set of
360 projections for one full circular rotation was forward-projected
from the dynamic free-breathing phantom shown in Fig. 4.

The dynamic phantom is a sequence of 40 frames reconstructed
from a respiratory-gated helical CT acquisition. The speed of the
CT gantry was 0.444 s per rotation. The duration of the acquisition
was 93.3 s during which 26 breathing cycles were observed. The
mean duration of breathing cycles was 3.6 s. Images still contain
some blurring, due to helical artifacts and residual motion within
each gate of the breathing cycle. The simulated acquisition time was
12 s, matching the typical rotation speed of a C-arm system when
used for soft tissue imaging. The experiments validate the method on
a challenging scenario, when the patient is breathing freely.

For the first experiment, reference projections have been computed
by the SART method while for the second experiment, reference
projections have been simulated from a chosen reference frame of
the dynamic phantom. Using a ground truth static reference image, it
is possible to assess the accuracy of the motion estimation and com-
pensation method by measuring the similarity of the reconstructed
image with the reference image. Quantitative analyses consider only
voxels where motion compensation is applied. The mean absolute
error (MAE) equals 151 HU without motion compensation and 61 HU
with reference motion estimation.

Results of image reconstructions are shown in Fig. 5. Without
compensation, the border of the myocardium and vessels appear
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Figure 5. Results of image reconstructions for the two motion estimation experiments, compared to a static reference frame. Two close-up views of 32× 32
pixels are selected per image and marked by the white frames. The border of the myocardium and the ribs contours get sharper. However, motion estimation
from approximate reference projections did not succeed to suppress the blurring observed at the border of the respiratory diaphragm.

blurred in transversal views and the border of the diaphragm is very
fuzzy too in the coronal view. The second column shows that the
image gets sharper with motion estimation and segmentation using
approximate reference projections. The third column contains slices
of the reconstructed image when using reference projections from a
known static image for motion estimation. The motion-compensated
image is very close to the reference image shown in the last column.

V. CONCLUSIONS

This work proposes a practical technique to improve image qual-
ity when acquired data are corrupted by arbitrary patient motion.
First an iterative reconstruction is performed to produce a set of
reference projections. Then, the perceived motion is estimated in
projection space by elastic image registration and segmented in image
space by reconstructing the absolute differences between acquired
and reference projections. Finally, a motion-compensated image is
reconstructed by a slightly modified FDK implementation. Motion
blur artifacts are locally reduced with motion compensation.

The method has been validated on experiments using a dynamic
phantom reconstructed from clinical patient data on experiments.
Results demonstrate a great potential to estimate and compensate
breathing motion. Since the underlying motion model does not
assume periodicity, our technique could capture arbitrary residual
patient motion that could corrupt the data in breath-hold acquisitions.
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Correction of Breathing-Induced Rib Cage Motion
in Helical CT

Thomas Köhler1, Tobias Klinder1,2, Udo van Stevendaal1, Cristian Lorenz1, Peter Forthmann1

Abstract— We investigate a reconstruction method for he-
lical computed tomography, which compensates for the mo-
tion artifacts in the rib cage caused by patient breathing.
The method takes into account a motion-vector field deter-
mined from a 4D un-compensated image data set. In the
next step an anatomical model of the rib cage is adapted to
the 4D image series and finally, an image is reconstructed
using motion compensated back-projection.

I. Introduction

The benefit of hybrid PET/CT and SPECT/CT systems
compared with pure PET or SPECT systems is two-fold:
first, the CT part can provide the attenuation map re-
quired for proper emission reconstruction and second, it
can provide an anatomical image to allow proper localiza-
tion of, e. g., hot spots in the emission image. Unfortu-
nately, for thorax imaging these two benefits impose dif-
ferent demands on the CT scan: For attenuation correc-
tion, the CT image should represent the motion average
over the breathing cycle to be consistent with the emission
scan, which is most easy to achieve with a low pitch scan
of a freely breathing patient. The anatomical scan, how-
ever, requires a breath-hold and is typically performed at
high pitch. As a consequence, two different CT scans are
acquired to reap the two benefits of the hybrid system.

The objective of this work is to get rid off one of these
CT scans. The general approach is to do only the free-
breathing scan and to generate an anatomical image from
these data by using motion-corrected reconstruction. The
processing scheme is conceptually the same as for motion-
compensated cardiac reconstruction [1, 2] and has been
adapted to lung imaging in [3]: First, a four dimen-
sional (4D) reconstruction is performed, then an anatomi-
cal model is adapted to a reference phase and propagated
through the time domain to obtain quantitative motion in-
formation, which is finally used during back-projection.

Another application scenario of our methodology is to
support radiologists in so-called incidental findings. In ra-
diation therapy planning, 4D CT data are often acquired
in order to quantify motion of lung tumors. Beside this,
it is desirable to bring the radiologist also in the position
to detect lesions in the rib cage. 4D CT does not pro-
vide sufficient image quality for this task, but with motion
compensation techniques, this might be accomplished.

Breathing motion in the thorax shows the extra compli-
cation that the motion is discontinuous at the surface be-
tween lung and rib cage: During inhalation, the lung tissue
is pulled down by the diaphragm and the rib cage is pulled

1 Philips Research Europe – Hamburg; 2 Institut für Informa-
tionsverarbeitung, Leibniz University Hannover, Germany

Fig. 1. Surface rendering of the rib cage model.

up by the muscles between the ribs. In our previous work,
we used a patient-specific lung model to estimate and com-
pensate for lung-motion [3]. Here, we address the problem
of tracking and compensation of the rib cage motion.

Regarding the motion compensated back-projection al-
gorithm, we present here a simplified version that improves
the speed of motion compensated reconstruction by an or-
der of magnitude.

II. Method

A. Generation of 4D Image Data Set

A 4D image data set is required for the determination of
the motion-vector field. The images are acquired using a
low-pitch helical acquisition. An additional gating device
like a spirometer or a belt is used to correlate the projection
data with the breathing phase of the patient. Retrospec-
tive gating at several phase points within the breathing
cycle is used to select a subset of the projection data corre-
sponding to each phase. Image reconstruction is performed
using the gated aperture-weighted wedge reconstruction al-
gorithm [4], which was originally designed for gated cardiac
reconstruction.

B. Determination of Motion-Vector Fields

The pre-requisite for performing a breathing-motion cor-
rected reconstruction for the acquired projection data is
the availability of a motion-vector field. In order to ex-
tract the motion of the rib cage, we make use of a general
geometrical model [5], which covers all 24 rib pairs as well
as the sternum as labeled triangulated surface models, see
Fig. 1. This model is first adapted to one selected image of
the breathing cycle and then propagated to all remaining
phases. By tracking topologically identical surface meshes
through all phases, anatomical point correspondences are
assumed to be preserved. The trajectories of corresponding
points of the adapted meshes thus provide motion vectors
on the surface of the respective structures, which can fi-
nally be spatially interpolated. In contrast to volumetric
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image registration, surface-tracking for motion field estima-
tion has the advantage that not the whole image is taken
into account but only the structures of interest, so that it
becomes very attractive in terms of computational com-
plexity.

For individualization of the general model, the rib cen-
terlines are at first extracted in the selected image using
an approach similar to [6]. Typically, less than 24 rib pairs
are visible in the CT data set. The ribs that are actually
present are identified by clustering the extracted centerlines
to rib pairs, followed by registering all possible model com-
binations to the clusters. If, for instance, seven rib pairs
are extracted, combinations 1-7, 2-8, . . . , 6-12 are regis-
tered. The configuration with the minimal residual error
is supposed to correspond to the true configuration. With
the rib centerlines identified, the model is positioned in the
patient image via an initial affine transformation calculated
between identified centerlines and model centerlines. From
this initial position, an iterative deformable surface model
method [7] is applied to individualize the model for each
rib seperately. Using a physical metaphor, the energy term
E = Eext +αEint is introduced as an objective function for
optimizing the concordance of model and object bound-
ary in the image. The external energy Eext determines
for each vertex a most probable surface point thus driving
the model towards the detected anatomical surface. Shape
similarity is preserved by the internal energy Eint weighted
by α which penalizes shape deviations that can not be ex-
pressed by a rigid transformation between adapted surface
and initial model.

Based on the rib cage segmentation provided in one im-
age, the individual surfaces are finally propagated through
all phases of the breathing cycle. Adaptation is again car-
ried out using the deformable surface model method. How-
ever, as the model is already individualized, we raised the
stiffness parameter α→∞ restricting the free form defor-
mations only to rigid body movements, reflecting the fact
that our model contains the surfaces of bones. Throughout
propagation, regularization of the adaptation as expressed
by the internal energy is carried out by penalizing devia-
tions to the individualized model.

C. Breathing-Motion Corrected Reconstruction

First, we shortly review the aperture weighted wedge re-
construction algorithm for helical CT without motion com-
pensation. The x-ray source moves on a helical path with
pitch P around the patient (for convenience, we scale the
coordinates such that the source radius is 1):

s(ϕ) = (cosϕ, sinϕ, P/(2π)ϕ) .

The projection of the scan with a focus-centered detector
is parameterized by the source position ϕ, the fan-angle
α, and the detector height coordinate w. Wedge rebinning
transforms the focus-centered geometry in a cone-parallel
geometry. The new projection data are parameterized by
the mean source position β, the distance of the ray to the
rotation axis u, and the detector height coordinate v. For
convenience, we define p = P/(2π).

Back-projection is described in a coordinate system that
is fixed at the rebinned geometry. An object point with
coordinates x′, y′, and z′ in the world coordinate system is
rotated and shifted into the scanner geometry using

x(β) = x′ cosβ − y′ sinβ (1)
y(β) = x′ sinβ + y′ cosβ (2)
z(β) = z′ − pβ . (3)

For the back-projection task, the object points need to be
projected onto the detector. The projected coordinates are

u = x and v =
z − p arcsinx√

1− x2 − y
, (4)

where the explicit dependency of the coordinates on β was
dropped. In the aperture weighted wedge algorithm, redun-
dant data are weighted with relative weights derived from
the aperture, i. e., from v. Projection data for projection
angles at β+iπ for any integer i are considered to be redun-
dant. We introduce the short notation xi(β) = x(β + iπ);
yi and zi are defined correspondingly.

The back-projection weight is finally calculated as

w =
a

(
z0−p arcsin x0√

1−x2
0−y0

)
∑
i

a

(
zi−p arcsin xi√

1−x2
i−yi

) , (5)

where the aperture function a(v) has typically a trapezoidal
shape and reaches 0 at the detector boundary.

For an efficient implementation of aperture weighted
back-projection, we can make use of the fact that, due to
the symmetry of the helix, we have

xi = (−1)ix0 and yi = (−1)iy0 . (6)

Using this relation, we can reduce the number of evalua-
tions of the transcendental functions sin and square root
and the number of divisions in Eq. (5) significantly.

Now we consider the case of motion compensated back-
projection. Each wedge-shape projection is accociated with
the time at which its central detector column was acquired.
The object point moves during the acquisition. Let us fix a
reference motion state and denote the displacement vector
at an arbitrary time corresponding to the projection angle
β+ iπ as (∆xi,∆yi,∆zi). The detector coordinate that we
need to calculate for back-projection is then

u = x0 + ∆x0 and v =
z0 + ∆z0 − p arcsin(x0 + ∆x0)√

1− (x0 + ∆x0)2 − (y + ∆y0)
,

(7)
and the back-projection weight is calculated according to

w =
a

(
z0+∆z0−p arcsin(x0+∆x0)√

1−(x0+∆x0)2−(y0+∆y0)

)
∑
i

a

(
zi+∆zi−p arcsin(xi+∆xi)√

1−(xi+∆xi)2−(yi+∆yi)

) . (8)

Note that the motion breaks the symmetry of the acqui-
sition geometry and the calculation of the back-projection
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weight becomes the most time-consuming part of the back-
projection. Thus, it is desired to make simplifications to
the calculation. The approach proposed here is to take only
the displacement ∆zi into account for the back-projection
weight calculation:

w =
a

(
z0+∆z0−p arcsin x0√

1−x2
0−y0

)
∑
i

a

(
zi+∆zi−p arcsin xi√

1−x2
i−yi

) . (9)

This simplification is motivated by the fact that the sen-
sitivity of the coordinate v on ∆z is one to two orders of
magnitude larger than on ∆x or ∆y for a typical system ge-
ometry. This can be seen by looking at a Taylor expansion
of v around the unmoved object point:

∂v

∂x
=

p√
1− x2

(√
1− x2 − y

) +
z + p arcsinx(√

1− x2 − y
)2 (10)

∂v

∂y
=

z + p arcsinx(√
1− x2 − y

)2 (11)

∂v

∂z
=

1√
1− x2 − y

. (12)

Evaluating these derivatives for typical scan parameters
(physical pitch P = 1.4 mm for a 24 mm collimation system
and a maximum distance of an object point to the rotation
axis of 250 mm), we see that the motion of the projected
object point in v direction on the detector is about 50 times
more sensitive to motion of the object point in z direction
than to motion within the xy-plane.

The benefit of this approach is that we can make use
of the symmetry relation (6) again during the calculation
of the back-projection weight. However, we need to keep
in mind that due to this simplification, the following two
cases can occur:
• an object point that is projected onto the detector ac-
cording to Eq. (7) gets a back-projection weight of 0.
• an object point that is not projected onto the detector
according to Eq. (7) gets a non-zero back-projection weight.
The first case implies that a projection that could con-
tribute to the reconstruction of the object point is dis-
carded, leading to a slightly reduced dose-efficiency. The
second case is handled by data extrapolation, i. e., the de-
tector coordinates calculated for the interpolation of the
filtered projection value are clipped to the detector bound-
ary. This implies a potential loss of image quality.

III. Results

Data were acquired in a helical scan with a collimation
of 16 × 1.5 mm (Brilliance CT Big Bore, Philips Medical
Systems). The pitch P and the scanner rotation time were
chosen as 1.416 mm and 444 ms, respectively. A 4D data
set was generated using individually optimized gating win-
dows [8] using 5 % steps between temporal samples. The
mean window width was approximately 7 %. The tracking
procedure resulted in motion information at about 30.000
control points in the rib cage. These were decimated to

Fig. 2. Illustration of the motion amplitude of a sample slice. Top:
gated reconstruction at maximum inhale, bottom: gated reconstruc-
tion at maximum exhale. Level and window are 0 HU and 600 HU.

Fig. 3. Illustration of the rib cage model adapted to the clinical case.
Top: Surface rendered view, bottom: selected slice.

approximately 5000 points before a thin-plate-spline algo-
rithm was applied to obtain the motion vectors for every
object point to be reconstructed [9].

Fig. 2 illustrates the motion amplitude of the rib cage.
The rib visible in the left half of the images moves consider-
ably between maximum inhale and maximum exhale. The
maximum motion in z-direction in this slice as estimated
by our procedure was 5.5 mm.

Fig. 4 shows the application of the proposed method to
the sample slice shown in Fig. 2, where a gated reconstruc-
tion at maximum exhale (left) is compared with an ungated
non-motion compensated reconstruction (middle) and the
proposed method (right). The rib on the left half of the im-
age is significantly blurred in the ungated non-motion com-
pensated reconstruction but appears sharp in the motion
compensated reconstruction. Furthermore, we can observe
a considerable gain in image quality in the soft tissue in the
upper left part of the image: Structures in the muscle are
hidden by noise in the gated reconstruction and hidden by
motion-blur in the non-motion compensated ungated re-
construction. However, the motion compensated ungated
reconstruction can recover several fine structures. Fig. 5
shows a saggital slice. Again, the motion compensated re-
construction shows muscle structures in the rib cage, which
are invisible due to blurring in the non-motion compen-
sated reconstruction.
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Fig. 4. Results of the proposed motion compensated reconstruction algorithm. Left: gated reconstruction at maximum exhale; middle:
non-motion compensated ungated reconstruction; right: motion compensated ungated reconstruction. Level and window are 0 HU and
600 HU.

Fig. 5. Results of the proposed motion compensated reconstruction algorithm. Left: gated reconstruction at maximum exhale; middle:
non-motion compensated ungated reconstruction; right: motion compensated ungated reconstruction. Level and window are -25 HU and
350 HU.

Finally, we found that the differences induced by the
approximation using Eq. 9 instead of using Eq. 8 is below
1 HU for the images shown here.

IV. Summary

The proposed method reliably detects and compensates
for breathing motion of the rib cage. In combination with
the method proposed previously to detect lung motion [3],
we can detect and compensate for motion within the entire
thorax. The discontinuity of motion at the surface be-
tween lung and rib cage can be handled rather easily since
the lung model provides this surface automatically. Thus,
we know for every object point, whether the interpolated
motion from the lung or the rib cage must be applied.

Of course, the motion compensated reconstruction
method could also use motion information obtained by
other image processing means, e. g., by using the method
proposed by Ruan et al. [10].

Breathing-motion corrected reconstruction thus has the
potential to provide both a proper attenuation map and a
proper localization of hot spots inside the thorax for com-
bined PET/CT and SPECT/CT systems.
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An exact axial rebinning method for time-of-flight
PET

Michel Defrise1, Vladimir Panin2, Florent Sureau1, Monica Abella1,3, Mike Casey2

ABSTRACT

The paper describes an algorithm to rebin 3D time-of-
flight (TOF) PET data into 2D TOF data. The algorithm is
derived from an analytical rebinning formula and is exact in
the limit of infinitely fine sampling. Its major advantage is that
it independently rebins the data in each axial plane, and does
not therefore require a uniform and gapless sampling grid
in the radial and azimuthal sinogram variables. In addition
the method does not involve any Fourier transform and is
well adapted to axially truncated data. The paper presents an
implementation that uses interpolating and smoothing splines
to define a continuous approximate representation of the
data, which is plugged into the analytical rebinning formula
to obtain a consistent discretization. Reconstructions from
simulated data illustrate the improved accuracy obtained using
the exact rebinning compared to the approximate TOF-SSRB
method of Mullani et al. Point source data acquired on the
Siemens Biograph mCT scanner are also given to illustrate
the method. Comparison with the optimized discrete rebinning
method in [6] will be presented at the conference.

I. INTRODUCTION

The large size of the data acquired by time-of-flight (TOF)
PET scanners has motivated the development of data rebinning
methods [1]–[6] which reduce the required data storage and
accelerate iterative image reconstruction. These methods all
amount to averaging groups of data samples to generate a
new, rebinned, data set containing a much smaller number
of data samples. This data averaging is more or less sophis-
ticated, and the quality of a specific method depends on at
least three criteria: i/ the systematic error on each rebinned
sample should be as small as possible, ii/ the variance of
the rebinned samples should be as small as possible, and iii/
the sampling scheme defined by the chosen set of rebinned
samples, though sparser than the native sampling scheme of
the scanner, should nevertheless warrant the possibility of
an accurate reconstruction free of undersampling artefacts. In
addition the non-diagonal elements of the covariance matrix of
the rebinned data should be as small as possible because the
statistical iterative algorithms used to reconstructed from the
rebinned data usually assume a diagonal covariance matrix;
deviations from this assumptions may result in sub-optimal
noise and in bias.

1Dept. of Nuclear Medicine, Vrije Universiteit Brussel, Brussels, Belgium.
e-mail: mdefrise@vub.ac.be, 2Siemens Medical Solutions, Knoxville, TN,
USA. 3Unidad de Medicina y Cirugı́a Experimental, Hospital General Univer-
sitario Gregorio Marañón, Madrid, Spain. This work is supported by F.W.O.
grant G.0569.08.

The 3D TOF data are parametrized by five variables
s, φ, z, θ, t (see equation (1) below). The simplest approach
to rebinning consists in keeping this 5-dimensional structure,
but with a decreased number of samples in the polar and or
azimuthal angular variables (jargon denotes this undersam-
pling as, respectively, spanning or mashing the data). This
undersampling is achieved by averaging neighbouring angular
samples, taking into account the TOF information as proposed
by Mullani et al [1] and more recently by Vandenberghe et al
[2], or, in a different way, by Matej et al [3].

A second class of methods altogether eliminates one or
two of the five variables s, φ, z, θ, t that parametrize the TOF
data. Various options, described by Cho et al [4], include
eliminating the time-of-flight variable t (3D TOF → 3D non-
TOF rebinning) or the polar angle variable θ (3D TOF →
2D TOF rebinning). The two can be combined (3D TOF →
2D non-TOF rebinning). The dimensionality reduction must
not be achieved by simply averaging (marginalizing over)
the corresponding variables, lest it introduce bias or sub-
optimal variance. Cho et al propose for each case efficient
Fourier based rebinning methods, which are likely to yield
optimal variance. These methods derived from a generalized
Fourier slice theorem for TOF-PET are exact in the limit of
infinitely fine sampling, though approximations are in some
cases applied to facilitate numerical implementation. Under
such an approximation, the 3D TOF → 2D TOF rebinning of
Cho et al reduces to the TOF-FORE method in [5]. Stronger
approximations lead to the TOF-SSRB of Mullani et al.

One limitation of the Fourier based methods is that they
require calculating the Fourier transform of the data with
respect to several variables, among which the radial sinogram
variable s and (or) the axial variable z. This is difficult,
using the FFT algorithm, because the native sampling is
neither uniform, due to the curvature of the detector rings, nor
complete, because gaps may separate neighbouring blocks of
detectors and because the axial field-of-view of the scanner is
usually shorter than the patient.

This paper describes the implementation and validation of
a 3D TOF → 2D TOF rebinning method, the principle of
which was first proposed in [6]. Three properties characterize
this method: i/ it is based on an exact analytical formula, ii/
it does not involve any Fourier transform but is instead based
on a partial differential equation that is satisfied by any set of
consistent 3D TOF data, and iii/ it is an axial rebinning method
in the sense that it separately rebins the data in each axial plane
parallel to the axis of the scanner. This latter property allows
maintaining the native sinogram s, φ sampling, without arc
correction for the ring curvature and without filling detector
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gaps (though gaps in the z variable, caused by missing rings,
do need to be filled).

The price to pay for these attractive properties is that the
method involves taking partial derivatives of the data with
respect to the z and t variables, making the control and
optimization of the variance more complex than with the
Fourier based rebinning methods in Cho et al [4]. We have
used interpolating splines and smoothing splines to implement
these derivatives in a consistent way while keeping noise
propagation under control. Implementation is described in
sections II and III, and results with simulated and measured
data are described in sections IV and V.

II. EXACT AXIAL REBINNING FOR TIME-OF-FLIGHT 3D
PET.

We parametrize the TOF data as (see [4])

p(s, φ, z, δ, t) =
√

1 + δ2

∫ ∞

−∞
dl h(t− l

√
1 + δ2) (1)

× f(s cos φ− l sinφ, s sinφ + l cos φ, z + lδ)

where s and φ are the usual transaxial sinogram coordinates, z
is the axial coordinate of the mid-point of the lines of response
(LOR), and δ = tan θ is the tangent of the angle θ between the
LOR and a transaxial plane. The range of these variables is the
same as in a non-TOF scanner. The variable t denotes the TOF
bin, corresponding to a sensitivity profile h(r− t) centered at
position r = t along the LOR, with r = 0 defined as the
mid-point. The TOF parameter is related to the difference ∆τ
between the arrival times of the two photons by t = c∆τ/2,
where c denotes the speed of light. In this work we model the
time of flight resolution by a profile

h(t) = exp(−t2/2σ2) (2)

with a standard deviation σ related to the full-width at half-
maximum TFWHM of the time difference measurement by
σ = c TFWHM/(4

√
2 log 2).

A 3D TOF → 2D TOF rebinning algorithm estimates for
each time bin t and for each transaxial slice z the 2D TOF
sinogram defined by

preb(s, φ, z, t) = p(s, φ, z, 0, t) (3)

An efficient rebinning cannot be based only on equation (3)
which only uses the data subset that corresponds to δ = 0.
Rather, rebinning should incorporate the whole data set to
optimize the SNR.

The aim of this work is to investigate the following exact
rebinning formula derived in [6]:

preb(s, φ, z0, t0) =
1

δb(z0, t0)− δa(z0, t0)

∫ δb

δa

dδ
{

p(..)

−σ2W (δa, δb, δ)
(

1√
1 + δ2

∂2p

∂z∂t
− δ

1 + δ2

∂2p

∂t2

)
(..)

}
(4)

where the argument of p and of its derivatives in the RHS are
(..) = (s, φ, z0 − t0 δ, δ, t0

√
1 + δ2) and

W (δa, δb, δ) =
{

δb − δ δ > 0
δa − δ δ < 0 (5)

The limits of integration over the polar angle δ in (4) are
determined in such a way that all data required to calculate the
integral are available. For a continuous (gapless) cylindrical
scanner of radius R and axial field-of-view [0, L],

δb(z0, t0) = min
{

L− z0

Rd − t0
,

z0

Rd + t0
, δmax

}
δa(z0, t0) = max

{
−L + z0

Rd + t0
,

−z0

Rd − t0
, −δmax

}
(6)

where Rd =
√

R2 − s2 and δmax ≤ L/2Rd is the maximum
value of δ that we wish to include in the reconstruction. The
rebinning method defined by (4) is axial in the sense that it
works at fixed s, φ, that is, it processes the data independently
in each axial plane parallel to the axis of the scanner. As
noted in the introduction, this property allows preserving the
native transaxial data sampling in the rebinned 2D TOF data,
in contrast with rebinning algorithms such as TOF-FORE [5]
and FORET [4], which involve a Fourier transform w.r.t. s
and therefore require correcting the data for the ring curvature
to recover a regular sampling grid in s. For the same reason,
these Fourier based methods require estimating unmeasured
samples s, φ caused by missing detectors.

The two terms in ∂2p/∂z∂t and ∂2p/∂z2 in equation
(4) give a contribution of order σ × δmax, which becomes
negligible when either the polar aperture or the time-of-flight
resolution σ tend to zero. In these two limits the rebinning
equation reduces to the approximate TOF-SSRB of Mullani
et al [1], which corresponds to keeping only the first term in
p(..) in (4).

III. IMPLEMENTATION

We have implemented the proposed rebinning method for
the Siemens Biograph mCT scanner, with a time resolution of
500 ps. Following the standard procedure with this scanner,
the raw data are reorganized on line into spanned 3D TOF
data with a rectangular sampling grid in z, δ. This sampling
is characterized by an odd integer called the span factor S as
follows:
• The segment index iθ = −iθ,max, · · · , iθ,max corre-

sponds to the polar angle δiθ
= iθS∆z/(2Rd), with ∆z

the spacing between adjacent detector rings.
• The segment iθ contains a sinogram for the slices

zmin(iθ) ≤ iz ≤ 2Nr−2−zmin(iθ) with Nr the number
of detector rings and zmin(iθ) = max{0, |iθ|S − S/2}.
Slice iz has the axial coordinate z = iz∆z/2.

• The time bins are it = −it,max, · · · , it,max correspond-
ing to t = it ∆t.

The δ integral in equation (4) is approximated by the
trapezoidal method, using the sampled polar angles described
above. To ensure that the three terms in p(..), ∂2p/∂z∂t and
∂2p/∂z2 are calculated in a consistent way, we interpolate
for each sampled s, φ, δ the data p(s, φ, z, δ, t) using cubic
B-splines, as p(s, φ, z, δ, t) ' p̃(s, φ, z, δ, t) with

p̃(s, φ, z, δ, t) =
zmax(iθ)∑

iz=zmin(iθ)

it,max∑
it=−it,max

ciz,it
(s, φ, δ)

× β(
z

∆z
− iz) β(

t

∆t
− it) (7)
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where β(x) is the cubic B-spline. Two methods are used to
determine the coefficients ck,j(s, φ, δ). For the interpolating
splines, the coefficients are determined in such a way that
p(s, φ, iz∆z, δ, it∆t) = p̃(s, φ, iz∆z, δ, it∆t) for all samples
iz = zmin(iθ), . . . , zmax(iθ) and it = −it,max, . . . , it,max.
For the smoothing splines, the interpolation is regularized by
a term proportional to the square of the second derivative with
respect to z. These calculations use the fast recursive spline
interpolation algorithms of Unser et al [7].

Splines yield a consistent continuous model (7) of the data,
which can be inserted into the analytic rebinning formula (4),
with the partial derivatives w.r.t. z and t being directly applied
to the B-splines. Since the whole procedure is linear, each
rebinned data sample is a linear combination of the input 3D
TOF data samples,

preb(s, φ, kz∆z, kt∆t) =
∑
iθ

∑
iz

∑
it

Akz,kt,iθ,iz,it
(s, φ)

× p(s, φ, iz∆z, δiθ
, it∆t) (8)

and the coefficients A... can be pre-calculated and stored as
a sorted list. With a standard multi-ring scanner geometry the
coefficients are independent of the azimuthal sample φ and the
dependence on s only arises from the factor Rd =

√
R2 − s2.

In our implementation, we make the approximation Rd ' R.
At this approximation the same set Akz,kt,iθ,iz,it

is used for
all sinograms samples s, φ.

IV. RESULTS WITH SIMULATED DATA

The simulated scanner has 55 rings of radius R = 434 mm
and a TOF resolution with FWHM 82.44 mm. The raw data
are histogrammed into sinograms with 128 azimuthal samples
and 128 radial samples with ∆s = 4.054 mm. There are 15
time bins (it,max = 7) spaced by ∆t = 46.77 mm. For the
simulation we use a span S = 5 with iθ,max = 7. Images are
reconstructed on a 336×336×109 grid with voxel size 2.027
mm.

First we simulated noise-free data of an object consisting
of three gaussian blobs of FWHM 11.7 mm. Two of the
blobs were centered in a central transaxial plane iz = 51,
at, respectively, 10 mm and 200 mm from the axis. The third
blob was in plane iz = 25, also at 200 mm from the axis. The
simulated 3D TOF data were rebinned into 2D TOF data using
three methods: TOF-SSRB, the exact method of eq. (4) with
interpolating splines, and the exact method with smoothing
splines in z. The rebinned 2D TOF data were reconstructed
using TOF filtered-backprojection with confidence weighting
[8]. After reconstruction, we calculated for each slice iz the
RMS error with respect to a reconstruction from simulated
2D TOF data. The RMS error is plotted versus iz in figure
1, illustrating the significant improvement of the accuracy
allowed by the exact rebinning, even when smoothing splines
are used.

In a second study we simulated noise-free data for a
homogeneous cylinder of 400 mm diameter containing a stack
of 10 flat disks of thickness 6 mm and diameter 200 mm, with
a separation of 10 mm between adjacent disks. Figure 2 shows
a coronal slice of the phantom and of its reconstruction using
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Fig. 1. RMS error for each slice of the phantom with three gaussian blobs,
reconstructed from rebinned 2D TOF data. The reference is the reconstruction
from ideal 2D TOF data. ◦: TOF-SSRB, +: exact rebinning with interpolating
cubic splines. Filled squares: exact rebinning with interpolating splines in t
and smoothing splines in z.

Fig. 2. Coronal slice of the disk phantom reconstructed from rebinned noise-
free 2D TOF data, with an axial profile. The vertical axis is along the scanner
axis z. Top: TOF-SSRB rebinning (Mullani et al), Middle: exact rebinning
with interpolating splines. Bottom: exact rebinning with interpolating splines
in t and smoothing splines in z.

TOF-SSRB (top) and the exact rebinning method of eq. (4)
with interpolating splines (middle). The result illustrates again
the improved axial resolution achieved by the exact rebinning.
The addition of the two terms with the partial derivatives,
however, increases the variance in the reconstruction, as can
be seen by comparing the two first images in figure 3, which
show the same reconstruction as above, but from noisy 3D
TOF data corresponding to a total of 300 million coincidences.
This observation can be related to the increased value of the
variance reduction factor, defined for a given rebinned LOR
as the sum of the square of the contributing coefficients [6],

Vkz,kt
=

∑
iθ

∑
iz

∑
it

A2
kz,kt,iθ,iz,it

(9)

For instance, for a central slice kz = 54 and time bin kt = 2,
Vkz,kt = 0.057 for TOF-SSRB compared to Vkz,kt = 0.263
for the exact method with interpolating splines.

The lower images in figure 2 and 3 are obtained using
smoothing splines instead of interpolating slices for the axial
variable z. The result suggests that smoothing splines allow a
better control of the variance while still yielding a better axial
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Fig. 3. Coronal slice of the disk phantom reconstructed from rebinned noisy
2D TOFdata. Top: TOF-SSRB rebinning (Mullani et al), st. dev. in the ROI
shown as a white recatangle: 0.077, Middle: exact rebinning with interpolating
spline, st. dev. in the ROI: 0.179. Bottom: exact rebinning with interpolating
splines in t and smoothing splines in z, st. dev. in the ROI: 0.081.

resolution than the approximate TOF-SSRB method. For the
same rebinned LOR as above, V54,2 = 0.049 for the smoothing
splines.

V. POINT SOURCE MEASUREMENTS

The reconstructed spatial resolution of a PET scanner is
usually measured using a linear reconstruction algorithm to
avoid potential bias caused e.g. by the positivity constraint
that is included in most iterative reconstruction algorithms.
The combination of the exact analytical rebinning method of
equation (4) with the standard 2D TOF FBP algorithm [8] is a
good candidate for this purpose. We have scanned three point
sources (diameter about 1 mm) located in a central slice at
10 mm, 100 mm, and 200 mm from the axis of the Siemens
Biograph mCT scanner prototype. To comply with the clinical
acquisition mode with this scanner, the list mode data (60 s
acquisition) were first histogrammed into sinograms with 400
radial and 84 azimuthal samples. The axial sampling used a
span S = 11 and a maximum segment iθ,max = 4, and there
were 13 time bins with ∆t = 47 mm. These 3D TOF data
were processed in four different ways, yielding in each case
2D non-TOF data:
• A. Extraction of the 2D segment iθ = 0 and sum over

all TOF bins.
• B. Sum over all TOF bins to obtain 3D non-TOF data,

which are then rebinned using Fourier rebinning (FORE).
• C. TOF-SSRB rebinning (Mullani) to rebin onto 2D TOF

data, followed by a sum over the TOF bins.
• D. Exact rebinning (eq. 4) to rebin onto 2D TOF data,

followed by a sum over the TOF bins.

TABLE I
POINT SOURCE RESOLUTION, FWHM IN MM

A B C D
Radial

10 mm 4.11 4.10 4.15 4.14
100 mm 5.51 5.54 5.63 5.64
200 mm 6.40 6.33 6.55 6.50

Tangential
10 mm 4.62 4.76 4.67 4.66
100 mm 4.95 5.55 5.01 4.93
200 mm 4.68 7.27 4.67 4.66

Axial
10 mm 4.64 4.89 5.69 5.35
100 mm 4.91 5.63 7.39 5.97
200 mm 3.77 6.06 6.72 5.79

The sum is in all cases taken over all TOF bins because
the signal-to-noise is irrelevant for this application, otherwise
more performant algorithms should be used [4]. Note that the
methods C and D use the TOF information to rebin from 3D to
2D, in contrast with method B where the sum over time bins
is taken prior to rebinning. Finally the 2D non-TOF data are
reconstructed using FBP and the spatial resolution is estimated
by fitting a gaussian PSF to the reconstructed images. The
preliminary results in table 1 still need to be crossed-checked
by additional measurements, but the following observations
can already be done. First, the radial and tangential resolutions
are similar for the exact (D) and approximate (C) rebinning
methods and for the 2D reference (A), with in all cases
the usual degradation of the radial resolution with increasing
distance from the center. The method B, which does not
exploit the TOF information for rebinning, causes a significant
degradation of the tangential resolution at 200 mm. Secondly,
the incorporation of the oblique LOR by rebinning degrades
in all cases the axial resolution compared to the 2D reference.
The degradation, however, is more limited using the exact
rebinning than using then TOF-SSRB method of Mullani.
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Abstract —A novel method to improve the computation of 

attenuation map estimates for multi-modal PET systems is 
presented. We propose an advanced approach for simultaneous 
Time-of-Flight (ToF)-PET reconstruction of both the activity- 
and the attenuation distribution. The approach is based on the 
application of consistency conditions and additional anatomical 
information derived from CT or MR. For evaluation purposes, 
the proposed concept was integrated into a cutting-edge 3D PET 
ToF reconstruction framework including accurate correction for 
first as well as second order image quality degrading effects, such 
as attenuation, geometric efficiency, (multi-) scattering and 
random coincidences. Results from experiments with this 
framework using simulated as well as measured data from a 
Philips Gemini TF PET/CT scanner are presented. Furthermore, 
the influence of including the additional ToF information as well 
as the concrete choice of the applied reconstruction algorithm 
towards both the accuracy and the stability of the achieved 
results are discussed. 
 

Index Terms—Attenuation Correction, Consistency 
Conditions, Positron Emission Tomography, Simultaneous 
Reconstruction 

I. INTRODUCTION 
ttenuation correction in PET has become standard in 
many clinical applications and enables e.g. quantitative 

reconstruction of local tracer concentration. Typically, a 
dedicated CT-scanner is used (e.g. in a hybrid PET-CT 
scanner setup) to provide the anatomical information required 
to create accurate attenuation maps for quantitative PET 
reconstruction. Other established imaging modalities, such as 
Magnetic Resonance (MR) imaging, address a large area of 
clinical applications without being able to easily provide the 
required attenuation distribution. As an example, MR images 
of the lung and cortical bone structures result in similar 
intensity values although the attenuation for 511keV photons 
is totally different. This is because the MR signal depends on 
the proton density and not on the density of the weakly bound 
electrons, which mainly contribute to the attenuation via 
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Compton scatter. Some workgroups attempted to overcome 
this limitation of MR by including anatomical atlas 
information. However, the robustness of this approach was 
considered to be not accurate enough for broad clinical use 
due to the fact that tissue density varies slightly for each 
individual [4][5][6]. Hoffmann et al. [5] proposed a machine 
learning algorithm operating on a data base of MRI and 
corresponding CT images. Although the thus achieved results 
were very promising, the approach again does not address the 
problem of variability in tissue attenuation among the 
population.  
An alternative way to overcome this substantial limitation is to 
incorporate additional knowledge about the photon 
attenuation solely derived from the (PET or SPECT) emission 
data using so called consistency conditions [1][2]. Here the 
basic idea is that – at least for the ideal, i.e. noise-free case - 
each measured sinogram can only be explained by exactly one 
attenuation-activity distribution pair. Using the consistency 
conditions, estimates for both distributions can be evaluated, 
given an accurate model of the whole imaging chain including 
relevant physical effects and geometrical properties of the 
scanner. According to theory, an erroneous attenuation map 
cannot be optimally compensated by simply adapting the 
activity distribution in the object. For real world applications, 
the achievable accuracy of this test is just limited by the 
quality of both the used model and the measured data. As 
consistency conditions are sensitive regarding errors, they can 
also be used to derive correction factors for the applied system 
matrix [1][2]. If the activity distribution is a-priori known, this 
approach leads to fairly accurate attenuation map estimates. In 
all other cases, where both the activity and the attenuation 
distribution have to be determined, the inherent crosstalk 
between activity and attenuation distribution has shown to 
limit the success [2][3].  

For sequential or future hybrid PET-MRI systems, both 
ideas, an atlas-based/machine-learning method and the 
consistency conditions, could be combined to take also tissue 
density variation among the population into account. In the 
following, we propose a simultaneous reconstruction 
algorithm where attenuation coefficients of formerly defined, 
connected anatomical regions are adapted instead of 
performing modifications on a voxel-by-voxel base. By doing 
so, the number of unknowns is significantly reduced for the 
subsequent optimization process, leading to an increased 
robustness of the algorithm. 

Simultaneous Reconstruction of Activity and 
Attenuation in Multi-Modal ToF-PET 
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II. RECONSTRUCTION METHOD USING CONSISTENCY 
CONDITIONS AND ANATOMICAL INFORMATION 

A. Outline of the Reconstruction 
A simplified flow chart of the proposed method is shown in 

Fig. 1. Two data sets are fed into the iterative optimization 
scheme: the PET (list mode) projection data and the 
anatomical model data derived from a pre-processing of the 
MR data. During the pre-processing, anatomical structures are 
segmented and initial attenuation coefficients (µ-values) are 
assigned. It is important to note that it is not even required at 
this point to accurately distinguish between the different tissue 
classes, e.g. lung, cortical bone or water. 

In the first step, the activity is reconstructed using the at this 
point available knowledge about the µ-coefficients for each 
labelled region. The remaining deviations between the 
measured and the expected sinogram are then back-projected 
into the reconstruction volume and further used to update each 
region of the segmented attenuation map separately. 
Afterwards, the process starts again using the newly generated 
attenuation map until a predefined stopping criterion is 
fulfilled.  

B. Activity and Attenuation Estimation 
The estimated activity distribution in iteration n of image 

voxel j is denoted by λj
(n) and the estimated attenuation 

coefficient of region r is referred to as ( )n
rµ~ . The measured 

number of coincidences in the ToF dependent sinogram entry 
labelled with i is denoted as yi. The update rule for the activity 
distribution can be expressed in standard ML-EM like 
notation as: 
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and the estimated number of accidental coincidences  
( ) ( )( )nn

isc μλ ,  
in sinogram entry i [2]. The term sci is dependent on the 
estimated activity and attenuation and is calculated here by a 
Monte-Carlo scatter estimator and a second additive term 
describing the distribution of random coincidences. The 
entries of the system matrix cij

TOF denote the sensitivity of 
voxel j in view of sinogram entry i and depend on the ToF 
information but not the attenuation. 

Note, that there is a difference compared to many other 
activity reconstruction algorithms, such as RAMLA [7] 
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 as the denominator in (1) depends on the attenuation 
distribution ai instead of the nominator. Thus, (2) enables a 
much faster version of the now attenuation-independent 
denominator than (1).  

The correction factors for the attenuation distribution are 
calculated by back projection according to  
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where 
αp is a relaxation coefficient and  
D is the diameter of the detector array. 
 
Note, that the factors Kj in (3) are not affected by any ToF 

characteristics, since the total attenuation along a line-of-
response is independent of the point of photon creation. The 
µ-coefficients can be updated according to   
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where |Rr| denotes the size of region r 
in voxels. 

For faster convergence, we 
recommend to limit the number of 
relevant tissue/material types, and to 
assign a fixed mu-value interval to 
each of these (Fig. 2). Here, additional 
knowledge can also be incorporated 
e.g. about changes in typical 
attenuation values for specific disease 
types (such as osteoporosis). 

The iterative optimization loop can 
be performed, until e.g. the consistency 
error E  

( ) ( )( )( )∑ −+=
i

i
nn

iii yscbaE 2,μλ  (5)  

does not significantly decrease any more. 
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The following section will present results achieved with 
both activity reconstruction formulas (1) and (2), as well as 
with and without taking ToF information into account. 

C. Proof of concept using simulated data 
 For our initial evaluation of both reconstruction formulas 

and the impact of ToF, we performed a ray-tracing-based 
simulation of a simple patient-like phantom, a mean ToF 
resolution of 600ps and a scanner geometry equivalent to a 
Philips Gemini ToF PET/CT (180mm transaxial field of view 
(FOV) with a radial diameter of 576mm). Fig. 3 shows the 
reference distributions used for our simulation of 67 million 
true (non-scattered) coincidences.  

Several iterations of activity reconstruction starting with the 
(initially) wrong attenuation map (right image in Fig. 3) were 
performed using both equations (1) and (2). It can be observed 
from the correction factors computed using (3), that equation 
(2) resulted in too high positive correction factors inside 
initially correctly attenuated soft-tissue regions (Fig. 4; black 
arrows). In contrast to this, activity reconstruction based on 
(1) provided higher accuracy and thus led to a correct 
concentration of high positive correction factors in the spinal 
region and high negative correction factors in the lungs. 

The same simulated data set has been used to evaluate the 
impact of the ToF characteristics by performing a single 
iteration of the proposed method with and without considering 
the additional ToF information during activity reconstruction. 
Here, we found that without ToF, the reconstructed activity in 
the lungs showed too high activity values because of the initial 
homogeneous assignment of water-like attenuation values 
(Fig. 5; white arrows in upper left image). This leads to an 
increased impact of the inherent crosstalk between activity 
and attenuation (cf. [2]) and thus, the accuracy of the 
correction factors might be lower than needed to reach a stable 
convergence of the whole simultaneous reconstruction. The 
activity reconstruction considering the ToF-information has 
shown to be able to localize active regions more accurately 
although the attenuation map is erroneous (see Fig. 5; upper 
images). Also, the dynamic range of the correction factors was 
significantly different (~factor 10) for both cases (Fig. 5; 
lower images). 

III. PERFORMANCE ON MEASURED PHANTOM DATA 

A. Single iteration evaluation 
In order to further evaluate the accuracy of the whole 

implementation including scatter estimation and attenuation-

dependent sensitivity (see (1) and (3)), test data from a NEMA 
IEC PET phantom has been acquired using a Philips Gemini 
TF PET/CT scanner and FDG as radiation isotope (see Fig. 6 
and Fig. 7). The phantom was equipped with four hot spheres 
and two cold spheres, placed around an (non-active) air filled 
cylinder. The contrast ratio between the hot spheres and the 
background activity was 5:1. The scanner detected 20.4e6 
coincidences during a scanning time of 90sec. 

The phantom CT-map has been segmented in several 
hundred differently sized regions by region growing. All 
attenuation coefficients except surrounding air were set to 
µ=0.95/cm (µ-coefficient for water at 511keV).  

The impact of scatter to the method 
has been investigated by comparing 
the correction factors after one single 
iteration assuming the correct (CT-
based) attenuation map. Here, 
without any scatter- and randoms-
compensation, the correction factors 
showed highly negative values 
outside and inside the phantom (see 
Fig. 8, left). As a consequence, the method tried to 
compensate the lack of scatter- and randoms-correction during 
further iteration steps by reducing the µ-coefficients to values 

   
Fig. 3: Simulated reference activity (left image), reference attenuation 

map (center image) and the initial homogeneous assignment of water-like 
attenuation values. 

  
Fig. 4: Intermediate results for the correction factors using standard 

reconstruction formula (2) (left image) and proposed reconstruction formula 
(1) (right image). Dark areas indicate negative, bright areas indicate positive 
correction factors. 

Fig. 6: IEC NEMA 
phantom with fillable 
spheres and a empty 
cylindrical insert. 

 

  
Fig. 5: Comparison of intermediate results achieved w/o ToF (left) and 

with ToF information (right) after one iteration. Reconstructed activities are 
shown in the upper row, the distribution of correction factors for  the initial 
attenuation map is displayed in the lower row. Dark areas indicate negative, 
bright areas indicate positive correction factors. 
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of ~0.3/cm instead of 0.95/cm. The reason for that is the high 
level of accidental coincidences in PET-imaging which, in this 
case, ranged around 25% for scattered and 17% for random 
coincidences, meaning that only 58% of the detected events 
are true coincidences. 

After including (Monte-Carlo based) scatter compensation 
for Compton- and Rayleigh-scattering and correction for 
random coincidences as described by (1), only minor 
correction factors were found (see Fig. 8, right) and the 
derived µ-coefficients remained near the expected value of 

water at 511keV (~0.95/cm) with maximum absolute 
deviations of 0.006/cm.  

B. Multiple iterations evaluation 
The measured IEC phantom data have also been used to 

investigate the convergence behaviour of the proposed 
method. Again, we initially set all regions of the segmented 
attenuation map to the µ-coefficient of water at 511keV and 
performed several iterations loops. For our test update rule (4) 
was used instead of the described fixed µ-value intervals (Fig. 
2). The computed correction factors and attenuation maps 
displayed at four different iteration steps (see Fig. 9) indicate 
a stable and consistent convergence. The deviations in the 
large water-filled region showed to be less than 0.009/cm (< 
1%) and 0.059/cm in the air-filled cylinder (< 6%, see Fig. 9). 

IV. CONCLUSIONS 
The proposed algorithm provides a robust and generic 

method to generate attenuation maps solely using ToF PET 
emission and MR based anatomical model data. We were able 
to demonstrate that an advanced system modelling including 
first order random coincidence compensation is required in 
order to achieve a good convergence. Additionally, the ToF 
information showed to further improve the convergence and 
reliability of the method especially in cases of large (initial) 
errors in the attenuation map. Summarizing, the method seems 
to be a promising and feasible approach to support or even 
replace existing methods for the generation of attenuation 
maps in PET/MRI and other future multi-modal PET systems.  
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Fig. 7: transverse (upper) and coronal (lower) view of the CT map (left 

image) and reference activity (right image) of the measured IEC phantom 

  

  
Fig. 8: Correction factors in transverse (upper) and coronal (lower) view 

without compensation for scattered and random coincidences (left images) 
and with Monte-Carlo scatter estimation and compensation for random 
coincidences (right images). 

Fig. 9: Intermediate estimates for the attenuation maps (upper row) and 
the resulting local correction factors (lower row) in iteration n=0,1,2,19. 
Average variance of the correction images is denoted with Var (unit: 10e-3). 
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 Abstract— An efficient projector is essential for 3D iterative 
reconstruction. A TOF projector is commonly implemented as a 
line integral through an image, taking into account voxel 
contribution to TOF bins. In this work, an alternative approach 
is investigated. Oblique sinograms are computed from 2D direct 
projection data using an exact rebinning relation in Fourier 
space. This relation formulates TOF data connections 
separately for each radial and azimuthal coordinate. This makes 
it attractive for image mapping into the line-of-response (LOR) 
space and for use in ordered subset (OS) reconstruction. Our 
preliminary results show that the new projector resembles a 
commonly used algebraic projector, 3D Joseph’s method, when 
handling sparsely sampled data in the TOF direction. The 
performance of the new projector was evaluated using 
simulated data for a cylindrical scanner. 

