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Monday July 9 (HPIR Workshop) 
 
Oral: System design (S. Basu) 
8:15 - 8:45  B. De Man, R. Nilsen, E. Drapkin: High Performance Image 

Reconstruction and Implementation.  p. 13 
8:45 - 9:15  O. Bockenbach, S. Schuberth, M. Knaup, M. Kachelrieß: 

High-Performance 3D Image Reconstruction Platforms; 
State of the Art, Implications and Compromises.  p. 17 

9:15 - 9:45  A. Polacin: Design Consideration on Image Reconstruction 
System for High-End CT-Scanner.  p. 21 

 

Coffee 
 

Oral: Computing platforms (G. Wang) 
10:15 - 10:45 B. Heigl, M. Kowarschik: High-Speed Reconstruction for C-

Arm Computed Tomography.  p. 25 
10:45 - 11:15 H. Scherl, S. Hoppe, G. Lauritsch, W. Eckert, M. 

Kowarschik, J. Hornegger: On-the-fly-Reconstruction in 
Exact Cone-Beam CT using the Cell Broadband Engine 
Architecture.  p. 29 

11:15 - 11:45 F. Xu, K. Mueller: GPU-Acceleration of Attenuation and 
Scattering Compensation in Emission Computed 
Tomography. p. 33 

 

Lunch 
 

Oral: Applications (R. Ning) 
13:15 - 13:45 M. Schellmann, S. Gorlatch: Comparison of Two 

Decomposition Strategies for Parallelizing the 3D List-Mode 
OSEM Algorithm.  p. 37 

13:45 - 14:15 G. Pratx, G. Chinn, F. Habte, P. Olcott, C. Levin: 
Acceleration of Fully 3-D List-Mode OSEM for High-
Resolution PET using Graphics Processing Units.  p. 41 

14:15 - 14:45  M. Knaup, M. Kachelrieß: Acceleration Techniques for 2D 
Parallel and 3D Perspective Forward- and Backprojections.  p. 45 

14:45 - 15:00  Poster Fast Forward: One Minute - One PPT Slide per Poster  
 

Coffee 
 

15:15 - 16:15  Poster session 

• J. Scheins, H. Herzog: Optimised System Matrix 
Compression and Matrix Element Access for Iterative 3D 
PET Reconstruction Using Non-Rectangular, Rotationally 
Symmetric Voxel Formations.  p. 49 

• H. Yang, M. Li, K. Koizumi, H. Kudo: Accelerating 
Backprojections via CUDA Architecture.  p. 52 

• J. Gregor, T. Benson, G. Bosilca: Distributed Multi-Core 
Implementation of SIRT with Application to Cone-Beam 
Micro-CT. p. 56 

• E.Y. Sidky, X. Pan: Few-View, Cone-Beam CT Image 
Reconstruction by GPU-Accelerated Total Variation 
Minimization. p. 60 
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• M.F. Smith, S. Majewski, R.R. Raylman: Fully 3D Iterative 
List-Mode PEM-PET Image Reconstruction on a 
Multiprocessor Computer.  p. 64 

• D. Riabkov, X. Xue, D. Tubbs, A. Cheryauka: Accelerated 
Cone-Beam Backprojection using GPU-CPU Hardware.  p. 68 

• R. Tita, T.C. Lueth: Online Iterative Reconstruction with the 
use of the Graphical Processing Unit (GPU).  p. 72 

• M.S. Vaz, M. McLin, A. Ricker: Current and Next Generation 
GPUs for Accelerating CT Reconstruction: Quality, 
Performance, and Tuning.  p. 76 

 

Panel:  High performance image reconstruction: current trends and 
future perspectives 

16:15 - 17:30 Samit Basu (GE) 
Olivier Bockenbach (Mercury) 
Marc Kachelrieß (University of Erlangen)  
Klaus Mueller (Stony Brook University)  
Alan Ricker (Barco) 

 

18:00  Fully 3D 2007 Reception 
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Tuesday July 10 (Fully 3D Meeting) 
Oral: Exact Reconstruction in CT (M. Defrise, F. Noo) 
8:15 - 8:45  A. Katsevich, M. Kapralov: Theoretically Exact FBP 

Reconstruction Algorithms for two General Classes of 
Curves.  p. 80 

8:45 - 9:15  S. Cho, D. Xia, X. Pan: Exact Image Reconstruction in 
Reverse Helical Cone-Beam CT.  p. 84 

9:15 - 9:45  C. Bontus, M. Grass, P. Koken, T. Köhler: Exact 
Reconstruction Algorithm for Circular Short-Scan CT 
Combined with a Helical Segment.  p. 88 

 

Coffee 
 

Oral: PET / SPECT (P. Kinahan, D. Gilland) 
10:15 - 10:45 T. Yamaya, E. Yoshida, C.F. Lam, A. Konami, T. Obi, H. 

Murayama: Implementation of 3D Image Reconstruction with 
a Pre-computed System Matrix for the jPET-D4.  p. 92 

10:45 - 11:15 Q. Huang, J. You, G.L. Zeng, G.T. Gullberg: Exact 
Reconstruction on PI-lines From Uniformly Attenuated 
SPECT Projection Data.  p. 96 

11:15 - 11:45 W. Wang: Investigation of Local Tomography Property for 
TOF-PET OS-EM Reconstruction.  p. 100 

 

Lunch 
 

Oral: Iterative Reconstruction in CT (G. Lauritsch, J. Gregor) 
13:15 - 13:45 C. Neukirchen, S. Hohmann: An Iterative Approach for 

Model-Based Tomographic Perfusion Estimation.  p. 104 
13:45 - 14:15 J. Xu, B.M.W. Tsui: A Compound Poisson Maximum-

Likelihood Iterative Reconstruction Algorithm for X-Ray CT.  p. 108 
14:15 - 14:45  J.B. Thibault, Z. Yu, K. Sauer, C. Bouman, J. Hsieh: 

Correction of Gain Fluctuations in Iterative Tomographic 
Image Reconstruction.  p. 112 

 

Coffee 
 

Poster (S. Patch, D. Gilland) 
15:00 - 15:20  Poster Fast Forward: One Minute - One PPT Slide per Poster  
15:20 - 17:30  Poster session 

• G. - H. Chen, Z. Qi: Image Reconstruction for Fan Beam 
Differential Phase Contrast Computed Tomography.  p. 116 

• H. Schöndube, K. Stierstorfer, F. Dennerlein, T.A. White, F. 
Noo: Towards an Efficient Two-Step Hilbert Algorithm for 
Helical Cone-Beam CT.  p. 120 

• J. Sunnegårdh, P. - E. Danielsson: A New Anti-Aliased 
Projection Operator for Iterative CT Reconstruction.  p. 124 

• H. Gao, Y. Xing, L. Zhang, Z. Chen, J. Cheng: Fast and 
Robust Edge-Preserving Image Reconstruction for Limited-
Angle Tomography.  p. 128 

• T. Zhuang, G. - H. Chen: Noise Performance Study of Cone-
Beam FBP Reconstruction Algorithms for Circle-Line 
Source.  p. 132 
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• X. Tang, J. Hsieh, P.E. Licato, J. Londt, D. Okerlund: Helical 
Cone Beam FBP Algorithm for Reconstruction at 
Dynamically Variable Pitch using Data 
Windowing/Weighting.  p. 136 

• S.H. Bartling, J. Dinkel, W. Stiller, M. Grasruck, W. Semmler, 
F. Kiessling: Implementation of Intrinsic Respiratory Gating 
in a Small Animal Flat-Panel Based CT.  p. 140 

• M.W. Jacobson, J.W. Stayman: Head Motion Tracking in 
Cone Beam CT by Tomographic Extraction of Fiducials.  p. 143 

• D. Lu, M. Liu, E. Bai, G. Wang: Analysis of the Bolus 
Dynamics in a Blood Vessel using the Grangeat Formula.  p. 147 

• S.J. LaRoque, E.Y. Sidky, X. Pan: Image Reconstruction 
from Sparse Data in Three-Dimensional Echo-Planar 
Imaging.  p. 151 

• I. Reiser, J. Bian, R.M. Nishikawa, E.Y. Sidky, X. Pan: 
Comparison of Reconstruction Algorithms for Digital Breast 
Tomosynthesis.  p. 155 

• A. Katsevich, F. Natterer: Ultrasound Tomography with 
Sources on a Line. p. 159 

• C. Wietholt, I. - T. Hsiao, C. - T. Chen: Iterative 
Reconstruction of Preclinical High Resolution Pinhole 
SPECT with a Misaligned Detector.  p. 162 

• A. Sitek: Image Reconstruction in Emission Tomography 
Using Statistical Ensembles.  p. 166 

• M. Defrise, C. Vanhove, J. Nuyts: Refined Geometric 
Calibration for Pinhole SPECT.  p. 170 

• K. Kacperski, B.F. Hutton: Optimal Parallel Hole Collimator 
for Cardiac SPECT with Iterative Reconstruction and 3D 
Resolution Modelling.  p. 174 

• B. Zhang, G.L. Zeng: High-Sensitivity SPECT Imaging Using 
Large Collimator Holes and Geometric Blurring 
Compensation. p. 178 

• S. Shcherbinin, A. Celler: Optimization of 3D Reconstruction 
Algorithm for 99mTc/123I Dual-Isotope Cardiac SPECT.  p. 182 

• Y. Yan, G.L. Zeng: A Post-Processing Method for Scatter 
Compensation in SPECT.  p. 186 

• J.W. Moore, L.R. Furenlid, H.H. Barrett: FaCT: A Helical-
Scan Cone-Beam CT Integrated with a Stationary 
Multidetector SPECT System.  p. 190 

 

18:00  Dinner 
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Wednesday July 11 (Fully 3D Meeting) 
Oral: PET/SPECT (G.T. Gullberg, I. Buvat) 
8:15 - 8:45 D.R. Gilland, B.A. Mair: Improved 3D Motion Estimation for 

Cardiac Emission Tomography.  p. 193 
8:45 - 9:15   L. Fu, G. Wang, J. Qi: Direct Maximum a Posteriori 

Reconstruction of Patlak Parametric Image for Fully 3D 
Dynamic PET.  p. 197 

9:15 - 9:45   J. Dey, B. Feng, K.L. Johnson, J.E. McNamara, P.H. 
Pretorius, M.A. King: Respiratory Motion Correction in 
Cardiac SPECT using Affine and Free-Form Deformation 
Registration with Temporal and Spatial Constraints.  p. 201 

 

Coffee 
 

Oral: Image Reconstruction in CT (L. Desbat, P.-E. Danielsson) 
10:15 - 10:45  J. Zhao, Y. Jin, Y. Lu, G. Wang: A Reconstruction Algorithm 

for Triple-Source Helical Cone-Beam CT via Filtered 
Backprojection.  p. 205 

10:45 - 11:15  S. Hoppe, J. Hornegger, G. Lauritsch, F. Dennerlein, F. Noo: 
Truncation Correction for Non-horizontal Filter Lines.  p. 209 

11:15 - 11:45  D. Xia, S. Cho, X. Pan: Image Reconstruction for a Reduced 
Scan in Circular Sinusoidal Cone-beam CT.  p. 213 

 

Lunch 
 

Oral: PET / SPECT (J. Qi, R. Huesman) 
13:15 - 13:45 S. Moehrs, M. Defrise, N. Belcari, A. Del Guerra: Multi-Ray 

Based System Matrix Generation for 3D PET 
Reconstruction.  p. 217 

13:45 - 14:15  H. Botterweck, R. Bippus, A. Goedicke, A. Salomon, H. 
Wieczorek: Quantitative Simultaneous Multiple Isotope 
SPECT Imaging with Iterative Monte-Carlo Reconstruction.  p. 221 

14:15 - 14:45 S. Valton, P. Bérard, J. Riendeau, C. Thibaudeau, R. 
Lecomte, D. Sappey - Marinier, F. Peyrin: Fan Beam 
Reconstruction for Non-standard Equiangular Detector with 
a FBP Formula.  p. 225 

 

Coffee 
 

Poster (M. Defrise, J. Qi) 
15:00 - 15:20  Poster Fast Forward: One Minute - One PPT Slide per Poster  
15:20 - 17:30  Poster session 

• L. Desbat, L. Gratton: Sampling with the Reflected Lattice in 
Helical Fan Beam CT.  p. 229 

• J. You, G.L. Zeng, Q. Huang: Finite Inversion of the 
Weighted Hilbert Transform.  p. 233 

• J. Sunnegårdh, P. - E. Danielsson: Regularized Iterative 
Weighted Filtered Backprojection for Helical Cone-Beam CT. p. 237 

• P.J. La Rivière, P. Vargas: Optimal Sampling and 
Interpolation Schemes for 3D X-ray Fluorescence Computed 
Tomography.  p. 241 
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• D. Schäfer, U. Jandt, J.D. Carroll, M. Grass: Motion 
Compensated Reconstruction for Rotational X-Ray 
Angiography using 4D Coronary Centerline Models.  p. 245 

• U. Jandt, D. Schäfer, M. Grass, V. Rasche: Automatic 
Generation of Time Resolved 4D Motion Vector Fields of 
Coronary Arteries.  p. 249 

• J. Hsieh, J. Londt, M. Vass, X. Tang, J. Li, D. Okerlund: 
Step-and-shoot Cardiac Imaging with Optimal Temporal 
Gating and Reconstruction.  p. 253 

• I.A. Hein, A.A. Zamyatin, M.D. Silver, S. Nakanishi: A 
Weighted Zero-Interlacing based Native-Geometry Flying 
Focal Spot Data Upsampling Algorithm for Cone-Beam X-
Ray CT.  p. 257 

• M. Magnusson: Projection Generation through Voxel 
Volumes Considering Signal Processing Theory.  p. 261 

• L. Zhu, J. Starman, R. Fahrig: An Efficient Method for 
Reducing the Axial Intensity drop in Circular Cone-Beam CT. 
 p. 265 

• O. Trofimov: Cone-beam Reconstruction Algorithm when 
Source Trajectory is One Circle.  p. 269 

• P.-E. Danielsson, J. Sunnegårdh: Advanced Linear Modeling 
and Interpolation in CT-Reconstruction.  p. 273 

• V.Y. Panin, M. Defrise: 3D TOF PET Forward Projector 
Based on Axial Consistency Conditions.  p. 277 

• J.A. Piatt, G.L. Zeng: Estimation of Skew-Slit SPECT 
Acquisition Geometry Using a Single Point Source.  p. 281 

• C.F. Lam, T. Yamaya, T. Obi, H. Takahashi, M. Suga, E. 
Yoshida, N. Inadama, K. Shibuya, F. Nishikido, H. 
Murayama: 3D PET Image Reconstruction with On-the-fly 
System Matrix Generation Accelerated by Utilizing Shift and 
Symmetry Properties.  p. 285 

• T. Kobayashi, T. Yamaya, H. Takahashi, K. Kitamura, T. 
Hasegawa, H. Murayama, M. Suga: Improvement of PET 
Image Quality Using DOI and TOF Information.  p. 289 

• Q. Tang, J. You, G.L. Zeng, G.T. Gullberg: Analytical Image 
Reconstruction for Convergent-beam Non-circular Orbit 
Attenuation Correction.  p. 293 

• J. Gregor, N. Black, J. Wall: Monte Carlo Study of Scatter 
and Attenuation Effects in Connection with I-125 Pinhole 
Imaging of Mice.  p. 297 

• L. Zhang, S. Vandenberghe, S. Staelens, S.J. Glick, Y. 
D’Asseler, I. Lemahieu: PET Reconstruction with Monte-
Carlo Generated System Matrix for Strip Blob.  p. 301 

• B.W. Reutter, G.T. Gullberg, R. Boutchko, K. Balakrishnan, 
E.H. Botvinick, R.H. Huesman: Regularized Least-Squares 
SPECT Image Reconstruction using Multiresolution Spatial 
B-Splines and a Negativity Penalty.  p. 305 

 
 18:00  Dinner 
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Thursday July 12 (Fully 3D Meeting) 
Oral: Other Imaging Modalities (S. Patch, B. De Man) 
8:15 - 8:45  H. Kunze, W. Härer, J. Orman, T. Mertelmeier, K. 

Stierstorfer: Filter Determination for Tomosynthesis Aided by 
Iterative Reconstruction Techniques.  p. 309 

8:45 - 9:15  K. Champley, M. Defrise, R. Clackdoyle, R.R. Raylman, P.E. 
Kinahan: Planogram Rebinning with the Frequency-Distance 
Relationship.  p. 313 

8:45 - 9:15 L. Zhang, G. Zhang, Z. Chen, Y. Xing: An Approximate 
Reconstruction Method for Dual Energy Computed 
Tomography.  p. 317 

 

Coffee 
 

Oral: PET/SPECT (F. Beekman, B.M.W. Tsui) 
10:15 - 10:45 M.A. King, J.E. McNamara, B. Feng, J.G. Martins: Tracking 

Patient Motion in 3D in a PET/CT.  p. 321 
10:45 - 11:15 K. Kitamura, S. Takahashi: On-the-fly 3D Iterative 

Reconstruction for Continuous 3D Whole-Body PET.  p. 325 
11:15 - 11:45 G.L. Zeng, Q. Huang: Compensating for Collimator Blurring 

using Rotational and Axial Convolution.  p. 329 
 

Lunch 
 

Oral: Exact Reconstruction in CT (A. Katsevich, K. Taguchi) 
13:15 - 13:45  A. Katsevich, A.A. Zamyatin, M.D. Silver: Optimized 

Reconstruction Algorithm for Helical CT with Fractional Pitch 
between 1PI and 3PI.  p. 333 

13:45 - 14:15  A.A. Zamyatin, B.S. Chiang, A. Katsevich, S. Nakanishi: 
Filtered Backprojection Algorithm for Circle and Line 
Reconstruction with Gantry Tilt.  p. 337 

14:15 - 14:45  R.C. Naidu, B.Ü. Karbeyaz, Z. Ying, S.B. Simanovsky, M.W. 
Hirsch, D.A. Schafer, C.R. Crawford: Variable Pitch Tilted 
Slice Reconstruction using John´s Equation.  p. 340 

 

Coffee 
 

Poster (A. Katsevich , B.M.W. Tsui) 
15:00 - 15:20  Poster Fast Forward: One Minute - One PPT Slide per Poster  
15:20 - 17:30  Poster session 

• A.K. Louis, D. Theis, T. Weber: Computing Reconstruction 
Kernels for Circular 3D Cone Beam Tomography.  p. 343 

• F. Dennerlein, F. Noo, H. Schöndube, J. Hornegger, G. 
Lauritsch: Cone-Beam Reconstruction on a Circular Short-
Scan using the Factorization Approach.  p. 346 

• M. Chakchouk, S. Sevestre - Ghalila, C. Graffigne: Volume 
X-Ray Forward Projection using Adaptive Kernel Estimation 
Framework. p. 350 

• T. Zhuang, S. Leng, G. - H. Chen: An Exact Cone-Beam 
Reconstruction Algorithm for two Concentric Arcs.  p. 354 

• G. Lauritsch, J. Boese, L. Wigström, M. Prümmer, R. Fahrig: 
Temporal Resolution in Cardiac C-arm CT in the Presence 
of Variable Heart Rate  p. 358 
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• H. Schomberg: Time-Resolved Cardiac Cone Beam CT.  p. 362 

• L. Zhu, J. Starman, R. Fahrig: The Relationship between the 
T-FDK Algorithm and the Hu-FDK Algorithm.  p. 366 

• T. Schuster: 3D Imaging in Cone Beam Vector Field 
Tomography.  p. 370 

• K.P. Anoop, K. Rajgopal: Reconstruction from Laterally 
Truncated Projection Data in Helical Cone-Beam CT.  p. 374 

• P. Forthmann, A. Ziegler, T. Köhler, M. Defrise: PL Sinogram 
Restoration and ML Reconstruction - A Benchmark.  p. 378 

• R. Boutchko, A. Sitek, G.T. Gullberg: Computed 
Tomography Reconstruction on Irregularly Distributed Blobs. p. 382 

• J. Bian, H. Zhang, P. Zhang, X. Pan: A Cone Beam 
Approach to ROI Imaging with a Detector Smaller than the 
Imaged Object.  p. 386 

• R. Van Holen, S. Vandenberghe, S. Staelens, Y. D’Asseler, 
I. Lemahieu: Fast 3D Image Reconstruction for Rotating Slat 
Collimated Gamma Cameras.  p. 390 

• J.E. Ortuño, G. Kontaxakis, J.L. Rubio, P. Guerra, A. Santos: 
3D Iterative Reconstruction of High Resolution PET/CT 
Images using Anatomical Priors and Attenuation Correction.  p. 394 

• C. - M. Kao, Y. Dong, Q. Xie, C. - T. Chen: Image 
Reconstruction of a Dual-Head Small-Animal PET System 
by Using Monte-Carlo Computed System Response Matrix.  p. 398 

• K. Balakrishnan, B.W. Reutter, R. Boutchko, A.C. Sauve, 
G.T. Gullberg: Attenuation Correction of Small-Animal 
SPECT Data in Clinical SPECT/CT Systems.  p. 402 

• P. Aguiar, M. Rafecas, C. Falcón, J. Pavía, D. Ros: Fully 3D 
PET Iterative Reconstruction using Pseudo-Wu Raytracer.  p. 405 

• H.C. Gifford, A. Lehovich, M.A. King: A Human-Model 
Observer for Volumetric Detection Studies.  p. 409 

• J.G. Parker, B.A. Mair, D.R. Gilland, M. Mahoney: Cardiac 
Emission Tomography with 3D Respiratory Motion 
Correction. p. 413 

• J. Rinkel, P. Després, S. Prevrhal: New 3D Fast Exact Ray-
Driven Projector.  p. 417 

 

18:00  Dinner 
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Friday July 13 (Fully 3D Meeting) 
Oral: Special Session (X. Pan, M. Kachelrieß) 
8:15 - 8:45  S.K. Patch: Pulse Softening in Thermo/Photo/Opto-Acoustic 

Tomography.  p. 421 
8:45 - 9:15  G.T. Gullberg, A.I. Veress, A. Sitek, R. Boutchko, B.W. 

Reutter, R.H. Huesman: Tomographic Reconstruction of 
Tracer Kinetics in the Heart using a Spatiotemporal 
Mechanical Model.  p. 425 

9:15 - 9:45  A.V. Bronnikov: Phase-contrast CT: Fundamental Theorem 
and Reconstruction Algorithms.  p. 429 

 

Coffee 
 

Oral: 4D Imaging in CT (T. Koehler, G. Wang) 
10:15 - 10:45  K. Taguchi, H. Kudo: Motion Compensated Fan-Beam 

Reconstruction for Computed Tomography using Derivative 
Backprojection Filtering Approach.  p. 433 

10:45 - 11:15  U. van Stevendaal, C. Lorenz, J. von Berg, M. Grass: 
Motion-Compensated Reconstruction in Helical Cardiac CT.  p. 437 

11:15 - 11:45  J. Wang, H. Lu, T. Li, Z. Liang: Noise Reduction for Four 
Dimensional Dynamic Computed Tomography.  p. 441 
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High Performance Image Reconstruction and 
Implementation 

Bruno De Man, Roy Nilsen, and Evgeny Drapkin 

 
Abstract — We present an overview of factors that impact 

reconstruction times in CT, including a history of CT data sizes, 
an overview of CT reconstruction algorithms along with methods 
to improve convergence speed, and an overview of projector-
backprojectors. We give an overview of different hardware 
solutions, and we address the process of mapping a given 
algorithm on hardware. We describe important design criteria 
such as the bottlenecks in the computations, data movements, 
parallelizability, and need for flexibility. Finally, we present two 
GE Healthcare case studies showing how we have gone through 
the process of selecting the appropriate hardware, implementing 
the desired CT reconstruction algorithm on hardware, and 
ensuring that this architecture can be upgraded and applied to 
future scanner generations. 
 
 

Index Terms — CT reconstruction, ASIC, FPGA, multi-core 
 

I. INTRODUCTION 
X-ray Computed Tomography (CT) has evolved 

dramatically since its conception in the early seventies, and 
has now become a critical part of medical diagnostics. 
Clinicians are routinely performing CT scans, at a rate of up to 
about ten patients per hour per scanner. A modern CT scanner 
generates about two million digital numbers per second that 
need to be reconstructed to produce cross-sectional images. 
For radiologists, one of the most important features of a CT 
scanner is low reconstruction times. 

In section II we give an overview of the different factors 
that impact reconstruction time, including an overview of data 
sizes, reconstruction algorithms, methods to improve 
convergence speed, projector-backprojectors. 

In section III we present different hardware solutions, 
hardware selection, and hardware implementation. 

In sections IV and V we present two GE Healthcare case 
studies – about one decade apart – showing how we addressed 
this need for fast image reconstruction in the past. 

II. RECONSTRUCTION ALGORITHMS 

A. Data sizes 
Data sizes in CT are continuing to increase. The first CT 
scanners in the early seventies generated images with 80 x 80 
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pixels based on a comparable number of projection 
measurements, in about 5 minutes. Modern scanners generate 
hundreds of 512 x 512 images based on about 1000 views per 
rotation, with 64 x 1000 channels per view, all in seconds. 
There is an on-going trend to further improve spatial 
resolution and reduce scan and reconstruction times. Higher 
resolution imaging may drive matrix sizes up from 512x512. 
Wider coverage and higher resolution will drive channel count 
up placing a higher demand on reconstruction. For a given 
reconstruction approach, this would result in another order of 
magnitude increase in computation. 

B. Pre-processing 
Pre-processing or corrections is the part of CT image 
reconstruction processing that calibrates for imperfections of a 
real physical CT scanner. Pre-processing complexity is 
growing with the complexity of CT systems design. The 
amount of data to process grows with increased coverage and 
resolution. Also increased coverage brings additional 
challenges like scattered radiation. Increased resolution 
amplifies the noise challenge. Pre-processing performance is 
becoming one of the major factors defining total image 
reconstruction performance of a modern CT scanner. 

C. Reconstruction algorithms 
Computation time also depends strongly on the reconstruction 
algorithm, which can belong to one of two categories. 
Direct or analytic reconstruction is based on mathematical 
inversion of the tomographic acquisition process. The most 
common example is filtered backprojection (FBP), which 
consists of a convolution or filtering operation followed by a 
backprojection [1]. Quite recently an exact FBP algorithm was 
presented for helical CT [2] based on filtering on special 
detector lines, followed by Tam-windowed weighted 
backprojection. Direct Fourier reconstruction consists of 
Fourier transforming the projections, rebinning them on a 
Cartesian grid, and performing an inverse Fourier transform. 
Finally, there are Radon-based methods - such as the PHI 
method [3] – which compute plane integrals as an intermediate 
step of the reconstruction process. 
Iterative reconstruction (IR) is based on a (usually statistical) 
cost function, which is optimized iteratively using a certain 
update step [4,5]. Every iteration consists of typically two or 
three (back-) projections. Tens or hundreds of iterations may 
be required for an iterative algorithm to converge, and 
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therefore IR algorithms are typically one to three orders of 
magnitude slower than direct reconstruction approaches. IR 
algorithms can in turn be subdivided in groups. Simultaneous 
update approaches (back-) project the entire image in every 
iteration. They often can be combined with ‘order subsets’ [6], 
a method that uses only a subset of the views in every sub-
iteration. Single/iterative coordinate decent (ICD) methods 
update only one image pixel at a time [7]. Finally there are 
grouped-coordinate or block-based approaches, which update 
a subset of the pixels in every sub-iteration. Finally, IR 
algorithms often also include a prior or penalty function [8], 
which requires some image domain computation that can 
become relatively computationally expensive in some cases. 

D. Convergence speed 
One way to improve the performance of IR, is to improve the 
convergence speed, i.e. to reduce the number of iterations 
required to reach a certain stopping criterion. ICD for example 
has much better convergence characteristics than simultaneous 
update approaches, provided it starts from a good initial 
estimate. On the other hand, the reduced number of iterations 
comes with a much higher cost per iteration. Nuyts et al 
proposed frequency amplification and line search. Many other 
methods have been proposed to improve convergence speed. 

E. Projector-backprojectors 
The core of most reconstruction approaches is the (back-) 
projection. Direct reconstruction algorithms almost always are 
based on a pixel- or voxel-driven backprojection combined 
with linear or bilinear interpolation on the detector. This is the 
most direct discretization of the ideal mathematical formula 
and results in good image quality. A potential drawback can be 
the relatively high arithmetic cost. We recently demonstrated 
[9] that distance-driven backprojection can offer a valuable 
alternative for FBP, both for IQ and computation time. 
Iterative reconstruction algorithms are usually based on a ray-
driven projector [10,11], and tend to use the transpose of the 
projector as backprojector. They result in good IQ but tend to 
have non-sequential memory access patterns. Other 
approaches include splatting [12], where the analytic footprint 
of a pixel basis function is pre-computed, and the solid voxel 
model [13], where the intersection of a beam with a voxel is 
computed by dramatically over-sampling the x-ray beam. 
Other groups have explored non-square basis functions to 
improve performance [14]. We recently demonstrated [15] that 
distance-driven projection can offer a valuable alternative for 
IR, both for IQ and computation time. 

III. HARDWARE SOLUTIONS 

A. Factors impacting hardware selection 
Several factors in addition to performance must be taken into 
consideration when selecting a technology for CT image 
reconstruction solution for medical scanner. General 
availability of the technology in time for product introduction, 
lifetime, configuration control, quality and reliability are 

critical for successful integration of a technology into a 
medical device. Modern reconstruction engines have 
heterogeneous architectures. Issues related to coexistence and 
interoperability of different technologies must be resolved to 
build an integrated reconstruction platform. Immature 
technology might present a significant challenge in software 
and hardware domains. Numerical precision and 
reproducibility of the results are vital for medical devices and 
differentiate the requirements for healthcare industry from 
others (i.e. game consoles or home computing). Time to 
market and the total engineering effort required for porting 
existing algorithms and/or implementing the new ones on the 
new technology along with an effort to integrate it with the 
rest of a medical CT system in many cases play a significant 
role in a decision of using the new technology. Flexibility and 
potential scalability of the technology along with a committed 
roadmap from the technology vendor add attractiveness and 
help to justify a technology switch. 

B. Hardware solutions and trends 
The trend of ever increasing core frequency that was 
dominating during the last decade has virtually ended for all 
major technology vendors. Increased parallelization is the 
current trend, but different vendors have found their unique 
ways to implement this concept. Also SIMD technology, 
which was initially introduced for DSP, now became a 
standard for high performance computing for virtually all 
available technologies. 
Today’s landscape of potential technology is very diverse and 
each technology brings it’s own advantages and challenges. 
Traditional x86 technology provides the best set of 
development tools and is very flexible. However the two major 
vendors parted ways and offer a trade-off between per core 
performance and cache size on one side vs. much higher 
degree of scalability and aggregate system bandwidth on the 
other side. One should expect a significant difference of 
application’s performance on Intel vs. AMD system with the 
same number of x86 cores depending on the application 
bottleneck (number crunching of data inside cache vs. massive 
data transfer from the main memory). Also an approach of 
cloning “full size” CISC x86 cores limits the performance of 
applications like CT image reconstruction, where logical 
operation support and branch prediction at the low level are 
not required. 
DSP and FPGA technologies are attractive from the 
cost/performance standpoint but couldn’t compete with others 
for flexibility and time to market.  
GPU and Cell Broadband Engine (CBE) technologies are 
emerging from the gaming market. Being very different in 
core technology and targeted application, they have many 
characteristics in common. On the positive side are their 
massive parallelism and ultra fast interface to the “primary” 
memory. The challenges common to them both are lack of 
IEEE standard support for floating point rounding, limited size 
of the “primary” memory (up to ~1GB) and limited bandwidth 
interface to the external world.  
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GPUs offer built-in hardware interpolators but bring additional 
challenges due to the non-standard programming model 
(general purpose GPU (GPGPU) software development tools 
are making only the first baby steps and don’t provide access 
to all the available resources) and lack of internal error check 
mechanism that might result in image artifacts.  
CBE provides a much better arsenal of tools for software 
development (gnu compilers support) and explicit control over 
the DMA to and from the “primary” memory to the SPE’s 
local store. However the architecture is optimized for SIMD 
single precision floating-point operations only. That causes 
scalar or double precision operations to be performed much 
slower. Limited size (256KB) local storage for code and data 
provides additional challenge and requires a unique approach 
in optimizing the code and balancing number crunching and 
data transfer. 
GPU and CBE technologies are entering a domain of medical 
imaging applications. There are pieces of image reconstruction 
processes that can be mapped on GPU or CBE today. As GPU 
and CBE technologies mature to meet medical imaging 
requirements, these technologies might cause x86 to make 
way. 

C. High Performance Implementation 
High performance implementation starts with an analysis of 
the algorithm to be used.  First, it must be determined which 
parts of the algorithm will take the most computation and 
which will need to input and/or output the most data.  Second, 
the algorithm must be examined for parallelism opportunities.  
Can multiple pieces of data be processed at the same time in 
any of the stages?  Can any of the stages be executed at the 
same time?  Can we break the data movement into pieces by 
breaking the processing into pieces? 
The output of this analysis is then studied to select the best 
HW and SW platforms for implementation.  A trade-off of 
single, very high powered processors to multiple, less 
powerful processors must be made using the opportunity for 
parallelization.  The question of required flexibility and 
stability of the algorithm is used to determine if custom HW is 
an option for some portions of the algorithm.  The amount of 
data required will drive memory architectures, hierarchy and 
required speed.  All of these factors come together and must be 
balanced against the level of technology available off-the-shelf 
and from custom designs. 

IV. CASE STUDY I : IG BOARD C. 1993 
The Image Generator board developed in 1993 by GEHC 

for our CT scanners achieved a reconstruction speed of 3.5 
seconds per image.  This product implementation supported 
2D Axial and Helical reconstruction.  Analysis of the problem 
showed that backprojection was the primary processing 
bottleneck.  It is very compute bound (data movement is not an 
issue).  The algorithm was highly parallelizable in both the 
data and stage dimensions.  Views (data) could be processed in 
parallel and pre-processing and backprojection (stages) could 

be done in parallel. 
No Off-The-Shelf (OTS) technology existed that could 

handle the backprojection.  The backprojection algorithm was 
very stable and did not require any flexibility of development.  
This allowed us to implement this step in a fully custom ASIC 
that was used in this product and the next two.  The ASIC was 
designed to work in an “N way” parallel layout, with N limited 
only by the available board space.  The ASIC was very cost-, 
power- and space-efficient. 

Preprocessing requires a lot of flexibility as it is always 
evolving.  It is equally compute bound and data movement 
bound.  For this we searched for the highest performance 
floating point DSP of the time.  The DSP was also required to 
have the ability to efficiently scale to “N way” multi-processor 
and have multiple communication options.  We needed to have 
the DSP’s talk to each other, to a system bus and to its ASIC.  
The TI C40 fit all these requirements.  It supported 32-bit 
floating-point arithmetics and had a system bus interface and 
communication ports that could be used to talk to other DSP’s 
and the ASICs.  The TI C40 also had internal memory and 
DMA engines to efficiently move data in and out. 

 
 
 
 
 
 
 
 
 
 
 
 
We were able to fit 8 of these pairs in the available board 

space.  This allowed us to do three stages of the processing in 
parallel: (1) move 8 views across system bus into DSP, (2) 
pre-process 8 views, and (3) backproject 8 views.  The 
backprojection ASICs proved to be so effective that pre-
processing bottlenecks were discovered.  These issues were 
addressed with hand SW optimization in a handful of key 
areas. 

This implementation allowed us to move from a very large, 
slow, mostly custom solution to a very small, much faster 
mostly OTS solution. 

V. CASE STUDY II : GRE C. 2003 
In 2002 GE Healthcare team decided to design a scalable 

and flexible CT image reconstruction engine (called later 
Global Recon Engine (GRE) due to contributions of a global 
team) to achieve revolutionary performance of 6 to 16 fps for a 
number clinically relevant modes. The scalability was 
achieved through a data decomposition approach where one or 
more identical Image Generation (IG) nodes are processing 
different pieces of raw data. This approach allowed instant and 
almost linear scalability without additional implementation 

ASIC 

DSP 

ASIC 

DSP 

ASIC 

DSP 
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effort.  
The internal design and technologies of the IG was a subject of 
detailed investigation. Considering time-to-market and 
flexibility of the solution to be among the critical factors the 
team took a very close look at OTS technologies. Similar to 
the previous study the flow was broken down into pre-
processing and backprojection. Both pre-processing and 
backprojection steps were potential bottlenecks and a balanced 
solution was required. 
Intel P4/Xeon was one of the leading candidates from the 
beginning and the team made a significant progress optimizing 
CT backprojection algorithm for this platform. A rate of 4 
image backprojections per second was achieved on a Dual-
Xeon server. But it would require up to 4 nodes for 
backprojection only. An alternative solution based on FPGA 
technology was found. The solution was a custom design PCI 
board with 1 FPGA and local memory that alone provided up 
to 7 image backprojections per second. 
To find the best technology for pre-processing that requires a 
lot of flexibility for algorithm optimization, the team focused 
on OTS technologies offering standard programming model 
and integrated solutions with “unlimited” memory capacity.  
Three technologies were investigated: Intel P4/Xeon, Motorola 
G4 and DSP TigerSharc. The team compiled a list of 
representative benchmarks containing vector and matrix math 
operations as well as a transfer function to translate the 
benchmark results to predicted application performance. 
Measured and predicted performance for all three platforms 
was considered along with the other critical factors listed in 
III.A. 
 
 
 
 
 
 
 
 
 
The final solution of a Dual Intel Xeon server with custom 
backprojection PCI board met and over-performed internal and 
external goals and expectations of the project. It was an 
unprecedented success in terms of cost, performance, time-to-
market and internal development efficiency. It was released to 
GEHC customers by 2003.  Also, this architecture is not tied 
to any specific revision of HW and therefore supports 
advances from the computing industry and evolution of system 
requirements. 

VI. CONCLUSION 
High Performance Image Reconstruction can only be 

achieved by carefully selecting and analyzing the algorithm to 
implement and by developing an architecture based on state-
of-the-art technology tuned to its specific characteristics.  
Trade-offs must be made between flexibility and speed, and a 

correct balance has to be achieved between OTS technology, 
custom HW, and SW optimization to meet the business needs 
today and in the future. 
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Abstract - Tomographic image reconstruction is 
computational very demanding. In all cases the 
backprojection represents the performance bottleneck 
due to the high operational count and due to the resulting 
high demand put on the memory subsystem. In the past, 
solving this problem has lead to the implementation of 
specific architecture, connecting ASICs or FPGAs to 
memory through dedicated high speed busses. More 
recently, because those devices offer a very high memory 
bandwidth, there have also been attempt to use graphic 
processing units (GPUs) to perform the backprojection 
step. 

In this study, we investigate the relative performance of a 
perspective backprojection algorithm (3D, cone beam for 
flat-panel detectors) when implemented on a standard PC 
and on the CBE. We compare these results to the 
performance achievable with Field Programmable Gate 
Arrays (FPGA) based boards and high end Graphic 
Processing Units (GPU). 

The cone-beam backprojection performance was assessed 
by backprojecting a full circle scan of 512 projections of 
10242 pixels into a volume of size 5123 voxels. It took 
3.2~min on the PC (single CPU) and is as fast as 13.6~s on 
the Cell (single CBE). The performance of the GPUs and 
FPGA based boards is much more difficult to establish 
because of the high degree of variability. Indeed, new 
features are added to GPU architectures so rapidly that 
any comparison among GPUs is challenging. The high 
versatility of FPGAs requires to consider the design of the 
whole board and the way floating point precision is 
implemented in the design and makes the comparison 
even more difficult. Nevertheless, a modern GPU can 
perform the backprojection within 60 sec while a typical 
FPGA based boards handles the problem in 66 sec. 

Index terms – 3D Tomographic reconstruction, Cell 
Broadband Engine processor, FPGA, GPU. 

1 INTRODUCTION 

Tomographic image reconstruction is computationally 
very demanding. In all cases the backprojection 
represents the performance bottleneck due to the high 
operational count and due to the high demand put on 
the memory subsystem. In the past, solving this 
problem has lead to the use of Digital Signal 
Processors, the implementation of specific with 
architectures, connecting Application Specific 
Integrated Circuits (ASICs) or Field Programmable 

Gate Arrays (FPGAs) to memory through dedicated 
high speed busses. More recently, there have also been 
attempt to use Graphic Processing Units (GPUs) and 
the Cell Broadband Engine processor (CBE).  

However much those architectures differ; they all share 
common properties that makes them attractive for the 
implementation of backprojection algorithms: the 
relative balance of high memory bandwidth and 
processing capabilities.  

On the other hand, harnessing the power of this kind of 
devices necessarily also involves decision making 
about the computational precision; the handling of the 
signal dynamics and the allowed approximations one 
can consider to efficiently use the processing power of 
those device. 

Once a valid solution for the implementation of a 3D 
backprojection algorithm has been found for the 
considered device; there are major tasks to be achieved 
before the considered algorithm-device pair can be 
successfully deployed in a medical Image 
Reconstruction System (IRS).  

The backprojection step is a considerable processing 
step but a 3D image reconstruction algorithm also 
includes preprocessing; filtering and post processing 
steps. Various devices thought at accelerating the 
backprojection steps reveal themselves more of less 
useable for other tasks, requiring more of less attention 
and assistance from other co processing units. The 
implementation of the complete reconstruction pipeline 
may require the combination of several different 
devices, influencing the design, implementation and 
maintenance costs. 

However broad the spectrum of possible solutions is; 
clinical and hospital operating conditions put another 
constraint onto the IRS. Those requirements at mainly 
directed towards processing speed, in order to match 
the hospital workflow. Nevertheless, the operating 
environment also includes processing density; power 
and cooling requirements. The expected level of 
availability also put another constraint onto the IRS. 

Finally, more and more attention is being paid to the 
costs of the IRS, not only during the design but also in 
the complete life cycle of the IRS. Hence, there are 
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multiple aspects that need to be taken into 
consideration; such as the live cycle of the underlying 
technology, the rate at which new devices are 
introduced and end of lifed; the level of compatibility 
that is offered among devices coming from the same 
vendor or family. 

The goal of this study is to qualify and to quantify the 
various aspects and properties that influence the design 
of the IRS, and specifically, the image reconstruction 
pipeline computational accuracy, the complexity of the 
original system, its chances of survival as new devices 
and technologies are introduced and the implications in 
the life cycle management. 

The aim of this investigation is to implement a 3D 
cone-beam perspective backprojection algorithm for 
the Cell processor and to benchmark its performance 
against other alternatives, such as PC, FPGA or GPU-
based implementations.  

The paper is organized as follows. Section 2 describes 
the hardware platforms that we have used for the 
purpose of this investigation. It also introduces the 
perspective backprojection algorithm; presents 
analytical expressions and implementation details. 
Section 3 provides the performance assessment method 
and the performance values achieved with the different 
hardware platforms. Section 4 discusses the results 
obtained with alternative architectures, based on 
FPGAs and GPUs.  

2 METHODS AND MATERIAL 

2.1 Hardware 

We have selected four different platforms for this 
investigation: 

• our reference platform for image quality is on 
a standard PC with a single Xeon processor 
clocked at 3.06 GHz and a front bus side at 
533 MHz; 

• the PCI Express Cell Accelerator Board from 
Mercury Computer Systems; 

• the PCI VantageRT-FCN board from Mercury 
Computer Systems; 

• the G70 GPU from nVidia. 

2.2 Algorithm 

We consider a cone-beam backprojection of type  
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Here, f is the reconstructed volume, p is the projection 
data sampled by the detector along the trajectory, r = (x, 
y, z) denotes the voxel location, α is the trajectory 
parameter and u and v are the detector coordinates of 
voxel r at projection angle α.  

The coefficients cij=cij(α), that define the perspective 
transform from the detector into the volume, are 
arbitrary functions of the projection parameter α, in 
general. And ω(α, r) defines the distance weight 
function. 

A direct implementation of the Feldkamp algorithm 
determines the u and v coordinates of the voxel r = (x, 
y, z) for a given projection geometry, performs a 
bilinear interpolation of the four neighbor pixels to 
compute the contribution of this specific projection to 
the considered voxel r. 

3 IMPLEMENTATION  

3.1 Implementation principles 

The reconstruction of the volume can be implemented 
in many different ways; for instance, one could select 
to process the voxels following x, y or z as the primary 
axis of processing. The z dimension offers most 
interesting properties in terms of optimization of the 
processing and was selected as the primary processing 
axis. Similarly, processing the projections to 
reconstruct the global volume makes best use of the 
hardware resources (e.g. registers for processors, 
BRAM for FPGAs) when it is carried out on sub 
volumes of regular shape such as the cube. 

For the above mentioned reasons, the overall 
reconstruction method is based on the division of the 
volume to reconstruct in slabs; each slab being 
processed as small cubes.  

The complete reconstruction of a slab requires all the 
projections. However, each slab does not require 
complete full-sized projections. The surface needed to 
reconstruct a slab is contained in a rectangular shape. 
When the side of the reconstruction volume is parallel 
to the detector plane, the projection of the slab of slices 
is a rectangle. At other projection angles, the projection 
of the slab is a hexagon. The height of the hexagon is 
greatest when the diagonal of the slices is 
perpendicular to the detector plane. The height of the 
hexagon is also largest at the top and bottom of the 
reconstruction volume.The software has been designed 
to take advantage of these properties to reconstruct the 
complete volume. Therefore, only the relevant surface 
of the projections are used for the reconstruction of one 
slab. 
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Rectification-based or hybrid methods are in use to 
speed up the backprojection process2. They have 
demonstrated significant performance gains over direct 
methods. The trick consists in taking advantage of the 
resampling and bilinear interpolation of the projection 
data to realign it to an ideal detector geometry , in 
order to only use a nearest neighbor approach during 
the backprojection, saving a significant number of 
cycles per point. 

3.2 PC Reference 

The PC-based code implementation is of the hybrid 
kind in terms of first performing a detector alignment, 
based on up-sampling and bilinear interpolation, 
followed by a voxel-driven backprojection based on 
nearest neighbor interpolation. 

The proposed platform can backproject 512 projections 
on a 5123 volume in 3.21 minutes. 

3.3 FPGA platform 

A complete description of the first implementation can 
be found in [4]. This platform performs the 
reconstruction in fixed point math and is capable of 
backprojecting 512 projections on a 5123 volume in 
~25 seconds. 

3.4 GPU platform 

Graphical image processing requires extraordinary data 
resampling capabilities. Therefore, most modern GPUs 
assist the processing elements with specialized 
circuitry for performing interpolations. Consequently, 
it makes little sense to try to accelerate the 
backprojection through the use of hybrid methods. This 
platform performs the reconstruction in floating point 
math and can backproject 512 projections on a 5123 
volume in ~37 seconds. 

3.5 Cell platform 

Implementing a Feldkamp backprojection on the CBE 
consists in distributing the tasks between the 
processing elements of the CBE processor. Using the 
PPE as a manager of the reconstruction process while 
the SPEs are dedicated of performing the real 
reconstruction task is the approach we have selected. 
This platform is capable is backprojecting 512 
projections on a 5123 volume in ~17 seconds. 

4 RESULTS AND DISCUSSION 

4.1 Image quality 

We have run the different implementations against the 
same data set and obtained clinical quality 
reconstructed volumes for all of them. We have used a 
mouse scanned with a micro-CT-scanner TomoScope 
30s (VAMP GmbH, Erlangen, Germany). 

All Implementations give clinical image quality. 
However, there are slight differences to be observed 
between the different reconstructed volumes. The 
deviations from the reference results have different 
origins. In traditional implementations on earlier 
FPGAs, all of the computation has to use a fixed point 
representation with the inherent limit imposed by the 
width of the multipliers; 18 bits for the Virtex-2 Pro. 
Attempts for using floating point on FPGAs6 have 
given interesting results, but the required accuracy has 
still to be demonstrated for the backprojection. 

However close to IEEE standards, the floating point 
processing on an nVidia GPU still has some deviations 
with respect to the standard. The effects on the 
reconstruction results take the form of incorrect 
handling of exceptional cases, such as Not A Number 
(NaN).  

The Cell implementation suffers to a low degree from 
inaccuracies related to the computations of estimates 
instead of real values for operators like divide, square 
root and exponential. The estimates turn out to be 
accurate, up to the 6th digit after the floating point. 
However small the difference with exact results is; the 
end effect shows in the reconstructed volume. 

4.2 Performance 

At the time of writing, it appears that the Cell 
processor offers the best performance over all other 
designed architectures. It should be obvious that we are 
not comparing apples to apples, i.e. using the best 
versions in the different technologies. The Cell 
processor and the GPU we have selected count among 
the most recent technologies available on the market. 
The Virtex-II is definitely not among the most recent 
FPGA packages and the PC reference platform 
certainly has more powerful successors with the Dual 
Core and Quad Core processors. 

The newest Virtex-4 and Virtex-5 can run at clock 
speeds around 500MHz, almost five times faster than 
the version we have investigated. Moreover, Xilinx 
proposes designs to implement DDR-2 interfaces on 
the Virtex-4 and Virtex-5 chips, hence giving the same 
increase of 5x in performance for the memory 
subsystem. Without considering the increase of real 
estate of the newest FPGAs, an increase in the 
performance factor of 5x is the bare minimum to 
expect. 

The performance increase one can get with the newest 
DualCore and Quad Core architectures is more 
difficult to estimate. The way the IO and memory 
access resources are shared and distributed is processor 
designer dependent. Nevertheless, with even the best 
case of a 4x performance improvement, a quadcore 
system does not come close to the performance of a 
Cell processor or a GPU, not to mention the newest 
FPGAs. 
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4.3 Software complexity 

From the software implementation section of this paper, 
one can take that the most obvious and stable 
implementation has been done on a PC. The Cell offers 
a multicomputer platform which is very comparable to 
multi-computers such as those developed by Mercury 
Computer Systems with RACEWay, RACE++ and 
RapidIO. Even though all GPU board support OpenGL 
and DirectX, the level of efficiency for different GPU 
boards vary a lot, even when they come from the same 
manufacturer. The result is that, performances are not 
predictable across GPU board generations. The 
implementation section also shows that the coding of 
reconstruction algorithms are a lot more difficult on 
FPGAs, mainly because they don’t offer floating point 
operators and that operators such as multiply, divide, 
sine and cosine. Those functions have to be coded as 
application dependent Look Up Tables (LUT). 

4.4 System integration  

The GPUs are intended to be the graphical processor 
companion in every PC. Therefore, most of the modern 
PCs can accommodate the presence of a modern GPU, 
for power supply and cooling. Consequently, all 
reconstruction hardware that fits in the same {cooling, 
power supply} envelope can be hosted in the same host 
PC. The CAB has been designed to fit into that 
envelope and can be hosted in any modern PC. FPGA 
based boards are subject to the inspiration of the 
designer. FPGAs traditionally draw less power than 
high clocked devices as a GPU or the CBE processor 
and are indeed easier to cool.  

4.5 Life cycle management 

However much the host processors have been evolving 
over the last years, they remain all compatible with 
each other, most of the time, even binary compatible. 
That means that a given executable, produced with a 
given version of tools for a given version of processors 
is likely to work on many subsequent processor 
versions without intervention. Therefore, PC based 
implementation also offer the best solution for field 
repairs and upgrade when considering the maintenance 
costs. FPGAs and the Cell processor are designed to 
stay active for many years and indeed propose a 
valuable alternative for accelerating medical image 
reconstruction. GPUs represent the device family that 
has the most variability in terms of architecture, 
structure, Application Programming Interfaces and 
drivers.  

5 CONCLUSION 

We have investigated the implementation of a Cone-
Beam reconstruction algorithm on various platforms. 
All basic building blocks, GPU, FPGA and Cell are 
available and can deliver the appropriate image quality, 
at varying degrees of effort though. Depending on the 
evaluation criteria, the winner between FPGAs, GPUs, 

multi-core based PC and the Cell processor may differ. 
However, the Cell Broadband Engine proposes a fully 
programmable architecture, accessible from high level 
programming languages such as C. Its involvement in 
the gaming industry predicts a long term availability of 
the parts for realistic field deployment and 
maintenance in hospitals. 
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Abstract—Image reconstruction in a high-end Computed 

Tomography is typically performed by a specialized computer 
system. Due to variety of requirements put on such a system a 
heterogenic approach applying different computing technologies 
has been discussed. The specific features of available 
technologies: general purpose CPU, special processors, graphic 
oriented GPU, specialized boards with FPGA or ASIC are 
outlined. Mapping of the best suited technology to different tasks 
of the practical reconstruction has been done. The resulting, 
optimized system utilizes simultaneously different computing 
technology for reaching the ultimate performance at acceptable 
costs. 
 

Index Terms—Image reconstruction, Computed Tomography 

I. INTRODUCTION 
Most the publications in the last years concerning CT 

reconstruction deal with solving of pure mathematical problem 
of image reconstruction from projections, assuming the ideal 
input data und suggesting the new algorithms and/or 
implementation [1]-[7]. Also the discussions on optimal 
computing technology for practical purposes are mainly 
concentrated on how to implement and speed-up the Back-
Projection part of the reconstruction on different hardware 
devices [8], [9]. In reality, the effective implementation of a 
Back-Projection is only one of many problems to be solved in 
the commercially applicable Image Reconstruction System 
(IRS). Although the Back-Projection part puts still the highest 
demands on the computational power, the rest of necessary 
steps to obtain CT images with a good quality and full dose 
utilization is very complex and requires enormous processing 
power. In this paper we will try to define the main 
requirements on IRS and find the combination of computing 
technologies for different parts of a reconstruction to get the 
optimal solution with respect to processing power and costs.  

 

II. REQUIREMENTS ON IMAGE RECONSTRUCTION SYSTEM 

A. Performance Development: 
The most prominent performance figure is the 

reconstruction speed with nominal image quality. The 
development of this parameter in last years is illustrated in Fig. 

1. One can easily notice the discrepancy between the curves 
representing the Moore’s Law in the semiconductor industry 
and performance requirements. Obviously, the dynamic of a 
reconstruction speed cannot be covered by the “natural” 
development of given technology. That means to achieve the 
required performance one has to find a more intelligent way of 
solving such problems or invest in more resources in hardware 
(typically more chips or boards).  
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Additionally, the increasing number of acquired slices and 
growing cone angle forces to use more complicated 3D Back- 
Projection based algorithms instead of 2D to get good image 
quality. Increasing amount of slices in combination with 
always shorter scan time leads to very high input data rates, 
which has to be handled. In Fig. 2 can we recognize the same 
trend as in Fig. 1.  
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Fig. 1.  Development of the reconstruction speed in last years in compare with 
Moor’s Law. Note the significant gap between progress in semiconductor 
technology and CT market requirements.  

 
Approaching many technical limitations in data acquisition 

creates additional needs for complicated corrections to provide 
good CT image quality. As the result the demand on 
processing power for correction purposes is growing even 
faster than input data rate. 

Transition from slice-oriented to volume-oriented diagnose 
in radiology put additional requirements on IRS to calculate 
immediate double-oblique images or perform real-time 
Volume Rendering . 

Fulfilling only these performance demands is meanwhile a 
pretty difficult task and there are some others factors which 
have to be taken into consideration.. For example, very tough 
price competition in CT market requires highly cost-optimized 
solutions. 
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Fig. 2.  Development of the data input rate in last years in compare with 
Moor’s Law. Note the significant gap between progress in semiconductor 
technology and CT market requirements.  

 
With high diversity of tasks performed in a modern IRS it is 

very difficult to get homogeneous solution with one selected 
technology which meets the target costs of entire system. 
Therefore an approach with application of different 
technologies optimized for different tasks is necessary, even if 
some other requirements, like very short development time or 
manageable complexity of the entire system can be in this 
context very challenging 

 

III. COMPUTING TECHNOLOGIES 
For practical use in CT there are several computing 

technologies which can be taken into consideration. They are 
discussed in the order of increasing processing power on a 
single board level. 

 

A. General Purpose Processors - CPU 
There are several powerful CPU types on the market, but 

the key role play x86 based solution from Intel and AMD due 
to very attractive price/performance ratio. Basic features of a 
high-end board with multi-core technology are: 

• Processing Power:   50 GFLOPS 
• Memory Bandwidth:  25 GB/s 
• Memory:      32GB 
• Flexibility:      very high 
• Dev. Environment   very good 
• Price (2-4 CPU+16GB):  4000-8000 $ 

Very high flexibility, Operating System (OS) support, and 
excellent development environment are main arguments for 
using this technology for control, data management as well as 
number crunching. 

 

B. Special Processors, Co-processors, DSP 
 

The special processors like Cell BE von IBM [10], high 
performance DSPs from different manufacturer or variety of 
Co-Processors boards offered reasonable platform for high 
performance computing. High-end board with one or more 

processor can achieve following specifications: 
 

• Processing Power:   500 GFLOPS 
• Memory Bandwidth:  50 GB/s 
• Memory:      32 GB 
• Flexibility:      relatively high 
• Dev. Environment   relatively good 
• Price:         4000-20.000 $ 

Spectrum of the boards offered on the market is very wide 
but the development of an entire system is not trivial due to 
complicated tools and dependences between OS, hardware, 
tools, drivers etc. 

 

C. Graphic Processors – GPU 
 

In the last years the GPUs have grown to real computing 
giant [11]-[12]. Enormous competition on game market led to 
explosive performance development at very low price. 
Meanwhile, there is a big community of “General Processing 
on GPU” which supports non-graphic application with 
universal tools for flexible usage. New architectures, like 
GeForce 8800 with unified pipeline and 128 Streaming 
Processors push the GPU based solutions in the region of 
TFLOPS (Tera Floating Point Operation per second) 
computing. Basic features of a high-end GPU board with a 
single graphic processor: 

• Processing Power:   500 GFLOPS 
• Memory Bandwidth:  80 GB/s 
• Memory:      768 MB 
• Flexibility:      relatively high 
• Dev. Environment   moderate 
• Price:        500 $ 

The main problem with GPU based solution is very short 
product life cycle typically 6 months. Additional drawback of 
current GPU boards is a memory limitation to below 1GB. 
Some of medical applications like 4D Volume Rendering 
require 4-8 GB of a fast memory.  

 

D. Programmable Devices - FPGA 
In the last years the FPGA industry provides chips with 

hundred millions of transistors on it.  Flexibility with memory 
interfacing and capability of accommodate many chips on one 
board allows for extremely high processing power tailored for 
application. Typical features of a high-end FPGA board are: 

• Processing Power:   > 1000 GOPS 
• Memory Bandwidth:  200 GB/s 
• Memory        8 GB 
• Flexibility:      moderate 
• Dev. Environment   difficult 
• Price:        5000 $ 

The FPGA allows for flexible design, is field reconfigurable 
and has reasonably support of pin compatible successors. 
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E. Application Specific IC – ASIC 
 

The ASIC based boards can achieve the highest computing 
power for well defined algorithms. Basic features of a high-
end ASIC board are: 

• Processing Power:   > 1000 GOPS 
• Memory Bandwidth:  200 GB/s 
• Memory        8 GB 
• Flexibility:      moderate 
• Dev. Environment   difficult 
• Price:        5000 $ 

Development of an ASIC chip is complicated, very 
expensive and takes a lot of time. Such an investment can be 
justified only at reasonable series size for a stable algorithm.  
Development of ASIC based board requires investments in 
specialized tools and is generally complicated.  

 

IV. RECONSTRUCTION TASKS 
Practical reconstruction can differ in details depend on 

method developed by the manufacturer but generally can be 
divided in following parts: 

A. Data acquisition & management. Managing of 
input data streaming and file handling. 

B. Preprocessing. Correction of physical phenomena 
(beam hardening, drifts, non-linearity etc) in 
acquired data. 

C. Rebinnng & spiral interpolation. Rebinning of a 
data from fan-beam to parallel beam geometry (can 
be partially omitted if fan-beam Back-Projection is 
applied) and spiral interpolation dependent on 
particular algorithm. 

D. Convolution. Filtering and over-sampling 
necessary for Back-Projection.  

E. Back-Projection. Typically 3D in parallel-beam 
geometry, can be also in fan-beam geometry or 2D, 
dependent on algorithm. 

F. Image post-processing. Correction of some 
physical effect, reformatting or volume rendering. 

 

A. Data Acquisition & Management 
This step requires very high flexibility and relatively low 

performance therefore the best solution is: 
• General purpose CPU 
 

Other technologies cannot compete with the flexibility 
offered by a general purpose computer in a form of tower, rack 
or blade solution.  

 

B. Preprocessing 
This step requires moderate flexibility and moderate to high 

performance therefore the order of the best suited solution is: 
• GPU 

• Special Processor 
• General purpose CPU 

The main advantage of GPU solution is a very attractive 
price/performance with sufficient processing power and 
flexibility. 
  

C. Rebinning&Spiral interpolation 
This step requires moderate flexibility and moderate to high 

performance therefore the order of preferred solution is: 
• GPU 
• Special Processor 
• General purpose CPU  

One again, the main advantage of GPU is a very attractive 
price/performance and well suited architecture for 3D 
interpolation. 
 

D. Convolution 
This step requires low flexibility and moderate performance 

therefore the order of preferred solution is: 
• DSP or GPU 
• Special Processor 
• General purpose CPU. 

In fact the best price/performance for this step can be 
reached with DSP but the difference to GPU is very small 
and both solutions can be treated as equivalent. 

E. Back-Projection 
This step requires low flexibility and very high performance 

therefore the order of preferred solution is: 
• FPGA 
• ASIC 
• GPU 

The FPGA solution is preferred over ASIC mainly due to 
higher flexibility. A comparable processing power with 
GPU would require many parallel running boards what is 
difficult to handle or special design with multiply GPUs. 
 

F. Postprocessing 
This step requires high flexibility and very high 

performance therefore the order of preferred solution is: 
• GPU 
• Special Processor 
• DSP 

A GPU as graphic oriented processor is best suited for this 
task with only one remark on limited memory. For a high-
end time-dependent Volume Rendering purpose a 
customized GPU board with extra memory would be 
necessary. 

V. IRS AS HETEROGENOUS SYSTEM 
 

Putting together all best solutions for particular steps of the 
reconstruction a price/performance driven system for the high-
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end CT Scanner can look like that: 

• General purpose processor board  with 2-4 CPU 
• GPU board(s) for Rebinning/Spiral interpolation 

and Convolution 
• FPGA or ASIC board(s) for Back-Projection 
• Customized GPU board with extended memory for 

post-processing 
Such a system has a processing power of several TFLOPS 

and can be build for 40-50 k$ including disk subsystems, 
interfacing to CT Gantry, diagnostic units and adequate 
housing. 
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Abstract—For the applicability of C-arm computed 

tomography in the interventional environment, fast 
computational times have to be reasonably achieved. To 
achieve timings below one minute for high-quality soft-tissue 
protocols, latest FPGA technology and software optimization 
for multi-core CPUs have been applied. For a comprehensive 
reduction of computational time, successively all potential 
bottlenecks have been identified and eliminated. 
 

Index Terms—Image reconstruction, Field programmable 
gate arrays, Software performance 
 

I. INTRODUCTION 
N the last several years, the use of 3D imaging with C-
arm systems has become state of the art, particularly for 

high-contrast objects. In the most prevalent applications, 
contrast agent is used for angiography applications. For 
these applications, usually no more than 150 projection 
images have been acquired in a rotational x-ray run around 
the patient. For a subsequent analysis by the physician of 
the vessel topography and shape, it was sufficient to view 
the reconstructed data set in the viewing application, in 
about one minute. 

With the release of DynaCT in 2005 by Siemens Medical 
Solutions, this 3D imaging capability has been improved 
such that besides high-contrast structures, also low contrasts 
like soft tissue and bleedings could be visualized. Besides 
acquiring an increased number of projection images (more 
than 500), these enhancements could be achieved only by 
both improving the X-ray sensor using flat panel detectors 
as well as the reconstruction algorithms to cope with 
physical influences like scattered radiation, beam hardening, 
and truncated projections, that usually are neglected in 
standard reconstruction algorithms such as the widely used 
FDK algorithm  [1]. A detailed description of the correction 
algorithms used for DynaCT can be found in  [2]. 

Although the achievable imaging performance showed 
CT-like image quality, the practical application during the 
interventional procedure was partially restricted due to the 
long computational times. The duration of a 3D volume 
computation is dependent on chosen acquisition protocol 
and took up to several minutes. 

the applicability was partially restricted because the 
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computation of the 3D volume took up to several minutes. 
To reduce computational time, the whole reconstruction 
pipeline was analyzed concerning computational efforts. 
Based on these results, an optimized solution was designed 
and realized, leading to clinically satisfying computational 
times. 

After a brief description of the reconstruction pipeline 
under consideration, we show a performance analysis of the 
original implementation, the optimization by hardware and 
software, and finally the achieved results. 

II. ALGORITHMIC PIPELINE 
 In this section, we briefly recapitulate the pipeline of used 
algorithms with a particular focus on computational efforts. 
For algorithmic details, we refer to  [2] and  [3]. The whole 
reconstruction process can be sub-divided into three parts: 

A. 2D Pre-Processing 
Before creating a 3D volume, each projection image passes 
a sequence of 2D image processing algorithms. 

Intensity and beam hardening correction assures that 
observed gray values correspond to a measured normalized 
intensity and restores a linear relationship between 
projection value and path length through an assumed water-
equivalent object. The computational complexity is 
minimal, because each pixel can be processed separately 
with few floating point operations. Nevertheless, several 
table look-ups consume a non-negligible amount of time, 
because some of them are multi-dimensional and need 
interpolation between neighboring samples. 

The scatter estimation and correction reduces the 
influence of scattered radiation. For the estimation step, the 
projection image is downsized and a non-linear function is 
applied to each pixel value. It is then followed by a 
convolution with a separable smoothing kernel which 
results in an image showing the estimated scatter 
distribution. With this image, the projection image is 
corrected by single-pixel operations. The process of 
downsizing and convolution both require the consideration 
for a wide image neighborship. Hence much more 
computational efforts are spent during these steps than for 
the previous ones. 

Truncation correction extends each particular image 
line by estimating the location and extension of a water 
cylinder model and Gaussian extrapolation. As a result of 
this step, the projection image is extended horizontally up to 
double length. 

The FDK algorithm requires the convolution of each 
image line with a high-pass reconstruction kernel having 
identical size to the extended image line. This step usually is 
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named filtering and is realized by applying FFT, point-wise 
multiplication in frequency domain, and inverse FFT. 

B. Back-Projection 
The computationally most expensive step is the creation of a 
3D volume out of the pre-processed projection images, 
called back-projection. For each projection image, and for 
each discrete volume element (voxel), the hit-point of the 
corresponding X-ray beam onto the projection image is 
computed, a bilinear interpolation between the four 
neighboring pixels is performed, and the result is 
accumulated to the current voxel. The projection geometry 
is described by matrices transforming 3D volume 
coordinates to 2D image coordinates, see  [3]. The back-
projection requires the most extensive computational power 
because of both the deeply nested loops resulting in a high 
number of arithmetic operations, as well as a huge amount 
of data which cannot be processed sequentially, but rather in 
an irregular order given by the projection geometry. 

C. 3D Post-Processing 
Similar to CT scanners, detector gain inhomogeneities 
cannot completely be eliminated by calibration and finally 
cause ring artifacts in the reconstructed volume slices. To 
correct this effect, a ring image is computed for each slice 
by converting it to a polar grid, applying a median filter in 
the radial direction, followed by a subsequent smoothing in 
circular direction and a conversion back to a Cartesian grid. 
Finally, the ring image is subtracted from the reconstructed 
slice. 

III. PERFORMANCE ANALYSIS 
The following table shows the time fractions of the 
particular algorithmic steps described in the previous 
section: 
 

TABLE I 
DISTRIBUTION OF CALCULATION TIMES 

Algorithmic step Fraction of 
computational time 

Pre-processing (w/o filtering) 5% 
Filtering 19% 
Back-projection 71% 
Post-processing 5% 

 
 
In this example, the relative timings were measured 

running the whole reconstruction pipeline on a single-core 
CPU for 543 projection images with 1240x960 pixels each 
and a volume consisting of 512x512x440 voxels. The cone 
angle is 19 degrees in rotational direction and 14 degrees in 
axial direction. 

The table clearly identifies the filtering and back-
projection as the computationally most expensive parts and 
thus contributing to a huge bottleneck in the computational 
chain. It is obvious that the major focus of optimization had 
to be given to those two algorithms. Therefore, we decided 
to introduce additional hardware for this purpose. This 
decision was further supported by the fact that the 
algorithms for filtering and back-projection are fixed and 
compared to the other correction algorithms, do not seem to 

contain a similar potential for further algorithmic 
improvements. Thus, a realization of filtering and back-
projection in hardware, combined with pre- and post-
processing realized in software, results in a reasonable 
compromise between reduced computational time and 
flexibility for algorithmic improvements. 

IV. FPGA BASED HARDWARE ACCELERATION 
As was outlined previously, the reconstruction step 

covers about 90% of the image processing pipeline and thus 
represents its most time-consuming part. In order to 
drastically reduce image reconstruction time and, as a 
consequence, to expedite interactivity in clinical workflow, 
the hardware accelerator platform ImageProX (Image 
Processing Accelerator) by Siemens Medical Solutions is 
employed. 

ImageProX denotes a family of scalable FPGA (field 
programmable gate array) based boards for both PC and 
server computers. These hardware components are used to 
speed up computationally intensive algorithmic tasks; e.g., 
in the application area of medical imaging. Due to the 
dynamic reconfigurability of FPGAs, ImageProX represents 
a flexible general-purpose computing platform. See  [4] for 
details on reconfigurable hardware architectures, 
particularly FPGAs.  

Fig. 1 shows the ImageProX accelerator platform with the 
cooling elements and the fans being removed for the sake of 
illustration. ImageProX covers nine Xilinx Virtex-4 FPGAs 
 [5]. There is one Virtex-4 SX55 chip located in the center of 
the board, which is typically used for control and 
communication tasks. The remaining eight Virtex-4 SX35 
chips are arranged in two independent rings located to the 
left and to the right of the control FPGA, respectively. 

Each FPGA is assigned a local DDR2 SDRAM memory 
module. Currently, ImageProX can be equipped with up to 9 
GByte of external memory (1 GByte assigned to each 
FPGA). 

 

 
Fig. 1:  ImageProX accelerator platform. 

 
In order to speed up the image reconstruction step of the 

algorithmic pipeline described previously, the well-known 
FDK method  [1] has been implemented on ImageProX. The 
linewise filtering of the projection data in the Fourier 
domain is performed during projection upload by the center 
SX55 FPGA, with any two adjacent image rows being 
filtered simultaneously. The remaining eight SX35 FPGAs 
perform the expensive task of back-projecting the (filtered) 
projection data into the volume, where the projections are 
equally distributed across them such that each SX35 
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FPGA’s external memory stores approximately the same 
number of projection images. 

Fig. 2 illustrates the internal back-projection design of an 
SX35 FPGA. The term “ICI” stands for “inter-chip 
interconnect” and refers to the high-speed communication 
paths between neighboring FPGAs. 

Due to the limited memory capacity of FPGAs (approx. 
430 kByte per Virtex-4 SX35 chip) the volume can only be 
reconstructed in small blocks (subvolumes) of 163 voxels 
each, for example. The required projection data is retrieved 
from external memory, bilinearly interpolated, and then 
back-projected into the currently computed subvolume. In 
order to hide memory access time, double buffering is 
employed. This means that projection data is loaded into 
one of two projection data buffers while the data stored in 
the respective other buffer is being back-projected. A 
similar approach targeting the Cell BE microprocessor 
architecture is presented in  [6]. 

Since there are 16 parallel back-projection units (PBUs) 
per SX35 FPGA (cf. Fig. 2), there are eight SX35 FPGAs 
running in parallel, and the design currently runs fully 
pipelined at a clock rate of 200 MHz, the ImageProX 
accelerator hardware is capable of performing up to 25.6·109 
back-projection steps per second. 

 

 
Fig. 2:  Back-projection FPGA design. 

 
In order to evaluate the performance of the FDK 

implementation on ImageProX by itself, we consider the 
previously mentioned case of 543 projection images of 
1240x960 pixels each. Truncation correction and 
subsequent zero-padding of the image rows (to avoid 
aliasing artifacts) require that vectors of length 4k are 
filtered. The linewise filtering of all projections takes about 
5.5s (center FPGA only), whereas the following parallel 
back-projection into a volume of 512x512x440 voxels takes 
about 3.5s (eight FPGAs). For comparison, on two dual core 
Intel CPUs, the linewise filtering takes 21s, the back-
projection 180s. Note that the back-projection performance 
scales linearly with the number of projection images and the 
number of voxels to be reconstructed. 

V. SOFTWARE OPTIMIZATIONS 
Eliminating the major bottle necks of the reconstruction 
pipeline by the use of the ImageProX hardware, the 
previously inexpensive steps become the time-limiting 

factors. To reduce their influence to the over-all timing, 
further optimizations have been performed. 

A. Parallelization 
Modern high-performance workstations comprise two 
CPUs. For example, the latest syngo X-Workplace from 
Siemens Medical Solutions contains two Intel Core Duo 
Processors, each of them providing two separate arithmetic 
units. As a consequence, four computing threads can run in 
parallel. 

There are several approaches towards parallelizing image 
processing algorithms on a network of processing nodes  [7]. 
The following aspects have a positive influence on speed-up 
reducing overhead: minimum number of synchronization 
points, minimum data exchange between threads, and 
maximum load balance. 

For this, we decided to partition data on the highest 
possible level, in our case image by image. With a fixed 
number of worker threads, each image received from the 
acquisition system is assigned to the next available thread. 
Assuming a sufficiently high number of projections (more 
than 100), with this approach all three previously mentioned 
aspects are addressed. 

For post-processing, the volume is partitioned into stacks 
of identical numbers of slices. Each stack is processed by a 
separate thread, correcting artifacts for each particular slice 
independently of the others. 

B. Code Optimization 
We analyzed the source code of the correction algorithms to 
identify loops and particular statements consuming a 
remarkable computational time. For this analysis, the VTune 
Performance Analyzer from Intel provides means to identify 
computationally expensive code fragments (e.g., a function 
or an individual C++-code line), to analyze the reason for a 
time delay (e.g., cache misses), all that while executing the 
release version of binaries without the need for code 
instrumentation. 

There were some surprising hints for performance 
optimization which we had not expected. For example, in 
the scatter estimation routine, VTune identified time delays 
caused by a large number of indirect addressing commands. 
Looking into the affected code parts, a look-up table for 
computing logarithms was implemented in order to speed up 
the code for a previous CPU version. Substituting the table 
look-up by the direct computation using the compiler built-
in floating point command, the Intel Compiler was able to 
vectorize the inner loop, which for this routine delivered a 
speed-up of a factor of 3. VTune also helped to locate and 
eliminate other expensive commands such as type 
conversions, for example, and indicated which loops to split 
for allowing automatic vectorization by the compiler. 

VI. RESULTS 
In this section we show some examples of computational 
times for protocols, which are relevant for clinical 
applications. For these measurements, we used a 
workstation with two Intel Core Duo Processors with 4 
MByte of second-level cache per processor, running under 
Microsoft Windows XP Professional. 
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The protocols shown in Table II are typically used in 
today’s Siemens AXIOM Artis dBA systems in combination 
with the syngo X-Workplace. 
 
 
 
 

 
TABLE II 

SUMMARY OF RECONSTRUCTION RESULTS 
Clinical 
Application 

# images Image size 
[pixels] 

Reconstruction 
time [sec] 

High-contrast 
angiography 126 1240x960 14 

Subtracted 
angiography 2 x 126 1240x960 19 

Soft tissue for 
body imaging 419 616x480 27 

Soft tissue for 
neuro imaging 543 1240x960 43 

 
 
These runtimes are measured starting with the availability of 
the first projection image and ending with the completion of 
the post-processing. In all cases, the volume cube had a size 
of 512x512x440 voxels and covered the maximum available 
field of view. For the high-contrast angiography 
applications referred to in the first two lines of the table, 
scatter correction, truncation correction, and ring artifact 
correction have been turned off. For the soft tissue imaging 
protocols mentioned in the third and fourth line of the table, 
however, all correction algorithms have been applied. 

VII. CONCLUSIONS 
With the described efforts, the computational times for 
reconstructing CT-like images from C-arm X-ray 
projections could be reduced, remarkably. Even for worst-
case protocols, after less than a minute after acquisition, the 
reconstruction results are available in the visualization 
application. 
The established speed-up increases the clinical applicability 
of this new technology for established interventional 
procedures, but even opens up completely new fields of 
applications. For example, the progress of a complex 
interventional procedure potentially could now be controlled 
by repeated low-dose acquisitions. 
Beyond solely reducing the time between acquisition and 
visualization, the increased computational power facilitates 
further algorithmic extensions for improving 3D image 
quality within a clinically realistic reconstruction time. We 
also investigate possibilities for utilizing the ImageProX 
platform for other computationally expensive algorithms. 

REFERENCES 
[1] L.A. Feldkamp, L.C. Davis, and J.W. Kress, “Practical 

cone-beam algorithm”, J. Opt. Soc. Am. A 1(6), 1984 
[2] M. Zellerhoff, B. Scholz, E.-P. Ruehrnschopf, and T. 

Brunner, “Low contrast 3D reconstruction from C-arm 
data”, Proceedings of SPIE, Medical Imaging 2005: 
Physics of Medical Imaging, Michael J. Flynn, Editor, 
April 2005, pp. 646-655 

[3] K. Wiesent, K. Barth, P. Durlak, T. Brunner, O. 
Schuetz, and W. Seissler, “Enhanced 3-D-
reconstruction algorithm for C-arm systems suitable for 
interventional procedures“, IEEE Trans. Med. Imag. 
19(5), pp. 391-403, 2000. 

[4] U. Meyer-Baese, Digital Signal Processing Using Field 
Programmable Gate Arrays, Springer, 2nd edition, 2004 

[5] Xilinx, Inc., http://www.xilinx.com 
[6] H. Scherl, M. Koerner, H. Hofmann, W. Eckert, M. 

Kowarschik, J. Hornegger, „Implementation of the 
FDK Algorithm for Cone-Beam CT on the Cell 
Broadband Engine Architecture”, to appear in Proc. of 
SPIE, Medical Imaging 2007 

[7] A.Y.H. Zomaya (Editor), “Parallel & Distributed 
Computing Handbook”, McGraw-Hill Professional, 
1995 

 
 
 
 

Benno Heigl received a master’s degree in computer science in 1997 
and a PhD degree in computer science in 2003, both from University of 
Erlangen-Nuremberg. During this time his research interest mainly was 
focused on combining computer vision and computer graphics methods for 
image based rendering. He has been with with Siemens Medical Solutions,  
Angiography, Fluoroscopic- and Radiographic Systems (AX) division in 
Forchheim, Germany since 2001. Currently he is heading a team 
responsible for 3D application development, covering 3D-reconstruction 
(DynaCT) and image fusion applications. 

Markus Kowarschik received a master’s degree in computer science in 
1998 and a PhD degree in computer science in 2004, both from University 
of Erlangen-Nuremberg. During this time his research focused on 
hardware-oriented numerical methods for the solution of partial differential 
equations, particularly multi-grid algorithms. He has been with Siemens 
Medical Solutions, Components division (CO) in Erlangen, Germany since 
2004. His work at CO focuses on the development of hardware acceleration 
techniques for applications in medical image processing. 

The trademarks within this publication are those of the respective 
owners. 

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 28



On-the-fly-Reconstruction in Exact Cone-Beam CT
using the Cell Broadband Engine Architecture

Holger Scherl, Stefan Hoppe, Frank Dennerlein, Günter Lauritsch, Wieland Eckert,
Markus Kowarschik, and Joachim Hornegger

Abstract—In medical imaging a high image quality is re-
quired. Exact cone-beam reconstruction algorithms, e.g. the M-
line method, provide excellent image quality without any cone
artifacts. Although the M-line approach is still of a filtered back-
projection style, it has an increased computational complexity
as it requires additional computations for the filtering of the
projection images, e.g. derivative computation and filtering along
oblique lines in the projection. In order to enable this new
reconstruction methodology in standard clinical scenarios we
implemented a highly performance optimized version on the
Cell Broadband Engine Architecture (CBEA). Our software
framework allows to compute the filtering and back-projection
in parallel to the data acquisition, making it possible to doan
on-the-fly-reconstruction. The achieved results demonstrate that
M-line reconstructions with our optimized Cell-based implemen-
tation are finished immediately after the last projection image
has been acquired by the scanning device.

Index Terms—Reconstruction, Computed Tomography, M-line
Method, Cone-Beam CT, Cell Processor, Cell Broadband Engine
Architecture

I. I NTRODUCTION

The theoretically exact M-line based reconstruction
method [1] totally resolves the problem of cone artifacts. In
the state-of-the-art FDK [2] the occurring cone artifacts may
cover small object details complicating their distinction. The
M-line approach could by applied for C-arm CT [3]. Due
to its requirement of a complete cone-beam data acquisition,
the source trajectory has to be extended to a short-scan
circle-plus-arc acquisition. With respect to computationtimes,
however, the improved image quality does not come for free.
In addition to the computation of a differentiated projection
image filtering is done along oblique lines. Thus, especially the
filtering of projections incurs much more computations to be
performed by the image reconstruction hardware. In this work,
we evaluate the performance of exact reconstruction methods
by means of the M-line approach on the Cell processor.

The novel CBEA [4], [5] introduced by IBM, Toshiba, and
Sony is a general-purpose processor consisting of a Power
Processor Element (PPE) together with eight Synergistic Pro-
cessing Elements (SPEs) offering a theoretical performance

H. Scherl, S. Hoppe and J. Hornegger are with the Friedrich-Alexander-
Universität Erlangen-Nürnberg, Department of ComputerScience, Institute of
Pattern Recognition (LME), Martensstr. 3, D-91058 Erlangen, Germany.
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of 204.8 Gflops1(3.2 GHz, 8 SPEs, 4 floating point multiply-
and-add per clock cycle) on a single chip. The PPE manages
the SPEs as resources for computationally intensive tasks.The
SPEs have only a small memory each (local store, 256 KB)
and are connected to each other and to the main memory
via a fast bus system, the Element Interconnect Bus (EIB).
The data transfer between SPEs and main memory is not
done automatically as is the case for conventional processor
architectures, but is under complete control of the programmer,
who can thus optimize data flow without any side effects of
cache replacement strategies.

In the following we consider the parallelized implementa-
tion and optimization of the M-line method and demonstrate
an on-the-fly-reconstruction while projection data are acquired.
Our implementation supports the case of a non-ideal data
acquisition and can thus reconstruct data sets from real C-
arm CT scanners. We also compare the achieved results with
our optimized CBEA implementation of the FDK method [6].

II. RECONSTRUCTIONALGORITHM

The task in image reconstruction is to recover the density
of an objectf(x) under examination provided a set of line
integrals

g(λ, θ) =

∫

∞

0

f(a(λ) + tθ)dt, (1)

where λ denotes the source trajectory parameter,a(λ) de-
scribes the corresponding source position andθ the direction
of the line. If we assume a flat panel detector located at a
distanceD from the current source position, each detector
value at coordinates(u, v)T refers to a line integral with line
direction

θ(u, v) = (ueu + vev − Dew) /
√

u2 + v2 + D2. (2)

Here, the detector coordinates are identified by two unit
normal vectorseu and ev and the coordinate origin(0, 0)T

is the orthogonal projection ofa(λ) onto the detector. The
vector ew = eu × ev points from the detector towards the
source position. To reconstruct a pointx inside the support
of the object with the M-line approach, the following steps
are applied successively. The computations are performed for
each trajectory segmentq, with λ−

q ≤ λ ≤ λ+
q , and

then all contributions are accumulated according to Formula
C (32) of [1]. Because other exact cone-beam reconstruction
algorithms, as e.g. [7], can be implemented in a similar way,
M-line specific steps are marked as such in the following. As

11 Gflops = 1 Giga floating point operations per second
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can be seen only the rebinning steps had to be modified in
order to account for other filtering directions.

Step 1 - Filtering: Each projectiong(λ, θ(u, v)) is mod-
ified into a filtered projectiongF (λ, u, v) according to the
following steps:

F1 - Derivative: Compute the derivative ofg(λ, θ(u, v))
with respect toλ along a constant viewing directionθ

g1(λ, u, v) =
∂

∂λ
g(λ, θ(u, v))

∣

∣

∣

∣

θ=fix
, (3)

with θ defined in (2). This derivative is computed similar to
formula (87) of [8].

F2 - Cosine Weighting:Weight the data according to

g2(λ, u, v) =
D

√
u2 + v2 + D2

g1(λ, u, v). (4)

F3 - Forward Rebinning (M-line specific):Perform a
forward rebinning from detector coordinates(u, v) to filter
line coordinates(u, s), wheres identifies the slope of the filter
line, according to

g3(λ, u, s) = g2(λ, u, v(u, s)), (5)

where

v(u, s) = s(u − uM ) + vM . (6)

Here, all filter lines converge to the common point(uM , vM )T .
Consequently, each filter line is uniquely identified by its slope
and the mapping is reversible.

F4 - Hilbert Filtering: Perform a Hilbert transform with
respect tou by computing

g4(λ, u, s) =

∫ +∞

−∞

1

π(u − u′)
g3(λ, u′, s)du′. (7)

F5 - Backward Rebinning (M-line specific):In order
to achieve a computational more efficient back-projection,
we avoid the direct back-projection from the rebinned grid.
Instead we perform a backward rebinning from filter line
coordinates(u, s) to detector coordinates(u, v), according to

g5(λ, u, v) = g4(λ, u, s(u, v)), (8)

where

s(u, v) =
v − vM

u − uM

. (9)

F6 - π-Weighting: Performπ weighting according to

gF (λ, u, v) = m(λ, u, v)g5(λ, u, v). (10)

The functionm(λ, u, v) takes only values of one and zero and
should be understood as a 2-D weighting mask that accounts
for a correct handling of the back-projection segment for each
point x. It can be precomputed once after C-arm geometry
calibration as shown in [3] (Section VI).

Step 2 - Back-projection:Back-project the filtered pro-
jection gF (λ, u, v) into the image space to obtainf at each
point x = (x, y, z) according to

f(x) = −
1

2π

∫ λ+
q

λ
−

q

1

(x − a(λ))ew

gF (λ, u(λ, x), v(λ, x))dλ,

(11)
whereu andv are the detector coordinates ofx given by

u(λ, x) = −D
(x − a(λ))eu

(x − a(λ))ew

(12)

v(λ, x) = −D
(x − a(λ))ev

(x − a(λ))ew

. (13)

III. I MPLEMENTATION

We implemented the basic processing chain of the M-
line algorithm as a pipeline consisting of dedicated stages.
One pipeline stage is responsible for loading the projections
from the hard disk or over the network. As soon as a
projection is available it can be processed by the subsequent
pipeline stages. Our software framework extremely simplifies
the implementation of such a pipeline. All pipeline stages
are executed in parallel enabling on-the-fly-reconstructions in
real-time. The processing elements of the Cell processor are
utilized by dispatching the associated parallel processing of a
pipeline stage to a configurable number of SPEs. The PPE
acts as the dispatcher which divides the processing of the
considered pipeline stage into smaller tasks and assigns them
to the available processing units. To minimize the control
overhead we assign rather large tasks to the processing ele-
ments that further have to be divided into smaller tasks by the
processing elements themselves. We take special care to hide
any communication latencies via double buffering techniques
during the dispatching and computation process.

The only downside of our approach is that the mapping of
the available SPEs onto the pipeline stages is currently done
statically. This means that we have to decide how many SPEs
shall be used in each pipeline stage before program execution.
Assigning each filtering step (F1 to F6) a separate pipeline
stage and thus at least one SPE would result in not fully
utilized SPEs, which is a waste of computation resources.
Technically, we compiled all filtering steps in one pipeline
stage and one associated SPE program in order to circumvent
this problem. The dispatching PPE identifies each filtering task
via a special tag such that a filtering SPE can easily decide
which processing task should be executed. Fortunately, to-
gether with necessary data buffers the complete SPE program
fits into the local store, when temporary data buffers were
shared among the different filtering task implementations.The
PPE-side dispatching facility of the filtering pipeline stage
takes care of synchronization and load-balancing between
the individual filtering steps. Because of local store size
restrictions, the filtering and back-projection tasks, however,
had to be separated into two different pipeline stages and thus
also two different SPE programs.

An efficient implementation on the CBEA further requires
to choose a proper parallelization strategy for each part ofthe
algorithm that can deal with the limited local store size.

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 30



F1 and F2 - Derivative and Cosine Weighting:The
derivative computation is implemented in a row-based manner.
Several rows of the resulting derived projection are assigned to
an SPE at the same time. The SPE itself transfers the required
rows of each involved projection (our current approximation
of the derivative requires the considered projection together
with the previous and next projection) to its local store, before
performing the actual computations. Because the required
computations for the derivative and the cosine weighting
share a common factor we could easily combine the involved
computations in order to achieve more efficiency.

F3 - Forward Rebinning:The rebinning computations
could not be implemented in a line-based manner due to the
limited size of the local store. An efficient parallelization
strategy must further take into account that optimal sizes
for memory transfers on the Cell processor are multiples
of 128 bytes (32 single precision floating point values). We
therefore decided to partition the rebinned image into blocks
of 32×32 values. For each block the corresponding maximum
shadow in the projection image is obtained by applying the
rebinning equation to the four border values of a block (see
figure 1). Then we clip the resulting shadow with the detector
boundary and transfer the associated data from main memory
to the local store. After that the rebinning computations can
be applied on the chosen partition and the resulting values
can be transferred back to main memory. In order to avoid
communication overhead we let the dispatching PPE assign
several blocks to one SPE at the same time. The results are
saved to a temporary buffer allocated in main memory.

F4 - Hilbert Filtering: Again, we assign several pro-
jection rows to a filtering SPE at the same time. The SPE
processes simultaneously two rows by loading them into its
local store and performing the convolution based on the
fast Fourier transform (FFT) after adding the required zero-
padding. As we are dealing with real-valued input only we
can convolve two image rows simultaneously via computing
the complex 1D FFT followed by the multiplication of the
discrete Fourier transform (DFT) of the filter kernel and the
computation of the IFFT of the respective product. The DFT
of the spatial Hilbert kernel does only have imaginary parts,
which simplifies the complex multiplication.

F5 - Backward Rebinning:The backward rebinning step
is implemented using the parallelization strategy of the forward
rebinning step, in reversed order.

F6 - π-Weighting: For each projection the associatedπ-
weighting mask has to be initialized, e.g. by loading it fromthe
hard disk. In our current implementation we assumed that we
have enough bandwidth available for loading the mask images.
While most of the mask values have the same value (one or
zero), a very simple compression scheme, e.g. based on run-
length encoding would easily remove any possible bandwidth
limitations. Theπ-weighting step itself is easily parallelized
because it is nothing else than an element-wise multiplication
of two 2D arrays.

Step 2 - Back-projection:Since we moved all required
M-line specific operations out of the back-projection loop,it
was possible to use the same implementation approach for the
back-projection as in our highly optimized Cell-based FDK
implementation. For further details we refer the reader to [6].

Processing task Time [s] Percentage [%]

Derivative/Cosine Weighting 6.40 21.5
Forward rebinning 6.64 22.3
Hilbert Filtering 10.00 33.7

Backward rebinning 5.88 19.8
π-weighting 0.79 2.7

Total 29.71 100.00

TABLE I
PERFORMANCE RESULTS OF THE COMPLETE FILTERING WITHIN THE

M-LINE APPROACH USING ONESPE.

IV. RESULTS

We evaluated the performance of our implementation on a
Blade server board based on the Cell architecture. The board
comprises two Cell processors running at 3.2 GHz each as well
as 1 GB of main memory split across the two chips. The exe-
cution time of our M-line implementation was measured using
a data set consisting of600 projection images of1024×1024
pixels each. The number of projection images were500 on the
short-scan circle,50 on the upper arc segment and also50 on
the lower arc segment. The average number of filter lines per
projection image was 1071. To achieve computation times that
are not affected of field-of-view (FOV) handling strategieswe
back-projected the cone-beam projections under consideration
into a volume that is completely inside the FOV. Therefore,
we used a volume consisting of512× 512× 352 voxels with
a voxel size of0.313 mm3. During our measurements we
removed any outliers by taking only the best runtime out of
five measurements. Care was taken to exclude any influence
of other significant PPE or SPE workload of the system.
After the correctness of the implementation was verified, we
performed the measurements without doing the I/O transfers
for loading the projection and mask images from the hard disk
or over the network. This was necessary in order to achieve
runtime measurements that were not affected by I/O bandwidth
limitations of our current Cell Blade evaluation system.

In order to measure the execution time of each filtering step
separately, we instrumented our code with SPE decrementer
statements (performance counter on SPE side). Table I lists
the execution time for filtering all600 acquired projection
images of the complete acquisition using one SPE. We took
special care to avoid the influence from any other workload.
The Hilbert filtering amounts for more than 33 % of the overall
filtering computations. While it is implemented in the same
way as the filtering of our Cell-based FDK implementation [6]
the computing time of filtering increases by a factor of three
in the exact approach. Due to the random memory accesses
during forward and backward rebinning, the corresponding
computations are the most expensive ones. Usually there are
more filter lines than rows in the projection images. Becauseof
this reason the forward rebinning accounts for more processing
time in comparison to the backward rebinning,

During the validation of the performance of the over-
all pipeline execution (simultaneous, parallel executionof
filtering and back-projection in a pipeline) we used the
gettimeofday function on the PPE. This ensures that all
overhead during program execution (e.g., starting the SPE
threads) are included in the measurements. Table II shows
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Fig. 1. Principle of forward rebinning. The colored box of the rebinned filter lines (left) correspond to the bold filter lines in the colored box of the projection
(right). It is only required to rebin filter lines going through the back-projection region (see F6 for a definition).

Number of SPEs (filtering/back-projection)
using one Cell processor using two Cell processors

1/7 2/6 3/5 1/15 2/14 3/13 4/12

M-line (short-scan circle plus two arc segments)
Time [s] 33.25 30.05 35.24 31.20 17.38 14.64 15.61

pps 18.05 20.00 17.03 19.23 34.52 40.98 38.44
fps 10.59 11.71 9.99 11.28 20.25 24.04 22.55

FDK (short-scan circle only)
Time [s] 19.80 22.99 27.52 9.43 10.07 10.81

pps 25.15 21.66 18.10 52.81 49.45 46.07
fps 17.78 15.31 12.79 37.33 34.96 32.56

TABLE II
OVERALL PIPELINED EXECUTION OF THE FILTERING AND BACK-PROJECTION FOR THEM-LINE APPROACH AND THEFDK METHOD.

the achieved results for various configurations of used SPEs
for filtering and back-projection, respectively. For comparison
purposes we also computed FDK reconstructions with the
same SPE configuration using only the projection images from
the short-scan circle. We also give the number of projection
images that can be processed per second (pps). This number
is important because on-the-fly-reconstruction as demonstrated
in [6] can only be achieved when the reconstruction system
is able to process at least the same number of projections
per second than the scanning device can deliver. Recent C-
arm devices achieve rates of 30 pps for 1k images. For
convenience, we also calculated the number of512 × 512
image slices, that can be reconstructed in one second (frames
per second, fps) as this number is often used in research for
comparison purposes. One can see that, in contrast to the
FDK method, the reconstruction speed of the M-line method is
limited by the processing time of the SPEs used for the filtering
pipeline stage. Using only one Cell processor of our dual Cell
Blade two filtering SPEs and using both Cell processors even
three filtering SPEs are required in order to achieve optimal
performance. Otherwise the execution time is limited by the
back-projection performance, which is roughly comparableto
the one used in the FDK implementation. Both reconstruction
approaches, however, achieve on-the-fly-reconstruction using
both Cell processors.

V. CONCLUSIONS

We showed a parallelized and highly optimized implemen-
tation of an exact cone-beam reconstruction method on the
Cell processor. With our dual Cell Blade we can compute
an M-line reconstruction for a standard clinical scenario in

14.64 seconds (40.98 pps) using a short-scan circle plus two
arcs acquisition. This leverages high quality cone-beam CT
reconstructions on-the-fly, which means that we can hide all
required computations behind the scan-time of the used device.

We conclude that in flat-panel cone-beam CT (e.g., C-arm
devices), the CBEA is able to give advent to the exact cone-
beam reconstruction methods in practical scanning devices.
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Abstract—In functional imaging, the modeling of emission ray 

attenuation and scattering during reconstruction can greatly 
improve image quality. Proper modeling of these effects in the 
forward projection step of iterative algorithms, such as OS-EM, 
can yield a significantly more accurate estimate of the required 
grid correction in the subsequent back projection step. This, in 
turn, leads to faster and more accurate reconstruction of the 
emission image. Graphics hardware boards (GPUs) have recently 
emerged as a powerful and affordable means to accelerate many 
3D tomographic reconstruction algorithms, both analytical and 
iterative. This paper presents an efficient and GPU-amenable 
method that incorporates attenuation and scattering modeling 
into these. 
 

Index Terms—Computed Tomography, Emission Tomography, 
Iterative Algorithms 
 

I. INTRODUCTION 
HILE in transmission tomography the objective is to 
reconstruct a 3D image (volume) of the object’s X-ray 

attenuation properties, using an external radiation source, in 
emission tomography one seeks to reconstruct the (internal) 
radiation  sources themselves. This gives rise to a very different 
(projection) image generation scenario, somewhat reminiscent 
to volume rendering with self-emitting particles. The projection 
scenario is different since, depending on their distance from the 
detector, local emissions can have varied impacts on the 
projection image, since they potentially lose different amounts 
of energy on their paths across the tissue to the detector. These 
attenuation variations can be significant and must be 
incorporated into the weight matrix [5].  

Another source of error are the scattering events occurring 
along the photon paths [4]. These are mostly due to photon 
interactions with the traversed tissue, leading to stray photons 
that are eventually counted in detector bins neighboring the 
intended one. Here, the amount of detector blurring a particular 
emission site causes is influenced by the local scattering 
properties of the traversed tissue as well as the distance of this 
site to the detector. The most appropriate technique to model 
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scattering is a Monte-Carlo simulation, using the current 
reconstruction instance as the source. However, such a 
simulation is (currently) computationally infeasible to conduct 
in an iterative procedure, at least when it comes to clinical 
routine. A good approximation can be obtained by the 
slice-by-slice blurring method that has been proposed for 
emission CT [1] as well as for volume rendering [6]. In both 
approaches, the blurring is guided by the local scattering 
properties of the tissue. The scattering as well as the attenuation 
modeling rely on the existence of a prior CT scan to provide an 
estimate of the attenuation and scattering properties of the 
tissue. 

Commodity graphics hardware boards (GPUs) have 
achieved remarkable speedups in various disciplines of 
Computed Tomography (CT).  Their programmability allows 
even complex schemes to be fully accelerated in their pipelined 
multi-processor array. Peak performances of 500 GFlops (109 
floating point operations/s) and more are now possible on a 
single PC equipped with a board that is available in every 
computer outlet for less than $500. Although the trend is 
currently towards generalizing these architectures to general 
purpose computing within the SIMD (Same Instruction 
Multiple Data) data processing paradigm, adhering to the 
native graphics (hardwired) pipeline facilities and strategies 
can be advantageous for speed. For example, we have recently 
shown [7] that a 5123 full floating point precision volume can 
be reconstructed (using Feldkamp’s [2] filtered back-projection 
algorithm) from 360 X-ray projections oriented in general 
position in less than 9s. In less recent work [8] we have also 
described a general framework that expresses a popular set of 
analytical and iterative reconstruction algorithms in a form that 
resonates well with the underlying architecture and 
programming model of GPUs. However, this paper did not 
address the actual GPU-implementation aspects of emission 
reconstruction with proper modeling of attenuation and 
scattering effects, which are described now. 

The outline of our paper is as follows. In Section 2, we 
describe our method from a more theoretical angle, and in 
Section 3 we provide implementation details. Section 4 present 
our results, and Section 5 ends with conclusions.  

II. THEORETICAL CONSIDERATIONS 

  The figure below illustrates the effects we attempt to model: 
attenuation and scattering. For the former we use the standard 
volume rendering integral. Here, s parameterizes a linear ray 
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The second line approximates 
this integral as a sequence of 
equidistant interpolations ∆s 
apart.  

To describe the (approximate, 
non-Monte Carlo) technique 
used to model the scattering, let 
us first consider a scattering event in a differential volume 
patch dV. Here, depending on the patch’s scatter properties, a 
ray of photons suffers some amount of diffusion, which can be 
modeled by a suitable diffusion function kernel, such as a box, 
tent, or Gaussian, where the extent of this kernel is determined 
by the amount of local scattering potential, estimated from a 
map indexed by the underlying CT data. This local model can 
be extended to a global one by recursion, where a 
detector-aligned slice buffer is advanced step-by-step from the 
rear of the volume to the detector, and the scatter-diffusion 
process is modeled, at each such step, by convolving the slice 
image with a variable-extent blurring function. Here, the size of 
the filter is dependent on the local scattering properties (higher 
scattering coefficients widen the filter). Also at each step, an 
emission volume slice is interpolated and added to the 
advancing slice buffer.  In fact, this scheme can be combined 
with the attenuation modeling, as we shall show in Section III. 

Modeling these effects in the forward projection provides a 
better estimate of the actual image generation process, given 
the current state of the emission volume estimate. This in turn 
provides a better estimate of the required grid correction for 
back-projection (which favors reconstruction speed and 
quality). In fact, this estimate can be back-projected via regular 
means (without modeling attenuation and scattering effects) or 
by including these effects. The former leads to the concept of 
unmatched projector/back-projector pair, which has been 
frequently used. We have also found the reconstructions to be 
of higher quality with the unmatched scheme, at least for our 
(relatively simple) phantom. But we will provide 
implementation details and results for the matched 
projector/back-projector pair as well. 

III. IMPLEMENTATION DETAILS 

We first reformulate the above attenuation equation into a 
framework more convenient for implementation on graphics 
hardware. Using a Taylor expansion we get: 

/ 1

00
( ) (1 ( ))

L s i

ji
p c i s j sµ

∆ −

==

≈ ∆ − ∆∑ Π  

  Now normalizing all CT density µ values into a range [0.0, 
1.0] we obtain the following recursive expression: 

c (1 )b b f f b f fc c c t cµ= − + = +  

In volume rendering, this is 
called back-to-front 
compositing. The new (back) 
emission cb is calculated by 
adding the previous back 
emission cb to the newly 
interpolated front emission cf. 
But before it is added it must be attenuated by the interpolated 
transparency tf at this point (note, the higher the attenuation, the 
lower the transparency). An alternative form is front-to-back 
composting: 

    (1 )f f b f f f b f bc c c t t t t tµ= + = − =   

For this we need to keep two advancing buffers., one for the 
advancing transparency, tf, and one for the advancing emission 
front, cf (now cb is the currently interpolated emission). First the 
emission buffer is updated, then the transparency buffer. Since 
the effect of each transparency layer is multiplicative, a new 
(front) tf is formed by multiplying the present tf by the currently 
interpolated µb – in fact (1-µb).  

Now combining this with the scattering yields the following 
implementation strategy, illustrated next, along with respective 
algorithm. First show the approach for projection, which uses 
the back-to-front compositing scheme: 

 

 

 

 

 

The back-projection, using front-to-back compositing is:    

 

 

 

 

 
 

A possible hardware 
implementation of this scheme 
would be to store the T (CT) 
volume and the C (emission) 
volume in 3D textures and then 
use the detector-aligned 3D 
slicing for interpolation in the 

Set emission buffer C=0 
Step back to front, at each step: 
   interpolate emission slice CS 
   interpolate transp. slice TS 
   blur C using TS 
   composite C = C ·TS + CS  

Initialize correction buffer C 
Step front to back, at each step: 
   spread (and add) C into the   
emission volume 
   interpolate transp. slice TS   
   blur C using TS 
   update C = C ·TS 
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α

∆s=1/cosαV1

V2

forward projection, and volume-slice aligned updates (volume 
writes) in the back-projection step. There are, however, some 
practical limitations to this scheme. These originate in the 
current lack of hardware support for efficient writes to a 3D 
texture. While Framebuffer objects (FBOs) provide this ability 
now for the latest GPU generation, this capability is still not 
optimized and not well supported by the hardware drivers. 
Even though one could perform the forward projection with a 
3D texture and then switch to a stack of 2D textures for 
back-projection, the repeated data reformatting from 3D to 2D 
textures and back would be very expensive. We therefore 
propose a scheme that uses 2D texture stacks for both 
projection modes. In that respect, what needs to be resolved is 
the question if the 2D texture slice-based forward projection 
can be made sufficiently accurate, compared to the true 
detector-aligned slicing shown in the figures above. We have 
designed a few schemes to that effect, which are described next. 
 The figure to the right shows the blurring kernel in the ideal 
detector-aligned buffer configuration. Here the recursive 
blurring (the red kernel) can occur at any arbitrary buffer (blue 
dashed lines) distance ∆s (∆s=1 is reasonable). This is the 
configuration used when a 3D texture is interpolated.    

Next, the figure on the right shows the texture-slice (or axis) 
aligned situation (assuming the texture slice distance is 1). In 
this case the scattering can occur at a larger distance and 
therefore the width of the blurring kernel should be scaled up 
accordingly, that is, by a factor 1/cosα, where α is the rotation 
angle of the detector.  

Due to the perspective 
(cone-beam) distortion, the 
scattering on one side of the 
principal direction (here the 
right half-cone as seen from the 
scattering source) can occur at 
a larger distance before 
entering the slice buffer than 
the other (the left half-cone), 
see the figure on the right. We 
can correct for this as well, by 
additionally scaling the two 
kernel side lobes according to their subtended half-cone 
volumes, V1 and V2.  

IV. RESULTS 
To validate the accuracy and performance of our GPU 
reconstruction framework, we used a PC equipped with an 
Athlon 2.2GHz CPU and a Geforce 8800 GTX graphics card. 
We used a 3D phantom composed of a set of ellipsoids of 
varying emission values.   

Fig. 1 compares the slice-by-slice blurring results obtained 
with the detector-aligned vs. the axis-aligned projector for three 
orientations α: 0˚, 20˚, 40˚. Both simulations use the identical 
scattering model and volume. Next to the projections the 
intensity profile along the line indicated in the first image is 
shown, and we observe a good fit. We also computed the 
overall RMS error and found it to be between 1-2% of the 

maximum value in a projection. We conclude from this study 
that the axis-aligned projector is well suited for the recursive 
scatter simulation we use in our GPU-accelerated iterative 
emission reconstruction framework. 

Fig. 2 shows a set of representative projections obtained with 
our simulator, with emissions only, emission with attenuation 
(A), emission with scattering (E+S), and emission with 
attenuation and scattering (E+A+S). Scattering creates 
substantially more blur, while attenuation weakens the 
projections of emissions traversing highly attenuating material 
with and without scattering. 

Fig 3 shows a representative slice from a 3D reconstruction of 
our phantom (10 iterations), for various modeling scenarios 
arranged into columns. The first row shows the reconstructed 
slice when the (column) effects are not modeled, while the 
second row shows the slice when modeling took place. In the 
final row we show the intensity profiles for the line indicated in 
the first image. We compare the original phantom profile (solid 
grey), the profile obtained when the effect has not been 
modeled (dotted) and the profile when the effect has been 
modeled (solid black). We see that in all cases the contrast is 
greatly improved when the effect is modeled. We also observe 
that without attenuation/scattering (A+S) modeling, the small 
ellipsoid between the two large ones in the upper third of the 
phantom can not be detected.  

Finally, Table 1 compares our timing results. We observe that 
adding attenuation and scattering only to the projector (in an 
unmatched projector/back-projector reconstruction framework) 
has a relatively small impact on performance (less than a factor 
of 2). This verifies the observations of [1]. The results shown in 
Fig. 3 were all obtained with configuration. On the other hand, 
modeling these effects for the back-projection operator is about 
10 times more expensive. Overall, it takes 5 times longer if 
attenuation and scattering are modeled in both he projection 
and back-projection stages (in the matched 
projector/back-projector). 

Table I 
RECONSTRUCTION TIMINGS: 1283 VOLUME, 160 PROJECTIONS 

 Projection Backproj. 1 iter. 10 iter.
Transmission CT 0.7s 0.7s 1.7s 18s 

Emission CT (matched) 1.2s 7.3s 8.7s 90s 
Emission CT (unmatched) 1.2s 0.7s 2.2s 23s 

V. CONCLUSIONS 
We have demonstrated that attenuation and scattering effects as 
well as their compensation in iterative emission CT can be 
efficiently performed with GPUs. Unmatched operators are 
significantly more efficient and already seem effective to 
improve reconstruction quality in the presence of these effects. 
While the axis-aligned projector appeared sufficient, future 
work will aim to include the 3D texture approach once it is 
better supported by the hardware. 
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Figure 1.  Projection evaluation of detector and axis-aligned scattering models. Difference images are computed by calculating the 
absolute difference between two images. Solid and dashed lines are extracted from detector and axis aligned projections, respectively. 
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Comparison of Two Decomposition Strategies for
Parallelizing the 3D List-Mode OSEM Algorithm

Maraike Schellmann and Sergei Gorlatch

Abstract— This paper analyzes two strategies for parallelizing
the 3D-image reconstruction for Positron Emission Tomography
(PET) using the list-mode OSEM (Ordered Subset Expectation
Maximization) algorithm. The two strategies differ in how com-
putational tasks are decomposed and assigned to the processors
of a parallel machine: (1) Projection Space Decomposition (PSD)
assigns to each processor one block of data to be computed, with
image synchronization after the computation of each block;(2) in
Image Space Decomposition (ISD), each processor is assigned a
part of the reconstruction image for which the processor performs
the reconstruction. We develop analytical performance models
for both decomposition strategies; the models allow to choose
an optimal strategy depending on the properties of a particular
reconstruction problem and a particular parallel machine. Our
results of analytical modelling are confirmed by experiments on
a parallel cluster with up to 64 processors.

Index Terms— list-mode OSEM, parallel, PET, decomposition

I. I NTRODUCTION

I TERATIVE reconstruction algorithms, like the 3D OSEM
(Ordered Subset Expectation Maximization) algorithm,

produce high-precision reconstruction images from events
measured by a PET (Positron Emission Tomography) scanner.
Today, with high-resolution PET scanners, the number of
LORs (lines-of-response, i. e., the measurable lines) is extre-
mely high (e. g.,≈ 1012 for the quadHIDAC [1] small-animal
scanner). The complexity of the original OSEM algorithm [2]
depends on the number of LORs of the used scanner. When
used with high-resolution PET scanners, this dependence
either leads to unfeasible runtimes or to a loss of accuracy.
In order to provide accurate images in a reasonable amount
of time, the list-mode OSEM algorithm processes the data
in list-mode form which is independent of the number of
LORs [3]. The List-Mode OSEM reconstruction algorithm is
nonetheless computationally intensive. Since time plays an
important role in medical diagnosis, we aim at speeding up
such reconstructions by means of parallelization.

The 3D list-mode OSEM algorithm can be parallelized
using two decomposition strategies: the PSD (Projection Space
Decomposition) and the ISD (Image Space Decomposition)
strategy [4]. A software developer who wants to parallelizethe
list-mode OSEM algorithm has to make the decision which of
the two decomposition strategies is to be used, depending on
the performance of the underlying sequential implementation
and the available parallel machine. In this paper, we propose

The authors are with the Institute of Computer Science, University of
Münster, Einsteinstraße 62, 48149 Münster, Germany. Corresponding author:
Maraike Schellmann, E-mail: schellmann@uni-muenster.de.

a method for a well-founded analytical comparison of the
strategies. Our contributions are three-fold:

1) we develop a new analytical model for the ISD strategy;
2) we enhance our earlier model for the PSD strategy [5]

by incorporating machine parameters;
3) with these models, we enable the software developer to

choose the right parallelization strategy for a particular
combination of problem and machine parameters

Our targeted parallel architecture are a distributed-memory
clusters that offer high computation power at a comparatively
low price.

II. PARALLEL L IST-MODE OSEM

A. List-mode OSEM

The list-mode OSEM algorithm is block-iterative: the input
dataset - consisting of all measured events - is divided intos
equally-sized blocks of events, so-called subsets. The starting
image vector isf0 = (1, ..., 1) ∈ R

N (N is the number
of voxels in the reconstruction image). For each subsetl ∈
0, ..., s−1, a new, more precise reconstruction imagefl+1 is
computed and used iteratively for the next subset computation
as follows:

fl+1 = flcl;
︸︷︷︸

BP

cl =
1

At
norm1

︸ ︷︷ ︸

:=a

∑

i∈Sl

(Ai)
t 1

Aifl
︸︷︷︸

FP

, (1)

whereSl are the indices of events in subsetl, 1 = (1, ..., 1),
and A is a matrix with elementai,j denoting the length
of intersection of event linei (i. e., the line between the
detectors of eventi) with voxel j. The normalization vector

a =
1

At
norm1

is independent of the current subset and can thus

be precalculated.FP denotes the forward projection andBP
the back projection step. After one iteration over all subsets,
the reconstruction process can either be stopped, or the result
can be improved with further iterations.

Sincefl+1 depends onfl, the subsets cannot be calculated
simultaneously. Therefore, the two strategies we present in the
sequel parallelize the computations within one subset.

B. PSD strategy

In the PSD (Projection Space Decomposition) strategy, we
decompose the events of one subset intop (=number of
processors) blocks and compute the forward projection for
these blocks simultaneously. Since the events in the list-mode
OSEM algorithm correspond to projections in the original
OSEM algorithm, this strategy is called Projection Space
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Decomposition. The calculations for one subset proceed in
five steps:

1) Every processor reads its part of the subsets’ events.
2) All processorskj , j = 1, ..., p compute simultaneously

∑

i∈Sl,j

(Ai)
t 1

Aifl

.

3) The processors’ results are summed up over the network.
4) fl+1 = flcl is computed on one processor (the “root).
5) fl+1 is sent to all other processors.

C. ISD strategy

In the Image Space Decomposition (ISD) strategy, the
reconstruction image is decomposed intop sub-imagesf j ,
j = 1, ..., p (see Figure 1). The computations proceed as
follows:

1) Every processor reads all the subsets’ events.
2) Each processorkj performs the forward projection for

sub-imagef j , i. e., it computesbi,j = Aj
if

j for ms =
m/s eventsi ∈ Sl, whereAj is a sub-matrix ofA that
is restricted to the voxels inf j .

3) The projections are synchronized over the whole image:
bi,j ∈ R

ms are summed up forj = 1, ..., p, with the
resultbi residing in all processors.

4) Each processorkj computesaf j
∑

i∈Sl

(Aj
i )

t 1

bi

.

Fig. 1. One event line in the ISD strategy with eight processors and thus
eight sub-images: Each processor computes the forward- andback projections
for all events in its part of the image

III. C OMPARISON OF THETWO DECOMPOSITION

APPROACHES

In order to compare the two strategies, we analyze their
reading-, communication- and calculation time separately.
Throughout this work, we use a simple cost model for
communication: For transferringa data words between two
processors, the communication time ists + a tw, where ts
is the start-up time to establish a connection and prepare a
message for submission, andtw is the time to transfer one
data word from sender to receiver.

A. Time Estimate for Reading Data

The reading of data on a parallel machine is performed
over a usually comparatively slow network that connects the
processors with the file system. Therefore, the start-up time
tfs for communication with the file system and the time
tfw for transmitting one data word are comparatively large.
The communication delay also depends on the number of

processors accessing one file: we measured file access times
for various sizes of data and came to the conclusion that on our
systems, transmission time grows linearly with the number of
processors. In the PSD strategy, each processor only reads “its”
events, i. e.,a = ms/p · sizeof(oneEvent), with ms = m/s.
By denotingtfev = sizeof(oneEvent) tfw, we obtain

T PSD
Read = s · (tfs + ms tfev) = s tfs + mtfev. (2)

In the ISD strategy, allm events of one subset need to be read
on each processor, thus

T ISD
Read = s · (tfs + ms p tfev) = s tfs + m p tfev. (3)

B. Time Estimate for Communication

In both strategies, a so-called “Reduce” operation is per-
formed (step 3): the elements of vectors residing on the
processors are summed up to the root processor. The runtime
for reduction istred = (ts + a (tw + t+)) · log p, wheret+ is
the time for adding up two elements anda is the number of
elements of the vector to be summed up. After the reduction,
a “Broadcast” operation is performed (step 5 in PSD and
step 3 in ISD), i. e., the summation result is sent from the
root to all other processors. The runtime for the broadcast is
tbcast = (ts + a tw) · log p, thus

tcommSub = tred + tbcast = (2ts + 2atw + at+) · log p.

For the PSD strategy,a = N , thus

T PSD
Comm = s · (2ts + 2Ntw + Nt+) · log p. (4)

Whereas for the ISD strategy,a = m/s, therefore

T ISD
Comm = (2 s ts + 2 m tw + m t+) · log p. (5)

C. Time Estimate for Calculation

For the PSD strategy, the runtime estimation is straight-
forward. The orientation of an event line is arbitrary, thusthe
length of intersection of one event line with the reconstruction
region is arbitrary as well. Since the time for calculating one
event line is proportional to the length of intersection, and all
processors of the distributed-memory machine are identical,
we can assume that, with a large enough number of events
computed on each processor, all processors use (almost) the
same time for calculating one subset. Then, for PSD onp
processors, the total time spent in calculations (step 2 and4)
reads as follows:

T PSD
calc = s · (T 1

calcSub/p + Tnew) = m T PSD
calcEv + s Tnew, (6)

whereT 1
calcSub is the sequential computation time of step 2

for all events of one subset,T PSD
calcEv the average computation

time for one event andTnew the runtime of step 4.
The main problem in ISD is that areas with large amounts

of the radioactive substance will have a higher density of
events, and the event lines are therefore not equally distributed
across the reconstruction region. Hence, with equally-sized
images, the time spent in forward projection (step 2) by
processorkj depends on the density of measurement lines
crossing its sub-image. In our experiments on eight processors
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with equally-sized sub-images, the time spent in the forward
projection of one million events (one subset) varied from 8 to
22 seconds. Since for the reduction in step 3 all processors
need to be synchronized after forward projection, they have
to wait for each other. In the example above the average
waiting time was almost 8 seconds. In order to have a better
workload-distribution in ISD, we introduce a preprocessing
load-balancing strategy that resizes the reconstruction images
according to an estimated number of intersecting event lines.
We obtain this estimation by calculating the number of inter-
sections of the starting images with one million events chosen
from the middle of the dataset (using the whole dataset is too
time-consuming). With this load-balancing strategy, we reduce
the average waiting time from eight seconds to a little over one
second, which corresponds to 14 % of the computation time.
With advanced load-balancing strategies that, for example,
collect runtime information for each subset and then resize
the images accordingly, we expect waiting times to decrease
even more.

Therefore, in order to simplify our model, we ignore the
waiting times and consider the computation to be perfectly
load-balanced. Hence, we obtain the total calculation timefor
ISD,

T ISD
calc = s · (T 1

calc1 + T 1
calc2)/p = m T ISD

calcEv/p, (7)

whereT 1
calc1 andT 1

calc2 are the sequential computation times
of step 2 and 4, respectively, andT ISD

calcEv is the average
computation time for one event.

D. Model Comparison

With (2), (4) and (6), the analytical model for PSD reads:

TPSD ≈ m · (T PSD
calcEv/p + tfev)

+ s · (tfs + Tnew + (2ts + 2 N tw + Nt+) · log p)
︸ ︷︷ ︸

overhead per subset

,

(8)

and with (3), (5) and (7) the model for ISD is as follows:

TISD ≈ m · (T ISD
calcEv/p + p tfev + (2 tw + t+) · log p)

+ s · (tfs + 2 ts log p)
︸ ︷︷ ︸

overhead per subset

. (9)

By measuringT ISD
calcEv, T PSD

calcEv, Tnew and the network para-
meters, a software developer can now decide which of the two
strategies should be used for parallelizing the list-mode OSEM
algorithm in a particular situation.

We now analyze our models in terms of problem parameters
(the ratio between the number of events and subsets) and ma-
chine parameters (computing power, start-up and transmission
times).

1) Problem Parameters: As can be seen from (9), the run-
time of the ISD strategy is fairly independent of the number of
subsetss, whereas for the PSD strategy, a large communication
overhead arises for every subset, see (8). The ISD strategy is
therefore preferable in situations with a comparatively large
amount of subsets and thus few events per subset. This is,
for example, the case in 4D reconstruction with low-statistics,
i. e., with few events and thus little information in each time
frame.

2) Machine Parameters: In order to simplify matters, we
neglect the rather small influence of the start-up timests andtfs
on the runtime (e. g., in our experimentsts = 7.12µs andtfs =
15.5µs), but instead concentrate on the transmission timestw
and tfev. The total transmission time over the file system for
PSD ism tfev, whereas for ISD it ism p tfev, i. e., ISD has a
p times longer file transmission time. Hence, the ISD strategy
is only suitable for machines with a fast file system. On the
other hand, the transmission time within the nodes for PSD
is 2 s N tw log p, whereas for ISD we have2 m tw log p =
2 s ms tw log p. Since the number of events in one subset is
usually smaller than the total number of voxels, the inner-node
transmission time for PSD isN/ms times higher than for ISD.
Thus, for a comparatively low-bandwidth network, ISD should
be preferred. With faster nodes, e.g. multi-core processors, the
times tnew and t+ decrease. Thus, the overhead for the PSD
strategy decreases to a greater extent than the overhead for
ISD. Hence, with increasing computing power, we expect the
PSD strategy to become preferable.

IV. RUNTIME EXPERIMENTS

Based on a sequential C++ implementation of the list-
mode OSEM algorithm, we used MPI (Message Passing Inter-
face) [6] for our parallelization using the two decomposition
strategies. We performed runtime experiments on two parallel
machines:

• Arminius: A cluster with 200 Dual INTEL Xeon 3.2 GHZ
64bit nodes, each with 4 GByte main memory, connected
by an InfiniBand network. In order to obtain general
enough experimental results, we used only one of each
node’s processors. To exploit the fast InfiniBand inter-
connect, we used the Scali MPI Connect [7] implemen-
tation on this machine.

• Zivcluster: We performed our experiments on up to
16 INTEL Xeon 3.6 GHZ 64bit compute nodes of the
118 nodes of this cluster. The nodes have 4 GByte
main memory each, and are connected by a Myrinet
network. On this machine we used the MPICH MPI
implementation [8].
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Fig. 2. Predicted and measured runtimes on the Arminius cluster

In our performance experiments, we study the reconstructi-
on of data collected by the quadHIDAC small-animal PET
scanner [1]. We used 10 million events collected during a
mouse scan. The reconstruction image has the sizeN =
(150× 150×280). As we have seen in Section III, the machine
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parameters that influence runtime most strongly, are the inter-
connect and file system transmission times. On the Arminius
Cluster, we measured for large array sizestw ≈ 0.0011µs
and tfev ≈ 0.24µs, whereas on the Zivclustertw ≈ 0.0042µs
and tfev ≈ 0.49µs. Figure 2 shows a typical experiment for
the ISD and the PSD strategy on the Arminius Cluster. The
runtime prediction was performed using (8) and (9). Estimates
for TcalcEv are obtained by measuring the timeTmeas for one
run of the parallel implementation withk events and one subset
on one processor; thenTcalcEv = Tmeas/k.

Figure 2 shows that our models (8) and (9) are able to
predict runtimes on the Arminius cluster fairly well. We can
also see that, iftfev is much larger thantw and the number
of subsets is comparatively small, then the PSD strategy is
more suitable for this combination of network and algorithm
parameters than the ISD strategy. Regarding the algorithm
parameters, our experiments show that with more than 100
subsets and thus less than 100000 events per subset, the ISD
strategy is preferable to the PSD strategy.
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In Figure 3, we see that, for the ISD strategy on the
Zivcluster, the direct prediction using (9) has an error of almost
22 %. This is mainly due to the waiting times arising from
load imbalances. Since we have waiting times of about 14 %
of computation time (see Section III), we refine the model
by including waiting times into (9): we substituteTcalcEv by
the empirically found value1.14 · TcalcEv. With this refined
prediction function, we achieve better results (see the third
prediction line in Figure 3). The remaining error is due to
varying transmission times. The ISD strategy performs slightly
better on the Zivcluster than on the Arminius Cluster, due to
the lower bandwidth of the interconnect.

One drawback of the ISD strategy is the large amount of
data to be read on each processor. We improved reading time
by reading the data from the file system on only one processor,
which then broadcasts the data to all other processors. With
this improvement, reading time of the ISD strategy decreases
considerably (e.g., almost 60% on 16 processors). Nonetheless
the reading of data in the PSD strategy is twice as fast as in
the improved ISD strategy, such that the PSD strategy still
outperforms the ISD strategy in most cases.

Summarizing, the PSD strategy is preferable for almost all
combinations of problem and machine parameters. The ISD
approach is only preferable when there are very few events
in each subset. Furthermore, the parallel machine has only
little influence on the choice of strategy, since with modern

Advantages Disadvantages

PSD Fast reading of data Large network workload
Easy to implement

ISD Independent of subset size Large amounts of data to read
Demanding implementation

TABLE I

ADVANTAGES AND DISADVANTAGES OF THEPSDAND ISD STRATEGY

interconnects only small performance differences could be
observed.

V. CONCLUSION AND DISCUSSION

In this work, we implemented the PSD and ISD parallel
strategies for the list-mode OSEM algorithm and developed
analytical performance models for these strategies on parallel
machines with distributed memory. We then analyzed the
models and showed the advantages and disadvantages of the
two strategies in different situations depending on problem
parameters and hardware. A summary of our analysis can be
found in Table I. In [4], the PSD and ISD strategy have been
implemented for the OSEM algorithm working on projection
data. By comparing the two strategies empirically in terms
of parallel efficiency, Jones et al. come to the conclusion
that, without taking into account the reading of data, the
two strategies are of comparable speed. We show that, when
including the reading of data into the runtime analysis of the
list-mode OSEM algorithm, the PSD strategy is in most cases
superior to the ISD strategy. Furthermore, we are setting upa
distributed grid system that chooses, for a given reconstruction
problem, the fastest available parallel machine, using our
models (8) and (9) to predict both runtimes and employed
resources.
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Acceleration of Fully 3-D List-Mode OSEM for
High-Resolution PET using Graphics Processing

Units
Guillem Pratx, Garry Chinn, Frezghi Habte, Peter Olcott, and Craig Levin.

Abstract— The amount of information generated by PET is
increasing rapidly, driven by (1) the finer sampling by smaller
detector elements and (2) the increased number of physical
quantities measured and recorded with the new generation of
PET detector technology (arrival time, time-of-flight, energy,
depth-of-interaction, incident photon angle, etc.). In this context,
reconstructing directly from the raw list-mode data has proved to
be particularly appealing and useful to deal with the parameter
complexity as well as sparseness of the data. This reconstruc-
tion problem lends itself naturally to a maximum-likelihood
formulation. List-mode approaches have been successfully used
in several applications in which the sparseness of the data is
important. An issue often reported with list-mode algorithms
is the tremendous amount of computation required since each
recorded event requires several back-and-forward line projections.
We therefore investigated the use of the new generation of graphics
processing units (GPUs) to drastically accelerate the line projection
operations and implement a fully-3D list-mode ordered-subsets
expectation-maximization (OSEM).

One desirable characteristic of our approach is that it facilitates
a straightforward implementation of resolution-blurring kernels
that represent an accurate detector tube-of-response. We showed
that the GPU implementation is 50 times faster but as accurate
as its CPU counterpart, and that the incorporation of a shift-
invariant resolution-blurring model lead to a reduction in the
noise without loss of resolution.

I. INTRODUCTION

THE number of lines-of-response (LOR) in modern
positron emission tomography systems has increased by

orders of magnitude. This trend has been driven by the use
of smaller detector crystals, more accurate depth-of-interaction
positioning and fully-3D acquisition. This has boosted the reso-
lution and the sensitivity of PET systems. However, it has made
the task of reconstructing images from the collected data more
difficult. The demand in computation power and memory stor-
age has exploded, outpacing the advances in memory capacity
and processor performance [1]. Algorithms whose complexity
does not depend on the number of LORs are therefore required
to efficiently exploit the potential performance of state-of-the-
art PET systems. In addition, the difficulty to store in memory
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EB003283, California Breast Cancer Research Program grant 121B-0092, Stan-
ford University Bio-X Graduate Fellowship Program, and Nvidia Fellowship
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huge look-up tables favors algorithms that compute these values
on the fly.

Statistical methods, based on maximum-likelihood (ML)
and maximum-a-posteriori (MAP), account for the stochastic
nature of the imaging process. These iterative algorithms have
been shown to offer a better trade-off between noise and
resolution in comparison to filtered back-projection. However,
these approaches have the downside of being computationally
intensive. The memory usage is also a point of concern for
the reconstruction. The system response matrix (SRM), that
maps the image voxels to the scanner detectors and models the
imaging process, can be gigantic. Its size is proportional to the
number of LORs.

We investigated practical ways to perform fully-3D list-mode
OSEM reconstruction using programmable graphics hardware
known as a graphics processing unit (GPU). Primarily designed
to deliver high-definition graphics for video games in real-
time, GPUs are now increasingly being used as cost-effective
high-performance co-processors for scientific computing. GPUs
are characterized by extremely high processing parallelism,
fast clock-rate, high-bandwidth memory access and built-in
optimized geometrical functions. However, they have a quite
limited amount of memory (512 Mb). Nevertheless, these char-
acteristics make them particularly well suited for ’on-the-fly’
schemes with low memory profile but high computational inten-
sity. Implementation of 3D-OSEM on the GPU is challenging
because the graphics programming interface is not designed to
handle general-purpose computation. Yet, we show that the two
main components of 3D-OSEM (line back-projection and line
forward projection) can be reformulated as pseudo-rendering
tasks that can be run extremely efficiently on the GPU.

Unlike previous implementations of OSEM on GPUs [2], [3],
we implemented a 3D-OSEM reconstruction algorithm on the
GPU that can (1) take as input any set of lines which includes
list-mode, histogram, and sinogram data and (2) incorporate
a resolution blurring kernel within the representation of each
line. The main challenge in implementing list-mode OSEM on
the GPU is that the list-mode LORs are not arranged in any reg-
ular pattern (as sinogram LORs are) but are streamed in random
order, which makes it harder to exploit the LOR parallelism.
Nevertheless, this problem can be solved by introducing an
intermediary step after which the LORs are regularly ordered.

In list-mode, the LOR index and other physical quantities
(time, energy, TOF, depth-of-interaction, incident photon angle,

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 41



etc.) are stored sequentially in a very long list.

II. MATERIALS

A GeForce 7900 GTX GPU (NVIDIA, Santa Clara, CA), was
used to greatly accelerate the list-mode 3D-OSEM algorithm.
The computational power of this GPU is mainly distributed
among 24 programmable parallel pipelines. Each pipeline runs
at 650MHz and can process 16-bit 4-D floating-point vectors
(representing the 4 color channels: Red, Green, Blue and
Alpha). Both the vertex and the fragment shader are fully
programmable.

For the implementation of 3D-OSEM on the GeForce 7900
GTX GPU, we used the Cg compiler 1.4 to program the GPU.
The OpenGL 2.0 library was used on the CPU side to control
the GPU execution. The CPU code was compiled with Gcc
4.0.2 on a AMD Athlon64 3500+ (1GHz).

III. METHODS

A. Projections techniques

The list-mode OSEM algorithm we implemented is described
in [1] and [4]. In this work, we considered four different projec-
tors. Siddons algorithm [6] is very efficient when programmed
on a CPU. It computes on-the-fly the length of intersection of
the LOR and the voxels. However, the computation for each
line is done in a single long thread that cannot be parallelized;
we were therefore unable to efficiently implement it on the
GPU. We instead implemented two other projection techniques:
the tri-linear interpolation technique and the Gaussian tube-
of-response (TOR). The tri-linear projection method has been
shown [1] to be superior in image quality to Siddon’s algorithm,
while being four times more computational on the CPU. We
observed that Gaussian TOR resulted in even better image
quality. Dithering improves the performance of the Siddon’s
projector by providing better sampling of the image volume
but at the cost of a substantial increase in computation time.

B. Line forward projection

The GPU-based forward projector is line-driven, whereas the
back-projector is voxel-driven. The two projectors are therefore
mismatched. This mismatch can be reduced by reducing the
step size in the forward projector, but this will increase the
computation time. Tri-linear interpolation and Gaussian TOR
are very similar in their implementation on the GPU. The
video memory on the graphics card is organized into textures.
Textures are essentially color images stored as arrays of 4-D
vectors (Red, Blue, Green and Alpha). All the data (projection
histogram, line endpoints, 3D tomographic images) used by
the OSEM algorithm are stored in this format using diverse
techniques such as tiling and color encoding.

The GPU-based line forward projector is implemented in two
steps: texture mapping allows sampling the 3D volume along
the line. A Gaussian-shaped kernel is applied for Gaussian
TOR. Built-in bilinear interpolation is used to accelerate the
trilinear interpolation technique. The samples are stored in an

a temporary texture. The number of samples taken on each
line can be set up as a trade-off between accuracy and speed.
Lines are processed in groups of about 10,000 - the limitation
being the size of the temporary texture that holds the samples.
After sampling, a custom GPU shader accumulates the samples.
The resulting values are then inverted and written back to the
projection data texture in preparation for the back-projection.

C. Line back-projection

Back-projection can be described, in the computer graphics
terminology, as a 3D rastering operation. However, the GPU
can only raster 2D geometries which prevents straight-forward
implementations of back-projection. We chose to raster 2D
slices of the 3D geometry by encoding the depth with color.
This approach allows use of the 24 parallel pixel shaders
where most of the computational power of the GPU is con-
centrated. The slice is selected by setting-up parallel cutting
planes and then the lines are rastered using an orthographic
projection matrix. Enabling blending allows accumulation of
the rastered lines within the same texture. The blending unit
is for now limited to 16-bits floating-point values, which can
be troublesome when accumulating many small values inside
the same buffer. A multipass approach can help mitigate the
overflow and underflow effects. This issue will be solved with
the release of the next generation of high-dynamic range GPUs.
Color encoded depth allows processing of 4 slices in parallel.
A render shader is programmed to output the TOR shape
(trilinear or Gaussian). For Gaussian TOR, the radial distance
between the current voxel and the line axis is computed and
used to parametrize the Gaussian kernel. A depth-dependant
contribution can also easily be included in the output value.

IV. RESULTS

We applied the GPU-based reconstruction to data generated
on two pre-clinical PET systems: a 1-mm box-shaped system
under development and the GE Vista DR. The main difference
between the two systems in term of reconstruction strategy
is that the first system has more than 8 billion LORs, while
the other one has only 28.8 million. For this reason, list-mode
and on-the-fly computation is required for the 1-mm resolution
system whereas histogram-mode and look-up tables can be used
for the Vista.

A. 1-mm resolution pre-clinical PET system

To test our implementation of list-mode 3D-OSEM, we
first reconstructed simulated data. Data was first generated
using the Monte-Carlo package GATE by simulating a 1-mm
resolution pre-clinical PET system currently under development
[7]. Coincident events can be recorded along more than 8 billion
LORs, which dictates the use of list-mode image reconstruction
algorithms. In addition to that, the SRM is gigantic and would
be impossible to store even on a computer cluster. For this
reason, on-the-fly computation of the coefficients is required
for practical implementation.
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(a) (b) (c)

(d)

Fig. 1. Spheres phantom (1mm, 1.25, 1.5, 1.75) generated by Monte-Carlo
simulation and reconstructed with list-mode 3D-OSEM (a) on a single CPU
(Siddon’s projector) ; (b) on a single GPU (Tri-linear interpolation) ; and (c)
on a single GPU (Gaussian TOR). (d) profile through four 1.75mm spheres.

25 million counts were recorded from a phantom consisting
of spheres of different sizes (1mm, 1.25, 1.5, 1.75), separated
by twice the diameter, placed in a single plane. Data was
reconstructed on a single CPU using a version of list-mode
3D-OSEM that uses Siddon’s algorithm as projector (Fig. 1(a)).
Reconstruction was also performed on the GPU using list-mode
3D-OSEM and two different projection methods: tri-linear
interpolation (Fig. 1(b)) and Gaussian TOR (Fig. 1(c)). The
FWHM for the Gaussian TOR was chosen to be 1mm, a value
equal to the crystal width. For the trilinear interpolation method,
the voxel size (0.5mm) yields a 1mm width of the triangular
kernel. 20 image updates with 1.5m events per subsets were
done for Siddon and tri-linear interpolation. 30 image updates
were applied for Gaussian TOR. The Gaussian kernel works as
a low-pass filter and allows in general to run more updates.

We found that the reconstructed resolution was not degraded
by our implementation of list-mode 3D-OSEM on the GPU
(Fig. 1). In addition, it was possible to run more iterations
when using the Gaussian TOR method since it better filters the
image noise. This enabled the higher contrast observed in the
profile (Fig. 1(d)) while keeping the noise low.

B. Vista DR pre-clinical PET system

We performed two phantom studies (hot rod and cold rod
phantoms) and a small-animal study to evaluate the perfor-

(a) (b)

(c) (d)

Fig. 2. Micro Deluxe hot rod phantom, acquired on the Vista DR system and
reconstructed with histogram-mode 3D-OSEM with (a) Siddon’s projector on
a CPU with 10X dithering, (b) trilinear interpolation on the GPU, (c) 1.4mm
FWHM Gaussian TOR on the GPU and also (d) using the FORE+2D-OSEM
provided with the system. A single slice is shown. The rod diameters are 1.2,
1.6, 2.4, 3.2, 4.0 and 4.8mm. Spacing is twice the diameter.

mance of the GPU reconstruction. Data was generated on
the Vista DR preclinical PET and then reconstructed using
the following algorithms: standard FORE+2D-OSEM (provided
with the scanner), CPU-based list-mode 3D-OSEM (Siddon’s)
and GPU-based histogram-mode 3D-OSEM (Tri-linear and
Gaussian TOR).

The hot rod phantom (Micro Deluxe phantom, Data Spec-
trum) was filled with 110µCi of 18F and imaged for 20
minutes. The rod diameters are 1.2, 1.6, 2.4, 3.2, 4.0 and
4.8mm. The spacing between the centers is twice the diameter.
Data was collected in histogram mode. OSEM subsets were
formed using a random partition of the LORs.

3D-OSEM based on CPU and the Siddon’s projector pro-
duced moderate quality images for the Vista DR system despite
using 10X dithering (Fig. 2(a)). This is largely caused by the
substantial difference between the ideal line-integral model and
the real detector response of the system. Similarly, the tri-linear
interpolation technique, despite providing better images than
Siddon, did not make it possible to resolve the 1.2 mm rods
(Fig. 2(b)). In contrast, the Gaussian TOR technique was able to
resolve all the rods (Fig. 2(c)). We used a 1.4mm FWHM TOR
(slightly smaller than the 1.55mm crystal pitch). FORE+2D-
OSEM is also shown in figure 2(d). The number of image
updates for each image is 40 for (a), 60 for (b), 12 ∗ 8 for
(c) and 2 ∗ 32 for (d).