I. INTRODUCTION 

Recent developments in clinical PET systems allow the 
measurement of the time-of-flight (TOF) difference between 
the two coincident photons with a resolution as low as 500 ps 
FWHM. The TOF acquisition results in additional data 
dimensions that significantly increase data size. One 
practical approach is to use list mode reconstruction [1]. 
However, list mode reconstruction depends on the number of 
registered events and therefore is time consuming for high 
count studies. In addition list-mode reconstruction is only 
possible with certain algorithms. An alternative solution 
consists in exploiting the redundancy of the TOF information 
to compress the data without loss of resolution [2]. Such 
compression may consist of axial rebinning and azimuthal 
mashing, resulting in histogrammed data which can be 
reconstructed using any algorithm, and in a time that is 
independent of the acquisition time. 

Fourier transform based methods [3, 4] use redundancy 
to rebin a 3D data set into 2D data, similarly to what is done 
for non-TOF PET data. A disadvantage of the Fourier 
methods is the necessity to synthetize missing data due for 
example to gaps between blocks. In addition, these methods 
assume a parallel beam data organization, which is not 
natural for a cylindrical scanner. Pure axial rebinning 
methods exist for TOF data, such as Single Slice Rebinning 
(TOF-SSRB) [5]. Such rebinning is performed independently 
for each azimuthal and radial coordinates, and is suitable for 
LOR data. Recently, an exact axial rebinning for TOF data 
was derived, based on Consistency Conditions (CCs), which 
generalize John’s equation. Unfortunately, these CCs contain 
second order derivatives of the measured data and this 
results in noise amplification during rebinning. This fact led 
to the investigation of a generalized rebinning with a noise-
resolution trade-off property [6]. 

While 3D reconstruction is more expensive in terms of 
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time and resources than the rebinned based methods, it 
possesses the advantage of allowing an accurate statistical 
modeling. We consider in this work fast forward projectors 
for iterative 3D reconstruction, based on inverse rebinning 
relations. The Fourier transform based inverse rebinning 
methods in [7] and [11], for instance, allow fast forward 
projection of non-TOF data in parallel beam geometry. In 
addition these methods permit point spread function (PSF) 
modeling [8,12] despite being based on the line integral 
model that is implied by the Fourier relations. The accuracy 
of the Fourier methods, however, depends on having a fine 
sampling of the 3D data. The method in [7] in particular 
requires a fine azimuthal sampling, which is incompatible 
with the ordered subsets (OS) iterative methods, where each 
data subset is significantly undersampled. 

The exact axial inverse rebinning (available only for TOF) 
explored in this paper has a computational advantage in that 
it is independent of the azimuthal coordinate (view), which 
makes it attractive to use with OS reconstructions. In our 
previous work [9], we implemented and compared the 
performance of a CCs based 3D projector/backprojector pair 
with our efficient implementation of Joseph’s projection 
method [10]. Since second order partial derivatives were 
involved, this efficient projector was accurate only in case of 
fine sampling in the TOF variable. The CCs based projector 
requires solving an ODE, and the accuracy is decreased by 
the finite number of steps in the ODE-solving between 
adjacent polar angles. In the present work we explore a 
different approach based on an exact axial relationship 
between the Fourier transform of the 2D and 3D data sets. 
With that method, we show that a rather coarse, and hence 
practical, TOF sampling is sufficient to build oblique 
sinograms with a high accuracy. 

II.  AN AXIAL INVERSE TOF REBINNING 

The cylindrical scanner measured TOF data are 
parameterized as 

( ) ×





 +−+= ∫

∞

∞−

22 11,,,, δδδφ ltdlhzrtp  

( )δφφφφ lzlrlrf ++− ,cossin,sincos   (1), 

where f is the emission distribution, r the radial sinogram 
coordinate, φ the azimuthal sinogram coordinates, z the axial 
coordinate of the mid-point of the LOR, and θδ tan= is the 
tangent of the polar angle between the LOR and a transaxial 
plane. The TOF bin is denoted as t. We assume a Gaussian 

TOF profile ( ) ( )22 2exp σtth −= , where σ is related to 

FWHM of the time difference measurement. The aim of 
inverse axial rebinning is to generate a 3D TOF sinogram 

( )δ,,ztp  from 2D TOF sinogram data( )0,,ztp . We will 

omit r and φ in projection data notation, since the inverse 
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rebinning will be performed separately for each transaxial 
sinogram coordinate. 

Taking the 2D Fourier transform of equation (1) w.r.t. 
variables t (frequency µ) and z (frequency ν) and stating 

( )zlf ,  for ( )δφφφφ lzlrlrf ++− ,cossin,sincos , it can be 

shown that 

( ) ( ) 





 −++= ννδδµµδδνµ ,1ˆ1,,ˆ 22 fhp

)
,   (2) 

where ĥ  is the 1D Fourier transform of the TOF profile and 

f̂ is the 2D Fourier transform of ( )zlf , . Equation (2) is 

closely related to equation (2) in [4], which is obtained by an 
additional Fourier transform with respect to r. To apply 
equation (2) to forward-projection, one first calculates the 
projections ( )0,, =δztp  using (1) with a standard 

discretization such as Joseph’s method. Then the following 
expression, obtained by comparing (2) for 0=δ  and 0≠δ , 
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is used to efficiently calculate the oblique ( )0≠δ  

projections. 

III.  IMPLEMENTATION 

We found that the best results were obtained by 
implementing equation (3) in the time-axial frequency 
domain. The inverse Fourier transform of (3) w.r.t. µ is 
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where ∆t is the TOF sampling interval. The low-pass window 
W is introduced because the TOF kernel is a relatively broad 
Gaussian function, so that the projection data are assumed to 
be band-limited. 

In our implementation we make the approximation 

11 2 ≈+ δ , which allows implementing (4) without needing 

to interpolate ( )0,,ˆ νtp  in t. The kernel K was sampled in the 

same way as the projection data. After convolving ( )0,,ˆ νtp  

with K, we apply the phase shift and take an inverse 1D DFT 
with respect to ν to obtain the oblique sinogram. There was 

no need to regularize the ratio of the two ( )µĥ  in (5), even 

though this ratio can be relatively large. We will refer to the 
generation of oblique sinogram by (4) as the inverse 
rebinning (IRB) method. 
 To verify the importance of the convolution kernel K, we 
replaced it by δ-function: ( ) ( )ttK δν ≈, . In this case (4) is 

equivalent to the inverse single slice rebinning method of [5] 
because the phase shift is transfered to an axial shift after 
DFT. The generation of oblique data by this method is 
extremely efficient but maybe too approximate in case of 
wide TOF kernel and sparse TOF sampling. We will call this 
projector the ISSRB projector. 

The possible computational advantage of the IRB 
projector w.r.t. an efficient implementation of Joseph’s 
projector can be understood from the following comparison. 
To generate a 2D sinogram Joseph’s method performs a 
transverse 1D shearing of the original image in x direction. 
See Fig.1. The row dependent shearing traces non 
equidistantly sampled LORs for given azimuthal angle. 2D 
projection data are computed by TOF summation over 
sheared image columns, along the depth dimension l. In the 
3D case, this transverse shearing is performed once for all 
oblique sinograms (i.e. for all δ). Then for each axial oblique 
LOR and TOF bin, the Joseph method computes the 
contribution from each axial row of the sheared image, this 
amounts to an additional axial row shearing. One can 
conclude that the number of operations (for each r, φ, δ) is 
proportional to tlz NNN , where N is number of elements for 

each dimension. See Fig.1 and equation (1). The number Nl 
is depend on image FOV circular support and varying from 
Nx (image size transverse dimension) to 0. Thus, there are Nl 
contributions even if the LOR only traverses a smaller 
number of slices. The IRB projector starts from 2D data 
p(t,z,0), where the dimension l has already been compressed. 
The number of operations is proportional to zzt NNN log , 

for the FFT and to zt NN 2 for the convolution (4). Assuming 

the latter is normally dominant, the acceleration factor is 

Fig. 1. Efficient Joseph’s line integral method generation of TOF oblique sinograms is proportional to the number of axial rows. 
On circular support, the number of contributing axial rows depends on the LOR radial coordinate. 
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proportional to the ratio tl NN / . This is a significant 

acceleration because, as will be shown below, a sparse TOF 
sampling of the direct projection data is enough to produce a 
good quality oblique sinogram. It should be mentioned that 
computer memory allocation of data can play a more 
important role than the number of float point operations. The 
new IRB projector has an advantage in this respect too, since 
the image, which is finely sampled in the depth l dimension, 
is not needed to produce an oblique sinogram. 

IV.  RESULTS 

The projector performance was evaluated using simulated 
data for a cylindrical scanner, which was a Siemens TOF 
prototype scanner TrueV. The basic parameters are provided 
in Table 1. The projection data were assumed to be formed 
with span 11, where each histogrammed (“spanned”) LOR is 
obtained by combining five of six LORs. The polar angle of 
the spanned LOR was set equal to the polar angle at the edge 
of the segment, where the spanned LOR corresponding to the 
last axial coordinate consists of only one LOR. Therefore the 
segment polar angle δ was independent of the axial 
coordinate z. However it was dependent on radial coordinate 
r due to cylindrical geometry. We simulated practically used 
sampling of TOF data. 

Projection data were generated from a digitized image of 
the 20 cm diameter disc phantom of 6 plane period uniform 
disc values {1, 0.5, 0.25, 0, 0.25, 0.5}, placed at the center. 
Data were generated by Joseph’s, IRB, and ISSRB 
projectors. The projectors mapped images into the span LOR 
space with non equidistant radial sampling and with the 
correct dependence of the polar angle on the radial 
coordinate. The normalized root-mean-square (RMSE) 
difference between the output of the IRB and ISSRB 
projectors, and the output of Joseph’s projector was 
computed for each projection plane, see Fig. 2. As expected, 
the projections calculated using the exact IRB method are 
much closer to the reference projections obtained using 
Joseph’s projector. 

A torso phantom was generated from a CT scan. Hot 
spheres of various diameters were inserted in the phantom 
background in axial planes close to the axial center. The 
projection data sets were generated by Joseph’s method. The 
Poisson noise was added. Degradation factors (scatter, 
attenuation) were not simulated. The TOF reconstruction was 
performed by a 3D OS-EM method with 21 subsets and up to 
15 iterations. The 3D OS-EM algorithm used three matched 
projector-backprojector pairs. The reconstruction with 
Joseph’s projector was considered the gold standard. 
According to Fig. 3, the image reconstructed with the IRB 

projector-backprojector pair closely resembled the image 
reconstructed with Joseph’s projector, since the contrast in 
the hot sphere was not significantly reduced. In contrast, the 
image reconstructed with the ISSRB projector-backprojector 
pair had a reduced contrast. 

An initial evaluation of the computation time was done on 
a 3.2 GHz single CPU Xeon. No hardware parallelization of 
the code was performed. 2D projection required about 20% 
of the total time for the 3D Joseph’s projection. 3D IRB 
projection required 44% of the total time for the 3D Joseph’s 
projection. Ignoring the time needed to calculate the 2D 
projection δ=0, the generation of an oblique sinogram was 
3.2 times faster by IRB method. 

V. CONCLUSIONS 

The IRB projector, based on an exact formula, was shown 
to provide accurate 3D line integral projections and is 
suitable for ordered subset reconstruction algorithms. The 
matched backprojector was easily constructed since the DFT 
is an orthogonal operator; see more details in [11]. The non 
negativity of the modeled projection data and therefore of 
the system matrix elements is not guaranteed by the IRB 
projector. This might require a modification of the 
commonly used OS-EM algorithm, even though an ad-hoc 
application of OS-EM in the form of a gradient ascent [13] 
was shown to be appropriate for the torso phantom in this 
work. 

Our initial investigations also showed that IRB projector 
was faster when compared to the use of efficient line integral 
computations. It should be pointed out that the IRB projector 
has not yet been fully optimized. For example, our Joseph 
projector only considers contributions from voxels inside the 
circular support of the FOV. A similar acceleration 
mechanism could easily be implemented for the IRB 
projector, since it is a priori known that TOF bins of large 
time differences will be zero for large values of the radial 
coordinate. Even without such optimization and general code 
optimization (for example, we did not use real value FFT and 
symmetries in K storage), the IRB projector displayed 
promising results. 
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Fig. 2. Simulation of disc phantom. On the left: one view and TOF bin +1 of projection from disc phantom. The Top image is projection 
generated by Joseph’s method; middle is projection generated by IRB, bottom is projection generated by ISSRB. The vertical axis represents 
the axial plane, the horizontal axis represents the radial coordinate. Projections were truncated in the radial direction for display purposes. On 
the right: Normalized RMS difference between inverse rebinning projectors and Joseph projector versus projection plane index. : Both for the 
image (left) and graph (right), the projection data are organized as follows: segment 0 planes 0-108, 1 109-205, -1 206-302, +2 303-377, -2 
378-452, +3 453-505, -3 506-558. RMSE shows the axial period of the phantom.  
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Fig. 3. The OS-EM reconstructions of the torso phantom, up to 15 iterations, 21 subsets. The noise-resolution trade-off curves consist of points 
corresponding to the 15 iterations. Horizontal axis represents sphere to background ratio value. Vertical axis represents normalized background 
noise. The diameter of the spherical ROI was smaller by 2 mm than the diameter of the corresponding simulated spherical lesion. 
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Abstract—Block-iterative image reconstruction methods, such 

as Ordered Subset Expectation Maximization (OSEM), are 

commonly used to accelerate image reconstruction in Single 

Photon Emission Computed Tomography (SPECT). In OSEM, the 

speed-up factor over Maximum Likelihood Expectation 

Maximization (MLEM) is approximately equal to the number of 

subsets in which the projection data is divided. Traditionally, each 

subset consists of a couple of projection views, and the more 

subsets that are used, the more the solution deviates from solutions 

generated by MLEM. We found for multi-pinhole SPECT that 

even moderate acceleration factors in OSEM lead to inaccurate 

reconstructions. In this paper, we introduce Pixel-based Ordered 

Subsets Expectation Maximization (POSEM): pixels in each subset 

are spread out regularly over the projection views and pixels in 

subsequently processed subsets are spatially separated as much as 

possible. We validated POSEM for data acquired with a focusing 

multi-pinhole SPECT system with stationary detectors. 

Performance was compared with traditional OSEM and MLEM 

for reconstructions of a mouse myocardial perfusion scan and a rat 

total body bone scan. With traditional OSEM, images can deviate 

already significantly from MLEM when 16 subsets are used and 

images may become absolutely useless with higher numbers. In 

contrast, when using 32 or 64 subsets with POSEM, image profiles 

are still in excellent agreement with MLEM equivalents and even 

higher acceleration factors still result in visually acceptable 

images. We conclude that the acceleration factors at which 

POSEM can be operated are often an order of magnitude higher 

than in traditional OSEM.  

 
Index Terms—Single Photon Emission Computed Tomography, 

ordered subsets, subset balance, multi-pinhole SPECT 

I. INTRODUCTION 

Over recent years, statistical iterative algorithms have become 

the method of choice for reconstructing SPECT images. The 

major drawback of iterative reconstruction is that it can be 

computationally very costly. Although this has become less 

problematic with the introduction of faster computers as well as 

the block-iterative methods, quickly reconstructing large 
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datasets as are being used in sub-half-mm resolution SPECT 

devices is still a challenge. 

Because of its impressive speed-up capabilities and simplicity 

of implementation, OSEM has become the most widely used 

block-iterative algorithm in emission tomography. Empiric 

studies have shown that for many SPECT collimation 

geometries OSEM provides almost the same reconstructed 

images as MLEM, but for a much smaller number of iterations. 

The acceleration factor of OSEM is roughly proportional to the 

number of subsets [1], [3]. In most implementations each subset 

contains a number of complete SPECT projections. 

Traditionally, the acceleration factor is increased by lowering 

the number of projections per subset, but this can have adverse 

effects on reconstructed image noise and quantitative accuracy if 

too few projections are used per subset.  

We have applied OSEM to focusing multi-pinhole SPECT. 

For these systems OSEM images exhibit artifacts already at a 

low number of subsets, as we will show in the next sections. The 

goal of this paper is to propose and experimentally validate an 

improved method for subset choice that enables to use very high 

acceleration factors. 

II. METHODS 

A. Focusing multi-pinhole SPECT scanner 

We implemented and validated POSEM on the U-SPECT-II 

[4], a stationary focusing multi-pinhole SPECT system for small 

animals. Exchangeable cylindrical collimators containing 75 

pinholes can be mounted in the center of three NaI gamma 

cameras placed in a triangle. 

A scanning focus method (SFM) is performed that involves a 

dedicated acquisition and reconstruction [5], in order to enable 

imaging objects bigger than the central-field-of-view (CFOV). 

With SFM, the animal bed is stepped in the axial and transaxial 

directions during acquisition so that the pinholes can collect 

gamma photons from different parts of the object. 

 

B. Image reconstruction 

We have implemented the maximum likelihood expectation 

maximization (MLEM) algorithm according to the formulation 

in [2]: 
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represents the probability that voxel i is detected in projection 

bin j, and pj are the projection measurements. In the 

U-SPECT-II, the system matrix c is derived from a large number 

of point-spread-function measurements and stored on disk. 

The ordered subsets (OSEM) algorithm [1] is a relatively 

simple adaptation of the MLEM algorithm. In OSEM, the 

projection data are grouped into subsets. During iteration, each 

image estimate is updated after applying the MLEM algorithm 

(1) on only one subset of the projection data. An iteration is 

completed when all subsets of projections have been used. The 

OSEM algorithm is given by 
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+λ  represents the updated iterand after 

processing subset n, Sn contains the projection angles of subset n 

and k represents the iteration number. 

The scans in this study employed a field-of-view (FOV) larger 

than the CFOV to which the pinholes are focussed. To 

reconstruct the data from multiple bed positions, the above 

described MLEM and OSEM algorithms were adapted 

according to [5].  

C. Selection of subsets 

The U-SPECT-II has no rotating cameras, since its pinholes 

observe the CFOV simultaneously from different angles. Each 

large-field-of-view detector is divided into non-overlapping 

pinhole projections, which can be distributed into traditional 

OSEM subsets. We have implemented this subset distribution 

method such that neighboring pinhole projections are preferably 

separated into different subsets, in order to distribute angular 

sampling information as evenly as possible. 

To improve on the traditional OSEM subset selection method, 

we implemented and evaluated a pixel-based OSEM subset 

selection method (POSEM). This method distributes the 

detector pixels independently of the pinhole projections. To 

improve the convergence rate, each subset should contain 

approximately the same amount of angular sampling from all 

pinhole projections. This is accomplished if: 

(i) the pixels in each subset are distributed regularly over the 

entire detector surface 

(ii) pixels in subsequently processed subsets are preferably 

not situated too close to each other on the detector (since 

neighboring pixels have a large probability to contain 

similar information) 

In POSEM the detector pixel grid is divided into rectangular, 

equally sized clusters consisting of N neighboring pixels, with N 

equal to the number of subsets. The assignment of pixels to 

subsets is performed according to the same scheme for each 

cluster, thereby satisfying (i). 

If a division in equally sized rectangular clusters of size N is 

not possible, the clusters at the bottom and right of the image are 

clipped. Clipping leads to a small difference in subset 

cardinality, but the effect of this is negligible. 

To satisfy (ii), we have manually designed a mapping of 

pixels to subsets for the case of a 4x4 cluster (16 subsets), which 

is used as a building block to obtain mappings to higher numbers 

of subsets. The mapping for the 4x4 cluster is given below, 

represented as a matrix M16 in which each element denotes the 

number s of the subset to which the corresponding pixel is 

mapped (0 ≤ s ≤ 15): 
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The design of M16 is such that no two neighboring elements 

are mapped to consecutive subset numbers, not even two 

elements in neighboring clusters, if M16 is repeated over the 

detector grid (Fig. 1). 

For the reconstructions with more than 16 subsets, we created 

larger matrices, based on M16: 
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These larger matrices also do not map neighboring pixels to 

consecutive subset numbers. If the order in which the subsets are 

processed is the same as the subset numbers, neighboring pixels 

will never be processed consecutively. 

     
Figure 1: Left: Application of 4x4 base matrix M16 to 16 pixels. Right: 

Distribution of projection data into 16 POSEM subsets, obtained by repeating 

M16 over the entire detector surface (figure shows a close-up view of a part of 

the detector). Black-white dotted lines denote cluster boundaries. Pixels with 

same gray shade belong to the same subset. 

 
Figure 2: Short-axis image of mouse myocardium as reconstructed by 

MLEM. For evaluation, we calculated circumferential profiles of the left 

ventricle. Width of the profiles is bounded by the white circles. 
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D. Evaluation 

To evaluate the convergence of our method, we reconstructed 

a mouse myocardial perfusion scan and a rat total body bone 

scan. For the mouse myocardial scan, a 29 g male mouse 

(C57BL/6JO1aHsd) was anesthetized with isoflurane anesthesia 

and injected with 0.3 ml 
99m

Tc-tetrofosmin (580 MBq). At 1 h 30 

min after radioligand injection, an acquisition of 1 hour was 

performed using the 0.35-mm-diameter pinhole mouse 

collimator tube [4].  For the rat bone scan, a 279-g male Wistar 

rat was injected with 99mTc-hydroxymethylene diphosphonate 

(
99m

Tc-HDP) (1,740 MBq) and anesthetized with isoflurane 

anesthesia. At 3 h 20 min after radioligand injection, the rat was 

imaged for 1 hour using the 1.0-mm-diameter pinhole rat 

collimator tube [4].  

We reconstructed the two scans using both traditional OSEM 

and POSEM, for various numbers of subsets. The mouse 

myocardial perfusion scan was reconstructed on a 0.125 mm
3
 

voxel grid and the rat bone scan on a 0.375 mm
3
 voxel grid. All 

reconstructions were run up to the equivalent of 128 iterations 

MLEM, according to the rule of thumb that x iterations OSEM 

with y subsets correspond to xy iterations MLEM [1].  

 

The mouse myocardial reconstructions were evaluated using 

circumferential profiles from short-axis images of a 

representative slice at the base of the heart. The profile width 

was 0.75 mm (6 slices) and the slice thickness was 0.375 mm (3 

slices). The profiles were generated by calculating the means of 

18 segments within the profile range covering 360 degrees (the 

profile range is depicted in Fig. 2). 

Assessment of the rat bone scan was performed based on 

transaxial image profiles through the sternum in a coronal slice 

from the thorax. The profile width was 1.125 mm (3 pixels) and 

the slice thickness was 0.375 mm (1 slice).  

III. RESULTS 

Fig. 3 and 4 present the reconstructed images and 

circumferential profiles of the myocardial perfusion scan using 

traditional OSEM and POSEM, respectively. Using traditional 

OSEM, the reconstructed images show significant differences in 

image intensity compared to the MLEM equivalent already at 16 

subsets, whereas severe image artifacts appear using 32 or more 

subsets. POSEM retains almost the same image shape and 

intensity, even when 128 subsets are employed. Table I shows 
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Figure 3: Short-axis slices and circumferential profiles from mouse myocardial 

scan, reconstructed using traditional OSEM (dashed) compared to 

corresponding MLEM reconstructed images (solid). Top: 16 traditional OSEM 

subsets. Bottom: 32 traditional OSEM subsets. 

TABLE I 

MEAN AND MAXIMUM DEVIATIONS FROM MLEM HEART PROFILES 

 Traditional OSEM 

mean   max 

POSEM 

mean   max 

16 subsets 11.12 %  18.62 % 0.85 %  4.28 % 

32 subsets 9.63 %  24.60 % 1.33 %  6.09 % 

64 subsets n.a.    n.a. 2.20 %  8.80 % 

128 subsets n.a.    n.a. 4.27 %  16.00 % 

Values are percentages of the maximum value in the MLEM profile. 
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Figure 4: Short-axis slices and circumferential profiles from mouse myocardial 

scan, reconstructed using POSEM (dashed) compared to corresponding MLEM 

reconstructed images (solid). From top to bottom: 16, 32, 64, and 128 POSEM 

subsets. 
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how much the myocardial perfusion image profiles deviate in 

intensity from the MLEM estimate for the various numbers of 

subsets. The 128 subset POSEM reconstruction shows a smaller 

maximum deviation from the MLEM profile than the 16 subset 

traditional OSEM reconstruction. This means that using 

POSEM, it is possible to achieve almost an order of magnitude 

increase in acceleration.  

Fig. 5 and 6 present the traditional OSEM and POSEM 

reconstructed images from the rat bone scan, along with image 

profiles through the coronal thorax slices. Here the traditional 

OSEM method results in only minor differences in intensity for 

16 subsets, compared to MLEM. However, although the image 

profile is still quite similar for the 32 subsets case, the 

corresponding image shows an artifact in the top left corner. For 

64 subsets, severe degradations appear both in the image and in 

the image profile (not shown). POSEM again retains the MLEM 

image shape very well as the number of subsets is increased. For 

the case of 128 subsets, significant differences in intensities 

appear, but the image still does not show the artifacts which 

appear when using 32 traditional OSEM subsets.  

Table II shows the intensity deviations from the MLEM 

estimate for the rat bone scan. Although the intensities deviate 

much more from the MLEM equivalent than in the mouse 

myocardial perfusion scan, the 128 subset POSEM case is still 

better than the 32 subset traditional OSEM case. The intensity 

differences for 64 POSEM subsets are of the same order as in the 

case of 16 traditional OSEM subsets. This indicates that 

POSEM results in similar images even when the acceleration 

factor is increased with a factor 4.  

IV. CONCLUSION 

This paper presents a method for choosing subsets (POSEM) 

in multi-pinhole SPECT. POSEM allows dramatic speed 

improvements compared to the traditional selection of subsets 

with minimal image degradation. Our results also indicate that 

POSEM can be safely applied to severely truncated SPECT 

projections. 
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Figure 5: Coronal slices and profiles from rat bone scan, reconstructed using 

traditional OSEM (dashed) compared to corresponding MLEM reconstructed 

images (solid). Top: 16 traditional OSEM subsets. Bottom: 32 traditional 

OSEM subsets. 

TABLE II 

MEAN AND MAXIMUM DEVIATIONS FROM MLEM BONE SCAN PROFILES 

 Traditional OSEM 

mean   max 

POSEM 

mean   max 

16 subsets 1.96 %  6.89 % 0.50 %  2.54 % 

32 subsets 4.59 %  20.33 % 1.06 %  5.01 % 

64 subsets 99.00 %  1068.65 % 1.85 %  8.01 % 

128 subsets n.a.    n.a. 3.54 %  19.55 % 

Values are percentages of the maximum value in the MLEM profile. 

 

 

 
 

  
 

 
 

  
 

 
 

  
 

 
 

Figure 6: Coronal slices and profiles from rat bone scan, reconstructed using 

POSEM (dashed) compared to corresponding MLEM reconstructed images 

(solid). From top to bottom: 16, 32, 64, and 128 POSEM subsets. 
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MammoSPECT Using Rotating Slant-Hole  
Collimator Designs 

Jingyan Xu, Chi Liu, and Benjamin M.W. Tsui 

Abstract— Rotating multi-segment slant-hole (RMSSH) 
collimators have much higher detection efficiency than 
conventional parallel-hole collimators with the same 
resolution and a common-volume-of-view (CVOV) suitable 
for tomographic imaging of small organs such as the breast.  
However, the CVOV of a fixed slant angle RSH collimator 
(around 12.5 cm in diameter) may not be adequate for 
patients with larger breasts.  We introduce a variable slant 
angle RMSSH collimator design that increases the CVOV 
with a slight decrease in detection efficiency. By gradually 
increasing the slant angle from the edge to the center of the 
detector, one segment of the variable angle RMSSH 
collimator can be regarded as a fan beam collimator instead 
of parallel beam; an increase in CVOV is therefore obtained 
by the slight divergence of the projection rays.  Such a 
collimator design however presents a challenging data 
sampling and reconstruction problem. We discuss the 
geometry of fixed and variable angle RMSSH collimator 
designs, their imaging characteristics, and their data 
completeness condition. We show preliminary simulations 
that compare the performance of the fixed and variable 
angle RMSSH mammoSPECT. We conclude that the novel 
variable angle RMSSH collimator designs are promising for 
imaging small organs such as the breast, and 
mammoSPECT with RMSSH collimators has the potential 
of becoming a valuable adjuvant technique to conventional 
x-ray mammography. 

I. INTRODUCTION 

X-ray mammography and planar scintimammography are two 
clinically approved techniques for breast imaging.  Both these 
techniques acquire planar projection views at a close distance 
from the breast. The acquired planar images suffer low contrast 
from overlaying tissues that obscure a possible breast lesion.  
MammoSPECT using a parallel-hole collimator can perform 
tomographic imaging by rotating the camera head 180º around 
the patient body and 3D tomographic information can be 
obtained from reconstructed images.  The 180º acquisition 
implies that some projection views are acquired near the 
posterior of the patient, which (1) forces the camera head to 
move away from the patients breast and causes loss of 
resolution; and (2) photons have to travel a longer distance to 
reach the camera hence will be more severely attenuated.  Both 
these factors degrade projection data and the reconstructed 
images.  We have proposed rotating multi-segment slant-hole 
(RMSSH) collimator designs with fixed or variable slant angles 
so that a conventional SPECT camera fitted with a RMSSH 
collimator, with less than 180º motion, can acquire complete 
tomographic information of a patient’s breast at a close imaging 
distance. We will discuss the geometry of the proposed 
collimators and the data acquisition method, the completeness 
conditions of the projection data, and present preliminary 
simulation studies of mammoSPECT with RMSSH fixed or 

variable slant angle RMSSH collimators.  

II. RMSSH Collimator Designs 

A. Rotating slant-hole collimator with a fixed slant-angle 
A rotating slant-hole collimator [1-4] with a fixed slant 

angle consists of multiple segments of parallel-holes slanted 
toward a common-volume-of-view (CVOV) where the object 
(e.g. the patient’s breast) is placed [Fig. 1(a)]. The patient lies 
down in the prone position for data acquisition. A conventional 
SPECT camera fitted with a RMSSH collimator makes several 
(typically 3) stops about the patient; at each camera stop, the 
RMSSH collimator rotates around its center axis to acquire 
projection data in a step-and-shoot mode [Fig. 1(b)].  Since 
multiple segments on the collimator acquire data from different 
projection views at the same time, the detection efficiency of a 
4-segment RSH collimator is about 3 times that of a parallel-
hole collimator with the same resolution at the center-of-rotation 
(COR). 

  
(a) (b) 

Fig. 1.  (a) A 4-segment slant-hole collimator with a fixed slant 
angle. (b) Data acquisition geometry of MammoSPECT with a 
RMSSH collimator. 

The data acquisition geometry can be equivalently 
represented on the Orlov’s sphere [5].  At a single camera 
position, we plot the projection direction as a unit vector on the 
unit sphere; as the collimator rotates, this unit vector traces out a 
circle of radius sinσ, where σ is the RMSSH collimator slant 
angle [Fig. 2(a)].  The union of projection directions from 
multiple camera positions can be represented by the multiple 
circles.  Orlov’s condition states that the object can be 
reconstructed if any great circle intersects with the union of all 
projection directions at least once.  It can be deduced then that 
for reconstruction from RMSSH mammoSPECT acquisition, the 
required number of camera positions is equal to 180º/2σ.  For a 
RMSSH collimator with slant angle 30º, three camera positions 
suffice.   

Orlov’s condition provides a necessary and sufficient 
condition for recovery from parallel projections.  A more 
general condition is obtained from the Radon inversion formula.  
The Radon inversion formula relates the object function to 
integrals over planes that intersect with the object support.  
Consequently the requirement for accurate reconstruction is that 
all plane integrals through the object must be available.  This 
conclusion works for any data acquisition geometry including 
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parallel projections.  For RMSSH mammoSPECT acquisition, 
the Radon space representation of all sampled planes from a 
single camera position is show in Fig. 2(b).  In this figure, each 
point P enclosed by the top and bottom cones and the truncated 
spherical portion represents a sampled plane with OP as its 
normal, O the origin.  Radon domain provides a unified and 
convenient tool for data sampling conditions in different 
geometries, hence applicable to the RMSSH collimator design 
with a variable slant-angle to be introduced shortly. 

 
(a) (b) 

Fig.2 (a) Representation of the data acquisition geometry of 
RMSSH mammoSPECT on the Orlov sphere.  Each circle 
represents all projection directions from a single camera 
position. (b) Radon space representation of sampled planes 
obtained from the 2nd camera position. 

B. RMSSH collimator with a variable slant-angle 
In RMSSH collimator design with a fixed slant angle, the 

high detection efficiency is obtained by dividing up the detector 
surface into multiple segments to acquire different projection 
views simultaneously. The area of each segment is only a 
fraction of the total detector area, therefore the CVOV of a fixed 
slant angle RMSSH mammoSPECT is relatively small, about 
~12.5 cm in diameter, which may be inadequate for patients 
with larger breast. To increase the size of the CVOV, we 
propose a variable slant-angle RMSSH collimator design [Fig. 
3(a)]. The slant angle of one segment on the collimator 
gradually increases from the edge of the detector (σ1) to the 
center (σ2). One segment of the collimator can be regarded as 
part of a fan-beam collimator with a focal line parallel to and 
above the detector surface [Fig. 3(b)].  The increase in CVOV is 
due to the slight divergence of the fan beam projection lines. 
The data acquisition geometry using RMSSH collimator with a 
variable slant angle is similar to that with a fixed angle, i.e., 
several camera stops with multiple collimator rotations at each 
stop.    

 
CVOV

Collimator 
rotational axis

zf

d

(a) (b) 
Fig.3 (a) Rotating slant hole collimator with variable slant angles. (b) 
The relevant parameters characterizing the divergence of one segment 
of the collimator. 

C.  Determining the projection completeness condition of the 
variable angle slant hole collimator 

The data acquisition geometry of the variable angle slant 
hole collimator presents an interesting data sufficiency problem.  
We can invoke the Radon inversion formula and look for 
sampled planes that intersect with the object support.  We find 
that the Radon space representation of all sampled planes from a 
single camera position can be represented as shown in Fig. 4(a) 
and (b).   Figure 4(a) is a 3D plot such that each enclosed point 
P represents a sampled plane whose plane normal is given by 
OP, O the origin.  Figure 4(b) is a corresponding 2D 
representation. The parameters d, zf are defined in Fig. 3(a).  
Note that the spindle shaped core represents the not-sampled 
region.  Not surprisingly Fig. 4 indicates that acquisition using a 
variable slant-angle RMSSH mammoSPECT technique at a 
single camera position does not provide enough information to 
accurately reconstruct the object. Multiple camera positions are 
necessary.  

 

d

zf

P

Sampled region Unsampled region

o

 
(a) (b) 

Fig.4 (a) Radon space representation of the sampled planes in 
VRSH geometry from one camera position.  (b) A 2D view of 
(a).  The spindle-shaped core is not sampled. 

III. Simulation Studies 

A. Validation of the completeness condition of variable slant 
angle RMSSH collimator 

We used computer simulations to validate the projection 
completeness condition.  The simulated variable slant angle 
RMSSH collimator has a diameter of 40 cm, the inner slant 
angle σ1 = 30°, and outer slant angle σ2 = 45°. From the data 
completeness condition we described in Sec II.C, three camera 
positions, with 60° separations between adjacent positions, will 
suffice. Two computer phantoms [Fig. 5] were designed to 
explore the potential data incompleteness from 1 and 2 camera 
positions.  They both consisted of stacks of parallel disks; the 
orientation of the disks was tilted by 30° in the second phantom 
relative to the first. The magenta shade in Fig. 5 marks the size 
of the CVOV determined by the variable slant angle RMSSH 
collimator geometry.   

20 cm

 30º  
(a) (b) 

Fig.5 Two computer phantoms designed to explore the missing 
data in variable slant angle RMSSH SPECT with only 1 or 2 
camera positions.  

Using the phantom designs in Fig. 5, we simulated noise-
free projection data using three camera positions at 60° LAO, 0° 
(direct anterior), and 60° RAO using an analytic simulator that 
models the variable slant angle RMSSH geometry. At each 
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camera position 15 collimator rotation stops were used. The 
projection data were then extracted to form three separate data 
sets, for 1 camera position only, two adjacent camera positions, 
and all three camera positions. The three data sets were 
reconstructed using an ML-EM (100 iterations) reconstruction 
algorithm for variable slant angle RMSSH geometry.   

Phantom 1 Phantom 2
Radon space 

sampling

CVOV

Reconstructed images

 
Fig.6 Computer simulations studies of validating the projection 
completeness condition of an RMSSH collimator with variable 
slant angles. The three rows are for one, two, and three camera 
positions, respectively. The magenta circle marks the size of the 
CVOV, relative to the radon space sampling.   
Figure 6 shows the result from the first simulation study.  The 

three rows are results from 1, 2, and 3 camera positions, 
respectively. Corresponding to the images, we also plotted the 
position of the CVOV relative the Radon space sampling 
geometry.  When only one camera position is used in the data 
acquisition, the disk phantom cannot be resolved in the 
reconstructed images.  When two camera positions are used, 
phantom 1 (with parallel horizontal disks) can be reconstructed 
with barely noticeable artifacts at the edge of the CVOV.  
However, the Radon space sampling condition indicates that the 
missing data has a particular orientation determined by the 
RMSSH collimator geometry. As expected, the reconstruction 
results of the second phantom, which was specifically designed 
to explore the missing space when two camera positions were 
used, showed severe artifacts: the disks cannot be solved at all.  
When three camera positions were used, the projection data 
provided sufficient condition for accurate reconstruction.  Both 
phantoms can be reconstructed almost perfectly. This computer 
simulation demonstrated the importance of complete projection 
sampling in image reconstruction, and validated our condition 
for projection completeness in variable slant angle RMSSH 
SPECT.  

B. Comparison of reconstruction results using RMSSH 
collimators with fixed and variable slant angles 

We performed preliminary simulation studies to compare the 
relative advantage of the variable slant angle RMSSH 
mammoSPECT versus the fixed slant angle.  We used the 3D 
NCAT phantom and assumed typical Tc99m-Sestamibi uptakes 
in the human body. We simulated noise-free projection data 
using an analytic projector without modeling of photon 
attenuation, collimator detector response, or scatter. Our 
reconstruction algorithm is OS-EM with 4-subset. The 

reconstruction results at the 20th iteration are shown in Fig. 7.  
We notice that there is a significant increase in the size of 
CVOV in the variable slant angle case, and the truncation 
artifacts near the chest wall region were greatly reduced.  The 
image qualities of these two techniques are comparable within 
their respective CVOVs.  Therefore RMSSH mammoSPECT 
with a variable slant angle collimator may help finding breast 
lesions near the chest wall region.   

  
(a) (b) 

Fig.7 Reconstruction results from simulation studies.  (a) The fixed 
slant-angle RMSSH mammoSPECT. (b) The variable slant-angle 
RMSSH mammoSPECT.   

IV. Summary and Conclusions 

We discussed a novel variable slant-angle RMSSH collimator 
for mammoSPECT imaging.  This new design method is based 
on a previous fixed slant angle RMSSH collimator, with the 
goal of increasing the size of the CVOV to accommodate 
patients with larger breasts.  We discussed the imaging 
characteristic and the data sufficiency condition of the two 
techniques, and used simulation results to demonstrate that our 
new design indeed increased the size of CVOV with comparable 
image quality.  The enlarged CVOV may have significant 
impact on detecting breast lesions near the chest wall region. 
We conclude that the novel variable angle RMSSH collimator 
designs are promising for imaging small organs such as the 
breast, and mammoSPECT with RMSSH collimators has the 
potential of becoming a valuable complement to conventional x-
ray mammography.  
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Abstract ⎯ This paper develops a stationary cardiac SPECT
system using a novel multi-divergent-beam or multi-slant-parallel-
beam collimator. This stationary SPECT system is inexpensive to
build, small, and able to acquire true dynamic SPECT data.
Stationary cardiac SPECT systems with multipinhole technology
already exist. Our proposed approach is to replace the multipinhole
collimators with our originally designed multi-divergent-beam
collimators. Since a multi-slant-parallel-beam collimator is the
special limiting case of the multi-divergent-beam, we will not
specially mention it in the main text anymore. The motivation for
replacing the pinhole technology by divergent-beam technology is
based on the following facts. The resolution/sensitivity trade-off for
the pinhole is excellent (good resolution and good sensitivity) only in
small object (e.g., small animal) imaging when it is operating in the
image magnifying mode. However, in large object (e.g., human)
imaging, the resolution/sensitivity trade-off is poor (poor resolution
and poor sensitivity) when the pinhole is operating in the image
reducing mode. In a stationary system, the number of angular views
is limited, thus, image reduction is necessary to obtain more view
angles. In this image-reducing situation, divergent-beam collimation
is able to provide better resolution and detection sensitivity than
pinhole collimation. 

I. INTRODUCTION
Recently manufacturers have found a large market for

dedicated cardiac SPECT systems. UC San Francisco and
Western Cardiology Associates developed a stationary multi-
pinhole system for myocardial perfusion imaging [1]-[4]. Since
there are no moving parts, they can perform true dynamic SPECT
flow studies. In a most recent paper [4], the Western Cardiology
Associates reported 26 patient studies using and 3-detector,
multi-pinhole, stationary SPECT system that had only 6 angular
views in the transaxial direction and 3 views in the axial
direction. In their comparison studies, they showed fewer motion
artifacts in the images obtained by the stationary system than by
the conventional rotational parallel-hole system.

Multi-pinhole collimation is the state-of-the-art in small
animal SPECT, with the main advantage being the pinhole
magnification effect, which allows a high-sensitivity, high-
resolution image to be obtained. Taking advantage of modern
large-area gamma cameras and multi-detector systems, the multi-
pinhole technology is able to provide enough data for cardiac
imaging without rotating the system gantry. A stationary system
can take very fast snapshots, obtaining true dynamic imaging.
The stationary system makes patient motion correction easier,
and is less expensive to build and maintain.

The most substantial problem faced in a stationary imaging
system is the lack of sufficient view angles. In order to obtain
more angular views, the pinholes are, in fact, operating in image
reducing (instead of magnifying) mode. For a given image
resolution, pinhole collimation provides excellent detection
sensitivity if the object is very small and placed very close to the

pinhole; however, the detection sensitivity decreases dramatically
if the object is moved away from the pinhole. As the object is
moved farther into the image reduction zone, where the pinhole
magnification factor is less than 1, the pinhole detection
sensitivity becomes worse. In this zone, the divergent-beam
collimator becomes more sensitive than the pinhole for the same
specified spatial resolution.

The main difference between the multi-pinhole system and
the proposed multi-divergent-beam system is the replacement of
the multi-pinhole collimators with multi-divergent-beam
collimators. The advantages and disadvantages of the multi-
divergent-beam system compared with the multipinhole system
will be discussed in the following sections.

II. METHODS AND RESULTS
A. Basic expressions 

Figure 1 illustrates a pinhole collimator and a divergent-
beam collimator. Here we assume that the pinhole system has a
focal-length fph and distance bph from the focal point to the point-
of-interest (POI). Similarly, the divergent-beam system has a
focal-length fdiv and distance bdiv from the focal point to the
point-of-interest (POI).

For a fair comparison, we will require that these two
systems have the same image reduction factor

A = fph/bph = fdiv/bdiv, (1)
and that the object is the same distance 

B = Bph = Bdiv (that is, bph = bdiv - fdiv - L) (2)
away from the collimator.

For the pinhole geometry, we have these two relations:
Resolution:  (3)

Geometric Efficiency: . (4)
For the divergent-beam geometry, we have:

Focal length fdiv

Focal
point

Pinhole

bdivDivergent-Beam

Pinhole

Hole size dph

Hole size ddiv
POI

Hole length L

Focal length fph
bph = Bph

POI

System

System Bdiv

Fig. 1. Parameters in pinhole and divergent-beam systems.
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Resolution: (5)

Geometric Efficiency: (6)

where the septal thickness t is ignored for a moment, otherwise

there is a  factor in gdiv.

B. Sensitivity comparison with the same resolution
The requirement for the two systems having the identical

spatial resolution on the detectors implies
, (7)

and from (3), (5) and (7), we have 

. (8)

In order to satisfy (8) the hole-length L of the divergent-beam
collimator must satisfy

 [We denote this L as LR] (9)

where . 
After the resolution is specified, we can use (4) and (6) to

compare their detection sensitivities as

(10)

where K is a constant that depends on the hole shape (~0.24 for
round holes and ~0.26 for hexagonal holes). If we assume K =
0.25 then

. (11)

As a practical numerical example, if the image reducing
factor A is 1, B = 25 cm and β = 4, the value of LR from (9) is

 cm, gdiv/gph = 6.90.
When the divergent-beam collimator hole-length L satisfies

(9), both collimators give the same spatial resolution on the
detectors for an object at the POI. If  the divergent-beam
collimator will provide better resolution than the pinhole.
Furthermore, if  the pinhole collimator will provide better
resolution than the divergent-beam collimator. Our numerical
example shows that at L = LR the systems have the same spatial
resolution, while the parallel-beam system has a 7-fold sensitivity
gain over the pinhole system.
C. Resolution comparison with the same sensitivity

The requirement that the two systems have identical
detection sensitivities on the detectors implies

. (12)
From (11) we have

. (13)

Solving for L from Eq. (13), we have

 = LS. (14)

After the sensitivity is specified, we can use (3) and (5) to
compare the resolution as

. (15)

As a practical numerical example, if the image reducing
factor A is 1, B = 25 cm and β = 4, the value of LL from (14) is

 cm, Rdiv/Rph = 0.625. In this numerical example, LS =
6.25 cm is rather long from a practical point of view. That is, for
any practical hole length L, the parallel-beam collimator will
have better sensitivity than the pinhole.

When (15) is satisfied, both collimators give the same
sensitivity for an object at the POI. If  the divergent-beam
collimator will provide better sensitivity than the pinhole.
Additionally, if  the pinhole collimator will provide better
sensitivity than the divergent-beam. Our numerical example
shows that at L = LS the systems have the same sensitivity, while
the FWHM (resolution) of the divergent system is 63% of the
FWHM of the pinhole system. 

Consequently, if L is chosen in the range of LR < L < LS, the
divergent-beam system will outperform the pinhole system in
both resolution and sensitivity. It can be proven that we always
have 0 < LR < LS. This implies that we can always design a
divergent-beam imaging geometry to outperform the pinhole
system in both resolution and sensitivity. Hence, once this system
is designed, there will not exist a pinhole system that performs
better in either resolution or sensitivity.

The above conclusion is true only when the pinhole system
is operating in the image reducing mode. If the pinhole system is
operating in the image magnifying mode (as widely used in small
animal imaging), the counterpart of the divergent-beam system is
the cone-beam system. The pinhole system can outperform the
cone-beam system if the object is small enough and the object is
positioned close enough to the pinhole [5]. 

III. AN ECONOMIC MULTI-DIVERGENT-BEAM COLLIMA-
TOR DESIGN

A. Cone-beam to multi-divergent-beam (C2MD) conversion
There are many approaches to designing a multi-divergent-

beam collimator. One obvious approach is to design each
divergent zone independently which usually results in a very
expensive fabrication cost. We now propose a novel and
economical approach based on a cone-beam collimator.

As shown in Fig. 2. First, we turn the collimator upside
down, and the convergent-beam collimator becomes a divergent-
beam collimator. Second, we partition the collimator into
multiple sections (or zones), and label them as a, b, ... g. Third,
we cut the sections. Fourth, we rearrange and attach them in a
reversed order: g, f, ... a. 
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B. Angular sampling advantage of the C2MD method over multi-
pinhole

For a stationary system, the most critical concern is the lack
of sufficient view angles. Both the multi-pinhole and multi-
divergent-beam systems can provide additional view angles at a
fixed detector position. The additional view angles provided by
these two types of systems are different. We will use the 1D
version to illustrate the basic principle.

The multi-pinhole geometry is shown in Fig. 3(A), where
the angle θph is the additional view-angle a multi-pinhole system

provides. The maximum value of the additional view-angle 
can be determined by

(16)

where D is the detector size and ρ is the radius of the object of
interest. For example, if D = 53 cm, ρ = 10 cm, Bph=40 cm, and
fph=20 cm, then the maximum value of the additional view-angle

that a multi-pinhole can provide is  = 19.7°.
The multi-divergent-beam geometry is shown in Fig. 3(B),

where the angle θdiv is the additional view-angle provided by the
multi-divergent-beam system. The maximum value of the

additional view-angle  can be determined by

. (17)

As a special case, in our economical C2MD collimator design, if
bdiv = 2Bdiv, then (17) becomes 

. (18)

For example, if D = 53 cm, ρ = 10 cm, and Bdiv = Bph = 40 cm,
then the maximum value of the additional view-angle that a

multi-divergent-beam system can provide is  = 28°
according to (18). Thus each detector position can cover

approximately 60° of view angles. Therefore, the three detector
positions can acquire projections over 180° as shown in Fig.
3(C). On the other hand, for the multi-pinhole system, three
detector positions are less likely to cover 180°. 

This analysis shows a distinct advantage of the multi-
divergent-beam collimator over the multi-pinhole collimator: The
multi-divergent-beam collimator can provide a much larger view-
angle range than the multi-pinhole collimator. This analysis can
be readily extended to practical 2D multi-pinhole and multi-
divergent-beam collimators. The view-angle range in the axial
direction is larger for the multi-divergent-beam collimator than
for the pinhole collimator.
C. Zone partition on the collimator

The partition of the collimator depends on the detector size
and the trade-off between detection resolution and angular
sampling. For a given detector size, the use of more view-angles
correlates with more partitioned zones, which results in smaller
projection images. The system resolution in SPECT is dominated
by the collimator and the distance between the object and the
collimator. Due to poor sensitivity of SPECT, the image on the
detector cannot be too small. Our Siemens SPECT scanner
detectors are 53 cm in the transaxial direction. Considering the
dead area around the partitioned collimator zones, it is practical
to have three zones in both the transaxial and the axial directions,
resulting in a partition similar to that of the 3x3 multi-pinhole
partition.

The 3x3 partition has a drawback in that each detector
position only has 3 view-angles. We propose to use the 2-3-2
partition shown in Fig. 2. We now consider the additional view-
angles provided by this 2-3-2 collimator partition in Fig. 4. The
middle row of divergent-beam collimators has 3 zones, providing
view-angles of θ1, 0, and -θ1 relative to the collimator’s normal
direction as in Fig. 4(A), where θ1 is calculated as

a b
c d e

f g
g f

e d c
b a

(A) (B)

(C)
(D)

B

B

Fig. 2. The procedure to convert a cone-beam collimator into a multi-
divergent-beam collimator. (A) A cone-beam collimator. (B) The upside-
down collimator. (C) The divergent-beam collimator is partitioned into 7 
sections. (D) The 7 sections are separated, re-arranged in the reversed 
order, and glued together to form a multi-divergent-beam collimator.
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Position 1
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Fig. 3. Additional view-angles are 
created by multi-pinhole and 
multi-divergent-beam systems. (A) 
The multi-pinhole system creates 
an additional view-angle θph. (B) 
The multi-divergent-beam system 
creates an additional view-angle 
θdiv. (C) If a multi-divergent-beam 
system is positioned in 3 non-
overlapping locations, it can cover 
over 180° of view-angles.
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. The top row has 2 zones and provides
view-angles of θ2 and -θ1, where θ2 is given as

, as shown in Fig. 4(B). Similarly, the
bottom row provides view-angles of θ1 and -θ2. The combination
of this 2-3-2 partition gives view-angles: θ1, θ2, 0, -θ2, and -θ1 as
shown in Fig. 4(C). At  the data are measured twice, but at
different axial view angles.

If D = 53 cm and B = 40 cm, then θ1 = 24° and θ2 = 12.5°.
Thus θ1 is almost two times θ2. The view-angles are almost
uniformly sampled. If we use 3 detector positions and the
adjacent detectors have an angle of 60.5° between them, then an
angular range over 181.5° is almost uniformly covered. For a
shorter distance B, the angular coverage is larger. For example,
let D = 53 cm and B = 30 cm, then θ1 = 30.5°, θ2 = 16.4°, and the
angular coverage with 3 detector positions will be 232.2°. If D =
53 cm and B = 25 cm, then θ1 = 35.2°, θ2 = 19.5°, and the angular
coverage with 3 detector positions will be 269.7°. If two detector
positions are used, the angular coverage is 179.8°. That is, if the
distance B can be shortened to 25 cm, it may be possible to use
two detector positions for cardiac SPECT imaging with the
multi-divergent-beam collimator. 
D. A prototype multi-divergent-beam collimator

Nuclear Fields fabricated a prototype multi-divergent-beam
collimator for us, funded with private donations. This collimator
has a 2-3-2 configuration. A heart phantom was used to acquire
SPECT data with 3 detector positions, and 53° between adjacent
angular positions. One projection view is shown in Fig. 5 Left.
The focal-length of the collimator is 40 cm, and the heart
phantom was positioned 40 cm away from the crystal. The image
reduction factor is 0.5. A 3D image (shown on the right) was
reconstructed from the projection data acquired at 3 detector

positions. Three orthogonal cuts are shown in Fig. 5 Right. At
each cutting direction, the central 3 slices are displayed. The
common ML-EM algorithm was used to reconstruct the image
with 25 iterations. No system blurring compensation was applied
during the reconstruction. 

IV. CONCLUSIONS
This paper presents a method to improve the current

multipinhole stationary cardiac SPECT system by replacing the
multipinhole collimators by multi-divergent-beam or multi-slant-
parallel-hole collimators. We have demonstrated that in image
reduction mode, the divergent-beam collimator or multi-slant-
parallel-hole is superior to the pinhole collimator in terms of
sensitivity and resolution. The multi-divergent-beam or multi-
slant-parallel-hole system can provide better angular sampling
than multipinhole. The multi-divergent-beam or multi-slant-
parallel-hole system does not suffer from the multiplexing
problem that a multipinhole system usually has; however, the
multi-divergent-beam or multi-slant-parallel-hole system has its
dead-zone problem, which becomes severer as the focal-length
gets shorter. The multi-divergent-beam collimator may have a
much higher fabrication cost than that of a multipinhole
collimator. Thus paper suggests an economical approach to
fabricate a multi-divergent-beam collimator by first building a
cone-beam collimator then cutting and re-gluing the subregions
together in the reversed order. 
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Fig. 5. Left: A projection view from a detected mounted with a 
prototype multi-divergent-beam collimator. Right: Reconstructed 
image from three detector positions 53° apart.
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Abstract— The quantitation of cerebral blood flow (CBF) 
and cerebral vascular reactivity (CVR) are valuable in 
diagnosing brain ischemia, and the quantitation of 
benzodiazepine receptor density is important in evaluating 
neuronal damage due to ischemic effects. To better 
evaluate cerebral autoregulation, a high resolution brain 
single photon emission computed tomography (SPECT) imager 
is being built that provides an image of the entire brain for 
support information in the reconstruction of the interior 
problem from small field-of-view, truncated projections 
for high resolution ROI imaging.  

Kudo et al. presented a unique and stable solution to the 
interior problem in computed tomography (CT) given tiny a 
proiri knowledge of the object. In this work we advance their 
result to the interior reconstruction problem in SPECT where a 
uniform attenuation map is assumed in brain imaging.  

In the theory, differentiation followed by backprojection (DBP) 
of truncated SPECT data is shown to obtain the truncated 
weighted Hilbert transform. Then with a proiri information on a 
small part of the region-of-interest (ROI), the other part of the 
ROI is shown to be available using the projection onto convex sets 
(PCOS) method. Simulations show that the algorithm provides 
quantitative results for the reconstruction of the fan-beam 
tomographic data. Iterative reconstruction of the pinhole data is 
under investigation to verify the accuracy of the central slice and 
to provide reasonable results for regions off the central slice. 
 

Index Terms—interior problem, SPECT, uniform attenuation, 
brain imaging.  
 

I. INTRODUCTION 
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designing a high resolution single photon emission computed 
tomography (SPECT) imager for obtaining high resolution 
brain scans for various imaging diagnostic applications. The 
camera consists of one large field of view detector imaging the 
whole brain and multiple smaller field of view high resolution 
detectors imaging small regions of the brain (see Fig. 1). The 
large field of view detector provides images without truncation 
that localize areas of particular diagnostic interest and provide 
support information for the reconstruction of high resolution 
regions of interest (ROIs) from high resolution truncated 
projections obtained with the small field of view detectors. 
The work presented in this paper develops an algorithm that 
accurately reconstructs uniformly attenuated truncated 
projections, which is an extension of the interior 
reconstruction problem for the reconstruction of non 
attenuated truncated projections.  

 

 
Figure 1. Large field of view detector for imaging whole brain and 

smaller field of view detectors for imaging ROIs. 
 
The Department of Investigative Radiology has been 

involved in a large-scale multicenter clinical study aimed at 
evaluating validity and impact of a quantitative SPECT 
reconstruction package (QSPECT) [1] for multicenter clinical 
studies. The quantitative SPECT reconstruction package 
provides quantitative functional parametric images which are 
consistent among different setup of equipments and 
institutions. This allows the use of SPECT in a large scale 
clinical evaluation for diagnosing brain autoregulatory 
abnormalities. (A review of noninvasive diagnostic tests to 
assess cerebral autoregulation can be found in [2].) Dynamic 
SPECT scans are used to quantify cerebral blood flow (CBF) 
and cerebral vascular reactivity (CVR) in a single session 
using a split dose administration of 123I iodo-amphetamine 
(IMP); one at rest and one during Diamox challenge [3]. 
Clinical data using QSPECT demonstrated that CBF at rest 
and during Diamox was reproducible among institutions. 

Interior SPECT Reconstruction Problem with 
Tiny a proiri Knowledge – An Application for 

High Resolution Pinhole Brain Imaging 
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Another important part of the multi-center trial is to evaluate 
neuronal damage due to ischemia and to provide prognostic 
value for surgical outcomes. Damage of benzodiazepine 
receptors has been found in cases of patients with severe brain 
ischemia [4]. Also, alterations of central benzodiazepine 
receptors have been described in several neuropsychiatric 
conditions, including epilepsy, Alzheimer’s disease, 
Huntington’s chorea and schizophrenia. Carbon-11-
flumazenil, a benzodiazepine antagonist, has been used as a 
PET radiotracer for visualization and quantification of 
benzodiazepine receptors in humans. Recently, an iodinated 
analog of flumazenil, iomazenil has been introduced as a 
SPECT radiotracer. SPECT imaging of iodine-123-iomazenil 
(Iomazenil) binding to benzodiazepine receptors in the brain is 
being used to evaluate neuronal damage caused by ischemia 
[4] and the prognosis prior to carotid endoarterectomy [5]. 
Kinetic model-based methods have been developed for SPECT 
to quantitatively measure 123I-iomazenil binding to 
benzodiazepine receptors in the human brain [6]. 

The Department of Investigative Radiology is developing a 
camera that will perform high resolution imaging of local 
ROIs in the brain to better address these imaging applications. 
Imaging with a high resolution small field of view camera 
provides truncated projections. The reconstruction of these 
projections involves determining the solution to the interior 
problem in local tomography. The interior problem in medical 
imaging refers to the situation where the region-of-interest 
(ROI) is totally contained within the object. For instance, in 
SPECT, the interior problem happens when the projections 
passing through the region outside the ROI are truncated due 
to a small field-of-view detector or a short detector-to-object 
distance in the case of converging collimation. The interior 
problem has been studied for some time [7]. Recently, Kudo et 
al. [8] proved that the solution is unique and stable in 
computed tomography (CT) if a small region in the ROI is 
known a proiri. In this paper this result is extended to the 
SPECT interior reconstruction problem.  

Both in the work of Kudo et al. and in the work presented in 
this paper, the theory for the solution to the interior problem is 
based on the differentiation backprojection (DBP) method. 
The concept of DBP was first developed in parallel beam [9] 
and cone-beam [10] geometry in CT. The non interior 
truncation problem was solved for CT in [11], [12], [13], [14], 
[15]. Similar works in SPECT can be found in [16], [17], [18], 
[19], [20], where uniform attenuation was assumed. In SPECT 
the assumption of uniform attenuation is reasonable for some 
applications such as in brain imaging [21]. The result of the 
work in this paper shows that, with a proiri information of the 
ROI, the brain image can be reconstructed even when the 
imaging geometry forms an interior problem. It is expected 
that this result is useful in the reconstruction of pinhole data, 
where a pinhole collimator is attached to the small field-of-
view cameras for imaging the brain. The pinhole collimator 
provides a small field-of-view (FOV) with high sensitivity and 
high resolution when located close to the object. 

The paper is organized as follows: Section II shows that the 
differentiated backprojection (DBP) of fan-beam data is 

related to the distribution of the radioactive tracer in SPECT 
through a truncated weighted Hilbert transform. Then a unique 
inversion is shown to exist for the truncated weighted Hilbert 
transform given a small region of ROI is known a proiri. The 
results of numerical simulations are presented in Section III 
where the theory is shown to give a measure of confidence for 
the quantitative accuracy of the fan-beam reconstruction 
problem and the conclusion is given in Section IV. 

II. METHOD 

The method in this work is illustrated by showing that the 
differentiated backprojection (DBP) of fan-beam data is 
related to the distribution of the radioactive tracer in SPECT 
through a truncated weighted Hilbert transform and the 
truncated weighted Hilbert transform can be inverted given 
some prior information. 

A. DBP operation for fan-beam data 
For a transaxial slice, let ),( yxf  represent the distribution 

of the radiopharmaceutical in body tissues, which is assumed 

to be a smooth and compactly supported function of 2R . The 
SPECT image reconstruction estimates ),( yxf  from the 

detected photon counts. We denote ),( yxr =
r

 and 

}1:),{( 222 ≤+∈= yxRyxD . We assume 0),( ≡yxf  

outside of D and the attenuation µ of the body tissues is 
uniform inside D. A typical fan-beam data acquisition 
geometry with a circular focal-point trajectory is shown in Fig. 
2, where each projection ray is represented by ),( σβ . One 

particular projection ray is shown emanating from the focal 
point S  for the angle β  with the ray angle σ .  

In this paper, the fan-beam uniformly attenuated projection 
of the function ),( yxf  is defined as 

∫
∞
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0
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where fDμ  is the projection operator for the uniformly 

attenuated fan-beam projection data, ],[ mm σσσ −∈ , and 

),( σβα
r

 is a unit vector in 2R  representing the direction from 

the focal point to the collimation hole, as shown in Fig. 2. 
Here, )2/,0( πσ ∈m  denotes the maximum angle subtended 

by the fan-beam. Let R be the radius of the circular focal point 
trajectory. We can modify the fan-beam data to obtain: 
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Figure 2. A typical fan-beam acquisition geometry.  
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This image was proved to be related to the original distribution 
of radiopharmaceutical as [17]: 

      .
),()cosh(
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= τ

πτ
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Equation (3) involves the operations of derivative and 
backprojection for the modified attenuated projection in fan-
beam geometry and can be readily obtained from fan-beam 

measurements. Equation (4) shows that the image ),(ˆ yxf  is an 

image obtained by convolving the true image with a one-
dimensional (1D) kernel )/()cosh( tt πμ  multiplied by some 

factor, thus the image reconstruction is accomplished by 
inverting the convolution corresponding to a truncated 
weighted Hilbert transform. 

B. Inversion of Truncated Hilbert Transform 
Denote the left hand side of (4) by )(tg and the distribution 

of activity by )(tf . The reconstruction is to solve the 

following integral equation: 
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= τ
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As shown in Fig. 3, the function )(tf has a support in -1<t<1. 

There is no loss of generality since shifting and scaling can 
always transform any support interval to (-1,1). 

If )(tg is known for -1<t<1, the equation can be solved as in 

[19] and [17]. Unfortunately, for some geometries the function 
)(tg  is only available on a small interval -1<a<t<d<1. Then 

the algorithms in [19] and [17] do not guarantee a stable 
inversion. However, based on the work by  Kudo et al  [8],  we 

 
Figure 3. Illustration of intervals. 

 
found if the value of )(tf  in the interval a<b<t<c<d  is 

assumed to be known, then the inversion is available in (a,d). 
The reconstruction problem becomes: 
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According to [17], we know the inversion can be obtained by 
constructing a new function from )(tg : 
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The first term )(1 th  is available from the truncated weighted 

Hilbert transform )(tg  for a<t<d, while the second term )(2 th  

remains unknown.  
Since the function )(tf  is known for b<t<c, the second 

term in this interval can be represented as 

( )[ ] ).,(for)().()()( 1
)(

2 cbtthtfIth p ∈−Φ+=
 

 
Here, the operator Φ is the same as in [17] and I indicates the 
unity operator. 

According to the continuity property of analytical functions, 
the function )(2 th can be analytically continued from the 

known interval (b, c) on the real axis to the larger interval (a, 
d) on the real axis. Since both )(1 th  and )(2 th  are uniquely 

determined for ),( dat ∈ , function )(tf  is uniquely determined 

for ),( dat ∈ . Then the projection onto convex sets (PCOS) 

method [22] was used to solve the integral equation in (5). 
Numerical results will be shown in the next section. 

III. NUMERICAL RESULTS 

In the fan-beam SPECT simulation study, the object image  
is chosen to be the modified Shepp-Logan phantom shown in 
Fig. 4. Uniform attenuation coefficient µ=0.15cm-1 was 
chosen to generate the truncated attenuated fan-beam data. 
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Figure 4 Digital phantom for fan-beam SPECT computer simulation. 
The square boxes in the right image indicate two regions-of-interest 

(ROIs). 
In the reconstruction, first, differentiation followed by 

backprojection of truncated SPECT data was obtained. Then 
assuming the activity within a small part of the region-of-
interest is known, the other part of the ROI was estimated 
using the PCOS method. The reconstructed image is shown in 
Fig. 5. 

 
Figure 5: The reconstructed image for fan-beam geometry. The box 

indicates the region where the distribution is known a priori. 

IV. CONCLUSION 

This paper extended the work in [8] to SPECT imaging 
where uniform attenuation map is assumed. The interior 
problem was shown to be solvable given tiny a priori 
information. Reconstructions from simulated fan-beam data 
verify the theory.  

The investigation of a pinhole system is presently 
undergoing. In the pinhole simulation, regularized maximum a 
posteriori (MAP) algorithm is used to reconstruct the 
simulated pinhole data. A low resolution reconstruction of the 
parallel beam collimated data is used as prior information.   
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Abstract—This paper gives an efficient algorithm to reconstruct 

multi-objects with affine transformations independently from 
each other. The method is derived from conventional 2D FBP with 
motion compensation. When the deformation model of each object 
is known, it can be applied into algorithm to reduce motion 
artifacts. Computer simulations showed that our method can 
suppress the artifacts well. 
 

Index Terms—motion tomography, CT reconstruction, artifacts 
 

I. INTRODUCTION 
The reduction of motion artifacts is one of the crucial 

problems in CT reconstruction, especially in medical diagnosis 
and therapy where the motion of organs or the moving of 
injured patients while scanning can not be neglected. During the 
past decades, researches on such problem proposed many 
methods. One simple way is to reduce the acquisition time by 
scanning with fast rotation gantry or multiple x-ray sources[1]. 
Another way is by using gating control for periodical motion 
which is widely used in heart imaging[2][3]. Other methods 
dedicated in software compensation and correction to improve 
the quality of reconstructed images[4]-[9]. Most of them are for 
occasions such as organs or body imaging in which both the CT 
machine and scanning method are modifiable. However we 
need to reconstruct the density distribution of Earth's 
plasmasphere with image data obtained from the satellites. This 
can be simplified into a reconstruction problem of long time 
imaging with objects rotating around the center. To such 
problem we can neither improve the scanning time nor use the 
gating methods, therefore software compensation algorithms 
will be mainly considered. 

Early work on motion compensation can be traced back into 
1990s, when Wang and Vannier proposed preliminary study on 
patient motion estimation in helical CT using a least-square 
method[5], and Crawford gave a magnification and 
displacement model to compensate respiration[6]. Further 
researches include Grangeat’s dynamic particle model in 
2002[7], and Linney and Gregson’s opposite ray motion 
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identifying method in 2001[8]. Recently, Yu et al. utilized the 
Helgason-Ludwig consistency condition to estimate motion 
parameters from sinogram and gave two generalized fan-beam 
reconstruction methods[9]. And in 2008, Taguchi and Kudo 
managed to use local reconstruction algorithms for the 
problem[10]. In sum, there are two major methods: deformation 
detecting and physical modeling. 

The plasmasphere is a region of the Earth's magnetosphere 
consisting of low energy plasma (Fig. 1). Approximately 80% 
of the plasmasphere’s plasma particles are H+. Nearly all of the 

rest are He+. Under the solar radiation, He+ resonantly scatters 
isotropic radiation with the wavelength of 30.4 nm, while H+ 
has no optical emission. As the satellites go around the earth, 
images from different views are obtained. And because the 
radiation is optically thin, the integrated column density of He+ 
along the line of sight through the plasmasphere can be written 
as[11] 

 L
xdxfLp 


)()( ,                              (1) 

where )(Lp


 is the measured projection along the 30.4 nm 
emission line L


 as shown in Fig. 2. This is much the same as an  

ECT projection process. Therefore CT reconstruction methods 
can be implemented on it except that the rotation of the 
plasmasphere itself during long time imaging will cause motion 
artifacts. Fortunately, over the past 35 years, space researches 
have yielded a wealth of knowledge on the plasmasphere 

Motion Tomography on Multiple Moving 
Objects 

Xin Jin, Liang Li, Zhiqiang Chen, Li Zhang, Yuxiang Xing 

 

 
Fig.2.  He+’s 30.4nm radiation and detection model. The emission can be 
accumulated as an integration of an emission line in the plasmasphere. 

 

 
Fig.1.  A summary of the main features of the plasmasphere: the plasmapause, 
main body of the plasmasphere, dusk-bulge region and detached plasma 
regions outside the main body of the plasmasphere. 
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dynamics which can be included in the CT algorithms. 

In this paper, we discussed the motion compensation method 
for 2D reconstruction on multi-objects with time-dependant 
rotation and translation separately from each other. In section II, 
we give basic notations and properties. In section III the 
reconstruction method is proposed, and numerical experiment 
results and discussions are given in Section IV.  

 

II. NOTATIONS 

A. Standard FBP 
Considering the 2D Radon transform, parallel beam 

projection can be described as 

 
2

)ˆ()(),ˆ(
R

xdsxxfsp                   (2) 

where ̂  is the unit vector perpendicular to the projection 
direction, and s  is the offset to the center of the detector row. 
For FBP reconstruction, we denote )(sg  as the projection 
data filtered by ramp filter )(sh , therefore 

sdsshspsg
s

s
  )(),ˆ(),ˆ( 0

0
 .              (3) 

And the back-projection formula for image reconstruction is 

 


 ˆ)ˆ(),ˆ()( dsxsgxf  .                (4) 

Note that the convolution in equation (3) is linear, and equation 
(4) is the summation of all the filtered projections.  

B. Multi-object with Time-dependent Deformation 
Here we consider the case that object moves during the 

projection process, and the motion can be decomposed into 
time-dependant translation and rotation. We define rotation 
parameter )(t  which represents the angle that the object has 
rotated at time t , and translation parameter )(tA


 as the 

displacement. The two types of deformation belong to 2D affine 
transformation, thus for a single object the density distribution 
at time t  can be written in the form of f , the density 
distribution at time 0t , that is 
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we get 
 )()( xfxf tt

  .                             (7) 
For multi-object case, if the objects deform separately with 

no physical contacts, the whole density distribution function 
will be in the form of summation on each object, as 

 i itt xfxf )()( ,
 ,                            (8) 

where )(, xf it
  represents the density distribution of the i th 

object with same domain as )(xft
  but the value outside the 

object is zero, that is 



 


others

objectxxfxf iit
it 0

)()( ,
,


 ,                    (9) 

and i  is the index referring to the sequence of finite N objects. 

C. Dynamic Projection 
The projection for moving objects is a bit more complicated 

than static case. Even if the motion can be mathematically 
described, yet there is one additional parameter t  for time 
elapsing. We assume the CT gantry rotates at an angular 
velocity of 0


, then t  is the function of ̂ , written as 

 ˆ)ˆ( 1
0  tt .                          (10) 

And then we can describe the dynamic projection functions: 

 
2

)ˆ()(),ˆ( )ˆ(R tdynm xdsxxfsp   
.       (11) 

In next section we give the compensation reconstruction 
method derived from standard FBP. 
 

III. THE RECONSTRUCTION METHOD 

A. Motion compensation method on filtered projections 
Here we expand the )ˆ(tf  in equation (11): 
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.        (12) 

It is clear that the projection of )ˆ(tf  is equal to the summation 
of projection of all objects itf ),ˆ( . Utilizing the linear property 

of convolution, the filtration ),ˆ( spdynm   can be considered as 

the summation of that on each ),ˆ(, sp idynm  , which is 

 i idynmdynm sgsg ),ˆ(),ˆ( ,  ,                 (13) 

sdsshspsg
s

s idynmidynm   )(),ˆ(),ˆ( 0

0
,,  .    (14) 

For each object i , given ),ˆ(, sp idynm   and the transform 
parameters, common reconstruction solution is to perform the 
motion compensation on projections ),ˆ(, sp idynm   to obtain 

),ˆ( spi   of static case[13][14]. Referring to equation (5), the 
transform equation is as: 

),ˆ(),ˆ( , spsp idynmi   ,                     (15) 
where 











ˆ))ˆ((
))ˆ((ˆˆ

tAss
t

i

i                            (16) 

And we can also give 

),ˆ(),ˆ( , sgsg idynmi   .                     (17) 
This is much like a re-order process on projections and after 
which the standard FBP can be performed. However while 
considering the multi-object case, we could only get 

),ˆ( spdynm  , the summation of ),ˆ(, sp idynm   for i=1,2,…,N. 
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To this condition motion compensation function can not be 
simply combined linearly with all the )(ti  and )(tAi


, 

therefore the re-order process can not be applied directly. So 
here we consider modifying the density distribution function for 
motion compensation. 

B. Compensation method on density distribution functions 
Here we still consider single object case. First, in static case 

the reconstruction formula that for particular object i  with 
known ),ˆ(, sg idynm  , )(ti  and )(tAi


, can be described as 

 


 ˆ)ˆ(),ˆ()( dsxsgxf ii
 .             (18) 

On the other hand, )(xfi
  can be considered as the integration 

of the single back-projection result )(,ˆ, xf iBPF


  at angle ̂ , as 

   ̂)()( ,ˆ, dxfxf iBPFi
 ,                     (19) 

where 

)ˆ(),ˆ()(,ˆ, sxsgxf iiBPF  
 .             (20) 

When it comes to dynamic case, with ),ˆ(, sg idynm   we get 

)ˆ(),ˆ()( ,,ˆ, sxsgxf idynmiBPFdynm  
 .       (21) 

Here equation (18) can not be applied because of motion 
artifacts. But after we apply coordinate transform to get static 
case ),ˆ( sgi   from ),ˆ(, sg idynm  , the reconstruction can then 
be performed: 

 



 ˆ)ˆ(),ˆ()( dsxsgxf ii

 ,          (22) 

where the domain of )(xfi
  is an object-centered coordinate 

system of i . And the back-projection at  ˆ  is 

)ˆ(),ˆ()(,ˆ, sxsgxf iiBPF   
 .           (23) 

However when the object doesn’t exceed the boundary of the 
whole projection area, it’s easy to find out that the equation (23) 
equals to the equation (21) physically. Accordingly to this point 
the back-projection equation (22) can as well be presented in 
the form of ),ˆ(, sg idynm   to obtain a static case )(,ˆ, xf iBPF


 , as 

 )()(
)ˆ(),ˆ(

),ˆ(,ˆ,,ˆ,

,

xfxf
sxsg
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 .           (24) 

And the )(xfi
  is obtained by 


 

ˆ)()( ,ˆ, dxfxf iBPFi   .                     (25) 

Equation (24) and (25) are the motion imaging method for 
single object, that is to say while doing back-projection with 
dynamic filtered projections, before summing up all the results 

)(,ˆ, xf iBPFdynm


  back-projected, we need to do affine transform 
on each of them to obtain static case )(,ˆ, xf iBPF


 , and thus the 

)(xfi
  can be integrated out. When Tuy’s data redundancy 

condition meets, the method is accurate. 

C. Compensation method for multi-object case 
Here we consider multi-object case. Supposing there are up 

to N  finite objects in the imaging area, for each object i , 
)(ti  and )(tAi


 are known, and the dynamic filtered  

projections are given as ),ˆ( sgdynm  . Equation (24) here will 
lead to wrong results, since each object has the same definition 
domain, affine transform for one object will affect others. 
However, if we restrict the function scope to just modify the 
valid area (as described in equation (9)), the new method can be 
accurate when certain projection condition meets. 

To simplify the problem we suppose there are 2 objects, and 
we virtually divide ),ˆ(, sg idynm   into 2 parts using equation 
(11): 

),ˆ(),ˆ(),ˆ( 2,1, sgsgsg dynmdynmdynm          (25) 

where ),ˆ(, sg idynm   is the filtered projection data of object i . If 

each ),ˆ(, sg idynm   can be separated out, by applying equation 
(24) the problem thus solves. But here we can only apply affine 
transform for each i  locally, derived from (21) and (24): 

))(1)(()())((
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1,

xWxfxWxf
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where 



 


other
objectxxW i
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We can see that the local transform lead to an extra part 
))(1)(( 11,ˆ, xWxfBPFdynm
   that is out of Object 1’s valid area 

which can no longer be transformed into static case by  )(1 t  
and )(1 tA


, so exact reconstruction on this part would be 

uncertain. This is crucial since eventually we must consider 
),ˆ( sgdynm  which is the summation of ),ˆ(, sg idynm  , and this 

extra part becomes a interference term that affect the 
reconstruction of Object 2, and vice versa. When each affine 
transformation differs from others to a large extent the 
interference will be relatively small, which means the artifacts 
can be reduced. From the equation it is easy to find out the 
accurate reconstruction condition is that every object must have 
the same affine transformation function. And while this strong 
condition mismatches there will be artifacts. Using iterative 
methods the artifacts can be reduced further. 
  

IV. NUMERICAL EXPERIMENTS 
In this work, numerical experiments were carried out with 

dynamic rotating ring phantom. The ring phantom was designed 
to emulate the dynamics of Earth’s plasmasphere in which areas 
on the same radius to the earth’s center are rotating at the same 
angular velocity. The density distribution of the phantom is 
shown in Fig. 3. During projection procedure the three rings are 
rotating at different angular velocities. Our method applied in 
polar coordinator for the convenient on rotation transform and 
minimizing transform errors. The numerical reconstruction 
results are given. In Fig. 4, we simulated the earth’s 
plasmasphere that the rings are with angular velocities of 02 , 
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04  and 06  respectively from outmost to the inside ones. 
The left is by standard FBP, and the right side image is 
reconstructed with our method, we can see the result is much 
better than the FBP’s. Further work will be concentrate on 
broadening the accurate condition and reducing motion 
artifacts. 
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Fig.3.  The density distribution of the ring phantom. There are 3 rings. The 
outmost one keep static, and the middle and inner rings rotates with fixed 
angular velocity of         and         . The left figure is static case, and right is the 
deformed phantom when the “CT projection gantry” has rotated 5 degrees. 

  
Fig. 4.  Comparison of the results using standard FBP and our method. 
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I. INTRODUCTION 
MAGE reconstruction of dynamically deforming objects 

from projections and known time-dependent 
transformations is of interest for x-ray computed 

tomography (CT). Clinical applications include the imaging 
of the heart, lungs, and liver with the cardiac and respiratory 
motions. All of the current CT systems use two-step 
algorithms, which consists of a physiological gating scheme 
followed by an analytical three-dimensional (3D) image 
reconstruction method. The first step, the gating, uses a 
gating window and physiological data (e.g., 
electrocardiogram) to extract projection data acquired near 
the phase of interest (e.g., diastole). The second 
reconstruction process neglects the motion within the 
window and employs a 3D image reconstruction method 
developed for stationary object, such as filtered 
backprojection. This results in image blurring if in-window 
motion is not negligible. Thus, development of one-step 
algorithms is desired which estimates and compensates for 
the motion during the reconstruction process. This paper 
concerns the motion compensation aspect of such one-step 
algorithms; and we limit the scope to an analytical approach.  

Recently, a handful of fan-beam algorithms have been 
developed to exactly reconstruct 3D images (2D in space plus 
time) of deforming objects that follows different motion 
patterns. Motion patterns were an affine transformation [1, 
2], a ray-wise affine transformation [3], and a subset of affine 
transformation (i.e., isotropic scaling, rotation, and 
translation) [4]. One of them, DABPF [2], was further 
extended to DAxBPF, which approximately reconstructs 
images of deforming objects with spatially varying affine 
transformations (which approximates a non-rigid 
deformation) [2]. In contrast, Schafer, et al., proposed an 
empirical cone-beam algorithm to reconstruct 4D images of 
deforming objects [5], which was proven later to be a good 
approximation for the subset of affine transformation [4].  

It is desired to extend these fan-beam algorithms for 4D 
objects (3D in space plus time). Thus in this study, we will 
first increase the dimension of DABPF from 3D (fan-beam 
geometry) to 4D (cone-beam). We will then apply the same 
scheme as in [2] to DABPF and develop DAxBPF for 4D 
non-rigid deformation. Finally, we will evaluate the 
performance of 4D DAxBPF and Schafer’s methods for 
non-rigid deformation.  

II. ALGORITHMS 

In this section, we will derive an algorithm, DABPF, from a 
backprojection filtering algorithm to reconstruct a dynamic 
object with time-dependent global affine transformation. We 
will then propose an approximate reconstruction algorithm, 
DAxBPF, to compensate for time-dependent general 
non-rigid transform by applying DABPF on a local basis.  

A. Notations 
We use the right hand coordinate system with x = (x,y,z). 

The time-dependent three-dimensional deforming object is 
defined by f0 (x0 ), x0∈R3, at the reference time t = t0, and ft 

(xt), xt∈R3, at time t. The time-dependent affine operation Γt 
projects a point xt at time t to a point x0 at time t0: 

( ) 0t t tt tx A x b xΓ = + = ,            (1) 

where  

 
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

( )
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11 12 13 1
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31 32 33 3
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a t a t a t b t
A a t a t a t b b t

a t a t a t b t
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⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

. (2) 

We suppose that this affine deformation is invertible, that is, 
∀t, det At ≠ 0, where det At is the determinant of matrix At. 
The object can thus be written as  

( ) ( )( ) ( )00 0t tt tf x f x f x= Γ = .         (3) 

And cone-beam projections can be noted as:  
 ( ) ( )( )0, t t tt tg f s l dl∞λ α = λ + α∫ ,        (4) 

where λ ∈ R is a parameter of the true source trajectory st(λ), 
αt is a unit vector along a ray from st(λ), and Rs is the distance 
from the source to the rotation axis. Note λ is monotonically 
increasing function of time, for example,  
 λ = ωt.                  (5) 

B. 4D DABPF algorithm 
We basically follow a footstep of [2]. Let a 3D function 
c0,θ(x0) be a Hilbert transformed 3D image f0(x0 ) at the 
reference time t0, where θ is a unit vector that defines the 
direction of 1-D finite inverse Hilbert transform [6]. We want 
to first obtain c0,θ(x0) from measured projections gt(λ,αt). We 
transform the true source trajectory st(λ) around the object ft 
into a virtual source trajectory s0 (λ) around the object f0 at 
t0 (Fig. 1):  
 s0 (λ) = Γt ( st(λ) ).             (6) 
The projection data with the virtual path can then be obtained 
by 
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 ( ) ( )00 , ,t tt tg A gλ α = α λ α ,         (7) 

where  
 

0 t tt tA Aα = α α .            (8) 

Proof:  

Using Eq. (3) inside the integral of the right hand side of Eq. 
(5) and the linearity, the object f at time t can be noted by 
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Inserting Eq. (9) into Eq. (4) and changing a variable, 
ˆ

ttl l A= α , we get 
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∫
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where 0α  is given by Eq. (8).   [Q.E.D.] 
The derivative of the virtual projection data, Eq. (7), can then 
be calculated by using product rule and Eq. (5) 
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where  

 ( ) ( ) ( )
0

, ,
, lim

ε→

λ + ε α − λ α∂ λ α =
∂λ ε

t t t t
t t

g g
g .   (12) 

From here, we drop the argument λ from vectors s0, s0´and n0 
for more readability and follow the same procedure as DBPF 
algorithms (see [6]). The differentiated projections are 
backprojected from the virtual source trajectory s0:  

( )
( ) ( ) ( )
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0 0 0 0 0 0

0, 0
0 0

, sgn ,w s n n n g
c x d
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 ( )0 0 0 0 0α = − −x s x s ,          (15) 

λ1, λ2 are both ends of the backprojection range, and w for λi 

is a normalized redundancy weight defined as 
 ( )0 0 0

0
, 1

∞

=
⋅ =∑

i
w s n n .            (16) 

Finally we obtain f0,θ(x0): 
 ( ) ( )( )1

0 0 0, 0
1

2
f x H c x−

θ θ= −
π

,        (17) 

where H -1(·) is the 1-D finite inverse Hilbert transform 
along θ direction [6].  

The shape of the virtual source trajectory depends on the 
true trajectory and deformation pattern. If the virtual source 
trajectory does not satisfy a data sufficiency condition for 
the exact reconstruction of x0, we will use the “virtual 
PI-line [7]” for the filtering direction θ and produce ĉ0,θ(x0), 
an approximation of c0,θ(x0), by Eq. (13). This will result in 
an approximate image f̂ 0(x0).  

C. 4D DAxBPF algorithm 
We apply 4D DABPF algorithm to compensate for the 

space- and time-dependent affine transform Γt,m on a local 
basis. 4D DAxBPF first reconstructs a finite set of images 
f0,m(x0), m = 1…M, at the reference time t0 by using 4D 
DABPF to compensate for Γt,m. A weighted summation is 
then applied to images f0,m(x0) with:  

( ) ( ) ( ) ( )0 0, 0, 0,
1 1= =

=∑ ∑
M M

t m t m t m t
m m

f x W x f x W x ,    (18) 

where W0,m is a spatially varying weight which corresponds 
to spatially changing elements of affine transformation (Fig. 
5). Note that the filtering direction can be independently 
defined for each ROI. 

D. Schafer’s algorithm 
No redundancy weight is used in the original Schafer’s 
algorithm [5]; and the backprojection range Λt is determined 
by acquisition geometry at time t, for example, Λt = λ = [0, 
2π). As von Stevendaal, et al. did in [8], by adding a 
redundancy weight w defined at time t,. Schafer’s algorithm 
can be described in a more general form than the original 
form presented in [5] as: 

( )
( )
( )

( ) ( ) ( )
0 0 2

1ˆ
2

, cos ,

t

t

t t

t t t t R t t t

s
f x

x s

w g h d d

Λ

∞

−∞

′ λ
=

− λ

′ ′ ′ ′× λ γ γ λ γ γ − γ γ λ

∫

∫

, (19) 

where f̂ 0(x0) is an approximation of an exact image f0(x0).  

III. EVALUATIONS AND DISCUSSIONS 
We implemented DAxBPF and Schafer’s method, and 

employed computer simulations. A 5-ball phantom beat by 
60 cycles-per-minute with a globally defined affine 
transformation that consists of a contraction by 2:1, a rotation 
by 30°, and a translation by (40 mm, 20 mm, 30 mm), 
respectively. Cone-beam projection data were generated over 
8π with 333.3 ms/(2π) along a circular orbit in z = 0.  

Images were reconstructed by halfscan Feldkamp 
(HS-FDK) method from projections over π + fan-angle and 
by 4D DAxBPF from projections over ~6π with a binary 
redundancy weight. The filtering direction in 4D DAxBPF 
was chosen parallel to z = 0 for all x.  

Figure 2 shows the reconstructed coronal, sagittal, and 

Object at t Object at t0

Virtual source trajectoryTrue source trajectory

( )ts λ

( )0s λ 0αxt

tα

x0

st(λ)

s0(λ)

x

y

x

y

 
Figure 1. Example of true and virtual source trajectories with rigid motion. 
Straight lines remained as lines after being transformed from time t to t0.  
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trans-axial images at the same motion phase. Strong motion 
artifacts can be seen in images with the HS-FDK method 
(left). DAxBPF successfully compensated for the globally 
defined motion (right), substantially improving the image 
quality.  

By the time of the conference, we will conduct quantitative 
evaluations of three methods (4D DAxBPF, HS-FDK, and 
Schafer’s) in terms of the following image quality indices: 
noise-resolution tradeoff, and the strength of artifacts.  

 

ACKNOWLEDGMENT  
This work was supported in part by NIH Grant, American 

Heart Association grant, and Philips Medical Systems. The 
authors are thankful for discussion with Hiroyuki Kudo, 
Ph.D. of University of Tsukuba (Ibaraki, Japan).  

REFERENCES 
[1] Roux S, bastien, Desbat L, Koenig A, Grangeat P. Exact reconstruction in 
2D dynamic CT: compensation of time-dependent affine deformations. 
Physics in Medicine and Biology. 2004;49(11):2169-82. 
[2] Taguchi K, Kudo H. Motion Compensated Fan-Beam Reconstruction for 
Nonrigid Transformation. Medical Imaging, IEEE Transactions on. 
2008;27(7):907-17. 
[3] Desbat L, Roux S, Grangeat P. Compensation of Some Time Dependent 
Deformations in Tomography. Medical Imaging, IEEE Transactions on. 
2007;26(2):261-9. 
[4] Taguchi K, Kudo H. A simple motion tracking backprojection for a class 
of affine transformation. Medical Imaging 2008: Physics of Medical 
Imaging. 2008;6913:66. 
[5] Schafer D, Borgert J, Rasche V, Grass M. Motion-compensated and gated 
cone beam filtered back-projection for 3-D rotational X-ray angiography. 
Medical Imaging, IEEE Transactions on. 2006;25(7):898-906. 
[6] Noo F, Clackdoyle R, Pack JD. A two-step Hilbert transform method for 
2D image reconstruction. Physics in Medicine and Biology. 
2004;49(17):3903-23. 
[7] Pan X, Xia D, Zou Y, Yu L. A unified analysis of FBP-based algorithms 
in helical cone-beam and circular cone- and fan-beam scans. Physics in 
Medicine and Biology. 2004;49(18):4349-69. 
[8] van Stevendaal U, Lorenz C, von Berg J, Grass M. Motion-compensated 
reconstruction in helical cardiac CT. In: Kachelriess M, Beekman F, editors. 
the 9th international conference on fully three-dimensional reconstruction in 
radiology and nuclear medicine; 2007 July 10-13; Lindau, Germany; 2007. p. 
437-40. 
[9] Zou Y, Pan X. Image reconstruction on PI-lines by use of filtered 
backprojection in helical cone-beam CT. Physics in Medicine and Biology. 
2004;49(12):2717-31. 
 
 

Figure 2. Images reconstructed by HS-FDK (left) and DAxBPF (right).  
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Simultaneous Super-Resolution Restoration and 
Motion Estimation Based on Bayesian 

Framework with Total Variation 
Yin Xue-Min, Yan Lei 

 
Abstract—A novel variational algorithm is developed for 

simultaneous super-resolution(SR) restoration and motion 
estimation.Within a Bayesian framework, we derive a minimum 
energy formulation for the estimation of a reconstructed 
super-resolution image as well as motion field. The high-resolution 
image and the motion field are modeled as a Markov random field. 
From the Euler-Lagrange Equations, we propose an optimization 
procedure in order to compute a good local minimizer for our 
energy . A new criterion, the Depth of Resolution, is introduced to 
evaluate the performance of the super-resolution restoration 
algorithm. An efficient implementation scheme of alternating 
minimizations is presented together with experiments that 
demonstrate the performance of the algorithm. 

Index Terms— Super–resolution Restoration; Motion 
Estimation; Smoothness Constraint; Total Variation; 
Half-Quadratic Regularization  
 

I. INTRODUCTION 
Super-Resolution (SR)restoration is the process to obtain a 

high-resolution(HR) image from a set of low-resolution(LR) 
ones. It was first addressed by Tsai and Huang in the 
literature[1].The extension of the method was provided by 
Kim[2],Kim and Su[3] .A variety of techniques has been 
presented  by which a comprehensive approach can be refered 
to  [4],[5],[6],[7],[8]. 

The typical method of SR restoration include three stages. 
They are : i) motion estimation or registration , ii) non-uniform 
interpolation on the high resolution grid, and iii) deblurring and 
denoising process .These three stages can be performed 
independently or simultaneously. The aim of SR restoration is 
not only to reconstruct the HR image, but also to preserve other 
properties, it is called as the Multi-Objective SR restoration[9]. 

In this work, we propose a novel simultaneous SR algorithm. 
It is based on the multi-objective SR restoration, which employs 
the Bayesian framework for simultaneous super-resolution 
restoration and motion estimation. Different from other works 
based on the Bayesian maximum a posteriori (MAP) estimation, 
we separate the frames into two parts, the one is the spatial 

component, the other one is temporal component. The cost 
function is obtained by combination of the image Markov 
Random Field (MRF) model and the spatial-temporal 
smoothness constraints. The experiments have been used to 
illustrate the efficiency of the proposed algorithm in this paper. 

 
This work is supported by China Postdoctoral Science Foundation （ No. 

20070420269）. 
Yin XueMin is with Beijing Key Lab of SII&A,Institute of RS and GIS 

Research,Peking University, Beijing100871, China. He also is with 
JSLC(e-mail:xm_yin@yahoo.com.cn). 

Yan Lei is with Beijing Key Lab of SII&A，Institute of RS and GIS Research，
Peking University, Beijing 100871，China(e-mail: lyan@pku.edu.cn). 
 

II.  REGULARIZED SR RESTORATION  

A.  The Bayesian Framework for SR and Motion Estimation 
Let },1{},,1{ 211 mmDs LL ×= denote the spatial digital 

domain of the LR image sequence, and  are the size of the 
image.

21,mm
},,1{ LDt L= ,  stand for the temporal 

domain.
}1,,1{ −=− LDt L

L  is the number of the LR frames. 
},,1{},,1{ 212 nnDs LL ×=   represents the spatial digital domain of 

the SR image .  are the size of the SR image .Thus the LR 
image sequence 

21,nn
[ ]LgggG .., 21 L=  are the function 

RDDD ts →×11 : .A single HR image  is the function 
. 

f
RDs →2

Each LR image has the corresponding HR image. Let the L th 
HR frame is the referenced HR image. Each HR image is the 
different version of the referenced HR image with the subpixel 
shift. The [ ]121 ,,, −= LwwwW r

L
rrr

 denotes the sequence of the 
motion vector field between the referenced HR image and the 
other HR images, it is the function of the 

.2
23 : RDDD ts →× − { }1,, lll vuw =

r  is the motion vector field 

between the referenced HR frame and  the l th HR frame. 
Bayes[10] estimation is one of the most important methods .In 

this paper ,the estimation of the SR image can be obtained by 
maximizing the posterior probability ( ) .We also want to 

obtain the estimation of  the motion vectors fields sequence  
GfP

W
r

,so the posterior probability is 
( ) ( ) ( ) ( ) ( ).,, GPWPWfPWfGPGWfP

rrrr
=                     （1） 

Noting that the denominator is not a function of and Wf
r

, 
the estimation can be written as  
                ( ) ( ) ( ) ( ).,, WPWfPWfGPGWfP

rrrr
∝                     （2）  

In the existing literature ,  and  are assumed to be 
independent  with each other, it can be expressed as 

f W
r

( ) ( ) ( )WPfPWfP
rr

=,  ,but it is not true ,they are dependent 
each other in fact. 
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}Let and are the neighborhood frame, denotes 
the motion vector field between them.The video signal can be 
decomposed into the spatial component 

0f f { 1,,vuw =
r

( ) ( )tyxftyxf s ;,;, 0=  
and the temporal component  ( ) ( ) wftyxftyxf st r

•∇+= ;,;, , 
( wfP )r  is  stated as follows  

( ) ( ) ( ) ( .,, wfPwffPwffPwfP sstst )rrrr
==                  （3） 

For sake of simplicity, we assume the independence of  

and .For all the sequence of the image,

sf

W
r ( )WfP

r  can be 

expressed as  

( ) ( ) ( ) { }( ) ( ),,,,
4

3
2

1

321

r

4434421

r

32143421

rr

PP

st

P

s

P

WPWffPfPWfGPGWfP ∝
                 （4） 

where { } { }t
L

ttt ffff 121 ,,, −= L .Taking the logarithm of (4), the 
MAP estimator finds the estimated  value  { }Wf

r
,  which 

satisfies  
{ } { ( ) ( )

{ }( ) ( ) }.ln,ln

ln,lnmaxarg,

WPWffP

fPWfGPWf
st

s

rr

rr

++

+=                        （5） 

B. Imaging Model 
The imaging model of the LR images can be written as  

                                         （6） ,lllll fMBDg δ+= ( ,,2,1 Ll L= )
where  is the LR image vector in the temporal instant l  . 

The  is the SR image vector . The matrix is the motion 

compensation matrix. The matrix  represents the blur matrix. 

The matrix  is the downsampling  matrix. 

lg
f lM

lB

lD lδ is the noise. 
The imaging model is given by the following expression  

.                                        （7） Σ+= HfG

C. The Image Prior Model 
（1） ( )WfGP

r
,  

If ),( Wf
r

 are given, the conditional probability ( )WfGP
r

,  is 

determined by the noise probability density function (pdf) 
,so  Σf

( ) ( ., HfGfWfGP −= Σ

r
)                           （8） 

We assume Σ  is independent and identically distributed 
(i.i.d) Gaussian noise, ( )ll N Λ,0~δ  , ,   is variance, so 
we have  

I2σ=Λ
2σ

( ) ( ){ }.2exp, 22 σGHfWfGP −−∝
r                 （9） 

（2） ( )sfP  
In this paper ,the Markov Random Field[10] (MAR) is 

adopted . According to the Hammersley－Clifford theorem[10], 
Markov distribution can be expressed by the Gibbs [10] 

distribution . The penalty function model is adopted in this 
work , it is  
                 ( ) ( ) ( ){ },2exp 211 ∫∫ ∇′−∝ dxdyffP ss ϕλ              （10） 

where ( Tyx ∂∂∂∂=∇ ,2 ) . In this paper , ( )t1ϕ  is expressed as 

( ) ( )22
1 1 ttt +=ϕ ， ( ) ( ) .112 22

1 ttt +=′ϕ           （11） 

（3） { }( )WffP st
r

,  

Let  and  are the neighborhood frame, 
0f f

{ }1,,vuw =
r denotes the motion vector field between them. As the 

motion field wr and the referenced frame  are 
obtained

0f
[13,14],we have 

( ) ( ){ }
( ) ( ){ },2exp

2exp,
22

22
00

n

n

dxdywf

ffwffP

σ

σ

∫∫ •∇−=

−−∝
r

r               （12） 

2
nσ  is  the variance  of the Gaussian  noise ( )yxn ,  . 

As the video signal can be decomposed into the spatial 
component ( ) ( )tyxftyxf s ;,;, 0=  and the temporal component        

( ) ( ) wftyxftyxf st r
•∇+= ;,;, , then 

( ) ( ){ }
( ) ( ){ }

( ) ( ){ },2exp

2exp

2exp,

2
2

22

22

∫∫
∫∫

•∇′−=

•∇−=

−−∝

dxdywf

dxdywf

ffwffP

n

n
stst

r

r

r

λ

σ

σ               （13） 

where 2
2 1 nσλ =′ . 