The cold rod phantom (Micro Deluxe phantom, Data Spec-
trum) was filled with 200µCi of 18F and imaged for 20
minutes. The rods diameters are 1.2, 1.6, 2.4, 3.2, 4.0 and
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(a) (b)

Fig. 3. Micro Deluxe cold rod phantom, acquired on the Vista DR system and
reconstructed with (a) 3D-OSEM with 1.4mm FWHM Gaussian TOR on the
GPU and (b) FORE+2D-OSEM on the CPU. A single slice is shown. The rod
diameters are 1.2, 1.6, 2.4, 3.2, 4.0 and 4.8mm. Spacing is twice the diameter.

(a)

(b) (c) (d)

Fig. 4. Osteosarcoma xenograft in the belly of a nude mouse just above the
bladder. The mouse was imaged on the Vista DR (1 bed position) and the data
was reconstructed by applying 3D-OSEM with Gaussian TOR on the GPU.
Images: (a) volumetric rendering under four view angles, (b) sagittal slice, (c)
coronal slice and (d) transverse slice.

4.8mm. The spacing between the centers is twice the diameter.
Reconstruction was done with GPU-based 3D-OSEM with
Gaussian TOR projection and FORE+2D-OSEM (Fig. 3). 12∗8
updates were run for (a) and 2∗32 for (b). It is not clear whether
Gaussian TOR outperforms FORE+2D-OSEM in term of res-
olution for the cold rod phantom. Yet, the images produced
have better uniformity. In addition, the ability to reconstruct
cold lesions is clearly demonstrated.

In another study, we looked at data acquired from a mouse
cancer model. An osteosarcoma xenograft was implanted in the
belly of a nude mouse just above the bladder. An injection of
100µCi of Na18F was performed on the mouse. After 1h30m
uptake, the mouse was imaged on the Vista DR for 1 hour.
Images were reconstructed with the GPU-based 3D-OSEM
using the Gaussian TOR. 12 iterations of the algorithm were run
using 8 subsets, resulting in 96 effective image updates. Figure
4 shows a volumetric rendering of the mouse under different
angles, as well as slices through the volume.

C. Processing time

The processing time for each reconstruction method was
measured. CPU-based 3D-OSEM was benchmarked on an
AMD Athlon 64 3500+ (2.2GHz). The GPU used for the
same task was the NVIDIA GeForce 7900GTX GPU. The
value shown in Table I have been measured for 2 iterations of
OSEM. Histogram-mode is used for 3D-OSEM. The measured
time includes both the Fourier rebinning and the 2D-OSEM
for FORE+2D-OSEM. Note that depending on the projection
method that is used, different numbers of image iterations can
be run to achieve the best image.

TABLE I
RECONSTRUCTION TIME

Algorithm Recon. time
CPU 3D-OSEM (Siddon) 5,510 s
CPU 3D-OSEM (Siddon+10X dither.) 55,100 s
GPU 3D-OSEM (Trilinear interp.) 125 s
GPU 3D-OSEM (Gaussian TOR) 340 s
CPU FORE+2D-OSEM 120 s

V. CONCLUSION

These results show that GPUs can accurately perform fully
3-D line back-and-forward projections. Furthermore, they are
very efficient in implementing projection schemes that incor-
porate a volumetric model for the tube-of-response. We have
validated these projection methods for the application of image
reconstruction of list-mode and histogram-mode data in high-
resolution PET. 3D-OSEM was accelerated on GPUs by an
order of magnitude compared to an implementation on a single
CPU. This acceleration is mainly attained thanks to the highly
parallel architecture of the computing units and the very high
bandwidth memory bus of the GPU.
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Acceleration Techniques for 2D Parallel
and 3D Perspective Forward– and Backprojections

Michael Knaup and Marc Kachelrieß

Abstract— Tomographic image reconstruction is computational
very demanding. In filtered backprojection as well as in iterative
reconstruction schemes, the most time–consuming steps usually
are the forward– and backprojection. In this paper, we present
some techniques to accelerate these steps by some orders of mag-
nitude compared to a “naive” straight forward implementation.

Index Terms— forwardprojection, backprojection.

I. INTRODUCTION

It is our aim to describe some techniques to accelerate
the forward– and backprojection used in tomographic image
reconstructions. Although similar tricks may be applied to var-
ious scanning–geometries, we specialized to the most common
geometries: The 2D parallel geometry and the 3D perspective
geometry.

In our optimized algorithms, all outer loops are well–suited
for parallelization whereas the inner loops are optimal for
vectorization. This allows to implement them on various hard-
ware. In particular, we implemented them both on a standard
PC as well as on a novel general purpose hardware optimized
for distributed computing: The Cell Broadband Engine (CBE).

Cell processors are general purpose processors that combine
a PowerPC element (PPE, “manager”) with eight synergistic
processor elements (SPE, “worker”). Each SPE contains a
synergistic processing unit (SPU), a memory flow controller
(MFC), and 256 kB of SRAM that are used as local store
(LS) memory. The LS runs in its own address space at the
full 3.2 GHz clock frequency. It plays a similar role as the
L1 cache of a standard CPU. The main difference is that the
programmer has to take care himself that data are transferred
correctly via DMA from the main memory to the LS and vice
versa. In particular, big data must be splitted in small tiles that
completely fit (together with code, heap and stack) into the 256
kB LS. The reward for this work will be that no cache–misses
will occur on the SPEs.

II. 2D PARALLEL FORWARD– AND BACKPROJECTION

We consider 2D parallel forward– and backprojections [1]
(c.f. figure 1) of the type

FP: p(ϑ, ξ̃) =

∫

f(x, y) δ
(

ξ̃ − ξ(ϑ, x, y)
)

dx dy (1)

BP: f(x, y) =

∫

p̂
(

ϑ, ξ(ϑ, x, y)
)

dϑ (2)

Institute of Medical Physics (IMP), University of Erlangen–Nürnberg,
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mail: michael.knaup@imp.uni-erlangen.de.
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Fig. 1. Illustration of the 2D parallel geometry.

Here, ϑ is the projection angle, p(ϑ, ξ) are the forward–
projected rawdata, p̂(ϑ, ξ) are the convolved rawdata, and
f(x, y) is the image. The function ξ(ϑ, x, y) describes the
distance of the origin to the ray through the point (x, y) for
projection angle ϑ. It is given by

ξ(ϑ, x, y) = x cos ϑ + y sin ϑ . (3)

We will generalize this to

ξ(ϑ, x, y) = a(ϑ)x + b(ϑ)y + c(ϑ) (4)

with arbitrary functions a(ϑ), b(ϑ) and c(ϑ) which can
easily be pre–calculated and stored in lookup–tables. Note
that these functions may also include the transformation from
continuous coordinates to discrete indices, i.e. [ξ → detector
channel m] and [(x, y) → pixel number (nx, ny)].

For the forwardprojection, we use the algorithm by Joseph
[2] which is illustrated in figure 2 and shown in the simple
but slow reference code in listing 1. A reference code for the
backprojection is shown in listing 2.

There are three major tricks to speed up both algorithms by
some orders of magnitude (c.f. figure 1):

1) Handle several slices at once. Since most problems
require to reconstruct a whole volume instead of a single

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 45



slice, one can exploit the fact that the function ξ(ϑ, x, y)
does not depend on the slice number (which can be
interpreted as the z–coordinate of the volume). In other
words, one can promote the loop over slices (which
would be the outermost loop around the reference code)
to the innermost loop.

2) Divide both the image as well as the rawdata into small
“sub–images” and “sub–raws” which completely fit into
the cache of the CPU. This allows to perform the whole
reconstruction with nearly no cache–misses, which is
essential since both algorithms (especially together with
trick 1) are typically limited by memory–bandwidth. In
addition, this division prepares the algorithms for an ease
implementation on the CBE, where all data must fit into
the local store (LS) of the workers.

3) If one needs backprojection only, one may upsample
the rawdata before backprojection. This allows to per-
form a nearest neighbour interpolation between detector
channels instead of a linear interpolation without loss of
image quality [3], [5]. However, care has to be taken.
Whereas techniques 1) and 2) are completely equivalent
to the reference code, this trick slightly decreases im-
age quality if the upsampling is not sufficient. On the
other hand, an excessive upsampling increases rawdata
size and requires to scale down the size of the sub–
images. Therefore, applying this technique requires to
check carefully whether the desired image quality is still
achieved.

Pseudo–codes which demonstrate the implementation of
these techniques are shown in listings 3 and 4, resp. In both
cases, the outermost loops (over sub–images) is well–suited
for a parallelization, whereas the innermost loops (over slices)
are optimal for a vectorization.

x

y

ϑ

Fig. 2. Illustration of the algorithm by Joseph [2] to calculate line integrals
through pixel images: Loop over y, calculate x(y) and perform a linear
interpolation between the two neighbouring pixels in x–direction. Note that
−π/4 ≤ ϑ ≤ +π/4 is required — otherwise one has to flip the image, i.e.
swap the x– and y–coordinates.

void ParForwProjRef(int N, int M, int Nx, int Ny,

float **Slice, float **Raw,

float *a, float *b, float *c)

{

int n, m, ny;

for(n=0; n<N; n++) // loop over projections

for(m=0; m<M; m++) // loop over detector channels

for(ny=0; ny<Ny; ny++) // loop over slow pixel index

{

float x =a[n]*ny + b[n]*m + c[n];

int nx=(int) floor(x);

float w =x-nx;

if(nx>= 0 && nx<=Nx-1) Raw[n][m] += (1-w)*Slice[ny][nx];

if(nx>=-1 && nx<=Nx-2) Raw[n][m] += w *Slice[ny][nx+1];

}

}

Listing 1: Reference code for the parallel forwardprojection.

void ParBackProjRef(int N, int M, int Nx, int Ny,

float **Slice, float **Raw,

float *a, float *b, float *c)

{

int n, ny, nx;

for(n=0; n<N; n++) // loop over projections

for(ny=0; ny<Ny; ny++) // loop over slow pixel index

for(nx=0; nx<Nx; nx++) // loop over fast pixel index

{

float xi=a[n]*nx + b[n]*ny + c[n];

int m =(int) floor(xi);

float w =xi-m;

if(m>= 0 && m<=M-1) Slice[ny][nx] += (1-w)*Raw[n][m];

if(m>=-1 && m<=M-2) Slice[ny][nx] += w *Raw[n][m+1];

}

}

Listing 2: Reference code for the parallel backprojection.

Loop over SubImages

Loop over Projections

If Projection-angle is outside range [-PI/4 ; +PI/4]

Flip image, i.e. swap x and y coordinates

End if

Calculate range of SubRaw

Loop over detector channels of SubRaw

Loop over y-coordinate of SubImage

Calculate x-coordinate and weights

Loop over Slices

Weighted add

End loop

End loop

End loop

End loop

End loop

Listing 3: Pseudo–code applying the acceleration techniques
1) and 2) to the parallel forwardprojection.

Loop over SubImages

Loop over Projections

Loop over pixels of SubImage

Calculate detector position and weights

Loop over Slices

Weighted add

End loop

End loop

End loop

End loop

Re-organize total volume from SubImages

Listing 4: Pseudo–code applying the acceleration techniques
1) and 2) to the parallel backprojection.

III. 3D PERSPECTIVE FORWARD– AND BACKPROJECTION

We consider 3D perspective forward– and backprojections
for flat–panel detectors (c.f. figure 3) of the type

FP: p(α, u, v) =

∫ 1

0

f
(

(1 − λ)~s (α) + λ~d(α, u, v)
)

dλ

(5)

BP: f(~r ) =

∫

w2(α,~r ) p̂
(

α, u(α,~r ), v(α,~r )
)

dα (6)

Here, α is the projection angle, (u, v) are the 2D detector
coordinates, p(α, u, v) are the forward–projected rawdata, and
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Fig. 3. Illustration of the 3D perspective geometry for flat–panel detectors.
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Fig. 4. Illustration of the 3D perspective geometry for ideally aligned flat–
panel detectors.

f(~r ) is the image. The backprojection is Feldkamp–type
[4], i.e. p̂(α, u, v) are the convolved and appropriately pre–
weighted rawdata and w(α,~r ) is the Feldkamp weighting
function. ~s (α) and ~d(α, u, v) are the positions of the source
and the detector element (u, v), resp. for projection angle
α. The functions u(α,~r ) and v(α,~r ) describe the detector
coordinates of the point where the ray from the source ~s (α)
through voxel ~r = (x, y, z) hits the detector. They are given
by the so-called perspective transform:

u(α,~r ) = (c00x + c01y + c02z + c03) w(α,~r ) (7)

v(α,~r ) = (c10x + c11y + c12z + c13) w(α,~r ) (8)

w(α,~r ) = (c20x + c21y + c22z + c23)
−1 (9)

The cooefficients cij = cij(α) are functions of the pro-
jection angle α only and can be easily pre–calculated and
stored in lookup–tables. Provided an appropriate pre– and
post–weighting of the rawdata p̂(α, u, v) and the image f(~r ),
the weighting–function w(α,~r ) appearing in formula (6) is
the same function as defined in formula (9) [5].

For the forwardprojection, we use the 3D extension of the
algorithm by Joseph [2]. The reference codes are quite similar

to the 2D parallel case (listings 1 and 2) and therefore not
shown here.

There are again three major tricks to speed up both algo-
rithms by some orders of magnitude:

1) In a pre–processing step, rebin the real flat–panel detec-
tor to an ideal detector aligned parallelly to one of the
volume faces. In the case of a (x–z)–alignment as shown
in figure 4, this leads to c02 =c10 =c20 =c22 =0 for the
ideal detector. Hence, the denominator in equation (9)
only depends on the y–coordinate and must be calculated
only once for a whole (x–z)–slice. Geometrically, this
means a simple re–scaling and adding of the rectangular
volume–slice to the detector for the forwardprojection
and vice versa for the backprojection. This re–scaling
can be implemented very efficiently. Note that the rebin-
ning from the real to an ideal detector has no influence
on the image quality [5].

2) Divide both the volume as well as the rawdata into
small “sub–volumes” and “sub–raws” which completely
fit into the cache of the CPU (c.f. the 2D parallel case
of section II).

3) Perform an upsampling of the rawdata before backpro-
jection followed by a nearest neighbour interpolation of
the detector channels during backprojection (c.f. the 2D
parallel case of section II).

Tricks 2) and 3) were taken straightforward from the 2D
parallel case. A pseudo–code which demonstrates the imple-
mentation of these techniques is shown in listing 5.

Prepocessing:

Loop over Projections

Align the real detector either parallel to (x-z) or (y-z) plane

End loop

Main forward- or backprojection:

Loop over SubVolumes

Loop over Projections

If CurrentVolumeAlign != CurrentDetectorAlign

Flip volume, i.e. swap x and y coordinates

End if

Loop over SubSlices, i.e. the slow coordinate of SubVol (x or y)

Calculate position and size of SubRaw

FP: Resize rectangular SubSlice to SubRaw and add it to SubRaw

BP: Resize rectangular SubRaw to SubSlice and add it to SubSlice

End loop

End loop

End loop

Postprocessing:

FP: Perform length-correction due to the intersection-lengths of rays

with volume-slices.

BP: Re-organize total volume from SubVolumes

Listing 5: Pseudo–code applying the acceleration techniques
1) and 2) to the perspective forward– and backprojection.

IV. RESULTS

To measure the performance of our various implementations
we forward– and backprojected a 5123 volume with 512
projections and a 5122 detector. Hence, every forward– and
backprojection required 5124 = 68.7 Giga–voxel (Gvoxel)
updates in total. In every case, linear interpolation was used,
i.e. only tricks 1 and 2 were utilized in the optimized codes.
This guarantees that all versions achieve the same image
quality as the reference codes.

The PC implementations ran on a single 3.06 GHz Xeon
processor with 533 MHz frontside bus. The CBE implemen-
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ParFP ParBP PersFP PersBP

PC reference code 0.0225 0.0225 0.00989 0.00989

PC optimized 1.07 1.44 0.251 0.357

CBE optimized 12.5 16.9 3.55 5.05

TABLE I

PERFORMANCE OF OUR DIFFERENT IMPLEMENTATIONS IN GVOXEL

UPDATES PER SECOND.

tations ran on a single 3.00 GHz Cell processor of our Dual
Cell–Based System (Mercury Computer Systems).

Table I shows the timing of the different implementations in
Gvoxel updates per second. Note that this measure is widely
independent of the number of voxels, projections and detector
pixels. On the PC, the optimized code is nearly two orders of
magnitude faster than the reference code shown in the listings.
On the CBE, we achieve even a further order of magnitude in
performance.

The optimized forwardprojections are roughly 30% slower
than the corresponding backprojections. Unlike the disjoint
sub–volumes, the sub–raws do overlap, and therefore more
than the theoretical number of voxel–updates are required as
soon as we apply trick 2 to the forwardprojections.

Switching from linear interpolation to pure nearest neigh-
bour interpolation would yield a speedup factor of roughly
1.5 on the PC and 1.3 on the CBE. This additional speedup
may be utilized in cases where speed is most important while
sacrificing a little bit of image quality is acceptable, possibly
e.g. in luggage scanners.

V. CONCLUSION

We presented some techniques to accelerate the 2D parallel
and the 3D perspective forward– and backprojections. The
optimized algorithms are well–suited both for vectorization
and for parallelization. We implemented them both for a
standard PC as well as for the novel Cell Broadband Engine
(CBE).
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Optimised System Matrix Compression and
Matrix Element Access for Iterative

3D PET Reconstruction Using Non-Rectangular,
Rotationally Symmetric Voxel Formations

Jürgen Scheins and Hans Herzog

Abstract— We present how huge system matrices for fully 3D
PET reconstruction can be significantly compressed. The number
of non-zero matrix elements is reduced up to a factor of≈300
and beyond, by introducing and exploiting angular symmetries.
The remaining elements can be stored memory-resident in
Random Access Memory thus avoiding repeated geometrical
calculations. In addition, the storage and access scheme as
proposed in [1], which allows any matrix element to be accessed
nearly as fast as for the uncompressed matrix representation
has been adapted/extended for the presented non-rectangular
voxel formations with a high degree of symmetry. Preliminary
results of the 3D reconstruction of ECAT HR+ data acquired in
Listmode and considering all physical Lines-of-Response without
any spatial rebinning into sinograms demonstrate the potential
of the applied methods in terms of effective computing time.

Index Terms— Positron Emission Tomography, Iterative Re-
construction, Listmode, Acceleration Startegies, SystemMatrix
Compression, Symmetries

I. I NTRODUCTION

Present PET scanner systems which typically consist of
multiple detector rings provide a tremendous number of
physical Lines-of-Response (LOR) in 3D acquisition mode.
Consequently, iterative fully 3D PET reconstruction requires
sophisticated techniques to reasonably limit the time of cal-
culation while exploiting the full spatial information without
any LOR rebinning. Here, the repeated calculation of system
matrix weightson-the-flyfor each physical LOR and iteration
cycle could lead to an impractical computing time, especially if
using more elaborated weighting schemes like analytical vol-
ume calculations [1]. The calculation effort can be reducedat
cost of increased image blurring, when binning the measured
data into sinograms and applying transaxial approximations
(interleaving, meshing) and axial approximations (span) to
reduce the number of considered LORs. In contrast, for the
unaltered evaluation of all physical LORs the permanent stor-
age of weights in random access memory (RAM) is advisable
to realise a minimal computing time. If all weights are pre-
calculated only once time-consuming identical calculations
can be avoided. In addition, improved geometrical projectors,
e.g. [1], would be feasible and do not influence the effective
reconstruction time.

Institute of Neuroscience and Biophysics (Medicine, INB-3), Research
Center Jülich, D-52428 Jülich. Corresponding author: J¨urgen Scheins, E-mail:
j.scheins@fz-juelich.de.

Due to the sparseness of the system matrix only non-
vanishing matrix weights need to be stored providing a sub-
stantial compression. However, restrictions still occur from the
available memory resources which are usually not sufficient
for a fully 3D reconstruction explicitly considering all physical
LORs. Memory sizes in the order of some GB can easily be
exceeded. Further compression can be achieved by exploiting
basic scanner system symmetries [2] which cause intrinsic
redundancy of the system matrix. However, not all existing
symmetries of a scanner with a highly symmetric transaxial
topology can be utilised, because of the restricted number of
symmetries of the typically applied cuboid voxel formations.
Alternatively, other voxel configurations with a higher degree
of rotational symmetries in the transaxial direction allowfor
a significant enhancement of the matrix redundancy and com-
pression, respectively. Furthermore, enumeration and storage
patterns for the voxels as proposed for cuboid voxel formations
in [1], [3] can be extended to the highly symmetric voxel
formations. This reduces the effort for all necessary symmetry
transformations of sparse vectors to its absolute minimum by
using ultra-compact lookup tables [1], [3].

II. M ETHODS

A. Segments of Voxels and Symmetries

Usually, iterative 3D PET reconstructions use regularly
arranged rectangular image voxels (Fig. 1) which allow the
simple calculation of geometrical weights. Here, three inde-
pendent transaxial symmetries exist which are defined by the
symmetry axis (X, Y, XY diagonal). All LORs which can
be transformed to each other by a combination of the three
independent symmetry transformations need only one single
LOR representation to be stored. This reduces the time for
calculating weights as well as the size of allocated memory.
The combination of all basic symmetries leads to a transaxial
compression factor of23 = 8.

Voxel formations with a higher degree of symmetry allow
for further matrix compression. Figure 2 gives an example
of such voxel formations with more complex voxel shapes.
As basic structures identical angular segments are used which
can be transformed into each other by defined rotations.
Exemplarily, a transaxial geometry consisting ofNs = 12
identically structured segments is shown. Then, groups of
12 LORs each can be explicitly represented by one single
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Fig. 1. Rectangular voxels have three basic transaxial symmetries.
The symmetry axis are in red and correspond to the X-axis, Y-axis
and XY-diagonal. For example LOR 1 is equivalent to LOR1

′ in
case of mirroring with respect to the Y-axis. In total, 8 transaxial
combinations of symmetry transformations are posssible.

LOR and all LORs of a group can be accessed by rotating
the representative LOR for the multiples of3600/Ns. This
results in a compression factor1 of 12. Consequently, the
degree of compression increases proportional to the number
of introduced segments. In our new softwareNs remains a
free parameter which has to be defined by the user for a
specific scanner. Matrix calculation, symmetry handling and
reconstruction are adapted automatically for each value of
Ns. The value ofNs is only restricted to the number of
applicable symmetries of the scanner topology. For the calcu-
lation of matrix weights the approach of analytical calculation
of volumes-of-intersection [1] has been applied considering
the size of the detector crystals. The continuous sampling of
the image space ensures a low level of noise [1] and avoids
any kind of sampling artefacts related to the unconventional
voxel structure. In contrast, other geometrical projectors, like
Length-of-Intersection weighting could cause artefacts due to
the imperfect discretisation.

B. Matrix Element Access

Using symmetries to compress the system matrix may
lead to additional and complex calculations of corresponding
voxel addresses of symmetric LORs. To achieve an optimised
matrix element access the voxel addressing pattern as pro-
posed in [1] has been adapted for the new voxel formations,
i.e. each segment has the same voxel enumeration pattern
and the addressed voxels are sorted and stored segment-wise
for each sparse vector of the matrix. This means, voxels
are not stored/accessed via a simple 3D index pattern, as
conventionally done, but each segment addresses its own
voxels and the same index value addresses the same voxel

1In case of self-symmetric segments an additional compression factor of two
occurs, i.e. the total transaxial compression factor is given byNc = 2×Ns.
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Fig. 2. Example of a transaxial configuration of voxels with 12
identically structured segments which also consist of non-rectangular
voxels of various shapes. LOR 1 is equivalent to LOR1

′ when
applying a rotation of360o

× 2/12.

with respect to the relative position within any segment.
Now, for any symmetry transformation each segment can be
uniquely translated into the appropriate symmetric partner
segment and a lookup table maps pairs of segments for each
possible transformation. Before accessing specific voxelsonly
the segment reference has to be modified from the lookup table
while the index address is invariant. This technique allowsto
store a compressed matrix while nearly having element access
times as for an uncompressed matrix representation [1].

III. R ESULTS

Figure 3 shows a18F-deoxy-glucose brain image recorded
with an Siemens ECAT HR+ PET scanner [4] in 3D listmode
for 20 minutes. The temporally integrated data has been
reconstructed with the Maximum-Likelihood-Expectation-
Maximisation algorithm (MLEM) using all physical LORs
(approx. 40 million) without any spatial rebinning, e.g. no
span, meshing or interleaving. A transaxial structure of 72(!)
segments has been used. This choice exactly fits the scanner
topologogy which shows a 72-fold transaxial detector block
structure. The 72-fold symmetry has been used in combination
with one additional axial symmetry and exploiting the self-
symmetric structure of each transaxial segment. Thus, a full
compression factor of 288 has been achieved and the full
system matrix can be stored in RAM. The compressed matrix
comprises 59 million weights, whereas the uncompressed
sparse matrix would have 17 billion non-zero entries. For
one MLEM iteration approximately 50 billion floating point
operations have to be executed. An Intel Pentitum 1.86 GHz
with 2GB RAM needs 12 minutes per full iteration (with-
out any parallelisation and without using ordered subsets).
Note, the number of mathematical operations only comprises
pure MLEM iteration steps, i.e. execution of forward and
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Fig. 3. 18F-deoxy-glucose brain image recorded with an ECAT HR+
PET scanner in 3D listmode and iteratively reconstructed with the
MLEM using a 72-fold segment structure; the data have not been
corrected before reconstruction (see text).

backward projections, but not any geometrical calculationof
weights. The pre-calculation of analytical volumetric weights
takes approx. two hours which would lead to several days
(2h × 288 ≈ 570 hours) of calculation time per iteration
if calculating all weightson-the-fly for each LOR. For the
preliminary results shown in figure 3, no data corrections,
i.e. normalisations, attenuation, scatter, etc., have been applied
so far. The figure shows the characteristic non-rectangular
voxel formations and the image pixels exactly correspond to
the shapes of voxels used for the reconstruction2. However,
the image quality does not suffer from the unconventional
voxelisation applied here. The figure represents only a very
preliminary status of the method’s potential and recent work is
in progress to introduce all neeeded correction steps to obtain
reliable, quantitative PET images.

IV. CONCLUSIONS

The realised method represents a further development of the
concept of exploiting intrinsic symmetries for iterative fully
3D PET reconstruction. Thus, the size of the system matrix
of highly symmetric ring detector systems can be significantly
reduced. This allows for the permanent storage of allweights
in RAM to reduce the reconstruction time. Furthermore, more
complex and more precise projectors (e.g. [1]) do not influence
the effective reconstructon time in contrast to the re-calculation
for each iteration. We have shown that compression factors of
approx. 300 are easily feasible for the storage of non-zero
elements while simultaneously excluding significant overhead
for the matrix element access under any symmetry transfor-
mation. Highly symmetric ring scanner systems, e.g. Siemens
ECAT HR+ PET scanner, have a strong benefit from the

2Note, resolution losses due to the expression of the final image on a
rectangular grid for standard analysis tools only depend onthe granularity
of the chosen rectangular grid and therefore can be neglected in case of a
moderate oversampling.

presented matrix storage and access technique in terms of
efficient iterative fully 3D reconstruction.

A fully 3D reconstruction with the new voxel patterns and
appropriately including all data corrections is in preparation.
We are developing a new C++ library incorporating all issues
of symmetry handling, so that the user will not notice the
complex operations of mapping, data handling and reconstruc-
tion. The presented accelerating strategy will allow a fastPET
image reconstruction while taking the full spatial information
of all physical LORs appropriately into account to get the best
possible resolution.
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Accelerating Backprojections via CUDA Architecture
Haiquan Yang, Meihua Li, Kazuhito Koizumi, and Hiroyuki Kudo

Abstract—Tomographic reconstruction requires a very high
computational cost due to its time-consuming backprojection
step. In this paper, we implement 2D parallel-beam and 3D cone-
beam backprojections on the CUDA (Compute Unified Device
Architecture) architecture [6], which is a new hardware and
software architecture for issuing and managing computations
on the NVidia GeForce 8800 Series GPU [7]. For parallel-
beam reconstruction, the pixel-driven backprojection program
running on the GPU uses single-precision binary floating-point
arithmetic and either linear (LI) or nearest neighbor (NN)
interpolation. We evaluated the performance of backprojecting
512 parallel projections into an image of 528

2 pixels. Each
projection consisted of 1024 detector channels. The computation
time was 20.4 ms (NN) and 26.2 ms (LI). With the help of the
texture unit, the computation time was 8.8 ms for reconstructing
an image of512

2 pixels. Though the backprojection speed by the
CUDA implementation is faster than the other implementations
on the GPU, the theoretical peak performance 345.6 GFlops
was not reached because 16 KB on-chip shared memory is not
enough for effective use of the computation power of the GPU.
For cone-beam reconstruction, the computation time was 4.7
seconds for backprojecting 360 projections of size600

2 into a
volume of 512

3 with the help of the texture unit. Note that the
texture interpolation weights are stored with the 9-bit fixed point
format with 8 bits of fractional value [6], so that it is not a
complete 32-bit floating point arithmetic for the LI interpolation.
However, the profile of the reconstructed volume by the CUDA
implementation and that by a reference CPU implementation
were almost identical.

Index Terms—CT reconstruction, Backprojection, Parallel-
beam, Cone-beam, GPU, CUDA.

I. I NTRODUCTION

Many advances in CT reconstruction have been made in
the past three decades. Various exact or approxiate, analytical
or iterative algorithms have been developed and implemented.
Most of these algorithms use backprojection as a core op-
eration which dominates the computational cost. Generally,
the backprojection is a straightforward pixel-driven operation,
which has few dependencies among different pixels and is
computed as an array operation within a loop. With extremely
high memory bandwidth, programmable graphics processors
can execute this operation at impressive speeds. Graphics
applications also typically consist of largely independent
computations and data-intensive operations. Accelerating the
backprojection step on graphics hardware was studied since
1990s by [1], which employed texture mapping hardware of
the graphics processor for the acceleration of tomographic
reconstruction, and became popular with the recent evolution
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and Development Department, Uni-Hite System Corporation. Shimotsuruma
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of floating points pc graphics processing unit (GPU) [4][9].
Although high speed reconstructions were achieved, the poten-
tial of these works was limited due to the hardware’s limited
capabilities and the inadequate programming model. To fully
access the computation power packed into the GPU, the
backprojection operation must be mapped to a fragment shader
program in the graphics pipeline through a graphics API
(OpenGL or Direct3D) [2]. This programming model imposes
the overhead of an inadequate API to the backprojection in
tomographic reconstruction.

An exciting new development in this view point is the
release of CUDA by NVidia Corporation [6] in November
2006, which is a new hardware and software architecture for
issuing and managing general computations on the GPU as a
data-parallel computing device without the need of mapping
them to a graphics API. It is available for the NVidia GeForce
8800 Series GPUs [7], which is equipped with NVidia Unified
Shader Architecture, and the GigaThread Technology. The
GeForce 8800 GTX GPU’s 16 multiprocessors (each multi-
processor is composed of 8 processors running at twice the
clock frequency 1.35GHz) currently allow for a theoretical
peak performance 345.6 GFlops.

The aim of this investigation is to implement 2D parallel-
beam and 3D cone-beam backprojection algorithms through
CUDA for the GeForce 8800 GPU and to benchmark its
performance. For cone-beam reconstruction, the computation
time was 4.7 seconds for backprojecting 360 projections of
size6002 into a volume of5123. The outline of this paper is
as follows. In Section II, we introduce the programming model
of CUDA and the hardware characteristics of GeForce 8800
GPU. The practical implementation details of backprojections
are given in Section III and Section IV. In Section V, we
present results. Section VI offers a final conclusion.

II. PROGRAMMING MODEL OF CUDA

CUDA is a fundamentally new computing architecture for
the GPU to solve complex computational problems. The
newest version is beta 0.8. When programmed through CUDA,
the GPU is viewed as a computing device capable of executing
a very high number of threads in parallel [6]. The threads’
kernel, which is the compiled result of a C function, is
downloaded and is executed on multiprocessors of the GPU
(Figure 1).

The batch of threads that executes the same kernel is
grouped as a grid of thread blocks. A thread block is a
group of threads that can share data through some fast shared
memory and can synchronize their execution. Each block is
split into thread groups called warps, each of which contains
the same number of threads, called the warp size, and is
executed by the multiprocessor in a SIMD (Single Instruction
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with 16KB shared memory

Figure 1. A kernel is executed as batch of threads organized
as a grid of thread blocks.

Multiple Data) fashion. A thread block is processed by only
one multiprocessor. For the GeForce 8800 GPU, the warp size
is 32, the maximum number of threads per block is 512, and
the amount of shared memory available per multiprocessor is
16 KB divided into 16 banks. Furthermore, blocks that execute
the same kernel can be batched together into a grid of blocks,
whose maximum size is65535 × 65535. Threads in different
blocks might be processed by different multiprocessors, and
cannot communicate and synchronize with one another.

The CUDA programming interface consists of a minimal
set of extensions to the C language that allow a programmer
to target a C function for execution on the device. A CUDA
compiler converts the source file containing CUDA language
extensions to a C code, and a runtime library provides func-
tions to control and access the GPUs from the host. This
interface provides a relatively simple way for users to easily
write non-graphics programs for the GPU.

III. M ETHOD AND IMPLEMENTATION: PARALLEL -BEAM

In this section, we consider the backprojection operation for
parallel-beam reconstruction

f(x, y) =

∫ π

0

dθq(−x sin θ + y cos θ, θ), (1)

wheref(x, y) is the image andq(r, θ) is the filtered projection
data. The ray parameterized by(r, θ) corresponds to the line
−x sin θ + y cos θ = r.

A. Reference Implementation for CPU

The integral (1) is usually discretized as a pixel-driven
backprojection. Listing 1 shows our reference code for CPU
with both LI and NN interpolations. We take this reference
code as our starting point for the CUDA implementation.
void back_proj_cpu_ref(

int N, int M, int I, int J, float * COS,
float * SIN, float * q, float * f )

{
float t; int m;
for(int j = 0; j < J; j ++)for(int i = 0; i < I; i ++)
for(int n = 0; n < N; n ++){

t = M/2 + (j+0.5-J/2) * COS[n] - (i+0.5-I/2) * SIN[n];
#ifdef _LINEAR_INTERPOLATION_

t += 0.5; m = int(t); t -= m;
f[j * I+i]+=t * q[n * M+m]+(1-t) * q[n * M+m-1];

#else
m = int(t);

f[j * I+i] += q[n * M + m];
#endif
}

}

Listing 1. Reference code for the backprojection. The pixel
indicesi andj correspond tox andy, and the sinogram indices
m andn correspond to the detector channel and the projection
angle, respectively.

B. Initial Implementation through CUDA

When porting the code to the CUDA architecture, the pro-
gramming model of CUDA in section II had to be taken into
account. The two outer loops in Listing 1, which correspond
to the reconstructing image pixels, are split among several
threads in the following way:

1) Each thread block of sizeb s × b s is responsible for
backprojecting ones s × s s sub-imagefsub of f .

2) Each thread within the block is responsible for backpro-
jecting one pixel offsub with the assumptions s = b s.

__global__ void back_proj_cuda_initial(
int N, int M, int I, int J, float * COS,
float * SIN, float * q, float * f )

{
int i = blockIdx.x * s_s + threadIdx.x;
int j = blockIdx.y * s_s + threadIdx.y;
float t, value = 0; int m;
for(int n = 0; n < N; n ++){

t = M/2 + (j+0.5-J/2) * COS[n] - (i+0.5-I/2) * SIN[n];
m = int(t); value += q[n * M + m];

}
f[j * I+i] = value;

}

Listing 2. Initial CUDA code for the NN interpolation. The
variablesblockIdx and threadIdx are built-in variables of
CUDA runtime, which contain the block index within the grid
and the thread index within the block, respectively.

The block sizeb s, which is also the sub-image sizes s
of fsub, is chosen asb s = s s = 16, so that the number
of threads per block (256) is a multiple of the warp size (32)
and remains below the maximum number of threads per block
(512). A sample kernel code of the initial implementation for
the NN interpolation is shown by Listing 2. Hereafter, we omit
the LI part in the sample code for simplicity.

C. Optimal Usage of On-Chip Shared Memory

The 16 KB on-chip shared memory of each multiprocessor
is much faster than the on-board device memory. In fact, for all
threads in each warp, accessing the shared memory is as fast
as accessing a register as long as there are no bank conflicts
among the threads [6]. To better utilize this property, the sub-
image whose size iss s = αb s with an integer constant
α ≥ 1 is stored in the on-chip shared memory, then a portion
of each projection that is needed by a thread block should also
be loaded into the shared memory before backprojecting it to
the corresponding square sub-image. The portion size is2s s
in our implementation for minimizing the bank conflicts of
shared memory. Note that this size is larger than the minimal
size

√
2s s.
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__global__ void back_proj_cuda_optimal(
int N, int M, int I, int J, float * COS,
float * SIN, float * q, float * f )

{
int ic= blockIdx.x * s_s + s_s / 2;
int jc= blockIdx.y * s_s + s_s / 2;
int i = blockIdx.x * s_s + threadIdx.x;
int j = blockIdx.y * s_s + threadIdx.y;
int alpha = s_s / b_s;
//shared memory for a sub-image
__shared__ float sharedf[s_s][s_s];
float t, value = 0; int m, mc, i1, j1;
// initialize the shared memory for the sub-image.
// i1 and j1 are incremented by b_s to avoid
// the bank conflicts of the shared memory.
for(j1=0; j1<s_s; j1+=b_s)for(i1=0; i1<s_s; i1+=b_s)

sharedf[threadIdx.y+j1][threadIdx.x+i1] = 0;
__syncthreads();
for(int n = 0; n < N; n ++){

// load the projection portion into shared memory.
__shared__ float shareq[2 * s_s];
t = M/2 + (jc+0.5-J/2) * COS[n] - (ic+0.5-I/2) * SIN[n];
m0 = int(t) - s_s;
if(threadIdx.y < 2 * alpha){

int jj = threadIdx.y * b_s + threadIdx.x;
shareq[jj] = q[n * M + m_0 + jj];

}
__syncthreads();
// backproject the loaded projection portion
// onto the sub-image.
for(j1=0; j1<s_s; j1+=b_s)
for(i1=0; i1<s_s; i1+=b_s){

t = M/2 + (j1+j+0.5-J/2) * COS[n]
- (i1+i+0.5-I/2) * SIN[n];

m = int(t);
sharedf[threadIdx.y+j1][threadIdx.x+i1] +=

shareq[n * M + m - m0];
}
__syncthreads();

}
// copy the reconstructed sub-image to the result
// 2D image which is in the device memory
for(j1=0; j1<s_s; j1+=b_s)for(i1=0; i1<s_s; i1+=b_s){

f[(j+j1) * I+i+i1] =
sharedf[threadIdx.y+j1][threadIdx.x+i1];

}
}

Listing 3. Sample CUDA code with optimal usage of the on-
chip shared memory for the NN interpolation. The indicesic
and jc correspond to the central pixel of the sub-image.

For each projection angle, the grid of the thread blocks of
the kernel function in Listing 3 accesses the on-board device
memory2s s · IJ/s s2 = 2IJ/s s times, which is less than
IJ in Listing 2. This also means that a better usage of the
shared memory can be achieved with a larges s. However,
the kernel code in Listing 3 also requires that the sub-image
fsub must be cached into the shared memory. To fit into the 16
KB on-chip shared memory, the maximal size of the sub-image
fsub is s s = 3b s = 48. However, with this configuration, the
theoretical peak performance 345.6 GFlops cannot be reached
yet by our implementation since the computation time is not
long enough to compensate for the load overhead.

D. Further Acceleration by Texture Hardware

The texture memory space is cached, so that a texture fetch
costs one memory read from the device memory only when a
cache miss occurs, otherwise it just costs one read from the
texture cache [6]. The read-only texture cache that is shared
by all the processors speeds up reads from the texture memory
space. Furthermore, the texture cache is optimized with respect
to 2D spatial locality, so that threads in the same warp that read
neighboring texture addresses will achieve best performance.

The texture address calculations are done by the texture unit,
possibly improving performance of the interpolation.

Therefore, texture memory space is optimal for storing the
filtered projection. In this paper, we put the filtered projection
into texture memory space as a 2D array. A sample kernel
code is shown by Listing 4. Note that we add0.5 to the
angular variablen to avoid the interpolation with respect to
angle direction. However, the texture interpolation weights are
stored with the 9-bit fixed point format with 8 bits of fractional
value [6]. It is not a complete 32-bit floating point arithmetic
for the LI interpolation.
texture<float, 2, cudaReadModeElementType> q;
__global__ void back_proj_cuda_texture(

int N, int M, int I, int J, float * COS,
float * SIN, float * f )

{
int i = blockIdx.x * s_s + threadIdx.x;
int j = blockIdx.y * s_s + threadIdx.y;
float t, value = 0;
for(int n = 0; n < N; n ++){

t = M/2 + (j+0.5-J/2) * COS[n] - (i+0.5-I/2) * SIN[n];
value += texfetch(q, t, n+0.5);

}
f[j * I+i] = value;

}

Listing 4. Sample CUDA code with the texture function.

IV. M ETHOD AND IMPLEMENTATION: CONE-BEAM

Consider the backprojection operation in the FDK algorithm
for the standard circular cone-beam CT

f(x, y, z) =

∫ 2π

0

dθ
R2

(R − t)2
q(ũ, ṽ, θ), (2)

whereq denotes the filtered data,θ denotes the rotation angle
of the x-ray source,R denotes the radius of trajectory,t =
x cos θ + y sin θ, and

(

ũ =
R(−x sin θ + y cos θ)

R − t
, ṽ =

Rz

R − t

)

. (3)

By extending the texture version of parallel-beam backpro-
jection in section III-D, we also implement the backprojection
operation (equation (2)) for the circular cone-beam CT. In our
implementation, the computation of the projected coordinates
(ũ, ṽ) in equation (3) is done by the 16 SIMD multiprocessors.
We put the filtered data into the texture memory space to
achieve high memory bandwidth for reading them, and the
interpolation in equation (2) is also done by the texture units.
Note that the texture cache is optimized with respect to 2D
spatial locality, so that better performance can be expected
for the cone-beam reconstruction than that for the parallel-
beam reconstruction because the projected coordinates(ũ, ṽ)
are two-dimensional.

V. RESULTS AND COMPARISON

Our implementations were performed on a 32-bit Windows
XP pc hosting a NVidia GeForce 8800 GTX GPU. We note
that the price of the ELSA GLADIAC 988 GTX 768MB
graphics card is about 820 dollars.
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 Type Hardware Time Comment 

Leeser et al. [5] LI / i09 FPGA 125 ms  

Schiwietz et al. [8] LI / ? GPU 176 ms Incl. FFT 

Xue et al.  [10] ? / i32 FPGA 273 ms  

  ? / i32 GPU 295 ms  

  ? / i16 GPU 143 ms  

Kachelriess et al. [3] NN / f32 CBE 6.1 ms  

  LI / f32 CBE 7.9 ms  

this work  NN / f32 GPU 19.2 ms Thr. CUDA 

  LI / f32 GPU 24.6 ms Thr. CUDA 

  LI / f?? GPU+TEX. 8.8 ms Thr. CUDA  
Table 1. Performance comparison for the parallel backprojec-
tion. All the values have been scaled to 512 projections and
5122 pixels. The second column specifies the interpolation
type (NN or LI) and the type of used arithmetic: f+number of
bits denotes floating point arithmetic while i+number of bits
denotes for integer (fixed point) arithmetic. See [3] for the
details about this table.

A. Parallel-Beam Reconstruction

The CUDA code we used to benchmark the GPU is an
optimized version ofback proj cuda optimal() in Listing 3.
We evaluated the performance of backprojecting 512 parallel
projections into an image of5282 pixels. Each projection
consisted of 1024 detector channels. The computation time
for the backprojection was 20.4 ms for the NN interpolation
and 26.2 ms for the LI interpolation. This is quite far away
from the the theoretical peak performance 345.6 GFlops. The
main reason of this performance drop is that the 16 KB
shared memory is not enough for effective usage of the full
computation power of GPU.

In [3], Kachelriesset al. compared several approaches to
accelerate the parallel-beam backprojection by scaling the
values found in the literature to the case of backprojecting 512
projections into an image of5122 pixels. We scaled our results
to the case used in [3], and list the performance comparison
in Table 1. Though the computation speed by our CUDA
implementation was faster than the other implementations
on the GPU or FPGA, the Cell Broadband Engine (CBE)
implementation by [3] is fastest. By optimally utilizing the
256 KB local store in each of the eight synergistic processing
elements, Kachelriesset al. achieved69% (NN) and71% (LI)
of the CBE’s theoretical peak performance 192 GFlops [3].

In Table 1, we also list the performance of the kernel in
section III-D, which is much faster than that of the complete
32-bit floating point arithmetic version.

B. Cone-Beam Reconstruction

For the cone-beam case, we used 360 projections of size
6002 to reconstruct a5123 volume. The computation time for
the backprojection was 4.7 seconds. Though the texture inter-
polation weights are stored with the 9-bit fixed point format,
the reconstructed volume by the CUDA implementation and
that by a reference CPU implementation were almost identical.
Figure 2 shows profiles along a vertical line of the 3D Shepp-
Logan phantom and the reconstructed volumes by CPU and

2

1.0151.021.0251.031.035
1 51 101 151 201 251 301 351 401 451 501

Phantom CPU CUDA+TEX.
Figure 2. Profiles along a vertical line of the 3D Shepp-Logan
phantom and reconstructed volumes by CPU and CUDA
implementations.

CUDA implementations.

VI. CONCLUSION

CUDA is a new hardware and software architecture for
issuing and managing general computations on the GPU as
a data-parallel computing device without the need of mapping
them to a graphics API. In this paper, we implemented the
parallel-beam and cone-beam backprojections on the CUDA
architecture. For the parallel-beam reconstruction, we evalu-
ated the performance of backprojecting 512 parallel projec-
tions into an image of5282 pixels, using single-precision
binary floating-point arithmetic. The computation time was
20.4 ms for the NN interpolation and 26.2 ms for the LI
interpolation. With the help of the texture unit, the computation
time was 8.8 ms for reconstructing an image of5122 pixels.
For the cone-beam reconstruction, the computation time was
4.7 seconds for backprojecting360 projections of size6002

into a volume of5123 with the help of the texture unit. Though
the texture interpolation weights are stored with the 9-bit
fixed point format, the reconstructed volume by the CUDA
implementation and that by a reference CPU implementation
were almost identical.
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I. I NTRODUCTION

Several iterative reconstruction algorithms have been pro-
posed for x-ray CT including the family of algebraic tech-
niques commonly known as ART, SIRT and SART [1] as well
as statistically based methods like MLTR [2], OSC [3], and
PWLS [4]. Generally speaking, these algorithms are consid-
ered to produce images of high quality. The computational cost
involved in doing so is unfortunately also high, in particular in
connection with high-resolution cone-beam imaging which is
considered here. By harnessing recent advances in computer
technology, however, iterative reconstruction may prove to be
feasible afterall, with the catch being a significant increase in
programming complexity.

In this paper, we describe how to implement SIRT for exe-
cution on a cluster of networked multi-core PCs (henceforth,
nodes). Parallelization is achieved in a hybrid fashion at two
levels: POSIX threads are used to allow the cores on each
node to compute concurrently while accessing shared-memory,
and OpenMPI based message passing is used to synchronize
the computation across the many nodes and tie together the
distributed-memory.

Before we proceed, it is instructive to point out that the
computational cost refers not only to CPU time, but also
to memory use and the overhead associated with inter-node
communications. All three issues must be addressed in order
to obtain an overall efficient implementation. The focus of
attention technique presented next goes a long way to do
just that. We then describe a modified version of SIRT for
which the memory and communication costs are reduced.
That is followed by a discussion of the parallelization strategy
employed. We finish up by providing experimental results
based on mouse data acquired with a microCATTM II (Siemens
Preclinical Solutions, Knoxville, TN), a circular orbit cone-
beam micro-CT system for small animal imaging.

II. 3D FOCUS OFATTENTION

From a biological point of view, the only voxels that carry
relevant information are those that represent the animal and
its organs. Background voxels, of which there are typically
many, are not of interest. We have developed a data-driven
technique called focus of attention (FOA) for segmenting
the projection data as well as the image space into object

Some of this work was performed while Thomas Benson was a studentat
the University of Tennessee. He is now with GE Global Research, Niskayuna,
NY 12309.

and background prior to reconstruction [5]. The 3D FOA
version thereof [6], which is generic in that it applies to
any of the iterative algorithms mentioned above, works as
follows. For each projection we detect regions that correspond
to a non-negligible amount of attenuation by comparing raw
projection counts with corresponding blank scan counts. From
the resulting binary mask we establish a single all-inclusive
object region. When all projections have been processed, we
determine the set of voxels that map to at least 95% of the
projection object regions. This defines a 3D object region in
the image space. We subsequently restrict all computationsto
the projection and image object regions and ignore all other
data.

The computational savings associated with 3D FOA are
substantial. For a laboratory mouse, we typically end up
discarding about 40% of the projection data and 75% of the
image voxels. This clearly translates into CPU time savings.
However, we can remap the indices of the image object
region into a single, contiguous sequence for use during
reconstruction and then map everything back to the appropriate
place when done. This lossless compression of the image space
translates into much needed memory savings. Also important,
it leads to a proportional reduction in the amount of data that
needs to be communicated between the nodes. We quantify
these savings below.

III. PSIRT: A MODIFIED VERSION OFSIRT

Like all other iterative reconstruction algorithms, the simul-
taneous iterative reconstruction technique (SIRT) algorithm is
based on a sequence of forward and backprojections of the
current image estimate and the corresponding difference with
the recorded data in the projection space, respectively. The
SIRT update equation is often stated as

∀j : x
(k+1)

j = x
(k)

j +

∑

i

[

aij(bi −
∑

h aihx
(k)

h )/
∑

h aih

]

∑

i aij

whereaij denotes the relative contribution of thejth voxel to
the attenuation of theith projection ray,bi denotes the log-
normalized detector reading for theith projection ray, andx(k)

j

denotes thekth estimate of the attenuation coefficient of the
jth voxel.

We find it more convenient to use the following algebraic
notation based on matrices and vectors. Let matrixA = [aij ],
vectorb = [bi], and vectorx = [xj ]. Furthermore, let diagonal
matricesR = [rii] and C = [cii] be defined in terms of the
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inverse row and column sums ofA, i.e., rii = 1/
∑

j aij and
cjj = 1/

∑

i aij . This allows SIRT to be compactly expressed
as

x
(k+1) = x

(k) + CA
T
R(b − Ax

(k)).

One can easily show that the image thus obtained solves the
weighted least squares problemmin ‖Ax − b‖2

R
and thatC

acts as preconditioning that ensures convergence.
A direct implementation of SIRT is associated with a

heavy memory cost since storage is needed for three image-
sized arrays, namely, the image itself, the image update,
and the diagonal inverse column sum scaling matrix. Since
we typically reconstruct a512 × 512 × 1022 sized image
using single-precision floating-point arithmetic, each image-
sized array would take up about 1GB of storage for a total
of just under 3GB. Unless substantial amounts of memory are
available this is prohibitive, since we need memory for storage
of other data as well. However, using 3D FOA we can reduce
the image array size to about 256MB for a total memory
requirement of 768MB which is much easier to accommodate.

We have previously shown [7] that we can replace matrixC

by the scalarα = 1/maxj

∑

i aij and maintain convergence
(to a solution of the same problem, nonetheless). We refer
to the thus modified version of SIRT as PSIRT as the main
benefit is with respect to a reduction in the communication
overhead incurred by a parallel implementation.

Consider the following simplified explanation for why
PSIRT works. The system matrix column sum for a given
voxel represents the relative contribution of that voxel tothe
attenuation of all projection rays. Any voxel within the field
of view will have a similar column sum to all other voxels
within the field of view, implying that all column sums take
on similar values. Replacing the individual column sums with
the largest value thereof should not have an adverse effect.In
fact, algebraically it guarantees that the spectral radiusof the
so-called iteration matrix remains bounded below 1 which in
turn ensures convergence.

We recently discovered thatα = 1.99/maxj

∑

i aij is an
even better choice; indeed, it is likely near-optimal. Whilestill
ensuring convergence, this value ofα essentially doubles the
rate of convergence thereby allowing us to compute half as
many iterations as otherwise needed.

From a single-core, dual processor implementation of SIRT
we know that precomputing and reading the system matrix
from disk is not much faster than repeatedly recomputing it
on-the-fly as need be. For the multi-core implementation con-
sidered here, we use on-the-fly recomputation as the increased
amount of disk access associated with a precomputed approach
is likely to be even more costly than for the single-core imple-
mentation. We note that line intersections are fast to compute
but produce ring artifacts when used for circular orbit cone-
beam imaging [8]. Instead, we use trilinear interpolation [1]
which is also relatively fast to compute yet not associated with
said artifacts. Some authors have proposed using asymmetric
forward and backprojectors to ease the computational burden.
In our implementation, we have chosen not to do so as it is

possible to compute a matrix row, use it to forward project
the image, and then immediately compute and backproject a
partial version of the image update. The matrix need thus only
be computed once per iteration.

IV. ORDEREDSUBSETS

Our implementation of PSIRT is based on ordered subsets
as block-iterative techniques are well-known to yield high-
quality images in fewer iterations than otherwise possible.
We use a projection based stride meaning that an N subset
reconstruction considers every Nth projection in each of the
N subiterations. Based on (unweighted) error norm analysis,
we have found [5] that the number of full iterations needed
to achieve the same result for N>1 as for N=1 is inversely
proportional to N up to 32 subsets where after the returns
slowly start diminishing. For example, the first iteration of an
N = 32, N = 64, and N= 128 implementation corresponds
respectively to the 32nd, 47th, and 55th iterations for N=1.

The computational advantage of using a particular number
of subsets goes beyond the error norm. During the first itera-
tion of PSIRT, two image-sized global reductions are required
during each subiteration: one to update the local image copies
and one to determine the value for theα scalar which is subset
dependent. Subsequent iterations only require a single global
reduction per subiteration, namely, for the image update.
In context, we note that an ordered subsets version of the
standard SIRT algorithm would require two image-sized global
reductions at the end of each subiteration for all iterations:
one to update the local image copies and one to compute the
subset dependent diagonal scaling matrixC which is too large
to store between uses. The communications savings associated
with PSIRT relative to SIRT are on the order of(k − 1)/2k
wherek is the number of full iterations computed. Fork = 1,
2, and 3, the savings are thus on the order of 0, 25, and 33
percent. In the limit, the savings are about 50 percent. When
using many subsets and a slow network, the communications
cost may approach the computation cost in which case these
savings are noteworthy.

We note that the simultaneous algebraic reconstruction
technique (SART) algorithm essentially is an ordered subsets
version of SIRT with each projection defining a subset.

V. PARALLELIZATION STRATEGIES

A. Workload Distribution

The goal of a distribution strategy is to keep workloads as
evenly distributed as possible so that no node idly waits for
another. We subdivide the projection space and the associated
workload in terms of system matrix computations among the
nodes. Specifically, we assign columns of the detector array
to the nodes in a round-robin fashion. This way, each node
becomes responsible for part of the projection data for each
view angle. Forward projections are complete for this data
while backprojections are only partial.

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 57



Fig. 1. Mouse reconstruction: coronal slice 265 (left) and transaxial slice 670 (right) with gray levels truncated for increased viewing contrast.

B. Message Passing

In order to complete each backprojection computation, all
nodes must participate in a global reduction where the partial
results get added up. Traditionally, a global reduction is
implemented using a binary tree which results in logarithmic
behavior both for the reduction itself and the following broad-
cast of the result. However, an OpenMPI based ring topology
implementation [9] seems to be more efficient at handling
the relatively large amount of data considered here. This
implementation carries out a sequence of smaller reductions
on a segmented version of the data which helps keep the
overlapped computation/communication pipeline full [10]. In
a recent modification, we decreased the number of times data
gets copied from one buffer to another in connection with a
global reduction. This also translates into time savings.

C. Multi-threading

Program execution on a multi-core, multi-processor plat-
form calls for a multi-threaded implementation (as opposedto
merely spawning more single-threaded processes). Advantages
include not having to unnecessarily duplicate various data
structures by instead having the threads access shared memory,
as well as providing a fine-grained run-time mechanism for
controlling the local workload on a node. The two main
disadvantages of multi-threading are the necessity for mutually
exclusive (mutex) locking of shared memory resources during
updates which can degrade performance, and a significant
increase in programming complexity.

Based on POSIX threads, our implementation works as
follows. First all threads go through what we call a regular
computation step. This involves computing matrix rows on a
per detector column basis, using this data to forward project
the current image estimate, and then conducting a partial
backprojection of the resulting image update data. A mutex
lock is applied during backprojection as the array storing
the image update data is a shared resource. Next, thread 0
performs the OpenMPI based global reduction, while threads
1–3 precompute system matrix rows for as many detector
columns as possible with memory being the limitation during

iteration one and time being the limitation during subsequent
iterations. Once the global reduction has been completed,
thread 0 signals the other threads to stop precomputing where
after they all share in the task of incorporating the data
returned by the global reduction. At the onset of the next
iteration, precomputed system matrix data is processed. Then
regular computation is applied to the subset of rows that were
not precomputed. We repeat this process for all subsets and
all iterations until done.

The threads automatically distribute the work among them-
selves: any thread can compute matrix rows for any detector
column, and any thread can process any precomputed data
even if it was produced by a different thread. While non-
uniform memory access can be a problem on a multi-core
system, we have not found this load balancing scheme to result
in performance degradation on the system we use.

VI. EXPERIMENTAL RESULTS

We have conducted preliminary experiments with PSIRT
using the implementation described above. The cluster, which
runs Linux, consists of twenty dual-core, dual-processor
1.8GHz AMD Opteron computers equipped with 4GB of
memory each. Global data transfer takes place via InfiniBand
at a theoretical peak rate of 12 gigabits per second. Cluster
configurations such as this are becoming commonplace.

The microCAT mouse data consists of360 projections taken
one degree apart with512 × 1022 samples per projection,
downsampled from2048 × 4088. The animal received an
intraperitoneal injection of a water-soluble iodinated contrast
agent prior to being scanned. We reconstruct a512×512×1022
image having isotropic130µm voxels. Reconstruction is based
on two iterations of the alpha-accelerated PSIRT algorithmus-
ing 45 subsets which we have found to be a good compromise
corresponding roughly to180 ordinary SIRT iterations. See
Fig. 1 for two slices of the resulting image.

By applying 3D FOA, which takes about 2 minutes, we
reduce the number of projection rays considered from approx-
imately 188 million to 114 million rays and the number of im-
age voxels from 267 million to 61 million voxels correspond-
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TABLE I

CPU TIME BREAK-DOWN

Task Iteration 1 Iteration 2
Computation 4m 12s 3m 48s
Communication 1m 32s 0m 46s

ing to reductions of 40% and 75%, respectively. In context,
we note that the object-independent, fully supported region in
the image space (which looks like a double-sharpened pencil)
contains 178 million voxels which is three times more than
the data-derived 3D FOA object region.

The number of non-zero system matrix elements considered
per iteration is about 150 billion of which approximately 30
billion are precomputed during the global reductions. Overall,
each node repeatedly calculates and uses about 170 million
system matrix elements per subset per iteration. This is likely
the most costly aspect of the computation with respect to CPU
time usage.

Regarding memory consumption, then about 768MB is
spent on storing the above mentioned image-sized arrays
for use by PSIRT. Another 768MB is set aside for storing
precomputed system matrix data. In addition, approximately
200MB is used to store projection data and miscellaneous
other data. The total memory footprint is thus less than 2GB.

The reconstruction part of the computation was found to
take 10 minutes and 20 seconds. Table I provides a break-
down in terms of time spent computing versus communicating
on a per iteration basis. Figure 2 illustrates how the four
threads running on each node contribute to the computation.
Note the absence of idle time which indicates that the threads
successfully assign just the right amount work to themselves.
A very small percentage of the compute time can be attributed
to backprojection mutex lock contentions encountered when
processing precomputed data during the first iteration. Mutex
lock contention is a non-issue during the second and later
iterations when there is less precomputed data to process. A
detailed analysis of the timing data for the regular computation
step, when system matrix rows are computed and applied for
one detector column at a time, also shows no evidence of
mutex lock contentions. With respect to the communication
overhead, then we find that it drops from 27% for the first
iteration to 17% for the second and third iterations resulting in
overall overhead of 22% which is impressive when considering
the amount of data involved in the frequent global reductions.

VII. C ONCLUDING REMARKS

We have shown how SIRT can be implemented for execution
on a cluster of networked dual-core, dual-processor PCs using
3D FOA and a multi-threaded, ordered subsets version of
PSIRT. Global communication is based on dedicated OpenMPI
routines. The trend in computer hardware design is toward a
rapid increase in the number of cores. Our approach, as it
stands now, scales in that more threads could be spawned
to take advantage of more cores as they become available.

Fig. 2. Thread timing plots for iteration 1, subiteration 1 and part of 2 (left);
iteration 2, part of subiterations 1 and 2 (right). In order of appearance, khaki
denotes regular computation, light blue is MPI communication,dark blue is
precomputation of matrix rows, yellow is processing of communicated data,
orange is processing of precomputed data, and white indicates idle time.

Resource contention may, however, become a problem at
some point. For example, each thread is currently required
to apply a mutex lock on the local copy of the image when
backprojecting. With more threads doing this, many of them
could end up spending a large amount of time waiting on the
mutex lock to become available. We will address this issue in
the near future.
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Few-view, cone-beam CT image reconstruction by
GPU-accelerated total variation minimization

Emil Y. Sidky, and Xiaochuan Pan

Abstract— An image reconstruction algorithm is developed for
cone-beam projection data taken at few-views. The algorithm
seeks the image which has the minimum total variation (TV)
amongst all images that agree with the available data to a given
tolerance. When the underlying image function has a sparse
gradient, the TV minimization may yield an accurate image
reconstruction even when the available projection data aresparse.
A key component in the TV minimization algorithm is a time
consuming TV gradient descent step. The TV gradient descent
has been implemented on graphics hardware, allowing for a
factor of 4 speed-up of the complete TV-minimization algorithm.

Index Terms— few-view projection data, cone-beam CT, total
variation minimization, graphics hardware acceleration

I. I NTRODUCTION

Recent development in detector technology has spurred the
development of diagnostic cone-beam computed tomography
(CT), which promises high resolution anatomical images that
can be acquired at high-speed – fast enough to image even
the beating heart. Cone-beam imaging systems are being
considered for a multitude of other applications, such as
screening for breast tumors or lung cancer, image guided
radiation therapy, and C-arm scanning for angiography or
intraoperative tomographic imaging. For some of these ap-
plications it is not necessary to have the high-resolution of
diagnostic CT, and at the same time it may be extremely
important to minimize the dose of the CT scan, for example in
the use of CT for screening. Because of dose considerations
or possibly mechanical restrictions, it may be interestingfor
some applications to perform few-view cone-beam scanning.
The aim of this abstract is to present an algorithm for image
reconstruction in few-view cone-beam CT scanning.

In general, direct algorithms such as the Feldkamp-Davis-
Kress (FDK) algorithm or implementations of analytic re-
construction formulas require a large number of views in
order to avoid severe artifacts in the reconstructed images.
Thus, the approach taken here is to develop an iterative
image reconstruction algorithm. The proposed algorithm takes
advantage of an observation made by Candeset al. [1] that
often images can be represented sparsely by their gradient
and as a result Fourier inversion from sparse data can be
accomplished by minimizingℓ1 of the image gradient, in
other words the image total variation (TV), while requiring
that the image be consistent with the available Fourier data.
For parallel-beam CT the sparse Fourier inversion algorithm

Dept. of Radiology – MC-2026, University of Chicago, 5841 S.Mary-
land Ave., Chicago, IL 60637. Corresponding author: Emil Sidky, E-mail:
sidky@uchicago.edu .

can be directly applied, but for divergent-beam CT a different
approach must be taken. We have adapted TV minimization
to the divergent-beam transform in Ref. [2], in which we
demonstrated the TV algorithm for image reconstruction on
a number of 2D fan-beam scanning configurations including
few-view and limited-angle fan-beam CT. We have, also, re-
cently performed preliminary studies on the TV-minimization
algorithm applied to 3D image reconstruction in circular cone-
beam CT [3]. In the present work, we have adapted the
TV-minimization algorithm for image reconstruction in the
presence of data inconsistency, for example due to noise or
simplified data model, and we apply the new TV-minimization
algorithm to few-view scanning in cone-beam CT.

In Sec. II we present the TV-minimization algorithm con-
sidering data inconsistencies, in Sec. III more detail is given
on a crucial part of the algorithm – the TV gradient descent
and its accelerated implementation on a graphics card, and in
Sec. IV we show results on few-view scanning from simulated
few-view data without and with signal noise present. At the
meeting, we will present few-view scans for other trajectories
including modifications to the circular trajectory and helical
scanning.

II. THE TV-MINIMIZATION ALGORITHM

The basic idea of the TV-minimization algorithm is that
many underlying image functions in tomographic applications
have a sparse image gradient. As a result, image functions can
often be represented by a sparse set of coefficients which may
be much less than the total number of voxels in the image. If
this is the case, then it may be possible to obtain very accurate
image reconstruction from sparse sets of projection data, or
for the situation considered here, projection data containing
only few-views. It turns out the way to take advantage of the
possibly sparse image gradient is to minimize the image TV,
while constraining the image to be consistent with the available
projection data:

~f∗ = argmin‖~f‖TV such thatM ~f = ~g, (1)

where ~f and ~g represent a discrete image and the available
projection data, respectively;M is the linear operator that
models the forward cone-beam projection; and~f∗ is the
solution of the above optimization problem that we seek. The
algorithm developed in Ref. [2] seems to find an approximate
solution to Eq. (1), by alternating projection onto convex sets
(POCS) with TV gradient descent (TVGD). The TVGD step
is discussed in detail in Sec. III. The key to this algorithm is to
scale the TVGD step length so that it is close to but less than
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the step length between successive POCS iterations. Doing so,
the image estimate~f always approaches data consistency in a
way that minimizes the image TV.

In practical situations, the projection data often contain
some form of inconsistency. The digital measurements may
contain noise, and the discrete, linear cone-beam transform is
only an approximate model for the projection data that are
measured. If the data are inconsistent, Eq. (1) may have no
solution, because no image can satisfy the equality constraint.
To account for the data inconsistencies, we solve a modified
optimization problem:

~f∗ = argmin‖~f‖TV such that
∣

∣

∣
M ~f − ~g

∣

∣

∣
≤ ǫ, (2)

replacing the equality constraint with an inequality constraint;
the absolute value operator on a vector~v gives its length|~v|,
and the data residual scalarǫ is a parameter of the optimization
problem. Clearly, ifǫ is set too small, Eq. (2) may also have
no solution. One can obtain an estimate of the minimum
value ǫmin that admits a solution, by running POCS alone
and computing the resulting data residual. Asǫ increases the
solution to Eq. (2) will have a smaller TV, while having
a larger data residual. The appropriate value ofǫ will vary
depending on the amount of available data and the level of
inconsistency within the projection data set.

One way to arrive at an approximate solution to Eq. (2) is to
apply our previous TV-minimization algorithm from Ref. [2]
and terminate the program when the data residual goes below
ǫ. As will be seen in Sec. IV, in some cases termination of the
previous program may still leave~f far from the solution of
Eq. (2). We have recently developed modifications to the TV-
minimization algorithm, to be reported in detail at the meeting,
aimed at finding a better approximation to Eq. (2). The new
TV-algorithm adaptively adjusts the POCS and TVGD step
sizes according to the current data residual in such a way as
to move ~f along the hyper-ellipsoidal surface, described by
∣

∣

∣
M ~f − ~g

∣

∣

∣
= ǫ toward images with decreasing TV.

III. TV- GRADIENT DESCENT ON A GRAPHICS PROCESSING

UNIT (GPU)

A critical component of the TV algorithm requires the
ability to take many small TVGD steps, which computationally
can be extremely time consuming. The TVGD step is, how-
ever, very well suited to a new field of computing – general
purpose computing on a GPU (GPGPU) [4]. The TV of the 3D
image depends on the variation of the image over neighboring
voxels, and to formulate the image TV a three index notation
for the image voxels is required. We denote the value of
the image~f at voxel i, j, k as f(i, j, k) where i ∈ [1, nx],
j ∈ [1, ny], and k ∈ [1, nz], wherenx, ny, and nz are the
numbers of voxels along each of the image axes. The image

TV is

‖~f‖TV =

nx−1
∑

i=2

nj−1
∑

j=2

nz−1
∑

k=2

√

(∆xf)2 + (∆yf)2 + (∆zf)2,

(3)

∆xf = f(i, j, k) − f(i − 1, j, k),

∆yf = f(i, j, k) − f(i, j − 1, k),

∆zf = f(i, j, k) − f(i, j, k − 1).

A straightforward way of reducing the TV of an image is to
subtract from~f a small constant times the TV gradient image
~T which is defined

~T =
{

∂‖~f‖TV /∂f(i, j, k) : i ∈ [1, nx], j ∈ [1, ny], k ∈ [1, nz]
}

.

(4)
The exact form of~T is straightforward to derive, but due
to the length of this formula it will not be written here.
The important points about computing~T are that structurally
the computation is a non-linear filtering operation involving
each voxel and 12 neighboring voxels. Calculating the TV
gradient~T once is not as time consuming as a POCS iteration,
but our TV algorithm may require multiple TVGD steps per
POCS iteration. Therefore, acceleration of the computation
of ~T can have a large impact on the execution time of the
whole algorithm. Due to the non-linearity in calculating~T , the
Fourier Transform cannot be exploited as with linear filters.
The non-linear filtering operation, however, is very well suited
to implementation on a GPU.

The GPU exploits massive parallelism to perform mathe-
matical operations needed for 3D rendering. Objects in a 3D
graphics scene are represented as a set of 3D vertices, and
to give 3D objects a realistic appearance, the faces formed
by neighboring vertices can have a 2D image, or texture,
affixed. In the rendering process, geometric transforms are
perform on the vertices in a first pass, and pixel-by-pixel
image processing operations are performed in a second pass
called fragment shading. Oversimplifying, the first pass is
generally used to orient the 3D scene to a particular camera
view angle, and the fragment shader is used to incorporate the
visual properties of each face including any textures used.In
modern graphics hardware, both of these rendering stages are
now programmable, and in particular the fragment processing
operates in a highly parallel fashion with up to 24 channels
operating together to process a scene. Due to the flexibility
of the new graphics hardware, researchers have realized that
the GPU can be coerced into performing and significantly
accelerating numerical computations previously performed on
standard CPUs [4]. In fact, sophisticated GPU algorithms have
been developed for performing forward- and back-projection
in iterative tomographic image reconstruction, see for example
[5], [6] yielding impressive acceleration by a factor of 10
or more. Our application, exploiting the GPU for TVGD, is
particularly simple to implement yet effective.

Our TVG-GPU algorithm is derived from two on-line tu-
torials on GPGPU: the helloGPGPU tutorial [7] shows how
to program a fragment shader to perform a Laplacian filter
on a real-time dynamic scene, and the “basic math tutorial”
[8] illustrates how to perform numerical computation on the
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GPU with a recursive vector addition problem. The former
tutorial is a good guide on generating the fragment shader
needed for our non-linear filter, and the latter tutorial provides
an orientation on how to map numerical computation onto the
GPU. In the basic math tutorial, the data for the calculationis
converted to a 2D texture and attached to a simple rectangle.
The fragment shader, containing the data processing steps,is
loaded into the GPU, and the computation is performed by
issuing a command to render the rectangle orthogonally to a
parallel plane. The texture flows through the fragment shader
and the rendered quadrilateral contains the processed array.

For our application, we need to process a 3D array, and
GPGPU is best suited for 2D arrays. Accordingly, we reformat
the 3D image array by stacking consecutivez-slices side-
by-side in thex-direction of the texture, and stacking these
rows in they-direction so as to fit as much of the 3D array
as possible into the 4096x4096 size limit for textures on
our NVIDIA 7800 GTX graphics board. When the 3D array
does not fit into a single texture the calculation is broken
up into smaller parts that do fit. The offset for obtaining
neighboring values in thex- and y-direction is simply one,
just as in the 3D array, and to reference the neighboringz-
slice an offset ofnx is added or subtracted to the current
pixel position. The computation is performed in 32-bit floating
point, provided by theGL FLOAT R32 NV texture data
format. The application of the non-linear filter is uniform
across the array, and as a result the values at the edges will
be spurious. To take care these edge values, the TV gradient
array is zeroed at the edges two voxels deep after the data is
restored to the 3D format. The TVG-GPU program achieves
roughly a factor of ten acceleration over the CPU version of
this subroutine.

IV. RESULTS

To demonstrate the TV-algorithm on few-view image recon-
struction in cone-beam CT, we show results for a circular scan-
ning configuration, containing 32-views covering2π radians.
The simulated source-to-detector distance is 100 cm and the
source-to-rotation-center distance is 50 cm. In order to reduce
the size of the computation, the 400x400 detector covers only
the upper half x-ray cone with a half-cone-angle of 11.3◦ and
a the Defrise disk phantom was used, which is challenging
for image reconstruction in circular CBCT and it has mirror
symmetry in the plane of the circular orbit. The scanning
geometry parameters were selected so that the views of the
phantom are untruncated. The size of the imaging volume is
4003 voxels.

For the first set of image reconstructions, noiseless data
are simulated by computing the analytic line integrals in the
disk phantom. Note that even though stochastic noise is not
added to the data in this first study, there is still a level
of data inconsistency. This inconsistency is due to the fact
that the iterative algorithms model the cone-beam projection
as a discrete-to-discrete transform, while the actual dataare
generated by analytic line integrals, a continuous-to-discrete
transform. Of course, the level of this inconsistency can be
expected to decrease as the number of voxels representing

phantom

POCS

TV-minimization

Fig. 1. Vertical slice through the middle of reconstructed images of the
half Defrise disk phantom. The reconstructions were performed on simulated,
noiseless projection data taken at 32 views covering2π radians. The plane
of the circular source trajectory is at the bottom of each panel.

the image space is increased. The vertical slice of the volume
reconstructed by the TV-algorithm is shown in Fig. 1. And for
comparison we reconstructed the same volume with standard
POCS (also known as the algebraic reconstruction technique
[ART]). The POCS algorithm used contains no regularizer, and
we show these results only to illustrate the level of difficulty of
reconstruction in circular cone-beam CT with only 32 views.
The TV-algorithm certainly has fewer artifacts than POCS, and
the reconstruction is clearly more accurate for voxels nearer to
the plane of the scanning trajectory. The drop-off in accuracy
with increasing cone-angle is to be expected, as such artifacts
are present even when the view-angles are finely sampled.

In the next study, stochastic noise is introduced into the
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TV new
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Fig. 2. Reconstructions by the old and new TV algorithm from the 32-view
projection data containing Gaussian stochastic noise withstandard deviation
of 1% of the mean value. The new TV algorithm finds a better approximate
solution to the optimization problem Eq. (2) and it yields a more accurate
solution for this phantom. Note that the line styles in the bottom panel are in
color.

projection data. The noise distribution is Gaussian with the
standard deviation set to 1% of the mean value. The aim of
this study is to illustrate the impact of the new TV-algorithm.
In Fig. 2 two slices are shown corresponding to the old and
new TV algorithm, respectively. Both images have the same
agreement with the available data, and the average deviation
from the data is 1.3% per bin sample. The difference between
the images, however, is that the new TV algorithm achieves
a much lower TV for the same data error. The original TV
algorithm still provides a reasonable image reconstruction,
much more free of artifacts than that of POCS. The new

TV algorithm, however, reduces the image TV by 75% for
this example, and the resulting image is smoother and more
accurate. The comparison is seen quantitatively in the profiles
shown in Fig. 2. Because this phantom has a sparse gradient
image, one can expect that the TV minimization algorithm
to perform well. And it seems that applying the same data
constraint the image with the lower TV does appear to yield
a more accurate estimate of the underlying image.

V. CONCLUSION

The preliminary study presented here shows that the TV-
minimization algorithm may indeed yield more numerically
accurate image reconstructions than other algorithms for few-
view cone-beam CT. Acceleration of the TVGD step on
commodity graphics hardware proves to be crucial to the
practicability of the TV-algorithm, as the accelerated algorithm
can take many more gradient descent steps with a smaller step-
size – improving the accuracy of the TV gradient descent.
Results shown at the meeting will include reconstruction from
other phantoms and different scanning trajectories. As the
results of the TV-minimization algorithm are object dependent,
we will demonstrate the algorithm with other challenging
phantoms such as the FORBILD head and jaw phantoms.
We will also investigate few-view image reconstruction with
other trajectories such as the helical scan, which when finely
sampled provide enough information for numerically exact
image reconstruction.
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Abstract—A positron emission mammography-positron
emission tomography (PEM-PET) imager is being constructed
for guidance of stereotactic core biopsy. An important
application is for women with dense or fibrotic breasts for whom
imaging and biopsy of suspicious lesions with standard x-ray
mammographic techniques is difficult or not feasible. The
system consists of two pairs of planar detectors rotating around
a pendant breast with opposed detectors operating in
coincidence mode The computational goal is to provide a fully
3D iterative image reconstruction within a few minutes after
data acquisition while the woman is still on the imaging/biopsy
table. This is accomplished by techniques including fast
analytic methods to calculate the sensitivity matrix, list-mode
reconstruction, an ordered subsets expectation maximization
(OSEM) algorithm, and parallel computing using a computer
with four dual core CPUs (8 processor cores). Parallelization i s
accomplished using OpenMP compiler directives. The
performance was tested with a GATE simulation and a breast
phantom study. Image reconstruction was performed in 4.6 min
for the 5.8 million event simulation and in 7.4 min for the 11.7
million event experimental phantom study. The use of parallel
computing enables the clinical goal of fully 3D iterative PEM-
PET image reconstruction in a timely manner  to be achieved.

Index Terms—image reconstruction, list-mode, parallel
computing, PEM, PET, positron emission mammography,
positron emission tomography

 I. INTRODUCTION

A positron emission mammography-positron emission
tomography (PEM-PET) imager is being constructed for
guidance of stereotactic core biopsy. An important application
is for women with dense or fibrotic breasts for whom imaging
and biopsy of suspicious lesions with standard x-ray
mammographic techniques is difficult or not feasible. Positron
emission mammography with F-18 fluorodeoxyglucose (FDG)
can be of value by providing metabolic information to
supplement anatomical information in x-ray mammograms.

Breast specific PET imagers have been and are being
developed by several groups [1-7]. Our particular system
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consists of two pairs of planar detectors rotating around a
pendant breast with opposed detectors operating in coincidence
mode (Fig. 1). It will have the capability to guide stereotactic
core biopsy. For this clinical application the computational
goal is to provide a fully 3D iterative image reconstruction
within a few minutes after data acquisition while the woman is
still on the imaging/biopsy table. Image reconstruction using
parallel computing methods is key to achieving this goal.

Fully 3D analytic and iterative image reconstruction
methods in medical imaging can be computationally intensive.
Recently there has been increased interest in hardware
approaches to improve computational speed, complementing
algorithmic efforts for faster image reconstruction. In
particular, groups have investigated the use of graphics
processing boards [8-11], the new Cell processor [12, 13] and
computer clusters [14, 15]. In this contribution we present
results with parallelized image reconstruction using a multi-
CPU computer with dual cores.

This extended abstract is structured as follows. In section
II.A the detector hardware is briefly described. The image
reconstruction algorithm, parallelization strategy and details of
the multiprocessor computer are presented in section II.B.
Numerical and experimental phantom studies are described in
section II.C, followed by results in section III and a summary
in section IV.

 II. METHODS

A. PEM-PET Imager
The PEM-PET imager was built with two orthogonal pairs

of rotating planar detectors operating in coincidence mode
(Fig. 1). Each detector head has a 15 x 20 cm2 pixellated
LYSO scintillation crystal array with 72 x 96 crystal elements
that are 2 x 2 x 15 mm3 on a 2.1 mm pitch. The scintillation
arrays were dry-coupled to a 3 x 4 array of Hamamatsu H8500
position sensitive photomultiplier tubes using 3 mm thick
acrylic. The photomultiplier tubes were read out using FPGA
electronics. Further development details are described in [16].
With detector shielding and scintillation array encapsulation
there is 25.7 cm between the front faces of the scintillation
crystal arrays for opposed detector heads. The detector pairs
will be rotated at a 30 degree increment for acquisition at each
of 3 angular steps, enabling complete angular sampling for a
breast near the center of the field of view.

Fully 3D Iterative List-Mode PEM-PET Image
Reconstruction on a Multiprocessor Computer

Mark F. Smith, Stan Majewski and Raymond R. Raylman
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A

B

25.7 cm

C

Fig. 1. (a) Conceptual design of the PEM-PET system with two pairs of
coincidence detectors that rotate about the pendant breast of a prone patient,
(b) cross-section of the detector arrangement showing mild compression for
breast stabilization and (c) photograph of the imager (without patient bed).

A B

Fig. 2. Acceptance cones with (a) circular and (b) square cross-sections.
Only parts of the cones may intersect the detector face for some source
voxel positions and acceptance angles.

B. Image Reconstruction Algorithm
An iterative list-mode ordered subsets expectation

maximization (OSEM) algorithm was used for image

reconstruction [17-19]. Raytracing methods sample the tubes
of response associated with the lines of response (LORs)
between crystal elements on opposed detector heads. There are
47.8 million LORs per detector head pair per detector position
and a total of 287 million LORs per acquisition, much more
than the number of expected coincidence events. For this
reason a list-mode image reconstruction algorithm is used.

The allowable angle of LORs from normal incidence can be
varied, allowing the user to explore tradeoffs between depth of
interaction effects and sensitivity. Acceptance cones with
circular or square cross-sections are permitted (Fig. 2).
Calculation of the sensitivity normalization matrix elements
can be performed by raytracing methods or, for acceptance
cones with square or rectangular cross-sections, by an analytic
technique [20].

Parallelization was accomplished by inserting OpenMP
(http://www.openmp.org) compiler directives to parallelize the
loop over source voxels in the sensitivity matrix calculation
(implemented only for the analytic method) and in the loop
over LORs for raytracing in the list-mode iteration step. The
OpenMP standards are supported by many hardware and
software vendors, facilitating porting of the source code to
different platforms.

Parallelization with OpenMP was first implemented on a
Sun Microsystems (Palo Alto, California, USA) SunBlade
2000 computer with two 900 MHz UltraSPARC III CPUs.
Following initial tests, the code was ported to a PSSC Labs
(Lake Forest, California USA) Dual Core Quad Opteron
Graphic Station, which has four AMD dual core Opteron 885
CPUs running at 2.6 GHz. The operating system was Red Hat
Linux 4.0 AS and the compiler was Intel Fortran compiler 9.0
for Linux. Results reported in this paper were performed using
1 to 8 processor cores on the PSSC Labs computer.

C. Monte Carlo Simulations and Experimental Studies
The Geant4 Application for Tomography Emission (GATE)

toolkit [21] was used for Monte Carlo simulation of a three
minute PEM-PET acquisition with a moderately compressed
breast. The breast phantom was a water-filled ellipsoid with
major axes of 11, 9 and 6 cm. The FDG concentration in the
normal breast tissue was 2.405 kBq/ml (0.065 microCi/ml).
The breast contained four spheres representing tumors, with
diameters 2, 3, 4 and 5 mm and with an activity concentration
of 20.35 kBq/ml (0.55 microCi/ml), for a tumor:background
ratio of 8.5:1. The spheres also had the material properties of
water. The activity concentrations were based on clinically
measured activity levels in normal breast tissue and tumors.
The separation between the front faces of the scintillation
crystals was 20 cm.

A crystal energy resolution of 18% was modeled, as well as
a coincidence timing window of 6 ns. Compton scattering,
attenuation and randoms were included in the simulations. The
energy threshold for detected events was 350-650 keV.
Coincidence data were simulated for 1 min at each of 3
detector rotation positions at 30 degree increments. Only
coincidences between crystal elements in the opposed detector
heads were tallied.
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Fig. 3. Clock time for sensitivity normalization matrix calculation on a PSSC
Labs quad dual core system for (a) the Monte Carlo simulation and (b) the
experimental phantom acquisition.
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Image Reconstruction Time
 Experimental Phantom Study

0

1 0

2 0

3 0

4 0

0 1 2 3 4 5 6 7 8

Processor Cores

C
lo

ck
 T

im
e 

(m
in

)
Actual

Predicted

Fig. 4. (a) Clock time for image reconstruction of the simulated breast
phantom study (blue) along with the predicted time based on a two parameter
parallelization model (red). (b) Corresponding image reconstruction times for
the experimental breast phantom acquisition.

A B

Fig. 5. (a) Reconstructed images for the Monte Carlo simulation showing background activity and the small spherical lesions, which are at the corners of a
square. Images are shown from each subset of iteration 1 (top row) and iteration 2 (bottom row). The lesion contrast improves with increasing iteration, with
the 5, 4 and 3 mm spheres  visible. (b) Reconstructed images for the experimental phantom acquisition showing the 5 mm diameter hot sphere at the center of a
10 cm diameter cylinder.

The experimental phantom acquisition was performed with a
10 cm high, 11.5 cm diameter water-filled cylinder with a 5
mm diameter hot sphere near the center representing a tumor.
The activity concentrations in the cylinder and hot sphere were
the same as for the numerical simulations. Acquisitions were

for two minutes at each of three detector rotation stops with a
30 degree rotation increment, for a total acquisition time of six
minutes. The energy window for image reconstruction was
400-700 keV.

For both simulated and experimental datasets the active
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field of view for image reconstruction was 15 x 15 x 15 cm3

with 1 mm3 voxels. An acceptance angle of 50 degrees was
used, which accepts all but the most oblique raypaths.
Reconstructions were performed for two iterations with three
subsets per iteration.

 III. RESULTS

A. Computation Times
For the Monte Carlo simulation the sensitivity matrix was

computed using the analytic method in about 0.4 minutes with
1 processor core and 0.1 minutes with 8 cores (Fig. 3). There
were 5.8 million events in the 350-650 keV energy window
used for image reconstruction. Reconstruction times varied
from 22 min with 1 core to 4.6 minutes with all 8 cores (Fig.
4a). Images from a slice containing the simulated lesions are
shown in Fig. 5a.

A two parameter parallelization model was used to predict
the computation times for more than 2 cores using the
measured times for 1 and 2 cores. The model was T=Tu +
Tp/N where where T is the total computation time, Tu is the
unparallelizable code component, Tp is the parallelizable code
component and N is the number of cores. This model provided
a good fit to the observed reconstruction times, indicating that
there was not significant additional overhead with the use of
more than 2 cores. For the Monte Carlo simulation the ratio
Tp/(Tp+Tu) was 0.91, indicating that the reconstruction code
is well-suited for parallelization.

For the experimental phantom acquisition, the sensitivity
matrix was also computed in about 0.1 min with 8 processor
cores (Fig. 3b). There were a total of 11.7 million events in
the 400-700 keV energy window for reconstruction. Image
reconstruction time was 7.4 min with 8 cores and complete
results are given in Fig. 4b. The ratio Tp/(Tp+Tu) was 0.86.
The reconstructed images show the 5 mm diameter sphere near
the center of the cylinder (Fig. 5b).

 IV. SUMMARY

A variety of algorithmic and hardware techniques are used to
accelerate fully 3-D image reconstruction for PEM-PET. These
include fast analytic methods to calculate the sensitivity
matrix, list-mode reconstruction, an ordered subsets
expectation maximization (OSEM) algorithm and parallel
computing using OpenMP compiler directives. Image
reconstruction was performed for a Monte Carlo simulation
and an experimental breast phantom study. Image
reconstruction took 4.6 min for the 5.8 million event
simulation and 7.4 min for the 11.7 million event phantom
study on a dual core four processor computer (8 cores). The use
of parallel computing enables the clinical goal of fully 3D
iterative PEM-PET image reconstruction in a timely manner
for breast biopsy to be achieved. Future work will include
more comprehensive phantom studies and clinical applications.
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Abstract— The three-dimensional image reconstruction 

process used in interventional CT imaging is computationally 

demanding. Implementation on general-purpose computational 

platforms requires substantial processing time, which is 

undesirable during time-critical surgical and minimally invasive 

procedures. Central  and Graphics Processing Units ( CPUs and 

GPUs, respectively) have been studied as a platform to 

accelerate 3-D imaging. GPU devices offer a programmable 

hardware architecture, suitable for pipelining and high levels of 

parallel processing to increase computational throughput, as 

well as the benefits of being off-the-shelf and effectively scalable 

solutions. The focus of this paper is on the backprojection step 

of the image reconstruction process, since it is the most 

computationally intensive part. Using the modified Feldkamp-

Davis-Kress (FDK) cone-beam algorithm, our feasibility studies 

indicate the entire 5123 image reconstruction on a mobile X-ray 

C-arm can be accelerated to real time (i.e. completed 

immediately after an exposure scan of 15-30 seconds duration).  

 
Index Terms—X-ray tomography, image reconstruction  

 

I. INTRODUCTION 

T imaging using a mobile X-ray C-arm system in 

interventional and minimally-invasive surgery requires 

true- or near- real time computing solutions that meets 

‘performance-per-watt’ and ‘performance-per-dollar’ 

constraints (Fig. 1) [6]. The computational requirements are 

increasing rapidly, mainly due to the need for rapid access to 

medical imagery at any time before, during or after the 

procedure.  

 

The use of off-the-shelf commodity computers is 

attractive, but is not always power and cost efficient. On the 

other hand, the highly parallel nature of Radon transform and 

CT algorithms enable embedded parallel computing to gain a 

significant boost of performance while the power budget 

remains manageable from a single wall outlet.  

 

The purpose of this paper is to look at the ‘pros’ and 

‘cons’ of 3-D GPU accelerated image reconstruction. In 

particular, we examine the design and implementation 

capabilities of performing cone-beam backprojection 

following the X-ray projection rate to enable delivery of the 

3-D volume immediately after (so-called real-time) or 

shortly after scan acquisition is completed. 

 

 
D. Riabkov, X. Xue, D.Tubbs, A. Cheryauka are with General Electric 

Healthcare – Surgery, Salt Lake City, UT, 84116, USA (phone: 801-536-

4529, fax: 801-535-4816; e-mail: Dmitri.Riabkov@ge.com).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

II. CONE BEAM BACKPROJECTION 

In our studies, we implement cone beam image 

reconstruction utilizing a modified FDK algorithm [5]. 

Correction, rebinning, weighting, and filtering of the 

projection data are fast operations, where their execution 

times take only a few percent of the total volume 

backprojection time. Our focus is the feasibility of 

completing backprojection computations using existing C-

arm workstation hardware within the C-arm CT scan. 

 

It is commonly known that backprojection restores the 

attenuation value at each volumetric element of the Region-

Of-Interest (ROI). Inversion formula in the form of filtered 

backprojection and FDK-type approximation for irregular 

circular acquisition is described as follows: 
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Here p is the reconstructed volumetric data, gF is the filtered 

projection data, Λ is the scanning angular interval, ω is the 
distance weight, u is the detector axial coordinate, v is the 

detector longitudinal coordinate, and M is a 3x4 projection 

matrix. The projection matrix M is the combined result of C-

gantry intrinsic and extrinsic geometry calibrations [2-3]. 

 

Accelerated cone-beam backprojection using 

GPU-CPU hardware 
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Fig. 1. GE-OEC 9900 Elite Mobile X-ray C-arm system for  

           interventional and minimally-invasive surgery. 
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Under cone-beam geometry, accumulation of filtered 

contributions from the rays passing a cubic volume has 

computational complexity of O(Nview*Nvoxel
3
), where 

Nview and Nvoxel are the numbers of projection views and 

voxels in the ROI in one dimension, respectively. In other 

words, to backproject the volume using plain projections, 

one needs to program, generally, 4 nested loops. 

 

III. IMPLEMENTATION 

In our studies, GPU-CPU hardware was targeted to 

perform 512-cubed backprojection. Reconstruction of a set 

of 512
2
-resolution slices is currently a standard in industrial 

X-ray CT.  

 

It can be seen from the publications that GPUs are widely 

used for general purpose computing, beyond the original 

target of computer graphics and gaming industry [8]. The 

earliest attempt to accelerate CT reconstruction using 

graphics hardware dates back to 1994, when Calbral et al. 

utilized the texture mapping hardware for 3-D reconstruction 

[1]. With the introduction of modern GPUs in the last 5 

years, both analytical and iterative methods have been 

implemented on graphics hardware [9-12, 14-17]. 

 

A. Architecture & GPGPU Programming Model 

The GPU pipeline has programmable vertex and fragment 

processors, which enables the processing of multiple data-

parallel primitives. The details on GPU architecture and 

general-purpose GPU programming model can be found, for 

instance, in [7,14]. 

 

B. Algorithm Design 

Our voxel-driven implementation follows the steps in Fig. 

2 and Fig. 3. Two governing scenarios comprising different 

loop structure were considered. The general idea is that an 

outer loop resides on the CPU, while an inner loop resides 

on the GPU. We implemented slice-wise and projection-wise 

approaches to estimate the timing and memory requirements: 

 

In the slice-wise case (Fig. 2), the projections (views) 

reside in GPU memory, and each volume slice is 

reconstructed in the GPU. After each GPU projection loop is 

done, the reconstructed slice is uploaded to the CPU 

memory.  

 

 

 

 

 

 

 

 

 

 

 

 

 

In the projection-wise case (Fig. 3), the reconstructed 

volume resides in GPU texture memory, while each 

projection is uploaded to the GPU memory dynamically.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Both techniques use offscreen buffer (pbuffer) and frame 

buffer objects (FBO) supported by OpenGL 2.0 and modern 

GPUs. 

 

These two approaches make an assumption that either all 

the projections or the reconstructed volume could fit in the 

GPU texture memory.  

 

The advantage of the slice-wise implementation is that it is 

simple and fast, without overheads of context switching. Due 

to a limited amount of GPU memory, the projections are 

limited in size and number. The computation can only start 

after all the projections are acquired and reside in GPU 

memory.  

 

The projection-wise approach has no limitations on the 

input projection data as long as the reconstruction volume 

can be stored in the GPU memory. So, the calculations can 

be performed during the CT scan, starting from the moment 

the first projection is acquired. 

 

C. Experimental Setup 

Two PC configurations comprising the following off-the-

shelf components were exercised:  

 

• Intel P4 XE, 3.4 GHz, 4GB RAM, 800 MHz FSB, 

Nvidia Quadro FX4500 w/ 512MB, SUSE Linux 10.0, 

32-bit 

• Intel dual-core Xeon (Woodcrest), 3.0 GHz, 8GB 

memory, 1333 MHz FSB, Nvidia GeForce 8800 GTX w/ 

768MB, SUSE Linux 10.1, 64-bit 

 

The Quadro FX4500 belongs to the professional card 

category, and is targeted for graphics workstations. The 

GeForce 8800 GTX is the latest consumer card from Nvidia, 

and is built on a unified G80 architecture with utilization of 

CUDA technology [13]. Its theoretical peak performance can 

be estimated as large as 345.6 Gflops, i.e. 128 (streaming 

processors) ×  1350 MHz (shader clock rate) ×  2 flops 

(floating point operations per clock).  

 

We have implemented a 512
3
 volume backprojection, 

processing a series of 1024
2
 plane projection data. While Fig. 2. Slice-wise backprojection. 

Fig. 3 Projection-wise backprojection 

For Each Slice

Download Slice to CPU;

End

For Each View, Do

Process Projection;

Accumulate; 

End

GPU

CPU

For Each View 

Load View  to Texture

End

Download Slices to CPU;

For Each Volume Texture 

Process Projection;

Accumulate; 

End

GPU

CPU
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both the input projections and the final reconstructed volume 

are stored in 16-bit integer format, all internal calculations 

are performed in 32-bit floating point format. Signal 

restoration in between pixel space is done by using 

hardware-based bi-linear interpolation (LI). 

 

D. Synthetic Results 

Synthetic data are generated with use of 3-D Shepp-Logan 

phantom. It’s dimensionless geometry and attenuation were 

scaled to the size of a human head, and ‘water-to-bone’ 

values of 75 KeV, were used. Noisy data were weighted and 

filtered in advance. The results of the GPU backprojection, 

shown in Fig.4, are achieved with accuracy practically 

identical to accuracy of the CPU-based backprojection 

results (32-bit floating point). For benchmarking purposes, 

165 input projections were used. 

 

 

 

 

 

 

 

 

 

 

 

 

 

The memory allocation and execution time data for the 

slice-wise approach are given in Table 1. 
 

 

 

 

The projection-wise data are shown in Table 2.  
 

 

Note: since the 32-bit 512
3
 volume does not fit in 512MB 

memory on the Quadro FX 4500, the calculation results are 

not available. Bit conversion and data transfer from GPU 

texture to CPU memory takes 1.42 seconds and is not 

included in the total time. 

 

E. Experimental Results 

Experimental data has been acquired with use of 

programmable rotating stage. The assembly of the cone-

beam X-ray tube and the detector is stationary while 

anatomy-mimicking objects move along a programmable 

trajectory. The imagery results of knee and hand 

anthropomorphic phantoms are shown in Figures 5 and 6, 

respectively.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5. ROI reconstruction of ~803 mm volume. 

TABLE 2: PROJECTION-WISE BACKPROJECTION 

TABLE 1: SLICE-WISE BACKPROJECTION 

Fig. 4 ROI reconstruction of ~803 mm volume. 

 

GPU / CPU 

 

 

GPU memory 

(MB) 

 

Time 

(sec) 

 

 

Quadro FX 4500 / P4 

 

 

20.7 

 

GeForce 8800 GTX / Xeon 

 

 

 

347 

 

2.7 

 

 

GPU / CPU 

 

GPU memory 

(MB) 

 

Time 

(sec) 

 

 

Quadro FX 4500 / P4 

 

 

N/A 

 

GeForce 8800 GTX / Xeon 

 

 

 

539 

 

5.05 

 

 
 

Fig. 5 Reconstruction of the knee phantom: the orthogonal 

           views and volume rendering. 

 
 

Fig. 6 Reconstruction of the hand phantom: the orthogonal  

           views and volume rendering. 
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F. Other Results 

A comprehensive review of speed up efforts in CT image 

reconstruction done by other groups has been recently 

provided by Kachelrieβ et al. [9]. For purposes of 

quantitative comparison the results were scaled to the 

computational setup for cone-beam backprojection with the 

following characteristics: 512
3
 output volume, 512 input 

projections, and 1 unit running a 3 GHz frequency process. 

Our projection-wise results obtained on the GeForce 8800 

GTX / Xeon under the proposed above parameters would 

complement the data there in the ‘direct’ category as follows 

(Table 3): 

 

 

 

 

 

 

 

 

 

 

 

 

 

To achieve higher performance, it is critical to restructure 

the programs to utilize internal unit instructions and memory 

bandwidth efficiently [9-10]. 

 

IV. CONCLUSION 

The results of our efforts have shown that ‘on-the-fly’ 3D 

reconstruction on a mobile X-ray C-arm during the 

acquisition sweeps can be accomplished. The image quality 

required by interventional procedures and obtained by 

porting the reconstruction algorithms into GPU-CPU 

computational engines is confirmed. It is also important to 

maintain hardware compatibility and configurable codes. 

The examined heterogeneous platforms enable fast 

backprojection at an acceptable level of programming effort. 

Bringing computing capabilities to a real-time scenario 

would allow medical imaging to move to a more advanced 

state that may lead to a higher spatial/contrast/temporal 

resolution, higher accuracy, use of advanced algorithms, or 

new conceptual designs on clinical floor. 
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TABLE 3: BACKPROJECTION PERFORMANCE. ALL VALUES HAVE BEEN 

SCALED TO 512 PROJECTIONS AND 5123 VOXELS. ALL VALUES WERE 

FURTHER SCALED TO A SINGLE UNIT, I.E. TO ONE CPU, ONE FIELD 

PROGRAMMABLE GATE ARRAY (FPGA), ONE GPU, AND TO ONE CELL 

BROADBAND ENGINE (CBE), RESPECTIVELY, AND TO 3.0 GHZ IN THE 

CASE OF CPU AND CBE-BASED ALGORITHMS. THE TYPE COLUMN 

SPECIFIES THE INTERPOLATION TYPE, NEAREST NEIGHBOR (NN) OR BI-

LINEAR INTERPOLATION (LI) AND THE TYPE OF ARITHMETICS USED: 

F+NUMBER OF BITS DENOTES FLOATING POINT ARITMETICS WHILE 

I+NUMBER OF BITS STANDS FOR INTEGER (FIXED POINT) ARITHMETICS. 

THE TIME T PER 512× 512 SLICE IS MEASURED AS AN AVERAGE OF 

THE TIME 512 T REQUIRED TO BACKPROJECT THE WHOLE VOLUME. 
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Abstract— In this article the authors describe a new 3D 
reconstruction system for x-ray tomography. The goal was to 
provide a surgeon 3D x-ray tomography images online during an 
operation. The system was designed, for the use with 
intraoperative, medical x-ray devices (C-arms). It consists of a 3D 
volume reconstruction algorithm, implemented using the GPU of 
a common pc graphics accelerator, to minimize the computation 
time. Due to mechanical limitations of the x-ray system the 
algebraic reconstruction algorithm SART was used. The known 
reconstruction algorithm was enhanced for an iterative online 
reconstruction, where the computation is done at the same time 
the x-ray system acquires new images. The surgeon can add more 
x-ray images to improve the results of the 3D reconstruction. Due 
to this enhancement and the high speed computation, the surgeon 
is able to acquire the needed number of x-ray images for a 
specific clinical case and to avoid unnecessary radiation. For 
clinically relevant 3D data 30 to 100 x-ray images are needed, 
depending on the anatomical region and the needed information. 
The reconstruction system was verified and validated using a 
mathematically described phantom. In less than three seconds 
after the last image was taken a 3D reconstruction is calculated 
with the new online reconstruction approach. The results show no 
significant difference in terms of image quality compared to 
conventional SART reconstructed images, where the 
reconstruction time is about 1 minute.  
 

Index Terms—Algebraic Reconstruction, C-arm, GPU, SART  

I. INTRODUCTION 
HIS article presents a new 3D reconstruction system for 
the use with an intraoperative x-ray imaging system (C-

arm). Modern free isocentric c-arms are mechanically based on 
standard fluoroscopic devices. They are equipped with 
additional encoders and motors to provide an isocentric 
movement. The isocentric is reached through an automatic 
movement of the horizontal and vertical axes depending on the 
movement of the rotational c-axis. In this way an isocentric 
rotation within a rotational angle of 135° is possible (Fig. 1).  

The position and orientation of the image intensifier and the 
x-ray source is measured by the internal encoders and a 
kinematic modeling of the mechanical structure. In 
conjunction with a calibration procedure, which has to be 
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performed only at production time, the position of the x-ray 
source and detector can be measured with an accuracy of 
0.8mm [1].  

 
Fig.1. Isocentric movement of an standard c-arm a) The movement of the 
vertical and horizontal axes compensate the non-isocentric movement of the 
rotational c-axis. b) Free isocentric C-arm (Ziehm Vario 3D) . 
 

Due to the limitation of the rotation angle and the non ideal 
isocentric positioning, the often used Filtered Back Projection 
(FBP) algorithms like the Feldkamp algorithm [2] can not be 
used for this 3D C-arm. For this system only the Algebraic 
Reconstruction Technique (ART) [3] or its extension, the 
simultaneous algebraic reconstruction technique (SART) [4] 
can be used. The advantages of the algebraic reconstruction 
algorithms in comparison to the Feldkamp algorithm are: 

-  No limitation to the acquisition angle [5], [6], [7]. 
- No limitation to a uniform distribution of the positions of 

the acquired images on the isocentric path [5], [6]. 
- Better result with fewer images compared to the 

Feldkamp algorithm [8]. 
- Better robustness to errors from the measurement of the 

positioning of the imaging system [7]. 
The main disadvantage of the ART based algorithms is high 

computational cost which leads to long reconstruction times, 
normally several minutes with hardware acceleration and up to 
one hour without any acceleration.  

The purpose of the presented system is to speed up the 
SART algorithm to provide 3D images nearly in real time at 
the same time the C-arm acquires new images. With this 
system property the surgeon can stop the imaging when the 
needed image quality is achieved. The image quality of the 
resulting 3D volume depends on the number of acquired x-ray 
images. Higher number of acquired x-ray images results in a 
better 3D image quality but higher radiation. 

II. STATE OF THE ART 
The Algebraic Reconstruction Technique (ART) is an 

iterative reconstruction algorithm [3]. The reconstruction 
volume is modeled as a collection of point samples, positioned 
at grid points. This representation is called voxel volume 
where a voxel vj is the three dimensional representation of 

Online Iterative Reconstruction with the use of the Graphical 
Processing Unit (GPU) 

Ralf Tita, and Tim C. Lueth, Member, IEEE 
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such point sample. The projection image p can be modeled as 
a set of linear equations. 

1

N

i ij j
j

p w v
=

= ∑  (1) 

The weight factors wij represent the amount of influence a 
voxel vj has on a ray passing from the source through image 
pixel pi. 

The ART algorithm continuously improves the values of the 
voxel volume during the calculation with each iteration k, k > 
0, starting from an initial guess for the volume vector V=V(0). 
The algorithm can be divided into three steps which are 
calculated for all rays of every x-ray image in an iterative loop:  

1. Forward projection  
For a ray from the x-ray source (XR) to the image 
intensifier (II) the voxel values of the voxel volume are 
added to a projection along that ray.  

1

( ) ( )
N

i ij j
j

q k w v k
=

= ∑  (2) 

2. Difference calculation  
The calculated projection value qi is subtracted from the 
real measured projection value pi of the x-ray image. Ni is 
number of voxels hit by this ray used to normalize the 
value of di. 

i

p qi id
Ni

−
=  (3) 

3. Backprojection  
This calculated correction value is back projected along 
the ray through the voxel volume to correct the voxel 
values. This is done by adding the normalized value di of 
the difference calculation to the voxel value vj 

( ) ( 1)
id wijk k iv vj j wiji

α
∑

− ∈= + ⋅
∑
∈

I

I

 (4) 

These steps are done for every ray of each x-ray image. 
When all x-ray images are processed a new iteration starts. 
Due to the ray driven approach of the ART algorithm the 
resulting volume contains a lot of noise [6]. For this reason an 
image driven approach, the Simultaneous Algebraic 
Reconstruction Technique (SART), was introduced [4]. The 
SART algorithm works iteratively as well. First, it calculates a 
complete virtual projection image from the current voxel 
volume. Then, the difference image is calculated by 
subtracting the virtual projection image from the real 
projection image pixel by pixel. This difference image is 
backprojected onto all slices of voxel volume to correct the 
voxel so the error is minimized. To achieve good 
reconstruction results normally three to five iterations are 
necessary [6].  

When using a clinically relevant volume size of 256³ voxel 
with 70 568² pixel x-ray images, a reconstruction with the 
SART algorithm on a modern pc takes up to one hour. This is 
far too long for the intraoperative usage. Due to the image 
driven approach the SART algorithm is especially suited for 
parallel processing. A commercial approach to speed up the 

computation of the algorithm was done by TeraRecon Inc. 
using an ASIC (Application Specific Integrated Circuit) 
hardware, while another approach by Mercury Inc. uses an 
FPGA (Field Programmable Logic Array) hardware [10]. The 
system by Mercury Inc. was originally designed for the 
Feldkamp algorithm but was then adapted to the SART 
algorithm. The reconstruction time could be limited to several 
minutes with these systems, but the hardware is too expensive 
for a wide use (10.000€). Mercury Inc. ported the SART 
algorithm to a special, high end graphic accelerator card; the 
system is called Visage RT. The reconstruction of a 256³ voxel 
volume with 70 x-ray images takes approximately 4 minutes 
and is processed after the interactive image acquisition.   

Mueller proposed in [12] the implementation of the SART 
Algorithm to a graphic processing unit (GPU).  

All state of the art systems for an algebraic reconstruction 
use hardware acceleration for the computation. The 
commercial systems use high end graphic accelerators or 
special ASIC/FPGA based computer boards. Research systems 
use consumer graphics accelerators with programmable GPUs 
with low hardware costs (200€-500€). All systems try to speed 
up the computation of the algorithm, but the computation is 
always done after the image acquisition. For an optimal 
workflow of an interactive 3D C-arm like the Ziehm Vario3D 
the reconstruction should be processed online at the same time 
as the surgeon acquires x-ray images with the C-arm. 

III.  TASK AND NEW APPROACH 
The goal of the development is to minimize the radiation 

dose to the necessary minimum for a specific clinical situation. 
Hence the system should provide a visualization of a 3D 
volume at less than 3 seconds after a new image is added. It 
should be possible to add new x-ray images without 
recomputing the complete image series. The number of 
necessary images depends on the kind of surgery, on the part 
of the patients anatomy the surgeon is about to examine, on the 
special anatomical criteria the surgeon is looking for and on 
the anatomical condition of the patient.  

The image quality of the online reconstructed 3D volume 
should be equal to a reconstruction calculated after the image 
acquisition.  

IV. SYSTEM DESIGN 
To achieve the described requirements we designed an 

intraoperative x-ray tomography imaging system. The system 
is set up in combination with a Ziehm Vario3D C-arm. The 
presented reconstruction system is running on separate pc 
hardware with a 3.4GHz Pentium 4 and an NVidia GeForce 
7950 graphic accelerator The main aspect of the presented 
system is the online reconstruction at the same time as the x-
ray images are acquired. Fig. 2 gives an overview of the 
reconstruction unit. 

The x-ray images are sent via an Ethernet link from the C-
arm to the reconstruction unit in the DICOM format when 
acquired by the user. The reconstruction unit processes the 
images immediately after receiving them from the C-arm. The 
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resulting reconstruction volume is visualized at the monitor 
cart’s display instantly. To meet the described requirement the 
reconstruction algorithm of the system consists of two 
following features:  

A. Performance enhancement of the computation by 
porting the SART algorithm to the graphical 
processing unit (GPU).  

B. Introducing a Scheduler to calculate the volume 
online at the same time new x-ray images are 
acquired. 

 
Fig.2. Design of the reconstruction unit consisting of the DICOM Interface 
that receives the images from the c-arm. The Scheduler sorts all existing 
images for the online calculation. The SART-Algorithm consists of the three 
calculation steps (forward projection, difference calculation, backprojection). 
The volume data is stored in a volume memory. The visualization device 
consists of a volume renderer and 3 orthogonal slices though the volume data. 

A. SART Reconstruction with the use of the GPU 
To program the graphic processing unit (GPU) of the 

graphics accelerator we use OpenGL and fragment programs 
written in NVidia’s CG language. The volume is stored on the 
graphics board memory using a 2D texture with sequentially 
stored slices. The native 3D textures can not be used because it 
is not possible to write back data into the 3D texture. Using the 
slice sequential memory model instead of the normally used 
line sequential memory model one can speed up the 
backprojection process.  

To calculate the forward projection image, slices through 
the volume which are parallel to the image intensifier plane are 
defined. The camera focus of the perspective camera model is 
defined by the x-ray source psrc; the image plane is defined by 
the position of the image intensifier. Using the OpenGL 
feature frustum, one can position the focus point at any 
position related to the image plane. Parallel slices are added 
together corresponding to the projection geometry in a 
fragment program. The pixels of each slice image are 
generated from the volume texture by trilinear filtering. The 
number of slices is selected in consideration of the Shannon’s 
sampling theorem (Fig. 3a).  

The difference image is computed by subtracting the 
forward projection image q from the x-ray image p pixel by 
pixel in a second rendering path again using a fragment-
program. 

The backprojection of the difference image is done for 
every slice of the voxel volume slice by slice by the method 
proposed by Mueller [12]. A slice is rendered in parallel 

projection mode with the slice camera. The back projection 
process is similar to a slide projector where the difference 
image is the slide which is projected to the slice (Fig.3b). With 
this approach the difference image is bilinear filtered onto the 
slice by OpenGL. To update the slice data both pixel values 
are added and multiplied by the relaxation factor α in a 
fragment program and than rewritten in the volume texture. 
We achieved reconstruction times of about 1 minute for a scan 
with 90 images and 256³ voxels with 3 iterations. 

) b)  
Fig. 3: a) Calculation of the forward projection using parallel slices through 
the voxel volume. With the focus spot of the camera model at the position of 
the x-ray spot and the image plane at the image intensifier position of the x-ray 
system. b) Backprojection of the difference image for a single slice of the 
voxel volume. The difference image is projected onto the slice along the real 
projection geometry of the x-ray system. The slice camera parallel projects the 
slice. A fragment program adds the normalized values to update the slice data. 

B. Online reconstruction, at the same time new x-ray 
images are acquired 
Different access schemes are known from the literature. 

They have a big influence to the algorithms convergence. A 
comparison of the most popular schemes can be found in [13]. 
Good results can be achived using the random-access scheme 
first proposed by van Dijke [14]. The goal of the presented 
scheduler is to provide a similar access scheme. All images are 
queued in a FIFO list in the order they are received from the 
C-arm, with the exception that a new received image is 
processed before all others and then added to the FIFO. The 
FIFO list is processed in an endless loop.  

To control the influence of the x-ray images in the 
reconstruction volume and to decide if an image should be 
processed in the current iteration two criteria are proposed. 
The first criterion is the number of iterations a single image 
has been part of. With this value the relaxation factor αi is 
calculated for the back projection. Every image has a separate 
relaxation factor αi so the influence of a single image 
decreases constantly. An upper bound limits the number of 
iterations for a single image. Considering only this criterion 
would not lead to better results, the first images would reach 
this limit too quickly and would later never be processed 
again. For this the second criterion defines that every image is 
only allowed to be processed when a fixed number of new 
images are received by the algorithm. Investigations had 
shown that the repeated processing of an image when 5 new 
images are received produces balancing results for data sets 
with 30 to 100 x-ray images. The images are used in an 
iteration step only when they meet the above described two 
criteria.  

By using this algorithm the resulting reconstruction volume 
differs from the normally calculated volume because the last 
five images are processed only once, the five before only two 
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times and so on. To optimize the resulting reconstruction a 
post processing step is introduced, where all images are 
processed until they have reached a lower bound of iterations. 
As shown in the results, a lower bound of three iterations, 
leads to results that differ less than 2% difference in the 
normalized gray levels compared to the original SART 
algorithm. 

V. RESULTS AND EXPERIMENTS 
The reconstruction quality of the presented system was 

verified by comparing the normal SART reconstructed and the 
new online reconstructed volumes.  

The mathematically described Shepp-Logan Head-Phantom 
[6] was used. 70 analytically calculated projection images 
were generated, distributed equally on a sphere around the 
phantoms center. This dataset was reconstructed using the 
SART algorithm implemented on the GPU. The volume size 
was 256³ voxels with a voxel size of 0.008. The same dataset 
was reconstructed using the presented online calculation. To 
simulate the sequential image acquisition of the C-arm, a new 
image from the dataset was sent to the reconstruction unit 
every 3 seconds. After the last image was processed the 
reconstructed volume was saved. Then the presented post 
processing operation was started. Fig. 4 shows a slice of the 
Shepp-Logan Phantom at the z = -0.252 position. Fig. 4a 
shows the resulting reconstructions using the original SART 
algorithm with 3 iterations, computed in 47 seconds. Fig. 4b is 
the resulting reconstruction from the online SART algorithm 
as calculated 1 second after the last image was processed. The 
maximum number of iterations was set to 5. Fig 4c shows the 
same dataset after the post processing step, so each image was 
processed 3 times at least. This step took 3 seconds.  

 
Fig. 4. a) The SART reconstruction of the Shepp-Logan Head-Phantom at the 
slice position z = -0.252 and a scan line at y = -0.65. b) Reconstruction from 
the same dataset processed online, 1 sec. after the last image was received. c) 
Post processed reconstruction of this data. 
 

To quantify the results, the normalized gray levels of a scan 
line at y = -0.65 was used (horizontal line in Fig. 4). The mean 
deviation of the reconstructed scan line compared to the 
original phantom is 1.96%. The difference between the 
original and the reconstructed scan line can be explained by 
the low sampling rate of only 70 images. Without a post 
processing the mean deviation is 2.08% using the proposed 
online processing. When this dataset is then post processed the 
mean deviation is 1.83% to the analytical data. 

VI. DISCUSSION AND CONCLUSION 
In this paper a new reconstruction system for the usage with 

an intraoperative C-arm was presented. The goal of the 
presented work was to provide the surgeon real time 3D x-ray 

imaging for intraoperative usage. The main benefit of the 
presented system is the online reconstruction of a complete 3D 
volume. With this capability the surgeon can always control 
the achieved image quality and stop the imaging if the needed 
quality is reached. This leads to a lower x-ray exposure for the 
patient and the surgeon. The online reconstruction not only 
saves time, it reduces uncertainty about the resulting image 
quality of the 3D volume. This helps to reduce stress in the 
OR. 

The experiments show that the presented reconstruction 
system produces comparable results when processed online, 
i.e. at the same time the images are taken by the C-arm. The 
calculated 3D volume can be viewed simultaneously. In less 
than 3 seconds the volume is updated after a new image was 
added. The same results were achieved using clinical data. 
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Abstract— We present performance and quality analysis for 

GPU accelerated cone beam computed tomography (CBCT) 
reconstruction using FDK filtered backprojection. We also 
compare the current generation (2006) Barco MXRT 7100 GPU 
and a next generation (2007) GPU prototype. Our MXRT 
implementation is able to reconstruct a 512 x 512 x 340 volume 
from 625 projections, each sized 1024 x 768, in 42 seconds. This is 
already very fast, but the next generation prototype GPU is able 
to reconstruct the same volume in 7 seconds!  The presented 
results also illustrate that while GPUs have immense 
computational power there is opportunity to tune an 
implementation to specific hardware, quality requirements and 
even to the image acquisition geometry. 

 
 

Index Terms—GPU, CBCT, CT reconstruction, computed 
tomography, FDK 

I. INTRODUCTION 
CT Reconstruction is extremely computationally 

demanding, which makes hardware acceleration desirable. The 
use of GPUs for non-graphics purposes, also known as general 
purpose GPU (GPGPU), has recently become popular due to 
their massive processing power. While the use of commodity 
GPUs for CT reconstruction has been proposed and discussed 
in the literature [1, 2, 3], the quality of GPU accelerated CT 
reconstruction is not sufficiently addressed. 

We have implemented the FDK filtered backprojection 
algorithm for CBCT where data is acquired using planar 
detectors [4, 5]. We assess the performance and quality for the 
2006 generation Barco MXRT 7100 GPU board and also for a 
2007 generation prototype GPU board which is scheduled for 
release later this year. We evaluate different implementations 
that are tuned for each board. 

While speed is an important factor of CT reconstruction, the 
more poignant question is whether the implementation is real-
time: whether reconstruction is performed at a rate that is 
equal to or greater than the rate of raw data acquisition (high 
throughput) and whether the implementation has low latency.  
A clinically viable implementation would be flexible and 
asynchronous—it should be able to reconstruct using streamed 
projections without any constraint on the order in which these 
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projections are received and return the final result quickly after 
the last projection is acquired. Our real-time streaming CT 
reconstruction platform does indeed satisfy all of the above 
criteria and also includes many other desirable features. It was 
unveiled at RSNA 2006 (http://www.rsna.org/) and formally 
introduced in [6]. 

In this paper we will demonstrate that there is an 
opportunity to tune an implementation to a specific GPU and 
to optimize reconstruction performance for a particular 
scanning/ acquisition geometry. Our analysis provides a 
thorough quality assessment of our GPU reconstruction. We 
also compare our performance to the latest published results 
[1, 2, 3, 7]. 

II. METHODS 

A. GPU Platforms and Implementations 
All of our FDK filtered backprojection implementations for 

CBCT discussed in this paper use bilinear interpolation (BL). 
The overall implementation follows a “real-time streaming” 
design philosophy and therefore has low latency with high 
throughput. The algorithm is flexible, asynchronous, and 
scaleable [6]. For the 2006 Generation MXRT 7100 board, we 
have three different implementations: P1, P2, and P3. These 
implementations differ primarily in their memory access 
patterns. We also compare two implementations for a 2007 
generation prototype GPU board which we identify as Q1, and 
Q2. In Q2 we make a controlled tradeoff of some numerical 
precision for significant speed. All other implementations 
maintain 32-bit floating point precision (FP32) end-to-end. 

B. Test sets 
For the considered GPUs and implementations, we compare 

performance for four datasets (Table I). All datasets assessed 

Current and Next Generation GPUs for 
Accelerating CT Reconstruction: Quality, 

Performance, and Tuning 
Michael S. Vaz, Matthew McLin, Alan Ricker 

TABLE I 
PROJECTION AND RECONSTRUCTION DIMENSIONS 

 

Test Set Projection Size  # Projections Recon. Vol. Size 

1 507 x 379 625 512 x 512 x 340 
2 1024 x 768 625 512 x 512 x 340 
3 800 x 672 1000 512 x 512 x 512 
4 1024 x 1024 330 512 x 512 x 512 
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are of actual scanned data.  

 

C. Quality Assessment 
To assess the quality of the GPU reconstruction, we use a 

floating point C++ implementation as reference. Measures 
such as maximum absolute error (MaxAE) and error density 
are used. We also compare difference images (error maps) 
between the GPU reconstruction and a reference to assess if 
the error might be correlated with image content and structure.  
A detailed quality assessment for test set 1 is also presented. 

D. Features 
A useful property of GPU acceleration is that we can render 

interim results without significant cost in most cases. This is 
because the required data already resides in graphics memory. 
As shown in Fig. 1, our reconstruction platform allows the 
user to interactively view the reconstruction process live. 

 

 

III. RESULTS AND ANALYSIS 

A. Hardware and Reconstruction Samples 
The GPU implementations were tested using an HP XW 

9300 workstation computer with two 2.39 GHz AMD 
OpteronTM 250 CPUs and 2 GB of RAM. The 1GB MXRT 
7100 GPU PCIe board has full 32-bit floating point 
computation pipeline. Fig. 2 shows a volume rendering of our 
DICOM output for test set 1 (see Table I), using our 
commercially available Voxar3D software package. 

B.  2006 Generation GPU Performance 
We present results for three different implementations on 

the 2006 generation MXRT 7100 GPU (P1-3) and two 
implementations on the 2007 generation GPU (Q1-2). This 

facilitates intra- and inter-GPU comparisons. Fig. 3 shows the 
performance for the four test sets described in Table I across 
P1-3. Note that no single implementation gives the best 
performance for all test sets. 

 

 
C. 2007 Generation GPU Performance 
Fig. 4 depicts the performance for the same four test sets for 

implementations Q1-2 on a 2007 generation GPU prototype 
board. We see an average 3-5x performance increase 
compared to the MXRT (2006). In Q2, we made a controlled 
tradeoff of some numerical precision for a significant gain in 
speed. Reconstruction quality is discussed further below. 
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Test Set 1
Test Set 2
Test Set 3
Test Set 4

P1 P2 P3

Fig. 3. Performance for the four test sets (Table I) on the 2006 generation 
MXRT 7100 graphics board. Three different GPU implementations, P1-3, 
produce numerically equivalent reconstruction results. Test sets 1 and 3 have 
best reconstruction performance using implementation MXRT P3, while the 
MXRT P2 implementation gives the best performance cases 2 and 4. MXRT 
P1 facilitates interactive visualization. 

 

Fig. 2. Reconstructed results are saved in DICOM format and then viewed 
using our Voxar3D software. A volume rendering of reconstruction results of 
test set 1 (Catphan phantom, http://www.phantomlab.com) is shown.  Axial 
slice 105 is shown in the lower left sub-window.  It corresponds to the high 
resolution module of the Catphan phantom which contains a radial gauge 
which has 1 to 21 line pairs per cm.  The concentric rings visible towards the 
bottom of the VR do not correspond to any structure in the phantom; they are 
caused by several dead pixels in a single row of the detector panel.  This 
artifact is largely limited to slice 278. 

Fig. 1. Interactive live reconstruction snapshot for test set 1. The user may 
“peek” into the GPU to view interim results. The current (filtered) projection 
that is being backprojected into the reconstruction volume is shown on the 
left hand side window with a reference graphic on top indicating its 
corresponding angular position. The red line across the projection image 
indicates the position of the reconstruction slice that is shown on the right 
hand side window. The user may interactively view different slices during 
reconstruction by clicking on the current projection and moving the red 
indicator. 
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The timing indicated in Fig. 3 & 4 is measured for the entire 

reconstruction process which includes the time to read-back 
the reconstructed volume from the GPU to CPU RAM. 

D. Quality Analysis 
We consider the GPU accelerated reconstruction results of 

test set 1 and seek answers for the following questions: 
• What proportion of entire reconstructed volume does 

not match the C++ reference (i.e. error density)? 
• What is the maximum absolute error (MaxAE)? 
• Is there any structure in the error and/or any indication 

that the error might correspond to the image content? 
  

 

The error density was 0.5% for P1-3 and Q1. It was 28% for 
Q2. Note that the quoted error voxel percentages are with 
respect to cylindrical reconstruction FOV, whose circular cross 
section occupies 204,265 voxels of each 5122 slice. A common 
mistake is to normalize by 5122 instead, which 
artificially/falsely reduces the error density. 

The spatial distribution of differences between the various 
GPU implementations and the reference C++ reconstruction 
for Slice 43 of test set 1 are shown in Fig. 5. Clearly the error 
density is greater for Q2 than for Q1, but there is no obvious 
structure present in the shown error maps.  

Fig. 6 shows that the MaxAE increases in conjunction with 
the error density increase in Q2. For slice 273 of the analyzed 
reconstruction volume, the error maps do contain some 
structure; this particular slice is heavily influenced by 
acquisition error due to several dead pixels in a single row of 
the detector plate (Fig. 2). Thus we consider the higher 
MaxAE values for slices proximal to slice 278 to be outliers. 

 

 

IV. RELATING TO OTHER RESULTS IN THE LITERATURE 

A. Comparing to other implementations & platforms 
There have been many efforts to speed up CT reconstruction 

using CPU, FPGA, CBE (CELL broadband engine) and of 
course GPUs. While it may be tempting to identify the “best” 
platform, we have learned that the particular application and 
the particular implementation are key factors in determining 
which platform will be favorable [1]. An excellent effort to 
facilitate comparison of many backprojection (BP) 
implementations across multiple platforms is made in Table III 
of [7]. Since then [1, 2, 3] have extended it with their latest 
results.  Table II below is our extension of this same table of 
BP performance.  As such, it doesn’t account GPU to CPU 
read-back time. Our scaled BP times increase across test sets 1, 
3, 2, 4 (Table I, Fig. 3 & 4), in that order, indicating that 

C++ Reference: Slice 43
                                       

[C++ Reference - P3]: MaxAE = 1 HU

[C++ Reference - Q1]: MaxAE = 1 HU [C++ Reference - Q2]: MaxAE = 3 HU

Error Maps: Slice 43 of Test Set 1

Fig. 5. Error maps for different GPU implementations, with respect to the
reference C++ result for reconstructed slice 43 of test set 1. The error does
not have any apparent structure.  Slice 43 corresponds to the slice geometry
and sensitometry module of the Catphan phantom. 
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Fig. 6. Maximum Absolute Error (MaxAE) for each slice of the 512 x 512 x 
340 reconstruction volume of test case 1. P3 has MaxAE of 1 HU for all 
slices.  MaxAE for Q1 is 1 for all slices except slice 278. Q2 has MaxAE of 
2-4 HU for all slices except those close to slice 278 which is artifact prone 
due to an acquisition defect (Fig. 2). 
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Test Set 1
Test Set 2
Test Set 3
Test Set 4

Q1 Q2

Fig. 4. Performance for the four test cases (Table I) using the 2007 generation 
prototype GPU board. Implementations Q1 and Q2, in that order, are on 
average 3x, and 5x faster than the fastest 2006 generation MXRT performance 
(Fig. 4). 
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projection size may indeed affect reconstruction timing—most 
likely caused by caching efficiency issues.  

B. Danger of Using Consumer Grade GPUs for Medical 
Imaging 
The high performance results quoted in [1, 2, 3] are all 

obtained using the Nvidia GeForce 8800 GTX, which is one of 
the fastest consumer-level GPU boards available today. In [2] 
they use that GPU’s hardware-based bilinear (HW-BL) 
interpolation. Our experiments indicate that the HW-BL on the 
8800 GTX is implemented non-separably, where the blending 
weights have only 8-bit precision. We are consistently able to 
duplicate the HW-BL output from the 8800 GTX using a 
limited-precision bilinear interpolator that we implemented in 
Matlab. This indicates that although this HW-BL does accept 
32-bit floating-point (FP32) values as inputs and returns a 
FP32 value, the result does not have true FP32 bilinear 
interpolation precision.  Rather, it is mathematically equivalent 
to pre-interpolating by a factor of 256 using FP32 BL and then 
using nearest neighbor (NN). The “hybrid” method referred to 
in [7] pre-interpolates by a factor of 2 and then uses NN.  
Given that the scaled performance quoted in [1, 3] for their 
fast AG-GPU configuration is approximately equal that of [2] 
it is possible that similar optimizations are used. We were 
unable to find any documentation on the 8800 GTX that 
discussed the 8-bit blending weights for FP32 HW-BL and as 
such it is possible that many users are unaware. The HW-BL 
issue is but one instance of where numerical precision may be 
inadvertently compromised. In our experience, it is necessary 
to run specifically designed tests to assure end-to-end FP32 
precision. 

We don’t base our solutions on consumer-level GPU 
boards/drivers. Instead, we partner directly with a GPU 
manufacturer to develop a medically optimized GPU solution. 
This strategic position allows us to assure the integrity and 
longevity of our GPU-accelerated solution. The Q1 
implementation uses full FP32 precision end-to-end as 
demonstrated in Fig. 5 & 6. In the table below “direct” refers 
to full FP32 implementations and as such we use “limited” to 
refer to the reduced precision of Q2. We support Q2 since 
there may be applications, such as interventional radiology, 
where faster processing is preferred over full FP32. For such 
situations, the HW-BL implementations [1, 2, 3] might suffice 
as well. 

V. CONCLUSION AND DISCUSSION 
We have presented a detailed performance and quality 

assessment for our CT reconstruction platform, where FDK 
CT reconstruction is accelerated using the 2006 generation 
Barco MXRT 7100 GPU or our 2007 generation GPU 
prototype. It is believed that GPUs are improving at triple 
Moore’s law [1] and our work confirms this. The commodity 
nature of GPUs keeps their cost low, thereby making GPUs an 
attractive acceleration platform for CT reconstruction. The fact 
that we can accurately reconstruct a 5123 volume from 1000 
projections in less than 20 seconds using a graphics card 
proves the awesome computational power of GPUs. 

The presented results demonstrate that there is an 
opportunity to optimize implementations considering specific 
GPU architecture features, acquisition geometry and required 
numerical precision. We also demonstrated that we can 
successfully maintain full 32-bit precision end-to-end at real-
time speeds. 

Our real-time streaming architecture is designed such that 
the fully reconstructed volume is available soon after the last 
projection is acquired [6]. We perform pre-weighting & 
filtering on the CPU in parallel to backprojection on the GPU. 
This partitioning takes best advantage of each processor to 
give the highest throughput. Our performance scales with 
multiple GPUs [6] and the live reconstruction visualization 
feature can be useful for catching and correcting acquisition 
problems as they occur. We believe our “GPU+CPU” solution 
will continue to offer the best price per performance and image 
quality over time. 
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TABLE II 
EXTENSION OF TABLE  III IN [7]:  BACKPROJECTION  PERFORMANCE  SCALED 

TO 512 PROJECTIONS AND 5123 VOLUME. 
 

  Type HW Time Comment 

LI/F32 CBE 27.2 s direct  Kachelreiβ         
             et al. [7] LI/F32 CBE 13.6 s hybrid 

Churchill et al. [2] LI/F32 GPU 12.8 s direct (limited?)

Mueller et al. [1, 3] LI/F32 GPU 12.7 s direct (limited?)

Vaz et al. [this] LI/F32 GPU 11.9 - 19.0 s Q1 - direct 

 LI/F32 GPU 7.2 - 11.3 s Q2 - limited 
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Theoretically exact FBP reconstruction algorithms
for two general classes of curves

Alexander Katsevich, Michael Kapralov

Abstract— We report on two extensions of exact FBP inversion
formulas to more general classes of trajectories. The first class
consists of curves that are smooth, have positive curvature and
torsion, and have some other natural geometric properties. We
generalize the notion of PI-lines, study their properties and
formulate a 1PI FBP reconstruction algorithm. The second class
of trajectories constists of circle-plus curves, which have two
components:C and L. The first componentC, which is analogous
to the circle in the traditional circle-plus trajectories, is essentially
any closed (not necessarily planar) continuous curve. The second
componentL is almost any continuous curve. The only condition
is that L starts below C and ends aboveC. The algorithm is
especially convenient for the traditional circle-plus trajectories,
which are implemented using a gantry and moving table. In this
case we obtain a universal FBP algorithm, which is completely
independent of how the table moves during the scan. The results
of testing both algorithms demonstrate good image quality.

Index Terms— cone-beam, efficient inversion, exact inversion

I. I NTRODUCTION

A number of theoretically exact algorithms have been
proposed in the past several years. They can be classified
into three groups: filtered backprojection (FBP) algorithms,
slow-FBP algorithms, and backprojection filtration (BPF) al-
gorithms. Slow-FBP and BPF algorithms are quite flexible,
allow some transverse data truncation, and can be used for
virtually any complete source trajectory [12], [17], [13], [15],
[16]. FBP algorithms are less flexible, but they are by far
the fastest and have been developed for a range of source
trajectories. They include constant pitch helix [6], dynamic
pitch helix [9], [3], circle-and-line [5], circle-and-arc [7], [2],
and saddle [14].

As the list presented above shows, until now FBP algorithms
have been proposed only for certain types of well-defined
trajectories: helices, saddles, etc. There was no FBP algorithm
for a general class of curves. Ideally, such a class would be
described only in terms of some basic geometric properties
(e.g., smoothness, curvature, etc.) rather than specifying the
types of curves (helices, etc.). In this paper we develop exact
FBP algorithms for two general classes of source trajecto-
ries. The first class consists of smooth curves with positive
curvature and torsion that also have some additional natural
geometric properties that are discussed in section II-A. The
inversion algorithm for these curves is a generalization of the
formula proposed for constant- and variable-pitch helices in
[6], [9]. The second result is an exact FBP algorithm for a

Department of Mathematics, University of Central Florida, Or-
lando, FL 32816-1364 E-mail address: akatsevi@pegasus.cc.ucf.edu,
michael.kapralov@gmail.com

class of generalized circle-plus trajectories. They consist of
two components:C andL. The first componentC, which is
analogous to a circle in the traditional circle-plus trajectories,
is essentially any closed (e.g., not necessarily planar) continu-
ous curve. The second componentL is almost any continuous
curve, which starts belowC and ends aboveC. Our class of
curves encompasses practically all circle-plus trajectories that
have been proposed in the literature so far and includes many
more new ones, such as various saddle-plus trajectories, etc.

II. RECONSTRUCTION FOR A GENERAL CLASS OF CURVES

WITH POSITIVE CURVATURE AND TORSION

The results presented in this section are based on [10].

A. PI lines and their properties

We start by defining PI lines for a general class of smooth
curves and study their properties. LetC be a smooth curve:

I := [a, b] 3 s → y(s) ∈ R3, |ẏ(s)| 6= 0. (1)

Here and below the dot above a variable denotes differentiation
with respect tos. Define the function

Q(s, s0) := [y(s)− y(s0), ẏ(s0), ẏ(s)], (2)

where [e1, e2, e3] := e1 · (e2 × e3) is the triple product of
vectors. IfC is a helix, thenQ is precisely the function that
has been introduced under the same name in [9]. Similarly to
[9], it turns out thatQ is related to the uniqueness of PI-lines
(see below). Given anys0, s1 ∈ I, H(s0, s1) denotes the line
segment with the endpointsy(s0), y(s1) ∈ C.

Definition 2.1: Pick two pointsy(s0), y(s1) ∈ C, s0 < s1.
The line segmentH(s0, s1) is called a PI-segment if
Q(s0, q) 6= 0 for any q ∈ (s0, s1].

Definition 2.2: Pick two pointsy(s0), y(s1) ∈ C, s0 < s1.
The line segmentH(s0, s1) is called a maximal PI-segment if
Q(s0, s1) = 0, but Q(s0, q) 6= 0 for any q ∈ (s0, s1).

If C is a helix, definition 2.1 gives the usual PI-segments
H(s, q), 0 < q−s < 2π, and definition 2.2 gives the maximal
PI-segmentsH(s, s + 2π).

In order to define our class of curves, we need to
discuss how a smooth curve bends. Consider two points:
y(s0), y(s) ∈ C. Assumey(s0) is fixed, andy(s) moves
along C. The line segment joiningy(s0) and y(s) rotates
about the instantaneous axise(s, s0) = (y(s) − y(s0)) ×
ẏ(s)/|(y(s)−y(s0))× ẏ(s)|. The pointy(s) rotates also about
the instantaneous axis which is obtained by finding the circle
of curvature ofC at y(s) (also known as the osculating circle).
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Fig. 1. Critical case

The corresponding axis of rotation isb(s), i.e. the binormal
vector. Ifs → s0, thene(s, s0) → b(s). Thus, the difference in
directions of the two vectors can measure how much the curve
bends between the two points. The maximum possible “bent”
occurs when the two axes point in the opposite directions:
e(s, s0) = −b(s) (see Fig. 1).

We now formulate the main assumptions on the curveC:

C1. C is smooth, and the curvature and torsion ofC are
positive;

C2. C does not self-intersect within any PI-segment (or a
maximal PI-segment) ofC;

C3. Given any PI-segment (or a maximal PI-segment)
H(s0, s) of C, there is no line tangent toC at y(s1) and
intersectingC at y(s2) with s1, s2 ∈ [s0, s], s1 6= s2;

C4. C does not bend too much, i.e. given any PI-segment (or a
maximal PI-segment)H(s0, s) of C, one hase(s1, s2) 6=
−b(s2) for any s1, s2 ∈ [s0, s], s1 6= s2.

If a curve satisfies conditions C1–C4, then its PI-segments
have a number of nice properties. One of them is that no plane
intersectsC(s0, s1) at more than three points.

B. Establishing uniqueness of PI lines

Fix a reconstruction pointx. For eachs ∈ I, fix a vector
N(s), |N(s)| ≡ 1 (a specificN(s) will be chosen later).
Define functionsq(s) and λ(s) so thatH(s, q(s)) is a PI-
segment,0 < λ(s) < 1, and the point

x(s) := y(s) + λ(s)(y(q(s))− y(s)) ∈ H(s, q(s)) (3)

has the property
x(s)− x ‖ N(s). (4)

We assume that the functionsq(s) andλ(s) with the required
properties exist. Later (see (7)) we findU such that for any
x ∈ U the functionsq(s) andλ(s) do exist.

Condition (4) means that the parallel projection ofx(s) onto
the plane throughx with normal vectorN(s) coincides withx.
Note that the vector-valued functionN(s) is determined inde-
pendently ofq(s) andλ(s). A similar idea is used in proving
the uniqueness of PI lines for the standard helix (where the
vector N(s) is constant and directed along the axis of the
helix). Denote∆y(s) := y(q(s))− y(s). Thus,

ε(s) := N(s) · {(y(s) + λ(s)∆y(s))− x} (5)

is the signed distance fromy(s)+λ(s)∆y(s) to x, i.e.ε(s) = 0
if and only if the chordH(s, q(s)) passes throughx.

To find a setU , such thatε(s) is guaranteed to have a unique
root s in a chosen subintervalI0 ⊆ I for eachx ∈ U , we
start by determining the vectorN(s). Denote the supremum
(respectively, infimum) of allq such thatH(s, q) is a PI line
by qmax(s) (respectively,qmin(s)). Define

N•(s) :=
y(q•(s))− y(s)
|y(q•(s))− y(s)| . (6)

Here and below• can be replaced withmin or max. Thus,
N•(s) is the unit vector alongH(s, q•(s)). We prove that
C(s, q•(s)) lies on one side of the plane throughy(s) with
normalN•(s)× ẏ(s), so it can be stereographically projected
onto a plane not containingy(s) with the same normal (this
generalizes the projection onto the detector plane). It also turns
out that the projected curves are convex, as in the helical
case. The parallel projection ofC(s, q•(s)) ontoH⊥(s, q•(s)),
which we denote bŷC(s, q•(s)), is a closed convex curve that
plays an important role in the definition of the setU where
PI-lines are unique.

Even though the curveC is well-behaved locally, very little
can be said about the global behavior ofC. So we choose
a “local” piece of C: I0 := [a0, b0] ⊂ (a, b). The word
local is made precise later. For eachs ∈ I0 consider the
curve Ĉ(s, qmax) in the planeN⊥

max(s). Let Cylmax(s) be
the infinite open cylinder with axisNmax(s), whose base is
the interior ofĈ(s, qmax). In the same fashion we define the
cylindersCylmin(s) using Ĉ(qmin, s) and Nmin(s). Define
U as the intersection of all such open cylinders:

U := ∩s∈I0 (Cylmin(s) ∩ Cylmax(s)) . (7)

If the curve turns too much,U can be empty. We assume that
a sufficiently “local” piece ofC is taken, soU 6= ∅. Note that
in the case of helix all cylindersCylmin(s) and Cylmax(s)
are identical, so (7) gives the usual domain inside the helix.
Uniqueness of PI lines forx ∈ U is given by the following

Proposition 2.3:Pick x ∈ U . If x admits a PI-line, it is
unique in the sense that there is no other PI-line with an
endpoint insideI0.

Combining all the results we obtain that the 1PI algorithm
of [6] generalizes to curves that satisfy conditions C1–C4.

C. Numerical experiments

Numerical experiments have been conducted using flat
detector geometry. The detector size is1201 × 161, pixel
size: 0.5 × 0.5mm2 at isocenter,1000 views are collected
per rotation. The algorithm is implemented in native coor-
dinates following [11]. We use the virtual detector, which
always contains thex3-axis. The clock phantom is chosen for
reconstruction. The trajectory is a variable pitch/radius helix:

y(s) =
(

R(s) cos s,R(s) sin s,
h(s)
2π

s

)
,

R(s) = R0(1 + 0.3 sin(s/3)), h(s) = h0

(
1 +

sin(s/2)
s

)
,

(8)
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where R0 = 600mm and h0 = 35mm. The projection of
this trajectory onto the planex3 = 0 for s ∈ [−2π, 2π]
is shown in Fig. 2 (left panel). The boundary of the set

Fig. 2. Left panel: projection of the source trajectory in (8) onto the plane
x3 = 0. Right panel: the cross-section of the boundaries ofCylmin(s) and
Cylmax(s) by the planex3 = 0.

U is calculated according to (7). The cross-section of the
boundaries of cylindersCylmin(s) and Cylmax(s) with the
plane x3 = 0 is shown in Fig. 2 (right panel). The solid
circle of radiusr = 240mm shows the boundary of the clock
phantom, and the dashed circle is of the maximum radius
r ≈ 348mm that fits inside the cross-section ofU . The result
of reconstruction is shown in Fig. 3.

Fig. 3. Reconstruction of the clock phantom from trajectory (8): slicex3 = 0,
WL=0 HU, WW=100 HU.

III. R ECONSTRUCTION FOR CIRCLE-PLUS TRAJECTORIES

The results in this section are based on [8].

A. Algorithm

Let C be a piece-wise smooth closed curve, andL - an
additional piece-wise smooth curve. Givenx 6∈ C ∪ L, let
ΞC(x) denote the set of planes throughx which do not
intersectC. DefineU as the set of allx such that
L1. ΞC(x) 6= ∅, and
L2. for almost all Π ∈ ΞC(x) the number of intersection

points (IPs) inΠ ∩ L is odd.
The main assumption aboutC and L is that U contains an
open set. The first condition above is not restrictive. IfΞC(x)
is empty, then any plane throughx intersectsC, andL is not
required for image reconstruction atx.

Fig. 4. Illustration of the conesK±
C (x)

We now discuss the meaning of the second condition. For
x ∈ U define the cones (see Fig. 4):

K+
C (x) := {z ∈ R3 : z = λ1(y1 − x) + λ2(y2 − x),

y1, y2 ∈ C, λ1, λ2 > 0},
K−

C (x) := {z ∈ R3 : z = λ1(y1 − x) + λ2(y2 − x),
y1, y2 ∈ C, λ1, λ2 < 0}.

(9)

Let yf and yl be the first and last endpoints ofL, respec-
tively. The order of endpoints is determined according to the
parametrization ofL. SinceU contains an open set, we can
choosex not on the line throughyf andyl. We show that only
two cases are possible:

yf ∈ K+
C (x), yl ∈ K−

C (x) or yf ∈ K−
C (x), yl ∈ K+

C (x).
(10)

Defining two sets

U+ := {x ∈ U : yf ∈ K+
C (x), yl ∈ K−

C (x)},
U− := {x ∈ U : yf ∈ K−

C (x), yl ∈ K+
C (x)}, (11)

we show thatU = U− ∪ U+.
If the direction fromyf to yl is called “upward”, then we

say that the points inU− are belowC, while the points inU+

are aboveC (see Fig. 4). For the classical circle+line trajectory
this definition gives the usual notions of “above the circle” and
“below the circle”. Summarizing, condition L2 above ensures
that the endpoints ofL be on opposite sides ofC.

Following the general scheme proposed in [4], we define a
normalized weight function. Letnc(Π) denote the number of
IPs in Π ∩ C, whereΠ is a plane throughx.

1) If nc(Π) > 0, each IP inΠ ∩ C gets weight1/nc, and
each IP inΠ ∩ L (if they exist) gets weight zero.

2) If nc(Π) = 0, then the IPs inΠ ∩ L get weights
+1,−1, +1,−1, . . . , +1, respectively.

Here we use the assumption that ifΠ does not intersectC,
then the number of IPs inΠ∩L is odd. The second rule above
can be formulated as follows: odd-indexed IPs inΠ ∩ L get
weight +1, and even-indexed IPs inΠ ∩ L get weight -1.

The main difference between the new algorithm and the
one in [1] is the definition of the weight function in the case
nc(Π) = 0, i.e. when all the IPs are onL. In [1], the IP closest
to C gets weight 1, while all other IPs get weight zero. It turns
out that by assigning alternating weights +1 and -1 to the IPs
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on L we get a much more flexible and simple algorithm, in
which there is no need to filter along directions tangent toL.

The corresponding reconstruction algorithm is developed
according to the general scheme in [4].

It turns out that the algorithm is essentially independent
of the curve L. For eachy(s) ∈ L the only thing one
needs to know is howC projects onto the detector. This
projection depends only on the location of the detector and
the coordinates ofy(s), but does not depend on the global
properties ofL. This property makes the algorithm especially
convenient for circle-plus trajectories, which are implemented
using a gantry and moving table. Regardless of how the table
moves during the scan, in this case the curveL lies on the
surface of the cylinder with baseC. The projection ofC
onto the detector depends only on the axial distance between
y(s) ∈ L and the plane of the circle. Consequently, the
algorithm is completely independent of the shape ofL (as
long as condition L2 is satisfied). This means, in particular,
that the complete circle+line algorithm of [4] works for many
other trajectories, e.g. circle+helix, circle+variable pitch helix,
etc., with almost no modifications! Only the derivative along
the source trajectory needs to be changed. Another implication
is that in all these cases both the detector requirements and
the axial extent of the additional scanL are exactly the same
as in the circle+line case (cf. [4]).

B. Numerical experiments

To test our results, we conduct a numerical experiment
with the clock phantom and circle+helix trajectory. The radius
of the circle and the helix:600mm, detector pixel size at
isocenter:0.9 · 10−3rad× 0.5mm, detector size:1024 × 325
pixels, number of views per turn (circle and helix):1000.

The curveC is a circle of radiusR in the planex3 = 0
and centered at the origin. The clock phantom is shifted by
∆x3 = 40mm up. This is done in order to better illustrate
how the algorithm reconstructs cross-sections away from the
plane of the circle. The curveL is a variable-pitch helix

y1(s) = R cos s, y2(s) = R sin s, y3(s) = bs2, (12)

whereb = 0.4. We reconstruct the region wherex3 > 0, so
only the portion of the helix corresponding tos ≥ 0 is used.

For reconstructions we use the circle+line algorithm of [4].
As was already mentioned, the detector requirements and the
axial extent of the helix are the same as in [4]. The only
difference from [4] is that now we use the cylindrical detector
geometry. According to the theory, the algorithm should work
without any modifications and provide good image quality. It
turned out to be the case. The results are shown in Fig. 5. As
one sees, the image quality is consistent with a theoretically
exact algorithm.
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Fig. 5. Cross-sectionx3 = 40mm through the reconstructed clock phantom.
The region|x1|, |x2| ≤ 255.5 is shown. WL=0HU, WW=100HU
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Exat Image Reonstrution in Reverse Helial Cone-BeamCTSeungryong Cho, Dan Xia, and Xiaohuan Pan
Abstract�In one-beam imaging for image-guided radia-tion therapy, beause the regular multi-turn helial traje-tory is generally di�ult to be realized due to the hardwareonstraints, the reverse helial trajetory an play an im-portant role. We have shown that some part of the imageis not reonstrutible by use of the hord-based algorithms.In this work, using the Pak-Noo formula and the onvexpolygon method, and exploiting the observation of reduedone-beam san, we have developed an exat shift-invariant�ltered bakprojetion (FBP) algorithm for image reon-strution from data aquired with a reverse helial traje-tory. We have onduted a omputer-simulation study tovalidate and evaluate this FBP algorithm. The numerialresults on�rm that exat image reonstrution in the vol-ume enlosed by the reverse helial trajetory is possibleby the proposed algorithm.I IntrodutionComputed tomography (CT) is one of the dominantimaging tehniques for image-guided radiation therapy(IGRT). With the advane of detetor tehnology, one-beam CT (CBCT) has beome available in a linear a-elerator (LINAC) treatment system using MV-treatmentbeam or using kV-soure mounted on a LINAC system [1℄.The feasibility of one-beam CT-based treatment plan-ning has been under ative investigation in reent years[2℄. The use of a large �at panel detetor allows the aqui-sition of volumetri image data from a irular sanninggeometry of the x-ray soure. However, a irular tra-jetory does not provide su�ient data for exat reon-strution of volume images. FDK-based algorithms, om-monly used for image reonstrution, an produe onlyapproximate 3D images, and the one-beam artifats anbe signi�ant when one-angle beomes large [3℄. It iswell-known that a helial sanning on�guration an yieldone-beam projetions su�ient for exat reonstrutionof 3D images. We have developed the helial sanningapability on a Varian Auity simulator CT and have ap-plied the hord-based algorithms to reonstruting imagesfrom the aquired one-turn helial one-beam data [4℄.In many imaging tasks for radiation therapy, it is desir-able to extend the length of a helial trajetory to inreaseits longitudinal overage. To extend the longitudinal ov-erage, one an maintain the ouh translation while theThe authors are with the Department of Radiology, The Universityof Chiago, 5841 S Maryland Avenue, Chiago, IL 60637, USA. E-mail:srho�uhiago.edu, danxia�uhiago.edu, and xpan�uhiago.edu

(a) (b)Fig. 1. Example images of 3D Shepp-Logan phantom reonstruted byhord-based algorithm from one-beam data aquired with a 2-turn re-verse helial trajetory. (a) Coronal and (b) sagittal slies are shown.Middle gap is due to nonexistene of hords passing through the gap.gantry reverses its rotation diretion. This leads to the so-alled reverse helial trajetory. It an be shown that thevolume enlosed by a reverse helial trajetory satis�esTuy's ondition.For a reverse helial trajetory with a �nite numberof turns and a �nite pith length, there are some pointswithin the volume enlosed by the reverse helial traje-tory that are not on any hords supported by the tra-jetory. Therefore, when the hord-based algorithms areused to reonstrut images for a reverse helial traje-tory, the regions that are not interseted by any hordswill not be reonstrutible. To verify this observation, wehave applied hord-based algorithm to reonstruting vol-ume images from reverse helial one-beam data [5℄ anddisplay the reonstruted images in Fig. 1.Pak and Noo proposed an exat one-beam inversionformula that does not depend on the existene of hords,or R-lines [6, 7℄. Yang et al. applied this formula to a num-ber of trajetories inluding two-irles, irle-and-line,and losed sinusoid. In these works, a onept of onvexpolygon plane was introdued to failitate the implemen-tation of Pak-Noo formula for a wide lass of trajetories[6, 7, 8, 9℄. We have reently observed that the exat im-age reonstrution on polygon planes an be ahieved withless one-beam data than what were used in Yang's workand have proposed a redued san approah in one-beamCT as an analogy of the redued san in fan-beam CT. Inthis paper, by ombining the Pak-Noo formula and ourredued one-beam san approah, we develop an exatshift-invariant �ltered bakprojetion (FBP) reonstru-
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DFig. 2. Shemati of a 2-turn reverse helial trajetory. {x,y,z} oor-dinates represent objet-�xed frame, and {u,v,w} oordinates representrotating soure-�xed frame. The w-axis is not shown, and the u- andv-axis are shown on detetor plane. D is the distane from the soureto the detetor plane.tion algorithm for the reverse helial trajetory.II Reverse helial trajetoryIn this setion, we desribe a 2-turn reverse helial tra-jetory and give its mathematial expression. The exten-sion to multiple-turn reverse helial trajetory is straight-forward. As shown in Fig. 2, two oordinate systems
{x, y, z} and {u, v, w} are used to desribe the geometry ofreverse helial san. They are �xed on the imaging objetand the rotating soure, respetively. In the �xed oor-dinate system, for a given rotation angle λ of the soure,the unit vetors of the rotation oordinate system an bewritten as êu(λ) = (− sin λ, cosλ, 0)T , êv(λ) = (0, 0, 1)T ,and êw(λ) = (cosλ, sin λ, 0)T , respetively. The 2-turnreverse helial trajetory of the soure point an be writ-ten as

~r0(λ) = (R cosλ, R sin λ,
h

2π
λ) λ ∈ [−2π, 0)

~r0(λ) = (R cos(−λ), R sin(−λ),
h

2π
λ) λ ∈ [0, 2π], (1)where R denotes the distane from the soure to the rota-tion axis, z-axis, and h indiates the helial pith. Fixedoordinates and rotation-oordinates of a point within thehelix ylinder an be related through

x = ∓u sinλ + (R − D) cosλ

y = u cosλ ± (R − D) sin λ (2)
z = v +

h

2π
λ,where upper sign is used when λ ∈ [−2π, 0) and lower signis used when λ ∈ [0, 2π].III Image reonstrution algorithmsIn this setion, we apply the Pak-Noo formula to de-signing an FBP algorithm for the reverse helial traje-tory.

A The Pak-Noo formulaLet f(~r) be an objet funtion having a ompat sup-port of helix ylinder. The one-beam projetion from thesoure point ~r0(λ) an be written as
g(λ, θ̂) =

∫

∞

0

dtf(~r0(λ) + tθ̂), (3)where θ̂ denotes the diretion of x-ray transform of f(~r)from ~r0(λ). Inversion formula to reonstrut the funtion
f(~r) from the one-beam projetions g(λ, θ̂) is based onthe operator K(~r, ê, λ−, λ+), whih is de�ned as

K(~r, ê, λ−, λ+) = −
1

2π2

∫ λ+

λ−

dλ
gF (λ,~r, ê)

‖~r − ~r0(λ)‖
, (4)where

gF (λ,~r, ê) =

∫ π

−π

dγ
g′(λ, θ̂(λ,~r, γ))

sin γ
, (5)

θ̂(λ,~r, γ) = cos γα̂(λ,~r) + sin γβ̂(λ,~r), (6)
α̂(λ,~r) =

~r − ~r0(λ)

‖~r − ~r0(λ)‖
, (7)and

β̂(λ,~r) =
ê − (ê · α̂(λ,~r))α̂(λ,~r)

‖ê − (ê · α̂(λ,~r))α̂(λ,~r)‖
. (8)Note that we an view the reverse helial trajetory,represented by L, as a union of P urve segments, Lp for

p = 1, 2, ..., P . Eah of Lp an be parametrized by λ, asshown in Eq. 1, satisfying ~r0(λ) ∈ Lp when λ ∈ Λp, where
Λp represents a �nite interval of R and the intervals aredisjoint from eah other. The ondition of ~r′0(λ) 6= ~0 forany λ is satis�ed exept for λ = 0 at the kink point, andthe kink point an be removed in numerial implemen-tation by seleting disrete soure points away from thekink point on the trajetory. The operator K aumulatesat a reonstrution point ~r the bakprojetion of �ltereddata over the range of λ ∈ [λ−, λ+]. The �ltered data fora given λ is alulated as a weighted sum of the modi�eddata g′(λ, θ̂) on the lines that are in the plane parallel to
ê through ~r and ~r0(λ).A key relationship between K and 3D Radon transformof f(~r) was identi�ed by Pak and Noo [7℄, and it an bewritten as

K(~r, ê, λ−, λ+) = −
1

8π2

∫

S2

dω̂(R′′f)(ω̂, ~r · ω̂)

× σ(~r, ω̂, ê, λ−, λ+), (9)where
σ(~r, ω̂, ê, λ−, λ+) =

1

2
sgn(ω̂ · ê)[sgn(ω̂ · α̂(λ−, ~r)]

− sgn(ω̂ · α̂(λ+, ~r))], (10)
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R′′f is the seond derivative of the 3D Radon transformof f(~r) with respet to (~r · ω̂), and S2 is a set of all unitvetors in 3D spae. An appropriate seletion of the Kterms suh that the σ terms beomes a onstant wouldlead to the exat inverse 3D Radon transform
f(~r) = −

1

8π2

∫

S2

dω̂(R′′f)(ω̂, ~r · ω̂), (11)thus yielding an exat reonstrution of the objet fun-tion f(~r).B Seletion of K-termsIn an attempt to selet the appropriate K-terms, onve-nient methods based upon a onvex-polygon onept havebeen proposed by Yang et al. [9℄ for saddle and other tra-jetories. In this work, we will also devise our methodfor the seletion of K-terms by use of the onvex-polygononept. For a general trajetory, a onvex polygon ΩΠis onstruted on an arbitrary slie plane Π, whih inter-sets the soure trajetory L at n(≥ 3) di�erent points
~r0(λi), i = 1, ..., n, by onneting the points ~r0(λi). Note
λ1 is used as λn+1. For any urve segment of L that on-nets ~r0(λi) and ~r0(λi+1), a series of intervals [λ−

iq, λ
+

iq ] ⊂
Λp(q), q = 1, ..., Qi, where p(q) ∈ [1, P ] are assumed toexist for Qi ≥ 1 suh that the following relations hold:

• ~r0(λ
−

i1) = ~r0(λi) and ~r0(λ
+

iQi
) = ~r0(λi+1),

• ~r0(λ
−

iq) = ~r0(λ
+

i(q−1)
), for q = [2...Qi].With all onditions above met, the objet funtion f(~r)an be reonstruted as

f(~r) =
1

2

n
∑

i=1

K(~r, êi, λi, λi+1), (12)where
K(~r, êi, λi, λi+1) =

Qi
∑

q=1

K(~r, êi, λ
−

iq , λ
+

iq). (13)The �ltering diretions êi have a degree of freedom to beseleted as is proved in Ref. [9℄.C Image reonstrution for open trajetoriesThe onvex polygon approah has been applied largelyto addressing image reonstrution for a losed traje-tory suh as the sinusoid saddle trajetory disussed inRef. [9℄. However, it an be observed that the amountof one-beam data neessary for image reonstrution ona polygon plane an be redued, thus leading a reduedone-beam san approah. The basi idea of a reduedone-beam san is to use one-beam data only from anopen trajetory, whih is the original, losed trajetoryexluding one part orresponding to one of the line seg-ments omprising the polygon. The key observation is

λ1

λ2

λ3
λ4

z

x
y

Fig. 3. Trapezoidal plane determined by four angular parameters for agiven 2-turn reverse helial trajetory. The plane is hosen to be parallelto y-z plane.that the one-beam data from the open trajetory an beused to replae that from the exluded part of the orre-sponding losed trajetory. Polygon planes in this workare de�ned as trapezoids onstruted by intersetions ofthe reverse helial soure trajetory with the planes par-allel to y-z plane as shown in Fig. 3. (One may selet dif-ferent polygon planes. However, the analysis and reon-strution approah under disussion remain appliable.)Sine the trapezoid has four points interseting the souretrajetory, there are four K terms ontributing to the re-onstrution of f . Among them, K(~r, ê4, λ4, λ1) term isorresponding to the open end of the trajetory, and itan be expressed as
K(~r, ê4, λ4, λ1) =

3
∑

q=1

K(~r, ê4, λ
−

4q, λ
+

4q), (14)where λ−

41 = λ4, λ+

41 = λ−

42 = λ3, λ+

42 = λ−

43 = λ2, and
λ+

43 = λ1.D Seletion of �ltering diretionsA degree of freedom in hoosing the diretion of �lteringwas addressed from the fat that K(~r, ê, λ−, λ+) produesthe same ontribution to the point ~r sine σ(~r, ω̂, ê, λ−, λ+)does not hange if ê is between α̂(λ−, ~r) and −α̂(λ+, ~r)[7, 9℄. It is easy to draw a orollary that we an always se-let �ltering diretions êi as α̂(λi, λi+1) if the ross-setionof the objet by the polygon plane is ompletely withinthe polygon. This feature is very useful when the polygonsare semi-simililar beause the same �ltering diretion êian be used for all the slies of the 3D �eld-of-view (FOV).In the ase of a 2-turn reverse helial san, polygonsat di�erent slies are not similar. However, we an makethem semi-similar, for example, if the objet is small enoughto be plaed ompletely within a dotted retangle as shownin Fig. 4 for every slie. It is easy to verify any diretionbetween ê+
1 and −ê−2 an be used as ê1, and −êy is a
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Fig. 4. Filtering diretions. ê1 ∼ ê4 denote the �ltering diretions usedfor alulating four K terms, respetively. ê
+

1
and ê

−

2
represent lowertangential diretions from ~r0(λ1) and ~r0(λ2) to the objet FOV.

(a) (b)Fig. 5. Reonstruted images (a) without and (b) with noise by proposedalgorithm. The slie is orresponding to x = 0, and the display windowis [1.0,1.04℄.possible hoie for ê1. Following diretions were used fornumerial study in this paper.
ê1 = −êy, ê2 = êz, ê3 = êy, and ê4 = −êz. (15)IV Numerial resultsWe have performed a omputer simulation study toevaluate the proposed FBP algorithm for a reverse helialtrajetory. The low ontrast 3D Shepp-Logan phantomwas used that has an ellipsoid support with half axes of6.9 m, 9.0 m, and 9.2 m along the x-, y- and z-axis,respetively. The helix radius of R = 60 m, the distaneof D = 75 m from the soure to the detetor plane, andthe helial pith of h = 40 m were used in the simula-tion. The objet is inluded ompletely by the retangularregion of the trapezoidal polygons. The sanning geome-try was designed to avoid data trunation from any sourepoint on the trajetory, even though data trunation along

x-axis is allowed in the proposed algorithm. The reon-struted images without and with noise at x = 0 planeare shown in Fig. 5 (a) and (b), respetively.V Disussion and ConlusionIn this work, we have developed an FBP-based algo-rithm by using the Pak-Noo formula and the onvex-
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Exact Reconstruction Algorithm for Circular
Short-Scan CT Combined with a Helical Segment

Claas Bontus1, Michael Grass1, Peter Koken1, Thomas Köhler1

Abstract—We propose a reconstruction algorithm which com-
bines data from a circle and a helix. The algorithm fulfills all
requirements from cardiac CT. Only short-scan data are used
from the circle. Moreover, the short-scan interval can be chosen
freely. The helix contributes only to low-frequency components
in trans-axial slices. Therefore, the helical data can be acquired
at a very low dose. The algorithm is a combination of a circle
plus helix acquisition and a circle plus line reconstruction. An
intermediate image is generated using the helical data. This
intermediate image is used for a forward projection, which yields
data belonging to a virtual line.

Index Terms—CT reconstruction, Circular CT, Cardiac CT,
Filtered back-projection.

I. INTRODUCTION

RECONSTRUCTION algorithms for circular cardiac CT
must fulfill certain criteria. For a sufficient temporal

resolution, these algorithms should require data only from a
short-scan interval [1]. Moreover, the user wants to choose
the cardiac phase point freely. Therefore, the location of the
short-scan interval varies.

A circular cone-beam data set is incomplete in the mathe-
matical sense. This incompleteness usually leads to artefacts.
Different methods have been proposed to overcome this prob-
lem. E.g., combining the circle with an additional line [2] or
an additional helix [3] can restore completeness (cf. Fig. 1).
While the algorithm proposed in Ref. [3] uses data from the
full circle, the circle and line approach presented in [2] works
also for a short-scan interval. Nevertheless, the location of the
short-scan interval is determined by the location of the line,
which limits the choice of the cardiac phase-point. Moreover,
the acquisition of the line is impractical, since it requires an
acceleration of the gantry. This leads to large delays between
the acquisition of the circle and the line.

Here, we propose a method, which combines a circle and
a helix and uses only short-scan data along the circle. The
contributions of the helical data to the final image are only
of low-frequency nature in trans-axial slices. Therefore, the
helical data can be acquired at a very low dose. Moreover,
cardiac gating is required only for the circular data.

II. CIRCLE PLUS LINE TRAJECTORY

For the circle plus line trajectory shown in Fig. 1 the location
of the line determines the back-projection interval, if the
algorithm described in [2] is applied. In particular, Pi-lines
can be found for each object-point. These Pi-lines contain

1 Philips Research Europe – Hamburg, Sector Medical Imaging Systems,
Röntgenstraße 24-26, 22 335 Hamburg, Germany

Fig. 1. Circle plus helix vs. circle plus line trajectory. Half of each circle is
drawn dashed.

Pπc

Pc`

Pπ`

Fig. 2. Every Radon plane has intersection points with the circle plus line
back-projection interval.

the object-point, one point on the circle and one point on
the line. We introduce the points Pc`, Pπc, and Pπ`, where
Pc` corresponds to the point at which the circle and the line
intersect. At point Pπc the Pi-line and the circle intersect
and at Pπ` the Pi-line and the line intersect. Now, the back-
projection along the circle extends from Pπc to Pc` and the
back-projection along line extends from Pc` to Pπ`.

III. MATHEMATICALLY COMPLETE DATA SETS

Exact CT reconstruction is strictly related to Radon in-
version. Every Radon plane containing a particular object
point must intersect with the back-projection interval of the
trajectory. Otherwise the trajectory is mathematically incom-
plete and the object point cannot be reconstructed exactly. A
Radon plane can have zero, one or two intersection points with
the short-scan interval along the circle. The fact that Radon
planes exist, which do not intersect with the circle, reflects the
incompleteness. Combining a short-scan interval on a circle
with a line, it is ensured that every Radon plane intersects
with the back-projection interval either one or three times (see
Fig. 2).
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Fig. 3. Reconstruction results for a slice at a distance of 40 mm from the
circle plane. (L/W: 40 HU/100 HU)

Fig. 4. Same as in Fig. 3 but without the contributions of the helix.

The reconstruction algorithm described in Ref. [2] ensures
that Radon planes receive the correct weights when processing
the line data. In particular, Radon planes get a weight of plus
one, if they have no intersection point with the back-projection
(BP) interval along circle. Radon planes get a weight of minus
one, if they have two intersection points with the BP interval
along the circle. In any case, Radon planes with intersection
points with the BP interval along the line intersect with the
rotation axis under a rather large angle. As shown theoretically
in the appendix of [4] these Radon planes contribute mainly
to the low-frequency components in trans-axial slices.

IV. RECONSTRUCTION ALGORITHM

The proposed algorithm is a combination of a circle plus
helix acquisition and a circle plus line reconstruction. The
single steps are

1) Acquire data along the circle and the helix.
2) Perform a conventional (exact) reconstruction of the

helical data.
3) Apply a forward projection along a virtual line of the

image data obtained in the previous step.
4) Perform a short-scan circle plus line reconstruction in

the spirit of [2].
In other words, an intermediate image data set is generated
using the helical data. For the subsequent forward projection,
the virtual line can be chosen such that it fits best to the short-
scan interval determined by the cardiac phase-point. Some
peculiarities have to be taken into account for the algorithm
to yield good images. We enumerate these in the following.

A. Row upsampling

The artefacts resulting from the incompleteness of the circle
data are of low-frequency nature in trans-axial direction but of
high-frequency nature in z-direction. Therefore, it is necessary
that the intermediate image obtained from the helical data
has a sufficient resolution along z. Ideally, images obtained
from the virtual line and the circle have identical resolution at
least in z-direction. In practice the resolution is reduced when
performing the reconstruction of the helical data followed by
a forward projection. Therefore, the intermediate image must
have a higher resolution in z than the target resolution of the
final image. This can be achieved, e.g., by a row upsampling
as described in Ref. [5].

B. Overscan

The circle plus line method described in [2] uses circular
data of exactly 180° seen from the object-point. Reduction
of motion artefacts requires the incorporation of overscan
data, which corresponds to a weighted back-projection of
slightly more than 180°. Using the method proposed here,
overscan data can be incorporated as follows. We perform
reconstructions for, say, five different phase-points, which vary
only by a few degrees. The final image data set is obtained
by adding the five images with weights 1/9, 2/9, 3/9, 2/9, and
1/9, such that the image associated with the selected phase-
point gets the maximum weight. Notice, that the described
procedure can be implemented rather efficiently. For this, the
back-projection along the circle is performed only once with
varying weights in the overscan range. The five virtual lines
yield five images, which are added to the circle image using
the corresponding weights.

V. RESULTS

We simulated a CT scanner with 256 detector rows and
used the Forbild head and thorax phantoms. Poisson noise
was added to the projection data of the head. In particular, the
tube current was set to 400 mA and 20 mA for the circle and
helix, resp. A heart phantom was inserted into the thorax, with
a heart-rate of 64 bpm [6]. The helical data of the head and
thorax were obtained at relative pitches of 1.68 and 0.55, resp.,
which corresponds to 1-Pi and 3-Pi modes. Reconstruction
results of the intermediate helical image were obtained using
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Fig. 5. Reconstruction results for slices at z = −20.25 mm, y = −53.6 mm,
x = −7.1 mm. (L/W: 0 HU/500 HU)

Fig. 6. Same as in Fig. 5 but without the contributions of the helix.

the methods described in Ref. [7], [8]. Overscan data were
incorporated in the above described way. For this, five virtual
lines were processed with angular offsets at �± 5°, �± 2.5°,
and �, where � corresponds to the angular offset determined
by the selected phase point.

The circular data of the thorax were obtained based on an
acquisition consisting of ten turns. The cardiac phase point
was selected as 84% of the cardiac cycle, which corresponds
to the end diastolic minimum. Afterwards, the data of the
ten rotations were collapsed into a single turn using a gated

Fig. 7. Same as in Fig. 3 but without the incorporation of overscan data.

Fig. 8. Same as in Fig. 5 but without the incorporation of overscan data.

averaging [9]. Only data belonging to the short-scan interval
were used for the back-projection.

Figs. 3 and 5 show the reconstruction results. Obviously,
the rather low dose used for the helical data of the head does
not lead to artefacts. Incorporation of the helix significantly
reduces cone-beam artefacts, as can be seen by comparison
with Figs. 4 and 6. Computing the root-mean-squared (RMS)
deviation in regions without internal structure in Figs. 3 and 4,
we get typical values of 18.6 and 18.1 HU. This shows, that the
virtual line only slightly increases the noise. Considering Fig. 5
we realize that the addition of the helical data does not lead to
motion artefacts even though the helical data were processed
in an un-gated way. Comparison of Figs. 3 and 7 as well as

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 90



of Figs. 5 and 8 shows that the incorporation of overscan data
reduces also artefacts, which are due to numerical instabilities.
These occur mainly because the resolutions are not identical
even after row upsampling in the above described way.

VI. DISCUSSION

Circular CT is a very attractive acquisition protocol for
cardiac CT with a scanner, in which the cone covers the
complete heart. The images are of diagnostic value only,
if the temporal resolution is sufficiently high and artefacts
are suppressed. Only a complete trajectory guarantees that
artefacts can be excluded.

We have combined a circle plus helix acquisition with a
circle plus line reconstruction. An unplanned motion of the
patient between the circular and helical acquisition would
require a registration step applied to the intermediate helical
image. The method presented here yields the best temporal
resolution, since only short-scan data are used along the
circle. Moreover, the location of the short-scan interval can
be chosen freely. At the same time completeness is recovered
by incorporation of the helix. The helical data can be obtained
at a very low dose and gating of the helical data is not required.
Simulations suggest that the helical data can even be obtained
in a native mode, such that contrast agent needs to be injected
only for acquisition of the circular data [9].
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Implementation of 3D Image Reconstruction with a 
Pre-computed System Matrix for the jPET-D4 
Taiga Yamaya, Eiji Yoshida, Chih Fung Lam, Atsushi Konami, Takashi Obi and Hideo Murayama 

 Abstract–The jPET-D4 is a novel brain PET scanner which 
aims to achieve not only high spatial resolution but also high 
scanner sensitivity by using 4-layer depth-of-interaction (DOI) 
information. The dimensions of a system matrix for the jPET-
D4 become 3.3 billion (coincidence pairs) x 5 million (image 
elements) when a 25cm diameter FOV is sampled by a 
(1.5mm)3 voxel. The size of the system matrix is estimated at 
117 petabytes (PB) with the accuracy of 8 bytes per element. 
An on-the-fly calculation is usually used to deal with such a 
huge system matrix. However we can not avoid extension of the 
calculation time when we improve the accuracy of system 
modeling. In this work, we develop an alternative approach 
based on pre-calculation of the system matrix. The 117PB 
system matrix is compressed into 24.8GB by (1) eliminating 
zero elements, (2) applying the DOI compression method and 
(3) applying rotation symmetry and an axial shift property of 
the crystal arrangement. Spanning, which degrades axial 
resolution, is not applied. Histogram-based 3D OS-EM based 
on geometrical system modeling is implemented on a desktop 
workstation with 2 dual-core CPUs and 32GB memory 
installed. After optimizing parallel processing, data access 
ordering, the number of maximum ring difference and the 
number of subsets, we can reduce calculation time to around 1 
hour. 

I. INTRODUCTION 

The jPET-D4 is a prototype brain PET scanner which 
aims to achieve not only high spatial resolution but also 
high scanner sensitivity by using 4-layer depth-of-
interaction (DOI) information (Fig. 1 (a)). Major 
specifications of the jPET-D4 are listed in Table 1. The 
latest evaluation result [1] showed that the jPET-D4 has 
almost uniform spatial resolution of 3mm and more than 
11% sensitivity for a centered point source with a standard 
400keV–600keV energy window. 

In this paper, we focus on software strategies for fully 3D 
image reconstruction. The quality of reconstructed images 
depends on an accurate model of relationships between the 
object space and measurement space. Therefore iterative 
image reconstruction methods have been successfully used 
to improve image quality through accurate system modeling. 
In our earlier work [2][3], we proposed an approximated 
imaging system model (Fig. 1 (b)). On the assumption that 
detector response functions (DRFs) are uniform along lines-
of-response (LORs), each system matrix (SMT) element is 
defined as the intersection length between an image voxel 
and sub-LORs (i.e., the lines parallel to the LOR) weighed 
by DRF look-up-tables (DRF-LUTs). 

However it is not practical to apply this model directly to 
the jPET-D4 imaging system since the number of LORs 
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increases in proportion to the square of the number of DOI 
layers. The number of possible LORs to cover a standard 
field-of-view (FOV) of 300mm diameter exceeds 4.4 billion. 
The dimensions of a SMT are 3.3 billion (LORs) x 5 million 
(image elements) when a 25cm diameter FOV is sampled by 
a (1.5mm)3 voxel. The size of the SMT is estimated at 117 
petabytes (PB) with the accuracy of 8 bytes per element. It 
is, therefore, impossible to store the whole SMT in 
computer memories. An on-the-fly calculation is usually 
used to deal with a huge SMT. For example, the HRRT [4], 
a dual-layer DOI-PET scanner for brain imaging, uses 24-
node cluster computer to speed up the on-the-fly SMT 
calculation [5]. However we cannot avoid the extension of 
calculation time when we improve the accuracy of system 
modeling. For example, the jPET-D4 requires several days 
per iteration on a standard PC when the SMT based on our 
system modeling (83 averaged sub-LORs per LOR) is 
calculated on-the-fly.  

In this work, we develop an alternative approach based 
on pre-calculation of SMT instead of the on-the-fly SMT 
calculation. The major advantage of this approach is that 
image reconstruction time is independent of the accuracy of 
system modeling. In addition to analytical system modeling, 
system matrices which are obtained by Monte Carlo 
simulations or experiments can be applied. Similar 
approaches for small animal scanners were reported [6][7]. 
In our previous report [3], we proposed a 3D image 
reconstruction method for the jPET-D4 with a pre-computed 
system matrix based on the DOI compression (DOIC) 
method [8]. At this development stage, a histogram-based 
3D OS-EM was implemented. In this paper, we optimize 
parallel processing, data access ordering, the number of 
maximum ring difference (MRD) and the number of subsets 
for human data.  

 

 
Fig. 1.  The jPET-D4 prototype (a) and a system model for the jPET-D4 (b). 

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 92



 

TABLE I 
MAJOR SPECIFICATIONS OF THE JPET-D4 

 
Crystal material GSO 
Crystal size 2.9 × 2.9 × 7.5 mm3 
PMT type 256-channel flat panel PMT (H9500) 
DOI capability 4-layer 
DOI discrimination Pulse shape discrimination  

+ Anger calculation 
Number of crystals 122,880 (1536 transaxial x 80 axial) 
Number of PMTs 120 (24 transaxial × 5 axial) 
Ring diameter  390mm 
Transaxial FOV 300mm 
Axial FOV 260mm 
Number of LORs 4,404,019,200 

II. METHODS 
In order to compress the 117PB SMT, we investigated 

three items: (1) elimination of zero elements, (2) application 
of the DOIC method [8] and (3) application of rotation 
symmetry and an axial shift property. For the first, most of 
the SMT elements are zero. In particular, the percentage of 
non-zero elements for DOI-PET imaging systems is smaller 
than that for non-DOI systems because DRFs of DOI-PET 
systems have a narrower profile. An averaged percentage of 
non-zero elements of the jPET-D4 system matrix is only 
0.047% (DOI) and 0.158% (non-DOI).  

For the second, the DOIC method reduces the number of 
data elements by a factor of 1/16 without significant loss of 
spatial resolution. The compressed data relate to the block 
detector configuration as if data were acquired with ‘virtual’ 
detectors having a high stopping power. The DOIC method 
combines deep pairs of DOI layers into the nearest shallow 
pairs of DOI layers with original detector samplings (i.e., 
without any interpolation). In addition to the computational 
advantage, the DOIC method also improves statistical 
accuracy of various correction factors such as normalization 
factors, where raw DOI data of subdivided bins have a small 
number of counts.  

For the third, the 90-degree transaxial rotation symmetry, 
which is easily implemented, reduces the number of 
projection views by a factor of 1/2. Utilization of the axial 
shift property enables us to reduce the number of ring pairs 
to be dealt with by a factor of 0.0138 (i.e., 882/802 x 1/88). 
The jPET-D4 has 88 crystal rings including 8 virtual crystal 
rings (i.e., 4 inter-block spaces equivalent to a 2-crystal 
pitch each). An SMT element a(i, j, k; m) related to the m-th 
image voxel and the k-th crystal pair in the i-th and j-th 
crystal ring pair is represented as 

a(i, j, k; m) = a(0, j-i, k; m)  (case j-i >= 0), 
a(i, j, k; m) = a(0, i-j, k; m’) (case j-i  <  0), 

where m’ is an axially reversed index of m. Therefore SMT 
elements for 7,744 (=882) ring pairs can be obtained quickly 
from a pre-computed subset of SMT for 88 ring pairs. 

Finally the SMT of 117PB is compressed into 117PB x 
0.00047 x 1/16 x 1/2 x 0.0138 = 24.8GB, where each 
element is represented as 8 bytes including a 4-byte index 
for image voxels.  

III. IMPLEMENTATION 

A. System Matrix (SMT) Calculation 
The subset of the SMT from ring difference (RD) of 0 to 

87 was pre-computed based on the proposed 3D system 
model with a (1.5mm)3 voxel. Sub-LORs were positioned 
on 2D grids of 0.5mm intervals. Averaged number of sub-
LORs was 83 per LOR. The DRF-LUT was designed in 
consideration of the geometrical arrangement and the 
penetration of crystals. A blurring effect caused by 
Compton scattering was not included at this stage. The 
details of system modeling are described in [3]. The 
calculation time was about 26 hours on a single Pentium 
3.2GHz PC using Siddon’s algorithm [9]. Fig. 2 shows the 
relationship between the SMT size and the MRD. The SMT 
size is reduced when the MRD is restricted. The total 
number of LORs is also plotted with a relative scale. When 
the MRD increases, the SMT size increases rapidly while 
the total number of LORs increases slowly, because DRFs 
for a large RD have a broader profile. It should be noted that 
the SMT size for the non-DOI case becomes larger because 
broadness of DRFs directly affect the ratio of non-zero SMT 
elements.  
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Fig. 2.  The subset size of the pre-computed system matrix (SMT). 

 

B. Data Correction 
The DOIC method deals with list-mode data in event-by-

event and rebins them directly into a raw histogram (HST). 
The dimensions of a HST for a standard FOV of 300mm 
diameter are 224 bins x 192 views x 802 ring pairs. After the 
DOIC method was applied, normalization, scatter correction 
and attenuation correction were applied to random 
subtracted data. The normalization factors, which correct 
gain mismatch of DRFs between the modeled system and 
the real system, were obtained by the component based 
normalization. Scattered events were estimated by a hybrid 
dual energy scatter correction method [10]. The attenuation 
correction factors were generated by a simulated 
transmission scan. Attenuation maps were estimated based 
on the edge lines extracted from emission data. 
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Fig. 3.  Flow chars of the implemented 3D OS-EM 
 

 
Fig. 4.  Three methods for ring access ordering: the std ordering, the z0 
ordering and the RD ordering. 
 

C. 3D OS-EM 
We implemented a histogram-based 3D OS-EM on a Dell 

precision 690 workstation (dual-core 3.0GHz Xeon 
processor x 2 CPUs with 32GB memory installed). Fig. 3 
shows flow charts of the 3D OS-EM. After reading HST 
data, the HST data were sorted so as to eliminate zero LOR-
bins, to restrict MRD, to group into subsets and to modify 
ring access ordering. The ordered subsets were defined so 
that 192 projection views are grouped based on the constant 
increment scheme described in [11]. 

It is well known that random access to cache-over data 
degrades computing performance significantly. There are 
three large data sets stationed in the main memory: the HST 
data (max. 525MB), image data (20MB) and the SMT data 
(max. 24.8GB). In practice, the size of the HST data is 
dependent on the MRD and the ratio of non-zero LORs, and 
the size of the SMT is also dependent on the MRD. 
Although the HST data can be accessed in neighboring 
order, access to the SMT data becomes random because the 
SMT data are compressed based on the rotation symmetry 
and the axial shift property. In addition, access to image 
data becomes completely random because only non-zero 
SMT elements are stored in the SMT data. However we 
think that there is possibility of controlling randomness of 
the SMT data access and the image data access by 
modifying ring access ordering of the HST data.  

Therefore we tested three methods for HST access 
ordering: standard (std) ordering, z0 ordering and RD 
ordering (Fig. 4 (a)). We define z0 as the axial coordinate of 
the middle point of an LOR. The z0 ordering sorts the HST 
data in the order of increasing z0. The std ordering and the 
z0 ordering are expected to localize memory access to the 
image data compared with the RD ordering, because the 
image data are stored in the order of increasing slices (Fig. 4 
(b)). On the other hand, the RD ordering, which sorts the 
HST data in the order of increasing RDs in the same order 
as the SMT data (Fig 4 (b)), is expected to localize memory 
access to the SMT data rather than the image data. 

After reading the SMT data and calculating global 
sensitivity image (GSI), which acts as a dominator in 
iteration, OS-EM iteration steps were processed. In the GSI 
calculation and the OS-EM iterations, main loops were 
parallelized by using OpenMP, an API for multi-platform 
shared-memory parallelization. 

IV. EXPERIMENTS AND RESULTS 

A. Human Brain Scan 
A healthy volunteer (21-years old male, 60kg) was 

scanned for 40 min (100 min after receiving a 104MBq 
FDG injection). The 3D OS-EM (8 subsets, 8 iterations) 
was applied to DOI compressed data with MRD=87. 
Spanning, which degrades axial resolution, was not applied. 
Reconstructed images are shown in Fig. 5. These images 
show the excellent imaging performance of the jPET-D4; 
clear demarcations of thin gray matter as well as fine 
visualization of the deep structures in the mid-brain. 

 

 
Fig. 5.  Human brain images of the jPET-D4 using 3D OS-EM (8 subsets, 8 
iterations) with MRD=87. 
 

B. Optimization 
Parallel processing (non-parallelized vs. parallelized) and 

the ring access ordering were optimized for the 3D OS-EM 
with 8 subsets, 8 iterations and MRD=87. Table 2 
summaries the calculation time for GSI and each iteration. 
Parallelization with 2 dual-core CPUs allows acceleration of 
close to 4 times. The std ordering and the z0 ordering, 
which localize memory access to the image data, are each 
20% faster than the RD ordering. We conclude that the std 
ordering is the optimal. 
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TABLE 2  

OPTIMIZATION OF PARALLEL PROCESSING AND RING ACCESS ORDERING. 
 

CPU ring access 
ordering 

GSI calcu. 
(relative) 

iteration 
(relative) 

single CPU std ordering 163min (3.8) 228min (3.9)
std ordering 43min  (1.0) 59min   (1.0)
z0 ordering 46min  (1.1) 60min   (1.0)

2 dual-core CPUs 

RD ordering 57min  (1.3) 73min   (1.2)
 
Next, we investigated an appropriate number of MRDs. 

Fig. 6 shows the effect of restricted MRD on calculation 
time, total SMT size and the number of LORs. Calculation 
time was measured on the conditions of the std ordering and 
2 dual-core CPUs. Fig. 7 shows a transaxial slice of 
reconstructed volumes with MRD=22, 44, 66 and 87. It is 
seen that the image with MRD=44 has acceptable quality, 
though a smaller MRD results in lower count image. 
Compared with MRD=87, calculation time for each iteration 
and the SMT size are reduced to 58% (35min) and 41% 
(10.1GB) with MRD=44, while loss of LORs is limited to 
24%. 
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Fig. 6.  Calculation time, system matrix size and the number of LORs with 
MRD=22, 44, 66 and 87. 
 

MRD=22 MRD=44 MRD=66 MRD=87MRD=22 MRD=44 MRD=66 MRD=87  
Fig. 7.  Brain images with different MRDs (8 subsets and 8 iterations). 
 

We also investigated an appropriate number of subsets on 
the condition of MRD=44. In fig. 8, we compared three 
patterns: (1) 8 subsets and 8 iteration, (2) 16 subsets and 4 
iterations and (3) 32 subsets and 2 iterations. It is seen that 
these three images have similar quality. Therefore we can 
conclude that the parameter of 32 subsets and 2 iterations is 
acceptable. 

8 subsets
8 iterations

16 subsets
4 iterations

32 subsets
2 iterations

8 subsets
8 iterations

16 subsets
4 iterations

32 subsets
2 iterations  

Fig. 8.  Brain images with different number of subsets. 

V. CONCLUSIONS AND DISCUSSION 
In this paper, we developed a fully 3D image 

reconstruction method for the jPET-D4 based on pre-
calculation of SMT instead of an on-the-fly calculation. 
Using optimized parameters of data access ordering, the 
number of MRD and subsets, high quality brain images 
were obtained by the histogram-based 3D OS-EM (32 
subsets, 2 iterations) with the std ordering and MRD=44. 
Calculation time was reduced to 35min x 2 iterations on a 
desktop workstation with 2 dual-core CPUs and 32GB 
memory installed. 

Future works are as follows. 
 Quantitative comparison of image quality. 
 Application of higher-performance iterative methods 

such as DRAMA [11]. 
 Implementation on multi-node platform with 

distributed memory. 
In particular, with limited cache memory, random access 

to memory affects reconstruction time. In fact, when we 
tried fixing memory access to image elements as follows 
(though no image was reconstructed in this case), 

image_array[index] –> image_array[0], 
calculation time for each iteration was reduced to 54%. 
Therefore we think that more speedup is possible by 
modifying program coding. 
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Exact Reconstruction on PI-lines From Uniformly
Attenuated SPECT Projection Data

Qiu Huang, Jiangsheng You, Gengsheng L. Zeng and Grant T. Gullberg

Abstract— In the past few years cone-beam reconstruction has
been an active research area in X-ray Computed Tomography
(CT) and significant progress has been made in the advancement
of algorithms. Theoretically exact and computationally efficient
analytical algorithms can be found in the literature. However, in
Single Photon Emission Computed Tomography (SPECT), pub-
lished cone-beam reconstruction algorithms are either approximate
or iterative methods. The SPECT reconstruction problem is more
complicated due to degradations in the imaging detection process,
one of which is the attenuation effect of gamma ray photons.
Attenuation should be compensated for to obtain quantitative
results. In this paper, an analytical reconstruction algorithm from
uniformly attenuated cone-beam data is presented for SPECT
imaging. The algorithm adopts the DBH method, a procedure
consisting of differential, backprojection followed by a finite
inverse generalized Hilbert transform. The significance of the
proposed approach is that a selected region of interest (ROI) can
be reconstructed even with a detector with a reduced field of view
(FOV). In order to validate the algorithm, a numerical study is
performed using a helical trajectory even though the algorithm is
designed for a general trajectory. The implementation is efficient
and the simulation result is promising.

Index Terms— cone-beam, SPECT, attenuation correction.

I. INTRODUCTION

Much work has been accomplished in the development of
analytical cone-beam reconstruction algorithms in three dimen-
sional (3D) X-ray computed tomography (CT). Early accom-
plishments include the efficient yet approximate Feldkamp-
Davis-Kress reconstruction algorithm [1], a theorem for data
sufficiency conditions [2], and an exact inversion reconstruction
based on the 3D Fourier transform [2], exact algorithm based
on 3D Radon transform [3], [4]. Recently Katsevich made
a significant contribution with the development of a filtered
backprojection algorithm [5]. A differentiated backprojection
and finite Hilbert transform approach, so named as the DBH
method, was then developed [6] as an improvement to Kat-
sevich’s method. The DBH method addresses the long object
problem and is able to reconstruct any selected region of interest
(ROI) from minimum data [6].
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The above significant achievements cannot be adapted easily
to the cone-beam problem in SPECT because gamma ray
photons are attenuated before they are captured by the detector.
The most representative works in image reconstruction in cone-
beam SPECT with attenuation compensation are approximate
analytical algorithms [7]–[10] and inefficient iterative algo-
rithms [11]–[14].

In this work, an efficient and exact algorithm is presented
for cone-beam SPECT with uniform attenuation correction.
In SPECT, the correction for uniform attenuation finds its
application in brain imaging [15]. The algorithm proposed is
a DBH method on a general cone-beam trajectory. Hence an
ROI reconstruction is feasible. The algorithm is validated by a
numerical study performed on PI-lines of a helical trajectory. A
helical cone-beam scan can readily be performed with existing
SPECT systems by translating the bed while rotating cone-beam
collimated detectors.

The paper is organized as follows: Section II shows how
the differentiated backprojection (DBP) of cone-beam data is
related to the distribution of the radioactive tracer in SPECT.
Then Section III presents how the finite inversion of the gen-
eralized Hilbert transform can restore the distribution function.
The results of a numerical simulation is presented in Section
IV and the conclusion is given in Section V.

II. DBP OF CONE-BEAM PROJECTION DATA

In SPECT, the image to be reconstructed is the distribution
of a radioactive tracer inside the patient’s body, denoted by
a smooth function f(~r) in a convex support Ω. Without loss
of generality, ~r = (x, y, z) ∈ Ω = {(x, y, z) : x2 + y2 <
R2}. Using a cone-beam collimator, for a fixed position of the
detector, all emissions detected converge to one focal point A,
see Fig. 1. The moving orbit of the focal point A in a 3D space

Focal Point A

Patient
Detectorα

Fig. 1: Illustration of cone-beam data acquisition.

can be parameterized by λ. The vector pointing to the point A
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from the origin is denoted by ~a(λ), which is a parameterization
of the focal point throughout the paper. Then the projection data
measured can be converted to the attenuated ray transform of
f(~r):

p(λ, ~α) =
∫ ∞

0

dteµtf(~a(λ) + t~α), (1)

where µ is the linear attenuation coefficient and ~α is a unit
vector along the emission direction of gamma ray photons.
Image reconstruction in this work is to obtain f(~r) from
projections passing through ~r, assuming a priori information
about µ is available.

At some focal point with parameter λ, the direction of
emissions passing through the point ~r is denoted by ~α∗ =

~r−~a(λ)
‖~r−~a(λ)‖ . The DBP of projections passing through ~r has the
property presented in the following theorem.

Theorem 1: Let f(~r) be a function with convex support. The
projection data p(λ, ~α) are measured on a trajectory outside the
support of f(~r). If ~r is on the line connecting ~a(λ1) and ~a(λ2),
then: ∫ λ2

λ1

dλ
e−µ‖~r−~a(λ)‖

‖~r − ~a(λ)‖
∂

∂λ
p(λ, ~α∗)

+µ

∫ λ2

λ1

dλ
e−µ‖~r−~a(λ)‖

‖~r − ~a(λ)‖ ~a′(λ) · ~α∗p(λ,~a∗)

= −2πpv
∫ ∞

−∞
dt′

cosh(µt′)
πt

f(~r − t′~e)

where “pv” in front of the integral indicates the principle value.
The unit vector ~e is along the line connecting two focal points,
as shown in Fig. 2.

 

e
 

r

Fig. 2: ~r is on the line connecting ~a(λ1) and ~a(λ2). The trajectory
of the focal point is outside the support of f(~r). Notations in bold in
the figure indicate vectors.

The proof of the theorem is presented in Appendix I.
Theorem 1 builds a connection between projections and the

true image. From projection data, the left hand side of the
equality is readily obtained. The right hand side is an image
obtained by convolving the true image with a one-dimensional
(1D) kernel cosh(µt)

πt multiplied by some factor, thus the image
reconstruction is accomplished by inverting the convolution
corresponding to a generalized Hilbert transform [16]. The
following section describes how to invert the generalized Hilbert
transform.

III. EXPLICIT FINITE INVERSE HILBERT TRANSFORM

As implied in Theorem 1, the image reconstruction is now
reduced to inverting the generalized Hilbert transform. We will
address the inversion as an independent problem in this section.
After the notations and definitions are clarified, the explicit in-
version formulas will be given, followed by an implementation
strategy.

The generalized Hilbert transform of h(t) is defined as

Hµ(s) =
1
π

∫ ∞

−∞

cosh(µ(s− t))
s− t

h(t)dt. (2)

It is obvious that when µ = 0, the generalized Hilbert transform
simplifies to the Hilbert transform [17]. The reconstruction
problem reduces to obtaining h(t) from Hµ(s) where

h(t) is a smooth function with compact support t ∈ Iq = [−q, q],
and Hµ(s) goes to ∞ when s −→ ±∞.

It is worthwhile to notice that although h(t) has a compact
support, the support of Hµ(s) can be the entire real axis R.
However, in SPECT, only finite data samples are available.
Hence, the inversion for finite samples requires Hµ(s) to be
known in a finite region. This is the so-called finite inverse
generalized Hilbert transform. Rullgård [18] first proposed
the possibility of using the finite inverse generalized Hilbert
transform in tomography. Existence, uniqueness and stability
were shown later in [19] and [16]. The three papers (i.e., [18]
[19] [16]) all developed some explicit inversion formulas. Each
formula contains a function which does not have a closed-form
expression. Theorem 2 in [16] presents two inversion formulas.
The first one is similar to the one derived in [18], with a shift-
invariant kernel; however, data in [−2q, 2q] for Hµ(s) should
be known. The second formula uses a shift-variant kernel and
requires only those data in [−q, q] for Hµ(s), which is required
for an ROI reconstruction in SPECT with truncated data.

We manipulate the second formula (Eq. (25)) in [16] to read∫ q

−q

Hµ(s)
π(s− t)

g(t, q)
g(s, q)

ds = [(I + Ψ)h](t). (3)

When µ is not too large, the norm of Ψ is less than 1 so that
(I + Ψ)−1 exists. We assume that all the eigenvalues of Ψ are
different from −1, then the operator (I +Ψ)−1 is bounded and
h(t) can be recovered by the following explicit formula:

h(t) = [(I + Ψ)−1

∫ q

−q

Hµ(s)
π(s− •)

g(•, q)
g(s, q)

ds](t). (4)

The details of implementing this equation are given in three
steps:

1) Initiation of system parameters
• Support region Iq = [−1, 1], i.e., q = 1;
• Sampling interval ∆t = 1/M for integer M , sam-

pling point tm = (m − 0.5)∆t and −M ≤ m,n ≤
M − 1.

2) Computation of the kernel Kµ(t, p)

• Aµ(t) =
{

[cosh(µt)− 1]/t, |t| ≤ 0.5∆t;
0, |t| < 0.5∆t.

• Mµ(s, t, p) ={
Aµ(s− p)/[π2(s− t)], |s− t| ≤ 0.5∆t;
µ2/(2π2), |s− t| < 0.5∆t.

• Kµ(tm, tn) = δg(tm, 1)
∑M−1

j=−M Mµ(sin[(j − M +
0.5)δ], tm, tn), here δ = π/(2M).

• Denote by {Ξ(tm, tn)} = (I +Ψ)−1 for matrix Ψ =
Kµ(tm, tn).

3) Computation of the standard inverse Hilbert transform of
Hµ(s):

ĥ(tm) = [(I+Ψ)h](tm) = ∆t
M−1∑

j=−M

Hµ(tn)
π(m− n)

g(tm, 1)
g(tn, 1)

.
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x0 y0 z0 a b c θ φ density
0 0 0 9.2 6.9 9.2 0 90 2
0 -0.184 0 8.74 6.624 8.74 0 90 -0.98

2.2 0 0 3.1 1.1 3.1 0 72 -0.02
-2.2 0 0 4.1 1.6 4.1 0 108 -0.02

0 3.5 0 2.5 2.1 2.5 0 90 -0.01
0 1 0 0.46 0.46 0.46 0 0 0.01
0 -1 0 0.46 0.46 0.46 0 0 0.01

-0.8 -6.05 0 0.46 0.23 0.46 0 0 0.01
0 -6.05 0 0.23 0.23 0.23 0 0 0.01

0.6 -6.05 0.06 0.46 0.23 0.46 0 90 0.01

TABLE I: Parameters of the ellipsoids.

4) Computation of the original function:

h(tm) =
M−1∑

j=−M

Ξ(tm, tn)ĥ(tm).

IV. NUMERICAL STUDY

The 3D Shepp-Logan phantom composed of 10 ellipsoids
by addition is chosen for the numerical study. The parameters
of these ellipsoids are shown in Table I. In a global Cartesian
coordinate system, each ellipsoid is centered at (x0, y0, z0), with
the semi-axes of lengths a, b and c cm, azimuthal angle θ and
polar angle φ. The concentration in the phantom is designed by
addition of the concentration in each ellipsoid. The attenuation
coefficient is set to be µ = 0.15 cm−1, which is the attenuation
coefficient of water at the photon energy of 140 keV.

The trajectory is chosen to be a helix with radius R0 = 32 cm
and pitch P = 8 cm. Corresponding to each focal point, there
is a detector plane consisting of a grid with 256×128 voxels of
0.78×0.78 mm2. Without loss of generality, let the detector con-
tain the z-axis and be perpendicular to (R0 cos λ,R0 sin λ, 0).
In Fig. 3 the detector is shown separated from the cylinder for
better visualization. Cartesian coordinates (u, v) are introduced
in the detector plane centered at (0, 0, P

2π λ), where the v-
axis is parallel to and in the same direction as z, and the
u-axis is parallel to the x − y plane. Note that the (u, v)
system is a local coordinate system, determined by the view
angle λ. Projections for λ ∈ [−π, π) are generated. In order
to reconstruct the intensity at the point ~r, first, the DBP is
performed for projections passing through the point ~r over
(λ1, λ2). Vertex locations ~a(λ1) and ~a(λ2) are two extremities
of the so-called PI-line segment. It is known that the PI-line
passing through ~r exists and is unique for a helix trajectory
[21], [22]. Then the finite inverse generalized Hilbert transform
in Section III is performed along the PI-line.

Fig. 3: Geometry of the data acquisition.

Simulation results on two sets of PI-lines are shown in Fig.
4 with a grayscale window [0.6, 1.8]. For λ1 = −π, values for
λ2 ∈ [−0.22π, 0.22π) are chosen to form a set of PI-lines. An
image reconstructed on one of these PI-lines is shown in Fig.
4(a). The horizontal axis in the figure is for different values of
λ2. Fig. 4(b) is for λ1 = 0 and λ2 ∈ [0.78π, 1.22π). These two
images are distorted since each set along these PI-lines forms
a 3D surface.
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Fig. 4: Image reconstructed on PI-lines. (a) λ1 = −π. The horizontal
axis means different λ2 ∈ [−0.22π, 0.22π). (b) λ1 = −π. The
horizontal axis means different λ2 ∈ [−0.22π, 0.22π). Displayed
grayscale window: [0.6, 1.8].

The numerical results on PI-lines validate the proposed algo-
rithm. More studies will be performed to evaluate the artifacts
and noise property of the algorithm. As indicated in [6] and
[16], the DBH method is capable of reconstructing a particular
ROI region. Hence the long object problem and the problem of
truncations along the v-axis are both solved naturally.

So far the proposed 3D cone-beam algorithm accurately
reconstructs objects along PI-lines. The image on a Cartesian
grid needs to be interpolated from the value along PI-lines.
Interpolation methods suggested in [23] can be adopted to
obtain the 3D image.

V. CONCLUSION

A theoretically exact image reconstruction algorithm is pre-
sented for cone-beam SPECT with uniform attenuation compen-
sation. The proposed algorithm has a format of differentiation,
backprojection and filtration and thus is not computationally
demanding as an iterative method. The method also successfully
solves the long object and truncation problems caused by
relatively small detectors.

APPENDIX I
PROOF OF THEOREM 1

Proof: By definition, the differentiation of the projection
data with respect to the view angle in the direction ~α∗ is

∂

∂λ
p(λ, ~α∗) =

∫ ∞

0

dteµt~a′(λ) · (~∇f)(~a(λ) + t
~r − ~a(λ)
‖~r − ~a(λ)‖ ).

Taking the convex property of f(~r), the integral in the above
expression is the same if the lower limit is −∞. Changing the
variable τ = 1− t

‖~r−~a(λ)‖ , the differentiation becomes
∫ ∞

−∞
dteµt~a′(λ) · (~∇f)([1− t

‖~r − ~a(λ)‖ ]~a(λ) +
t

‖~r − ~a(λ)‖~r)
=∫ ∞

−∞
dτe−µτ‖~r−~a(λ)‖eµ‖~r−~a(λ)‖~a′(λ) · (~∇f)(τ~a(λ) + [1− τ ]~r).
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Using the following equality

~a′(λ) · (~∇f)(τ~a(λ) + [1− τ ]~r) =
1
τ

d

dλ
f(τ~a(λ) + [1− τ ]~r),

we can have
∫ λ2

λ1

dλ
e−µ‖~r−~a(λ)‖

‖~r − ~a(λ)‖
∂

∂λ
p(λ, ~α∗)

=
∫ λ2

λ1

dλpv
∫ ∞

−∞

dτ

τ
e−µτ‖~r−~a(λ)‖ d

dλ
f(τ~a(λ) + (1− τ)~r)

= pv
∫ ∞

−∞

dτ

τ

∫ λ2

λ1

dλe−µτ‖~r−~a(λ)‖ d

dλ
f(τ~a(λ) + (1− τ)~r)

= pv
∫ ∞

−∞

dτ

τ
[e−µτ‖~r−~a(λ)‖f(τ~a(λ) + (1− τ)~r)]|λ2

λ1

− pv
∫ ∞

−∞

dτ

τ

∫ λ2

λ1

dλf(τ~a(λ) + (1− τ)~r)e−µτ‖~r−~a(λ)‖

×(−µτ)
d

dλ
‖~r − ~a(λ)‖. (5)

With τ = t′
‖~r−~a(λ)‖ , the first term is simplified to

pv
∫ ∞

−∞

dt′

t′
e−µt′f(~r − t′~α∗)|λ2

λ1

= pv
∫ ∞

−∞

dt′

t′
e−µt′ [f(~r + t′~e)− f(~r − t′~e]

= pv
∫ ∞

−∞

dt′

t′
cosh(µt′)f(~r + t′~e)

= −2πpv
∫ ∞

−∞
dt′

cosh(µt′)
πt

f(~r − t′~e). (6)

In the last part of (5),

d

dλ
‖~r − ~a(λ)‖

=
d

dλ

√
(~r − ~a(λ)) · (~r − ~a(λ))

=
−~a′(λ) · (~r − ~a(λ)) + (~r − ~a(λ)) · (−~a′(λ))

2
√

(~r − ~a(λ)) · (~r − ~a(λ))

=
−2~a′ · (~r − ~a(λ))

2‖~r − ~a(λ)‖ = −~a′(λ) · ~r − ~a(λ)
‖~r − ~a(λ)‖

= −~a′(λ) · ~α∗.
With the above equality and the change of variable τ = 1 −

t′
‖~r−~a(λ)‖ , the second term of (5) becomes

− µ

∫ λ2

λ1

dλ

∫ ∞

−∞
dt′

e−µ‖~r−~a(λ)‖

‖~r − ~a(λ)‖ f(~r + t′~α∗)eµt′~a′(λ) · ~α∗

= −µ

∫ λ2

λ1

dλ
e−µ‖~r−~a(λ)‖

‖~r − ~a(λ)‖ ~a′(λ) · ~α∗p(λ,~a∗).

(7)

From (5), (6) and (7), the theorem is proved.
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Abstract—Additional time-of-flight (TOF) information in 

positron emission tomography (PET) gives the possible origin of a 
positron annihilated with an electron along a line-of-response 
(LOR).  The projection of a given LOR is simply the emission 
distribution along this LOR convolved with a timing Gaussian 
probability distribution function.  This extra TOF convolution 
kernel gives local tomography extra property – any small region-
of-interest (ROI) of object can be reconstructed from LORs that 
pass the ROI.  This local tomography property of TOF-PET is 
investigated using ROI ordered-subset (OS) expectation-
maximization (EM) algorithm, and compared with conventional 
nonTOF-PET ROI OS-EM algorithm.  Two-dimensional 
simulation of a thorax phantom shows that TOF OS-EM 
reconstruction has lower ROI root-mean-square-error (RMSE) 
than nonTOF in selected 1 pixel (4mm), 36 mm, and 144 mm 
ROI. TOF ROI OS-EM also reconstructs the outside ROI better 
than the nonTOF, e.g., for a 300 mm ROI. 
 

Index Terms—Time-of-flight, local tomography, ordered-
subset, expectation-maximization, positron emission tomography. 
 

I. INTRODUCTION 
Recently, time-of-flight (TOF) positron emission 

tomography (PET) has been reemerged in research [1][2] and 
industry [3][4] from an old concept [5][6] dated more than 20 
years ago.  This renewed technology is due to the fast and 
efficient scintillators and improved detector technology, which 
achieves 600 ~ 750 ps timing resolution.  

In TOF-PET, a pair of coincidence events is acquired by 
two detector elements along with their arriving time-
difference. This TOF information predicts the mostly likely 
point of origination of annihilation along the line-of-responses 
(LOR).  Since the detector system has limited timing 
resolution, a Gaussian probability distribution is usually used 
to model all possible emission points along the LOR.   

In the past, researchers have pointed out that TOF-PET 
improves noise variance more toward the periphery of an 
object and thus has better lesion detectability than 
conventional nonTOF-PET at low counting statistics for large 
size phantom [7][8].  It can maintain the same image 
resolution by using less projection angle than nonTOF-PET 
[9].  It is more robust to detector normalization error and 
imperfect scatter correction than nonTOF-PET [4]. 

 
Wenli Wang is with the Philips Medical Systems, Highland Heights, OH 
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In this paper, we will investigate the benefit of TOF-PET in 
local tomography.  Local tomography uses truncated 
projection data or a partial of the projection data to reconstruct 
a region of interest (ROI) of the object instead of the whole 
object.  It has important applications in medical imaging.  
There are two kinds of approaches to solve local tomography.  
One is the analytical approach, e.g., a filtered-back-projection 
(FBP) type algorithm is used to find the discontinuity in a ROI 
for Radon and exponential Radon transforms [10].   The other 
is the algebraic approach, e.g., an iterative conjugate gradient 
algorithm is applied in ROI reconstruction for planar integral 
data [11].  In SPECT, general speaking, algebraic algorithms 
outperform analytical methods for local tomography.  In this 
paper, we will investigate a statistical image reconstruction 
method for TOF-PET local tomography.   

 

II. METHODS 

A. TOF-PET data model 
Given an emission object ),( yxf with its attenuation 

coefficient ),( yxμ in a two-dimensional (2D) space, after 

rotating by an angle ),0[ πϕ ∈  counterclockwise, it becomes 

the ),( tsfϕ  and ),( tsϕμ  in detector coordinates.  The 

detector coordinates (s, t) and the object coordinates (x, y) for a 
given angel φ are related by 
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In PET imaging, the mean of the measured projection data, 

after removing random and scatter, correcting for detector 
efficiency variation, and proper interpolation, can be 
represented as ),,( ϕtsgTOF  for TOF capable scanner and as 

),( ϕsg  for conventional scanner, as shown below. 

τττϕϕ ϕ dthsfsatsg TOFTOF )(),(),(),,( −= ∫
∞

∞−

  (2) 

dttsfsasg ∫
∞

∞−

= ),(),(),( ϕϕϕ     (3) 

The ),( ϕsa  is the attenuation factor defined as 
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)),(exp(),( dttssa ∫
∞

∞−

−= ϕμϕ .    (4) 

The )(thTOF is the TOF convolution kernel, which is often 
modeled as a Gaussian distribution with known full-width-
half-maximum (FWHM) and ±nσ kernel width 
(σ=FWHM/2.355). Note that by adding all counts along t in 
TOF projection ),,( ϕtsgTOF , it becomes the nonTOF 

projection ),( ϕsg . 
 Due to the limited photon-counting statistics in PET, the 
measured projection data ),,(~ ϕtsg TOF  or ),(~ ϕsg  are 
usually modeled as Poisson random process.  

( )),,(~),,(~ ϕϕ tsgPoissontsg TOFTOF   (5) 

( )),(~),(~ ϕϕ sgPoissonsg .   (6) 
Given (5) and (6), and assume the attenuation coefficient 

),( yxμ  is known, the goal of PET image reconstruction is to 

reconstruct the emission object ),( yxf .   
At high counting statistics with low statistical noise, the 

nonTOF 2D projection ),( ϕsg  already provides enough 
information to reconstruct the object.  The TOF 3D projection 
provides extra information about the emission object.  For 
example, at a particular projection angle φ0, after correcting for 
attenuation, ),(0 tsgTOF

ϕ  is simply the emission object 
blurred along the t dimension, as shown in (2).  If the timing 
resolution is good enough, it is simply an image restoration 
problem.  We can deblur ),(0 tsgTOF

ϕ  along t dimension and 
rotate the image clockwise φ0  angle to get the emission object.  
This local blur kernel may also provide us unique information 
about the local tomography property of TOF-PET. 

 

B. Local Tomography of TOF-PET 
In local tomography, assume we are interested in a small 

ROI of the object centered on coordinate (x0, y0), denoted as 
ε{x0, y0}.  This small object ROI can be degenerated into a 
single pixel (x0, y0).  Using (1), all LORs that pass the small 
object ROI can be defined as ε{s0(φ)}, where 

ϕϕϕ sincos)( 000 yxs += . Given the projection in 
ε{s0(φ)}, the task of local tomography is to reconstruct the 
object in a small ROI ε{x0, y0}.   

 Based on (5) and (6), a log-likelihood is formed on the 
truncated TOF and nonTOF projection data: 

{ }
∑ ∑∑

∈ ⎭
⎬
⎫

⎩
⎨
⎧

−==
)(0

)()log(~)|~Pr(log
ϕε sm n

nmn
n

nmnm fHfHgfgG . (7) 

Here a discrete format of the measured projection mg~ and 

emission object nf  is used, where m indicates the discrete (s, 
t, φ) indexing for TOF and (s, φ) for nonTOF, and n indicates 
the discrete (x, y) indexing. The mnH is the system matrix, 

which represents the probability of a photon emitted from the 
object element n and gets detected at the detector element m. 
The system matrix includes the attenuation for both TOF and 
nonTOF, and the Gaussian convolution kernel for TOF.  

Equation (7) is very similar to the log-likelihood of non-
truncated projection data.  The important difference is that the 
projection data is summed on local LORs that pass the object 
ROI instead of the complete projections. Note that even 
though we are only interested in a small ROI of the object, the 
forward projection is performed on all object elements, and 
thus the whole object needs to be estimated. Similar to 
complete projections, the Hessian matrix of truncated 
projections’ log-likelihood is also negative semi-definite.  
Thus there exists a unique maximum solution.  Now the 
question is if this solution is exactly the same as the original 
emission object within the ROI.  It is more likely to get correct 
ROI object estimate when the ROI is large.  For small ROI, 
TOF is more likely to get the correct ROI object estimate than 
nonTOF, since the TOF Gaussian kernel has a better 
localization property than the nonTOF uniform kernel. 

 

C. ROI-OS-EM 
To optimize (7), an expectation-maximization (EM) 

algorithm is used.  Here is the update equation with k the 
iteration number. 

{ }
{ } ⎟

⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
= ∑ ∑∑ ∈

∈

+

)(
)(

1

0

0

ˆ
~ˆˆ

ϕε
ϕε

sm
i

k
imi

m
mn

sm
mn

k
nk

n fH
gH

H
ff .   (8)  

To speed up convergence rate, an ordered-subset (OS) 
method based on φ is used.  The object estimate is updated 
after all the angles within a subset are visited. One iteration is 
done after all the subsets are visited. 
 The forward projection is implemented as a rotate-and-
convolve operator for TOF and a rotate-and-sum operator for 
nonTOF. Both are multiplied with the attenuation factor.   The 
backward projection is implemented first as a multiplication of 
the attenuation factor, then as a convolve-and-back-rotate 
operator for TOF, and a uniform-spread-and-back-rotate 
operator for nonTOF.  The initial estimate of the object is set 
to be uniform over the whole object field-of-view (FOV). 

To evaluate how close the object estimate kf̂  is to the true 

emission object f  in the ROI, a root-mean-square-error 
(RMSE) is defined 

( )
{ }
∑

∈

−=−
00 ,

2ˆ1)ˆ(
yxn

n
k

n
k

ROI ff
nROI

ffRMSE
ε

,    (9) 

where nROI is the number of pixels in the object ROI. 
 

III. RESULTS 
In all computer simulations, a 2D 420 mm x 300 mm thorax 

phantom with a 32mm diameter lung lesion is used, as shown 
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in Fig. 1. In the emission object, the lesion to background 
contrast ratio is 8:1.  The object has 144 x 144 pixels FOV, 4 
mm pixel size.  The projection is simulated with the effect of 
attenuation, but without any detector efficiency variation, 
scatter or random. There are 192 samples over π in φ, 144 
samples in s with 4 mm pixel size, and 16 samples in t with 36 
mm pixel size.  The TOF has 700 ps (105 mm) FWHM.  A 
±5.5σ TOF kernel width is used in projection simulation, and a 
±3σ TOF kernel width is used in image reconstruction. In all 
image display, a linear gray scale with 40% upper threshold is 
used to show the low contrast detail.  A noise-free projection is 
generated from the thorax phantom, and Poisson noise is 
added afterwards to simulate noisy projection.   

 

                   
     (a)             (b) 

Fig. 1.  Thorax phantom emission object (a), and its attenuation map (b). 
 
 

A. Noise-free projection 
Three sizes ROIs (1 pixel, 36 mm and 144mm diameter) are 

selected and centered on the lesion pixel (57, 79). In noise-free 
projection, ROI-OS-EM algorithm with 12 subsets and up to 
20 iterations is used for both TOF and nonTOF reconstruction.  
Fig. 2 displays the RMSE of TOF and nonTOF versus number 
of iterations and subsets for three sizes ROI. Fig. 3(a-i) 
displays the reconstructed images at the 10th iteration, and their 
horizontal profiles through lesion center.  In general, both 
algorithms converge for medium and large sizes ROI, but TOF 
converges closer to the original phantom than nonTOF. When 
ROI is degenerated to 1 pixel, TOF still converges to a 
solution, though at a lower contrast level, but nonTOF does 
not converge at all.  Table I displays the maximum and mean 
absolute bias of TOF and nonTOF at the 10th iterations for 
three sizes ROI.  TOF ROI-OS-EM outperforms nonTOF 
ROI-OS-EM in all cases. 

 
Fig. 2.  Noise-free TOF and nonTOF ROI-OS-EM RMSE versus number of 
iterations and subsets for three sizes ROI: 1 pixel, 36 mm and 144 mm 
diameter. 
 

 
(a)      (b)         (c) 

 
(d)      (e)         (f) 

 
(g)      (h)         (i) 

Fig. 3.  Noise-free TOF and nonTOF ROI-OS-EM reconstructed images and 
horizontal profiles for different size of ROI after 10 iterations with 12 subsets. 
Top row: 1 pixel ROI, middle row: 36mm ROI, bottom row: 144 mm ROI. 
 
 

B. Noisy projection 
For noisy projection, 400K total counts are generated for 

both TOF and nonTOF without any truncation. This noise 
level is similar to the whole body clinical PET after random 
and scatter are removed. Three sizes of ROI truncated 
projections (1 pixel, 36 mm and 144 mm centered on lesion) 
are generated from the noisy complete projections, which has 
16K, 62K, and 160K total counts, respectively. Fig. 4 shows 
the RMSE of TOF and nonTOF versus number of iterations 
and subsets for three ROIs, where 12 subsets and 8 iterations 
are used in ROI-OS-EM. The trend is similar to the noise-free 
case. TOF reaches a smaller ROI RMSE than non-TOF.  For 
144 mm ROI, at large number of iterations, both TOF and 
nonTOF’s RMSE increases due to the noise amplification, 
which is very similar to the complete data OS-EM.  

Skin 1.3:1 Bone 2:1 
Emission  

Lesion 8:1 

Attenuation  
Bone:water= 1.2:1 

Air 

1 pixel ROI nonTOF TOF 

36mm ROI nonTOF TOF 

144mm ROI TOF 

phantom 
TOF 
nonTOF 

ROI 

ROI 

ROI 

nonTOF 
TOF 

1 pixel ROI 

36mm ROI 

144mm ROI 

TABLE I 
TOF AND NONTOF MAXIMUM AND MEAN BIAS FOR THREE ROI 

ROI TOF  
maxBias,  meanBias 

nonTOF  
maxBias,  meanBias 

1 pixel 2.11,    2.11 7.37,   7.37 
36 mm 2.03 ,   0.436 4.89,   1.35 
144 mm 0.634,  0.0486 1.29,    0.118 
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Fig. 4.  Noisy TOF and nonTOF ROI-OS-EM RMSE versus number of 
iterations and subsets for three sizes of ROI: 1 pixel, 36 mm and 144 mm 
diameter. 

 
For visual comparison, TOF and nonTOF reconstructions are 

generated for the 144 mm ROI truncated projections, and 
compared with the TOF and nonTOF reconstructions 
generated from the complete projections, with 8 subsets and 2 
iterations.  Fig. 5 (a) and (c) display the TOF and nonTOF 
images from the complete data with delineated ROI.  Fig. 5 (b) 
and (d) display the TOF and nonTOF combined images from 
truncated and complete data, i.e., replacing the object ROI 
from the complete data with the one from the truncated data.  
The TOF truncated ROI blends seamlessly with the complete 
data image, while nonTOF truncated ROI leaves some artifacts 
when combined with the complete data image. 

For large ROI, TOF ROI-OS-EM can reconstruct regions 
outside the ROI pretty well, while nonTOF cannot.  Fig. 6 (a-
c) shows the phantom image with 300mm diameter ROI, and 
ROI-OS-EM noisy reconstructions with 8 subsets and 2 
iterations for nonTOF and TOF, respectively. 
 

IV.  CONCLUSION 
Using simulated 2D data and ROI-OS-EM algorithm, we 

have demonstrated that TOF has better ROI RMSE than 
nonTOF in both noise-free and noisy cases.  It can even 
reconstruct a single pixel ROI, while nonTOF cannot.  The 
 

   
   (a)        (b) 

   
   (c)        (d) 

Fig. 5.  Noisy TOF and nonTOF truncated data ROI-OS-EM images compared 
with complete data OS-EM images at 8 subsets and 2 iterations. 

 

   
(a)       (b)       (c) 

Fig. 6.  Noisy ROI-OS-EM reconstructions (8 subsets, 2 iterations) of nonTOF 
(b) and TOF (c) for 300 mm diameter ROI, and compared with phantom (a). 
 
 
reconstructed ROI from truncated TOF can be blended better 
than nonTOF into complete data image without any artifacts.  
This suggests that the TOF local tomography can be used in 
some interesting applications, such as patient local motion 
compensation, where a small ROI image can be generated 
from the local motion corrected data instead of reconstructing 
the complete dataset.  Also, for large size ROI, TOF ROI-OS-
EM reconstructs the outside ROI much better than nonTOF.  
This suggests that TOF can recover patient data with 
truncation problem better than nonTOF.  Similar conclusions 
should be able to drawn from 3D PET data; since 3D PET has 
redundant data compared with 2D PET and should be able to 
perform better than 2D PET in local tomography. 
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An Iterative Approach for Model-Based
Tomographic Perfusion Estimation

Christoph Neukirchen and Steffen Hohmann

Abstract— An accurate tomographic recovery of dynamic con-
trast in perfused soft tissue areas is very challenging when the
projections are acquired with a slowly rotating imaging system.
In the presented approach the problem of limited information
contained in the acquired projection data is tackled by appli-
cation of a spatio-temporal model that describes the dynamic
volume of interest. The parameters of this model are estimated
in an efficient iterative procedure which has close similarities
to standard iterative tomographic reconstruction methods. The
algorithmic core operations can be decomposed into: i) access to a
set of predefined temporal basis functions, ii) geometric forward-
and back-projection steps. The performance of the approach is
demonstrated on two different dynamic volume data sets using
three different rotational projection acquisition modes which are
feasible for interventional x-ray imaging systems.

I. I NTRODUCTION

Tomographic recovery of blood perfusion from contrasted
projection data of fast rotating CT systems has become a
well established method (see e.g. [1], [2]) for diagnosis of
e.g. stroke and cancer. There, the main principle is to track
the propagation of an injected x-ray contrast material into soft
tissue over time and space. Recently [3], some interest came
up to enable perfusion imaging on much slower rotating x-ray
projection systems, e.g. for interventional applications.

However, since the time scales of typical perfusion pro-
cesses are fixed, a sufficient temporal sampling becomes diffi-
cult when the source-detector rotation speed is comparably low
and simple methods e.g. based on reconstruction with a sliding
window tend to lose performance. In this paper a new approach
is presented which aims at enabling perfusion imaging for very
low rotational x-ray acquisition speeds. The unavoidable lack
of information in the projection data is compensated for by
application of a spatio-temporal model which describes the
dynamic perfusion processes in the volume of interest.

The underlying model used in the proposed method has
close similarities to an approach originally developed for
dynamic SPECT reconstruction [4]. However, in SPECT ad-
ditional prior knowledge is incorporated by making use of
presegmented regions. For x-ray based perfusion applications
such information is not available which leads to a drastic
increase in the number of parameters, makes the problem less
stable, and requires a highly efficient parameter estimation
method.

II. PARAMETER ESTIMATION METHOD

Given some acquired projection datap̂ the deployed para-
metric modelX(y) completely describes the temporal and

Ch. Neukirchen and S. Hohmann are with Philips Research Laboratories,
Weißhausstraße 2, D-52066 Aachen, Germany.

spatial structure of the considered dynamic object by means
of a set of parametersy. The non-instantaneous forward
projection of the model according to a slow rotational
movement of the projection imaging system is described
by the operationFX(y). The final goal is to obtain the
model parameter set̄y which matches the acquired pro-
jection data best by minimizing the Least-Squares expres-
sion ȳ=argminy ||FX(y)− p̂||22. A numerical optimization
method has to be applied which performs the parameter
estimation in a computational efficient and robust way.

A. Linear spatio-temporal model

For the spatio-temporal model which aims at approximating
the considered dynamic volume, a proper model structure has
to be defined beforehand according to the following require-
ments: i) The model has to reflect the expected properties of
the volume; ii) The flexibility/complexity of the model has to
be restricted to facilitate a robust parameter estimation.

In the approach followed here, the chosen spatio-temporal
model depends linearly on the parametersy which allows to
make use of linear parameter estimation methods.

The spatial structure of the model is based on voxels located
on a regular grid in the considered dynamic volume. The
extension to more general spatial basis functions (e.g. blobs
[5]) is straightforward, but not detailed here.

The temporal properties of each voxel are modeled as a
superposition ofN different temporal basis functions. Each
predefined temporal basis functionbn(t) (with 1 ≤ n ≤ N )
spans the full time interval of the considered dynamic process.
The parameteryk,n is used to weight then-th temporal
basis function in thek-th voxel. There areN different
weighting parameters for each voxel, yielding the temporal
behavior (over the T discrete time stepst) of the k-th voxel:
xk,t =

∑N
n yk,n · bn(t).

By arranging the weighting parameters as aK×N matrix
Y and by putting the values of all temporal basis functions
into the T ×N matrix B the spatio-temporal model can be
compactly written as:

X(y) = Y ·BT (1)

Here, thek-th row of the modelX(y) represents the temporal
dynamics of thek-th voxel in the time interval[1;T ].

B. Non-instantaneous projection of the model

To find the optimal weighting parameters, the spatio-
temporal model has to be projected forward according to the
temporal and geometric properties of the actual slowly rotating
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Fig. 1. Operation example of non-instantaneous model-based forward
projection.

imaging system which is formally described by the projection
expressionp = FX(y).

The t-th column ofX(y) represents the volume instance of
the spatio-temporal model at time stept. When generating the
projection data for a certain viewing positionα, the operator
F picks the column fromX(y) that corresponds to the time
at which the acquisition system is at positionα. The model
built-up and the non-instantaneous projection operation are
schematically illustrated in Fig. 1.

Since both, the spatio-temporal modelX and the non-
instantaneous projectionF , resemble linear operations, the
complete step from the weighting parametersy to all model
projectionsp can be written as a linear transformation:

p = FX(y) = G · y (2)

Here, y represents a column vector of dimensionK · N
which contains all weighting parameters.G is a large (virtual)
projection matrix; the column ofG that corresponds to the
k-th voxel and then-th temporal basis function contains all
geometric forward projections of thek-th voxel with each view
weighted by the function value ofbn(t) at the timet that is
associated with the respective viewing position.

C. Iterative parameter optimization

Goal of the parameter estimation method is to obtain the
optimal weighting parameters̄y from the actually acquired
dynamic projectionŝp by solving the linear Least-Squares
problem||G · y − p̂||22 in a computational efficient way. Typ-
ically, the model-based projection matrixG is ill-conditioned,
thus the direct solutiony is sensitive to small inconsistencies

or even non-unique. In [6] the solution is stabilized by adding
an explicit regularization penalty, and the modified Least-
Squares problem is solved by matrix decomposition methods.
However, in practice the large computational demands make
this method applicable to medium size problems only.

Here, an iterative procedure is applied to solve the Least-
Squares problem, and a regularizing effect is achieved by
stopping iterations early before full convergence is reached.
The basic iteration step which updates the current estimate of
the weighting parametersyi is similar to the one used in the
family of algebraic reconstruction methods (e.g. [7]):

yi+1 = yi + λ GT ·D · (p̂−G · yi) (3)

The diagonal matrixD is used for proper scaling of each ray
in the projection residual̂p−G·yi. Here, the coefficients inD
are set according to the component averaging (CAV) scheme
described in [8] which helps to speed up convergence of the
iterative method. A further acceleration of convergence speed
is achieved by making use of an ordered subset variant [9] of
Eq. 3. The projetion views to be contained in one subset are
chosen to have equal temporal distance and a maximal mutual
angular viewing position distance (depending on the system’s
rotation mode). The order of stepping through the projection
subsets is based on a fixed angular increment according to the
Golden Ratio scheme described in [10].

In each iteration step, the computationally most demanding
operations are:

1) The model-based forward projectionG which trans-
forms the weighting parametersy into projection datap.
As shown in the example in Fig. 1 this operation
can be carried out as a two-step procedure for each
viewing position: i) The instance of the dynamic volume
corresponding to the time of the current viewing position
is constructed from the temporal basis functions; ii)
The constructed instance of the volume is geometrically
forward projected according to the current viewing po-
sition. The first steps are based on calculating scalar
products which is computationally cheap. All second
steps are standard geometrical projections with the same
computational complexity as those used in static iterative
reconstruction methods.

2) The transposed operationGT that can be interpreted as
a model-based back-projectionwhich transforms from
the projection datap to the domain of weighting pa-
rametersy. As shown in the example in Fig. 2 this
operation works symmetrically to the model-based for-
ward projection. Again, the processing for each viewing
position can be carried out as a two-step procedure:
i) The projection data is geometrically back-projected
into the volume space according to the current viewing
position; ii) For each temporal basis function a weighted
copy of the backprojected volume is created with the
weighting factor equal to the basis function value at
the time point corresponding to the current viewing
position. For each basis function, the weighted volumes
are accumulated over all viewing positions yielding the
final weighting parameters of the spatio-temporal model.
The computational effort to be spent for all first steps
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Fig. 2. Operation example of non-instantaneous model-based back-
projection.

corresponds to a geometric backprojection operation as
used in most tomographic reconstruction approaches.
Typically, the complexity of the second steps is much
lower since merely weighted accumulations in all model
parameters are involved.

III. E XPERIMENTS AND RESULTS

The feasibility of accurate reconstruction of dynamic con-
trast enhancements by the proposed iterative method is evalu-
ated in a simulation study. The non-instantaneously acquired
projections from two different dynamic objects are used:

1) A dynamic software head phantom derived from the
Shepp-Logan is based on 14 ellipsoids. Five of them
- representing artery, vene, soft tissue and two types
of hypoperfused tissue - follow a predefined dynamic
contrast enhancement over 22 seconds.

2) A stack of reconstructed slices from a neuro perfusion-
CT system acquired over 30 seconds. The required
temporal instances of this data set are generated via
spline interpolation from the original 60 images.

Three different projection acquisition modes are compared:
1) A continuously rotating system. Simulated rotation

speeds are50◦/s for the first data set and55◦/s for the
second data set.

2) A system which moves along a180◦ arc forth and
back in a toggled mode. In the simulations, de- and
acceleration at the turning points are not considered. For
this acquisition mode rotation speeds are49◦/s for the
first data set and36◦/s for the second data set.

3) A similar toggled arc system as used in 2) but with an
additional source-detector pair rotating simultaneously
in a fixed90◦ angular offset position. This doubles the
total number of projection views.

TABLE I

AVERAGE ESTIMATION ACCURACY ON DYNAMIC PERFUSION PHANTOM.

acquisition mode mean abs. error
1) continuous rotation 0.50 HU
2) multiple toggled arcs (single detector) 0.68 HU
3) multiple toggled arcs (two detectors) 0.45 HU
1) continuous rotation (sliding window FBP) 1.11 HU

The detector frame rates in the simulations with the first and
the second data set are 33 fps and 36 fps, respectively. A
parallel beam configuration with a detector grid spacing of
0.85mm is assumed. To remove the influence of static anatom-
ical structures, the dynamic projections are DSA-processed
by subtracting non-contrasted projection data for all viewing
positions. Before reconstruction the preprocessed projection
data is low-pass filtered.

From the simulated projections dynamic slices are recon-
structed on a spatial grid of size 150x150 (grid spacing:
1.7mm) by the proposed iterative algorithm. The temporal
resolution is equal to the detector frame rate. For the temporal
model, a set of 50 overlapping Gaussian-shaped basis func-
tions is used which are evenly distributed over the acquisition
time interval. 20 iteration cycles are carried out using 90
projection subsets.

The performance of the iterative parameter estimation
method concerning the accuracy of recovery of contrast dy-
namics is evaluated: Tab. I shows the averaged (over time
and space) absolute deviation between the estimated spatio-
temporal model and the original temporal dynamics in the soft-
ware head phantom for all different acquisition modes. As an
alternative estimation method, a sliding temporal window FBP
reconstruction (using a window width spanning a180o range)
is applied to the projection data from the continuously rotating
system, yielding inferior overall performance compared to the
iterative approach. Image maps showing the peak character-
istics of the estimated spatio-temporal models resulting from
both data sets are given (relative to the non-contrasted data)
in Fig. 3 and Fig. 4, respectively. Some artifacts due to the
limited rotational speed of the system movement are apparent
most clearly for the toggled acquisition modes on the dynamic
phantom data: in the multiple arc movement scenario with a
single detector, the vessels which are highly enhanced during
a very short time period are smeared out in source-detector
direction when the system’s turning points are reached. For
the neuro perfusion-CT data set this artifact leads to a partial
masking of the relevant infarction area (most clearly seen in
the peak time map). Usage of two orthogonal rotational source-
detector pairs mitigates this artifact, and the masking effect on
the perfusion-CT data is almost avoided. However, in this case
the turning points are still visible as a cross-shaped smearing
artifact around the vessels in the software phantom data. With
the acquisition mode based on continuous system rotation for
both types of data sets the artifact levels are smaller and the
smearings are more localized.

IV. CONCLUSION

To recover the very fast and highly attenuated dynamics
of contrast material in the vessels a certain minimal rota-
tional speed over the full acquisition interval is required in
order to achieve a sufficient spatial resolution. The presented
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Fig. 3. Peak characteristics from dynamic phantom. a) ground truth;
b) continuous full rotations; c) multiple toggled180◦ arcs; d) multiple
toggled180◦ arcs with two orthogonal detectors. Peak value contrast window:
[0,20]HU. Peak time interval: 22s.

results demonstrate that if this prerequisite is fulfilled, the
proposed iterative parameter estimation method is capable of
resolving the various types of tissue perfusion accurately and
in a computationally efficient way. When the requirement is
violated e.g. in the turning points of forward/backward rotation
the resulting artifacts can harm the recovery of soft tissue
perfusion. Future investigations will clarify whether this effect
might be reduced by putting more constraints into the model.
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A Compound Poisson Maximum-Likelihood
Iterative Reconstruction Algorithm for X-Ray CT

Jingyan Xu Member, IEEE and Benjamin M. W. Tsui Fellow, IEEE

Abstract— We derived a polychromatic compound Poisson
maximum-likelihood iterative algorithm for x-ray CT reconstruc-
tion and compare its performance with the analytical FBP al-
gorithm and the Poisson-likelihood based ordered-subset convex
(OSC) method. We used a subclass of the exponential dispersion
(ED) models to approximate the compound Poisson statistics of
the detected signal in an integration mode x-ray detector. This ED
model represents a compound Poisson distribution with Gamma
distributed components. By appropriately choosing the free
parameters involved, we can approximate the probability density
function of the integration mode x-ray signals accurately. We
derived a maximum-likelihood reconstruction algorithm based
on the convex surrogate function approach and the optimality
transfer principle. The derived algorithm involves 2 forward
projections and 5 backward projections per iteration. We used an
analytic x-ray CT simulator to generate integration-mode noise-
free and noisy projection data and compared the reconstruction
results using the analytical fan-beam FBP (FB-FBP) algorithm,
the monochromatic OSC algorithm, and the compound Poisson
algorithm. Both statistical methods were found to perform
remarkably better than the FB-FBP method. When compared
with the OSC method, the compound Poisson method showed
both improvement in quantitative accuracy and better noise-
resolution tradeoff. Further improvement may involve fine-tuning
of the free parameters in the ED model. In conclusion, our results
demonstrated that image quality and quantitative accuracy can
be improved by accurate modeling of the inherent noise statistics
of the x-ray CT reconstruction problem.

I. INTRODUCTION

IN x-ray CT reconstruction, analytical FBP type algorithmshave been the method of choice on commercial scanners

due to their efficiency and adequate image quality at the cur-

rent radiation dose level. However these algorithms typically

assume ideal line integrals are obtained in the image formation

process; the statistical noise fluctuations and other physical

limitation factors of the imaging process are ignored. Iterative

methods provide an attractive alternative for their flexibility in

modeling the forward problem. Many iterative reconstruction

algorithms for x-ray CT are based on the Poisson likelihood

assumption [1], [2], [3]. Strictly speaking, the Poisson model

is only applicable for transmission scan utilizing an external

radionuclide source such as in PET and SPECT, and some

emerging photon-counting x-ray detectors, since in these cases

the detector counts the number of incoming photons and the

signal statistics is indeed Poisson [4]. Nevertheless, iterative

algorithms based on the Poisson statistics have been used in

x-ray CT reconstruction despite the fact that commonly used

x-ray detectors integrate the energy of incoming photons and

convert the total energy to an electrical signal which no longer

follows the Poisson model.

In this work we present an accurate approximation to the

integration mode x-ray signal statistics using a subclass of the

exponential dispersion (ED) models. Special cases of this ED

model reduce the distribution function to the familiar Gaus-

sian, Poisson, Gamma, and inverse Gaussian distributions.

Our algorithm derivation is based on the convex surrogate

function approach [5] and the optimality transfer principle [6]

proposed by other researchers. We present comparisons with

other reconstruction methods such as fan-beam FBP (FB-FBP)

and Poisson-likelihood ordered-subset convex (OSC) methods.

II. METHOD

A. Exponential dispersion models

Our description of the exponential dispersion models fol-

lows [7], [8]. Let f(y; ȳ, φ, p) be the probability density func-
tion of the univariate random variable (r. v.) Y whose mean
and variance satisfy the power mean-variance relationship,

E(Y ) = ȳ, (1)

var(Y ) = φȳp, (2)

where p /∈ (0, 1), and φ > 0 is the dispersion parameter. The
density function f in the exponential dispersion models can
be characterized by

∂ log f

∂ȳ
=

y − ȳ

φȳp
. (3)

Integrating both sides, the log-likelihood function can be

written as the following:

log f =
1

φ

(
y

ȳ1−p

1 − p
−

ȳ2−p

2 − p

)
+ c(y, φ, p). (4)

We assume p �= 1, 2 in (4). Note that c(y, φ, p) is not a
function of ȳ. For φ = 1 and p = 0, 1, 2, 3, the model in (3)
reduces to the familiar Gaussian, Poisson, Gamma, and inverse

Gaussian distributions, respectively. For φ > 0 and 1 < p < 2,
Y is a compound Poisson distributed random variable [7], [8]
with Gamma-distributed components. In other words, we may

write

Y = X1 + X2 + · · · + XN , where (5a)

N ∼ Poisson(QT ), (5b)

Xi ∼ g(α, τ) =
xα−1e−x/τ

ταΓ(α)
. (5c)
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In terms of parameters of Y , the parameters of the components
can be expressed as [7]:

QT =
1

φ

ȳ2−p

2 − p
, (6a)

α =
2 − p

p − 1
, (6b)

τ = φ(p − 1)ȳp−1. (6c)

We approximate the distribution of the x-ray detected signal

Yi by the density function f in (4) for appropriately chosen
parameters φ and p. There are different ways of looking at
this approximation. From a component point of view, we

essentially ignore the fine shape of the scaled transmitted x-

ray spectrum [9] and approximate that by a gamma density

function, which can be summarized by two parameters α, τ ;
from a composite distribution point of view, we approximate

the exact mean-variance relationship [9], [10] by the power

mean-variance relationship defined in (1) and (2) with a free

parameter 1 < p < 2. In our algorithm derivation in Section
II-B, we assume the values of p and φ are known.

B. Algorithm derivation

We derive a polychromatic iterative algorithm based on the

exponential dispersion (ED) model in (4). Assume different

detector elements are independent, the log-likelihood function

using the approximate compound Poisson distribution is

LL
�
=
∑

i

log f(yi; ȳi, φ, p) = (7a)

∑
i

1

φ

(
yi

ȳ1−p
i

1 − p
−

ȳ2−p
i

2 − p

)
+
∑

i

c(yi, φ, p). (7b)

To simplify notations, we have omitted the subscripts of pi

and φi assuming their values are detector-bin independent. We

point out that such omission does not affect the algorithm

derivation, we can put the subscripts back in the final update

equations as if they have been carried along in the derivation.

The mean of the detected signal ȳi in an integration-mode

x-ray detector satisfies the following

ȳi =

∫
gEN(E)e−

P
j

�ijμj(E) dE

�
=

∫
Q(E)e−

P
j �ijμj(E) dE. (8)

Here we have used the definition Q(E)
�
= gEN(E).

Note that unlike the Poisson likelihood function used in

other works [1], [11], LL in (7) is not a concave function of
ȳi. We treat the first two terms in (7b) separately. The first term

is concave in ȳi. Similar to the convex surrogate techniques

used in [1], we denote by ȳn
i the detected signal estimate at the

nth iteration, and μn
j (E) the estimated attenuation coefficient

for the jth pixel at energy E. Define Bn(E) as

Bn(E) =
ȳn

i

e−
P

j
�ijμn

j
(E)

, we have∫
Q(E)

Bn(E)
dE =

∫
Q(E)e−

P
j

�ijμn
j (E)

ȳn
i

dE = 1,

i.e., Q(E)
Bn(E) can be regarded as convex combination coeffi-

cients. We define αij as some convex combination coefficients:∑
j

αij = 1, αij ≥ 0,

and use the following short-hand notation:∑
j

�ijμj
�
= 〈�i, μ〉,

Mij =
�ij

αij

(
μj(E) − μn

j (E)
)

+ 〈�i, μ
n(E)〉.

We have 〈�i, μ〉 =
∑

j αijMij . Note that we use the under-
lined variable name μ to represent a vector variable μj , j =
1, · · · . For the first term in (7b), we have the following
inequalities:

yi
ȳ1−p

i

1 − p

≥ yi

∫
Q(E)

Bn(E)

[
Bn(E)e−〈�i,μ(E)〉

]1−p

1 − p
dE (9a)

≥
∑

j

yiαij

∫
Q(E)

Bn(E)

[
Bn(E)e−Mij

]1−p

1 − p
dE. (9b)

It can be shown that the second term in (7b) is concave in the

exponent, therefore

−
ȳ2−p

i

2 − p
= −

(∫
Q(E)e−〈�i,μ(E)〉 dE

)2−p

2 − p
(10a)

≥ −
∑

j

αij

(∫
Q(E)e−Mij dE

)2−p

2 − p
. (10b)

Combining the right hand sides of (9b) and (10b), the surrogate

function for maxmizing (7) can be written as

Q(μ; μn)

=
∑
ij

1

φ

(
yiαij

∫
Q(E)

Bn(E)

[
Bn(E)e−Mij

]1−p

1 − p
dE

)

−
∑
ij

1

φ

(
αij

(∫
Q(E)e−Mij dE

)2−p

2 − p

)
. (11)

Note that we dropped the constant term c(yi, φ, p). It is
easy to verify that the surrogate function in (11) satisfies the

conditions [12] for monotonic increase of the original log-

likelihood in (7), therefore a local optimal can be reached.

We apply the concept of material decomposition as in [2],

[13] to resolve the energy dependency of linear attenuation

coefficients. We decompose the energy-dependent linear at-

tenuation coefficients as:[2]

μj(E) = φ(μj)Φ(E) + θ(μj)Θ(E). (12)

Here the functional forms of φ(·) and θ(·) are assumed known,
the unknowns are the linear attenuation coefficients μj at

a certain reference energy E0. Use one step of Newton’s

iteration and the separable surrogate function in (11), we can

derive an update equation for μj .
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C. Simulation studies

We performed simulations to evaluate the compound Pois-

son maximum-likelihood (ML) image reconstruction algo-

rithm. We generated noise-free and noisy integration mode

x-ray projection data from a cylindrical fan-beam geometry

using an analytic simulator (Table I). The phantom consists

of an ellipsoid (long axis 30 cm) made of PMMA, two

smaller spheres (diameter 60 mm) made of muscle equivalent

material, and three small spheres (diameter 8 mm) made of

bone equivalent material. Poisson noise was added to the

arriving x-ray photons before energy-weighting to model the

compound Poisson statistics. The blank scan intensity for the

noise-free and noisy projection were 9 × 106 and 9 × 104

(in units of energy times photon numbers) per detector bin.

We compared the compound Poisson ML algorithm with

two other methods, one is the monochromatic ordered-subset

convex (OSC) algorithm [11] and the other is the analytical

fan-beam FBP (FB-FBP) reconstruction algorithm [14]. All

iterative reconstructions are obtained with the accelerated

subset versions with 8 subsets, the displayed images are all at

the 15th iteration. For the compound Poisson reconstruction,

we chose the refence energy to be at 70 keV.[2] For reference,

the linear attenuation coefficients of PMMA, muscle, and

bone at 70 keV are 0.22 cm−1, 0.20 cm−1, and 0.39 cm−1,

respectively. To study the noise properties in the reconstructed

images, we simulated 100 independent realizations of the noisy

projection data, reconstructed them using the three methods,

and calculated the ensemble mean and variance images.

TABLE I

PARAMETERS IN RECONSTRUCTION SIMULATIONS.

# channels # views/360̊ Focus-ISO ISO-detector
672 512 600 mm 400 mm

Fan-angle Detector cell Recon image size Recon pixel size

48̊ 1.25 mm 256 x 256 1.2 mm

III. RESULTS AND CONCLUSIONS

In Fig. 1 we show results from image reconstruction and

image analysis. Figure 1(a) shows the reconstructed images.

The first, second, and the third rows are from using FB-

FBP, OSC, and the compound Poisson algorithm, respectively.

The first column shows images reconstructed from noise-free

projection data; the second column from noisy projection data;

the third column is the ensemble mean image of the 100 noisy

reconstructions using the three methods; the last column is the

ensemble variance image.

Figures 1(b) and 1(c) are the line profiles crossing the two

spherical inserts (marked in the FB-FBP noise-free recon-

struction) from the noise-free reconstructed images and the

ensemble mean image using the three reconstruction methods,

respectively. The marked horizontal line with the annotation

0.22 represents the attenuation coefficient of PMMA at the

reference energy 70 keV. Both statistical image reconstruction

methods show better accuracy and improved noise properties

compared with FB-FBP; between the two, the compound

Poisson algorithm performs better in terms of more accurate

estimate of the attenuation coefficients, e.g., within the muscle
and the bone region of the phantom.

To study the noise properties of the different reconstruction

methods, we plotted the horizontal central profile (marked in

the fourth column, second row of Fig. 1(a)) of the ensemble

variance images of the three methods in Fig. 1(d). The top

figure shows that the noise variance in the FB-FBP method

is orders of magnitude larger than the two statistical methods.

The bottom figure zoomed in on the two statistical methods:

we see that between the two, the compound Poisson algorithm

has smaller noise variance than the OSC algorithm.

We compared the noise-resolution tradeoff between the OSC

method and the compound Poisson method. We selected a

nearby region-of-interest (ROI) of the high-contrast, central

lesion and calculated the coefficient-of-variation (COV, defined

as the standard deviation divided by the mean attenuation

coefficient) within the ROI. The COV as a function of iteration

numbers was plotted in Fig. 1(e). We fit the vertical profile

through the high-contrast, central lesion with a Gaussian

kernel edge-spread function as proposed in [15], [16]. The

FWHM was calculated from the standard deviation of the

fitted Gaussian kernel at each iteration (Fig. 1(f)). We notice

that the more accurate compound Poisson model has lower

COV than the OSC method at each iteration, but the resolution

shows slower convergence. The noise-resolution tradeoff of the

two statistical methods is plotted in Fig. 1(g). The compound

Poisson method slightly outperforms the OSC method in terms

of noise-resolution tradeoff.
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Fig. 1. (a) Reconstructed images using FB-FBP, OSC, and the compound Poisson algorithm. The straight line crossing the spherical inserts in the top left
image marks the image profile position. From left to right, the four columns are reconstructed images from noise-free projection data, from noisy projection
data, the ensemble mean image of 100 noisy reconstructions, the ensemble variance image of 100 noisy reconstructions. (b) Line profiles for the noise-free
reconstruction and (c) the ensemble mean images using the three reconstruction methods. (d) Horizontal profile in the variance images (4th column) using
the three methods (position indicated in the 4th column, 2nd row). The noise variance in the FB-FBP reconstructed image is orders of magnitude higher than
the two statistical methods (top plot). The bottom plot is a zoomed-in comparison of the two statistical methods. (e) The coefficient of variation (COV) as a
function of iteration numbers for the two statistical reconstruction methods. The ROI was chosen to be near the high-contrast, central lesion. (f) The FWHM
as a function of iteration numbers. (g) The noise-resolution trade off. All reconstructions were performed with 8 subsets.
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Correction of Gain Fluctuations in Iterative
Tomographic Image Reconstruction

Jean-Baptiste Thibault, Zhou Yu, Student Member, IEEE, Ken Sauer, Member, IEEE,

Charles Bouman, Member, IEEE, and Jiang Hsieh, Senior Member, IEEE

Abstract—Iterative reconstruction (IR) of x-ray computed
tomographic (CT) images replaces single-pass computation with
recursive refinement of the match between measured data and
simulated forward projection of a candidate reconstruction.
Whereas conventional filtered backprojection (FBP) includes a
ramp filter which suppresses the DC component of the sinogram
data, iterative methods seek a reconstruction which matches all
components. Incorrect gains used in normalizing the sinogram
projections for tube signal strength frequently occur with trun-
cated scans of larger, low attenuation objects, and may produce
artifacts in IR. A joint estimation of the true gain parameters
and the image greatly reduces the artifacts in typical clinical CT
imagery.

Index Terms—Computed tomography, sensor gain correction,
iterative methods, maximum a posteriori estimation.

I. INTRODUCTION

Iterative methods of CT image reconstruction show promise
in improving noise suppression and enhancing resolution in
applications where limiting radiation exposure is essential, or
data are limited. During the past decade, these algorithms have
advanced significantly toward clinical applicability [1]–[4]. A
common practical problem is the truncation of projections
to the scanner’s fan beam, which may occur with a large
patient, poor placement of the patient, or the presence of
blankets and other attenuating materials which fall outside
the beam for some angles, and may even rest on the scanner
gantry cover. An advantage of iterative reconstruction (IR) is
that such image content may be estimated from limited angle
information.

Raw data from the x-ray detector array typically undergo
a number of corrections before reconstruction, regardless
of the algorithm to be applied. Among these is reference
normalization, which addresses the impact of fluctuations in
the x-ray tube current output on the projections. For this
purpose, a set of reference channels is placed slightly outside
the scan field-of-view to measure the x-ray photons directly
from the x-ray tube without attenuation by the scanned object.
Coefficients calculated from these channels monitor the x-ray
flux, and are used to normalize the projections relative to one

Jean-Baptiste Thibault and Jiang Hsieh are with the Applied Science
Laboratory, GE Healthcare, Waukesha, WI 53188, USA; E-mail: jean-
baptiste.thibault@med.ge.com, jiang.hsieh@med.ge.com.
Zhou Yu and Charles Bouman are with the Department of Electrical and
Computer Engineering, Purdue University, West Lafayette, IN 47907, USA;
E-mail: yuz@purdue.edu, bouman@purdue.edu.
Ken Sauer is with the Department of Electrical Engineering, University of
Notre Dame, Notre Dame, IN 46556, USA; E-mail: sauer@nd.edu, phone:
574-631-6999.

another [5]. When an object is present outside the scan field-
of-view, however, the reference channels are at least partially
blocked, and pre-processing may not accurately compute the
correction coefficients. This may result in inaccurate projection
measurements generating image artifacts.

Fig. 1. CT reconstruction of a patient scan in 70cm field of view, with
display window centered at -1000 Hounsfield units (HU), and of width 400
HU.

The image in Figure 1 illustrates a patient lying atop a
plastic membrane, or slicker, that is intended to protect the
scanner from fluids that could otherwise enter the mechanism
of the CT table. In this case, the slicker falls well outside the
cone of the scanner and rests on the gantry cover on both sides.
It therefore interferes with the reference channel measurements
for multiple projection angles.

Complete blockage of the reference channels is easily
detected but partial blockage, as in the case above with
interference by low-attenuation material, is less obvious. The
result of this attenuation of normalization rays is spurious
oscillation in the multiplicative factor applied to each view’s
received intensity of radiation. Figure 2 shows a temporally
varying x-ray tube signal strength whose normalization would
be expected to be proportional to the inverse of the upper
signal. The lower plot shows the received normalization factors
as a function of view angle. The approximately periodic oscil-
lations in the normalization signal correspond to intermittent
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Fig. 2. X-ray tube signal strength (above) as a function of view angle;
reference normalization values (below).

partial blockage of the normalization channels by the slicker
pictured in Figure 1.

This offset in the multiplicative factor �i for correction of
x-ray intensity values λi translates into approximately additive
errors in the estimated integral attenuation values yi, as

yi ≈ ln

(
λT

�iλi

)
(1)

if the tube signal strength in conversion is modeled as the
constant λT .

Reconstructions from FBP have the contribution of any
constant-valued (DC) component suppressed by the high-
frequency emphasis ramp filter. Though rebinning may trans-
form the fan-beam view-by-view bias into a more general
low-frequency error, it is still heavily attenuated by the ramp
provided gain fluctuations are not very high frequency in the
view angle (and temporal) variable. The effects of gain fluctu-
ation are evident in Figure 3, where low frequency shading
is problematic in the IR image, but negligible in the FBP
image. It is possible to replace the detector-based reference
normalization with simply the inverse of the tube strength
settings, but such a change would sacrifice valuable calibration

Fig. 3. FBP reconstruction of patient shoulder scan (above) and IR version
of the same slice without correction for gain fluctuations (below). The display
window width is 400 HU.

information concerning tube output variation relative to input
power.

II. GAIN FACTOR ESTIMATION

A. Statistical Modeling

The log-likelihood function, parameterized in integral pro-
jection values, can be usefully approximated by a quadratic of
the form

ln p(y|β, x) ≈ �
1

2
(y � β � Ax)

T
W (y � β � Ax) + c(y) (2)

in which y is the projection data, x is the unknown 3D image,
A is the forward projection operator, W is a weighting matrix
with entries proportional to the received radiation strength,
c(y) is constant in the parameter vector x, and β is the
vector of transformed gain factors from βi = ln �i. The βi

are assumed fixed for any particular row and view, which
guarantees that the number of parameters to be estimated for
gain correction is small relative to the number of voxels in the
3D image. This constraint allows the complete set of sinogram
corrections to be written as β = Bf for a M � L matrix B
with M >> L and all entries 0 or 1.

We pursue a maximum a posteriori probability (MAP)
reconstruction with a simple a priori model for x:

ln g(x) = �
∑
j,k

bj,k�(xj � xk) + const. (3)

The function �(�) is strictly convex. For the results in this
paper, we employ:

�(δ) =
|δ|p

1 +
∣∣ δ

c

∣∣p�q (4)
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with p = 2.0 and q = 1.2, which approximates a quadratic
penalty for small local differences and less rapidly increasing
penalties for large differences. As the estimator of the image
x, we seek:

(x̂, f̂) = arg max
x,f

{ln p(y|f, x) + ln g(x)} .

This may be interpreted as the MAP estimate of the parameters
(x, f) with a non-informative prior on f . The variation of the
gains in f may also be assigned an a priori model, but the
results in this paper do not include it.

B. Computation of the Estimate

The introduction of gain correction into the IR process
has very little effect on computational cost. The least-squares
optimization for the correction of each row and view involves
only a number of variables equal to the number of detector
channels. Suppose the detectors for a given row and view are
indexed consecutively from m to n and receive the k-th gain
factor in f . Let the vector e represent the differences between
sinogram and forward projection values in the current state,
y � Bf � Ax. The update of the fk for these data is:

∆fk
=

∑n
j=m wjej∑n
j=m wj

, (5)

the weighted average of entries in e. We have suppressed
indices of the iteration step for simplicity.

Our overall optimization approach follows the sequential
pattern used in our previous IR, iterative coordinate descent
(ICD), with the image vector augmented by the gain param-
eters of f . We use spatially non-homogeneous ICD (NH-
ICD), which mixes full passes among active voxels with
updates according to voxels’ history [6]. During the latter of
these two phases, those voxels with the largest last update
magnitudes are visited first. A full, sequential pass through
f , optimizing with respect to the shift in each view and row,
follows a number of voxel updates equivalent to a pass through
approximately 1/4th of the image x.

ICD has demonstrated satisfactory convergence in many
reconstruction problems in fewer than 10 iterations when
initiated with the FBP reconstruction. The forward projection
of the FBP image yields a relatively accurate, consistent set
of low-frequency components to compare with the sinogram
data. This allows an initial correction for most of the error
in gain. In Figure 4, we see that the estimates of f converge
quite rapidly, showing little movement after 5 update steps,
which corresponds to less than two iterations of NH-ICD.

To establish the global convergence of the iterates, we
may simply augment the vector x with all the {fk} to form
x̃ and add the same number of columns to A to form Ã
with unity in its columns capturing the proper element of
f for each datum. The modified, approximate log-likelihood
function then appears as

ln p(y|x̃) ≈ �
1

2
(y � Ãx̃)T W (y � Ãx̃),

that is in the same form as in previous incarnations without
gain correction. Assuming that the null space of Ã is empty,
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Fig. 4. Estimates of residual constant offset, resulting from gain error, in row
16 of a 32-row scan, estimated after successive image updates. Sums along
update steps for fixed view yield the final estimate of βi’s for row 16 and
corresponding view.

the complete objective function is strictly concave in x̃. The
second derivatives of the MAP cost function in all voxel
values are bounded above by the log prior, and the second
derivative with respect to fk is equal to �

∑n
j=m wj , using

the same indices for computing the k-th correction factor as
in (5). Given this formulation for the MAP objective function,
the ICD iterates applied to all elements of x̃ are guaranteed
globally, monotonically convergent by the results of [7].

C. Results of Gain Correction

Because the gain parameters are relatively few, their estima-
tion is robust and convergence is rapid. The shading artifacts
resulting from inaccurate normalization are removed from the
IR images of the patient shoulder scan considered above, as
shown in Figure 5. The joint image/gain correction estimate
shows the advantages in noise suppression more typical of IR
reconstructions.

Although this method may be thought of as a removal of the
DC component from the error state vector for iterative recon-
struction, it is important to emphasize that we are performing
estimation of gain in addition to image content, and nothing
in this process prevents improvement in the DC content of
the image from its initial state. Without special processing,
truncated projections necessarily lead to FBP reconstructions
with mass in projection data which is unrecovered in the
image, and induce significant artifacts at the edge of the
scan field-of-view where truncation occurs. Estimation of this
truncated content is crucial for high-quality iterative image
estimates, where the reconstruction of all sources of measured
x-ray attenuation is necessary to ensure consistency between
the IR image and the projection data.

To demonstrate the capability of iterative methods with gain
correction to recover truncated material from the FBP initial
reconstruction, we have scanned a phantom protruding beyond
the fan of the scanner beams, with the FBP result shown in
Figure 6 (top). This reconstruction serves as the initial state
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Fig. 5. FBP reconstruction with standard data (above) and IR reconstruction
with gain fluctuation correction (below). The display window width is 400
HU.

for MAP-ICD estimation with the modified log-likelihood
for gain correction. Because reference channel blockage is
detected when the phantom intervenes, gain fluctuations are
not a serious problem here. The IR results, first without, then
with the gain correction, are shown in the lower figures (center
and bottom, respectively). While the reconstruction of the edge
of the phantom may be imperfect, it does show useful recovery
of image information outside the normal field of view. The
gain correction does not prohibit the proper estimation of the
truncated regions of the scanned object, but rather allows some
improvement in the uniformity of the result relative to the IR
image without gain correction.

III. CONCLUSION

Preliminary results suggest that we can simply, effectively
remove the artifacts due to spurious gain fluctuation in sino-
gram data by using the iterative reconstruction process to
estimate the additive sinogram errors due to multiplicative
error at the detectors. The joint estimation of the gains with
other image content does not negatively affect reconstruction
from truncated projections. Further research will test the
effectiveness of the method on an ensemble of clinical data
sets.

REFERENCES

[1] C. Kamphuis and F. Beekman, “Accelerated iterative transmission ct
reconstruction using an ordered subsets convex algorithm.” IEEE Trans.
on Medical Imaging, vol. 17, no. 6, pp. 1101–1105, 1998.

[2] J. Nuyts, B. D. Man, P. Dupon, M. Defrise, P. Suetens, and L. Mortelmans,
“Iterative reconstruction for helical CT: A simulation study,” Physics in
Medicine and Biology, vol. 43, pp. 729–737, 1998.

Fig. 6. FBP reconstruction from truncated data of a shoulder phantom (top)
and IR reconstructions without (center) and with (bottom) gain fluctuation
correction. The FBP image is reconstructed with a diameter of 50cm (the
size of the scan field of view), whereas the IR image is reconstructed with a
diameter of 70cm (the size of the full bore of the CT scanner) to include all
possible sources of x-ray attenuation. The display window width is 400 HU.

[3] D. Politte, S. Yan, J. O’Sullivan, D. Snyder, and B. Whiting, “Implemen-
tation of alternating minimization algorithms for fully 3D CT imaging,” in
Proceedings of the SPIE/IS&T Symposium on Electronic Imaging Science
and Technology - Computational Imaging, vol. 5674, San Jose, CA, Jan
17-18 2005, pp. 362–373.

[4] J.-B. Thibault, K. Sauer, C. Bouman, and J. Hsieh, “Three-dimensional
statistical modeling for image quality improvements in multi-slice helical
CT,” in Proc. Intl. Conf. on Fully 3D Reconstruction in Radiology and
Nuclear Medicine, Salt Lake City, UT, July 6-9 2005, pp. 271–274.

[5] J. Hsieh, J.-B. Thibault, F. Dong, J. Li, E. Chao, and S. McOlash,
“Method, system, and storage medium for reference normalization for
blocked reference channels,” in US Patent 6,996,206, April 12, 2004.

[6] Z. Yu, J.-B. Thibault, C. Bouman, K. Sauer, and J. Hsieh, “Non-
homogeneous updates for the iterative coordinate descent algorithm,” in
Proceedings of the SPIE/IS&T Symposium on Electronic Imaging Science
and Technology - Computational Imaging, vol. 6498, no. 41, San Jose,
CA, Jan 29-31 2007.

[7] J. Zheng, S. Saquib, K. Sauer, and C. Bouman, “Parallelizable Bayesian
tomography algorithms with rapid, guaranteed convergence,” IEEE Trans.
on Image Processing, vol. 9, no. 10, pp. 1745–1759, October 2000.

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 115



Image reconstruction for fan beam differential phase
contrast computed tomography

Guang-Hong Chen and Zhihua Qi

Abstract—Recently, x-ray differential phase contrast computed
tomography (DPC-CT) has been experimentally implemented
using a conventional tube combined with gratings. Images were
reconstructed using a parallel-beam reconstruction formula.
However, parallel-beam reconstruction formulae are not appli-
cable when the parallel-beam approximation fails. In this paper,
we present a new image reconstruction formula for fan-beam
DPC-CT. There are several novel features of the new image
reconstruction formula: (1) when the scanning angular range
of data acquisition is larger ���� (�� is the full fan angle), the
entire field of view can be exactly reconstructed; (2) when the
scanning angular range is smaller than � � ��, a local region
of interest (ROI) can be exactly reconstructed; (3) it enables an
exact reconstruction for a local ROI when the projection data
is truncated at some view angles; (4) it enlarges the imaging
field of view when the detector is asymmetrically placed. In
this last case, the data is truncated from every view angle.
Numerical simulations have been conducted to validate the new
reconstruction formula.

In the past several years, differential phase contrast com-
puted tomography (DPC-CT) imaging method has been
successfully implemented using coherent x-rays generated
by high-brilliance synchrotron radiations or low-brilliance
sources. In these experiments, the measured projection data
are essentially the refraction angles of the incident beams. In
synchrotron radiation experiments, the distance from source to
image object is often several hundred meters. In this case, the
radiation beams can be well approximated as parallel beams.
Thus, parallel beam absorption computed tomography (CT)
image reconstruction formulae can be readily adapted to DPC-
CT.

Most recently, an ingenious scheme was proposed to imple-
ment phase contrast imaging experiments and phase contrast
CT [1], [2], [3] for both hard x-rays and neutrons. In this
new approach, the x-rays or neutron beams generated by
a conventional source are first collimated by an absorption
grating into many line sources. Within each line source, the
beams are highly coherent in the direction perpendicular to the
grating lines. Different line sources are mutually incoherent.
This new coherent beam generation method has been com-
bined with shear interferometry to measure the gradient of
the phase distribution. By measuring the gradient of the phase
distribution from many different view angles, the principles of
conventional absorption x-ray CT have been applied to gener-
ate DPC-CT images, which is a display of the local distribution
of the decrement Æ��� �� �� in the complex refractive index
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53704; Corresponding author: Guang-Hong Chen, E-mail:gchen7@wisc.edu.
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� � �� Æ � ��. One major advantage of this new method is
that it makes compact x-ray DPC-CT systems feasible. It also
overcomes the problem of limited flux due to the requirement
of micro-focus tube in other phase contrast CT proposals[4],
[5].

When the subtended angle of an image object to the
source position is relatively small, the incident beams are
well approximated by parallel beams. Thus, the parallel-beam
image reconstruction algorithms may be readily adapted for
DPC-CT image reconstruction[6], [7], [8], [3]. However, for
a compact imaging system with relatively large imaging field
of view (FOV), the diverging nature of the incident beam is
not negligible. In order to accurately reconstruct CT images,
the reconstruction methods must be modified to incorporate the
divergent nature of the beam. Otherwise, the image quality will
be degraded significantly. In this paper, we derive a new image
reconstruction algorithm for fan beam DPC-CT which paves
the way toward imaging large objects. Although the starting
image reconstruction formulae are not brand new, they have
been developed for absorption CT, the original contribution
of this paper is to establish a connection between the image
reconstruction problem of absorption CT and the new image
reconstruction problem of DPC-CT. Using the new connection,
we can readily adap the absorption CT image reconstruction
algorithms to reconstruct DPC-CT images.

Fig. 1. The geometric model for the refraction of x-rays.

For simplicity, the propagation of x-rays in a medium can
be delineated using ray dynamics [9]:

�

��
��	�� � ��� (1)

where � is the kinematic parameter of the ray, 	� is the tangent
direction of the ray, and �� is the gradient of the refractive
index � � ��Æ���. Here Æ is the decrement of the real part of
the object’s refractive index (for brevity, this will be referred
to as the decrement index) while � describes the attenuation
effect. Under the para-axial approximation[10], an integration
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along the incident ray direction yields the refraction angle �.
For clarity, we use a geometrical model shown in Figure 1 to
demonstrate how the refraction angle is related to the gradient
of the refractive index. Using the notations in Figure 1, we
have the following relation:

��
� �� �
�

�


�
��Æ��� �� �

�Æ�
� ��

�

� (2)

The line integral in Eq. (2), Æ�
� ��, is nothing but a Radon
transform [11] of the decrement index along the incident ray
direction, �, which is tilted from the ��axis by an angle �

(Figure 1). Meanwhile 
 is the distance from the origin to
the straight line �. Thus, Eq. (2) dictates that the refraction
angle is the first order derivative of the Radon transform of
the decrement index.

Fig. 2. A gemonetrical demonstration of the fan-beam data acquisition, where
� is the raidus of the scanning trajectory and � is the location of the source.

When the data are acquired using the fan-beam geometry
as shown in Figure 2. The total deflection angle ��
� �� after
the x-rays penerate through the image object can be labeled
by the angular position, �, of the x-ray tube and the angle,
�, between the incident ray direction and the iso-line (from
the source to the rotation center). Namely, the same physical
quantity can be labeled by two different pairs of coordinates:
�
� �� and ��� ��.

��
� �� � ���� ��� Æ�
� �� � Æ��� ��� (3)

The transforms between the two pairs of variables are given
below:

� �
�

�
� �� �� 
 � � ��	 �� (4)

In the paralell beam data acquisition, it has been shown that
Eq. (2) can be directly inserted into the well know Radon
inverse formula to obtain the image recosntruction algorithm
for DPC-CT[7], [3], [16]. In the fan-beam data acquisition
case, we need to find a relation between the measureable
���� �� and the derivative of the line integrals Æ��� ��.
Using the transofrms in Eq. (4), it is easy to work out the
partial derivatives of the line integrals Æ��� �� with respect to
variables � and �:

�Æ��� ��

��
�

�Æ��� ��

�

� (5)

�Æ��� ��

��
� � 
�� �

�Æ��� ��

�

�

�Æ��� ��

�

� (6)

Thus, the subtraction of the above partial derivatives yields the
following important identity:

�
�

��
� �

��
�Æ��� �� �  
�� ����� ��� (7)

Eq. (3) and Eq.(2) have been utilized in this derivation. This
important identity provides a new connection between the
DPC-CT and absorption CT image reconstruction algorithms.
In the following, we use this identity to derive a new image
recosntruction algorithm for DPC-CT which enables accurate
image recosntruction with truncated projection data.

Most recently, a new image reconstruction formula was
derived for absorption CT[12], [13], [14], [15]. In this formula,
the image is reconstructed by applying a one-dimensional
Hilbert transform on an intermediate image, which was re-
ferred to as a backprojection image ���� ��� �� ��. The back-
projection image is defined as

���� ����� �� �

� �������

�������

��
�

����
�
�

��
� �

��
�Æ��� ���(8)

where ���� �
�
��� � 
�� ��� � �� � ��	 ���. The view

angles ����� �� and ����� �� are determined by the intersections
between the circular source trajectory and the horizontal
straight line passing through the image point ��� ��. Note that
the cooresponding projection angle � in Eq. (8) is determined
by the ray which is passing through the point �� �� �� from a
given view angle �. Using the identity (7), one can compute
the backprojection image in DPC-CT as follows:

���� ����� �� �

� �������

�������

��
 
�� ����� ��

����
� (9)

where there is no need to compute the derivatives of the
measurable data ���� �� with respect to the variables � and
�. Using the backprojection image ���� ��� �� ��, The image
is then reconstructed using the following formula:

Æ��� �� � � �

���
��

�� � ��

� 

� ��

��

���
�
�� � ���

�� � �
���� ����� �� � ���(10)

where the constant � should be larger than the radius of the
imaging field of view but it is smaller than the radius of the
scanning trajectory . The constant � in the above equation
is determined by the fact that the image values Æ��� �� are
zero outside the image support. Therefore, if we suppose point
���� ��� is a point outside the image support, then we have

� � �
� ��

��

���
�
�� � ���

�� � ��
����� ����

�� ��� (11)

Therefore, Eqs.(9)-(11) represent a new image reconstruction
method for fan-beam DPC-CT.

In the following, numerical simulations were conducted to
demonstrate these new features using two different phantoms.
Both of them consist of a uniform elliptical disk, and two
inserted uniform circular disks. The length of the semi-major
and semi-minor axes of the elliptical disk are ��� and ���
respectively. The radius of the disks is ����. In the first
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phantom, the decrement index for the ellipse is ��������, and
the decrement index for the two circular disks is ���� ����.
The two circular disks are positioned along the major axe of
the ellipse. In the other phantom, the decrement index for
the ellipse is identical to the first phantom, but the decrement
index for the two disks are � and ��� � ���� respectively.
The two disks are positioned along the minor axe of the
ellipse. In our numerical simulations, the refraction angles
are analytically calculated using Snell’s law[9]. The radius
of the source trajectory was 4.0 and the view sampling rate
was �� � �

���� . A curved detector was utilized and the
detector sampling rate was �� � �

���� . In the case of no data
truncation, it is easy to see that the fan-angle should be larger
than ���. The display window used here for image presentation
was ���� ���� � ����. The horizontal direction was selected
as the direction of the finite Hilbert transform.

Cases 1 and 2 Short Scan and Super Short Scan Data
Acquisition Modes

In the first numerical experiments, we demonstrate that an
angular range of � � �� (�����������) is sufficient for an
accurate reconstruction of the entire image object provided
that there is no data truncation. Namely, we assume that the
detector is sufficiently large to cover the entire image object
from all view angles.

In the second numerical experiment, we demonstrate the
capability of the new image reconstruction to exactly recon-
struct a local region of interest even if the acquired data range
is smaller than � � ��. In this case, the data acquisition
is over the angular range of �Æ� ���Æ�. Although we don’t
have enough data to exactly reconstruct the entire image, it
is possible to reconstruct part of the image object without
artifacts. To save space, we only show numerical results for
super-short scan case. In Figure 3, it is shown that the upper
part of the image object was accurately reconstructed using
the new algorithm while the reconstruction of the lower part
of the image object is inaccurate due to the data insufficiency.
The boundary is marked by a vertical dashed line in Figure
3(c). The left portion of the plot corresponds to the lower half
of the reconstructed image and the right portion of the plot
corresponds to the upper part of the reconstructed image.

Case 3 Local ROI reconstruction with data truncation
In the third numerical experiment, we assume that the

detector is not large enough to cover the entire image object for
some view angles. However, it is sufficiently large to cover the
entire image object at some other view angles (Figure 3). For
the given phantom, we selected the size of the detector such
that the subtended fan-angle is only ��Æ and the detector is
symmetrically placed with respect to the rotation iso-center. In
this case, we expect that the central ROI can be accurately re-
constructed, but the peripheral regions cannot be reconstructed
accurately due to the data insufficiency. In Figure 4, we present
the reconstructed image and the corresponding plots of image
values along three different straight lines. As shown in Figure
4(c), the portion between two vertical and dasjed lines are
accurately reconstructed while the peripheral portions have
significant signal drop. The results clearly demonstrate that
the accuracy of the reconstruction.

Case 4 Enlarged filed of view (FOV) imaging
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Fig. 3. Simulation for case 2. (a) shows the diagram for the scan
configuration, in which the view angle range equals 180 degree. The shaded
area shows the part of the object which can be accurately reconstructed based
on the data sufficiency condition. (b) is the reconstructed image, and (c)-(e)
are the profiles for the three lines in (b), respectively. The upper half of the
phantom is accurately reconstructed, although the lower half is not.

In the last numerical experiment, we present a method to
double the image field of view by using the new algorithm. In
this case, we use exactly the same data acqusition setup as in
the Case 3 except that the detector is shifted to the one side
as shown in Figure 5 (a). In this case, it is easy to see that the
data are truncated at every view angle. When the angular range
is �� ���, we demonstrate that the entire image object may be
accurately reconstructed using the new algorithm presented in
this paper. This numerical example demonstrate a new way
to image a relatively large object using a small detector. This
provides a practical means to enlarge the image FOV in DPC-
CT.

In conclusion, a new image reconstruction formula for DPC-
CT is presented in this paper. Numerical simulations have
been presented to validate the reconstruction formula. In this
new formula, the image reconstruction is performed in two
steps. The first step is to compute the backprojection image
and the second step is to filter the backprojection image to
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Fig. 4. Simulation for case 3. (a) shows the diagram for the scan
configuration, in which the fan angle is only 18 degree, in sufficient to cover
the object in each view angle. The shaded area shows the part of the object
which can be accurately reconstructed based on the data sufficiency condition.
(b) is the reconstructed image, and (c)-(d) are the profiles for the three lines in
(b), respectively. The central part of the phantom is still able to be accurately
reconstructed.
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Fig. 5. Simulation for case 4. (a) shows the diagram for the scan
configuration, in which the detector could only cover half of the phantom
while the view angle range is 360 degrees. The shaded area shows the part of
the object which can be accurately reconstructed based on the data sufficiency
condition. (b) is the reconstructed image, and (c)-(d) are the profiles for the
three lines in (b),respectively. The whole phantom is able to be accurately
reconstructed.

obtain the final image. The key feature of the new image
reconstruction algorithm is its capability to handle the data
truncation problem. This capability is of practical importance
in DPC-CT. Namely, even if we only have a small detector, we
may be able to image a large object by shifting the detector
to one side.
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Towards an Efficient Two-Step Hilbert Algorithm
for Helical Cone-Beam CT

Harald Schöndube∗†, Karl Stierstorfer†, Frank Dennerlein∗, Timothy A. White‡, and Frédéric Noo∗

Abstract—We investigate helical cone-beam reconstruction us-
ing differentiated backprojection on π-lines and a subsequent in-
verse Hilbert transform. We report in particular on an implemen-
tation scheme that allows efficient reconstruction in the geometry
of current Multi-Slice-CT scanners. This scheme is based on
reconstruction on “theoretical” π-lines (π-lines that would have
been measured in a continuous measurement system but are not
actually measured because only a finite number of projections are
measured in practice) and thus allows us to specify the sampling
of the backprojection grid independently of the sampled source
positions. We have identified six significant variations within our
implementation scheme, which differ mainly in the way the DBP
is implemented. We provide a description of all six variants of
the algorithm and evaluate their advantages and disadvantages
and give examples of reconstructions of the FORBILD thorax
phantom.

Index Terms—Helical Cone-Beam CT, Two-Step Hilbert algo-
rithm, π-line.