Assuming the motion fields are independent each other , then  
{ }( ) { } { }( )

( ).,

,,,,,,,,
1

1

121121

l
st

l

L

l

L
st

L
ttst

wffP

wwwffffPWffP

r

r
L

rr
L

r

∏
−

=

−−

=

=       （14） 

From （13）,the above can be expressed as  

{ }( ) ( ) ( ) .2exp,
1

1

2
2

⎭
⎬
⎫

⎩
⎨
⎧

•∇′−∝ ∑∫∫
−

=

L

l
l

st dxdywfWffP rr
λ    （15） 

   （4） ( )WP
r

 
The joint Gibbs distribution is adopted to model the motion 

field W
r

, thus 
( ) ( ) ( ){ },2exp 22

23 ∫∫ ∇+∇′−∝ dxdyvuwP lll ϕλr      （16） 

where RR →:2ϕ  is increasible and continuously 
differentiable, ( )Tyx ∂∂∂∂=∇ , . 

The nonlinear convex function[15,16,17]  2ϕ in this paper is 
expressed as . 

( ) ( ) ,11 22222
2 λλεεϕ sss +−+=                     （17） 

( ) ( )( .11 2222
2

−
+−+=′ λεεϕ ss )                     （18） 

 
where 10 <<< ε ， 0>λ . 

Assuming the sequence of the motion fields are independent 
with each other ,then  

( ) ( ) ( ) ( ) ( ).,,, 121121 −− == LL wPwPwPwwwPWP r
L

rrr
L

rrr
  （19） 

Equation（19）can be written as  

( ) ( ) ( ) .2exp
1

1

22
23

⎭
⎬
⎫

⎩
⎨
⎧

∇+∇′−∝ ∑∫∫
−

=

L

l
ll dxdyvuWP ϕλ

r          （20） 

Incorporating（9）,（10）,（15）, （20）into （5）,taking 
)ln( 4321 PPPPE −= ,then 

( ) ( ) ( )
( ) ( )

( ) ( ) ,2

2

2
2
1,

1

1

22
23

1

1

2

2

11
2

∑∫∫

∑∫∫

∫∫

−

=

−

=

∇+∇+

•∇+

∇+−=

L

l
ll

L

l
l

s

dxdyvu

dxdywf

dxdyfGHfWfE

ϕλ

λ

ϕλ

r

r
                   （21） 

where . 2
33

2
22

2
11 ,, σλλσλλσλλ ′=′=′=
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III.  OPTIMIZATION AND ALGORITHM 

A. Optimization Procedure 
The MAP estimator becomes 

{ } ( ).,minarg, WfEWf
rr

=                        （22） 
If 

0
 is fixed, it is proofed that there is the unique 

minimum of 
WW
rr

=
( )0, WWfE =

r .Also there is the unique minimum 
of ( )WffE

r
,0

 when
0ff  is fixed .We will devise an 

alternating minimization scheme, which is an efficient method 
for solving （ 22） .The conjugate gradients (CG) can be 
implemented in this optimization procedure. 

= =

B. .Algorithm  
The main idea of relative optimization is to iteratively 

produce the estimate and use it as the current observation. The 
initial estimate of 0  is interpolated version of the referenced 
LR frame ,the initial estimate of 0W

f
r

 is obtained by the optical 
flow algorithm from the LR frame and be interpolated on the 
HR grid. η  is the predetermined threshold. This yields the 
following algorithm: 

Step1: Start with  , and with   ( ) 00 ff = ( ) 00 WW
rr

=

Step2: For k = 1; 2; …… until convergence 
Step3: Compute current SR image , fix ( 1+kf ) ( )kW

r . 
( ) ( )( )

( ) ( )( ) ( ){
( )

}

( )
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

∇

⎟
⎠
⎞⎜

⎝
⎛ ∇′

=

=•∇−

∇−−

+

+

−

=

+

+∗+∗

∑

.
2

,0

1

1
1

1

1

1
2

1
1

1

ks

ks

L

l
l

k
l

kk

ksk

f

f
b

wwfdiv

fbdivGHHfH

ϕ

λ

λ
r              （23） 

Step4: Compute current motion field )W ( 1+k
r , fix ( )kf . 

( ) ( ) ( )( ) ( ) ( ) ( ) ,0)( 12121
23

1
2 =∇⎟

⎠
⎞⎜

⎝
⎛ ∇+∇′−•∇ ++++ k

l
k

l
k

l
k

l
kk

x uvudivwff ϕλλ r       （24） 

( ) ( ) ( )( ) ( ) ( ) ( ) .0)( 12121
23

1
2 =∇⎟

⎠
⎞⎜

⎝
⎛ ∇+∇′−•∇ ++++ k

l
k

l
k

l
k

l
kk

y vvudivwff ϕλλ r       （25） 

Step5: If ( ( ) ( ) ( ) ) η≤+− kfkfkf 1  or a set number of 

iterations is satisfied ,  then stop; 
Else go to step 2. 

IV. NUMERICAL EXPERIMENTS 

A. The Evaluation Criterion 
 We refer the camera resolution test card[18] to introduce the 

Depth of Resolution Dr ,which can be  used to evaluate the 
performance of the SR restoration algorithm in this paper.  

According to the Rayleigh Resolution Criterion, the two 
point sources of light create two Airy disk which overlap each 
other through the imaging system. Then, if the minimum 
between the two Airy disk is equivalent to 0.81 of the maximum 
of the Airy disk centers, the images are considered to be 
resolvable. By the camera resolution test card[20], we introduce 
the Depth of Resolution criterion Dr according to the Rayleigh 
criterion to evaluate the performance of the SR restoration 
algorithm in quantity. 

Definition :  Mean Resolution Ratio 
Taking the camera test card center as the circle center, we can 

sample the arc with the radius of l  and plot the value curve 
according to the intensity as illustrated in Fig. 1. 
Assuming 11  are the local maximum in neighborhood, 

k
is local minimum between them . The Resolution Ratio can 

be defined as 

, +− kk ff
f

( ) ( ),19.0 kkkk fffr −=                           （26） 

where ( ) 211 +− kkk . += fff kk  is  the 
minimum when the  image  of the two point sources of light can 
be just resolvable. The  is the measurement of the separation 
for the two point; if kr , the two pint can be separated 
according to the Rayleigh Criterion.  

ff )81.01(19.0 −=

kr
1≥

For the whole circle, we define the Mean Resolution Ratio: 
,                                    （27） 

1

1∑−=
K

=
krKr

kK is number of the minimum of the mean value curve. 1≥r  
means that the line can be separated.  The Resolution Curve of 
one arc is presented as in Fig. 1. 

l

R

 
Fig. 1.  The Resolution Curve of One Arc  

By using the Mean Resolution Ratio, Depth of Resolution 
can be introduced 

Definition: Depth of Resolution 
Let R denotes the radius of the camera test card. Taking the 

card center as the circle center, we calculate the Mean 
Resolution Ratio  according to the different radius of 

pr
Rll ≤≤0: . As 1=pr , we assume the corresponding radius is 

p .The Depth of Resolution can be defined as the ratio of  
and 
l pl

R ,it is expressed as  
,1 RlDr p−=                              （28） 

Dr  is the ratio of the distance 
p
 and lR − R .The distance 

plR −  
is the longest distance from the outside to the center of the test 
card according to the Rayleigh Resolution Criterion. 

B. Experiment Results 
In the experiments, we use the camera resolution test card as 

the original SR image. The  Gaussian  function is used as the 
PSF, it  is defined as  

( ) ( ){ },exp, 2
2

2
121 nnKnnB +−= α               （29） 

where ( )∑∑
= =

=
1

1

2

21 1
21,1

W

n

W

n

nnBK , is the size of the PSF.21,WW α is a 

positive constant. The predetermined thresholdη  is . 310−

Fig.2 (a) is the 
rD of the original SR image, Fig.2 (b) is the 

of the one LR image. The of the LR image is about 0.61.     r

        
D rD

 
 (a) Depth of Resolution for the oringinal   (b) Depth of Resolution for the 

image 80.0≈Dr                        LR image Dr  61.0≈
Fig. 2.  The Depth of Resolution for the original image and LR image  

 
Fig. 3 shows the results of different methods. The parameters 

are 08.0=α ； ， ， . 7
1 10－=λ 6

2 10−=λ 4
3 10−=λ
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 (a) Bilinear interpolation of the      (b) Bicubic interpolation of the referenced 

LR frame                                            referenced LR frame 
 

 
 (c) Spline Interpolation of the         (d) The Proposed Method 

                  referenced LR frame                
     Fig. 3.   Comparison of  Different Methods 

 
Fig. 4 shows the 

rD  of the different methods. This figure 
shows that there aren’t any improvement of resolution by the 
three interpolate methods, rD ; but there is a remarkable 
enhancement by the proposed method , . 

61.0≈
76.0≈rD

 
(a) Bilinear interpolation               (b) Bicubic interpolation 60.0≈Dr 61.0≈Dr   

 
(c) Spline interpolation              (d) The proposed method 61.0≈Dr 76.0≈Dr  

Fig. 4.  Curve of Dr  
 

C. Regularization Parameter Choice 
The regularization parameters

321 ,, λλλ  control the trade off 
between fidelity to the data and fidelity to some set of prior 
information. Finding the reasonable value for 

321
 is an 

important part of the solution. There are several methods
,, λλλ

[21] for 
choosing the regularization parameter. In this paper, we found 
that  , , ,5

1 10−≤λ 4
2 10−≤λ 4

3 10−≤λ 1023 >λλ  are appropriate.   

V. CONCLUSION AND FUTURE WORK  
In this paper, we presented a bayesian framework for 

simultaneous SR restoration and motion estimation. Starting 
from a generative model of image formation, a MAP-solution 
was derived. Several priors model were introduced to alleviate 
the ill-posedness of the SR problem.The proposed method are 
validated experimentally with the camera resolution test card 

sequence . 
At present we have assumed that PSF is known .A more 

realistic situation is one in which it is unknown, it should be 
estimated .The accuracy of the subpixel shift is critical for SR 
restoration, the more comprehensive SR method should 
consider this effect . Our future work involves simultaneously 
estimating the unknown blur PSF while recovering the 
super-resolved image, and analyzing the effect of the 
displacement error in the SR image. 
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Abstract – Four-dimensional (4D) maximum-likelihood  

expectation-maximization (ML-EM) image reconstruction method 
with respiratory motion modeling is able to compensate for 
motion-induced lesion blurring effect in 18F-FDG oncology PET 
imaging. In this work, we propose an acceleration scheme for the 
4D ML-EM method by updating image estimates using 
ordered-subsets (OS) of the PET datasets for each 
respiratory-gated frame. We showed that another approach which 
first reconstruct all gated frames independently, then register all 
the reconstructed images for summation is a special case of this 
proposed 4D version of OS-EM reconstruction method. The 
proposed 4D OS-EM reconstruction method can be implemented 
fully in parallel with the 3D OS-EM PET image reconstruction 
codes employing an invertible image warping matrices modeling 
the estimated respiratory motion. We then evaluated and 
validated the 4D OS-EM reconstruction method using realistic 
Monte Carlo simulation data from the 4D XCAT phantom. 
Results show that the proposed 4D OS-EM provides ~6 times 
acceleration in computation speed as compared to the standard 4D 
ML-EM method with a small degradation in  the reconstructed 
PET image quality.       
 

Index Terms—4D PET, image reconstruction, respiratory 
motion compensation 

I. INTRODUCTION 
Patients’ respiratory motion during 18F-FDG oncology PET 

scan causes the motion blurring effect on the PET images 
reconstructed by 3D methods without motion compensation. 
This motion blurring effect can reduce the lesion detectability 
as well as induce errors in lesion activity quantitation and size 
estimation especially for small lesions [1, 2]. 4D PET image 
reconstruction methods applying to the respiratory-gated PET 
datasets[3] have been studied[4-6] for respiratory motion 
compensation. One of these image reconstruction methods is 
the 4D ML-EM method[5-7] modeling into the system 
transition matrix the respiratory motion previously estimated by 
applying non-rigid registration techniques to respiratory-gated 
CT[5] or PET[8] images.  The 4D ML-EM method with motion 
modeling in the system matrix [9, 10] is derived from list-mode 
EM reconstruction frame-work originally built up by Parra and 
Barrett[11]. This method has some favorable properties. First of 
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all, it is proven to converge to the ML estimations[11, 12] 
theoretically. Second, simulation and phantom experimental 
studies [5-7] have shown that it performs better in terms of 
lesion activity quantitation as well as lesion size and location 
estimation than another image reconstruction method with 
motion compensation. The method, which we call the 
Reconstruct-Warp-Sum, or RWS, first reconstruct the 
respiratory-gated PET frames of PET independently using the 
3D OS-EM method, then warp all the reconstructed images to 
the reference frame using estimated motion and finally sum all 
the warped images.  A disadvantage of the 4D ML-EM method 
is the long computation time needed. 

In this work, we propose in Section II an acceleration scheme 
for the 4D ML-EM reconstruction method by updating image 
estimation using ordered subsets (OS)[13] of the PET datasets 
for each respiratory-gated frame during the iterations. We then 
prove that the RWS method is one special case of the proposed 
4D version of OS-EM image reconstruction method. We also 
show in Section II that the implementation of the 4D OS-EM 
method can be fully in parallel using the 3D OS-EM codes. In 
Section III we validated and evaluated the proposed method 
using realistic Monte-Carlo simulation data. The trade-off of 
lesion quantitation error versus normalized standard deviation 
(NSD) in the region of interests (ROI) is used as the index for 
comparison of different methods. Section IV includes the 
conclusions and discussions. 

II. METHODS 

A. 4D ML-EM Method and Acceleration Scheme 
The 4D ML-EM  PET image reconstruction method applied 

to respiratory-gated PET data with respiratory motion 
modelling can be formulated as follow[10, 11] : 

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

∑∑
∑ ∑ ∑

gn G J
jn+1 g gi

i j,i jG J Ig g
g g n g gg=1 j=1j,i jg=1 j=1 j j,i i j j

i=1

yxx = p a
p a a p x + sc + r

(1)   

n
ix  is the intensity estimation of image voxel i=1,2..,I at nth 

update for the reference frame. g
jy  is the counts of  line of 

response (LOR) j=1,2..,J  in the gated frame g=1,2..,G, g
j,ip  is 

the geometrical response of  LOR j to the photon-pair emitted 
from voxel i during gated frame g, g

j,ip  is a function of the gated 

frame g because of respiratory motion and possibly different 
acquisition time for different g, g

ja  is the attenuation 

coefficients for LOR j at gated frame g which can be 
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pre-calculated based on the attenuation maps co-registered with 
respiratory-gated PET frames, g

jsc  is the scatter estimation for 

LOR j at gated frame g using a first-round 3D reconstruction of 
PET images without motion compensation, and g

jr  is the 

estimated random coincidence of LOR j at gated frame g. 
Define n+1,gx  as the 3D ML-EM update of  nx using PET data 
of gated frame g so that: 

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

∑
∑ ∑

gn J
jn+1,g g gi

i j,i jJ Ig g
g g n g gj=1j,i jj=1 j j,i i j j

i=1

yxx = p a
p a a p x + sc + r

      (2) 

Then formula (1) is equivalent to weighted average of n+1,gx : 

 ( )1 ⎡ ⎤
⎢ ⎥⎣ ⎦∑ ∑

∑ ∑
G

Jn+1 g g n+1, g
i j,i j iG J j=1g g

g=1j,i jg=1 j=1

x = p a x
p a

          (3) 

We propose to accelerate (2) by updating n
ix  with a full 3D 

OS-EM iteration of M subsets instead of only one 3D ML-EM 
update for each gated frame, as explained in (4) and (5): 

   nM, g nM
i ix = x                                         (4) 

g
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g
m

S
S

∈
∈
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   (5) 

where nM+m, gx is the mth (m=0,2..M-1) update of the previous 
image estimation nM, gx  using the mth ordered subsets of PET 

datasets of gated frame g: g

mS . By replacing n+1,gx  with 
(n+1)M,gx  in (3), we have: 

( )1 ⎡ ⎤
⎢ ⎥⎣ ⎦∑ ∑

∑ ∑
G

J(n+1)M g g (n+1)M, g
i j,i j iG J j=1g g

g=1j,i jg=1 j=1

x = p a x
p a

     (6) 

Also notice that (5) can be implemented fully in parallel for 
different gated frames g. In order to make (5) compatible with 
the current 3D PET OS-EM reconstruction frame work in which 
the projector and back-projector are implemented on the regular 
3D image voxel grids rather than deformed grids, we introduce 
an image warping matrix Wg  modeling how the image voxel 
grids deform from the gated frame g to the reference frame due 
to the respiratory motion. Thus the inverse matrix -1

W⎡ ⎤⎣ ⎦
g  can 

be used to warp the image back to the gated frame g from the 
reference frame. Then (4)~(6) can be implemented in the 
following form: 
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where 
0j,ip  is the geometrical response of LOR j to 

photon-pairs emitted from image voxel i0 on the regular 3D 
image voxel grids. 

It can been seen that the RWS method is a special case of 
scheme (7)~(9) in which it starts (7) with uniform initial image 
estimate, then goes through (8) iteratively for every frame and  
then performTs (9) using the last updates of all gated frames. 

B. Data Simulation 
We simulated respiratory-gated PET data acquisition using 

the realistic 4D XCAT phantom and Monte-Carlo methods. The 
activity distribution of the 4D XCAT phantom was set to 
realistically model of F18-FDG. The attenuation coefficient 
distribution and respiratory motion was designed to model a 
typical patient for whole body respiratory-gated F18-FDG 
PET/CT scan. Hot spherical lesions with diameters of 
10mm~20 mm , lesion-to-background ratio from 2:1 to 8:1, and 
at different locations in the NCAT phantom were used in the 
study. The 4D XCAT phantom as shown in Figure 1 was input 
to the Simulation System for Emission Tomography (SimSET) 
Monte-Carlo code to simulate the positron emission, 
annihilation and photon transportation within the phantom. The 
output photon history files of SimSET were then input to a 
modified version of Geant4 applications for emission 
tomography (GATE) software to simulate the PET system 
response of the Gamma photons and generate PET list-mode 
data. As shown in Figure 2, a GE Discovery LS PET scanner 
and realistic clinical PET scan protocols of two noise levels 
were simulated. The simulated PET list-mode data of 3 bed 
positions were then binned into 6 respiratory-gated frames with 
equal respiratory motion amplitude interval. 

 
C. Motion Estimation 
We applied the non-rigid groupwise registration method using 

B-Spline non-rigid transform[14] to two kinds of images for 
respiratory motion estimation: 

1. noise-free attenuation maps generated by NCAT phantom 
co-registered with the activity distribution at different 
respiratory phases input to PET simulation, and  

2. reconstructed images from all gated frames of the PET 
data using 3D OS-EM of 6, 12 and 24 updates with 
attenuation and random coincidence compensation. 

  
Figure 1. 4D XCAT 
phantom of 24 
frames with 1.2 cm 
diaphragm motion 
amplitude for one 
respiratory cycle of 5 
seconds

Crystal face 
(R=46 cm)

Septa
(R=33.5 cm)

FOV 
(R=32.5 cm)

SimSET Object
Cylinder 

(R=24 cm)

Crystal face 
(R=46 cm)

Septa
(R=33.5 cm)

FOV 
(R=32.5 cm)

SimSET Object
Cylinder 

(R=24 cm)

Figure 2. Modeling of GE discovery LS PET 
scanner in GATE: simulated scan of 3 bed 
positions starts 1 hour after 10mCi F

18
-FDG 

injection, two noise level: 5 and 10 minutes 
per bed position were simulated 
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 The B-spline non-rigid transform[15] based image 
registration combined with a global transform such as affine, as 
shown in Formula (10), is one of the most widely used classes 
of non-rigid image registration methods especially for medical 
imaging applications. Define Ф as a × ×x y zn n n  mesh of 
control points uniformly spaced in the 3D image volume. 

3 3 3

B-spline
=0 =0 =0

W (x, y, z) = φ∑∑∑ l m n i+l, j+m,k+n
l m n

B (u)B (v)B (w)  (10) 

where [ ] -1, [ ] -1, [ ] -1,x y zi = x/n j = y/n k = z/n - [ ],x xu = x/n x/n  

- [ ], - [ ]y y z zv = y/n y/n w = z/n z/n  and lB (u)where represents the 

lth basis function of the B-spline.  
The mean-square-error between the images is employed as 

the similarity metric. A gradient-descent line-search 
optimization method is used to numerically minimize the 
similarity metric[14]. Multi-resolution approach is applied to 
both the image grids and the B-spline grids. For noise-free 
attenuation maps, the spacing of B-spline grids at the highest 
resolution level is ~1.25cm  while for PET images, the spacing 
of B-spline grids at the highest resolution level is ~2.5cm. The 
motion estimations using different images were then evaluated 
by XCAT phantom truth. The motion estimations of highest 
accuracy were used to compute Wg  for g=1,2..T.  -1

W⎡ ⎤⎣ ⎦
g are 

computed approximately as in (11) by multiplying the transpose 
of the matrix Wg  with a diagonal normalization matrix Dn 
re-evaluated at each iteration n to guarantee that (10) holds:  

                    T
W W D

1−
⎡ ⎤ ⎡ ⎤≈ ⋅⎣ ⎦ ⎣ ⎦

g g
n

                                    (11) 

( )G T

=1

1 W W D
G

⎡ ⎤= ⋅ ⋅⎣ ⎦∑n g g n
n

g

x x                              (12) 

III. RESULTS 

A. PET simulation of 10 minutes acquisition per bed position 
Trade-off curves of lesion quantitation error averaged over 

four 10mm diameter lung lesions versus NSD in the lung ROI 
of reconstructed images are plotted in Figure 3 as a function of 
update number for different methods.  
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Figure 3. Trade-off curves of images reconstructed by different methods from 
simulated data of the noise level of 10 minutes acquisition per bed position. 

Images reconstructed by different methods at 48 updates and 
profiles across the lesions are shown in Figures 4 and 5.  
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(e) 
Figure 4. The same coronal slice of images reconstructed by different methods 
(a) RWS (b) 4D ML-EM (c) 4D OS-EM of 6 subsets (d) 4D OS-EM of 12 
subsets and (e) Profiles across lesions of image (a), (b), (c) and (d)   
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Figure 5. The same transaxial slice at liver of images reconstructed by different 
methods (a) RWS (b) 4D ML-EM (c) 4D OS-EM of 6 subsets (d) 4D OS-EM of 
12 subsets and (e) Profiles across 10mm lesion  of image (a), (b), (c) and (d)   
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B. PET simulation of 5 minutes acquisition per bed position 
Trade-off curves of lesion quantitation error averaged over 

four 10mm diameter lung lesions versus NSD in the lung ROI 
of reconstructed images are plotted in Figure 6 as the function 
of update number for different methods. 
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Figure 6. Trade-off curves of images reconstructed by different methods from 
simulated data of the noise level of 5 minutes acquisition per bed position. 

C. Computation time for different methods 
Table 1. Computation time for different methods implemented on 4 nodes of a 

computer cluster: 3 computation nodes (Intel Xeon E5410 Quad core 2.33GHz 
and 4GB memory) and 1 control node  (4 CPUs of 2.25GHz and 1GB memory). 
Unit: seconds. 

              Methods 
Comp. time  

RWS  
12 subsets 4D ML-EM 4D OS-EM 

6 subsets 
4D OS-EM 
12 subsets

Time for 48 EM 
updates 254.4 3124.3 489.6 254.4 

Time for image 
warping & 

summation during 
48 updates 

19.7 945.6 157.6 78.8 

Total time for 
reconstruction of 

48 updates 
274.1 4069.9 637.2 333.2 

Notice that the maximum ring difference of sinograms used 
for PET image reconstruction is 1 and no scatter compensation 
was implemented for the above studies. 

IV. CONCLUSIONS 
We have proposed and studied an ordered-subset based 

acceleration scheme, 4D OS-EM, for the 4D ML-EM PET 
image reconstruction method with respiratory motion 
compensation. The proposed 4D OS-EM method can be 
implemented fully in parallel using 3D OS-EM codes.  Results 
from the simulation studies show that 6~7 times acceleration 
can be achieved with only a small image quality degradation 
when using 6 subsets for each gated frame. It remains to be 
further investigated that how the inaccuracies of the estimated 
motion can affect the reconstructed image quality.  
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Abstract— Based on our previous work, an efficient, analytical 

solution to reconstruction problem of cardiac gated SPECT has 
been developed that allows simultaneous compensation for 
non-uniform attenuation, scatter, and system-dependent 
resolution variation, as well as suppression of signal-dependent 
Poisson noise.  Karhune-Loève (KL) transform is a useful tool for 
the reduction of intensive computational cost by simplifying the 
4D reconstruction problem into a series of three dimensional 
ones.  We proved that the noise property of SPECT which follows 
Poisson distribution remains same in KL domain and so does the 
transmitted system model.   To minimize the errors and blurring 
caused by global KL transform, we proposed an adaptive 
grouping method to group frames along time axis into several 
phases to perform specific KL transform.  In the KL domain, 
non-stationary Poisson noise was stabilized by Anscombe 
transform and treated by adaptive Wiener filtration.  Scatter 
contribution to the primary energy window was then estimated 
and removed based on photon detection energy spectrum and the 
triple-energy-window acquisition formula after noise treatment.  
The scatter-corrected data was further subject to a 
depth-dependent deconvolution, based on the distance frequency 
relationship, with measured detector response kernel in the KL 
domain.  The de-convoluted sinograms were reconstructed by 
inverting the attenuated Radon transform for each KL 
component and the 4D SPECT images were obtained by a 
corresponding inverse KL transform.  The simultaneous 
compensation strategy in the KL domain was tested by computer 
simulations from digital phantoms of 128 cubic array and clinical 
data from a patient.  The adaptive KL transform for different 
groups consisting of frames with similar activity dynamics 
showed noticeable improvement over our previous work of using 
a single KL transform for all frames.  Improvement was also seen 
by the adaptive noise treatment of all the KL components over 
previous work of discarding the higher-order components.  
Further improvement by considering the scatter and resolution 
variation was demonstrated. 
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Index Terms — Gated SPECT, image Reconstruction, 

Karhune-Loève (KL) transform, Noise Reduction 

I. INTRODUCTION 
In the study of single photon emission computed 

tomography (SPECT), gated imaging can yield valuable 
kinetic information and thus are widely used in clinical 
treatment. While, due to the shorter time of photon collection 
for each frame compared with static image, the number of 
counts per image is lowered and thus the data in each frame are 
much more polluted by noise.  To achieve quantitative 
reconstruction for clinical application, special noise treatment 
and reconstruction processing methods must be adopted. 

In this paper, we investigate a spatially-adaptive temporal 
smoothing method to alleviate the problems of noise in cardiac 
gated SPECT sequences.  Our previous work presented a 
Karhune-Loève (KL) transform approach to de-correlate the 
signals along time axis and obtained satisfied results [1,2].  
However, since the heart motion in a full circle varies 
distinguishably from phase to phase, the KL transform 
implemented over the full circle will inevitably introduce 
errors and which may lead to the blur of the images or even lost 
of detailed information such as minor defects.  Considering the 
nature of cardiac motion, in this study, we classified the gated 
cardiac SPECT images into three phases: systole, diastole and 
transition period.  Each phase was composed by those 
sequences share similar time activity.  KL transform were then 
implemented over each group to address the signal relationship 
among those frames.  More than just treating the signal 
dependant Poisson distributed noise alone in the KL domain, 
this study also includes treatments toward other degradation 
factors that pollute the image quality for quantitative SPECT 
reconstruction.  These factors include photon attenuation due 
to absorption and Compton scatter of primary photons, 
depth-dependent detector response variation, and scattered 
photons in the measurement.  All these treatments are all 
incorporated in our proposed four-dimensional analytical 
frame work.  In this frame work, de-correlated components in 
KL domain were treated sequentially by well studied 
algorithms to correct and/or compensate for degradation 
factors mentioned above.  Since we have proved that the noise 
property as well as the transmitted system model remains same 
in KL domain, those algorithms should be reliable and obtain at 
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least the same performance as they did in spatial domain for 
each target[3]. 

This paper is organized as follows: In section II, we 
introduced our preprocessing method to separate gated 
sequences into three phases, and proved that the noise model 
together with the transmitted system model in KL domain 
remain same as in spatial domain.  In addition, we described 
the algorithms used to improve the image quality in KL 
domain.  Simulation study to evaluate the proposed framework 
and conclusions are presented in section III and IV separately. 

 

II. METHOD 
A. Preprocessing 

In one of our previously proposed methods, smoothing of 
noisy projection data is performed along time axis over the 
whole obtained sequences based on the KL transform.  The 
covariance matrix was estimated from all the projection 
sequences collectively by assuming the time-activity curve to 
be drawn from the same probability density function.  Though 
this approach obtained satisfied results, carefully observation 
over the reconstruction showed that some detailed information 
might be blurred or even lost. In some cases, this information 
plays an important role for clinical treatment.  Our previous 
work presented an improvement by grouping those frames that 
share similar time-activity curves, which is based on 
observation, and applying different KL strategy on each group.  
The reconstruction show a better performance compared with 
single KL strategy.  In this work, we further refine the 
multi-KL strategy by modeling the cardiac motion and use the 
adaptive clustering method for grouping.  The implementation 
of automatic classification of the gated frames into three 
groups could be described as: 

a. Initialize and index all the frames as different group; 
b. Subtract any two frames pixel by pixel throughout the 

whole image. Record the indexes of the frames and calculate 
the total summation of the absolute value as the result.  

c. Compare the summation and find the minimum value, 
and combine the two groups into one according to the recorded 
indexes.  

d. Repeat step b and c until the remained number of group 
equal to three. 

B. KL Transform and System Model 
The acquired dynamic projection data sequence y  from 

gated cardiac SPECT can be expressed mathematically as the 
attenuated Radon transform of the source distribution 
function λ , which reflects the mean number of gamma photons 
emitted by a radiotracer injected into the patient’s body.  The 
dynamic imaging procedure can be simply modeled as [4-6]: 

                       λHyE =][                                            (1) 
where H is the SPECT system matrix in spatial domain. 

The temporal KL transform of gated sequences could be 
expressed by: 

                           A M λ= ⋅                                       (2) 

Here M is the KL transmission matrix and A is the transmitted 
independent components in KL domain. 

To express the temporal KL transform of the entire dynamic 
sequence in a matrix format, we define ML by: 

            LL IMM ⊗=                                  (3) 
where LI  is the LL ×  identity matrix and ⊗  is the Kronecker 
product.  By multiplying ML to both sides of the system model 
(1) and following the same schedule given by [6], we have: 
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If we define KL transformed data with: 
            yMydanM LN == ~,~ λλ                    (5) 

Then the relationship between transformed gated projection 
data and transformed image sequence can be reflected by: 

                        λ~]~[ HyE =                                    (6) 
Please note that (10) has the same form as (1), which 

indicates that the KL domain model is the same as that in the 
original (or spatio-temporal) domain.  This means that the 
system matrix H is exactly the same in both situations, and thus 
any well-studied reconstruction algorithms could be applied 
directly in KL domain without modification. 

C. Noise Model 
It is well recognized that the noise propagation obeys 

Poisson distribution in SPCET imaging. For the purpose of 
studying the noise property in KL domain, we simplify the 
problem by applying the KL transform to those “pure noise” 
pixels along time sequences, as follows: 

By expanding the KL transformation matrix ML, and 
applying the KL transform to noise signals N, which is also 
organized as time sequences along time axis, we got: 
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It is noted that ,i jm in (7) is Poisson distributed and 

independent with each other. According to the statistic 
property of Poisson random, the conclusion could be drawn 
that the KL transmitted element should follow the same 

distribution with mean value equal to 
,

1

l

l j j
j

m n
=

∑ .  

D. Compensation and Reconstruction in KL domain 
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Based on our previous work, the KL domain 2D smoothing 
strategy could be expressed firstly by applying the Anscombe 
transform to all the principle components, which converts 
Poisson distributed noise into Gaussian distributed one with a 
constant variance.  That is, if x is Poisson distributed with mean 
equal to λ , then 1/ 2( 3 / 8)y x= +  can be approximated as 

Gaussian distributed with mean equal to ( )1/ 21 / 8λ +  and 

variance of 0.25.  Therefore, the noise becomes signal 
independent and can be expressed mathematically as an 
additive term.  Then a well designed Wiener filter, expressed 
by (8), can be used to smooth the noise accurately: 
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where ( )θω kS sxx , , ( )θω kS spp ,  and ( )θω kS snn ,  represents the 

power of acquired data, ideal data and noise data respectively. 
Noise treated components can then be recovered by inverse 
Anscombe transform. 

After suppression of Poisson noise, the scatter contribution 
to the primary energy window measurements is then removed 
by our scatter estimation method, which is based on the 
detection energy spectrum and modified from the 
triple-energy-window acquisition protocol.  The scattered 
photon counts within the main window can be described as the 
following equation: 
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where , ,l hw w w  are the width of lower, higher and center 
(main) energy windows, ,l hC C  are the detector photons from 

the lower and higher energy window, and sC  is the estimated 
scatter photons for the main energy window. x is the adjusted 
parameter. 
     For correction of detector response, the inversion methods 
proposed up to date can provide either approximate solutions 
that realistically characterize the resolution kernel in a real 
SPECT system, or exact solutions that approximate the 
resolution kernel to some special functional forms in order to 
satisfy the mathematical derivations.  Our previous study 
showed that an accurate consideration of the measured 
resolution kernel is needed to demonstrate robust performance 
and artifact-free reconstruction and, therefore, is a better 
choice for quantitative SPECT imaging.  In this study, the 
resolution variation is corrected by the depth-dependent 
deconvolution, which, based on the central-ray approximation 
and the distance-frequency relation, deconvolves the 
scatter-corrected data with the accurate detector-response 
kernel in frequency domain. 

Let ( )tlP ω,  and ( )tlP ω,~  be the 2D Fourier transform (FT) of 
the sinogram { }ip  and the deblurred sinogram { }ip~  

respectively, where l is the angular frequency and tω  is the 

spatial frequency, the distance-frequency relation is expressed 
as: 

( ) ( ) ( )tttt lPlHlP ωωωω ,~,/, −=                   (10) 
Where ( )tdH ω,  is the 1D FT of the 2D detector-response 
kernel h at depth d.  The deconvolution is then performed in 
frequency domain by: 

( ) ( ) ( )tttt lPlHlP ωωωω ,,/,~ 1 −= −                    (11) 
Non-uniform attenuation compensation could be achieved 

through FBP-type reconstruction based on Novikov’s explicit 
inversion formula with realistic human thoracic attenuation 
map. 

Let (x,y) be the stationary coordinate in the image domain 
and (t,θ ) be the rotation coordinate in the sinogram space.  As 
shown in the last paragraph of Section B, the Novikov’s 
formula could be used directly in the KL-domain.  Following 
the analysis in [7], the KL domain Novikov’s inverse formula 
can be expressed as:
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where  )sin,(cos θθ=j
r , )cossin( θθ , −=k

r , div is the divergence 
operation, )(rrφ  is the reconstructed image frame from its 
corresponding sinogram data frame ),( θtA  in the KL domain 
and 

)},(~)sin(),(~){cos(),(~
2212

1 θθθ tqhtqhetq h += −         (13) 

),()cos(ˆ),(~ 1
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with ),]([2
1

1 θμ tRh = , ),](ˆ[ 12 θthHh = .  The operators Ĥ , D, 
and R represent the Hilbert transform, the divergent beam 
transform, and the Radon transform, respectively, and are 
defined as follows: 
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The above quantitative reconstruction is performed 
frame-by-frame in the KL domain for each principal 
component, which is similar to that performed in the spatial 
domain, and the result is ),,,,,( ,

1
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for each image pixel (m,n) in the KL domain.  Since the 
higher-order components with smaller eigenvalues may have 
little information, only the resulted frames reconstructed from 
the first l low-order components, i.e. ),,( ,

2
,

1
,,

l
nmnmnm

l
nm φφφ L=Φ  

(l≤K), could be retained for further noise reduction and 
computing efficiency.  After Novikov’s inversion in the KL 
domain, an inverse KL transform on the K or l reconstructed 
frames will generate the gated images in the original space: 
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Φ= Ttime
nm M,λ̂                               (19) 

 

III. RESULTS 
The presented methods above were tested by computer 

simulations using the chest digital phantoms of 128cubic array 
and the clinical data of 64 cubic array, which mimic the 
radiotracer distribution of myocardial perfusion in gated 
frames. Parallel-beam projections of 1282/642 size were evenly 
spaced over 360o/180o for 8/8 frames.   

Final results could be achieved by inverse KL transform the 
processed components. Multi-degradation factors were 
considered in this study.  Both the simulation study on digital 
phantom and clinical data achieved encouraging results.  The 
degradation factors added were compensated or corrected and 
achieved the similar or even better performance compared with 
any single treatment in spatio-temporal domain.  

 
Figure 1: Test results of digital phantom from the presented adaptive analytical 
approach.   

       

       
Figure 2: Test results of clinical data from the presented adaptive analytical 
approach. 

IV. CONCLUSION 
In this paper, we further improve our previous analytical 

reconstruction scheme for quantitative gated SPECT.  To fully 
utilize the de-correlation advantages of KL transform, the 
gated sequences were fist classified into three groups and then 
each of them was treated by different KL strategy.  In the KL 
domain, well studied algorithms were used step by step, aiming 
to improve the image quality by the correction of the 
degradation factors carefully.  Quantitative inversion could be 
achieved through corresponding inverse KL transform. 

The presented compensation and reconstruction scheme 
seeking for an exactly analytical approach thus could achieve 
quantitative results theoretically.  Other than some research 

work focusing on noise reduction alone by addressing the 
signal correlation property, this study fully utilized the well 
studied algorithms in SPECT imaging and offered a unique 
way to treat all major degradation factors in one framework.  
The simulation study validates its potential for gated SPECT 
imaging. 

However, due to the inevitable errors introduced by 
computational implementation of algorithms, and, especially 
when these errors might be spread or even enlarged by the 
sequential compensation strategy, the final result may not as 
stable as some established iterative approaches, such as 
OS-EM.  Further works is needed to improve the performance 
and robustness of the proposed framework. 
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Abstract—In this paper, a novel algorithm is proposed to 

reduce noise in cone beam x-ray computed tomography (CT) 
imaging. First, Radon inverse transforms based on a family of 
differentiated projections are induced. Second, an isotropic 
diffusion partial differential equation (PDE) is generalized from 
image domain to the Radon space. Third, based on the well known 
Grangeat formula, the isotropic diffusion PDE is further extended 
into the cone beam geometry. Finally, a projection direction 
dependent diffusion method is developed to remove CT noise, 
which is due to quantum variation during low dose exposure in 
medical x-ray CT. The noise reduction scheme processes 
projection iteratively and dependently on projecting orientation, 
which is followed by Katsevich reconstruction. The feasibility of 
our algorithm has been validated and demonstrated by numerical 
simulations of Shepp-Logan and thorax phantoms. 
 

Index Terms—Cone beam, Low dose, Noise reduction, X-ray 
CT 

I. INTRODUCTION 
Worldwide there are growing concerns on radiation induced 
genetic, cancerous and other diseases. Facing the increasing 
radiation risk, the well-known ALARA (As Low As 
Reasonably Achievable) principle is widely accepted in the 
medical community. Therefore, a large number of researches 
have been carried out to decrease radiation dosage while keep 
the diagnostic image quality. One of important strategies is the 
so-called denosing technique. First, a patient is irradiated by a 
x-ray source with low radiation dose during XCT imaging; and 
then, a specific noise reduction scheme is utilized to remove 
noise in image or projection domain. As for the noise reduction 
in image domain, anisotropic diffusion is a superior processing 
tool [1,2]. Simultaneously, the research on the noise reduction 
in projection domain has also become a hot topic [3-13].  

Now, researchers have understood the statistical features of 
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the sinogram data in medical XCT [3,4], which is an important 
basis for further developments of sophisticated algorithms in 
projection domain. Here, we will simply review those 
algorithms along this direction. Hsieh proposed a well-known 
‘ATM’ algorithm based on the local statistical results in 
projection domain [5], which combines the averaging effects of 
both mean and median filters. Kachelrieβ et al. generalized a 
multi-dimensional adaptive filtering for conventional, spiral 
single-slice, multi-slice, and cone-beam CT. Noise in the CT 
image is dramatically reduced, while the degradation of 
resolution can be neglected [6]. La Riviere estimated the line 
integrals from the noisy projections by maximizing a 
penalized-likelihood objective function, which was constructed 
based on the compound Poisson distribution of the 
polychromatic x-ray CT imaging [7]. On the basis of 
experimental study on the noise properties of XCT sinogram 
data [4], Wang et al. developed a sequential of valuable noise 
reduction algorithms mainly in projection domain [8-12], 
which include Maximum a posteriori (MAP), Penalized 
weighted least-squares (PWLS), and Multi-scale Penalized 
Weighted Least-Squares (Multi-scale PWLS). Recently, Zhu et 
al. explored an improved PWLS algorithm in projection 
domain. There is a great insight about the key influences of 
scatter estimation and correction on the performance of noise 
reduction and resolution [13]. 

In this paper, we will generalize the isotropic diffusion PDE 
to the projection domain within cone beam geometry, and 
develop a noise reduction scheme using a projection direction 
dependent diffusion in projection domain. 

II. THEOREM BACKGROUND 

A. Radon Transform 

In Rn
 space, assume the coordinate of any point is denoted 

as 
1 2( , , , )nx x x=x , and any orientation vector is referred to as 

1 2( , , , )nθ θ θ=θ . If ( )f x  is a bounded image function within 
a compact support, its Radon transform can be expressed as 
[14], 

R

( , ) ( ) ( ) ,
n

f s f s dδ= − ⋅∫R θ θx x x                                  (1) 

where the scalar s  denotes a projecting position, δ  a 
generalized Dirac function. 
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B. Hilbert Transform 
Hilbert transform of a function ( , )g sθ  can be expressed as, 

1 ( , )( , ) pv ,g zg s dz
s zπ

+∞

−∞

=
−∫H θθ

 
                                   (2) 

Here, “pv” represents a principal value integral. 

C. Central Slice Theorem 
According to the definitions of Radon transform and Fourier 

transform, central slice theorem can be written as [14], 
( , ) ( ),f fρ ρ∧ ∧=R θ θ

  
                               (3) 

where the sign ∧  denotes one-dimensional Fourier transform 
with variable s  and ρ  before and after transform, respectively. 

D. Radon Transform of Differentiated Projection 
In 3R  space, let us denote  
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When 1m =  , after computing Radon transform there will be 
2

2 ( , ) ( , ).f s f s
s

∂ = Δ
∂

R Rθ θ                                 (5) 

E. Diffusion Partial Differential Equation 
Anisotropic diffusion PDE is expressed as follows [1,2], 

( )( )( ) ( ) ,f f f
t

∂ = ∇⋅ ∇
∂

Cx x                            (6) 

where ( )fC  is the coefficient matrix of a direction dependent 

conduction, which depends on ( )f x .  In this paper, only 
isotropic diffusion is discussed, 

( ) ( ),f f
t

λ∂ = Δ
∂

x x
 

                                      (7) 

where λ  is a direction independent diffusion coefficient.  

F. Projection Direction Dependent Diffusion 
Radon Space 

Calculating the radon transforms on both sides of (7) 
Simultaneously, we arrive at 

( , ) ( , ).f s f s
t

λ∂ = Δ
∂

R Rθ θ                                      (8) 

Substituting (5) into (8), we have 
2

2( , ) ( , ).f s f s
t s

λ∂ ∂=
∂ ∂

R Rθ θ                                   (9) 

Cone Beam Geometry 
For the third generation geometry, the coordinates of a x-ray 
source in a natural coordinate system can be written as, 

1 2 3( , , ) ( cos , sin , ).a a a r r zξ ξ= =a                              (10) 
where r  is the distance from the x-ray source point to the 
rotational center. At the same time, the coordinates of a detector 
cell in the natural coordinate system can be written as, 

1 2 3( , , ) ( cos sin , sin cos , ).b b b d u d v z vξ ξ ξ ξ= = − − − + +b        (11) 
where ( , )u v  is the 2D coordinate of an equally-distant planar 
detector, and d  is the distance from the detector’s center to the 
rotational center. In this case, we have 

( ) .=θ b - a b - a                                 (12) 
Meanwhile, there is a relationship between cone beam 

transform and Radon transform as the follow, 

2

( , ) ( , ) ( ) ,
s s

f s f d
s

δ
=

∂ = −
∂ ∫R D

i

i
θ

θ θ θ ω
a

a a
            

                         (13) 

which is also called Grangeat formula in CT field. After taking 
the two-order partial derivative of  

ia  on both sides of (13), we 
have the following results, 
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23

2
1

( , ) ( , ) ( , ).
i i

f f f
t a

λ λ
=

⎛ ⎞∂ ∂= = Δ⎜ ⎟∂ ∂⎝ ⎠
∑D D Daa a aθ θ θ          (17) 

It should be pointed out that (17) can also be derived by directly 
substituting ( )f x  with ( , )fD a θ  in (7). 
Local Coordinate System 

In order to convert the cone beam transform from nature 
coordinate system to local coordinate system, we adopt a 
similar way, in which John’s equation is used by Patch [15].  

As for circular or helical cone beam geometry, the 
coordinates of x-ray source in natural coordinate system can be 
written as, 

1 2 3( , , ) ( cos , sin , ), 0.
2
ha a a r r hξ ξ ξ
π

= = ≥a               (18) 
At the same time, the coordinates of detector cell can be written 
as, 

1 2 3( , , )b b b= =b  

( cos sin , sin cos , ).
2
hd u d v vξ ξ ξ ξ ξ
π

− − − + +  (19) 

Thus, 
2 23
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III. NUMERICAL SIMULATION 

A. Projection Simulation 
Here, we will give a numerical simulation for the circular 

cone beam geometry to validate and demonstrate the capability 
of the proposed method. The noiseless projection data is 
calculated by the software previously developed by our team 
[16]. And Gaussian noise is overlapped into the noiseless 
projection data as the follows, 

( ) ( ) 1, , , ,f f
n i j k i j kg u v g u v

Z
ξ ξ= +

( )4Gaussian 0,exp 9 , , ,
2.0 10

f
i j k

Z g u vξ⎛ ⎞⎛ ⎞+⎜ ⎟⎜ ⎟×⎝ ⎠⎝ ⎠

                

(21) 

( )
( )( )5

, ,
1.4 10 max , ,f

l m nl m n
Z g u vξ= × ×

,

                          

(22) 

The projection as described in (21) is modeled partially 
according to the work by Wang et al. [4]. Although this 
projection model is not completely equivalent to that in a real 
case, it is believed that the simulated results are sufficient to 
illustrate the feasibility and merits of the proposed algorithm. 

B. Noise Reduction Scheme 
A numerical implementation is developed on the basis of the 

previous results. In this paper, (17) is discretized as, 
1 1( , ) ( , ) ( , )n n t a nf t f t f t, , λ ,− −= + Δ ΔD D Dθ θ θa a a , 

0( , ) ( , ), 1, ,f t f n N, = =D Dθ θa a ,                           (23) 
where 

tΔ  is the discrete step length of the time variable t . For 
the convenience of later discussion, we let tτ λ= Δ , which 
actually corresponds to the direction independent conduction 
coefficient in the isotropic diffusion PDE in image domain. 
Now that we have derived the original diffusion PDE from 
image domain to projection domain, we will further modify the 
functionality of the parameter τ .  One direct method is, 

( ) ( )
( )

( )( )
, ,

, , , , max , ,
b

f f
i j k n i j k n i j ki j k

u v a g u v g u vτ ξ ξ ξ⎛ ⎞= ⎜ ⎟
⎝ ⎠

( )
( ) ( )( )

4

, ,
exp max , , , , ,f f

n i j k n i j ki j k
g u v g u v cξ ξ ′ ′ ′′ ′ ′

⎛ ⎞⎛ ⎞− −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
    (24) 

where ( ), ,f
n i j kg u vξ  is defined as in (21), ,a b  and c  are 

adjusted empirically, and projection pixel ( ), ,i j k′ ′ ′  belongs to 
the twenty-six nearest neighbors of projection pixel ( ), ,i j k . 

Note that τ  is defined as a function of variables ξ , u  and v . 
By this way, the diffusion intensity will depend on the 
projection orientation, which is the reason we name this method 
as projection direction dependent diffusion. Especially, the 
diffusion strategy is obviously different from the isotropic 
diffusion as described in (7) and the anisotropic diffusion as 
described in (6). 

C. Noise Reduction Results 

(a) (b) 
Fig.1. Noisy reconstructions without any noise reduction, (a) Shepp-Logan 
phantom, (b) Thorax phantom. 

(a) (b) 
Fig.2(a). Noiseless reconstruction of the Shepp-Logan phantom. Fig.2(b). 
Difference image between noiseless reconstruction (Fig.2(a)) and noisy 
reconstruction (Fig.1(a)). 

(a) (b) 
Fig.3(a). Noise reduced reconstruction of the Shepp-Logan phantom by the 
proposed algorithm. Fig.3(b). Difference image between noise reduced 
reconstruction (Fig.3(a)) and noisy reconstruction (Fig.1(a)). 

(a) (b) 
Fig.4(a). Noise reduced reconstruction of the Shepp-Logan phantom by the 
anisotropic diffusion in image domain. Fig.4(b).  Difference image between 
noise reduced reconstruction (Fig.4(a)) and noisy reconstruction (Fig.1(a)). 
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 (b) 
Fig.5. Profiles along (a) the 512th row and (b) the 512th column of 
reconstructions in Figures 1(a), 2(a), 3(a), and 4(a). 

Feldkamp algorithm is used to reconstruct CT images. All 
reconstructed images are of 1024x1024 pixels. The displaying 
window of reconstructed images is between [0.017 
0.023]1/mm, and the displaying window of difference images 
is from minimum value to maximum value. 