I. INTRODUCTION

In the field of Computed Tomography (CT) the idea of
a two-step Hilbert reconstruction algorithm, consisting of a
Differentiated Backprojection (DBP) followed by an inverse
Hilbert transform (HT), has recently received attention as a
method of exact image reconstruction. See [1]–[4] for various
presentations of this HT-DBP method.

The HT-DBP method is especially attractive because it al-
lows reconstruction from both laterally and transversally trun-
cated data. Furthermore, for Helical Cone-Beam CT (HCBT)
it requires only the data within the Tam-Danielsson (TD)
window [5], [6]. Most of the HT-DBP algorithms for this
geometry are designed to reconstruct data along so-called “π-
lines”, i.e. lines which intersect the vertex path twice, with the
two intersection points separated by less than one helix turn.
This allows reconstruction everywhere within the ROI as it
can be proved that each point inside the helix lies on one and
exactly one π-line [5].

The first works on HT-DBP [1]–[4] were tailored for the
flat detector, however, Zou et al. recently published the details
of the transformation to the practically more significant case
of a curved detector geometry [7]. Moreover, Yu et al. lately
introduced a rebinning version of the two-step Hilbert algo-
rithm to the pseudo-parallel “wedge” geometry [8], [9] using
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†Siemens Medical Solutions, Forchheim, Germany
‡Idaho National Laboratory, Idaho Falls, USA
This work was supported in part by the U.S. National Institutes of Health
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a flat detector [10]. However, due to the complex geometry
of π-lines it has remained largely unclear until today whether
π-line based HT-DBP algorithms could be made practical in a
way that they are suitable for currently manufactured medical
Multi-Slice CT (MSCT) scanners, e.g. allowing an efficient
reconstruction with an arbitrary reconstruction grid in the x-
y-plane and supporting the slice thickness concept.

In this work we present an implementation scheme for HT-
DBP reconstruction on π-lines that was developed following
the ideas presented in [11] for implementing Katsevich’s
formula for exact HCBT [12]. This scheme is adapted for data
acquired using a curved detector and is based on reconstruction
on what we call “theoretical” π-lines (i.e. on a subset of the
unlimited set of π-lines that would have been measured in
a continuous measurement system, as opposed to “real” π-
lines that connect only source positions where projections are
actually measured). This choice enables the reconstruction grid
to be varied freely in the (x, y)-plane.

We have identified six significant variations within our
implementation scheme. In the following we concentrate on
a description of all six variants of the algorithms and sub-
sequently discuss their advantages and disadvantages (sec-
tion III). An evaluation of these variants against each other
is being performed by measurements of resolution and noise
along with reconstructions of the FORBILD thorax phantom.
We present our first results in section IV.

II. GEOMETRY

A. Data acquisition

This section gives a short overview of the geometry and
notation used in this report. The vertex path is given as

a(λ) = [R0 cos(λ + λ0), R0 sin(λ + λ0), z0 + hλ] (1)

where λ is the rotation angle of the source in the interval
[0, λmax], R0 is the helix radius and 2πh the helix pitch. The
vertex path is adjusted by λ0 and z0 such that at λ = 0 the
source is located at angle λ0 in the plane z = z0.

Apart from the standard (x, y, z) geometry, we also use a
coordinate system rotating with the data acquisition system as
depicted in figure 1. The orthonormal basis of this coordinate
system is given by the vectors

eu(λ) = [� sin(λ + λ0), cos(λ + λ0), 0] , (2)
ev = [0, 0, 1] , (3)
ew(λ) = [cos(λ + λ0), sin(λ + λ0), 0] . (4)

The detector consists of an array of Nrows � Ncols elements,
which are, column-wise, arranged parallel to ev and, row-wise,
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Fig. 1: Data acquisition geometry.

forming arcs around a line La parallel to the z-axis through the
vertex point. Despite of being counted in the direction of eu

and ev , respectively, the detector units are denoted by the angle
γ and w, as the detector does not lie fully in the plane defined
by eu and ev . We furthermore denote with D the distance
from the line La through the focal point to the detector and
with f(x) the 3D object density to be reconstructed. In our
notation the measurements are obtained as

g(λ, γ, w) =

∫ ∞

0

f(a(λ) + t�(λ, γ, w))dt (5)

with

�(λ, γ, w) =
(D sin γ eu(λ) � D cos γ ew(λ) + w ev)

√
D2 + w2

. (6)

The upper and lower boundary of the TD window in this
geometry are given by [11]:

wtop = �
Dh

R0

π/2 + γ

cos γ
, wbottom =

Dh

R0

π/2 � γ

cos γ
. (7)

B. Arrangement of the backprojection geometry

For backprojection we need to change the standard (x, y, z)-
geometry so that we can work on sets of parallel theoretical
π-lines. We restrict ourselves, with no loss of generality, to
working on π-lines having a positive slope and re-arrange
the reconstruction volume to a stack of surfaces of “parallel”
π-lines. Fig. 2 depicts one such surface. Each surface is
indexed by a vertex position λfilt, where a(λfilt) denotes the
starting point of a π-line which intersects with the z-axis
(see again fig. 2). All π-lines on a given surface have their
projections on the (x, y)-plane parallel to each other, and λfilt

defines the direction of these lines. Note, however, that by
construction every π-line intersects the vertex path twice and

thus π-lines defined by the same λfilt are not parallel in the z
dimension. Accordingly, a set of π-lines as in figure 2 does not
define a plane in space, but merely a twisted surface in space.
Yet, using proper interpolation we can still do reconstruction
using these surfaces.

For indexing onto each π-line surface we use a (s, �)-grid
which is obtained by rotating the x- and y-axes such that

es(λfilt) = [� sin(λfilt + λ0), cos(λfilt + λ0), 0] , (8)
e� (λfilt) = [� cos(λfilt + λ0), � sin(λfilt + λ0), 0] . (9)

In other words, s denotes a signed distance of the projections
of the π-lines onto the (x, y)-plane from the origin, and � is a
coordinate along those projections. We furthermore introduce
a variable t along the π-lines such that the projection of t onto
the (x, y)-plane yields � . The z-position of a point indexed by
(s, �, λfilt) is then given by

z = z0 + h

(
λfilt +

π

2
+

� (π/2 � arcsin (s/R0))√
R2

0 � s2

)
. (10)

For a given volume (x, y, z) this equation also allows us
to determine the range of λfilt, over which backprojection
should be carried out to cover the volume of interest. We then
set the distance between the surfaces of π-lines over which
backprojection is carried out to

∆λfilt = ∆z/h, (11)

where ∆z is the desired voxel size in z.
The backprojection grid can be arranged in two different

ways:
1) The grid is laid out on an arbitrary (s, �)-grid, and

backprojection is directly performed in this (s, �, λfilt)
coordinate system. The final reconstruction is then ob-
tained by applying the inverse HT in the same geometry
and a subsequent interpolation to the (x, y, z)-grid.

2) The backprojection is still done on the surface of theo-
retical π-lines, but the grid is laid out on a (x, y)-grid,
resulting in a (x, y, λfilt) coordinate system. The back-
projection result then is interpolated to the (s, �, λfilt)
system for the inverse HT and finally to the (x, y, z)-
grid.

The second method has the advantage that the (x, y)-positions
of the voxels to be reconstructed do not change over λfilt,
which accelerates backprojection. However, due to the addi-
tional interpolation needed for the inverse HT, image quality
has to be closely monitored.

III. ALGORITHMS AND IMPLEMENTATION STRATEGIES

A. Inversion of the Hilbert Transform

In contrast to a standard filtered backprojection (FBP)
approach, the differentiated backprojection (DBP) does not
directly result in a theoretically exact reconstruction of f(x),
but merely in a Hilbert transform of f(x) along the π-
lines described above. Implementing a two-step Hilbert recon-
struction thus includes finding a good way to apply an inverse
HT to the backprojection result. A method of doing so has
been suggested earlier [13], and thus will be just sketched
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shortly. In the following we will denote the outcome of the
backprojection as (Hf)(x) and the final reconstruction as
f̂(x).

As stated in [14], an inverse HT along the direction of a unit
vector � for a function with limited support can be achieved
by use of

f̂(x + t�) =
�1√

(t � tmin)(tmax � t)

[
C(x) + ...

... +

∫ tmax

tmin

(Hf)(x + t′�)

t � t′

√
(t′ � tmin)(t′max � t) dt′

]
,

(12)

if f(x + t�) ≡ 0 for t /∈ (tmin, tmax). The function C(x) can
be computed in different ways: see, e.g. [3], [10], [13]. For
our implementation, we found it easiest to set

C(x) = �
2 �
∫∞

�∞
f(x + t�) dt

π
, (13)

as we can get a good approximation of this value directly
from the measured data. We implement eq. 12 the way it was
suggested in [3], [13] using a rectangular apodization window
and a half-pixel shift of the output to avoid aliasing artifacts.

B. Differentiated Backprojection (DBP)

The different variants of implementing the DBP presented
in this work can be divided into three classes:

1) Taking the derivative with respect to detector coordinates
only. As this method requires backprojection with a
squared distance weight, we have dubbed it “DBP-2”.

2) Taking the derivative of the measured data with respect
to λ at fixed ray direction. This “DBP-1” method re-
quires no square in the backprojection weight.

3) Rebinning the data to the pseudo-parallel wedge geom-
etry first and doing differentiation and backprojection
in that geometry. This “DBP-0” method requires no
backprojection weight.

Together with the two different methods of creating the
backprojection grid described in section II-B this makes an
overall of six different versions of DBP-HT. In the following

we will present the different variants of the DBP used in our
work and details of their implementation.

1) DBP-2: This approach of implementing the DBP is
presented in detail in [3]. It features differentiation only in
detector coordinates and a backprojection weight of the square
of the distance from the current voxel to the vertex point,
projected onto the (x, y)-plane. For a curved detector geometry
we have [7]

(Hf)(x) = �
1

2π

[
2∑

q=1

(�1)qg(λq, γ∗(λq, x), w∗(λq, x))

‖x � a(λq)‖

+

∫ λ2(x)

λ1(x)

DgF (λ, γ∗(λ, x), w∗(λ, x))

η(λ, x)2
dλ

]
(14)

with λ1(x) and λ2(x) denoting the first and second intersec-
tion of the π-line through x with the vertex path, and with

η(λ, x) = R0 � x cos(λ + λ0) � y sin(λ + λ0), (15)

γ∗(λ, x) = arctan

(
y cos(λ + λ0) � x sin(λ + λ0)

η(λ, x)

)
, (16)

w∗(λ, x) =
D cos(γ∗(λ, x))

η(λ, x)
(z � z0 � hλ) , (17)

and

gF (λ, γ, w) = R0
cos2 γ

D

∂�g

∂γ
+cos γ(h�R0w

sin γ

D
)
∂�g

∂w
(18)

where �g = �g(λ, γ, w) = (D/
√

D2 + w2) g(λ, γ, w).
For reconstruction of one surface of π-lines we first compute

the z value of each voxel on the desired (s, �) or (x, y)
grid. The backprojection for each surface of π-lines indexed
by λfilt is then carried out over the interval λ ∈ [λfilt �
γFOV, λfilt + π + γFOV], where γFOV = arcsin(RFOV/R0)
with RFOV denoting the radius of the field-of-view. To handle
the voxel dependence of the range of projections over which
the backprojection is carried out we use a technique suggested
and described in detail in section 4.3.5, eqs. (59)–(64) of [11].
We also use this technique to estimate the boundary terms in
(14).

2) DBP-1: The implementation of this variant is the same
as the one for Katsevich’s algorithm presented in [11] up to
a replacement of the filtering step by a differentiation with
respect to λ at fixed ray direction. Because of space limitations
we do not give details in this abstract, however we will provide
them in the final presentation.

3) DBP-0: The third approach of implementing the DBP is
based on a rebinning of the measured data to a pseudo-parallel
geometry according to

ϑ(λ, γ) = λ +
π

2
� γ, sr(λ, γ) = R0 sin γ, (19)

with w remaining untouched during rebinning. The backpro-
jection formula after rebinning can be shown to be

(Hf)(x) = �
1

2π

∫ ϑfilt+π

ϑfilt

D � �grb(ϑ, s∗r (ϑ, x), w∗(ϑ, x))√
D2 + (w∗(ϑ, x))2

dϑ

(20)
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with

�grb(ϑ, sr, w) =
∂

∂sr
grebin(ϑ, sr, w), (21)

s∗r (ϑ, x) = x cos(ϑ + ϑ0) + y sin(ϑ + ϑ0), (22)

w∗(ϑ, x) =
D (z � z0 � h (ϑ � π/2 + arcsin (s∗r/R0)))

y cos(ϑ + ϑ0) � x sin(ϑ + ϑ0) +
√

R2
0 � s∗r

2

(23)

and ϑfilt = λfilt + π/2 and ϑ0 = λ0 + π/2. As can be seen,
this approach reduces the filtering to a single derivative ∂/∂sr,
which constitutes a great advantage for the implementation.
Furthermore, both the backprojection weight and the voxel-
dependence of the backprojection range within any given
surface of π-lines are eliminated. After deciding in favor of
a (s, �)- or (x, y) backprojection grid and computing the z
values of the voxels accordingly, we therefore can run the
integration directly over the interval [ϑfilt, ϑfilt + π] without
further worrying about the reconstruction range. For imple-
menting the integration as a sum in this context we suggest
using the well-known trapezoidal rule.

IV. RESULTS

Due to lack of space we are only able to show a few
selected results here. For comparing the different versions of
the DBP, we present reconstructions of the FORBILD thorax
phantom using the different algorithms. We simulated helical
cone-beam data with and without Poisson noise corresponding
to an emission of 500 000 photons per ray, with R0 = 57 cm,
D = 104 cm and 1160 projections per turn with a helix pitch
of 6.58 cm. The curved detector consists of 673�64 elements
with a size of 0.14083 � 0.13684 cm2. The reconstructed
images presented here all have a size of 600 � 383 square
pixels of side 0.007 cm and the inverse HT was perfomed
along the image columns.

Fig. 3 compares two different reconstructions obtained
using DBP-1 in the plane z = �0.065 cm, whereat the
backprojection was carried out on a (x, y)-grid for the first
one, on a (s, �)-grid for the second one. Fig. 4 compares
two reconstructions without added noise on a surface of π-
lines with no interpolation in z at λfilt = 3π/2. The first
one was obtained by using DBP-2, the second one by using
DBP-0. Fig. 5 finally shows the same reconstructions as in
fig. 4, but with Poisson noise added to the data before starting
reconstruction.

Note that we have not yet performed any resolution match-
ing and only a few noise measurements, so these figures
constitute an illustrative result only at this time. However, we
plan to have performed these investigations by the time of the
conference.
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A New Anti-Aliased Projection Operator for
Iterative CT Reconstruction

Johan Sunnegårdh and Per-Erik Danielsson

Abstract—A new projection operator is presented and eval-
uated. This operator has been designed to suppress aliasing
artifacts due to (i) false high frequencies contained in the
footprint function, and (ii) high frequencies caused by a divergent
beam geometry. It is easy to implement and allows for efficient
computer implementations.

Instead of sampling the footprint as done in most projection
operators, the footprint is integrated. This integration suppresses
false high frequencies, frequency components that cause aliasing
and approximately takes into account the finite size of focus and
detector.

Two-dimensional parallel beam experiments are presented.
These experiments confirm that artifacts due to false high fre-
quencies can be suppressed by the proposed technique. In order
to investigate the advantages for divergent beam geometries,
current experiments must be complemented with cone-beam
experiments.

I. INTRODUCTION

The projection operator, calculating projection data from a
discretized image, is an important part of every iterative recon-
struction method. It defines (i) how the continuous function to
be estimated is represented by a finite set of parameters, and
(ii) how projection data are calculated from this continuous
function.

Much effort has been put into finding representations suit-
able for image reconstruction, i.e. point (i) above. Important
examples of such representations include the square basis
function [16], the Joseph projection operator [5], generalized
Kaiser-Bessel basis functions [8], [9], and the tri-linear basis
function [7].

Less attention has been paid to point (ii) above, i.e. calcu-
lation of projection data from the interpolated function. The
most common way to do this is to calculate pure line integrals
or collections of line integrals. Mueller et al. [11] pointed out
that this may induce aliasing artifacts in the case of divergent
rays. As a remedy, low-pass filtering controlled by the distance
to the focal spot was suggested. Ziegler [17] later showed
that these artifacts also can be suppressed by calculating
strip integrals [4], [15] instead of line integrals. Although
formulated differently, a similar solution was proposed by De
Man and Basu [10].

In this paper we propose a new projection operator based on
the Joseph projection operator [5], the distance driven operator
by De Man and Basu [10], and the technique for calculation
of strip integrals suggested by Hanson and Wecksung [4]. This

The authors are with the Computer Vision Laboratory, Dept. of E.E.,
Linköpings Universitet, SE-581 83, Linköping, Sweden. Telephone +46-13-
281000. Email:sunnegardh@isy.liu.se, ped@isy.liu.se. This work was sup-
ported by Siemens Medical Solutions, Forchheim, Germany.

operator is potentially faster than the blob-based operator by
Ziegler et al. [17], and produces a smaller amount of artifacts
than the operator by De Man and Basu [10].

The new projection operator is mainly motivated by the
divergence in the cone-beam geometry. However, as a first
step we present theory and experiments for a parallel two-
dimensional geometry.

II. METHOD

A. Basis and irradiation functions

A finite set of parameters {f1, ..., fN} is usually connected
to a continuous function by means of a basis function b : R2 →
R, and a predefined set of spatial coordinates {r1, ..., rN}, so
that the continuous function fc : R2 → R can be calculated
as

fc(r) =
N∑
j=1

fib(r− rj). (1)

Given this continuous function fc(r), the contribution to a
certain detector element pi can be calculated by

pi =
∫

R2
wi(r)fc(r)dr (2)

where the function wi(r), which we call irradiation function,
determines how much various areas in R2 contribute to this
particular detector element. Two types of irradiation functions
will be considered here, namely Dirac lines corresponding
to line integrals and strip functions corresponding to strip
integrals.

Insertion of (1) into (2) yields

pi =
∫

R2
wi(r)

N∑
j=1

fjb(r− rj)dr

=
N∑
j=1

fj

∫
R2
wi(r)b(r− rj)dr︸ ︷︷ ︸

=:pij

. (3)

If wi(r) is a Dirac line, the expression for pij becomes a
line integral taken through the basis function. This observation
takes us to the important notion of footprints. Let θ be the
projection angle and let t denote a parallel displacement. Then,
the direction of the rays is given by

s(θ) =
(

cos(θ)
sin(θ)

)
∈ S1 ⊂ R2. (4)
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and the displacement is given by

t(θ, t) = t

(
− sin(θ)
− cos(θ)

)
∈ (S1)

⊥ ⊂ R2 (5)

Having introduced these entities, we may define the footprint
g(θ, t) as

g(θ, t) =
∫

R
b(t(θ, t) + ls(θ))dl. (6)

According to the Fourier slice theorem, the Fourier transform
of g(θ, t) with respect to t equals the two-dimensional Fourier
transform of b(r) in the direction perpendicular to s. Thus, the
footprint can be used to study Fourier domain properties of a
basis function. For rotationally symmetric basis functions, a
look-up table of the footprint can be pre-calculated for fast
implementations [12].

Hanson and Wecksung [4] showed how the footprint can be
used for calculation of strip integrals. By storing the integral

I(θ, t) =
∫ t

−∞
g(θ, t̃)dt̃, (7)

a particular strip integral coefficient pij can be calculated as
the difference

pij =
∫ t2

t1

g(θ, t)dt = I(θ, t2)− I(θ, t1). (8)

B. The Joseph projection operator

Using the notation introduced in the previous section, the
projection operator proposed by Joseph [5] can be defined by
its footprint

gJ(θ, t) =


1

| cos θ|Λ
(

t
∆x| cos θ|

)
| cos θ| ≥ | sin θ|

1
| sin θ|Λ

(
t

∆x| sin θ|

)
| cos θ| < | sin θ|

(9)

where ∆x is the sampling distance for the voxel grid, and
Λ(t) = max(0, 1 − |t|). Unfortunately, this footprint violates
the Helgason-Ludwig consistency condition [13]. Thus, no
basis function corresponding to this footprint exists. Therefore,
in the following we will speak of sampling and integration
of footprints rather than line and strip integration of basis
functions respectively.

The Fourier transform of gJ with respect to the second
argument is given by

GJ(θ, ρ) =
{

∆x sinc2(∆x| cos θ|ρ) | cos θ| ≥ | sin θ|
∆x sinc2(∆x| sin θ|ρ) | cos θ| < | sin θ|

(10)
Obviously, this function equals zero for

ρ = k∆−1
x , θ = 0◦ + l · 90◦, (11)

and for
ρ =
√

2k∆−1
x , θ = 45◦ + l · 90◦, (12)

where k ∈ Z+\{0}, l ∈ Z. Danielsson and Magnusson [2]
used this fact to show that practically no DC-aliasing is
generated by the Joseph operator. Equivalently, the Joseph
projection operator acting on a constant image will produce
constant projection data.

For the Joseph operator, the contribution from a pixel to
a projection data element is given by sampling the footprint
function. In the case of an existing basis function, this would
correspond to using Dirac lines as irradiation functions. One
problem that arise here is that the triangular footprint function
gives rise to a certain amount of false high frequencies that
result in aliasing distortion in the sampling step. The results
presented in Section III suggest that artifacts due to these false
high frequencies can be suppressed by integrating the footprint
instead of sampling it.

C. The distance driven projection operator

The distance driven projection operator by De Man and
Basu [10] is here presented using notation of footprints in-
troduced in described in Section II-A. We refer to the origi-
nal publication for a more direct presentation. The footprint
gDMB(θ, t) of this operator is given by

gDMB(θ, t) =

{
1

| cos θ|Π(t) | cos θ| ≥ | sin θ|
1

| sin θ|Π(t) | cos θ| < | sin θ| (13)

where Π(t) denotes a rectangular function of unity width. For
the same reason as for the Joseph operator, constant images
are projected onto constant projections. However, this footprint
function suffer from even more false high frequencies than the
Joseph footprint function.

In order to take into account the distance ∆t between the
rays, the footprint is integrated over a strip of width ∆t.
This works as a ray distance adapted anti-aliasing filter that
removes false high frequencies and high frequencies caused
by a divergent geometry.

An important property of both the Joseph and the distance
driven projection operator is that it can be implemented as
a series of row- and column-wise resampling operations on
the image. This makes it possible to access data in a highly
sequential way, which is important for efficient computer
implementations.

D. The new projection operator

In the new projection operator, the footprint gJ(θ, t) of the
Joseph operator is combined with with the footprint integration
from the distance driven operator. This modification brings
two advantages. First, aliasing distortion due to false high
frequencies in the footprint is reduced. Second, in the fan-
and cone-beam geometries, the amplitude of frequencies that
are too high for the local ray density is reduced. Thus, aliasing
due to divergent rays is suppressed.

Thanks to the integration technique (8), this projection op-
erator is well suited for an efficient computer implementation.
As a first step in the implementation, the image is divided into
layers that are maximally orthogonal to the ray direction as
shown in Fig. 1. Because of the stretching of the Joseph foot-
print (see Eq. (9)), its projection onto these layers will always
be a triangle of width 2∆x. Below follows a brief algorithmic
description of our implementation.
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L. 1

Joseph footprint
Projected Joseph
footprint

L. 3

L. 2

Ray 1 Ray 2 ∆x

∆t

θ

Fig. 1: Illustration of how the image is divided into layers maximally
orthogonal to the ray direction. Here, maximally orthogonal
means that the angle between the rays and the layers shall
not be less than 45◦. The projection of the Joseph footprint
onto these layers is always a triangle of length 2∆x.

Projected and integrated footprint IP(θ,t-xj)

xjt1 t2

Fig. 2: The contribution from the jth pixel to the indicated ray is
given by IP (θ, t2 − xj)− IP (θ, t1 − xj).

1: Calculate integrated footprint table
2: for all projection angles θ do
3: Divide image into pixel layers maximally orthogonal to

the ray direction (see Fig. 1).
4: for all pixel layers do
5: for all intersecting rays do
6: Determine the integration interval
7: Determine which pixels that contribute to this ray.
8: for all contributing pixels do
9: Calculate the contribution from the current voxel

as the difference IP (θ, t2−xj)− IP (θ, t1−xj)
(see Fig. 2).

10: Accumulate ray contribution.
11: end for
12: end for
13: end for
14: end for

E. Reconstruction method

For evaluation of the new projection operator, the linear
conjugate gradient method (see e.g. Nocedal and Wright[14])
was used to minimize the function

z(f) =
1
2
‖Pf − pin‖2W + β

N∑
i=1

N∑
j=1

dij(fi − fj)2. (14)

In this formula the first term is the data term measuring how
well projections of the estimated image fit to input data. The
second term is a regularization term, imposing a smoothness
constraint on the estimated image. More specifically,

TABLE I: Scanning and reconstruction parameters

Number of channels 336
Number of projections (1/2 turn) 290
Number of pixels 512× 512
Detector width 500mm
Width of reconstructed volume 500mm

TABLE II: Root mean squared errors calculated over the whole
image (σe1) and central low-contrast parts (σe2) respec-
tively.

P Joseph Joseph New op. Dist. driven
B Lin. int. PT PT PT

σe1 (HU) 89.85 87.91 86.39 86.61
σe2 (HU) 1.25 1.36 1.08 1.39

• f ∈ RN is a vector representing the image to be
estimated;

• pin ∈ RM is the input data vector;
• P = (pij) is the matrix representation of the projection

operator;
• W is a spectral weighting matrix (rampfilter) as sug-

gested by Delaney and Bresler [3];
• ‖ · ‖W is defined as

√
< W · |· >, where < ·|· > is the

standard Euclidean inner product;
• dij are the inverse distances between pixels i and j in a

3× 3 neighborhood;
• β is a parameter determining how much differences

between neighboring pixels shall be penalized.

III. RESULTS

For experimental evaluation, reconstructions generated by
the method described in the previous section were studied.
Input data were generated from a Shepp-Logan phantom with a
length of 368mm (see e.g. Kak and Slaney [6] for a definition).
Each detector contribution was calculated as a mean of 7
parallel sub-rays. Other parameters are listed in Table I.

Four different projection/backprojection pairs were com-
pared, namely

1) P: Joseph, B: Linear interpolation on the detector.
2) P: Joseph, B: Transpose
3) P: New operator, B: Transpose
4) P: Dist. driven, B: Transpose

Here, P and B denote projection and backprojection matrices
respectively. Image quality was studied by visual inspection
and measurement of the error

σe =

√
1
|Ω|
∑
i∈Ω

(fi − f̃i)2. (15)

where fi and f̃i are components of the reconstructed image
and the sampled phantom respectively. The set Ω over which
the summation was carried out was chosen as (i) the complete
image and (ii) a disc containing only low contrast objects.

Fig. 3 shows reconstruction results after 10 conjugate gra-
dient iterations. Clearly the lowest artifact level is obtained
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a) P: Joseph
B: Lin. int.

b) P: Joseph
B: PT

c) P: New op.
B: PT

d) P: Dist. dr.
B: PT

Fig. 3: Reconstruction results after 10 conjugate gradient iterations
for the four projection/backprojection pairs listed in Section
III. Greyscale window (20± 15)HU.

with the new operator. This result is confirmed by the error
measurements listed in Table II. The new operator performs
better than the others both with respect to σe measured over
the whole image and σe measured over central low contrast
parts.

IV. CONCLUSION

From the results presented in the previous section, it is clear
that the new projection operator pair produces images with
lower artifact levels than the other projection/backprojection
pairs examined. We believe that this reduction of artifacts in
relation to the Joseph/JosephT -pair is due to (i) reduction of
false high-frequency information and (ii) better modeling of
the projection data acquisition process.

So far, experiments have only been performed on the
parallel two-dimensional geometry. However, generalization
to three-dimensional cone-beam CT is straightforward. In this
divergent geometry, the new operator should possess the same
anti-aliasing properties as the operators presented by Mueller
et al. [11], De Man and Basu [10], and Ziegler et al. [17].

To further improve the accuracy of the linear model for
data capture, gantry rotation can be taken into account. It

has been shown by Danielsson [1] that this can be done
by an additional convolution with a rectangle function. The
resulting interpolation function projected onto the layers in
Fig. 1 consists of the projected footprint convolved with two
rectangles of different widths: one corresponding to the finite
focus and detector size and one corresponding to the gantry
rotation. This may seem complicated to perform. However, it
is shown in [1] that the integration technique (8) by Hanson
and Wecksung [4] can be generalized to include convolution
with more than one rectangle function.
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Fast and Robust Edge-Preserving Image
Reconstruction for Limited-Angle Tomography

Hewei Gao, Yuxiang Xing, Li Zhang, Zhiqiang Chen, and Jianping Cheng

Abstract— Limited-angle tomography is frequently encoun-
tered in practical applications. Generally, analytical reconstruc-
tion methods which directly inverse incomplete data will not give
a good result. Missing data can be compensated by a reprojec-
tion from reconstructed image via the Gerchberg-Papoulis-type
extrapolation using the linogram algorithm (GPEL). As image
reconstruction and reprojection are both implemented by the
fast Fourier transform (FFT), the GPEL iterative procedure
has computational efficiency. However, it is sensitive to noise
and oscillation, and could easily result in divergence or severe
artifacts. The total variation (TV) regularization is proved to be
an attractive approach for signal and image recovery. We here
present a GPEL-TV method for limited-angle tomography. With
the TV regularization, noise and oscillation are restrained while
image edges are preserved as well. Hence, the iterative procedure
is robust. Our method is validated on numerical experiments
from an LCT scan.

Index Terms— image reconstruction, limited-angle tomogra-
phy, linogram algorithm, total variation.

I. INTRODUCTION

THE total variation (TV) regularization is proved to be
an attractive approach for signal and image recovery

from incomplete data [1]. Imaging with a straight-line trajec-
tory (LCT scan) such as the computed laminography (CL),
the linear computed tomography (CT), and the spot-light
synthetic aperture radar (SAR), can be viewed as limited-
angle tomography [2]–[4]. Generally, analytical reconstruction
methods which directly inverse incomplete data will not give
a good result. Iterative reconstruction algorithms [5]: expecta-
tion maximization (EM), algebraic reconstruction techniques
(ART) for instance, may be useful. But most of them are
computationally expensive.

The Gerchberg-Papoulis (GP) -type extrapolation using
the linogram algorithm (GPEL) tries to compensate missing
data via a reprojection from reconstructed image [6]. It has
computational efficiency because image reconstruction and
reprojection are both implemented by the chirp-z transform
and the fast Fourier transform (FFT). However, the linogram
algorithm is sensitive to noise and oscillation which could be
magnified during the GPEL iterative procedure.

To suppress these artifacts, we introduce the total variation
(TV) minimization [7] into the iterative procedure and obtain
a GPEL-TV iteration. With the TV regularization, noise and

This work was supported by a grant from the National Natural Science
Foundation of China (No. 10575059), a grant from the National Natural
Science Foundation of China for Young Scholars (No. 10605015), and a
program for New Century Excellent Talents in University.

Authors are with the Department of Engineering Physics, Tsinghua Uni-
versity, Beijing, 100084, P.R. China (e-mail: gaohewei@tsinghua.org.cn,
zli@mail.tsinghua.edu.cn).

oscillation are restrained, while image edges are preserved as
well. Hence, we get a fast and robust edge-preserving image
reconstruction for limited-angle tomography.

This paper is organized as follows. In Section II, a GPEL-
TV method for limited-angle tomographic image reconstruc-
tion is proposed. Numerical experiments on high and low
contrast objects, as well as noise are presented in Section III.
Finally, a brief conclusion is given.

II. METHODOLOGY

In imaging fields, there may exist some situations where
only part of data samples are available. In an LCT scan
for instance, the effective coverage of projection angles Φ,
is less than π, which makes it a limited-angle parallel-beam
tomography.

For a limited-angle tomography, the projection data of an
object function f(x, y), Radon transform, can be written as

Rf(s, θ) =
∫∫

dxdyf(x, y)δ(x cos θ + y sin θ − s), (1)

where, s and θ are parameters under parallel-beam projection
with |θ| ≤ Φ/2,Φ < π.

A. The Gerchberg-Papoulis Iterative Procedure

For image reconstruction in CT, the 1-D Fourier transform
of projection Rf(s, θ) with respect to s, and the 2-D Fourier
transform of image f(x, y) are connected by the so called
“Fourier slice theorem”:

F1Rf(s, θ) = q̂(ξ, θ) = f̂(ξ cos θ, ξ sin θ) = F2f(x, y).
(2)

Here, F1 and F2 represent the 1-D and 2-D Fourier transform.
Given that data q̂ are sampled only within a limited-angle,

i. e., q̂0 = TσF1Rf = Tσ q̂ ⊂ q̂ is collected (Tσ will be
discussed later), how can we reconstruct the object function f
from data TσF1Rf ?

As we know, the Gerchberg-Papoulis (GP) algorithm which
concerns with extrapolation for band-limited signals [8], [9],
can be applied to realize such image recovery problem. Given
that f has a compact support, the following identity is always
valid:

q̂ = q̂0 + (1− Tσ)F2TτF−2q̂ (3)

where, F−2 denotes the inverse 2-D Fourier transform, Tσ and
Tτ are two priori constraints on the Fourier and image spaces.
Typically,

Tσ(ξ) =
{

1 if ξ ∈ σ
0 elsewhere , Tτ (x) =

{
1 if x ∈ τ
0 elsewhere (4)
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Fig. 1. Sampling in the Fourier space for linogram algorithm.

with σ and τ denoting the data-known region in the Fourier
space and the object support in the image space, respectively.

Thus, using the identity in Eq. (3), the GP-type iterative
procedure can be expressed by

f0=TτF−2q̂0,

fn=f0 + TτF−2(1− Tσ)F2fn−1, n = 1, 2, · · · . (5)

where, f0 is the initial estimate of the image, and fn is the
result after n iterations.. We can see that in the GP algorithm,
missing data is estimated by reprojection of reconstructed
image while keeping the known part data as is.

Prior knowledge such as the non-negativity of reconstruc-
tions and the conservation of mass (summation of object
function), can be imposed during each iteration. Properties
of convergence for GP-type algorithms can be found in the
literatures [6], [8]–[10].

B. The Implementation of the GP Algorithm

For CT and many other imaging modalities, data in the
Fourier space are not sampled on rectangle grids. Indeed, the
2-D Fourier transform and its inverse in Eq. (5), F2 and F−2,
are non-equi-spaced. Interpolation is needed if we want to
directly use the FFT technique. Ordinary interpolation in the
radial direction in the Fourier space will bring on severe arti-
facts. To improve the reconstruction quality, many approaches
such as the gridding algorithm [11]–[13], the nonuniform FFT
(NUFFT) approaches [14]–[16], and the linogram algorithm
[17]–[19] are proposed.

The linogram algorithm can be used in the situations where
sampling points in the Fourier space are on concentric squares
or cubes (shown in Fig. 1). It requires no interpolation if the
fast chirp-z transform is applied. Basic implementation of the
linogram algorithm for image reconstruction and reprojection
can be found in [6]. If F2 and F−2 are both implemented by
the linogram algorithm, the extrapolation by Eq. (5) is called
GPEL iteration.

In the original form of the linogram method, before the DFT
in the end, data is multiplied by a weighting factor |n|. In [19],
we pointed out and proved that in stead of using |n| directly,
the reconstruction can be dramatically improved without or
with less zero-padding by using the discrete Fourier transform
of the ramp filter.

1

2

Fig. 2. An LCT scan. (a) Object scanning configuration; (b) Data samples
in the Fourier space.

C. Application to an LCT Scan

The configuration of an LCT scan is schematically described
in Fig. 2. The source and the detector are fixed in an LCT
scan, an object is translated along a straight-line trajectory
from left to right. Projections in an LCT scan have a special
property that data from each detector element correspond to a
certain view angle of parallel beams. Data produced from the
LCT scan completely agree with the manner of the linogram
sampling. Details about the LCT scan can be found in [4],
[6]. Such kind of imaging configuration may be useful in
medical and industrial applications but suffers a limited angle
problem. The GPEL iterative procedure with TV regularization
presented above is quite suitable for its image recovery.

D. The TV Regularization

Recently, the TV regularization are developed to optimize
the reconstruction from few-view and limited-angle data [1],
[20], [21]. Plausible results have been achieved. In [1], sparse
data in the frequency are computed directly by the Fourier
transform of image, and the image recovery procedure is real-
ized via linear programs and second-order cone programs. An
ART-TV method is proposed in [20], where the authors focus
on divergent-beam CT. In [21], a discrete Fourier Transform
(DFT)-based TV regularization for equi-spaced samples was
also presented. We here concern with the LCT scan which is
close to the limited-angle parallel-beam tomography, and the
image reconstruction and reprojection are implemented by the
linogram algorithm.

Generally, a TV regularized limited-angle tomography is to
solve

min ‖f‖TV , subject to TσF1Rf = q̂0 (6)

where, the TV norm is defined as ||f ||TV =
∫

τ
|∇f | with ∇

being the gradient operator.
In order to work with the GPEL iteration, instead of solving

the above problem directly, the TV norm of the reconstructed
image fn is minimized through an iteration like what Sidky
did in [20],

f0
n=fn,

f i+1
n =f i

n + λ∇ · ( ∇f i
n√

|∇f i
n|2 + β

), i = 1, 2, · · · (7)
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Fig. 3. Image reconstruction of high contrast object from 120 deg data.
Display window [0 2]. (a) Phantom; (b) Direct inversion using the linogram
algorithm (LinoRecon) ; (c) Results using the GPEL method with 500
iterations; (d) Results using the GPEL-TV method with 500 iterations; (e)
The horizontal profiles of row 130 in images (a)-(d).

where, f i
n represents the image result after n GPEL iterations

and i TV iterations, λ is the step size and β > 0 is a factor
used to avoid singularity.

The TV regularization can restrain noise and oscillation
while preserve image edges as well [7]. Hence, combining
it with the GPEL iteration, we obtain a fast and robust edge-
preserving image reconstruction method for limited-angle to-
mography (GPEL-TV), especially for the LCT scan.

III. NUMERICAL EXPERIMENTS

We validate the GPEL-TV method on numerical experi-
ments for high and low contrast objects, as well as noise. The
angular coverage of limited-angle tomography is 120 and 150

50 100 150 200 250 300

0.9

0.95

1

1.05

1.1

Phantom
LinoRecon
GPEL
GPEL−TV

(e) 

Fig. 4. Image reconstruction of low contrast object from 150 deg data.
Display window [1 1.04]. (a) Phantom; (b) Direct inversion using the linogram
algorithm ; (c) Results using the GPEL method with 500 iterations; (d) Results
using the GPEL-TV method with 5× 104 iterations. (e) The vertical profiles
of the central lines in images (a)-(d).

deg. The sampling interval is 3 mm and the reconstruction has
300× 300 pixels with 9 mm2 per pixel.

A high contrast phantom composing of several circles,
rectangles and ellipses is simulated and reconstructed in Fig. 3
(120 deg data). It can be seen that results of direct inversion
of projection data using the linogram algorithm (LinoRecon),
have severe shading and streak artifacts. With the GPEL
method alone (Fig. 3 (c)), these artifacts are mostly eliminated.
But there still exists oscillations and distortions of object
shapes, especially for the rectangles and the ellipses. Using
the TV regularized GPEL (shown in Fig. 3 (d)), after 500
iterations, oscillations are restrained with edges being well
preserved (λ = 0.02, β = 0.0002, 200 TV iterations).
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Fig. 5. Image reconstruction of noisy data. Display window is [0, 2] in the
first row, and it is [1 1.04] in the second row. The first row is for high contrast
object having a Gaussian noise with standard deviation being 20. The second
row is for the Shepp-logan phantom having a Gaussian noise with standard
deviation being 0.5. (a) GPEL with 500 iterations; (b) GPEL-TV with 500
iterations; (c) GPEL with 500 iterations; (d) GPEL-TV with 5×104 iterations.

In Fig. 4, the Shepp-Logan head phantom is reconstructed
as a low contrast object (150 deg data). Without the TV
regularization, a great deal of GPEL iterations could amplify
streaks artifacts, even cover the true image. With the TV
(λ = 2 × 10−6, β = 10−9, 200 TV iterations), the iterative
procedure can converge to a rather good result with much less
streaks. It is obvious that recovery of a low contrast object
is much more difficult than a high contrast one: the speed of
convergence is slower and it is more sensitive to oscillations
and streaks.

To obtain the behavior of the GPEL-TV method in presence
of noise, Gaussian noises with standard deviations being 20
and 0.5 are added into the projection data of the high contrast
object in Fig. 3 and the Shepp-Logan phantom in Fig. 4,
respectively. Shown in Fig. 5, we can see that the GPEL-
TV method is still effective for noisy data, and the iterative
procedure runs stably.

IV. CONCLUSION

We present a fast and robust edge-preserving image recon-
struction method for limited-angle tomography in this paper. It
is validated by numerical experiments on high and low contrast
objects, as well as noise.
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Noise performance study of cone-beam FBP
reconstruction algorithms for circle-line source

Tingliang Zhuang and Guang-Hong Chen

Abstract— An important parameter in clinical computed to-
mography is the patient dose, which is dependent directly upon
the noise properties of a given reconstruction algorithm. In this
paper, we studied the noise performance of three cone-beam
image reconstruction algorithms for a source trajectory consisting
of a circle and a line. The three algorithms utilized here are:
equal weighting, factorized weighting, and a Katsevich weighting.
All three algorithms use a similar one dimensional Hilbert
filtering kernel and are shift-invariant. Numerical simulations
have been conducted to validate and study the noise property of
the algorithms.

I. INTRODUCTION

The current clinical CT scanner can be operated using two
data acquisition modes: axial or helical scan mode. Using large
area detectors, the longitudinal coverage has increased signif-
icantly with one gantry rotation. In cardiac imaging, the axial
scan mode is promising given the large volume coverage, and
the fast gantry rotation speed. However, images reconstructed
using FDK type algorithms suffer from cone-beam artifacts. In
order to take the advantage of the temporal resolution of the
axial scan mode, while also mitigating cone-beam artifacts,
an additional line scan can be added by translating the patient
bed. This scanning configuration is referred to as a circle-line
scanning geometry [4], [5], [6], [7] in this paper.

Recently, Katsevich developed a shift-invariant algorithm
for the circle-line geometry [3]. Other investigators have also
developed different image reconstruction algorithms for this
geometry [7], [8], [9]. A factorized weighting function can also
be utilized to develop shift-invariant algorithms for the same
scanning geometry [10], [11]. However, these new weighting
schemes may not be optimal from the perspective of noise
performance. Physically, equal weight is appealing for optimal
noise performance [13], [12]. Thus, in this paper, we develop
an equal weighting FBP type image reconstruction algorithm,
and use it as a reference to compare the noise performance
with two other FBP image reconstruction algorithms: the
factorized weight FBP algorithm and Katsevich algorithm.

All three algorithms (equal weighting, factorized weighting,
and Katsevich weighting) are developed within Katsevich’s
general framework [1], [2]. Using this general cone-beam
image reconstruction framework, for a given source geometry
�y(t), the image function f(�x) may be reconstructed from the
projection data g(r̂, t) =

∫

dsf [�y(t)+sr̂] using the following

Department of Medical Physics, University of Wisconsin-Madison,
Madison, WI 53704. Corresponding author: Guang-Hong Chen, E-mail:
gchen7@wisc.edu
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Fig. 1. (a) The circle-line source trajectory. (b) Demonstration of a DM-line
associated with image point �x.

formula:

f(�x) = − 1
4π2

∑

m

∫

dt
cm(�x, t)
|�x − �y(t)|

∫ π

−π

dγ
1

sinγ

∂

∂q
g[r̂(γ, φm), �y(q)]|q=t , (1)

where φm ∈ [0, π). The structure factor cm(�x, t), is de-
termined by the geometry of the source trajectory and a
weighting function which is introduced to take into account
data redundancy. The noise properties of a given image re-
construction algorithm depend upon the usage of redundantly
measured data, as handled by the weighting function. Thus,
it is necessary to study the noise performance of different
algorithms developed for the same source trajectory.

Using a modified Shepp-Logan phantom in the computer
simulations, the noise performances of the two algorithms
were compared with a recently developed algorithm in which
a different weighting scheme was utilized [3]. A Defrise
phantom was utilized to demonstrate that the cone-beam
artifacts are not present in the reconstructed images using these
algorithms. Projection data with and without Poisson noise
were analytically generated in the numerical experiments.

II. THE CIRCLE-LINE GEOMETRY

As shown in Figure 1(a), the circle-line source trajectory
can be parameterized by the following equations:

yL(tl) = (R, 0, z0 + λtl) , tl ∈ ΛL = (0, Tl) ,

yC(tc) = R(cos tc, sin tc, 0), tc ∈ ΛC = (0, 2π) . (2)

The circle-line trajectory has an important geometrical
property- the existence of doubly measured (DM) lines.
Namely, for a given image point within the reconstruction
volume there will be one line which contains this image point
and intersects the source trajectory at two different points. As
shown in figure 1(b), the view angles corresponding to the two
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end points A and B of a DM-line associated with an image
point �x are given by:

ta(�x) =
z

λ

2R(R − x)
R2 − x2 − y2

, tb(�x) = π − 2 arctan
y

R − x
. (3)

As shown in next section, this geometrical property allows
one to design a simple factorized weighting function for the
circle-line trajectory.

III. RECONSTRUCTION ALGORITHMS

As discussed in the Introduction, design of a proper weight-
ing function and calculation the corresponding structure factor
is key in development of a cone-beam FBP type algorithm in
this framework. Following the notation used in [2], a plane
that contains the source point �y(t) and the image point �x is
denoted by Π(�x, t, φ) where φ ∈ [0, π] parameterizes different
planes for the fixed source point and image point. The normal
vector of these planes is denoted by k̂φ. The structure factor
in equation (1) is determined by:

cm(�x, t) = lim
ε→0+

sgn[k̂φ · �y′(t)]w[�x, k̂φ, t]|φ=φm+ε
φ=φm−ε , (4)

where the weighting function w[�x, k̂φ, t] is introduced when
the plane Π(�x, t, φ) intersects the source trajectory more than
once.

In this section, structure factors based upon an equal weight-
ing scheme and a factorized weighting scheme are calculated.
Thus two shift-invariant FBP reconstruction algorithms are
developed for the circle-line trajectory.

A. Equal weighting scheme

Using the equal weighting scheme, the weighting function
is given by:

w(�x, k̂φ, t) =
1

N(�x, t, φ)
, (5)

where the function N(�x, t, φ) denotes the number of inter-
section points between the plane Π(�x, t, φ) and the source
trajectory. Using the equal weighting function, the structure
factors were separately calculated for the linear and the
circular segments of the source trajectory. For circular segment
of the source trajectory,

ch(�x, t) =
2
3

, t ∈ ΛC , (6)

ce1
(�x, t) = ce2

(�x, t) =
1
6

, t ∈ ΛC , (7)

where ch(�x, t) is the structure factor corresponding to hori-
zontal filtering lines, and ce1,2(�x, t) are the structure factors
corresponding to the filtering lines that pass through the
projection of the end points of the linear source on the detector
plane from the circular source as shown in Figure 2(a). For
the linear segment of the source trajectory,

cv(�x, t) =
2
3

, t ∈ ΛL , (8)

ct1(�x, t) = −ct2(�x, t) =

{

− 2

3
, t ∈ ΛL1

(�x)

0 , otherwise
, (9)

where ΛL1
(�x) = (0, ta(�x)). The structure factors cv(�x, t) cor-

respond to the vertical filtering lines and ct1,2(�x, t) correspond
to the filtering lines that are tangential to the projection of the
circular source on the detector plane from the linear source as
shown in Figure 2(b).

px

(b)

px

(a)

Fig. 2. An example of filtering lines used in the algorithms utilizing the
equal weighting scheme for a given image point that projects to the detector
plane denoted by xp. (a) The source is moving on the circular segment of the
trajectory, (b) The source is moving on the linear segment of the trajectory.

B. Factorized weighting scheme

Using the factorized weighting scheme, the weighting func-
tion is given by [11]:

w(�x, t, φ) = w1(�x, k̂φ)w2(�x, t)sgn[k̂φ · �y′(t)] . (10)

Substituing the above factorized weighting function into Eq
(4), the structure factor is calculated using:

cm(�x, t) = lim
ε→0+

w2(�x, t)w1(�x, k̂φ)|φ=φm+ε
φ=φm−ε . (11)

For the circle-line trajectory, we choose the following func-
tion as the component w2(�x, t) of the factorized weighting
function:

w2(�x, t) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 , ts ∈ ΛL1
(�x) ∪ ΛC0

−1 , ts ∈ ΛC1
(�x)

0 , otherwise

, (12)

where ΛC0
= (0, t0) , ΛC1

(�x) = (t0, tb(�x)). Note that the
view angle t0 is a free parameter in the above formula. The
consequence of this degree of freedom will be discussed later.
Using the above functional form of w2(�x, t), the structure
factors are given by:

c0(�x, t) =

{

1 , t ∈ ΛL ∪ ΛC

0 , otherwise
. (13)

The corresponding filtering lines pass through the projection
of the point �yC(t0) on the detector plane as shown in Figure
3.

IV. COMPUTER SIMULATIONS AND RESULTS

Computer simulations were performed to compare the noise
performance of the three algorithms using a modified low-
contrast 3D Shepp-Logan phantom. A high contrast Defrise
phantom where several ellipsoids are stacked along the z-
axis was also utilized to validate the two newly developed
algorithms based upon an equal weighting scheme and a
factorized weighting scheme. The projection data with and
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Fig. 3. An example of filtering lines used in the algorithms utilizing a
factorized weighting scheme for a given image point that projects to the
detector plane denoted by xp. (a) The source is moving on the circular
segment of the trajectory, (b) The source is moving on the linear segment
of the trajectory.

without Poisson noise were obtained analytically. The third-
generation flat-panel data acquisition geometry was assumed
and no data truncation was introduced.

The reconstruction parameters for the numerical experi-
ments are summarized below: gantry radius is 4, source-to-
detector distance is 8, length of the line source is 3, detector
matrix is 401×401 for circular part of the source and 981×981
for linear part of the source, and the view sampling is 2π/550
for circular part of the source. Each detector element was sub-
divided into a 3×3 matrix when calculating the projection data.
The view sampling for the line segment of the source depends
on the phantom used in the simulation. For the ’Defrise’ type
phantom, the view sampling for line source is 1/801 (radians).
For Shepp-Logan phantom, it is 3/801 (radians). The image
volume of dimension 2×2×1 was reconstructed on a grid of
256 × 256 × 128. The reconstructed volume was completely
above the x− y scanning plane. In this paper, the view angle
t0 used in the factorized weighting function was chosen to be
π/4.

A. Validating the two newly developed algorithms

The two newly developed algorithms were validated using
both the high contrast Defrise phantom and a low contrast
Shepp-Logan phantom. For comparison, we also present im-
ages reconstructed using Katsevich’s algorithm [3].

1) Reconstruction results using a high contrast Defrise
phantom: In order to demonstrate that the cone-beam ar-
tifacts in the reconstructed images are be eliminated using
a mathematically exact algorithm and a complete projection
data set, two orthogonal planes of the Defrise phantom were
reconstructed using the three algorithms as shown in Figure
4.

2) Reconstruction results using a low contrast Shepp-Logan
phantom: A modified Shepp-Logan phantom was also used to
validate the algorithm for reconstructing low contrast objects.
Three orthogonal planes of the modified Shepp-Logan phan-
tom were reconstructed using projection data with and without
Poisson noise. as shown in Figures 5, 6 and 7.

B. Noise property comparisons among the three algorithms

In the previous subsection, the noisy projection data corre-
sponding to the same photon number (2 × 105) per detector
element for each view angle are utilized to reconstruct images

Fig. 4. Reconstruction results for the ’Defrise’ phantom using algorithms with
an equal weighting scheme, a factorized weighting scheme, and Katsevich’s
weighting function (left to right). Upper row: the reconstructed images of
x−y plane at z = 0.5 of the phantom. Lower row: the reconstructed images
of y − z plane at x = 0 of the phantom. Display window [0,1]

Fig. 5. Images reconstructed using the algorithm with an equal weighting
scheme from noise free projection data (central column), and projection data
with Poisson noise (right column). Upper row: x− y slice at z = 0.2, center
row: y − z slice at x = −0.14 and bottom row: x − z slice at y = 0. The
images of original phantom are shown in left column for comparison. Display
window [0.95, 1.05].

using these three algorithms. Since the scanning range is
different for these three algorithms, a more fair comparison
was conducted under the condition that the same total number
of the photons were utilized for these three algorithms. For the
scanning trajectory given in Figure 1(a) and an image volume
of 256× 256× 128, the requirement of an equal total number
of photons for each algorithm results in 3.38×105 photons per
detector for each view for the algorithms using factorized and
Katsevich’s weighting scheme (the photon number is 2 × 105

for equal weighting scheme).
Using the reconstruction parameters provided in the previ-

ous section, two sets of images of the modified Shepp-Logan
phantom were reconstructed using the three algorithms from
projection data with and without Poisson noise where the total
photon number is preserved. The images reconstructed with
noisy projection data are presented in the lower row of Figure
8(a). The subtracted results between images reconstructed
from noisy and noise-free projection data are shown in the
lower row of the Figure 8(b). Since the same implementation
steps and filtering kernel (Hilbert kernel) was used in the
implementation of the three algorithms. We assess the noise
performance by measuring the variance in a uniform portion
of the phantom in the subtracted images. These results are
presented in Tables II and I, show that the noise variance in
the reconstructed volume is lowest using an equal weighting
scheme and is highest using Katsevich’s weighting scheme.
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Fig. 6. Images reconstructed using the algorithm with a factorized weighting
scheme from noise free projection data (central column), and projection data
with Poisson noise (right column). Upper row: x− y slice, center row: y − z
slice and bottom row: x−z slice. The images of original phantom are shown
in left column for comparison.

Fig. 7. Images reconstructed using the algorithm with Katsevich’s weighting
scheme from noise free projection data (central column), and projection data
with Poisson noise (right column). Upper row: x− y slice, center row: y − z
slice and bottom row: x−z slice. The images of original phantom are shown
in left column for comparison.

In this paper, the noise variance measured in the volume
reconstructed using a factorized weighting scheme is only for
t0 = π/4. More results will be presented at the meeting for
different values of t0.

Weighting scheme σ2 Effective dose penalty
Equal weighting 1.0986 × 10−5 -

Factorized weighting 2.5166 × 10−5 2.29
Katsevich’s weighting 2.9211 × 10−5 2.66

TABLE I

THE NOISE VARIANCE IN THE UNIFORM BACKGROUND OF THE IMAGE

UNDER THE CONDITION OF EQUAL DOSE PER VIEW.

V. CONCLUSIONS

In this paper, the noise performance of the two newly
developed shift-invariant FBP cone-beam image reconstruction
algorithms for a circle-line trajectory were compared to that
of the algorithm developed by Katsevich [3]. Two sets of
numerical experiments were performed using a modified 3D
Shepp-Logan phantom under the condition that equivalent
dose per view and equivalent total dose delivered in each
algorithm. The measured noise variance in the reconstructed
volume shows that the equal weighting scheme has the best

Fig. 8. (The upper panel) Images reconstructed from projection data with
Poisson noise, under conditions of equivalent dose per view (upper row) and
equivalent total dose (lower row) (left to right: equal, factorized, and Kat-
sevich weighting). (The lower panel) The subtracted results between images
reconstructed using noise free and noisy projection data under conditions of
equivalent dose per view (upper row) and equivalent total dose (lower row).

Weighting scheme σ2 Effective dose penalty
Equal weighting 1.0986 × 10−5 -

Factorized weighting 1.4793 × 10−5 1.35
Katsevich’s weighting 1.6544 × 10−5 1.51

TABLE II

THE NOISE VARIANCE IN THE UNIFORM BACKGROUND OF THE IMAGE

UNDER THE CONDITION THE TOTAL DOSE.

noise performance while Katsevich’s weighting scheme has the
worst noise performance. Since the algorithm using an equal
weighting scheme suffers from the long object problem, fur-
ther investigation is warranted into the induced image artifacts.
The images reconstructed using a factorized weighting scheme
are also less noisy than those reconstructed using Katsevich’s
scheme for t0 = π/4. By choosing different t0, an optimal
value may be obtained for a given scanning geometry. These
results will be presented in the conference.

It is interesting to note that a similar algorithm may be
obtained using the reconstruction method developed by Pack
and Noo[7].
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Abstract— Helical scanning at dynamically variable pitch is 

demanded by a few advanced clinical applications in CT imaging. 
Based on the cone-parallel geometry, a cone beam filtered 
backprojection (CB-FBP) algorithm for image reconstruction at 
dynamically invariable pitch is extended to reconstruct image 
from projection data acquired along helical trajectory at 
dynamically variable pitch. In the extended algorithm, the 
filtering still uses the conventional ramp kernel, and the paths 
along which the filtering is carried out are still tangential to the 
trajectory. However, since the helical pitch is dynamically 
variable, the filtering paths become curves in contrast to straight 
lines in the case at dynamically invariable pitch. A cone-angle-
dependent window function is utilized to handle data redundancy 
for reconstruction accuracy, which avoids specifying the 
boundaries projected from the helix on detector plane. The 
asymptotic approximation of the cone-angle-dependent window 
function is employed to improve noise characteristics in contrast 
to exact helical CB-FBP algorithm in which redundant data are 
usually discarded. Computer simulation study shows that, 
although the filtering along curves is quite heuristic and there 
may exist inflection points in the curves, the extended algorithm 
can still provide quite accurate reconstruction within a quite large 
range of dynamically variable pitches. 
 

Index Terms—Image reconstruction, tomography, cone beam 
reconstruction, helical CT.  
 

I. INTRODUCTION 

Because of its advantages in patient throughput, patient 
comfort and clinical procedure administration, helical scanning 
has been the most attractive mode utilized in single-slice CT, 
multi-slice CT and cone beam (CB) volumetric CT (VCT). The 
extensive application of helical scanning mode has enabled CT 
be one of the most popular tomographic imaging modalities in 
the clinic. To date, all state-of-the-art diagnostic CT scanners 
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support helical scanning conducted at dynamically invariable 
pitch (DIP), i.e., the helical pitch is kept constant during a 
scan, though inter-scan variation in helical pitch is allowed. 
However, a few advanced clinical CT imaging applications, for 
example, bolus chasing in CT angiography procedures, do 
demand intra-scan variation in helical pitch (namely, 
dynamically variable pitch (DVP)). With increasing detector z-
dimension and the resultant faster patient table displacement 
during helical scan, more clinical CT imaging procedures 
demand helical scanning at DVP.  

Several exact CB-FBP algorithms have been published in 
the literature for image reconstruction from projection data 
acquired along helical trajectory at DVP [1]-[3], based on the 
framework of Katsevich algorithm and the concept of PI-line 
[4]-[7]. However, the noise characteristics of exact CB-FBP 
algorithms need to be optimized to meet the challenges posed 
by existing diagnostic CT scanners [8]. To enhance the clinical 
capability of state-of-the-art diagnostic volumetric CT 
scanners, the helical CB-FBP algorithm proposed in references 
[9]-[12] to reconstruct image from projection data acquired 
along helical scans at DIP, which is essentially approximate 
[9]-[20], is extended in this paper for image reconstruction 
from projection data acquired along helical scans at DVP.  

 

II. GEOMETRY OF HELICAL SCANNING 

A. Cone beam geometries 

The native CB geometry for helical data acquisition is 
shown in Fig. 1 (a), while the cone-parallel geometry obtained 
via row-wise fan-parallel rebinning from the native CB 
geometry is illustrated in Fig. 1 (b).    

B.  Helical scan and image reconstruction at dynamically 
invariable pitch 

The trajectory of helical scan at DIP can be analytically 
represented as in eq. (1), while the schematic diagram showing 
the geometry is presented in Fig. 2 (a). 

)2,cos,sin()( βπβββ HRRS =    ],[ es βββ ⊆ ,         (1)  

where H is the distance proceeded by patient table per 
helical rotation. The normalized helical pitch is defined by 

L
Hh = ,                        (2) 

Helical cone beam FBP algorithm for 
reconstruction at dynamically variable pitch 

using data windowing/weighting 
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where L is the detector z-dimension at ISO. The slope tan(θ) 
indicated in Fig. 2 (b) is determined by H and R, the distance 
from the source focal spot to the axis of rotation 

R
H

πθ 2)tan( =                       (3) 

    For such a trajectory, the helical CB-FBP algorithm for 
image reconstruction in the cone-parallel geometry using a 
cone-angle-dependent window function has been given [9-12] 
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where g(t) is the conventional ramp filter and the filtering is 
carried out along the tangential direction of  source trajectory, 
which are straight lines as illustrated in Fig. 2 (b). w(α, β, t) is 
a cone-angle-dependent window function [12], [16] 
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where α is the cone angle corresponding to a direct ray, and αc 
is that corresponding to its conjugate ray. An asymptotic 
approximation of w(α, β, t) is given in [9]-[12]  
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and a computationally efficient implementation can be 
obtained by letting g(•) = tan(•)  
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It has been verified that the noise characteristics of the 
algorithm specified by eqs. (4)–(6) can be improved 
significantly if window function w(α, β, t) is substituted with 
its asymptotic approximation specified in eqs. (7)-(8) [12].  

C. Helical scan and image reconstruction at dynamically 
variable pitch 

The trajectory of helical scan at DVP is analytically 
expressed in eq. (9), while its geometry is schematically shown 
in Fig. 3 (a). 

))(2,cos,sin()( ββπβββ zHRRS ∆+=  ],[ es βββ ⊆ ,  (9) 

where ∆z(β) represents the table displacement corresponding 
to the dynamically variable pitch, which is superimposed on 
the table displacement resulting from the constant pitch H.  

For such a trajectory, the helical CB-FBP algorithm given in 
eqs. (4)–(6) is extended for image reconstruction in the cone-
parallel geometry. Note that, a major difference in the extended 
algorithm is that, as illustrated in Fig. 3 (b), the paths along 
which the ramp filtering is carried out, are still tangential to the 
helical trajectory, but they are no longer strait lines, since the 
pitch dynamically varies in the scan. Moreover, the extended 

algorithm has to deal with inflection points in the filtering 
paths, as a dynamically variable pitch can result in table 
acceleration and deceleration in the scan.  
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(b)  
Fig. 1.  Schematic diagrams showing the native cone beam geometry (a)  
and derived cone-parallel geometry (b). 

 

(a) 

(b) 

 

θ 

 

 

Fig. 2.  Schematic diagrams showing the trajectory of helical scanning at 
dynamically invariable pitch (a) and the paths along which the tangential 
filtering is carried out (b). 

III. EVALUATION  

The helical CB-FBP algorithm specified in eqs. (4)–(8) is 
essentially approximate, and its reconstruction accuracy and 
performances have been experimentally evaluated and verified 
in detail [9]-[12]. As indicated above, one of the major 
challenges for image reconstruction using the algorithm 
specified in eqs. (4)–(8) at DVP is that the filtering paths are 
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no longer straight lines. At DIP, the adoption of conventional 
ramp filtering carried along straight lines is already heuristic, 
although the experimental evaluation has verified its 
performance from the perspective of reconstruction accuracy. 
At DVP, the filtering paths become curves and there may exist 
inflection points in these curves. Therefore, the reconstruction 
accuracy of the extended helical CB-FBP algorithm for image 
reconstruction from projection data acquired along trajectory at 
DVP need to be experimentally evaluated and verified in detail 
again. As a first step, computer simulated Forbild head 
phantom is utilized to evaluate the reconstruction accuracy. 
The image reconstruction is carried out in the cone-parallel 
geometry, whereas data acquisition is simulated in the native 
CB geometry. The cylindrical detector for data acquisition is 
assumed with a z-dimension of 64×0.625 mm, and each row of 
the detector consists of 888 cells with a latitudinal dimension 
of 0.584 mm. The distance from source focal spot to the 
rotation axis is 541.0 mm. The x-ray techniques simulated are 
120 kVp, 300 mA and the gantry speed is 1.0 sec/rot. To have 
an object evaluation of reconstruction accuracy, no noise is 
added into the simulated projection data.  

 

 
(a) 

(b) 

  

 

 

 

Fig. 3.  Schematic diagrams showing the trajectory of a typical helical 
scanning at dynamically variable pitch (a) and the paths along which the 
tangential filtering is carried out (b). 

Two helical scans are simulated for reconstruction accuracy 
evaluation. The 1st is a helical scan at DIP and the 2nd is at 
DVP. The table speed of both scans are shown in Fig. 4, where 
the abscissa represents the index of projection in the scan. The 
dashed profile corresponds to the case of dynamically 
invariable pitch while the solid sinusoidal profile corresponds 
to dynamically variable pitch. Projection data acquired along 
one helical turn are utilized for image reconstruction using eq.s 
(4)-(8) at both cases. Note that, as demonstrated by the solid 
profile, the variation of helical pitch during the scan at DVP is 
quite large, ranging from 31.5/64:1 to 94.5/64:1, which is 
equivalent to normalized pitches from 0.492:1 to 1.48:1. The 
pitch variation during the scan is deliberately set so large such 

that the capability of the extended helical CB-FBP algorithm in 
reconstructing image from projection data acquired along 
helical scans at DVP can be evaluated in very detail. 

 

h = 31.5/64:1 

h =  63/64:1 

h = 94.5/64:1 

Data range for image 
reconstruction 

 

Fig. 4.  A schematic diagram showing the table speed of helical scanning 
at dynamically variable pitch in the computer simulation study. 

 

 

(a) 

(b) (c) 
 

Fig. 5.  Transaxial images of the Forbild head phantom reconstructed by 
the original helical CB-FBP algorithm in helical scanning at DIP (a), the 
extended CB-FBP algorithm in helical scanning at DVP (b) and “blind” 
reconstruction (c) (w/l = 500/0). 

IV. RESULTS 

As a reference, a transaxial image of the Forbild head 
phantom reconstructed by the original helical CB-FBP 
algorithm from data acquired along trajectory at DIP is 
presented in Fig. 5 (a), in which the helical pitch is 63;/64:1 
(0.98:1) as shown by the dashed profile in Fig. 4. The 
transaxial image at the identical image location reconstructed 
by the extended algorithm from the projection data acquired 
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along the trajectory at DVP is shown in Fig. 5 (b). It is 
observed that there almost is no difference between these two 
reconstructed images, which means that the extended helical 
CB-FBP algorithm to reconstruct image in helical scanning at 
DVP performs as well as that at DIP. To appreciate the 
capability of the extended algorithm in reconstructing image 
from projection data acquired along trajectory at DVP, the 
transaxial image at the same image location by “blind” 
reconstruction, i.e., using the original CB-FBP algorithm by 
assuming a constant pitch 63/64:1, is presented in Fig. 5 (c). It 
is obvious that, without knowing the variable pitch during 
helical scan exactly, severe artifacts can be generated. 

 

V. DISCUSSIONS AND CONCLUSIONS 

The helical CB-FBP algorithm previously proposed by us 
for image reconstruction from projection data acquired along 
trajectory at DIP is extended in this paper to reconstruct 
images from data acquired along trajectory at DVP. 
Preliminary computer simulation study, in which the Forbild 
head phantom is utilized, shows that the reconstruction 
accuracy of the extended algorithm is comparable with the 
original one, even though the normalized helical pitch varies 
dramatically during a helical scan from 0.492:1 to 1.48:1. The 
reconstruction accuracy of the original helical CB-FBP 
algorithm have been extensively evaluated and verified by 
computer simulated phantoms and diagnostic scans in the clinic 
[9]-[12]. Consequently, the reconstruction accuracy of the 
extended CB-FBP algorithm should be adequate in a few 
clinical applications demanding helical scanning at DVP.  

Based on the PI-line concept, several trajectory conditions 
have been derived and in the literature [1]-[3]. The extended 
helical CB-FBP algorithm is essentially approximate, and the 
concept of PI-line has played no role in its derivation. Hence, 
the trajectory condition for such an approximate algorithm may 
not be as strict as those for exact CB-FBP algorithms. But, in 
fact, at least one of the trajectory condition proposed for exact 
CB-FBP algorithm [1] 

 0)()( ≥+ tztz &&&&                     (10) 

can be met by almost all helical scanning in practice. At 
present, we adopt this trajectory condition, and further work 
will be done to validate if this condition should be loosened or 
tightened for the extended CB-FBP algorithm. 

The focus of this paper is to evaluate and verify if the 
reconstruction accuracy of the extended CB-FBP algorithm can 
be maintained while the filtering paths changes from the 
straight lines at DIP to curves at DVP as shown in Fig. 2 (b) 
and Fig. 3 (b), respectively. To have an objective evaluation of 
reconstruction accuracy, no noise is added in the computer 
simulated projection data. However, it is believed that, the 
noise characteristics of the extended algorithm is similar to that 
of the original algorithm. More results related to the noise 
property, spatial resolution and temporal resolution of the 
extended algorithm will be reported in future publications.  
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Abstract—Respiratory gating in small animal CT imaging is 

currently performed using extrinsic techniques such as a 
respiratory pillow that is placed under the thorax of the animal. 
Here we describe a robust method that makes additional 
hardware and effort superfluous because it provides a sufficient 
gating signal from the image data alone: The z-position of the 
center of mass from all projections was calculated, subtracted 
from the average over several rotations resulting in a curve 
mostly solely depending on the breathing excursions. Its local 
maxima were used to define gating positions from which 
projections with adequate phase shifts were reassembled on a 
new, motion-compensated 360° dataset. Lung still image quality 
improvements through intrinsic gating are as good as through 
extrinsic gating. 
 

Index Terms—Small animal CT imaging, intrinsic gating, 
respiratory gating 
 

I. RELEVANCE OF INTRINSIC GATING IN SMALL ANIMAL CT 
The utilization of cone-beam CT as a non-invasive imaging 
modality for small animals in preclinical and basic research is 
increasing[1]-[2].  

Imaging of small animals imposes challenges on the 
imaging characteristics of a CT scanner. Flat-panel cone-beam 
CT scanners that provide a resolution in the range from 50µm 
to 200µm offer an ideal trade-off between resolution, scan 
speed, scan field of view and dose for the imaging of small 
rodents such as mice and rats [3]-[4]. 

The image quality of heart and lung is compromised 
through physiological motion that is present during scanning. 
While respiratory motion can be stopped through intubation, 
this procedure adds additional effort and preparation time to a 
study. Therefore non-invasive gating approaches were sought. 
Retrospective as well as prospective triggering and gating 
methods were implemented. Here, mostly the respiratory 
movements where traced using a pneumatic cushion that was 
placed next to the thorax of the small animal [5]-[7].  
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In retrospective gating projections that fell within certain 
phases between two breath-holds were merged from several 
rotations to form a new complete and motion-gated dataset. 
Image quality improvement of still images are achieved and 
4D respiration datasets can be acquired [8]. 

However, the use of an extrinsic method such as a 
pneumatic pillow is still an additional effort. Therefore we 
tested whether a reliable gating method that is based solely on 
the projection data can be implemented in a standard flat-panel 
CT scanner. Furthermore, we compared this method with 
current state-of-the-art extrinsic, retrospective gating. 

II. SCANNING AND GATING 

A. Breathing characteristics of rodents 
During CT imaging the rodents are usually held in a gas 

narcosis. Through this form of narcosis the breathing 
characteristics are changed to gasping. Gasping is a form of 
breathing where short breath holds are combined with 
relatively long motion-less states of expiration. The expiration 
phase is roughly speaking almost 80% of a whole respiration 
cycle. The respiration rate was 20-40/s for rats and 30-70/s for 
mice depending on the narcosis depth.  

 

B. Flat-panel CT scanning 
Mice and rats with a blood-pool contrast media (Fenestra 

VC, ART, Quebec, CA) have been scanned using a flat-panel 
detector CT prototype (Siemens Medical Solutions, 
Forchheim, Germany) as described in [4]. 100 frames per 
second were acquired while the rotation time was 5s, resulting 
in 500 evenly distributed projections during a full rotation 
around the animal. The animal´s longitudinal axis was placed 
into the scanners longitudinal axis. Total scan time was 80s 
resulting in 16 full rotation datasets.  

 

 
 
Fig. 1.  Example raw-data projection with selected ROI that covers parts of 
thorax and abdomen.  

 

Implementation of intrinsic respiratory gating in 
a small animal flat-panel based CT 
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C. Center of mass of a ROI incl. parts of thorax and abdomen 

Using the projection data a region of interest (ROI) was 
defined that contained the upper half of the abdomen and at 
least the lower half of the thorax (Fig. 1). The ROI was 
defined in terms of absolute detector coordinates. It was 
chosen large enough so that it covers the whole thorax in x-y 
direction in all projections during rotation.  For each 
projection the z-postion (R) of the center of mass 

 

∑= ii rm
M

R 1
              (1) 

 
was calculated, whereof r is the uncorrected raw data value at 
a given z-position and m a position dependant weighting factor 
along the z-axis and M the sum of all those factors.  
An example of the resulting curve is given in Fig. 2.  
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Fig. 2.  Z-position of center of mass of a ROI through thorax and abdomen 
depending on projection number. Every 500 projections correspond to a full 
rotation around the animal. (x-axis: number of projection, y-axis: arbitrary unit 
for relative z-position of center of mass)  
 

D. Averaging over several rotations 
For future post-processing it has been assumed that the z-

position of the center of mass depends on the (a) angular 
projection position during an evolution around the animal and 
(b) the position of the diaphragm respectively the breathing 
excursion. Furthermore (a) is a function with a very regular 
period of the amount of projections that is necessary for an 
evolution around the animal. Therefore averaging over this 
period has been used to starkly reduce the influence of (a) to 
the resulting curve (Fig. 3).  
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Fig. 3.  Curve derived after position depending subtractions of the average of 
all rotations. The angular projection position influence to this curve is 
noticeably reduced, resulting in a curve that does strongly depend on the 
breathing movements. The local maxima used as gating reference are 
exemplarily marked for the first 6 times.  
 

E. Definition of valid projections 
The local maxima of the resulting curve have been used to 

define a gating signal (Fig. 3). For lung still images all 
projections from all rotations that were acquired between 20% 
to 80% of the distance between two gating signals (“local 
maxima”) were then merged into a new dataset (Fig. 4).   

 
Fig. 4 Schematic of two respiratory cycles. The vertical black bars symbolize 
gating signals that are derived from the local maxima of Figure 3. The red bars 
define the time points of valid projections to form a new, gated dataset. 
 
Therefore the projections were interpolated on a new 360° 
dataset that consists of 600 evenly distributed projections. 
Weighted interpolation was used if projection positions did not 
match exactly. If for several projections of the new datasets no 
valid projections existed, projections were interpolated from 
the neighboring projections. The dataset was then 
reconstructed using a modified FDK-algorithm. 

F. Extrinsic gating using a respiratory pillow 
For comparison, an extrinsic gating method as described in 

[8] has been applied. Here a respiratory pillow that was placed 
under the thorax of the mice or rat recorded the breathing 
excursions. A commercial small animal gating system was 
used to translate the detected breathing excursion into a binary 
gating signal. 

III. INTRINSIC GATING AS GOOD AS EXTRINSIC 
 

The image quality improvements as achieved by the 
extrinsic as well as the intrinsic method were similar in 
comparison to the ungated datasets (Fig. 5): Lung structures 
such as vessels and bronchi are better delineated, the 
diaphragm between lung and abdomen is now sharply defined 
and the movements artifacts that are caused by the ribs 
diminished. Between intrinsic and extrinsic datasets was no 
significant difference. Results were similar in mice. 
 

 
 
Fig. 5.  Comparison of ungated (A), extrinsic (respiratory pillow) (B) and 
intrinsic (C) gated dataset of a rat with blood-pool contrast media. Structures 
like the diaphragm (long arrow) and bronchi (bold arrow) are sharper 
displayed in the gated images, regardless whether gating was extringsingly or 
intrinsigly performed. The same held true for the movement artifacts of the ribs 
(arrowhead).  

IV. CONCLUSION 
It can be expected that this technique is a potent alternative 

to current methods of extrinsic gating in small animals, 
because it is as reliable and robust to implement as extrinsic 

A B C 
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methods. In comparison to many earlier proposed intrinsic 
methods it relatively straightforward to implement and does 
not need massive computational power [9-12]. However, 
extrinsic gating might not become totally superfluous because 
gating could also be applied to contrast media imaging (e.g. 
liver tumors). Here, intrinsic gating parameters might be 
superimposed by effects caused by the contrast media inflow. 

To implement a similar method for cardiac gated 
reconstruction is currently work in progress; however, here it 
seems more difficult to derive sufficiently strong gating 
signals. Furthermore a detailed comparison between gating 
signal derived from pneumatic cushion and image data is in 
progress. 
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Head Motion Tracking in Cone Beam CT by
Tomographic Extraction of Fiducials

Matthew W. Jacobson and J. Webster Stayman

Abstract—We present a technique for the tracking of small
head movements in cone beam CT. The technique involves the
identification of radio-opaque fiducial markers in the projection
views. From the locations of these fiducials in a given projection
view, one can estimate how the head was posed at the moment
when that view was acquired. This technique circumvents the
need for expensive additional hardware, such as optical position
tracking equipment sometimes employed for head motion com-
pensation in PET.

A challenge in locating the fiducial projections is that they are
embedded in the projections of patient anatomy. We examine
a tomographic solution whereby we first reconstruct a motion-
corrupted image and delete small regions around the motion-
blurred fiducials. Locating the fiducials is more tractable in image
space, as one need mainly search through the image for large
attenuation values. One then reprojects this modified image and
subtracts the result from the original acquired projection data.
This subtraction produces projection views in which the patient
anatomy is greatly suppressed, making the fiducial projections
easier to identify. Preliminary tests on simulated data show
that motion estimation may be possible to within an accuracy
comparable to or better than typical CT resolution.

Index Terms—cone beam, CT, fiducial, motion

I. I NTRODUCTION

The availability of inexpensive flat panel technology has
led to a growing market for compact, in-office Cone-Beam
CT (CBCT) systems throughout medical and dental fields.
CBCT systems based on flat panel detectors can produce
images with very high isotropic spatial resolution. This is
in contrast to traditional multi-row detector CT systems that
often have lower axial resolution than in-plane resolution. As
an example, Xoran Technologies’ MiniCATTM system [1],
an upright, circular orbit CBCT scanner, has demonstrated
resolution of better than 0.2 mm in phantom reconstructions.

However, since CBCT systems acquire wide cone angles
over longer acquisition times than traditional system (i.e.,
slower rotation but more slices) they are particularly subject
to patient motion. It has been found by various investigators
that patients undergo millimeter order head motion even during
short time intervals (e.g., [2]) and that head restraints are often
unsuccessful in suppressing this motion (e.g., [3]). In ourown
studies, we have found that patients may exhibit millimeter
motion over a 10 second interval (a relatively fast scan time
for an open CBCT system), even with head restraints in place.
This level of motion can significantly reduce the quality of
images used for diagnosis of temporal bone problems and

The authors are with Xoran Technologies, 309 N. First St., Ann Arbor, MI
48103. Corresponding author: Matthew Jacobson, E-mail:
mjacobson@xorantech.com.

analysis of small defects in teeth. The entire stapes of the
inner ear, for example, is only about 2 by 3 mm in size and
has been difficult to image using traditional multi-row detector
CT systems. Millimeter order motion can make the stapes
difficult or impossible to see clearly and depending on the
kind of motion can produce doubling/ghosting that impairs
the diagnostic function of the images.

Many proposed methods for motion-compensated tomo-
graphic recontruction rely on measuring/estimating the motion
prior to reconstruction. For head motion compensation in PET,
for example, a common approach has been to use optical
position tracking equipment to monitor motion, and then to
feed this information into the reconstruction [4], [5], [6].

Our article focuses on this motion determination problem
for CBCT. We propose a technique for tracking millimeter
order movements that involves the identification of radio-
opaque, metallic fiducial markers in the projection views. From
the locations of these fiducials in a given projection view, one
can estimate how the head was posed at the moment when that
view was acquired. An obvious advantage to this approach is
that it foregoes the need for external tracking devices. This
helps to keep the CBCT system compact and inexpensive,
attributes that have contributed as much to the appeal of CBCT
systems as their imaging performance.

Related ideas for obtaining motion information from fidu-
cial projections have also been explored in PET (e.g., [7]).
However, we believe that the approach might be especially
appropriate to flat panel CBCT, firstly because these devices
are highly sensitive to the motion of fiducial markers due to
the magnifying property of cone beam projection. Secondly,
position changes in the projections of fiducial markers can be
measured very finely due to the high resolution capabilitiesof
flat panels. A challenge in applying this approach to CBCT, as
compared with PET, is that the projections of metallic fiducials
contrast only moderately with the surrounding projectionsof
the patient anatomy. This makes the fiducial locations more
difficult to extract. As a remedy, we propose a “background
filtering” scheme that uses tomographic reconstruction opera-
tions to suppress the background anatomy. In preliminary tests
on simulated data, we find that our proposed motion estimation
technique is accurate to within typical CT resolution.

II. M ATHEMATICAL PRELIMINARIES

A. Estimating Spatial Positions from Projected Positions

Consider a CBCT system withK gantry positions (i.e.,
projection views). For gantry positionk ∈ {1, . . . ,K}, let
Ck denote the operator mapping the coordinates of a point
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in the 3D Field of View (FOV) to the 2D continuous panel
coordinates of its cone beam projection. Now, consider a
radio-opaque spherical marker centered at locationx =
[

x(1) x(2) x(3)
]T

and let

uk = Ckx

denote the location of its cone beam projection.
For flat panel systems, one can show straightforwadly that

each pair(x, uk) obeys a relation of the form

Ak(uk)x − dk(uk) = 0. (1)

HereAk(uk) is a 2 × 3 matrix anddk(uk) is a 2 × 1 vector
each depending onuk, the gantry positionk, and the geometry
of the cone beam system. Clearly, a relationship of this form
will also hold for non-flat panel systems in whichuk is 1-1
with the coordinates on a flat panel.

If ideal measurements of the projected positions{uk}
K

k=1

were available, one would require measurements from only
two different gantry positions to reconstructx: these twouk

would specify lines of response intersecting atx. When given
non-ideal measurements of{uk}

K

k=1
, one can estimatex based

on (1) by minimizing the quadratic cost function,

f(x) =
1

2

K
∑

k=1

||Ak(uk)x − dk(uk)||2. (2)

The minimum of this quadratic has a tractable, closed form
solution, and thus can be minimized very rapidly. Moreover,
since the number of gantry positionsK is typically in the
hundreds, there is considerable data redundancy leading to
very accurate estimates ofx.

From discrete projections of metal markers acquired on
the MiniCAT system at 599 gantry angles, we have been
able to determine the positions of those markers to within
∼ 60 microns when measuringuk based on peak detector
pixel values. When more precise cross-correlation template
matching techniques [8, pp. 400-402] were used to determine
uk, the accuracy improved to30 − 40 microns.

B. Object Motion from Projected Fiducial Locations

Suppose now that there are several markers embedded in a
rigid crown apparatus and that this crown is rigidly attached
to the head of a patient. Denote the initial marker positionsby
{xm}M

m=1
. If the patient moves to some different pose when

the gantry is in positionk, then each marker moves to location
R(θk)xm + tk where θk =

[

θk(1) θk(2) θk(3)
]T

is a
rotation parameter vector,R(θk) is a3×3 rotation matrix, and
tk =

[

tk(1) tk(2) tk(3)
]T

is translation parameter vector.
The projected locations of each marker is

ukm = Ck(R(θk)xm + tk).

Each pair(R(θk)xm + tk, ukm) satisfies (1), leading to

Ak(ukm)(R(θk)xm + tk) − dk(ukm) = 0. (3)

Accordingly, if we have measurements of{ukm}M

m=1
and wish

to determine the motion parametersθk and tk relevant to

gantry positionk, one approach is to minimize

Fk(θk, tk) =

1

2

M
∑

m=1

||Ak(ukm)(R(θk)xm + tk) − dk(ukm)||2. (4)

for eachk.
The minimum ofFk has no closed form solution and must

be approximated iteratively. We have found that the conjugate
gradient method will reach satisfactory convergence typically
within 18 iterations. The estimation procedure also assumes
that we know reference positions{xm}M

m=1
a priori. Due to

the material in Section II-A, we can obtain these with ultra-
submillimeter accuracy by performing a (motion-free) scanof
the crown only.

III. M OTION ESTIMATION BY TOMOGRAPHIC

EXTRACTION OF FIDUCIALS

In this section, we present a procedure, based on the material
in Section II, for determining the patient motion in each
projection view. Apart from the CT system, the only apparatus
required by the procedure is a rigid crown, embedded with
radio-opaque metal beads (fiducials), to be worn by the patient.
The steps of the procedure are:

(i) Baseline Marker Positioning. Acquire a scan of the
crown only with no patient present. For each bead, derive
measurements of its projected positions{uk}

K

k=1
by analyzing

the projection views. Minimize (2) to determine the reference
positions xm of each bead. This part of the procedure is
essentially a crown calibration step. It need be done only once
at the time the CT system is installed.
(ii) Acquisition. Carry out the CT acquisition with the patient
wearing the crown.
(iii) Filter Marker Projections From Gross Background
Patient Anatomy. Perform a non-motion corrected reconstruc-
tion from the data acquired in Step (ii). Locate the motion-
blurred beads by searching this reconstructed image for voxels
with metal-level attenuation values. A clustering algorithm
must be applied to these voxels, so as to associate them
with different beads. This clustering process can be made
considerably robust by incorporating variousa priori informa-
tion, such as known upper bounds on the motion magnitude
and known lower bounds (ideally several centimeters) on the
separation distance between the beads. Set the attenuation
values in small regions enclosing the motion-blurred beads
to zero and forward project this modified image. In each
projection view, form a linear fit of the reprojected image
to the original projection measurements, and compute the 2D
difference image. The result will be a modified projection view
where the patient anatomy has been greatly diminished and the
bead projections are the dominant feature. As a by-product
of these operations, the approximate positions of the beads
in image space are also obtained, assuming patient motion is
small in magnitude. This is useful for the next step.
(iv) Extract Bead Shadow Coordinates.As a result of
the previous step, the coordinates{ukm}M

m=1
of the beads’

cone beam projection shadows can be identified more easily.

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 144



Initially coarse position estimates can be derived simply by
looking for peak intensities in the 2D difference images. More
precise positioning can then be accomplished using standard
cross-correlation template matching. The search can also be
facilitated by using the approximate spatial position of the
beads, as determined in Step (iii), to predict their projected
positions and shape in each projection view.
(v) Estimate Rigid Motion Transformation Parameters.
Using the projected bead positions{ukm}M

m=1
measured in

Step (iv), minimize (4) to determine the patient’s orientation
in each projection viewk.

Fig. 1. One particular projection view of a simulated Rando head phantom
with 4 fiducial beads attached.

This technique involves several forward and back projection
operations. However, such operations are fast diminishingas
a nightmarish obstacle to clinically acceptable computation
time, thanks to recent advances in specialized processors.
Forward/backprojector chips have been presented (e.g., [9])
that can process a5123 image volume and512 projection
views of size1024 × 1024 in ∼ 15 sec. Additional speed up
factors might also be obtainable by carrying out the forward
and backprojections in Step (iii) at coarser resolutions. We
intend to explore the effectiveness of such resolution reduction
techniques in future work.

IV. EXPERIMENTS

We have tested the performance of the procedure outlined in
Section III on simulated motion and simulated projection data
in the MiniCAT system geometry. We simulated projections of
a Rando head phantom set with 4 fiducial beads (see Fig. 1),
where each bead was 3.2 mm in diameter. At this stage,
ideal geometric cone beam projections were simulated with no
statistical noise or physical detector effects. However, errors
in motion estimation will still be incurred at minimum due to
imperfections in the background anatomy filtering step (i.e.,
in Step (iii) of the procedure).

The fiducial bead projections were simulated at high res-
olution, downsampled by a factor of 11 to a.508 × .508
mm detector pixel resolution, and then added to reprojections
of an actual reconstructed Rando phantom. The beads were
attached to widely separated points around the head so as to
subject them to the worst case effects of rotational motion
(nodding). This roughly simulates the way we would arrange

the beads in a crown worn by the patient. Possibly, though,
the crown would be fashioned so that the beads are suspended
at a certain distance away from the skull. This would reduce
the impingement of streak artifacts from the metal beads into
the reconstructed head anatomy.

Projections at 599 angles were generated with simulated
motion. Ground truth translational motion parameterstk were
derived from head motion measurements of actual human
subjects using the easyTrack 200 optical position tracker,
made by Atracsys. Ground truth rotational parametersθk were
introduced to cause the head to nod sinusoidally, with an
amplitude of∼ 1 mm at the surface of the head and a period
spanning the simulated acquisition. The motion parameter
sequence(θk, tk) was uniformly pre-rotated/translated so that
θ1 = t1 = 0, i.e., so that there was no motion-contamination
in the first projection view. The maximum overall motion
amplitude over the 599 projection views was about 2 mm.
We used cross-correlation template matching to measureukm.

Fig. 2 shows the background anatomy filtering result for our
motion-contaminated data and, for comparison, for motion-
free data as well. The projection views shown in Fig. 2 and
Fig. 1 are for the same gantry position. We see in Fig. 2
that the fiducials are made more prominent, as compared to
Fig. 1. Since motion is ignored in Step (iii) of the motion
estimation procedure, motion artifacts are apparent in the
motion-contaminated projection, Fig. 2(b).

Motion-compensated image reconstruction algorithms work
typically by accounting for the effect of motion on the ac-
quired projections. This means that, when assessing motion
estimation accuracy, one mainly cares about accuracy with
respect to features of the motion to which the measured
projections are sensitive. Motion parallel to the detectorpanel,
for example, tends to affect the projections more strongly
than motion perpendicular to the panel, and so requires more
accurate estimation. Given motion parameter estimates(θ̂k, t̂k)
and denoting the cone beam magnification at pointx in
gantry positionk by magk(x), we therefore quantified motion
estimation error according to the following projection-sensitive
metric,

Errkm
△

=
||Ck(R(θ̂k)xm + t̂k) − Ck(R(θk)xm + tk)||

magk(xm)
. (5)

For a given gantry positionk, this error measure compares the
true projected position of each fiducial with that predictedfrom
the estimates(θ̂k, t̂k). By normalizing the difference by the
magnification magk(xm), we obtain a less spatially-dependent
error metric. Moreover, Errkm becomes comparable in scale
to the unprojected motion estimation error

||(R(θ̂k)xm + t̂k) − (R(θk)xm + tk)||.

It will be useful to compare motion estimation errors with
the ground truth perturbation, due to motion, of the fiducial
projections. Similar to (5), we measure this as

∆km
△

=
||Ckxm − Ck(R(θk)xm + tk)||

magk(xm)
. (6)

Note that∆1m = 0 since, as mentioned, there is no motion-
contamination in projection viewk = 1 .

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 145



(a) (b)

Fig. 2. The results of background filtering in an example projection view. (a) Motion-free case. (b) Motion-contaminated case.

In Fig. 3, we have plotted the empirical distribution of∆km

(over k and m) conditional on∆km > 0.2 mm. This is a
relevant regime because0.2 mm is the smallest voxel size
used in commerically available MiniCAT systems. In Fig. 4,
we have plotted the corresponding conditional distribution of
Errkm.

One can see in Fig. 4 that the projected motion estimation
errors are concentrated well below the0.2 mm target resolution
of the scanner. By comparing with Fig. 3, we see that the
error sizes overall are an order of magnitude smaller than the
contaminating motion.
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Fig. 3. The empirical distribution of∆
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, the perturbation due to motion
of the fiducial projections, conditioned on∆

km
> 0.2 mm.

V. CONCLUSION

We have presented a motion estimation protocol that has
shown high accuracy in comparison to targeted scanner reso-
lution and to motion magnitude. Our preliminary experiments
involved ideal projections. Accordingly, the main challenge
faced by our estimation scheme was that of locating fiducial
projections within the clutter of background anatomy. Even
for noise-free projections, motion inconsistency among the
projection views introduced artifacts that complicate this task.
In future work, we will naturally wish to test our approach on
real acquired data. We will also investigate iterative extensions
of our motion estimation scheme whereby in each iteration, the
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Fig. 4. The empirical distribution of Err
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, the projected motion estimation
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background filtering step is refined by doing motion-corrected
projection operations using the current motion estimate.
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 Analysis of the bolus dynamics in a blood vessel 
using the Grangeat formula  

Donghui Lu, Min Liu, Erwei Bai and Ge Wang 

  
Abstract—Vessel bolus dynamics plays a critical role in the 

diagnosis of vascular diseases by the physicians. Although the 
images obtained from the DSA can show the location of the bolus, 
it is nearly impossible to get the quantitative information of the 
vessel bolus intensity change from these images. In rotational DSA 
and CTA, 3D bolus dynamics can be displayed in the 
reconstructed images, but it requires a lot of projections and thus 
has an adverse impact on the synchronization of dynamics on the 
display. In this paper, we first build vessel bolus dynamics 
phantoms, for which we produce a series of cone-beam projections. 
Based on the Grangeat formula, we propose an algorithm for real 
time monitoring of bolus dynamics in vertical blood vessel 
according to the data obtained directly from the continuously 
varying cone-beam projections. Simulation for several bolus 
dynamics models indicates that the algorithm proposed in this 
paper can be used to obtain the precise bolus dynamics in the 
cross-sectional plane of the vertical blood vessel under 
consideration. 
 
Index Terms—bolus dynamics, cone-beam projections, 
Grangeat formula, vertical blood vessel model 
 

I. INTRODUCTION 
In 1980, the Mistretta group with University of Wisconsin 

and the Nadelman group with University of Arizona developed 
digital subtraction angiography (DSA), which displays the 
bolus dynamics in blood vessel.  It has proven to be an 
indispensable tool for angiography and intervention therapy [1]. 
Bolus images from DSA can mainly be utilized to show bolus 
location information, but they do not reveal the bolus intensity 
dynamics in the blood vessel which has an important role in 
measuring blood flow and velocity. 3D bolus dynamics can be 
obtained from the  reconstructed images in rotational DSA and 
CT angiography (CTA), but better  images can be reconstructed 

only be if there are enough projections, this makes real time 
monitoring of the bolus intensity change impossible. In this 
paper, using the Grangeat formula, we propose a method that 
can instantly obtain the precise computation of the bolus 
intensity change in the cross-sectional plane of the blood vessel 
from a series of cone-beam projections. 

 
This work is supported by the NIH/NIBIB grant EB004287 and 

NSFC(no.10504020). 
Donghui Lu is Department of Electrical and Information Engineering, 

Shanghai University, Shanghai 200072, China  ( e-mail: 
dhlu@shu.edu.cn).  

Min Liu is Department of Electrical and Information Engineering, 
Shanghai University, Shanghai 200072, China  ( e-mail: 
liumin-ok@sohu.com).  

Erwei  Bai is with Systems Control Laboratory, Department of Electrical 
and Computer Engineering, University of Iowa, Iowa City, IA 52242, USA 
(e-mail: er-wei-bai@uiowa.edu ). 

Ge Wang is with VT-WFU School of Biomedical Engineering & Sciences, 
Virginia Polytechnic Institute & State University,  1880 Pratt Drive, Suite 2000, 
MC-0493, Blacksburg, VA 24061, USA  (e-mail: ge-wang@ieee.org). 

The Grangeat formula was established by Grangeat P. in 
1991 while he studied 3D exact reconstruction from cone-beam 
projections, which estabilished the relation between the 
weighted integrals over projections along a line in the detector 
plane and the first-order radial derivative of the Radon 
transform of the 3D object being reconstructed [2]. In 1992, 
Danielsson P. E. reformulated the Grangeat formula and 
reduced the computation complexity by using the 2D FFT [3]. 
In 2003, Lee and Wang developed Grangeat-type a half-scan 
cone-beam algorithm in the circular and helical scanning cases 
to solve the short object problem, which outperforms the 
Feldkamp-type half-scan reconstruction algorithms [4, 5]. In 
2006, Lu et al applied the Grangeat formula for CTA to monitor 
bolus intensity change in the main scanning plane directly from 
the cone-beam projections obtained using two row detectors [6]. 
In this paper, we generate a series of cone-beam projections 
based on the bolus dynamics model in the vertical blood vessel 
and then compute bolus intensity changes in different 
cross-sections of the blood vessel according to the Grangeat 
formula.  

The advantages of proposed algorithm lie in the simplicity of 
imaging geometry, the large range of imaging space and high 
imaging speed. The algorithm can be used to obtain bolus 
intensity changes in different cross-sectional planes of the 
blood vessel for the case of simple blood configuration. 

II. BUILD BOLUS DYNAMICS MODELS AND THEIR CONE-BEAM 
PROJECTIONS  

The existing phantoms in cone-beam CT are mainly composed 
of several objects which have the regular shape and the uniform 
density in the same object. For example, Shepp-Logan head 
phantom consists of several ellipses.  Every ellipse has same 
density which doesn’t change with the time. In practice, the 
bolus distribution along the blood vessel is heterogeneous, so 
we should build the blood vessel model with varying bolus 
density. For simplicity, we assume the blood vessel to be a 
column and only study the vertical blood vessel model shown in 
Figure 1. In Figure 1, let the blood vessel centerline be z axis, 
then the blood vessel equation is , where R is 
the radius of the column. Let the line from X-ray source, S, to 

222 Ryx ≤+
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the column center, O, be x axis. For computational convenience, 
we use a virtual detector plane uv  which passes through the 
point O and is parallel to the plane u v .  intersects with 
the virtual plane at the point 

′ ′ SB′
B′ , and the blood vessel at points 

P and Q.  

 
Fig.1 Vertical blood vessel model 

Suppose that the bolus intensity remains the same in a 
cross-sectional plane and changes along the Z axis. The bolus 
function in the observed blood vessel can the be written as  

       (1) 
⎩
⎨
⎧ ≤++−=

else
RyxtvB ),zztzyxf

,0
(),,,(

222
0ρ

Where vB is the velocity of bolus, which is taken to be constant, 
and t represents the time. Suppose that the bolus travels 
downward through the blood vessel, the vertical range of 
observed blood vessel being 11 ≤≤− z . Bolus function 

)(zρ along the Z axis is compact support function and let its 

support be . Here we let ＝2. If t=0, bolus intensity is 

zero in volume of interest; If , bolus intensity is 

nonzero in the whole volume of interest; At , 
bolus leaves volume of interest. We have selected the two bolus 
functions shown in figure 2 to simulate bolus dynamics 

0z 0z

Bvzt /0=

Bvzt /2 0=

(1) Normal function  
with its support approximately ; 

3/1},2/exp{)( 22
1 =−= σσρ zz

]1,1[−

(2) Quadratic function  
⎩
⎨
⎧ −∈−= else
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]1,1[,1)(
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Let the coordinate of the point B be (0, u, v), then the 
parameter equation of line SB is given as  

( 1), ,x d s y us z vs= − = = . Substituting x, y, z 

into 2 2 2x y R+ = ，we get the parameters  and  1s 2s
2 2 2 2 2

1,2 2 2

2 2 ( )
2( )

d d u R d
s

d u
+ −

=
+

∓ 2u
                         (2) 

Hence the projection value at point B in blood vessel is                  

∫ +−++=
2

1

)(),,( 0
222

s

s
BB dstvzvsvudtvuP ρ     (3) 

where is the cone-beam projections corresponding 
to bolus dynamics. 

),,( tvuPB

 
                           Fig. 2 two bolus changing functions 

III.  BOLUS  INTENSITY CHANGE IN CROSS SECTION BASED 
ON THE GRANGEAT FORMULA  

 As shown in Figure 3, the relation between cone-beam 
project ons and 3D Radon transform can be expressed as [6]: i

 
2 2 2 2

( , )

1     ( , , )
cos

Rf n
SO Xf S u v du

v u v SO

ρ ρ

α
∞

−∞

′ =

∂
∂ + +

∫
         (4) 

In Figure 3, the source S is located at the origin of the Cartesian 
coordinates. The point P (x, y, z) is an arbitrary point in the 
object being reconstructed. B is the intersection of the v-axis 
and a detection line parallel to the u-axis. The u-v plane 

 
Fig. 3 Coordinates systems used to adapt the Grangeat 

relationship for bolus dynamics 
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contains the object center O and is parallel to the y-z plane.  SA 
goes from the source S through P (x, y, z) to the point A on the 
detection plane. Xf(S, u, v) represents the line integral from S to 
A. The unit directional vector n  gives the normal direction of 
the plane SBA. ρ  is the distance from the point O to the plane 

SBA. ( , )Rf nρ ρ′  denotes the partial derivative of ( , )Rf n ρ  
with respect to ρ . α represents the angle between the positive 
direction of the x-axis and the line SB. Hence the plane SBA is 
not vertical to the Z axis, but the blood cross section is supposed 
to be vertical to Z axis, so we can approximately compute the 
bolus intensity change in blood cross section by projecting 

( , )Rf n ρ′  to Z axis, as illustrated in Figure 4. The projection 
is achieved using the formula  

( , ) ( , ) cosRf z z Rf n ρ α′ ′= , 2cosz v α= . 

 
Fig. 4  Computation of bolus intensity change in blood cross 

section 

In practical situations, the bolus intensity changes with the 
time in volume of interest, cone-beam projections are obtained 
continuously as in DSA. If they are collected in a fixed view, 
then bolus intensity change at the plane z＝v is 

1

0

1 0( ) ( , , ) ( , , ) ( , , )
t

B
t

S v Rf z t v dt Rf z t v Rf z t v′= = −∫     

（5） 
If cone-beam projections are collected from different scanning 
views, the equation 1 0 1 0(t t )θ θ ω− = −  shows that 

cone-beam projections from 0θ  to 1θ  correspond to the times 

from  to , where 0t 1t ω  is the angular velocity of the X-ray 
source. Thus we can get bolus intensity change at the plane z＝
v as follows 

1

0

1( ) ( , , ) ( , , ) ( , , )BS v Rf z v d Rf z v Rf z v
θ

θ
θ

θ θ θ θ′= = −∫ 0
   (6) 

Based on (5) or (6), we can compute the bolus intensity changes 
in different cross sections. Further, if we add together the bolus 
intensity changes near the central cross section, we can 
calculate bolus intensity change in volume of interest for a 

period of time, this will improve the reliability of bolus 
monitoring. 

IV. SIMULATIONS AND DISCUSSIONS 
Based on the above theories and analyses, we can obtain 

bolus changing rate along the Z axis, , at a fixed 
time from a series of cone-beam projections. At the same time, 
we can also get the real value of bolus intensity changing rates 
along Z axis with bolus dynamics models. The formula for this 
is as follows    

),,( vtzfR ′

⎩
⎨
⎧ =≤++−′×=′ 2

222
0 ,

,0
),(),,,( RS

else
RyxtvzzStzyxf B πρ   （7）   

 

 
Fig. 5 Bolus changing rate and its relative error of normal 

function at time   Bvzt /0=
Figure 5 shows the difference between the bolus intensity 
changing rate in blood cross section calculated by the Grangeat 
formula and the actual rate in the interval [ 1,1]z ∈ −  for 
normal function. Its relative error is less than 3% near the plane 
z=0 ( [ 0.6,0.6]z ∈ − ). As time changes, we assign the bolus 
intensity equally spaced over  to 240 views of [ 1,1]z ∈ −

[0, 2 ]θ π∈ . Here we select 120 views of the cone-beam 
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projections in the interval [0, ]θ π∈ , and then calculate bolus 

intensity change along Z axis at the time  using (6). 
This makes our algorithm fast enough to obtain bolus dynamics 
in blood cross sections directly from the cone-beam projections. 
Figure 6 and Figure 7 respectively show the simulation results 
and their relative errors. It can be observed that the relative 
errors are low near the plane z=0 ( ), and 
become large as |z| increases. This can be attributed to two 
aspects. One is that the tilt angle of the plane SBA

Bvzt /0=

[ 0.6,0.6]z ∈ −
 

( , )n ρ  is 
very high when z becomes large; the other is that the absolute 
values of bolus intensity change is small, which increases the 
relative errors. Practically we only use bolus dynamics in 
central regions to improve the precision. 

 

 
Fig. 6 Bolus changing quantity at time  (a) Normal 

function; (b) Quadratic function. 
Bvzt /0=

In this paper we proposed that the bolus intensity change in 
vertical blood can be calculated from cone-beam projections by 
the Grangeat formula. It can also be extended to oblique blood 
vessel and bifurcation blood vessel. This algorithm can also be 
used to calculate blood flow and velocity. If we build a biplane 
cone-beam projection system, with which we can reconstruct 

blood distribution in 3D space, and then by integrating the bolus 
intensity change obtained in this paper, we can achieve a 3D 
display of bolus dynamics. We will investigate these problems 
in the future.   

 

 Fig. 7 Relative error analysis at time  (a) Normal 
function; (b) Quadratic function. 

Bvzt /0=
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Image Reconstruction from Sparse Data in
Three-Dimensional Echo-Planar Imaging

Samuel J. LaRoque, Emil Y. Sidky and Xiaochuan Pan

Abstract—Although echo-planar imaging (EPI) is one of the
fastest of the common magnetic resonance imaging (MRI) meth-
ods, further reductions in EPI scan times are needed. This
is particularly true of three-dimensional EPI scans, in which
many slices are acquired. We demonstrate a method of obtaining
accurate image reconstruction from highly sparse EPI data
acquired in three-dimensional Fourier space. This method itera-
tively minimizes the three-dimensional total variation (TV) of the
estimated image using a gradient descent operation performed
on a GPU for accelerated processing. TV minimization is subject
to the constraint that the Fourier transform of the image matches
the known samples in Fourier space. Using this method, we
demonstrate accurate image reconstruction from Fourier space
samples obtained with as little as 15% of the data acquired in a
typical full 3D EPI scan. Additionally, we find that the algorithm
is robust to statistical noise in the Fourier domain, which we
demonstrate by adding Gaussian noise to the Fourier data and
repeating the reconstruction process. Our results correspond to at
least a factor of six decrease in scan time relative to conventional
methods.

Index Terms—Magnetic resonance, echo planar imaging, image
reconstruction, sparse data

I. INTRODUCTION

Echo-planar imaging (EPI) has emerged as one of the fastest
of the common magnetic resonance imaging (MRI) methods. It
is capable of reducing scan times by factors up to 104 under
some circumstances, and has become the method of choice
for functional cardiac imaging, neuro-imaging, and other ap-
plications that require rapid imaging to reduce motion artifacts
or follow dynamic physiological activity [1]. EPI uses larger
gradient magnitudes and rapid switching of the frequency
encoding gradient to acquire multiple lines of Fourier data for
a single radio frequency excitation. An entire two-dimensional
image slice can therefore be constructed from a single free
induction decay, which results in a large reduction of imaging
time compared to other methods.

EPI is commonly used to measure volumes instead of
individual slices. In multi-slice EPI, a three-dimensional vol-
ume can be reconstructed by stacking together multiple 2D
slices, each of which is obtained independently. A drawback
to this method arises when sparse sampling is desired, for
instance to reduce scan time. The 2D stacking method does not
accommodate sparse sampling along the slice direction, as this
creates gaps in the reconstructed image volume. An alternative
can be achieved by performing a standard 2D EPI sequence
while spatially encoding the third dimension of the excited

Dept. of Radiology – MC2026, University of Chicago, 5841 S. Maryland
Ave., Chicago, IL 60637. Corresponding author: Samuel LaRoque, E-mail:
s-laroque@uchicago.edu .

slab with a predetermined number of phase-encoding steps,
corresponding to the number of slices desired [2]. An image
of the entire 3D volume can then be constructed by means of
a 3D Fourier transform. Here we have developed and applied
a new image reconstruction algorithm where sparse sampling
in Fourier space along the slice direction does not cause gaps
in the reconstructed image. This algorithm takes advantage
of the fact that the Fourier transform is a non-local mapping
into image space. As will be shown, this means that accurate
3D image reconstruction can be achieved from EPI data with
highly sparse sampling in two of the three spatial dimensions.
By contrast, the 2D slice approach only allows sparse sampling
in one dimension. The full 3D approach presented here should
also allow greater signal-to-noise ratio in the reconstructed
images relative to 2D slice stacking because a greater number
of independent measurements are used to reconstruct each
image pixel. This can also be used to measure thinner slices
or smaller pixels without sacrificing signal-to-noise.

While EPI is fast relative to other MRI methods, 3D
image acquisition can still be very time-consuming, depending
on how many slices are needed. The image reconstruction
algorithm presented in this study may reduce 3D EPI scan
times by a factor of six or more. Repeated switching of the
frequency encoding gradient coupled with phase encoding
gradient pulses leads to mapping of Fourier space along hor-
izontal lines in a Cartesian grid which, for historical reasons
associated with our choice of phantom, we take to be the x-z
plane. Reduced scan time can be achieved through reduction of
the number of these horizontal data lines. In 3D EPI, a phase
encoding gradient is also applied along the slice direction,
which we take to be the y-axis. EPI scan time can be further
reduced by sampling fewer slices within the full 3D volume.

Here we extend our two-dimensional treatment of image
reconstruction from sparse EPI data [3] to three spatial di-
mensions. Our method allows a substantial shortening of
imaging time, and can also improve image resolution and
signal-to-noise ratio for scans of a given duration. This method
iteratively minimizes the total variation (TV) of the estimated
image using gradient descent, subject to the condition that the
estimated data remain consistent with the sample data [4], [5].
This approach should be effective for images that are nearly
constant over most regions and vary rapidly only in confined
regions, a condition applicable to many medical images. Using
this method, we reconstruct images from sparse samples in
Fourier space, using as little as 15% of the data used in a
typical full 3D EPI scan. In section II we introduce our data
model, and present the algorithm itself and the underlying
theory. In section III we present preliminary results of this
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study, and we briefly summarize our conclusions in section
IV.

II. DATA MODEL AND ALGORITHM

The measured signal in EPI is simply related to the Fourier
transform of the object function f(x, y, z):

S(kx, ky, kz) ∝
∫ ∫ ∫

f(x, y, z)

exp{−2πj(kxx + kyy + kzz)} dx dy dz

(1)

where kx, ky , and kz are proportional to the x, y, and z
gradients of the magnetic field, as well as the read-out time
along x and the phase encoding pulse durations along y and
z. Our data model consists of measurements of S(kx, ky, kz)
from computer generated data in a Cartesian volume.

The image reconstruction algorithm can be thought of as
an optimization problem where the data constraint to be
minimized is the total variation. Such a problem can be written
as

~f∗ = argmin||~f ||TV such that
∣∣∣M ~f − ~g

∣∣∣ ≤ ε (2)

where ~f represents a discrete image, ~g is the available Fourier
data, M is the Fourier transform operation, and ~f∗ is the
solution to the optimization problem. The inequality is used
to account for noisy data, and the value of ε depends on both
the amount of available data and the level of noise within the
data.

A solution to Eq. [2] is found by alternating two processes:
data projection followed by TV minimization via gradient
descent. The projection step is straightforward for MRI; since
the data are measured in the Fourier domain, this step consists
of fast Fourier transforming the trial image volume (which
initially consists of all zeros), copying in the known Fourier
data samples, taking a fast inverse Fourier transform, and
enforcing positivity by setting negative pixels to zero (for
simplicity we treat the inverse tranformed image here as pure
real). We refer to this process as the Fourier transform step.
Since EPI, to good approximation, measures Fourier data in
a Cartesian grid, no interpolation is used here to perform the
fast Fourier transforms in this step.

The Fourier transform step enforces data consistency, and
the gradient descent step follows to minimize the image TV.
The image TV is the `1-norm of the gradient image. It is
reduced by subtracting a small fraction of the gradient of the
image TV from the image itself. The best results are obtained
if this process is performed in a series of small steps [5].
In extending the algorithm from two dimensions to three the
Fourier transform scales only as n2 due to the weakness of the
log n term, while the gradient descent step scales fully as n3,
where n represents the side of a cube in which the algorithm is
performed. The gradient descent step is therefore time consum-
ing, requiring roughly an order of magnitude more CPU time
than the Fourier transform step under the conditions studied
here. To improve the computational efficiency of the algorithm,
the gradient descent step is performed on a GPU. The GPU
ordinarily uses parallel processing for rapid rendering of 3D
graphics, and is therefore well-suited to rapid calculation of the
TV gradient in a 3D environment. Performing gradient descent

on the GPU is an order of magnitude faster than doing so on
the CPU, making it roughly equal to the time required for the
Fourier transform step under existing conditions. More details
of the GPU operation will be reported at the meeting.

The algorithm is iterative, alternating the Fourier transform
step with gradient descent to move toward a solution of Eq. [2].
In early tests of the algorithm, iteration was terminated when
the data residual first dropped below ε. However, it was
determined that under some circumstances the resulting ~f∗

was still far from the solution of Eq. [2]. The algorithm has
been modified accordingly to adaptively change the Fourier
transform and gradient descent step sizes even after the ε
threshold is crossed, thereby continuing to move the solution
toward lower TV. Full details of this process will be presented
at the meeting.

We have performed numerical studies to validate and
demonstrate the algorithm’s performance in reconstructing
accurate images from highly sparse Fourier data. The studies
are performed using a 3D Shepp-Logan phantom embedded
in a cube of size 2433 pixels. Since 243 is a power of three,
a small prime, the fast Fourier transform is very efficient.
Even box dimensions are avoided to ensure the presence of
a single central Fourier component. Slices of the 3D Shepp-
Logan phantom in each of the three planes are shown in Fig. 1;
these particular slices are shown because they demonstrate
exceptional structure, and should therefore provide a good
benchmark for algorithm performance. Extending the approach
of [3] to three dimensions, we remove a large number of
Fourier data lines from the x-z plane, retaining a central band
comprising 10% of the total number of data rows so as to keep
information about the DC and low frequency components of
the object function. The lines included outside of this central
band are randomly selected following a Gaussian distribution,
ensuring more data are acquired at lower frequencies. To
further reduce the amount of data used in the reconstruction,
we follow a similar approach along the slice direction, y,
retaining a central band of 10% of the total number of slices,
and again randomly selecting slices outside of this band for
removal. In the results presented below, 70% of the data rows
in the x-z plane have been removed, and 50% of the slices
have been excised from the dataset. In total, only 15% of the
total available data are retained. For simplicity we use this
sequence throughout, but other sequences that retained only
15% of the data gave very similar results.

III. PRELIMINARY RESULTS

We have applied the method described above to 3D im-
age reconstruction from simulated EPI scans of the Shepp-
Logan phantom. Reconstructed slices for ideal (noiseless)
data are shown in Fig. 2. The reconstructed images are
indistinguishable from the original slices of Fig. 1. This is
further demonstrated in Fig. 3. In this case we have plotted
a single row or column of the corresponding image from
Fig. 2; the specific row or column plotted is again chosen
so as to emphasize structure in the phantom. The black line
represents the reconstructed image, while the original image
is overplotted with a dotted gray line. There is no observable
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Fig. 1. Sample slices along the three axes. (a) Slice 117 of 243 in the y-z plane. (b) Slice 90 of 243 in the x-z plane. (c) Slice 135 of 243 in the x-y plane.
These particular slices were chosen because they show an exceptional amount of structure.

difference between the original and reconstructed images, so
image reconstruction is highly accurate under this algorithm
using just 15% of the available data.

We have also tested the algorithm in the presence of data
noise. Gaussian noise with zero mean and standard deviation
equal to 0.002% of the magnitude of the central Fourier com-
ponent is added to each data voxel. The resulting reconstructed
slices are shown in Fig. 4 with corresponding profiles in Fig. 5.
Since the noise is added in Fourier space, the effect on the
data is difficult to visualize. The dotted gray lines in Fig. 5
show profiles from the complete noisy 3D dataset after inverse
Fourier transform, giving a better feel for the effect of the noise
on the image. The solid black lines of Fig. 5 are profiles of the
images reconstructed from the noisy data, again achieved with
just 15% of the full 3D dataset. As both these profiles and the
images of Fig. 4 demonstrate, the TV algorithm has the added
advantage of regularizing the image, and the recovered images
are smoother than the originals. Comparison of Figs. 1, 4 and 5
demonstrate that the TV algorithm can adequately reconstruct
images from noisy data.

These results indicate that use of the TV minimization
algorithm for image reconstruction can substantially reduce
3D EPI scan times (e.g., by a factor of six in examples studied
here), facilitating more rapid imaging as well as greater image
resolution and signal-to-noise ratio for a given scan time.

IV. CONCLUSIONS

We have developed and applied an iterative reconstruction
algorithm based on minimization of the image TV to perform
accurate 3D image reconstruction with as little as 15% of the
data used in a full 3D EPI scan. We have also demonstrated
that the TV minimization algorithm has the added advantage
of regularizing the recovered image, making the method very
effective for noisy data. This approach is effective only for
fully 3D EPI as described here, since the 3D Fourier transform
used in our analysis maps the sparse Fourier samples into
the entire image space. Such a reduction in scan time with
multi-slice 2D EPI is unlikely, as this approach does not
allow for sparse sampling of slices within the volume. In
practice this algorithm may be able to both reduce EPI scan

time and increase scan efficiency by allowing for greatly
improved image resolution and signal-to-noise ratio in a scan
of a given time. The TV algorithm can be readily applied
to reconstructing images from sparse samples on other non-
uniform grids in Fourier space. We will present a detailed
description of the TV algorithm and our study results at
the meeting, including its performance under different noise
models and additional scan configurations.
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(a) (b) (c)

Fig. 2. Slices reconstructed from ideal data along the x, y, and z directions, corresponding to the same panels in Fig. 1.

(a) (b) (c)

Fig. 3. Selected profiles of the corresponding slices shown in Fig. 2. Specific row or column are chosen because they show exceptional structure. The solid
black line represents the profile reconstructed from sparse data, while the dotted gray line shows the profile from the full dataset.

(a) (b) (c)

Fig. 4. Same as Fig. 2, but for noisy data.

(a) (b) (c)

Fig. 5. Same as Fig. 3, but for noisy data.
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Comparison of reconstruction algorithms for digital
breast tomosynthesis
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Abstract— Digital breast tomosynthesis (DBT) is an emerging
modality for breast imaging. A typical tomosynthesis image is
reconstructed from projection data acquired at a limited number
of views over a limited angular range. In general, the quantitative
accuracy of the image can be significantly compromised by
severe artifacts and non-isotropic resolution resulting from the
incomplete data. Nevertheless, it has been demonstrated that DBT
may yield useful information for detection/classification tasks and
thus is considered a promising breast imaging modality currently
undergoing pre-clinical evaluation trials. The purpose of this
work is to conduct a preliminary, but systematic, investigation
and evaluation of the properties of reconstruction algorithms
that have been proposed for DBT. We use a breast phantom
designed for DBT evaluation to generate analytic projection data
for a typical DBT configuration, which is currently undergoing
pre-clinical evaluation. The reconstruction algorithms under
comparison include (i) filter backproject (FBP), (ii) expectation
maximization (EM), and (iii) TV-minimization algorithms. Re-
sults of our studies indicate that FBP reconstructed images are
generally noisier and demonstrate lower in-depth resolution than
those obtained through iterative reconstruction and that the TV-
minimization reconstruction yield images with reduced artifacts
as compared to that obtained with other algorithms under study.

I. INTRODUCTION

The breast cancer death rate declined by an average of 2.3%
per year between 1990 and 2002 [1]. This has been attributed
to earlier detection of breast cancer through mammography
screening. In a mammographic exam, two x-ray projections
of each breast are acquired in cranio-caudal and mediolateral-
oblique views. While mammography is considered the gold
standard in breast imaging, mass lesion detection is limited by
anatomic background structures [2], which can obscure lesions
or mimic a lesion appearance.

This limitation can be significantly reduced in tomosynthe-
sis imaging, in which a volume image is reconstructed from
projection data acquired at a limited number of views over a
limited angular range. Typically, the number of views ranges
between 11 and 21, whereas the angle ranges between 15 and
50 degrees. Tissue structures that are overlaying in conven-
tional mammography can be resolved in the reconstructed vol-
ume, and lesions can thus become more conspicuous. Because
of the data incompleteness in DBT the quantitative accuracy of
DBT images is generally compromised significantly by severe
artifacts and non-isotropic resolution. However, the purpose
of DBT is not to provide an accurate attenuation map of the
breast. Instead, DBT is aiming only at providing a clinically

useful image, i.e., to “remove visual clutter” [3], in terms of
detection/classification tasks.

The advent of digital detectors for mammography has made
DBT become tangible since the late 1990s. The development
of DBT was initialized by a breast mammographer, Daniel
Kopans and colleagues, at the Massachusetts General Hospital
[4]. Currently, a number of DBT prototypes have been built,
implementing a range of acquisition geometries [5], [6], [7],
[8]. In general, reconstruction algorithms for DBT that have
been explored fall into two broad categories, namely filtered
backprojection [5], [6], and iterative methods [8], [9].

Accurate image reconstruction in DBT is challenging be-
cause of the high degree of data incompleteness. Therefore no
analytic solution exists for quantitatively accurate image re-
construction from projection data. On the other hand, iterative
methods have been used to address image reconstruction in
DBT, and they appear to yield visually improved images over
those obtained with the non-iterative algorithms. In DBT, high
in-plane resolution is required in order to visualize microcalci-
fication clusters. The in-depth resolution of the images is poor
largely because of the limited angular range. Typically, the
image sampling is non-isotropic, with an in-plane resolution
of up to a factor of 10 higher than the in-depth resolution,
which can lead to artifacts during reconstruction. While this
anisotropy could in principle be remedied by increasing the
sampling grid resolution, this approach is not practically
feasible because of the large data size. Currently, a typical
tomosynthesis image that adequately covers the breast volume
consists of about 1.328 voxels (corresponding to a resolution
of 0.1× 0.1× 1 mm3).

The purpose of this work is to compare reconstruction
methods that are currently used for and/or have been proposed
for DBT reconstruction. Our comparison study is based on
an analytic phantom that we have developed for the purpose
of DBT algorithm evaluation. Dominant features of clinical
relevance have been incorporated into this model, namely the
overall breast shapes which causes a drop-off in intensity
towards the skinline, spherical structures to represent tumor
lesions, as well as microcalcification clusters.

II. BREAST PHANTOM

A breast phantom was designed to provide a basis for
algorithm comparison. It consists of objects with different
geometric shapes to allow for analytic computation of the
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(a) z=30mm (b) x=5.5mm (c) x=24.5mm (d) x=41.9mm

Fig. 1. The breast phantom used as the basis for comparison of reconstruction
algorithms in DBT. Images of the breast phantom within 2D planes specified
by (a) z = 30 mm, by (b) x = 5.5 mm, (c) x = 24.5 mm, and (d) x =
41.9 mm, respectively.

projection data. The overall shape of the compressed breast
of 50 mm thickness is modeled by a truncated ellipsoid.
Attenuation coefficients at a photon energy of 30 keV [10]
were used for phantom materials simulating the fibroglandular,
tumour and muscle tissues, as well as microcalcifications
in the breast. In Fig. 1, we display the phantom images
within 2D planes specified by (a) z = 30 mm, by (b)
x = 5.5 mm, (c) x = 24.5 mm, and (d) x = 41.9 mm,
respectively. As shown in Fig. 1a, the crescent-shaped region,
representing the fibroglandular tissue region of the breast, is
attached to a rectangular slab of higher attenuation, simulating
the pectoralis muscle. It can be observed in Fig. 1 that
numerous test objects of different sizes and contrast levels
are embedded in the phantom for simulating mass lesions and
microcalcifications. In particular, a row of three ellipsoids is
embedded in the pectoralis muscle (see Fig. 1(b)), with equal
in-plane diameters but varying flatness, thus allowing one to
evaluate whether shapes of equal in-plane profile, but different
in-depth profiles, can be resolved. Furthermore, six spheres of
different diameters, ranging from 5 mm to 15 mm, are equally
distributed in the fatty area of the breast (see Fig. 1(c)). It
can also be observed in Fig. 1(d) that three pairs of stacked
spheres of identical diameter d = 10 mm are embedded in
the breast region with different spacings of d, 2d, and 3d,
respectively, for these pairs. Finally, two clusters of small
spheres of diameters 0.3 mm and 0.15 mm are included to
model microcalcifications.

III. SCANNING CONFIGURATION

In this work, we consider a tomosynthesis scanning con-
figuration with parameters similar to those of the first GE
tomosynthesis prototype for breast imaging [9]. In this con-
figuration, the source is acquiring data at 11 projection views
uniformly distributed over an arc of 90 degrees. The source-to-
detector distance is 660 mm, whereas the distance between the
source and center-of-rotation is 460 mm. The detector plane is
perpendicular to the line connecting the x-ray source and the

detector center, at the center (6th) projection, and the detector
remains stationary while the x-ray source rotates along the
arc. The detector size is 180 mm×85 mm with the shorter
side perpendicular to the plane of rotation, and the detector-
bin size is 200 microns. In our configuration, the object center
is located 50 mm above the detector.

IV. RECONSTRUCTION ALGORITHMS

Noiseless projection data were computed analytically from
the breast phantom for the scanning configuration described
above. Noisy data were created by adding Poisson noise to
the noiseless projection data. The photon counts in projection
data were weighted to account for variations in the source-to-
detector-bin distance as well as variations in the effective area
of the detector-bin surface due to oblique x-ray incidence. We
have used a typical clinical exposure to determine the added
noise level. From the projection data, images within 3D arrays
with a voxel size of 0.2 x 0.2 x 1mm3 were reconstructed by
use of different reconstruction algorithms.

A. The FBP algorithm

For the filtering and backprojection reconstruction (FBP)
[11], each projection image is filtered with a ramp filter and
then back-projected using a cone-beam geometry. A von Hann
window is applied to supress high frequencies.

B. The EM algorithm

In each iteration of the expectation-maximization algorihtm,
the current image estimate ~fk+1 is updated by

~fk+1 = ~fk
1
s

M+{ ~g

M ~fk

} (1)

where ~g is the projection data, M and M+ are the forward
and backprojection operators, s =

∑
M , and ~g

M ~fk
indicates a

division between the vector elements. In our implementation,
a matched projector/backprojector pair is used with Gaussian
smoothing between iterations.

C. The TV-minimization algorithm

In the TV-minimization algorithm [12], the image is ob-
tained by solving an optimization problem:

~f∗ = argmin‖~f‖TV such that
∣∣∣M ~f − ~g

∣∣∣ ≤ ε, (2)

where ~f and ~g are discrete image and data, and M is the linear
operator representing the cone-beam forward projection and
~f∗ is the reconstructed image. The parameter ε can be selected
for controlling the impact level of potential data inconsistency
on the image reconstruction.

V. RESULTS

Using the tomosynthesis data produced from the breast
phantom with the scanning configuration described, we have
carried out a preliminary numerical studies to compare the
performance of the FBP, EM, and TV algorithms. In Fig. 2,
we displayed the images within the plane z = 30 mm
reconstructed by use of the FBP (left), EM (middle), and TV
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Fig. 2. Images reconstructed within a 2D slice specified by z = 30 mm ,
reconstructed from noiseless data (top row) and from noisy data (bottom row)
by use of the FBP (left column) EM (middle column), and TV (right column)
algorithms, respectively.

(right) algorithms. The true image within the corresponding
slice is shown in Fig. 1(a). As expected, because of the
strong data incompleteness in tomosynthesis, all reconstruc-
tions exhibit obvious artifacts. Out-of-plane objects create
conspicuous ghosting artifacts in all reconstructions, but most
severe in the FBP reconstruction. We refer to these artifacts
as structure noise. Among these algorithms, TV algorithm
appears to produce more uniform images than do others.
Furthermore, in the FBP reconstruction, edges are ”enhanced”
by the ramp filtering. The noisy reconstructions are visually
similar, suggesting that the image noise is dominated by
structure noise caused by out-of-plane objects. It is also ob-
servable that the noise properties of each algorithm is different.
The EM reconstruction appears most smooth, while the TV
reconstruction exhibits some “speckle noise”, i.e., spikes, in
an otherwise smooth image.

In Figs. 3, and 4, we show the image profiles on three dif-
ferent lines through the reconstructed image within the center
plane (i.e., z = 30 mm) of the image. The reconstruction
properties discussed above can be observed in these profile
results. Clearly, the FBP reconstruction appears most noisy,
which is expected because the ramp filtering tends to amplify
noise. There is a considerable DC shift for FBP reconstruction,
as well as for the EM reconstruction. From the profile across
spheres of varying diameters in Fig. 3, it can be observed
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Fig. 3. Profiles on the line specified by x = 24.8 mm and z = 30 mm in
images displayed in Fig. 2 obtained with the FBP (blue), EM (red), and TV
(green) algorithms, respectively. Solid curves are for noiseless images, dotted
curves for noisy images. For comparison, the true profile is depicted by the
black solid curve.
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Fig. 4. Profiles on the line specified by x = 34.4 mm. Reconstruction
algorithms and line types are identical to those in Fig. 3.

that that in-plane resolution is maintained in DBT, which is
the reason for the clinical usefulness of DBT. The profile
in Fig. 4 is on a line through a uniform section of the
phantom. Uniformity appears to be best reproduced by the
TV reconstruction. In the TV reconstruction, a shift between
noiseless and noisy data can be observed.

We also show in Fig. 5 the images from noisy data within
planes that are parallel to the source-motion plane and per-
pendicular to the detector. The true images corresponding to
those in rows 1, 2, and 3 of Fig. 5 are shown in in Figs. 1(b),
1(c), and 1(d), respectively. As the results indicate, none of
the algorithms recover the true shape of the the ellipsoids of
varying flatness in the first row. Rather, the variation in flatness
results in a variation of contrast. Furthermore, an increase in
overall intensity across the uniform pectoralis muscle can be
observed for the iterative algorithms. For all reconstructions,
as shown in the second row of Fig. 5, the spheres of different
sizes are elongated due to the limited angular range. Objects
are most uniform in the TV reconstruction and most blurred in
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Fig. 5. 2D slices within images reconstructed by use of the FBP (left column),
the EM (middle column), and the TV-minization (right column) algorithms,
respectively. The corresponding true images are displayed in Figs. 2b, 2c and
2d.

Fig. 6. Images of a set of small microcalcifications (0.15 mm in diameter)
within the 2D in-focus plane reconstructed by use of the FBP (left column),
EM (middle column), and, TV-minimization (right column), respectively, from
noiseless (row 1) and noisy (row 2) data.

the FBP slice. The improved in-depth resolution of the iterative
algorithms is also demonstrated for stacked spheres shown
in the third row of Fig. 5. Both algorithms clearly separate
spheres spaced by 2d, while FBP still shows some overlap. In
all slices obtained through FBP reconstruction, quantum noise
is quite pronounced. For the iterative algorithms, structure
noise is dominant.

Finally, we show in Fig. 6 a region-of-interest (ROI) in
the in-focus plane of a microcalcification (MC) cluster. The
top row shows reconstructions from noiseless data, the bottom
row shows reconstructions from noisy data. The entire cluster
consists of 6 MC, with another triangular arrangement 6 mm
below the one depicted. In the noiseless images, patterns
caused by streaking artifacts can be perceived for the FBP and
EM reconstructions. Image quality in the TV reconstruction is
clearly superior in this situation.

VI. CONCLUSION

We presented a systematic comparison of three recon-
struction methods (FBP, EM and TV), for noiseless and
noisy phantom data acquired for a tomosynthesis scanning
configuration. The comparison was based on a phantom that
was specifically designed for evaluating tomosynthesis images.
Our study demonstrates that all reconstructed images exhibit
artifacts, because of the incomplete projection data available
for reconstruction. However, in-depth resolution was higher in
images from iterative reconstructions, and therefore ghosting
artifacts were also less conspicuous in the iterative reconstruc-
tions. Furthermore, structure noise from out-of-plane objects
was dominant for iterative reconstructions, while quantum
noise became visible in the FBP reconstruction. The FBP
reconstruction also showed artifacts caused by the ramp filter-
ing. In summary, our study indicates that iterative algorithms
may provide higher image quality for tomosynthesis image
reconstruction than FBP-based reconstruction.

ACKNOWLEDGMENT

This work was funded in part by NIH grants R33
CA109963, R01 EB000225, and K01 EB003913 (EYS).

REFERENCES

[1] American Cancer Society. Cancer Facts and Figures 2006. American
Cancer Society, Atlanta, 2006.

[2] A E Burgess, F L Jacobson, and P F Judy. Human observer detection
experiments with mammograms and power-law noise. Med. Phys.,
28:419–437, 2001.

[3] J T Dobbins III and D J Godfrey. Digital x-ray tomosynthesis: current
state of the art and clinical potential. Phys. Med. Biol., 48:R65–R106,
2003.

[4] L T Niklason, B T Christian, L E Niklason, D B Kopans, D E
Castleberry, B H Opsahl-Ong, C E Landberg, P J Slanetz, A A Giardino,
R Moore, D Albagli, M C DeJule, P F Fitzgerald, D F Fobare, B W
Giambattista, R F Kwasnick, J Liu, S J Lubowski, G E Possin, J F
Richotte, C-Y Wei, and R F Wirth. Digital tomosynthesis in breast
imaging. Radiology, 205:399–406, 1997.

[5] B Ren, C Ruth, J Stein, A Smith, I Shaw, and Z Jing. Design and
performance of the prototype full field breast tomosynthesis system with
selenium-based flat panel detector. In Proc. SPIE, volume 5745, page
550, 2005.

[6] T Mertelmeier, J Orman, W Haerer, and M K Dudam. Optimizing fil-
tered backprojection reconstruction for a breast tomosynthesis prototype
device. In Proc. SPIE, volume 6142, page 61420F, 2006.

[7] A D A Maidment, C Ullberg, K Lindman, L Adelöw, J Egerström,
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I. I NTRODUCTION

We consider an ultrasound scanner that consists of two fixed
planar parallel transducer arrays. The sources are restricted
to a straight line, while all transducers act as receivers. This
parallels the situation in cone beam X-ray tomography. We
treat the problem in the Born approximation. We derive a 1D
integral equation for the Fourier coefficients of the sought-for
density.

Right now we work on solving numerically the 1D inte-
gral equation. The results of implementation and numerical
experiments will be reported at the conference.

II. PROBLEM FORMULATION AND BORN APPROXIMATION

The functionf defining the object is

f =
c2
0

c2
− 1− i

k

2αc0

c
(2.1)

wherec is the local speed of sound,c = c0 outside the object
constant, andα is the attenuation.k = ω/c0 is the wave
number. We assumef(x) to vanish outside the strip|x3| < R.
The transducer arrays are assumed to be perpendicular to
the x3-axis and to lie outside that strip. This means that the
receivers are of the form(r′, r3) with r′ ∈ IR2 and |r3| = R,
while the sources are of the form(s1, 0, R), s1 ∈ IR1.
We model ultrasound tomography by the Helmholtz equation

−∆u− k2(1 + f)u = δ(x− s) (2.2)

whereu is the pressure ands the source position. Upon setting

u(x) = Gk(x− s) + v

with Gk the fundamental solution of−∆−k2 in IR3 we obtain

∆v(x) + k2(1 + f(x))v(x) = −k2Gk(x− s)f(x). (2.3)

This differential equation has to be complemented by the
Sommerfeld radiation condition at infinity. We assumev(r)
to be measured for each receiverr at the receiver array(s)
and for each sources on the source array(s). The problem is
to recoverf .

We solve the problem within the Born approximation.
This is done by adjusting the method developed by Devaney
[1] for plane wave irradiation to our geometry. The Born

approximation is derived by neglecting the termfv on the
left hand side of (2.3), obtaining

∆v(x) + k2v(x) = −k2Gk(x− s)f(x). (2.4)

With the help of the fundamental solutionGk this can be
written as

v(r) = k2

∫
Gk(r − x)f(x)Gk(x− s)dx (2.5)

for each receiverr. For eachx ∈ IR3 we put

x =
(

x′

x3

)
, x′ ∈ IR2

and correspondingly forr, s. With g(r, s) = v(r) the data
function we can rewrite (2.5) as

gk(r′, r3, s
′, s3) = k2

R∫

−R

∫

IR2

Gk(r′ − x′, r3 − x3)f(x′, x3)

×Gk(x′ − s′, x3 − s3)dx′dx3.
(2.6)

III. PLANE WAVE DECOMPOSITION OF THE FUNDAMENTAL

SOLUTION

Let Gk,n be the fundamental solution of−∆ + k2 in IRn,
i.e.

Gk,n(x) =
eik|x|

4π|x| for n = 3, (3.1)

Gk,n(x) =
i

4
H0(k|x|) for n = 2. (3.2)

Following [1] we make use of the plane wave decomposition
of Gk, to wit

Gk,n(x) = icn

∫

IRn−1

ei(|xn|a(z)−x′·z) dz

a(z)
, (3.3)

c2 =
1
4π

, c3 =
1

8π2
, a(z) =

√
k2 − |z|2;

see [2], p. 49. Combining (3.2) and (3.3) forn = 2 yields

H0(k|x|) =
1
π

∫

IR1

ei(|x2|a(z1)−x1z1)
dz1

a(z1)
. (3.4)
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We need formulas for the 1D and 2D Fourier transform ofGk.
From (3.3) we obtain for the 1D Fourier transform̂Gk of Gk

with respect tox1

Ĝk(ξ1, x2, x3) = (2π)−1/2
∫

IR1

Gk(x)e−ix1ξ1dx1

= (2π)−1/2 i
8π2

∫
IR1

∫
IR2

ei(|x3|a(z)−x′·z) dz
a(z)e

−ix1ξ1dx1.

Carrying out the integral with respect tox1 yields

Ĝk(ξ1, x2, x3)

= (2π)1/2 i

8π2

∫

IR1

ei(|x3|
√

k2−ξ2
1−z2

2−x2z2)
dz2√

k2 − ξ2
1 − z2

2

.

Comparing this with (3.4) we see that

Ĝk(ξ1, x2, x3) = (2π)1/2 i

8π
H0(a(ξ1)

√
x2

2 + x2
3). (3.5)

So far the 1D Fourier transform. For the 2D Fourier transform
with respect tox′ we get directly from (3.3)

Ĝk(ξ′, x3) =
i

8π2a(ξ′)
ei|x3|a(ξ′). (3.6)

IV. SOURCES ON A LINE

Now we restrict the sourcess to the line x2 = 0 in the
planex3 = R. Formula (2.6) now assumes the form

gk(r′,∓R, s1, 0, R)

= k2

R∫

−R

∫

IR2

Gk(r′ − x′,∓R− x3)f(x′, x3)

×Gk(x1 − s1, x2, x3 −R)dx′dx3,

(4.1)

where - stands for transmission and + for reflection measure-
ments. Doing a 2D Fourier transform with respect tor′ we
obtain from (3.6)

ĝk(ρ′,∓R, s1, 0, R)

= (2π)−1

∫

IR2

gk(r′,∓R, s1, 0, R)e−iρ′·r′dx′

=
ik2

8π2a(ρ′)

R∫

−R

∫

IR2

ei(R±x3)a(ρ′)e−ix′·ρ′f(x′, x3)

×Gk(x1 − s1, x2, x3 −R)dx′dx3.