(a)  (b) 
Fig.6(a). Noiseless reconstruction of the thorax phantom. Fig.6(b). Difference 
image between noiseless reconstruction (Fig.6(a)) and noisy reconstruction 
(Fig.1(b)). 

(a)  (b) 
Fig.7(a). Noise reduced reconstruction of the thorax phantom by the proposed 
algorithm. Fig.7(b). Difference image between noise reduced reconstruction 
(Fig.7(a)) and noisy reconstruction (Fig.1(b)). 

(a)  (b) 
Fig.8(a). Noise reduced reconstruction of the thorax phantom by the anisotropic 
diffusion in image domain. Fig.8(b). Difference image between noise reduced 
reconstruction (Fig.8(a)) and noisy reconstruction (Fig.1(b)). 
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 (b) 
Fig.9. Profiles along (a) the 512th row and (b) the 512th column of 
reconstructions in Figures 1(b), 6(a), 7(a), and 8(a). 
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Fig.10. Magnified image of the profiles in Figure 9(b). 
During the noise reduction procedure by our proposed 
algorithm, we have used parameters 0.75,a = 4,b = 0.5,c =  

15.N =  It can be noticed that there is a superior noise reduction 
capability when our algorithm is used in the low dose cone 
beam XCT imaging. In the near future, we will compare our 
method with other schemes and explore the influences of 
scatter correction on the noise reduction performance. Relevant 
results will be reported in a following up paper. 
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Half-fan-based Region-of-interest Imaging in Circular

Cone-beam CT for Radiation Therapy

1,2Seungryong Cho, 1Dan Xia, 2Erik Pearson, 2Charles A. Pelizzari, and 1,2Xiaochuan Pan

Abstract�Due to the limited size of a �at-panel detector
in a cone-beam CT (CBCT) system mounted to the linear
accelerator treatment facility, a half-fan geometry is useful
for many treatment targets particularly for large or obese
patients. Region-of-interest (ROI) imaging with the use of
the chord-based backprojection �ltration (BPF) algorithm
is a promising imaging technique in terms of reducing the
imaging-radiation dose while preserving the accuracy of
the images, and has been explored for a full-fan geometry.
In this work, we investigated ROI imaging with a half-fan
geometry, and developed the chord-based BPF algorithm
for half-fan circular CBCT.

I Introduction

Cone-beam computed tomography (CBCT) provides rich
anatomical image information of a patient that can signif-
icantly improve the accuracy of patient setup and target
localization [1, 2, 3]. Technological advances in large-area,
digital detector development have led to the introduction
of CBCT in the treatment systems, sharing the same spa-
tial coordinates. The treatment beam at lower energy
levels can be directly used for CBCT with a combina-
tion of a digital detector optimized for the selected en-
ergy, or additional kV source and detector system that is
mounted to the linear accelerator (LINAC) gantry can be
used as well. Both mega-voltage (MV) and kilo-voltage
(kV) beams have thus been utilized for CBCT although
kV CBCT is becoming more popular due to its higher im-
age contrast. This relatively recently available imaging
modality has been used for image-guided radiation ther-
apy (IGRT) of almost every site of cancer from head to
pelvis. However, total radiation dose to the patient from
CBCT imaging prior to each fraction still poses a radia-
tion safety concern. An accurate region-of-interest (ROI)
imaging technique in this regard is a potentially important
tool for routine CBCT in IGRT. Dose reduction can be
achieved by irradiating a smaller portion of the body that
includes the ROI; this will inevitably introduce a trans-
verse data truncation. The use of conventional reconstruc-
tion algorithms based on the Feldkamp algorithm for the
transversely truncated data may in general result in trun-

The authors are with the Department of Radiology (1) and with the
Department of Radiation and Cellular Oncology (2), The University of
Chicago, 5841 S Maryland Avenue, Chicago, IL 60637, USA. E-mail:
srcho@uchicago.edu, danxia@uchicago.edu, epearson@uchicago.edu, c-
pelizzari@uchicago.edu, and xpan@uchicago.edu

kV X−ray source

Detector

Fig. 1. Schematic of the half-fan geometry is shown on top of a LINAC-
mounted imager (OBI, Varian Medical Systems, Palo Alto, CA). Solid
box indicates the detector position for full-fan geometry, and dashed box
for half-fan geometry.

cation artifacts in the images. Although correction meth-
ods exist and can help reduce the artifacts to a certain
degree, accurate images can be reconstructed from the
truncated data by use of the chord-based backprojection-
�ltration (BPF) algorithm [4, 5, 6]. A feasibility of the
chord-based BPF algorithm for the applications to the
CBCT in IGRT has recently been demonstrated together
with the intensity-weighting technique in order for addi-
tional dose savings [7].
Due to the limited size of a �at-panel detector in a

CBCT system mounted to the LINAC treatment facility,
the half-fan geometry is useful for many treatment tar-
gets particularly for obese patients (Please see Fig. 1).
In this work, we investigated ROI imaging with a half-
fan geometry, and have developed the chord-based BPF
algorithm for half-fan circular CBCT. Half-fan data can-
not be directly used for the chord-based BPF algorithm,
but have to be converted to either the full-fan data or
the parallel-beam data via rebinning. Rebinning to the
parallel-beam geometry is favored particularly for its su-
perior noise transfer properties to the fan-beam geome-
try [8]. In the following, we will brie�y review the ROI
imaging in circular CBCT, describe the BPF algorithm
for rebinned half-fan data, and show the results of our
numerical study.
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(a)

FF−FOV

HF−FOV

(b)

Fig. 2. Schematics of (a) a full-fan geometry-based FOV for a relatively
slender patient, and (b) a half-fan geometry-based FOV for a larger
patient.

II ROI imaging in circular cone-beam CT

The chord-based BPF algorithm decomposes the object
image into a set of chords, where a chord is de�ned by a
line segment connecting any two source points on a con-
tinuous (continuous in a practical sense) trajectory, and
reconstructs the chord-images. In a circular CBCT for
volumetric image reconstruction, virtual source trajecto-
ries and virtual chords can be used since only the mid-
plane where the source trajectory belongs has true trajec-
tory and chords. As long as the object image on a chord
is not truncated and is within the �eld-of-view (FOV),
the chord-image can be reconstructed. For a given chord,
cone-beam data between the two source points that de-
�ne the chord are �rst backprojected onto the chord, and
the backprojected data on the chord is then �ltered. As
shown in Fig. 2 (a), a set of chord-segments within the
FOV can be reconstructed from transversely truncated
cone-beam data thereby allowing ROI imaging. When a
�at-panel detector size is big enough, this ROI imaging
can be done via full-fan geometry in which the detector
center receives the central ray of the cone-beam. However,
when the detector size is not big enough with respect to
a patient body size as shown in Fig. 2 (b), a half-fan ge-
ometry in which the detector can be used to increase the
FOV size.

A The BPF algorithm

Let fπ(xπ, λ1, λ2, z0) denote the image on a PI-line seg-
ment. Also, let xπλ1 and xπλ2 denote the two ends of a
support on the segment, whereby fπ(xπ, λ1, λ2, z0) = 0
for xπ /∈ [xπλ1, xπλ2]. We de�ne the chord-segment as
[xπλ1, xπλ2] so that we have [xπλ1, xπλ2] ⊆ [xπ1, xπ2]. The
BPF algorithm for cone-beam scans can be written as fol-

lows [5, 9]:

fπ(xπ, λ1, λ2, z0) = 1
2π2

1√
(xπλ2−xπ)(xπ−xπλ1)

×
[∫ xπλ2

xπλ1
dx′π

√
(xπλ2−x′

π)(x′
π−xπλ1)

(xπ−x′
π)

× gπ(x′π, λ1, λ2, z0) + 2πP0] , (1)

where xπ ∈ [xπλ1, xπλ2] and P0 is the projection along the
ray coinciding with the chord-segment. The backprojec-
tion term gπ(x′π, λ1, λ2, z0) can be expressed as

gπ(x′π, λ1, λ2, z0) =
∫ λ2

λ1

dλ

|~r′ − ~rc(λ)|
d

dλ
P (u′, v′, λ)|β̂′ ,

(2)
where ~r′ represents the position of the reconstruction point
at x′π on the chord, ~rc(λ) the source position. P (u′, v′, λ)
represents the cone-beam data as following

P (u, v, λ) =
∫ ∞

0

ds f [~rc(λ) + sβ̂]. (3)

III Half-fan-based ROI imaging

In a half-fan geometry, the existing chord-based BPF
algorithm cannot be directly used for ROI image recon-
struction because the backprojection from the cone-beam
data is not su�cient for accurate image reconstruction.
As shown in Fig. 3, for a given chord de�ned by λ1 and
λ2, either scan range A or B, or both A and B with ap-
propriate weighting, can be used for image reconstruction
on the chord when a full-fan geometry with a double-
sized detector is used. One may think that, for any given
source position, a conjugate view can be used to com-
plete backprojection on the chord of interest. However,
this would not work because the conjugate source posi-
tion is usually placed out of the range that is required
for image reconstruction on the chord. For example, the
half-fan data can be backprojected onto the solid-line seg-
ment of the chord as shown in Fig. 3 and the half-fan
data from the conjugate view may be backprojected onto
the rest of the chord within the FOV, but the conju-
gate view belongs to the scan range B while the original
source position belongs to A. Therefore, the cone-beam
data in a half-fan geometry should be rebinned to satisfy
such data consistency. Half-fan data can be rebinned ei-
ther into full-fan data or parallel-beam data. Half-fan
to parallel rebinning is adopted in this work, for it is
known that the parallel-beam geometry-based reconstruc-
tion performs better than the fan-beam geometry-based
reconstruction particularly in terms of image noise. Fan-
to-parallel rebinning in cone-beam data has been utilized
previously [10] in helical CBCT to improve the image
noise property.
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Fig. 3. Schematic of a half-fan scanning.

A The rebinned BPF algorithm for half-fan

In a half-fan geometry, the cone-beam data P (u, v, λ)
is available either for u ∈ (−ε,W − ε) or for u ∈ (−W +
ε, ε), where W is the �at-panel detector width and ε is
a detector o�set needed for data derivative calculation in
the image reconstruction. Rebinned data Q(ξ, v, φ) can
be obtained from P (u, v, λ) by

ξ =
Ru√
u2 + S2

and φ = λ− tan−1(
u

S
), (4)

where R and S represents the source-to-axis distance and
the source-to-detector distance, respectively. By combin-
ing the conjugate parallel data from φ and φ+ π, we can
make a complete parallel data set that covers the half-fan
FOV over a scanning range of π without redundancy. It
can be shown the backprojection now takes the form as
below:

gπ(x′π, λ1, λ2, z0) =
∫ φ0+π

φ0

dφ√
1 + ( vS )2(1− ξ2

R2 )

∂Q(ξ, v, φ)
∂ξ

,

(5)
and the remaining part of the algorithm is the same as
Eq. (1).

IV Numerical study

We have performed a computer simulation study to val-
idate the proposed algorithm. The scanning parameters
are summarized in the Table I. A virtual detector at the
isocenter was assumed in this work. The Shepp-Logan
phantom and a pelvic portion of the NCAT phantom have
been used for imaging. Figure 4 shows the reconstructed
images of the Shepp-Logan phantom by the proposed al-
gorithm and by the existing full-fan geometry-based BPF
algorithm respectively. Because of the data inconsistency

Parameter Value Parameter Value

Rotation axis z Number of views 600
R 100 cm Detector array size 256×256
S 100 cm Detector pixel size 0.05 cm

Table I. Scanning parameters used for the numerical study.

as explained earlier, the existing algorithm without rebin-
ning the data results in serious image artifacts and image
inaccuracy. To simulate half-fan ROI imaging, the NCAT
phantom has been used, and the reconstruction results
are shown in Fig. 5. It was con�rmed that accurate ROI
imaging is possible by the proposed, half-fan geometry-
based, rebinned BPF algorithm.

(a) (b)

(c)

Fig. 4. Reconstructed images of the Shepp-Logan phantom by use of (a)
the proposed algorithm with half-fan geometry, and (b) the existing full-
fan geometry-based BPF algorithm. Display window for (a) is [1.0,1.04]
and [1.4,1.8] for (b). Line pro�les along the vertical line shown in (a)
are also plotted in (c).

V Discussion and Conclusion

In this work, we have developed a half-fan geometry-
based, rebinned BPF algorithm for potential applications
to ROI imaging with a limited size of a �at-panel detector
in circular CBCT. A large enough FOV can be achieved
by use of a half-fan geometry for ROI imaging, and the
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(a) (b)

(c)

Fig. 5. (a) True phantom image. (b) Reconstructed ROI image of the
NCAT phantom by use of the proposed algorithm. Display window is
[0.02,0.03] for both images. Line pro�les along the horizontal line shown
in (a) are also plotted in (c). Dotted circle in (b) represents the FOV.

rebinned BPF algorithm can reconstruct the ROI images
accurately. Although a rebinning into a full-fan geometry
is also possible, it was excluded in this work mainly be-
cause an inferior noise performance is expected compared
to the parallel geometry. The proposed approach can be
integrated with additional dose saving techniques such as
the intensity-weighted ROI imaging [7].
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Low-dose Kilo-voltage Cone-beam CT Imaging forImage-guided Radiation Therapy: A Feasibility StudyXiao Han1, Seungryong Cho2, Junguo Bian1, Erik Pearson2,Emil Y. Sidky1, Charles A. Pelizzari2, and Xiaohuan Pan1,2

Abstract�Reent development of X-ray one-beam CT (CBCT)tehnology has been adopted in lini as an imaging toolto provide guidane to radiation therapy. The extensiveuse of CBCT, on the other hand, also raised the onernabout the imaging dose aumulated in the patient, es-peially in daily or even more frequently aquired CBCTsans for aurate patient positioning and adaptive treat-ment planning. An imaging tehnique apable of yieldinglinially useful information at a minimum ost of dose isthus highly desired. We reently developed a onstrained,total variation (TV) minimization method, whih provedsuessful in aurate image reonstrution from simulatedfew-view and limited-angle one-beam data. However, realdata aquired by the linial sanners violate some of theideal onditions assumed by the simulation studies. There-fore in this work, we investigate the feasibility of using theTV method on real data. A linial on-board kilo-voltageCBCT system was used to san a homemade phantom andan anthropomorphi phantom. A small fration of the a-quired full data were extrated at uniformly distributedangular intervals, and then this redued data set was re-onstruted by use of TV as well as onventional FDK andEM methods. All reonstrution results from the redueddata set were ompared to the FDK reonstruted imageusing full data. Our results show that the TV reonstru-tion outperforms other image reonstrution methods forboth redued real data sets.I IntrodutionWith tremendous progress ahieved in �at-panel X-raydetetor tehnology [1, 2℄ and 3D image reonstrutiontehniques [3, 4, 5, 6℄ in the past deade, one-beam CThas rapidly beome a useful tool in a number of lini-al settings, inluding dental examinations [7℄, radiationtherapy treatment planning and veri�ation [8℄, as well asimage-guided radiation therapy (IGRT) [9℄ and interven-tions [10℄. Among these appliations, kilo-voltage (KV)one-beam CT (CBCT) has been suessfully integratedto radiation treatment mahines as an on-board imagingsystem, whih greatly redued patient positioning errorduring the treatment and enabled some most advanedtehnologies suh as adaptive radiation therapy [11℄. Fur-ther improvement of therapeuti e�etiveness relies on en-haned auray of radiation dose delivery to the tumor,suh that inter- and intra-frationmotion and organ defor-The authors are with the Department of Radiology (1) and the De-partment of Cellular and Radiation Onology (2), The University ofChiago, 5841 S. Maryland Avenue, Chiago, IL 60637, USA. E-mail:xiaohan�uhiago.edu and xpan�uhiago.edu.

mation an be deteted and aounted for. This requiresdaily or even more frequent CBCT imaging [12℄, whihis, however, assoiated with inreased onern of X-raydose aumulated in the patient [13℄. On the other hand,unlike diagnosti CT san, usually only spei� informa-tion in CBCT images is needed for a ertain task, suh asbony strutures for daily patient positioning. Therefore itis highly desirable to design a CBCT imaging tehniquewhih yields suh useful information with the ost of amuh redued amount of dose.Inspired by the reently introdued ompressive sens-ing onept [14℄, we have developed a onstrained totalvariation (TV) minimization method (abbreviated as TVmethod through out this paper). This method is basedon the underlying fat that most linially relevant CBCTimages are sparse in their gradient magnitude representa-tion. Utilizing this sparsity, our method demonstratedsuessful aurate reonstrution of images from only asmall fration of the original one-beam data set in a seriesof numerial simulations [15, 16℄. These previous studiessuggest that the TV method holds the promise in reveal-ing a great deal of information in the reonstruted imagesfrom under-sampled data, thus may potentially be usedfor low-dose imaging in ertain linial IGRT appliations.On the other hand, real data aquired by the linialCBCT system are not self-onsistent. The disretizationmodel, noise, satter, and other physial fators all on-tribute to the data inonsisteny. For this reason, thee�ort in seeking a mathematially exat solution is irrele-vant in suh situations. Instead, we seek a linially usefulimage with minimum ontamination from artifats ausedby under-sampling and data inonsisteny. Furthermore,sine the amount of required data for satisfatory reon-strution depends on the omplexity of the sanned ob-jet, whether and to what extent the few-view reonstru-tion on the numerial phantoms an be used on liniallyrelevant data has not been examined. In this paper, weinvestigate the feasibility of applying our TV method toredued real data sets aquired by a linial KV CBCTsystem.
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Fig. 1. Illustration of the on-board CBCT imaging system.II Materials and MethodsA On-board one-beam data aquisitionTo demonstrate the feasibility of potential appliationsof our TV method in IGRT, we have sanned a home-made phantom on an auxiliary ouh extension to avoidtransverse data trunation, and the head and nek por-tion of a Rando phantom on a regular ouh that ausestransverse data trunation. The homemade phantom isa uboid made of luite plates and is �lled with water.Cylindrial objets with di�erent densities that inludete�on, delrin, polyarbonate, and so on have been insertedto make image ontrasts. The sanning was done with theon-board imaging (OBI) system on a Trilogy linear ael-erator (Varian Medial Systems). The OBI system on-sists of an x-ray soure and a �at-panel detetor, whihis mounted on the aelerator gantry orthogonal to thetreatment beam 1.A modi�ed linial full-fan protool was employed fordata aquisition, in whih the X-ray soure operates at125 kVp with beam urrent of 80 mA and 13 ms expo-sure pulse. The �at-panel detetor has an e�etive 1024
× 768 square pixel array, with a pixel size of 0.0388 m.The soure-to-detetor distane is 149.9 m and soure-to-isoenter distane 100.0 m. All data aquisitions wereperformed using a ounter-lokwise gantry rotation mode,whih start at -182 deg and stop at 178 deg.B Image reonstrutionIn our reonstrution method, we model the one-beamdata measurement by a disrete linear system:

~g = M ~f, (1)where ~f is an n-vetor representing the disrete image, Man m×n matrix representing the disrete ray projetion,and ~g an m-vetor representing the measured disrete

data. Diret inversion of the above linear transform is im-possible as the system is under-determined when n > m,whih is our ase. Therefore, we formulate the reon-strution problem as seeking an approximate solution tothe following onstrained optimization program:
~f∗ = argmin||~f ||TV

s.t. |M ~f − ~g| ≤ ǫ and ~f ≥ 0, (2)where the image TV, the ost funtion, is the ℓ-1 normof the disrete gradient magnitude of the image ||~f ||TV =
∑n

i=1
|~∇fi|, and the relaxation parameter ǫ is introduedto aount for the inonsisteny in the measured data.An iterative algorithm was developed to seek an ap-proximate solution to Eq. 2 [15, 16℄. The algorithm al-ternates between a projetion onto onvex sets (POCS)operation for onstraint enforement (non-negative voxelvalues and relaxed agreement between reonstruted im-age and measured data) and a steepest desent operationfor ost funtion minimization.III ResultsFor the homemade phantom, we extrated 32 viewsfrom the full 856-view data at uniform angular intervals,and applied our TV method to reonstrut an image vol-ume of 512×512×200 voxels. The middle transverse planereonstruted by TV method is shown in Fig. 2. Foromparison we also show the images reonstruted usingthe same 32-view data by FDK and maximum-likelihoodexpetation maximization (EM) methods. An FDK re-onstruted image using all 856-view data has been usedas a referene image. One an see that while EM- andFDK-reonstruted images both ontain severe artifatswhih obsure and distort most inserted objets, the TVreonstrution aurately aptured most of the strutureswith high and intermediate ontrast, and faithfully reov-ered the sharp edges of these objets and a quite leanbakground. However, the two low-ontrast disks seenin the referene image are hard to distinguish from thebakground in the TV reonstruted image.Next, the same omparative study was performed for a96-view data set, again uniformly extrated from the full856-view data set at uniform angular intervals. We displayin Fig. 3 the middle transverse plane of the image volumereonstruted by TV, EM, and FDK methods, and theimage reonstruted by FDK with full data as referene.This time, all three methods aurately reonstruted thehigh- and intermediate-ontrast objets. The two low-ontrast disks, however, are only learly observed in theTV reonstruted image. It is also interesting to note thatin both Figs. 2 and 3, TV reonstruted images loselyresemble the referene image, while ompletely eliminatedring artifats in the referene image due to imperfet de-
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TV

EMFDK

FDK(856−view)

Fig. 2. Middle transverse plane of the image volume reonstruted byuse of TV, FDK, and EM methods from the 32-view data. The refereneimage was reonstruted by FDK from the full 856-view data.
TV

EMFDK

FDK(856−view)

Fig. 3. Middle transverse plane of the image volume reonstruted byuse of TV, FDK, and EM methods from the 96-view data. The refereneimage was reonstruted by FDK from the full 856-view data.tetor response uniformity.We also applied our TV method to reonstrut an under-sampled data set of the head and nek portion of Randophantom. Sine this data set is trunated by the patientouh along the transverse diretion, and the trunated

FDK EM

TV
645−view
FDK

Fig. 4. The middle transverse plane of the reonstruted volume ofthe Rando phantom by FDK, EM, and TV, from the 108-view data.Referene image at the top left orner was reonstruted by FDK fromthe full 645-view data.part ontains a pair of high-density supporting rails, weexpet the data is ontaminated by a relatively higherlevel of inonsisteny than the homemade phantom. Inaddition, sine the anthropomorphi phantom has moreomplex strutures than the homemade phantom, reon-strution from under-sampled data is expeted to be morehallenging. In the study, we tested the performane ofthe TV method with a 108-view data set and a 59-viewdata set. In both ases, the redued data set was obtainedby extrating from the full data set the desired number ofprojetion images at evenly distributed angular intervals.TV, EM, and FDK methods were subsequently appliedto reonstruting 512×512×420-voxel volumes. A sameimage volume was reonstruted by use of FDK methodfrom the full 645-view data set as referene. In Fig. 4, weshow reonstruted images at the middle transverse plane(z=210) from the 108-view data set, and in Figs. 5 and 6,we show reonstruted images at a sagittal plane (x=256)and at a oronal plane (y=236), respetively, from the59-view data set. One again, TV reonstruted imagesare visually loser to the referene image, while EM andFDK reonstrutions have obsuring streaks and less well-de�ned struture edges.IV DisussionIn this feasibility study, we investigated the potentialappliability of using the TV method to reonstruting3D volume images using a fration of KV CBCT data a-quired by a linial on-board system. Results of a home-made phantom and an anthropomorphi phantom suggest
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TVFDK

EMFDK

(645view)

Fig. 5. The 256-th sagittal plane of the reonstruted images of theRando phantom by FDK, EM, and TV, from the 59-view data. Refer-ene image at the top left orner was reonstruted by FDK from thefull 645-view data.
FDK
(645view)

TV

EMFDK

Fig. 6. The 236-th oronal plane of the reonstruted images of theRando phantom by FDK, EM, and TV, from the 59-view data. Refer-ene image at the top left orner was reonstruted by FDK from thefull 645-view data.the advantage of TV method over other iterative and an-alyti methods in reovering linially useful informationfrom a substantially redued data set. Depending on thespei� desired information from a CBCT imaging task,signi�ant imaging dose redution an be expeted fromthis TV-reonstrution based tehnique. In order to fullyexploit the potential of the TV method and to reovermaximum information from the redued data set, the al-gorithm itself needs areful �ne tuning but more impor-tantly, the imaging protools may need to be optimizedfor better ompatibility with the TV method. Ongoing
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Non-convex, adaptive image-reconstruction
algorithms for digital breast tomosynthesis
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Abstract— Recent interest in “compressive sensing” has re-
newed interest in image-reconstruction algorithms that employ
total variation (TV) in their corresponding optimization problem.
Much of the challenge of utilizing the ideas of “compressive
sensing” has come in developing efficient algorithms for the opti-
mization. Many of the algorithms require hundreds or thousands
of iterations. These algorithms generally have an adaptive step-
size control to balance the data fidelity with the TV-norm. In this
work, we focus on TV-based image-reconstruction while adjusting
the adaptive control toward improving algorithm efficiency. The
particular imaging-task investigated here is microcalcification
detection in digital breast tomosynthesis, but the resulting al-
gorithms likely have other applications in few-view cone-beam
CT. Comparisons with other algorithms such as expectation-
maximization (EM) and conjugate-gradient (CG) algorithms will
be presented at the meeting.

Index Terms— digital breast tomosynthesis, image-
reconstruction, adaptive algorithms

I. I NTRODUCTION

We have recently investigated image-reconstruction algo-
rithms for tomographic systems that acquire incomplete data
[1], [2]. These algorithms minimize the image total variation
(TV) in an adaptive way that maintains agreement with the
available projection data to within a preset data-error tolerance.
The TV-norm is minimized by steepest descent and the data-
error constraint as well as other constraints, such as positivity,
are enforced by projection-onto-convex-sets (POCS). As the
steepest descent step-size is controlled adaptively, the complete
algorithm is called adaptive steepest-descent POCS (ASD-
POCS). While the ASD-POCS algorithms are effective at solv-
ing the corresponding constrained, TV-minimization problem,
they are not yet practical for 3D tomographic systems at the
current level of computer technology, because hundreds to
thousands of iterations are required.

In this work, we alter the adaptive scheme with algorithm ef-
ficiency in mind; the new ASD-POCS algorithms are designed
to yield useful images in on-the-order-of ten iterations. In
addition to the efficiency increase, we employ minimization of
the non-convex totalp-variation (TpV) norm (TV is a special
case withp = 1.0), which may have some advantage for highly
under-sampled systems [3], [4], [5]. To demonstrate the new
algorithms, we perform image-reconstruction on clinical data
for digital breast tomosynthesis (DBT). It will be seen that
the new ASD-POCS algorithms can have a large impact on
increasing detectability of microcalcifications.

In the following, we describe the DBT configuration, dis-
cuss the new adaptive scheme for ASD-POCS, and show
results that high-light the impact on microcalcification imaging
in DBT.

II. DBT CONFIGURATION

Detector

Breast

Compression Paddle

25

44.3 cm

21
.7

 c
m

Z

Y

x-ray source

Front view Side view

Z

X

x-ray source

Detector

Breast

Fig. 1. Configuration of the digital breast tomosynthesis system. The
coordinate system, whose origin lies on the center of rotation for the X-
ray source, is also indicated. The front view shows a schematic including
the compression paddle. The walls of this paddle are visible in many of the
projections.

For the present study, we perform image-reconstruction
from data acquired by a DBT prototype developed at Mas-
sachusetts General Hospital in collaboration with General
Electric Healthcare. The scanner configuration and properties
are specified in Ref. [6], but we re-iterate the geometric con-
figuration here. As shown in Fig. 1, the breast is compressed
to a thickness of 3-8 cm on a carbon-fiber tray protecting the
fixed, flat-panel detector. The X-ray source is moved on an arc,
centered on pointh = 21.7 cm above the detector, and with
radiusR = 44.3 cm. The detector is composed of an array
of 1800x2304 detector bins with width 100 microns, and is
physical dimensions areW = 180.0 mm × L = 230.4 mm.
The number of projections is 11, and they are approximately
equally spaced along the 50◦ arc. We use the term ”in-
plane” to refer toxy-planes, parallel to the detector, and the
term ”depth” to refer to thez-direction, perpendicular to the
detector.

The data at each detector bin can be approximately related
to the line integral of the breast X-ray attenuation-map:

g(s, u, v) =

∫

dℓf(~r0(s) + ℓθ̂(s, u, v)), (1)
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where the source position follows

~r0(s) = (0, R sin s, R cos s), (2)

and the detector bin locations are described by

~d(u, v) = (u, v − L/2,−h). (3)

The unit vector̂θ(s, u, v) points from X-ray source to detector
bin:

θ̂(s, u, v) =
~d(u, v) − ~r0(s)

|~d(u, v) − ~r0(s)|
. (4)

The data model in Eq. (1) involves integration of the continu-
ous object. As with most iterative algorithms, the data model
is further approximated by discretizing the imaging volume.

The imaging equation is converted to a discrete, linear
system:

M ~f = g̃. (5)

The image vector,~f , is a finite set of coefficients specifying the
particular combination of basis elements, which in this case are
voxels. The available set of projection data,g̃, will in general
have a different size than the set of image basis elements. The
system matrixM approximates the continuous line integration
of Eq. (1). For the present work, we employ a ray-driven
forward projector asM , and we use the standard voxel
representation of the imaging volume. The choice of voxel
dimensions typical in DBT are asymmetric. For specifying the
voxel size, the in-plane resolution is taken to be the detector
resolution – in this case 100 microns. The depth resolution,
however, is about 10-fold lower. In previous work, the voxel
size has been taken as 0.1x0.1x1.0 mm3 [6], and we do
the same. With this choice of voxel dimension, the imaging
volume is composed of 30 to 80 slices arranged parallel to the
detector and within each slice there are the same number of
voxels as detector bins. For the reconstructions presented in
the results, the slice number is fixed at 60.

III. EFFICIENT ASD-POCSFOR CONSTRAINED,
TPV-MINIMIZATION

The basic idea behind constrained, TV-minimization is that
many underlying image functions in tomographic applications
have a sparse image gradient. As a result, image-gradients
can often be represented by a sparse set of non-zero voxels,
which may be much less than the total number of voxels in the
image. If this is the case, then it may be possible to obtain very
accurate image reconstruction from sparse sets of projection
data, or for the situation considered here, projection data
containing only few-views over a limited scanning angular-
range. It turns out the way to take advantage of the possibly
sparse image gradient is to minimize theℓ1-norm of the
image gradient-magnitude, in other words the image TV, while
constraining the image to agree with available projection data
to within a data-error toleranceδ. To further enhance the
assumption of image-gradient sparsity, it has been proposed
to use a non-convex TpV-norm with p < 1.0 [3]. The TpV
norm of the image, written in terms of image voxel values
fi,j,k, is

∥

∥

∥

~f
∥

∥

∥

TpV
=

∑

i,j,k

∆p
i,j,k, (6)

where

∆i,j,k =
[

(fi,j,k − fi−1,j,k)2+

(fi,j,k − fi,j−1,k)2 + (fi,j,k − fi,j,k−1)
2 + t

]1/2
. (7)

The parametert is set to10−6, here, and it is needed to ensure
that the TpV norm is differentiable with respect to voxel value
whenp ≤ 1.0.

The constrained, TpV-minimization problem that guides the
ASD-POCS algorithm development is:

~f∗ = argmin‖~f‖TpV (8)

such that
∣

∣

∣M ~f − ~g
∣

∣

∣ ≤ δ,

~f ≥ 0.

The value ofp andδ are parameters of the optimization prob-
lem. Because the DBT system is incomplete many possible
reconstructed volumes respect the data-error and positivity
constraints. The TpV-minimization selects an image with a
sparse gradient out of this feasible set.

The ASD-POCS algorithm for solving Eq. (8) alternates
steepest descent on the TpV-norm with POCS for the image
constraints. For the ASD-POCS version from Ref. [2], the
adaptive control took into account only the relative magnitude
in the image change due to POCS and steepest descent. For
the algorithm discussed here a line-search is included with the
TpV steepest-descent. This line-search ensures that the TpV-
norm will be reduced with each iteration of ASD-POCS. The
resulting algorithm does not solve Eq. (8) as accurately, but
“useful” images are obtained at much earlier iterations. For the
new ASD-POCS algorithm, the parameterδ does not explicitly
enter and it is replaced by the iteration number, and relaxation
parameterβ ∈ (0, 1] of the POCS step. Data-error generally
decreases with iteration number, and the rate of this decrease
can be slowed by choosing smallerβ.

For current DBT systems, standard iterative algorithms such
as SART and EM are also terminated at low iteration numbers,
generally less than ten [6], [7]. Detailed comparisons with
these algorithms and EM will be presented at the meeting.

IV. I MPACT ON MICROCALCIFICATION IMAGING IN DBT

5 iterations 10 iterations 20 iterations

Fig. 2. ROI reconstructions of the data set containing microcalcifications by
the EM algorithm at (left) 5, (middle) 10, and (right) 20 iterations. The gray
scale window is [0.30,0.65].

We show images of a region of an in-plane slice that
contains microcalcifications. The same region is shown at the
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same gray-scale for EM as compared with ASD-POCS run
at different iteration numbers,β-values, andp-values. Larger
β-values increase data fidelity. Changing thep-value alters
the optimization problem that guides the image reconstruction
algorithm. Forp = 1, the image TV-norm is being minimized.
For the non-convex case ofp = 0.8, greater sparsity of the
image gradient is favored. We also show the case ofp = 2.0
which corresponds to a standard, quadratic image roughness
measure. Thep = 2.0 case is of interest for demonstrating the
ASD-POCS algorithm on a standard optimization problem for
regularized image-reconstruction. This case will be compared
with conjugate-gradient (CG) methods at the conference.

A set of EM images for the first case is shown in Fig.
2, and the corresponding ASD-POCS images are shown in
Figs. 3, 4, and 5. A striking feature of the ASD-POCS
reconstructions is the prominence of the microcalcifications.
Lower values ofp accentuate these small features better
than largep-values. Even forp = 2.0, the visibility of the
microcalcifications is comparable to that of the EM results.
The differences in microcalcification contrast can be seen
quantitatively in the profiles shown in Fig. 6. These profiles
are plotted along depth and transverse lines that intersect with
a single microcalcification. We point out that while lower
β increases regularization strength in ASD-POCS and lower
iteration number increases regularization strength for EM,
there is no direct correspondence between the two parameters;
the chosen iteration numbers for the EM profiles are selected
only for reference. Interestingly, there seems to be little change
in the ASD-POCS image for iteration numbers 5-20, which
obviously has some practical implication.
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Fig. 3. ROI reconstructions of the data set containing a microcalcifications
by the ASD-POCS framework withβ = 1.0. The gray scale window is held
fixed, and is the same as that of the EM results, [0.30,0.65].

From the profiles and slice images, it is clear that lowerp in
ASD-POCS enhances microcalcification contrast substantially,
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Fig. 4. Same as Fig. 3 exceptβ = 0.5.

leaving one to wonder if there is any advantage to larger
p-values. While lowerp-values appear to be advantageous,
there is also an impact ofp-value on the image background.
The ROIs displayed in Figs. 3, 4, and 5 are shown in a
large enough region to obtain some sense of the difference
in background. Optimal values ofp andβ for particular tasks,
such as microcalcification detection by human observers, need
to be investigated in separate studies. Another important factor
that affects selection ofp andβ is data quality. Lower values
of p, for example, may be robust against detector noise, but
may be also more sensitive to inconsistency due to patient
motion.

If, upon further study, it turns out that lowp image-
reconstruction with ASD-POCS consistently yields improved
contrast on microcalcification imaging, the implication for
DBT imaging is enormous. It is known that microcalcification
imaging is noise-limited, while mass imaging is structured-
background limited. Image reconstruction algorithms that
increase microcalcification detectabilitymay lower the re-
quired intensity of the probing X-ray beam, thus lowering the
radiation-dose of the DBT scan.

V. CONCLUSION

We have developed a practical implementation of the ASD-
POCS iterative image-reconstruction algorithm, and applied
it to clinical projection data obtained with a DBT system.
The efficiency of the algorithm is comparable to standard
iterative algorithms, and it can obtain useful image within
ten iterations. When ASD-POCS is used in conjunction with
the TpV-norm for p ≤ 1.0, there may be a substantial
advantage for imaging of microcalcifications. Results shown
at the meeting will present a more detailed comparison of
ASD-POCS performance with standard EM and CG methods.
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Fig. 5. Same as Fig. 3 exceptβ = 0.1.β
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Depth profiles
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Fig. 6. Profiles, centered on a microcalcification, through reconstructed
images for different values ofp and β. Also shown are results by the EM
algorithm. The comparison of EM at different iteration number does not
necessarily have any relation to the ASD-POCS results at differentβ. (Top)
Transverse profiles along thex-direction. (Bottom) Depth profiles in thez-
direction. The fact that microcalcification have a greater width in the depth
profiles is likely to inherent blurring in the DBT system.
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Abstract—The current paradigm for temporal resolution 

improvement is to add more source-detector units and/or increase 
the gantry rotation speed. In this work, we present an alternative 
method to improve temporal resolution by approximately a factor 
of 2 for all MDCT scanners, without requiring hardware 
modification. The central enabling technology is a most recently 
developed image reconstruction method: Prior Image Constrained 
Compressed Sensing (PICCS). Using the method, cardiac CT 
images can be accurately reconstructed using projection data 
acquired in an angular range of about 120 degrees, which is 
roughly 50% of the standard short-scan angular range (~240 
degrees for an MDCT scanner). As a result, the temporal 
resolution of MDCT cardiac imaging can be universally improved 
by approximately a factor of 2. In order to validate the proposed 
method, in vivo animal experiments were conducted using a 
state-of-the-art 64-slice CT scanner (GE Healthcare, Waukesha, 
WI) at different gantry rotation times and different heart rates. 
One animal was scanned at heart rate of 83 beat per minute (bpm) 
using 400ms gantry rotation time and the second animal was 
scanned at 94bpm using 350ms gantry rotation time respectively. 
Cardiac coronary CT imaging can be successfully performed at 
high heart rates using a single source MDCT scanner with gantry 
rotation time of 400ms and 350ms. This potentially provides a new 
method for single source MDCT scanners to achieve reliable 
coronary CT imaging for most patients at high heart rates. This 
method also enables dual source MDCT scanner to achieve higher 
temporal resolution without further hardware modifications. 
 

Index Terms—MDCT, cardiac imaging, temporal resolution, 
coronary angiography 
 

I. INTRODUCTION 
 
Cardiac CT imaging is a particularly demanding task.  

Sub-millimeter isotropic spatial resolution is necessary in order 
to visualize the small branches of the coronary arteries. Initially, 
computed tomography of the heart was performed by electron 
beam CT (EBCT) without contrast media to assess coronary 
calcifications [1, 2]. While the EBCT acquisition provides high 
temporal resolution of 50msec or less, it suffers from low 
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spatial resolution (1.2mm in-plane resolution, and 3mm slice 
thickness) and limited longitudinal coverage.  

Recent advances in multi-detector computed tomography 
(MDCT) technology have enabled relatively high quality, 
three-dimensional coronary computed tomography 
angiography (CCTA) using intravenous contrast agents injected 
through a peripheral intravenous (IV) catheter. In MDCT, the 
temporal resolution is primarily limited by the gantry rotation 
speed [3, 4]. The best temporal resolution of a single-source 
MDCT scanner is about 135ms when the rotation speed of 
270ms is used and about 175ms for 350ms gantry rotation speed 
is used. 

Instead of increasing the gantry rotation speed to achieve 
higher temporal resolution, a design concept using multiple 
x-ray source-detector assemblies was introduced [5-8]. Due to 
the limited room available on a CT gantry, commercially 
available MDCT systems introduced thus far have used two 
source-detector units and the temporal resolution is improved 
by approximately a factor of 2. For a gantry rotation speed of 
330ms, using the dual-source-detector design, the achievable 
temporal resolution is about 83ms. This represents the best 
achievable temporal resolution among all of the state-of-the-art 
MDCT scanners.  

In this work, instead of significant hardware modifications, 
we propose to use a novel image reconstruction algorithm, prior 
image constrained compressed sensing (PICCS) [9-11], to 
achieve temporal resolution improvement for any single-source 
or dual-source MDCT scanner. For brevity, the method is 
referred to as temporal resolution improvement using PICCS 
(TRI-PICCS).  

 

II. METHOD AND MATERIALS 
 
The basic framework of the proposed TRI-PICCS method is 

presented in Figure 1.  The essential innovation in the proposed 
method is to only use half of the short-scan data and a low 
temporal resolution prior image for cardiac reconstruction. 
Note that the short-scan angular range is about 240 degrees, 
which is the minimal data sufficiency condition to reconstruct 
the entire cross section within the scanning field of view (FOV). 
When the cardiac window is narrowed to half of the short-scan 
window, the available 120 degrees angular range normally does 
not enable accurate image reconstruction, and the images are 
contaminated by limited-view-angle shading artifacts. In fact, 
without a priori information, this image reconstruction problem 

Temporal Resolution Improvement using PICCS 
in MDCT Cardiac Imaging 
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is the classical tomosynthetic reconstruction problem which 
usually does not have an algorithm to enable accurate image 
reconstruction. The key enabling factor in our TRI-PICCS 
method is the incorporation of a prior image (

pI ), which is 

reconstructed from the short-scan angular range. Essentially, 
the limited-view-angle shading artifacts are eliminated by 
requiring that the reconstructed target image ( I ) has some 
similarity with the prior image, which does not have limited 
view angle shading artifacts. This constraint is imposed by 
minimizing the following objective function:  

]||)1(|)(|min[
11 ,, ll III nmpnm ∇−+−∇ αα   such that  YPI =  (1) 

The 1l -norm in above equation is the sum of the absolute 
value of each image pixel in an image. P  is the system 
projection operator that calculates the ray sum along a given 
x-ray path and Y  represents the measured x-ray projection 

values, and α  is a weighting factor.  The discrete gradient 
transform in Eq. (1) is defined as: 

22
, )],()1,([)],(),1([ nmInmInmInmIInm −++−+=∇      (2) 

Several methods can be used to solve the constrained 
minimization problem in Eq. (1).  In this work, it was solved in 
two alternating steps. In the first step, images were 
reconstructed using the algebraic reconstruction technique 
(ART) to meet the constraint YPI = .  In the second step, the 
objective function  

11
,, )1()(

ll
III nmPnm ∇−+−∇ αα  was 

minimized using the gradient descent method. 
In order to demonstrate that, using the TRI-PICCS method, 

temporal resolution can be improved by a factor of 
approximately 2 in MDCT cardiac imaging without hardware 
modification on state-of-the-art MDCT scanners, we 
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Figure 1 Illustration of the proposed Temporal Resolution Improvement using PICCS (TRI-PICCS) method. A 
standard filtered backprojection (FBP) image reconstruction method is used to reconstruct a prior image from a 
short-scan data set acquired within a wide cardiac window (labeled by pink and black in the top panel of the 
figure). In the second step, only half of the short-scan data is used to reconstruct two separate cardiac images 
using the new TRI-PICCS algorithm.  In each case, the short-scan reconstruction was used as the prior image. 
The resulting images (middle right and lower right) were reconstructed using cardiac windows of one-half the 
width.  The reconstructed images clearly demonstrate how the motion artifacts in the prior image (arrows in the 
upper right image) are eliminated when the cardiac window is reduced by a factor of two. This effectively 
improves the temporal resolution by a factor of approximately two. 
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retrospectively analyzed the data acquired using porcine models 
and a state-of-the-art 64-slice CT scanner (GE Healthcare, 
Waukesha, WI).  

Data from two different in vivo animal experiments were 
analyzed. In this first animal experiment, the heart rate was 
approximately 83+/-6 bpm during the acquisition presented in 
this work.  A ‘cine mode’ with a 0.4 second gantry rotation 
period was employed in data acquisitions (The acquisition 
speed is slower than the maximum gantry rotation speed of 
0.35s to further challenge the algorithm).  The animal was 
scanned at 120 kVp and 500 mA.  Using the ECG signal, a 
cardiac gating window with width of 267ms centered at 68% 
R-R was used to select projection data, this cardiac window 
corresponds to a short-scan angular range of 235 degrees for the 
GE MDCT scanner. As a result, 642 cone-beam projections 
were selected in this short-scan angular range.  

In the second animal experiment, animal was scanned at 
higher heart rate and using a standard coronary CTA helical 
scanning protocol at gantry rotation time of 350ms. A 181 lb 
swine was scanned on the same GE Lightspeed 64-slice 
scanner.  The imaging parameters were 120 kVp, 600 mA, a 
pitch of 0.24, and a gantry rotation period of 350ms.  The heart 
rate was around 96+/-5 bpm during the acquisition.  Similar to 
the first animal experiment, short-scan data was selected from a 
250ms cardiac window centered at 68% of the R-R peak in the 
ECG signal. The images were reconstructed using the standard 
FDK cone-beam reconstruction algorithm. 

 

III. RESULTS 

A. The First Animal Experiment using Cine Data 
Acquisitions 
As shown in the volume rendered images in Figure 2, 

residual cardiac motion caused strong motion artifacts around 
the right coronary (labeled by the red circle). As a result, an 
artifactual vessel was created in the reconstructed axial image 
(Figure 3, see also Figure 1). The TRI-PICCS method was then 
applied to improve temporal resolution. The left image, which 
was reconstructed with a low temporal resolution, was used as a 
prior image in TRI-PICCS reconstruction. As shown in both the 
volume rendered image in Figure 2 and the single image slice in 
Figure 3 and Figure 1, after applying the TRI-PICCS method, 
the artifactual vessel is removed.  In addition to the 
improvement in the reconstruction accuracy of the coronary 
arteries, one can also appreciate the improved delineation of the 
cardiac chambers (labeled by the red ellipse in Figure 3). In the 
image reconstructed with the FBP algorithm, the boundary 
between the left atrium and the left ventricle is blurred by 
motion, after the TRI-PICCS method was applied, the boundary 
between chambers is clearly visible.  

B. The Second Animal Experiment using Helical Data 
Acquisitions 
As shown in the volume rendered FBP images in Figure 4, 

strong motion artifacts appeared around the RCA region. 

Actually, motion artifacts distorted the RCA into two 
disconnected vessels. The improvement of image quality can be 
appreciated in the volume rendered images shown in Figure 4. 
One can see that a continuous segment of the RCA is visualized 
with TRI-PICCS reconstruction. Image quality improvement 
can also be appreciated in axial image slices as shown in Figure 
5. Images in the left column were reconstructed using the 
conventional FBP method and images in the right column were 
reconstructed using the proposed TRI-PICCS method with the 
corresponding FBP image in the left column as the prior image. 
In TRI-PICCS images, the vessels were reconstructed with 
sharp edges and the boundaries between the cardiac chambers 
and myocardium are clearly visible. In contrast, strong motion 
artifacts are rampant in the corresponding FBP images to blur 
the structures. 

IV. DISCUSSION AND CONCLUSIONS 
 
The results from the above two in vivo animal experimental 

studies clearly demonstrated that the proposed TRI-PICCS 
method enables to improve the temporal resolution by a factor 
of approximately two in single-source MDCT scanners for high 
heart rate up to 100bpm in both “cine” mode at 400ms gantry 
rotation time and helical scanning mode at 350 ms gantry 
rotation time. Motion artifacts caused by strong residual cardiac 
motions in the short-scan cardiac gating window are corrected 

Single-source FBP Single-source TRI-PICCSSingle-source FBP Single-source TRI-PICCSSingle-source FBP Single-source TRI-PICCS

Figure 2 Comparison of image quality with FBP (left) and with 
TRI-PICCS (right). 
 

Single-Source FBP Single-Source TRI-PICCSSingle-Source FBP Single-Source TRI-PICCS

Figure 3 Comparison of image quality for two reconstructions: 
FBP reconstruction without TRI-PICCS at 200ms temporal 
resolution (left) and with TRI-PICCS at 100ms temporal 
resolution (right). 
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using the TRI-PICCS method and projection data from one half 
of the short-scan gating window. There is no limited view angle 
shading artifacts presented in the TRI-PICCS images.    

We would also like to present a comparison between our 
TRI-PICCS method (Figure 1), the dual-source hardware 
method for temporal resolution improvement. The similarity 
between the TRI-PICCS and dual-source methods is that image 
reconstruction for a given image slab only involves projection 
data from a single heart beat. Thus, the temporal resolution for 
both our TRI-PICCS method and the dual-source method are 
independent of the heart rate and regularity. As a result, 
improvement in temporal resolution directly leads to a 
relaxation on heart rate limit. Similar to the dual-source method, 
a factor-of-two improvement using the TRI-PICCS method will 
yield an upper limit on patient heart rate (~100bpm) which will 
eliminate the need for prescribing beta-blockers for most 
patients.  

There are several potential future enhancements in our 
studies: the first one is that we only applied the TRI-PICCS 
method to a single-source 64-slice VCT scanner case, but the 
TRI-PICCS algorithm can equally be applied to the dual-source 
MDCT scanner to further improve temporal resolution by a 

factor of 2 or more. The second limitation is that we simply 
divided a short-scan cardiac gating window into two 
consecutive cardiac windows and each represents a new cardiac 
phase. From the current results, it is anticipated that the 
TRI-PICCS method may enable accurate image reconstruction 
for a narrower cardiac window which implies the potential to 
improve temporal resolution more. A more systematic research 
is ongoing to investigate the achievable temporal resolution 
improvement in MDCT cardiac imaging.  

In conclusion, using in vivo animal experimental studies, a 
new method based on PICCS has been proposed and validated 
to improve temporal resolution by approximately factor of 2 for 
MDCT scanners without any hardware modification on CT 
scanners. The proposed TRI-PICCS method can enable high 
quality coronary CTA imaging using single-source MDCT 
scanners at higher heart rates and it will also enable further 
improvement of temporal resolution for dual-source MDCT 
scanner to conduct reliable CT cardiac function studies.  
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Single Source FBP Single Source TRI-PICCSSingle Source FBP Single Source TRI-PICCS

 
Figure 4 Comparison of performance between single-source FBP 
reconstruction (left) and TRI-PICCS reconstruction (right).  
Note that the motion artifacts in the RCA are removed after 
applying TRI-PICCS. 

TRI-PICCSFBP TRI-PICCSFBP TRI-PICCSTRI-PICCSFBPFBP

TRI-PICCSFBP TRI-PICCSFBP TRI-PICCSTRI-PICCSFBPFBP

Figure 5 Comparison of image quality for a helical cardiac scan 
at 350ms gantry rotation speed.  The images in the left column 
were reconstructed using the conventional FBP method and the 
images in the right with the TRI-PICCS method. 
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Abstract—Drilling is one of the most complex techniques for 

making ancient stone implement or adornment. Drilling marks 
are the most useful information used to deduce and analyze the 
ancient drilling technique. The traditional methods to observe 
drilling marks are microscope, SEM or obtaining negative silicone 
rubber cast. But for smaller perforations, it is very difficult to 
observe effectively drilling marks by those means. In this paper, a 
new exclusive non-destructive method was first introduced to 
resolve the observation difficulty. An ancient bead with a 16mm 
diameter perforation was scanned by 3D-μCT system. Through 
T-FDK algorithm, improved NL-means denoising algorithm and 
high accurate calibration, the geometrical information of marks 
on outer wall and inner wall of the perforation were finally 
reconstructed. According to the reconstructing results, some 
relative drilling technique was deduced, which implied that 
3D-μCT has great potential to understand ancient stone drilling. 
 

Index Terms—three dimensional micro-computed tomography, 
stone drilling, image denoising , FDK algorithm 
 

I. INTRODUCTION 
Mechanical manufacturing technology is an important 

technology foundation of human survival and development. 
The high-developed machining technique has created a brilliant 
jade culture. It can be said that stone or jade artifacts 
comprehensively represents the level of Chinese ancient 
mechanical processing technology, and the drilling is the most 
complex one of all kinds of stone processing technologies. The 
processing methods of Neolithic stones are very rich, many of 
which have deep holes whose diameters are less than 2mm. 
However, related researches on stone drilling technology lag 
behind, for there are rare records or discovery of ancient drilling 
tools. Currently, the way  
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to infer the stone drilling technology mainly depends on 
interpreting tool marks on the inner walls of perforations, and 
there are mainly two observing ways: One  is  to  observe  
directly  perforation  under  optical microscope  or  SEM;  the  
other  is  to  make  negative  silicone  rubber  cast  of  
perforations,  which  will  then  be observed through optical 
microscope  or  SEM. 

Unfortunately, there are difficulties when using the above 
means to observe the tool marks on the inner wall of 
perforations. Generally speaking, if the diameter of the 
perforations is large and the length is short enough, it should be 
able to directly be observed with the optical microscope [1], or 
can be observed after the acquirement of 3D-model of the 
perforations hole with the help of making  negative  silicone  
rubber  cast [2]. However, if the diameter is too small, it is 
difficult to produce the negative silicone rubber cast, and only 
partial areas of inner wall can be observed directly by optical 
microscope. Fig.1 shows the observing result of the inner wall 
of a perforated bead in Western Zhou Dynasty (BC1046-771). 
Through digital microscope with big depth of  field and big 
magnification, in oblique view, circular grooves on the inner 
wall just near the opening  could be  clearly  seen. Obviously,  
it’s hard  to describe direction  and distribution of  circular 
grooves and  it’s also difficult  to obtain negative cast due  to the 
small diameter, so drilling  information was still not clear. 

 

 
 

Fig.1 Oblique view of the perforation opening under digital microscope 
 

In recent years, with the appearance of  micro-focus X-ray 
generator and  high-resolution flat-panel detector, the 
application of Three Dimensional Micro-computed 
Tomography (3D-μCT) has gained growing attention in 
non-destructive testing, materials analysis and biomedical 
fields[3],[4]. Compared with the traditional CT, micro-focus 

Research on 3-D Information Acquisition of 
Micro Drilling Marks on Ancient Perforated 

Bead by Micro-CT 
Min Yang,  Yimin Yang,  Chunmei Han,  Gang Wang and Wenjin Wu 

10th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 402



 
 
 
 
 

 

X-ray source and high projection magnification ratio are used in 
3D-μCT, to realize high-precision reconstruction. The best 
detail discrimination ability, also called space resolution of 
3D-μCT imaging system can reach 2-5μm, which ensures the 
micro-geometric information reconstruction. This technology is 
free of the materials and complexity of internal structure. 
Through one circle of scanning, the 3-D structure and material 
density information of the targets can be obtained.  Therefore, 
we apply 3D-μCT technique to get the drilling micro-marks 
information of ancient perforation.  Thus the problem that 
optical microscope and SEM meet was solved. 

 

II. METHODS 

A. Reconstruction Algorithm 
In the experiment, the sample was a black perforated bead 

with  length of 3mm, diameter of 2.5mm, and perforation 
diameter of 1.6mm, which was selected from excavated stone 
artifacts of one graveyard of “Peng” nation, Western Zhou 
Dynasty (BC1046-771)in Jiang county, Shanxi province, and it 
was confirmed as steatite by XRD and XRF. The perforated 
stone bead was scanned by the 225kV Micro-CT system (see 
Fig. 2), which was produced by Chinese Academy of 
Engineering Physics Research Institute of Applied Electronics. 
The focus size of the X-ray source was 5 μm. The imaging area 
of detector was 200mm×250mm, with a pixel size of 
127μm×127μm. The magnification in the experiment was up to 
×50. The X-ray source tube voltage was 120KV and the tube 
current was 80μA. Sample was placed in the scanning stage and 
720 projections were acquired by one circle rotation. Currently, 
the reconstruction method used by the 3D-μCT systems was the 
FDK algorithm [5],[6], which is belonged to approximate 
reconstruction and would cause vertical blur in large cone angle 
condition. In this experiment, a high magnification caused the 
cone-beam angle of 34 degree, hence the vertical blur was 
inevitable, which was a technical bottleneck that 3D-μCT was 
facing. The author used a new modified FDK algorithm, named 
T-FDK algorithm which was proposed by Turbell in 1999[7], to 
reduce the effect of vertical blur. According to T-FDK 
algorithm, the cone-beam projection data were firstly rebinned 
to tilted parallel beam projection data, and then the filtered 
back-projection was used to realize the 3-D reconstruction, 
which effectively inhibited the vertical blur. Fig.3 and Fig. 4 
show the comparison of reconstruction results of the same 
vertical profile with FDK algorithm and T-FDK algorithm.  

B. Denoising Algorithm 
In  the experiment, the X-ray tube current level was only 

microampere. Therefore, the total number of photon arrived the 
detector through the target was too small, and the signal to noise 
ratio of the projection was very low, which eventually led to the 
noisy reconstruction images. And this was not conducive to the 
high-precision point cloud data extraction of perforation inner  

 
Fig.2 Photo of 225kV Micro-CT scanning system 

 

 
Fig.3 The vertical slice reconstructed by FDK algorithm 

 

 
Fig.4  the vertical slice reconstructed by T-FDK algorithm 

wall and 3-D surface reconstruction. In medical CT image 
dinoising methods, N-L means (Non-local means) algorithm is 
an effective denoising algorithm for high noisy images[8]-[10], 
which also could maintain the spatial resolution at the same 
time. The thought of this algorithm originated from the 
neighborhood filtering algorithm and is a promotion of 
neighborhood filtering algorithm. Instead of single-pixel 
comparison, this method uses the gray distribution of pixels 
around  to do the comparison and the weight is decided 
according to the similarity of neighbor pixels. Therefore, it has 
a disadvantage, easy introduction of artifacts in smooth regions 
of the image. In order to solve the disadvantage, this paper 
presents an improved NL-means algorithm, whose discrete 
expressions are as follows: 
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where NLv is the denoised image and  v  is the noisy image, i  is 

the image pixel number, I is the set of all image pixels, v∇ is 
gradient operation, which actually can be calculated by the 
sobel operator which has a noise suppression effect. )( iNv and 

)( jNv are vectors which denote a square neighborhood of 

fixed size and centered at pixel i and j. 
2

a,2
))()())(()(( jiji NvNvMvNv ∇−∇−  is a function of weighted 

Euclidean distance, where )0(>a is the standard deviation of 
Gaussian kernel. h  is decided by the standard deviation of 
image noise. By adding the gradient information in the 
algorithm, the image pixel neighborhood correlation decreases, 
which not only makes the flat area more smooth but also keeps 
the details clearer, thus the artifacts caused by the original 
NL-means algorithm are inhibited effectively. Fig. 5 shows the 
CT image of cross section of the stone bead. Fig. 6 is the 
corresponding denoised image with a = 50, h = 9000. We can 
see that the image quality has been significantly improved. 

 

 
 

Fig.5  The cross section image without denoising 
 
 
 
 
 
 
 
 
 
 
 

 
Fig.6 The cross section image after denoising by NL-means algorithm 

C. Dimension Calibration 
The interpretation of 3D-information of perforation’s inner 

walls must be on the base of high-precision measurement of 
internal geometric characteristics. The key to high-precision 
anastomosis of the image measurement results and the actual 
size is the dimension calibration factor. In the experiment the 
calibration factor of the scanning system was given through 
detector pixel size divided by imaging magnification, whose 
precision is not ideal. In this paper, the CT image of standard 
sample is used to calibrate the dimension factor as follows: 

A standard cylindrical specimen (AL) was scanned at the 
same amplification ratio as the bead.  8 pieces of CT images 
were averaged to eliminate random noise, and then the 
coordinates of circle contour point in CT images were extracted 
[11],[12]. And then nonlinear least square fitting method was 
used to obtain the circle diameter, whose unit was pixel. The 
dimension calibration factor, the actual physical size that each 
pixel of CT image represents, was the actual diameter divided 
by the fitting diameter value. Method of calculating a circle 
radius with least square fitting method is as follows: 
The circle equation is given by: 

22
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2
0 )()( rzzxx =−+−  

where ),( 00 zx  is the center coordinate, r is the radius, 

( , )i ix z is the contour coordinates of the circle in CT image. 
The error function can be expressed as:  
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where n is the number of contour points. Solving the equations, 
the center coordinates ),( 00 zx  and the radius r can be 
obtained. The standard specimen used in this experiment is a 
metal (AL) cylinder, whose diameter is 5mm. The fitting 
diameter in CT image is 1259 pixels. Thus the dimension 
calibration factor is 3.971μm. 

 

III. RESULTS & DISCUSSION 
On the base of  the above processing and reconstructing 

methods, all the cross section images of the stone bead were got 
and input Mimics10 (Materialise，Belgium) to create the 3-D 
virtual surface model. Fig.7 is the outer surface virtual model of  
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Fig.7  The outer surface virtual model of the bead 

 

 
Fig.8 The outer surface of the bead with optical photo 

the bead. Comparing virtual model (Fig.7) with optical photo 
(Fig.8), the microwear was very similar in the arrow-indicated 
position, so the virtual model indeed presented the real details 
of the bead. When the model was sectioned into half, the inner 
wall was exposed, and Fig.9 was the best virtual view. From 
this photo, the tool marks were displayed clearly: levorotatory 
and dextrorotatory circular grooves distributed alternately and 
the angles of them changed dramatically. Each direction 
included four or five rotations, each of which advanced further 
about 100µm. The alternate spiral direction demonstrated that 
the drill bit changed its rotary direction regularly in the drilling 
procedure, which implied converting linear motion into rotary 
motion. Furthermore, the rotation axis (See red lines in Fig.10) 
was unstable. These phenomena were more similar to those of 
hand-held drills turned between the palms rather than to a bow 
drill. 
   From the above case study, it was evident that µCT with high 
resolution was the exclusive method to clearly disclose the 
drilling marks on smaller perforations; furthermore, the 
analytical procedure of drilling marks could be summarized. 
Firstly, perforated artifacts would be observed under optical 
microscope or SEM to judge the existence of drilling marks. If 
there existed distinct tool marks on the inner wall, then the 
perforation would be scanned by µCT. Afterward, scanned data 
would be used to reconstruct digital 3D virtual model and 
analyzed by the software. Compared with traditional 
observation methods, µCT method brought many benefits to 
researchers. Firstly, it could provide permanent digital 3D 
models without any need of original stone artifacts. Secondly, 
the virtual model can be adjusted or sectioned with any angle, 
so it’s very convenient  to  find  the most suitable observation 
angle and magnification. In addition, 3D measurement could be 
done in the models, so 3D characters would be better than 
two-dimensional characters obtained by traditional methods for 
describing and quantifying tool marks.  

 

 
Fig.9  The half sectioned virtual 3-D model 

 

 
Fig.10 The alternative drilling axis (red lines) 
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Abstract— A Maximum Likelihood Expectation Maximization 

reconstruction algorithm has been developed and evaluated for a 
micro X-Ray Fluorescence scanner (microXRF) combined with a 
microCT scanner.   Attenuation map at primary X-ray energy can 
be obtained with the built-in microCT scanner.  The attenuation 
maps at fluorescent X-ray energies can then be obtained 
approximately by scaling the attenuation map at primary X-ray 
energy.   In this paper, we describe the implementation and 
evaluation of the EM algorithm and the attenuation correction 
method. Examples scanned with our first prototype are shown.  
 

Index Terms — microXRF tomography, Expectation 
Maximization,  Attenuation correction, X-ray 
 

I. INTRODUCTION 
X-ray microanalysis and X-ray Fluorescence (XRF) are 

widely-used non-destructive techniques to analyze elemental 
composition of materials. By measuring fluorescent photons 
emitted from atoms excited by X-rays, exact chemical analysis 
can be performed.   With a collimated or focused narrow X-ray 
beam and a high-precision sample manipulator, micro X-Ray 
Fluorescence (microXRF) obtains 2D map of the elemental 
composition on sample surfaces [1].   

With the usage of powerful synchrotron radiation, this 
technique has been extended to obtain volumetric information. 
It is achieved by the use of a collimated beam and detector. The 
object is translated and rotated in a well-defined way to obtain 
sufficient information for reconstruction. The method is known 
as 3D microXRF or x-ray fluorescence computed tomography 
(XRFCT or XFCT) [2,3].  However, it is slow due to the point 
by point scanning by mechanical movement. In addition, the 
requirement of access to a synchrotron facility significantly 
limits the applicability of this technique.  

To overcome these limits, we have designed and built a 
laboratory system for 3D microXRF imaging, combined with a 
microCT scanner. Two laboratory X-ray sources are placed for 
symmetrical excitation. Another major difference between our 
system and the most synchrotron-based systems is the detector. 
We use a full-field energy sensitive detector combined with a 
pin-hole collimator for detection. It is very similar to a pin-hole 
SPECT system from imaging point of view. The 2D detector 
allows acquisition of one complete projection simultaneously, 
eliminating the need for a collimated X-ray beam and the point 
by point scanning.    To obtain  morphological   information,  a  
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cone-beam microCT scanner is built-in. 

A maximization likelihood expectation maximization (EM) 
reconstruction algorithm[4] has been developed for the 3D 
microXRF scanner. Due to the strong absorption of the low 
energy fluorescent X-rays, attenuation correction is necessary. 
A practical attenuation correction method has been 
implemented within the EM algorithm.  We have evaluated the 
algorithm with phantom measurements and sample 
measurements.   

II. SCANNING GEOMETRY AND IMAGING PRINCIPLE 

A. Scanning geometry 
The system has been described in details in [5]. The scanner 

contains two micro-focus X-ray sources for symmetrical 
excitation of the sample, positioned about 90 degrees apart. The 
fluorescent photons with energies characteristic to the elements, 
are collected by a 2D energy dispersive CCD camera positioned 
between the two excitation sources. The XRF camera operates 
in photon-counting mode, with an energy resolution of ~200eV. 
A different type of X-ray camera is positioned opposite to one 
of the two X-ray sources for transmission X-ray tomography. 
The sample is rotated by a positioning system with high 
precision. The microCT and microXRF scanners are aligned 
and calibrated in such a way that the registration of the 
transmission scan with the elemental maps is straightforward. 
The microCT scanning and microXRF scanning are performed 
sequentially.  

The X-ray sources produce a wide spectrum of X-rays with 2 
characteristic lines at 20.2/22.7 KeV (target: Rh, accelerating 
voltage: 50KV,  power: 25W).  The XRF detector is sensitive to 
photons with energies ranging between 3 and 20 KeV. A 
pin-hole with a diameter of 150µm was used for collimation.  

B. Imaging  principle  
Fig. 1 is a schematic drawing of the imaging principle of the 

3D microXRF scanner. Let’s denote the initial X-ray intensity 
as I0

 s(E), which represents a spectrum of X-rays with energies E 
for each source s (s=1,2). At angular position θ,  the intensity of 
the primary X-ray I(θ, X,E) at a sample point X(x,y,z) is the sum 
of X-rays coming from both sources, attenuated along the paths 
Ls in the sample before reaching point  X:  

).),(exp()(),,(
2

1
0 ss

Ls

s dlElEIEXI
s

∫∑ −⋅=
=

µθ
 

(1) 

where µ(ls,E) is the energy-dependant linear attenuation 
coefficient along the X-ray paths.  Due to the attenuation, the 
sample may be irradiated non-uniformly.   By using two X-ray 
sources,   the excitation power is not only increased, but also 
made more symmetric.  
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We denote the density of a certain element at location X as 
λ(X), which is also the function we are trying to obtain.  For 
simplicity, we ignore the element symbols in the notation. At 
angular position θ, the intensity of the characteristic fluorescent 
X-ray with energy Eflu emitted at X, ),( XI flu θ , can be 
expressed as  

.),(),,()(),( ∫ ⋅⋅⋅= dEEEEXIXXI fluflu σθλθ      
(2) 

where ),( fluEEσ is the cross-section of fluorescent interaction 
with energy Eflu  at given incoming X-ray energy E.  

To simplify the imaging model, we will ignore a few factors.  
The spectrum of the primary X-ray is approximated by a 
constant effective energy Eeff, which is about 22KeV for the 
sources we use. The cross-section ),( fluEEσ   is assumed to be 
a constant. Taking these approximations into account, and 
combining (1) and (2) together, we have 
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(3) 

The imaging geometry of the fluorescent photons is similar to 
a SPECT system with a pin-hole collimator. Similarly, the 
number of fluorescent photons collected by XRF camera pixel i 
at angular position θ can be expressed as a line integral of the 
attenuated fluorescent X-ray:  

dldlEllIAy flu

L L

flu
li ⋅⋅−⋅⋅≅ ∫ ∫ )'),'(exp(),()(

'

µθθ
   

(4) 

where L is the line segment of the XRF x-ray passing through 
the whole sample, l is any point within L,  'L is the path along 
which the XRF x-ray travels from point l to the detector, Al is 
the system sensitivity at detector pixel i (i=1,…,nd) of the 
imaging position l.  This equation relates the measurements 

)(θiy  with the function λ(X) one wants to obtain.           

     
  Fig.1. Schematic drawing of the imaging principles of the 

combined microXRF/microCT system, seen from 
above. S1 and S2 represent the 2 exciting X-ray 
sources. Each point X within the sample is irradiated by 
both sources; the generated fluorescent X-ray can only 
reach the XRF camera through the pin-hole.  

 

III. RECONSTRUCTION 
To reconstruct the cone-beam microCT data, we use the 

commonly-used Feldkamp filtered back-projection (FBP) 
reconstruction [6] as described in [7].  

For the microXRF system, due to the strong self-absorption 
of the low-energy fluorescent photons and the limited power of 
laboratory X-ray sources, the counting statistics is very poor.  

FBP-type reconstruction algorithms are no longer adequate. We 
have chosen the expectation-maximization (EM) algorithm for 
reconstructing the XRF data.  

 The measurements yi(θ) expressed in (4) can be assumed to 
be Poisson distributed variables.   Alternative to (4), the 
expectation of the discrete measurements iy  can be viewed as 
the sum of the probabilities of contributions from the whole 
image space (for simplicity, we ignore the dependence of θ in 
the notation):  
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(5) 

Where i=1,…,nd is a detector element, j=1,…,nvoxel is an 
image voxel, λj is the element density at voxel j(j=1,…,nvoxel). aij 
is the probability that an XRF photon emitted at voxel j is 
recorded by detector pixel i.  ( )ija  is the sensitivity factor Al  as 

described in (4), and is often referred to as system matrix. 
flu

ijA is the attenuation factor when an XRF photon travels from 

voxel j to detector pixel i, and is equal to the exponential factor 
in (4). primary

ijA is the attenuation factor when the primary X-ray 

photons travel from the sources to voxel j, and is equal to the 
sum term in (3).   iC represents the mean scattered photons 
recorded by detector pixel i. We can combine the system matrix 
with the attenuation factors in (5):   

ij

n

j
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+= ∑ λ'
                  

(6) 

where primary
ij

flu
ijijij AAaa ⋅⋅=' is the attenuation-corrected 

system matrix. This has the same form as the normal emission 
imaging equation as used by SPECT and PET.     Thus, omitting 
the derivation details, we write the iteration step as:   
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Where n
j

n
j λλ ,1+ are the element maps at iteration n+1 and n.   

The term ∑
i

ija ' is the back-projection operator with system 

matrix ( )ija ' , and the term ∑
j

ija ' is the corresponding 

forward-projection operator.  
      It is not evident to obtain the attenuation-corrected system 
matrix ( )ija ' . Two attenuation maps are required: the 

attenuation map corresponding to the primary X-rays µprimary, 
and the attenuation map corresponding to the fluorescent X-rays  
µflu.  The attenuation coefficients are obtained by 
forward-projection. For each matrix element ija ' , three 

line-integrals need to be calculated using ray tracing: one for the 
attenuation of the fluorescent X-rays, and another two for the 
two primary X-rays. 
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where line L goes from voxel j to XRF detector pixel i,  and Ls 
goes  from voxel j to the corresponding x-ray source.  It is 
obvious that an on-the-fly calculation of the matrix is 
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prohibitive, giving the cone-beam imaging geometries and the 
detector size(128x128, or 256x256, or 512x512). For each scan, 
the matrix is thus pre-calculated for each angular position and 
for each element.   
      Besides the computational burden, another obstacle in 
calculating the system matrix is how to obtain the attenuation 
maps. Since one of the 2 primary sources is also used for 
microCT, we can obtain µprimary from the built-in microCT 
scanner. However, the attenuation map µflu at various 
fluorescent energies can not be measured.  Different methods 
have been investigated by various groups to estimate the 
attenuation map accurately [2,3]. However, most of the methods 
require either intensive iterative schemes, or modeling of the 
composition of the sample.  For our study, we use the simplest 
way to obtain an approximation of  µflu : scale µprimary    by an 
factor of 3~ −E . This scaling method is approximate in 3 
aspects: 1. Approximate nature of the scaling law; 2. µprimary    is 
obtained with a polychromatic x-ray source and the effective 
energy Eeff is only an approximation;     3. The fluorescent 
energy of an element is mostly just under the absorption edge, 
where the scaling law is invalid for this element; however, as 
pointed in [2], this effect be ignored if the compositional 
percentage of the element in the sample is negligible.  During 
the evaluation, we have noticed that the scaling 3~ −E may 
overestimate the attenuation factors in some cases, which leads 
to divergences during iteration.  In these cases, the attenuation 
correction factors are reduced to achieve stable iterations.  
    The implementation of this algorithm is rather 
straightforward once the attenuation-corrected system matrix 
( )ija '  

is obtained. A positive uniform initial image is used. The 

iteration stops when nearly no change occurs during the 
iteration, or the pre-set number of iterations has been reached. 
No prior or penalty is used. In our implementation, we use a 
voxel-driven back-projector and a ray-tracing 
forward-projector. To avoid oscillation, smoothing has been 
applied between iterations using a Gaussian kernel. The CT 
images may be smoothed as well.  Till now,   the scatter term 

iC  has not yet been considered. 
 

IV. RESULTS 
We have scanned different phantoms and samples with our 

first prototype microCT/microXRF system. Two examples are 
shown here: one phantom scan and one sample scan. 

A. Phantom scan 
A phantom was built by inserting several copper wires of 

200µm in diameter in a plastic cylinder of 6mm in diameter. For 
comparison, one of the copper wires was placed close to the 
cylinder surface and its tip extends outside of the cylinder, as 
shown in the CT projection in fig.2. The phantom was scanned 
by the microCT scanner with pixel size of 17.8µm: rotation step 
of 0.9 degree, 204 projections (512x512). It was then scanned 
with the microXRF scanner with pixel size of 71µm in 9 hours: 
rotation step of 13.5 degrees, 27 projections (128x128) over 360 

degrees, only one channel for copper has been acquired. The CT 
scan was reconstructed with Feldkamp algorithm. The XRF 
scan was reconstructed using the EM algorithm with 20 
iterations.  Due to the very low counts, smoothing (Gaussian 
kernel) had to be applied between iterations to avoid oscillation.  
Smoothing has also been applied to the attenuation correction 
factors.  Fig. 2 shows a few images of the phantom. The CT 
projection image shows the construction of the phantom clearly.  
In the XRF images reconstructed without attenuation correction 
(middle column), the copper wire placed at surface of the 
cylinder is clearly much brighter than the wires inside. After 
correcting for the absorption of the fluorescent photons, the 
wires become more uniform. This is also shown clearly with the 
profiles shown in fig. 3.   

 
  Fig.2. Images of copper wires. In the left column, top: a CT 

projection, the dashed line indicates the position of the 
reconstructed slices; bottom: a reconstructed CT slice. 
XRF images (top: coronal view; bottom: same slice as 
the CT image) reconstructed with the EM algorithm 
without attenuation correction are shown in the middle 
column, and the ones with attenuation correction are 
shown in the right column. 

              
Fig.3. Profiles drawn in the XRF images in the coronal view. 

The solid line: the reconstruction without attenuation 
correction; the dashed line: with attenuation correction.  

B. Sample scan 
A small piece of 5mm-thick old glass (sample from 

Universiteit Antwerpen) was scanned. The glass was coated at 
both sides. After a CT scan (rotation step of 0.9 degree, 204 
projections of 512x512 each, pixel size: 22.5µm), it was 
scanned in XRF mode with pixel size of 90µm.  The XRF scan 
took 20 hours:  rotation step of 8 degrees, 45 projections 
(128x128) over 360 degrees.   Three element scans (Ca, Fe, Pb) 
were taken simultaneously. The attenuation of the fluorescent 
photons is very high, as can be seen in fig. 4. A CT projection 
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and an XRF projection of Pb at corresponding angular position 
are shown: both sides of the glass can be seen by CT, but the 
side away from the XRF camera is nearly invisible on XRF 
image.                              

 
  Fig.4. CT image and the corresponding XRF projection.    

Similar to the phantom study, the CT scan has been 
reconstructed using Feldkamp algorithm and the XRF scan has 
been reconstructed using the EM algorithm with 20 iterations. 
Smoothing has been applied between iterations. We have 
noticed that the attenuation correction factors have been 
overestimated and divergence has occurred.  By reducing the 
attenuation correction factors, the iteration became stable. Fig. 5 
shows reconstructed CT images and Pb-images reconstructed 
with and without attenuation correction. The correction is 
possibly under-estimated; however, it does improve resolution. 
From the XRF scan, we see that Pb concentrates mainly in the 
coatings, where Ca and Fe are in the fillings, as shown in the 
overlaid images in fig.6. 

4 
 

        
  Fig.5. Reconstructed images of the glass. Top row: coronal 

view; Bottom row: transaxial slices. Left: microCT 
images; middle: microXRF image of lead, 
reconstructed with EM without attenuation correction; 
right: same as the middle column, but with attenuation 
correction.  

 
  Fig.6. The color-coded Pb-, Ca- and Fe-images 

reconstructed with attenuation correction. Left: 
transaxial view; right: coronal view.  

V. DISCUSSIONS 
In this paper, we have evaluated an iterative EM 

reconstruction algorithm for a novel microXRF system.  The 
reconstruction problem is very challenging due to two facts: 
very strong self-absorption due to low energy range of the 
fluorescent photons, and low counting statistics due to the 
self-absorption and limited power of X-ray sources. The scans 
with our first prototype showed encouraging results. The EM 
algorithm proposed and evaluated here is proven to be adequate 
for this system and the simplified attenuation correction is 
effective in most cases. However, further investigation on more 
accurate attenuation correction is needed.  Correction for 
scatters needs to be addressed too.  

Based on results obtained from the first prototype, and an 
experiment at synchrotron facility using similar camera setup 
[8], we realized that the counting statistics has been the major 
limiting factor to achieving a higher spatial resolution.  A 
second prototype has been designed and built with 2 powerful 
X-ray sources (target: Mo, accelerating voltage: 50KV, power: 
200W) instead of 2 micro-focus sources (25W).  This greatly 
increases the X-ray intensity and allows us to use smaller 
pin-hole and to use the full resolution of the XRF camera.  The 
initial tests on the new system are promising.  
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Investigation of Sparse-data Mouse Imaging Using
Micro-CT with a Carbon Nanotube X-ray Source

Junguo Bian, Xiao Han, Emil Y. Sidky, Guohua Cao, Jianping Lu, Otto Zhou, and Xiaochuan Pan,

Abstract—There has been a renewed interest in algorithm devel-
opment for image reconstruction from highly incomplete data in
computed tomography (CT). Such algorithms may lead to reduced
imaging dosage and time, and to the design of innovative configu-
rations tailored to specific imaging tasks. In recent years, a carbon
nanotube (CNT) based field emission x-ray source has successfully
been investigated and developed, which offers easy electronic control
of radiation and thus can be an ideal candidate for gated imaging.
We have recently proposed algorithms for image reconstruction from
fan- and cone-beam data collected at highly sparse angular views
through minimization of the total variation (TV) of the image subject
to the condition that the estimated data are consistent with the
measured data. In this work, we investigate and demonstrate the
application of the TV algorithm to reconstructing images from mouse
data acquired with a CNT micro-CT at a number of views much
lower than what is used in conventional CT imaging. The results
demonstrate that the TV algorithm can yield images with quality
comparable to those obtained from a large number of views by use
of the conventional algorithms. The significance of the work may
lie in that the substantial reduction of projection views promised by
the TV algorithm can be exploited for reducing imaging dose and
time or for improving temporal resolution in tasks such as dynamic
imaging.

I. I NTRODUCTION

In recent years, a carbon nano-tube (CNT) based field emission
X-ray source has successfully been investigated and developed
[1], [2], which has been demonstrated to possess a number
of intrinsic advantages over the conventional x-ray tubes with
thermionic cathodes. In addition to its high temporal resolution
and capabilities for spatial and temporal modulation, the CNT
x-ray source offers easy electronic control of the radiation and
thus can be an ideal candidate for gated imaging. Also, stationary
CT scanners without gantry rotation may be developed by use
of CNT-based multi-pixel x-ray sources [3]. And multiplexing
tomographic imaging [4] is also possible with the CNT source,
which may find application in security scan or other special
situations.

There has been a renewed interest in algorithm development for
image reconstruction from highly incomplete data in computed
tomography (CT). Such algorithms may lead to reduced imaging
dosage and time, and to the design of innovative configurations
tailored to specific imaging tasks. Examples of incomplete data
problems include image reconstruction from data acquired at a
small number of views or over a limited angular range. We have
recently proposed algorithms for image reconstruction from fan-
and cone-beam data [5], [6] collected at highly sparse angular

J. Bian, X. Han, E. Y. Sidky and X.pan are with Department of Radiology of
the University of Chicago, 5841 S. Maryland Avenue, Chicago, IL 60637, USA.
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are with Department of Physics and Astronomy, University of North Carolina at
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views through minimizing the total variation (TV) of the image
subject to the condition that the estimated data are consistent with
the measured data.

In this work, we investigate and demonstrate the application
of the TV algorithm to reconstructing images from mouse data
acquired with a CNT micro-CT at a number of views much lower
than what is used in conventional CT imaging. The results of
this study demonstrate that the TV algorithm can yield images
with quality comparable to those obtained from a large number of
views by use of the conventional algorithms. The significance of
the work lies in that the substantial reduction of projection views
promised by the TV algorithm can be exploited for reduction of
imaging dose and time.

II. M ATERIALS AND METHODS

A. TV Algorithm

The idea of constrained TV-minimization algorithm originates
from the field of compressive sensing [7] on exact recovery of
an image from sparse samples of its Discrete Fourier Transform
(DFT). It was demonstrated that the image can be found by
solving the convex optimization problem of minimizing theℓ1-
norm of the gradient image subject to the constraint that the
image’s DFT matches the measured DFT values. Inspired by
Candes’ work, we investigated and developed TV minimization
algorithms for image reconstruction from divergent-beam projec-
tions, including fan-beam and cone-beam geometry [5], [6].

In the TV algorithm, the imaging system is modeled by a
discrete linear system, given by

~g = M ~f, (1)

where vector~g is the measured projections; vector~f denotes
the discrete image ; andM is the system matrix, modeling
the discrete line integral of projection rays. The reconstruction
problem considered here is tantamount to the inversion of the
linear system model.

The TV of a 3-dimensional (3D) image array is defined as
∥

∥

∥

~f
∥

∥

∥

TV
=

∑

i,j,k

[

(fi,j,k − fi−1,j,k)2

+ (fi,j,k − fi,j−1,k)2 + (fi,j,k − fi,j,k−1)
2
]1/2

,(2)

wherefi,j,k denotes the element of vector~f . It should be noted
that we have written the discrete image in both vector form and
3D array form, andi, j, andk here specify the voxel indices of
the 3D image array.

The TV algorithm for inverting the linear system has been
formulated into a constrained TV-minimization approach [6],
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which seeks to find image~f∗ that minimizes its TV, i.e.

~f∗ = argmin
∥

∥

∥

~f
∥

∥

∥

TV
(3)

subject to the data fidelity and non-negativity constraints:
∣

∣

∣M ~f − ~g
∣

∣

∣ ≤ ǫ and ~f ≥ 0, (4)

where parameterǫ can be selected for controlling the impact level
of potential data inconsistency on the image reconstruction. This
is a non-linear convex optimization problem. In general, the linear
system under consideration is an underdetermined system, and
the minimal TV image is only one of the many solutions of this
system.

The proposed TV algorithm solves this constrained optimiza-
tion problem using a hybrid scheme in which the projection onto
convex sets (POCS) is used to enforce the data constraint, and
gradient descent method is used subsequently for minimizing the
image TV (ASD-POCS [6]). Positivity constraint is also enforced
in the POCS step. In this work, we applied the TV algorithm to
reconstructing images from projection data acquired by a micro-
CT scanner with a CNT X-ray source.

B. Micro-CT System with a CNT X-ray Source

A micro-CT scanner with a CNT x-ray source was used to
collect cone-beam projections of mice at views distributed over a
circular trajectory. In addition to the CNT x-ray source, the micro-
CT consists of a rotation stage, and a flat panel detector. During
data acquisition, the x-ray source and the detector are stationary,
while the sample is rotated.

The CNT X-ray source can be switched on electronically by
changing the gate voltage applied on the CNT cathode through
a high voltage pulse generator. The x-ray waveform is readily
adjustable by generating a corresponding voltage waveform from
the pulse generator. The detector is a high-speed CMOS flat panel
sensor with a CsI scintillator plate coupled to a photo diode
array, and it has a5.0 × 5.0 cm2 active area with 1032x1032
detector units and a spatial resolution of50 × 50 µm2. For the
scanning configuration of the micro-CT system used in this study,
the distance between the source and the center of rotation is 160.9
mm, whereas the distance between the the source and the detector
is 240.5mm.

III. R ESULTS

In the experimental study, cone-beam data of a mouse were
collected at 600 projection views uniformly distributed over2π
angular range of a circular trajectory. At each view, the projection
data is cropped to a1000 × 1024 array. In this study, we focus
on image reconstruction from one of the collected mouse data
sets, in which the projection data size is further cropped down to
1000×360. For simplicity, we refer to the entire data set collected
at 600 projection views as the full data set. From the full data
set, we have selected data at 30, 60 and 100 views, to form three
sets of data with sparse angular samples. The selected 30, 60
and 100 views are uniformly distributed over2π angular interval.
Although we consider reconstruction from uniformly distributed
views, the TV algorithm can readily be applied to sparse data
acquired at non-uniformly distributed views. For each of the 30-
, 60-and 100-view sparse data sets, we used the TV and FDK

algorithms to reconstruct mouse images. Because no truth about
the mouse image is known, and because the FDK algorithm is
the standard algorithm used for image reconstruction in micro-CT
imaging in general, we reconstructed a set of mouse images by use
of the FDK algorithm from the full data set as the gold standard
for comparison with the images reconstructed from the sparse
data sets. The array for image reconstruction is512× 512× 220
with a voxel size of66 × 66 × 66 µm3.

In Figs 1, 2, and 3, we display images reconstructed by use of
the TV algorithm from the 30-, 60- and 100-view sparse data sets,
respectively. For comparison, images reconstructed by use of the
FDK algorithm from the 30-, 60- and 100-view data sets are also
shown. Furthmore the FDK reconstruction from the full data set
are also displayed in Figs. 1, 2 and 3, as the gold standard. Same
display window is used for all of the images in Figs. 1, 2, and
3. The results suggest that the image quality obtained by use of
the FDK algorithm reduces rapidly as the number of projection
views decrease. However, under the same data condition, the TV
algorithm appears to yield images with considerably improved
image quality and accuracy.

IV. D ISCUSSION

The study described indicates that the TV algorithm can yield
mouse images of practical utility from data acquired at a number
of views much smaller than what is needed by conventional micro-
CT mouse imaging. It has been proposed that the compactness of
CNT sources can be exploited for the construction of stationary
CT or tomosynthesis systems with a small number of CNT
sources, thus lifting the limit imposed by gantry rotation. The
TV algorithm can be perfectly suited to reconstruct images of
potentially high utility for such stationary systems. Also, the TV
algorithm can readily be applied to cases in which the source
locations are non-uniformly distributed over non-circular trajec-
tories, thus allowing the construction of cost-effective CT and
tomosynthesis imaging systems with CNT sources and enabling
dramatic increase of imaging speed at a substantial reduced
dosage without significantly sacrificing the image quality. The
details of data processing and reconstruction implementation will
be reported at the conference.
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Figure 1. Transverse (row 1), coronal (row 2), and sagittal (row 3) images reconstructed from 30-view data by use of the FDK algorithm (column 1) and the TV
algorithm (column 2). For comparison, the corresponding images reconstructed by use of the FDK algorithm from 600-view full data set are shown in column 3.

Figure 2. Transverse (row 1), coronal (row 2), and sagittal (row 3) images reconstructed from 60-view data by use of the FDK algorithm (column 1) and the TV
algorithm (column 2). For comparison, the corresponding images reconstructed by use of the FDK algorithm from 600-view full data set are shown in column 3.
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Figure 3. Transverse (row 1), coronal (row 2), and sagittal (row 3) images reconstructed from 100-view data by use of the FDK algorithm (column 1) and the TV
algorithm (column 2). For comparison, the corresponding images reconstructed by use of the FDK algorithm from 600-view full data set are shown in column 3.
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Abstract—This paper presents a helical 

interlaced-source-detector-array (HISDA) CT approach for 
superior temporal resolution. A Feldkamp-type algorithm is first 
proposed for HISDA CT reconstruction. Then, schemes for 
recovering missing projection data are studied. The performance 
of HISDA CT is evaluated in the numerical simulation, which is 
better than the previously proposed circular 
interlaced-source-detector-array (CISDA) CT in terms of accuracy 
and uniformity. 
 

Index Terms—Computed tomography (CT), cone-beam 
reconstruction, helical scanning, Feldkamp-type algorithm, 
interlaced-source-array. 
 

 

I. INTRODUCTION 
Helical CT has undergone a rapid development from 

single-slice to multi-slices, from single-source to multi-sources 
[1-9]. Given successful applications of dual-source CT scanners 
[5-6], triple-source cone-beam CT [7-9] seems a promising 
mode for dynamic imaging.  Combination of continuous source 
rotation and data acquisition make it possible to greatly shorten 
scanning time and improve dynamic CT. The full-scan time of 
spiral CT can now achieve 0.33s. Because of the mechanical 
limitation, further increment in source rotation speed seems 
difficult. Such acceleration will increase the centrifugal force 
impractically, which currently lies in an order of 20G  already 
( G   is the acceleration of gravity). However, it is still a 
challenge in scanning a fast beating heart in patient studies and 
in vivo small animal cardiac imaging applications.  

The carbon nanotube (CNT) based field emission x-ray 
source technology [10-13,17] may dramatically improve 
temporal resolution of CT. The CNT-based field emission x-ray 
source has significant merits over the conventional x-ray tube, 
including cold cathodes, compact design, high temporal 
resolution, and easy programmability. Recently, new CT 
systems were reported based on line [14] or circular CNT 
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sources 
(http://www.xinraysystems.com/index.php?option=com_conten
t&task=view&id=14&Itemid=32). Previously, we have 
proposed a circular interlaced-source-detector-array (CISDA)  
CT system [15-16] for ultra high temporal resolution relative to 
conventional CT [8]. That is achieved by rapidly switching the 
switch-ray focal spots on/off and synchronized data collection 
along the z -axis. The reconstruction can be performed in a 
parallel fashion with multiprocessor/multicomputer in the 
CISDA CT system. Another advantage of the CISDA CT system 
is that the gantry is stationary, while the bed is motionless during 
a patient scan.  The prearranged source-detector-array and 
electric switching of the CNT x-ray tubes replace the mechanical 
scan needed in conventional CT. However, with a CISDA CT 
system, there exists a non-uniformity of sampling geometry 
along the z -axis and an effect of data incompleteness (due to 
the blind-areas).  

In this paper, we present a helical 
interlaced-source-detector-array (HISDA) CT system. Like 
helical cone-beam CT vs. circular cone-beam CT, HISDA CT is 
superior to CISDA CT. This paper is organized as follows. In 
Section II, we describe the geometry of the HISDA CT system. 
In Section III, we focus on the reconstruction algorithm. In 
Section IV, we report the numerical simulation results. Finally, 
we finish the paper with concluding remarks in Section V. 

II. GEOMETRY OF HISDA CT 
The geometry of a HISDA CT system is drawn in Fig. 1, 

where the small circles denote x-ray sources, and the grids 
represent the detector-array. The CNT x-ray sources and 
detectors are interlaced on a cylindrical surface. The x-ray 
sources are spaced equally along a helix. The helix can be 
expressed in the Cartesian coordinate system ( , , )x y z  as 

( ) ( cos , sin , )
2

λλ λ λ
π

=
hR Ra ,         (2-1) 

where R  is the radius of the cylinder on which a scanning 
trajectory resides, 0h >  the pitch of the helix, and λ ∈ R  is the 
rotation angle. Between two neighboring helical turns of the 
detector-array band, there is a gap where the CNT x-ray sources 
are placed. Clearly, the resultant projection dataset is not 
complete. Only when the height of the gap g  (cf. Fig. 2) 
approaches zero, the exact reconstruction can be achieved. For 
comparison, the geometry CISDA CT is given in Fig. 3. 
Between two neighboring detector-array bands, there is a gap 
where the CNT x-ray sources are placed. The height of the gap is 
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g , and we use h  to represent the vertical distance between the 
two neighboring circular sources 

 

 
Suppose that there are 2M  helix-turns of sources and for 

each turn, there are N  sources.  The scanning scheme is as 
follows. For one data collection interval, only one source (the 
( )+iN j -th source, { } { }0,2,4, , 2 2 ,  1, 2,3, ,∈ − ∈ i M j N , for 
a given j  , cf. Fig. 2) for each even turn is on, all the remaining 
sources are off. In the next data collection interval, only one 
source (the ( )+iN j -th source, 

{ } { }1,3,5, , 2 1 ,  1, 2,3, ,∈ − ∈ i M j N , for the same j , cf. Fig. 
2) for each odd turn is on, all the remaining sources are off.  This 
process can be then repeated for each of the rest j  indexes until 
all the sources are used. The cone-beam from each source is 
longitudinally truncated. The maximum cone angle τ m  is 

determined by ( )arctan 2τ =m h R . Note that there is no overlap 
between the cone-beams in any data collection interval. The 
radiation dose is very similar to that with conventional helical 
cone-beam CT. 

 

III. RECONSTRUCTION METHOD 
The Feldkamp-type reconstruction formula for helical 

cone-beam CT [2] can still be used in the HISDA CT case. 
However, some extra work is needed. It is known that the 
half-scan Feldkamp-type reconstruction algorithm is better than 
the full-scan Feldkamp-type reconstruction algorithm in terms 
spatial and temporal resolution [20]. Therefore, in this paper we 
use the half-scan Feldkamp-type reconstruction algorithm as an 
example. 

Let ( , , )f x y z  is a function to be reconstructed at the 
point ( , , )∈x y z Ω  where 

( { }2 2 2
min max: ( , , ) , ,  0= + ≤ ≤ ≤ < <x y z x y r z z z r RΩ ). 

(3-1) 
The half-scan Feldkamp-type reconstruction formula for the 
HISDA CT can be expressed as  

3
2

2

( , , ) ( ) ( , , ) ( cos( ) sin( ))

cos( ) cos( )

m

m

f x y z w P h r R

R d d

π γ

π βγ
γ γ β τ β γ φ γ

τ γ γ β

+ ∞

−∞−
= ⋅ + − −∫ ∫ , 

(3-2) 
1tan x

y
φ −= ,                                                          (3-3) 

where ( , , )γ β τP  is a projection frame, 

( cos( ) sin( ))β γ φ γ⋅ + − −h r R  the Ramp filter, ( )β γw  

 
(a) 

 
(b) 

Fig. 3.  Geometry of a CISDA CT system. (a) The 3D view of a source-detector 
distribution on a cylinder surface, and (b) the unraveled source-detector 
cylinder surface. 
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g
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Fig. 2. Vertical plane through the z -axis intersecting the surface of the 
source-detector cylinder. The solid vertical lines represent the detectors, and 

the solid dots represent the sources, { }1,2,3, , 2∈ k M . 

 
(a) 

 
(b) 

Fig. 1.  Geometry of a HISDA CT system. (a) The 3D view of a source-detector 
distribution on a cylinder surface, and (b) the unraveled source-detector 
cylinder surface. 
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the weighting function, β  the angular parameter, γ  the fan 

angle within [ ],m mγ γ− ,  and τ  the cone angle. 
Next, we consider missing data in the blind area. Let us 

define the corrected projection as 
ˆ ( , ) ( , , ) co s( )γ β γ β τ τ=P P .                                (3-4) 

As shown in Fig. 4, for the source ( )λa  and the source ( )λca , 
there exist two complementary rays in the reconstruction plane 
(perpendicular to the z -axis). Their projections are somehow 

redundant. Suppose that ˆ ( , )γ βP  and ˆ( , )γ βc cP  are 
complementary, we have 
γ γ= −c , 2β π γ β= − +c .         (3-5) 

If ˆ ( , )γ βP  is missing and ˆ( , )γ βc cP  is collected, we can 

using ˆ( , )γ βc cP  to replace ˆ ( , )γ βP  and vice versa. Then, 
most missing projections can be recovered. 

Then, other missing projection data ( , , )P γ β τ  can be 
interpolated as follows: 

(tan tan ) ( , , ) (tan tan ) ( , , )
( , , )

tan tan
U L L U

U L

P PP τ τ γ β τ τ τ γ β τγ β τ
τ τ

− + −
=

−
, 

                                                                                (3-6) 

 
where ( , , )UP γ β τ  and ( , , )LP γ β τ  are the nearest known 

ray above and below ( , , )P γ β τ , respectively. 
To address the half-scan effect, we can use a modify 

Parker’s weighting scheme [18]: 
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                                                                             (3-7) 
 

IV. NUMERICAL RESULTS 
To verify our proposed HISDA CT algorithms numerical tests 

were performed using the 3D Shepp-Logan phantom [19]. The 

center of Shepp-Logan phantom is located at (0, 0, 0) . The 
dimensions of the phantom is 256 256 256mm mm mm× × . 

The results are shown in Fig. 5. The results indicate that 
HISDA CT allows more accurate and uniform reconstruction 
than CISDA CT. 

V. DISCUSSIONS AND CONCLUSION 
In addition to the approximate reconstruction that is 

computationally most efficient, we can also use exact filtering 
backprojection (FBP) algorithms or exact backprojection 
filtering (BPF) algorithms. All the missing projection data in the 
blind area can be recovered from the complementary ray or 
using interpolation as described in Section III. Since we have to 
involve a small amount of approximate projections, we call 
these algorithms quasi-exact. If the gap between two 
neighboring helical turns of the detector band disappears, exact 
FBP or BPF algorithms can be directly used. One can easily 
extend HISDA CT from one helix to multi-helix forms for 
improved temporal resolution. 

Regarding the scattering issues, the situation is similar to the 
fourth generation CT. The anti- scattering techniques for the 
fourth generation CT can be adapted. Furthermore, we are 
studying a rotating 1D pre-detector collimation scheme for 
HISDA CT and a rotating 2D pre-detector collimation scheme 
for CISDA CT. The novel feature with our rotating collimation 
approach is that only collimators are rotated, thus the 
mechanical rotation becomes much easier with both the sources 
and detectors being stationary than the current CT scanning with 
the whole data acquisition system being rotated. Another 
possibility for pre-detector collimation is use of dynamic leafs. 
The main idea of these collimation techniques is to achieve the 
best possible collimation uniformly for each source. Details 
about these collimation techniques will be described in a 
separated paper. 