(4.2)

Here we have made use of the fact thatR ± x3 ≥ 0 if
f(x′, x3) 6= 0. Now we do a 1D Fourier transform with respect
to s1. Using (3.5) we obtain

ˆ̂g(ρ′,∓R, σ1, 0, R)

= (2π)−1/2

∫
ĝ(ρ′,∓R, s1, 0, R)e−is1σ1ds1

=
−(2π)1/2

64π3a(ρ′)

R∫

−R

∫

IR2

ei(R±x3)a(ρ′)e−ix′·ρ′f(x′, x3)

×H0

(
a(σ1)

√
x2

2 + (x3 −R)2
)

e−ix1σ1dx′dx3.

Here we can carry out the integral with respect tox1, obtaining

ˆ̂g(ρ′,∓R, σ1, 0, R)

=
−1

32π2a(ρ′)

R∫

−R

∫

IR1

f̂(ρ1 + σ1, x2, x3)ei(R±x3)a(ρ′)−ix2ρ2

×H0(a(σ1)
√

x2
2 + (x3 −R)2)dx2dx3,

(4.3)

wheref̂ is the 1D Fourier transform off with respect to the
first argument,

f̂(ξ1, x2, x3) = (2π)−1/2

∫

IR1

f(x1, x2, x3)e−iξ1x1dx1.

Compared to the 3D problem (4.1), (4.2) is a 2D problem
for f̂(ξ1, · ) for eachξ1. To further reduce the number of
dimensions we introduce polar coordinatesx2 = r cos ϕ, x3 =
R + r sin ϕ, 0 ≤ ϕ ≤ 2π, r ≥ 0 and the variableα by ρ2 =
−a(ρ1) cos α, a(ρ′) = a(ρ1) sin α, 0 ≤ α ≤ π, replacing the
variableρ2. Note that by assumptionŝf ≡ 0 when0 ≤ ϕ ≤ π.
Thus we obtain

G±(ρ1, σ1, α) =

∞∫

0

2π∫

0

f̂(ρ1 + σ1, r cos ϕ,R + r sin ϕ)

× eira(ρ1) cos (ϕ∓α)H0(a(σ1)r)rdrdϕ,
(4.4)

where
G±(ρ1, σ1, α)

= −32π2a(ρ′)e−i(R±R)a(ρ1) sin α ˆ̂g(ρ′,∓R, σ1, 0, R)
(4.5)

andρ′ = (ρ1, ρ2 = −a(ρ1) cos α). We expandf̂ in a Fourier
series with respect toϕ:

f̂(ρ1 + σ1, r cosϕ,R + r sinϕ) =
∑

`

f̂`(ρ1 + σ1, r)ei`ϕ,

f̂`(ρ1 + σ1, r)

= (2π)−1

2π∫

0

f̂(ρ1 + σ1, r cos ϕ,R + r sin ϕ)e−i`ϕdϕ.

(4.6)

Define the function:

G±(ρ1, σ1, α) :=

{
G+(ρ1, σ1, α), 0 ≤ α < π,

G−(ρ1, σ1,−α), −π ≤ α < 0.

Then (4.4) assumes the form

G±(ρ1, σ1, α) =
∑

`

g`(ρ1, σ1)ei`α,

g`(ρ1, σ1) =

∞∫

0

f̂`(ρ1 + σ1, r)J`(ra(ρ1))H0(ra(σ1))rdr,

(4.7)

with J` the first kind Bessel functions of order̀. These
relations are the promised 1D integral equations.
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Abstract— Improvements on system resolution, quantification
accuracy and sensitivity for pinhole and multipinhole preclinical
SPECT systems demand lower tolerances for detector alignment
or reconstruction methods that model such misalignments. It-
erative reconstruction methods not only model the statistical
properties of the image acquisition, but are also capable of
modeling imaging parameters such as pinhole edge penetra-
tion, non-uniform attenuation/scatter correction, and detector
misalignment. Monte Carlo simulation tools such as GATE
allow generation of data that accurately simulates these physical
parameters. We simulated a pinhole SPECT system with a trans-
lated and rotated detector imaging two line sources using GATE.
The generated projection images were compared to projection
images from an implemented model of a pinhole SPECT system
with a misaligned detector. Furthermore, this implementedsys-
tem model was used to reconstruct the projection images three
times: first without detector misalignment correction, then with
center of rotation correction, and finally with full misalig nment
correction. The projection images simulated with GATE and
the images generated with the system model show a good
correspondence. Slices through the three reconstructionsshow
a reduction of artifacts at different stages of our experiments
with the new system model. This model successfully integrates
detector misalignment in the reconstruction process. Thiscomes
at the cost of additional memory consumption due to the loss of
symmetry. Future research will focus on parallelization, on-the-fly
computation, and expanding the system model to a multi-pinhole
geometry.

Index Terms— SPECT, Modeling, Detector Misalignment, It-
erative Methods, Image Reconstruction

I. I NTRODUCTION

Preclinical pinhole SPECT [1] engineering focuses on
developing imaging equipment with higher geometric reso-
lution [2], improved sensitivity and quantification capabil-
ities [3]. The improvements made in geometric resolution
demand an increasingly higher accuracy of the imaging gantry.
Small variations in the system geometry and detector align-
ment can result in image artifacts diminishing the usefulness
of an imaging system. In addition, factors such as pinhole
edge penetration [4], [5], detector blur, and gamma photon

This work was supported in part by funding from the National Health
Research Institutes and Chang Gung Memorial Hospital in Taiwan. Division
of Medical Engineering, National Health Research Institutes, No. 35 Keyan
Road, Zhunan, Miaoli County 350, Taiwan Corresponding author: Christian
Wietholt, E-mail: christian.wietholt@web.de

attenuation [6] and scatter further reduce image quality and
quantification results.

Due to their capability to model the statistical properties
of the image acquisition process and incorporate a physical
model of the imaging equipment, iterative algorithms [7]–
[9] have become the standard method for reconstruction of
preclinical single and multi-pinhole SPECT data. In an effort
to construct a system matrix for iterative reconstruction that
takes all of the above mentioned imaging parameters into
account, we modified our recent development and added de-
tector misalignment. Initial algorithm verification was done by
comparing projection images from the implemented forward
projector with images simulated using GATE 3.0.0 [10]. Then,
reconstruction was performed by an implementation of the
ordered-subset expectation-maximization [11] algorithm.

II. M ETHODS

A. SPECT System

The pinhole SPECT system simulated for data generation
consisted of a tungsten knife-edge aperture with a diameterof
2 mm and a cone opening angle of40◦. The photon detection
system consisted of a square sodium-iodine scintillation crystal
with a side length of 120 mm and a thickness of 6 mm. The
coordinate system origin was chosen to be at the center of the
object space along the axis-of-rotation (AOR, z-axis). Thepin-
hole center and crystal center were positioned along the x-axis
and parallel to the z-axis at 50 mm and 150 mm, respectively.
This resulted in a magnification of2×. Monte Carlo simulated
data was generated using the GATE 3.0.0/GEANT 4 Monte
Carlo simulator. To simulate I-125 for high resolution pinhole
SPECT, photons with an energy of 35 keV were generated.
Detector misalignment was simulated by crystal rotation (10◦)
around the x-, y-, and z-axis and a translation (5 mm) along
the y- and z-axis.

Next, the GATE list-mode data was processed by a custom
software tool. Pixel locations on the crystal were computed
for each detected event in the GATE coordinate system. In this
processing crystal parameters such as; size, number of detector
elements, crystal center location, detector head rotationand the
misalignment parameters were incorporated
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Fig. 1: Multiple rays originating at the detector elements, were
traced through different locations in the pinhole aperture.
Contributions of voxel were integrated and then weighted
with a pinhole penetration factor, and finally added to the
detector element.

B. System Model for Iterative Reconstruction

The pinhole SPECT system matrix was modeled by tracing
multiple rays from the center of each detector element through
different locations within the pinhole and surrounding colli-
mator material extending into the object space, as illustrated
in Fig. 1. The locations within the aperture were defined by
a 10 × 10 grid with a size of 2.1 mm× 2.1 mm. Siddon’s
method [12] was used to compute the photon contribution of
each intersecting object space voxel to the originating detector
element. To give the pinhole its round shape and to implement
pinhole edge penetration, the contribution from each ray was
scaled by a penetration factor. This factor was presimulated
with GATE using the implemented SPECT system. A more
detailed description of this method can be found in [5].

Detector misalignment, as presented in Fig. 2, was also
considered during system model construction. World coor-
dinates for each detector element, indicated as small circles
in Fig. 1, were rotated and translated using the rotation and
translation parameters from the GATE simulation. Being the
origin for a particular ray, the application of these misalign-
ment parameters to the detector element coordinates resulted in
a displacement of this ray from its path at perfect alignment.
Furthermore, the coordinates of the pinhole aperture matrix
are the second point defining a ray and can also be translated.
This pinhole misalignment was not demonstrated in this study,
but would simulate an off-center position of the pinhole and
further displaces the ray.

The system model was generated for one angle and stored
entirely in random access memory (RAM) before initiating
the reconstruction algorithm. This improved execution speed,
but simulation of detector misalignment in the system matrix
prevented the use of symmetry [5] to maximize memory effi-
ciency. Thus, the object space had to be limited to64×64×64
voxel in order to allow computation on a workstation with
less than 1GB of RAM. System rotation was simulated by
rotating and bilinearly interpolating the radiotracer distribution
within the object space. Accumulation of interpolation error

Fig. 2: The system model allows for detector translation along
the y-, and z-axis, detector rotation around the x-, y-, and
z-axis, and pinhole translation along the y-, and z-axis.
The object is rotated around the z-axis for tomographic
imaging.

and resolution degrading artifacts were minimized by always
performing the rotation on the non-rotated distribution.

Misalignment artifacts were demonstrated using a phan-
tom consisting of 2 well separated parallel line sources. 60
projection images around the phantom were generated using
a forward projector implementing the new system model.
Another set of 60 projection images of the same phantom were
simulated with GATE. The two sets of projection images were
then compared to each other. Projection data was simulated
for a perfectly aligned and a misaligned detector showing a
rotation of 10◦ around each axis and a translation of 5 mm
along the y- and z-axis.

The misaligned data was reconstructed 3 times; without
misalignment correction, with center of rotation correction and
with full misalignment correction. Center of rotation correction
was performed by only correcting the translation of the detec-
tor, full correction incorporated the translation and rotation
of the detector. Ordered-subset expectation-maximization was
used for data reconstruction. The algorithm was stopped after
5 iterations using 12 subsets with 5 projection images each.

III. R ESULTS

Projection images generated with the system model using
an aligned and misaligned detector are shown in Fig. 3(a) and
Fig. 3(b), respectively. Similar images from identical projec-
tion angles simulated with GATE are presented in Fig. 3(c)
and Fig. 3(d). The images simulated with GATE show a
good correspondence with the images generated using the
system model. This indicates a correct implementation of the
detector misalignment in the system model and encourages
reconstruction of the data.

Fig. 4(a) to 4(c) show slices at a central (4(b)) and two
peripheral (4(a) & 4(c)) positions within the reconstructed
phantom. The reconstruction was performed without any
correction of misalignment. Here, the reconstruction results
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(a) (b)

(c) (d)

Fig. 3: Projections of the line source phantom using an aligned
and a misaligned detector are shown. (a) & (b) show
the projection images generated with the system model,
(c) & (d) show the projection images simulated using
GATE. The system model projections correspond well to
the GATE simulations.

appear distorted, forming large circular distributions inany of
the 3 slices.

(a) (b) (c)

Fig. 4: Reconstructed slices at (b) a central positions and (a) &
(c) peripheral positions using the reconstruction method
without misalignment correction. All three slices show
artifacts of misalignment.

Fig. 5(a) to Fig. 5(c) show slices at the central (5(b)) and two
peripheral (5(a) & 5(c)) positions of the reconstructed volume.
These slices are taken from the radiotracer distribution recon-
structed with a system model incorporating only translational
misalignment correction along the y-, and z-axis. The circular
distribution observed in Fig. 4(a) to Fig. 4(c) have disappeared.
Distortion in form of an enlarged distribution diameter arestill
visible at off-center locations.

Fig. 6(a) to Fig. 6(c) show slices at a central (5(b)) and two
peripheral (5(a) & 5(c)) positions taken from the radiotracer
distribution reconstructed with a system model implementing
the full correction of detector misalignment. This data shows
a distortion free reconstruction of the phantom.

(a) (b) (c)

Fig. 5: Reconstructed slices at (b) a central positions and (a)
& (c) peripheral positions using a system model with
translational misalignment correction. The two off-center
slices show an enlarged diameter of the line source were
the central slice does not appear to have any artifacts.

(a) (b) (c)

Fig. 6: Reconstructed slices at (b) a central positions and (a)
& (c) peripheral positions using a system model with
translational and rotational misalignment correction. No
artifacts are present in either of the three slices through
the phantom reconstruction.

IV. D ISCUSSION

The comparison between the projection images generated
with the implemented forward projector and the images simu-
lated with GATE show good correspondence and indicate that
the new system model matches the geometry of a misaligned
detector. The circular artifacts observed in the reconstruction
without any misalignment correction are a predominantly
reconstruction artifact from using data that was not corrected
for translational misalignment, which is commonly known as
center-of-rotation correction. The variation in artifactdiameter
are an indication of the detector rotation, where artifacts
entirely caused by a translational misalignment would not
show such variations. Correction of such artifacts can be
performed by preprocessing of the projection images which
always introduces interpolation errors. Translational correction
can successfully be performed within the system model as
shown in figures 5(a) to 5(c).

The artifacts manifested as increased line-source diameters,
still present in the reconstructions that were corrected for
translational misalignment, are conclusively a result of the
rotational misalignment. These artifacts could be eliminated
using the system model implementing the translational and
rotational detector misalignment. In a controlled environment
such as a GATE simulation, the translational and rotational
parameters are well known. In an experimental study using a
self-made SPECT system, these parameters might not be easily
accessible. For parameter retrieval, measurements of a phan-
tom with multiple point sources in combination with analytical
methods could be applied [13]. Another option would be using
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the developed forward projector in an optimization scheme to
determine the misalignment parameters iteratively [14].

V. CONCLUSION

We have developed a method to correct detector misalign-
ment within the system model of the reconstruction process.
Besides the increased memory requirements that are a direct
result of the asymmetry of the system setup, this modification
comes at virtually no additional expense in execution time.
The higher memory consumption requires an on-the-fly sys-
tem model computation for image sets larger than64 × 64
detector pixels, which are commonly encountered in high
resolution SPECT acquisitions. The modifications performed
on this system model for a single pinhole collimator can be
directly translated into geometries using multiple pinholes. On-
the-fly computation and parallelization, implementation of a
system model for multiple pinhole collimators, and methods
for misalignment parameter retrieval are future focuses ofour
research.
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Image Reconstruction in Emission Tomography Using
Statistical Ensembles

Arkadiusz Sitek, Ph.D.

Abstract— Image reconstruction and interpretation in emission to-
mography is difficult due to high levels of noise in the acquired
tomographic data. We designed a new approach to image representation
and reconstruction. In this paper we present a reconstruction algorithm
where we statistically determine the origins of all detected events. The
image reconstructed by our method consists of points in 3D space where
each point corresponds to the origin of an event detected by imaging
apparatus. Number of points in the reconstructed image is equal to
number of detected events. These points can be binned into voxels yielding
standard voxel based image. The reconstruction method presented in this
paper utilizes statistical ensembles (SE) of system states. A system state
describes origins of all detected events. In order to reconstruct the image,
the system states are searched by Markov Chain Monte Carlo (MCMC)
method to determine the most likely expectation state of thesystem.
No projection or backprojection operations are used during MCMC.
We tested the approach using computer simulations and applied the
developed algorithm to the experimental SPECT phantom data. We
found that the method gives artifact free images that are comparable
to results of the standard maximum likelihood-expectationmaximization
algorithm (ML-EM). We concluded that we designed a method thatis
an alternative statistical method for reconstruction of data obtained by
emission tomography apparatus.

I. I NTRODUCTION

T OMOGRAPHIC reconstruction of nuclear medicine scans
presents considerable challenge due to high levels of noise in

the acquired data. In this paper we propose a new approach to image
estimation that uses concept of statistical ensembles.

The reconstruction of images from the data acquired by the latest
generation scanners is becoming more complex mainly due to a large
number of the lines of responses (LOR) of the imaging system that
have to be considered. The line of response for an event corresponds
geometrically to the region in the image from where this event could
have originated. For example for the positron emission tomography
(PET) scanners with large number of detector elements (such as High
Resolution Research Tomograph) the number of the LORs is in the
order of10

9. In this work we generalize the term LOR to term Region
of Response (ROR) because for various imaging devices the ROR
does not have to be a line. For example for the Compton cameras
that use Compton Scattering principle detection for every detected
event the ROR is the surface of the cone. For Compton cameras
number of RORs could reach10

18.
Current statistical tomographic reconstruction method of choice

is Maximum Likelihood reconstructions. In this approaches the
likelihood that image estimation yields the observed measurements is
maximized. This is done under assumption of certain statistics usually
Poisson or Gaussian. Typically, the maximimization of the likelihood
is performed using expectation maximization (EM) algorithm or the
faster variation of the EM algorithm an Ordered Subsets Expectation
Maximizations (OSEM). In standard iterative methods, the estimates
calculated from current image estimate through theprojections oper-
ations are compared with acquired counts and based on the difference
between the estimates and truth the image is updated. In the approach
presented in this work we do not use projection operations or image

A. Sitek is with the Brigham and Women’s Hospital and Harvard Medical
School, Radiology Department, Nuclear Medicine Physics, 75Francis Street,
Boston, MA 02115, USA. asitek@bwh.harvard.edu.

updates. Instead, we stochastically modify the image according to
certain criteria, and during the reconstruction never compare estimates
of the projections with acquired data.

There are two major disadvantages of the standard iterative meth-
ods. One of these difficulties is calculation of the covariance of the
pixels in the reconstructed image. Due to its stochastic nature, our
algorithm estimates the variances as well as the image estimate.
The other limitation of almost all reconstruction methods is that
reconstruction area is always defined as set of voxels or blobs. Here,
we estimate the origins of each of the detected event in contiguous
3D space. Thus, the reconstructed image is a set of points in space
(point cloud). This gives more general representation of the image
since standard voxel based image can be easily obtained by binning
the events (as was done in this paper). Although, all advantages of our
method are unknown and further reserach is needed to fully explore
the properties of presented reconstruction method, we believe that it
holds great promise and deserves further investigation.

The method presented in this paper can be applied to any ge-
ometry of the tomographic apparatus. In particular, it can be used
in parallel, cone, or fan beam geometries of imaging apparatus and
with any modality using in emission tomography imaging: single
photon emission computed tomography (SPECT), positron emission
tomography (PET), time of flight (TOF) PET, Compton camera,
coincidence Compton camera etc.

In this paper, the theory of statistical ensembles applicable to
emission tomography is presented. The reconstruction algorithm is
tested and compared to (ML-EM) using computer simulations. An
application of the method to reconstruction of real SPECT data is
also presented and compared with results obtained by the ML-EM
method.

II. M ETHODS

A. Phase Space

For an evente detected by Nuclear Medicine apparatus a corre-
sponding ROR is determined. Mathematically, the ROR is described
as a probability density functionRe(

~(x)) that evente was emitted at
~x. Normalization condition has to be satisfied

∫

AOR
Re(~x)d~x = 1.

In this paper, the reconstruction area is represented as a regular array
of pixels or voxels for for two- and three-dimensional approaches,
respectively.

The main idea of our approach is to usestatistical ensemble in
order to statistically model the system. Statistical ensemble is an
idealization consisting of a large number of mental copies of a system,
considered all at once, each of which represents a possible state
that the real system might be in. For the case of tomography the
real system corresponds to knowledge of origins of every detected
event. Just to draw the correspondence between the statistical physics
where statistical ensembles are extensively used and tomography,
the measurement (for example counts detected by a gamma camera
in SPECT) is considered as macroscopic state of the system. That
macroscopic state is a result of a one microscopic stateµ. In case of
tomography the microscopic state corresponds to knowledge of the
origins of every event. The probability the given microscopic stateµ
created the given measurement is denoted bypµ.
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For the evente emitted at an unknown locationxe a voxel
corresponding to this location is denoted byie. Set of i1, i2 . . . iM
unequivocally defines a discrete state of the systemµ whereM is
the number of detected events. For every voxeli, for a given system
stateµ, the number of events at this voxel isnµi. Total number of
microscopic states for such defined tomographic system is enormous.
For example for 10,000 detected events and a reconstruction area
built from K =128×128 pixels (2D case), the number of states will
be 10

40,000. Entire set of all microscopic discrete statesΩ will be
referred as aphase space.

B. Derivation of state probabilities, expectation values, and covari-
ances

We define probability of a discrete stateµ based on the fact that
the probability that the evente was emitted at voxeli is proportional
numbernµi and wie. Value of nµi is a total number of events in
voxel i for stateµ. Dependence onnµi comes from the fact that
number of eventsnµi is the best estimate of the emission density
at location i for discrete stateµ. The value ofwie is an integral
of Re(~x) over voxel i. This is exactly the same definition as the
definition of an element of system matrix for standard tomographic
reconstruction. Information regarding the geometry of tomographic
apparatus, physics of the detection such as photon attenuation,
Compton scatter, detector response are included in the definition of
the system matrix. Taking this into account the probability of stateµ
is:

pµ =

K
∏

i=1

nµi
∏

j=1

wijenµi

︸ ︷︷ ︸

p∗µ

/Z =

K
∏

i=1

nN
µi

nµi
∏

j=1

wije/Z (1)

where Z is a normalization constant equal toZ =
∑

µ∈Ω
p∗

µ and
K is number of voxels in the image. Please note that in the above
definition of state probabilities any angular correlation between events
in the same voxel is ignored.

The goal of the reconstruction is to estimate emission density at
each voxel. As mentioned above, numbers of events in each voxel is
an estimate of this quantity. For a statistical ensemble approach this
number will be an expectation value over the entire phase space is
described by the following equation:

n̂i =

∑

µ∈Ω

pµnµi (2)

The numbers obtained by equation 2̂nµ1, n̂µ2, . . . , n̂µK are the
results of our method and correspond to image estimates. Please note
that the expectation values ofn̂i’s are no longer integers asnµi.

Covariance of estimateŝni and n̂j can also be determined from
the statistical ensemble using:

cov(n̂i, n̂j) =

∑

µ,ν∈Ω
pµ(nµi − n̂i)pν(nνj − n̂j)

∑

µ,ν∈Ω
pµpν

(3)

C. Markov Chains Monte Carlo (MCMC)

It is obvious that although equations 2 and 3 give estimations of the
reconstructed image and covariance of that estimation derived from
SE model, the sums over entire phase space are impossible to perform
due to the large number of states in the phase space. One would
want to reduce summations by using only these terms in equations
2 and 3 that have highest values ofp and not take into account
states with small or zero values ofp. This can be achieved by use
of Markov Chains Monte Carlo (MCMC) methods. In this approach,
an algorithm is used that samples states from the phase space with
probability proportional top. Thus, averaging states obtained MCMC
will give estimates of̂n′

is.

We construct Markovian process as a sequence of states where
next state in a sequenceν depends only on current stateµ and is
independent on history how the current stateµ was reached. The
transition to the next state is governed by atransition probability
P (µ → ν) with

∑

ν
P (µ → ν) = 1. Please note that the transition

probability P (µ → µ) which is a probability that the new state
generated will be the same as the old one, need not be zero. The
Markov process is chosen specially so when it runs for long time
starting from any state it eventually produce succession of states with
probabilities defined by equation 1. We will refer to this state as a
steady state or equilibrium state.

Two conditions are sufficient in order to ensure Markov process
to reach the equilibrium state. Thecondition of ergodicity requires
that any state of the system can be reached from any other state. As
we will see further we will design the algorithm that satisfies this
requirement. The other condition is a condition ofdetailed balance:

pµP (µ → ν) = pνP (ν → µ) (4)

We define the succession of states in Markov process by first
randomly determining an evente. In current configurationµ this
event is at voxeli. Next, we randomly determine new location in
voxel j for the event. The voxelj can be any other voxel in the
reconstruction area. Using equation 1 and equation 4 we have that:

P (µ → ν)

P (ν → µ)
=

wej(nµi − 1)
nµi−1

(nµj + 1)
nµj+1

weinµi
nµinµj

nµj
(5)

Current state is denoted byµ and next state byν. Equation 5 gives
condition put on transition probabilities that need to be enforced for
Markov chain described above to satisfy detailed balanced condition.

In order to implement the algorithm, the transition probability is
expressed asP (µ → ν) = g(µ → ν)A(µ → ν) whereg(µ → ν)

is a selection probability describing the probability that if system is
in stateµ the next selected state will beν. Value of A(µ → ν)

is an acceptance ratio that describes the chance that next generated
state is accepted. If not accepted, system stays inµ. Such formulated
transition probability still obeys equation 4 since transitionµ → µ
by teutology satisfy detailed balance equation. Taking constant value
of g(µ → ν) =

1

K
(alsog(ν → µ) =

1

K
) we see that the system will

obey detailed balance for acceptance ratios satisfying the following
condition:

A(µ → ν)

A(ν → µ)
=

P (µ → ν)

P (ν → µ)
(6)

The detailed balance condition does not put any constraints on
the value of the acceptance ratios just on the ratio of acceptance
ratios. We will use that fact in order to maximize the efficiency of
the algorithm. Ideally, we would like the acceptance ratio to be as
high as possible, so there is no ”wasted” moves. At the same time
acceptance ratio have to be smaller than 1. With that in mind we
defineA(µ → ν):

A(µ → ν) = min

{

1,
wej(nµi − 1)

nµi−1
(nµj + 1)

nµj+1

weinµi
nµinµj

nµj

}

. (7)

It is easy to check that this acceptance ratio satisfies the detailed
balance condition.

Using the above we define the entire algorithm as:

1) Create starting state: Randomly distribute events in the recon-
struction area. The final results will not depend on the starting
state so algorithm used for creation of the starting state does not
effect the final result. However, the time needed for algorithm
to reach the equilibrium may depend on the starting state. It
is important to mention here that the probability of the initial
state has to be greater than zero.
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2) Randomly select an event
3) Randomly select new location for the event and determine voxel

j corresponding to this location
4) Determine acceptance ratio using equation 7
5) Move event to new location with probability equal to accep-

tance ratio determined in 4
6) Go to 2

Please note that this algorithm allows the locations of the events to
be specified in the continues space. Voxels are used only to estimate
number of other events that are in the neighborhood of the given
event. If steps 2 through 6 are repeatedM (number of events) times
it will be referred that the system underwent onesweep.

In order to monitor progress of the algorithm, i.e determine if
system reaches an equilibrium state, a figure of merit needs to be
defined. By examining this figure of merit, we will search for states
where the value of figure of merit fluctuate around the same constant
value. For this purpose we will usep∗

µ/p∗

0 wherep∗ is defined by
equation 1.

Once the system reaches the equilibrium we would like to obtain
uncorrelated samples from the phase space. However, in the Markov
Chains system, states are highly correlated if they are close in the
chain. In order to estimate the appropriate time between the samples
with low degree of correlation we first define the autocorrelation
function χ(t):

χ(t) =

∫

[

E(t′) − Ē
] [

E(t′ + t) − Ē
]

t.
′ (8)

Direct evaluation of this function may be difficult and computation-
ally intensive, the Fourier transform̃χ(ω) is much easier to evaluate
since:

χ̃(ω) =

∣

∣

∣
Ẽ′

(ω)

∣

∣

∣

2

, (9)

whereẼ′
(ω) is a Fourier transform ofE′

(t) = E(t) − Ē.
The autocorrelation function is expected to exponentially drop

for Markov Chains system. Thus,χ(t) ∼ exp(−t/τ) where τ is
correlation time. For given tomographic data with same number of
detected events the autocorrelation time can be estimated by fitting
data to the exponent function. Once the correlation time is known for
given tomographic system and number of events, samples from the
Markov chain will be drawn every2τ . The sampling frequency allows
maximum of tmax

2τ
samples of the parent distribution, wheretmax is

total time at the equilibrium. Please note that time is referred to as
time of the MCMC simulation and is measured in units of number
of sweeps.

Efficiency of the calculation is an important issue because it is ex-
pected that likely ten thousands or even hundreds of thousand sweeps
will be necessary to reach equilibrium state and draw uncorrelated
samples while in equilibrium. We will speed up the algorithm by
replacing of random selection of the new location for an event when
new state in Markov chain is generated with random selection but
only from voxelsj for which wij > 0. The starting state for that
reconstruction will be created by assigning for each event detected
in j a random voxeli for which wij > 0.
D. Experimental Validation

Method was tested using computer simulations of a 2D phantom
consisting of two off-centered disks digitized over 64×64 pixel area
with relative activities of 1 and 5 for the larger and smaller disks,
respectively (see images of that phantom in Fig. 2 (A) and (B)). The
sinograms consisting of 64 projections with 64 bins each simulated
over 180◦ were created using the system matrixw. The same
system matrixw was used for the reconstruction which was done
to remove any errors in the reconstruction that come from mismatch
in system matrix used for data creation and data reconstruction. No

photon attenuation was modeled. The Poisson noise was added to the
projections corresponding to the total sum of the counts in sinograms
equal to 0.01, 0.1, and 1 million, respectively. Due to space limitations
in this paper results from 0.1 million counts are presented only.
Five hundred seventy sinograms each with a different realization of
Poisson noise were generated. The ML-EM reconstruction was used
in order to compare with results of the SE reconstructions. For ML-
EM reconstructions 1500 iterations were used.

The method was also used for reconstruction of experimentally
acquired SPECT data of a torso phantom with cardiac insert. Projec-
tions of the phantom were generated using methodology by Sitek et
al. (JNM 47:1187, 2006). A set of 60 projections 128×128 bins was
used. Each slice was reconstructed without attenuation or detector
response correction. Images were reconstructed in 128×128 matrix.
50,000 sweeps of the SE and 1500 iterations of the ML-EM were
performed. The results were filtered by a Gaussian filter with two
pixel FWHM.

Fig. 1. Figure presents comparison of the results of the SE method when
two different starting states are used. (A) and (C) are starting states for SE
reconstruction that yielded results after one million sweeps presented in (B)
and (D), respectively. Very good correlation between the (B) and (D) was
found and is presented in (E). This excellent correlation (r=0.99) was obtained
regardless two very different starting states. Simulation was performed for
100,000 events. Note that state probability of (A) is much higher than (B) or
(D). Therefore, the result of our method does not correspondsto a maximum
probability state.

III. R ESULTS, DISCUSSION, AND CONCLUSIONS

The results are summarized in Figures 1, 2, and 3.
The method presented in this work is especially well suited for

reconstruction from list-mode data and data from complex imaging
geometries such as tomographic reconstruction from the Compton
Camera or Time of Flight PET. The important feature of the SE
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Fig. 2. The graph presents relation between bias and variance for ML-EM
and SE methods. Diamond symbols correspond to the ML-EM method for
1, 2, 3, 5, 7, 10, 15, 20, 25, 30, 40, 50, 70, 100, 150, 200, 500, 1000, and
1500 iterations. Red circle corresponds to the result of 20,000 sweeps of the
SE method. 570 Poisson noise realizations of the same sinogramconsisted of
100,000 events were used for both approaches. It was found that SE performed
only slightly worse than the ML-EM. Using higher number of sweeps may
improve performance of the SE. Images (A) and (B) present average of 570
reconstructions that do not exhibit any major artifacts and closely resemble
original phantom. Slight streaking artifacts (center of theimages) can be seen
in the image with ML-EM results (B).

method is that the covariance matrix is estimated along with estima-
tion of the images. This ”’free”’ estimation of covariance matrix may
be beneficial for designing a filtering methods that would improve
the overall diagnostic accuracy of the approach.

There are several issues that need to be investigated. First, the most
important question that needs to be answered is whether the method
performs better or worse than standard existing methods, such as the
ML-EM algorithm, for specific diagnostic tasks. Although, as shown
in this work, the algorithm does not perform as well as ML-EM in
terms of bias/variance trade-off for computer simulation of simple
phantom, this finding does not necessarily translates into inferiority
of the algorithm in terms of diagnostic performance. Incorporation
of additional information about angular correlations of events emitted
from the same voxel may improve performance of the algorithm in
terms of bias/variance however, the implementation is complex and
will significantly increase computational load. The method performs
satisfactorily for the real data as was shown in Figure 3. We will
perform further research in order to fully investigate properties of the
presented algorithm. Since the formulation of the inverse problem
using SE is unique and unexplored, the regularization approaches
need to be discovered and researched as well.

One of the most important and unique features of that algorithm
is that the reconstructed image consist of set of events with locations
determined in a contiguous 3D space. In this work however, for the
sake of the clarity of the presentation the events were binned into
voxels and presented as 2D images. The events were also binned
in voxels during performing Markov Chain Monte Carlo to obtain
estimates of local emission densities. For both these steps however,
binning is not necessary as long as we use a different than binning
methods for the visualization of points in spacepoint cloud and for
the estimation of emission density from a 3D distribution of events
in the 3D space. We will investigate both of these these issues in
the future. For the reasons given above, we consider our method as
voxel-less fully 3D approach for the reconstruction and visualization

Fig. 3. Reconstruction of SPECT data acquired experimentally for torso
phantom with a cardiac insert. A slice through heart region of the phantom is
presented that was reconstructed from 60 projections of 128bins acquired over
180 ◦ with a total of 111,000 counts. (A) shows result of SE reconstruction
(50,000 sweeps). (B) is a reconstruction of the same data using ML-EM and
1500 iteration. Images (C) and (D) show the same reconstructedimages as
(A) and (B) after filtering with a Gaussian filter with FWHM of 2 pixels.
Please note remarkable similarity between the images. Not onlythe major
structures in the images are similar, but event the noise agglomerations are
the same. (E) shows profiles through the image corresponding togreen lines
on images (C) and (D).

of emission tomography data.
We presented a new reconstruction algorithm applicable to emis-

sion tomography data. We showed using computer simulations that
algorithm produces artifact free images. In terms of bias/variance
trade-off the algorithm is slightly inferior to the results obtained
by the ML-EM method, however only 20,000 sweeps were used to
reconstruct using the SE approach and more sweeps may be needed
for better accuracy and precision. We applied the algorithm to real
SPECT data and obtained almost identical reconstructed images (even
noise agglomerations were similar) when compared to the ML-EM
reconstruction. Due to special features of the algorithm, the method
provides a promising alternative to standard approaches to image
representation, reconstruction, and visualization.
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Refined geometric calibration for pinhole SPECT
Michel Defrise?, Christian Vanhove?, Johan Nuyts‡

I. ABSTRACT

We investigate the calibration of a rotating gamma
camera for pinhole (PH) SPECT imaging. Most calibration
methods assume that the motion of the camera around the
object belongs to a class described by a small number of
geometric parameters, for instance a circular acquisition. We
propose a new method, which refines an initial parametric
calibration by applying to each position of the camera a
rigid body transformation that is determined to improve the
fit between the measured and calculated projections of the
calibration sources. A stable estimate of this transformation
can be obtained with only three calibration sources by lin-
earizing the equations around the position estimated by the
initial parametric calibration. The performance of the method
is illustrated using simulated and real data.

II. INTRODUCTION

This paper describes a new method for the geometric
calibration of a rotating gamma camera for pinhole (PH)
SPECT imaging. The method perturbatively refines an initial
calibration obtained assuming an ideal, e.g. circular, motion
of the gamma camera, and allows to correct small deviations
caused by the non perfect mechanical stability of the scanner.

The ultimate approach to calibrate a pinhole SPECT
system consists in exhaustively measuring the response of
the scanner to a small radioactive source that is sequentially
moved by a robotized system in the center of each image voxel
[1]–[3]. This method integrates the geometric calibration, the
modeling of the pinhole collimator and of the resolution
and sensitivity of the detector. This exhaustive calibration
method is chiefly aimed at stationary systems and has limited
practicability for systems which need frequent recalibration.
Therefore, non-stationnary PH-SPECT systems generally sep-
arate the system model into two components: on the one hand
a model of the pinhole aperture and camera response [4]–[6],
and on the other hand a geometric calibration assuming an
ideal pinhole system. The latter problem also arises in SPECT
with cone-beam collimators [7], [8], in cone-beam CT [9],
[10], and in photogrammetry [11], [12]. For a single pinhole
camera the goal of the geometric calibration is to determine
[8]:

• Three intrinsic parameters, for instance the focal length
and the two coordinates of the orthogonal projection
of the pinhole onto the camera. For most scanners the
camera-collimator assembly can be considered as rigid
and the intrinsic parameters as constant,

?Dept. of Nuclear Medicine, Vrije Universiteit Brussel, B-1090 Brus-
sels, Belgium. e-mail: mdefrise@vub.ac.be, ‡ Dept. of Nuclear Medicine,
Katholieke Universiteit Leuven.

• For each position of the camera during a step-and-shoot
data acquisition, six extrinsic parameters, for instance the
3D location of the pinhole in the laboratory coordinate
system, and three angles to determine the orientation of
the camera.

The measurement of a calibration phantom with six
or more point sources allows to determine these parameters
independently for each position of the camera [13]–[16] by
directly estimating the 3×4 homogeneous matrix H that maps
the 4 homogeneous coordinates (x, y, z, 1) of a point in the
field-of-view onto the 3 homogeneous coordinates (u, v, 1) of
its projection on the detector. This independent calibration of
each camera position requires the estimation of a large number
of parameters. Even if additional constraints are introduced to
enforce the condition that the intrinsic parameters are constant,
a total of (3+6×number of camera positions) parameters needs
to be estimated. Better stability is obtained if the number of
calibration parameters is reduced by assuming a simple pa-
rameterization of the camera motion during acquisition. This is
why the majority of previous papers on PH SPECT calibration
assume a perfect rotation of the camera around a fixed axis. For
a single pinhole camera the extrinsic calibration then reduces
to the estimation of the four parameters required to locate
this axis of rotation with respect to some reference frame.
Algorithms to solve this estimation problem are based either
on an analytic solution [10], [17]–[20] or on the optimization
of a cost function [7], [21] that quantifies the goodness of
fit between the measured and estimated projections of the
sources, for the complete set of camera positions. In this work
we use the optimization method of Bequé et al [21]–[23]
which allows an arbitrary parameterization of the orbit. The
excellent image quality obtained assuming an ideal rotation
of the camera demonstrates the good mechanical stability of
these systems. Nevertheless, stability is not perfect and small
deviations have been reported [20], [24], [25], the effect of
which is amplified by the large magnification of the pinhole
geometry. This paper proposes a general method to correct
such deviations.

Building on methods applied in photogrammetry [12]
we propose an improved calibration method which starts
from an initial calibration based on a parametric model of
the camera motion and then refines the extrinsic parameters
of each camera position independently. The refinement is
achieved by applying to the camera a small rotation and
translation calculated to improve the fit between the observed
and estimated projections of the calibration sources. The
method only requires three ”point” sources and can therefore
be applied using the same measurements as those collected
for the initial calibration. Its computational cost is negligible
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and it can be applied independently of the nature of the
orbit assumed by the initial calibration. The major limitation
is the requirement that the initial parametric calibration be
sufficiently accurate to guarantee that the corrective displace-
ment of the detector remains small. Results with a single
pinhole collimator on the Siemens dual-head gamma camera
demonstrate that the correction of small deviations with respect
to the initial calibration result in visible, though marginal,
improvements of image quality.

III. A REFINED CALIBRATION METHOD

We consider a single head gamma camera equipped
with a single pinhole collimator. Cartesian detector coordinates
(u, v) are defined with respect to two orthonormal axes with
known pixel size. A calibration phantom consisting of n ≥ 3
sources i = 1, · · · , n is measured for M orbit positions α =
1, · · · ,M of the camera. For each position of the camera the
center of mass of the measured projection of each source are
calculated yielding the calibration data

(uobs
i,α , vobs

i,α ) i = 1, · · · , n, α = 1, · · · ,M (1)

We assume that the calibration data (1) have been fit by
some parametric model of the expected nominal orbit of the
camera around the object. This initial calibration provides the
following quantities, which fully characterize the system and
are sufficient for image reconstruction:

• The nuisance parameters: the positions of the point
sources ~xi ∈ IR3, i = 1, · · · , n.

• The intrinsic parameters:
1) The focal length F ,
2) The detector coordinates (mu,mv) of the orthogo-

nal projection ~cα ∈ IR3 of the pinhole aperture onto
the detector,

• The extrinsic parameters specify for each position α =
1, · · · ,M the position and orientation of the camera in
some fixed reference frame:

1) The pinhole aperture ~fα ∈ IR3,
2) The orthogonal projection ~cα ∈ IR3 of the pinhole

aperture ~fα onto the detector,
3) Two orthonormal vectors ~eu,α and ~ev,α ∈ IR3 which

define the coordinate axis in the detector plane.
To simplify notations we assume below that the coordinates
u, v have been shifted in such a way that the detector pixel u =
0, v = 0 coincides with ~cα. This shift can be achieved using
the estimated intrinsic parameters mu and mv . The extrinsic
parameters satisfy the following constraints: ~eu,α · ~ev,α =
0, ||~eu,α|| = ||~ev,α|| = 1, ~eu,α ·(~cα− ~fα) = ~ev,α ·(~cα− ~fα) =
0, and ||~cα − ~fα|| = F . Here ~a ·~b denotes the cartesian scalar
product in IR3 and ||~a|| =

√
~a · ~a.

Using the initial calibration we can calculate for each
α the expected projections of the n point sources as

ucal
i,α =

F 2 ~eu,α · (~xi − ~fα)

(~cα − ~fα) · (~xi − ~fα)
(2)

and similarly for vcal
i,α . Deviations |uobs

i,α−ucal
i,α| and |vobs

i,α −vcal
i,α |

between the measured and calculated detector coordinates

arise when the actual motion of the camera does not belong
to the class of orbits described by the initial parameterization
of the orbit.

A. Perturbative correction of the initial calibration

The proposed method estimates improved values of
the extrinsic parameters ~fα,~cα, ~eu,α, ~ev,α using the following
hypotheses:

• The assembly camera/collimator is rigid and the errors in
the three intrinsic parameters F , mu and mv estimated
by the initial calibration can be neglected,

• The initial calibration is accurate in the sense that the
discrepancies |uobs

i,α − ucal
i,α| and |vobs

i,α − vcal
i,α | are ”small”

in a sense defined below,
• The discrepancies are at least partly caused by repro-

ducible deviations of the camera motion from the as-
sumed parametric model,

• The errors in the positions ~xi ∈ IR3 of the n point
sources, estimated by the initial calibration can be ne-
glected.

Under these hypotheses, the extrinsic parameters of each
position of the camera can be corrected by applying to the
camera a rigid body transformation represented by a ”small”
translation ~tα ∈ IR3 and a ”small” rotation of angle θα around
an axis defined by a unit vector ~nα. ”Small” here means that
calculations can be limited to the first order in ||~tα||/F and in
θα. The rigid body transformation is determined independently
for each camera position. The corrected parameters will be
denoted by a ′. To first order in ||~tα||/F and in θα, they are
given by:

~e′u,α = ~eu,α + ~θα × ~eu,α ~e′v,α = ~ev,α + ~θα × ~ev,α

~f ′
α = ~fα + ~tα + ~θα × ~fα ~c′α = ~cα + ~tα + ~θα × ~cα

(3)

where ~θα = θα ~nα and ~a × ~b is the vector product (cross
product) of two vectors ~a,~b ∈ IR3.

With the corrected parameters defined by (3) the esti-
mated projection of the point sources becomes (recall that all
u and v variables have been shifted so that mu = mv = 0):

u′cal
i,α =

F 2 ~e′u,α · (~xi − ~f ′
α)

(~c′α − ~f ′
α) · (~xi − ~f ′

α)
i = 1, · · · , n (4)

(and similarly for v′cal). Our aim is to make this as close
as possible to the calibration data (uobs

i,α , vobs
i,α ), i = 1, · · · , n.

Therefore we determine the rigid body transformation of the
camera by minimizing the residual error

E2
α =

1
n

n∑
i=1

(
|u′cal

i,α − uobs
i,α |2 + |v′cal

i,α − vobs
i,α |2

)
(5)

For each camera position α = 1, · · · ,M the minimization of
E2

α leads to a set of linear equations for the six unknowns ~tα
and ~θα. This system is solved using a SVD expansion. Details
will be given at the conference.
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IV. RESULTS

A. Data acquisition

The method has been evaluated for a Siemens dual-head
gamma camera (e.cam, Siemens). Each head is equipped with
a single pinhole collimator (Nuclear Fields), with a tungsten
aperture of 1.5 mm diameter. Only one detector head was used
in this study.

Projections (uobs
i,α , vobs

i,α ) of three calibration sources
were acquired for M = 64 positions of the camera, which
were (nominally) uniformly spaced over 360 degrees. The
projection matrix size is 128× 128 with a pixel of 4.80 mm.
An initial calibration assuming a perfect circular acquisition
(Bequé’s method) yielded a focal length F = 280 mm and a
distance between the pinhole aperture and the axis of rotation
ROR = 46 mm.

B. Simulation study

Non-ideal acquisition geometries were simulated by
perturbing an ideal circular acquisition with the nominal pa-
rameters F = 280 mm and ROR = 46 mm estimated for the
real e.cam data. The calibration parameters ~fα,~cα, ~eu,α, ~ev,α

for the non-ideal geometry were then generated by applying
for each position α = 1, · · · ,M of the camera a translation ~tα
and rotation ~θα = θα ~nα to the assembly detector/collimator.
The origin of the reference frame is located at the center of
the field-of-view. The rotation and translation vectors were
determined randomly, according to

(~θα)j =
4∑

k=1

θa

k2

(
Ak,j cos

2πα

M
+ Bk,j sin

2πα

M

)

(~tα)j =
4∑

k=1

ta
k2

(
Ck,j cos

2πα

M
+ Dk,j sin

2πα

M

)
(6)

where j = 1, 2, 3 for the three cartesian components of the
vectors and Ak,j , Bk,j , Ck,j , Dk,j are independent normally
distributed pseudo-random numbers (mean 0, standard devia-
tion 1). The parameters ta and θa allow to tune the amplitude
of the simulated deviations from the ideal circular orbit, and
the factor 1/k2 is introduced to mimic a typical decay of
Fourier coefficients. For each non-ideal geometry generated,
the ”exact” projections uexact

i,α and vexact
i,α , i = 1, 2, 3 and α =

1, · · · , 64 of the calibration sources were calculated according
to equation (2). Gaussian noise with standard deviation σ =
1.0 mm was then added to obtain simulated calibration data
uobs

i,α and vobs
i,α . A total of 110 geometries were simulated in this

way, with various combinations of the translation and rotation
magnitudes in equation (6), ranging from 0.5 to 3 mm for the
translation ta and from 0.5 to 5 degrees for the rotation θa.
The simulated calibration data were first processed assuming
an ideal circular orbit, and then refined as proposed in section
III.

Figure 1 shows for each method and for each of the
110 simulations the root-mean-square error

E =

{
1

3M

M∑
α=1

3∑
i=1

(
|u′cal

i,α − uexact
i,α |2 + |v′cal

i,α − vexact
i,α |2

)}1/2

(7)
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Fig. 1. Root-mean-square error E (equation (7)) between the exact and the
calculated projections of the calibration sources. The error is averaged over
the 64 camera positions and over the three sources. Each symbol corresponds
to one simulated non-ideal geometry, and the increasing errors correspond to
increasing values of the simulated deviations from a circular motion. Vertical
axis: error with the refined method. Horizontal axis: error with the initial
calibration. The two axis are lengths measured on the detector plane (pixel 4.8
mm). These lengths should be demagnified by an average factor F/ROR ' 6
to be interpreted in image space.

C. Reproducibility with measured data

Figure 2 shows the angular variations of one component
of the rotation vector estimated from ten successive calibration
scans acquired with the e.cam system. Clearly, it would
be difficult to define an appropriate parametrization for this
irregularly varying quantity, and the fact that the proposed
method does not require any specific model is an advantage.
The magnitude of the errors indicates the good numerical
stability of the method and the fact that the deviations from an
ideal circular motion are fairly reproducible with this specific
scanner. Comparison with the results for a second series of ten
calibration scans taken one month later, shows that the major
features of the motion are stable.

D. Measured phantom data

A Derenzo like hot rod phantom was filled with 5
mCi 99mTc. Projection data were acquired with the same
parameters as described above (64 projections, 128 × 128
projection matrix, single 1.5 mm pinhole, nominal ROR =
46 mm, total count 61 × 106 million). After calibration the
data were reconstructed on a 128 x 128 x 128 image matrix
with 0.5 mm voxels, using 5 iterations of the OSEM algorithm
(16 subsets). The pinhole aperture and the detector intrinsic
resolution of 4.0 mm FWHM were modelled as described in
[26]. Attenuation and scatter were not modelled.

V. CONCLUSION

This paper proposes a new method for the geometric
calibration of a high resolution pinhole SPECT camera. Con-
trary to other techniques previously applied in this field, this
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Fig. 2. The z component of the rotation vector (in degree), calculated from
a 15 min calibration scan. The two curves correspond to two sets of 10
successive calibration scans taken on one month interval. Error bars for the
first set are calculated as the standard deviation of the 10 calibration scans.

Fig. 3. Transaxial section of a hot rod phantom. Rod diameters: 2 mm, 1.8
mm, 1.6 mm, 1.4 mm, 1.2 mm, and 1.0 mm. Left: Calibration assuming a
circular orbit. Right: Refined calibration.

calibration does not assume that the motion of the camera can
be described by a known parametric ”nominal” orbit such as
a rotation. Following a general idea that has be exploited in
photogrammetry [12], the approach is based on the refinement
of an initial parametric calibration. Because this refinement is
calculated by linearizing the corrective displacement applied
to the camera, the deviation from the ideal nominal orbit
must be small. A second condition is that these deviations
be reproducible, so that the corrections calculated from the
calibration scan are still applicable to the actual scan. Both
these requirements turned out to be satisfied with the SPECT
system used in this work. The refinement method offers two
advantages compared to methods which individually calibrate
each position:

• It can be applied with only three calibration sources,
• Working by perturbing an initial parametric calibration

improves the stability of the calibration.
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Optimal parallel hole collimator for cardiac SPECT
with iterative reconstruction and 3D resolution

modelling
Krzysztof Kacperski and Brian F. Hutton

Abstract— We investigate the quality of cardiac SPECT images
acquired with parallel-hole collimators for a range of geometric
resolutions and sensitivities, and reconstructed using ordered
subsets expectation maximisation (OSEM) with attenuation and
distance-dependent resolution modelling. The NCAT phantom
with cardiac and respiratory motion is used to produce simulated
projections. Parameters to measure contrast (resolution) and
noise are carefully chosen to represent image properties in the
myocardium. Our results indicate that the performance of a low
resolution collimator (sensitivity about 5 times that of HR) is
significantly better than that of the HR collimator in terms
of the contrast-noise curves. An image of comparable quality
can be acquired within about 1/3 of the HR scanning time.
However, it requires a relatively high number of iterations and
more computation time.

Index Terms— myocardial perfusion, resolution recovery,
OSEM

I. I NTRODUCTION

Myocardial perfusion imaging is one of the most frequently
used applications in nuclear medicine. Recently, dedicated
systems using non-standard scanning geometries appeared on
the market, nevertheless at present the majority of cardiac
scans are performed using dual head gamma cameras with
flat panel detectors and parallel hole collimators. In this
configuration the HR collimator and the filtered backprojection
(FBP) reconstruction with Butterworth or Hanning filter is
recommended [1].

It is well known that iterative reconstruction methods, in
particular OSEM, are superior to the analytical ones being
able to incorporate the exact physical model of the imaging
process and in effect giving better quality images at the
price of extended computation time. In SPECT, one of the
basic elements oversimplified in analytical reconstruction and
leading to deterioration of image quality is the distance depen-
dent geometric resolution of the collimator [2]. The degree
of blur depends on the size of collimator holes; the well
known resolution sensitivity tradeoff comes into play. The
HR collimator recommended for cardiac imaging with FBP
reconstruction represents a good compromise between the two
limiting factors giving acceptable diagnostic images. However,
when the collimator blur is properly modelled within an
iterative reconstruction we could, in principle, recover a high
resolution image even from very blurred projections measured

Institute of Nuclear Medicine, University College London, Lon-
don, NW1 2BU, UK Corresponding author: K. Kacperski, E-mail:
krzysztof.kacperski@uclh.nhs.uk

with a low resolution collimator. The limiting factor is the
accuracy of measured projections, i.e. the number of counts.
The question then arises, whether the HR collimator is still
the best resolution-sensitivity trade-off for cardiac imaging.
In this paper we explore the limits of the resolution recovery
(RR), looking for a collimator which gives an optimal balance
between image resolution and noise when the resolution model
is included in the reconstruction [3], [4]. We show that signifi-
cant advantages can be achieved with the conventional gamma
camera by using ’closer to optimal’ collimators together with
appropriate reconstruction methods.

II. M ATERIALS AND METHODS

A. The phantom, collimators and reconstruction method

We focus on myocardial perfusion imaging. We use the
numerical NCAT phantom [5] with respiratory and cardiac mo-
tion modelled. The object is created by averaging over 15 time
frames, sampling the respiratory and cardiac cycles. Typical
180◦ acquisition, 60 projection angles with body contouring
orbit is assumed. Projections are calculated numerically with
attenuation (for 140 keV photons) and distance dependent
resolution. The point spread function at a distanced[cm] from
the detector is approximated by a Gaussian with the standard
deviation being a linear function ofd:

σ = σ0 + αd, (1)

where σ0 = 0.14 cm. The projections are scaled and Pois-
son noise is added to simulate typical injected activity and
scanning time of 25 min, during which 250K counts are
acquired within the heart using the standard HR collimator.
Another case of a short 10 min. scan giving 100K counts in
the myocardium with the HR collimator is also considered.
We used 1283 matrix with voxel size(0.42cm)3 The images
are reconstructed with the OSEM algorithm [6] using 15
subsets. Attenuation correction and collimator blur is included
in the reconstruction. We performed the reconstructions for
a range of collimators, summarised in Table I, with extreme
sensitivities differing by a factor of 20, keeping the assumed
scanning times constant and scaling numbers of counts in
projections according to relative sensitivities.

Apart from the usual HR, GP and UHR, we looked at
collimators of much lower resolutions and high sensitivities,
which at present are not routinely used.
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TABLE I

COLLIMATORS

Name Symb. α FWHM [cm] Relative

in (1) @ 10 cm sensitivity

Ultra High Resolution UHR 0.013 0.63 0.667

High Resolution HR 0.016 0.71 1

General Purpose GP 0.021 0.82 1.72

Medium Resolution MR 0.03 1.03 3.52

Medium Low Resolution MLR 0.035 1.15 4.78

Low Resolution LR 0.04 1.27 6.25

Ultra Low Resolution ULR 0.056 1.65 12.25

B. Image quality parameters

When optimising an imaging system, it is essential to
identify the appropriate measures of image quality relevant
to the particular procedure. Since the OSEM reconstruction
algorithm is nonlinear, the quality of the reconstructed image
depends not only on the properties of the imaging system,
but also on the image itself. Therefore to quantify the image
quality we use parameters related directly to the interesting
part of the image, i.e. the left ventricle. We define the following
measures of image quality:

Recovery coefficient:

RC =
NLVrec

NLVogr
, (2)

where NLVrec and NLVorg are the numbers of counts in
the left ventricle wall in the reconstructed and original image,
respectively.

Contrast recovery coefficient:

C =
NLVrec/NLV Crec

NLVorg/NLV Corg
, (3)

whereNLV Crec and NLV Corg are the numbers of counts
in the left ventricle chamber in the reconstructed and original
image, respectively.

Mean square error:

MSE =
∑

i∈LV (frec
i − forg

i )2
∑

i∈LV (forg
i )2

, (4)

where the sums are over voxelsfi of the left ventricle wall in
the original and reconstructed images.

Average coefficient of variation:

COV =

√√√√√ 1
NLV

∑

i∈LV

∑N
k=1

(
f

(k)
i − f i

)2

Nf
2

i

, (5)

wherek indexesN different noise realisations of the image,
and f i =

∑N
k=1 f

(k)
i /N is the average value of voxeli

over these realisations. To calculateCOV we run N = 12
reconstructions with independent noise seeds for each set
of projection parameters, with the exception of the ULR
collimator for whichN = 5 was used.

The first two parameters measure the average bias of the
reconstruction, or the system resolution, while theCOV is the
measure of random noise. TheMSE contains both of these
degrading factors.
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quality.
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Fig. 2. LV wall to chamber contrast vs. noise curves for different collimators
with 25 min. scanning time. The black dot indicates the typical diagnostic
image quality.

III. R ESULTS

The resolution noise curves for the 25 min. scans recon-
structed with RR is showed in Figs. 1 and 2.

Although there are some minor differences in the behaviour
of the recovery coefficient and contrast, one can notice that
there is anoptimal collimator for which the curves are
located closest to the top left corner. This seems to be the
MLR collimator, although the LR is also very close. For
the ultra high sensitivity collimator the system performance
begins to deteriorate. On the other hand the minimum of
the MSE (Fig. 3) which defines another kind of optimum is
between the MR and MLR collimators. Note however, that the
most clinically useful images (offering the best compromise
between resolution and noise) tend to be shifted to the left
(less noise) from the minima of theMSE. In any case, the HR
collimator is clearly well away from the optimum.

The respective resolution noise curves for the 10 min. scans
are shown in Figs. 4 and 5. The optimum is now shifted even
further towards low sensitivity collimators. We have not tried a
collimator of resolution low enough to see a clear deterioration
of performance because of excessively long reconstruction
times, but we suspect that now the optimum lies close to
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the LR collimator. This shift of optimum is confirmed by the
MSE curves in Fig. 6.

To verify our approach we have done a similar analysis
on images reconstructed without RR and smoothed with the
Butterworth filter of order 5, and a variable cutoff frequency
controlling the noise level. We used 5 iterations of OSEM
for reconstruction rather than the FBP in order to be able to
include exact attenuation correction. The contrast noise curve
for the 25 min. scan is shown in Fig. 7, and theMSE in Fig. 8.
Without RR the HR and UHR collimators show very similar
optimal performance. When similar graphs are plotted for the
10 min. scan the optimum shifts towards the GP collimator.
This explains why the HR collimator (or GP for201Tl for
which smaller number of counts is acquired) is recommended
for cardiac imaging with standard reconstruction (without RR).

In Fig. 9 we compared the performance of a few different
collimators and reconstruction methods. Note that applying
the RR for the HR collimator does not really improve the
image quality (it may be otherwise at lower count levels).
However, when the MLR collimator is used the noise level of
the image with the same contrast can be reduced by a factor of
2. Alternatively, an image of similar quality can be obtained
with the MR collimator within 2.5 times shorter scan time.
This could be reduced further by using the LR collimator,
however the effective time gain is always smaller than the
ratio of collimator sensitivities.

It has to be noted, however, that all these improvements
come at a price of much longer computation times. As
we move towards low resolution collimators it takes more
iterations to converge to a useful image and, because of the
increasing size of Gaussian blurring kernel (cf Eq. 1)) each
projection and backprojection takes longer. Therefore it may
not be feasible to use e.g. the LR collimator as the typical
reconstruction would take several hours on a PC (unless some
algorithm speedup techniques and/or v. fast computers are
used). Nevertheless, even making a smaller step towards the
optimum collimator (e.g. using the GP or ML) may bring
significant improvement.

Fig. 10. Examples of reconstructed images: top left: original phantom, top
right: HR collimator, OSEM, no RR, Butterworth filtered,ωc = 0.3ωNyquist,
25 min., middle left: HR collimator, OSEM with RR, 9 iterations, 25 min.,
middle right: MR collimator, OSEM with RR, 48 iterations, 10 min., bottom
left: LR collimator, OSEM with RR, 121 iterations, 10 min., bottom right:
MLR collimator, OSEM with RR, 75 iterations, 25 min.

IV. CONCLUSION

When iterative reconstruction algorithms with RR are used,
the optimal parallel hole collimator for myocardial perfusion
imaging, offering best compromise between resolution and
noise is shifted towards high sensitivities low resolutions
compared to standard reconstruction methods being used in the
same setup. Significant boost of performance of conventional
systems, particularly for low count scans, can be achieved
by converting to a high sensitivity collimator and upgrading
reconstruction software.
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High-Sensitivity SPECT Imaging Using Large
Collimator Holes and Geometric Blurring

Compensation
Bin Zhang and Gengsheng L. Zeng

Abstract— The low detection efficiency of conventional SPECT
results in noisy measurements and degraded image quality. Using
large collimator holes improves SPECT detection efficiency with
a cost of losing image resolution. This work studies the tradeoff
of high-sensitivity SPECT imaging using large collimator holes
with geometric blurring compensation. Five types of collimators
were investigated and compared with a general all purpose
(GAP) Philips AXIS and IRIX SPECT collimator using computer
simulations. An “inverse-cone” geometric blurring model is
incorporated in the reconstruction. It is shown that less noisy
SPECT images can be achieved with the spatial resolution
unchanged using large collimator holes with the inverse-cone
blurring compensation model. The optimal collimator hole found
in the computer simulation is the one with a hole acceptance
angle in the range of 6.3o 9.4o. In the phantom experiment,
a cardiac insert phantom was scanned using a high-resolution
collimator and a high-sensitivity collimator with and without
blurring compensation, respectively. It shows that the resolution
of the image obtained using the high-sensitivity collimator can
be successfully recovered by the blurring compensation, and the
image is much less noisy compared to the one obtained using the
high-resolution collimator.

Index Terms— SPECT, High-Sensitivity, Resolution Compen-
sation, Collimator

I. I

Current clinical SPECT suffers low sensitivity which leads
to noisy image and low detectably [1]. The sensitivity of the
SPECT detector can be improved by using high-sensitivity
collimators, which allow more photons reach the detector by
using large collimator holes [2]. By large collimator holes,
we mean large collimator acceptance angles. Either a larger
hole diameter or a shorter hole length leads to a large hole.
However, using large holes introduces extra blurring to the
image [2][3]. The resolution loss and the increased sensitivity
is the tradeoff in optimizing image quality. In SPECT imaging,
several methods have been proposed to compensate for the
distance-dependent collimator blurring effects in the image re-
construction algorithm [2][4-6]. This work investigates SPECT
imaging using high-sensitivity collimators with blurring com-
pensated reconstruction. First, collimators with different hole
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sizes are studied and compared with a general-all-purpose
collimator using computer simulations. The optimal hole size
is proposed. Then, a phantom study is carried out with real
data acquired from a Siemens scanner with a high-sensitivity
collimator and a high-resolution collimator, respectively.

II. M 

A. High-Sensitivity Collimator

In SPECT, image resolution and data statistics are highly
dependent upon collimator features such as hole size, hole
length and septal thickness. Classical image reconstruction
theory generally assumes that the collimator hole is infinitely
small and data acquired by the detector are pure parallel-beam
line integrals [7]. However, in reality, the finite geometry of
the collimator hole size results in low detection efficiency and
image blurring effects that are varying and worsening with the
distance from the collimator face.

General-all-purpose (GAP) collimators and high-resolution
(HR) collimators are commonly used in clinical study. For
instance, a Philips AXIS and IRIX general all purpose (GAP)
collimator has holes of diameter 1.4 mm and length 25.4
mm, and the hole diameter and the hole length of a typical
Siemens high-resolution (HR) collimator is 1.11 mm and
24.05 mm. Compared to these two types of low-sensitivity
collimators, a high-sensitivity collimator has much bigger
holes. The Siemens high-sensitivity (HS) collimator employed
in our phantom study has holes of diameter 2.54 mm and
length 24.05 mm. It can achieve a sensitivity approximately
five times higher than the high-resolution collimator mentioned
above. However, the higher sensitivity achieved by a high-
sensitivity collimator is afford by the loss of image resolution.
The blurring effects caused by using larger collimator holes
need to be compensated in the reconstruction.

Collimator hole

CollimatorThe inverse-cone 
structure

Collimator hole

CollimatorThe inverse-cone 
structure

 

Fig. 1: The inverse-cone model of the blurring effects

B. The Inverse-Cone Resolution Compensation Model

The blurring effects caused by the geometrical aperture
of the collimator hole can be illustrated in Fig. 1 [8]. The
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field-of-view of each hole has an inverse-cone shape. A
resolution compensation method that incorporates an inverse-
cone model was proposed in [2], in which the inverse-cone
structure of the blurring effects is considered and modeled
in the projector and the backprojector of a general iterative
expectation maximization (EM) algorithm [9]. Each data point
measured at each detector bin is assumed to be a weighted sum
of the line integrals of a series of projection rays in the cone.
The geometry of the compensation model is shown in Fig.
2(a). As the cone angle of the inverse cone is determined by

A data 
point

Weighted line 
integrals

A data 
point

Weighted line 
integrals

 

(a) 3D geometry

2D collimator 
hole

Weighted 
line integrals

2D collimator 
hole

Weighted 
line integrals

 

(b) 2D geometry

Fig. 2: Geometry of the inverse cone compensation model: (a) Three-dimensional;
(b) Two-dimensional

the parameters of the collimator hole, the cone angle of the
inverse cone is also called the hole angle in this paper. For a
given hole, the hole angle can be approximately calculated as

Anghole = tan−1(
HoleDiameter

2× HoleLength
) × 360/π; (1)

The hole features and the corresponding hole angles of the
three collimators employed in this paper are shown in Table.
1. A larger hole angle indicates more blurring in the image

TABLE I: Collimator hole features and corresponding cone angles

Collimator Hole Diameter (mm) Hole Length (mm) Hole angle
GAP Philips 1.4 25.4 3.1572o

HR Siemens 1.11 24.05 2.644o

HS Siemens 5.54 24.05 6.0456o

which implies more calculations of the weighted integrals of
the projection rays are needed for the reconstruction. The
criteria we used to determine the number of projection rays is
the same as that introduced in [2].

C. Computer Simulations

To investigate the resolution-to-sensitivity trade-off of dif-
ferent collimator holes in SPECT imaging, we designed five
types of collimator holes whose hole angles are 0.5, 1, 2, 3, and
4 times of 3.157o (the GAP collimator hole), respectively. The
first collimator had smaller holes than the GAP collimator. It
can be regarded as a high-resolution collimator. The third and
fourth collimators had larger holes than the GAP collimator,
which can be regarded as high-sensitivity collimators.

To simplify the simulations, we simulated two-dimensional
(2D) SPECT reconstruction using a 2D MCAT phantom
(128 × 128) with 2D blurring compensation. The projec-
tor/backprojector pair incorporated a 2D version (an inverse-
fan model shown in Fig. 2(b)) of the inverse-cone model in
the reconstruction. Note that for a fixed hole angle, using
different compensation angles for resolution compensation in

the reconstruction may provide images with different qual-
ities. Here for each of the five types of collimator holes,
compensation models with eight different compensation angles
(0.04, 0.16, 0.29, 0.41, 0.58, 0.71, 0.83 and 1.00 times each
collimator hole angle) were studied. The reconstructed images
with different hole sizes and different compensation angles
were compared based on image standard deviation (STD)
and contrast recovery coefficients (CRC). We employed 200
detector positions over 360 degrees. The image size was
128× 128. The detector was positioned close to the phantom.
The distance between the detector to the axis of rotation
was set to be 100 pixels. Poisson noise was added to the
data. The sensitivity of each collimator was calculated using
the equations given in [2] and [3]. Fig. 3 shows the CRC
versus STD curves of the reconstructions using the GAP
collimator (hole angle=3.1572o) with the eight compensation
angles. It can be seen that different compensation cone angles
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Fig. 3: CRC versus STD performance for the GAP collimator with eight compensation
angles

lead to different CRC-STD performance. The first two small
compensation angles (0.04× 3.1572o and 0.16× 3.1572o) did
not completely recover the image contrast, while the last two
large compensation angles provide over-recovered contrast.
The optimal compensation angle for the reconstruction in this
case is 0.41× 3.1572o. Fig. 4 shows the images reconstructed
using the five collimators with approximately the same CRC
(≈ 1.0). From Fig. 4, images generated using the first two
collimator holes are quite noisy due to the small hole angles.
For these two small holes, different compensation angles do
not provide images with much difference (images are not
shown here). Image generated using the two larger holes (2×
3.157o and 3× 3.157o) are much less noisy. Image resolution
in these two cases can be successfully recovered using the
inverse-cone model. The optimal compensation angle is 0.41
of the hole angle. The blurring of the last collimator hole is
too severe to be corrected completely using our compensation
method.
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Fig. 4: Image reconstructed using the five collimators with fixed CRC and fixed
compensation-angle-to-hole-angle ratio.

III. P S

A phantom study was done using the Siemens e.Cam
Signature SPECT system. A cardiac insert phantom (shown
in Fig. 5) was used with99mTc. A Siemens Low-Energy

 

Fig. 5: The cardiac insert phantom

High-Resolution (LEHR) collimator (hole diameter=1.11
mm, length=24.05 mm) and a Siemens Low-Energy High-
Sensitivity (LEHS) collimator were mounted on the two detec-
tor heads. The image size was 64×64×64. Two heads acquired
data simultaneously. Each head acquired 60 projections over
180 degrees in 60 minutes. For each projection, the data were
acquired into 64× 64 arrays. The distance from the face of
the collimator to the axis of rotation was 24 cm. The total
counts acquired by the detector with the LEHR collimator
were 1.3417 million, while the total counts acquired by the
one with the LEHS collimator were 5.7845 million.

The 2D iterative EM reconstruction algorithm with and
without 2D resolution compensation were coded. The central
slice of the 3D image was reconstructed using a Dell 8300
workstation. The images reconstructed from the data acquired
by the LEHR collimator without resolution compensation are
shown in Fig. 6, while the ones reconstructed from the data
acquired by the LEHS collimator without compensation are
shown in Fig. 7. From Fig. 6 and Fig. 7, we can see
that images reconstructed from high-sensitivity data are less
noisy but more blurred than the images reconstructed from
high-resolution data. The cardiac wall looks much thicker
in the images shown in Fig. 7 than those shown in Fig.
6, which indicates that the blurring effects are more severe
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Fig. 6: Image reconstructed from the LEHR data without compensation. The white
number at the corner of each image indicates the iteration number associated.
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Fig. 7: Image reconstructed from the LEHS data without compensation. The white
number at the corner of each image indicates the iteration number associated.

for the high-sensitivity data. Fig. 8 and Fig. 9 show the
images reconstructed from the LEHR data and the LEHS
data with resolution compensation, respectively. It can be
seen that with proper compensation, image quality can be
significantly improved. The images shown in Fig. 8 and
Fig. 9 are comparable in resolution, while the images shown
in Fig. 9 are less noisy than those shown in Fig. 8. This
suggests that images reconstructed from high-sensitivity data
with proper resolution compensation can achieve better noise-
to-resolution performance than the image reconstructed from
high-resolution data with resolution compensation. Note that
as the phantom is hung on a iron stick during the scan, some
bottom parts of the images shown in Fig. 8 and Fig. 9 were
highly attenuated. Fig. 10 shows a case in which the image
resolution is not properly recovered (a small compensation
angle is used).

IV. C  F 

Collimators with small holes are commonly used in clinical
SPECT imaging. However, the low sensitivity of small col-
limator holes results in noisy images. Using high-sensitivity
collimators with large holes can improve the detection sensi-
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Fig. 8: Image reconstructed from the LEHR data with compensation. The white
number at the corner of each image indicates the iteration number associated.
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Fig. 9: Image reconstructed from the LEHS data with compensation. The white number
at the corner of each image indicates the iteration number associated.

tivity but at a cost of losing image resolution. The inverse-
cone resolution compensation model proposed in [2] can
be incorporated in the reconstruction to compensate for the
blurring effects caused by large collimator holes and recover
image resolution. In this work, we first used computer simu-
lation to study the capability of recovering image resolution
using the compensation model for five types of collimator
holes. Results show that using the first two types of small
collimator holes (smaller or equal to the general-all-purpose
(GAP) collimator holes) results in very noisy images and
the resolution compensation model does not provide visible
improvements for these two small collimator holes. For the
holes that are 2 or 3 times larger than the GAP collimator hole,
the resolution compensation model can significantly improve
the image quality in terms of noise-to-resolution tradeoff. For
the last case in which the hole is 4 times larger than the GAP
collimator hole, the blurring effects are too severe, and image
resolution cannot be completely recovered.

A phantom study was carried out to investigate SPECT
imaging using a high-sensitivity collimator with collimator
blurring compensation, and to compare it with the routine
SPECT imaging using a high-resolution collimator with and
without collimator blurring compensation. Results show that
images reconstructed from high-sensitivity data are less noisy
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Fig. 10: Image reconstructed from the LEHS data with compensation. A small
compensation angle is used. Image resolution is not properly recovered.

than those reconstructed from high-resolution data. However,
without collimator blurring compensation, the resolution of
the images reconstructed from high-sensitivity data are sig-
nificantly degraded compared to those of the high-resolution
images. With collimator blurring compensation, the high-
sensitivity images can have the comparable resolutions to the
high-resolution images, while look much smoother than the
high-resolution images due to their better noise properties.

In this work, we used the inverse-cone method for collimator
blurring compensation. Other collimator blurring compen-
sation models should be studied in the future This study
assumes data are scatter and attenuation free. However, in real
cases, these factors could affect image quality and should be
investigated together with collimator blurring. The computer
simulations and phantom studies carried out in this paper were
constrained in 2D cases. Blurring compensation capabilities in
3D reconstruction also need to be studied in future work.
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Optimization of 3D Reconstruction Algorithm 
for 99mTc/123I Dual-Isotope Cardiac SPECT  

S. Shcherbinin, Member, IEEE,     A.Celler, Senior Member, IEEE

 
Abstract—Two different versions of the 3D reconstruction method 
for simultaneous 99mTc/123I SPECT cardiac imaging are 
investigated. The performance of these methods is evaluated 
using simulated cardiac data generated using four different sets 
of energy windows. The results pertaining to the limitations of 
each methods and the analysis of optimal set of energy window 
are presented.  
 
Index Terms – Dual-isotope SPECT, cross-talk correction, image 
reconstruction.  
 

I. INTRODUCTION 
Simultaneous analysis of heart metabolism and myocardial 

perfusion represents a promising approach for diagnosing 
cardiac diseases [1]. While 99mTc-sestamibi serves as  a proven 
radiotracer for the myocardial perfusion, 123I-labeled fatty acid 
(BMIPP) is well suited for the cardiac metabolic imaging. So, 
simultaneous 99mTc/123I SPECT protocol would provide 
clinicians with information about both myocardial perfusion 
and BMIPP metabolism in a single scan.  

Because of the close proximity of their photopeaks (140keV 
for 99mTc and 159KeV for 123I), the data from such 
simultaneous acquisitions will be affected by significant cross-
contaminations. In [2],  we presented an iterative 
reconstruction algorithm for simultaneous 99mTc/123I SPECT 
imaging based on the accurate analytical modeling of both 
self-scatter and cross-talk effects using our analytical photon 
distribution (APD/APDI) algorithm [3,4].  However, this 
method requires quite complex data processing and the whole 
reconstruction cycle is time-consuming (several hours per 
iteration), what might cause challenges for potential clinical 
applications.  

In this paper, we describe a shorter version of the previously 
developed algorithm. Both versions are compared to each 
other by testing their performance in various realistic 
situations. The second issue that we are addressing is 
optimization of the position and width of energy windows 
which are used in data acquisition. In [5], a study of optimal 
energy windows for 99mTc/123I brain imaging was performed 
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based purely on the analysis of projections. It was found that 
the optimal energy windows should be narrow and shifted 
away from the photopeak centers. However, both position and 
width of these windows depends on the approach which is 
used for cross-talk correction, therefore these conclusions may 
not apply to our method. So, our quantitative analysis of 
energy window position evaluates not only projection data, but 
reconstructed 3D images as well. We investigated seven 
different window settings, ranging from wide-open and 
overlapping to narrow and abutting ones. The motivation for 
wide window selection was as follows: as our method 
iteratively calculates 3D distribution of activity as well as 
scatter components, the resulting images may benefit from 
high photon statistics obtained from wide-open windows even 
if they have large scatter component.  
 

II. RECONSTRUCTION PROCEDURES  

A. Full Version of the Iterative Method (With Cross-Talk 
Correction for Both Reconstructed Images) 

     The simultaneous acquisition of photons corresponding to 
two different isotopes with two energy windows can be 
described by the following system of algebraic equations:  
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where  corresponds to the unknown vector of activity 

distribution for the m-th radiotracer, m=1,2;    is the vector of 

data detected within the l-th energy window, l=1,2;  and is 
the system matrix element projecting the m-th radiotracer into 
the l-th energy window.  

mX

lY

lmC

      In the most common situation, the system matrix   C 
contains non-zero values inside all its four elements: ≠0, 
m=1,2; l=1,2. That means that photons originating from both 
sources present in both projection sets.  To solve the system 
(1), we apply [2] the Gauss-Seidel iterative method:  

lmC

1
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where g is a counter for global, Gauss-Seidel iterations.   
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The iterative process starts from assuming the zero initial 
guess for the second unknown vector: )0(

2X =0. Then, the first 

approximation for 1X  is obtained by solving the system  

1
)1(

111 YXC =                                                                 (4) 

  Knowing the activity distribution for the first isotope 1X  

allows us to calculate cross-talk component  and to 

define 

)1(
121 XC

)1(
2X by solving the equation (3). Analogically, the 

next value of 1X is found from the equation (2).   
   At each step of the global iteration of Gauss-Seidel method, 
the OSEM-APDI algorithm [4] is used to compute the 3D 
activity distributions )1(

1
+gX  and  )1(

2
+gX  for the first and 

second isotope, respectively. The OSEM-APDI method [4] 
includes:    

 OSEM reconstruction performed with attenuation 
correction (AC), 3D resolution recovery (3D-RR) and 
scatter component  (incorporated into forward step only); 

  APDI [3] projection step analytically calculating scatter 
components based on Klein-Nishina formula.  

   In particular, the iterative process of solving the system (4) 
can be described as follows: 
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where n is a counter for local, OSEM-APDI 
iterations. designates the distribution of self-scattered 
photons calculated by APDI method at each local iteration n. 

),1( n
iS

   The formulas used in a sequence of reconstruction steps of 
the global algorithm (2) and (3) differ from equation (5) only 
by additional components in the denominator [2] related to the 
cross-talk components which are calculated using the APDI 
method. In other words, at each global step, OSEM-APDI 
algorithm (5) incorporates both self-scatter and cross-talk 
components into its projection  step.     
 

B.  Shorter Method (Cross-Talk Correction for One of the 
Reconstructed Images Only) 

     Analysis of the cross-talk contamination shows that its 
contribution is much more important in the lower energy 
window. We used this information in designing a shorter (and 
faster) version of our algorithm. When neglecting the cross-
talk effect for the upper energy window ( 012 =C  ), the 
described above algorithm can be significantly simplified. Our 
shorter method does not require any recurring and “jumping” 
between equations (2) and (3) and consists of three steps: 

 Computation of 1X from the equation (5) taking only the 
self-scatter component into account; 

 Calculation of the cross-talk component using 
APDI method; 

121 XC

 Calculation of 2X from the equation (3) taking both 
cross-talk and self-scatter into account.  

 

C.  OSEM-APDI Method without Cross-Talk Correction 
     When no cross-talk is taken into consideration, the 
conventional OSEM-APDI algorithms (5) are separately 
applied for reconstructing two 3D images from two acquired 
sets of data.  
 

III. DIGITAL SIMULATIONS 

A. Numerical Model 
      The NCAT digital phantom [6] with 64*64*64 matrix and 
pixel size 0.9328 cm was used to create both the pixelized 
activity distributions and attenuation maps. The left ventricle 
was divided into two sections with approximately equal 
volumes. One of them (region R1) was filled with 99mTc, other 
(region R2) – with 123I. In addition, an area surrounding heart 
(approximate radius 5cm) contained an equal mixture of both 
compounds. The levels of simulated activities were based on 
the data from [1] and corresponded to the clinical 
administration of 555MBq of 99mTc-sestamibi and 148MBq of 
123I-BMIPP.  As the myocardial extraction fractions for these 
two tracers are 1.2% and 5.4% [1], respectively, those 
activities create a ratio 1:1 (approximately) between 
concentrations of 99mTc and 123I in the heart. The ratio between 
activities in the heart and in the background was 4:1 for both 
isotopes.   
 

B. Monte-Carlo Simulations 
     The projection data were created using SimSET Monte-
Carlo program [7] with acquisition parameters corresponding 
to the Philips Skylight camera: 

 Circular orbit with the radius of rotation 29.8 cm; 
 Sixty 20 seconds stops over 180o; 
 Low energy high resolution (LEHR) collimator;  
 Energy resolution of the detector with FWHM = 10%;  

    Projection data for both isotopes were generated in 84 
energy windows, each 1keV wide, spanning over the energy 
range from 99keV to183keV.  These data (complete energy 
window – CW, contained all the primary photons for both 
isotopes) were later summed to create seven sets of lower- and 
upper-energy windows (LW and UW). In total, 3.74*108 
photons were tracked for each isotope to simulate realistic 
noise characteristics. 
 

IV. RESULTS AND DISCUSSIONS 

A. Analysis of Emission Data 
To select the most interesting pairs (LW, UW) of energy 

windows, we performed the preliminary analysis of the 
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emission data.   The whole variety of possible sets of energy 
windows (including overlapping) was scanned and the 
following characteristics were defined for each pair: 

 The ratio of  the sum of  primary 99mTc photons acquired 
in LW to  the sum of primary 99mTc photons acquired in 
CW (characteristics of the amount of primary photons in 
LW): 

∑ ∑=
LW CW

mmLW TcPTcPR )(/)( 9999
1  

 The ratio of the sum of primary 99mTc photons to the 
whole number of 99mTc photons acquired in LW 
(characteristics of  99mTc self-scatter in LW): 

∑ ∑=
LW LW

mmLW TcCTcPR )(/)( 9999
2  

 The ratio of the sum of 99mTc photons acquired in LW to 
the whole number of photons acquired in LW 
(characteristics of cross-talk in LW): 

∑ ∑ +=
LW LW

mmLW ICTcCTcCR ))()((/)( 1239999
3  

Here C is a number of primary and scattered photons, P – 
number of primary photons only. The analogical criteria were 
defined for UW. Optimal acquisition conditions would 
correspond to the highest possible values of all these 
characteristics.  The following 4 sets of the most representative 
energy windows (Fig.1) were selected for further 
investigations based on parameters  

, , , , , and  : LWR1
LWR2

LWR3
UWR1

UWR2
UWR3

1. LW = [119-161], UW=[135-183] (wide & overlapping) 
2. LW = [126-154], UW=[143-175] (narrow & overlapping) 
3. LW = [131-149], UW=[149-169] (narrow & abutting) 
4. LW = [128-150], UW=[151-179] (wide & abutting) 

 
 

TABLE I 
ANALYSIS OF PHOTONS DISTRIBUTIONS IN FOUR SETS OF ENERGY WINDOWS  

Set of windows 1 2 3 4 
LWR1 , % 100.0 98.2 87.0 93.2 
LWR2 , % 65.3 71.1 76.0 72.7 
LWR3

, % 54.7 66.3 75.2 73.7 

UWR1 , % 100.0 98.2 86.2 88.1 
UWR2 , % 66.1 72.1 77.2 80.2 
UWR3

, % 60.8 79.9 94.1 97.0 

 
   Comparative analysis of the aforementioned characteristics 
of these energy windows is presented in Table 1. It shows that 
narrowing of the energy window (see sets 1-3) leads to less 
cross-talk contribution but also decreases the total numbers of 
photons in the projections. In the set #4, the upper energy 
window contains less than 3% 99mTc photon contribution while 
all other characteristics ( , , , , ) 
exceed 70%.     

LWR1
LWR2

LWR3
UWR1

UWR2

 

 
 

Set #1         119           135                        161                 183 
 
Set #2                   126              143       154               175 
 
Set #3                           131            149               169 
 
 
Set #4                         128             150 151                   179      
 
Fig. 1.  Simulated energy spectrum of 99mTc  and 123I photons and four pairs 
of energy windows. Solid lines correspond to the sum of primary and 
scattered photons, dashed lines – to of primary photons only.    

B. Analysis of Reconstructed Images 
     For OSEM reconstructions, we used 16 iterations and 10 
subsets. In all our experiments, reconstructions begun by 
creating the 123I image without any cross-talk corrections. The 
only difference between versions of the reconstruction 
algorithm was in the number of correction items incorporated 
into the forward step of the OSEM-APDI scheme. 
Conventional OSEM-APDI method included only self-scatter 
components for both images; in shorter method, the correction 
self-scatter was used for both isotopes but for cross-talk was 
included only in the 99mTc reconstruction; full iterative method 
corrected both images for the self-scatter and cross-
contamination. As a “gold standard” we took the results of 
OSEM-APDI reconstructions applied to LW containing 99mTc 
only and UW containing 123I photons only. The best 
performance of the cross-talk correction would result in 
images which are identical to these “gold standard” images.  
     As the left ventricle is divided into two regions R1 (filled 
with 99mTc) and R2 (filled with 123I), we used the following 
contrast ratios to estimate the quality of our reconstructed 
99mTc and 123I images, respectively: 

Tc
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where Tc
RA 1  is the average value of counts in region R1 of the 

myocardium and Tc
RA 2  is the similar average value in region 
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R2, both are calculated in 99mTc image; I

RA 1  and I
RA 2  are the 

corresponding average values calculated in 123I image. The 
results are presented in the Table 2. Because the regions R1 
and R2 of the simulated heart phantom have different shapes 
(R2 is much thinner), the values of the contrast obtained for 
the “gold standard” reconstructions are different for 99mTc and 
123I images (Table 2). Their deviations from 100% are caused 
mainly by the partial volume effect.  
      
 

TABLE2 
COMPARISON OF  RECONSTRUCTION ACCURACY FOR FOUR  ENERGY WINDOWS  

Sets of windows 1 2 3 4 

123−IE , % 

OSEM-APDI  22.3 53.0 75.5 80.0 
Shorter Method  22.3 53.0 75.5 80.0 

Full Iterative Method 29.6 76.6 81.0 82.7 
Gold Standard 82.1 82.9 83.6 84.0 

mTcE 99−
, % 

OSEM-APDI  1.6 24.1 38.5 36.4 
Shorter Method 56.4 59.1 58.1 58.3 

Full Iterative Method 68.0 58.6 57.7 58.1 
Gold Standard 57.0 57.4 57.7 57.5 

 
    The small differences in the contrast of “gold standard” 
images for window sets 1-4 are related to different percentage 
of self-scatter contributions and in these windows.     LWR2

UWR2

    For 123I images, when extending the size of energy windows 
(sets 1-3, Table 2), the increasing cross-talk rate leads to the 
lower quality of the reconstruction. The parameters 123−IE  
are very close to the “gold standard” values for the narrowest 
windows (sets #3 and #4). For the wide-open window (set #1), 
however, our method failed (the contrast values for the  
corrected (29.6%) and not-corrected (22.3%) images are 
almost equal).  This was caused by extremely inaccurate 
estimation of the initial distribution of 123I image that was 
obtained from UW highly contaminated by the cross talk. 
When using the initial guess reconstructed from narrower 
window UW=[149keV – 169keV]  while all other 
reconstructions performed still with data from windows set #1, 
we got the much better contrast value 123−IE =61.5%.  The 

best 123−IE contrast is obtained for set #4 (Table 2). 

     For 99mTc image, the parameter mTcE 99−  only slightly 
changes between sets #2-4 and shows over-compensation for 
set #1.  
      The shortened algorithm (being approximately two times 
faster) allows us to get the satisfactory quality (close to the 
“gold standard” performance) of both images for set #4.    
    It should be noted, that small differences between contrast 
values (within 1%) are related to (a) statistical characteristics 
of images; (b) errors in normalizing images reconstructed from 
different energy windows. 
 

V. CONCLUSIONS 
Comparative analysis of compositions of projection data 

and contrasts of reconstructed images pertaining to four sets of 
energy windows demonstrates that:  

 Non-overlapping sets #3 and #4 of energy windows lead 
to the better quality of  123I image than overlapping 
windows; 

 Full iterative method reconstructs well the images from 
projections sets #2-4 and does not work for the set #1 
without more precise estimation of the initial 123I image;   

 Shorter algorithm reconstructs the images of satisfactory 
quality only for the set #4; 

 The set #4 (with centers shifted away from the photopeak 
values) provides the best contrast results and is the most 
efficient in the usage of computer resources (the shorter 
version of method can be applied).    
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A Post-Processing Method for Scatter 
Compensation in SPECT 

Yan Yan, and Gengsheng L. Zeng 

Abstract–In this paper, we propose a post-processing method to 
model and compensate for the scattering effect in SPCET. The 
compensation is performed in the reconstructed image. A two-
dimensional point spread function (2D-PSF) in the image 
domain is proposed and obtained in an efficient way from an 
attenuation map and collimator parameters only. This scatter 
model has been verified by comparison with Monte Carlo 
simulations. The estimated 2D-PSF is used in image deblurring 
to compensate for the blurring due to the scattering effect and 
collimator’s distance dependent blurring. Preliminary results 
using Lucy-Richardson iterative restoration algorithm show an 
increase in image quality and demonstrate the feasibility of this 
post-processing method. 

I. INTRODUCTION 

Scattered photons degrade contrast and quantitative 
accuracy in single photon emission computed tomography 
(SPECT). Many scatter compensation methods have been 
developed and they can be generally divided into two 
categories: pre-processing method [1-3], which removes the 
estimated scattered projections before reconstruction; 
iterative reconstruction-based method [4-12], which models 
scatter and compensates for it during reconstruction. The 
pre-processing method basically estimates the scatter 
contribution to the primary projections by using multiple 
photopeak-energy-windows, and then subtracts the 
estimated scatter data from the acquired projections to 
obtain the scatter-corrected projections. This method is fast 
and reasonably accurate for clinical use. However, the main 
limitation is that the subtraction operation elevates the noise 
in the primary data. The iterative reconstruction-based 
method models the scatter point response functions in the 
projections and uses them in the projector–backprojector 
pair of an iterative reconstruction algorithm. This method 
can be fairly accurate if the scatter modeling is accurate. It 
introduces less noise compared with the pre-processing 
method. However, the major disadvantage of this approach 
is its heavy computational burden. Several techniques have 
been developed for fast implementations of this iterative 
reconstruction-based method, such as using coarse-grid 
modeling approaches [4] and unmatched projector-
backprojector pairs [13].  

We propose a new post-processing method to compensate 
for the scattering effect. Instead of doing the compensation 
before or during the reconstruction, our method corrects for 
the scattering effect in the reconstructed raw image. Firstly, 
the raw image is reconstructed using an iterative algorithm 
with attenuation correction but without blurring 
compensation. Secondly, the reconstructed raw image, 
which is contaminated by scattering and collimator blurring, 
is modeled as a blurred version of the original image by a 

 
spatially variant blurring kernel. The kernel is what we call 
the two dimensional point spread function (2D-PSF). This 
spatially variant 2D-PSF is derived in a novel and efficient 
way. Finally, the raw image is deblurred with the estimated 
2D-PSF using an iterative algorithm. Our goal is to explore 
the feasibility of the post-processing method for scatter 
compensation. In this paper, we consider two dimensional 
parallel beam geometry with 99mTc as the radiation source. 
For illustration purposes, uniform attenuation map with a 
circular boundary is used.  
 

II. METHOD 
Our approach consists of three stages: (1) an iterative 

algorithm is used to reconstruct a raw image; (2) an novel 
method is used to estimate the spatially variant two 
dimensional point spread function (2D-PSF) in the 
reconstructed image domain; (3) to compensate for the 
scattering effect, the raw image is deblurred using the 
estimated 2D-PSF.  

Since the Rayleigh scattering cross section is only a small 
fraction of that for Compton scattering, we do not include 
the effect of Rayleigh scattering in our model. 

 

A. Reconstruction Algorithm 

We start with the raw SPECT projection data. They are 
contaminated by attenuation, scattering and collimator 
blurring. Instead of trying to subtract the estimated scattered 
data from the projections, we can directly reconstruct the 
raw image from these projection data using an analytical 
reconstruction algorithm [14] or an iterative ML-EM 
reconstruction algorithm [15]. Here we use the iterative 
algorithm as follows:  

 
ˆ ( )ˆ ( )                                (1)ˆ ( )

= ∑∑ ∑
old

jnew i
i ij old

ji j kj i
j k

gf xf x a
a a f x

 
where pj is the measured emission data, xi is the estimated 
activity in image pixel i, and aij is the known coefficient that 
represents the contribution of image pixel i to projection bin 
j with the attenuation map µ. The summation over k is the 
projector and the summation over j is the backprojector.  
 

This algorithm reconstructs a raw image ˆ ( )f x  with 
attenuation compensation. However, the scattering and 
collimator blurring are not corrected. Our post-processing 
method will focus on processing raw image ˆ ( )f x  from now 
on.  
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B. 2D-PSF Estimation 

The raw image ˆ ( )f x can be modeled as a blurred version 
of the original image ( )f x :  

 

0 0 0 0 0 0
ˆ ( , ) ( , ; , ) ( , )        (2)

∆ ∆

=−∆ =−∆

= − −∫ ∫
x y

f x y h x y x y f x x y y dxdy

 
where the blurring kernel h(x0,y0;x,y) is what we call the two 
dimensional point spread function (2D-PSF) in image 
domain and is a small positive number, representing the 
half size of the kernel h. The discrete version of this relation 
can be written as: 

∆

  ̂
( , ) ( , ; , ) ( , )

l m

f i j h i j l m f i j j m
∆ ∆

=−∆ =−∆

= −∑ ∑ −                           (3) 

 
For each image pixel (i,j), h is a 2D blurring matrix with 

the size of (2∆ +1) by (2 +1). This true image ∆ ( )f x  can 
be solved if the kernel h is known. However, this 2D-PSF h 
contains the effects of collimator blurring and scattering and 
it is normally hard to be obtained. Furthermore, the 2D-PSF 
is spatially variant, which means that it changes for every 
image pixel (i,j).  

Our former research [15] discussed the variations and 
acquisitions of the 2D-PSF.  Here we are proposing another 
method to estimate the 2D-PSF in an efficient way.  

We model the 2D-PSF h as a Gaussian function with five 
variables: the magnitude of the Gaussian A0, full-width at 
half-maximum in the major axis direction FWHMl, full-
width at half-maximum in the minor axis direction FWHMs, 
and the center (x0,y0) of the Gaussian:  

 
2

0 0
0 0 0 2 2

4ln(2)( ) 4ln(2)( )
( , ; , ) (exp( ))  (4)

− −
= − −

l s

x x y y
h x y x y A Norm

FWHM FWHM

2

 
where A0, FWHMl and FWHMs are the functions of the 
point source position (x0,y0), Norm is to normalize the 
volume of the function to one.  

This 2D-PSF models the scattering effect and collimator 
blurring in the image domain instead of in the conventional 
projection domain. However, it is different from the 
“effective scatter source image” as proposed in [8]. Both 
being in the image domain, the “effective source image” is 
different for each scatter view and when a projection is 
applied to this effective image, the estimated scattered 
projection at this view is obtained; our proposed 2D-PSF is 
a kernel that relates the true image and the raw 
reconstructed image. Also, we can obtain any blurred 
projection by using an attenuated projection operator on the 
2D-PSF.  

 

C. Parameterization of 2D-PSF 

Monte Carlo (MC) simulations (SIMSET package [18]) 
for point sources at various distances to the center of the 
object are performed to generate scatter data.  
The parameter A0 represents the relative magnitude increase 
for a point source because of scattering. It is related to the 
scatter/primary ratio and is a function of the distance d from 

  
 

Fig. 1. Estimation of FWHMl and FWHMs in a uniform attenuation map 
with a circular boundary: point O represents the center of the rotation, point 
P represents the location of a point source, d is the distance from the point 
source to the center of rotation. 
 
 
the point source to the center of the object. This function is 
fitted as a linear relationship based on MC simulation results:  

3
0 ( ) 1.07 2.5 10                                           (5)−= − × ⋅A d d

where A0 is dimensionless and d is in cm. 
The full-widths at half-maximum of the Gaussian 

function are determined by the combination effects of the 
collimator blurring and the scatter blurring. For collimator 
blurring, the distance-dependent model is used [11]:  

22 r  FWHM r D
l

= +                                                          (6) 

where r is the radius of the collimator hole, l is the 
collimator thickness, and D is the distance from the point 
source to the detector, as shown in Fig. 1.  
As scatter blurring is only a small extend to the collimator 
blurring, we calculate the fitting parameters as follows: 
 

0
22 0.403 l

rFWHM r D
l

= + +

2 1 1 2
2 2(2 ) (2 ) 0.403     s

r rFWHM D r D D r D
l l

= + + + +     (7) 

 
where D0, D1 and D2 are the distance from the point source 
to the three detectors, respectively, as shown in Fig. 1. The 
constant number 0.403 is in cm and represents the scatter 
blurring effect. With both (5) and (7), we can calculate the 
2D-PSF for any point source inside the object. These 
empirical formulas eliminate the need for extensive Monte 
Carlo simulations for each point source.  

For points that are not on the coordinate axes, we can 
simply rotate the 2D-PSF for a certain angle based on the 
fact that the 2D-PSF is radically symmetric in a 
homogeneous scatter medium. 

 

D. Deblurring Algorithm 

As the 2D-PSF is spatially variant, normal deconvolution 
algorithm cannot be used. The Lucy-Richardson iterative 
algorithm [16], [17] is used to restore the original image:  
 

O 

D1

D 

Detector

P 
d 

D2

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 187



,
, ,

ˆ( , ) ( , )( , ) ( , ; , )      (8)
( , ; , ) ( , ; , ) ( , )

=
− −∑∑ ∑

old
new

old
i j

i j l m

f i j f i jf i j h i j l m
h i j l m h i j l m f i l j m

 
where the ˆ ( , )f i j  is the raw image, the summations over l 
and m represent the forward blurring operation in equation 
(3), and the summations over i and j represent the adjoint. It 
is similar to the projection/backprojection pair in SPECT 
reconstruction. Due to the small kernel size of h, this 
algorithm is well-conditioned and with fast convergent rate. 
The stopping criterion is not developed. For preliminary 
results, the implementation is stopped after twenty to thirty 
iterations. 
 

III. RESULTS 

We implemented our method to estimate the spatially 
variant 2D-PSF and calculate the delurred image. The 
Monte Carlo simulations are used as a standard to validate 
our results. The collimator was modeled as a parallel hole 
collimator with a thickness of 2 cm and hole diameter of 
0.14 cm. The detection energy window was centered at 140 
keV with a width of 10%. The 40 cm × 40 cm object region 
was digitized onto a 129×129 array with a pixel size of 
0.3101 cm. The object was simulated as a homogeneous 
water-filled cylinder with radius of 18 cm centered on the 
axis of rotation, as shown in Fig. 2. The distance between 
the detector and the center of rotation is 20 cm.  
 

A. Estimation of 2D-PSF 

The 2D-PSF was estimated using our Gaussian model. 
The full-widths at half-maximum were calculated according 
to (7) for three point sources. Fig. 3 (a)-(c) show the 
comparison results between our method and the Monte 
Carlo approach for three point source with different 
distances to the center of the object. The left colunm is the 
FWHMl and the right column is the FWHMs.  

 

 
 

Fig. 2. A point source object in a homogeneous scattering medium. The 
plus sign indicates the point source location, point O represents the center 
of the rotation, and d is the distance from the point source to the center of 
rotation 
 
 

B. Image Restoration 

As the 2D-PSF with a constant radial distance has the same 
shape for all angles but is rotated through angle θ, we only 
calculated the 2D-PSF for point sources that are on the 
positive part of x axis and rotate them to get all the  
 

 
(a) 

 

 
(b) 

 

 
(c) 

Fig.3. Profiles of the 2D-PSF on both major and minor axes. Dotted line: 
our proposed method, Solid line: Monte Carlo approach. (a) A point source 
with d=0 cm. (b) A point source with d=7.5 cm. (c) A point source with 
d=15 cm 
 
 
2D- PSF’s in the object. With the estimated 2D-PSF, we 
implemented the Lucy-Richardson algorithm (8) with the 
raw image ˆ ( , )f i j . Fig. 4 (a)-(c) show the phantom image, 
the raw image with attenuation correction only, and the 
deblurred image with scatter compensation. Fig.5 shows a 
horizontal profile through the center of the phantom. It 
presented the improvement of the quantitative accuracy of 
our proposed method. 

To further demonstrate the improvement in image quality, 
contract ratio is used: 

 
FG BGCR
FG BG

−
=

+
                                 (9) 

 
where CR is the contrast ratio, FG is the average intensity in 
a lesion region, BG is the average intensity in a background 
region. Table 1 shows the values of the contrast ratio for 
two regions in the tree images. It can be seen that the 
contrast ratio is improved by scatter compensation using our 
proposed method.  
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(a)                                    (b)                                  (c) 

Fig. 4. (a) Phantom image; (b) raw reconstructed image with attenuation 
compensation only; (c) deblurred image with scatter compensation obtained 
from our proposed method. 
 

 
 
Fig. 5. Horizontal profiles through the center of the phantom, raw image 
and deblurred image. Solid line: phantom image, Dashed line: raw 
reconstructed image with attenuation compensation only, Dotted line: 
deblurred image with scatter compensation obtained from our proposed 
method. 
 
Table 1: Comparison of contrast ratio in the reconstructed images. 
 Phantom 

Image 
Raw  

Image 
Deblurred 

Image 
Contrast Ratio 1 0.878 0.898 

 

IV. DISCUSSIONS AND CONCLUSION 
In this paper, we estimated of the two dimensional point 

spread function in a homogeneous scatter medium (i.e. 
uniform attenuator). The Gaussian model was used to model 
the 2D-PSF. The errors in the tails shown in Fig. 3 were due 
to the approximation in (4). Further investigation to explore 
more accurate models is needed to reduce these errors. The 
parameters of this Gaussian function were fitted as a 
function of the point source position based on the fact that 
the 2D-PSF is spatially variant. The iterative algorithm used 
for deblurring is the Lucy-Richardson iterative algorithm. 
Computer simulations demonstrated the feasibility of using 
a post-processing method to compensate for the collimator 
and scatter blurring.  

Although implemented with uniform attenuator, our 
method can be readily extended to non-uniformly attenuated 
SPECT data. Also, with more accurate collimator’s distance 
dependent blurring model, it is possible to use our method 
to compensation both scattering and collimator blurring 
together. As we can use analytical algorithm to reconstruct 
the raw image instead of iterative approach in (1), in 
addition with a more efficient deblurring algorithm, our 
method has the potential to be an alternative scatter 

compensation method to the common 
projector/backprojector iterative algorithm. Our future work 
will focus on developing more accurate 2D-PSF model and 
faster deblurring algorithms.  
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FaCT: A Helical-Scan Cone-Beam CT Integrated
with a Stationary Multidetector SPECT System

Jared W. Moore, Lars R. Furenlid, and Harrison H. Barrett

Abstract—The Center for Gamma Ray Imaging is building
a helical-scan cone-beam x-ray CT system to augment its Fast-
SPECT II imager. Data from the CT system will not only provide
complementary anatomical information, but will be used to guide
the SPECT acquisition. We describe key elements of the CT
system design and implementation.

Index Terms—small-animal imaging, multimodality imaging,
micro-CT, micro-SPECT

I. MOTIVATION

X-ray CT systems are useful tools in biomedical imaging.
They can be used with and without contrast agents for a
variety of small-animal imaging tasks, including anatomi-
cal imaging, molecular imaging, providing localization for
complementary imaging techniques, and providing data for
attenuation and scatter correction for emission tomography
[1]. High-resolution x-ray CT imagers have been developed as
stand-alone systems [2], and as integral components of multi-
modality instruments [3]. The Center for Gamma Ray Imaging
is building a high-resolution small-animal helical scan cone
beam CT system to complement its existing SPECT gamma-
ray imaging system, FastSPECT II [4]. The CT system has
its own gantry and can be separated to work in a stand-alone
mode. We plan to use the system as a testbed for acquiring
physiologically-gated 4-D cardiac CT and investigating new
design features.

Multimodality imaging has been demonstrated to increase
the reliability of diagnoses and improve confidence in localiz-
ing lesions to specific tissues. But the imaging components
typically have fixed operating parameters and acquisition
protocols that are selected prior to imaging a given object.
However, we propose that prior knowledge of a particular
object gleaned with one modality can be used to adapt the
protocols and parameters of the second modality in order to
improve the performance on the imaging task being performed.
Additionally, the CT acquisition might be used to affect
the parameters for a second CT acquisition. By using our
CT system as a scout imager for acquiring and analyzing
an initial set of images, we aim to take full advantage of
prior knowledge of the object to control image acquisition
in FastSPECT II and/or a second CT scan.

This work was supported by the National Institutes of Health under NIBIB
Grant P41-EB002035-5 (Center for Gamma-ray Imaging) and NCI Grant R24-
CA83148 (Southwest Animal Imaging Resource). J.W. Moore is with the
College of Optical Sciences, and L.R. Furenlid and H.H. Barrett are with
the Department of Radiology and College of Optical Sciences, University of
Arizona, Tucson, AZ 85724 USA

Fig. 1. The FastSPECT II imager shown without shielding.

II. FASTSPECT II

FastSPECT II is a multidetector SPECT imager that uses
16 stationary scintillation cameras and has many degrees of
freedom in operation. The modular cameras’ positions are
adjustable and the aperture is interchangeable for selection
of magnification, pinhole size, and field of view. The object
is placed for imaging with a five-axis positioning system, that
allows translation in three directions and angular movements
about the imager axis. If the imaging subject is held fixed,
FastSPECT II supports dynamic imaging by collecting all
projections required for tomographic reconstruction in par-
allel. Data is acquired in time-stamped list mode, allowing
retrospective gating to any acquired triggers.

III. X-RAY CT SYSTEM

The design of an X-ray CT system requires consideration
of a broad range of optical, mechanical, and electrical issues.

A. Optical Design
This system provides high- resolution imaging capabilities

by pairing a 6 µm focal spot Thermo Kevex PXS10-65W [5]
x-ray source with a 2048 x 1000 pixel Shad-o-Snap X-Ray
Camera (Rad-icon Imaging Corp.) [6]. The source and detector
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are mounted on a monolithic beam at a fixed 25 cm separation.
Multiple projections of the object are obtained by rotating the
source and detector around the object. Image magnification
can be adjusted by radially translating the source and detector
assembly relative to an object placed on the central axis of
rotation. The available magnification range is dependent upon
the size of the object as the required field of view determines
the minimum source-to-object distance.

(a) (b)

Fig. 2. (a) Low-magnification position; (b) High-magnification position.

B. Mechanical Design
The large motions in a helical-scan CT system and the sen-

sitivity of the reconstructed resolution to movement tolerances
mean that careful attention to mechanical design is required.
Foremost among mechanical concerns is that the rotating
gantry is balanced for smooth operation. Our system maintains
dynamic balance by employing a moving counterweight to
offset the movement of the source/detector element when the
magnification is adjusted. A finite-element analysis has been
carried out to ensure that the relative movement between
source and detector due to deflection caused by loading is
within tolerances throughout the 360 degree acquisition arc.

Fig. 3. 3-D design rendering of the FaCT X-ray CT system.

C. Electrical Design

The continuous rotations required for helical-scan CT are
typically accomplished in commercial systems by the use of
a large, multi-channel slip ring that transmits power, high
voltage, and data. Our design takes a novel approach to achiev-
ing continuous rotation. A small, inexpensive 3-channel slip
ring transmits standard electric power. The data-acquisition
computer, x-ray tube power source, and all detector electronics
are mounted on the rotating gantry, and communication for
system control and data handling is accomplished through
standard wireless networking protocols.

IV. SOFTWARE

CT system software falls into three categories: acquisition
control, data processing, and reconstruction. As mentioned
above, a gantry-mounted computer is available as an acquisi-
tion slave that is controlled over a wireless network by a main
workstation. The onboard computer also permits image data
to be preprocessed and compressed to decrease data transfer
time before being offloaded for reconstruction.

We intend to use a Katsevich-style inversion algorithm
for final tomographic reconstructions for data analysis [7].
Faster approximate methods will be used to estimate object
parameters for controlling the SPECT and/or second CT
acquisition. We are developing a general theory of adaptive
emission tomography and FaCT will be used to test ideas for
incorporating data, such as the support of the body, region of
interest, or tumor from complementary modalities [8]. The
combined FaCT system will provide 7 image dimensions:
fully 3D CT plus 4D (x,y,z,t) SPECT. An example of how
an adaptive acquisition sequence might proceed is shown in
Figure 4.

Fig. 4. Block diagram of an adaptive imaging sequence.

V. CURRENT STATUS AND CONCLUSION

The FaCT system is currently being assembled after a
lengthy design and fabrication process. When commissioned,
it will transform CGRI’s FastSPECT II system into a dual-
modality small-animal imager, as well as provide a state-
of-the-art stand-alone CT capability, and provide data for
investigation of adaptive SPECT and CT imaging.
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Abstract—This paper describes a new method for estimating 

the non-rigid motion between sequential frames in a time-series 
of 3D images.  The 3D motion estimate can be incorporated into 
motion-compensated image reconstruction.  The method 
minimizes an image registration objective function that is the sum 
of an intensity matching term and a motion smoothing constraint.  
The minimization employs an iterative algorithm that uses 
successive quadratic approximations to the non-quadratic 
objective function.  The method was evaluated using simulated 
and physical phantoms that were designed to model gated cardiac 
emission tomography.  For both phantom evaluations, the method 
demonstrated improved motion estimation accuracy relative to a 
current standard method of motion estimation.  Convergence of 
the new algorithm was evidenced with a monotonically 
decreasing objective function with iteration.  The computer 
processing time required of the proposed method is clinically 
practical. 
 

Index Terms—cardiac imaging, emission tomography, motion 
compensation  

I. INTRODUCTION 
Estimates of myocardial wall motion can be incorporated 

into motion-compensated (4D) image reconstruction methods 
in gated cardiac emission tomography (ET); these methods 
have demonstrated improved reconstructed image quality [1]-
[8].  Wall motion itself is an important indicator of cardiac 
function, and an objective and quantitative assessment of wall 
motion can provide clinically useful information. 

A frequently-used method for estimating motion in cardiac 
ET and other imaging modalities is the “optical flow” 
algorithm of Horn and Schunck (HS) [9].  This method 
minimizes a quadratic approximation of a non-rigid, image 
registration objective function.  The approximation assumes 
the frame-to-frame motion is relatively small.  The objective 
function includes a smoothness constraint based on the square 
of the magnitude of the estimated motion vector gradient. 

An alternative motion estimation method has been proposed 
for gated cardiac ET based on minimizing successive quadratic 
(SQ) approximations of the registration objective function 
[10]. In that work, the quadratic minimization was performed 

using a partial differential equation approach.  This method 
was subsequently used with conjugate gradient minimization 
within a simultaneous reconstruction/motion estimation 
algorithm [8].  In these methods, the smoothness constraint 
was a model of the strain energy generated by the deformation 
of an elastic material, and the constraint incorporated non-
uniform tissue elasticity characteristics. 
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In this paper, we investigate a method for 3D, non-rigid 
motion estimation that incorporates the HS algorithm into the 
SQ framework.  We hypothesize that the proposed method can 
offer improved motion estimation accuracy over the 
conventional HS method, particularly for larger frame-to-
frame motion.  This paper describes the new method 
mathematically and presents an experimental evaluation of the 
estimated motion accuracy relative to the HS method using 
simulated and physical phantom images.   

II. METHODS 

A. Motion Estimation Algorithms 
The non-rigid motion of the heart between sequential image 

frames n and n+1, denoted  and , can be 
characterized as a 3D vector field m

)(rnf )(r1nf +

n(r) = {un(r),vn(r),wn(r)}, 
where r is the voxel location and u, v, w are the components of 
the motion vector in the x, y, z directions, respectively.  The 
optical flow approach assumes this motion field satisfies 

 and is computed by minimizing the 
function:  

))(()( rmrr n1nn ff +≈ +
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The HS objective function uses a first order approximation 
to the fn+1 term in (1): 
 . (2))()()())(( 111 rrmrrmr +++ ∇⋅+≅+ nnnnn fff

where ∇  is the gradient vector operator and ⋅  is the vector 
dot product.  The HS smoothness constraint, which penalizes 
sharp changes in estimated motion between nearby voxels, can 
be expressed as: 

 ∑∑ ∇+∇+∇=
r

m
n

nnn wvuE )()( 222
2 . (3)

and the total HS objective function is:  

 . (4))()(ˆ
21 mm EE ⋅+ β

where  is  with the first order approximation of the f1Ê 1E n+1 
term, and β is the weighting scalar. 
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With the SQ approach, the objective function given in (4) is 
likewise minimized, but this becomes the first estimate in a 
larger iterative process that attempts to better estimate the 
minimizer of the non-quadratic function in (1).  In the method 
proposed here, the conventional HS solution is this first 
estimate, and subsequent estimates are obtained by forming a 
new quadratic approximation, , of  given the current 
motion estimate 

1Ê 1E
)(~ rmn  by using 

( ) ≅++ )(1 rmr nnf  
 ( ) ( )( )~)()(~

11 rmrrδmrmr nnnnn ff +∇⋅++ ++ . (5) 

where )(~)()( rmrmrδm nnn −= .  Subsequent estimates are 
obtained by minimizing the new expression in (4) using a 
modification of the HS algorithm that incorporates the current 
estimate.  This process is repeated until convergence is 
achieved.  Since this method consists of repeated applications 
of a modified HS algorithm to successive quadratic 
approximations of the image matching term in (1), we refer to 
this method as the SQ-HS algorithm. 

B. Simulated Phantom Images 
The motion estimation algorithms were tested using both 

noise-free and noisy data of the 4D NCAT phantom [11].  The 
relative source intensities in the phantom organs were 100 
(heart), 100 (spleen), 80 (gall bladder), 5.3 (lungs), and 2.7 
(blood pool).  A myocardial defect was included in the mid-
lateral wall with an intensity of 75% of the intensity in the 
normal region.  Eight gated frames were generated over the 
complete cardiac cycle.  The simulated motion was of a 
normal, healthy heart, which had an ejection fraction of 61%. 

Gated projection data of the phantom were computed using 
a simple linear interpolation projection operator.  The effects 
of detector response, attenuation, scatter and randoms were not 
included in the projection operation in order to isolate the 
effects of statistical noise on the motion estimation.  Synthetic 
Poisson noise was added to the projection data after scaling 
the data to a count level representative of a clinical, gated 
myocardial perfusion study using Tc-99m sestamibi. An 
ensemble of 10 noisy datasets was generated in order to 
estimate statistical uncertainty. The data ensemble was 
reconstructed by OSEM [12], and a 3D Butterworth filter was 
applied to the reconstructed images. Figure 1 shows the 
reconstructed, sagittal images for one noise realization at end-
diastole (ED) and end-systole (ES). 

 

  
 (a) (b) 

Fig. 1.  Example sagittal images at (a) end-diastole, (b) end-systole frames. 

C. Physical Phantom Images 
The physical phantom test images were obtained using a 

commercial, ET beating heart phantom.1  The phantom 
contains two latex membranes that defined the “myocardium” 
and “ventricle” chambers, which are separately fillable (Fig. 
2).  A computer-controlled, motorized pump moves water in 
and out of the ventricle chamber based on a programmed 
volume-time curve.  The phantom also contains two “lungs”, 
consisting of Styrofoam beads and water, and a Teflon “spine” 
to model patient attenuation characteristics.  For this study, the 
phantom operated at 60 beats/minute with 65 mL stroke 
volume and 50% ejection fraction. 

 

 
Figure 2.  Photograph of beating heart phantom showing myocardial 

markers.  The outer shell of the phantom has been removed. 
 

In order to estimate the true motion of the myocardial 
wall, 10 radioactive point markers were attached to the outer 
latex membrane, and the phantom was scanned without any 
other radioactivity present in the phantom (Fig. 2).  Without 
moving the phantom, the marker activity was allowed to decay 
(over several days), and a second scan was performed after 
injecting radioactivity into the myocardium.  High count 
projection data of the myocardial activity were obtained after 
which the data were scaled and synthetic Poisson noise was 
added at a count level representative of a gated SPECT 
sestamibi patient study.  Both the marker and myocardial data 
were reconstructed using OS-EM, and the myocardial images 
were filtered using a 3D Hann filter.  Figure 3 shows 
reconstructed images of the marker and myocardial activity at 
the ED and ES frames for a single sagittal slice. 

 

  

  
Figure 3.  Reconstructed images of marker activity (top row) and myocardial 

activity (bottom row) for the physical phantom at ED (left) and ES (right). 

 
1 Dynamic Cardiac Phantom, Data Spectrum Corp., Hillsborough, NC, 

USA. 
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For each of the 10 markers, the 3D centroid of activity 
was computed over all 8 gated frames using regions-of-interest 
that isolated each marker.  The motion of the 10 centroids over 
the 8 frames provided an estimate of the true wall motion for 
pixels adjacent to the centroid locations. 

D. Evaluation Metrics 
With the simulated phantom images, the error in the 

estimated motion was evaluated using two metrics.  The 
phantom-matching motion error (PME) is defined as: 

 ( ) (( )∑∑ +−= +
r

rmrrm
n

nnn ffPME
2

1 )()( )  (6) 

where ( )rnf  is the true phantom intensity image at frame n, 
and mn(r) is the estimated motion from frame n to n+1.  The 
summation is confined to voxels within the phantom 
myocardium.  It is expected that the true motion should have a 
PME that is close to zero. 

The second error metric is the magnitude of the difference 
(Euclidean error) between estimated motion vectors and “true” 
motion vectors, which are obtained from the NCAT simulation 
program.  This magnitude was averaged over all voxels in the 
left myocardium.  For both metrics, the mean and standard 
deviation over the ensemble of results were computed. 

With the physical phantom images, the estimated motion 
error was the Euclidean error between the marker motion 
(“true” motion) and the average motion of the 8 closest pixels 
to each marker.  This error was averaged over all 10 markers.  
The error is computed for the frame 1-2 interval and averaged 
over all 8 frame-to-frame intervals.  The frame 1-2 interval 
with this phantom exhibits substantially greater motion 
magnitude than all other intervals. 

III. RESULTS 

A. Simulated Phantom Study 
Figure 4 is a double-y plot of both motion error metrics as a 

function of SQ-HS iteration.  The first iteration in these results 
is equivalent to the HS method.  The plot demonstrates a 
nearly monotonic decrease in error with iteration and the clear 
improvement in motion estimation accuracy with the SQ-HS 
method relative to the HS method.  The standard deviation 
across the ensemble of measurements in Fig. 3 was less than 
5% of the mean for all data points. 

   
Fig. 4.  Motion estimation error as a function of iteration. 

Figure 5 shows the estimated motion vector fields (2D 
component of the 3D vectors) superimposed on sagittal slices 

of the noise-free phantom images.  Included is the true motion 
vector field provided by the NCAT phantom simulation 
program.  These results are for the frame 1-2 interval, which is 
the onset of systole (contraction). The HS results have an 
overall reduced motion magnitude relative to the true motion,.  
The SQ-HS methods produces larger magnitude motion than 
HS but still erroneously small compared to the true motion. 

 

 
 HS SQ-HS true motion 

Fig. 5.  Estimated motion vector fields 
 

Figure 6 illustrates the convergence characteristics of SQ-
HS.  The objective function is the sum of the non-quadratic 

 from (1) and the smoothness constraint . The 
iterations refer to successive quadratic approximations.   

1E )(2 mE⋅β

 

 
Fig. 6.  Convergence plot for SQ-HS. 

 
In order to estimate the cpu time that is required for both HS 

and SQ-HS methods, the algorithms were terminated when the 
percent change in the respective objective function decreased 
to 0.001%.  We have found that only minimal improvement in 
the estimated motion error occurs beyond this point.  The 
algorithms were applied to one 4D, noisy test image to 
estimate the 96x96x40 x 8 frame motion vector field.  The HS 
method required 90 iterations, and the cpu time on a modern 
workstation was 22 seconds.  The SQ-HS method required 20 
(SQ) iterations, and the cpu time was 116 seconds. 

B. Physical Phantom Study 
Figure 7 shows plots of the Euclidean error as a function 

of β for the frame 1-2 interval.  The SQ-HS method resulted in 
a smaller minimum error (at β=0.1) compared with HS (at 
β=0.05).  Averaged over all frame intervals, the SQ-HS 
method demonstrated only a marginally reduced minimum 
error compared with HS.  Given the average frame-to-frame 
motion magnitude is greatest over the 1-2 interval, these 
results verify that the improved performance of SQ-HS 
compared with HS becomes more pronounced with greater 
motion magnitude. 
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Figure 7.  Motion estimation error as a function of β for the physical phantom 
images for the frame 1-2 interval. 

 
Figure 8 shows the estimated motion vector fields (2D 

component of the estimated 3D vector) superimposed on a 
reconstructed coronal image for HS and SQ-HS for the frame 
1-2 interval.  For both methods, the optimal β for this interval 
was used (0.05 for HS and 0.1 for SQ-HS).  The top row in 
this figure shows the magnified region in the neighborhood of 
one of the 10 markers.  The marker motion (2D component) 
for the frame 1-2 interval is indicated by the black vector.  The 
SQ-HS estimated motion is in closer agreement with the 
marker motion compared with the HS estimated motion, which 
is erroneously small in magnitude.  The bottom row in this 
figure shows the magnified view of another region that 
demonstrates differences between the two methods in terms of 
the smoothness in the estimated motion.  The HS result shows 
greater discontinuity in the estimated vector field.  
Improvement in this regard can be achieved by using a value 
of β larger than 0.05; however, this increases the overall error, 
as evidenced in Fig. 8(a), due to a reduced estimated motion 
magnitude. 

IV. SUMMARY AND CONCLUSIONS 
This paper presents a new method for estimating the non-

rigid motion between sequential frames in a time-series of 3D 
images.  The method is a generalization of a standard motion 
estimation algorithm that formulates the problem in a 
successive quadratic approximation framework.  In the 
evaluation with both simulated and physical cardiac ET 
phantom images, the new method resulted in reduced 
estimated motion error relative to the standard algorithm.  We 
hypothesize that this is due to the inherent inaccuracy in the 
linear approximation in the standard algorithm for relatively 
large frame-to-frame motion magnitude.  Convergence of the 
new method was evidenced with a monotonically decreasing 
objective function with iteration.  The computer processing 
time required to estimate the motion vector fields for a 
96x96x40 voxel image over 8 time frames was approximately 
2 minutes on a modern workstation. 

 
 HS SQ-HS 

Fig. 8.  Estimated motion fields superimposed on a reconstructed 
image of the physical phantom data for the frame 1-2 interval. 
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Direct MaximumA PosterioriReconstruction of
Patlak Parametric Image for Fully 3D Dynamic PET

Lin Fu, Guobao Wang, and Jinyi Qi

Abstract— Parametric imaging using Patlak graphical method
has been widely used to analyze dynamic PET data. Convention-
ally a Patlak parametric image is generated by reconstructing
a sequence of dynamic images first and then performing Patlak
graphical analysis on the time activity curves pixel-by-pixel. In
this paper we develop a Bayesian method for reconstruction
of Patlak parametric images directly from dynamic fully 3D
PET sinograms. Direct Patlak reconstruction has two major
advantages: (i) the noise distribution in sinograms can be accu-
rately modeled; (ii) the number of forward and back projection
operations, which are the major computation bottleneck in fully
3D PET reconstruction, is reduced. The computational advantage
makes direct Patlak reconstruction well suitable for fully 3D PET.
The new method has been implemented on a multi-processor
workstation. Reconstruction results of fully 3D mouse data
acquired on a microPET Focus scanner are presented.

Index Terms— Patlak analysis, parametric image, maximuma
posteriori reconstruction, dynamic PET

I. I NTRODUCTION

Quantification of tracer dynamics in tissue is one of the
important tasks in molecular imaging using dynamic positron
emission tomography (PET). The conventional way to gen-
erate a tomographic image of the kinetic parameters is a
two-step procedure. First, a sequence of emission images is
reconstructed from projection data at multiple time point.
Second, the pixel-wise time activity curves (TACs) are fitted
using various kinetic models [1]. To obtain optimal estimation
performance within this two-step framework, noise properties
of the reconstructed images should be taken into account in the
model fitting step. However, exact probability distribution of
the noise in images reconstructed by iterative methods is too
complex to be incorporated into subsequent kinetic modeling
step. Often the spatial-variation and correlation of noise are
simply ignored in conventional kinetic analyses, which leads
to information loss and sub-optimal results.

This has motivated the development of methods for estima-
tion of kinetic parameters directly from PET sinograms. Direct
reconstruction methods are attractive because they combine
the kinetic modeling with image reconstruction into a single
statistical framework, in which Poisson noise in PET data
can be easily and accurately modeled. Most of the existing
works have aimed at direct estimation of parameters in general
nonlinear kinetic models such as exponential mixture mod-
els based on multiple compartments [2]–[11]. While these
general direct kinetic reconstruction algorithm are versatile,

Department of Biomedical Engineering, University of California, Davis,
CA 95616, USA. Corresponding author: Jinyi Qi, E-mail: qi@ucdavis.edu

This work was supported by NIH under grant R01 EB00194.

there are two disadvantages that prevent them from wide
clinical use. First, the cost function for estimating nonlinear
kinetic parameters is nonconvex, so deterministic optimization
algorithms cannot guarantee to converge to a global solution.
Second, because of the coupling between the reconstruction
and nonlinear parameter estimation, the computational cost for
direct reconstruction is often higher than indirect approaches.
An alternative approach to avoid nonlinear cost functions in
compartment modeling is to use spectral analysis, which has
a linear model formulation [12], [13]. However, it uses a large
number of exponential functions as basis functions, so the
computation cost can be high and the resulting coefficients
may have high variance.

In this work, instead of using general non-linear kinetic
models, we develop a direct reconstruction method specifically
for Patlak kinetic analysis. Patlak analysis is a simplified linear
kinetic modeling technique that was originally developed as a
graphic method performed by linear regression on TAC curves
[14]. The uptake rate constant (or the slope parameter) of
Patlak plot is a very useful quantitative index for charac-
terizing the kinetic properties of many PET tracers. It can
be applied to blood flow data [15], FDG data [16], and has
found applications in many disease studies [17]. Unlike most
kinetic analysis techniques, Patlak analysis does not assume
a particular kinetic model and eliminates the need to choose
model parameters (e.g. number of compartments). Due to its
linear nature, Patlak analysis applies to both heterogeneous
and homogeneous tissues.

Maguire et al [18] has applied Patlak analysis directly on
projection data and then used a filtered backprojection method
to reconstruct a parametric image. Built upon our previous
work on Patlak reconstruction for 2D PET [19], here we
incorporate the Patlak analysis into an iterative Bayesian image
reconstruction approach to estimate Patlak parametric images
directly from dynamic fully 3D PET sinograms. Because
Patlak analysis model is linear, the corresponding MAP formu-
lation has a concave objective function, which can guarantee
convergence to a global solution. Comparing with the work
in [18], the proposed approach allows accurate modeling of
the detector response and Poisson noise statistics in data.
Comparing with general direct kinetic analysis methods, our
method takes advantage the linear nature of Patlak model and
requires less number of forward and back projection operations
per iteration. The computational advantage makes direct Patlak
reconstruction well suitable for fully 3D dynamic PET.
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II. D IRECT PATLAK RECONSTRUCTION FROMSINOGRAM

A. Dynamic Data Model

PET data are well modeled as a collection of independent
Poisson random variables with the log-likelihood function

L(yt|xt) =
M∑
i=1

(yt)ilog(ȳt)i − (ȳt)i − (yt)i!, (1)

where xt ∈ RN×1 is the unknown image in thetth frame,
yt ∈ RM×1 is the measured sinogram in thetth frame, and
ȳt ∈ RM×1 is the mean of the sinogram. The mean sinogram
ȳt is related to the imagext through an affine transform

ȳt = Pxt + rt, (2)

whereP ∈ RM×N is the detection probability matrix and
rt ∈ RM×1 accounts for the presence of scatter and randoms
in the data in thetth frame.

For a set of dynamic data that containsT frames, we
denote the dynamic sinogram data asy = [y′1, y

′
2, . . . , y

′
T ]′,

the unknown image asx = [x′1, x
′
2, . . . , x

′
T ]′, and the expected

random events asr = [r′1, r
′
2, . . . , r

′
T ]′. The log-likelihood

function of the whole dynamic data set is

L(y|x) =
MT∑
i=1

yilogȳi − ȳi − yi!, (3)

where the mean dynamic sinogram̄y is related to the dynamic
imagex via

ȳ = (IT ⊗ P )x + r, (4)

where⊗ denotes the Kronecker product,IT ∈ RT×T is the
identity matrix.

B. Patlak Graphical Model

For a tissue-compartment model that contains at least one
irreversible compartment, Patlak and Blasberg [14] proposed
the following linear model for the time activity curve in a
region of interest (ROI),CROI(t) and the blood inputCp(t):

CROI
t (t)
Cp(t)

= KROI ×
∫ t

0
Cp(τ)dτ
Cp(t)

+ bROI . (5)

The slope of the Patlak plot,KROI , is a very useful quantita-
tive index for characterizing the kinetic properties of many
PET tracers. For example, in brain FDG studies the slope
can be used to determine regional cerebral metabolic rate for
glucose (rCMRglu) [14].

Equation (5) can be rearranged to

CROI(t) = KROISp(t) + bROICp(t), (6)

whereSp(t) ≡
∫ t

0
Cp(τ)dτ .

Let us consider the Patlak plot for each pixel and we can
write the Patlak plot for the whole image in a matrix form

C(t) = Sp(t)K + Cp(t)b, (7)

whereC(t) ∈ RN×1 denotes the tissue activity image at time
t, andK ∈ RN×1 andb ∈ RN×1 are the parametric images
of physiological rate and Patlak intercept, respectively.

C. Reconstruction of Patlak Parameters from Sinograms

The imagexk in framek is related to the tissue time activity
curveC(t) at the framet by

xk =
∫ te,k

ts,k

C(t)dt = K

∫ te,k

ts,k

Sp(t)dt+ b

∫ te,k

ts,k

Cp(t)dt,

(8)
where ts,k, te,k are the starting time and the ending time
for framek, respectively. When considering the radioactivity
decay and assumingCp(t) to be nearly constant within each
frame, we have

xk =
e−λts,k − e−λte,k

λ
C(tk), (9)

whereλ is tracer decay constant andtk ≡ (ts,k + te,k)/2.
Using the notationsθ ≡ [K ′, b′]′ ∈ R2N×1 andA ∈ RT×2

A ≡ diag{e
−λts,k − e−λte,k

λ
} · [Sp Cp],

whereSp ≡ [Sp(t1), Sp(t2), ..., Sp(tT )]′ ∈ RT×1 andCp ≡
[Cp(t1), Cp(t2), ..., Cp(tT )]′ ∈ RT×1, we can incorporate the
Patlak graphic model into the image model (4) and get the
following relation between the mean sinogram̄y and the
parametric imageθ

ȳ = (A⊗ P ) θ + r. (10)

A maximum likelihood estimate of the parameter images
can be obtained by maximizing equation (3). Here we use
Gibbs priors to regularize the parametric image because max-
imum likelihood estimate is very noisy. In Patlak analysis the
parametric image consists of an image of the Patlak slopeK
and an image of the interceptb. We consider these two images
statistically independent from each other. For each parameter,
the prior distribution has the following form

p(µ) =
1
Z
e−βU(µ), U(µ) =

1
2

N∑
j=1

∑
k∈Nj

ψ(µj − µk), (11)

whereβ is the hyperparameter,U(µ) is the energy function
of imageµ, and Z is a normalization constant. We used a
quadratic potential functionψ(µ) = µ2/2. The neighborhood
system contains 26 nearest neighbors in 3D.

Combining the log-likelihood function and image prior,
we can find the MAP estimate as the maximizer of the log
posterior density function

K̂, b̂ = argmaxK,b [L(y|K, b)− β1U(K)− β2U(b)] , (12)

whereβ1 andβ2 are the regularization parameters forK and
b, respectively.

III. I MPLEMENTATION FOR FULLY 3D PET DATA

We have implemented the direct Patlak reconstruction for
dynamic fully 3D PET. The new reconstruction software
was built upon our existing 3D static image reconstruction
software. The forward and back projection operations were
modified to include Patlak plot model. The reconstruction
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algorithm uses a preconditioned conjugate gradient method of
the Polak-Ribiere form:

θn+1 = θn + αnd
n (13)

αn = argmax Φ(θn + αdn) (step size) (14)

dn = pn + γnd
n−1 (search direction) (15)

γn =

(
gn − gn−1

)′
pn

gn−1′pn−1
(16)

pn = Qgn (precondition) (17)

whereθ ≡ [K ′ b′]′. The algorithm is initialized withd0 = p0.
The precondition matrixQ takes a similar form as that has
been employed in static image reconstruction

Q =
diag{θ + δ}

diag{
∑

n anm} ⊗ diag{
∑

i pij}
, (18)

where δ is a very small value to ensure thatQ is positive
definite,anm is the (n,m)th element of matrixA, andpij is
the(i, j)th element of matrixP . A modified Newton-Raphson
algorithm is used to find the optimum step size.

A multi-threaded reconstruction algorithm was implemented
on a Sun workstation with four dual-core AMD Opteron
CPUs. With four reconstruction threads working simultane-
ously, direct reconstruction of a set of fully 4D dynamic
sinograms acquired on a microPET Focus scanner took 4.6
minutes per iteration, which was slightly more than twice as
much as that of static reconstruction of a single frame. Note
that the computation cost of direct reconstruction is almost
independent of the number of dynamic frames, while the
computation cost of indirect methods is a linear function of
the frame number. When more than two dynamic frames are
used in the fitting process, the proposed direct approach is
faster than the conventional indirect approach.

IV. COMPUTERSIMULATION

In [19] we conducted computer-based 2D Monte Carlo sim-
ulations comparing performance of the direct reconstruction
and indirect methods. A Hoffman phantom (Fig. 1(a)) was
used. We added a small tumor (white spot) inside the brain.
The time activity curve (TAC) of each region was generated
using the three compartment model with an analytical blood
function. The blood input function and the regional TACs are
shown in Fig. 1(b). These TACs are integrated for each frame
and forward projected to generate the dynamic sinograms.
Poisson noise is then added, which results in a total number
of events of 10M for 39 frames over a total of 60 minutes.

We generated 100 independent identically distributed data
sets, which were reconstructed using both the direct method
and indirect methods. For the indirect methods, we first
reconstructed dynamic images from the noisy sinograms using
an MAP reconstruction algorithm, and then performed the
Patlak analysis on the reconstructed images. Two different
approaches of regularization were considered. In one approach
regularization was imposed during image reconstruction and
the Patlak analysis was implemented pixel-by-pixel. In the
other spatial regularization was imposed in the pixel-wise Pat-
lak analysis while images were reconstructed by a maximum

(a) Phantom (b) Blood and regional TACs

Fig. 1. Simulation phantom and the time activity curves.

likelihood method. Fig. 2 shows the averaged bias vs. variance
tradeoff curve for each region. The inclusion of regularization
in the reconstruction step is referred as “indirect1”, and the
inclusion of regularization in the Patlak analysis step as
“indirect2”. Each point on the curve corresponds to a different
hyperparameter in each method. The uppermost point in each
curve corresponds to the case of no regularization. Overall,
direct reconstruction results in less variance at the same bias
level as compared to the indirect approaches.

Fig. 2. The standard deviation versus bias trade-off curves of the direct and
the indirect methods. Indirect1 is imposing regularization in the reconstruction
step, indirect2 is imposing regularization in the Patlak analysis step.

V. RESULTS FROMREAL MOUSEDATA

Tumor bearing mice were injected with about 100µCi
FDG and scanned in a microPET Focus PET system for
one hour. Data from the last 30 min were used to estimate
the Patlak parameters. The data were histogrammed into 5
dynamic frames, with a total photon count about 200M.

Fig. 3 show the Patlak parametric images reconstructed by
the proposed direct method for one animal. The result of the
conventional indirect method from the same dataset is shown
in Fig. 4 for comparison,. Fig. 5 also shows the conventional
static image of the same scan. Visual inspection indicates
that the result of the direct reconstruction has fewer artifacts
than that of the indirect method. However, no quantitative
comparison can be made because of lack of ground truth. The
reconstruction speed of the direct method is about two times
faster than the indirect method (138 minutes vs. 305 minutes).
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Fig. 3. Patlak rateK image reconstructed from real mouse FDG data using
the direct method. Left: coronal slice; Right: sagittal slice. The large bright
region on the left next to the bladder in the coronal slice is a tumor. The
image intensity is truncated for better visualization. The reconstruction time
for the direct method is 138 min.

Fig. 4. Patlak rateK image reconstructed from real mouse FDG data using
indirect method. Left: coronal slice; Right: sagittal slice. The reconstruction
time for the indirect method is 305 min.

VI. CONCLUSION AND FUTURE WORK

We have developed a Bayesian reconstruction method for
direct estimation of Patlak parametric image from fully 3D
PET sinograms. Computer simulations of 2D PET show that
the proposed method has better performance in bias versus
standard deviation trade-off when compared to the indirect
methods. The new method has been applied to reconstruction
of real 3D microPET data. The results are very promising. We
will conduct more studies to evaluate the performance of the
proposed method.
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Abstract– Respiratory motion of the heart is one of the factors 
limiting the diagnostic accuracy of SPECT perfusion images. 
In this work we present a 4D motion correction approach 
where 12 degree-of-freedom affine parameters of motion are 
estimated 1with temporal smoothness constraints using 
sinusoidal model of the motion, from gated datasets. A non-
rigid deformation algorithm with a similar temporal constraint 
as well as a second order spatial constraint minimizing the 
overall bending energy is also presented. The algorithms are 
applied on phantoms acquired with 1.5cm and 3cm of superior 
/ inferior (SI) motion. The temporal-affine registration 
algorithm is also applied to a clinical dataset.  

I. INTRODUCTION 

NE of the factors limiting the diagnostic accuracy of 
cardiac SPECT perfusion imaging is the respiratory 

motion of the heart. Several investigators have worked on 
motion correction in PET/SPECT [1]-[4]. In an earlier work 
[4] we presented a rigid and non-rigid registration algorithm 
to estimate and correct for respiratory motion of the heart 
for SPECT in 3D slices reconstructed from respiratory gated 
datasets. One problem observed was that the motion 
estimates may be noisy for SPECT, particularly if we 
increase the number of gating bins. This work reports our 
improved algorithm where we estimate 12-DOF affine 
parameters for respiratory motion and apply a temporal 
constraint across the different respiratory frames (gates) 
when estimating the parameters. The temporal smoothing 
constraint approximates a sinusoidal model of motion. The 
algorithm was tested on acquisitions of a SPECT 
anthropomorphic phantom as well as on a clinical dataset. A 
second algorithm estimating non-rigid deformation, with 
smoothing spatial constraints [4], and the cosine temporal 
constraint was also applied to our datasets. Post-
reconstruction affine and deformation motion corrected 
images are shown. Presently, we are implementing pre-
reconstruction correction within the OSEM reconstruction 
framework, using the motion estimates obtained by the 
registration methods described here.   

II. REGISTRATION AND MOTION ESTIMATION 

A.  SPECT Test Datasets 
 The Data Spectrum Anthropomorphic phantom with Tc-
99m was imaged with a IRIX SPECT system. List-mode 
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data was acquired with the phantom being manually moved 
with amplitude of 1.5cm, in approximate synchrony with the 
breathing of the person acquiring the data. Motion was 
monitored using a bellows attached to the phantom and 
imaging table. A second list-mode data was acquired with 
an amplitude of 3cm. A third dataset was acquired with no 
motion to serve as a no motion reference. The two datasets 
with motion were phase-binned into 8 or 16 bins according 
to the bellows data. The data were reconstructed using 
OSEM with 4 angles for each subset. There were two 
camera heads at 102 degrees apart acquiring for 34 frames 
at 3 degrees each. Scatter, attenuation correction, as well as 
resolution compensation were applied in reconstruction. The 
reconstructed datasets were 128x128x128 with pixel size of 
0.467 cm. We also phase-binned a list-mode data for a 
patient into 16 bins using bellows dataset and reconstructed 
using OSEM with scatter, attenuation correction and 
resolution compensation. 

B. Affine-parameter Estimation with temporal smoothing 
 The transformation model assumed is 12-parameter 
affine. Lumping the three rotation matrices about x, y, z axes 
into one matrix ℜ , the transformation can be written as,  
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where 31 ,..., ss are scale parameters, ℜ  has three rotation 

angles, 31 ,..., shsh are shear parameters and zx tt ,...,  are 
the translation parameters. 
 One of the respiratory gated reconstructions was 
considered as the reference set to which all the others were 
registered. The registration criterion was the minimization 
of the total SSD, calculated as the sum of all the individual 
sum-squared-difference of each volume from the reference 
volume, in addition to a smoothing metric. The smoothing 
metric was  chosen to minimize the simple-harmonic 
oscillation equation, tending to constrain the motion to  part 
of a cosine. Explicitly, we minimize ∫ 
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∂
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AA . The 

vector A is the 12 transformation parameters written as a 
vector. Implicit in the squared norm notation is that there is 
a summation over the 12 components. Discretizing the 
second derivative approximately as the second-difference, 
the total functional to minimize can be written as, 
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Here summation over i is across the time-frames. In our 
code, we also have the provision to apply different weights 
for the different components, if necessary, which is omitted 
here for simplicity. The derivative of the functional F is 
computed analytically with respect to each parameter and 
we apply a simple gradient descent to minimize the 
functional.  In computing the derivative of the temporal 

constraint term, we apply the condition 
tt ∂

∂
=

∂

∂ AA
3

3
, 

consistent with cosine approximation. This prevents 
division by the noisy derivative term. Note if 0=λ  in Eqn 
2, we are essentially minimizing each volume 
independently. If 0≠λ , for each I, the current iA  and its 

two predecessors 1−iA and 2−iA are linked by the second 
term in Eqn 2, forcing it to be locally smooth. Since the first 
stage is end-inspiration and the last stage is end inspiration 
as well, we use circular boundary condition for 2A .  
 For the patient dataset, we defined an ROI around the 
heart for the first stage to be used as the reference to register 
to the full-volume of the subsequent stages.  
 

C. Multi-resolution Constrained Free Form Deformation 
(FFD) 

 We implemented a free-form-deformation algorithm for 
our SPECT application. Briefly, the FFD transformation is a 
3-D tensor-product of 1-D cubic polynomials [5]-[7], 
(which are continuous in first and second-derivatives). 
 
 
 
 
where,  
 The SSD was chosen as our similarity measure and we 
applied a constraint on the transformation which minimized 
the bending energy [5]. In addition, the sinusoidal temporal 
constraint was applied to the control points. The full form of 
F is shown in Eqn 4.                  
 
 

 
 
 
 
 
 
 
 
 
 
where T refers to the transformation defined in Eqn 3. 
Again gradient descent (with analytically calculated 
derivatives) was used for minimizing F.   The 
transformation by itself operates locally. The second term in 
Eqn. 4 is an overall spatial smoothing term of the 

transformed co-ordinates over the entire volume. We 
applied a multi-resolution approach where we selected 
control points on a sub-sampled grid.  
 

III. RESULTS  

A. Registration results for Phantom 

 Fig. 1(a) and (b) show the 12 parameter motion 
estimation results for the phantom datasets moved 1.5 cm 
and 3 cm, registered with minimizing the SSD and the 
temporal constraint shown in Eqn 2. The datasets were 
binned into 16 time frames. The parameter estimates were 
noisier if the temporal constraint was not used. Note that the 
amplitudes were estimated to be within an error of 0.2 mm 
(for the 1.5cm motion case) and 1.6 mm (for the 3 cm 
motion case) respectively. Fig. 2 first and second rows show 
the results before and after correction for the phantom with 
1.5 cm motion. The results after correction look more 
uniform and the ventricular wall is thinner. The third row 
and fourth row show the results before and after applying 
affine correction for the case where the motion is 3 cm. 
Notice the tremendous improvement in performance. The 
fifth row displays the slices of the phantom without motion. 
The results of constrained FFD is shown in Fig 3. The 
results again look more uniform compared to uncorrected 
(case of first row, Fig 2). Note that we used a larger cropped 
dimension of the volume for FFD than for the affine case, to 
eliminate boundary effects in FFD.  In all the affine and 
deformation motion correction cases presented, we played 
back slices after correction and no perceptible residual 
motion was detected. 

B. Registration results for patient study. 
 Fig. 4 shows the affine correction results for the patient.  
12-DOF parameters are shown in Fig 4 (a) and (b) without 
and with application of the temporal constraint smoothing 
term in Eqn 2 and the estimates are less noisy with 
smoothing. Fig 4 (c) shows a small improvement in wall 
uniformity and in the visibility of a defect after motion 
correction. The estimated motion was small, about a cm, 
predominantly in the SI direction. 

IV. CONCLUSION AND FUTURE WORK 
We investigated 4-D affine registration and deformation 
method to estimate and correct for motion in gated SPECT 
studies. We validated these methods on phantom studies. 
We showed post-reconstruction correction. We are currently 
implementing correction within the OSEM reconstruction 
framework, using the motion estimates obtained with the 
methods described here. 

(2)                                      )2)1((      

))],,(([

2
21

2

,,

∑

∫∫∫∑

−− +−++

−=

i
iii

zyx
ir

i

K

dxdydzzyxVVF

AAA

T

λ

(3)    )()()(),,( ,,

3

0

3

0

3

0
lknjmiln

m n l
m wBvBuBzyx +++

= = =
∑∑∑= φT

)int( );int( );int( zzwyyvxxu −=−=−=

(4)            

)()()(      

)()()(      

)],,(([

2

2

2

222222

2

2

22

2

22

,,
2

2

2

,,
21

∫

∫∫∫

∫∫∫









+

∂
∂

+









∂∂

∂
+








∂∂

∂
+








∂∂

∂
+

+







∂
∂

+







∂
∂

+







∂
∂

+

−=

dtK
t

dxdydz
xzzyyx

zyx

dxdydzzyxVVF

t

zyx

zyx

φφ

TTT

TTT

T

λ

λ

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 202



  

               
           (a)                        (b) 
Figure 1. 12-DOF parameters estimated for rigid-body motion of heart in the phantom. In (a) the input motion was 1.5 cm,  and in (b) it was 3.0 cm in amplitude, 
both in the SI direction.  
 

 

 

 

 
Figure 2. Affine Motion Correction. Top row: Coronal slices after summing stages of respiration for phantom with 1.5 cm motion, before correction. Second row: 
Coronal slices summed after affine motion correction, with temporal constraint (and final spatial smoothing). Note more uniformity of wall brightness. Third 
Row: Coronal slices after summing stages of respiration for phantom with 3.0 cm motion, before correction. Fourth Row: Coronal slices summed after affine 
motion correction, with temporal constraint (and final spatial smoothing) for 3.0 cm motion case. Fifth Row: Smoothed coronal slices of phantom without 
motion.  In all cases, clinically acceptable spatial smoothing was applied after summing the stages. 
 

 
 
Figure 3. Constrained Free-Form Deformation. Coronal slices summed after free-form deformation correction, with spatial and temporal constraint (and final 
spatial smoothing). Note that the before correction case is omitted from space considerations, but corresponds to first row in Fig 2. Again, clinically acceptable 
spatial smoothing was applied after summing the stages. 
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     (c) 

 
Figure 4. 12-DOF parameters estimated for a patient for a rest study. In (a) no temporal constraint was used. For (b)  the temporal constraint was used and 
resulted in smoother motion parameter estimates. (c) Top row: Coronal slices after summing (and then smoothing) stages of respiration. Second row: Coronal 
slices summed after affine motion correction, with temporal constraint (and final spatial smoothing). While the effect on image quality was not dramatic, because 
the motion was small (< 1cm), there was a modest improvement of wall brightness in some slices. Also, in the second slice, the defect is more apparent (about 2 
o’clock position) after correction
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A Reconstruction Algorithm for Triple-Source 
Helical Cone-Beam CT via Filtered 

Backprojection 
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Abstract—Multi-source cone-beam CT is an attractive 

approach of choice for superior temporal resolution, which is 
critically important for cardiac imaging and contrast enhanced 
studies. In this paper, we present a filtered-backprojection (FBP) 
algorithm for triple-source helical cone-beam CT. The algorithm 
is both exact and efficient. It utilizes data from three inter-helix 
PI-arcs associated with the inter-helix PI-lines and the minimum 
detection windows defined for the triple-source configuration.  
The proof of the formula is based on Tuy’s inversion formula and 
the geometric relations specific to triple-source helical cone-beam 
scanning. Simulation results demonstrate the validity of the 
reconstruction algorithm. With parallel computing, the proposed 
FBP algorithms can be significantly faster than our previously 
published multi-source backprojection-filtration algorithms.  
Thus, the FBP algorithms are promising in applications of 
triple-source helical cone-beam CT. 
 

Index Terms—Computed tomography, filtered-backprojection, 
helical scanning, triple-source cone-beam CT 

I. INTRODUCTION 
The recently introduced Siemens’ dual-source CT allows 

much-improved temporal resolution, and has received a major 
attention in the medical imaging field. A natural extension of 
the dual-source system is a triple-source cone-beam CT (CBCT) 
scanner for even better temporal resolution at an additional 
system cost.  As a follow-up to our previously published work 
on backprojection-filtration (BPF) based triple-source CBCT, 
this paper presents an exact filtered-backprojection (FBP) 
algorithm for triple-source helical CBCT, which can be 
implemented using parallel-computing techniques much more 
efficiently than the BPF counterpart.  We benefited from many 
exact and efficient methods which were developed for 
spiral/helical cone-beam CT over past years [1-11].  

Cardiac imaging and contrast enhanced studies are very 
important medical CT applications. One approach to improve 
CT temporal resolution is to use a multi-source system [19-25, 
12-15]. The initial experience with the commercial dual-source 

CT system has been very encouraging in cardiac imaging and 
coronary angiography, which show that the dual-source CT 
generates high quality images with ultra high temporal 
resolution, making functional evaluation of the heart valves and 
myocardium clinically possible [21-24].  
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Unlike previous multi-source systems that use either a circle 
scanning locus or an approximate reconstruction algorithm 
[10-20], for the first time we recently proposed a generic design 
for exact triple-source helical CBCT [12-15].  Such an exact 
BPF reconstruction algorithm for triple-source helical CBCT 
[14-15] was developed based on the Zhao window [12-13] and 
the inter-helix PI-lines [12-13].  The Zhao window is the 
minimum detection window for triple-source helical CBCT, 
which is a counterpart of the Tam-Danielsson window. Also, 
the role of the inter-helix PI-lines in triple-source helical CBCT 
is similar to that of the PI-lines in single source helical CBCT. 

In this paper, we present an exact FBP algorithm for 
triple-source helical CBCT. The algorithm also uses data from 
the three inter-helix PI-arcs associated with the inter-helix 
PI-lines and corresponding Zhao windows. In comparison with 
our previous triple-source BPF algorithm, this triple-source 
FBP algorithm is advantageous in terms of image 
reconstruction speed when the parallel implementation is in 
place. Therefore, this algorithm is technically and clinically 
very attractive.  

II. TUY’S RECONSTRUCTION SCHEME 
First, we describe Tuy’s reconstruction scheme for a single 

curve. Let a trajectory Γ  be a piecewise differentiable curve in 
 described by , , and  an infinitely 

differentiable real integrable function with a compact support 
. The cone-beam transform  along 

3R ( )ta t ∈R f

3 \⊂Ω R Γ fD Γ  is 
defined by  

       2

0

( , ) ( ) ,  ( , )f f s ds
∞

= + ∈∫a θ a θ a θ SD Γ×   (1) 

Then, let  be extended from  to fD 2Γ×S 3 3×R R  as 

( ) ( , )f f=a z a zD D 3, ∈R, a z . 

Define the Fourier transform of faD  for a fixed  as a

      
3

( ) ( , ) if f e− ⋅= ∫ z v
a v a z

R

D D dz         (2)

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 205



 
 
 
 
 
  

The Tuy reconstruction scheme for a set of curves in a 
weighted form can be stated as follows [14-15]: 

Theorem 1. [Tuy scheme] Let jΓ , j ∈  

{ }1,2,3,=

R

 be a curve in  parameterized by a 

piecewise differentiable function . 

For a fixed , we suppose that there exists a weight 
function  such that  is integrable 

with respect to the second variable  for each t

3R
( ),    j t j and t∈ ∈a R

∈x Ω
2:w × →x R S ( , )w tx σ

2∈σ S ∈R , 
and the set 
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is non-empty and finite for almost all . Then, 2∈σ S

      

( )
{ }
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1

( )
( , )

1( ) ,     
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( , )
( ) j

j j j

N

j

j
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j j t

f d N

w
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π
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=

∈ =

= Ξ ∈

∂
Ξ =

′ ⋅ ∂
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x σ
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provided that ( , )jw λx σ  fulfills the completeness condition: 

{ }1 ( , )

( , ) 1,     
j j

N

j
j

w N
λ

λ
= ∈

= ∈∑ ∑ x
Λ x σ

σ , a. e. in 2∈σ S  (5) 

We can prove the above Theorem using the methodology in 
[10-11]. 

III. FBP FORMULA FOR TRIPLE-SOURCE CBCT 

Let ( )f x  be an object density function to be reconstructed. 
Assume that this function is smooth and vanishes outside the 
object cylinder     

{ }2 2 2
min max( , , ) , ,  

0
o

o

x y z x y R z z z

R R

= = + ≤ ≤ ≤

< <

Ω x
 (6) 

where oR  is the radius of the object cylinder and R  the radius 
of the scanning cylinder. The scanning cylinder refers to the 
cylindrical volume confined by the helices defined by (7). 

In the Cartesian coordinate system ( , , )x y z , the triple-helix 
trajectories can be expressed as 

{ }

2( 1) 2( 1)( ) cos , sin ,
3 3

0,  0,  , 1, 2,3

j 2
j j ht R t R t

R h t j

π π t
π

⎛ − −⎛ ⎞ ⎛ ⎞= + +⎜ ⎟ ⎜ ⎟⎜
⎞

⎝ ⎠ ⎝ ⎠⎝
> > ∈ ∈

a

R

⎟
⎠  (7) 

where R  stands for the distance from each x-ray source to the 
rotation axis (i.e., the -axis),  the pitch of each helix, and  
the rotation angle.     

z h t

Previously, we defined the inter-helix PI-lines and extended 

the traditional Tam-Danielsson window into the Zhao window 
in the case of triple helices [12-13]. For convenience, here we 
restate the definition of the Zhao window as follows: for each 
source , the corresponding Zhao window is the region on 

the surface of the scanning cylinder bounded by the nearest 
helix turn of  and the nearest helix turn of 

, 

( )j ta

mod3 1( )j t+a

( 1)mod3 1( )j t+ +a { }1,2,3j ∈  [12-13]. Also, recall that an 

inter-helix PI-line for  and , ( )j ta mod3 1( )j t+a {1, 2,3}j ∈ , 

is defined as the line that (I) intersects  at one point and 

 at the other point, (II) the absolute difference of 

the angular parameter values at the two intersection points is 
less than 

( )j ta

mod3 1( )j t+a

2π  [12-13]. In fact, the inter-helix PI-lines are a type 
of R-lines [7]. We already proved the existence and uniqueness 
properties of the inter-helix PI-lines [12-13]. 

In the triple-helix case, there are three inter-helix PI-lines for 
a fixed ∈x  and three corresponding inter-helix PI-arcs 
whose end points are the intersection points of the inter-helix 
PI-lines with the corresponding helices. The three inter-helix 
PI-arcs represent the source trajectory segments from which the 
sources illuminate the point . Next, we define the inter-helix 
PI-intervals for 

Ω

x
∈x Ω . In fact, the inter-helix PI-arcs can be 

determined with Equation (7) and the corresponding inter-helix 
PI-intervals. Denote the inter-helix PI-interval of ∈x Ω  for 

 as , . For 

simplicity, we omit the variable in the functions to use 

( )j ta min max( ) [ ( ), ( )]j j jI t t=x x x {1, 2,3}j ∈

jI , , 

 directly instead of ,  and , 

respectively. Without loss of generality, we assume that the 
sources and the detectors are translated upwards and rotated 
counter-clockwise when being observed from the top. To 
describe the data completeness condition for a fixed 

min
jt

max
jt ( )jI x min ( )jt x max ( )jt x

∈x Ω , 
we use the Orlov method, i.e., consider direction curves on the 
unit sphere [27]. The direction curves jC , {1, 2,3}j ∈ , on 

the unit sphere centered at  correspond to the source 
scanning angular ranges for   (refer to [12-13] for details).  It 
is a property of the inter-helix PI-line for  and 

 that the intersection points represent the beginning 

position of the source illuminating  from  and the end 

position of the other source illuminating x  from , 

∈x Ω
x

( )j ta

mod3 1( )j t+a
x ( )j ta

mod3 1( )j t+a
{1, 2,3}j ∈   [12-13]. We denote the intersection points as 

 and  respectively. For brevity, we 

use the notations  and 

. Then, the inter-helix PI-line for 

( ( ))s
j ta x mod3 1( ( ))e

j t+a x

x

x

( ( ))s s
j j t=a a

mod3 1 mod3 1( ( ))e e
j j t+ +=a a
s
ja  and mod3 1

e
j +a  can be represented as mod3 1

s e
j j +a a . We have 
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( )min ( ) s
j j jt =a x a  and ( )max ( ) e

j j jt =a x a , .  

The intersection points 

{1, 2,3}j ∈
s
ja  and  are mapped onto the unit 

sphere for x  as 

e
ja

s
jA  and e

jA  respectively, for . {1, 2,3}j ∈
s
jA  and e

jA  are the start point and end point of jC  

respectively.  

We introduce the Hilbert transform operator  for  
, and . We define 

 with  for any given unit 

vector . Let 

jkβH
{1, 2,3}j ∈ {1, 2,3}k ∈

2( )jk jk j= ∈β β α S 0j jk⋅ =α β
2

j ∈α S
  ( ) cos( ) sin( ) ,     0 2jk j jkγ γ γ γ= + ≤ <θ α β π .  (8) 

Then, we define the Hilbert transform jkβH , depending on 
the mapping ( )j jk jα β α  over the projection space 

, as follows 2
jΓ ×S

2

( (t), ( ))1( (t), ) ,
sin

( (t), )

jk j jk
j j

j j j

d
π ζ γ

ζ γ
π γ

= −

∈Γ ×

∫β a θ
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a α

2

0

H

S
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Next, the backprojection operator is defined as 
3

#

1

2

( ( ), ( ))
( ) ,

( )

  ( ( ), ( ))
j

j j
k jk

j I j

j j j

t t
dt

t

and t t

ξ
ξ η

=
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⎜ ⎟−⎝

∈ ∈Γ
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x

a α
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D
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⎟
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×
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where , {1, 2,3}k ∈

      2( )
( )

( )
j

j
j

t
t

t
−

=
−

x x a
α

x a
S∈ ,          (11) 

and 

      
( )mod3

2( 1)
j k

jkη
−⎢ ⎥

⎢⎣= −
⎥⎦ .            (12) 

Before stating the FBP reconstruction formula, we define 

 or ,  {1, 2,3}
s e
k k
s e
k k

k
⎧ − −⎪= = = ∈⎨

− −⎪⎩

x a x aΨ ψ ψ ψ
x a x a

⎫⎪
⎬
⎪⎭

. 
Theorem 2. [FBP reconstruction formula] Let jΓ  be a 

standard helix in  parameterized by a function  (7), 

, and . Then, the inversion formula 

3R ( )j ta
t ∈R {1, 2,3}j ∈

 #1( ) ( ),     k {1, 2,3}
2

jk
kf f

π
= ∂ ∈βx xD H D ,  (13) 

holds for all , provided that the mapping 
 ( ) 

satisfies the completeness condition: 
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The completeness condition (14) holds for 

mod3 1

mod3 1

( ) ( ) ( )
( )

( ) ( ) ( )

e s
j j k k j j

jk j e s
j j k k j j

λ λ
λ

λ λ
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x x
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α a a α
β
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, for 

j jIλ ∈  and ( )j jλ⋅ =x σ a σ⋅ . (15) 

Note that in (15), the denominator equaling to zero occurs for 
the source ( )j jλa  only at the position s

ka  or mod3 1
e
k +a . In that 

case, ( )j t ∈xα Ψ

Ψ

, which should be ruled out by the condition 

. Therefore, the denominator of (15) does not 

equal to zero. The Hilbert transform of differential projection 
data over 

2( ) \j t ∈xα S

( )j t ∈xα Ψ , is equal to zero in terms of Lebesgue 

measure . Therefore, ( )j t ∈xα Ψ  can be removed from .   2S
From Theorem 1, we can prove Theorem 2. The proof is 

omitted in this abstract due to the page limitation. Although the 
above proof is based on Tuy’s formula, the same or similar 
results may be derived from other classic and recent findings on 
exact cone-beam reconstruction [3, 28-31]. 

Note that the Hilbert filtration in the triple-source BPF 
algorithm can only be performed after the backprojection. Thus, 
the backprojection cannot be done until all the projection data 
for reconstruction of a fixed point is collected. On the other 
hand, the triple-source FBP algorithm can perform the Hilbert 
filtration and then the backprojection as the projection data is 
being collected view by view. Therefore, with adequate parallel 
computing hardware, the triple-source FBP algorithm should 
run much faster than the BPF counterpart. 

IV. SIMULATION RESULTS 
In the simulation, three rectangular planar detectors are used. 

The scanning radius and the pitch of each helix are 75cm and 
18cm, respectively. Each detector of 51.2cm×12cm consists of 
512×80 elements. The detector is arranged perpendicular to the 
line that intersects the z -axis orthogonally and connects the 
corresponding source and the detector center. There are 1024 
projections per turn for each source, [ ],t π π∈ − .  The 

detector plane is parallel to the -axis at distance 100cm from 
the corresponding source. The 3D Shepp-Logan phantom is 
used in the simulation. The 3D Shepp-Logan phantom is 
located at the center of the global coordinate system -

z

x y -  
within a spherical support of radius 12.8cm. The reconstruction 
grid is 256×256×256. Fig. 1 presents the reconstructed images 
in the inter-helix PI-line coordinates system. The 

z

1,2xπ -axis is 

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 207



 
 
 
 
 

made along the inter-helix PI-line 1 2
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    (a)      (b)       (c)        (d) 
Fig. 1. Representative reconstruction results with the Shepp-Logan phantom in 
the inter-helix PI-line based coordinate system. (a) and (b) are reconstructed 

slices 
min max
1 21,2 1,2( , , )f x t tπ π  in inter-helix PI-line based coordinates, 

where  was fixed, and  and min
1t

max
2t 1,2xπ  formed the vertical and 

horizontal axes. Specifically,  was varied from max
2t

min
1 0.88t π+  to 

min
1 1.12t π+ , and 1,2xπ  was from -12.5cm to 12.5cm. The two images 

were reconstructed at min
1 0.75t π= −  and 0.25π− , respectively. The 

display window is [ ]0.99,1.05 ;  (c) and (d) show the profiles along the 

lines max
2 0.5t π=  in (a) and 1,2 1.66xπ = cm in (b), respectively.  

V. CONCLUSION 
In conclusion, we have reported a triple-source FBP 

algorithm for helical CBCT.  Our results allow exact and 
efficient image reconstruction with ultra-high temporal 
resolution. With adequate parallel computing hardware, our 
proposed triple-source FBP approach would run much faster 
than the BPF counterpart. Therefore, the triple-source FBP 
algorithm should be a good choice for practical helical CBCT. 
Our simulation results have verified our formulation, 
demonstrating excellent image quality.  
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Truncation Correction
for Non-horizontal Filter Lines

Stefan Hoppe, Joachim Hornegger, Günter Lauritsch, Frank Dennerlein, and Frédéric Noo

Abstract— State-of-the-art filtered backprojection (FBP) algo-
rithms often define the filtering operation to be performed along
non-horizontal filter lines in the detector. For non-horizontal filter
lines, a limited scan field of view leads to axially as well as
trans-axially truncated projections. In this work, we investigate
the influence of axial and trans-axial data truncation on the
reconstruction result and present two novel truncation correction
methods which effectively handle both types of data truncation.
Method 1 is a one-step approach which performs extrapolation
along the filter lines to account for axial and trans-axial data
truncation simultaneously. Method 2 consists of two steps: the
first step handles trans-axial data truncation while axial data
truncation is corrected during a modified forward rebinning
step. Experiments are presented from simulated data of the
FORBILD head phantom. The accurate M-line algorithm is used
for reconstruction. Although the discussion is focused on accurate
algorithms, the proposed truncation correction methods can be
applied to any FBP algorithm.

Index Terms— Truncation Correction, Cone-beam Reconstruc-
tion, Computed Tomography.

I. INTRODUCTION

In computed tomography (CT), filtered backprojection al-
gorithms involve a filtering step along predefined filter lines
in the detector. Due to the global nature of the filter operation
(Hilbert filter, Ramp filter), these filter lines must not be
truncated to avoid severe reconstruction artifacts. Especially
in C-arm CT, filter line truncation occurs quite frequently
since the device has a limited detector size and therefore a
limited scan field of view. We distinguish between axial and
trans-axial data truncation. Trans-axial data truncation results
from wide objects which are truncated in horizontal direction
whereas axial data truncation results from long objects which
are truncated in vertical direction. In a Feldkamp-type algo-
rithm [1] for example, where filtering is performed along the
detector rows, only trans-axial filter line truncation is possible.
With the invention of new accurate and approximate cone-
beam reconstruction algorithms together with the utilization
of more exotic source trajectories, non-horizontal filter lines
were introduced (see e.g. [2],[3],[4],[5]). Hence, axial data
truncation becomes an issue. Even for methods which solve
the long object problem, non-horizontal filter lines impose an
unwanted restriction on the extend of the volume which can
be reconstructed without artifacts.

S. Hoppe and J. Hornegger are with the Institute of Pattern Recognition
(LME), University of Erlangen-Nuremberg, Erlangen, Germany.

F. Noo and F. Dennerlein are with the Department of Radiology (UCAIR),
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Fig. 1. Filter line truncation for the M-line algorithm where all filter
lines intersect in a single point. a,b) Axially and c,d) trans-axially truncated
projections. a) The filter lines between 1-2, b) between 1-2 and 3-4, c) between
1-2 and d) between 1-2 are truncated. Arbitrary combinations are possible.

In this work, we investigate the influence of axially and
trans-axially truncated projections on the reconstruction result
when dealing with non-horizontal filter lines. We present two
novel methods to handle truncation problems for that case.
Method 1 is a one-step approach which performs extrapolation
along the filter lines to account for axial and trans-axial
data truncation simultaneously. Method 2 consists of two
steps: the first step handles trans-axial data truncation while
axial data truncation is corrected during a modified forward
rebinning step. The discussion is focused on the accurate M-
line algorithm, originally presented in [6], but the results can
easily be generalized to any FBP algorithm.

The paper is organized as follows. In Section II, we review
the reconstruction process with a special focus on the filter
operation to define the type of data truncation problem. Section
III introduces our new methods. Experiments are presented in
Section IV. Section V summarizes our results.

II. BACKGROUND AND PROBLEM DEFINITION

From an implementational point of view, accurate image
reconstruction for a point x inside the support of the object
basically involves the following steps:
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(1) Differentiate the cone-beam data with respect to the
source trajectory.

(2) Perform forward rebinng from detector coordinates to
filter line coordinates.

(3) Perform one-dimensional Hilbert filtering along the filter
lines.

(4) Perform backward rebinng from filter line coordinates to
detector coordinates.

(5) Backproject the result into the image space.

If g(s) identifies the (differentiated) cone-beam data for a
given filter line, step (3) can be expressed as follows

gF (s) =
∫ +∞

−∞
hhilb(s− s′)g(s′)ds′, (1)

where gF (s) denotes the filtered data along the line, with the
Hilbert kernel

hhilb(s) =
1
πs

. (2)

Since hhilb(s) has infinite support, the filter operation involves
all values of g(s) along the line. Data truncation now effec-
tively amounts to multiplying g(s) with a rectangular window
in the spatial domain. This corresponds to a smearing of the
spectrum of g(s) and manifests in so called truncation artifacts
in the final reconstructed image (Section IV demonstrates the
effect). We define the problem of filter line truncation as
follows: any filter line that leaves the detector before it leaves
the shadow of the object is a truncated filter line and leads to
reconstruction artifacts for each point which projects onto it.
This implies, that although the point may be well inside the
scan field of view and though Tuy’s sufficiency theorem [7]
may be fulfilled, it cannot be reconstructed exactly as long as
it lies on any such truncated filter line.

Two cases can be distinguished: trans-axial data truncation
results from wide objects which are truncated in horizontal
direction whereas axial data truncation results from long
objects which are truncated in vertical direction. With non-
horizontal filter lines, both types may occur separately or
simultaneously. Figure 1 displays several scenarios for filter
lines proprietary to the M-line algorithm, where filtering is
performed along the projection of so called M-lines (see [6]
for details). By choosing the setup similar to [8], all filter
lines converge to a common point, as depicted. Note that only
points within the backprojection region need to be filtered.

III. TRUNCATION CORRECTION

Both proposed truncation correction methods build upon the
so called water cylinder correction originally presented in [9].
It will therefore be reviewed shortly before presenting the new
material. Note that in both methods, truncation correction is
done solely for the purpose of filtering. No extrapolated value
will ever be backprojected. Our methods can be applied, be-
sides the M-line approach, to any FBP algorithm (there should
of course be some oblique filter lines) e.g. the Katsevich
circle-plus-line or circle-plus-arc algorithms [3],[4] or the ACE
algorithm [5] which requires filtering on very oblique lines.

u

p(u)

water
cylinder

measured
projection

extended
projection

original
detector
border

Fig. 2. Projection values p(u) along one detector row with truncation at the
right detector border. For each detector row and for each side of that row, the
extend (midpoint and radius) of a 2D water cylinder is determined (see [9]
for details).

A. Review: Water Cylinder Correction

This method is commonly used for the FDK algorithm to
handle trans-axial data truncation. For each detector row and
for each side of that row, the extend (midpoint and radius)
of a 2D water cylinder is determined (Figure 2). The basic
assumption of this method is that the missing portion of the
object is well enough approximated by integrals along parallel
lines through that water cylinder, disregarding the cone-beam
nature of the beam. The method effectively removes the data
discontinuities at the detector border and produces decreasing
projection values for the missing part of the object.

B. Method 1: Extrapolation along Filter Lines

This method is a straight forward extension to the water
cylinder correction for non-horizontal filter lines. While the
water cylinder correction was initially developed for horizontal
filter lines, the extension to oblique lines is made by applying
it to each filter line, rather than to each detector row. Thus,
axial as well as trans-axial data truncation can be corrected
simultaneously within one processing step. The extended re-
construction algorithm comprises the following steps:
(1) Perform forward rebinng.
(2) Apply method 1.
(3) Differentiate the cone-beam data.
(4) Perform one-dimensional Hilbert filtering.
(5) Perform backward rebinng.
(6) Backproject the result into the image space.
Note the reversed order of the forward rebinning step since
method 1 has to be applied before the differentiation step.

C. Method 2: Separate Axial and Trans-axial Extrapolation

This method consists of two steps. Step 1 handles trans-axial
data truncation using the original water cylinder correction
e.g. along the detector rows. Step 2 accounts for axial data
truncation by filtering along lines with a kink, if these lines
exceed the detector axially (Figure 3). When a line intersects
the detector border, the samples are taken from the first or last
detector row, respectively. This can be efficiently incorporated
into a modified forward rebinng step. The method has the nice
property that the projection values along the lines with the kink
will always smoothly decrease towards zero because the water
cylinder correction ensures that the projection values along
the first and last row smoothly decrease towards zero. The
extended reconstruction algorithm comprises the following
steps:
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Fig. 3. Method 2: filtering is done along lines with a kink if these lines
exceed the detector axially. a) Original filter lines. b) Corresponding filter
lines with kink. The setup matches that of Figure 1b).

(1) Apply method 2, step 1.
(2) Differentiate the cone-beam data.
(3) Apply method 2, step 2 (modified forward rebinng).
(4) Perform one-dimensional Hilbert filtering.
(5) Perform backward rebinng.
(6) Backproject the result into the image space.

IV. EXPERIMENTS AND RESULTS

Experiments were done on simulated data of the FORBILD
head phantom [10]. The data was collected along a short-scan-
plus-arc trajectory. The radius was set to 750 mm, the source-
to-detector distance was set to 1200 mm. The detector was
simulated with 2562 pixels (using 4×4 sub detector elements)
with an isotropic resolution of 1.6 mm/pixel. The sampling rate
was 0.4 °/projection resulting in 500 projections for the short-
scan and 58 projections for the arc-scan. The reconstructed
volume has an isotropic resolution of 2.0 mm/voxel and is
of dimension 1283 voxels. We used the M-line algorithm [6]
as a representative of the class of accurate algorithms. The
point on the source trajectory, at which all M-lines intersect
was positioned at 140° on the short-scan, measured from the
start of the arc segment. This gives very oblique filter lines
for the arc segment and for the first half of the short-scan
but almost horizontal filter lines on the second half of the
short-scan. Figure 4 shows the non-truncated reference images
for comparison. Figure 5 shows how the projections were
artificially truncated for the various experiments. The degree
of truncation (DoT) is further quantified according to

DoT (λ) = (1−N(λ)/N0(λ)) · 100, (3)

where N(λ) and N0(λ) count the number of non-zero detector
pixels in the truncated and non-truncated case, respectively,
and λ identifies the projection under consideration (Figure 6).

A. Trans-Axial Data Truncation

To simulate trans-axial data truncation, 25 detector columns
at the left and right border of the projection images were
set to zero as shown in Figure 5b). Figure 6a) shows the
corresponding DoT. The results can be seen in Figure 7 (row
1). In a), the density values of the whole slice are disturbed

a) b)

z=20mm z=20mm

Fig. 4. Reference images. a) Ground truth. b) Reconstruction without
truncation. The window was set to [1.01,1.09]. The white line indicates the
location for the density profiles used throughout the experiments.

a) b) c) d)

Fig. 5. Artificial truncation, shown exemplarily for the first projection along
the short-scan. a) Original projection. b) Trans-axial data truncation. c) Axial
data truncation. d) Combined data truncation.
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Fig. 6. DoT for a) trans-axial (dotted line), b) axial (dashed line) and c)
combined data truncation (solid line). The mean DoT values are a) 3.07%,
b) 36.00% and c) 38.51%.

severely. Moreover, the slice shows an extreme intensity drop-
off. In b) and c), method 1 and method 2 restore the image
quite well, except for some minor shadows next to the outer
bone structure. Figure 8a) shows the corresponding density
profiles along a selected line (cf. Figure 4).

B. Axial Data Truncation

To simulate axial data truncation, 100 detector rows at the
top border of the projection images were set to zero as shown
in Figure 5c). Figure 6b) shows the corresponding DoT. The
results are displayed in Figure 7 (row 2). The dark shadow
in d) clearly is a data truncation effect, arising from the
introduced discontinuity of the projection data. Its location is
a result of the chosen M-line configuration. In e) and f), this
shadow is removed by method 1 and method 2 which perform
almost identically. Figure 8b) shows the corresponding density
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Fig. 7. Reconstruction results for trans-axial (row 1), axial (row 2)
and combined (row 3) data truncation when using no truncation correction
(column 1), using method 1 (column 2), using method 2 (column 3). The
window was set to [1.01,1.09].

profiles along a selected line (cf. Figure 4).

C. Combined Data Truncation
To simulate combined data truncation, the images were

truncated axially and trans-axially according to Figure 5d).
Figure 6c) shows the corresponding DoT. Figure 7 (row 3)
depicts the results. With no truncation correction in g), the
outcome appears almost identical to the trans-axial truncation
case a), since these artifacts are dominant. However, in fact, the
artifacts are composed of both truncation types. In h) and i),
method 1 as well as method 2 remove the shadows as expected.
This confirms that the proposed methods can handle both types
of data truncation, concurrently.

V. CONCLUSIONS

We have presented two methods to handle data truncation
for non-horizontal filter lines. They can be applied to any FBP
algorithm. The methods were tested on simulated data of the
FORBILD head phantom. The results show that truncation
effects resulting from very oblique lines can be removed
effectively. Almost no difference with respect to image quality
can be observed between method 1 and method 2. However,
method 1 is computationally less efficient since it forces the
differentiation to be performed on the rebinned cone-beam data
rather than on the original cone-beam data as with method 2.
This requires more operations since the number of filter lines
is in general much higher than the number of detector rows.
For this reason, we suggest to use method 2.
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Image Reonstrution for a Redued San in CirularSinusoidal Cone-beam CTDan Xia, Seungryong Cho, and Xiaohuan Pan
Abstract� In this work, we proposed a redued-san ap-proah for aquiring one-beam data su�ient for 3D im-age reonstrution. Based upon the Pak-Noo formula, wehave developed FBP algorithms for image reonstrutionin redued sans. Numerial studies were onduted to val-idate and demonstrate the redued-san approah and as-soiated FBP reonstrution algorithms, and results of thenumerial studies on�rm that images with quality ompa-rable to that of images obtained from full-san one-beamdata an be obtained with redued-san data by use of thedesribed FBP algorithms. The proposed redued-san ap-proah an lead to a redution of radiation dose to the sub-jet, sanning time, and imaging artifats, and thus it mayhave signi�ant impliations for pratial appliationsI IntrodutionIn the last deade or so, image reonstrution for nu-merous innovative sanning trajetories has been underative investigation beause of their important implia-tions for advaned one-beam CT imaging. A data-su�ie-ny ondition [1℄ was derived, whih an be used for deter-mining a reonstrutible region for a given sanning tra-jetory. One of these trajetories is the helial trajetorythat has already been used widely in modern diagnostiCT for ahieving fast, aurate imaging of a 3D volume.Sine 2000, advanes in one-beam imaging theories haveallowed the development of algorithms for exat imagereonstrution from helial one-beam data [2, 3℄. In-terestingly, algorithms have subsequently been developedfor addressing image reonstrution problems for a widelass of trajetories and for data ontaining trunations[2, 4, 5, 6, 7, 8℄.Among these newly developed algorithms, the hord-based algorithms an reonstrut images on hords for agiven trajetory [3℄. It an be shown that any point inthe volume enlosed by the helial trajetory will be onat least one hord of the trajetory. Therefore, volume-image reonstrution from helial one-beam data an beahieved through reonstruting images on hords thatinterset the volume. Chord-based algorithms have alsobeen generalized to reonstrut images for a wide lass ofgeneral, non-helial trajetories [4, 5, 6, 7℄.For ertain trajetories, however, it an be observedThe authors are with the Department of Radiology, The Universityof Chiago, 5841 S Maryland Avenue, Chiago, IL 60637, USA. E-mail:danxia�uhiago.edu, srho�uhiago.edu, and xpan�uhiago.edu

that some reonstrutible regions determined by use ofthe Tuy's ondition are not interseted by any hords [9℄.In this ase, suh regions annot thus be reonstrutedby use of the hord-based algorithms. Reently, Pak andNoo have proposed a formula from whih one may develop�ltered bakprojetion (FBP) algorithms for reonstrut-ing images within suh regions [9, 10℄.It has been speulated that a lass of irular sinusoidaltrajetories, whih inludes the saddle trajetory as a spe-ial ase, may play an important role in ardia CT imag-ing. Clearly, regions enlosed by these sinusoidal traje-tories satisfy the Tuy's ondition [11℄. However, it anbe shown that ertain parts within the regions enlosedby some of these sinusoidal trajetories are not reon-strutible by use of the hord-based algorithms beauseno hords pass through these parts within the regions.Based upon the Pak-Noo formula, Yang et. al. havedeveloped the FBP algorithms for reonstruting imageswithin regions enlosed by the irular sinusoid [12℄.In this work, we propose a redued-san approah foraquiring one-beam data su�ient for 3D image reon-strution. Based upon the Pak-Noo formula, we developFBP algorithms for image reonstrution within regionsformed by an open, ontinuous 3D trajetory. For a saninvolved with a losed, ontinuous 3D trajetory, we re-fer to as a one-beam full san. Beause a ontinuouspart of a losed, ontinuous trajetory an be interpretedas an open trajetory, we refer to the san involved suhan open trajetory as a one-beam redued san. Thedeveloped FBP algorithms will be applied to reonstrut-ing images for redued one-beam sans. In this work,without loss of generality, we use the irular sinusoidaltrajetories as an example to illustrate the proposed FBPreonstrutions for a redued one-beam san. We showtheoretially and demonstrate numerially that our FBPreonstrution for an open irular sinusoidal trajetory(i.e., a redued san trajetory) an yield results identi-al to those obtained by use of the FBP algorithm for alosed irular sinusoidal trajetory (i.e., a full san tra-jetory) in Ref. [12℄. The proposed redued-san imagingapproah and FBP algorithms an be exploited in one-beam CT imaging for reduing radiation dose, sanningtime, and imaging artifats.

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 213



x

y
z

λb

λa

x

y
za bFig. 1. Illustration of a full-san irular sinusoidal trajetory (a) anda redued-san irular sinusoidal trajetory (b). For the full san, λ ∈
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λb < π. II BakgroundA The sinusoidal trajetoryA irular sinusoidal trajetory of order m an be ex-pressed in a �xed-oordinate system as
~r0(λ) = (R osλ, R sinλ, h osmλ)T , (1)where λ denotes the rotation angle of the X-ray soure, Rindiates the distane from the soure point to the rota-tion axis, and h is the amplitude of the soure's osillationalong z diretion. Interestingly, when m = 2, the iru-lar sinusoidal trajetory beomes the saddle trajetory. Itan be observed that, as λ varies from −π to π, the olle-tion of soure points forms a losed trajetory, as shown inFig. 1a, whih we refer to as a full san trajetory. Whenthe sanning angular range is smaller than 2π, the olle-tion of soure points forms an open soure trajetory, asshown in Fig. 1b, whih is referred as to a redued santrajetory. Notie that, when h beomes zero, the souretrajetory ~r0(λ) beomes the 2D irular trajetory.B The Pak-Noo formulaIn this work, the Pak-Noo formula will be used for de-veloping the FBP reonstrution algorithm for a reduedone-beam san. The reonstrution operatorK(~x, ê, λ−, λ+)plays a key role in the Pak-Noo formula, whih is de�nedas

K(~x, ê, λ−, λ+) = −
1

2π2

∫ λ+

λ−

dλ
1

‖~x − ~r0(λ)‖
gF (λ, ~x, ê),(2)where the �ltered data funtion is given by

gF (λ, ~x, ê) =

∫ π

−π

dγ
1sinγ

∂g(λ, θ̂(λ, ~x, ê, γ))

∂λ
, (3)and g(λ, θ̂) denotes the projetion data,

θ̂(λ, ~x, ê, γ) = osγα̂(λ, ~x) + sinγβ̂(λ, ~x, ê), (4)
α̂(λ, ~x) =

~x − ~r0(λ)

‖~x − ~r0(λ)‖
, (5)

β̂(λ, ~x, ê) =
ê − (ê · α̂(λ, ~x))α̂(λ, ~x)

‖ê − (ê · α̂(λ, ~x))α̂(λ, ~x)‖
. (6)Note that ê ∈ S2 spei�es a �ltering diretion. A re-lationship between the operator K(~x, ê, λ−, λ+) and theseond order derivative of 3D Radon transform R′′f hasbeen established [10℄ as

K(~x, ê, λ−, λ+) = −
1

8π2

∫

S2

dω̂(R′′f)(ω̂, ~x · ω̂)

× σ(~x, ω̂, ê, λ−, λ+), (7)where
σ(~x, ω̂, ê, λ−, λ+) =

1

2
sgn(ω̂ · ê)

[sgn(ω̂ · α̂(λ−, ~x))

− sgn(ω̂ · α̂(λ+, ~x))
]

. (8)Inspeting Eqs. (7) and (8), one an observe that, if thereexists a vetor ê satisfyingsgn(ω̂ · ê)
[sgn(ω̂ · α̂(λ−, ~x)) − sgn(ω̂ · α̂(λ+, ~x))

]

= 1, (9)the image f(~r) an be reonstruted from the one-beamdata as
f(~x) = K(~x, ê, λ−, λ+). (10)Therefore, the algorithm development based upon the Pak-Noo formula is equivalent to seleting an appropriate �l-tering diretion ê suh that Eq. (9) is satis�ed.C The FBP algorithm for a full sanConsider a plane Π that intersets with a losed souretrajetory at n(≥ 3) di�erent points ~r0(λi), i = 1, ..., n.Let ΩΠ denotes the onvex polygon formed by these inter-setion points on the plane. It has been shown [12℄ thatimage on this polygon an be reonstruted as

f(~x) =
1

2

n
∑

i=1

K(~x, êi, λi, λi+1),where λn+1 = λ1, and the �ltering diretions are given by
êi = ~r0(λi+1)−~r0(λi)

‖~r0(λi+1)−~r0(λi)‖
, i = 1, ..., n.For the irular sinusoidal trajetory shown in Fig. 2,one an hoose a set of polygons that are parallel to the x-

y plane. Eah of these polygons intersets with the souretrajetory at six di�erent points ~r0(λi), i = 1, ..., 6. Fora full san trajetory (i.e., for a losed sinusoidal traje-tory), one an obtain
f(~x) =

1

2
[K(~x, ê1, λ1, λ2) + K(~x, ê2, λ2, λ3)

+ K(~x, ê3, λ3, λ4) + K(~x, ê4, λ4, λ5)

+ K(~x, ê5, λ5, λ6) + K(~x, ê6, λ6, λ1)] . (11)
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i = 1, ..., 6, denote the �ltering diretions for the trajetory segmentseah of whih orresponds to eah side of the polygon.Again, onsider the 4-side polygon, as shown in Fig. 3a,the image within this polygon an be reonstruted as

f(~x) =
1

2
[K(~x, ê1, λ1, λ2) + K(~x, ê2, λ2, λ3)

+ K(~x, ê3, λ3, λ4) + K(~x, ê4, λ4, λ1)] , (12)where the term K(~x, ê4, λ4, λ1) is alulated by bakpro-jeting the �ltered data gF for the angular range λ ∈
[λ4, λ1].III The FBP algorithm for a redued sanWithout loss of generality, we display in Fig. 2b a re-dued san. It an be observed that, as ompared to thefull san in Fig. 2a, data annot be olleted over the tra-jetory segment between λ6 and λ1 in the redued san.Therefore, the last term in Eq. (11) is not omputableand the FBP algorithm in Eq. (11) annot be applied toreonstruting images for a redued san.Although the atual trajetory segment between λ6 and
λ1 is missing, one an oneptually interpret the open tra-jetory in Fig. 2b as a virtually full-san trajetory byusing the entire open trajetory to replae the trajetorysegment between λ6 and λ1. Based upon this observa-tion, we propose an FBP reonstrution algorithm for theredued san as

f̄(~x) =
1

2
[K(~x, ê1, λ1, λ2) + K(~x, ê2, λ2, λ3)

+ K(~x, ê3, λ3, λ4) + K(~x, ê4, λ4, λ5)

+ K(~x, ê6, λ5, λ6) −K(~x, ê6, λ1, λ6)] . (13)The �rst �ve terms in Eqs. (11) and (13) are idential.Furthermore, from Eqs. (7) and (8), it an be shown that
K(~x, ê, λ−, λ+) = −K(~x, ê, λ+, λ−). (14)The result suggests that, for a given reonstrution point

~x and �ltering diretion ê, the value of K(~x,~e, λ−, λ+)depends only upon the starting angle λ− and the endingangle λ+ of the orresponding trajetory segment. Using
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3Ω Πa bFig. 3. Illustration of a full-san soure trajetory (a) and a redued-san soure trajetory (b). The plane Π is parallel to the x-y planeand intersets with the soure trajetory at four di�erent points, ~r0(λi),
i = 1, ..., 4, whih form a 4-side polygon ΩΠ. The unit vetors êi,
i = 1, ..., 4, denote the �ltering diretions for the trajetory segmentseah of whih orresponds to eah side of the polygon.this result, we have K(~x, ê6, λ1, λ6) = −K(~x, ê6, λ6, λ1)and thus f̄(~r) = f(~r). Therefore, Eq. (13) provides anFBP reonstrution algorithm for an open trajetory (i.e.,for a redued san).It should be pointed out that data involved in the om-putation of K(~x, ê6, λ6, λ1) and K(~x, ê6, λ1, λ6) are di�er-ent. Spei�ally, K(~x, ê6, λ6, λ1) is alulated by bak-projeting the �ltered data gF over the angular range
λ ∈ [λ6, λ1], whereas K(~x, ê6, λ1, λ6) in Eq. (13) is alu-lated by bakprojeting the �ltered data gF over an angu-lar range λ ∈ [λ1, λ2]∪ [λ2, λ3]∪ [λ3, λ4]∪ [λ4, λ5]∪ [λ5, λ6].Similarly, the FBP algorithm for image reonstrutionin the 4-side polygon shown in Fig. 3b an be obtainedas

f(~x) =
1

2
[K(~x, ê1, λ1, λ2) + K(~x, ê2, λ2, λ3)

+ K(~x, ê3, λ3, λ4) −K(~x, ê4, λ1, λ4)] , (15)where the term K(~x, ê4, λ1, λ4) is alulated by bakpro-jeting the �ltered data gF for the angular range λ ∈
[λ1, λ2] ∪ [λ2, λ3] ∪ [λ3, λ4].IV Numerial resultsWe have performed numerial studies to demonstrateand validate the performane of the proposed reduedsan approah and the FBP algorithm. In the studies,the low ontrast Shepp-Logan phantom was used to gen-erate one-beam data from irular sinusoidal trajeto-ries. From the data, we subsequently reonstruted im-ages by use of the FBP algorithm desribed. Resultswere obtained for various 3D trajetories, inluding ir-ular sinusoidal trajetories with di�erent orders m. Dueto the limited spae here, we show results obtained onlyfrom a irular sinusoid with m = 2 (i.e., a saddle tra-jetory). However, similar results and onlusion an beobtained for other irular sinusoids with m ≥ 3, andwe will present suh results at the meeting. In our stud-ies, the irular sinusoid was spei�ed by R = 20.0 m,and h = 2.04 m; and a virtual detetor is plaed at the
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a bFig. 4. (a) Image within the 2D slie at z = 0 m reonstruted fromfull-san data. A display window [1.0,1.04℄ is used. (b) Pro�le on themiddle horizontal line in the reonstruted image in (a). The solid anddashed urves display the reonstruted and true pro�les, respetively.
a bFig. 5. (a) Image within the 2D slie at z = 0 m reonstruted fromredued-san data. A display window [1.0,1.04℄ is used. (b) Pro�le onthe middle horizontal line in the reonstruted image in (a). The solidand dashed urves display the reonstruted and true pro�les, respe-tively.distane S = 20.0 m from the soure point. The square-shaped detetor is assumed to onsist of 800× 800 dete-tion elements eah of whih has a size of 0.17×0.17 mm2.We have generated full-san data at 800 projetion viewsuniformly distributed over [−π, π℄. By taking a portionof the full san data over the angular range [− 3

4
π, 3

4
π], wealso obtained the data for a redued san.Using the FBP algorithms for the full and redued sansdesribed Ses. III and IV, we have reonstruted the im-ages from the generated full- and redued-san data. InFigs. 4a and 5a, we display the reonstruted full-sanand redued-san images within a slie at z = 0 m. Wealso plot in Figs. 4b and 5b the pro�les (solid urves) overa horizontal line in the displayed images. For omparison,we also display the orresponding true pro�les as dashedurves in in Figs. 4b and 5b. More results will be pre-sented at the meeting. These results learly demonstratethat the proposed redued-san approah an yield datawhih are su�ient for exat 3D image reonstrution,and the redued-san FBP algorithms desribed an yieldimages images with quality omparable to that obtainedwith the full-san FBP algorithms.V DisussionIn this work, we have proposed a redued one-beamsan approah to aquiring data su�ient for exat 3Dimage reonstrution. Based upon the Pak-Noo formula,FBP algorithms have been derived for image reonstru-tion from suh redued-san data. We have performed nu-
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Multi-Ray based system matrix generation for 3D
PET reconstruction

Sascha Moehrs, Michel Defrise, Nicola Belcari, Alberto DelGuerra

Abstract— Iterative image reconstruction algorithms for
Positron Emission Tomography (PET) require a sophisticated
model of the scanner. Such a model can be obtained analytically,
via measurements, or via Monte Carlo simulations. In this ab-
stract, we present the multi-ray method, which can be considered
as a hybrid method to set up a system model. It incorporates
accurate analytical (geometric) considerations as well asthe
crystal depth and at the same time, it has the potential to model
seamlessly physical aspects such as crystal scatter and positron
range. Moreover, the method is very flexible as the quality ofthe
model can be chosen by varying the number of integration (ray-)
points. However, even for an elevated number of integration
points, it requires much less computation time than pure Monte
Carlo based methods.

Here, the method is used to setup system models for the
YAP-(S)PET small animal imaging tomograph with rotating
planar detector arrays. Standard ML-EM and OSEM are used
for fully3D image reconstruction.

Index Terms— PET, Iterative Reconstruction, Multi-Ray, Sys-
tem Matrix, Siddon.

I. I NTRODUCTION

In high resolution small animal PET iterative reconstruction
algorithms are generally preferred over analytical ones, mainly
because of better contrast and resolution recovery properties
at similar noise levels [1], [2], [3]. However, to exploit an
iterative scheme properly, an adequate system model has to
be employed. Simple, spatially invariant models are solely
based on geometric considerations. The geometric component,
however, can be enhanced by incorporating spatially variant
system response functions, which can be analytically derived,
measured or simulated [4], [5], [6]. More recently, Monte
Carlo simulations have been used to set up the entire system
model, its’ feasibility has been shown in [7], [8]. Nevertheless,
substantial computations are required to obtain an acceptable
statistical accuracy [9].

We suggest to apply a multi-ray method to set up a system
model for tomographs with (rotating) planar detectors. So
far, multi-ray methods have mainly been used for SPECT
collimator modeling [10], [11], [12]. By choosing appropriate
integration points and weights, geometrical properties, crystal
depth as well as physical properties such as crystal scattering
and positron range can be incorporated in our model. In the
context of PEM and PET, a similar way of setting up the
system model has been proposed in [13], [14].

As iteration schemes, standard ML-EM [15] and OSEM
[16] methods are used to reconstruct data obtained from the

S. Moehrs, N. Belcari and A. Del Guerra are with the University of Pisa
and INFN Pisa, Italy (sascha.moehrs@df.unipi.it).

M. Defrise is with the Dept. of Nuclear Medicine, V. U. Brussel, B-1090
Brussels, Belgium.

YAP-(S)PET scanner [17]. So far, the iterative reconstruction
algorithms employed for this scanner implement a very sim-
plified system model and uses a sinogram based representation
of the projection data [18]. However, to avoid any rebinning
or interpolation of the projection data towards a sinogram,we
prefer a planogram like parameterization, which corresponds
to the native sampling of planar detectors [19], [20].

II. M ULTI -RAY INTEGRATION FORPLANAR DETECTORS

IN PET

A. Theory

In matrix notation, the relationship between the projection
space and the image space can be expressed as

A · u = p (1)

where u is the image andp contains the projection data.
Our goal is to calculate the matrix elementAa,b,v = Aw,v

equal to the probability that a positron emitted in voxel
v ∈ u is detected in the LORw ∈ p connecting two crystals
a and b located in two detectorsDa and Db, where each
detector consists of many crystals (see Figure 1). The detec-
tors are planar detectors orthogonal to the z-axis and with
0 < za,in < z < za,in + dz and zb,in − dz < z < zb,in < 0.
Here dz is the depth of the crystal, and we assume that the
voxel v is contained between the two detectors, i.e. within the
z interval [zb,in, za,in]. Moreover, we define the vectors

• ~e = (x, y, z) as the point of emission of a positron,
• ~a = (xa, ya, za) as the first interaction point inDa,
•

~b = (xb, yb, zb) as the first interaction point inDb, and
• ~n = (sin θ cosφ, sin θ sin φ, cos θ) as the unit vector

along the momentum of photona. We assume collinearity
so photonb has momentum along−~n.

We also define the distancesla = ‖~a − ~e‖ and lb = ‖~b − ~e‖
between the emission point and the position of the first
interaction of the photonsa and b within the detectors. Then
the matrix element is the seven dimensional integral

Aa,b,v =

∫

v

d~e

∫

S2

d~n

∫

dla exp−µ(la−la,in) P (~n,~a, a)

·
∫

dlb exp−µ(lb−lb,in) P (~n,~b, b) (2)

where µ is the linear attenuation coefficient of the 511keV
photons in the crystal andla,in is the distance between the
emission point and the intersection of the LOR with the entry
plane z = za,in of detectorDa (similar for lb). The factor
P (~n,~a, a) is the probability that a photon having its first
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interaction at point~a ∈ Da is finally attributed to crystala.
Without considering scatter between crystal pixels, we have

P (~n,~a, a) =

{

1, ~a ∈ crystal a
0, ~a 6∈ crystal a .

(3)

Monte Carlo simulations should be used to calculateP (~n,~a, a)
if scatter has to be modeled.

Our aim is to re-express the matrix elementAa,b,v as an
integral over the variables~a, ~b andl wherel is the location of
the emission point along the line linking~a to ~b. This means
that we do a change of variables

~a = ~e + la~n, ~b = ~e − lb~n, l = la . (4)

Using d~n = d cos θdφ one finds that the Jacobian of this
transformation is

∂(~a,~b, l)

∂(~e, cos θ, φ, la, lb)
= (la + lb)

2 = ‖~a−~b‖2 . (5)

The Jacobian factor‖~a −~b‖2 is almost constant during the
integration because the dimensions of the crystals are much
smaller than the separationL between the detectors. Therefore
we can make the approximation‖~a −~b‖2 ≃ (L/ cos θ̄)2, with
θ̄ the polar angle of the line connecting the centers of the
crystalsa and b. With this approximation we can rewrite the
matrix element as

Aa,b,v =

(

cos θ̄

L

)2 ∫

Da

d~a exp−µ|za−za,in|/ cos θ P (~n,~a, a)

·
∫

Db

d~b exp−µ|zb−zb,in|/ cos θ P (~n,~b, b)

·
∫

dl Kv(~a,~b, l) (6)

whereKv is the characteristic function of voxelv, i.e.

Kv(~a,~b, l) =







1, ~a − l ~a−~b

‖~a−~b‖
∈ voxel v

0, ~a − l ~a−~b

‖~a=~b‖
6∈ voxel v .

(7)

If we neglect scatter, (6) becomes even simpler

Aa,b,v =

(

cos θ̄

L

)2 ∫

Crystal a

d~a exp−µ|za−za,in|/ cos θ

·
∫

Crystal b

d~b exp−µ|zb−zb,in|/ cos θ

·
∫

dl Kv(~a,~b, l) . (8)

Note that the characteristic functionK is the only factor
depending on variablel, and therefore the last integral is
simply the length of the intersection with voxelv of the line
connecting the two points of first interaction~a and~b. This
integral can be calculated efficiently using Siddon’s algorithm
[21] and we denote it as

kv(~a,~b) =

∫

dl Kv(~a,~b, l) . (9)

The two integrals over~a and~b in equation (8), however, can
be estimated using a multi-dimensional Gaussian integration,
leading to the multi-ray method.

D
a

D
b

~n

~a

~b

z

x

b

a

za,in

~e
Voxel v

LOR w

L

zb,in

crystal size:dx×dy×dz

dz

Fig. 1. Geometry of the two planar detectorsDa andDb.

B. Implementation of the Multi-Ray Integration

To calculate (8) we use anxy point Gaussian quadrature
for the integral on the variables(xa, ya) and(xb, yb) over the
entry face of the two crystalsa and b. Scaled to a centered
square[−1, 1]× [−1, 1], the quadrature points and weights
are denoted(qx,i, qy,i) and wxy,i for i = 1, . . . , nxy. As an
example, thenxy = 4 point quadrature

qx,i qy,i ωxy,i

±
√

1/3 ±
√

1/3 1/4

interpolates exactly polynomials of order≤ 3.
For the integral over the crystal depthza and zb we

currently use a standard composite trapezoidal rule to
approximate the integral over the exponential function
at nz points: qz,j = (j − 1) · hz for j = 1, . . . , nz

with the step sizehz = dz/(nz − 1), and the weights
ωz,1 = (hz/2) · exp−µ·qz,1 , ωz,nz

= (hz/2) · exp−µ·qz,nz ,
ωz,j = hz · exp−µ·qz,j for j = 2, . . . , nz − 1. However, a
Gaussian method designed for the exponential function will
be used in the future. Equation (8) is then approximated as

Aa,b,v ≈
nxy
∑

ia=1

nz
∑

ja=1

nxy
∑

ib=1

nz
∑

jb=1

ωxy,ia
· ωz,ja

· ωxy,ib
· ωz,jb

· dx · dy · kv(~aia,ja
,~bib,jb

) . (10)

If ~ac = (ac
x, ac

y, a
c
z) is the center and(dx, dy, dz) is the size

of crystala, then

~aia,ja
= (ac

x + qx,ia

dx

2
, ac

y + qy,ia

dy

2
, za,in + qz,ja

) (11)

is the quadrature point in crystala and similarly for~bib,jb
.

C. Consideration of Crystal Scatter

The presence of scatter in crystala, has to be modeled via
additional quadrature points outside of the volume ofa. The
location and weight of the quadrature points will be based on
the probabilityP which will be obtained from Monte Carlo
simulations. So far, we only use the following approximation:
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(a) An LOR perpendicular to the detector surfaces.
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(b) An LOR with maximum inclination with respect to the detector
surfaces.

Fig. 2. Contribution of a voxel which is moved along the x-axis through a single LOR. The results are obtained for system models with different numbers
of integration points per crystal as well as for a full Monte Carlo (MC) simulation.

instead of using explicitly additional integration pointsoutside
of the crystal in question, we computeAa,b,v without consid-
ering scatter, i.e. according to (8). Afterwards, the integration
points of neighboring crystal pixels are used to model the
crystal scatter component, i.e.

Ascatter
a,b,v =

9
∑

i=1

9
∑

j=1

P
′

i · P
′

j · Aai,bj ,v (12)

where the set of9 crystals includes the central crystal
a = a1 itself and the eight nearest neighbors in x-/y- direction
a2, . . . , a9 and similar forb. Moreover,P

′

i , P
′

j are obtained
from simplified Monte Carlo simulations, whereP

′

i represents
the probability that a photon is attributed to crystalai if it is
directed towards the center ofai. In the future, the correctPi

will be used, wherePi represents the probability that a photon
is attributed to crystalai if its’ first interaction happened in
ai.

III. D ATA ACQUISITION, PROCESSING AND

RECONSTRUCTION

To evaluate our system model we reconstructed data from
the YAP-(S)PET scanner [17]. The rotating planar detector
heads are 15 cm apart. Each head contains20 × 20 YAP:Ce
crystals of dimension(2.0 × 2.0 × 25.0)mm3. The scanner
was used in step and shoot mode with128 angular positions
over180◦. Instead of setting up a system model with the multi-
ray method for every angular position, we propose to compute
the model only for one angular position and rotate the image
volume during the reconstruction. As interpolation methodfor
the rotation operation we use cubic B-splines [22].

The projection data was accumulated for every angular
position and for every LOR separately. Afterwards standard
ML-EM was used to reconstruct the image

un+1

i =
un

i
∑M

m=1
Amicm

M
∑

j=1

Aji

pj
∑N

l=1
Ajlxn

l + rj

(13)

with M = (20 × 20 × 20 × 20 × 128) LORs. For the results
presented here, we have a voxel size of(0.5 × 0.5 × 1.0)mm3

and a total volume ofN = (80 × 80 × 40) voxels which is
reconstructed fully3D. Moreover,cm are normalization factors,
obtained from the acquisition of a planar source andrj are
estimates of the random coincidences.

IV. RESULTS AND DISCUSSION

For an evaluation of the multi-ray method we build system
models with different numbers of integration points per crystal

• A4: 4 points in a single plane(nxy = 4, nz = 1),
• A16: 16 points in a single plane(nxy = 16, nz = 1),
• A176: 16 points in 11 planes(nxy = 16, nz = 11),
• A1584: 16 points in 11 planes considering crystal scatter

(nxy = 16, nz = 11).

In the last case, the simplified crystal scatter model according
to (12) is used. We estimateP

′

i and P
′

j via Monte Carlo
simulations which are based on the Geant4 simulation toolkit
[23].

In Figure 2 we visualize the contribution of a voxel to a
single LOR. The voxel is moved along the x-axis, through the
single LOR. In the case of Figure 2(a) a LOR perpendicular to
the detector surfaces was chosen, whereas Figure 2(b) shows
the result for a LOR with maximum inclination with respect
to the detector surfaces. To obtain reference curves, Geant4
based Monte Carlo simulations are done as well. In both
cases, it can be seen that the multi-ray method comes very
close to the Monte Carlo results, if enough integration points
are used, i.e. if the crystal depth (multiple integration planes)
and crystal scattering is taken into account. Nevertheless, the
support obtained via simulation is still broader, due to the
fact that the finite positron range and the deviation from
collinearity was simulated as well, but so far, we did not
include these effects in the multi-ray method presented here.
Moreover, for the Monte Carlo simulation a broad energy
window (50-850keV) was used, hence a significant amount of
multiple interactions (crystal scatter) can be expected due to
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(a) A4 (b) A16

(c) A176 (d) A1584

Fig. 3. Reconstructed Derenzo phantom with rod diameters of3.0, 2.5, 2.0,
1.5, and 1.2 mm respectively. In all cases three OSEM iterations with 16
subsets are used. The images have a size of80×80×40 voxels with a voxel
dimension of(0.5 × 0.5 × 1.0)mm3.

the relatively low density of YAP:Ce. Instead, for the system
model including crystal scatter (A1584), only the simplified
scatter model according to (12) was used.

Figure 3 shows reconstructions of the Derenzo phantom.
The rods have a diameter of 3.0, 2.5, 2.0, 1.5, and 1.2 mm
respectively. For all reconstructions three OSEM iterations
with 16 subsets are used. By increasing the number of in-
tegration points, the system model becomes more accurate,
which improves the reconstructed image quality in terms of
spatial resolution and contrast.

V. CONCLUSION

We present a scalable multi-ray method for planar detectors,
which is capable of calculating an accurate system model
for iterative reconstruction algorithms. Geometrical consid-
erations, crystal depth as well as physical effects such as
crystal scatter and positron range can be taken into account. A
system model with 1584 integration points per crystal can be
computed offline in∼ 5h on a 3 GHz AMD Opteron Processor
and fits still in memory (∼ 4GB). In comparison, obtaining
a similar system model via full Monte Carlo calculations
requires much more time and results in a more noisy system
model representation.

As a next step, we are going to implement a more accurate
crystal scatter model for the multi-ray method by calculating
P instead ofP

′

and by using explicitly additional integration
points for every crystal. In fact, in the near future we are
going to employ 1.5 mm crystals instead of 2.0 mm crystals
on the same scanner, hence considering crystal scatter appro-
priately, might become an important factor to obtain accurate
reconstruction results. Furthermore, we are going to include a
model for the finite positron range which was not yet presented
here. Finally, a fully Monte Carlo generated system model will
be computed in order to evaluate differences to our multi-ray
system model.
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Imaging with Iterative Monte-Carlo Reconstruction
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Abstract— The application of SPECT protocols with simul-
taneous acquisition of multiple isotopes (SMI) like Tc99m/I123

or Tc99m/Tl201is still limited by reconstruction artifacts and
computing power.

Based on the Philips Astonish software, we implement an
efficient reconstructor with variance reduced MC-simulation in
the forward and/or backward projection of an OSEM iteration.
We formulate the reconstruction problem explicitly as a combined
maximum-likelihood estimation for all unknowns in one step
and implement efficient algorithms for an iterative solution. We
complete the physical modeling via Monte-Carlo (MC) scatter
estimation to include all effects that are relevant for the SMI
task.

We examine data for different isotopes (Tc99m, Tl201, I123)
on a mathematical hot spot phantom and the voxelized NCAT
phantom. Reconstructions for different isotope combinations and
energy window settings are evaluated with respect to absolute
quantitative activity estimates. The MC-method gives significant
corrections in the case of multiple (down-)scattering and non-
homogeneous attenuation. Hot spots on a warm background
of another nuclide are quantitatively reconstructed with good
accuracy. The reconstruction shows to be robust and easy to
generalize to other isotopes and new acquisition protocols.

I. AIM

IT has been recognized that additional physiological and
functional information may be acquired by simultane-

ous multiple isotope SPECT (SMI, e.g. [1]–[4]). There are
however effects degrading the projections and prohibiting
a straight-forward SMI acquisition: down-scatter within the
patient, Pb-fluorescence in the collimator [5] and the limited
energy resolution result in data contamination that is difficult
to correct analytically or by direct subtraction methods.

We aim at a quantitative and robust reconstruction for simul-
taneous dual/multiple isotope SPECT based on a fast Monte
Carlo model of the complete system in the forward projection
step of the OSEM reconstruction algorithm. The goal is a
quantitative reconstruction in the sense that integration over
some region of interest yields a reasonably correct activity (in
Bq/ml) for both isotopes.

II. METHODOLOGICAL BACKGROUND

A. Scatter Estimation / Correction

Basically one can separate energy and/or spatial distribution
based scatter estimation and correction from reconstruction
based methods [6].

For the first category scatter is estimated from the acquired
projection data for example by using additional energy win-
dows besides the photo-peaks for scatter estimation [7]. Also

Corresponding author: H. Botterweck, Philips Research Laboratories Aachen,
Weißhausstraße2, 52066 Aachen, Germany. henrik.botterweck@philips.com

full energy spectra and spectral analysis [2] or neural networks
[8] are used to obtain reliable estimates of down scatter
and cross contamination components for multiple isotopes.
Optimizing filters have also been used to estimate the corrected
projection data [9]. A major problem of these methods is the
omission of patient specific non-uniformities and differences
in the spatial distribution of the different isotopes.

For the second category the scatter is estimated based on
the current activity estimate in the forward projection step
of iterative EM reconstruction using an appropriate model of
the scatter mechanism [10], [11]. Several methods have been
proposed to do so. Effective scatter source estimation uses
pre-computed scatter kernels and convolution methods [10],
[12]. In [13] the scatter distribution is calculated analytically
based on exact physics but approximated to low order multiple
scattering and hence restricted to small energy differences, e.g.
the neighboring energy peaks of two isotopes as for Tc99m/I123.
Variance reduced Monte-Carlo simulation can be used in the
forward projection step [11], [14]. All the methods mentioned
apply an attenuation map as a physical model of the patient.

Collimator effects have also been included especially for
Tl201-imaging taking Pb-fluorescence into account [5].

For any scatter estimation method in iterative reconstruction,
adding the estimated scatter in the forward projection step
promises enhanced noise control compared to correction of
projections e.g. by scatter subtraction [15].

Due to the resource requirements unmatched forward-
backward projector pairs are mostly used in reconstruction
based scatter correction [10], [11], [16]. Theoretically conver-
gence is critical when forward- and backward projector differ
in their spatial distribution. This was shown in [16] in case
of the point spread function (PSF) and noise control might
improve using spatial scatter distribution in both forward and
back projector.

B. Approaches to SMI reconstruction

The computationally most inexpensive methods rely on en-
ergy and/or spatial distribution based methods for estimation of
cross-contamination components between the isotopes’ energy
peaks. They yield corrected projection data for each energy
window which can then be used for independent reconstruction
of the pertaining isotopes [2], [7]–[9].

Using one of the reconstruction based scatter estimation
methods described above we will differentiate sequential,
iterative-sequential and simultaneous reconstruction. In se-
quential reconstruction the isotopes are reconstructed one after
the other, assuming there is a natural order such that an
isotope’s energy peak windows are not substantially contami-
nated by following isotopes. For the second isotope the cross
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contamination from the reconstructed first isotope is estimated
and held fixed during reconstruction. This has been used
for Tc99mand Tl201 [1]. In iterative-sequential reconstruction
a similar scheme is used, however the process is repeated
iteratively using the available activity estimate of the other
isotope for cross contamination estimation until convergence
is reached [13].

We follow the scheme of simultaneous reconstruction where
the cross contamination estimation is integrated into the
forward projector and all isotopes’ estimated activities are
forward projected into all energy windows and subsequently
updated in each sub-iteration of the OS-EM algorithm.

III. MAXIMUM-LIKELIHOOD OSEM SMI
RECONSTRUCTION

We formulate the update equations for the ordered subset
EM algorithm [17] for all N isotope activities (typically N =
2) on all available data in one step. In the forward projection
step we have to calculate the contributions of isotopes i to
all projection pixels p in each energy-window e, based on the
recent activity estimate f

(k)
ε,i :

ν(k)(p, e) =
∑

i

ν
(k)
i (p, e) =

∑

i

∑

ε

f
(k)
ε,i Hε,i

p,e (1)

Hε,i
p,e is the normalized system operator. It describes the

probability of a photon emitted from isotope i at voxel ε to
be observed at pixel p of energy window e given the photon
is detected (

∑

p,e Hε,i
p,e = 1).

The correction factors are then obtained from the ratio of
the observed and the estimated projection values. They are
back projected to the volume voxels per isotope, weighted by
the fraction ωi(p, e) of photons that the respective projection
pixel / energy window collect from this isotope.

f
(k+1)
ε,i = f

(k)
ε,i

1

nε,i

∑

p

∑

e

Hε,i
p,eωi(p, e)

ν(p, e)

ν(k)(p, e)
(2)

Even with a good scatter model the task of SMI-reconstruction
is more ill-posed compared to the single isotope case due to
smaller eigenvalues of the system operator H . Thus for noise
control we apply a limited number of iterations in conjunction
with dual matched filtering [18]. For quantification results we
use 30 to 50 full iterations. Activity estimates are obtained
by integration over larger ROI thus being less sensitive to
statistical fluctuations [19].

A. Approximations / Implementation

The MC-generated photo-peak and scatter photons within
the object are classified into a set of intermediary energy
intervals, comprising all acquired energy projection intervals
(PI) and additional intervals between them (Fig.1).

These effective source intervals (ESI) are treated as sec-
ondary emission distributions that are projected onto all cam-
era positions and PIs, taking into account energy dependent
point-spread functions (PSF) for the collimator. Scatter and Pb-
fluorescence [5] in the camera are modeled by PSFs projecting
from higher ESIs into the projection intervals. All these PSFs
are simulated beforehand and stored for convolution with the
ESI-distributions.

Fig. 1. Principle of down-scatter estimation in the forward projection step.

In the back projection the adjungated system operator (2),
is approximated by a product of the reversed PSFs including
collimator effects, the attenuation and the relative weights of
all emitting isotopes to the projection energy intervals ω

(k)
i (e),

yielding as update equation

f
(k+1)
ε,i = f

(k)
ε,i

∑

e

ω
(k)
i (e)

∑

p

Hε,i
p,e

ν(p, e)

ν(k)(p, e)
(3)

The weighting factors are estimated in the forward projection
step. Consequently information contained in all energy inter-
vals, especially down-scatter, is used for the estimation of each
isotope.

Using the normalized system operator there is still need for
sensitivity calibration to arrive at quantitative activity values.
It is based on simulations/measurements using point source
and cylinder phantoms filled with all single isotopes used and
a sensitivity factor is obtained for each isotope and projection
energy interval and multiplied into the system operator H upon
forward and into ω

(k)
i (e) upon back projection.

IV. ACCELERATED MONTE-CARLO SCATTER ESTIMATION

Two steps in the reconstruction are crucial for applicability:
the convolution of all ESIs with the PSFs into all PIs (vide
supra) and the MC-scatter simulation in the forward step.
Effective variance reduction has been developed for this in
general and applied to SPECT [11], [20]. Forced detection is
based on the fact that a broad emission distribution is projected
on small and collimated pixels: for each interaction point an
additional photon scattered orthogonally into all visible camera
pixels of one OSEM subset is simulated, hence focusing on
really detectable events.

Extending a Philips simulation software originally used
for x-ray simulations [21], we simulate the relevant physical
effects: Photo-absorption is treated continuously (reducing
the photons statistical weight along its path), Compton- and
Rayleigh-scattering are handled discretely. The cross-sections
are based on material dependent libraries so we can make
use of material-segmented attenuation maps from previous
transmission scans, e.g. from a Gd line source or CT images.

V. EVALUATION

System Simulation
For realistic system simulation we applied a software based

on GEANT4 [22], [23]. Various modifications to the standard
forced-detection (FD) have been made to enable the estimation
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(a) hot spot phantom

isotopes spheres central bg
A Tc99m/I123 160/10 20/40 20/10 kBq/ml
B Tc99m/I123 10/40 10/− 10/− kBq/ml
C Tc99m/T l201 20/40 160/5 20/5 kBq/ml

(b) setups

Fig. 2. mathematical hot-spot phantom

of 2nd-order effects, such as Rayleigh-scattering and low en-
ergy window contamination due to collimator Pb-fluorescence.
The NaI-detector’s intrinsic spatial and energy resolution were
taken into account. The resulting projections accurately agree
with real phantom acquisitions over wide energy ranges [23].

A cylindrical hot spot phantom (20 cm in diameter) was
simulated for different isotopes as shown in figure 2(a) com-
prising a large central cylindrical down scattering compartment
and 6 hot spheres of different sizes, 0.5, 1, 2, 4, 8 and 16 cm3.
Simulated Isotopes were Tc99m, T l201 and I123 in 3 different
setups as shown in figure 2(b). Projections were simulated at
128 angles for a full 360 degree scan at 30 s scanning time
per projection.

Setup A and C where chosen such that the high energy
isotope in the inner cylinder down scatters to the energy peaks
of the other isotope in the spheres. In setup B the activities
have been chosen in accordance to a brain application using
Tc99m as perfusion tracer and I123 as functional tracer for
Dopamin transport accumulating in the striata [4].

In addition the voxelized NCAT phantom was simulated.
The activities were chosen to represent a patient dose of 25
mCi Tc99m and 3.5 mCi of T l201. A heart lesion in the T l201

distribution, no lesion present in the Tc99mimage. The lesion
activity was chosen 15% of the normal myocardial activity.
Activity Estimation

Quantitative results are obtained by defining volumes of in-
terest (VOI) and calculating the mean activity within the VOI.
As has been shown before quantitative results can be obtained
only from high number of iterations in EM reconstruction.
We evaluated activities after 30 to 50 full iterations of the
OSEM algorithm. Corresponding images are not suitably for
visual inspection or VOI delineation due to high noise. For
test purposes we defined the VOIs directly from true activity
images available from the simulation setup.

Since we were interested in absolute activity values, the
VOIs for measuring the activity in the hot spheres of the
mathematical phantom were chosen 5mm larger in radius than
the actual spheres, partly comprising background voxels. We
then subtracted a background estimate obtained from a large
VOI in the background only region to obtain absolute activity
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Fig. 3. Hot spot phantom, setup A, Tc99m+I123, Tc99m sagittal
setup A setup B setup C
Tc99m I123 Tc99m I123 Tc99m Tl201

0.5 ml truth 70 - - 20.0 - 17.5
(kBq) recon 68.3 - - 17.0 - 19.8
1 ml truth 140 - - 40.0 - 35.0
(kBq) recon 134 - - 37.0 - 25.6
2 ml truth 280 - - 80.0 - 70.0
(kBq) recon 244 - - 74.9 - 77.0
4 ml truth 560 - - 160 - 140
(kBq) recon 519 - - 151 - 137
8 ml truth 1120 - - 320 - 280
(kBq) recon 1091 - - 307 - 297
16 ml truth 2240 - - 640 - 560
(kBq) recon 2118 - - 623 - 542
Central truth 0 15926 - - 74234 0
(kBq) recon -1271 15128 - - 73226 731
BG truth 20.0 10.0 10.0 0.0 20.0 5.0
(kBq/ml) recon 20.1 9.94 9.55 0.001 20.2 4.79

TABLE I
RESULTS FOR HOT SPOT PHANTOM. TOTAL ACTIVITY ABOVE

BACKGROUND IN kBq FOR SPHERES AND CENTRAL CYLINDER.
BACKGROUND ESTIMATE IN kBq/ml.

above background for each sphere. The resulting value is not
influenced by the partial volume effect.
Hot Spot Phantom Results

Qualitatively we compared reconstructed images to those
obtained by an ESSE like [10] scatter correction method using
pre-simulated 3-D scatter kernels (simultaneous reconstruction
in both cases). Figure 3 shows results from the Tl201 activity
in setup A (hot Tc99m central plus Tl201 spheres). One can
observe the shadow of reduced estimated Tl201 activity induced
by the incomplete modeling of Tc99m down scatter in the
central region of high Tc99m activity. Table I summarizes the
results for each of the 3 setups in figure 2(b).
NCAT Phantom Results

Figure 4 shows the results of reconstructing the NCAT
phantom as a comparison of coronal slices of the Tl201 activity.
The images are absolutely scaled and values represent the
true respectively estimated mean activity in kBq/ml for each
voxel. In figure 4(b) you can see the high contamination that
is present in the Tl201 energy windows if Tc99m down-scatter
is not accounted for in reconstruction. Figure 4(c) shows the
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result of 4 iterations of our Monte Carlo based reconstruction.

(a) true

(b) no SC

(c) MC

Fig. 4. NCAT, Tc99m-Tl201 SDI, coronal slices in Tl201activity image,
values represent estimates of mean voxel activity in kBq/ml.

For quantitative comparison of true and reconstructed ac-
tivity, we measured absolute activity in the 17 segments of
a standard 17 segment polar plot representation. Heart re-
orientation and segmentation were performed on the true
activity image and kept constant for the reconstructed image.
As before the values represent absolute activity estimates
averaged over each segment of the heart.

VI. CONCLUSIONS AND OUTLOOK

Quantitative MC reconstruction for SMI-SPECT shows to
be feasible. The more exact modeling of scatter within the
object and collimator results in reduced artifacts from cross-
talk in the images. The computational effort is not much
higher than for ESSE scatter correction. A further reduction
of reconstruction time seems to be possible by software and
algorithmic optimization.

An advantage of the proposed approach is its robustness
and generalizability: no special adaptation to new isotope
combinations is necessary and no additional free parameters
have to be tuned. So it is promising to further evaluate the
method for different applications and realistic data-sets.
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Fig. 5. NCAT, Tc99m-Tl201 SDI, Tl201 mean activity in kBq/ml in each of
17 segments of standard polar plot.

As the results indicate, one open point we have explicitly
excluded in this paper is the question of delineation of the
volume of interest in the presence of noise and limited
resolution (along with application of partial volume correction
methods). Whether performed automatically or manually, this
step will add variation to absolute measurements.
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Abstract— Currently implemented on the LabPETTM mi-
croPET scanner, the APD-based gamma-ray detectors developed
at Sherbrooke are aimed at being used for X-ray photon
counting, in order to integrate both modalities into a single
micro-scanner. Before the complete integration of both systems,
a microCT demonstrator fulfilling the geometrical requirements
of the LabPETTM is studied to assess sensitivity and resolution.
A single detector row is first considered, calling for fan-beam
tomographic reconstruction. The detectors form a circular arc
and are equiangularly spaced with respect to (w.r.t.) the centre
of rotation, contrary to common curved detector which are
equiangular w.r.t. to the X-ray source. The fan-beam filtered
back-projection formula was reformulated for this particular
geometry, leading to a modified FBP formula. The derivation
of the formula as well as reconstruction results on numerical
simulations and real acquisitions are given in this paper.

I. INTRODUCTION

Nowadays, the optimal interpretation of functional images
like positron emission tomography (PET) or single photon
emission computed tomography (SPECT) requires anatomical
information provided by magnetic resonance imaging (MRI)
or computed tomography (CT). Over the past decade, dif-
ferent directions were explored to achieve computer assisted
combination of images from different modalities. In the first
place, image fusion entirely relied on the co-registration of
two images acquired on separate devices and research was
focused on the registration. But it became rapidly obvious
that hardware integration was the key to widely spread multi-
modal imaging. Commercial combined PET/CT are now often
preferred by medical centers. However, these systems only
consist in two separate scanners which are aligned and use
a single translation bed. A major challenge now consists in
integrating multiple modalities in single devices to enable
simultaneous acquisition while reducing costs, for clinical and
research applications. Advanced results have been obtained in
PET/MRI and SPECT/MRI but the magnetic field of the MRI
implies high costs for the development of metal free gamma
detectors. On the contrary, the radiations similarity between
PET and CT enables the design of a single detection system
for both modalities.
This perspective is explored by the group of R. Lecomte
in Sherbrooke where a microPET was designed based on
crystal scintillator coupled to avalanche photodiodes (APD)
[1]. After the feasibility of photon-counting CT with APD-
based PET detectors was demonstrated [2], first evaluations
of the resolution with an X-ray source were produced [3].

A prototype of microCT has been built to further study
the reconstruction and resolution issues. This prototype thus
mimics the geometry of the LabPETTM where the detectors
form a circle which radius is the distance from a scintillator
to the centre of the field of view. Similarly the radius of the
microCT detectors arc is the distance to the rotation axis.
Most conventional microCTs use a flat detector but some
systems rely on a curved detector, which curvature radius is
equal to the distance to the source point. The former case
corresponds to equispaced detector bins, the latter to equian-
gular bins w.r.t. the source. For both configurations a filtered
back projection (FBP) reconstruction formula was derived
from the original parallel beam (PB) solution, respectively in
[4] and [5]. Our sampling configuration, where detector bins
are no longer equiangularly spaced w.r.t. the source, but w.r.t.
the rotation axis, does not allow for exact reconstruction via
convolution filter [6]. This configuration corresponds to 4th
generation scanners, and the reconstruction issue needs to be
addressed.
In a first stage a single detector row is implemented on the
prototype. The tomographic reconstruction is thus reduced
to the two-dimensional case. The fan-beam (FB) sinogram
obtained could be rebinned to PB in order to apply the
parallel FBP algorithm. The acquired rays could also be
projected on a virtual planar detector and the conventional FB
FBP reconstruction applied after resampling the sinogram to
equispaced data. However, it is well known that rebinning and
resampling operations have unfavorable effects on resolution
and robustness to noise [7]. A shift-variant FBP reconstruction
formula was therefore derived which can be directly applied to
the measured sinogram. This formula was tested on computer
simulation and applied to real data acquisitions.
The geometry of the prototype is depicted in section II. The
derivation of the reconstruction formula is detailed in section
III while reconstruction results from simulated data and real
acquisitions are displayed in section IV and V, respectively.
Cone beam reconstruction is briefly introduced in section VI.

II. GEOMETRY

The geometry of the microCT demonstrator was designed to
best meet the foreseen geometry of a dual-modality PET/CT
micro-scanner. The X-ray detectors arc therefore fits the
LabPETTM detectors ring. The prototype consists in a rota-
tional platform supporting the phantom, with the X-ray source
and detectors being fixed. The ideal FB geometry of the
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Fig. 1. Fan-beam geometry of the microCT prototype

system, sketched on fig. 1, is contained into the xOy plane,
where the origin O contains the rotation axis. The position of
the source S is given by its distance Rs from the origin and the
angle β with the y-axis. Additional (t, s) axes correspond to
(x, y) axes rotated by β around O, so that s points toward the
source. The detector arc radius is denoted Rd and the relative
position of a detector point is given by its angular position
δ w.r.t. the central X-ray. Let us denote D = Rd + Rs the
distance along the central ray from the X-ray source to the
detector. Notations which correspond to standard equiangular
and equidistant detector (i.e. arc and planar) are also reported
on fig. 1: the angular position of a detector point seen from
the source point S in denoted γ, while its projection on a
virtual planar detector is called u. Correspondences between
the different coordinate systems may be expressed as:

t = x cosβ + y sinβ s = −x sinβ + y cosβ (1)

γ = atan
Rd sinδ

Rd cosδ + Rs
(2)

u = (Rd + Rs) tanγ = D
Rd sinδ

Rd cosδ + Rs
(3)

The values of the different system parameters are given in
table I.

TABLE I
GEOMETRICAL PARAMETERS OF THE MICROCT. DISTANCES IN CM.

Rs Rd Nb of detector bins Detector bins angular spacing
13.65 7.95 48 1.86 o

III. FAN-BEAM FILTERED BACK-PROJECTION FORMULA

The FBP formula was derived for 2D parallel-beam recon-
struction, relying on the Fourier Slice Theorem. It is quite easy
to adapt to 2D divergent beam like fan-beam, as demonstrated
in [8], for the standard equiangular and equispaced detectors.

Let us recall the reconstruction formula in the latter case,
supposing a virtual flat detector contains the origin O:

f(x, y) =
1
2

∫ 2π

0

1
U2

∫ ∞

−∞
P̃β(ũ) h(ũ′ − ũ)

Rs√
R2

s + ũ2
dũ dβ

(4)
where P̃β(ũ) denotes the fan projection, h(ũ) is the ramp
filter kernel and ũ′ denotes the projection of the point (x, y)
on the planar detector. The factor U is the ratio between
the projection of the point (x, y) on the central ray and the
radius Rs. We need to formulate the reconstruction for a
real flat detector placed at a distance Rd from the origin.
The coordinate u of a ray on this detector is related to
the coordinate ũ on the virtual one by a simple scaling
ũ = uRs

D and dũ = duRs

D . By substituting P̃β(ũ) = Pβ(u)
in eq. 4 and changing the variable we obtain the FBP formula:

f(x, y) =
1
2

∫ 2π

0

1
U2

∫ ∞

−∞
Pβ(u)

h(
Rs

D
(u′ − u))

Rs√
D2 + u2

du dβ (5)

Let Qβ(δ) denote a fan projection acquired with our arc
detector. Then Pβ(u) = Qβ(δ) if u and δ verify eq. 3. The
variable changing is then applied to eq. 5 using the Jacobian
of the transformation given below:

du

dδ
= D

R2
d + RdRscosδ

(Rdcosδ + Rs)2
(6)

The resulting reconstruction formula is:

f(x, y) =
1
2

∫ 2π

0

1
U2

∫ ∞

−∞
Qβ(δ)

h

(
RsRd sinδ′

Rd cosδ′ + Rs
− RsRd sinδ

Rd cosδ + Rs

)
Rs√

R2
s + R2

d + 2RdRs cosδ

R2
d + RdRscosδ

Rdcosδ + Rs
dδ dβ

(7)

The argument of the ramp filter h cannot be factorized by
δ′ − δ. The inner integral in eq. 7 thus becomes a shift-
variant filtering instead of a simple convolution. A similar
expression was reported in [7] where the filter is expressed
as a product of the standard ramp filter with a shift-variant
kernel. To avoid complicated implementation, we apply the
folowing approximations sinδ = δ and cosδ = 1. The filter
argument is then reduced to:

h

(
RsRd sinδ′

Rd cosδ′ + Rs
− RsRd sinδ

Rd cosδ + Rs

)
≈ h

(
RsRd

D
(δ′ − δ)

)
(8)

The ramp filter kernel h(δ) is given by the inverse Fourier
transform of a ramp in the frequency domain:

h(δ) =
∫ ∞

−∞
|ω|e2jπωδdω (9)
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So it is easy to show that:

h(
RsRd

D
δ) =

∫ ∞

−∞
|ω|e2jπωδ

RsRd
D dω

=
∫ ∞

−∞
| D

RsRd
ω′|e2jπω′δ D

RsRd
dω′

=
(

D

RsRd

)2

h(δ) (10)

Introducing eq. 10 into eq. 7 we obtain the following 2D FBP
formula:

f(x, y) =
1
2

∫ 2π

0

1
U2

∫ ∞

−∞
Qβ(δ)h (δ′ − δ)

D2√
R2

s + R2
d + 2RdRs cosδ

Rd + Rscosδ

RsR2
dcosδ + R2

sRd
dδ dβ

(11)

This formula can be implemented as a 3-step algorithm:
preweighting of the projections, filtering via the Fourier space
with zero-padding and weighted backprojection. The algorithm
is therefore very efficient and the projections can be processed
independently. Although computation time is instantaneous in
2D with modern computers, this aspect will be interesting
when 3D reconstruction is involved.

IV. SIMULATION RESULTS

Reconstruction results obtained on numerical simulations
are studied in this section. Noiseless projections were simu-
lated by analytical integration of mathematically defined phan-
toms. The first phantom to be used is a simple homogeneous
cylinder, i.e. a simple circle in the case of 2D reconstruction.
The second is a reproduction of one of the real phantoms
used with the prototype which consists in a Plexiglas cylinder
drilled with 6 2 mm diameter holes. We also used the Shepp-
Logan phantom.
We compare the simulation results of the new method with
those obtained with the standard FBP formula from planar
projections. We first simulate high-resolution systems. The
results displayed on fig 2 show that the cylindrical data on the
right column produce results similar to those from a planar
detector.
Then we reproduced the prototype geometry described in table
I. The reconstructions obtained from the pierced cylinder show
distinct artefacts visible with both configurations (fig. 3(a) and
3(b)): the contrast between material and holes is reduced and
repeating patterns appear connecting the holes. These artefacts
were not present on the previous simulation, which means
that the geometrical settings of the prototype do not allow
the exact reconstruction of this phantom. This is due to the
frequency content of the phantom and the frequency response
of the system. In our case, the Nyquist condition is not fullfiled
and missing high frequencies of the projections cause aliasing
artefacts on the reconstruction.

(a) (b)

(c) (d)

(e) (f)

Fig. 2. 2D Reconstructed slices from simulations with high resolution: left
column simulated data are projected onto a planar detector and reconstructed
with standard FBP formula, right column a cylindrical PET-like detector is
simulated and our FBP reconstruction is applied. From top to bottom, 3
different mathematical phantoms: cylinder, pierced cylinder, Shepp-Logan.

(a) (b) (c)

Fig. 3. 2D Reconstructed slices from : (a) planar detector simulation
and reconstruction, (b) simulation of PET detectors geometry with our FBP
reconstruction, (c) real data acquisition on the prototype with our FBP
reconstruction
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V. REAL DATA RECONSTRUCTIONS

Real data were acquired with the microCT prototype using a
plexiglas phantom. As mentioned before, the detectors consist
in scintillators coupled to APDs and digital signal processing
boards. The characteristics of these detectors in terms of
resolution are not to be compared with CCD panels, Si or
CdTe based systems usually used in microCT. Besides, due to
a limited number of available detector units, the source was
placed far from the axis of rotation to enable a sufficient field
of view resulting in a low magnification factor, while in the
integrated system, the X-ray source will be inside the ring,
leading to a magnification factor slightly superieur to 2.
The reconstruction of the drilled cylinder on fig. 3(c) shows
that the result is quite close to the reconstructions from noise-
less simulated data. The same artefacts are noticible but the
slice is globally blured. The frequency response of the system
will need to be improved to obtain good reconstructions of
this phantom. Since the detectors resolution are a constraint
which cannot be removed, particular attention must be paid
to causes of resolution loss like the scanner misalignement,
signal processing...

VI. CONE BEAM RECONSTRUCTION

Since the LabPETTM produces 3D functional images thanks
to multiple detector rows, 3D cone beam (CB) reconstruction
needs to be investigated. In a first stage, the prototype unique
detector ring will be translated between successive acquisitions
to mimic a multirow cylindrical detector. The CB geometry is
sketched on fig. 4.
When projections on a 2D planar detector with a circular
source trajectory are acquired, the most commonly used re-
construction method is the FDK algorithm [9] or one of the
methods derived from it. This method was heuristically derived
from the 2D FBP formula, by considering each tilted FB plane
defined by a detector line and the X-ray source point. The use
of a cylindrical detector was addressed by Schaller [10] and
Turbell [11] and a formula very close to the FDK was given.
Again, the cylinder considered by these authors is centered
on the source point. The main point when a 2D cylindrical
detector is used, is that the intersection between a tilted fan-
beam plane and the detector forms a curve, except in the
plane containing the source . Two strategies were investigated:
resampling the projections to obtain these curves and apply
standard FBP, or apply a modified ramp filter directly on the
detector lines.
Similarly to the FB reconstruction, we are studying at the
moment the derivation of a 3D reconstruction from the 2D
shift-variant FBP formula.

VII. CONCLUSION

The development of a bimodal microPET/CT introduces an
original 2D CT acquisition geometry. In order to avoid any
rebinning or resampling of the projection data which would
cause resolution losses, we adapted the standard 2D FBP
reconstruction formula to this geometry. The FBP formula
obtained is very similar to the standard one and the results

Fig. 4. Cone-beam geometry of the microCT prototype

obtained on simulation very close to the case of a planar
detector, which is known to be theoretically exact. Two main
aspects need to be further investigated: hardware and software
signal processing to improve the system resolution on the one
hand, and application to 3D CB reconstruction on the other
hand.
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Sampling with the reflected lattice in helical fan
beam CT

Laurent Desbat, and Larry Gratton

Abstract—We propose a generalization to helical CT of recent
works on sampling on unions of different lattices applied to 2D
CT [2], [7]. We show how to extend this approach to helical CT
with a single detector row. We derive sampling conditions and
Shannon like approximation formulas applied to helical CT.

Index Terms—Sampling, Shannon interpolation, Fan-Beam
helical CT, symmetry, reflected lattice, QDO.

I. INTRODUCTION

Sampling on lattices in Fan Beam tomography yields the so
called reflected lattice thanks to the symmetry of the Radon
transform. In parallel geometry, sampling on the union of a
standard lattice and its reflected lattice can be handled as
sampling on unions of shifts of the same lattice or even
simply as efficient interlaced sampling in the case of the QDO
(Quater Detector Offset). This can be generalized to helical
tomography with parallel sampling [10], [5]. However, in fan
beam geometry, unlike in parallel geometry, the union of a
standard lattice and its reflected lattice does not generally
yield a sampling scheme that can be exploited with classicial
interpolation formula.

Recently, two approachs have been proposed to exploit the
reflected lattice in fan beam geometry.
• In a recent work [8], Izen, Rohler and Sastry showed that

the union of a standard fan beam lattice and its reflected
lattice builds an union of shifted large standard lattices.
Thus, generalized sampling theorems (see [6] or [9]) can
be applied to exploit the reflected lattice for doubling
the 2D resolution in fan beam CT with essentially only
doubling the number of projections (the QDO allows for
the improvement of the sampling along the detector).
However, this approach can lead to the resolution of a
huge number of linear systems.

• The recent work [2] seems to be a better way to address
this problem. In its PhD [7], Larry Gratton proposed
adaptations of [2] to 2D fan-beam CT and further devel-
opments. In the present work we propose a generalization
of this approach to helical fan-beam CT.

A. Notations and definitions

Let G denotes a LCA group and Ĝ the dual group of G.
In classical applications: G = Rn, Ĝ = Rn or G = Tn (T =
R/Z), Ĝ = Zn or G = Tm×Rn, Ĝ = Zm×Rn, where m ∈

Laurent Desbat is at Medical Ingineering, Complexity and Computer
Science Laboratory (TIMC-IMAG), Grenoble University, Medical Faculty,
38706 Grenoble France. Corresponding author: Laurent Desbat, E-mail:
laurent.desbat@imag.fr. Larry Gratton is at Berea College, Kentucky, USA

N, n ∈ N. Then, in these classical applications, the duality
product is

x ∈ G, ξ ∈ Ĝ, 〈x, ξ〉 = [x · ξ]
where [a] = mod(a, 1) is the fractional part of a ∈ R.

The Fourier transform of a function g ∈ L1(G) is defined
by:

ĝ(ξ)def=
∫

G

g(x)e−2iπ〈x,ξ〉dmG(x).

If g ∈ L1(G) is continuous and ĝ ∈ L1(Ĝ) then

g(x) =
∫
bG ĝ(ξ)e2iπ〈x,ξ〉dm bG(ξ).

Let H a closed subgroup of G then the annihilator of H is
defined by

H⊥ =
{

η ∈ Ĝ, 〈y, η〉 = 0 for all y ∈ H
}

.

For example, if G = Rn and H = WZn = {Wk, k ∈ Zn},
where W is a non singular matrix, then H⊥ = W−tZn

(indeed 〈Wk, W−tl〉 = [Wk · (W−tl)] = [k · l] = 0).
A closed discrete subgroup H of G such that H⊥ is a closed

discrete subgroup of Ĝ is called a lattice.
The (bounded) set R ⊂ Ĝ is a fundamental domain of H⊥

if
⋃

η∈H⊥(R + η) is a partition of Ĝ.
The classical sampling condition of a function g on a lattice

H can be read in the Poisson formula: let R be a fundamental
domain of H⊥ ; let g ∈ L1(G), such that y → g(x0 + y)
belongs to L1(G) and

∑
y∈H g(x0 + y) is a continuous

function on G/H and its Fourier transform is in L1(H⊥) then
∑

y∈H

g(x0 + y)e−2iπ〈x0+y,ξ〉

= m bG(R)


ĝ(ξ) +

∑

η∈H⊥\{0}
ĝ(ξ + η)e2iπ〈x0,η〉




If ĝ vanishes outside of a set K ⊂ R then ĝ(ξ) can be
recovered multiplying the equation by the indicator function
of K (or R).

B. Sampling on the union of two lattices

In [7], Larry Gratton proposed the following adaptation to
sampling on two shifted lattices of the results obtained in [2].
Let G be a LCA group ; let H1 and H2 be lattices, R1 and R2

fundamental domains of their reciprocal lattice H⊥
1 and H⊥

2

respectively; let K = R2 ∪ (η′ + K ′), with K ′ ⊂ R1 ∩ R2

and η′ ∈ H⊥
1 ∩H⊥

2 , η′ 6= 0 ; let g ∈ L2(G) be a continuous
function such that ĝ(ξ) = 0 a.e. outside of K ; let H1 be a
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lattice such that continuous functions h ∈ L2(G) with ĥ(ξ) =
0 a.e. outside of K ′ can be reconstructed from their sample
on h(x1 + z′), z′ ∈ H1. Assume that η′ ∈ H⊥

2 ∩H⊥
1 , η′ 6= 0

and 〈x1 − x2, η
′〉 6= 0. Then g can be reconstructed from its

samples g(z), z ∈ (x2 + H2) ∪ (x1 + H1) with

Sg(x) = Sx2+H2g(x) (1)

+
1− e2iπ〈x−x2,η′〉

1− e2iπ〈x1−x2,η′〉Sx1+H1(g − Sx2+H2g)(x)

where

Sxj+Hj g(x) =
∑

y∈Hj

g(xj + y)χ̃Rj (x− xj − y), j ∈ {1, 2}

and the following interpolation error bound holds:

|Sg(x)− g(x)|
≤

(
2 +

4
1− e2iπ〈x1−x2,η′〉

) ∫
bG\K |ĝ(ξ)|dm bG(ξ).

C. Application to fan beam CT

The interpolation formula from Eq. (1) has been applied
succesfully in fan-beam CT in order to enhance the resolution
of the data (and of the reconstruction) by using the reflected
lattice. The idea followed in [7] is to use a standard sampling
scheme and to undersample the number of samples per projec-
tion compared to the standard sampling conditions, see Fig. 2
and 3 and to compensate the aliasing that occurs using the
reflected lattice.

The 2D fan-beam transform of a function f is defined by
FBf(β, α) =

∫
Lβ,α

f(x)dx, where x ∈ R3, Lβ,α is the line
intersecting the source located at r(cosβ, sin β)T , with β ∈
[0, 2π[ and the detector at angular position α ∈ [−π/2, π/2[,
see [5], see Fig 1. In [7] FBf is parametrized by

g(u, v) = FBf

(
2πu, π

(
v − 1

2

))

so that g ∈ L1(T2) (G = T2, and Ĝ = Z2).
Assume from now that f is essentially b-band limited, b >

0. The essential support of ĝ is the well known set

KFB =
{

(k, m) ∈ Z× Z, such that
|k − 2m| < rb, |k|r < |k − 2m|ρ

}

where r and ρ are respectively the radius of the source
trajectory and the radius reconstruction region. We sample g on
a standard lattice HFB,S generated by WFB,S (the reciprocal
lattice H⊥

FB,S is generated by W−T
FB,S

WFB,S =
[

1
P 0
0 1

N

]
,W−T

FB,S =
[

P 0
0 N

]
,

where P ∈ N is the number of projections on [0, 2π] and
N ∈ N is the number of line integration samples per projection
on [−π/2, π/2]. The symmetry of the Radon transform reads
now g(u, v) = g(u + v, 1− v) and yields the reflected lattice
HFB,R and H⊥

FB,R generated by

WFB,R =
[

1
P − 1

N
0 1

N

]
,W−T

FB,R =
[

P 0
P N

]
.

It turns out thats sets R2FB, R1FB and K ′ can be constructed,
see [7], such that the hypothesis of (1) given in subsection I-B
are fulfilled with H2 = HFB,S and N = rb/2 in WFB,S , i.e.,
α is undersampled by a factor of two, see Fig. 2 and Fig. 3.

x

x1

L(  ,  ,t)

β

α
ρ

α β
r

2

Fig. 1. Fan Beam and 3D Fan Beam geometry parameters. In 3D Fan-Beam,
the parameter t is a variable whereas in Fan-Beam t is fixed (and designs the
slice to be reconstructed).

−b

2.5b/2

3.5b/2

1.5b/2

k

m

R2FB

K′

η′

Fig. 2. Fan-Beam overlapping: region R2FB . Their translations on H⊥
FB,S

tiles the plane. R2FB ∪K′ + η′ contains the KFB . The figure drawn is for
ϑ = ρ/r = 2.5.

II. SAMPLING IN 3D FB TOMOGRAPHY

A. 3D FB tomography

We generelized these results to the 3D fan beam transform
and helical fan-beam CT. The 3D fan beam transform is
defined by Df(β, α, t) =

∫
Lβ,α,t

f(x)dx, where x ∈ R3,
Lβ,α,t is the line in the plane perpendicular to e3 = (0, 0, 1)T

at abscissa t (t ∈ R), intersecting the source located at
r(cos β, sinβ, 0)T + te3, with β ∈ [0, 2π[ and the detector
at angular position α ∈ [−π/2, π/2[, see Fig. 1 and 5.

As in [7] we parametrize Df by

g(u, v, t) = Df

(
2πu, π

(
v − 1

2

)
, t

)
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3.5b/2

−b

2.5b/2

m

k

R1FB

η′
K′

Fig. 3. Fan-Beam overlapping: region R1FB . Their translations on H⊥
FB,R

tiles the plane. R1FB ∪ (K′ + η′) contains the KFB

(R2FB ∩ R2FB) + η′

Fig. 4. We remark that (R1FB ∩R2FB) ∪ ((R1FB ∩R2FB) + η′)
contains the KFB

so that g ∈ L1(T2 × R) (G = T2 × R , and Ĝ = Z2 × R).
Assume from now that f is essentially b-band limited, b >

0. The essential support of the Fourier transform of Df and
associated sampling conditions have been given in [5]. The
essential support KD of ĝ(k, m, t), the Fourier transform of
g, can be easily derived

KD =
{

(k, m, τ) ∈ Z× Z× R, such that
|k − 2m|2 + r2τ2 < r2b2, |k|r < |k − 2m|ρ

}

where r and ρ are respectively the radius of the source

α,β, t

α β

α

Source{L e3

e3sθ t+

e3 IRsθ t+ + ζ

Xs

X

ζ

2

1

ζ

Time axis

helical path

t

line

φ
θ

Fig. 5. Fan Beam geometry parameters.

trajectory and the radius of the cylindric reconstruction region.

B. Helical FB tomography

Helical FB sampling is just sampling the 3D fan-beam
transform under the helical constraint t = T

P u, where T ∈ R+

is the helical pitch and P the number of projection each turn.
The standard lattice HS and its reciprocal H⊥

S are generated
by

WS =




1
P 0 0
0 1

N 0
T
P 0 T


 ,W−T

S =




P 0 −1
0 N 0
0 0 1/T


 ,

where N ∈ N is the number of fan angles at each pro-
jection (on [−π/2, π/2]). The symmetry relation reads now
g(u, v, t) = g(u + v, 1− v, t). This yields the reflected lattice
HR and H⊥

R generated by

WR =




1
P − 1

N 0
0 1

N 0
T
P 0 T


 ,W−T

R =




P 0 −1
P N −1
0 0 1/T


 .

C. Reflected lattice in helical FB tomography

In order to improve the resolution with the reflected lattice,
we can follow the same idea as in [7]. The number of
integration lines per projection is undersampled by a factor
of two compare to the sampling conditions using a standard
sampling. The aliasing that occurs is compensated using the
reflected lattice.

Just as in [7], p.42, we will use N = rb/2 which means
an undersampling of α by a factor of two, see Fig. 6. P is
chosen so that no other overlapping of KD occurs than those
of the shifts (0, 1, 0)t and (0,−1, 0)t on the reciprocal lattice
H⊥

S , ie KD + W−T
S (0, 1, 0) and KD + W−T

S (0,−1, 0). The
condition is

P ≥ N
(

4ϑ
1+ϑ

)
, if 0 < ϑ ≤ 1

3

P ≥ N
(

2ϑ
1+ϑ

)
, if 1

2 < ϑ ≤ 1
3

where ϑ = ρ/r, see [7] (the condition for 1
2 < ϑ is ommitted

because usually the radius of the source trajectory r is larger
than twice the radius of the reconstruction region ρ). Finally,
we choose T = 2π/b so that no overlapping occurs in the τ
direction.

D. Sampling with the QDO

We consider sampling schemes of the form x2 + WSZ3

with x2 = (0, δ/N, 0) a shift of the detector line (0 ≤ δ < 1).
The symmetry relation yields the reflected scheme x1+WRZ3

with x1 = (δ/N, 2δ/N, 0). Let η′ = (0,−N, 0)t, then η′ ∈
H⊥

S ∩H⊥
R . Just as in 2D Fan Beam CT, δ = 1/4 corresponds

to the QDO, 〈x1 − x2, η
′〉 = 1

2 ( 6= 0). Let us call R2FB, resp.
R1FB, be the corresponding 2D constructed region in 2D Fan
Beam, see [7], so that R2FB, resp. R1FB, is a fundamental
domain of the reciprocal lattice H⊥

2 = H⊥
S , resp. H⊥

1 = H⊥
R ,

see Fig. 2 and 3. We have K ⊂ R2FB ∪ (η′ + K ′), with
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Fig. 7. Helical Fan-Beam overlapping: dual of the reflected lattice H⊥
R and

region R1

K ′ ⊂ R1FB ∩ R2FB. We can generalize this approach to 3D
sampling in helical tomography with

R2 = R2FB × [− b

2π
;

b

2π
];R1 = R1FB × [− b

2π
;

b

2π
]

Thus, the interpolation formulas

Sx2+H2f(x) =
∑

y∈H2

f(x2 + y)χ̃R2(x− x2 − y)

reads with x2 = (u2, v2, t2)t:

Sx2+H2f(u, v, t)

=
∑

z∈H2FB


 ∑

y∈π
b Z

f(x2 + (z, y))sincb(t− t2 − y)




×χ̃R2F B ((u− u2, v − v2)t − z)

and the same for Sx1+H1 . This reduces essentially the use of
the reflected lattice in helical CT to 2D CT through the so
called “2π” interpolation along the t-axis, followed by the 2D
fan-beam CT interpolation using the reflected lattice.

III. CONCLUSION

We have presented an interpolation formula based on stan-
dard schemes and their reflected lattice in helical tomography
with a single detector row. Sampling conditions are given.
They allow doubling the 3D resolution with only doubling
the projection number and reducing the helical pitch by two
(without doubling the number of detectors) compared to the
standard interpolation without the reflected lattice.
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Abstract — We present two inversion formulas with different data 

requirements for the finite inversion of the weighted Hilbert 

transform. Three numerical methods are suggested to realize the 

finite inversion. A Plancherel formula is established. We discuss 

the finite (weighted) Hilbert transform and its application to 

medical imaging for partial data reconstruction in computed 

tomography (CT), positron emission tomography (PET), single 

photon emission computed tomography (SPECT) and magnetic 

resonance imaging (MRI). Computer simulation results are 

provided for the SPECT partial data reconstruction.  

 

Index Terms — CT, PET, SPECT, MRI, Hilbert transform, 

attenuation correction. 

I. INTRODUCTION 

Let )(tf  be a function on 1R , its Hilbert transform )(sF  and 

the inverse transform can be expressed as follows: 

∫
∞

∞− −
= dt

ts

tf
sF

)(1
)(

π
, ∫

∞

∞− −
= ds

ts

sF
tf

)(1
)(
π

.      (1) 

The integral at the singular point should be understood in the 

sense of Cauchy principal value. Let ),( qqI
q

−= , here 0>q . 

According to [1], equations of (1) hold if )()()(
1211

RLRLtf ∩∈ ,  

)(tf  and )(sF  have the same 2L  norm, and )(tf  can be fully 

recovered from )(sF  over 
q
I  if 0)( ≡tf  outside of 

q
I . Two 

typical inversion formulas are 

])(
)(

[
1

)(
22

22

dppfds
tq

sq

ts

sF
tf

q

q

q

q

∫∫
−−

+
−
−

−
=
π

,      (2) 

∫
− −

−
−

=
q

q

ds
sq

tq

ts

sF
tf

22

22)(1
)(
π

.           (3) 

Hereafter we assume 0)( ≡tf  outside of 
q
I . Formulas (2) and 

(3) were rederived in [2, 3] using the complex variable analysis 

developed in [4]. The finite inverse Hilbert transform was used 

in many applications, e.g., [5, 6]. Recently, it has been found to 

be useful to the image reconstruction from partial projections in 

computed tomography (CT) [7-9].  

For complex constant µ , we consider the following weighted 

Hilbert transform of )(tf  

∫
− −

−
=

q

q

dttf
ts

ts
sF )(

)](cosh[1
)(

µ
πµ .         (4) 

When 0=µ , equation (2) reduces to the Hilbert transform. In 
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[4], Rullgard proved that backprojecting the derivative of the 

exponential Radon transform (ERT) leads to an intermediate 

function which is the weighted Hilbert transform of the object 

function to be reconstructed. Thus the reconstruction of ERT 

with 180º data can be carried out through inverting (4). There 

are many other applications discussed in [10] with imaginary µ . 

In recent private communication with Hawkins, the authors 

learned that (4) may be useful to handle certain special 3D PET 

data. Recently, the inversion of (4) for SPECT data with uniform 

attenuation were further studied in [11, 12]. 

In this paper, we introduce three numerical methods to invert 

(4), derive two 2L  properties of the finite Hilbert transform, 

discuss the applications of (4) to CT, positron emission 

tomography (PET), single photon emission computed 

tomography (SPECT) and magnetic resonance imaging (MRI). 

We also provide computer simulation results. 

II. INVERSION OF (4) 

 In [3], we proved that there exists a smooth kernel ),(
,

tsh
qµ  

such that two inversion formulas hold.  

∫
− −

−
+

−
=

q

q
q

ds
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tq
sFtsh

ts
tf

22

22

,
)()],(

1
[

1
)( µµπ

     (5) 

∫
− −

−
+−=

q

q
q

ds
sq

stF
sh

s

q
tf

2

2 2
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)]0,(

1
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2
)(

µ
µπ

.      (6) 

The detailed mathematical derivation is referred to [3] and the 

references therein since it is too complicated and lengthy. A least 

square method was used to calculate ),(
,

tsh
qµ  in [11] and the 

power series expansion method was developed using (2) for the 

inversion of (4) in [12]. In this paper we present three methods 

of using (5) to invert (4). From application perspective, we 

would rather provide the detailed numerical procedure to invert 

(4) while leaving the mathematical details to [3].  

A. Two-step inversion 

Applying (3) to )(sFµ , we relate )(tf  and )(sFµ  by 

∫∫
−− −

−
−

=+
1

1
2

21

1 1

1

)(

)(
)(),()( ds
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dppfptKtf

π
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where 
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−
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1
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1
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),( ds
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t
ptsQptK µµ π
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tttA /)1)(cosh()( −= µµ .             (10) 

Notice ),,( ptsQµ  is continuously smooth and weight 21/1 s−  

is absolutely integrable, thus kernel ),( ptKµ  defines a compact 
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integral operator, denoted by K .  Throughout this section 1=q  

is assumed. We rewrite (7) in the following expression 

.
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)(
)]()[(
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∫
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=+ ds
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π
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Actually (10) is a Fredholm equation of the second kind [13], 

and can be numerically solved using the matrix inversion in [14]. 

For 1=q , let ∆+= )5.0(ntn  be the sampling points in ]1,1[− , 

here N/1=∆ ,  NnN <≤−  and 256=N . By the trapezoidal 

rule, we discretize the integrals of (7) as  

22
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2
1/1),,(),(
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Denote 
nm,

δ  as the Kronecker delta function, we define matrix 

µM  and vectors of X
r
 and Y

r
 as 

{ }),(
, nmnm

ttKµµ δ ∆+=M ,            (14) 
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Notice that there is no singularity contained in (12-14). Now (7) 

reduces to YX
rr

=µM , it follows that X
r
 can be solved by 

YX
rr

1−= µM .                 (16) 

B. Series expansion method 

According to [3], kernel ),(
1,

pthµ  in (5) is the solution of the 

following integral equation  
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Comparing the coefficients on both sides of (18), one may find 

)( phn
 through solving a linear equation system. The power 

series expansion was also used for a different integral equation 

in [12]. 

C. One-step explicit inversion 

The direct computation of ),(
1,

pthµ  is rather complicated in [3]. 

Here we only sketch out the main step. Kernel ),(
1,

pthµ  satisfies 

the integral equation 
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−− −−−
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here 22 1/),(1),(
~

sstKtstK −−= µµ . Then ),(
1,

pthµ  could be 

estimated using (19). Intuitively, finding the solution of (19) can 

be conducted either using the above two-step inversion or the 

power series expansion. At this moment, we have not 

investigated a numerical method to solve (19). It is an interesting 

topic to study the numerical behavior of (19) because it indeed 

leads to a one-step explicit inversion. 

III. L
2
 PROPERTIES OF FINITE HILBERT TRANSFORMS 

For simplicity, we only study the case of 0=µ  and denote 

)(sFµ  as )(sF . In [2, 4, 8-9], all the inversion formulas require 

that )(sF  be known in an interval larger than the support of 

)(tf . Thus, the uniqueness result requires a similar condition. 

As revealed in (5), the data value in ),( qq−  should be enough 

for a complete reconstruction of )(tf . We introduce two Hilbert 

spaces )(2
q
IL  and )(2

qw
IL : 

})(:)({)( 22 ∞<= ∫−
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qq dttftfIL .  

}/)(:)()({)( 22222 ∞<−∈= ∫−
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It is straightforward that )(2
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IL  is a subspace of )(2

q
IL . We 

introduce two theorems from [3]. 
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Let 0>ε , one has the following coercive inequality: 
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where 0)()(),,( 2222 >−−−+= +sqsqqsw εε  if )(|| ε+< qs . 

Equation (20) resembles Plancherel's formula for the Hilbert 

transform (1) so that the finite Hilbert transform preserves the 

energy after removing the average f . Equation (21) implies the 

coerciveness of the finite Hilbert transform when the data range 

is larger than the function support. In particular, (21) becomes 

Plancherel’s formula when ∞→ε . We point out that the 

square-integrable condition is very crucial for Theorem 1. One 

counterexample is 0)( =sF  in 
q
I  for 22/1)( tqtf −= , here 

)()( 2

q
ILtf ∉ .  

Theorem 2. Assume )()( 2

qw
ILtf ∈ , then 
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−−

−=−
q

q

q

q

dttqtfdssqsF 222222 /)(/)( .      (22) 

 Formula (22) has perfect reciprocal symmetry and may be 

useful to noise analysis. 

IV. APPLICATION TO MEDICAL IMAGING 

One of the typical applications of (4) is to reconstruct the 

uniformly attenuated SPECT data in [4, 11-12]. Denote by 2R  

the two-dimensional (2D) planar space with point representation 

by ),( yxr =
r

 in the Cartesian coordinate system. Define vectors 

)sin,(cosθ θθ=
r

 and )cos,sin(θ θθ−=⊥
r

, here ⊥•
r

 means 90º 

counterclockwise rotation. Let }1:),{( 222 <+∈= yxRyxD  
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and 1S  be the unit disk and circle of 2R , respectively. Take 

)1,1(−=I . By scaling, we may assume 0),( ≡yxf  outside of D, 

and the linear attenuation in SPECT is non-negative, i.e., 0≥µ , 

inside the ellipse in Fig 1. For example, these assumptions can 

be met in brain SPECT after removing the attenuation of the 

skull. Let ),( sL θ  be the distance between the point C and s-axis 

in Fig. 1. The photon counts passing through the collimation 

hole at ),( sθ  are proportional to ∫
−−⊥+

PC

tsL dtetPf )),(()θ( θµ
r

, here 

the integral is taken along the line PC. Since the weight ),( sLe θµ−  

can be precomputed. After scaling, the modified photon counts 

can be expressed as the exponential Radon transform (ERT) 

∫
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µ θ )θθ(),]([
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Fig 1. Basics of the photon detection in SPECT and the data formation under 

parallel-beam scanning geometry. The attenuation is uniform inside the ellipse. 

The irregular-shaped area inside the ellipse represents the region in which 

radionuclide tracer is distributed. 

For simplicity, we use ),( sp θ  for ),]([ sf θµR . Define function 

),(ˆ yxf  by 

∫
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The right-hand side of (24) is commonly called the DBP 

(derivative and back-projection) operation. Express ),( sp θ′  as: 
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That is the weighted Hilbert transform (4) for each fixed y. 

According to the inversion methods in the preceding section, 

),( yxf  can be exactly reconstructed from ),( sp θ  line-by-line. 

We call that procedure of derivative, backprojection and finite 

inverse Hilbert transform as DBH reconstruction method. 

The application of (4) to CT is rather simple because of 

0≡µ . The detailed data formation is referred to [7-9] for 

obtaining the intermediate function ),(ˆ yxf . The inversion can 

be done with the classical inversion formulas (2, 3) or (6) with 

taking 0)0,(
2,

=sh
qµ , and numerically stable because of (20-22). 

So far, we have assumed that 0≥µ  in SPECT study. 

Actually, all the preceding arguments are valid for complex µ . 

When µ  takes an imaginary constant, there are many other 

applications discussed in [15-17]. Let ),(
~

yx
f ξξ  be the 2D 

Fourier transform of ),( yxf  and ),(~ ζθg  be the 1D Fourier 

transform of ),( sg θ  with respect to the second variable. One 

interesting observation is that (23) for ηµ i=  with 1
R∈η  is 

equivalent to ),(
~

yx
f ξξ  being known for 222 |||| ηξξ ≥+

yx
. It 

follows that there exists an explicit formula to invert ),(
~

yx
f ξξ  

with low frequency missing in the disk of 222 |||| ηξξ <+
yx

. This 

provides the possibility of exactly reconstructing the k-space 

signals in NMR without acquiring low-frequency data [16]. We 

formulate the reconstruction procedure as follows. 
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Take the 1D inverse Fourier transform of ),(~ ζθg  to calculate 

),( sg θ , and then use (24-27) to reconstruct ),( yxf .  

Another interesting application could be for 3D PET as 

envisioned by Hawkins in [15]. Here we sketch out the data 

formation suggested by Hawkins. For a 3D function ),,( zyxf  

and constant δ , we define the following projection 
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Such data can be easily obtained through tilting the PET 

detector. Take the Fourier transform on both sides of (29) with 

respect to z, one derives 
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Since ),,(ˆ ωyxf  can be reconstructed from ),,,(ˆ δωθ sP  for 

each ω , then ),,( zyxf  follows from the inverse Fourier 

transform of ),,(ˆ ωyxf  with respect to the third variable. 

V. COMPUTER SIMULATION RESULTS 

There are many applications of (4). Here we only perform 

computer simulations for the SPECT data formation. In the 

SPECT simulation study, 0.3=µ  and the object function 

),( yxf  is chosen as the Shepp-Logan phantom, which is 

composed of 10 ellipses by addition. These ellipses were scaled 

to be inside the unit disk D. All simulated projection data, as the 

ERT, are generated analytically based on the weighted line 

integrals. The phantom and the projection data over 180º are 

shown in Fig 2 by a 128x128 matrix. ),( sp θ  is sampled in a grid 

of 256x128 over ]1,1[]360,0[ −× , which is close to the clinic 

sampling rate. In the computation of ),(ˆ yxf , half of the 
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projection data was used. We used the procedure from (12) to 

(16) to reconstruct the 180º data. For comparison, we use the 

FBP algorithm for the inverse ERT in [18] to reconstruct the 

data over 360º. Indeed, the DBH method provides a comparable 

reconstruction from the data over 180º. The reconstructed 

images by these two methods are shown in Fig 3. We also used 

both methods to reconstruct the noisy data which is obtained 

through converting the mean projection into Poisson counts. The 

reconstructed images from noisy data are shown in Fig 4. 

 

  
Fig 2. Left to right: Shepp-Logan phantom and analytically generated ERT data. 

  
Fig 3. Left to right: the reconstructed images by Tretiak-Metz formula and the 

DBH method from noise-free data. 

  
Fig 4. Left to right: the reconstructed images by Tretiak-Metz formula and the 

DBH method from noisy data. 

At the clinic level of sampling rate, the DBH method does 

provide comparable reconstruction results from 180º data over 

the FBP algorithm from 360º data. We remark that all other 

existing reconstruction results such as [11-12] from 180º data in 

the literature all used relatively or very high sampling rate. In 

this simulation, under the sampling rate close to the clinic level, 

the reconstructed images look good. One interesting observation 

is that the FBP and DBH algorithms reveal quite different noise 

effect. 

VI. DISCUSSION AND CONCLUSION 

The DBP operation converts the image reconstruction from 

(weighted) line integrals into the finite inversion of the weighted 

Hilbert transform. This is a new strategy for developing 

analytical reconstruction methods compared with the central 

slice theorem based FBP algorithms and other equivalents. 

Recently, there have been many new developments on the finite 

inversion of the weighted Hilbert transform in works such as 

[3-4, 11-12, 19]. In this paper, we introduce three new methods 

to numerically invert (4). The procedure from (12) to (16) did 

generate fairly reasonable reconstruction results from 180º 

noise-free and noisy data under the clinic level of SPECT data 

sampling rate. This is very encouraging from application point 

of view. 

Meanwhile, the DBH method is valid to complex-valued µ , 

this may open up a new window to consider the exact partial data 

reconstruction in applications such as 3D PET, MRI and many 

others in [17]. 
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Regularized Iterative Weighted Filtered
Backprojection for Helical Cone-Beam CT

Johan Sunnegårdh and Per-Erik Danielsson

Abstract—An iterative filtered backprojection method for he-
lical cone-beam CT has been examined. This method is based
on iterative application of a non-exact 3DFBP method able to
handle redundant data at arbitrary pitches without significant
detector masking. In contrast to statistical methods, this method
is expected to deliver a good result in less than five iterations.

Artifact reduction, as well as spatial resolution and noise
properties have been measured. Even without regularization,
during the first five iterations, cone artifacts are clearly reduced.
As a side effect, however the spatial resolution and noise are
increased. To avoid this side effect and improve the convergence
properties, a regularization proposed and evaluated.

I. INTRODUCTION

This contribution is an extension of theory and experiments
on iterative weighted filtered backprojection (IWFBP) pre-
sented in [9]. The main difference from previous work is
that more detailed and correct noise and spatial resolution
investigations have been made, and the addition of a regular-
ization operation that improve the convergence properties of
the iterative loop. In the present investigation we abandoned
the ordered subset approach in [9] because it amplifies noise
and it is not clear how to combine it with the regularization
presented here.

We have applied the iterative improvement scheme illus-
trated in Fig. 1 to the non-exact weighted filtered backpro-
jection (WFBP) method proposed by Stierstorfer et al. [8].
This iterative scheme is a special case of the iterative filtered
backprojection (IFBP) methods analyzed by Xu et al. [11].
IFBP methods have successfully been used for attenuation
correction in single photon emission computed tomography
(SPECT) [1], [10], reduction of streaks due to missing angles
[6], [2], and for reduction of artifacts due to an incomplete
focus trajectory in cone-beam CT [14].

A problem with exact analytical methods presented for
helical cone-beam CT seems to be that they are unable to
utilize redundant data for arbitrary table feeds [8]. The IWFBP
method presented here does not suffer from this drawback,
and is significantly faster than statistical methods, which has
motivated the experiments presented here.

II. METHODS

A. Weighted filtered backprojection (WFBP)

A detailed description of the WFBP method is found in the
paper by Stierstorfer et al. [8]. We repeat the main steps here.

The authors are with the Computer Vision Laboratory, Dept. of E.E.,
Linköpings Universitet, SE-581 83, Linköping, Sweden. Telephone +46-13-
281000. Email:sunnegardh@isy.liu.se, ped@isy.liu.se. This work was sup-
ported by Siemens Medical Solutions, Forchheim, Germany.
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Fig. 1: Illustration of the iterative weighted filtered backprojection
(IWFBP) method. First, input data are rebinned to semi-
parallel geometry. Given an initial image vector f0 ∈ RN , a
sequence of image vectors is generated by the update formula
fk+1 = fk +αQ(preb−Pfk). The matrices Q ∈ RN×M and
P ∈ RM×N correspond to the WFBP method and a projec-
tion operator modeling the acquisition process respectively.

(1) Rebinning to semi-parallel geometry. The word “semi”
is used here because the projections of rays onto the
axial plane are parallel, while the rays diverge in the z-
direction.

(2) Down-weighting of rows located close to the borders
of the detector. A parameter Q ∈ (0, 1] is used for
controlling the amount of down-weighting.

(3) Row-wise rampfiltering of projection data.
(4) Normalized backprojection with bi-linear interpolation on

the detector.
In the following, the matrix Q will be used for representing
step (2) to (4) above.

B. Iterative weighted filtered backprojection (IWFBP)

Let N be the number of voxels and M be the total number
of x-ray attenuation measurements. Furthermore, let pin ∈ RM

denote input data and f0 ∈ RN denote a vector representing
an initial voxel volume. The update step of IWFBP is then
given by

fk+1 = fk + αQ(preb −Pfk) (1)

where Q is the reconstruction matrix from the previous
section and P ∈ RM×N is a projection matrix. In this way,
a sequence of voxel volumes {f0, f1, ...} is produced. Our
experiments show that only a few iterations are needed to
obtain a significant reduction of cone artifacts.

C. Regularization and convergence

The following presentation on quadratic regularization for
least square methods is inspired by the text on regularization
by De Man [5]. We believe quadratic regularization is of
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special interest since it leads to a linear contribution in the
update step. Suppose that we want to find the voxel volume f
that minimizes

z(f) =
1
2
‖Pf − pin‖2 + β

N∑
i=1

N∑
j=1

dij(fi − fj)2 (2)

where dij are the inverse distances between the voxels i and
j in a 33 neighborhood, and β is a parameter determining
the amount of regularization. The last term is obviously the
regularization part. Differentiation of (2) yields

∇z(f) = PT (Pf −pin)+4β
N∑

i=1

 N∑
j=1

dij(fi − fj)

 ei︸ ︷︷ ︸
=:Rf

(3)

where {e1, e2, ..., eN} is the standard basis for RN . Thus, a
steepest descent method for minimizing z(f) is given by

fk+1 = fk − αPT (Pfk − pin)− 4αβRfk. (4)

In IWFBPR, the regularized version of IWFBP, the last term
in (4) has been added to the IWFBP update step (without the
factor 4), resulting in

fk+1 = fk + αQ(preb −Pfk)− αβRfk. (5)

Zeng and Gullberg [13] showed that for non-regularized
IFBP methods, the sequence of voxel volumes converges to

f∞ = (QP)−1Qpin (6)

if all eigenvalues of αQP are contained in the interior of a
unit disc centered around 1. The corresponding criterion for
convergence of the regularized IWFBP is that all eigenvalues
of α(QP + βR) should be contained in the same unit disc.

In order to suppress edge and aliasing artifacts, Zbijewski
and Beekman [12] suggested the use of a densely sampled
voxel volume. With such oversampling, the non-regularized
IWFBP obviously fails to satisfy the convergence criterion
since N > M implies a non empty null space N(P). However,
we feel there is a strong conjecture that regularization elimi-
nates this problem. We may safely assume that the nullspace
N(P) consists of high-frequent structures. Since the matrix R
corresponds to the high-pass filter illustrated in Fig. 2, such
structures do not belong to the nullspace of (QP + βR).

III. RESULTS

A. Experimental setup

The Thorax phantom by Sourbelle [7] was used for visual
inspection and calculation of the error measure

σe =
√

1
|Ωe|

∑
i∈Ωe

((fnoise−free)i − (fphan)i)2 (7)

and noise measure

σn =
√

1
|Ωn|

∑
i∈Ωn

((fnoise)i − (fnoise−free)i)2. (8)

Here, fnoise and fnoise−free represent reconstructions from
noisy and noise-free projections respectively. The vector fphan
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Fig. 2: Illustration of the 3-D convolution kernel corresponding to
the regularization matrix R.

a) z = −12mm b) z = 0mm

c) Ωe d) Ωn

Fig. 3: a) and b) show two slices of the Thorax phantom. c) indicate
areas used for error measurements. Note that these are
designed to measure the occurrence of cone artifacts and
does not reflect image quality in terms of edge responses.
d) indicate areas used for noise measurements.

corresponds to a sampled phantom and Ωe and Ωn are the sets
of voxels, which over errors and noise are measured. These
sets are indicated in Fig. 3.

Noise-free projection data for all experiments were gener-
ated by the simulation software CTSIM (Siemens Medical,
Forchheim). Noise were added as suggested by Fuchs [3]. For
each detector measurement, 35 rays were used for modeling
finite focus, finite detector, and gantry rotation. Other param-
eters for scanning and reconstruction are shown in Table I.

For evaluating spatial resolution, modulation transfer func-
tions (MTFs) and slice sensitivity profiles (SSPs) have been
measured. The MTFs were measured using the edge method
described by Judy [4]. SSPs were measured by reconstructing
a phantom consisting of several very thin discs with a known
displacement in the z-direction. By assuming that the SSPs
are invariant to position in the z-direction, supersampled SSPs
have been measured by merging measurements from several
discs.

B. Cone artifact reduction and convergence

Fig. 4 shows result images from the first two iterations. It
is clear from these images that the cone artifacts present in f1
to a large extent are suppressed during these two iterations.
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TABLE I: Scanning and reconstruction parameters

Scanning parameters
Source-Isocenter distance 570mm
Number of channels (Quarter offset) 336
Number of rows 64
Number of projections per turn 580
Focus width (xy) 1.3mm
Effective focus length (z) 1.2mm
Slicewidth 1.5mm
Detector height 96mm
Table-feed 96mm
Maximal fan angle ±26◦

Maximal cone angle ±4.8◦

Number of photons per measurement 106

Detector sampling after rebinning
Number of channels 672
Maximum parallel displacement ±259mm
Reconstruction parameters
Number of voxels 513× 513× 257
Width of reconstructed volume 500mm
Height of reconstructed volume 192.75mm

f1, β = 0.0000 f1, β = 0.0005

f2, β = 0.0000 f2, β = 0.0005

f3, β = 0.0000 f3, β = 0.0005

Fig. 4: Non-regularized and regularized (β = 0.0005) IWFBP re-
constructions. The slice shown here is located very close to
the vertebra, hence the strong initial cone artifact. Greyscale
window ±30HU.

As the number of iterations increases for the non-regularized
IWFBP, we observe not only suppression of cone artifacts, but
also an increase of overshoots, spatial resolution, and noise. By
choosing an appropriate value for the regularization parameter
β, the frequency and noise characteristics of the original
WFBP method can be approximately preserved. However,
even if the overshoot from the vertebra is reduced by the
regularization, a significant part thereof remains visible.

The quantity ‖fk+1 − fk‖ can be used as an indicator of
convergence (or divergence) since the sequence {f0, f1, ...}
converges only if ‖fk+1 − fk‖. Fig. 5 shows this norm and
the σe values plotted against the number of iterations. For the
non-regularized IWFBP, the norm is reduced to about 1/30 in

log10(‖fk+1 − fk‖/C) σe

Fig. 5: To the left, log10(‖fk+1− fk‖/C) is plotted as a function of
the number of iterations. The normalization parameter C has
been chosen so that the largest value equals 1. To the right,
the error σe is plotted against the number of iterations.

Fig. 6: Modulation transfer functions (MTFs) for different values of
the regularization parameter β.

the first five iterations. However, even after 40 iterations the
norm does not fall below 1/50 of the first iteration. Therefore,
it is difficult to tell anything about the convergence in the
non-regularized case. In contrast, the corresponding norm for
the regularized IWFBP with β = 0.0005 falls to 1/50 in the
first five iterations and continues to drop down to 1/100000
after 30 iterations. In terms of σe values (see Eq. (7) and
Fig. 3 for definitions), the non-regularized IWFBP is clearly
outperformed by the regularized IWFBP.

C. Spatial resolution and noise

MTFs for different values of β are shown in Fig. 6. Com-
pared to the WFBP, clearly β = 0.0000 and β = 0.0003 result
in higher spatial resolution in the xy-plane, while β = 0.0007
results in a slightly lower resolution. For β = 0.0005, the
MTF of IWFBP after 6 iterations is approximately equal to
the MTF of WFBP.

Fig. 7 shows the lower part of the normalized SSPs, and
Table II shows full widths at half maximum (FWHMs) for
different values of β. Examining the FWHMs, the IWFBP with
β = 0.0007 comes closest to the WFBP method. However, in
terms of low overshoots in the z-direction, none of the IWFBP
reconstructions match the original WFBP reconstruction very
well. For β = 0.0005, which resulted in an MTF similar to
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Fig. 7: Slice sensitivity profiles (SSPs) for different values of the
regularization parameter β.

TABLE II: σe, σn and full widths at half maximum (FWHM) of the
SSPs for different values of β. The number of iterations
is five.