We have reported a helical interlaced-source-detector-array 
(HISDA) CT system and a Feldkamp-type reconstruction 
algorithm.  Since HISDA CT has ultrahigh temporal resolution, 
it seems a promising mode for dynamic studies such as cardiac 
CT for patients and animals. Further investigations will be 
needed for improvements so that this approach may find real 
applications in the future. 
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Fig. 5.  Reconstructed images. (a) The image reconstructed at 0x mm=  and displayed in [ ]05.100.1 ，  with HISDA CT, (b) the profile at 

mmy 38−=  for HISDA CT with Parker’s weighting function, and (c) the image reconstructed at 0x mm=  and displayed in [ ]05.100.1 ，  with 

CISDA CT, and (d) the profile at mmy 38−=  for CISDA CT. 
 

TABLE I 
IMAGING PARAMETERS USED IN THE NUMERICAL SIMULATION 

R  
h  

Number of detector cells per row per turn 
Number of detector rows per turn 
Number of x-ray sources per turn 
g  
Image matrix size 

600mm  
100mm  
1024 
100 
1080 
5mm  

2 52 5 62 5 6 ××  
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Abstract—In this paper, we introduce a new topic for studying 

the global density distribution of the plasmasphere using CT 
techniques. We introduce the physical and mathematical 
fundamentals of the 3-D plasmasphere reconstruction using CT 
techniques. Several important problems are indicated which are 
rarely encountered in traditional X-ray CT and have to be 
conquered. Finally, some computer-simulation results are 
presented. A basic conclusion is that this project research is 
scientific and feasible, although it is a great challenge to CT 
reconstruction theory. 
 

Index Terms—Computed tomography, Plasmaspherem, 
Extreme ultraviolet (EUV), Reconstruction 
 

I. INTRODUCTION 
The plasmasphere is a region of the Earth's magnetosphere 

consisting of low energy (cool) plasma. It is basically an 
extension of the ionosphere, or the topmost part of the Earth's 
atmosphere. The magnetic field lines of the Earth capture 
plasma that flows up from the ionosphere, so that there is a 
plasma build-up with a shape of a donut, as shown in Fig. 1 [1]. 
The plasmasphere is composed mostly of hydrogen and helium 
ions which co-rotating with the Earth. The base of the 
plasmasphere, which is the same as the top of the ionosphere, is 
about 1000 kilometers from the Earth's surface. The 
temperature in the plasmasphere is generally between 6000K 
and 35,100K. The plasmasphere has a very sharp edge called 
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the plasmapause which was discovered in 1963. 

 
Fig.1. A summary of the main features of the plasmasphere: the plasmapause, 
main body of the plasmasphere, dusk-bulge region and detached plasma regions 
outside the main body of the plasmasphere 

 
Over the past 35 years, in situ measurements have yielded a 

wealth of statistical information about the magnetosphere. They 
have also provided many examples of the dynamical changes of 
magnetospheric plasma parameters at specific times and place 
in response to the solar-wind and the substorms. But some 
phenomena are unclear, since the temporarily and spatial 
variation can not be resolved by in situ measurement along a 
spacecraft trajectory, so that the variation can not be 
distinguished due to the space or time variation. To obtain the 
plasmasphere global characteristics, the American IMAGE 
(Imager for Magnetopause to Aurora Global Exploration) 
satellite was launched in 2000 which could provide the global 
images of the plasmasphere by using the remote sensing method 
[2].  

Approximately 80% of the plasmasphere’s plasma particles 
are H+. Nearly all of the rest of the particles are He+. Under the 
solar radiation, He+ resonantly scatters isotropic EUV radiation 
with the wavelength of 30.4 nm, and H+ has no optical emission. 
The Extreme Ultraviolet Imager (EUV) on the IMAGE satellite 
is designed to study the distribution of cold plasma in Earth’s 
plasmasphere by imaging the distribution of the He+ ion 
through its emission at 30.4 nm [3]. Since the ionosphere has 
much more He+ than in the plasmasphere, so in this paper, we 
also consider the influence of He+ in the ionosphere. However, 
every data on the EUV sensor corresponds to the effects of total 
He+ ion density distribution in the measurement direction. In 
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this paper, a new topic is introduced for 3-D volume imaging of 
the plasmasphere density distribution using the computed 
tomography (CT) technique from a set of emission (or 
projection) Extreme Ultraviolet (EUV) radiation [4]. 

This paper introduces the physical and mathematical 
fundamentals of the 3-D plasmasphere imaging using CT 
techniques. We indicate several important problems which have 
to be conquered. Some of them are familiar problems in 
traditional x-ray CT, but the others are rarely encountered. 

II. EUV IMAGE AND CT PROJECTION 
CT allows physicians to view internal organs noninvasively 

and scientists to evaluate compound materials nondestructively 
[5]. It has been applied to many fields, especially in 
nondestructive testing (NDT) and medical applications. The 
fundamental principle of x-ray CT is to reconstruct an object 
from its known line integrals or projections. CT image 
reconstruction algorithms have been extensively studied. In 
1988, CT technique was firstly applied to image the electron 
density distribution in the ionosphere [6]. This paper focuses on 
3-D CT image reconstruction of the He+ distribution.  

First, we define a mathematical model of the plasmasphere 
around of the Earth which will be used to validate our CT 
reconstruction algorithm with the numerical experiments. This 
3-D model is a rotating body around the z-axial. It includes four 
parts: the Earth, plasmasphere, ionosphere and shadow zone. 
The Earth is a sphere with the radius of 1 Re. In the x-z plane, 
the plasmasphere boundary is given by the expression in the 
polar coordinates with the origin located at the center of the 
Earth 

ϕ2cosRe4 ⋅=r                                            (1) 
where [ )πϕ 2,0∈ . We suppose that the He+ density equals 1 in 
the plasmasphere. The ionosphere is a spherical shell with the 
small radius of 1.01 Re and big radius of 1.03Re, where the He+ 
density equals 10. We suppose the solar direction is along the 
x-axis. Because the Earth blocks solar radiation, there exits a 
downsun shadow zone where no EUV radiation emits even 
through He+ also distributes in this zone as shown in Fig. 2. 

 

Fig. 2. The 3-D model of the plasmasphere around of the Earth. The yellow 

sphere is the sun, and the small blue one is the satellite with the EUV sensor 
 

The EUV sensor is designed to study the distribution of the 
plasmasphere, by imaging the distribution of He+ ion through its 
emission EUV radiation under the action of the Solar Radiation. 
Since the radiation is optically thin, then the integrated column 
density (CD) of He+ along the line of sight through the 
plasmasphere can be written as 

∫=
L

xdxfLp
r

rrr
)()(                                            (2) 

where )(Lp
r

 is the measured projection along the 30.4 nm 

emission line L
r

 as shown in Fig. 2. The He+ distribution 
function is defined as )(xf r

 in 2-D case. The measured 
projection on the EUV sensor is proportional to the integral 
column density of He+ along the radiation line through the 
plasmasphere. There is no need to consider the complication of 
radiative transfer effects. Our objective is to reconstruct the 3-D 
distribution of the He+ density from these measured integrals, 
which is precisely what CT technique is good at. 

L
r

xdr

Fig. 3 Illustration of the measured EUV radiation column density in the 
plasmasphere by the EUV sensor. 

III. NEW PROBLEMS FOR CT RECONSTRUCTION 
Although CT techniques have been greatly developed in the 

past forty years, some new problems appear and have to be 
conquered when we want to study the 3-D distribution of the 
plasmasphere by CT method. In this paper, we just indicate all 
of these difficulties of which some are familiar problems in 
traditional x-ray CT, but the others are rarely encountered. 

A. Some EUV Radiation is Missing 
The Earth is located at the center of the plasmasphere which 

is opaque to EUV radiation. While the EUV sensor circulates 
around the plasmasphere to collect the projections, the Earth 
absorbed the EUV radiation behind the Earth. Only the portion 
between the Earth and the detector enters the EUV sensor and 
be measured. This kind of missing data rarely appears in the 
traditional transmission or emission CT. If the line ( )sn,r  
passes through the Earth, a portion of EUV radiation will be 
totally absorbed. In order to complement the missing data on the 
line ( )sn,r , the rest radiation on the radial ( )sn −− ,r  should be 
also collected. Consulting the data sufficiency condition in 
traditional CT which can be summarized accurate and stable 
reconstruction of the function f  requires all of its Radon 
transform within the angle range π , a similar data sufficiency 
condition is also proposed for exact and stable reconstruction 
from EUV projections: 
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The He+ distribution can be exactly reconstructed from the 
EUV projections if 

1. the EUV projections could cover the whole Earth’s 
plasmasphere at any sensor position; 

2. every EUV radiation is detected by the sensor within the 
angle range π . 

B. Limited-angle and Few-view CT Imaging 
In CT applications, there are often challenges for image 

reconstruction due to undersampling and insufficient data such 
as few-view and limited-angle problems. Limited-angle data 
result when the CT scanner cannot rotate completely around the 
object, while few-view would enable rapid scanning with a 
reduced x-ray dose delivered to the patient.  

In remote sensing of the plasmasphere, the EUV sensor is 
usually installed on a satellite which circulates around the Earth 
along an approximately elliptical orbit as shown in Fig. 4. 
Usually, a portion of satellite orbit locates in the plasmasphere. 
For example, The American IMAGE satellite moves along an 
elliptical orbit with apogee altitude of 7 Re and perigee of only 
1000 km. While the satellite moves into the plasmasphere, the 
EUV sensor will be shut down to protect its electronic devices, 
which leads to miss some data in these observation angles. As 
shown in Fig. 4, the EUV sensor on the IMAGE satellite could 
only provide the projection data within an angular range of 
about 90 degrees. Moreover, there are only about 50~60 
samplings within this limited-angle range because of the 
functional limitation of the EUV sensor instrument. Therefore, 
our problem in this paper is a typical limited-angle and 
few-view reconstruction problem which is a highly ill-posed 
[7-9]. There have been a number of algorithms proposed to 
overcome this kind of data insufficiency. We investigate the 
restoration of limited-angle and few-view data using projection 
operators to find a solution that is feasible given the data and 
prior information. Based on experience, we choose the 
statistical algorithm to solve this reconstruction problem. 

 

Fig. 4. A sketch of the IMAGE orbit. The EUV sensor is active while the 

satellite moves along the boldly black cure 
 

C. Motion-compensated imaging 
Since the Earth is always rotating, the Earth’s magnetic field 

nearly rotating with it with an inclined angle of about 15 
degrees. Because the plasmasphere is controlled by the Earth’s 
magnetic fields, it is also moving guided by Earth’s magnetic 
fields. Therefore, while the EUV sensor circulates around the 
Earth to collect the projection data, the observation target is 
always moving. Considering that the rotation periods of Earth 
and IMAGE satellite are 24 hours and 13 hours respectively, the 
above motion can not be ignored. Moreover, the direction of the 
axis of the cylinder shadow region depends on the direction of 
the Sun. Since the direction of the Sun has an annual and daily 
variation, the position of shadow region moves in the night 
region of the plasmasphere, which makes the second different 
between the plasmasphere CT from traditional CT.  

To reduce the severe motion artifacts, motion-compensated 
method is investigated based on a dynamic motion model of the 
plasmasphere [10].  

The motion of the plasmasphere can be described with affine 
transformation which includes two kinds of simple motions: 
rotation and translation. We try to reconstruct multi-objects 
with this affine transformation independently from each other. 
While the deformation model of each object is known, the 
motion artifacts can be reduced by our motion compensation 
algorithm. 

IV. NUMERICAL SIMULATION 
Using the 3-D plasmasphere model defined in section 2, this 

section shows numerical results with the simulated EUV data 
from a circular trajectory with a radius of 8Re. The EUV 
projections were sampled at a rate 360/2πθ =Δ , with 512×
512 ray sums per projection for a field-of-view (FOV) of radius 
4.2Re×4.2Re. The reconstructions were always achieved on a 
grid of 512 × 512 × 512 cubic voxels. Fig. 5 shows the 
reconstructed image of the slice along the solar direction and the 
magnetic axis. Fig. 6 shows the  3-D volume rendering image of 
the plasmasphere model. 
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Fig. 5. The reconstructed image of the slice along the solar direction and the 

magnetic axis 

 
Fig. 6. Numerical results of the plasmasphere model with 3-D Volume 

Rendering 
 

V. CONCLUSION AND DISCUSSION 
In this paper, we introduce the X-ray CT technique into space 

research field. This paper presents the physical and 
mathematical fundamentals of the 3-D plasmasphere imaging 
using CT techniques. As a basic conclusion, we believe that this 
research is scientific and feasible, although it is a great 
challenge to CT reconstruction theory. We indicate several 
important problems which have to be overcome. Some of them 
have been resolved, but the others need be conquered in our 
future work. The results in this paper are expected to be used in 
the future lunar-based equatorial imaging of the plasmasphere. 
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Backscatter Tomography
William Hawkins

Abstract—We utilize the Novikov-Natterer algorithm for non-
uniform attenuation to invert the backscatter projections formed
by the scatter of X-rays. The backscatter signal is treated as
an emitter in a non-uniformly attenuating medium. This type
of tomography has applications in radiology and dentistry for
which high density materials effectively block the transmis-
sion of X-rays. Scanning for metals also has applications in
security/baggage screening. We show that when the forward
scattering angle is zero, the algorithm, with a redefinition of the
density function f , reduces to the PET attenuation correction.

Index Terms—non-uniform attenuation, backscatter tomogra-
phy, dental tomography, implant imaging, baggage screening.

I. INTRODUCTION

The basic scatter-transmission equation in a volume element
dV for the backscatter at photon energies E and E! from a
scattering element at x, here denoted Sc (x,E,E!) is

Sc (x, E, E!) dV = I0e
"

R

L1(x)
µ(x!,E)dx!

! "# $
unscattered from source to scatterer

!

! !e
d"cs

d#
!"d

! "# $
Compton scatter

e
"

R

L2(x,!D)
µ(x!,E!)dx!

! "# $
from scatterer to detector

dV

Let the angle between the two directions be given by

# = !$#$!,

as shown below.

Fig. 1. Schematic of backscatter geometry. The X-rays originate at the point
A in the direction !! with energy E and intensity I0. Some of it scatters off
the point x and enters the detector at angle !", perpendicular to !, and with
energy E!. Because of the inelastic nature of the scattering, E! < E.

The quantity I0 is the intensity of the X-ray beam, µ (x, E)
is the attenuation at x for photons of energy E. The quantity
L1 (x) is the path from the source to the scattering center,
and is a straight line. The quantity !e is the electron density
of the scatterer, !"cs

!# is the Compton or incoherent scatter
cross section, and !"d = sin#!#!% is the solid angle into

College of Optical Sciences, University of Arizona, Tucson, Ari-
zona USA 85721. Corresponding author: William Hawkins, E-mail:
hawkins 44143@yahoo.com

which the photon scatters. In Figure 2, we show values of the
cross section in water. We note, for later reference, that the
cross section for incoherent scattering at 0$ is negligible. In

Fig. 2. Cross sections at 35 kEv for X-ray scattering of H2O at angle !
into a ring of infinitesimal width d!. The integrals of these curves are total
scatter cross sections [1],[2].

Table I, we show the differential scattering cross section for a
scattering angle of 120$, from [2] .

TABLE I
DIFFERENTIAL CROSS SECTION FOR INCOHERENT SCATTER OF 885 KEV

PHOTONS IN SOME MATERIALS AT 120#

material density, g/cm2 linear differential cross section, cm$1

H2O 1.0 0.093
Ca 1.55 0.370
Al 2.70 0.426
Ti 4.54 1.02
Fe 7.87 2.19
Cu 8.96 2.67

As we have shown in Figure 2, it is practicable to image
with backscatter and low energy X-rays. Backscatter imaging,
however, is often implemented with medium to high energy
radiation between 511 kEv and about 1000 kEv, the region
of the electromagnetic spectrum in which Compton scatter
predominates over photoelectric absorption.This table is not
comprehensive and is intended only to illustrate the high level
of contrast possible in backscatter imaging with medium en-
ergy X-rays. Water, calcium, titanium, and steel are important
for medical applications. All of the metals are important for
a baggage scanner. This table shows that metals provide high
contrast over water or organic materials, which have scattering
properties similar to water.

We will denote the backscatter at x by the function f :

f (x) = !e
d"cs

d#
!"d. (1)

The quantity L2 (x,"D) is the straight line distance from
the scatter center to the detector at (s,$ ).
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We next obtain a line integral describing a backscatter
projection for the function f defined in (1).

Sc (x, $;E,E!) =

I0

%%

0
f (x + t$#) e

"
"R

0
µ(x+t$#"%$!,E)+µ(x+(t+%)$#,E!)d%

dt.

(2)
We will require that an attenuation map exists for µ at energy
E and that an attenuation map exists or can be extrapolated
for the energy E! [3]. We will use the notation

Dµ1 (x, $#) =
%&

0

µ (x + t$#, E!) dt

and

Dµ2 (x,"$!) =
%&

0

µ (x" t$!, E) dt.

Let us assume that the collimator/detector we use is a standard
parallel hole collimator and that the source of X-rays is a
narrow cone beam or well-collimated pencil beam of rays.
Then all of the scattering angles # are the same and we
can reduce the fully three-dimensional geometry to a set of
stacked two-dimensional planes. The direction $ lies in the
plane defined by [0, 0, x3]. The direction $# is well-defined
as being orthogonal to $ and [0, 0, x3]. Therefore the angle #
lies in a plane normal to [0, 0, x3] and any rotation about #
leaves x3 fixed.We define a rotation R# as

R# (x) =

'

(
cos a " sin # 0
sin # cos # 0

0 0 1

)

*x

=

'

(
x1 cos #" x2 sin#
x1 sin# + x2 cos #

x3

)

* .

The Radon transform for non-uniform attenuation is

(Rµf) ($, s) =
&

x·$=s

f (x) e"Dµ(x,$#)dx.

Under these restrictions, the backscatter projection (2) normal-
ized by I0 is equivalent to the Radon transform

Rµ1+µ2f ($, s) =
&

$#

e"Dµ1(x,$#)"Dµ2(x,"$!)f (s$ + y)dy

(3)

II. MODIFICATION OF THE NOVIKOV-NATTERER
INVERSION FORMULA FOR BACKSCATER

The Novikov-Natterer inversion formula is given in [4] and
in Thm. 2.23 of [5]. A sufficient condition for the inversion
formula is Thm. 2.22, [5]. It is based on showing that a certain
function u (x, $) has a Fourier expansion that contains only
terms of odd, positive order, i,e,

u (x, $) =
+

&>0,odd

u& (x).

This theorem is covered in much greater detail as Thm II 6.2
of [6]. Our goal is to show that we can derive an analog to Thm

2.22 for the backscatter problem. Once we have obtained it,
we may apply the inversion formula to combined attenuation
given in eqn. (3).

We first need to define two quantities:

Dµk (x, $) =
,
&

pk,& (x) ei&', $ = [cos &, sin&]T ,

hk ($,x · $) =
,
&

qk,& (x) ei&', k = 1, 2.
(4)

A. Adjoint of backscatter transform

A lot of what we present below can be found in chapters
1 and 2 of [6]. We present it here because our notation is
slightly different, and also in order to have a self-contained
exposition.

The adjoint [6] of the backscatter projection (3) is
-
R#

µ1+µ2
g
.

(x) =
&

S1

e"Dµ1(x,$#)"Dµ2(x,"$!)g ($,x · $) d$.

(5)
Therefore we require, analogously to Theorem 2.22, [5], that
-
R#

µ1+µ2
(x · $)m eik'+h+($,x·$)

.
(x) = 0, i.e.,

2(%

0
e"Dµ1(x,$#)"Dµ2(x,"$!) (x · $)m eik'+h+($,x·$) d& = 0.

It is a matter of finding under what conditions the functions

u1 = h1 ($#,x · $#)"Dµ1 (x, $#) = 0

and

u2 = h2 ("$!,x · ("$!))"Dµ2 (x,"$!) = 0.

We evaluate the coefficient of Dµ2. The calculation of Dµ1

is similar.

p2,& =
1
2'

2(&

0

e"i&'

%&

0

µ2 (x" t$!) dt d&.

Since "$! (&) = $ (& + #" '/2) , y = t$!,

p2,& = i!ei!"

2(

2(%

0
e"i&'!

%%

0
µ2 (x" y) dt d&!

= i&ei&# (µ2 # v&) (x) .

with
v̂& (() = i"&!"1)&e"i&) = i"&)&v& (() ,

)& =
/

1, * $ 0,

("1)& , *< 0,
(6)

p̂2,& = i&ei&#µ̂2v̂& = ei&#)&µ̂2v&

Note that a rotation angle introduces a phase shift in the
Fourier series (4):

2(%

0
e"i&'h ($ (& + #) ,x · $ (& + #)) d& =

ei&#
2(%

0
e"i&'h ($ (&) ,x · $ (&)) d&
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This results in
R#

0
e"i&'h2 ($ (& + #) ,x · $ (& + #))

1

= ei&#
2(%

0
e"i&'h2 ($ (&) ,x · $ (&)) d&

= ei&#R#
0
e"i&'h2 ($,x · $)

1
.

Therefore,

q̂& (x) =
0
R#

0
e"i&'h2 ($ (& + #) ,x · $ (& + #))

11
ˆ(()

= ei&#
0
R#

0
e"i&'h2 ($,x · $)

11
ˆ(()

= 2 (2')1/2 ei&#v& (() ĥ2

-
*
|*| , |(|

.
.

This would suggest that we need to find h2 such that

u2 (x, $) = h2

0
$
0
% + #" (

2

1
,x · $

0
% + #" (

2

11

"Dµ2 (x,"$!) = 0.

The Fourier transform of u2 has one solution, that we call
û&,2+ and with the use of (6), it is

û&,2+ = 2 (2')1/2 v& (() ei&#ĥ2

2
(

|(| , |(|
3
"ei&#)&v& (() µ̂ 2 (()

(7)
There is another solution, based on the fact that for any h
even, i.e, h($, s) = h("$,"s), its Fourier transform is also
even:

ĥ

2
(,

(

|(|

3
= ĥ

2
"(," (

|(|

3
.

We call it û&,2".

û&,2" (() = 2 (2')1/2 |(|"2 ("1)& v& (() ei&#ĥ
-
"(," *

|*|

.

")&ei&#v& (() µ̂ (()

A choice for both solutions

ĥ2± ($," ) = (2')"1/2 1
4 (1 ± sgn") µ̂2 ("$) (8)

will work.
The inverse Fourier transform of (8), together with a phase

shift that transforms as a rotation, is

2'
,
&

ei&*/|*| %

R1
ei*sei&#h2±

-
*
|*| , |(|

.
d |(|

= 1
2 (I ± iH) (Rµ2)

-
R#

*
|*| , s

.
,

with
s = x · R#

(

|(| ,

and where H is the Hilbert integral transform. We now have
two u functions, u2,± represented by its Fourier transform in
equation (8), and u1,±, represented by its Fourier transform in
equation (11) below. For these choices of functions,

u1+ (x, $) + u2+ (x, $) =
+

&>0,odd

(u1,& (x) + u2,& (x)) ei&'

Therefore, we have an equivalent of Thm 6.2, [6] so we can
use the Novikov/Natterer solution with eqn. (3). We see that

%

R1

2(%

0
sme±i&'e1/2(I±iH)Rµ1($#,s)

!e1/2(I±iH)Rµ2(R"$#/2$,s)
!(Rµ1+µ2f) ($, s) d& ds = 0.

(9)

Equation (9) leads to the solution of the backscattered Radon
transform by the use of the Novikov/Natterer formula. For
conventional SPECT, the function µ2 is set to zero in (3). The
solution is

f (x) =
1
4'

Re div R#
µ

-
$ehHeh̄g

.
,

where h is the function

h = 1
2 (I + iH)

4
Rµ1 ($#, s) + Rµ2

0
R#"(/2$, s

15
.

III. DERIVATION OF PET CONSISTENCY CONDITIONS: A
THOUGHT EXPERIMENT

From Figure 1, we see that PET geometry is given by
# = 0. Please keep in mind that this is not physically realistic
for backscatter, because both coherent and incoherent scatter
are zero in the forward direction. Instead, let the quantity f
represent a density of positron emitting isotopes rather than
a scattering cross section. The photon energies E and E! are
equal. We use the formula (7) and µ1 = µ2 = µ to verify
that our algorithm reduces to the PET consistency conditions
for this case. The PET consistency conditions are identical
to those for the unattenuated Radon transform, because unlike
(3), PET attenuation is a multiplicative factor and may be taken
outside the integral. Thus the PET line integral divided by the
attenuation along a line of response is equal to the unattenuated
Radon transform. The Fourier coefficients for Dµ

0
x,"$#

1

are
p̂2 ((;# = 0) = )&v& (() µ̂ (() (10)

with h again given by (8) for # = 0. For the direction $#, the
Fourier coefficients of Dµ (x, $#) are

p̂1 (() = ("1)& )&v& (() µ̂ (()

and

û&,1+ (() = 2 (2')1/2 ("1)& v& (() h1+

2
(

|(| , |(|
3

(11)

with h given by (8) We show that %* & Z, the sum,

û&,1+ + û&,2+ ' 0,
û&,1" + û&,2" ' 0.

(12)

TABLE II
VALUES FOR û!,1±+ AND û!,2±

û!,1+ û!,1$

" ! 0 0 v!µ̂!

“
1" ("1)!

”

"< 0
“
("1)! " 1

”
v!µ̂! 0

û!,2+ û!,2$

" ! 0 0 v!µ̂!

“
("1)! " 1

”

" < 0
“
1" ("1)!

”
v!µ̂! 0

We have summarized the calculation in Table II. Thus we
have established the result (12). The backscatter reconstruction
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formula yields the correct result for PET reconstruction. Equa-
tion (9) reduces to the unattenuated consistency conditions.

&

R1

2(&

0

sme±i&'Rf ($, s) d& ds ' 0, for |*| $| m| .

IV. CONCLUSION

We have developed a solution to backscatter tomography
and non-uniform attenuation. We have shown how this al-
gorithm reduces to PET attenuation correction for forward
scatter. This is a necessary condition.
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Abstract— In line X-ray phase contrast micro-computed 

tomography (IL-XPCT), which can be implemented at third 

generation synchrotron radiation sources or by using a microfocus 

X-ray tube, is a powerful technique for non-destructive, 

high-resolution investigations of a broad variety of materials. At 

the Shanghai Synchrotron Radiation Facility (SSRF), the X-ray 

Imaging and Biomedical Applications Beamline has been recently 

built and will start regular user operation in May 2009. Both 

qualitative (without phase retrieval) and quantitative (with phase 

retrieval) three-dimensional IL-XPCT experimental technique 

have been established at the beamline. IL-XPCT experiments of a 

test sample (plastic pipes), used to evaluate the technique, and of a 

biological sample (locust) at the beamline are reported. Two series 

of images, qualitative and quantitative, including tomographic 

slices and three-dimensional rendering images were obtained. In 

qualitative images, there is strong edge-enhancement which leads 

to very clear sample contours, while in quantitative images, the 

edge-enhancement fades but quantitative measurement of sample’s 

phase information could be achieved. The experiments 

demonstrate that the combination of qualitative and quantitative 

images is useful for biological sample studies. 

 
Index Terms— X-ray, phase contrast tomography, phase 

retrieval, synchrotron radiation 

 

I. INTRODUCTION 

X-ray absorption based computed tomography (CT) is the 

essential imaging technique for numerous scientific and 

technological applications. However, a well known problem in 
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absorption based CT is low sensitivity, which makes it difficult 

to image soft tissue, such as biological samples. On the other 

hand, biological samples which show very weak absorption 

contrast, produce significant phase shifts in the X-ray beam. The 

use of phase information for imaging purposes is therefore a 

suitable alternative method [1]. In particular, we focus here on in 

line X-ray phase contrast micro-computed tomography 

(IL-XPCT), also known as propagation based phase contrast 

CT. Its set-up is extreme simple, identical to the one for 

absorption based CT except for increasing sample-to-detector 

distance (SDD) and provided the beam is sufficiently spatially 

coherent. 

The qualitative reconstruction of IL-XPCT is related to the 

three-dimensional Laplacian of the refractive index distribution, 

which usually can be seen as a form of edge enhancement, and 

can be used for qualitative analysis. However, a quantitative 

relationship between the phase shift induced by the sample and 

the contrast recorded at an imaging plane does exist. Such phase 

contrast radiographs can be used to pose an inverse problem to 

retrieve the phase shift induced by the sample. Moreover, phase 

retrieval of radiographs can be coupled to CT algorithm. The 

phase shift induced by the sample is first retrieved for each 

projection angle image, and then fed into a CT reconstruction 

algorithm to yield a three-dimensional reconstruction of the 

refractive index, which can be used for quantitative analysis.  

Different algorithms have been proposed to solve the phase 

retrieval problem. One is based on the transport of intensity 

equation (TIE), which requires images acquired at two different 

SDDs and is only valid for short propagation distances where the 

contrast is weak [2], [3]. The other relies on the contrast transfer 

function (CTF), which is only valid for weak absorption, but 

allows the use of multi-SDDs data and is not restricted to short 

distances [4], [5]. However the aforementioned methods 

requires images acquired at least at two different SDDs, which 

will sharply increase the data collecting time (since typical data 

sets run into hundreds or thousands of projection angles) and 

consequently the radiation damage to samples, that is of 

particular importance for biological samples and for potential in 

vivo studies. Moreover the images at different SDDs have to be 

pre-processed to make up for misalignment and magnification 

that is a time consuming routine. 

Alternatively, a phase retrieval method proposed by T.E. 

Gureyev, which is based on Born approximation, can be 

combined with the phase-attenuation duality of soft tissues. 

According to Gureyev’s simulation study, phase shift retrieval 

from only one SDD phase-contrast radiograph is possible [6], 

[7]. 

Phase contrast micro-computed tomography of 

biological sample at SSRF 

Rongchang Chen, Honglan Xie, Luigi Rigon, Guohao Du, Edoardo Castelli and Tiqiao Xiao 
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We established the qualitative (without phase retrieval) and 

the quantitative (with phase retrieval) three-dimensional 

IL-XPCT biological sample experimental method, in which only 

one single SDD of IL-XPCT projection images is needed, at the 

X-ray Imaging and Biomedical Application Beamline at the 

Shanghai Synchrotron Radiation Facility (SSRF). The 

preliminary IL-XPCT experiments of a test sample (plastic 

pipes) and a biological sample (Locust) at the beamline are 

reported. 

 

 
Fig. 1  Schematic of the X-ray Imaging and Biomedical Application Beamline at SSRF 

 

II. MATERIALS AND METHODS 

A. The Shanghai Synchrotron Radiation Facility 

The Shanghai Synchrotron Radiation Facility is a third 

generation synchrotron radiation light source, and will be an 

invaluable tool for Chinese scientific research and industry 

community. SSRF’s electron energy is 3.5 GeV, which is fourth 

in the world, only next to Spring-8 in Japan (8 GeV), APS in 

USA (7 GeV) and ESRF of European Community (6 GeV). 

SSRF consists of a 150 MeV LINAC, a booster that can increase 

the electron energy from 150 MeV to 3.5 GeV in 0.5 second, and 

a 3.5 GeV electron storage ring. The 20 cell, 4 fold structure 

storage ring is used to store an electron beam (average current 

300mA) with low emittance (minimum 4 nm.rad) and long 

lifetime (>10 hours). By using advanced insertion devices, 

synchrotron radiation light with high flux and high brilliance 

will be produced. Along the ring, there are 40 bending magnets, 

16 standard straight sections (6.5 meters) and 4 long straight 

sections (12 meters), which means that more than 60 beamlines 

could be installed in the storage ring. 

B. The X-ray Imaging and Biomedical Application Beamline 

The X-ray Imaging and Biomedical Application Beamline is 

one of SSRF’s seven initial beamlines, Fig. 1 shows a schematic 

of the beamline. The radiation source is a 22 pole wiggler. The 

beam is monochromatized via a double silicon crystal 

monochromator, which makes available the beam energy range 

of 8–72.5 keV, with the energy resolution of about 0.5%. A filter 

system placed at the entrance of the experimental area is used to 

filter unwanted lower energy radiation. 

The experimental station is located approximately at 34m 

from the source. At 20keV, the beam cross-section is 

90(H) 7(V)mm
2
 and the photon flux on the sample is about 

3.4  10
10 

photons/(mm
2
 s). All experimental equipments, 

including multi-dimensional stage, precision slide rail and 

digital detector, are placed on a marble table to reduce 

vibrations. Users can perform IL-XPCT projection images 

collection, IL-XPCT slices reconstruction and 

three-dimensional rendering of the samples, which allows 

studying samples in three-dimensional manner. 

C. The inverse problem—phase retrieval 

As shown in Fig. 2, the sample is illuminated by a parallel 

coherent X-rays of wavelength , and a position-sensitive 

detector is used to register the transmitted wave. The spatial 

distribution of the complex refractive index in the sample, 

( ) 1 ( ) ( )n r r i r    , can be described by using Cartesian 

coordinates ( , , )r x y z . 

 
Fig. 2  Coordinate system for sample and image plane of IL-XPCT 

According to Born approximation combined with CT theory, 

the intensity distribution at SDD z=d and rotation angle θ is 

approximated by the following equation [7]-[9] 
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Where  

 indicates the Fourier transform,  

P means projection along z of rotation angle θ, 

( , )  is the Fourier coordinate of ( , )x y , 

2 /k   . 

Eq. (1) can be used to reconstruct refractive index δ and 

absorptive index β from IL-XPCT projection images. However, 

by evaluating the equation, it is easy to find that Eq. (1) needs at 

least two different SDDs of IL-XPCT projection images, which 

increases the data collecting time and complicates data 

processing. Fortunately, for a single material sample, the 

distributions of the refractive and absorptive index are 

proportional to each other [10], i.e., 

 ( ) ( )r r   (2)  

Where  is the proportional value between refractive and 

absorptive index that does not depend on r . Moreover, let’s 

consider the case of a sample with uniform absorption, which 

means 0 1zI  . The following equation will be obtained by 

combing Eq. (1), (2) and abovementioned condition: 
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Where 1 indicates the inverse Fourier transform. Eq. (3) only 

needs one SDD IL-XPCT projection image to reconstruct 

refractive index δ, the absorptive index β can be reconstructed 

via Eq. (2). The quantitative three-dimensional distribution of δ 

can be reconstructed by feeding the ( )rP  ( 0    ) into a 

CT reconstruction algorithm. On the other hand, the qualitative 

three-dimensional reconstruction of the sample is by feeding 

z dI  ( 0    ) into CT reconstruction algorithm. 

 

III. RESULTS 

The IL-XPCT experiment setup at the X-ray Imaging and 

Biomedical Application Beamline is identical to the one for 

absorption based CT, except of increasing the SDD to 1.2m in 

this experiment. After traversing the sample, the X-rays are 

recorded by a CCD camera with an effective pixel size of 9μm. 

The photon energy used for experiment is 15keV and 10keV for 

test and locust sample respectively. 

A test sample (plastic pipes), which consists of one plastic 

drinking straw ( 5.5  mm) and five wiring looms 

( 0.9  mm) was first used to test the technique. 

Fig. 3 (a) and (b) show IL-XPCT reconstructed slices of test 

sample without and with phase retrieval respectively. The 

contours of the different pipes are clearly reconstructed in both 

images. Fig. 3 (c) and (d), which are the profile at the dark line 

position of Fig. 3 (a) and (b) respectively, shown that there is 

high degree of edge enhancement in Fig. 3 (a) but the 

reconstructed value of pipe is not uniform. On the contrary, in 

Fig. 3 (b), the edge enhancement is almost removed and the 

reconstructed value of pipes is well retrieved and quantitative 

measure of the phase of the sample could be achieved. Fig. 4 (a) 

and (b) are the three-dimensional rendering images of test 

sample without and with phase retrieval respectively. 

 
Fig. 3  Test sample without (a) and with (b) phase retrieval IL-XPCT 

reconstructed slice (c) profile at the dark line in Fig. 3 (a), (d) profile at the dark 

line in Fig. 3 (b) 

 
Fig. 4  Three-dimensional rendering image of test sample without (a) and with (b) phase retrieval 
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A fresh biological sample (locust), without any pretreatment, 

was then used for IL-XPCT experiment. Fig. 5 (a) and (b) show 

the three-dimensional rendering images (top view) obtained 

without and with phase retrieval respectively. Locust’s wing and 

internal tissue distribution are clearly visible in both images. Fig. 

5 (a) conveys more detailed information and sharper contour of 

the locust than Fig. 5 (b) due to the edge enhancement in the 

qualitative reconstruction. On the other hand, in Fig. 5 (b) the 

reconstructed value of the different parts of the sample is more 

uniform than in Fig. 5 (a), which is closer to actual form of the 

sample and may allow a more intuitive approach for research 

study. This comparison suggests the complementary nature of 

the two approaches, which underline either the detail 

(qualitatively) or the overall structure (quantitatively) of the 

sample. 

 

 

 
Fig. 5  Three-dimensional rendering image of locust sample without (a) and with (b) phase retrieval

IV. DISCUSSION 

We have demonstrated that the qualitative and the quantitative 

three-dimensional distribution of biological sample can be 

reconstructed from a single SDD IL-XPCT projection image. In 

the quantitative three-dimensional phase information (refractive 

index) reconstruction, depending on the sample structure and 

composition, the approximations of a uniform absorption over 

the entire object and proportional distributions of the refractive 

index and absorptive index (Eq. (2)) may be not well satisfied 

that can induce some artifacts, as the white halos inside the pipes 

in Fig. 3 (b). However, as well shown from Fig. 3 to Fig. 5, the 

quality of the reconstruction is sufficient for further studying. On 

the other hand, the qualitative three-dimensional reconstruction 

has sharper contour than the quantitatively reconstructed images 

due to the edge enhancement, and can therefore provide more 

details. 

In general, the two methods are complementary. The 

IL-XPCT is experimentally simple, very fast and it is ideally 

suited for small samples, especially for biological samples 

studies.  
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Abstract—In this study, it is of interest to study the feasibility 

of using X-ray computed tomography for electronic product 
inspection.  Cone beam projection is simulated.  And both  
Feld Davis Kress (FDK) approach, and the Simultaneous 
Algebraic Reconstruction Technique, (SART) were adopted to 
reconstruct 3-D images with limited image frames.  It was 
shown that this application is feasible with certain limitations. 

 
Index Terms—BGA inspection, X–Ray Computer Tomography, 
FDK, SART 
 

I. INTRODUCTION 
Optical Inspection system frequently used for electronics 

product inspection is limited to detect defects on the surface 
of the product.  In order to detect defects beneath surface or 
defects hidden behind other components, X–Ray is a 
powerful tool to overcome this problem. 

Through the X-ray and detector move simultaneous, X-ray 
images of inspected object were collected for 3-D image 
reconstruction.  Two most popular techniques for computed 
tomography are Feld Davis Kress (FDK) approach [1], and 
the Simultaneous Algebraic Reconstruction Technique, 
(SART) [2]. 

In this paper, the fundamental theorem of the X-ray 
computed tomography, FDK and SART technique are briefly 
reviewed.  The simulation results of 3-D image 
reconstruction using both the FDK method and the SART 
were studied. Finally, conclusions are made based on the test 
results.  

 

II. FUNDAMENTAL THEOREM FOR COMPUTED 
TOMOGRAPHY 

S. Krimmel [3] noted that the standard CT image can be 
interpreted correctly by means of material density images 
along the monochromatic x-ray direction. Monochromatic 
X-rays are attenuated following an exponential law in 

homogeneous materials [4].  For an arbitrary object, the 
absorption coefficient u(x,y,z) is only a function of position 
and the line integral has to be calculated along a ray. 

 

( ) ⎥⎦
⎤

⎢⎣
⎡ −= ∫rayray dszyxuII ,,exp0  (1)

where I0 is the intensity in the free ray without any object. 
 

For reconstruction, the line integral has to be computed.   
In this case, it is simply the logarithm of the intensity 
attenuation, 
 

( ) ( )∫ ==
ray rayIIdszyxuL /ln,, 0  (2)

 
With the FDK algorithm, the projection data ),( ςβ pR  

of the detector, multiply the scaling function 

22 pD

D

++ ς
 to get the ),(' ςβ pR .  L. A. Feldkamp 

[5] adopt the the function that solid angle was determined by 
the corresponding emission source and coordinate center [6] 
as shown in Fig. 1. 
 

 
Fig. 1.  Cone beam reconstruction for interpolation kernel 
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Where ),(' ςβ pR  takes the Fourier transform with the 

filter, and takes the inverse Fourier transform in the end. 
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In previous study, S. Kaczmarz [2] and K. Tanabe [7] used 

ART algorithm as mathematical reconstruction algorithms to 
derive as the original image reconstructed by three dimension 
function ( , , )f x y z . 
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Within the algebraic methods to reconstruct the 

tomography image is to solve the following simultaneous 
equation system. 
 

∑ == Mjhfa j
i

j
i ,3,2,1 L  (6)

where if  determines the attenuation rate to each voxel. 
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The N² unknown values of an N x N image matrix can be 

determined by solving the linear equations of the system.  
In our previous study [8], ART algorithm is as 
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SART algorithm is an iterative method and reconstructs 

the volumetric object by a sequence of alternating volume 
projections.  The formula of the SART is derived as 
 

 

III. SYSTEM SIMULATION 
A cone beam projection system was simulated.  

Simulated parameters of the system were shown in Fig. 2 and 
listed in Table I [9]. 
 

 

 

 

 

 

 

 

 

 
Fig. 2.  Scanning geometry for 3D cone beam projection 

 
   

TABLE I 
 System Parameters 

Source trajectory radius 80 mm 
Detector rows 151 
Detector elements per row 151 
Maximum cone-angle 0.54° 
Reconstruction grid 61 x 61 x 33 
Reconstruction grid resolution 10μm 

 
There are two x-ray source trajectories were tested in this 

paper; trajectory A is a half-circle trajectory, source and 
detector rotate along the z axis simultaneous.  Trajectory B 
is a two half-circle trajectory with source and detector 
rotating along both the z and the y axis as shown in Fig. 3. 
 
 
 
 
 
 
 
 

 

(a)Trajectory A 
 
 
 
 
 
 
 
 
 

 (b)Trajectory B  
Fig. 3.  Two types of the kinematic motion 

 
The computer system used to simulate the process is with 

a AMD Athlon (tm) 64 processor 300+, and with RAM of 
DDR–400 with 1024MB.  The sample for the test is shown 
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in Fig.4 

 

(a) BGA framework figure (b) Inner structure 

(c) A cross-section figure (d) PAD lateral figure 
Fig. 4.  BGA specimen 

 

IV. TEST RESULTS AND DISCUSSION  
The reconstructed results of the FDK method will be 

compared with those derived using the SART methods.  For 
each approach, 32 and 16 simulated x-ray images derived at 
different locations along both trajectory A and trajectory B 
were used to reconstruct 3-D image of the test sample shown 
in Fig. 4.   

Fig. 5 shows the horizontal cross section of the image 
reconstructed with 16 image frames.  As shown in the 
figure, there are horizontal and perpendicular artifacts 
appeared in the mid PAD layer when using FDK approach 
with trajectory A.  These patterned artifacts became noisy in 
mid BGA layer [10].  When trajectory B is applied, there 
are no improvement was observed.  On the contrary, the 
artifacts are even distinct.  These artifacts are decreased 
when SART approach is applied.     

It was also shown that when FDK approach is adopted a 
better result can be achieve with trajectory A while that when 
SART approach is adopted a better result can be achieve with 
trajectory B.  Over all, the image reconstructed from image 
collected following trajectory B using SART is the best in 
these results.  And the estimated absorption rates are closer 
to the sample.   
    

Trajectory A Trajectory B 
FDK SART FDK SART 

mid PAD layer  

   
mid BGA layer 

   
Fig. 5.  Comparison of the horizontal cross section of the reconstructed 
image (16 frames) 

Fig. 6 shows the horizontal cross section of the image 

reconstructed with 32 image frames.  As shown in the 
figure, the horizontal and perpendicular artifacts appeared in 
the mid PAD layer using FDK approach with trajectory A 
shown in Fig. 5 is reduced.  Again, these artifacts are 
decreased when SART approach is applied.  These artifacts 
are still noisy in mid BGA layer.  And the image quality is 
improved while the collected x-ray images used for 
reconstruction are doubled. 
 

Trajectory A Trajectory B 
FDK SART FDK SART 

mid PAD layer 

  
mid BGA layer 

  
Fig. 6.  Comparison of the horizontal cross section of the reconstructed 
image(32 frames) 

 
Fig. 7 shows two vertical cross sections of the image 

reconstructed with 16 image frames derived following 
trajectory A.  As shown in this figure, it is clear that it is 
still possible to detect the void in the sample.  Again, when 
the FDK approach is applied, distinct artifacts were observed 
[11].  And the quality was greatly improved by using the 
SART approaches.   

 
Cross Section 1 Cross Section 2 

FDK SART FDK SART 

 
Cross Section 3 Cross Section 4 

FDK SART FDK SART 

 
Fig. 7.  Comparison of the vertical cross section of the reconstructed image 
(16 frames, Trajectory A) 

Fig. 8 shows two vertical cross sections of the image 
reconstructed with 32 image frames derived following 
trajectory A.  As shown in this figure, it is clear that the 
reconstructed image is greatly improved by increasing the 
image frames.   

Cross Section 1 Cross Section 2 
FDK SART FDK SART 

 
Cross Section 3 Cross Section 4 

FDK SART FDK SART 

 
Fig. 8.  Comparison of the vertical cross section of the reconstructed image 
(32 frames, Trajectory A) 

Fig. 9 shows two vertical cross sections of the image 
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reconstructed with 16 image frames derived following 
trajectory B.  Comparing with those shown in Fig.4, it is 
clear that the reconstructed image is degraded when 
trajectory B is used for FDK approach.  However, when the 
SART approach is adopted the results were improved.   

 
Cross Section 1 Cross Section 2 

FDK SART FDK SART 

   
Cross Section 3 Cross Section 4 

FDK SART FDK SART 

   
Fig. 9.  Comparison of the vertical cross section of the reconstructed 
image(16 frames, Trajectory B) 

 
Fig. 10 shows two vertical cross sections of the image 

reconstructed with 32 image frames derived following 
trajectory B.  As shown in this figure, it is clear that the 
reconstructed image is greatly improved by increasing the 
image frames [12].   
 

Cross Section 1 Cross Section 2 
FDK SART FDK SART 

   
Cross Section 3 Cross Section 4 

FDK SART FDK SART 

   
Fig. 10.  Comparison of the vertical cross section of the reconstructed 
image (32 frames, Trajectory B) 
 

The possible reason for improvement in SART when 
trajectory B is used could be because that more information 
about the examined object is provided with trajectory B.  
Trajectory A can only provide information “observed” from a 
plane.  The reason why the trajectory B worsens the results 
for FDK could be because the way we used to deal with 
images collected from different plane.  By averaging the 
results derived from different problem could be one of the 
reasons.   

In the same case of the 32 frames, SART takes 7395 and 
9550 seconds to finish the reconstruction process in the two 
types of the trajectory. However, the FDK method takes only 
0.01667 times than SART. 

 

V. CONCLUSIONS 
In PCB inspection, AOI systems are used to detect 

surface-related defects such as bare-board inspection, solder 
bridging, lack of solder, missing components, poor part 
orientation, lifted leads, tombstoning, solder balls, and etc.  
In order to detect defects beneath surface, x-ray image is a 
powerful tool to apply. 

In computed tomography, Fourier methods (filtered or 

convolution backprojection) and algebraic methods (ART, 
SIRT, etc) are the two major categories of image 
reconstruction technique. While Fourier methods have been 
widely used in applications where many projections can be 
taken, algebraic methods have been shown to be capable of 
providing better reconstructions from either very few or 
incomplete views [13]. The practical disadvantage of 
algebraic algorithms is their slow computational speed since 
all of them are iterative. 

In this study, it is of interest to optimize the system 
parameters when using the FDK method and SART approach 
to reconstruct the 3-D framework for minute object such as 
BGA. 

It was found that the FDK method had better complete 
speed to finish the model than the SART.  The number of 
the projection is a key factor that affects the reconstruction 
result.  And it should be noted that SART still could obtain 
the better result with few numbers of the iteration and 
images.  
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High-Resolution Adaptive PET Imaging
Jian Zhou and Jinyi Qi

Abstract— While the performance of small animal PET systems
has been improved impressively in terms of spatial resolution and
sensitivity, demands for further improvements remain high with
growing number of applications. Here we propose a novel PET
system design that integrates a high-resolution detector into an
existing PET system to obtain higher-resolution images in a target
region. The high-resolution detector will be adaptively positioned
based on the detectability or quantitative accuracy of a feature
of interest. The proposed system will be particularly effective
for studying human cancers using animal models where tumors
are often grown near the skin surface and therefore permit close
contact with the high resolution detector. It will also be useful
for the high-resolution brain imaging in rodents. In this paper,
we present the theoretical analysis and Monte Carlo simulation
studies of the performance of the proposed system.

I. I NTRODUCTION

The performance of small animal PET systems has been
improved impressively in terms of spatial resolution and
sensitivity since their first development in the mid 1990s. Some
research systems have reported a sub-mm spatial resolution in
animal studies using arrays of small scintillator elements [1],
[2], [3]. However, the resolution of these systems is still
mainly limited by the physical size of the scintillator elements
and the intrinsic spatial resolution of the detectors. Therefore,
placing detectors with much smaller scintillator elements in
close proximity to the object is useful to obtain higher spatial
resolution and higher sensitivity. Successful instances have
been presented [4], [5], where high-resolution detectors are
inserted into an existing whole body PET scanner to improve
the system performance in a smaller field of view (FOV).

While these approaches have been successful, room for
improvement remains. For instance, most PET-insert scanners
still require a large number of high-resolution detectors (either
partial or full ring) to be placed within the gantry of an existing
system, which significantly increases the number of electronic
channels and cost. Secondly, most existing PET inserts use
short detectors (e.g.,3.75 mm for the virtual-pinhole PET) to
avoid the depth of interaction (DOI) effect, so the sensitivity
of the high-resolution detector is fairly low, which limits the
potential improvement. In addition, the detectors are in a
ring at a fixed radius, so it may not be possible to position
animals right up against the high-resolution detectors to take
full advantage of the resolution available.