β σe (HU) σn (HU) FWHM (mm)

WFBP 16.21 3.50 2.01
0.0000 4.00 5.78 1.62
0.0003 3.41 4.43 1.79
0.0005 3.27 3.79 1.90
0.0007 3.21 3.28 2.01

the WFBP MTF, the SSP FWHM of the IWFBP is slightly
smaller than that that of the WFBP method. On the other hand,
overshoots appear in the IWFBP results but not in the WFBP
results.

Table II shows σe and σn values for different values of β.
Clearly, both these are reduced as β is increased. Again, the
noise level for IWFBP is approximately the same as for WFBP
when the value of β is between 0.0005 and 0.0007.

IV. CONCLUSIONS

From the experiments presented here, we conclude that
during the first five iterations, the IWFBP scheme efficiently
suppresses cone artifacts produced by WFBP at a cone angle of
±4.8◦. The question regarding final convergence of the non-
regularized IWFBP remains, but it has been shown that the
behavior can be stabilized by introducing the regularization
matrix R.

The frequency and noise characteristics of IWFBP obvi-
ously changes as a function of the number of iterations. How-
ever, by choosing an appropriate value of the regularization
parameter β, the characteristics become similar to those of the
WFBP reconstruction. With regularization, the IWFBP reaches
the final solution faster than without. It is therefore easier when
to terminate the iterative loop.
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Optimal sampling and interpolation schemes for 3D
X-ray fluorescence computed tomography

Patrick J. La Rivière and Phillip Vargas

Abstract—In this work we consider questions of sampling and
interpolation for 3D X-ray fluorescence computed tomography
(XFCT), an emerging, synchrotron-based imaging modality em-
ployed for mapping the spatial distribution of elements within
intact specimens. We demonstrate that it is possible to make
use of linear halfscan interpolation approaches for the recently
implemented helical XFCT scans and we also demonstrate the
advantage of Fourier-based interpolation approaches we have
previously developed for helical computed tomography. The very
deliberate line-by-line data acquisition process in XFCT allows
even more flexibility than simple helical scanning, however. We
consider more general three-dimensional sampling schemes, in-
cluding so-called standard and helical interlaced schemes and use
multidimensional sampling theory to demonstrate that they allow
for faster, more efficient scanning without increasing aliasing.

I. I NTRODUCTION

X-ray fluorescence computed tomography (XFCT) is an
emerging, synchrotron-based imaging modality employed for
mapping the spatial distribution of elements within intact
specimens [1]–[3]. A beam of monochromatic radiation il-
luminates one line at a time through a sample, as shown
in Fig. 1. Among other interactions, the incident photons
will undergo photoelectric interactions with the inner shell
electrons of any atoms whose X-ray absorption edge lies
below the beam energy. Most of these atoms will then emit
characteristic X-rays as outer shell electrons fill the inner-shell
vacancies. Those characteristic X-rays that escape the sample
are candidates for detection by the fluorescence detector
shown. This detector typically has excellent energy resolution
but no position sensitivity. The spatial information needed
for tomographic image reconstruction lies in restricting the
illumination to a single line at a time. The resulting detector
reading is a spectrum whose peaks correspond to the various
elements that were stimulated to fluoresce. The height or area
of each of those peaks is then a function of the line integral
of the concentration of the element along the line traversed
by the stimulating pencil beam, suitably modified to account
for attenuation of the incident and fluorescent photons in the
sample.

To obtain sufficient tomographic data to reconstruct the
three-dimensional distribution of elements in a volume, the
specimen is typically imaged one slice at a time. For each
slice, the object is scanned line-by-line through the beam at
each of a number of projection angles in a first-generation
tomographic geometry. This fastidious scanning procedure is

Patrick J. La Rivière and Phillip Vargas are with the Department of
Radiology, The University of Chicago, Chicago, IL 60637 (email: pjlar-
ivi@midway.uchicago.edu).
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Figure 1. Schematic diagram of XFCT data acquisition process.

obviously very cumbersome, and with measurements times on
the order of 1 s per line, imaging just a few slices with 128
measurement lines at each of 128 projection angles can take
the better part of a day. Recently, in an effort to improve
volumetric scanning speeds, Golosioet al. have introduced
helical XFCT at the European Synchrotron Radiation Facility
(ESRF) [4]. To reconstruct images, they interpolate from the
helical data to a stack of parallel beam sinograms and then
use a previously developed iterative algorithm that accounts
for fluorescence attenuation. In converting the data from the
helical sampling grid to the Cartesian sampling grid, they
make use of linear interpolation among samples separated
by a 360-degree rotation. In other words, they make use of
the strategy known in the CT community either as fullscan
interpolation or 360LI. It is not immediately obvious that
halfscan/180LI algorithms can be applied in the XFCT context
because fluorescence attenuation breaks the sinogram-space
symmetry on which these methods depend. In this paper, we
demonstrate that it is indeed possible to make use of the
halfscan/180LI through appropriate modification of the system
matrix used for reconstruction and that it leads to better results
than does the 360LI approach. We also demonstrate that a
Fourier-based halfscan interpolation approach (180FT) that we
have previously developed for fanbeam helical CT works even
better than 180LI and, indeed, even better than it does in the
fanbeam context because of the regularity of the interlacing
that arises for the parallel-beam helical data obtained in helical
XFCT.

The very deliberate line-by-line data acquisition process in
XFCT allows for even more flexible trajectories than simple
helical scanning, however. Unlike in many imaging systems,
where the measurement aperture and sampling interval are
fixed by the hardware and in some cases inextricably linked
(both equal to the pixel size in a typical detector, for instance),
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in XFCT the measurement aperture is determined by the
dimensions of the illuminating beam and is independent of the
sampling interval, which is set by the horizontal and vertical
translation steps of the object. This provides the flexibility to
consider more general three-dimensional sampling schemes,
including so-called standard and helical interlaced schemes,
as well as other potentially more general schemes that involve
fewer samples (and thus faster scanning) without sacrifice in
image quality. In this work we also employ multidimensional
sampling theory to analyze and compare four different sam-
pling schemes and identify ones that are more efficient than a
standard helical scan.

II. M ETHODS

A. Helical interpolation schemes

In volumetric XFCT, one seeks to acquire 3D images of
the densitiesρ(n)(x, y, z) of some set of elementsn = 1, ...N
from a set of pencil beam illuminations through the sample.
These illumination lines are perpendicular to the axis of
rotation and can thus be characterized as samples in a space
{ξ, φ, z}, whereξ is the offset of the line from the center of
rotation,φ is the angular orientation of the sample, andz is
the vertical displacement of the sample. The simplest and most
obvious sampling scheme for 3D XFCT would be to sample
uniformly in {ξ, φ, z}. Thus for a fixedξ, the sampling pattern
of the line integral datap(ξ, φ, z) in the {φ, z} subspace
would be as shown in Fig. 2(left). In other words, a standard,
complete parallel-beam sinogram is acquired at each slice of
interest.

A potentially more efficient sampling scheme can be
achieved by use of a helical scanning strategy, in which each
projection view is acquired at a slightly differentz position
along the object. In practice, this can be implemented simply
by simultaneously incrementing the rotation stage and the
vertical positioning stage. Under this scheme, for a fixedξ,
the sampling pattern ofp(ξ, φ, z) in the {φ, z} subspace is
as shown in Fig. 2(center). The ratio of the object-translation
distance per 360◦ revolution of the source to the vertical size
of the X-ray beam is known as thepitch.

In order to reconstruct images from the helical XFCT data
by use of existing iterative algorithms, Golosioet al. use
linear interpolation to convert the sampling pattern of Fig.
2(b) to the sampling pattern of Fig. 2(left). We can call this
method 360LI, since it involves linear interpolation among
samples separated by a 360◦ revolution. In the absence of
fluorescence attenuation, XFCT data would provide samples of
the Radon transform of the object distribution and would thus
satisfy the symmetry conditionp(−ξ, φ, z) = p(ξ, φ + π, z).
This symmetry could be exploited to reduce the effectivez
sampling interval by augment the sampling pattern shown
in Fig. 2(center) to obtain the sampling pattern shown in
Fig. 2(right): the effective longitudinal sampling interval is
halved. Applying linear interpolation among these samples,
now separated by 180 degrees, gives rise to the 180LI method.
In the presence of attenuation that explicit symmetry breaks
down, although we have demonstrated elsewhere that XFCT
acquired over 360 degrees contains two-fold redundancy. Our

strategy then is to apply the 180LI interpolation and then
to redefine the system matrix used for reconstruction of a
given slice to be the average of the two system matrices
corresponding to the two slices separated by the 180-degree
rotation.

However, beyond simply devising this method for making
use of 180LI, we have also implemented a version of our
Fourier-based 360 FT and 180FT algorithms, developed for
single-slice helical CT. These algorithms rely on the fact that
the samples inz for eachφ (andξ) depicted in Figs. 2(center)
and (right) are uniform inz and simply shifted by a fixed
amount from the desired positions. The amount of the shift isφ
dependent, of course. We have shown previously that this kind
of interpolation can be performed efficiently and accurately by
exploiting the Fourier shift theorem [5].

B. Multidimensional sampling analysis

1) Multidimensional sampling theory:Uniform sampling
in RN corresponds to sampling on a lattice specified byN
linearly independentN -dimensional basis vectors [6], [7, Sec.
4.2]. The orientations and lengths of the basis vectors specify
the sampling directions and the sampling intervals along those
directions, respectively. These basis vectors can be assembled
into a non-singularN × N matrix W ; the sampling lattice
can also be offset from the origin of the coordinates by anN -
dimensional vectorv. Thus, we represent a sampling lattice
by L = WZN + v, which is shorthand for

L =
{
x ∈ RN : x = Wn + v, n ∈ ZN

}
. (1)

Consider a functiong(x) with Fourier transform

G(ω) = (2π)−N/2

∫
RN

g(x)e−jx·ω dx (2)

sampled on a latticeL = WZN +v. It can be shown that the
Fourier transform of the samples, which we denoteGs(ω), is
given by

Gs(ω) =
1

|det(W )|
ej2πω·v (3)

×
∑

n∈ZN

G
(
ω − 2π

(
W−1

)T
n
)

e−j2π(W−1)T
n·v,

whereT denotes transpose [7]. Samplingg(x) thus leads to
a tiling of its spectrum in the frequency domain with the
replications weighted by phases and centered on the points
of the so-calledreciprocal latticeL⊥ = 2π

(
W−1

)T ZN . If
the function being sampled has symmetry, then the measured
samples implicitly provide samples on a second lattice deter-
mined by the symmetry condition. Specifically, ifg(x) has the
symmetry

g(Ax + a) = g(x) (4)

for some real, invertibleN ×N matrix A andN × 1 vector
a, and if g is known on the latticeL1 = W1ZN + v1, then
it is automatically also known onL2 = W2ZN + v2 with
W2 = AW1 andv2 = Av1 + a [8]. Analyzing problems with
symmetry is simplified when the union of the original and
symmetry lattices is itself a lattice.
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Figure 2. (Left) Illustration of the sampling pattern in the{φ, z} space for fixedξ in “conventional” 3D XFCT withz increment equal to vertical beam
height. (Center) Illustration of the sampling pattern in helical 3D XFCT operating at pitch 1. (Right) Illustration of the sampling pattern in helical 3D XFCT
operating at pitch 1 after augmentation with symmetry data.
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Figure 3. Essential spectral support of projection datap(ξ, φ, z) in 3D
parallel-beam tomography.

In this work, we seek to determine optimal 3D sampling
strategies for XFCT. At this point, we have restricted our
attention to parallel-beam schemes in which one measures
samples of the 3D functionp(ξ, φ, z) on a uniform, but
not necessarily rectangular lattice. In particular, we consider
four schemes: Standard Rectangular (rectangular sampling
in {ξ, φ} with uniform sampling inz), Helical Rectangular
(rectangular sampling in{ξ, φ} with helical sampling in
z), Standard Interlaced (interlaced sampling in{ξ, φ} with
uniform sampling inz), and Helical Interlaced (interlaced
sampling in{ξ, φ} with helical sampling inz).

To determine optimal sampling patterns that minimize alias-
ing, it is necessary to consider the essential spectral support
of the projection datap(ξ, φ, z).1 For simplicity, we ignore
attenuation and assume the measurements are Radon transform
samples. The essential spectral support ofp(ξ, φ) in 2D
parallel-beam tomography has been characterized: Ifp(ξ, φ)
is the Radon transform of a functionf(x), x ∈ R2, which is
zero for |x| ≥ λ and which has essential bandwidthΩξ, the
essential spectral support ofp(ξ, φ) is given by

{(k, ωξ) : |ωξ| < Ωξ, |ωξλ| < |k|} , (5)

which is a bow-tie shaped region [6, Sec. 4.2]. In the 3D
case, we assumef(x), x ∈ R3, has essential bandwidthΩξ

in the transverse plane and essential bandwidthΩz in the the
z direction. We assume that these bandwidths are determined
not by the inherent frequency composition of the object, which
may be very high, but by the finite size of the interrogating
beam, which effectively blurs the elemental distributions we
are attempting to reconstruct. The resulting 3D spectral support
is shown in Fig. 3. We assume the interrogating beam is

1By “essential” spectral support, we mean that outside this region of support
the Fourier transform ofp(ξ, φ, z) is negligible [6, Sec. 4.2].

rectangular and, as is common practice, we take the first zeroes
of the Fourier Transform of the beam aperture as the estimates
of the transverse and longitudinal bandwidths. Thus we assume
Ωξ ≈ 2π

dξ
andΩz ≈ 2π

dz
.

The sampling lattices for the four cases we are considering
can be readily determined. Fortunately, in all cases, symmetry
considerations lead to pairs of lattices whose unions are
themselves lattices. The lattices we find are:

WSR =

 ∆ξ 0 0
0 ∆φ 0
0 0 ∆z/2

 (6)

WHR =

 ∆ξ 0 0
0 ∆φ 0
0 c∆φ ∆z/2

 (7)

WSI =

 2∆ξ ∆ξ 0
0 ∆φ 0
0 0 ∆z/2

 (8)

and

WHI =

 2∆ξ ∆ξ 0
0 ∆φ 0
0 c∆φ ∆z/2

 (9)

The reciprocal lattices given by these four lattices are
determined in Sec. III.B.

III. R ESULTS

A. Helical interpolation

To compare the four helical interpolation strategies under
consideration—360LI, 360FT, 180LI, and 180FT—we sim-
ulated XFCT for a 3D numerical phantom similar to a 2D
phantom we have used previously but extended in the third
dimension. We simulated a 20 keV beam and 2 micron incident
beam width by 2 micron incident beam height. We employed
120 object rotations per 360-degree revolution with 80 2
micron steps at each orientation. We simulated a pitch of 1
and 5 revolutions spanning the object.

The results of the helical interpolation are shown in Fig.
4. It can be seen, especially in slicesz = 0.5 and z = −0.5
that the 180 LI approach produces slightly fewer longitudinal
interpolation artifacts than does the 360LI approach. Quantita-
tive results (not shown) confirm that it has higher longitudinal
resolution. The Fourier-based approaches, 180FT and 360FT
both outperform their LI colleagues.

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 243



4

Z: -2.5

Z: -1.5

Z: -0.5

Z: 0.5

Z: 1.5

Z: 2.5

360LI 360FT 180LI 180FT

Figure 4. Various slices of the numerical phantom reconstructed from helical
data by use of the 4 algorithms under consideration.

B. Multidimensional sampling analysis

The reciprocal lattices for the four approaches under con-
sideration are found to be

(
W−1

SR

)T
=

 1/∆ξ 0 0
0 1/∆φ 0
0 0 2/∆z

 , (10)

(
W−1

HR

)T
=

 1/∆ξ 0 0
0 1/∆φ −2c/∆z
0 0 2/∆z

 , (11)

(
W−1

SI

)T
=

 1/(2∆ξ) 0 0
−1/(2∆φ) 1/∆φ 0

0 0 2/∆z

 , (12)

and

(
W−1

HI

)T
=

 1/(2∆ξ) 0 0
−1/(2∆φ) 1/∆φ −2c/∆z

0 0 2/∆z

 . (13)

If the sampling intervals are chosen correctly, one can avoid
overlap of the spectral support shown in Fig. 3 upon tiling. In
particular, for the Standard Rectangular scheme, the choices
∆z = dz, ∆ξ = dξ/2, and ∆φ = dξ/2λ give rise to
the tiling shown in Fig. 5. It is obvious that this sampling
is not especially efficient because there are substantial gaps
among the spectral replicas. A more efficient packing can
be obtained for the Standard Interlaced scheme, with choices
∆z = dz, ∆ξ = dξ/2, and∆φ = dξ/2λ, as shown in Fig. 6.
Significantly, this more efficient packing can be obtained with
half the number of samples as in the Standard Rectangular
scheme. The helical schemes differ from one another in exactly
the same way, and they differ from the standard schemes
in the presence of a small offset in the angular frequency
component in the third reciprocal lattice vector. This creates
a small angular offset in the spectral replications that tile in

k

wxi

wz

rw

Figure 5. Tiling under the Standard Rectangular scheme with sampling
intervals∆z = dz , ∆ξ = dξ/2, and∆φ = dξ/2λ.

k

wxi

wz

rw

Figure 6. Tiling under the Standard Interlaced scheme with sampling intervals
∆z = dz , ∆ξ = dξ/2, and∆φ = dξ/2λ.

the longitudinal frequency direction. It is not clear that this
offset creates any significant advantage except in the case of
a circularly symmetric object in which the helical scan does
lead to particularly favorable sampling.

Overall, this multidimensional sampling analysis indicates
that while there is no harm to performing a helical scan,
there is not necessarily much to gain. On the other hand,
implementation of an interlaced scan (either standard or
helical) could allow for a substantial reduction in scanning
effort with little sacrifice in image quality. Unlike in medical
tomography, where implementation of interlaced scanning is
often impractical due to hardware constraints, it is a simple
matter to do so in XFCT.
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Motion compensated reconstruction for rotational X-ray

angiography using 4D coronary centerline models

Dirk Schäfer, Uwe Jandt, John D. Carroll, Michael Grass

Abstract— Methods for motion-compensated reconstructions of
coronary artery trees from angiographic X-ray projection data
are presented. The projections are acquired with a mono-plane
C-arm system along a single circular arc trajectory. The 4D
motion field information used in the reconstruction is derived
by introducing correspondences between 3D coronary centerline
models of every cardiac phase.
This paper focuses on the reconstruction step for a given motion
field. The motion-compensated reconstruction is combined with
the concept of cardiac gating. Therefore, the used 4D motion
information can be restricted to reliable coronary centerline
models, while still profiting from improved signal-to-noise ratio
compared to standard gated reconstruction. First results from
clinical data are shown for coronary arteries of pigs and humans,
showing the potential of improved vessel reconstruction results
also for systolic cardiac phases of strong motion.

I. INTRODUCTION

The gold standard for diagnosis and treatment guidance of
lesions of the coronary arteries is still 2D X-ray angiography.
However, measurements of stenotic lumen and lesion assess-
ment in 2D suffers from inherent inaccuracy due the projective
geometry, vessel overlap and foreshortening. In recent years,
cardiac CT made progress in the field of 3D coronary vessel
analysis with intravenous contrast agent [5]. Nevertheless,
three-dimensional reconstruction of the vessel tree with the
same imaging modality as used during treatment is desired
for reasons of work-flow, road-mapping and outcome control.
An improved signal-to-noise ratio (SNR) of the reconstructed
object compared to ECG gated reconstruction can be obtained
by incorporating also projection data from different motion
states into the reconstruction [12]. This requires information
about the 4D motion vector field of the coronaries. Blon-
del et al. [1] derived a three-dimensional centerline model in
a stable cardiac phase. This initial centerline was adapted by
4D spline parameterization and non-linear optimization to be
consistent with the projection data obtained in different cardiac
phases [1]. The resulting transformations define the required
motion field for an iterative algebraic reconstruction [2].
In this paper, a motion-compensated filtered-backprojection
reconstruction method [12] is used that showed improved
image quality in simulation studies. This method is now
applied to clinical data and extended by combining the concept
of motion compensation with cardiac gating. For every cardiac
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Imaging Systems, Roentgenstraße 24–26, 22335 Hamburg, Germany. JC is
with University of Colorado Health Sciences Center, Division of cardi-
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phase a 3D coronary centerline model is computed from the
corresponding projection data [6], and the correspondences
between these independent models are introduced afterwards
by correlation analysis [7]. This paper focuses on the recon-
struction step for a given motion field. It is organized as
follows: In Sec. II the reconstruction methods are described.
The application to clinical projection data is shown in Sec. III
and conclusions are drawn in Sec. IV.

II. RECONSTRUCTION METHODS

A schematic view of the acquisition geometry is shown in
Fig. 1. The virtual planar detector is centered at the origin
of a cartesian coordinate system (x, y, z). The detector and
the X-ray source are rotated around the z-axis. The circular
orbit is parameterized by a scalar variable λ ∈ [0, 1): S(λ) =
SO(cos(2πλ), sin(2πλ), 0)T . The distance between source
and detector is given by SO. The ray from the source point
S(λ) through the voxel x intersects with the detector in the
point A(x) with the detector coordinates (p, q):

p(x, λ) =
SO x � p̂

SO � x � Ŝ(λ)
, q(x, λ) =

SO x � q̂

SO � x � Ŝ(λ)
.

(1)
The length of this ray is SA. The complete cone beam X-
ray transform is denoted by Xf(p, q, λ). The reconstruction
methods are based on the Feldkamp algorithm (FDK) for a
circular trajectory [4]. The original FDK-algorithm is split up
into the well known steps:
Step 1: Multiplication of the projection data Xf(p, q, λ) by
SO/SA(x) and convolution with the ramp-filter to obtain the
filtered projection data XfF (p, q, λ):

XfF (p, q, λ) =

∞∫
�∞

SO

SA(x)
Xf(p′, q, λ) hR(p � p′) dp′,

hR(ρ) =

∞∫
�∞

|P |ej2πρP dP. (2)

Step 2: Post-weighting and back-projection of the filtered
X-ray transform:

f(x) = π

∫
Λ

SO
2

|SO � x � Ŝ(λ)|2
XfF (p(x), q(x), λ)dλ. (3)
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Fig. 1. Geometry for motion-compensated FDK-reconstruction formula.

A. Gated coronary angiography

A gated reconstruction of a moving object can be obtained
by selecting sub-sets of the available projection data that
belong to the same cardiac phase according to the ECG. The
ECG signal is dominated by the R-peaks, each preceeding one
contraction of the heart. Nr denotes the number of R-peaks
measured during the acquisition of the X-ray projections. The
acquisition time of the i th projection frame is denoted by
Fi. Likewise, each R-peak corresponds to a specific time
point Rj . R0 and Rr are the times of first and last R-peak,
respectively. If the times of the R-peaks before the first peak
R 0 and after the last peak Rr are not measured, they are
extrapolated linearly. Hence, the complete acquisition time
interval is covered by (Nr +1) cardiac cycles. A cardiac phase
p suitable for reconstruction can be selected either by the time
delay percentage relative to each R-peak, by a two parameter
percentage rule [13], or in an image based manner [10].
A total number of Np = Nr + 1 phase points Pj is chosen.
All belong to the selected phase p. The gating window width
wj is defined as a percentage of the RR time interval or as a
fixed time interval. The weighting function W j corresponding
to the phase point Pj is defined as

W j(Fi) =


 cos2

(
Fi � Pj

wj/2
π

)
if |Fi � Pj | ≤

wj

2
0 else

.

(4)
The complete weighting function W p for the phase p is given
by the sum over all phase points. The mapping of the frame
number Fi to the corresponding source position λ is known
from the geometric calibration procedure. Therefore, we can
define:

W p(λ) = W
p
(Fi) =

Np∑
j=1

W j(Fi). (5)

Using the notation of Eq. 2, the formula to calculate the gated
reconstruction fp for the cardiac phase p reads:

fp(x) = π

∫
Λ

W p(λ)
SO

2

|SO � x � Ŝ(λ)|2
XfF (p, q, λ) dλ

(6)

The introduction of the weighting function W p(λ) into
the reconstruction formula leads to an ECG-dependent non-
equiangular sampling and the reduction of the projections
available for the reconstruction reduces the SNR.

B. Coronary motion model

The 4D motion information of the coronary vessel tree
is derived by an automatic centerline modeling algorithm
described in Refs. [6][7]. For a single cardiac phase a three-
dimensional representation of the centerline is calculated using
vessel enhanced pre-filtered projections of the corresponding
heart phase. The vessel probabilities of all 2D projections are
combined by a fast marching algorithm in 3D space. Numerous
3D vessel centerline candidates are extracted from this 3D
response map. The most significant vessels are selected by a
dedicated weighting criterion [6].
A set of 3D centerline models can be obtained by repeating
this procedure throughout the whole cardiac cycle. However,
the extracted 3D points of centerline models have no mutual
correspondence to the points of another cardiac phase. A
reference cardiac phase is selected and the correspondences
of the vessel points for all other cardiac phases are introduced
with respect to this reference phase. All vessels from one phase
are compared by a distance correlation measure with a specific
vessel from the reference phase. Bifurcations are iteratively
included as fix points into this process to increase stability
and accuracy [7].

C. Motion-compensated reconstruction

The motion of the coronaries is known at a limited number
of sample positions along the centerlines [7]. A motion vector
field has to be inter- or extrapolated for every voxel to be
reconstructed. This can be achieved by linear interpolation
of the three nearest sampling points or by three-dimensional
Thin-Plate-Spline (TPS) warping [3][11]. The motion vector
field (MVF) mλ0

= m(x, λ0, λ) specifies the displacement
of a voxel x at the time corresponding to the source position
S(λ0) to the location of that voxel at the time corresponding
to the source position S(λ) (see Fig. 1). Post-weighting and
back-projection of the filtered X-ray transform are adapted
according to mλ0

[12]:

f(x, λ0) = π

∫
Λ

SO
2

|SO � (x + mλ0
) � Ŝ(λ)|2

� (7)

XfF (p(x + mλ0
), q(x + mλ0

), λ)dλ.

D. Motion-compensation in finite gating windows

The motion-compensated reconstruction can be combined
with the concept of gating. This allows to exclude erratic cen-
terline models [7] from the reconstruction process. However,
the signal-to-noise ratio (SNR) can be improved compared to
the standard gated reconstruction due to significantly larger
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gating window width. Inserting the gating function of Eq.5
into the motion-compensated formula Eq. 7 yields:

fp(x, λ0) = π

∫
Λ

W p(λ)
SO

2

|SO � (x + mλ0
) � Ŝ(λ)|2

�

XfF (p(x + mλ0
), q(x + mλ0

), λ)dλ. (8)

III. RESULTS

In this section the benefit of motion-compensated recon-
struction for 3D coronary angiography is demonstrated on
clinical data, and the effect of different gating window widths
and the cardiac phase chosen for the reconstruction is shown.
The X-ray projection data are collected along a circular arc
trajectory of 180 degree with a calibrated monoplane C-arm
X-ray system.

A. 3D coronary angiography

X-ray projections of a left coronary artery (LCA) of a pig
were acquired with a frame rate of 25 Hz, during 8 seconds,
while iodinated contrast agent was injected with 3 ml/s. The
heart rate was 70bpm. An X-ray projection is shown in
Fig. 2A. A gated reconstruction with a window width of
30%RR at end-diastole and a motion-compensated reconstruc-
tion including all projections rendered from approximately the
same viewing direction are shown in Fig. 2B and Fig. 2C,
respectively. Improved image quality is obtained for the main
vessels in the motion-compensated reconstruction, whereas
small second and third order vessels that are not tracked by
the coronary motion model disappear.
Multi-planar reformatted (MPR) reconstructions along the
centerline for these reconstructions are shown in Fig. 2D and
Fig. 2E. The reduced artifacts, improved SNR and increased

sharpness of the motion-compensated with respect to the gated
reconstruction enable more accurate lumen assessment of the
stenosis. The corresponding stenotic area is marked by the
letters (a,b) in Fig. 2C and Fig. 2E.

B. Influence of varying gating width

Angiographic projections of human coronaries were ac-
quired at a frame rate of 30 frames per second resulting in
211 projection images during a 7 second rotational run. The
patients were asked to take a breath-hold during the acquisition
to minimize respiratory motion. Larger gating windows can
be applied for motion-compensated reconstructions to improve
the SNR and the overall image quality compared to standard
gating methods. This influence of varying window widths is
shown in Fig. 3. For the almost static heart phase at late
diastole (80%RR), the gated reconstruction with a window
width of 20%RR differs only a bit in terms of SNR from
the motion-compensated reconstruction. The increase of the
gating width to 60% of the cardiac cycle degrades the standard
gated reconstruction especially in the distal parts (red arrows),
whereas the motion-compensated reconstruction improves sig-
nificantly with respect to SNR.

C. Reconstructions in phases of strong motion

The image quality of gated reconstructions strongly depends
on the cardiac motion, i.e. cardiac phase [10], and is typically
best at late-diastole. This influence is reduced for motion-
compensated reconstructions and full 4D reconstructions are
possible. This is illustrated for a human LCA in Fig. 4. The
gated reconstruction at diastole (70% of the cardiac cycle) with
a gating window width of 30%RR reveals good image quality
and visibility also of second order vessels. However, the gated

Fig. 2. X-ray projection of a left coronary artery of a pig (A), gated reconstruction with a window width of 30%RR at end-diastole (B), motion-compensated
reconstruction (C), gated (D) and motion-compensated (E) multi-planar reformatted reconstructions.
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Fig. 3. Maximum intensity projections (MIP) of reconstructions of human
RCA at late-diastole (80%RR) with different window widths: Top row: gated
reconstruction with gating window width of 20% (left) of the cardiac cycle
and 60% (right). Bottom row: motion-compensated reconstruction with gating
window width of 20% (left) of the cardiac cycle and 60% (right).

reconstruction at systole (15% of the cardiac cycle) with the
same window is strongly blurred. The motion-compensated
reconstructions within a gating window of 40%RR yield com-
parable image quality in both cardiac phases with improved
SNR and sharpness. Only at the distal endings of the vessels
the result is compromised due longitudinal errors of the
coronary motion model [7].

Fig. 4. MIPs of reconstructions of a human LCA in different cardiac phases:
Top row: gated reconstructions at systole (left), and diastole (right). Bottom
row: motion-compensated reconstruction at systole (left), and diastole (right).

IV. CONCLUSIONS

The accuracy and feasibility of motion-compensated re-
construction within finite gating windows has been shown
for clinical cases. Applying motion compensation in gating
windows of 40% to 60% of the cardiac cycle significantly
improves the SNR compared to standard gating techniques
not only for late diastole but also for systolic phases of
strong motion. The presented method is a major step towards
reliable three- and four-dimensional quantitative analysis of
the coronary artery tree.
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[12] Schäfer D., Borgert J., Rasche V., Grass M., Motion-compensated
and gated cone beam filtered back-projection for 3-D rotational X-ray
angiography, IEEE Trans. Med. Imag. Vol. 25(7),898-906, 2006.

[13] Vembar M., Garcia MJ., Heuscher DJ., Haberl R., Matthews D., Böhme
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Automatic generation of time resolved 4D motion
vector fields of coronary arteries

Uwe Jandt, Dirk Scḧafer, Michael Grass and Volker Rasche

Abstract—A fully automatic method to generate 4D motion
vector fields of coronary arteries throughout the complete cardiac
cycle from a rotational sequence of coronary X-ray angiography
data is presented. This method processes 3D centerline data from
multiple cardiac phases, which have no correlation in the time
domain. The 3D data can be obtained using an automated 3D
coronary centerline extraction algorithm. Starting from the 3D
centerline data of one reference phase, the corresponding vessels
and their points representing all other phases are determined
using a Euclidean distance measure with decreasing weight
towards the distal end of each vessel. The algorithm is imple-
mented as an iterative optimization loop. With each iteration,
an increasing number of corresponding reference points, defined
by bifurcations, are used to improve the extraction accuracy.
The iteration process stops when all usable reference points are
included. A motion vector field of the coronary arteries connect-
ing the centerlines throughout the cardiac cycle is derived. The
accuracy of the presented method is evaluated using simulated
projection data of a virtual heart phantom. Its practical feasibility
is demonstrated on clinical cases.

Index Terms—rotational X-ray, coronary angiography, coro-
nary modeling, motion estimation.

I. I NTRODUCTION

I N current clinical practice, coronary angiography is mainly
limited to the direct analysis of 2D X-Ray projections. This

leads to potential misinterpretations of the actual cardiac vessel
structure, caused by vessel foreshortening and overlap. Con-
ventional three-dimensional reconstruction, e.g. using a filtered
back-projection technique [1], suffers from artifacts caused by
cardiac and respiratory motion during the acquisition. Gated
filtered backprojection approaches [9][10] have been applied
for single- and multi-phase reconstruction and can produce
acceptable quality at particular rest phases.
Another approach is the extraction of a model representing
the relevant coronary vessel attributes [2][8][14]. A fully
automated vessel centerline extraction algorithm has been
presented in [4]. Many other available approaches need human
assistance by providing seed and end points of 2D centerlines
[3][7][13] prior to identifying corresponding points in different
projections exploiting epipolar constraints. Others need man-
ually defined seedpoints of 3D centerlines [16] or additionally
require biplane acquisition [5][11] of the X-ray projections.
In this paper, we present a fully automated 4D coronary cen-
terline modeling algorithm. It processes 3D centerline data for
multiple cardiac phases which can be extracted using the fully
automated 3D modeling algorithm (FAM-3D) presented in [4]
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or any other suitable modeling method. The 3D centerline
data is derived from gated projections, which means that only
projections corresponding to a certain cardiac phase are chosen
(normally 5-8 projections). They should cover an angle of
180° or more, however, the sufficiency conditions as defined
for image reconstruction [12][15] do not need to be fulfilled.
Respiration and residual motion are acceptable to some extent
due to the medium motion compensation ability of the 3D
modeling algorithm.
The 3D centerline data as produced by the FAM-3D algo-
rithm [4] is extracted for every cardiac phase independently.
It consists of a large set of linked centerline paths. This
includes every extracted vessel candidate, also very small
ones and even artifacts. A significance valueS is assigned
to each vessel candidate, which is calculated based upon the
candidate’s extents, its length and approximate thickness. The
vessel candidates with highest significanceS are regarded
as real vessels for the current cardiac phase. However, the
centerline data sets of different cardiac phases have no mutual
correlation, i.e. their order according to the significance value
S differs from phase to phase. In order to extract 4D motion
information between the centerline data of different phases,
3D-3D correspondencies have to be established, which is the
purpose of the presented algorithm.
In the first part (section II), the 4D correspondency estimation
algorithm is presented, whereupon the extraction accuracy and
clinical feasibility is evaluated in section III. Conclusions are
given in section IV.

II. M ETHODS

A. Acquisition and Gating

X-ray projections are acquired while the C-arm gantry rotates
180°-220° (usually120° LAO to 60° RAO) around the patient
with breath holding. The coronaries are enhanced with contrast
agent (CA), which is injected into the ostium of the right and
left coronary artery.
The FAM-3D algorithm [4] uses gated projections as input.
The gating is performed according to the electrocardiogram
(ECG) signal, which is recorded simultaneously to the X-ray
acquisition.
A cardiac cycle is defined as the time interval between two
consecutive R-peaks. This time interval is subdivided equidis-
tantly from 0 to 100 % RR, thus enabling an identification
of arbitrary cardiac phases for each cardiac cycle. For 3D
modeling, only one projection per cardiac cycle is chosen
(nearest neighbor gating).
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B. Repeated 3D centerline extraction

Based on the gated projections, 3D centerline models are
extracted for each cardiac phase using the approach presented
in [4]. This algorithm incorporates projection prefiltering, seed
point extraction, front propagation, 3D centerline segment ex-
traction and vessel selection. A set of 3D models representing
all motion states throughout the whole cardiac cycle can be
obtained by repeating this procedure for allpN distinguishable
cardiac phases from 0 to 100 % RR. The extracted 3D cen-
terline models however have no mutual correspondences. For
each 3D model, representing one cardiac phase, the centerlines
are extracted, selected and sorted independently.

C. 4D model generation

The task of 4D correspondency estimation is to determine,
which points of the 3D centerline models at different cardiac
phases most likely correspond to each other, which enables to
estimate the motion of a certain part of the vessel tree through-
out the cardiac cycle. Problems like longitudinal motion of
the vessels and ambiguities caused during the 3D modeling
process (see III-A), which make 4D correspondency estimation
more difficult, have to be taken into account.
The correspondency estimation is performed executing the
following steps:

• Definition of reference phase
• Vessel-based correspondency estimation
• Definition of additional reference points at bifurcations

1) Definition of reference phase:To estimate stable 4D
correspondencies, it is necessary to first decide which of the
many extracted potential vessels structures are of highest
significance during the whole cardiac cycle. During 3D
modeling, the vessel segments are weighted according to
their presumed significance, but this is done independently
for every single 3D model. This results in a fluctuation of
the extracted vessels at different cardiac phases. Therefore,
a reference phasepr with all desired vessels extracted must
be defined prior to the correspondency estimation. This
can either be done by automated selection of the model
representing the low-motion end-diastolic phase (at 90% RR)
or by manual selection.

2) Vessel-based correspondency estimation: The
correspondency estimation is performed independently
for every extracted vessel that belongs to the reference
phasepr between the reference phase and the phase under
consideration, using one or more reference points. During
the first iteration, the main bifurcation, which should be
located on the bifurcation of the main arteries (LCX1 and
LAD2 in case of modeling the left coronary arteries of
the heart), serves as the only reference point while during
later iterations, additional reference points with presumably
higher precision are used (see also section II-C3). At the first
iteration, the algorithm exploits the fact that the vessel arc
lengths usually do not change by more than 2-3 % during

1left circumflex coronary artery
2left anterior descending coronary artery

a cardiac cycle, resulting in an approximative assignment
of corresponding points far away from the nearest reference
point. With increasing number of reference points at later
iterations, the overall accuracy increases.

The 3D coordinates

x3D = x3D (λ) (1)

of any vessel point are parameterized by the vessel’s arc length
λ until that point, which depends on the considered phase
numberp, the considered vessel numberv and the centerline
point numberi along the vessel path:λ = λ (p, v, i). The
main bifurcation is therefore denoted asλ (p, v, i = 0) = λ0.
If in the following the text refers to the entire vessel, the
point numberi is omitted.

First, equally spaced versions of both the currently considered
reference phase vesselλ (pr, vr) and the current target
phase vesselλ (p, v), maintaining a predefined spacings
(currently set to 2 mm), are created. This is done because the
point-to-point distances of the original 3D models vary by a
factor of

√
3 and more, caused by diagonal voxel distances

and linking gaps. They represent the whole path from the
reference point to the vessel’s end. The vessel coordinates are
low-pass filtered prior to the equidistant spacing to eliminate
quantization effects originating from the voxel representation
of the front propagation and thus to provide a stable arc
length criterion. The hereby computed smoothed and equally
spaced vessel centerline data is in the following denoted as
λ′ (pr, vr), or, with point identifieri, λ′ (pr, vr, i).

The two vessels are compared point by point and an
overall similarity criterionC is computed:

C (vr, v) =

imax−1∑
i=0

ε ·
∣∣x3D (λ′ (pr, vr, i)) − x3D (λ′ (p, v, i))

∣∣
i2max ·

imax−1∑
i=0

ε

,

(2)
with

imax = min [λ′ (pr, vr, end) , λ′ (p, v, end)] ,
ε = i + 1.

(3)

Smaller similarity criteriaC indicate better correspondence
between the two current vessels. Consequently, the vessel
combination with smallestC is considered equivalent. This
procedure is repeated for every combination of source vessels
λ (pr, vr) and target phase vesselsλ (p, v) and every possible
target phasep 6= pr. All coordinates of the corresponding
vessels are finally stored in a dynamic arrayA (p, i) (called
motion field) with indicesp = [0..pN − 1] (phase) and
i = [0, .., imax − 1] (consecutive numbering).

3) Definition of additional reference points:The procedure
described in section II-C2 is repeated in an iterative manner
using an increasing number of reference points. During the
first iteration, only the main bifurcation is used. This usually
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leads to decreasing extraction accuracy at the more distal parts
of the vessel tree. The quality can be increased by adding
well-defined landmark points (usually bifurcations) located
on the vessel tree. In case of potential arc length deviations
between two reference points at different cardiac phases, the
distances of the in-between points are interpolated linearly.
With every iteration step, an increasing number of reference
points contributes to the correspondency estimation.

III. E VALUATION

The transformation from 3D to 4D models introduces new
potential errors to the modeling results. First, the quality of a
4D model at a certain phase is limited to the quality of the
corresponding 3D model at that phase. This means that, if the
3D model is missing a part of the vessel tree or if some vessels
are not traced correctly, the 4D vessel correspondency criterion
C (equation 2) is affected and the correspondency algorithm
is more likely to fail. The result may be strong longitudinal
shifts of the extracted corresponding vessel points between
two phases or even the assignment of wrong vessels segments.
Also, deviations of the extracted centerlines orthogonal to the
ideal centerlines are possible. For detailed evaluation of 3D
modeling accuracy and typical errors, we refer to [4].
This 4D modeling accuracy evaluation focuses on longitudinal
shifts along the vessel axis during a cardiac cycle, because
they are the major cause of the increase of extraction errors
of 4D models compared to the original set of independent
3D models. Longitudinal shifts are especially hard to quantify
because of the lack of reliable landmarks along a vessel,
making it hard to visually and mathematically determine which
points along a vessel are actually corresponding in real cases.
Longitudinal shifts are probably mainly caused by the follow-
ing effects:

1) Inaccurate extraction of the reference points as men-
tioned in section II-C3,

2) extraction errors of the original 3D models (also caused
by quantization errors), leading to erratic arc length
changes and

3) relatively strong (local) arc length changes of a vessel,
in contrast to the assumption that vessel lengths do not
differ significantly.

A. Quantification of longitudinal errors using a software
phantom

The quantification of longitudinal errors was carried out on
simulated projection data of a virtual heart phantom [6]. The
simulation settings are defined in table I. The heart beat rate
fh of 60 bpm and the frame ratefa of 25 fps lead to 25
distinguishable cardiac phases.
Only the two main vessels (LAD=left anterior descending
coronary artery and LCX=left circumflex artery) were used
for longitudinal error estimation, because all other vessels are
too short for significant results. To minimize the influence of
extraction errors of the original 3D models, only the relative
translation vectors of all corresponding points were taken into
consideration (see equation 5).
The extracted model data is denoted asA (p, i) as defined in

Parameter Symbol Value
Projection resolution px/y 5122

Detector extents wx/y (200 mm)2

Volume resolution qx/y/z 2563

Volume field of view (FOV) vx/y/z (126 mm)3

Heart beat rate fh 60 bpm
Frame rate fa 25 fps

TABLE I
GEOMETRY USED FOR SIMULATED RUNS TESTING4D

EXTRACTION ACCURACY.

section II-C2, while the original model data (ground truth) is
in the following written asAmodel(p, i′0). The point identifier
i′0 has to be determined first, because the extracted model and
the ground truth model have no a-priori correspondency. This
is achieved by computation of the minimum euclidean distance
betweenA (p, i) andAmodel(p, i′).

i′0 = i′|min (|A (p, i) −Amodel(p, i′)|) . (4)

The longitudinal errorεl (p, i) of a pointi at a certain phasep
is computed as the difference of the translations of the current
point in both the extracted and the original model between
two subsequent phasesp andp + 1:

εl (p, i) = | [A (p, i) −A (p + 1, i)]−
[Amodel(p, i′0) −Amodel(p + 1, i′0)] |. (5)

The average error for a certain vessel v is consequently
calculated as:

εl (p, v) =

ih (v)∑
i=il (v)

εl (p, i)

ih (v) − il (v) + 1
, (6)

with il (v) and ih (v) being defined as the first and the last
point ids belonging to a certain vessel v. The results are visu-
alized in figure 1. Normally, the error is below 1 mm, in this
case averaged 0.499 mm for all phases except the obviously
erratic ones (phases 15, 16, 21 and 23). The occasional worse
4D longitudinal accuracy at those phases is caused by lack of
main bifurcation estimation accuracy. The erratic data of these
phases can be removed relatively easily by statistical analysis
of the reference point position and subsequent removal of the
statistical outliers.

0

1

2

3

4

5

6

7

8

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
SKDVH�LG

PH
DQ

�GH
YLD

WLR
Q��

PP
�

vessel 1
vessel 2

Fig. 1. Graph of average longitudinal errors during a cardiac cycle
(25 distinguishable phases).

It is clearly visible that the average longitudinal error is about
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twice as large as the 3D modeling error (about 0.5 mm vs.
0.25 mm, as reported in [4]), which must be kept in mind for
further postprocessing.

B. Visualization on real cases

The practical feasibility of the presented algorithm has been
evaluated on a number of clinical cases. Some example projec-
tions are presented in this section. In all presented cases, the
selection of the reference phasepr (section II-C1) was done
automatically.
In Figure 2, extraction results of a human LCA are shown. The
centerlines representing different cardiac phases are projected
onto the corresponding measured projections. The longitudinal
errors are very low, as demonstrated by the cross on the yellow
artery’s kink.
Example projections of a human RCA are given in Figure
3. One can see marginal longitudinal errors near the cross
(approx. 1-2 mm), because the next reference point used in this
example was the top bifurcation, which is located relatively far
away.

Fig. 2. Forward projection of 4D model on four different projections
of a human left coronary artery (LCA), showing different phases.

Fig. 3. Forward projection of 4D model on two different projections
of a human right coronary artery (RCA), showing different phases.

IV. CONCLUSION

The accuracy of the presented method has been evaluated
on simulated projection data of a virtual heart phantom.

Additional to the 3D modelling extraction errors evaluated in
[4], the 4D correspondency estimation algorithm introduces
longitudinal errors due to inaccuracies of the extracted ref-
erence points (bifurcations) on each vessel. It is shown in
the simulation study, that the average longitudinal error is
below 0.5 mm after exclusion of statistical outliers. According
to visual inspection, the algorithm delivers results of high
accuracy for clinical cases.
The presented method is capable of extracting motion vector
fields of coronaries at high accuracy, which enables all kinds of
motion analysis, e.g. the automated detection of local resting
phases. Furthermore, the motion data can be used for motion
compensated reconstruction in order to improve reconstruction
SNR at all cardiac phases.
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Step-and-shoot Cardiac Imaging with Optimal 
Temporal Gating and Reconstruction 
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Abstract— Coronary artery imaging with x-ray computed 

tomography (CT) has been the focus of many studies.  Although 
existing “state-of-the-art” clinical protocols today utilize helical 
data acquisition, it suffers from the lack of ability to handle 
irregular heart rate and relatively high x-ray dose to patients.  In 
a recent study, we proposed a step-and-shoot data acquisition to 
take advantage of the large volume coverage (40mm) enabled by 
the cone beam CT scanner, which allows the coverage of the 
entire heart in 3 to 4 steps.  We proposed a gated complementary 
reconstruction algorithm that overcomes the longitudinal 
truncation problem resulting from the cone beam geometry.  In 
this paper, we study the performance of the EKG gating with 
such acquisition and propose to use a projection consistency 
condition to further refine the reconstruction temporal window.  
A modified cone-parallel rebinning algorithm and half-scan 
algorithm are also propose to enable the adjustment of the 
reconstruction temporal window even if the original dataset is 
collected over the minimum half-scan range.  Phantom and 
patient studies have demonstrated the efficacy of our approach. 
 

Index Terms—Cardiac Imaging, EKG-gating, Consistency 
Condition, Half-scan 
 

I. INTRODUCTION 
Coronary artery imaging is one of the most recent 

advancements in CT clinical applications1-17.  Two major 
technological advancements are key to the recent growth in 
cardiac applications.1  The first is the faster scan speed of the 
state-of-the-art scanners.  Scanners nowadays are capable of 
rotating at 0.35 s or less per gantry rotation.  The second 
advancement is the introduction of multi-slice CT.  State-of-
the-art scanners collect 64 slices simultaneously and allow a 
large portion of the organ to be covered at a sub-millimeter 
slice thickness.  

To reduce the impact of the cardiac motion, coronary 
artery imaging relies on the assistance of electrocardiogram 
(EKG) signals to synchronize the data acquisition with the 
phase of the heart.  To ensure that the reconstruction is 
performed at the same phase of the cardiac cycle, the 
reconstruction window can be selected either at the same 
location relative to the R-to-R interval of the EKG, or 
dynamically selected based on the variation of the heart rate.3-6  

In coronary artery imaging studies, low-pitch helical 
mode is typically employed to ensure that the entire heart 
volume is properly covered.  If the combination of gantry 
speed and helical pitch is not properly selected, the entire heart 
volume will not be uniformly covered and gaps can be present.  

Although small gaps could be filled by image-space 
interpolation or relaxation of the temporal window (Images at 
the gap location are reconstructed at a slightly different cardiac 
phase), larger gaps will lead to discontinuities and artifacts in 
the volume rendered images.  To ensure complete volume 
coverage, helical pitches between 0.1 and 0.3 are commonly 
used to account for the worst-case scenario.  This translates to 
a higher dose to patients since regions exposed to the x-ray 
radiation are highly overlapped.  When irregular heart rate, 
such as arrhythmia, is encountered, helical scan mode offers 
limited flexibility of re-adjusting data acquisition and 
reconstruction windows, since the patient table motion is not 
dynamically adjusted based on the EKG signal. 

 
J. Hsieh, J. Londt, M. Vass, J. Li, X. Tang, and D. Okerlund are employees 

of GE Healthcare Technologies, Waukesha, WI 53188. 

To overcome these shortcomings, we recently proposed 
a step-and-shoot (SAS) acquisition technique17.  In such mode, 
the table remains stationary while the x-ray tube and gantry 
rotate about the patient.  When the data acquisition is 
completed for one location, the table is indexed to the next 
location for the subsequent scan.  The distance the table travels 
is roughly equal to the x-ray beam width; little overlap is 
encountered in the exposure.  Our previous study has shown a 
significant dose reduction of the SAS mode as compared to the 
helical mode.  It is clear from Fig. 1 that even for the 80% 
mA-modulation (lower tube current is 20% of the peak) and 
“regular pitch” helical, the dose saving of SAS is still more 
than a factor of two over a wide range of heart rates.  Recent 
clinical studies show that dose in the range of 2 to 4 mSv can 
be routinely obtained for cardiac studies.  Dose less than 1 
mSv can also be achieved. 

When an arrhythmia is detected, the table in SAS mode 
remains at the current location until the data acquisition can be 
completed in the next normal heart cycle.  As a result, no 
coverage gap is encountered and image quality is not 
compromised. 

Although SAS offers many advantages over the helical 
acquisition, the question of optimal gating and reconstruction 
still remains.  That is, both scan modes rely solely on the 
EKG-signal to determine the temporal window for image data 
acquisition and reconstruction.  It is well known that the EKG 
signal represents the electrical signal of the heart, not the 
mechanical state of the cardiac motion.  An EKG-based gating 
often leads to sub-optimal temporal window for acquisition 
and reconstruction.  In addition, to reduce the overall dose to 
patients, the duration of the data acquisition is often set such 
that only the minimum projection dataset (π plus fan-angle) is 
collected prospectively.  Therefore, little temporal adjustment 
is allowed during reconstruction with the existing half-scan 
algorithm.  In this paper, we propose an approach to optimize 
the reconstruction window based on the consistency condition 
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of projections.  We also propose a modified cone beam 
reconstruction formula such that the temporal window in the 
heart region can be further adjusted within the π fan-angle 
acquisition window.   
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Fig. 1 helical dose ratio relative to SAS mode 

squares: “regular pitch” helical without mA modulation;  
triangles: “regular pitch” helical with 80% modulation; 

crosses: “reduced pitch” helical without mA modulation; 
diamonds: “reduced pitch” helical with 80% mA modulation. 

II. TEMPORAL WINDOW OPTIMIZATION 
There are many methodologies in making use of the 

projection consistency conditions to refine the temporal 
window for data acquisition and reconstruction12-14.  For 
example, one can use Helgason-Ludwig condition to search 
for an optimal temporal window to minimize inconsistency.  
Based on the nature of the SAS mode data acquisition, we 
select to use the conjugate samples to characterize the heart 
motion. 

Each cone beam projection sample can be described 
uniquely by (γ, β, α), where γ, β, and α are the fan angle, 
projection angle, and cone angle, respectively.  In the SAS 
data acquisition, the source trajectory forms a circle.  The 
projection samples corresponding to the detector center row 
(the detector row lies in the same plane as the source 
trajectory) form a set of fan-beam projections with α=0.  Since 
the heart is an elastic object (The motion does change abruptly 
from one location of the heart to the next), a motion-free 
period for the fan-beam projection samples should also be the 
motion-free period for the section of the heart covered by the 
detector.  Therefore, although it is desirable to characterize the 
entire sub-volume of the heart, it is sufficient to characterize 
the plane of the source trajectory.   

For a set of fan-beam data set, a pair of conjugate 
samples can be described by (γ, β) and (−γ, β+π+2γ).  If we 
use γm to denote the maximum fan angle, the minimum cone 
beam data collection is carried out in the view range of π+2 γm.  
We search through the entire dataset to identify all the 
conjugate samples and calculate the total absolute difference: 

( ) ∫ ∫−
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where mγπ 2+<<Π  is the angular range of the consistency 

condition evaluation.  The quantity ξ(β0) indicates the degree 
of inconsistency amongst all evaluated conjugate samples.  
Since conjugate samples represent line integrals along the 
same path, the consistency, ξ, is a measure of the heart motion.  
Our objective is to find a range of β0 that minimizes ξ. 

Figure 2 depicts an example of the consistency 
measurement as a function of time for a patient scan.  It is 
interesting to note that there is a relatively flat region 
expanded roughly over 0.25s time window.  This region 
represents the quiescent time period of the heart motion.  If 
images are reconstructed over this region, little motion artefact 
is expected. 
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Fig. 2 An example of the inconsistency measurement 

It should be pointed out that the inconsistency measure 
defined by Eq. (1) integrates over the entire detector.  This 
corresponds to the entire scan field-of-view (FOV).  In reality, 
however, we can integrate only over the FOV of the heart.  
This will further minimize the impact of other inconsistency 
factors, such as projection truncation or non-ideal calibration. 

III. RECONSTRUCTION ALGORITHM 
Nearly all of the commercially available CT scanners 

employ the half-scan algorithm for cardiac reconstruction.  
When combined with the FDK cone beam algorithm, the 
reconstruction produces clinically acceptable image qualities 
while keeping the computational complexity to a minimum.  
The FDK-based half-scan algorithm can be described by the 
following set of equations: 
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where w(γ, β) is the well-known half-scan weight: 
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Here, D is the source to iso-center distance.  Note that the 
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reconstruction formula uses projection samples over the entire 
π+2γm projection range.  In many cardiac studies, only π+2γm 
projection data is collected to minimize the dose to patients.  
Therefore, the temporal reconstruction window becomes fixed 
once the data is collected. 

It is obvious from this discussion that an alternative 
reconstruction formulation is needed.  To fully understand the 
proposed approach, a quick analysis of the sinogram is in 
order.  Figure 3 depicts a sinogram for a particular detector 
row.  Since the relationship is identical over all detector rows, 
we will only study one such sinogram.  The entire sinogram 
cover the range of π+2γm, with redundant samples shown by 
the shaded triangles. 

 

 

 

 

 

 

 

Fig. 3 Illustration of a sinogram 
 A closer observation of the sinogram indicates that the 

reason that π+2γm projection angle is needed for half-scan 
reconstruction is due to the fact that the conjugate sample for 
(γm, 0) is (−γm, π+2γm).  As γm reduces (corresponding to a 
reduced FOV), the angular range reduces.  As a matter of fact, 
when γm=0, only π projection angle is required for a complete 
reconstruction.  For illustration, Fig. 5 plots the required 
projection angular span as a function of reconstruction FOV.  
For a typical heart size of 12 cm in diameter, only 192.7o 
angular range is required instead of 235o for the full 50cm 
FOV, assuming the heart is an isolated organ.  This is a 
reduction of 42.3o, corresponding to more than 41msec in 
time.  If we are able to use only the smaller set of projections 
to reconstruct the image, we then have the flexibility to shift 
the reconstruction window in the temporal domain by 41 msec. 

The question is how to reconstruct the heart region with 
the minimum projection angle.  To accomplish this goal, we 
propose the following scheme.  We first perform row-wise 
cone-to-parallel rebinning.  That is, we interpolate a set of 
cone beam projection, p(γ, β, α), to a set of tilted parallel beam 
projection q(t, θ, α), where t represent the distance of the 
parallel ray to the iso-center, and θ represents the parallel 
beam angle.  Therefore, the original sinogram (rectangle in the 
γ−β domain is mapped to a sinogram in the t−θ domain, 
shaded as a parallel gram depicted by the white region in Fig. 
5.   

We then perform a zeroth order extrapolation to the 
sinogram to fill the rectangular region that contains the parallel 
gram.  The extrapolation is performed by replicating the 
measured samples at the boundary along θ.  Since the 
measured samples along the boundary represent projection 
samples of a single cone beam view, it guarantees that artifact 

resulting from the filtering operation is unlikely. 

0

50

100

150

200

250

0 100 200 300 400 500

scan FOV (mm)

pr
oj

ec
tio

n 
an

gl
e 

(d
eg

re
e)

 π+2γm

Fig. 4 Required projection angle as a function of FOV 

 

 

 

 

 

 

 

Fig. 5 Illustration of a rebinned sinogram 

The above step essentially enlarges the original angular 
range from π+2γm (in cone beam) to π+4γm (in tilted parallel 
beam).  Since the rebinned samples are in parallel geometry, 
only π angle is needed for reconstruction.  This allows nearly 
57o of angular shift (55 msec for 0.35s gantry speed) if 
temporal window adjustment is needed. 

IV. RESULT 
To evaluate the performance of the proposed scheme, we 

reconstructed two images at the two extreme ends of the 
allowable temporal window (55 msec apart) for a projection 
dataset collected over π+2γm angle.  This condition represents 
the largest amount of data extrapolation used in the cone-to-
parallel rebinning.  Images are shown in Figs. 6(a) and (b).  
Little images artifacts can be observed from these images. 

Next, we performed cardiac reconstruction of a patient 
scan with EKG-gating only.  The reformatted image is shown 
in Fig. 7(a).  It is clear from the figure that phase mis-
registration artifacts (highlighted by circle) can be clearly 
observed.  We then applied the data consistency condition to 
estimate the optimal temporal window for reconstruction, and 
utilized the proposed algorithm for reconstruction.  The 
reformatted image at the same location is shown in Fig. 7(b).  
Mis-registration artifacts are nearly eliminated. 

V. CONCLUSION 
In this paper, we proposed the use of a projection 

consistency condition to optimize the temporal window 
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selection for cardiac imaging.  The proposed scheme takes 
advantage of the SAS data acquisition property and the cardiac 
motion continuity characteristics.  It utilizes conjugates 
samples to determine the quiescent period of the cardiac cycle 
to guide the image reconstruction process. 

 

 
Fig. 6 (a) and (b) Images reconstructed 55 msec apart from a half-

scan dataset covering π+2γm

We also proposed a new reconstruction algorithm to 
overcome the inability of the existing half-scan algorithm to 
adjust the reconstruction window temporally when the data is 
collected with the minimum half-scan range of π+2γm.  The 
new algorithm allows the reconstruction window to shift inside 
the collected data range to obtain optimal image quality. 

Phantom and patient experiments have shown that the 
proposed scheme is quite effective in identifying optimal 
reconstruction window and suppressing image artifacts.  
Studies are on-going to further optimize the proposed 
algorithm and extend it to the helical data acquisition. 
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Fig. 7 (a) reformatted image with mis-registration 
(b) reformatted image with proposed approach 
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A weighted zero-interlacing based native-
geometry flying focal spot data upsampling 

algorithm for cone-beam x-ray CT 
Ilmar A. Hein, Alexander A. Zamyatin, Michael D. Silver, and  Satoru Nakanishi 

  
Abstract—z-Flying focal spot x-ray tubes allow an effective 

doubling of the number of detector segments with proper 
reconstruction.  Presented here is a flying focal spot  (FFS) 
reconstruction upsampling algorithm based on weighted or non-
weighted interlacing of zero values into the projection data.   It is 
quick and simple, works in the native x-ray system geometry, and 
does not require rebinning or resampling of data to a parallel 
geometry.   
 

Index Terms—Biomedical imaging, Image reconstruction, X-
ray tomography  
 

I. INTRODUCTION 
Images produced from helical multislice CT systems exhibit 

a distinct type of artifact when operated at medium and high 
helical pitch values. The artifacts appear as alternating light 
and dark regions around structures whose features change 
axially. The shape of the artifact is similar to the vanes on a 
windmill, hence the name "windmill" artifact (this artifact has 
also been referred to as simply the "helical" artifact in the 
literature.)  

The cause of the windmill artifact is insufficient sampling 
by the detectors in the axial direction.  The windmill artifact 
can be decreased or eliminated if axial sampling (resolution) 
can be increased by decreasing the size of the detector in the 
axial direction.  However, this is not a practical alternative 
since detectors are already at the smallest limit supported by 
the current level of technology. 

One method of increasing the axial sampling without 
physically reducing the size of the detectors is to implement an 
x-ray tube with a z-flying focal spot [1]-[5], as shown in Fig. 
1. REB represents the position of the electron beam on the 
anode in the radial direction, which, due to the angled shape of 
the anode, has a corresponding focal spot position zfs in the 
axial direction. The nominal source-object and source detector 
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Fig. 1.  Flying Focal Spot x-Ray Tube.  Shown with two segments for clarity. 
 

distances are SOD and SDD, with nominal detector size at 
isocenter w. Deflection of the electron beam position REB to 
+ΔSOD results in two focal spots at zfs = +δ in the axial 
direction (with actual source-object and source-detector 
distances SOD + ΔSOD and  SDD  + ΔSOD).  When δ  is 
calculated as follows [2]: 
 
 

( )SODSDD
SDDw
−

⋅
=

4
1δ   (1) 

 

an effective halving of the segment width can be achieved: 

 
2
wwFFS =   (2) 

Simply backprojecting the flying focal spot data as-is will 
not result in a doubling of axial sampling density, since the 
width of the detectors is still w.  However, since detectors at 
isocenter overlap exactly as shown, there is redundant data 
that can be replaced with zeros, thereby halving the effective 
detector width to wFFS. Zero-interlacing for cone beam CT was 
proposed earlier in [6] in the context of parallel rebinning; 
here we apply it in the native cone beam geometry.  

 

II. CURRENT  METHODS 

A. Conventional Upsampling by Zero Packing 
 

A common zero-interlacing application is increasing the data 
rate of a digitized signal ([7], also referred to as “zero 
packing”). If a digitized signal is sampled with some period T, 
the data can be upsampled by a factor of N to T/N  by packing 
the upsampled data values with zeroes, taking the FFT, low 
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pass filtering, and then taking the inverse FFT.  This resulting 
upsampled values are interpolated values, however, and do not 
represent a true increase in the sampling density.  If 
implemented with flying focal spot, it would have little or no 
effect on the windmill artifact.   

B.  Current Flying Focal Spot Methods 

One major CT manufacturer incorporates a z-flying focal 
spot in their 64-slice CT scanner to achieve improvement of 
the z-resolution (z-sharp technology) [2], and there are some 
published papers [3]-[5]. In current implementations the 
projection data is rebinned and resampled in the longitudinal 
and/or transversal direction into a parallel geometry, and then 
reconstructed. Rebinning and resampling is a time-consuming 
task, however, that does not lend itself easily to cone-beam 
geometry. Additionally, there is also a loss of resolution 
associated with resampling [4].  

C.  The proposed approach 
Our approach is different from the current approaches in 

that no resampling or rebinning to parallel geometry is 
required. The number of projection data segments are doubled, 
with the “new” segments having zero values and interlaced 
with the original segments. The result is a reduced windmill 
artifact and an improved z resolution. The tradeoff is that the 
algorithm is not perfectly exact for cone beam, which can 
cause a slight degradation of image quality. To compensate, a 
weighted zero interlacing algorithm is implemented which 
uses weighted data values instead of zeros for interlacing. It 
corrects the image degradation and preserves the windmill 
artifact reduction, at a cost of reducing the z resolution 
improvement.  

III. THE ZERO-INTERLACING ALGORITHM 

A.   Zero-Interlacing 
The zero-interlacing method is shown in Fig. 2. Here 

PD[c, s, v] is the post-logged, convolved projection data 
corresponding to channel c, segment s, and view v. The 
number of segments in the projection data is doubled from 
Nseg to NsegFFS, along with halving the segment width from w 
to wFFS.  Let s′ denote the up-sampled segment coordinate. The 
position of the focal spot zfs alternates with view v between +δ 
and –δ. Once interlaced, each view is reconstructed as before, 
except with new reconstruction parameters wFFS, NsegFFS, 
SOD ± ΔSOD, and BPScaleZI, where BPScaleZI is a back-
projection scaling factor compensating for the interlaced 
values. The zero-interlaced up-sampled data is obtained using 
the following equation: 
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Fig. 2.  Zero-interlacing concept. 
 

B.  Weighted Zero-Interlacing 
The zero-interlacing algorithm described above is exact for 

the case where ΔSOD = 0 for cone-beam filtered 
backprojection.  At the writing of this abstract, technology 
does not yet exist to create a flying focal spot x-ray tube with 
ΔSOD = 0.  A non-zero ΔSOD causes small artifacts to be 
introduced into the reconstructed images with zero interlacing.  
These artifacts can be reduced or eliminated by weighting the 
zero interlaced data according to the following equation: 
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The boundary segments are handled according to Fig. 3. 
As ZIw varies from 0.0 to 0.5, the artifacts due to nonzero 

ΔSOD are reduced to eliminated at 0.5.  The windmill artifact 
level is further reduced as well as ZIw varies from 0.0 to 0.5.  
The tradeoff is that z resolution is reduced from wFFS at ZIw = 
0.0 to w at ZIw = 0.5.  ZIw  can be optimized for the best 
compromise between windmill artifact and axial resolution. 
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Fig. 3.  Weighted zero-interlacing upsampling. The case of NSeg upsampled 
from four to eight is shown; with P representing segments aquired at zfs = +δ 
and M segments at zfs = −δ. Solid lines represent interpolation with weight 1, 
dashed lines represent interpolation with weight ZIw. 

IV. RESULTS 

  A.  Windmill Artifact Reduction 
The algorithm was tested by simulation with a ball/sphere 

phantom over a wide range of system settings, as shown in 
Table I. The phantom itself consists of six balls of radius of 10 
mm and two ellipsoids with short axis of 10 mm and long axis 
of 40 mm. All objects are centered in the z-direction at the 
mid-plane. Except for the ball at the center, all objects are 
located 80 mm away from the center.  Fig. 4 shows typical 
results using the zero-interlacing algorithms. Note that the 
number of views per revolution stays the same in all cases. 
 

 
 

Fig. 4.  Simulation results with sphere/ellipsoid phantom, z = -8 mm, w = 1.0, 
helical pitch = 23, number segments = 16, anode angle = 7o, views per 
revolution = 900.  A) No FFS.  B) FFS with zero-interlacing. C)  Weighted 
FFS with  ZIw = 0.2. D) Weighted FFS with ZIw = 0.5.  (WW = 100, WL = 0). 

 

The no flying focal spot reconstruction in Fig. 4A shows 
considerable windmill artifact.  The zero interlacing 
reconstruction in B) shows reduced windmill artifact, but still 
poorer IQ because of the reduced SNR due to the interlacing 
of zeros.  With weighted ZI in C) and D), windmill artifact is 
further reduced and the image quality improved. The broad 
shadowing artifacts seen around some spheres are cone-beam 
artifacts. 

TABLE I 
SYSTEM SIMULATION PARAMETERS 

Parameter Range  

Couch Speed 7.5 to 47.5 mm/rev 
Segment Width 
(isocenter) 

0.5, 1.0, 2.0 mm 

Helical Pitches 15 to 95 
Anode Angles 7o, 11o 
Focal Spot z deflection δ 0.284, 0.567, 1.135 mm,  
ΔSOD 1.459, 2.311, 2.919, 4.621, 5.838,  

9.243 
Views per Revolution 900 
Number Segments 16, 32, 64 

  

B.  Slice Sensitivity Profiles 
The Slice Sensitivity Profiles (SSPs) were measured with a 

thin coin phantom.  Nine coins, 20 mm in diameter and 0.2 
mm thick, were placed at the center and at radial positions R = 
90 and 180 mm, with angular positions θ  = 0, 90º, 180º, and 
240º. SSPs were measured through the centers of all of the 
coins. Fig.  5 shows a selected SSP through the coin at R = 180 
mm, θ = 90º, typical for this study. As expected, non-weighted 
zero-interlacing produces the best axial resolution, with a full 
width half maxima (FWHM) of 0.58 mm. As ZIw is increased 
from 0 to 0.5, the FWHM approaches that of the non-flying 
focal spot case. At ZIw = 0.5, the FWHM equals the non-
flying focal spot case. Even though the FWHM are equal, the 
windmill artifact is still considerably reduced, as seen in Fig. 
4.  The smaller value of weight ZIw = 0.2 still produces 
significant windmill artifact reduction and image quality 
improvement, with only a small increase in FWHM from the  
ZI case (0.58 to 0.70 mm).   

SSP Profiles
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Fig. 5.  SSPs and FWHM for coin at R = 180 mm, θ = 900. 
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V. CONCLUSION 
Weighted zero-interlacing is a quick and efficient means of 

upsampling flying focal spot projection data without rebinning 
and resampling to parallel.  Considerable reduction in 
windmill artifact is achieved, along with an improvement in 
axial resolution, depending on the value of the weight.   
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Projection generation through voxel volumes
considering signal processing theory

Maria Magnusson

Abstract— The paper presents a method for projection gener-
ation through a 2-D pixel image or a 3-D voxel volume. During
the design of the method, we have strived to apply knowledge
from signal processing theory. Introductory experiments, were
the projection generation method was used in an iterative CT
reconstruction loop, indicate that the method is sound. Our hope
is that the method could be applied in many different connections,
were one task is to compute projections through a 2-D pixel
image or a 3-D voxel volume. In the future we plan to do
more experiments, both in 2-D and 3-D, which hopefully further
demonstrates the usefulness of the method.

Index Terms— projection generation, signal processing, itera-
tive reconstruction, filtered backprojection

I. INTRODUCTION

There have been a lot of ideas about how to generate
projections through a 2-D pixel image or a 3-D voxel volume.
Examples are Joseph’s interpolation in [2] and using blobs
basis functions in [3].

In [1], we were able to generate parallel projections con-
sidering signal processing theory. By using careful filters,
oversampling and bandlimiting, aliasing was avoided in the
projections. We demonstrated the usefulness of the method by
including it in an iterative CT reconstruction loop.

The next goal was to enlarge the method for fanbeam and
conebeam projections. But then the method didn’t work so
well any more and were more or less abandoned for other
variants, [6]. Fanbeam and conebeam projections are namely
impossible to bandlimit in the same way as parallel projections
can be. When the fanbeam projection rays travel through the
object, they sample it with different sampling distances.

Our solution here is to bandlimit and oversample the 2-D
pixel image or the 3-D voxel volume instead of the projections.

II. METHODS

A. Projection generation

We use a special filter during projection generation, the
projection filter projfilt(x), see Eq. (1).

projfilt(x) =
16

13.08
· sin(πx/2) ·

4 cos(πx/4)

sin(πx/4)

· [0.635 + (1 − 0.635) · cos(πx/2)] (1)

The projection filter is shown in the spatial and the Fourier
domain in Fig. 1. As a reference, the linear interpolation filter
is also shown. Instead of projfilt, we could have chosen a
Kaiser-Bessel filter with similar shape. The (small) advantage

Computer Vision Laboratory, Dept. of EE, Linköping University, SE-581
83 Linköping, Sweden. Corresponding author: Maria Magnusson, E-mail:
maria@isy.liu.se.

with projfilt is that the function is simpler and does not
contain any Bessel function. The important quality of the
projection filter is that it is exactly 0 for u = ±1, 2, 3, ...
and close to 0 for |u| > 0.75. Later, we will show that this
can be utilized to avoid aliasing.

−2 0 2 4

0

0.5

1
Spatial domain

−−−−−: linear

− − −: projfilt

0 1 2 3 4

0

0.5

1
Fourier domain

0 1 2 3 4

−100

−50

0
Power spectrum (dB)

Fig. 1. The projection filter is shown in the spatial and the Fourier domain
together with the linear interpolation filter.

The method to generate projections is illustrated in Fig. 2.
The figure shows how to generate projections on a 2-D pixel
image, but the technique is easy to generalize to be applied to
a 3-D voxel volume. The image is ideally upsampled a factor
of two by zero-padding in the Fourier domain. At the same
time, the Fourier transform of the image is circularly band-
limited and weighted with a two-dimensional filter, H(u, v),
corresponding to the inverse of the projection filter, i.e.

H(u, v) = H(u) · H(v), (2)

H(u) = 1/PROJFILT (u), (3)

PROJFILT (u) = F [projfilt(x)]. (4)
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Then the projection generation is performed. Line integrals
are generated by stepping through the image. If the line angle
is in the interval −45◦ ≤ φ ≤ 45◦, the steps are taken in
the x-direction and the interpolation is performed in the y-
direction. On the other hand, if the line angle is in the interval
45◦ ≤ φ ≤ 135◦, the steps are taken in the y-direction and
the interpolation is performed in the x-direction.

φ

2) circular bandlimiting,

1) ideal upsampling,

3) weighting with

    inverse projfilt

φ

generation
projection

image

Fig. 2. Projection generation.

Interpolation can be described as convolution followed by

resampling. Convolution in the spatial domain (the image)
corresponds to multiplication in the Fourier domain. During
resampling, there is a risk for aliasing from neighbor Fourier
spectra. To avoid this, it is important that the neighbor spectra
is weighted with a value close to 0. Especially important is to
weight the DC-components of the neighbors with a very small
number, since the DC-component is normally much larger
than the other frequency components. Since the interpolation
is performed in one dimension, either in the x- or in the y-
direction, it is sufficient to study the effect in one dimension.
Let us suppose that the line angle is in the interval 45◦ ≤ φ ≤
135◦. Then, the interpolationen and its inherent convolution,
is performed in the x-direction. Fig. 3 shows the image
f(x, y) and its one-dimensional (in the x-direction) Fourier
transform, F 1

x (u, y). Suppose that the sampling distance is
∆x = 1, then F 1

x (u, y) will be repeated and the neighbor
spectra place their centra at u = ±1, 2, .... Due to the ideal
upsampling with zero-padding in the Fourier domain, F 1

x (u, y)
will contain a lot of zeros, as illustrated with white color in
the figure. The figure also shows the one-dimensional Fourier
transform of the projection filter, PROJFILT (u). When
PROJFILT (u) is multiplied with F 1

x (u, y), the neighbor
spectra will be set to a value close to 0. Especially, the DC-
components of the neighbors located at u = ±1, 2, ... will be
set to 0. The important part of F 1

x (u, y), −0.25 < u < 0.25,
will be somewhat attenuated, but this attenuation is perfectly
compensated by the previous multiplication with the inverse
filter H(u, v).

y

x

f(x,y)

yF1(u,y)

DC−values zeros values

u

u

y

0.75 1 2

PROJFILT(u)

−1

Fig. 3. A close look in the 1D Fourier domain.

B. Filtrered backprojection reconstruction considering signal

processing theory

The simplest possible reconstruction method is the direct
filtered backprojection reconstruction from parallel projec-
tions. In the experiment shown in Fig. 4, the original parallel
projections were computed from a mathematical model of the
Shepp-Logan phantom, the projections were rampfiltered with
a non-weighted ramp-filter and linear interpolation was used
during backprojection. The reconstruction result in Fig. 4 is
partly shown as an image in the interval [1.00-1.04] and partly
as horizontal and vertical cross-sections through the center of
the images in the interval [0.99-1.05]. As shown in the figure,
the reconstruction result is rather good.

If the interpolation filter is changed from a linear interpola-
tion filter to a long sinc-filter, the reconstruction time increases,
but the reconstruction result should be the best possible ac-
cording to signal processing theory. The reconstruction result
is shown above in Fig. 5, partly as an image in the interval
[1.00-1.04] and partly as horizontal and vertical cross-sections
through the center of the images in the interval [0.99-1.05].
As shown in the figure, the reconstruction result is rather bad
with heavy oscillations, which are clearly visible in the actual
small soft tissue interval.

The explanation to the bad result in the upper part of
Fig. 5 is that the original object, the mathematical model
of the Shepp-Logan phantom, is not bandlimited. Projection
generation performs bandlimitation and aliasing of high
frequencies occur. Consequently, the original projections do
not correspond to the perfect mathematical model of the
Shepp-Logan phantom, but to the distorted oscillating image
in the upper part of Fig. 5. It is probable that this effect
also occur in reality, when the projections are generated
by a CT-scanner and the object is, for example, a human
skull. The sharp transitions from soft tissue to bone skull
corresponds to high frequencies which cannot be completely
represented in projection data. As seen in the lower part of
Fig. 5, however, it is possible to get a good result by applying
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a lowpass filter to the upper image. The lowpass filter is a
circular cosine window which pass through 0 at the bandlimit
1/(2∆), where ∆ is the sampling distance. The reason for
the good result in Fig. 4 is that the linear interpolation filter
used during backprojection performs lowpass filtering. Our
conclusion from this reasoning is the following proposal:

Measured or computed original projections from a perfect

object do not correspond to the perfect object, but to a

bandlimited aliased variant with oscillations. To get an

acceptable image quality, some sort of lowpass filtering must

be included in the reconstruction algorithm.

−50 0 50

−50

0

50

−50 0 50

1

1.02

1.04

Fig. 4. Direct filtered backprojection reconstruction from parallel projections
and linear interpolation during backprojection.
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1.02
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with LP−filter

Fig. 5. Direct filtered backprojection reconstruction from parallel projections
and sinc interpolation during backprojection. Above: without a final cosine
lowpass filter. Below: with a final cosine lowpass filter.

C. The iterative filtered backprojection loop

Iterative methods based on filtered backprojection were
extensively investigated (for the 2D case) in the early 1980’s,
[4], [5]. The paper [7] contains a detailed discussion of
iterative filtered backprojection. We suggested it to be used
for 3D Helical Cone-Beam CT in [1] and [6].

The iterative filtered backprojection loop is shown in Fig. 6.
We have used the loop to validate the new projection gen-
eration technique. The aim of this rather general scheme is
to improve the results of non-exact reconstruction. In our

generated

+

projections

generation
projection

projections
filtered

rampfilter,
weighting

+

+

projections

original

back−
projection

idata, f
output

object
reconstr.

Fig. 6. The iterative filtered backprojection loop.

experiments the input original projections data were fanbeam
projections. In the beginning, when the iteration index i = 0,
output data is set to fi = 0. After weighting, application of
ramp-filter and backprojection, the reconstruction result f1 is
the same as a fanbeam filtered backprojection reconstruction.
Then, fanbeam projections of the reconstructed object are
generated and the iterative loop becomes active. If the system
converges, the difference will become smaller and smaller
for each iteration. Note that if the ramp-filter is excluded,
the scheme in Fig. 6 is similar to simultaneous iterative

reconstruction tomography (SIRT).

III. RESULTS

We have tested the projection generation method by us-
ing it in the iterative loop, Fig. 6. The original fanbeam
projections were computed from a mathematical model of
the Shepp-Logan phantom. The results are shown in Fig. 7
and Fig. 8. Fig. 7 shows fanogramdiffi, which is the
difference between the original fanbeam projections and the
fanbeam projection generated through the 2-D reconstructed
image fi. These difference images are automatically scaled
to an interval between the max and min value. Note that

fanogramdiff
1
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Fig. 7. Difference projections at iteration i = 1, 2, 3.

fanogramdiffi becomes smaller and smaller with iteration.
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This should indicate that our projection generation method is
sound.
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Fig. 8. Reconstruction results fi at iteration i.

Fig. 8 shows the reconstruction results fi at iteration i,
partly as images in the interval [1.00-1.04] and partly as
horizontal and vertical cross-sections through the center of
the images in the interval [0.99-1.05]. Image f4LP denotes a
lowpass filtered version of the reconstruction result f4. The
lowpass filter was the same circular cosine window as used in
the lower part of Fig. 5. The ramp-filter was unweighted and
linear interpolation was used during backprojection. Image f1

is therefore a normal direct reconstruction result. Note that it

is similar to the result in Fig. 4, the only difference is that now
we use fanbeam projections instead of parallel projections.

Also note that all the reconstruction results f2, f3 and f4

have heavy oscillations. This is, however, exactly what we
could expect according to the proposal in the end of Section II-
B. The final lowpass filtered result f4LP is rather good and
have similar image quality as the direct reconstruction f1 and
the result in the lower part of Fig. 5.

IV. CONCLUSION

We have presented a method for projection generation
through a 2-D pixel image or a 3-D voxel volume. During
the design of the method, we have strived to apply knowledge
from signal processing theory. Introductory experiments, were
the projection generation method was used in an iterative CT
reconstruction loop, indicate that the method is sound. Our
hope is that the method could be applied in many different
connections, were one task is to compute projections through
a 2-D pixel image or a 3-D voxel volume. In the future we
plan to do more experiments, both in 2-D and 3-D, which
hopefully further demonstrates the usefulness of the method.
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An efficient method for reducing the axial intensity
drop in circular cone-beam CT

Lei Zhu, Jared Starman, and Rebecca Fahrig

Abstract— Circular trajectories are commonly used in cone-
beam (CB) CT. Insufficient data measurement in such a geometry
induces CB artifacts in CT images, such as intensity drop in the
axial direction. Development of an efficient algorithm to reduce
this problem remains a major challenge. An estimation method is
proposed here. Each CB projection is analyzed in Radon space via
Grangeat’s formula. Assuming the CB projection is taken from
a parallel geometry, we extract those data in the unmeasured
Radon region. These data are then used as in a parallel geometry
to calculate a correction term, which is added to the FDK result
with Hu’s correction (Hu-FDK) to form a final reconstruction.
The calculation is then further simplified using approximations
on the projection images. The final formula uses only derivative
and integration operations and the backprojection step is avoided.
Therefore, it can be implemented efficiently. Furthermore, since
only transverse integrations are calculated, this algorithm allows
axial truncation on the projection images. The algorithm perfor-
mance is evaluated using computer simulations on the Shepp-
Logan phantom and the Defrise disc phantom. The result shows
that the proposed method reduces the axial intensity drop in the
FDK reconstructions and outperforms the T-FDK algorithm .

Index Terms— cone-beam CT, circular trajectory, intensity
drop

I. INTRODUCTION

Circular cone-beam (CB) scans are becoming more common
in X-ray CT. Due to data sufficiency conditions [1], however,
an exact reconstruction is impossible. Many approximate al-
gorithms have been proposed. To date, the FDK algorithm
is the most popular mainly due to its filtered backprojection
(FBP) structure [2]. The FDK algorithm has been shown to be
close to an exact 3D reconstruction if the unmeasured Radon
space data are assumed zero [3]. This assumption is, however,
not a good approximation of the missing Radon space data in
general, and the FDK reconstruction images have CB artifacts,
such as intensity drop in the axial direction.

Reduction of the CB artifacts can be achieved by estimating
the unmeasured data in the Radon space using Grangeat’s for-
mula [4], [5]. Existing methods in this category usually require
three-dimensional (3D) data gridding or shift-variant filtering
and backprojection, and hence are computationally intensive.
Other researchers have developed heuristic algorithms in the
framework of FBP [6]–[8]. However, their justifications in the
Radon domain remain elusive.

This project is supported by NIH R01 EB003524 and the Lucas Foundation.
Lei Zhu and Jared Starman are with the Department of Electrical Engineer-

ing, Stanford University, Stanford, CA 94305 USA. (phone: 650-724-8029;
fax: 650-723-5795; e-mail: leizhu@stanford.edu)
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Here, we propose an efficient method to improve the circular
CB reconstruction. Using Grangeat’s formula, the unmeasured
Radon space data are estimated from the CB projections and
used to calculate an additional term for the FDK reconstruction
with Hu’s correction (Hu-FDK) [9], [10]. This approximation
is equivalent to a data interpolation in the Radon domain.
The calculation is then further simplified to avoid shift-
variant filtering and to allow axial truncation on the projection
images. The final formula has a simple form and the time-
consuming backprojection step is also avoided. The algorithm
performance is evaluated using computer simulations.

II. METHOD

A. The system geometry

We use a CB CT geometry with a flat panel detector in
this study. The source to rotation center distance is D, and the
range of the view angle β is 360 deg. The object is described
by a nonnegative and compactly supported function f .

Denoting the distance from rotation center to detector as
Dod, the relationship between p, the real projection image and
pv , the image on a virtual detector that is parallel to the real
detector and passes through the rotation center, is as follows:

pv(u, v, β) = p(u
D + Dod

D
, v

D + Dod

D
,β) (1)

For simplicity, the parameter β is dropped in the algorithm
derivation if it is not used.

B. The Radon inversion and Grangeat’s formula

Reconstruction can be done using the Radon inversion.
Denote a 2D plane in the 3D space as P0, which is specified
by its normal vector ~n0 (~n0 ∈ S2) and its displacement from
the origin, ρ. The 3D Radon transform of object f , Rf , is
defined as a set of 2D integrals:

Rf(ρ, ~n0) =
∫

~r∈P0(ρ,~n0)

f(~r)d~r (2)

The original object can be computed exactly from Rf using
the Radon inversion formula [4]:

f(~r) = − 1
8π2

∫
S2

∂2Rf

∂ρ2
(~r · ~n0, ~n0)d~n0 (3)

However, it is not easy to directly use the Radon inversion
on X-ray projection data, which is a set of 1D integrals. To
reduce the computation complexity, Grangeat established a
fundamental relationship between the X-ray projection and the
first derivative of the Radon transform.
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Fig. 1 shows the geometric parameters of Grangeat’s for-
mula. L(ρ, ~m) is one line on the projection image p, where
ρ is its displacement from the origin, and ~m is its normal in
the image plane. The line L and the focal spot S determine a
plane P , which can also be specified by its normal vector ~n
and its displacement to the origin, Dρ√

D2+ρ2
. Define a function

Sp as a weighted sinogram of the virtual projection image pv:

Sp(ρ, ~m) =
∫

~t∈L(ρ,~m)

D√
D2 + u2 + v2

pv(~t)d~t (4)

where ~t = (u, v) is a vector in the plane of the projection
image. Then Grangeat’s relationship is:

ρ2 + D2

D2
S′p(ρ, ~m) = R′f(

Dρ√
D2 + ρ2

, ~n) (5)

where both of the first derivatives are with regard to the first
parameter.

u

v

S

O

pv(u, v)
M

N

L

~m

~n

ρ

D

Fig. 1. Illustration of Grangeat’s formula.

Based on Grangeat’s formula, Fig. 2 shows the data supports
in the domain of R′f for a circular CB trajectory. For one CB
projection, the surface of a sphere is measured; and after a full
scan, a torus of data are measured. The missing data problem
is clear in the figure. Note that in a parallel geometry, the
sphere surface becomes a plane, and the missing data problem
disappears.

C. The algorithm derivation

Hu discovered that in a circular CB trajectory, the original
object f can be written as the summation of three terms [9]:

f = f̂FDK + f̂H + f̂N (6)

sphere surface of measured

data associated with one

CB projection

torus of measured data associated

with the circular trajectory

data support of the

scanned object

missing data in the circu-

lar CB scan

plane of measured data associated

with one parallel projection

Fig. 2. Data supports in the Radon domain.

O

t

s

measured region in the circular scan
data support of the scanned object

−D D
α ~m

ρ

O

Fig. 3. A vertical plane in the Radon domain.

where f̂FDK is the FDK reconstruction, f̂H is Hu’s correction
term which represents the information contained in the circular
CB scan but not utilized in the FDK reconstruction, and f̂N

represents the missing information in the circular trajectory.
The missing term f̂N induces CB artifacts. One solution is

data interpolation in the Radon space. However, the Radon
inversion formula takes the second derivative of the Radon
transform, and therefore, another rebinning step is necessary
after computing the first derivative using Grangeat’s formula
[4], or, data processing using shift-variant filtering is needed
[5]. Here, an estimation method is developed which avoids the
rebinning step or shift-variant filtering.

Inspired by the fact that a parallel geometry acquires
complete data, we estimate the missing data from measured
CB projections, assuming they are acquired in a parallel
geometry. Then we reconstruct only these data as in a parallel
geometry, and add the result to the Hu-FDK reconstruction
as an additional correction term. Using this method, partial
data on the spherical surface of one CB projection (see Fig.
2) are filled into the region of missing data, and a data
interpolation/extrapolation is carried out implicitly.

Fig. 3 is a 2D plot of the vertical plane of Fig. 2. The
plane has two discs of overlapping regions with the torus
of measured data, and the data outside are missing. By
approximating the CB projection from the direction of the
normal of the plane as a parallel projection, we can estimate
the data in the whole plane; then we use only the data outside
the shaded region in the reconstruction. The data of R′f in the
missing region can be separated out by multiplying by w, a
map function of zeros in the shaded region, and ones outside.
According to Grangeat’s formula, this operation can be done
directly on S′p.

Let ~m = (cos α, sinα), and rewrite the function S′p(ρ, ~m)
as S′p(ρ, α). Based on Fig. 3, the function w in the polar
coordinate system (ρ, α) can be found as:

w(ρ, α) =
{

1, |ρ| > |D cos α|,
0, otherwise. (7)

Mathematically, the following approximation is made:

ρ2 + D2

D2
S′p(ρ, α)w(ρ, α) ≈ S′pp(ρ, α)w(ρ, α) (8)

where pp is the projection image in a parallel geometry from
the same view angle of p, and Spp is its sinogram.

Reconstruction using only partial data of S′pp can be done
by using a 2D reconstruction of the projection data to obtain
an image pm, followed by a 3D parallel reconstruction of pm.

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 266



3

Using FBP and implementing the ramp-filtering as a Hilbert
transform after a first derivative operation, we obtain:

pm(u, v) =
1
4π

∫ 2π

0

∫ ∞

−∞
S′pp(ρ, α)w(ρ, α)

gh(u cos α + v sinα− ρ)dρdα (9)

where gh(u) = 1
πu is the Hilbert kernel.

Now we can compute the correction term f̂c using the 3D
parallel reconstruction of pm. The FBP reconstruction is:

f̂c(x, y, z) =
1
2

∫ 2π

0

pF (x cos β + y sinβ, z, β)dβ (10)

where, (β is dropped for clarity.)

pF (u, v) =
1
2π

∫ ∞

∞
p′m(ū, v)gh(u− ū, v)dū (11)

Combining equations (9), (11) and approximation (8):

pF (u, v) ≈ − 1
8π2

∫ 2π

0

| cos α| (u cos α + v sinα)2 + D2

D2

w(u cos α + v sinα, α)
S′′p(u cos α + v sinα, α)dα (12)

The derivative operation on the weighting function is ignored
in the intermediate step of the derivation.

Due to the multiplication by the weighting function w, the
formula (12) cannot be reduced to a shift-invariant filtering on
the projection image. Furthermore, since a weighted sinogram
of the 2D projection image is needed in the calculation, it is
required that no truncation is present in the projection. In order
to reduce the computation complexity and make the algorithm
survive in the presence of axial truncation, which is important
in practice, we further simplify the formula (12), at the price
of degraded estimation accuracy.

Consider the case of a circular trajectory with a not very
large cone angle, D >> ρ. The weighting function w is non-
zero only when | cos α| < | ρ

D |, i.e. in small neighborhoods of
α at π

2 and 3π
2 . In these neighborhoods, we have:

v sinα ≈ sign(sinα)v (13)
u cos α + v sinα ≈ sign(sinα)v (14)

S′′p(sign(sinα)v, α) ≈ S′′p(v,
π

2
) (15)

Now the calculation of pF can be simplified as:

pF (u, v) ≈ − 1
4π2

∫ π

0

| cos α|w(v, α)
v2 + D2

D2

S′′p(v,
π

2
)dα

= − 1
2π2

v2 + D2

D2
(1−

√
D2 − v2

D
) (16)

∂2

∂v2
(
∫ ∞

−∞

D√
ū2 + v2 + D2

pv(ū, v, β)dū)

Note that the above approximate pF is a function independent
of parameter u. The calculation is equivalent to a shift-
invariant filtering, and the time-consuming backprojection step
is actually avoided.

The final reconstruction f̂ is obtained using f̂c as an
estimation of f̂N in equation (6):

f̂ = f̂FDK + f̂H + f̂c (17)

where f̂c can be calculated using equations (10) and (16):

f̂c(x, y, z) = − 1
4π2

∫ 2π

0

z2 + D2

D2
(1−

√
D2 − z2

D
) (18)

∂2

∂z2
(
∫ ∞

−∞

D√
ū2 + z2 + D2

pv(ū, z, β)dū)dβ

III. NUMERICAL RESULTS

A. Simulation details

TABLE I
SIMULATION PARAMETERS

Source to detector distance (D + Dod) 700mm
Source to axis distance (D) 350mm
Detector size 512× 512
Detector element pitch 0.781mm
Cone angle in the z direction 32 deg
Projection number 800 (full scan)
Reconstructed volume 256× 256× 256
Reconstructed voxel size 0.781mm

The algorithm’s performance is evaluated using computer
simulations. Table I summarizes the parameters. We used the
3D Shepp-Logan phantom and the Defrise disc phantom. The
Defrise phantom contains discs with attenuation coefficient of
1mm−1 in the z direction, and represents the most challenging
case of circular CB reconstruction. The operation of taking
the second derivative in equation (18) is sensitive to high-
frequency errors. We used a median filter with a width of 10
pixels and a Hamming window filter to suppress the errors.

B. Reconstructions of the Shepp-Logan phantom
Figs. 4 and 5 show the reconstructions of the Shepp-Logan

phantom, using the FDK algorithm, the T-FDK algorithm [6]
and equation (17). The comparison indicates that the proposed
method has a better performance than the T-FDK algorithm in
reducing the axial intensity drop in the FDK reconstruction.

C. Reconstructions of the Defrise disc phantom
To further verify the proposed algorithm, Figs. 6 and 7

compare the reconstructions of the Defrise phantom. Similar
algorithm performances can be seen.

IV. CONCLUSIONS AND DISCUSSION

In this work, we propose an estimation method to improve
CB reconstruction for circular scans. The algorithm is derived
using data analysis in the Radon space via Grangeat’s formula.
As compared to other existing algorithms, this method is
implemented efficiently since it avoids 3D Radon space grid-
ding, shift-variant filtering and backprojection. This algorithm
also holds in the presence of truncation of projections in
the axial direction. The algorithm’s performance is evaluated
using computer simulations. The results show that the pro-
posed method reduces the axial intensity drop in the FDK
reconstructions, with a performance that is better than that of
the T-FDK algorithm.
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(a) x = 128, FDK (b) y = 128, FDK

(c) x = 128, T-FDK (d) y = 128, T-FDK

(e) x = 128, equation (17) (f) y = 128, equation (17)

Fig. 4. The reconstruction of the 3D Shepp-Logan phantom. Display window:
[0.97 1.05]mm−1.
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Fig. 5. 1D profiles on the z axes of the FDK reconstruction and the
reconstructed volumes shown in Fig. 4.

(a) x = 128, FDK (b) x = 128, T-FDK

(c) x = 128, equation (17)

Fig. 6. The reconstruction of the Defrise disc phantom. Display window:
[0.7 1.1]mm−1.
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Fig. 7. 1D central vertical profiles of reconstructions in Fig. 6
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Abstract—For functions with finite support steps of the 

numerical algorithm for fully three-dimensional reconstruction 
are proposed when the source trajectory consists from only one 
circle. 
 

Index Terms—сone beam tomography, incomplete trajectories, 
numerical  
 

I. INTRODUCTION 
OR application of a majority of inversion formulas for 
cone-beam tomography it is supposed that Kirillov-Smith-
Tuy condition is satisfied: any plane intersecting the 

object intersects the X-ray source trajectory. 
The most commonly used trajectories are two circles lying 

in perpendicular planes and a helix. Other types of trajectories 
are used as well [1]. 

Inversion formulas used for reconstruction are correct not 
only for functions with finite support. But in most cases we 
deal with finite supported functions and this feature can be 
used for reconstruction algorithms developing. 

How it was shown in [2, 3], satisfying the Kirillov-Smith-
Tuy condition is not necessary for functions with finite 
support. Thus, it was shown [2] that to reconstruct the 
functions situated in sphere the source trajectory consisting 
from one circle is enough. In [3] it was shown that one circle 
is enough to reconstruct the integrated functions situated in 
cylinder. It means that if the source trajectory is used 
consisting from one circle that the function with support 
infinite in one of the dimensions can be reconstructed. 

In real cases Anikonov’s and Blagoveshenskij’s methods 
will be applied to the objects with finite size but the advantage 
of these methods will be used.  

Trajectory consisting from only one circle is incomplete, 
but we can reconstruct density of the object situated within 
some sphere or cylinder if we have beam (X-ray) projections 
when source moves along one circle. As it was shown in [4] 
the reconstruction task is strongly unstable in Sobolev spaces 
if trajectory is incomplete. 

The proof in [4] is based on that the objects exist that have 
sharp boundaries and arbitrarily smooth X-ray projections. In 
author opinion the question about significance of this feature 
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while numerical algorithms on discrete lattice of data 
developing is open. 

In [5, 6] the method for virtual beam (X-ray) projections 
creation is proposed. This method allows reconstructing the 
integrals along straight lines intersecting interior points of the 
disk if we know integrals along straight lines intersecting 
surrounding circle. (Straight lines that intersect disk and circle 
lies in 3D space). 

Computer modeling shows that corresponding algorithm is 
stable [6-8]. We denote these projections as virtual. The demo 
versions of the programs are presented at the server ILL-
POSED PROBLEMS. Addresses of the server: 

http://www.iae.nsk.su/~trofimov/IPP/main.htm   
http://a-server.math.nsc.ru/IPP/main.htm   
http://cs.nstu.ru/ipp 
In this work we show that the virtual projections method 

can be used for developing the cone-beam reconstruction 
algorithm when the source trajectory is one circle.  

  

II. RECONSTRUCTION ALGORITHMS 
It was shown [3] that if integrated two-variables function 

),( 21 xxf  is situated in the band ]1,1[−  (with respect to 1x , 
for example), than this function may be reconstructed by its 
integrals only along straight lines intersecting the segment 

]1,1[− on the axis 2 0x = .  
In the combination with the method of virtual projections, it 

gives the method of three-variables function reconstruction by 
its integrals along the straight lines, intersecting unit circle, 
lying in the plane 0=z .  

Actually, as in [3] let us consider an object section by a 
plane orthogonal to the plane 0=z . If the object is located 
within the cylinder with unit radius then the function in the 
section with respect to one variable will be concentrated in the 
band ]1,1[− . Integrals over the straight lines intersecting the 
segment ]1,1[−  can be found by the method of virtual 
projections. 

More precisely, in the work [3] the problem of 
reconstruction of the function 

21,( ) ( )ψ η ψ η η= , such that 
1

1 2sup ( ( ) { : ( , ) [ 1,1] }p Rψ η η η η⊆ ∈ − × , from given 

integrals of ( )ψ η , ( , ) ( )u x p x ps dsψ= +∫  along arbitrary 

straight lines intersecting the segment ]1,1[−  at the axis 

2 0η =   is solved. 

Cone-beam Reconstruction Algorithm when 
Source Trajectory is One Circle 

O. Trofimov  
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Remark. Usually in cone-beam tomography works 
integration is used with respect to dl -elementary element of 
beam. Here integration is used with respect to ds -elementary 
element of axis s. To pass from one definition of beam 
transform to another, it is necessary to use corresponding 
multiplier.  

From theoretical point of view, the definitions are equal 
(except the plane 0z = ). But in practice there are some 
problems if values of z are close to zero. In this zone it is 
possible to use methods of classical computerized 2D 
tomography. 

In respect to numerical algorithm developing, the task is 
reduced to the Mellin transform of the functions 

)),(),((),( 1 τΓτΓΓτΓ ρ
ρ −±= +± ffg , 

where  
2

2 2

2 | | 1( , ) ( , )
| ( 1) | 1 1

t t tf t u
t t t

− Γ
Γ =

Γ + + +
, 

 and 
 

2 2
1

2 2 2

2

2 2

(2 ) 1 2( , ) ( ( , )
( 1) 1 ( 1)

1 2( ( , )); (0,1).
1 ( 1)

ρ
ρ

τ τ τν γ τ γ ψ
τ τ γ τ

τ τψ ρ
τ γ τ

± − −
= ±

+ + +

− −
± ∈

+ +

 

 
We suppose that function 

21,( ) ( )ψ η ψ η η=  has finite 

support  and satisfies following conditions: 
- between the object and the cylinder where the object is 

situated there must be a “clearance”, i.e. the object must be 
situated strictly inside the cylinder. 

- the object must be separated from the plane 0=z , be 
“suspended” over it.  

The first condition is natural for real cases, but the second 
one need explanations. We suppose that the source moves 
within the plane z = 0. Second condition means the following. 
When reconstructing the function about the plane 0=z  the 
Feldkamp method or methods of classical 2D tomography can 
be used. (The method of virtual projections is more exact if 
the space is more between the object and the plane 0=z  
(Trofimov at al., 2004). Then the reconstructed space is 
subtracted from the object and new X-ray projections are 
created that correspond to the part of object that are suspended 
from the plane 0=z . 

 
The main equality for computing function 

21,( ) ( )ψ η ψ η η=  

on base function ( , )u x p  is  

( , ) ( , ) ( , )v gρ ρ ρλ µ ν µ ν µ ν± ± ±× = [3,6], here functions 

( , )vρ µ ν±  and ( , )gρ µ ν±  are Mellin transforms of functions 

( , )ρν γ τ±  and ( , )gρ τ± Γ ,  the function ( , )ρλ µ ν±  is 

universal (common for all objects). 
 
 

III. RESULTS 
STEP 1. VIRTUAL PROJECTIONS.  

Numerical simulations. Object is a part of pipe. 

 
Example of input data (one from 256). 

 
Derived virtual projection for source placed in center of circle. 

 
Virtual projections for real data 

 
Examples of real data 
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 X-ray projections of head phantom, 
the total number of projections is 313. 

The images were provided by the Christie Hospital 
Manchester, UK, 

courtesy of Prof. C J Moore 
 
 

 
 

Virtual projection of head phantom for the virtual source 
placed in origin. This projection derived from measured set of 

projection data. 
 

STEP 2. RECONSTRUCTION OF THE FUNCTION  

21,( ) ( )ψ η ψ η η= .  

Numerical simulations. Object is rectangle (the cut of the  
cylinder). 

 

 

The function ( , ), ( 1/ 2)gρ τ ρ± Γ = . 

 

 
     The inverse  Mellin transform of function  

( , ) ( , )vρ ρλ µ ν µ ν± ±× . 
 
 We can see that main equality is true with fair accuracy. 
 
But for real date it is necessary to calculate the function  

21,( ) ( )ψ η ψ η η=  use equality 

( , ) ( , ) / ( , )v gρ ρ ρµ ν µ ν λ µ ν± ± ±= . 

On this step it necessary to have special regularization 
algorithms. 
Now corresponding algorithms are creating. 
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Abstract—Although not so often expressed as a modeling 

problem neither projection nor back-projection can be designed 
without certain insights in the physics of CT. However, most of 
this insight is left aside, since it is generally believed that only the 
most simplified models can be included in the innermost time-
consuming loop in projection and back-projection.  

We propose that any linear projection procedure should model 
three functions: The irradiation function, the footprint/basis 
function, and the gantry rotation function. We demonstrate how 
a moderately advanced modeling of these three functions can be 
brought together in an interpolation procedure and yield a 
surprisingly efficient inner loop interpolation. To this end we i) 
carefully select a locus of interpolation path through image and 
projection data spaces and ii) execute multiple convolution as 
integration by parts implemented by table-look-up.  
 

Index Terms—Linear models, CT-projection, Irradiation 
function, Table-look-up.  

I. INTRODUCTION 

The most time-critical loops in CT-reconstruction are 
interpolations embedded in projection and/or back-projection. 
The simplest techniques go by the name of nearest neighbor 
and linear interpolation. In a projection/backprojection 
operator the interpolation between the sampled input/output 
signal (the digital image) and the sampled output/input signal 
(the detector array) can always be described as convolution of 
the input with a continuous interpolation function followed by 
sampling of the result. In a CT-system with a rotating gantry, 
this interpolation function is always a convolution of the 
following three functions, although in simple interpolation 
techniques, some or all of the three are made invisible by 
assuming them to be Dirac functions.  

• ( )til γ, , the irradiation function describing the cross-

section photon flux density in the channel between 
the beam-spot and a detector element, a function that 
is bound to vary with the distance l  to the source. 

• ( )twθ is the footprint (the x-ray transform) of the 
pixel basis function, which may vary with the angle 
θ  in a Cartesian grid. 

 
This work was supported by Siemens Medical Solutions, Forchheim, 

Germany. The authors are with the Computer Vision Laboratory, Dept. of 
Electrical Engineering, Linköpings Universitet, SE-581 83 Linköping, 
Sweden. E.mail: ped@isy.liu.se 

 

• ( )tgγ , the gantry rotation function, which in the form 

of θΔ  expresses a time integration interval. ( )tgγ  

varies greatly with the fan angle γ .  

     The common argument for all three functions is t along 
which convolution integral is to be evaluated. In many cases 
this is the detector axis. We assume that the functions may 
appear in several versions depending on at least one parameter. 
Thus, ( )twθ  might vary with the inclination angleθ  between 
the projection ray and the Cartesian grid, as is the case with 
Joseph interpolation, ( )til γ,  varies with the distance l to the 

source, and the variation in ( )tgγ  can be attributed to a 

moving pixel relative to a fixed measurement system during 
time integration, or the other way around, a movement of the 
irradiation system relative to the fixed object pixel.  

     The simplest model for any of these three functions is a 
Dirac. For instance, a common back-projection interpolation 
function assumes that both ( )twθ  and ( )tgγ  are Dirac 

functions while the adopted irradiation function is 
( ) ( )11 −−= tt tti ΔΛΔ , a triangle function with unit area. This is a 

“strip” integral albeit with triangular cross-section having no 
variation on its path from source to detector. In the light of the 
above, there is a host of other possibilities, which could 
emulate the physical process in much more detail. The 
following two things might hold us back in these attempts.  

1) A linear model, however sophisticated, cannot take into 
account a non-linear data capture process, which includes the 
exponent-sum-logarithm. To include this non-linearity it is 
common to employ sub-resolution modeling in the form of 
multiple ray-tracing. Sub-resolution with a factor of 3 in all 
dimensions multiplies the number of rays with the factors 27 
and 243 in the fan-beam and cone-beam cases, respectively. 
Hence, such non-linear modeling is expensive indeed. 

2) For linear and non-linear models alike, the more 
sophisticated, the more costly it gets.  

     We intend to arrange the loop-structure of the interpolation 
so that we follow a vertical line in the xy-plane, in Fig 2a) 
called the locus of inner loop interpolation. As a result, from 
now on all three functions have the y-coordinate rather than t 
or the detector array angle γ  as their main attribute. 

Advanced linear modeling and interpolation in 
                     CT-reconstruction 

Per-Erik Danielsson and Johan Sunnegårdh 
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II. THE THREE FUNCTIONS 

A. The irradiation function ( )yi ,γ   

Fig.1 illustrate the attempt to model the photon density in the 
channel between beam-spot and a detector element with the 
2D-function ( )til . The cross-section changes relatively slowly 
along the ray and we can safely assume that it is constant over 
the actual pixel neighborhood. Therefore, we have down-
graded the coordinate l to appear as an index parameter. The 
irradiation function emanates as the convolution of two 
aperture functions BAf  and DAf  describing the photon 
emission variation over the beam-spot and the detector 
sensitivity over the detector element, respectively. If these 
aperture functions are rectangles, the ( )til  cross-sections 
appear as illustrated by Fig.1.  

Designers of CT-systems try to place the most narrow, and 
nearly triangular cross-section precisely in the iso-center to 
maximize the system bandwidth. Let us first simplify this 
model by making the two apertures identical and equal to tΔ . 
Furthermore, we assume that the cross-section is shaped as the 
triangle function ( )11 22 −−

tt tΔΛΔ  for the most part of the path 
between beam spot and detector. Projected onto the locus line, 
the triangle becomes stretched out with the factor ( )γθ +cos  

yielding the function ( ) ( )( )11 cos2cos2 −− ++ tt y ΔΛΔ γθγθ  .  

Our goal is to model fan-beam projection. Detailed modeling 
of projection/back-projection in parallel beam geometry is of 
limited interest, since the preceding rebinning operation acts 
like a smoothing screen between the reconstruction operation 
and the real fan-beam data. The global fan-beam geometry 
creates overlap between neighboring irradiation functions, as 
shown in Fig. 3, which calls for the weighting factor 1−Rl , 
the distance relation between the source-to-pixel distance l  
and the source-to-detector distance R . The final function then 
yields 

         ( ) ( ) ( )( )111 cos2cos2, −−− ++= tt yRlyi ΔΛΔ γθγθγ      (1) 

From the geometry in Fig. 2a) also follows that 

( ) ( ) ( )( )11 cos2cos2, −− ++= ttpiso yxRyi ΔΛΔ γθθγ        (2) 

B. The Joseph footprint function [1], ( )yw ,γ   

Over the interval 44
ππ γθ ≤+<− , this footprint function is a 

triangle of constant area yΔ⋅1 , the base and height of which 

varies in the ray direction as ( )γθ +cosyΔ and, ( )γθ +−1cos , 

respectively. When mapped onto the locus of interpolation line 
the base becomes constant and equal to yΔ , which yields the 

convolution kernel  

                            ( ) ( )1, −= yyyw ΔΛγ               (3)      

C. The gantry rotation function ( )yxg p ,  

In Fig.2a) we find the gantry rotation indicated as a time 
integrating rectangle function θΔr along the periphery of the 
circle with radius r over the measurement interval θΔ . The 
base of the rectangle function projected onto the locus-of- 
interpolation line is reduced to pxr θθ φ ΔΔ =cos , proportional 

to the velocity component, a velocity component which is 
common for all points along the locus line. In the enlarged 
detail inset Fig.2b) this projection is done, yielding the 
rectangle function (4) with smaller width but the same area as 
the original time integral θΔ , ready to slide (be convolved) 
down  the locus line. 

             ( ) ( )( )11, −−= ppp xyxyxg θΔΠ                       (4) 

III. INTERPOLATION AND CONVOLUTION WITH TABLE LOOK-UP 

We denote the complete interpolation function as 
)(yh being the convolution of the above three functions 

projected onto the locus line with the independent 
coordinate y . Using (1) the total interpolation function yields  

( ) ( ) ( ) ( )

( )( ) ( ) ( )( ) )5(cos2

cos22,),(

111

111

−−−

−−−

∗∗+

+=∗∗=

pyt

ptx

xyyy

xRlygywyiyh p

θ

γ

γθ

γθγγ

ΔΠΔΛΔΛ

Δ

 Alternatively, using (2) instead of (1) we obtain 

      
( )

( )( ) ( ) ( )( )111

11

cos2

cos2),(
−−−

−−

∗∗+⋅

+=

pyt

ptpiso

xyyy

xxRyh

θγθ

θγ

ΔΠΔΛΔΛ

Δ
     (6) 

Since all parameters in the top line of (6) are constant on the 
locus-of-interest line there should be no problem to evaluate 
this quantity in the innermost loop. The first kernel in the 
second line is the triangle function ( ) 11cos2 −− + tΔγθ , a 
quantity which we evaluate in one table look-up. For the actual 
evaluation of the convolution we proceed as follows.  

     The bottom row is separated into two parts, namely 

                        
( )( )

( ) ( )( )11

1cos2
−−

−

∗=

+=

pyp

td

xyyh

yh

θ

γθ

ΔΠΔΛ

ΔΛ
                   (7)  

Consider dh  as located on the locus line in ( )dp yx , , where the 

ray dγ  is hitting the center of the detector elementγ , while 

ph is located where the ray pγ hits the center of a pixel at the 

grid-point ( )yx p ,  as illustrated in Fig. 2b). Clearly, knowing 

the intercept pd yy − enables us to find the coefficient  

                           ( )( )pdpdyx yyhhc pp −∗=γθ ,,,                (8) 

by which the pixel (detector element) value shall be multiplied 
to yield a contribution to the detector element ( )dγθ , . 
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    To avoid all convolution operations we are now going to 
employ the technique first suggested for interpolation purposes 
by Hanson and Wecksung [2], and which can be shown to be 
equivalent to integration-by-parts. The main idea is shown by 
Fig.4. A function, which can be separated into one (arbitrary 
complex) finite function such as ph  in (6) convolved with a 

rectangle function, ( )11 −− yDD Π  can be evaluated at the 
arbitrary point 1yy =  using table look-up in the 

function ( ) ( ) ydyhyH
y

′′≡ ∫ ∞−1 as ( ) ( )211211
DD yHyH −++ . By 

the same token, since a triangle function ( )( )11 −− DyD Λ  is the 
convolution of two identical rectangle functions, we can take 
the idea one step further by computing and tabulating 

( ) ( ) ydyHyH
y

′′≡ ∫ ∞− 12 . The corresponding convolution result 

then yields  

        ( ) ( ) ( )DyHyHDyH ++−− 121212 2                 (9)  

IV. THE INNER LOOP INTERPOLATION FOR PROJECTION  

Since the detector element aperture is γΔΔ Rt = , for each 

angular step γΔ  the central ray in the irradiation function takes 

a vertical step in the y-direction along the locus line, which 
amounts to 

      ( ) ( )γθθγ ++= −2coscos pisoy xRp ΔΔ    (10)  

which can be verified geometrically in Fig.2. We use (10), or 
rather the integral thereof to get impact points 

,......,, 210 γγγ yyy in continuous coordinates. for all central 

rays ......2,, 02010 γγγγγγ γ ΔΔ +=+=  of the discrete fan-

beam. In addition we tabulate the two impact points of the end 
points of the triangular kernel that goes with each beam so that 
the table delivers a triple output of y-coordinates for each γ -
entry. At the real detector, these three corresponding points are 
centers of non-overlapping apertures. On the locus line, 
however, they do overlap because of the fan-beam and the 
acute angle ray impact. Now, every grid-point ( )pp yx ,  has a 

contribution ( )pp yxf ,  to deliver and an interval pyΔ ,which 

corresponds to the interval D in (9) and brings about the 
computation 
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which takes four table-look-ups (one to get the three address 
increments in parallel) and three to get the total coefficient for 
the accumulation.  

V. DISCUSSIONS AND CONCLUSIONS 
For the most part, we have been using a running example to 

illustrate what we believe is a novel approach to incorporate 
moderately advanced modeling in a CT-projection operator. 
Here, we make room for some generalizations. An obvious 
extension is to accept that the irradiation function dh  has a 
trapezoidally varying cross-section as illustrated in Fig. 1. The 
final convolution/interpolation coefficient in will then contain 
four instead of three terms and the pre-computed table (10) 
will deliver a quadruple output of y -values.  
 Everything brought forward here for the fan-beam case can 
be transported directly to the cone-beam case, provided the 
irradiation and the footprint functions are separable in 
horizontal and vertical direction. In the vertical direction there 
is no rotation bur the divergence has to be treated in the same 
way as above. We should put together an interpolation 
function that is the convolved result of a foot-print function, 
e.g. a triangle function ( ) ( )11cos −−

zzΔΛκ , where κ is the cone-
beam angle, and an irradiation function that describes the 
variation of photon flux density in the vertical direction of the 
channel between beam-spot and the detector. The quality 
improvement brought about with this technique is described by 
Sunnegårdh [9]. 

All interpolation functions designed after this recipe will 
automatically retain a projection-backprojection symmetry, a 
feature with several benefits in iterative reconstruction as 
recently brought forward by Ziegler et al [8]. Among these are 
better insight of convergence phenomena [5] and automatic 
suppression of DC-aliasing [4]. There are no principle 
problems to replace the function ( )yw ,γ  in (3) with more 
sophisticated footprint functions [6], [7], which suppress 
aliasing even better, at the expense of larger processing time 
due to their wider kernels.  
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3D TOF PET Forward Projector Based on Axial 
Consistency Conditions 

V. Y. Panin and M. Defrise 

 
Abstract— An efficient projector is essential for 3D iterative 

reconstruction. A TOF projector is commonly implemented as a 
line integral through an image, taking into account voxel 
contribution to TOF bins. In this work, an alternative approach is 
investigated. Oblique sinograms are computed from 2D direct 
projection data using recently developed axial consistency 
conditions (CC). The CCs formulate TOF data connections 
separately for each radial and azimuthal coordinate; this makes 
them attractive for image mapping into the line-of-response 
(LOR) space. Oblique data are a result of the solution of ordinary 
differential equations (ODEs) with 2D data as the initial 
condition. Our preliminary results show that significant 
acceleration can be achieved using a CC based projector, 
compared to our efficient implementation of 3D Joseph’s 
projection method. Accuracy of the CC projector is easily 
controlled by finite steps in ODE solving. CC projector 
performance was evaluated using simulated data for a cylindrical 
scanner. 

I. INTRODUCTION 
Recently, the introduction of new scintillators such as 

LSO and LaBr3 has reopened interest in TOF PET. The 
measured time resolution can be as low as 500 ps (FWHM). 
Also, TOF information is acquired at fine time difference 
sampling. This results in a large but redundant data set. 

One of the approaches is to use redundancy to rebin a 3D 
data set into 2D, similar to non-TOF PET, where Fourier 
transform [1] and John’s equation [2] based methods were 
developed. The TOF Fourier transform based method [3] can 
be applied separately on each TOF bin. A disadvantage is that 
the invention of missing data is necessary for a real scanner, 
due to gaps between blocks, for example. The parallel beam 
data organization is also assumed and this is not correct for 
cylindrical scanner LOR data. TOF axial rebining methods 
exist, such as Single Slice Rebinning (TOF-SSRB) [4]. This 
rebinning is performed independently on azimuthal and radial 
coordinates, and is more suitable for LOR data. Recently, 
exact axial rebinning was derived for TOF data, based on 
John’s equations [5]. Unfortunately, such CCs contain second 
order derivatives of measured data and this will result in noise 
amplification during rebinning. This fact led to investigation 
of generalized rebinning with a noise-resolution trade-off 
property [5]. 

While 3D reconstruction is significantly more expensive 
in terms of time and resources, it possesses the advantage of 

having a statistical approach. The line integral projectors are 
useful even in the case of point spread function (PSF) 
modeling [6]. Fourier transform based, parallel beam 
organized, inverse rebinning was used for fast forward 
projector implementation [7] and in iterative reconstruction 
[8]. 
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M. Defrise is with the Dept. of Nuclear Medicine, Vrije Universiteit 
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Exact axial inverse rebinning (available only for TOF) has a 
computational advantage in that it does not involve Fourier 
transform. It is independent of the azimuthal coordinate 
(view), which makes it very attractive to use in ordered subset 
reconstruction methods. The mentioned noise amplification is 
not relevant when inverse rebinning is applied on modeled 
noiseless data. In this work, we implement and compare 
performance of CC based 3D projectors with our efficient 
implementation of Joseph’s projection method [9]. Since the 
CC projector is a shuffling of 2D data (independently on radial 
and azimuthal coordinates), a matched backprojector is easily 
constructed for use in iterative reconstruction. 

II. AN AXIAL TOF CONSISTENCY CONDITION 
The cylindrical scanner measured TOF data are 

parameterized as  

( ) ×⎟
⎠
⎞⎜

⎝
⎛ +−+= ∫

∞

∞−

22 11,,,, δδδφ ltdlhzrtp  

( )δφφφφ lzlrlrf ++− ,cossin,sincos   (1), 
where f is emission distribution, r is radial sonogram 
coordinates, φ is azimuthal sinogram coordinates, z is the axial 
coordinate of the mid-point of the LOR, and θδ tan= is 
tangent of the polar angle between the LOR and a transaxial 
plane. The TOF bin is denoted as t. This bin corresponds to a 
TOF profile ( )lth −  centered at along the LOR. We 

assume a Gaussian TOF profile

tl =

( ) ( )( )22 2exp σltlth −−=− , 
where σ is related to FWHM of the time difference 
measurement. The aim of inverse axial rebinning is to generate 
3D TOF sinogram  ( )δ,, ztp  from 2D  data. We will 
omit r and φ in projection data notation, since inverse 
rebinning will be performed separately for each transaxial 
sinogram coordinate. 

( 0,, ztp )

)As it was shown in [5], ( δ,, ztp  satisfies the following 
partial differential equation: 
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These CCs can be rewritten in the form of an ordinary 
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differential equation: 
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The process of generating 3D data is equivalent to solving 
ODE (3) by the Euler method. Starting from 2D data, sampled 
on a rectangular grid , the RHS of (3) is estimated 
at a currently available 3D data set (or 2D data set at the first 
step). Then higher polar angle data are obtained by the 
following step: 
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Ignoring RHS in (3) will lead to inverse TOF-SSRB 
approximation of the 3D projector. Statistical reconstruction 
with such a projector will likely result in insignificant 
improvements due to more exact correction factors, such as 
normalization, when compared to reconstruction from 
corrected TOF-SSRB 2D data. 

The existence of exact axial rebinning is justified by the 
following consideration. It is possible to reconstruct image 
from direct 2D data only, simply by deblurring TOF data with 
a TOF kernel. This is an ill-posed problem. Then image can be 
blurred with the TOF kernel in the direction of the given polar 
angle to produce oblique data. This connection is formulated 
in form CC. The final deblurring-blurring operator might be 
not ill-posed. Therefore, the goal is to verify that CC will 
provide stable generation of oblique data from noiseless direct 
data. 

The possible computational advantage can be understood 
from the following comparison. For each oblique LOR and 
TOF bin line, the line integral method computes the 
contribution from each axial row. See Fig.1. The CC projector 
for each oblique LOR and TOF bin needs to estimate 
contribution from a few direct data bins. Therefore, the 

acceleration factor is proportional to the number of contributed 
axial rows, on average, in the line integral projector. The 
acceleration factor depends on the number of 2D data bins 
used in the derivative estimation in the CC projector. Also, the 
acceleration factor is decreased by the number of finite steps in 
the ODE-solving between adjacent polar angles. The finite 
step controls the accuracy of the CC projector. Fortunately, 
adjacent segments have small differences in polar angles, and 
all segments are used in a single OS iteration. 

III. IMPLEMENTATION 
The starting point is a rectangular grid of sampled 2D data. 

This grid evolves to a nonrectangular grid in  for some( )zt, δ . 
Interpolation on such a grid is needed to evaluate the mean 
value of measured oblique data. We chose to work with a 
different projection ( )δ,, ztp ′′′ , which is related to that 
measured by: 
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See Fig. 2. This function satisfies the following PDE: 
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and the following ODE: 
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The advantage of working with this function is that 2D 
sampling points evolve into another rectangular grid, but one 
that is rotated. See Fig. 2. Eq. (6) contains only one second 
order derivative; however, since the rectangular sampled point 
grid is rotated, there is still no direct way to compute this 
derivative. It is estimated through derivatives with respect to z0 
and t0. All such second order derivatives need to be estimated: 
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Non negativity of system matrix elements and modeled 
projection data is not guaranteed by the presented method. The 
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Fig. 2. Parameterization of two projection functions (1) and (5). 
Evolution of segment zero rectangular grid in (7). 
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Fig. 1. Line integral method generation of TOF oblique sinograms is 
proportional to the number of axial rows. On circular support, the 
number of contributing axial rows depends on the LOR radial 
coordinate. 
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ordered subsets weighted least squares (WLS) iterative 
reconstruction using matched backprojector is appropriate. 
Nevertheless, the ad-hoc use of the CC projector and 
backprojector in the OS-EM algorithm is also investigated. 

IV. RESULTS 
The CC projector was evaluated using simulated data for the 

cylindrical scanner. The basic parameters are provided in 
Table 1. Note that projection data were assumed to be formed 
with span 11, where five of six LOR were combined. The 
polar angle was assumed to be uniform across the segment at a 
fixed radial coordinate, and to correspond to the polar angle of 
the segment edge. At the segment edge, only one LOR was 
used and the polar angle was somewhat smaller than in the 
middle of the segment. We simulated two instances of TOF 
data. The first case corresponded to list mode file TOF bins of 
78 ps (11.7 mm) width and TOF FWHM 500 ps (31.8 mm) 
resolution. Fifty nine TOF bins were simulated. Such fine 
sampling is unlikely to be used in practice, where four TOF 
bins are summarized into one. Therefore, the second 
simulation set corresponded to 15 TOF bins of 312 ps (46.8 
mm) width and 550 ps (35 mm) FWHM resolution. 

Neither noise nor degradation factor (scatter, attenuation) 
were simulated. Projection data were generated from a 
digitized image of the 20 cm diameter, placed-off-center, disc 
phantom by an efficient 3D Joseph projector and CC based 
projector. In both cases, the phantom was blurred in the axial 
direction by a Gaussian filter of 4.4 mm FWHM in order to 
mimic axial scanner PSF. Both projectors mapped images into 
span LOR space with non equidistant radial sampling and 
polar angles as a function of radial distance. 

The CC projector was tested for two settings. In one case, 
the polar angle variable step in Euler’s method was equal to 
the difference in polar angle between adjacent segments. In 
total, 6 steps were needed to produce 6 oblique segments. In 
the second case, each step was divided into equal three steps. 
Eighteen steps were needed to produce oblique sinograms. 

The normalized root-mean-square (RMSE) difference 
between the CC projector and the Joseph projector was 
computed for each sinogram plane. See Fig. 3. As expected, 
the CC method performed better when there were more steps 
in the Euler equation, and offered finer time difference 
sampling. In particular, negative values were greatly reduced 
in TOF bins of small signal (Fig. 4, middle row). The method 
did not perform so well in the case of sparse TOF sampling 
(Fig. 4, bottom row). Additional work is needed to understand 
the reason for this greater degradation in quality. A possible 

problem could be interpolation from ODE projection to 
measured projection on a sparse grid, or the estimation 
derivative with respect to the time variable. 

Fig. 5 presents reconstruction of torso phantom, which 
contained two 10mm diameter hot spheres. Projection data 
were generated by Joseph’s method from the non-blurred 
phantom for the case of 59 TOF bins. Neither noise nor 
degradation factor (scatter, attenuation) were simulated. Data 
were reconstructed by the OS-EM algorithm with the CC and 
Joseph’s projector/backprojector pairs. Sphere profile shows 
that hot spot contrasts were not changed by the CC method; 
however, Gibbs artifacts were somehow greater in comparison 
with Joseph’s method reconstruction. WLS CC reconstruction 
of these data resulted in the same conclusion, but more 
iterations were needed for sphere recoveries. 

Computation time was evaluated on a 3.2 GHz single CPU 
Xeon. No hardware parallelization of code was performed. 2D 
projection required 26% of the total time for the Joseph 
projection. One step CC projection required 36% of the total 
time for the Joseph projection. Ignoring 2D projection time, 
the generation of an oblique sinogram was 7.5 times faster in 
one step of the CC projector. This time was reduced by 3.4 in 
the 3 step method. The CC 3 step projection total time was 
47% of the total Joseph projection time. These computing time 
ratios were the same for cases of 15 and 59 TOF bins. 

V. CONCLUSIONS 
CC projection is based on an exact formula and in principle 

can provide accurate 3D line integral projectors. Our 
investigations showed that it can be done faster when 
compared to the use of direct line integral computations. It 
should be pointed out that the CC projector has not yet been 
fully optimized. For example, the Joseph projector considered 
contribution from voxels inside of the circular support. At the 
edge of the FOV, only a few voxel axial rows were considered 
by this method. In the case of CC projection, support in the 
time direction should be considered, since it is a priori known 
that TOF bins of large time differences will be zeros for large 
values of radial coordinates. Even without such optimization 
and general code optimization, the CC projector was 
considerably faster. 

The Joseph method depends on the pixel size in the 
transverse direction. The fewer the number of axial rows, the 
faster the Joseph method will be. The CC projector is 
independent of this transaxial characteristic. Therefore, for 
lower transaxial resolution imaging, the CC projector may 
have no advantages. 
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Fig. 3. Normalized RMS difference between CC projector and Joseph projector versus sinogram plane index. Sinograms are organized as follows: 
segment 0 planes 0-108, 1 109-205, -1 206-302, +2 303-377, -2 378-452, +3 453-505, -3 506-558. RMSE shows the axial period of the phantom. 

 1 step 
Δ 3 steps  1 step 

Δ 3 steps

59 TOF bins 15 TOF bins 

Joseph projector CC projector with 1 step CC projector with 3 steps 

TOF bin +6 (59 total) 

TOF bin -14 (59 total) 

TOF bin +1 (15 total) 

Fig. 4. One view and TOF bin of projection from disc phantom. The columns represent different projectors. Two upper rows show projection for 59 TOF 
bins. The bottom row shows projections for 15 TOF bins. The vertical axis represents the axial plane, the horizontal axis represents the radial coordinate. 
All seven segments are shown in order, and are described in Fig. 3’s caption. Projections were truncated in the radial direction for display purposes. 

Fig. 5. Profiles through 10mm spheres of torso 
phantom. Profiles were taken in transaxial slice, 
which contains center of the spheres. Black curve 
represents true image, red line represents the OS-
EM reconstruction by Joseph’s method. Zoomed 
transaxial slice and green curve represent the OS-
EM reconstruction with ad-hoc application of the 
CC projection/backprojection pair. The OS-EM 
reconstructions used 10 iterations and 14 subsets. 
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Estimation of Skew-Slit SPECT Acquisition 
Geometry Using a Single Point Source 

Jacob A. Piatt and Gengsheng L. Zeng 

Abstract—To estimate geometric parameters in a skew-slit 
SPECT scan, a simple method is presented that uses a single point 
source and a simple backprojection process.  A skew-slit geometry 
is considered where the estimated parameters include the focal 
lengths of both opaque planes as well as the center of projection in 
x and y axis coordinates.  While the scope of this research is 
limited to the estimation of the focal lengths and the y and z axis 
positions, it can be applied to other parameters of the acquisition 
geometry.  Five basic parameters were accurately estimated using 
the technique.  A phantom experiment was conducted where the 
technique was used in the reconstruction, and sub-millimeter 
spatial resolution was achieved.  It is demonstrated that only one 
arbitrarily-placed point source is necessary to determine 
geometric parameters, thereby eliminating the need for multiple 
sources in pre-defined orientations. 

 
Index Terms—SPECT, acquisition geometry, skew-slit, pinhole, 

computed tomography.  

I. INTRODUCTION 
Using cone-beam geometry with pinhole collimation, 

high-resolution images of small objects can be created.  Image 
reconstruction is highly accurate if all geometric parameters are 
exactly known; however, it is impossible to know the exact 
parameter values because each scan or experiment can require a 
completely different geometry.   

To accurately estimate such geometries, it has been 
customary to scan point sources of isotope.  Usually, the 
methods use mean-square-error minimization in which the 
measured image is compared with a pseudo image.  
Unfortunately, this can result in multiple, ambiguous solutions 
[1].  Multiple point sources in different locations are added to 
eliminate the ambiguity of the different solutions [2]-[5]. In 
practice, some methods use phantoms consisting of multiple 
point sources [2]-[4].  Another method requires a specific 
mechanical setup where the point source is moved in careful 
shifts in a two-dimensional plane [5].  These methods can be 
subject to physical or human measurement error because of 
their complexity.  Additionally, when the viewing area is small 
to achieve high magnification, the multiple sources must be 
closer together to fit in the viewing area.  This can result in 
errors because of the required sensitivity.  Also, a special effort 
may be required to apply these specialized techniques to new 
forms of collimation and imaging that have completely different 
geometric parameters.   

Recently, a skew-slit collimator has been designed, 
simulated, built, and tested in which multiple slits are used in 
place of pinholes.  This design provides increased transaxial 
resolution of small objects and reduces data insufficiency 
artifacts [6]-[7].  Accordingly, different parameters are 
introduced such as multiple focal lengths and multiple slit 
positions (Fig. 1).  Instead of considering new phantoms or 
mathematics to apply to the design, a single, randomly-placed 

point source provides enough information to gather the 
acquisition geometry.  By backprojecting the point-source 
projection data while varying individual parameter values, each 
parameter value can be accurately estimated by selecting the 
best backprojected image of the point source.  Each of the 
backprojected images has a maximum pixel value, and the most 
accurate parameters are those used to backproject the image 
with the highest maximum value.  This method is very simple 
because it only requires a single, randomly-placed point source. 

 

Horizontal slit Vertical slit

D2

D1

F1

F2

 
(a) 

Skew-slit coll imator

Object

Detector

 
(b) 

Figure 1.  A multi-skew-slit geometry has two separate focal lengths compared 
to the single focal length for pinhole geometry. (a) Focal lengths considered in 
skew-slit image reconstruction. (b) Detector with projections of a circular object 
using three slits orthogonal to the axis of rotation. 
 

Previously, the focal length of cone-beam geometry has been 
proven to only affect the magnification of the reconstructed 
image [1].  One point source provides multiple, ambiguous 
solutions for the focal length.  With skew-slit geometry, three or 
more slits in known relative positions provide enough 
information to resolve this ambiguity.  This method also 
provides visual evidence of the accuracy of the parameters. 

II. METHODS 

A. Theory 
Projection data is backprojected for each angle of a scan of a 

point source, and the backprojected image describes the 
location and size of the original point source (Fig. 2).  In the 
backprojected image, there is a maximum value that should 
represent the location of the center of the point source.  When 
incorrect geometric imaging parameters are used, the beams 
created by the backprojection do not intersect at one point, and 
the maximum value is significantly lower (Fig. 2(b)).  Thus, the 
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exact geometric parameters will produce the highest maximum 
value in the backprojected image. 

Because exact measurements of the geometric imaging 
parameters cannot be made mechanically, some reasonable 
default values are initially used in the backprojection.  Then, a 
reasonable window of values is made around each default 
value, and this window of values is then cycled through at a 
given interval, producing an array of maximum values for each 
value of the parameter.  Each parameter is cycled through 
various times around smaller intervals until the maximum voxel 
value of the backprojected image reaches a maximum.  Then, 
the backprojected image should look something like Fig. 2(a), 
and all the lines should intersect at a single point.  Errors in the 
parameter values create images similar to Fig. 2(b). 

 

     
         (a)                (b) 
Figure 2. Backprojected images using voxel-driven backprojection:  (a) Using 
exact parameter values creating an absolute maximum. (b) Using a small error in 
the y-axis center, resulting in a much lower maximum value. 
 

Ideally, the maximum value would be given by the exact 
geometric parameters, but the accuracy of the given maximum 
values depends largely on the resolution of the reconstructed 
image.  Finite resolution of the image can cause some slight 
variation in the results. 
 The scope of this research was limited to the estimation of F1, 
F2, and D2 as described in Fig. 1(a) as well as y and z axis 
parameters.  Because D1 can be found from the other three 
parameters, it was not considered as a parameter to be 
estimated: 

1221 FDFD −+=         (1) 
The y and z axis parameters describe the position that the origin 
of the coordinate system projects through the collimator onto 
the detector.  If a line orthogonal to the exact center of the 
detector passes through the vertical slit and the center horizontal 
slit, the x and y axis positions are zero.  All of the parameters 
described above were assumed to remain constant for the 
duration of the scan. 

Still, with cone-beam geometry, it has been proven that 
multiple point-sources are necessary for accurate estimation of 
all parameters.  More importantly, the focal length (the distance 
between the axis of rotation and the focal point of the cone) is 
just a magnification factor in the reconstruction.  This problem 
is remedied by using multiple slits of known relative distance in 
the scan of the single point source.  These multiple slits produce 
multiple projections of the same point source on the detector.  
Figure 3 shows simulated superimposed images from the 
detector using three horizontal slits.  Note that this data is 
equivalent to having three distinct sources in cone-beam or 
pinhole collimation and is very similar to the elliptical 
projections in [8].   

 

 
Figure 3. Simulated superimposed projection data from 10 different angles 
using three slits in one direction. 

 
Figure 4 shows the detector and collimator in two different 

positions for demonstration purposes.  The backprojected 
beams do not intersect at a single point if the focal length is 
incorrect, resulting in a lower maximum value.  This is only 
possible when the relative slit positions are known. 

 

  
(a) 

 
(b) 

Figure 4.  Theory for the use of multiple slits to estimate focal lengths using a 
single point source.  (a) Backprojected rays from the detector intercept at the 
correct location when the focal length is the correct length. (b) When the focal 
length is too small, the backprojected rays intercept at three separate locations, 
causing a smaller maximum value. 

 
With this method, there is very little difficulty with 

experimental setup because a quick scan of a point source in any 
location in the field of view will yield sufficient data.  Still, the 
point source must be placed sufficiently far from the axis of 
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rotation to yield unique projection data.  This process is 
relatively simple in comparison to other optimization 
techniques [2]-[5] and can immediately precede or follow a 
more detailed scan with no change in the acquisition geometry.  
Effort and possible sources of human error are greatly 
minimized.  A 3D image of the backprojection shows if the 
images actually intersect, providing visual verification of the 
results. 

 

B. Computer Simulation 
The simulated projection data was stored as 128×128 pixel 

images, and the backprojected image was stored as a 
256×256×256 voxel 3D image.  Using a 128×128×128 
backprojected image would produce less-accurate results, and 
even higher resolution could be used for any situation that 
requires the additional accuracy.  All length units described 
refer to detector bin size.  Although the location of the point 
source is arbitrary if it is within the detector’s field of view and 
not on the axis of rotation, the simulations described here used a 
source of diameter 1 centered at {x,y,z} = {0,5,5}.  Smaller 
sources should be used for higher resolution images.  Defining 
the 128×128 detector bins from 1 to 128 in each direction, the 
center of projection onto the detector was defined as {y,z} = 
{64.5,64.5}.  The focal lengths were created as {F1,F2} = 
{20,40} respectively, and the total distance to the detector from 
the axis of rotation was 120.  The distance between the 
horizontal slits of the collimator and the detector was 80.  Fig. 1 
summarizes the skew-slit geometry. 

To demonstrate that the method gives a unique solution, 
various parameter values were varied from the correct values, 
and maximum values were recorded for each of the estimated 
values.  Most importantly, the focal lengths were varied linearly 
for a skew-slit design with multiple horizontal slits and for a 
single-pinhole design. 

Figure 5(a) shows a plot of maximum values when the focal 
length for the single slit, F1, is varied from the correct value 
while keeping the axis of rotation constant.  It can be seen that 
with a single pinhole backprojection of the same object, the 
maximum value is nearly constant for all values, because the 
focal length acts as a magnification factor only [1].  With three 
slits, however, a unique solution exists, but F1 is not as sensitive 
as the other parameters. 

Figure 5(b) shows a plot of maximum values when the focal 
length for the three slits, F2, is varied from the correct value 
while keeping the axis of rotation constant.  There is a clear 
maximum at the correct value due to the multiple slits.  The F2 
parameter is much more sensitive than the F1 parameter. 