Here, we propose a new PET system that integrates a single
high-resolution detector into an existing PET scanner that acts
somewhat analogously to a “magnifying glass” and is expected
to provide much higher resolution and sensitivity in a small

This work is supported by the US Department of Energy under Grant No.
DE-FG02-08ER64677.

The authors are with the Department of Biomedical Engineering, University
of California-Davis, California, USA

region around the face of this detector (see Fig. 1). It will be
particularly effective for studying human cancers using animal
models where tumors are often grown near the skin surface
and therefore permit close contact with the high resolution
detector. The proposed system then provides high-resolution
and high-sensitivity images that can reveal the heterogeneity
inside a tumor, which permits better understanding of tumor
progression and response to therapies. It will also be useful
for high-resolution brain imaging in rodents.

The advantage of using a single high-resolution detector
as compare to a half- or full-ring insert is three folds. First,
it is much easier to build a single detector module than a
full-ring PET with a large number of modules. For some
detector designs, it may even be cost-prohibitive to build
a large number of detector modules in near future. Thus,
the proposed design offers an innovative solution to take
the advantage of a single available high-resolution detector
and to obtain high-resolution images well before a full-ring
system can be built. Second, the electronics and system
integration can be significantly simplified because only one
high-resolution detector module is used. Third, a single high-
resolution detector also provides greater flexibility. A novel
feature of our design is that the high-resolution detector can be
adaptively positioned with respect to the subject being imaged
to provide the optimal image quality in a target region. In our
initial implementation, we plan to allow the high-resolution
detector to rotate about the animal in the transaxial plane.
A combination with the axial and vertical bed movement can
position this detector optimally at close contact with most part
of animal. Huhet al [6] presented a PET imaging probe where
a high-resolution detector is used in coincidence with an arc of
low-resolution detector to perform limited angle tomography
of a region of interest. In comparison, our system collects not
only the coincidence data between the high-resolution detector
and the detectors in the microPET scanner (which we refer to
as high-resolution data), but also the projection data between
microPET detectors (which we refer to as low-resolution data).
The combination between high-resolution and low-resolution
data provides full angular coverage of any point inside the
FOV.

This paper presents simulation studies of the proposed
adaptive PET imaging system. We simulate integrating a high-
resolution detector into the microPET II scanner [1]. The
high-resolution detector under consideration is a lutetium oxy-
orthosilicate (LSO) array made of0.25 mm pixels to maximize
the resolution gain. To obtain high sensitivity, 20-mm long
crystals will be used. DOI information will be measure by
reading out signals from both front and back surfaces of the
crystal to reduce parallax errors caused by crystal penetration.
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Fig. 1. The proposed PET system shown with a high resolution detector
positioned inside a scanner at angle45◦.

II. T HEORY

A. Imaging Model

The data from the proposed PET system consist of both
high-resolution data from the high-resolution detector and low-
resolution data from the microPET II scanner. These emission
data are well modeled as a collection of independent Poisson
random variables with the expectation̄y = [ȳ1, . . . , ȳN ]′ ∈
R

N (whereN is the total number of detector pairs, and ‘′’
denotes the vector or matrix transpose), related to the unknown
imagex ∈ [x1, . . . , xM ]′ (whereM is the number of voxels)
by an affine transform:

ȳ = Px + r, (1)

where P ∈ R
N×M is the system matrix with the(i, j)th

element representing the probability of detecting an event from
voxel j by detector pairi, andr = [r1, . . . , rN ] ∈ R

N is the
mean contribution of background events such as randoms and
scatters. The system matrix was calculated using a numerical
method proposed in [7] which is capable of handling arbitrary
geometry. The software models the block structure of the PET
scanner and takes into account the photon penetration and gaps
between detectors.

For comparison with the original microPET scanner, we
divide the system matrix of the proposed system as

P = [(P low)′, (P high)′]′, (2)

whereP low concerns the LORs formed by the microPET II
detectors, andP high models the LORs between the microPET
II detectors and the high-resolution detector. Similarly, we also
partition the data as

ȳ = [(ȳlow)′, (ȳhigh)′]′, (3)

whereȳlow and ȳhigh represent the low- and high-resolution
data, respectively.

B. MAP Image Reconstruction

A MAP reconstruction is found by

x̂ = arg max
x≥0

{L(y|x) − βU(x)} (4)

whereL(y, x) is the Poisson log-likelihood function withy =
[y1, . . . , yN ]′ ∈ R

N as measured sinogram data,U(x) is the

prior energy function, andβ is the smoothing parameter that
controls the resolution of a reconstructed image. The Poisson
log-likelihood is given by

L(y|x) =

N
∑

i=1

{yi log(ȳi) − ȳi − log yi!} . (5)

The prior we use here are Gaussian priors whose energy
function has the form

U(x) =
1

2

M
∑

m=1

∑

k∈Nm

ωmk(xk − xm)2 (6)

whereNm represents the neighborhood of voxelm, andωmk

is a weighting factor that is chosen to be the reciprocal of the
Euclidean distance between voxelsm andk.

C. Theoretical Analysis of Lesion Detection

We analyze the performance of a “signal-known-exactly,
background-known-exactly” (SKE-BKE) detection task using
computer observers. One observer that we studied is the
prewhitening (PW) observer, which computes the test statistic
by

ηPW(x̂) = (E {x̂|H1} − E {x̂|H0})′Σ−1x̂ (7)

In previous work [8], it has been shown that for MAP
reconstruction, the SNR of PW observer can be approximated
by

SNR2

PW(η(x̂)) ≈ f̄ ′

l F f̄l (8)

wheref̄l is the true lesion profile andF , P ′diag {1/ȳi}P

is the Fisher information matrix. Note that the PW observer
SNR depends only on the system matrix and is independent
of the prior function and parameterβ.

From (2) and (3), we have

F = F low + F high

, (P low)′diag

{

1

ȳlow
i

}

(P low) (9)

+ (P high)′diag

{

1

ȳhigh

i

}

(P high),

whereF low andF high are essentially the Fisher information
matrices of the low- and high-resolution data, respectively.
Substituting the above equation into (8), we get

[SNRPW(η(x̂))]2 ≈ f̄ ′

l F
lowf̄l + f̄ ′

lF
highf̄l. (10)

Ignoring the attenuation of the high-resolution detector, the
PW observer SNR of the original PET system can be approx-
imate by

[SNRorginal

PW
(η(x̂))]2 ≈ f̄ ′

l F
lowf̄l.

BecauseF high is nonnegativity definite, the above expressions
indicate

SNRPW(η(x̂)) > SNRoriginal

PW
(η(x̂)), (11)

i.e., the PW observer performance of the proposed PET is
always superior to that of the original PET. The SNR gain
is approximately equal tōf ′

l F
highf̄l, which comes from the

contribution of the high-resolution detector. One can also show
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that (11) still holds when the attenuation of the high-resolution
detector is considered under certain conditions.

We have also obtained a theoretical experssion for the SNR
of channelized Hotelling observers (CHOs) [9], [10] using the
results presented in [11]. The CHO test statistic is calculated
by

ηCHO(x̂) = (E {x̂|H1}−E {x̂|H0})′U ′K−1(Ux̂+n) (12)

whereU ∈ R
l×M representsl frequency-selective channels

that mimic the human visual system,K ∈ R
l×l is the

covariance of channel outputs, andn is the internal channel
noise with mean zero and covarianceKN that models the
uncertainty in human detection process. The theoretical ex-
pression allows fast evaluation of image quality and will be
used to guide the positioning of the high-resolution detector
based on the imaging task.

III. S IMULATION STUDY

A. Materials

We simulated the microPET II scanner operating in two-
dimension mode, which has30 LSO detectors in a16 cm
diameter ring, with each detector module containing14 × 1
individual LSO crystals of size1.0 × 1.0 × 12.5 mm3. For
the high-resolution detector, we considered a multilayer LSO
array. Each layer has a thickness of2.5 mm and64× 1 LSO
crystals of size0.25 × 0.25 × 2.5 mm3. A total of 8 layers
were used to simulate a 20-cm long detector. The FOV is
restricted to a circular region of diameter30 mm, which is
large enough for small animals such as mouse. The high-
resolution detector was placed outside this FOV,15 mm away
from the center of the scanner transaxially. It can perform
360◦ rotation around the FOV. A combination with vertical bed
movement can position the high-resolution detector optimally
at close contact with most part of the animal. The transaxial
view of our target PET system is shown in Fig. 1.

B. Spatial resolution improvement

To demonstrate the effect of the resolution improvement on
resolving small features, we created a phantom which consists
of a warm disc background (diameter of28.0 mm) and five
sets of 3×3 tiny round spots located near the edge of the disc.
The diameter of each hot spot is0.3 mm, and the center-to-
center spacing between adjacent spots is0.8 mm. The activity
ratio of the hot spots to the background is40 : 1. A noisy
sinogram was generated with the expected total number of
events equal to one million.

Fig. 2 shows MAP reconstructed images of the phantom
for the proposed system and the microPET II with different
β values. Clearly it is difficult to distinguish individual hot
spots along radial directions from microPET II reconstructed
images, because its radial resolution is slightly worse than the
edge-to-edge spacing between the hot spots. In comparison,
the hot spots are better identified by the proposed system,
in particular, at 45◦ position. With β = 1 × 10−4, the 3×3
array is also resolved at 90◦ position. The two sets of hot
spots at 0◦ and 180◦ positions are resolve sharply along the
tangential direction, but not along the radial direction. The

result indicates that the optimal target region for small feature
identification may not be located exactly at the face of the
high-resolution detector.
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Fig. 2. Reconstructed images of the hot spots phantom for the microPET II
(top row) and the proposed system (bottom row). The images in the left and
right columns were reconstructed withβ values of1× 10

−4 and1× 10
−3,

respectively.

C. Lesion detectability

We investigated lesion detection using the phantom shown
in Fig. 3(a). The background was a uniform activity ellipse and
the lesion was a uniform disc of0.6 mm in diameter at (12.0
mm, 0.0 mm). The lesion to background activity ratio was
1.5 : 1. Two hundred noisy data sets were generated for both
lesion-absent and lesion-present cases. All noisy sinograms
have an average of three million photon counts.

The CHO that we used has three difference-of-Gaussian
(DOG) channels with standard deviations of2.653, 1.592,
0.995, and0.573, respectively. We considered white channel
noise with variance1× 10−4. The CHO-SNR were estimated
using both theoretical expression and Monte Carlo reconstruc-
tions. The results are shown in Fig. 3(b) with comparison to
those of the microPET II scanner. The theoretical predictions
match with the Monte Carlo results very well. The results
also demonstrate that the proposed system has higher SNR
for lesion detection than the microPET II scanner at allβ
values.

D. Adaptive positioning of the high-resolution detector

To demonstrate that the high-resolution detector should be
adaptively positioned based on specific imaging tasks, we
simulated two scenarios (Fig. 4 (a) and (c)) in which the tasks
were to distinguish a solid tumor (left images) from a tumor
with small features (right images). The difference between the
two cases is the orientation of the features. We positioned
the high-resolution detector at different angular positions and
calculated the SNR of the CHO. For a fair comparison between
different positions, the maximum SNR among all possibleβ
values was used. The results are plotted in Fig. 4 (b) and (d)
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Fig. 3. Comparison of CHO-SNR between the proposed PET and the
microPET II scanner.

(solid lines). It shows that for the first task, the optimal position
of the high-resolution detector is at15◦, while for the second
task the optimal position is at45◦. Interestingly,45◦ is almost
the worst position for the first task. These results clearly show
the importance of adaptively positioning the high-resolution
detector.

In real applications, information about the features and the
background will be obtained using both prior knowledge of
the tumor model and an initial scout image of the animal. To
evaluate the feasibility of predicting the optimal position of
the high-resolution detector using a low-count scout image,
we generated100 independent identically distributed noisy
sinograms with an average of50k detected events in each
sinogram to simulate low-count scout data. Only the low-
resolution data were used for reconstructing the scout images.
For each scout image, we plugged it into the theoretical
formula as the true image and calculate the maximum SNR at
every high-resolution detector position. From 100 realizations,
we calculated the mean and standard deviation of the predicted
maximum SNR and plotted the results also in Fig. 4 (b)
and (d) (diamonds and circles). It shows that in both cases
the predicted SNR from low-count scout images match with
noisefree results very well and the optimal position can be
reliably estimated from low-count scout images.

IV. CONCLUSIONS AND DISCUSSIONS

We have proposed a novel PET system design that in-
tegrates one high-resolution detector into an existing PET
scanner. Unlike other PET systems with a full-ring insert,
our design aims at zooming-in at a target area. We have
developed a MAP reconstruction algorithm for the proposed
system with an accurate system model. The performance of the
proposed system has been analyzed theoretically and verified
using Monte Carlo simulation. The results show that the
proposed system achieves significantly higher resolution than
the original PET system and also improves lesion detection
performance. We have shown that the optimal position of the
high-resolution depends on the specific task of an imaging
study. The theoretical expressions can be used to adaptively
position the high-resolution detector to maximize the task-
performance.

The theoretical analysis and simulations in this work were
done in 2D. Both the high-resolution low-resolution detectors
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Fig. 4. Predicted CHO-SNR maximum changes as a function of the position
angle of the high-resolution detector. The solid lines are the results based on
noisefree data. The diamonds and circles are predictions based on low-count
scout images. The error bars indicate plus and minus one standard deviation.

have one layer in the axial direction. In practice, the axial di-
mension of the high-resolution detector will be the same as its
transaxial dimension, so we can expect a similar improvement
in the axial resolution and further improvement in sensitivity
and lesion detectability. Extension of this work to 3D imaging
is currently underway.

REFERENCES

[1] Tai, Y., Chatziioannou, A., Yang, Y., Silverman, R., Meadors, K.,
Siegel, S., Newport, D., Stickel, J., Cherry, S.: MicroPET II: design,
development and initial performance of an improved microPET scanner
for small-animal imaging. Phys. Med. Biol.48 (2003) 1519–1537

[2] Rouze, N., Schmand, M., Siegel, S., Hutchins, G.: Design of a small
animal PET imaging system with 1 microliter volume resolution. IEEE
Trans Nucl Sci51 (2004) 757–763

[3] Miyaoka, R., Janes, M., Lee, K., Park, B., Gillispie, S., Kinahan,
P., Lewellen, T.: Development of a single detector ring micro crystal
element scanner: quickPET II. Molecular Imaging.4 (2005) 117–127

[4] Park, S., Rogers, W., Clinthorne, N.: Design of very high-resolution
small animal PET scanner using a silicon scatter detector insert. Phys.
Med. Biol. 52 (2007) 4653–4677

[5] Tai, Y., Wu, H., Pal, D., O’Sullivan, J.: Virtual-pinhole PET. J Nucl Med
49 (2008) 471–479

[6] Huh, S., Rogers, W., Clinthorne, N.: On-line sliding-window list-mode
PET image reconstruction for a surgical PET imaging probe. IEEE NSS-
MIC (2008)

[7] Hu, J., Qi, J., Huber, J., Moses, W., Huesman, R.: MAP image
reconstruction for arbitray geometry PET systems with application to
a prostate-specific scanner. 3D2005 (2005) 416–210

[8] Qi, J.: Theoretical study of lesion detectability of MAP reconstruction
using computer observers. IEEE Trans Med Im20 (2001) 815–822

[9] Myers, K., Barrett, H.: Addition of a channel mechanism to the ideal-
observer model. J. Opt. Soc. Amer. A4 (1987) 2447–2457

[10] Yao, J., Barrett, H.,: Predicting human performance by a channelized
Hotelling model. Proc of SPIE1768 (1992) 161–168

[11] Qi, J.: Analysis of lesion detectability in Bayesian emission reconstruc-
tion with nonstationary object variability. IEEE Trans Med Im23 (2004)
321–329

10th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 437



New solution for reconstruction problem about
grating-based dark field computed tomography

Zhentian Wang, Zhifeng Huang, Li Zhang, Zhiqiang Chen, and Kejun Kang

Abstract—X-ray dark field (small angle scattering) imaging
is a very useful tool to image inaccessible spatially resolved
information of the sample. It is capable of delivering struc-
tural information of macromolecules in micrometer and sub-
micrometer scale and is widely used in material science, medical
imaging etc. X-ray small angle scattering imaging in grating-
based phase contrast imaging is a newborn method. In this paper,
the authors deduce the relationship between the second moment
of the scattering angle distribution and the visibility degradation
of the oscillation curve and prove that the minus logarithm of
the visibility ratio fulfills the line integral condition. Conventional
computed tomography algorithm can be adopted to reconstruct
the scattering information of the sample.

Index Terms—X-ray, phase contrast, grating, scattering, and
computed tomography.

I. INTRODUCTION

X-ray dark field (small angle scattering) imaging is a very
useful tool to image inaccessible spatially resolved information
of the sample. It is capable of delivering structural information
of macromolecules in micrometer and sub-micrometer scale
and is widely used in material science, medical imaging
etc. X-ray small angle scattering information retrieving in
phase contrast imaging field has been paid attention such
as in diffraction enhanced imaging (DEI) [1] and grating-
based phase contrast imaging (GB-PCI) [2]. In these setups,
multiple information of the sample including the absorption,
the refraction and the scattering information can be retrieved
by a single imaging process. X-ray scattering imaging (XSI) in
DEI is proposed by Wernick [3], Region [4] and Pagot [5]. The
scattering information is considered as the second moments
of the rocking curve. XSI in GB-PCI is recently proposed by
Pefeiffer et al [6] using their Talbot-Lau interferometry. The
scattering information is considered as the degradation of the
visibility of the oscillation curve. Success experiments have
been performed by both X-ray and neutron imaging. Grating-
based scattering information retrieving has been implement
both to x-ray and neutron [6], [7]. Our group propose an
alternative grating-based phase contrast imaging method [8].
A magnified projective grating image is adopted instead of the
Talbot self-imaging used in Pefeiffer’s method. Two absorption
gratings and an optional source grating are adopted. Our
method can also retrieve scattering information [9].
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In current grating-based phase contrast imaging method,
phase-stepping method [8], [10] is adopted to retrieve infor-
mation of the sample including the scattering information.
In the imaging process, each detector pixel gets two cosine
style intensity oscillation curves with and without the sam-
ple, respectively. The small angle scattering is qualitatively
measured by the ratio of the visibility of the two curves [6].
In a nutshell, the scattering imaging process in the grating-
based method is that: the scattering angle distribution smears
the original intensity pattern without the sample presented and
decrease the visibility; through the phase-stepping process, this
visibility decrease is translated to the visibility decrease of
the oscillation curve, and the visibility degradation reflects the
small angle scattering power.

In order to reconstruct the scattering information of the sam-
ple, conventional linear CT reconstruction techniques require
the scattering projections behave linearly with object thickness
and could be presented as the line integral condition. Although
Strobl et al [7] has performed scattering CT reconstruction,
the linearity of the ratio of the visibility has not been proved.
If the reconstructed quantity dose not fulfill the line integral
condition, direct reconstruction will cause errors and artifacts,
and quantitative reconstruction will be impossible.

In this paper, we deduce the relationship between the second
moment (variance) of the scattering angle distribution and the
visibility degradation of the oscillation curve, and establish
the theoretical basis of scattering CT for grating-based method.
We prove that the minus logarithm of the visibility degradation
fulfills the line integral condition and thus this quantity could
be used to perform reconstruction with conventional computed
tomography (CT) algorithm. Experiments are carried on to
validate our analysis.

II. METHOD

The scattering sample is modeled with ”fine structure”
(scattering) features as Rigon’s method [11]. After passing the
scattering sample, a straight narrow X-ray is broadened due
to scattering effect, and a scattering angle distribution p(∆θs)
can be adopted to illustrate the scattering rays. ∆θs represents
the scattering angle relatively to the original direction of the
ray. The second moment (variance) of the scattering angle
distribution measures the ray broadening which is also a
reflection of the scattering information [3], [4]. The second
moment of p(∆θs) is

σ2
s =

∫
∆θs

2p(∆θs)d∆θs (1)
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Fig. 1. System Diagram of the grating-based scattering imaging. A periodic
intensity pattern is created behind G1 in the plane of G2. With the sample
presented, the scattering angle distribution smears the visibility of the intensity
pattern. The degradation of the visibility reflects the scattering information of
the sample.

Wernick et al [3] proved by experiments that the second mo-
ment fulfilled the line integral condition of CT, and thus could
be used to reconstruct scattering information by conventional
linear CT algorithms. Using the transport theory and modeling
the sample as stratified medium, Khelashvili et al [12] got the
same conclusion through a theoretical analysis and proved it
by experiments. Besides, they deduced the physical quantity
that concerns with the second moment of the scattering angle
distribution.

σ2
s =

∫ L

0

[
ρn(l)σs(l)

2αp

]
dl (2)

where ρn is the density of the sample, σs is the scattering cross
section, and αp is the angular beam broadening due to a single
spherical scatterer [12]. This quantity has the similar pattern
as in the neutron scattering imaging proposed by Strobl [7].
The research results above show that the second moment
of the scattering angle distribution can be used to perform
reconstruction with conventional CT algorithm.

We deduce the relationship between the second moment of
the scattering angle distribution and the visibility degradation
of the oscillation curve based on the grating-based method
imaging system. The system scheme is shown in Fig. 1. To
simplify the imaging process, the sample is placed just in the
front of G1. The scattered X-rays start propagating from G1. In
current grating-based phase contrast imaging method, the pixel
of the detector is usually much larger than the period of the
intensity pattern behind G1. The scattering angle distribution
in sub pixel region can not be resolved. For this reason,
we assume that the scattering angle distribution of each ray
in one pixel region is uniform and an uniform distribution
function can be used to model the scattering. Besides, it is
also reasonable to assume that the scattering angle distribution
follows the Gauss distribution [3]. So that the distribution can
be expressed by

p(∆θs) =
1

σ
√

2π
exp

(
− (∆θs)

2σ2

2
)

(3)

∆θs represents the scattering angle and σ2 is the second
moment (variance) of the Gauss distribution. Considering a
narrow X-ray passes a scattering sample with the scattering
angle distribution p(∆θs) and propagates a distance z0. The
intensity pattern caused by the scattering angle distribution is

f(x) = p(
x

z0
) =

1
σ
√

2π
exp

(
− 1

2σ2

(
x

z0

)2
)

(4)

Here we adopt the small angle approximation. In the small
angle scattering area, it’s reasonable that ∆θs ≈ tan∆θs =
x
z0

. f(x) can also be regarded as the impulse response of the
imaging system due to the scattering.

A. The visibility of the oscillation curve without the sample

The intensity pattern behind G1 can be expressed by Fourier
expansion series

I1(x) =
∑

n

an exp
(
2πi

nx

d

)
(5)

where an is the nth order Fourier coefficient, d is the period
of the intensity pattern.

Without the sample presented, considering the transmission
function of G2, which has a pitch the same as the average
period of I1(x), with

T (x) =
∑

n

tn exp
(
2πi

nx

d

)
(6)

The intensity pattern detected by the detector in the phase-
stepping process is [13], [14]

I2(x, χ) = I1(x)× T (x + χ) ≈
∑

n

antn exp
(
2πi

n

d
χ
)

(7)

where χ is the displacement of G2 with G1 in the x direction.
The visibility of I2 is decided by the zeroth and the first order
coefficients [6]:

V =
a1t1
a0t0

(8)

B. The visibility of the oscillation curve with the sample

With the sample presented, the intensity pattern behind
G1 is the convolution of the pattern without sample and the
scattering intensity distribution, and can be expressed by

Is(x) = I1(x) ∗ f(x) (9)

The convolution degrades the visibility of I1(x). Is(x) is still
a periodic function and can be expressed by

Is(x) =
∑

n

an
′ exp

(
2πi

nx

d

)
(10)

Considering the effect of G2, similar as Eqn. 7, the intensity
pattern detected by the detector is

I2
′(x, χ) = Is(x)× T (x + χ) ≈∑

n
an

′tn exp
(
2πin

d (z0ϕ(x) + χ)
) (11)
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where ϕ(x) is the beam deflection angle at the sample
caused by refraction [10], [13]. The visibility of the oscillation
curves I2

′(x) is then

V ′ =
a1

′t1
a0

′t0
(12)

It can be seen from Eqn. 8 and Eqn. 12 that the visibility
of the oscillation curve is mainly decided by the zeroth and
first order of the intensity pattern behind G1. The ratio of V ′

and V is
V ′

V
=

a1
′a0

a0
′a1

(13)

, and is referred as the dark-field imaging that is inversely
proportional to the local small angle scattering of the sample.

C. Relationship between the second moment and the ratio of
the visibility

We analyze the visibility of the intensity pattern function in
Fourier space. Without loss of generality, the intensity pattern
function within one pixel is extended to an infinite periodic
function, so the Fourier transform of the intensity function is
in the form of Fourier series. Then the Fourier transform of
Eqn.5 and Eqn.10 is

Î1(ω) =
∑
n

anδ(ω − 2πn
d )

Îs(ω) =
∑
n

an
′δ(ω − 2πn

d )
(14)

where ˆ presents the Fourier transform of the corresponding
function. Taking Fourier transform, Eqn.9 is

Îs(ω) = Î(ω)× f̂(ω) (15)

Considering Eqn. 4, f̂(ω) is

f̂(ω) =
z0√
2π

exp
(
−σ2z0

2ω2

2

)
(16)

Takeing Eqn. 14 and Eqn. 16 into Eqn. 15, we get∑
n

an
′δ
(
ω − 2πn

d

)
=

1√
2π

∑
n

anδ
(
ω − 2πn

d

)
exp

(
−σ2z0

2ω2

2

)
=

1√
2π

∑
n

(
an exp

(
−σ2z0

2

2

(
2πn

d

)2))
δ
(
ω − 2πn

d

) (17)

Considering the zeroth and first order coefficients, two separate
equations are got:

a0
′ = 1√

2π
a0

a1
′ = 1√

2π
a1 exp

(
−σ2z0

2

2

(
2π
d

)2) (18)

Takeing Eqn. 18 into Eqn. 19,

V ′

V
= exp

(
−σ2z0

2

2

(
2π

d

)2
)

(19)

and then

σ2 = − 1
2π2

(
d

z0

)2

log
(

V ′

V

)
(20)

Finally we get the relationship of the second moment of
the scattering angle distribution and the ratio of the visibility.

The second moment is in direct proportion with the minus
logarithm of the ratio of the visibility and also concerns
with the distance of the two gratings and the period of the
intensity pattern. The right part of Eqn. 20 can be used to
reconstruct scattering information with conventional computed
tomography algorithm.

III. EXPERIMENT

The experiments were carried out on the experimental setup
at Tsinghua University. The detail description of the system
can be found in [8]. The pitches of the two absorption
gratings are 20µm and 22µm, respectively and the pitch
of the corresponding source grating is 220µm. The samples
are some balls of dryer and are scanned within 180 degrees
with a interval of 6 degrees. 30 projections are used to
recontract the scattering information by conventional filtered
backprojection (FBP) algorithm. Total variance filtration is
adopted to suppress the artifacts due to the data incompletion
caused by the coarse angular sampling [15].

The reconstruction results are shown in Fig. 2.It can be
seen that, although the appearance of the sample can be
reconstructed by both the visibility ratio and the second
moment of the scattering angle distribution, the results of
the former show cup-type artifacts due to the non-linearity.
These artifacts are obvious especially at the borders of the
reconstruction image. The results of the latter do not have
cup-type artifacts. The values are around zero at the borders
where no sample is presented. Thus quantitative reconstruction
is possible.

IV. CONCLUSION

In this paper, the relationship of the second moment of the
scattering angle distribution and the visibility degradation of
the oscillation curves is deduced. Under the assumptions that
the scattering angle distribution can be modeled by Gauss
distribution and the distribution is uniform in one detector
pixel, we prove that the minus logarithm of the visibility
ratio of the oscillation curves with and without the sample
follows the line integral condition. It can be used to perform
quantitative reconstruction of the scattering information by
conventional computed tomography algorithm.
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Image Reonstrution of Animal Vasulature fromUndersampled Cirular Cone-beam Miro-CT DataXiao Han, Junguo Bian, ∗Diane R. Eaker, Emil Y. Sidky, ∗Erik L. Ritman, and Xiaohuan Pan
Abstract�Fast advanement of X-ray detetor tehnology and fully3D reonstrution tehnique has made pratially usefultomographi imaging appliations feasible. Among them,X-ray miro-CT has been playing an important role inbasi biologial researh, drug development, and linialevaluation. Though 3D volume images generated valu-able information for researhers in various �elds, the im-age aquisition remains a time-onsuming proess, whihlimits the system throughput. In addition, unwanted ra-diobiologi e�et indued by aumulated imaging dose inlongitudinal studies prevents drawing meaning onlusionsfrom the studies. A new paradigm of image reonstru-tion tehnique inspired by the ompressive sensing on-ept has shown its promise to yielding useful informationfrom a redued measurement data set, suh as a fration ofthe total number of projetions required by onventionalimaging protool for satisfatory image quality. We havepreviously shown the suess of a onstrained total varia-tion minimization image reonstrution method using sim-ulated irular fan- and one-beam data. In this paper,we further investigate the feasibility of using this methodon real miro-CT san data, whih ontains inonsistenyfrom noise and other physial soures during the data a-quisition proess. I IntrodutionReent advanes in X-ray detetor tehnology [1℄ and3D tomographi reonstrution tehniques [2, 3, 4, 5℄ havetogether boosted numerous suessful real world applia-tions using 3D volume information to eluidate the in-ternal anatomy or struture in a non-destrutive or non-invasive manner. Among them, miro-CT has ahievedsigni�ant progress and a number of ustomized benh-top as well as ommerialized miro-CT sanners haveemerged and proved extremely useful for various biomed-ial appliations, inluding basi biologial researh, drugdevelopment, and linial evaluation of tissue samples [6,7℄.Conventionally, the high quality of 3D miro-CT im-ages relies ruially on the availability of a large num-ber of projetion images from inremental angular views.For a typial miro-CT san, several hundred to over onethousand projetion images are aquired, whih takes 2-10X. Han, J. Bian, E. Y. Sidky, and X. Pan are with the Depart-ment of Radiology, The University of Chiago, 5841 S. Maryland Av-enue, Chiago, IL 60637, USA. E-mail: xiaohan�uhiago.edu andxpan�uhiago.edu. ∗D. R. Eaker and ∗E. L. Ritman are with the De-partment of Physiology and Biomedial Engineering, Mayo Clini Col-lege of Mediine, Rohester, MN, 55905, USA.

hours. Compared to a typial diagnosti X-ray CT san,whih usually takes less than one minute, suh a prolongedsanning time severely limits the system throughput. Inpratie, it is not unommon that during the san, the an-imal or biologial sample experiene motion or tissue de-formation, whih degrade the �nal reonstrution imagequality. In addition, for radiation-sensitive tissue and inlongitudinal live animal studies, the aumulated imagingdose may indue unwanted radiobiologial e�et, whihprevents drawing meaningful onlusion from the studies.In the last few years, the onept of ompressive sens-ing (CS) has been shown to have pratial impliations,in that a ompressed signal sampling protool an be de-signed to yield a muh redued measurement data set,from whih an essential proportion of the original signalinformation an later be reovered [8℄. Inspired by theCS onept, we have developed iterative algorithms forirular fan- and one-beam image reonstrution basedon onstrained minimization of the total variation (TV),and have demonstrated their suess in reonstruting 2Dand 3D images using simulated few-view and limited-angledata [9, 10℄. Unlike ideal simulation data with mathe-matial onsisteny, real data ontain inonsisteny fromnoise and other physial fators, suh as satter, and thuspose hallenges to using TV-based methods in a realis-ti setting. In this paper, we investigate the feasibility ofusing our onstrained TV minimization method on realmiro-CT san data, and demonstrate the preliminary re-onstrution results using approximately 1/6 to 1/4 of theoriginal sanned data.II Materials and MethodsA Miro-CT sanning systemA ustom-made miro-CT sanner (Fig. 1), whih gen-erates 3D images onsisting of up to a billion ubi voxels,eah 5 to 25 µm on a side, and whih has isotropi spatialresolution, is desribed in detail elsewhere [11℄. Its mainomponents are a spetrosopi X-ray soure whih pro-dues a primary emission peak at approximately 18keV(ahieved via the Kα emission of the molybdenum anodeand the zironium foil �lter) and a �uoresing thin rystalplate whih is imaged (at seletable magni�ation) witha lens onto a 2.5 × 2.5m, 1024 × 1024 pixels, Charge
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Fig. 1. Shemati illustration of the miro-CT system used for one-beam data aquisition for the study.Coupled Devie (CCD), detetor array with 16 bit gray-sale resolution developed by Prineton Instruments. Thespeimen is positioned lose to the rystal and is rotatedin several hundred equiangular steps around 360o betweeneah X-ray exposure and its aompanying CCD reord-ing. Tomographi reonstrution algorithms, applied tothese reorded projetion images, are used to generate 3Dimages of the speimen. The system is generally used tosan intat, isolated, �xed tissue speimens or intat ro-dent organs. Three-dimensional image display and anal-ysis methods are used to address physiologial questionsabout the organs' internal struture-to-funtion relation-ships.B Constrained TV minimizationThe method we used for irular one-beam miro-CTimage reonstrution is based upon the assumption thatthe image is sparse in its gradient magnitude representa-tion. Therefore we formulate the reonstrution problemas �nding an approximate solution to a onstrained op-timization program, in whih we minimize the image TVas the ost funtion, while enforing non-negative imagevoxel values and the agreement between the reonstrutedimage and the measured data:
~f∗ = argmin||~f ||TV

s.t. |M ~f − ~g| ≤ ǫ and ~f ≥ 0, (1)where ~f is the reonstruted image, M the system ma-trix, and ~g the measured data. The image TV is the ℓ-1norm of its disrete gradient magnitude ||~f ||TV =
∑

|~∇f |.Beause data aquired by the atual miro-CT sannerontain inonsisteny aused by noise, satter, as well asother physial fator, the data �delity onstraint has beenrelaxed by a tolerane parameter ǫ to suppress image ar-tifats.

To solve the onstrained, non-linear onvex program inEq. 1, we use the adaptive steepest desent-projetiononto onvex sets (ASD-POCS) algorithm [9, 10℄. The it-erative algorithm employs POCS to enfore onstraintson data �delity and non-negativity, while minimizing theimage TV using steepest desent.C 3D image reonstrution using few-view dataFrom the full 361 projetions of original data, we ex-trated 61 projetion images at angular views evenly dis-tributed over the 2π irular trajetory. To save ompu-tation time, we only used the entral 200 rows of data outof the full 1171 rows on the detetor. Then we appliedthe ASD-POCS algorithm to reonstrut a 512×512×80image volume with an isotropi voxel size of 48.8 µm. Forthis data set, we hose the data �delity relaxation param-eter ǫ as the residual data distane |M ~f − g| at the 45thiteration. A neessary ondition derived in Ref. [10℄ wasused as a hek for onvergeny. To evaluate the imagereonstrution results, we also used FDK and EM algo-rithms to reonstrut the same image volume using thesame 61-view, 200-row data. Sine there is no 'true im-age' to exatly represent the density distribution funtionwith ontinuous basis, we used the FDK method to reon-strut the same 3D volume using full 361-view data as areferene image, and ompare all few-view reonstrutionresults to this referene image.III ResultsWe show in Figs. 2 and 3 the reonstruted imagesusing onstrained TV minimization (abbreviated as TVfor simpliity hereafter), maximum likelihood expetationmaximization (abbreviated as EM hereafter), and FDK,on the 61-view data. Also shown is the FDK reon-struted image on the full 361-view data. Eah imageshown is shown at transverse (z=100), sagittal (x=266),and oronal (y=180) planes. One an see that using the61-view data, almost all the vasulature anatomy seen inthe full-data referene image has been reovered by theTV method. In omparison, while big arteries are reov-ered by EM, small blood vessels are obsured by streaks,and the edge of the blood vessels are blurred. In 61-viewFDK reonstrution image, �ne blood vessels are severelyobsured by the artifat due to insu�ient angular sam-pling.For eah reonstrution method, we show in Fig. 4 thesurfae rendered image , whih is a popular and powerfulway to visualize the volume image by miro-CT sannerusers [11℄. All the images are thresholded at the same graylevel. It is learly shown that the TV method suessfullyreovered almost all the vasulature strutures, espeiallythose �ne vessels. In ontrast, EM has lost many detailsof the strutures, and some elongated blood vessels reov-ered intat by TV method are now broken. The image
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FDK 61−view

TV 61−viewFDK 361−view

EM 61−view

Fig. 2. Reonstruted images at the middle transverse plane using FDK,EM, and TV from projetion data at 61 views. Full data of 361 viewsare reonstruted using FDK as a referene image.
Fig. 3. Reonstruted images at a sagittal plane (x=266, left olumn)and a oronal plane (y=180, right olumn) by FDK from the full 361-view data (top row), and by FDK (seond row), EM (third row), andTV (bottom row) from the 61-view data.reonstruted by FDK is ompletely overwhelmed by ar-tifats and little useful information an be obtained.IV DisussionWe have applied a onstrained TVminimization methodto real one-beam data sets aquired at a number of viewsmuh smaller than what is used in urrent pratie. Com-parisons with FDK and EM methods using the same few-view data set and with FDK using the full data set suggestthat while alternative methods fail, the proposed methodan ahieve aurate reonstrution with substantially re-dued number of projetions. Unlike numerial simula-tions where the few-view data are perfetly self-onsistent,the real data are ontaminated by various kinds of physi-al fators during the data aquisition proess. Neverthe-less, our results show that when applied appropriately, theonstrained TV minimization method is robust to suh in-onsisteny and an yield useful information for spei�
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Abstract—Recently, grating-based hard X-ray imaging is a 

promising new tool for medical diagnosis and industrial 
nondestructive testing, because it can not only work with 
conventional X-ray tube but also provide multiple types of 
information. In this paper, a projection-based grating-based 
computed tomography is presented to reconstruct the linear 
attenuation coefficient distribution, the refractive index gradient 
distribution and the second central moment of the scattering 
angle distribution of the tested sample during only one computed 
tomographic scanning. It is validated by the experiments on the 
experimental setup in Tsinghua University. 

I. INTRODUCTION 
n general for X-rays, the complex refractive index of an 
object can be expressed as βδ in −−= 1 , where the  

refractive index decrement δ  determines the phase shift φ  of 

the X-rays passing through the object. The absorption index β  
is correlated with the linear absorption coefficient µ  [1]. 

Conventional hard X-ray imaging generates image contrast 
by reason of variations in X-ray attenuation that arises from 
absorption and scattering of imaged objects, while 
weakly-absorbing low-Z objects have such poor contrast that 
their internal structures can not be distinguished easily despite 
increasing doses. Since 1990s, new imaging mechanisms have 
been developed to enhance contrast of those objects, including 
phase-contrast imaging[2-5] and dark-filed imaging 
methods[6]. Among them, analyzer-based imaging method 
and grating- based imaging method can both obtain multiple 
kinds of information.  

In 2003, Wernick et al presented ‘Multiple-image 
radiography’ and retrieved an attenuation image, a refraction 
image and an ultra-small-angle scatter image[7].  Oltulu et al 
also presented ‘Extinction-refraction-absorption analysis’ 
method providing four kinds of information: an absorption 
image, a refraction image, an extinction image and a scatter 
width image[8]. Pagot et al presented a different extraction 
method of four kinds of information: a maximum absorption 
image, an integrated absorption image, an integrated refraction 
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image and an ultrasmall-angle x-ray scattering image[9]. In 
2006, Brankov et al implemented multiple information 
computed tomography based on multiple-image radiography, 
which could reconstruct the total x-ray attenuation coefficient 
distribution, the x derivative of the refractive index distribution, 
and the second central moments of voxel impulse responses 
distribution (corresponding to ultra-small-angle scatter 
information)[10]. 

Analyzer-based imaging method is almost limited by 
synchrotron radiation sources, but grating-based imaging 
method is proved to be utilized with conventional X-ray tubes 
by Pfeiffer et al [11]. They applied a Talbot-Lau interferometer 
to retrieve differential phase shift information and (ultra-) 
small-angle scattering information (that is, dark-field 
informaiton)[12]. Subsequently, computed tomography using 
phase shift information and dark-field information were, 
respectively, presented to reconstruction the refractive index 
distribution[13] and the generalized scattering parameter 
distribution[14]. 

In this paper, we present an alternative method for 
grating-based imaging with conventional X-ray tubes to 
implement multiple information computed tomography. An 
experimental system is built to validate the feasibility of this 
method. 

 

II. THEORY 

A. Talbot-Lau-interferometry-based  type 
The necessary condition of Talbot effect is that the transverse 

coherence length cohl  of the optical system should be longer 
than the period of the grating ( p), that is, 

p
S
Llcoh ≥≡ λ  (1) 

where L  denotes the distance between the source and the 
grating, S  denotes the focal spot size of the source and λ      
denotes the wavelength of the X-ray. This is the coherent 
condition of Talbot effect. 

If an extended light source illuminated a transmission gratin, 
the visibility of the self-imaging replica of the grating is 
weakened. In extreme cases, the size of the light source is so 
large to smooth the self-imaging replica of the grating out. So 
Pfeiffer et al [11] firstly measured differential phase shift by use 
of a Talbot-Lau interferometer with conventional X-ray tubes, 
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but the open of the source grating must be narrow enough to 
satisfied the coherent condition of Talbot effect and the period 
of the source grating ( 0p ) should follow the condition,   

20 p
D
Lp

T

s=  (2) 

where sL  denotes the distance between the source grating and 
the phase grating, TD  denotes the fractional Talbot distance 
between the phase grating and the absorption grating and 2p  
denotes the period of the absorption grating. 

 

B. Projection-based type 
Huang et al presented another grating-based imaging 

method directly under the incoherent condition, that is, 

plcoh <  [15], whose schematic diagram is shown in fig.1. 

 
The projection image of a grating can be detected when a 

detector is placed close to the grating under the incoherent 
condition, but the projection image gets blurring as the distance 
between the grating and the detector increases. The line 
patterns in the projection image will even disappear if the 
distance is longer than certain critical distance. Within the 
critical distance, moiré effect can be generated by the projection 
image of the first absorption grating and the second absorption 
grating when the second grating is placed behind the first one. 
When the second absorption grating is placed at arbitrary 
distance shorter than the critical distance from the first 
absorption grating, tilted and vertical moiré fringes moiré 
fringes are observed naturally. If the lines of two gratings are 
parallel to each other and the distance of two gratings ( D ) is 
adjusted to accord with 

DL
L

p
p

+
=

2

1  (3) 

where 21 , pp denote the periods the first and second gratings, 
respectively, then infinite moiré fringes take place. According 
to the principle of moiré deflectometry [16], infinite moiré 
phenomenon under the incoherent condition of plcoh <  
proves the possibility of measuring x-ray attenuation 

information, the differential phase shift information and the 
dark-field information by use of the phase-stepping approach.  

An optional source grating can be added to the imaging 
system in the case of large focal-spot-sized sources so that 
analogous Lau effect can be utilized to enhanced image 
contrast. The main difference from Talbot-Lau interferometry 
is that the openings of the source grating do not need to be 
narrow enough to provide spatial coherent X-rays for the 
Talbot effect, and thus more X-rays can pass through the source 
grating and be utilized adequately in the experiment. In order 
to improve the visibility of the projection images contributed by 
each small-focal-spot -sized sub-source split by the source 
grating. Certainly, the period of the source grating should 
satisfy the equation (2). 

C. Multiple information computed tomography 
In projection-based grating-based computed tomography, 

tested samples are rotated to realize computed tomography 
scanning. For each projection direction, the phase stepping 
approach is applied to retrieve three kinds of information by 
analyzing the intensity oscillation curve of each pixel, which is 
represented by[17] 

( ) cos( )s s s sI k a b k x φ≈ + ∆ +  (4) 
( ) cos( )b b b bI k a b k x φ≈ + ∆ +  (5) 

where ( )sI k and ( )bI k  presents the intensity oscillation curve 
with and without sample, respectively, k is the index of the 
steps, x∆ is the step length and )( bs φφφ −=∆ . Then the 
attenuation information, the differential phase shift 
information[15] and  the dark-field information[18] can be 
retrieved by the following formulae: 

)
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π
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where µ  denotes the linear attenuation coefficient, l  denotes 
the beam path, θ∆  denotes the refraction angle of the 

refracted beam and 2δ  denotes the second central moment of 
the scattering angle distribution. sV and rV  represent the 
visibility of the oscillation curve with and without the sample.  

Using above information, the distributions of different 
physical parameters, that is, the linear attenuation coefficient 
distribution, the refractive index gradient distribution and the 
second central moment of the scattering angle distribution, can 
be reconstructed according to computed tomographic 
principles [18,19]. 

III. EXPERIMENTS 
The experiments were carried out on a projection-based 

 
Fig. 1.  The schematic diagram of the projection-based grating-based 
method. 
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grating-based computed tomographic experimental setup at 
Tsinghua University. The target material of the x-ray tube was 
tungsten(W) and the inherent filtration was 0.8 mm beryllium 
(Be). The x-ray tube had two focal spot sizes: a small focal spot 
size, which was 170 m with 30 kV and 10 mA, and a large focal 
spot size, which was 600 m with 30 kV and 40 mA measured by 
a narrow slit. A CCD X-ray camera with the spatial resolution 
of 8lp/mm was used to capture images. The pitches of the two 
absorption gratings are 20μm and 22μm, respectively and the 
pitch of the corresponding source grating is 220μm.  

A plastic tube and a rubber tube were inspected on the 
experimental setup by scanning within 180 degrees with a 
interval of 3 degrees. For each projection, five phase stepping 
approach was adopted. Totally 60 projections were applied to 

reconstruct multiple information. Total variance filteration was 
adopted to suppress the artifacts due to the data incompletion 
caused by the coarse angular sampling [20]. The experimental 
results were shown in Fig. 2. 

 

IV. CONCLUSION 
In conclusion, the grating-based imaging computed 

tomography can provide multiple kinds of information (the 
linear attenuation coefficient distribution, the refractive index 
gradient distribution and the second central moment of the 
scattering angle distribution) during only one computed 
tomographic scanning, having the advantage over 
conventional computed tomography. It is validated by the 
experiments on our projection-based grating-based computed 
tomographic experimental setup. 

 

REFERENCES 
[1] A. G.Michette, and C. J.Buckley, X-ray science and technology  (London: 

Institute of Physics publishing, 1993)  
[2] A.Momose, T.Takeda and Y.Itai. Rev. Sci. Instrum., 66,1434-1436 (1995). 
[3] A.Snigirev, I.Snigireva, V.Kohn, S.Kuznetsov and I.Schelokov. Rev. Sci. 

Instrum., 66, 5486-5492 (1995) 
[4] T. J.Davis, D.Gao, T. E.Gueyev, A. W.Stevenson and S. W.Wilkins. Nature, 

373, 595-597 (1995) 
[5] C.David, B. Nohammer, H. H.Solak and E.Ziegler. Applied physics letters, 

81, 3287-3289 (2002). 
[6] Yoshio Suzuki et al,  Rev. Sci. Instrum. 66(2):1468-1470, 1995. 
[7] M.N. Wernick, O. Wirjadi, D. Chapman, Z. Zhong, N.P. Galatsanos, Y. 

Yang, J.G. Brankov, O. Oltulu, M.A. Anastasio, C. Muehleman, Phys. Med. 
Biol. 48 (2003) 3875. 

[8] O. Oltulu, Z. Zhong, M. Hasnah, M.N. Wernick, D. Chapman, J. Phys. D: 
Appl. Phys. 36 (2003) 2152. 

[9] E. Pagot, P. Cloetens, S. Fiedler, A. Bravin, P. Coan, J. Baruchel, J. 
Haertwig, W.A. Thomlinson, Appl. Phys. Lett. 82 (2003) 3421. 

[10] J.G.Brankov, M.N. Wernick, et al, , Med. Phys. 33:278-289, 2006 
[11] F.Pfeiffer, T.Weitkamp, O.Bunk and C.David. Nature physics, 2, 258-261 

(2006) 
[12] F.Pfeiffer, M.Bech, O.Bunk,et al. Nature Materials. 7:134-137, 2008 
[13] F.Pfeiffer, C.Grunzweig, et al, Physcal review letters, 96:215505, 2006 
[14] M.Strobl, C.Grunzweig, et al, Phusical review letters, 101:123902, 2008 
[15] Z.Huang, K. Kang, et al, Physical Review A 79, 013815, 2009 
[16] O.Kafri, “Noncoherent method for mapping phase objects”, Optics letters, 

1980, vol.5, pp.555-557 
[17] Z.Wang, Z.Huang,, et al, SPIE Symposium on Medical Imaging, USA, 

Florida, 2009. 
[18] Z.Wang, Z.Huang, et al, fully3D 2009, Beijing, China  (to be submitted) 
[19] Zhifeng Huang, Kejun Kang, Li Zhang, et al, Workshop on X-Ray Micro 

Imaging of Materials, Devices, and Organisms, IEEE NSS/MIC/RTSD, 
Dresden, 2008 

[20] E.Y. Sidky, C.M. Kao, and X. Pan, Journal of X-Ray Science and 
Technology, 14(2): 119-139, 2006 

 

(a) (b) (c)

rubber plastic

(d) (e) (f)
 

Fig. 2.  The experimental results of a plastic tube and a rubber tube. 
(a) The attenuation information. 
(b) The differential phase shift information. 
(c) The dark-field (small-angle scattering) information. 
(d) The linear attenuation coefficient distribution 
(e) The refractive index gradient distribution. 
(f) The second central moment of the scattering angle distribution. 
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