Figure 5(c) shows a plot of maximum values when the focal 
lengths are varied; however, there is no clear maximum when 
the point source is located directly on the axis of rotation.  Thus, 
care must be taken to place the source far enough from the axis 
of rotation while keeping it within the viewing area.  For this 
simulation, the point source was placed at {x,y,z} = {0,0,5} to 
simulate the source on the z axis. 

 

 
(a) 

 
(b) 

 
(c) 

Figure 5. Maximum values of computer backprojections of a simulated point 
source for varying F1 and F2 focal lengths comparing a single pinhole, single slit, 
and three slits.  (a) F1 has a clear global maximum at the correct value. (b) F2 has 
a clear global maximum at the correct value. (c) Maximum values remain 
constant for all collimators when the source is placed on the axis of rotation. 
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C. Phantom Experiment 
An ultra-micro hot-spot phantom was used for the phantom 

study (Fig. 6). The phantom was filled with 22.5 mCi (0.8325 
GBq) of Tc-99m and was scanned on an IRIX SPECT system.  
The phantom had 6 sections of hollow channels with diameters 
2.4, 2.0, 1.7 1.35, 1.0, and 0.75 mm.  The detector array had a 
size of 256×256, and the image array had a size of 
256×256×256. The phantom was scanned at 180 views over 
360 degrees for 90 minutes. The pixel size in the detector array 
was 2.3 mm. 

 
Figure 6.  The ultra-micro hot-spot phantom used in the phantom study. 

 
Immediately following the phantom scan, a point source was 

scanned at 60 views over 360 degrees for 12 minutes.  The 
source was 65 µCi (2.4 MBq) of Tc-99m.  Care was taken to 
avoid any changes in the camera geometry while replacing the 
phantom with the point source. 

To illustrate the validity of the parameter estimations, two 
separate reconstructions of this scan were performed.  In one 
reconstruction, all parameters were estimated by finding the 
maximum value as described above.  In the other 
reconstruction, all parameters were optimized with the 
exception of the y and z axis positions, which were left at their 
default values in the center of the detector 
({y,z}={128.5,128.5} on a 256×256 detector array).  The 
ML-EM algorithm was used to reconstruct the images (40 
iterations). 

III. RESULTS 
 

   
      (a)                (b) 
Figure 7. Reconstructed ultra-micro hot-spot phantom images. (a) Without y and 
z axis compensation, no channels are distinguishable. (b) When all unknown 
parameters are estimated using the single point source, the smallest channels are 
distinguishable, showing sub-millimeter spatial resolution. 

 
Fig. 7 shows the result of the phantom scan.  There is a clear 

distinction between the reconstructed images.  When the y and z 
axis positions were left as their default values, no channel 
locations were discernible (Fig. 7(a)); however, sub-millimeter 

spatial resolution was achieved when all parameters were 
estimated.  The smallest channels of diameter 0.75mm can be 
seen in Fig. 7(b).  Clearly, the slits were not positioned directly 
above the center of the detector.  The distortion at the top of Fig. 
7(b) was caused by the collimator when it truncated some 
projection data. 

IV. CONCLUSION 
An effective, yet very simple method to find the geometric 

parameters of a multiple-skew-slit collimated SPECT 
experiment was presented.  Computer simulations showed the 
uniqueness of each parameter using only a single source.  
Voxel-driven backprojections provided sufficient data to 
accurately estimate parameter values.  In the phantom study, 
sub-millimeter spatial resolution was achieved using the 
skew-slit collimator and the single point-source 
parameter-estimation technique. Experimental setup was very 
simple, and little time was required. 

For future implementation, Gaussian smoothing can be used 
on the projection images before backprojection to decrease the 
parameter sensitivity.  This would allow more variance in the 
initial parameter estimates.  Also, a maximization/minimization 
method such as the Nelder-Mead simplex method can be used to 
find the multiple parameters simultaneously [9]. 
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Abstract—    The use of small crystals in new PET scanners results 

in large number of line-of-response (LOR). Thus, fully 3D image 

reconstruction becomes time consuming, especially for iterative 

algorithms such as Ordered Subset EM (OSEM). In this paper, we 

describe a method to speed-up the calculation of OSEM by 

utilizing shift and symmetric properties of crystal arrangement in 

the scanner. We name this method as Shift Symmetry OSEM 

(SS-OSEM). With SS-OSEM, calculation of system matrix for 

different LORs can be done by simply reversing, exchanging, and 

shifting the index in the object space. This significantly reduces the 

number of LOR needed to be ray-traced. We implement SS-OSEM 

for the jPET-D4 which is a novel four-layered DOI scanner. We 

found out that SS-OSEM is about 10 times faster than non 

shift-symmetric version. Then, we expand the implementation with 

parallel computing by using the MPI library. With 16 parallel 

threads on four node cluster, we are able to achieve 12 times 

speed-up in the computation. Several implementation issues and 

restriction for SS-OSEM are also discussed. With parallel 

implementation of SS-OSEM, we show that it is possible to obtain a 

fully 3D reconstructed image within clinically acceptable time for 

scanner with large number of LOR such as the jPET-D4. 

Index Terms—     Positron emission tomography, Image 

reconstruction, Shift and symmetric property, Parallel computing 

 

I. INTRODUCTION 

In order to achieve high image resolution, crystal size in PET 

scanners is getting smaller. Besides that, recent detectors also 

enable the detection of depth-of-interaction (DOI) information 

[1][2]. These result in large number of line-of-response (LOR) 

in fully 3D image reconstruction. Particularly for iterative image 

reconstruction algorithms where several iterations are required, 

it is crucial to have fast system matrix computation in order to 

obtain images within reasonable time.  

Usually, system matrix is generated during image 

reconstruction; we call this on-the-fly system matrix. For fast 

computation, on-the-fly system matrix generation is usually an 

approximation by assuming that the detector response function 

(DRF) is a line that connects between two coincident crystals. 

To obtain better image, there are other detail approximations of 

DRF by some standard function such as Gaussian. Certainly this 

is at the expanse of extra computational time. 

In image reconstruction, there are two major object basis 

functions: voxel and Blob [3]. For voxel, Siddon method [4] is a 

popular accelerated ray-tracing algorithm to generate on-the-fly 

system matrix. Several methods [5][6] to further speed-up 

Siddon method have been proposed, such as the incremental 

Siddon method [7] where length of LOR is calculated in an 

incremental manner. Compare with voxel, Blob has the attribute 

of producing images with better signal-to-noise ratio especially 

in iterative methods. For Blob, a ray-tracing method [8] was 

proposed to reduce unnecessary computation for cells which are 

far away from LOR. However, it is still time consuming for fully 

3D reconstruction as the number of LORs is in the order of 10
8
 

for latest PET scanners. 

In this paper, we describe an on-the-fly system matrix 

generation method based on Blob which utilizes the shift and 

symmetric properties of the crystal arrangement in gantry. Shift 

and symmetric properties have been applied in previous 

researches [1][9] for pre-calculated system matrix in order to 

reduce memory space. Instead of pre-calculated system matrix, 

we apply it to image reconstruction with on-the-fly system 

matrix, which requires less memory but higher computational 

cost. By using shift and symmetric properties, the computational 

cost for system matrix can be reduced significantly.  

To investigate the speed improvement, we implement OSEM 

[10] for the jPET-D4 scanner [1][11] with on-the-fly system 

matrix that utilizes shift and symmetric properties. The jPET-D4 

is a four-layered DOI scanner which is being developed at 

National Institute of Radiological Sciences, Japan. It contains 

122,880 crystals each with the size of 2.9×2.9×7.5mm
3
. 

Previously, DOI Compression (DOIC) method [1] has been 

proposed to compress DOI data into 1
st
 DOI layer without 

significant loss in image resolution. After DOIC, number of 

LOR required for field of view (FOV) of 250mm in diameter is 

206,438,400.  

II. METHOD 

A. Implementation of Blob ray-tracing 

We implement a reconstruction routine based on on-the-fly 

system matrix with Blob basis function. The implementation is 
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based on the ray-tracing algorithm described by Popescu et al 

[8]. LOR is defined as a line that connects at center of two 

coincident crystals. DRF of a crystal pair is approximated by a 

standard Gaussian function with 3mm FWHM. The system 

matrix element is then the integration of overlapping volume 

between Blob basis function and DRF. For fast image 

reconstruction, we pre-calculate this integration and store it into 

main memory. It is easy for Blob because it is a spherical 

function. Therefore integration value for overlapping volume 

can be obtained with a single parameter, i.e. perpendicular 

distance between LOR and center of Blob cell. To illustrate this, 

we show an example of overlapping volume between a Gaussian 

DRF and a Blob cell in 2D (Fig. 1). In our implementation, we 

use Blob cells with the following profiles: a = 2.5, α = 10.4,     
m = 2. Calculation of system matrix is limited for Blob cells 

within 4mm away from LOR. This represents about 99.7% of the 

total overlapping volume.  

 

 

B. Shift Symmetry OSEM 

Thanks to the symmetry arrangement of crystals in the 

jPET-D4, each LOR has several LORs which are symmetry to 

each other. In each sinogram of any axial slice, it can be divided 

into four symmetric sections with respect to the projection angle. 

To demonstrate it, a sinogram with four symmetric sections and 

its corresponding four sections in transaxial plane is shown in 

Fig. 2 and Fig. 3. Section 1 contains projections with angle 

between 0 º and 45º, section 2 contains projections with angle 

between 45 º and 90 º, section 3 between 90º and 135 º, and 

section 4 between 135 º and 180 º. With symmetric sampling in 

object space at the center of gantry, by reversing or exchanging 

index of vertical and horizontal axis in object space, LOR L2, L3, 

L4 can easily be obtained from LOR L1 without additional ray 

tracing. By reversing index in axial direction, we can further 

obtain another set {L5, L6, L7, and L8} of LORs as shown in Fig. 

4. Node that the crystal arrangement in both figures is an 

example of PET geometry that allows symmetric properties to 

be utilized. It does not reflect the actual crystal arrangement of 

the jPET-D4 in our implementation. 

Beside symmetric property, shift property can be utilized as 

detector rings are separated at a constant distance for the 

jPET-D4. In this case, by shifting the LOR L1 to L8 in axial 

direction with respect to the ring separation, all LORs can be 

obtained without further ray tracing (shown in Fig. 4). Thus with 

ray tracing within section 1, all LORs can be obtained by 

utilizing the shift and symmetric properties. By applying this 

trick in OSEM image reconstruction, we name this 

implementation as shift-symmetric OSEM (i.e. SS-OSEM). 

Subset ordering is based on the prime number permutation 

method proposed by Herman et al [12]. 

 

 

 

 
 

C. Parallel Implementation 

To further speed-up the computation, we implement a 

master-slave parallel version of SS-OSEM by using MPI 

package. Equation of OSEM is shown in (1) where Sq indicates 

subset of projection, and q is subset number. In distributed 

memory parallel computing of SS-OSEM, we divide 

computation load within a subset to several parallel threads 

before updating to the object space, fj
n+1
.  

For SS-OSEM, it imposes an extra restriction to load 

distribution. First, we define ring difference number as |ri-rj|, 

where ri and rj are the ring number of crystal pair in a sinogram. 

 axial symmetry

shift property

L1L5

L6

L7

L8

L2

L3

L4

 
Fig. 4: Symmetric LORs can be obtained reversing index in axial direction. 

Other LORs can be obtained by shifting previously calculated LORs along the 

axial axis.  
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Fig. 3: Object space of a transaxial plane. Corresponding four symmetric 

sections are shown. 
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Fig. 2: Four section in a sinogram divided by the projection angles. 
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Fig. 1: A two dimension image showing overlapping volume between a 

Gaussian DRF and a Blob cell.  
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A ring difference number table for 80 detector rings of the 

jPET-D4 is shown in Fig. 5. Sinograms with the same ring 

difference number have to be grouped together and compute 

within a thread. It is because they will be computed in a group 

due to shift and symmetry system matrix computation. With this 

restriction, computing load is divided to each thread according 

to ring difference number in a particular order. For example,  for 

four parallel threads, sets of ring difference numbers being 

assigned to each thread are {0,7,8,15,…}, {1,6,9,14,…}, 

{2,5,10,13,…}, {3,4,11,12,…}. With this, calculation load is 

distributed evenly among all slave threads to keep idle CPU time 

to the minimum.  
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III. EXPERIMENT 

A Hoffman phantom [13] data is used in this case. The total 

detected count is 1.57×10
9
 (prompt minus delayed count). 

Attenuation correction, scatter correction [14] and detector 

normalization are performed before image reconstruction.  

The denominator of equation (1) ∑ ∈Sqi ija  is pre-calculated 

and stored in memory before iteration begins. We investigate the 

reconstruction time required for fully 3D image reconstruction 

of a single iteration of conventional OSEM (non 

shift-symmetric), SS-OSEM, and SS-OSEM with 16 parallel 

threads.  

We define parallel efficiency as PE = Tnon-parallel / (Tparallel × 

Nthread ), where Tnon-parallel is calculation time of one iteration with 

one thread. Tparallel is the same calculation time with Nthread 

parallel threads. PE is plotted for Nthread of 4, 8, 12 and 16. Other 

details about image reconstruction are listed as below:  

 

-- Number of OSEM subset: 48 

-- Image array sampling: 1.5×1.5×1.5mm
3
 

-- Image array size: 171×171×217 

-- Detector response function:  

Gaussian function with fix FWHM of 3mm 

-- MPI cluster:  

four workstations, each with two dual-core Opteron 

2.8GHz and 4GBytes memory 

-- Parallel package: MPICH2 

-- Compiler: GCC 3.4 

-- Network: Gigabit network 

IV. RESULT 

Image reconstruction time for each method is shown in table 1. 

For parallel computing, parallel efficiency is plotted against 

number of parallel threads in Fig. 6. Output image at 3
rd
 

SS-OSEM iteration is shown in Fig. 7.  

 

 

 
   

 

V. DISCUSSIONS 

By utilizing shift and symmetric properties in image 

reconstruction with on-the-fly system matrix, number of LOR 

required to be ray-traced is significantly reduced. Images 

produced by SS-OSEM is almost identical to the one generated 

by conventional OSEM. With SS-OSEM, number of LOR being 

ray-traced is reduced to 0.3%. Obviously calculation time does 

not reduced linearly with the number of LOR required to be 

ray-traced. This is because other than system matrix calculation, 

other processing time such as main memory reading/writing, as 

well as multiplicative operation between DRF and object space 

still remains. 

SS-OSEM restricts the projections to be grouped in a subset 

due to the symmetric requirement. For example, projection of 1º, 

89º, 91º and 179º has to be grouped together. This could cause 

TABLE I 

NUMBER OF LOR REQUIRED TO BE RAY-TRACED (IN PERCENTAGE) 

AND IMAGE RECONSTRUCTION TIME FOR A SINGLE ITERATION 

 

Description 
LOR need to 

be ray-traced 

Time in hour 

(%) 

conventional OSEM 100% 25.37 h (100%) 

SS-OSEM 0.3%   2.37 h (9.3%) 

SS-OSEM with parallel computing 0.3% 0.20 h  (0.8%) 

 

   
Fig. 7: Output image at 3rd SS-OSEM iteration. (Left) transaxial and 

(right) axial plane near center of the Hoffman phantom. 
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Fig. 6: PE for parallel version of SS-OSEM versus number of parallel threads. 
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Fig. 5: Ring difference number table for 80 detector rings. 
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noticeable image artifact due to the subset grouping which forms 

a particular pattern. However, by using prime number 

permutation ordering to generate subset order between 0º to 45º, 

we do not observe any image artifact due to this restriction.  

Another restriction imposed by SS-OSEM is that the 

sampling of image cells has to be symmetry in axial plane. This 

is such that symmetric LORs can be obtained by flipping and 

reversing the index of axial axis. Also, SS-OSEM requires such 

that {axial crystal size} / {axial image sampling} to be a round 

number. This is so that further LORs can be obtained by using 

the shifting property. We think that this sampling restriction is a 

minor issue. 

On the other hand, some reconstruction algorithms might not 

benefit from shift and symmetric properties. For example, it is 

hard for list-mode reconstruction [16] to utilize shift and 

symmetric properties because object space update is performed 

for subset of events which are mostly not symmetry to each 

other.  

During on-the-fly system matrix generation, we approximate 

the DRF by using a standard Gaussian function. Certainly, it is 

different compare to the ideal DRF. A detail modeling of DRF 

for the jPET-D4 has been discussed in [15]. Inevitably, error 

occurs due to this DRF approximation. We assumed that the 

error should be small near the center of FOV. Detail studies on 

the effect of Gaussian DRF approximation is to be examined in 

the future. 

Parallel efficiency remains high (0.95) until four parallel 

threads because all threads are executed within a workstation. 

This also shows that calculation load is distributed almost evenly 

in between all parallel threads. However, parallel efficiency 

drops significantly when network transfer is required for five 

parallel threads and above. Nevertheless, even with large subset 

size of 48, we managed to keep the network transfer to the 

minimum in such that parallel efficiency of 0.75 was achieved 

for 16 parallel threads. By observing the Hoffman phantom, 

three iterations with 48-subset seems to have sufficient details 

for clinical study. Thus, a clinical image can be reconstructed 

within 36 minutes.  

Besides the jPET-D4, there are many PET scanners with 

crystal arrangement that allow implementation of SS-OSEM. 

For example, the MicroPET Focus [17] and the HRRT [18] both 

has even number of crystal block unit in transaxial. Axial 

crystals of both PET scanners are also separated at a constant 

pitch. The idea of shift-symmetric was implemented for the 

MicroPET [9] with pre-calculated system matrix. By applying it 

with on-the-fly system matrix, it will further reduce the memory 

requirement as compared to pre-calculated system matrix, and 

therefore allow higher object space sampling.  

VI. CONCLUSIONS 

We describe an implementation of a fast OSEM with 

on-the-fly system matrix by utilizing shift and symmetric 

properties. The implementation is based on the geometry of the 

jPET-D4, which is a four-layered DOI scanner. By reversing, 

exchanging and shifting index during ray tracing, SS-OSEM is 

about 10 times faster than non shift-symmetric version. 

Calculation is further speed-up with parallel computing. The 

computation load is divided almost evenly among all parallel 

threads and all CPU cores are fully utilized. We are able to 

achieve parallel efficiency of 0.75 with 16 parallel threads. With 

parallel implementation of SS-OSEM, we show that it is 

possible to obtain a fully 3D reconstructed image within 

clinically acceptable time for PET system with large number of 

LORs.  
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Improvement of PET Image Quality 
Using DOI and TOF Information 

Tetsuya Kobayashi, Taiga Yamaya, Hisashi Takahashi, Keishi Kitamura, Tomoyuki Hasegawa, 
Hideo Murayama, and Mikio Suga 

 Abstract– This paper investigates the benefit of 
depth-of-interaction (DOI) information in a time-of-flight (TOF) 
positron emission tomography (PET). TOF measurement, 
generally, has advantages to large bore scanners, and it improves 
signal-to-noise ratio of reconstructed images. On the other hand, 
DOI measurement has advantages to small bore scanners such as 
dedicated brain PET scanners or small animal PET scanners. 
DOI measurement provides uniform spatial resolution in the 
field-of-view (FOV) by minimizing resolution loss due to a 
parallax error. Therefore PET imaging using both TOF and DOI 
information has not investigated to date. We simulated two 
dimensional whole-body PET scanners with one-layer (i.e. 
non-DOI) and four-layer DOI capability using the GATE 
(Geant4 Application for Emission Tomography). The length of a 
short side of the crystal element was 2.9mm, and total thickness 
of the detector block of both scanners was 20mm. These scanners 
were assumed to have 200ps, 400ps and 800ps timing resolution. 
We developed a histogram based ordered-subsets 
expectation-maximization with accurate modeling of detector 
response and TOF kernel. Two simulations were performed to 
evaluate spatial resolution and contrast recovery. The results 
show that the spatial resolution, contrast recovery and their 
uniformity in the FOV degrades greatly with a parallax error of 
the non-DOI scanner; however the DOI scanner provides 
uniform resolution of approximately 2mm full width at half 
maximum in the whole FOV of 60cm diameter. Reconstruction 
with improved timing resolution provides higher contrast 
recovery at the low background noise level. 

I. INTRODUCTION 

HE basic idea of time-of-flight (TOF) positron emission 
tomography (PET) was proposed in early 1980s and 

several research groups developed TOF-PET scanners using 
BaF2 or CsF scintillators during the 1980s and early 1990s 
[1-3]. TOF-PET uses the arrival time difference of two 
coincidence photons to localize the annihilation position of 
emitted positron along lines-of-response (LORs). Although 
detectors consist of those scintillators had good timing 
resolution (approximately 500-700ps [4]), the property of low 
light output and low stopping power canceled the sensitivity 
gain provided by TOF measurement. Therefore, noticeable 
improvement of image quality was not obtained by those 
scanners in comparison to contemporary PET scanners using 
bismuth germinate (BGO). However the development of new 
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scintillators such as LSO and LaBr3 has reactivated the 
development of TOF-PET [5], [6]. The major benefit of TOF 
measurement is the improvement of signal-to-noise ratio of 
reconstructed images. In [7], it is shown that TOF information 
improves contrast recovery and lesion detectability. 

Depth-of-interaction (DOI) measurement is another 
remarkable new detector technology for the development of 
high resolution PET scanners. In conventional PET scanners, 
the parallax error degrades the spatial resolution at the off 
center position in the FOV. Some research groups have 
developed two-layer DOI-PET scanners such as the High 
Resolution Research Tomograph (HRRT) [8]. In order to 
achieve higher resolution and higher sensitivity, we developed 
DOI detectors with four and eight-layered crystals [9], [10]. 
Using these technologies, the jPET-D4 scanner [11] for brain 
imaging and the jPET-RD scanner [12] for small animal 
imaging are being developed. 

It is known that TOF information has advantages to large 
bore scanners. On the other hand, DOI information has 
advantages to small bore scanners. Therefore PET imaging 
using both TOF and DOI information has not investigated to 
date. In this paper, we investigate the benefit of DOI 
information added to TOF-PET scanners. We simulate two 
dimensional (2-D) whole-body PET scanners with one-layer 
(i.e. non-DOI) and four-layer DOI capability using the GATE 
(Geant4 Application for Emission Tomography) [13]. We 
evaluate spatial resolution and contrast recovery. 

II. METHODS 

A. Scanner configuration 
The simulated 2-D whole-body scanner has 44 detector 

blocks arranged in a ring. Each detector block consists of 
16×Nlayer lutetium oxyortho-silicate (LSO) crystal array, where 
Nlayer is 1 for non-DOI scanner and 4 for DOI scanner. The 

T

Fig.1. A schematic drawing of the simulated geometry and its detector blocks. 
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diameter of the detector ring and the FOV are 72cm and 60cm, 
respectively. The length of a short side of the crystal element 
is 2.9mm. The thickness of the crystal element is 20mm for 
the non-DOI scanner and 5.0mm for the DOI scanner. Total 
thickness of four-layered crystals is 20mm. Also, these 
scanners are assumed to have 200ps, 400ps and 800ps FWHM 
timing resolution. The geometries of the simulated scanners 
are illustrated in Fig. 1. 

B. Simulations 
In order to compare the image quality of the non-DOI and 

the DOI scanners, we simulated two types of phantoms: a 
point source phantom (Phantom A) and a hotspot phantom 
(Phantom B). Computer simulations were performed using the 
GATE Monte-Carlo simulator, which is based on the Geant4 
physics libraries. The point source phantom consisted of ten 
hot spheres of 1mm diameter and a warm cylinder of 30cm 
diameter. The hot spheres were placed at intervals of 3cm 
from the center of the FOV. The activity concentration ratio 
for these spheres was 30:1 with respect to the background. The 
hotspot phantom consisted of a uniform warm cylinder of 
35cm diameter and eight hotspot of 4mm diameter placed at 
45mm, 90mm and 135mm off center. The activity 
concentration ratio for these hotspots was 4:1 with respect to 
the background. The point source phantom and the hotspot 
phantom are illustrated in Fig. 2. The coincidence time 
window was 2.0ns regardless of timing resolution. The 
number of total coincidence was 6×107 and 5×106 for the point 
source phantom and the hotspot phantom, respectively. 32 
independent noisy histogram datasets of phantom B were 
generated. Attenuation of gamma rays in the phantom, 
positron range and angular deviation were not included in the 
simulation. Random and scatter coincidences were removed 
from the output list-mode data. 

C. Image Reconstruction 
An ordered-subsets expectation-maximization (OSEM) was 

used for image reconstruction with and without TOF 
information. The number of subsets was 8. The list-mode data 
generated by the GATE are binned into a TOF histogram (i.e. 
a sinogram without any geometrical interpolation). The 
histogram preserves the block detector arrangement. The 
iteration formula of the TOF-OSEM is defined as, 
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where notation n here is the iteration number and f(k) is the 
average activity of k-th pixel in the object space. gj,t is the 
number of counts in the t-th TOF-bin of the j-th crystal pair. Ni 
is the total number of crystal pairs in the i-th subset. T is the 
number of TOF-bins and aj,k,t is the probability that emitted 
photons from the k-th pixel is measured in t-th TOF-bin of j-th 

crystal pair, so-called “system matrix”. The quality of 
reconstructed image depends on the projection model of the 
measurement system. A “sub-LOR model” [14] has been 
proposed for jPET-D4 imaging reconstruction. In the model, 
an element of a system matrix is defined as weighted sum of 
the length of several lines across a pixel. The weights of these 
lines are obtained according to the detector response function 
(DRF). For TOF reconstruction, we apply a TOF kernel of 
Gaussian function with FWHM equal to the timing resolution 
to this model. For histogram based image reconstruction, we 
assume that TOF information is stored into discrete TOF bin 
whose width is equal to the timing resolution. Therefore we 
used the convolution of the Gaussian and rectangular function 
as the reconstruction TOF kernel [15]. The width of 
rectangular function is equal to the length of a TOF-bin. The 
TOF system matrix a j,k,t is ,finally, defined as, 
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where m is the index of the sub-LOR and Mj is the number of 
sub-LORs of the j-th crystal pair. lm,k is the intersection length 
of m-th sub-LOR and k-th pixel. hj,m is the DRF weight of m-th 
sub-LOR. T(d) is the TOF kernel. dj,m,k,t is the coordinate of the 
k-th pixel along the m-th sub-LOR, originated from the center 
of the t-th TOF-bin. Fig. 3 shows the sub-LOR system 

Fig.2. Phantoms used in the simulations for (a) spatial resolution and  
(b) contrast recovery. 

Fig.3. The sub-LOR system model with TOF information. 
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modeling with TOF information. To accelerate system matrix 
computaion, the incremental Siddon’s ray-tracer [16] and the 
property of rotational symmetry of crystal pairs was used. The 
number of TOF-bin is 5 for 800ps, 10 for 400ps and 20 for 
200ps timing resolution. The pixel size of the image is 
(1.5mm)2. 

D. Figures of Merit 
Two figures of merit, spatial resolution and contrast 

recovery, were used to evaluate image quality. The spatial 
resolution was measured as the radial and tangential FWHM 
of each hot spheres of the phantom A. The contrast recovery 
was measured as contrast recovery coefficients (CRC) of 4mm 
hotspots of the phantom B, defined as 

1/
1/

-
-

=
idealideal BH

BHCRC ,   (4) 

where both ‘H’ and ‘B’ are the mean pixel value of religion of 
interests (ROIs) placed at the hotspots and the background, 
respectively, and idealideal BH was 4. The average and standard 
deviation of the CRC value for hotpots located at different off 
center position was then calculated using the eight sets of each 
hotspot in each of 32 noise realizations, leading to a total 256 
different realizations. The background noise was measured as 
normalized standard deviation, defined as 

meanNSD var= ,  (5) 
where ‘var’ and ‘mean’ are the variance and the mean pixel 
value of the background ROI, respectively. The TOF and DOI 

gain was calculated using the NSD values of reconstructed 
images had the same contrast recovery (average CRC = 0.6), 
defined as 

TOF

TOFnon

NSD
NSDgainTOF -= (6), 

DOI

DOInon

NSD
NSDgainDOI -= . (7) 

III. RESULTS AND DISCUSSION 

A. Spatial resolution 
Fig. 4 shows the spatial resolution of the non-TOF scanners 

with and without DOI information at same background noise 
levels (NSD=0.20) as a function of radial offset. The number 
of iteration was 75 and 54 for the non-DOI and the DOI 
scanner, respectively. The radial resolution of the non-DOI 
scanner varied 1.6 to 4.8 mm FWHM between 0cm and 25cm 
off center. This large degradation of the radial resolution is 
due to the large parallax error; however the DOI scanner 
achieves almost uniform resolution better than 2mm FWHM 
in the whole FOV. The tangential resolution was also 
improved by DOI information, but the improvement is smaller 
than that of radial resolution. 

B. Contrast recovery 
Fig. 5 shows the TOF gain as a function of timing 

resolution. This result shows that TOF information improves 
the background noise of reconstructed image, and the TOF 
gains are almost same on the non-DOI and the DOI scanners. 

Fig.4. The radial and tangential resolutions of the non-TOF scanners 
with and without DOI information at same background noise levels 
(NSD=0.2).  

Fig.5. The TOF gain calculated based on the background noise of the 
non-DOI (left) and the DOI scanner (right) as a function of timing 
resolution. 

Fig.6. The DOI gain calculated based on the background noise as a 
function of timing resolution. 

Fig.7. The CRC versus noise plot for the hotspots located at different 
radial offset. These figures are for the 400ps TOF scanner with and 
without DOI information, respectively. 
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Fig. 6 shows the DOI gain as a function of timing resolution. 
This result shows that DOI information also improves the 
background noise of reconstructed image, and DOI gain does 
not depend on the timing resolution; however it clearly 
depends on the radial offset of hotspots. The NSD value of the 
reconstructed image of the DOI scanner when the CRC of 
hotspot located at 135mm off center position reached 0.6 
decreased by approximately 33% compared with the NSD 
value of the non-DOI scanner; however DOI information had 
no effect on noise reduction when imaging targets (e.g. 
lesions) were located near the center of the FOV. Fig. 7 shows 
the CRC values for the hotspots located at different radial 
offset in the 400ps TOF scanner with and without DOI 
information. The CRC value of each hotpot for the DOI 
scanner converged at the almost same value; however, as the 
position of hotspot is apart from the center for the non-DOI 
scanner, the CRC value decreased gradually due to the lower 
spatial resolution. 

Fig. 8 shows reconstructed images with and without DOI 
and 400ps TOF information. All images have same 
background noise level (NSD=0.3). As the position of hotspot 
was apart from the center, the hotspots were blurred in the 
radial direction in the non-DOI image; however the blurring is 
corrected in the DOI image. The TOF-DOI image achieves 
almost uniform contrast recovery in the whole area of the 
phantom. 

IV. CONCLUSION 
We investigated the DOI benefit in image quality for a 

TOF-PET scanner. The GATE simulations were performed 
and we evaluated spatial resolution and contrast recovery. The 
simulation results show that four-layer DOI information 
provides uniform and isotropic spatial resolution better than 
2-mm FWHM in the whole FOV. Improved spatial resolution 
results in uniform and high contrast recovery. And the result 
of contrast recovery shows that image quality gain obtained by 
DOI measurement does not depend on the timing resolution of 
the scanner; however it depends on the location of the imaging 
target. 

Followings are our future works. 
· Evaluation of lesion detectability. 
· Evaluation of the DOI and TOF gain dependence on the 

count statistics. 
· Fully 3D image reconstruction. 
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Analytical Image Reconstruction for Convergent-beam Non-
circular Orbit Attenuation Correction 

 
        Qiulin Tang, Jiangsheng You, Gengsheng L. Zeng, and Grant T. Gullberg 

 

Abstract  Many fan-beam and cone-beam SPECT reconstruction 
algorithms with uniform attenuation correction were developed 
for circular orbits. In this work, we developed an exact fan-
beam algorithm and an approximate cone-beam algorithm with 
uniform attenuation correction for non-circular orbits.  

 

Ⅰ. INTRODUCTION 
 
     There exist many analytical parallel-beam reconstruction 
algorithms with uniform attenuation correction [1-8]. The 
most well-known one is Tretiak and Metz’s FBP algorithm 
[2]. Some research work has been published in extending the 
result from parallel-beam to fan-beam geometry with a 
circular orbit [9-11]. In this work, we extend Tretiak and 
Metz’s FBP algorithm [2] to fan-beam and cone-beam 
geometry with a non-circular orbit. 

In most image reconstruction methods that correct for 
constant attenuation, the original projection data are first 
modified into the exponential Radon transform (ERT) by a 
boundary factor. For example, Tretiak and Metz’s FBP 
algorithm [2] first converts the original data to the 
exponential Radon transform, then filters the data along 
detector. The filter is composed of the ramp filter and a high-
pass filter, in which the cutoff frequency is determined by the 
attenuation coefficient. The final reconstruction was obtained 
by performing an exponentially weighted backprojection. 

An arbitrary projection ray can be expressed either in the 
parallel-beam or the fan-beam notation. Using the 
relationship between parallel-beam and fan-beam geometry, 
this paper extends Tretiak and Metz’s FBP algorithm to a fan-
beam algorithm for a non-circular orbit. In our algorithm the 
filtering operation consists of two steps: derivative and 
Hilbert transform. These two operations are implemented in 
the space domain.  
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Ⅱ.  FAN-BEAM ALGORITHM 
Let 2R  be the two-dimensional (2D) Euclidean space with 
point representation by pairs ),( yx  or a vector ),( yxr =

r
 in 

Cartesian coordinates and ),( ϕrr =
r

 in polar coordinates. We 

also use )sin,(cosθ θθ=
r

 and )cos,sin(θ θθ−=⊥
r

. Assume 
that ),( yxf  is the function to be reconstructed and has 
compact support throughout this paper. The ERT ),( sp θ  of 
function ),( yxf  is defined by the integral 

∫
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where µ  is the constant linear attenuation coefficient. The 
Tretiak-Metz formula is expressed as 
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where ),(~ ωθp  as the 1D FT of ),( sp θ  with respect to the 
second variable. The first line of (2) is the original one in [2], 
and the second line of (2) can be easily obtained and will be 
used to derive our fan-beam FBP-type inversion formula.  

The fan-beam detector rotates around the object, and the 
distance from the focal point to the axis of rotation is defined 
as )(βL  (see Fig. 1.).  The focal point orbit is convex. The 
fan-beam projection data is denoted by ),( σβq . 
 

 
Fig. 1. Illustration of  parallel-beam and fan-beam projections. 
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The coordinate transformation between ),( lθ  and ),( σβ  is 
given by  

βσθσβ +== ,sin)(Ll .    (3) 
The transformation Jacobian from ),( σβ  to ),( lθ  is 

σβσβ sin)(cos)( LL ′− , denoted by J. The difference ls −  
of (2) in fan-beam coordinates can be calculated by 

]),,(sin[),,()cos( σβϕσβϕϕθ −′=−− rrKlr , (4) 
where 
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Using the chain rule of derivative, we obtain the following 
relations: 
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Equations (7) and (8) imply 
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Substituting (4) and (9) into (2) yields 
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Formula (10) is the main result in this paper for 
reconstructing fan-beam uniformly attenuated data with a 
convex non-circular orbit. The proposed fan-beam algorithm 
consists of the following steps: 

(1) Take derivative of fan-bean projection data ),( σβq  
with respect to the view angle β  and with respect 
to the ray angle σ . 

(2)  Find the difference of these two derivatives: 

βσ ∂
∂

−
∂
∂ qq . 

(3) Perform integral with kernel function 

σ
σµ

sin
)sincos( K , where σ  is the ray angle. 

(4) Obtain the final image by performing exponential 
weighted backprojection.  

 

Ⅲ. CONE-BEAM ALGORITHM 
 

Following the approximation procedure in [12], we 
extend formula (10) to reconstruct the uniformly attenuated 
cone-beam projection data with a convex non-circular planar 
orbit, as illustrated in Fig. 2. Certainly, this extended 
algorithm is not an exact reconstruction method. 
      Let ),,( σβzq  be the cone-beam projection data in Fig. 2. 
For ),,( 0zrx ϕ=

r
, the projection data ),(0 σβq  passing 

through x
r  are defined as 
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The image )(xf
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 is reconstructed from the associated 
projection data ),(0 σβq . The reconstruction formula is 
expressed as 
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The proposed cone-beam algorithm consists of the following 
steps: 

(1) Obtain the associated projection data  ),(0 σβq  by (12) 
(2) Take derivative on fan-bean projection data ),(0 σβq  

with respect to the view angle β  and with respect to 
the ray angle σ . 

(3) Find the difference of these two derivatives: 

βσ ∂
∂

−
∂
∂ 00 qq

. 

(4) Perform integral with kernel function 

σ
σµ

sin
)sincos( coneK

, where σ  is the ray angle. 

(5) Obtain the final image )(xf
r

 by performing 
exponential weighted backprojection.  
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   Fig. 2.  Illustration of the cone-beam geometry. 
 

Ⅳ. COMPUTER SIMULATIONS 
      In our Computer-simulation studies, the projection data 
were generated from a 3D modified Shepp-Logan phantom 
with a uniform attenuator. The noncircular orbit was chosen 
as an ellipse, and the minor and major axes were 200 and 400 
units. The unit was the projection bin size. The uniform 
attenuator in the simulations had the same spherical shape as 
the exterior of the modified Shepp-Logan phantom and an 
attenuation coefficient of 0.05 unit-1. This value is 
approximately the attenuation coefficient of water at 140 keV 
when one unit is 3.6 mm. Projection data without noise were 
generated with 256 views over the elliptical orbit. There were 

128128 × projection samples in the detector plane. 
 

Ⅴ. RESULTS 
A. Fan-beam results 

Figure 3B shows the reconstructed image from the 
attenuation-free fan-beam projection data, when the linear 
attenuation coefficient µ  is 0 .  

Figure 4 shows the profiles of the reconstructed image 
and the true phantom in Fig. 3. The profiles are drawn along 
the central vertical lines. 

Figure 5 shows the reconstructed image from attenuated 
fan-beam projection data, when the linear attenuation 
coefficient µ  is 0.05 unit-1.  

Figure 6 shows the profiles of the reconstructed image 
and the true phantom in Fig. 5. We can see that the image 
quality in the region of interest comparable with that in Fig. 3. 
However, outside the region of interest many artifacts are 
observed. These artifacts suggest many view angles may be 
required during data acquisition when projections are 
attenuated. 
B     Cone-beam results 

Figure 7 shows the reconstructed image from attenuated 

cone-beam projection data, when the linear attenuation 
coefficient µ  is 0.05 unit-1.  

Figure 8 shows the profiles of the reconstructed image 
and the true phantom in Fig. 7.  

 

 
 
Fig. 3.  Fan-beam reconstruction with elliptical orbit: (A) is the true 

phantom. (B) is the fan-beam reconstruction image with unattenuated 
projection data. 

 
 

       Fig. 4. Profiles of the images along two directions in Fig. 3: The 
solid line is the true phantom profile, the dashed line shows the profile of the 
reconstructed image.  

 

 
Fig. 5. Fan-beam reconstruction with ellipse orbit: (A) is the true 

phantom. (B) is the fan-beam reconstruction image with attenuated 
projection data. 
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Fig. 6. Profiles of the images along two directions in Fig. 5: The solid line is 
the true phantom profile, the dashed line shows the profile of the 
reconstructed image. 

 
Fig. 7. Cone-beam reconstruction with ellipse orbit: The first row is the true 
phantom.  The second row is the Cone-beam reconstruction image with 
attenuated projection data. Three columns show three cross sections of the 
3D phantom and reconstructed image. 

 
 
Fig. 8. Profiles of the images along three directions in Fig. 7: The solid line 
is the true phantom profile, the dashed line shows the profile of the 
reconstructed image. 
 

 

Ⅵ. CONCLUSION 
 

      Based upon the algorithm for the parallel-beam 
exponential Radon transform presented by Tretiak and Metz 
[2], we developed an exact analytical fan-beam image 
reconstruction algorithm that compensates for constant 
attenuation with non-circular orbit, and this algorithm can 
also be applied to fan-beam CT with non-circular orbit by 
setting 0≡µ . 

The cone-beam algorithm is developed by extending the 
fan-beam algorithm with an FDK-type approximation. Our 
fan-beam and cone-beam algorithms have been implemented 
and the computer simulations are provided in this paper. 

The projection data ),,( σβzq  acquired from a 
noncircular planar cone-beam vertex orbit are not sufficient 
for exact reconstruction. Further research will be focused on 
developing efficient exact cone-beam algorithms with 
attenuation correction using, for example, helical cone-beam 
focal point orbits. 
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I. I NTRODUCTION

Amyloid diseases represent a diverse group of hereditary
and sporadic protein misfolding disorders, all characterized by
the deposition of fibrils and other protein molecules in vital
organs and tissues. They are invariably debilitating and often
fatal. There is a great need for identifying imaging agents
that facilitate disease diagnosis, progression monitoring, and
response to therapy. The biologists and biochemists in our
group are working on developing reagents that are quantifiable
and whose accumulation correlates either directly with amy-
loid burden or qualitatively with organ function. Evaluation
of these molecules is based on several tools including micro-
SPECT imaging of experimental murine models of peripheral
amyloidosis [1] [2].

This paper reports on a Monte Carlo study of scatter and
attenuation effects in connection with pinhole imaging using
I-125 labeled SAP, a ubiquitous proteinaceous component of
all types of amyloid. We first outline the Monte Carlo code.
Then we describe the simulation study and discuss the results
thereof. The emphasis is on the quantitative nature of the
SPECT images, in particular with respect to the photon count
recovery associated with the mouse spleen as this plays an
important role in the study of systemic AA-amyloidosis.

II. M ONTE CARLO CODE

Two years ago, we presented an in-house developed Monte
Carlo code for x-ray CT [3] and used it to show that the scatter
fraction is less than 2% and thus negligible when performing
micro-CT imaging of mice. The code tracks each photon from
production at the source until it is absorbed in the object or
leaves the voxel space of the object and is either detected or
misses the detector. The TASMIP code [4] is used to generate
x-ray source energy spectra.

We model the dominant photon interactions at energies less
than 1 MeV, namely: photoelectric absorption, coherent scatter,
and incoherent scatter. Probabilistic decisions are implemented
using well-established physics models. The coherent scattering
differential cross-section is thus based on form factors while
the incoherent counterpart is based on scattering functions.
Peplow et al. [5] have shown that measured molecular form
factors must be used for agreement between calculation and
experiment, and that most animal tissues appear similar to
water in their coherent scattering distributions. For our mouse
simulations, we therefore model coherent scatter using their

measured form factor for water. Incoherent scattering func-
tions, on the other hand, are formed by the independent atomic
model using the data of Hubble et al. [6]. Relative atomic
abundances for muscle, soft tissue, and bone are obtained
from XCOM [7]. We allow each photon to scatter freely
an unlimited number of times. Photons whose energy drop
below 5 keV are labeled as absorbed and terminated. All other
photons are considered detected if they hit the detector array;
that is, we do not model the detection process itself. Variance
reduction techniques, such as forced detection, are not used.
The code was validated by comparing simulated distributions
with theoretical distributions for photons interacting with
Lucite (using the form factor for it), as well as using the beam
stop method and micro-CT projection data. See [3] for details.

We recently extended this work into the realm of micro-
SPECT imaging by allowing the photons to be emitted from
within the animal. Also, in order for the photons to be
detected after they have left the animal, they must first pass
through a finite diameter pinhole. We do not model any other
collimator characteristics. Data is collected simultaneously
for all projections as if the animal was surrounded by that
many detectors. Since a photon will only pass through one
of the corresponding pinholes (if any), this does not affectthe
integrity of the data. In fact, it merely serves to make the code
run N times faster for an N projection simulation.

Parallel computing is warranted in order to achieve rea-
sonable compute times. We distribute the computation across
a cluster of networked commodity PCs running Linux. The
speed-up achieved thereby is linear with respect to the sizeof
the cluster. When simulating hundreds of millions of events,
care must be taken to generate random numbers without
introducing periodicity. When computing in a distributed en-
vironment, the random number generators running on the
different nodes must furthermore be seeded in a manner that
prevents them from producing identical sequences of num-
bers. We consequently use the combined multiple recursive
random number generator of the SPRNG library [8] which was
designed for parallel implementations of large-scale Monte
Carlo computations. At the end of a simulation, projections
that correspond to the same view angle are added together to
form the final output.

Our current implementation runs on a 60 node cluster of
dual-processor PCs (3.2GHz Xeons). We are typically able to
complete about 20 million photon histories per minute.
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Fig. 1. High-resolution, iterative mouse reconstruction with segmented spleen
superimposed at an offset for illustrational purposes (goldcolored object).

III. D ATA DESCRIPTION

A normal wild type Balb/C mouse was given a contrast
agent prior to being scanned in a MicroCAT II (Siemens Pre-
clinical Solutions, Knoxville, TN), a circular orbit cone-beam
x-ray CT system. Using an ordered subsets implementation
of the simultaneous iterative reconstruction technique (SIRT)
algorithm [9], we reconstructed a volumetric 512 x 512 x
768 image of isotropic 76.185 um voxels. With reference to
Fig. 1, we then applied an active contour based method to
semi-automatically segment out the mouse spleen from this
image [10].

The high-resolution mouse image and the segmented spleen
were used as input to our Monte Carlo code. Specifically, we
simulated the uniform emission of one billion I-125 photons
from the spleen. Background activity was not included as
SAP only binds to amyloid laden organs and tissue. The
initial energy of each photon was randomly chosen from a
simplified spectrum consisting of the energy peaks 27.4 keV
(0.78), 31.4 keV (0.17), and 35.5 keV (0.05) (cf. [11]). We
did not account for any change in attenuation introduced by
the contrast agent. The simulation was modeled on the typical
physical set up of our MicroCAT II+SPECT scanner (Siemens
Preclinical Solutions, Knoxville, TN). That is, we acquired
data for 60 projections using a pinhole diameter of 2 mm and
a 100 x 100 detector array having a 1.5 mm pitch. We set the
distance from the axis of rotation to the pinhole to 35 mm and
the distance from there to the detector array to 90 mm. This
resulted in x2.6 magnification.

IV. PROJECTIONSTATISTICS

We ran the Monte Carlo simulation twice. The first time
around we let the photons reach the collimator without subject-
ing them to absorption and scattering. We recorded the number
of photons that made it through the pinhole and thereby got
detected. For the second run, we simulated both absorption and
scattering. This time we recorded how many of the photons
were absorbed, how many escaped the mouse, how many got
detected, and how many of those were primary and scatter
photons, respectively. Table I provides a break-down of these
numbers with the terms “geometry” and “I-125” referring to
these two simulations. Note that the count for absorbed and
escaped photons add up to the initial number simulated while
the count for detected photons is some fraction thereof.

TABLE I

PROJECTIONSTATISTICS (X 106)

Absorbed Escaped Escaped Detected Detected
Primary Scatter Primary Scatter

Geometry 1,000.00 12.64

I-125 241.10 612.45 146.45 8.94 1.92
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Fig. 2. Scatter-to-primary ratios per projection. The overall average is 14.1%.

To provide additional insight, Fig. 2 plots the scatter-to-
primary ratio on a per projection basis. These numbers refer
to the relative amount of scatter associated with detector cells
for which the primary photon count is non-zero.

We see that the count loss due to using a single pinhole
collimator is substantial: approximately 99% of the photons
are not detected. When letting the photons interact with the
mouse organs and tissue, we see that about 24% of them get
absorbed. This is clearly a non-negligible fraction. A little
more than 19% of the photons that escape the mouse have
scattered (at least once). This number drops to slightly less
than 18% for the detected photons. The scatter-to-primary
ratio ranges from 10% to 18% for the individual projections
with an overall average of about 14%. Thus, while the scatter
fraction is fairly high, the numbers indicate that many of the
scattered photons are forward peaked which in turn means
that we may able to recover them without much effort. That
is, unlike absorbed photons, the scattered photons are not all
lost and many of them can be made to contribute to the total
photon count for the spleen. We plan on rerunning the I-
125 simulation to determine the angular distribution of the
scattered photons as well as the ratio of coherent to incoherent
scattering events.

V. SOLID ANGLE BASED COUNT CORRECTION

In order to achieve near-quantitative images, we need to
scale the detected photon counts back to the original number
of photons emitted. This count correction can be achieved
using the solid angle associated with the pinhole view of the
animal. The simplest approach is to use the fixed solid angle
corresponding to the center of the image, namely:

Ωfixed =
πr2

4πR2

where r is the pinhole radius and R denotes the distance from
the axis of rotation to the pinhole. However, since we are
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Fig. 3. Detected number of photons per projection (top). Expected number
of photons detected per projection computed using a single fixed solid angle
as well as a variable, organ dependent solid angle (bottom).

looking at a single organ whose shape is known, we can
compute the average solid angle for each voxel of interest
on a per projection basis. That is,

Ωorgan =

〈

πr2

4πR2
i

cos θi

〉

whereRi denotes theith voxel’s distance to the pinhole and
cos θi compensates for any decrease in the incident angle
away from 90 degrees as this effectively makes the pinhole
look smaller to a photon. Temporarily ignoring the effects of
scatter and attenuation, one would expect to detect a number
of photons proportional to the product of the solid angle and
the initial photon count.

Figure 3 plots the detected photon counts as well as these
expected counts on a per projection basis for the spleen
considered here. When summed across all projections, we find
that the expected count for the fixed solid angle is within 3%
of the actual count. The organ dependent solid angle based
count, on the other hand, not only comes within 0.1% and is
thus more accurate, but it better models the variation across the
projections. Still, both approaches can be used to count correct
the projection data (by simple division) to have it reflect the
total number of photons emitted.

VI. I MAGE STATISTICS

We have also reconstructed images of the two sets of
simulated projection data. This was done by applying an
ordered subsets implementation of the EM-ML algorithm with
a system matrix based on approximate, conic volumetric in-
tersections [12]. Using 10 iterations and 4 ordered subsets, we
reconstructed 78 x 78 x 102 images with isotropic 583.33 um
voxels. The system matrix was scaled so as to preserve the
total projection photon count in the reconstructed image.

Fig. 4. Spleen images: segmented CT image (top, left), SPECT images
reconstructed from simulated geometry (top, right) and I-125(bottom, left)
projection data including a scatter image for the latter (bottom, right: inten-
sities amplified x4.4 for illustrational purposes).

TABLE II

IMAGE STATISTICS (X 106)

Projection Recovered image counts
count D=0 D=1 D=5 D=10

Geometry 1.26 1.21 1.21 1.21 1.22

I-125 1.09 0.95 0.97 0.99 1.01

Figure 4 shows the segmented CT image of the spleen as
well as reconstructions of the geometry projection data and
the I-125 projection data for which photons were subjected to
absorption and scattering. The images are registered manually.
We see that the two low-resolution SPECT images look
smoother, but are otherwise very similar to the high-resolution
CT image. The geometry image takes on higher intensity
values and is sharper than the I-125 image which, when looked
at close up, shows some loss of definition due to scatter. We
then reconstructed an image from just the scattered photons.
The result thereof is also included in Fig. 4. We note that
the spleen is easily identified in this image even if the shape
is somewhat washed out. This provides further support to
the statement made above about the scattered photons being
forward peaked.

From a biological point of view, the quantitative nature
of the SPECT images is more important than their visual
appearance. We thresholded the geometry image (using a low
threshold) to obtain a spleen mask. We then added the photon
counts for the corresponding voxels in both the geometry
image and the I-125 image. This process was repeated after
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first applying morphological dilation to gradually increase the
size of the mask. Table II provides a summary where D=N
refers to N applications of the dilation operation.

In the absence of scatter and attenuation, as is the case for
the geometry image, 96% of the photons represented in the
projection data map back to the image region defined by the
mask. Enlarging the mask has very little impact indicating that
the remaining 4% of the photons are spread across the image
background.

With respect to the I-125 image reconstructed from pro-
jection data for which some photons have been absorbed and
others have scattered, we observe a count recovery of about
88% of the detected photons when applying the original mask.
As we enlarge the mask, more and more photons get recovered.
After 10 applications of the dilation operation more than
97% of the detected photons can thus be accounted for. This
provides numerical support to the visual observation made
above about the shape of the scatter image.

When comparing the photon counts associated with the
geometry image with those of the I-125 image, we see that
the latter are 20-25% lower than the former with the actual
difference depending on the size of the mask used for the
counting. This is, of course, mainly due to having lost about
that many photons to absorption, but also because some
photons have scattered to the point where they no longer map
back to the spleen voxels.

VII. C ONCLUDING REMARKS

We have studied the quantitative nature of pinhole based
micro-SPECT imaging of a large mouse organ using I-125
labeled SAP. The low energy associated with I-125 photons is
well-known to render them highly susceptible to absorption.
Given that a mouse is small and that it consists mostly of
soft tissue, one might be tempted to think that this effect
can be ignored. However, we found that about 25% of the
photons emitted from the spleen ended up being absorbed.
This is clearly a non-negligible fraction. We therefore believe
that attenuation correction is warranted. Scattering is another
source of photon loss. We found that about 20% of the detected
photons had scattered at least once. Nonetheless, our results
seem to indicate that the scatter is forward peaked. Thus, while
the scattered photons introduce blurring of organ boundaries
in the reconstructed image, many of them contribute to the
photon count associated with the organ. Scatter correction,
which is difficult and computationally costly, is thereforenot
necessarily warranted. Enlarging the volumetric image mask
used to count photons associated with the organ may suffice.
Finally, we also looked at the photon loss associated with using
a pinhole collimator. As big as this loss is, we showed that a
simple solid angle based correction can make it negligible.

We are in the process of validating the simulation findings.
We hope to have preliminary results ready in time for the
meeting.
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PET Reconstruction with Monte Carlo Generated

System Matrix for Strip Blobs

Long Zhang, Stefaan Vandenberghe, Steven Staelens, Stephen J Glick, Yves D’Asseler and Ignace Lemahieu

Abstract— The generalized natural pixel (GNP) is a general-
ization of the natural pixel by using uniform parallel strips. It
has advantages in the storage of the system matrix over the
traditional pixel or voxel. Blobs are alternative basis functions
to pixels or voxels. The proposed strip blobs are formed by
positioning the 1D Generalized Kaiser-Bessel or blob windows
in parallel onto the grids formed by the GNPs. The new object
model can improve the image quality while maintaining the same
system response matrix size when compared with the GNP. The
MC based system response matrix (SRM) is calculated by a
new method. Both the SRM and projections are simulated by
a fast ray-tracing MC simulator. The simulated data are then
reconstructed by an Algebraic Reconstruction Technique. Finally,
the reconstructed image quality is evaluated and compared with
the GNP based algorithm through contrast recovery analysis.

I. INTRODUCTION

The system response matrix (SRM) is a NLOR × Nvoxel

matrix modeling the system response, where NLOR is the

number of all possible line of responses, Nvoxel is the number

of voxels. A matrix element represents the probability of the

contribution an event from a voxel to a detector pair.

Many different methods were proposed to calculate the

system response matrix elements. Ray-tracing algorithms, e.g.

[1], calculate elements on the fly by either computing the line,

strip or tube of response with a pixel or voxel. More accurate

methods, e.g. [2], model the detector response analytically or

introduce some empirical kernels to account for certain physi-

cal effects. The Monte-Carlo (MC) based methods compute the

elements through statistical simulation of the physical image

formation process, thus precisely modeling physical effects,

such as photon transport, detector response and the position

dependent sensitivity.

Storage is an important issue for the MC based system

matrix. For modern PET scanners, the number of detectors can

be up to several thousands or more, e.g. 17,864 for the Philips

Allegro. In this case, the full size of the system matrix usually

goes up to several Tera Bytes. Different methods [3] [4] [5]

for the efficient storage of the system matrix for current high

resolution PET scanners have been investigated. Vandenberghe

et al [6] proposed a method by using the generalized natural

pixel (GNP) to reduce the matrix size by fully taking advantage

of the inherent symmetry of a PET scanner.

Traditionally, in a MC based system matrix approach,

pixels or voxels are used as object models. Vandenberghe

et al [6] used GNPs as object models for MC based system

matrix calculation. Matej et al [7] proposed to use rotationally

symmetric blobs as basis functions to represent images for

iterative reconstruction methods. This object model provides

considerable image quality improvement with noise suppres-

sion and contrast preservation at the same time. Generally,

a system matrix of blobs is calculated on the fly by ray-

tracing algorithms. One motivation is that this algorithm can

be considerably speeded up by using the blobs’ inherent

symmetry.

In this work, a novel object model, the strip blob, is

proposed and explained. Then, parameters of this object model

and their choice criteria are discussed. Next, a new method

is proposed to calculate the MC based SRM for this object

model. After that, MC based simulations and reconstructions

are performed to study the image quality improvement due

to this object model. In the end, results and conclusions are

given.

II. METHODS

A. Theory

The object can be described by a continuous function f(r)
in Euclidean space. The measurement is discrete by its nature

and can be denoted as gi, which refers to the number of

detections in the ith detector pair. The image formation process

can be written as a linear transformation:

gi =

∫

FOV

f(r)hi(r)dr (1)

where hi(r) is the detector sensitivity function, which refers

to the local emission contribution at r to gi.

The GNP is based on the natural pixel (NP), which is

the detector sensitive function. The NP is a continuous to

discrete (C-D) model. The generalization of the NPs into strips

of the GNP object model adds to it the piece-wise constant

characteristic of the discrete to discrete (D-D) model. This

makes GNP failed to meet the condition of the Moore Penrose

generalized solution proposed in [8]. This criterion, according

to [9], can be used to distinguish a C-D model from a D-D

model.

B. Strip blobs

Here we propose a novel model – the strip blob for

PET reconstruction. The strip blobs are formed by placing

1-Dimensional (1D) blobs (strictly speaking this is an 1D

generalized Kaiser-Bessel (GKB) window since “blob” is used

for a spatially symmetric volume element) in parallel on the

grids formed by the GNP (see Fig. 1). So strip blobs are the

combination of GNPs and blobs. We expect this object model

combines the advantages of both GNPs and blobs.
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Strip blob on GNP grid at an angle

Strip blob on GNP at angle #n

Strip blob on GNP at angle #0

Fig. 1. Strip blobs, the top row are the strip blobs on the GNP grids at an
angle at different perspective point, the bottom are the strip blobs on the GNP
grids at different angles (only two angles are illustrated).

The strip blobs based image formation can be written as

following:

gi =

K
∑

k=1

Mikqk (2)

where

Mik =

∫

FOV

bi(r)hk(r)dr (3)

where bi is the strip blob. In addition to the use of smooth

blobs for image representation, another improvement of strip

blobs is the employment of blob window function in the

system matrix Mik instead of the strip used in the Algebraic

Reconstruction Technique (ART) for the GNP [6].

C. Parameter choice for strip blobs

The GKB window is described by three parameters, m, a
and α. The m controls the number of times the GKB window

is differentiable. The a controls the spatial limits of the Kaiser-

Bessel window. The α controls the taper (shape) of the GKB

window.

Matej et al [9] pointed out that the reconstructed image

quality has a close relationship with the parameters of the GNP

grids and the GKB window. Similar to the method in the 3-

Dimensional (3D) case [10], the relationship can be obtained

through representing a 2-Dimensional (2D) constant density

function by a linear combination of strip blobs positioned on

strip grids. By considering the symmetric characteristics of the

strip blob, this problem can be simplified into 1-Dimensional

(1D) by only considering the strip blobs at a fixed angle, e.g.

zero.

Set m = 2 gives a similar relationship between α, a and

grid spacing ∆ as [11]:

α =

√

4π2(
a

∆
)2 − u2 (4)

b1 b2 b3

v1

GNP grids
p1 p2 p3

v3

v2

Fig. 2. Weighted contributions, b1’s contribution at p1 is weighted by v1,
b2’s at p2 by v2, and b3’s at p3 by v3.

where u is the zero points of the blob function in the Fourier

domain J5/2. The first 4 value of u are 5.7635, 9.0951, 12.323

and 15.5146. This equation can be physically interpreted as the

inclusion of the main lobe, the first order, the second or the

third order side lobe within the nearest grid to the origin.

Matej et al [10] also pointed out that the blob full width

at half maximum (FWHM) should not be larger than the data

resolution. Normally, for the same grid configuration ∆, wider

blobs (greater a) lead to less noise and contrast preservation

and less computational load at the cost of larger resolution

loss, so they are mainly used in noisy data. Narrower blobs

(smaller a) result in improved contrast recovery with a smaller

resolution loss at a cost of slight increase in computation time.

So the choice of blob parameters is a tradeoff among contrast

preservation, noise control and computational load.

D. MC based system matrix generation

MC based system matrices have often been used to improve

quantitative accuracy of PET images. The basic idea of MC

based system matrix generation for strip blobs is similar to the

method Vandenberghe et al proposed in [6]. That means once

an event is detected, an inverse Radon transform is taken to

contribute it to all angles. However, in our implementation, the

contribution is weighted by a strip blob’s local value before it

is contributed to the system matrix elements for the strip blob

based system response matrix. Fig. 2 schematically shows the

weighting. This weight mechanism can also support object

parametrizations other than strip blobs where overlaying and

negative basis function values exist.

E. Image reconstruction

ML-EM does not permit negative values in the image during

iterations. The non-localization properties of a strip blob make

it necessary to deal with negative pixel values. For this reason,

the ART becomes a reasonable choice since it can handle

negative values [6]. The ART algorithm can be expressed as:

qt+1

k = qt
k + λ

Mmk(gm − (Mqt)m)
∑L

l=1
M2

ml

(5)

where M is the system matrix, q are the coefficients for

strip blobs, g are the measured projections and t is the iteration

number which increases 1 after a row m is forward projected.
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TABLE I

PARAMETERS FOR IMAGE EVALUATION

blob name blob m blob a blob ∆ blob α

Narrow blob 2 1.5 2.0 7.4571

Standard blob 2 2.0 1.0 8.6714

Wide blob 2 3.0 1.0 14.2636

According to [6], the ART for GNP is composed of a

different forward projector and a backprojector. The strip

blob uses GNP’s projectors directly. The strip blobs are first

converted into GNPs and then backprojected to the image

space for speed purposes.

F. Image quality evaluation

The contrast recovery coefficient (CRC) study is performed

for image quality evaluation purposes through data set based

on MC simulations. Three sets of blob parameters (table I)

are used for the CRC study. The phantom used consists of

6 lesions of 3, 5, 7, 9, 11 and 13 mm in radius within a

bckground of 128mm in radius. The first 4 are hot lesions

with 8:1 activity ratio to the background. The remaining two

lesions are cold lesions with no activity. Two data sets were

used: a low count and a high count data set. The low count

data set has ˜400K detected events, the high count data sets has

˜4M detected events. All parameters are listed in the Table I.

The narrow blobs parameters corresponds to the first u, the

standard blob parameters corresponds to the second u, and

the wide blob corresponds to the third u.

III. RESULTS

A. Monte-Carlo generated system matrix

The system matrix for both the GNP and the strip blob

were generated. For illustration purposes, the system response

matrix with 20 angles and 10 radial bins for a ring scanner

of 20 detectors per ring was simulated. For the strip blob,

the system response matrix is calculated using the method

introduced in the previous section. In Fig. 3, the left is the

system matrix of the GNP, the right is the system matrix of

strip blobs, the middle is the enlarged blocks in the red boxes.

It can be observed that the system matrix of strip blobs is

a blurred version of the GNP (see particularly the enlarged

blocks within the red boxes in the middle). Also, the block-

circulant characteristic of the SRM can be clearly seen for both

the strip blob and GNP. This means that the storage reduction

factor of the strip blob is the same as the GNP, which is the

number of angle bins [6].

B. Image quality evaluation

Then results are compared with GNP’s for the same data

set. The CRC curves for the high count hot lesions (Fig. 4(a))

and cold lesions (Fig. 4(c)), low count hot lesions ( Fig. 4(b))

and cold lesions (Fig. 4(d)) are given in Fig. 4. From Fig. 4,

it can been seen that the contrast recovery improved roughly

5% and up to 10% or more for high count data set at the same

noise level for different lesion sizes. For the noisy data set,

the improvement is about 4% and up to 8% or more at the

same noise level for different lesion sizes.

The largest standard deviation (STD) of the CRC of all high

count studies is 1.03%. For the low count studies, the STDs

of all the hot lesions are less than 1.55%. The STDs for the

cold lesions range from 3.00% to 5.40%.

IV. DISCUSSION

The improvements in image quality of strip blobs is about

5%. However, it should be noted that if compared with a

ray-tracing ML-EM directly, the improvements will be more

obvious.

We found that the blob parameters of the strip blob also have

a significant impact on the reconstruction performance. Once

the appropriate taper of the blob or the α is determined, the

impact is two-folds. First, the blob width, which is controlled

by a, impact the CRC result directly. A large a, e.g. the

wide blob, usually provides the more improvements at the

same noise level. Second, the width of the grid, which is

controlled by blob parameter ∆, has considerable influence

on the reconstruction speed. For the same blob width a, the

larger the ∆, the fewer number of bins, and consequently the

faster the reconstruction speed.

Strip blobs cause no increase in the system matrix storage

for the same configuration over the GNP. Also, there is no

obvious increase in the computational load in reconstruction

for the same reconstruction parameters, which is caused by the

conversion from strip blobs to GNPs. For more realistic data,

the computational cost reduction can be expected by choosing

wider blob or larger grid spacing without losing too much

contrast [11].

However, the time in calculating the system response ma-

trix is greatly prolonged for strip blobs since each emission

contribution need to be weighted by local several strip blobs.

Fortunately, the system matrix of a PET system can be

calculated once and stored for future use.

V. CONCLUSION

The use of strip blob object model improves image quality

without extra costs on system matrix storage and computa-

tional load with regard to the GNP model. In practise, e.g. for

realistic reconstruction where noise is dominant, the compu-

tation time reduction and the image quality improvement can

usually be achieved at the same time by choosing appropriate

blob parameters. Those advantages make the strip blob a

practical model in PET image reconstruction.
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Fig. 3. System response matrices of GNP and strip blob. The left is the SRM of GNP, the right is the SRM of strip blob. The strip blob system response
matrix is blurrier than that of the GNP. The blocks in the red boxes are more obvious to be observed. The enlarged version of their contents is in the middle.
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Fig. 4. CRC curves for high count (about 4M events) and low count (about 400K events) data sets for hot and cold lesions. The left column is of the high
count data set, the right column is of the low count data set. The top row is of hot lesions. The bottom row is of cold lesions.
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Regularized Least-Squares SPECT Image
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Abstract—We investigated the benefit of incorporating a neg-
ativity penalty into a least-squares criterion used to reconstruct
3-D radiotracer distributions in cardiac SPECT studies. B-spline
spatial basis functions were used to provide a continuous model
for the 3-D tracer distribution. Spline coefficients that tended
to have negative values were identified and were constrained to
stay near zero with use of a quadratic penalty that penalized
nonzero contributions to the projection data model. To test the
method we used trilinear B-splines to reconstruct volumetric
images for a 99mTc-sestamibi cardiac SPECT/CT patient study.
Spline coefficients were estimated by minimizing a least-squares
criterion by direct matrix inversion via Cholesky decomposition.
Volumetric images were reconstructed both with and without
the negativity penalty, using (1) a higher-resolution spline basis
and (2) a multiresolution basis composed of higher-resolution
splines in the heart volume and lower-resolution splines else-
where. Reduced image noise and good myocardial resolution
were obtained with use of the multiresolution basis. Use of
the penalty dramatically reduced image noise for the higher-
resolution basis and yielded good resolution throughout the body.
Encouraged by these results, we are using multiresolution 4-D
spatiotemporal B-splines and penalized weighted least-squares
inversion to reconstruct dynamic SPECT data from rest/stress
cardiac patient studies.

Index Terms—Penalized least-squares, SPECT/CT, fully three-
dimensional reconstruction, B-spline basis functions.

I. INTRODUCTION

WE investigated the benefit of incorporating a negativity
penalty into a least-squares criterion used to recon-

struct 3-D radiotracer distributions in cardiac single-photon
emission computed tomography (SPECT) studies. B-spline
spatial basis functions were used to provide a continuous
model for the 3-D tracer distribution [1]. Spline coefficients
that tended to have negative values were identified with
use of an iterative algorithm that converged quickly. These
coefficients were then constrained to stay near zero with use
of a quadratic penalty that penalized nonzero contributions to
the projection data model.
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This approach is motivated by goals of achieving a well-
posed image reconstruction problem and computational ef-
ficiency. To test the method we used trilinear B-splines to
reconstruct volumetric images for a 99mTc-sestamibi cardiac
SPECT/CT patient study. Attenuation and depth-dependent
point response were modeled. Volumetric images were recon-
structed both with and without the negativity penalty, using
(1) a higher-resolution basis composed of more-spatially-
compact splines and (2) a multiresolution basis composed of
more-spatially-compact splines in the heart volume and less-
spatially-compact splines elsewhere. Reduced image noise and
good myocardial resolution were obtained with use of the
multiresolution basis. Use of the penalty dramatically reduced
image noise for the higher-resolution basis and yielded good
resolution throughout the body.

II. REGULARIZED LEAST-SQUARES RECONSTRUCTION
WITH NEGATIVITY PENALTY

A SPECT projection data model that relates detected events
to a spatial B-spline representation of the 3-D radiotracer
distribution can be written as

p = Fa, (1)

where p is an I-element column vector of modeled projection
values, F is an I × M system matrix, a is an M -element
column vector of spline coefficients, I is the total number of
projection measurements acquired by the SPECT detector(s),
and M is the number of spline basis functions spanning
the image volume to be reconstructed. The system matrix
F incorporates physical effects such as attenuation, depth-
dependent collimator response, and scatter that affect detection
of gamma rays emitted by the radiotracer distribution.

At the outset, the least-squares criterion to be minimized,
χ2, is simply the sum of squared differences between the
measured projections, p∗, and the modeled projections:

χ2 = (p∗ − Fa)T(p∗ − Fa), (2)

where the superscript “T” denotes the matrix transpose. Min-
imizing the criterion χ2 yields an estimate, â, of coefficients
for the spline basis functions that represent the 3-D radiotracer
distribution:

â = (FTF)−1FTp∗. (3)

The corresponding minimum value for the criterion χ2 is

χ2
min = (p∗ − Fâ)T(p∗ − Fâ). (4)
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Generally speaking, some of the coefficients in the estimate
â may have relatively large negative values, particularly for
very noisy projection data measurements p∗. To constrain
these non-physiological values we wish to add a term to
the criterion χ2 that penalizes negative values. Insight into
what a reasonable penalty term might be can be obtained by
expressing χ2 in terms of its minimum value:

χ2 = (p∗ − Fa)T(p∗ − Fa)

= [(p∗ − Fâ)− F(a− â)]T[(p∗ − Fâ)− F(a− â)]

= χ2
min − 2(p∗ − Fâ)TF(a− â) + (a− â)TFTF(a− â)

= χ2
min + (a− â)TFTF(a− â).

(5)

Note that the term in eqn. (5) that is linear with respect to
(a− â) vanishes (i.e., the model error p∗−Fâ lies in the null
space of the backprojection operator FT).

Examining eqn. (5), one sees that deviation of a away from
â increases χ2 by an amount (a− â)TFTF(a− â). To mimic
this effect for purposes of constraining negative values, we
now define the criterion, ψ2, which adds a term to χ2 that
penalizes deviations of certain elements of a away from zero:

ψ2 = χ2 + aTNFTFNa, (6)

where the M × M matrix N is a diagonal matrix whose
(m,m)-th element is one if the penalty is to be applied to
the m-th element of a, or is zero if the penalty is not to be
applied to the m-th element of a. In essence, the additional
term penalizes nonzero contributions to the projection data
model resulting from the forward projection, FNa, of spatial
spline basis functions whose coefficients are flagged by the
diagonal elements of N.

Thus, if the matrix N is properly defined the criterion ψ2

tends to drive coefficients of â, which would be negative
without the penalty, closer to zero. Note that there is no
arbitrary multiplicative scaling factor (i.e., hyperparameter)
applied to the penalty term, as the term appears to be already
properly scaled with respect to χ2 by virtue of eqn. (5).

Given the matrix N, the criterion ψ2 is minimized by

ã = (FTF + NFTFN)−1FTp∗. (7)

The matrix N can be defined and a penalized least-squares
estimate ã can be obtained in a few iterations as follows:

1) Initialize N to be a zero matrix.
2) Minimize the criterion χ2 in eqn. (2) via direct matrix

inversion [eqn. (3)] to obtain the estimate â.
3) Set diagonal elements of N corresponding to negative

elements of â to one.
4) Minimize the criterion ψ2 in eqn. (6) via direct matrix

inversion [eqn. (7)] to obtain an estimate ã.
5) Set diagonal elements of N corresponding to negative

elements of ã to one, if they are not already one. Once
a diagonal element of N has been set to one, it should
remain at one even if the corresponding element in ã
swings positive.

6) Repeat steps 4 and 5 until the matrix N does not change.
The resulting estimate ã is the “final” estimate.

For the 99mTc-sestamibi cardiac SPECT/CT patient study
described in Section IV, the matrix N converged in 4–7
iterations of steps 4 and 5. Inversion of the symmetric, positive
definite matrices in eqns. (3) and (7) can be accomplished
relatively quickly and robustly with use of Cholesky decom-
position [2].

III. PROPERTIES OF UNIFORM B-SPLINES

Use of splines and other “blob”-like basis functions in
tomographic image reconstruction has been an active area of
research (e.g., [3]–[5]), as has been use of multiresolution
reconstruction grids (e.g., [6]).

The kth-order uniform B-spline basis function, Π∗k(x), is
the piecewise (k− 1)st-degree polynomial that is obtained by
convolving the rectangle function

Π(x) =

{
1 x ∈

[
− 1

2 ,
1
2

)
0 otherwise

(8)

with itself k − 1 times (Fig. 1) [7], [8]. The Gaussian is
obtained in the limit as the order k approaches infinity. The
function Π∗k(x) has a support of width k, a standard deviation
of

√
k/12, and unit integral (i.e.,

∫∞
−∞Π∗k(x)dx = 1). The

appropriately scaled function having a support of width ak, a
standard deviation of a

√
k/12, and unit integral is 1

aΠ∗k
(

x
a

)
,

for a > 0. The Fourier transform of 1
aΠ∗k

(
x
a

)
is sinck(as).

The support of the kth-order uniform B-spline basis function
1
aΠ∗k

(
x
a

)
can be doubled simply by taking a linear combina-

tion of k + 1 shifted versions of itself:

1
2a

Π∗k
( x

2a

)
=

1
2k

k∑
j=0

(
k

j

) [
1
a
Π∗k

(
x

a
+
k

2
− j

)]
. (9)

Thus, in tomographic imaging the forward-projection matrix
for lower-resolution splines is just a linear combination of the
columns of a matrix for higher-resolution splines [1].

IV. 99MTC-SESTAMIBI CARDIAC SPECT/CT
PATIENT STUDY

For computational simplicity, we used separable, trilinear
B-spline spatial basis functions [i.e., products of the form
Π∗2(x)Π∗2(y)Π∗2(z)] to reconstruct volumetric images for a
99mTc-sestamibi cardiac SPECT/CT patient study. Because the
B-splines overlap one another in all three spatial dimensions,
a fully 3-D reconstruction must be performed.

cubic (k = 4)

quadratic (k = 3)

linear (k = 2)

constant (k = 1)

=

=

=

!

!

!

!

!

!

Fig. 1. The kth-order uniform B-spline is obtained by convolving the
rectangle function with itself k − 1 times.
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A. SPECT/CT Data Acquisition

Emission data were acquired with use of parallel-hole
collimators on a dual-head GE Millennium VH Hawkeye
SPECT/CT scanner. A 30 min dynamic scan was performed,
with the patient’s arms down for comfort, subsequent to phar-
macologically induced stress as part of a rest/stress protocol.
During the scan, the gantry performed 24 360-degree rotations,
acquiring 72 views per rotation at 1 sec per view. Projections at
each view were binned into frames of 64×64 pixels, with pixel
size 8.84 mm × 8.84 mm. For this investigation, data acquired
2.4–30 min post-injection (i.e., during the last 22 rotations)
were summed to obtain a static dataset. Volumetric images
were reconstructed from projections of the heart obtained in
64 (transverse) × 9 (axial) sub-frames of the 72 views, which
contained a total of about 6.8 million detected events (Fig. 2).
An X-ray CT scan was performed with use of the integrated
Hawkeye system to obtain an attenuation map (Fig. 3).

B. B-Spline Image Space Models

A higher-resolution model for image space composed of
more-spatially-compact B-splines was obtained by first thresh-
olding the attenuation map to obtain a mask for the patient’s
body and the bed. The volume encompassed by the mask
was then spanned by 7659 overlapping trilinear B-splines
organized on a 63×63×5 rectangular grid having a spacing
of 8.84 mm × 8.84 mm × 17.7 mm along the x-, y-, and
z-axes, respectively, where x and y are transverse coordinates
and z is the axial coordinate. The overlapping splines had a
support of 17.7 mm × 17.7 mm × 35.4 mm along x, y, and
z, respectively.

A multiresolution spatial model was obtained by first dou-
bling the transverse support of the higher-resolution splines
via eqn. (9) and downsampling in the transverse plane. This
yielded a total of 2201 overlapping trilinear B-splines or-
ganized on a 31×31×5 rectangular grid having a spacing
of 17.7 mm × 17.7 mm × 17.7 mm along x, y, and z,
respectively. The overlapping splines had a support of 35.4 mm
× 35.4 mm × 35.4 mm along x, y, and z, respectively. A
6×6×5 neighborhood of lower-resolution splines that spanned
the heart volume was then replaced with an 11×11×5 neigh-
borhood of higher-resolution splines, to obtain a total of 2626
spatial basis functions.

C. Projection Data Models, Penalized Least-Squares Mini-
mization, and Reconstructed Images

For the higher-resolution spatial basis, a system model
that related spatial spline intensities to detected events was
calculated with use of a fully 3-D ray-driven projector [9]
that modeled depth-dependent collimator response, as well as
attenuation based on the measured attenuation map. Scatter
was not modeled. This resulted in a projection data model
Fa = p, where F is a 34472×7659 system matrix, a is a
7659-element column vector of spline coefficients, and p is a
34472-element column vector of modeled projection values.

Using a dual-processor 2.5-GHz PowerPC G5 Macintosh
with 8 GB of memory and MATLAB software, the penal-
ized least-squares volumetric image reconstruction took about

Fig. 2. Anterior view of summed late projection data from a 99mTc-sestamibi
cardiac SPECT patient study. Gray lines depict the 8 cm axial extent of
the volume in which the radiotracer distribution was estimated via fully 3-D
reconstruction.

Fig. 3. Smoothed attenuation map for a transverse mid-ventricular slice
acquired by the integrated Hawkeye X-ray CT system.

9 cpu-min and involved seven iterations of steps 4 and 5 in the
algorithm described in Section II (i.e., a 7659×7659 matrix
was inverted eight times). Post-reconstruction smoothing was
performed in transverse planes with a separable 3×3 filter
that smoothed spline coefficients with a [1/4 1/2 1/4] kernel
first along the x-axis and then along the y-axis. Rows 1
and 2 of Fig. 4 show transverse cross-sections through the
3-D image volume reconstructed without use of and with
use of the negativity penalty, respectively. Use of the penalty
dramatically reduced image noise for the higher-resolution
basis and yielded good resolution throughout the body (row 2).

For the multiresolution spatial basis, the penalized least-
squares volumetric image reconstruction took only about
0.8 cpu-min and involved four iterations of steps 4 and 5
in the algorithm described in Section II (i.e., a 2626×2626
matrix was inverted five times). Post-reconstruction smoothing
in transverse planes was performed only on higher-resolution
spline coefficients in the heart volume with a separable 3×3
filter that smoothed with a [1/4 1/2 1/4] kernel first along the
x-axis and then along the y-axis. Rows 3 and 4 of Fig. 4
show transverse cross-sections through the 3-D image volume
reconstructed without use of and with use of the negativity
penalty, respectively. The negativity penalty had only a subtle
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Fig. 4. Transverse cross-sections through the 3-D image volume modeled with higher-resolution splines (rows 1 and 2) and multiresolution splines (rows
3 and 4) and reconstructed without use of (rows 1 and 3) and with use of (rows 2 and 4) the negativity penalty. Use of the penalty dramatically reduces
image noise for the higher-resolution splines and yields good resolution throughout the body (row 2). The negativity penalty has only a subtle effect for the
multiresolution splines (row 4), as noise is already well-controlled by the lower-resolution splines used to model the volume outside the heart (row 3).

effect (row 4), as noise was already well-controlled by the
lower-resolution splines used to model the volume outside the
heart (row 3)

V. CONCLUSION

A negativity penalty was straightforwardly introduced into
a fully 3-D least-squares SPECT image reconstruction al-
gorithm. Use of the penalty dramatically reduced noise and
yielded good spatial resolution for an image volume that was
modeled with higher-resolution B-spline spatial basis functions
and was reconstructed by direct matrix inversion via Cholesky
decomposition.

Encouraged by these results, we are using multiresolution
4-D spatiotemporal B-splines and penalized weighted least-
squares inversion to reconstruct dynamic SPECT data from
rest/stress cardiac patient studies.
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Abstract—Algebraic reconstruction algorithms are often said 

to be superior to the commonly used filtered back projection 
algorithms, e.g. if only a small number of projections is available 
or the measurement geometry is unfavorable for using the FBP. 

In the paper we describe how filter kernels for a FBP-type 
image reconstruction can be determined using the simultaneous 
iterative reconstruction technique (SIRT) and we present that the 
reconstructed images using these filters have very similar 
properties to those reconstructed with SIRT. 
 

Index Terms—Algebraic Reconstruction, Filtered Back 
Projection, Tomosynthesis 
 

I. INTRODUCTION 
Iterative reconstruction algorithms are often said to be 

superior to the commonly used filtered back projection 
algorithms, e.g. if only a small number of projections is 
available or the measurement geometry is unfavorable for 
using the FBP [1]. 

Breast tomosynthesis presents a rather unfavorable sampling 
geometry: a small number of projections (typically 7 to 25) of 
an object are taken over a range of typically 15 to 50 degrees. 
Thus the data are incomplete to a large degree and an exact 
reconstruction is impossible. Facing this geometry, the 
common FBP-algorithm has to struggle with two problems. 
Firstly it is designed for complete data, i.e the projections are 
expected to be taken from an angular range from 
approximately 180 degrees and not only of 50 degrees. 
Secondly the algorithm is derived for continuous acquisition of 
the projections in sampling direction, while in our example a 
projection is available only every 2 degrees. 

Since these fundamental requirements are not met, 
algorithmic modifications are inevitable [2, 3], usually 
affording an empirical adaptation of filter-parameters. Wu 
describes in [4] the application of iterative reconstruction 
techniques to this problem. The main disadvantage of these 
techniques w.r.t. the FBP is their dramatically longer 
computation time. For a single iteration cycle both a projection 
step and a back projection step have to be performed and 
generally the order of ten cycles have to be executed. 
Moreover, to achieve high quality reconstructions the 
calculation of the projection step often needs a 
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computationally expensive algorithm. From these reasons an 
increase in computation time by a factor of 10 to 100 is 
common. 

In this document we show that a special kind of iterative 
reconstruction – the simultaneous iterative reconstruction 
technique (SIRT) – can be used to calculate geometry-adapted 
filters for the FBP, so that the result of the FBP is very similar 
to that of SIRT. 

II. GEOMETRY 
In fig. 1 a typical acquisition geometry for breast 

tomosynthesis is shown. The object to be scanned lies on a 
fixed flat panel detector, with approx. 6cm of height. The x-ray 
tube moves parallel to the hindmost detector row on a circular 
trajectory with a radius of 59 cm around a pivot point situated 
6 cm above the detector. Its angular movement is symmetric 
and limited to a range of ± 25 degrees. 

 

 
Fig. 1: Schematic view of the sampling geometry used for filter determination 
 

During a scan, 25 projections are measured in 2 degree-
steps. For a basic investigation we resample the detector and 
the reconstructed volume to one fourth compared to common 
medical applications. Accordingly, the detector is binned to 
256 x 400 pixels with 0.68 mm pixel size while the 
reconstruction volume consists of 256 x 400 x 90 voxels of the 
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same side length. 

III. METHOD 
For algebraic reconstruction, the problem of computed 

tomography is equivalent to solving a set of equations, which 
is obtained by discretizing line integrals along the x-rays 
through the object [5]: The line integral for a certain ray pj gets 
transformed into a weighted sum over usually equidistant 
samples fi of the function f(x):  

∑=
N

ijij fap , . (1) 

Depending on the interpolation function used, the weights 
ai,j can be interpreted e.g. as the length of a ray traversing 
through a quadratic pixel. Concatenating all measured ray 
values pj into a single vector pm, and all samples fi into a vector 
f, equation (1) can be expressed as a vector matrix equation 

fAp =m  (2) 
with ai,j as entries of the so-called system matrix or projection-
operator A [6].  

Algebraic reconstruction algorithms, like SIRT, try to find 
an image f’ which generates projections with a minimal least 
squares error (LSE) with respect to the measured projections 
[5]. 

The update equation of SIRT can be written as 
)( 1.1 −− −+= n

m
nn fApBff γ  (3) 

with fn being the reconstructed object in the n-th iteration and 
pm the measured projections. B describes the back projection 
operation and A the projection operator. The parameter γ is a 
relaxation parameter. 

Starting from (3) for SIRT, we want to derive an iteration 
algorithm that performs its update step in projection space, not 
as usual in the image space. This formulation of the SIRT 
algorithm will help us to compare the result of the algebraic 
reconstruction with that of FBP. 

Assuming that the reconstructed object fn after the n-th 
iteration is the result of a back projection of suitable 
projections pn , i.e. 

nn pBf γ= , (4) 
the following equation holds true 

).(

)(

11

11

−−

−−

−+=

−+=

n
m

n

n
m

nn

pBAppB

pBApBpBf

γγ
γγγ

 (5) 

The projections pn to be back projected in the n-th iteration 
step can thus be calculated by the equation  

11 −− −+= n
m

nn pBAppp γ  (6) 
from the projection of the (n-1)th iteration, with e.g.  

mpp =0 . (7) 
We call the projections pn “corrected projections” and this 

algorithm “corrected projections simultaneous iterative 
reconstruction technique” (P-SIRT). If the iteration converges 
and if (A B) is - at least approximately - invertible, we have in 
the iteration limit 

mpBAp 1)( −
∞ = γ  (8) 

and 
mpBABf 1)( −

∞ = γγ . (9) 
The reconstructed object is thus gained by back projection 

of appropriately filtered projections, similar to FBP. (A γ B)-1 
is the filter which has to be applied to the measured 
projections. If (A γ B) is not invertible exactly, we may arrive 
at an approximate filter, e.g. by calculating its pseudo inverse. 
In either case the filter depends on the geometry only. There is 
no dependence of the object. 

If (A γ B)-1 or an approximation for it is known, PSIRT can 
be implemented in the same manner as the FBP, i.e. by 
performing a back-projection after a filtration step. Since the 
filter is calculated in such a way, that the projections 
calculated of the reconstructed object have a minimal 
quadratic distance to the measured projections, we call the 
PSIRT- based FBP algorithm ‘optimized filtered back 
projection’ (OFBP). 

IV. CALCULATION OF THE FILTER 
The specific feature of the OFBP is the filtration to be used. 

For efficient practical applications the following properties 
would be desirable: 

1. The filtration should correlate only samples within 
a projection, without introducing dependencies 
between different projections. 

2. The filter may vary from projection to projection, 
but within a projection it should be shift-invariant. 
This postulate is not strictly fulfilled for 
mammography, as we will see, but the variations 
are only small and can be neglected. 

3. The filter should correlate only samples along the 
projection of the trajectory of the x-ray source on 
the detector. For mammography, this means that 
the filtration should be one-dimensional along the 
direction of the detector rows. 

According to chapter III, the corrected projections are filtered 
versions of the original projections. We can now determine the 
associated impulse responses by using simulated projections of 
thin wires, representing Dirac-line-functions. Our phantom 
consists of 3 thin wires, situated 3 cm above the detector, 
oriented perpendicular to the projection of the tube-tracectory 
on the detector (cf. fig.1) Simulation data is gained using a ray 
tracer for parametrically described objects. For each detector 
pixel a supersampling with 16 subpixels is performed, with a 
point-like x-ray focus. The selected diameter of the wires is 
smaller than the detector pixel size, so that we can regard their 
projections as trains of δ-impulses on the detector. This 
phantom is reconstructed iteratively with PSIRT(see equ. (6) 
and equ. (9)). The backprojection is implemented voxel-driven 
like the standard CT backprojection: the center of the voxel 
under consideration is projected onto the detector and bilinear 
interpolation value is accumulated. The projection is realized 
in a ray driven way, by summing up image values at 
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equidistant, tri-linearily interpolated sample points along the 
ray. The reconstructions were performed with 10 iteration 
steps. This procedure for SIRT will be used throughout the rest 
of the paper as a standard. 

The corrected projections obtained for every projection 
angle consist of three versions of the filter to be determined. It 
may in principle still vary either along the wires or between 
them.  

To ease the precise determination of the filter, the wires 
were rotated slightly by 3 degrees within their plane (cf. fig. 2) 
[7]. The obtained impulse responses for the different wires are 
normalized by dividing them by their maximum projection 
values. If spatial invariance inside the projection holds, finally 
the three impulse responses can be averaged to arrive a single 
impulse response for the projection investigated. 

 
Fig. 2: Sampling geometry for filter-determination (view in –z-direction)  

V. POSITION DEPENDENCY OF THE FILTER WITHIN PROJECTIONS 
We verified the shift-invariance of the filters within a 

projection in two steps: first the filters gained from a single 
wire at its center, top end and bottom end are compared to 
each other. Afterwards, the filters gained from different wires 
were compared with each other.  

In figure 3 the impulse responses at different locations of 
the central wire in the sixth projection are shown. In all 

 
Fig. 3: Position dependency of the impulse response along the wire in the 
middle of projection 6  
cases examined, the filters of one wire exactly match each 
other. So a dependency of the filter along the direction 
perpendicular to the trajectory of the tube is not present. 

In figure 4 the filters for all three wires from the sixth 
projection are shown in Fourier domain, determined from 

impulse-responses averaged along the corresponding wires. 
The filters do not match exactly, but the differences are small. 
Since the same conclusion holds for the other projections, it is 
justifiable to assume that the filters are position-independent 
within the projection. 

 
Fig. 4: Magnitude of the Fourier-Transform of impulse responses in 
projection 6, after averaging along the wires  

VI. DEPENDENCY OF THE FILTER ON THE PROJECTION 
The Fourier transforms of the impulse responses reveal a 

strong dependency on the projection angle (fig. 5). Whereas 
the frequency zero of the filter of the mid projection gets 
nearly cancelled out it is preserved for the first projection. Due 
to the symmetry of the sampling-geometry the Fourier 
transformed filters of projections taken at the same absolute 
angle are equal. 

 

 
Fig. 5: Magnitude of the Fourier-Transform of the impulse response for 
different projections. Projection 13 is the central one 

The main differences between the filters can be recognized 
at low frequencies. At higher frequencies their response are 
almost the same. A simple interpretation for this behavior is 
that the filters consist of a cascade of a ramp like filter and a 
low pass. The first filter depends on the projection number, 
while the low pass filter is mainly influenced by the size of the 
voxels and detector pixels. 
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VII. EXPERIMENTS 
For the comparison of SIRT, FBP and OFBP we show here 

the reconstruction results of a clinical data set. Simulation 
studies were also performed (not shown here) in order to 
validate the similarity of SIRT and OFBP. 

In figures 6 to 9 we present reconstruction results from a 4.5 
cm compressed left patient breast in cranio-caudal (CC) 
position (data by courtesy of Duke University Medical 
Center). Windowing was adjusted to achieve comparable 
contrasts. 

None of the examined algorithms is able to produce a 
quantitative reconstruction due to the limited angular range 
available. The most obvious difference between the 
reconstructions is a notable amount of cupping in the FBP 
reconstruction, i.e. overshoots at the breast borders. We 
attribute this artifact to filter-overshoots there. SIRT/OFBP do 
not suffer from this and show a much more homogeneous 
intensity distribution. The detail resolution of all 
reconstructions is approximately the same. The OFBP seems a 
bit more blurred than the others. 

VIII. CONCLUSION 
For the example of breast tomosynthesis, we introduced a 

new class of reconstruction-filters, based on a new principle 
for filter generation. This extension of the reconstruction filters 
available allows a better reconstruction when only incomplete 
data is available. 

Filter kernels for an FBP-type algorithm can be constructed, 
which yield images with practically the same properties as the 
iterative SIRT-algorithm. These kernels are optimal in the 
sense, that the volumes reconstructed by them yield 
projections coinciding with the measured projections. 
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Fig. 6 Reconstruction of the medical projection set with 25 projections with 
FBP 
 

 
Fig. 7: Reconstruction of the medical projection set with 25 projections with 
SIRT 
 

 
Fig. 8: Reconstruction of the medical projection set with 25 projections with 
OFBP 
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Planogram Rebinning with the Frequency-Distance
Relationship

Kyle Champley, Michel Defrise, Rolf Clackdoyle, Raymond R. Raylman, and Paul E. Kinahan

Abstract—We present an approximate, but efficient rebinning
algorithm for positron emission tomography (PET) systems
with parallel planar detectors. Theoretical error bounds and
numerical experiments are included.

I. INTRODUCTION

We present a new rebinning algorithm for PET sys-
tems with parallel planar detectors. This work is moti-
vated by a new PEM-PET (positron emission mammogra-
phy/tomography) system developed at West Virginia Univer-
sity [7]. The scanner is comprised of four planar detectors
that form a box, with coincidences acquired between opposite
detector heads. The detector heads are capable of rotation
either continually or in step-and-shoot mode. Each detector
head is 206 mm wide by 151 mm high and composed of 96
x 72 LYSO crystals. The LYSO crystals are 2 mm x 2 mm
wide and 15 mm thick with a separation of 0.1 mm between
the crystals. The system also incorporates a method for biopsy
guidance. Compression plates are used to stabilize the breast.

Fast reconstruction algorithms are required by this system
for a few reasons. The patient’s breast must remain in the
compression plates while the images are reconstructed because
the physician uses the reconstructed images to guide the biopsy
needle. The compression plates are necessary for stabilization
of the breast, but uncomfortable for the patient. Thus we would
like to minimize the time that the patient must remain on
the imaging bed. We also wish to perform dynamic studies.
In this case many images must be reconstructed. This would
be a significant burden with fully three dimensional image
reconstruction algorithms.

II. PLANOGRAM GEOMETRY

Consider two planar detectors given by

{(x, y, z) : −L ≤ x ≤ L, y = 1, −H ≤ z ≤ H}
{(x, y, z) : −L ≤ x ≤ L, y = −1, −H ≤ z ≤ H}.
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Fig. 1. Detector orientation and LOR parameterization for a PET system
with two parallel planar detectors.

For the sake of mathematical notation we normalize the
distance between the parallel detectors to two.

We will parameterize each line of response (LOR) by
(u0, v0, u1, v1) ∈ R4, where (u0, u1) are the x- and z-
coordinates, respectively, of the intersection of the LOR with
the plane y = 0, v0 = tan(ϕ), where ϕ is the co-azimuthal
angle, and v1 = tan(θ)/ cos(ϕ), where θ is the co-polar angle.
Thus the LOR’s of planogram data are given by

{(x, y, z) : x = u0 − v0y, y ∈ R, z = u1 − v1y}

See figure 1 for a sketch of the detector orientation and the
parameterization of the LOR’s.
We now define the planogram transform by

g(u0, v0, u1, v1) ≡ Lf(u0, v0, u1, v1)

=
∫

R
f(u0 − v0y, y, u1 − v1y) dy.

The term planogram comes from the fact that a point in
image space is mapped to a two-dimensional plane in the
four-dimensional data space. The planogram transform is the
three-dimensional extension of the linogram transform which
is given by

Lf(u0, v0) =
∫

R
f(u0 − v0y, y) dy.

The linogram transform was first introduced by Edholm [2].
In the following we will refer to the direct data as the data
where v1 = 0 and the oblique data as the data where v1 6= 0.
Note that when v1 = 0, the planogram transform reduces to a
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stack of linogram transforms (one for each u1). We will refer
to the support of a function, h : Rn → R, as the set

supp(h) ≡ {x ∈ Rn : h(x) 6= 0}.

We will denote the set of those functions on Rn whose m-th
order derivatives are exist and whose support is contained in
a closed and bounded set by Cm

0 (Rn). We will use subscripts
of zeros and ones to mark which variables for which we have
taken the Fourier transform. For example, if h ∈ L1(R2), then
the Fourier transform of h in the second variable is denoted

ĥ01(x, Y ) =
∫

R
h(x, y)e−2πiyY dy.

III. DOMAIN AND SUPPORT OF THE PLANOGRAM
TRANSFORM

Since the planar detectors are of finite size, we can-
not measure the planogram transform for all values of
(u0, v0, u1, v1) ∈ R4. The measured domain is the diamond-
shaped region given by

Mm = MmL ×MmH

≡ {(u0, v0) : |u0| ≤ L, |v0| ≤ L− |u0|}
× {(u1, v1) : |u1| ≤ H, |v1| ≤ H − |u1|} .

Now suppose that

supp(f) ⊆ Sf ≡ {(x, y, z) : x2 + y2 ≤ a2, z ∈ [−c, c]},

where a < min(L, 1) and c < H , i.e., supp(f) is entirely
contained in the field of view of PET system. Then the support
of the planogram transform is contained in the butterfly-shaped
region given by

supp(g) ⊆ Sg

≡ [{(u0, v0) : |u0| ≤ a, v0 ∈ R}

∪
{

(u0, v0) : |u0| > a, |v0| ≥
1
a

√
u2

0 − a2

}]
× [{(u1, v1) : |u1| ≤ c, v1 ∈ R}

∪
{

(u1, v1) : |u1| > c, |v1| ≥
|u1| − c

a

}]
.

See figure 2 for a sketch of the sets Mg and MmL.
After observing the intersection of Mm and Mg , we see

that there is no truncation for

|v0| ≤ vm0 ≡
L− a

√
1− a2 + L2

1− a2
, |v1| ≤ vm1 ≡

H − c

1 + a
.

Now define

Mm0 ≡ {(u0, v0, u1, v1) ∈ Mm : |v0| ≤ vm0}

and the measured planogram by

gm(u0, v0, u1, v1)

=

{
g(u0, v0, u1, v1), (u0, v0, u1, v1) ∈ Mm,

0, (u0, v0, u1, v1) /∈ Mm

and the restricted planogram by

gm0(u0, v0, u1, v1)

=

{
g(u0, v0, u1, v1), (u0, v0, u1, v1) ∈ Mm0,

0, (u0, v0, u1, v1) /∈ Mm0.

6
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Fig. 2. Domain and support of the ideal and measured planogram transforms.

IV. REBINNING FORMULA

Roughly speaking, since the planogram data is a four-
dimensional set of data that is used to determine a three-
dimensional object, we have redundant data (in the noise
free case). One could reconstruct the image only using the
direct data, ignoring the redundant, oblique data. This rebin-
ning formula determines (through observing relationships in
Fourier space) how to best reassign the oblique data to the
direct data. This is not entirely clear for g(u0, v0, u1, 0) 6=
g(u0, v0, u1, v1) when v1 6= 0. After this relation is found we
improve the signal-to-noise ratio of the data by averaging the
redundant data to produce a stack of linogram data. Then one
can use any two dimensional reconstruction algorithm on the
stack of linograms.

We now develop the rebinning formula that can be applied
to the ideal, measured, or restricted planogram. In the case
of ideal data, the rebinning formula is exact, otherwise the
rebinning formula is approximate and in this case we develop
theoretical error bounds. Below is a sequence of theorems that
will establish these results. Although proofs for all of these
theorems have been worked out in detail, we omit them for
the sake of brevity. We start with the restricted planogram.

Theorem IV.1. Let f ∈ L1(R3), supp(f) ⊆ Sf , and let gm0

be the restricted planogram as defined above. Then

ĝm0
1100(U0, V0, u1, v1)

= f̂100(U0, y, u1 − v1y) ∗ sin(2πvm0U0y)
πU0y

∣∣∣∣
y=−V0/U0

.(1)

=
1
|U0|

∫
R

∫
R

f̂111(U0, Y, Z)1[|Y−v1Z|≤vm0|U0|]

× e2πi[−(V0/U0)Y +(u1+v1(V0/U0))Z] dY dZ. (2)

The proof of this theorem easily follows from the definition
of gm0. We wish to find a relation similar to Theorem IV.1 with
the ideal data, g, but since g(u0, ·, u1, v1) /∈ L1(R) ∪ L2(R),
the Fourier transform of g in the v0 variable does not exist
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in the traditional sense. On the other hand, g(·, ·, u1, v1) ∈
L1

loc(R2) ∩ L∞(R2) is a Tempered Distribution and thus we
may define the Fourier transform of g.

Theroem IV.2. Let f ∈ L1(R3). Then we have that

ĝ1100(U0, V0, u1, v1) =
1
|U0|

f̂100

(
U0,−

V0

U0
, u1 + v1

V0

U0

)
(3)

in the sense of distributions.

The proof of this theorem follows by taking a limit as
vm0 →∞ of relation 1. From the above theorem we have

ĝ1100(U0, V0, u1, 0) =
1
|U0|

f̂100

(
U0,−

V0

U0
, u1

)
= ĝ1100

(
U0, V0, u1 − v1

V0

U0
, v1

)
.(4)

Now we can use (4) to rebin the four-dimensional planogram
into a stack of linograms by

ĝreb
110(U0, V0, z)

≡
∫ ∫

Mm0
ĝ(U0, V0, u1, v1)δ(z − u1 − v1V0/U0) du1 dv1∫ ∫

Mm0
δ(z − u1 − v1V0/U0) du1 dv1

, (5)

where the stack of linograms are given by

greb(u0, v0, u1) =
∫

R
f(u0 − v0y, y, u1) dy.

Thus the rebinning algorithm can be performed in three easy
steps. First we take the Fourier transform of g(u0, v0, u1, v1) in
the first two variables for each (u1, v1). Now let N(U0, V0, z)
be the number of values of ĝ1100(U0, V0, z−v1V0/U0, v1) that
we have computed (for varying v1) for each fixed set of values
(U0, V0, z). Then we compute the normalized sum over v1 by

ĝreb
110(U0, V0, z)

=
1

N(U0, V0, z)

N(U0,V0,z)∑
v1

ĝ1100(U0, V0, z − v1V0/U0, v1).

Finally, we compute an inverse Fourier transform of
ĝreb
110(U0, V0, z) in the first two variables for each z. This is

our rebinned data. We can reconstruct this rebinned data with
any two-dimensional reconstruction algorithm for each axial
slice.

We would like to apply this rebinning formula to the
measured or restricted planogram and from (3) we see that
this could very well be possible for the restricted planogram.
Note that the sinc function in (1) converges to a delta function
centered at y = −V0/U0 as vm0 →∞. This gives us a hint as
to what kind of approximation should be made to justify using
the proposed rebinning algorithm for the restricted planogram.
If we approximate f by a zero-th order Taylor series centered
at y = −V0/U0, then from (1) we have

ĝm0
1100(U0, V0, u1, v1)

≈
∫

R
f̂100(U0,−V0/U0, u1 + v1V0/U0)

× sin(2πvm0(V0 + U0y))
π(V0 + U0y)

dy

=
1
|U0|

f̂100(U0,−V0/U0, u1 + v1V0/U0).

At this point we will make a few remarks. First we note that
the relations (1, 3, 4) were first shown by Defrise, Kinahan,
and Clackdoyle [6]. If we let y = −V0/U0, then from (3) we
have that

ĝ1100(U0,−yU0, u1, v1) =
1
|U0|

f̂100(U0, y, u1 − v1y). (6)

This relationship is known as the Frequency-Distance Rela-
tionship. It says that for a fixed (u1, v1) a line through the
center of the two-dimensional transform of the data with slope
−y is related to the image, f , at a distance y from the center
of the of coincidence detector panels. The rebinning formula
that we described above is a direct consequence of this relation
and thus we appropriately name our rebinning algorithm the
Planogram Freqency-Distance Rebinning (PFDR) algorithm.
From the relation (6) we also see that

ĝ1100(U0,−yU0, u1, v1) = 0 for |y| ≥ a, (7)

i.e. the support of ĝ1100(U0, V0, u1, v1) for a fixed u1 and v1

is contained in the classic bow-tie shape [3].
We wish to apply this rebinning algorithm to the measured

data. We start with the following theorem.

Theorem IV.3. Let f ∈ L1(R3) and let gm be the measured
planogram as defined above. Then

ĝm
1100(U0, V0, u1, v1)

=
∫

R

∫
R

f̂100(X, t, u1 − v1t)

× cos(2πL(V0 + tX))− cos(2πL(U0 −X))
π2((U0 −X)2 − (V0 + tX)2)

dt dX.

From Theorem (IV.3) we see that the rebinning algorithm
can also be applied to the measured planogram data. The next
theorem will establish error bounds for the rebinning algorithm
when applied to the measured or restricted planogram.

Theorem IV.4. Let f ∈ L1(R3) ∩ C2(R3), supp(f) ⊆ Sf ,
and gm and gm0 be as above. Also let r = −V0/U0. Then

|ĝm
1100(U0,−rU0, u1 + rv1, v1)− ĝm

1100(U0,−rU0, u1, 0)|
≤ O

(
|v1|(1 + |U0|)−2 + v2

1

)∣∣ĝm0
1100(U0,−rU0, u1 + rv1, v1)− ĝm0

1100(U0,−rU0, u1, 0)
∣∣

≤ O
(
|v1|(1 + |U0|)−2 + v2

1

)
.

These error bounds are found by considering the Taylor
series of f̂100(U0, y, u1−v1y) centered at y = r. For example,
in the case of the restricted planogram we have

ĝm0
1100(U0,−rU0, u1 + rv1, v1)− ĝm0

1100(U0,−rU0, u1, 0)

=
∫ b

−b

[
f̂100(U0, y, u1 − v1(y − r))− f̂(U0, y, u1)

]
× sin(2πvm0U0(y − r))

πU0(y − r)
dy

= −v1
∂

∂z
f̂100(U0, r, z)

∣∣∣∣
z=u1

×
∫ b

−b

sin(2πvm0|U0|(y − r))
π|U0|

dy + O(v2
1).
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Fig. 3. Axial view of reconstructed image where we only used the direct
data, i.e. the data such that v1 = 0.

V. NUMERICAL RESULTS

In this section we describe the numerical experiments for
which we test our rebinning algorithm. We simulated data with
a modified Shepp-Logan phantom with the skull removed to
be more appropriate for breast imaging. Detector response,
attenuation, etc. were not incorporated in our simulation.
For the purpose of this experiment we tested the rebinning
algorithm on the restricted planogram with vm0 = 1 and used
two detector orientations, one rotated at ninety degrees of the
other (this is necessary for full angular coverage). We took 96
samples in the u0 direction, 95 samples in the v0 direction,
72 samples in the u1 direction, and 71 samples in the v1

direction. Fifteen percent noise is added to the raw data. All
reconstruction images are 96 by 96 pixels and were produced
with the two dimensional filtered-backprojection algorithm.
Figure 3 displays an axial view of the reconstructed image
where we only used the direct data, i.e. the data where v1 = 0.
Figure 4 displays the same axial view of the reconstructed
image where we have used our rebinning algorithm. We
see that the rebinning algorithm significantly reduces noise
without introducing significant distortions or blurring along
the axial direction.

VI. DISCUSSION AND CONCLUSION

We have developed a rebinning algorithm that is extremely
efficient and easy to implement as it only requires FFT
operations and a simple summation to reorganize the data into
a three-dimensional set. Initial numerical results are promising.

From the above error bounds and initial numerical experi-
ments, we see that we can use the rebinning formula (5) with
the measured or restricted data for all (U0, V0, u1, v1), but one
may want to restrict v1 to a smaller set to control the accuracy.
One could also use a weighting scheme to give preference to
the data for small v1. The restriction of v1 to a smaller range
will give one a trade-off between the accuracy and noise of
the rebinned planograms. For the PEM-PET system described

Fig. 4. Axial view of reconstructed image from using the rebinning algorithm
on noisy planogram data.

in the introduction, |v1| ≤ 0.75. Thus we should expect that
one can use almost all of the data in the rebinning algorithm.
Note that the accuracy of this rebinning formula also depends
heavily on the smoothness of f in the z-direction. In fact, if
f is constant in the z-direction, then the rebinning formula is
exact for the restricted and measured planograms.

Currently there are a few rebinning algorithms for PET
systems. The rebinning algorithm that we have developed
here is similar to one developed by Defrise et al [5] for
PET systems with detectors oriented on a cylinder. It is
similar in the fact that one finds the relation between the
direct and oblique data in Fourier space. However, the only
other known rebinning algorithm for PET systems with planar
detectors is one developed by Kao et al [4] which is an exact
rebinning algorithm based on John’s equation. Their algorithm
is significantly different to the one we present here because
it is not only based on John’s equations, but the data is
parameterized by local detector coordinates. Their algorithm is
more sophisticated than ours, but requires more computation.
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An Approximate Reconstruction Method for Dual
Energy Computed Tomography

Li Zhang, Guowei Zhang, Zhiqiang Chen and Yuxiang Xing

Abstract— We present a practical reconstruction method for
dual energy X-ray computed tomography based on some approx-
imation of imaging process. The distribution of effective atomic
number Zeff and electron density ρe of the scanned object can
be approximately reconstructed with this method. Firstly, the
basis material decomposition model is evaluated concerning the
decomposition error for some familiar chemical compounds and
human tissues. Secondly, analytical approximation of the dual
energy polychromatic projection functions and their inverses
are investigated. And then we summarize the dual energy
calibration and reconstruction method as four steps. Finally
numeral simulations and experiments are implemented to test
the performance of the method. Both reconstructions are close to
the ground truth. We conclude that with a convenient calibration
procedure, with a small computational load and an adequate
accuracy, this approximate method is of practical use.

Index Terms— dual energy computed tomography, effective
atomic number, electron density, basis material decomposition.

I. INTRODUCTION

Quantitative imaging based on dual energy CT is useful
in medical and industrial areas, such as bone mineral density
and liver iron concentrations measurements, PET attenuation
correction, bone marrow composition analysis [1], and security
inspection [2].

The basic reconstruction method for dual energy CT pro-
posed by Robert E. Alvarez and Albert Macovski in 1976
employed a polynomial approximation and required solving
a non-linear equation set for each projection pair [3]. Ying
posed the dual energy decomposition problem as a constrained
minimization problem, and used an iterative algorithm to get
the solution [2]. The iso-transmission line method was used to
obtain plastic and aluminum equivalent images of the scanned
object [4], but the accuracy was restricted by the calibration
table. The great computation cost decreases the practicability
of the statistical reconstruction method based on a poly-
chromatic projection model [1]. T. Tsunoo used synchrotron
radiation source in dual energy CT to directly obtain electron
density and effective atomic number [5], while Costel Rizescu
made use of the 192Ir radioisotope [6]. Both methods need a
monochromatic radiation source. Recently Marc Kachelrieβ
proposed an empirical calibration and reconstruction method
which produces highly quantitative images [7], however there
are constraints on the calibration phantom. The H-L curve
method propose by Guowei Zhang is sensitive to noise and
inconvenient for calibration [8].

All the authors are with the Department of Engineering Physics, Tsinghua
University, Beijing, 100084, China. Corresponding author: Li Zhang, E-mail:
zli@mail.tsinghua.edu.cn.

To avoid these difficulties, we propose an approximate dual
energy reconstruction method to determine the atomic number
Zeff and electron density ρe distribution. The attenuation
coefficient function µ(E) is approximately formulated with a
basis material decomposition model. Then rational functions
are used to analytically approximate the dual energy projection
functions and their inverses [9]. General FBP method is used
to reconstruct the Zeff, ρe images, and attenuation coefficient
image at any energy without beam hardening artifacts.

II. METHOD

A. Basis Material Decomposition

In the energy range of medical imaging, the attenuation
coefficient function can be approximately formulated by a
linear combination of two analytical functions as [3]:

µ(E) = a1fp(E) + a2fc(E) (1)

In equation (1), fp(E) and fc(E) reflect the energy depen-
dence of the photoelectric interaction and Compton scattering
respectively. a1 and a2 are material dependent parameters
expressed as:

a1 = Zn ρZ

A
(2)

a2 =
ρZ

A
(3)

In the above two equations, ρ is density in g/cm3, A is atomic
weight, and n is an approximate constant (n = 3.5 is used in
this paper). we use ρe = 2ρZ/A as electron density in this
paper, which is close to density for most substances.

Since the attenuation coefficient function µ(E) can be
determined by two parameters a1 and a2, we can reformulate
it in the linear combination of two attenuation coefficient func-
tions of two basis materials, such as graphite and aluminum.
The basis material decomposition model is expressed as the
following equation:

µ(E) = b1µ1(E) + b2µ2(E) (4)

In equation (4), µ(E) is the linear attenuation coefficient
function of an arbitrary material to be decomposed, µ1(E)
and µ2(E) are the linear attenuation coefficient functions of
the first and second basis materials respectively, and b1 and b2

are decomposition coefficients.
We investigate the decomposition error for common chem-

ical elements and compounds. Without loss of generality, the
density is assumed to be 1.0g/cm3 for all substances. We
use carbon (1.0g/cm3) and aluminum (2.7g/cm3) as basis
materials throughout this paper. The X-ray mass attenuation
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TABLE I: The decomposition coefficient and error.

Object b1 b2

carbon 1.0000 0.0000 0.00% 

aluminum 0.0000 0.3704 0.00% 

water (liquid) 1.0084 0.0390 0.25% 

blood (whole) 0.9821 0.0456 0.27% 

brain (grey\white matter) 0.9918 0.0435 0.27% 

breast tissue (ICRU-44) 1.0351 0.0263 0.28% 

bone cortical (ICRU-44) -0.0796 0.4400 1.67% 

coefficients are from NIST Standard Reference Database [10].
The decomposition results for some representative materials
are shown in Table I.

The decomposition coefficients are attained by minimizing
the decomposition error as following:

(b1, b2) = arg min
∫ E2

E1

[µ(E)− (b1µ1(E) + b2µ2(E))]2dE

(5)
E1 is set to be 20keV which is about the lowest energy of
X-ray that can reach the detector for X-ray CT systems in
common use, while E2 is assigned to be the highest energy
of the X-ray spectrum. Decomposition error is defined as the
mean error of the calculated attenuation coefficient:

δ =
1

E2 − E1

∫ E2

E1

|µ(E)− (b1µ1(E) + b2µ2(E))|
µ(E)

dE (6)

From Table I we can see the decomposition error is less than
0.5% except for bone. Generally when the atomic number of
the object material is between the atomic numbers of the basis
materials or near one of them the decomposition error will be
relatively small, otherwise the error is large. For materials from
human body, the largest error comes from bone.

When b1 and b2 are known, we can compute the Zeff and
ρe using following formulations:

Zeff = (
b1ρe1Z

n
1 + b2ρe2Z

n
2

b1ρe1 + b2ρe2
)1/n (7)

ρe = b1ρe1 + b2ρe2 (8)

where Z1, Z2, ρe1 and ρe2 are atomic number and electron
density for the basis materials.

B. Analytical Approximation of Projection Function

The projection function for polychromatic X-ray CT is
formulated as:

p = − ln
∫ E

0

S(E)e−
R

µ(E,x,y)dldE (9)

where all the energy related terms are combined and denoted
with S(E). Since we assume that there exists a postpatient
collimator, scattered radiation is ignored, which is different
from the model in the reference [7].

Using the basis material decomposition model, the poly-
chromatic projection can be reformulated as:

p = − ln
∫ E

0

S(E)e−B1µ1(E)−B2µ2(E)dE (10)
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Fig. 1: The fitting error for carbon at calibration points.

where
B1 =

∫
b1(x, y)dl (11)

B2 =
∫

b2(x, y)dl (12)

B1 and B2 are the thickness of the two basis materials respec-
tively. Under a dual energy scanning mode, two measurements
are taken for each ray path as follows:

p1(B1, B2) = − ln
∫ E

0

S1(E)e−B1µ1(E)−B2µ2(E)dE (13)

p2(B1, B2) = − ln
∫ E

0

S2(E)e−B1µ1(E)−B2µ2(E)dE (14)

We adopt the conic surface equations to approximate the
relation between the basis material coefficient integrals B1

and B2 and the measured dual energy projection pair p1 and
p2 [9]. The expressions are:

B1 =
c0 + c1p1 + c2p2 + c3p1

2 + c4p1p2 + c5p2
2

1 + c6p1 + c7p2
(15)

B2 =
d0 + d1p1 + d2p2 + d3p1

2 + d4p1p2 + d5p2
2

1 + d6p1 + d7p2
(16)

The coefficients ci, i = 0, 1, . . . , 7 and di, i = 0, 1, . . . , 7 are
called dual energy calibration coefficients.

We test the fitting accuracy using simulated data. The
primary simulation parameters are assigned in accordance
with the experimental dual energy CT system as described
in Section III.

The thickness of carbon step is from 0.5cm to 25cm with
a step size of 0.5cm, while the thickness of aluminum step is
from 0.05cm to 2.5cm with a step size of 0.05cm. Dual energy
projections (p1, p2) corresponding to the 50 × 50 thickness
combination (B1, B2) are calculated using equations (13) and
(14). The calibration coefficients in the surface equations are
obtained through a least square technique using the aforemen-
tioned thickness and projection data. This procedure is called
dual energy calibration.

The difference between true values and computed values of
(B1, B2) are shown in Fig.1 and Fig.2 respectively.

Although the formulation is simple, the fitting accuracy is
high. The averages of the relative errors for B1 and B2 are
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Fig. 2: The fitting error for aluminum at calibration points.

3.1×10−4 and 5.1×10−4 respectively. Well-chosen calibration
points rather than uniformly spaced grid points can give a
superior fitting result [9].

C. The Reconstruction Method

The dual energy calibration and reconstruction method is
summarized as follows:

Step 1: Scan the basis materials to obtain the calibration
points, and compute the calibration coefficients in equations
(15) and (16) for B1 and B2 respectively.

Step 2: All the projection pairs (p1, p2) are processed to get
the thickness pairs (B1, B2) using equations (15) and (16).

Step 3: Reconstruct b1 and b2 from B1 and B2 using a
conventional FBP method.

Step 4: Compute µ(E), Zeff and ρe using equations (4), (7)
and (8).

III. RESULTS

A. Numerical Simulation

Numerical simulations are implemented to investigate the
performance of our reconstruction method. The X-ray spectra
and the detector response function are computed according
to the experiment system. The scanning geometry is parallel
beam, the detector number is 400, the view number is 360, and
the image size is 400 × 400. The phantom has two cylinders
made of PMMA and bakelite inserted into a cylindrical water
bath. Dual energy projection and reconstruction is conducted
under noise free condition.

The atomic number and electron density images are shown
in Fig.3 and the profiles are shown in Fig.4 (a) and (b).
The reconstruction error for each material in the phantom
is calculated as in Tabel.II. The error for ρe is far smaller
than for Zeff since Zeff is more sensitive to the basis material
decomposition error as equation (7) indicates.

B. Experiments

The experiment system is a 3D cone-beam CT with a
PAXSCAN 2520 flat panel detector. The projection data from
the central two rows are used. The low and high energy levels
are 120keV and 160keV. A cylindrical water phantom with a
diameter of 140mm is scanned on the experiment system. Dual

Fig. 3: The reconstructions of the water bath phantom. (a) is ρe
image with a display window of [0.9 1.3], and (b) is Zeff image with
a display window of [6.2 7.6].
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Fig. 4: (a) is the the central horizontal profile of the electron density
image, and (b) is the central horizontal profile of the effective atomic
number image.

energy calibration coefficients are obtained using simulated
data as in section II for there are no calibration step wedges
made of the basis materials.

The reconstructed images are shown in Fig.5. The ring
artifacts in the images arise from the detector ununiformity.

The low energy attenuation coefficient image is recon-
structed using the conventional FBP method without beam
hardening correction, while the attenuation coefficient image
at 70kev is obtained using the proposed method. The profiles
of the two attenuation coefficient images are shown in Fig.6.
The cupping artifacts caused by beam hardening are removed
by the dual energy reconstruction method. The profiles of
the electron density and effective atomic number images are
shown in Fig.7.

With regard to the precision, the average reconstructed
value for atomic number is 7.73, which is 2.93% larger than
the true value 7.51. And the average reconstructed value for
electron density is 1.079, which is 2.62% smaller than the
true value 1.108. The accuracy for Zeff is comparable to the
simulation result presented in [8]. The reconstruction error
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TABLE II: Quantitative comparison of the true values and recon-
structions. ∆Z/Z and ∆ρe/ρe are relative errors of reconstructions
for atomic number and electron density respectively.

 Phantom Reconstruction with no noise 

Object Zeff e  Zeff e Z/Z /

PMMA 6.56 0.9708 0.9 6.4996 0.9718 -0.92% 0.10% 

bakelite 6.23 1.2664 1.2 6.1685 1.2667 -0.99% 0.02% 

water 7.51 1.1102 1.0 7.5620 1.1110  0.69% 0.07% 

(a) (b)

(c) (d)

Fig. 5: The reconstructions from experimental dual energy projection
data. (a) is the attenuation coefficients reconstructed from the low
energy projection, (b) is the attenuation coefficients at 70kev, and
both images are shown with a display window of [0.15 0.24]. (c)
and (d) are the distribution maps for ρe and Zeff, with the display
windows of [0.1 1.2] and [0 8] respectively.

of the experimental system is greater than in the numerical
simulation because of the noises in data acquisition and
scattering radiation. The relative standard deviation for Zeff
image and ρe are about 8% and 4% respectively, which shows
the atomic number is more sensitive to noise.

IV. CONCLUSION

We present an approximate reconstruction method for dual
energy polychromatic X-ray CT. The calibration is easy to
implement, the reconstruction accuracy is acceptable and the
computation load is small. The method presented in this
work is general with no restrictions in radiation source and
scanning objects. If increased accuracy is desired, we can
add higher order terms in the numerator and denominator of
equations (15) and (16), and we need more calibration points
to determine the calibration coefficients [9].

Further investigation of dual energy imaging will be focused
on improving the performance for cone-beam dual energy CT
with respect to the scatter contamination.
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Fig. 6: The profiles of the attenuation coefficient images.

0 40 80 120 160 200
0.0

0.4

0.8

1.2

0.2

0.6

1.0

pixel

ρ e (
g/

cm
3 )

0 40 80 120 160 200
0

2

4

6

8

10

pixel

Z
ef

f

(a) (b)
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Tracking Patient Motion in 3D in a PET/CT 
Michael A. King, Senior Member, IEEE,, Joseph E. McNamara, Bing Feng, Member, IEEE, and Jose 

G. Martins 

 
Abstract—Patient motion can occur at any time during the 

PET/CT imaging process. We investigate the use of a flexible 
stereo-imaging system to track patient motion throughout the 
PET/CT imaging sequence and 3D volume in which imaging 
occurs. The system tracks the motion of retro-reflective markers 
attached to stretchy belts wrapped about the patient. We show 
that this system can track both respiratory and body motion in 
3D within the imaging volume of the PET/CT system. 
 

Index Terms—Motion Tracking, PET/CT, Stereo-imaging  
 

I. INTRODUCTION 
Patient motion can be a source of significant image 

degradation in medical imaging in the form of lost spatial 
resolution due to motion blurring and artifacts [1]. Patient 
motion can manifest itself as respiratory motion or overt 
motion of the patient’s body due to for example trying to ease 
the discomfort that comes from trying to be motionless for 
extended periods of time. In PET/CT imaging a difference in 
respiratory motion between CT and PET imaging can be a 
cause of significant artifact when the CT scan is employed to 
form attenuation maps for use in attenuation correction during 
PET reconstruction [2;3]. Body motion can occur during CT 
imaging, in between CT and PET imaging, and during PET 
imaging. Motion during imaging causes a loss of resolution 
and possibly artifacts in the reconstructed images of that 
modality. Motion at different points in the imaging sequence 
can cause a misalignment in PET and CT slices which detracts 
from the use of CT as an anatomical guide for use in 
interpreting the significance of PET accumulations.  

Critical to correction of motion is the determination of the 
motion state of the patient at each point data is acquired. One 
approach for the estimation of motion is to estimate body 
motion from the emission data itself [4;5]. This is the simplest 
as it requires no extra devices or modification of imaging 
protocols. However, it is limited in its usefulness with multi-
modality imaging where motion can occur at any time. A 
second approach is to use some external device to track 
respiration [2;3], or body motion [6]. We have shown that 
such an external device can be used to track both patient 
respiratory movement and body motion [7]. We have also 

developed a neural network for the separation of respiratory 
and body motion components from the measurements of 
combined motion [8]. 

 
This work was supported by the National Institute for Biomedical Imaging 
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of the National Institutes of Health.  
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MA 01655 USA (e-mail: JOEM@shcpo.Shields.com). 

Thus far our work on motion detection and correction has 
centered on cardiac SPECT imaging. Herein we investigate the 
potential for using stereo-imaging of retro-reflective spheres 
on bands about the chest and abdomen of patients to track 
patient motion throughout the PET/CT imaging sequence. 

II. METHODS 

A. Motion tracking system 
 The motion tracking system whose use we investigate is the 
Vicon MX. This system is designed to track the location of 
markers (typically spheres) coated with a retro-reflective 
material which are attached to the object to be tracked. The 
system consists of MX3 cameras, an MX ultranet control box, 
and Vicon Nexus software. The MX3 cameras (see Figure 1) 
can record 659 x 493 grayscale pixel frames at speed of up to 
240 frames per second. The camera has a strobe consisting of 
an array of surface mounted LEDs which emit a flash of 
infrared, red, or near-infrared which is reflected back to the 
camera by the retro-reflective coatings on the markers. We  

 
 
Fig. 1. The Vicon MX3 camera showing surface mounted LED array which 
form the strobe on the left, lens at center, and camera with on-board image 
processing capability is shown to the right. 
 
chose near-infrared because of its range, independence from 
room lighting, and being nearly invisible thus not being 
distracting to patients or technologists. On board processing 
determines the location of the center of the reflections from 
each marker and handles occluded markers. Up to 8 MX3 
cameras are connected to an MX ultranet box and multiple 
MX ultranet boxes can be connected together, thus giving 
great flexibility in terms of the number of cameras we can be 
employed. We chose to investigate the use of 4 cameras herein 
with 2 being located at either end of the PET/CT system. The 

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 321



 
 
 
 
 
MX ultranet box is connected to the host PC via Gigabit 
Ethernet where the Nexus processing software resides. The 
software provides for real-time stereo tracking of marker 
location. 
 One of the advantages of this system over previous motion 
tracking system we have investigated is its great degree of 
flexibility.  The cameras can be positioned to view the desired 
volume in which motion is to be tracked in any geometry 
desired. Also all possible camera pairs will be used in 
determining the location of the markers by stereo. Thus in our 
case not just the 2 cameras viewing the region within the 
tunnel of the PET/CT from either end of the system can form a 
stereo pair with each other, but each of the cameras at one end 
can form a stereo pair with the cameras at the other end. Thus 
there are (N-1)! stereo pairs where N is the number of 
cameras. In our case N is 4 so there are 6 possible stereo pairs. 
All stereo pairs report the location of markers in a common 
coordinate system, and the system uses the number of pairs 
available at each instant in determining the location of 
markers. Thus if a marker becomes hidden due to the patient 
moving out of the viewing volume of a camera, or patient 
clothing or anatomy interfering with viewing, the system uses 
the remaining stereo pairs to track location. Further the system 
provides the ability to label a group of markers as an object 
and then reports the location of each marker in this object at 
the same location in its output list. 
 Another nice feature which enhances the flexibility of the 
system is the ease with which the cameras are calibrated and 
set to report locations in a common coordinate system. Once 
the cameras are setup, calibration and coordinate system 
definition can occur in 5 minutes or less. Calibration is 
accomplished by waving throughout the tracking volume a 
wand provided with the system which has 3 markers in a 
known geometry. Lights on the front of the cameras give 
feedback as to the status of the calibration and a metric of 
“goodness of fit” for the calibration is output on the Nexus 
GUI used to initiate calibration. Coordinate system definition 
occurs automatically relative to one of the cameras, but can be 
aligned with an “L” shaped tool consisting of 4 markers which 
is placed in the desired tracking volume at the desired 
reproducible location and orientation. In this way when 
cameras are removed at the end of use for the day and then 
returned at a different point in time to potentially different 
locations and orientations, the coordinate system used for 
tracking of motion remains the same so long as the “L” tool is 
reproducibly positioned.  

B. Setup at PET/CT site 
 The PET/CT system available for investigating motion 
tracking was a Philips Medical Systems GXL located in a 
trailer and owned by Shields Health Care. Two days a week 
this system is located at a site approximately 1 mile from our 
medical center. Figure 2 shows the configuration of the GXL. 
Setup of the Vicon System consisted of aiming each camera so 
that a marker located in the center of the volume in which 
motion tracking is to occur is centered in the image acquired 
by the camera. Care was also taken to eliminate reflections of 
the near infrared off “shiny” surfaces. Covering the pad of the 
imaging table with a sheet was necessary in this regard. The 
strobe intensity and grayscale contrast were also adjusted so  

 
 
Fig. 2. Illustration of the Philips Medical Systems GXL PET/CT system. 
 

 
 
Fig. 3. Two MX3 cameras mounted on tripods located at the PET end of the 
system as seem from inside the tunnel of the PET/CT. The green and blue 
lights on each camera are status lights indicating correct calibration and that 
the cameras are acquiring data. Notice the array of LEDs on each camera does 
not provide a noticeable amount of visible light. 
 
that solely the markers were visible in the acquired images 
thereby avoiding issues with patient confidentiality. 
 For investigation of motion tracking we employed 4 MX3 
cameras with 2 positioned at either end of the system. The 
MX3 cameras were mounted on tripods as illustrated in Figure 
3. 

C. Calibration and alignment of coordinate system with 
that of the PET/CT system. 

 The region of separation of the PET and CT systems of the 
GXL proved especially useful for accomplishing calibration of 
the system as the calibration wand could be easily moved 
throughout the tunnel volume without blocking either pair of 
MX3 cameras as illustrated in Figure 4. 
 The origin and direction of the x (across the table) and y 
(transverse or axial movement of table) axes was established 
by imaging an “L” tool provided by Vicon for this purpose on 
the imaging bed of the PET/CT as illustrated in Figure 5. 
 Mapping from the coordinate frame established by the “L” 
tool to the actual coordinate system for the PET (and by 
inference the CT system) is obtained by imaging with the 
Vicon and PET systems a phantom consisting of 7 spherical 
markers that have a retro-reflective coating. The spheres are 
screwed onto posts of different heights which have a small 
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Fig. 4. Calibration of MX3 cameras using calibration wand moved throughout 
volume in which motion tracking is desired. The red arrow points to the end of 
the wand. 
 

 
 
Fig. 5. Illustration of the “L” tool with it’s 4 markers on the bed of the imaging 
table at its maximum height. The tool is reproducibly positioned using the 
positioning lasers on the system as illustrated and leveled using two bubble 
levels built into it. 
 
reservoir at their top that is centered within the sphere when 
attached to the posts. A small amount of F-18 is added to the 
reservoir prior to imaging. The detected locations of the 
centers of the spheres as determined by Vicon and PET are 
then used to determine the coordinate transformation between  
 

  
 
Fig. 6. At left PET activity in 3 spheres overlaid on CT slice, and at right PET 
activity alone.  

them as we have previously documented for a visual tracking 
system (VTS) we constructed [9]. Once the transformation is 
known it can be used to convert Vicon reported locations to 
the PET coordinate system. Figure 6 shows a transverse slice 
through 3 spheres of the PET reconstruction of this phantom. 

D. Synchronization of motion tracking with imaging  
 The Vicon Nexus software can be ran under LabVIEW. 
Thus our strategy for synchronization of motion tracking via 
the Vicon system with list-mode PET acquisition is as follows. 
We will initiate motion tracking prior to the start of CT 
acquisition and continue through the PET/CT sequence. The 
operator will click on buttons of the LabView GUI 
approximately when CT acquisition actually starts and 
finishes. We do not currently plan correction of motion in CT 
reconstruction thus we only need to know approximately when 
this occurs as the starting point for motion correction to the 
patient’s CT location should motion occur prior to the start of 
PET acquisition. Just prior to the start of PET acquisition the 
operator will initiate LabVIEW outputting to the PET EKG 
input a sequence of twenty 50 msec square-wave pulses 
separated by 1 second. These will be followed by pulses 
separated by 1.5 seconds throughout the rest of acquisition. By 
analyzing the fraction of the 20 second initial interval missing 
in the list-mode file we should be able to determine with great 
accuracy the actual start of PET list-mode acquisition. We 
need to await the release of the Gemini 3.3 software which 
includes recording of the EKG input in the list-mode data to 
test this methodology. We have however previously seen a 
similar strategy work for synchronization of acquisition of our 
VTS with list-mode acquisition in SPECT [9]. 

E. Test of phantom and volunteer imaging 
 Two tests were performed to determine if motion could be 
tracked throughout the combined CT and PET imaging 
volume. The first was to move the 7-sphere calibration 
phantom placed on the imaging table at approximately the 
location where the upper abdomen of patients would be 
located over the complete range of imaging table movement. 
Note was made as to which cameras could see the 7 spheres. 
The second test consisted of having volunteers lay on the 
imaging table of the PET/CT wearing two disposable stretchy 
bands each having 4 markers attached by Velcro. As illustrated 
in Figure 7 one band was about each volunteer’s chest to 
monitor body motion of that region, and a second was about 
their abdomen to monitor both respiratory and body motion. 
The volunteers were moved through the CT and PET imaging 
volume and the number of spheres seen by each MX3 camera 
was noted to investigate if 2 as opposed to 4 MX3 cameras 
would be sufficient for clinical use. 

III. RESULTS AND DISCUSSION 
 Motion tracking was performed at a rate of 50 frames per 
second. Once setup and calibrated, all 4 MX3 cameras were 
able to see the spheres of the 7 sphere phantom throughout the 
tested imaging volume. Similarly all 4 cameras were able to 
see all 8 markers on the abdomen and chest of the volunteers. 
Figure 8 shows that the system was able to track quiet 
breathing, heavy breathing, and erratic body motion of a  
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Fig. 7. Volunteer laying on imaging table of PET/CT with stretchy bands 
wrapped about their chest and abdomen (red arrows). Each band had 4 
spherical markers with retro-reflective coating attached by Velcro.  
 

 
 
Fig. 8. At the top shown in 3D perspective are the locations of the 2 sets of 4 
spherical markers worn on the stretchy bands around the chest (left set) and 
abdomen (right set) of a volunteer in position for PET imaging. The relative 
location of 2 of the 4 MX3 cameras is indicated in the upper right. At the 
bottom is shown the tracing of the vertical motion (Z-axis) of the abdomen 
marker shown in blue at the top while the volunteer first under went quiet 
breathing, then deep breathing, and then erratic movement. Z-axis scale is in 
mm. 
 
volunteer while in position for PET imaging. Similar results 
were seen with volunteers in position for CT imaging. 
 Our studies thus far provide encouragement that solely 2 
MX3 cameras at the PET end of the system (as shown in 
Figure 3) may be all that is required to track patient motion 
even in this confined geometry. The advantages of using a 
fewer number of cameras are a reduced cost, easier setup as 
cameras from opposite ends of the PET/CT system will not be 
sources of interfering reflections for each other, and less 
interference with patient/technologist access to the PET/CT. 
The advantages of using more cameras include better motion 
tracking accuracy as more stereo-pairs are employed in 
estimating the location of objects, and less chance that 

shadowing by patient anatomy will cause the system to not be 
able to track the motion of all markers all the time. 
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On-the-fly 3D Iterative Reconstruction for 
Continuous 3D Whole-Body PET 

Keishi Kitamura and Shigekazu Takahashi 

  
Abstract—3D PET scans offer the advantage of high sensitivity 

in whole-body FDG studies. Continuous scanning mode, in which 
sinograms for a pair of rings are added in real-time to sinograms 
of incremented ring pairs created by moving the bed axially, can 
provide uniformity of axial sensitivity over the majority of the 
axial FOV. Previously, we developed an on-the-fly Fourier 
rebinning method, in which sinograms are transferred and 
rebinned into direct 2D sinograms at each bed position. However, 
statistical reconstructions of 3D sinograms have the potential to 
improve image signal-to-noise ratio by preserving the statistical 
nature of the acquired data and by incorporating the system 
model of the scanner. It is possible to accelerate 3D iterative 
reconstruction using the dynamic RAMLA (DRAMA) scheme, 
which controls the relaxation parameter in such a way that the 
noise propagation from projection data to the reconstructed image 
is uniform for all subsets. In this study, we have expanded the 
DRAMA scheme to  continuous 3D data for aiming on-the-fly 3D 
iterative reconstruction and evaluated this method using 
simulations and whole-body clinical studies. 
 

Index Terms—PET, Image reconstruction, Iterative methods 
 

I. INTRODUCTION 
Currently, one of the most widespread applications of PET is 

the measurement of glucose metabolism using 
18F-fluorodeoxyglucose (18F-FDG). The whole-body technique 
in particular allows monitoring of the malignant spread of 
disease in many areas of the body. This technique requires a 
high-performance PET camera that can reduce the amount of 
tracer activity needed for the examination and shorten the time 
required for image acquisition, while maintaining a high 
signal-to-noise ratio (S/N) in reconstructed images. 

To further reduce whole-body scan times at low radiation 
dosages, we developed 3D Continuous Emission and Spiral 
Transmission (CEST) scanning for a PET camera 
(SET-3000G/X, Shimadzu Corp., Kyoto, JAPAN) [1]. With 
this method, 3D emission and singles transmission data can be 
obtained simultaneously by moving the patient couch 
continuously through the emission and dedicated transmission 
scanners, which are separated axially by a lead shield [2]. At 
each axial sampling, emission sinograms are rebinned into 
direct 2D sinograms using a Fourier rebinning method that is 
modified by incorporating the weighted summation of oblique 
sinograms by the number of measurements, and the high-pass 

filtering with ring-difference dependent cutoff frequencies 
(W-FORE-HPF) [3]. Rebinned sinograms are then 
reconstructed using a 2D statistical reconstruction method. 

 
K. Kitamura is with Shimadzu Corporation, Kyoto 604-8511, Japan  

 (e-mail: kitam@shimadzu.co.jp). 
S. Takahashi is with Shimadzu SD Corporation, Kyoto 604-8511, Japan. 

While this approach speeds up reconstruction, accuracy and 
S/N ratio of the reconstructed images is limited by the 
approximations implicit in the line-integral model, on which the 
rebinning formulae are based. In contrast, 3D statistical 
reconstructions have a potential to improve image 
signal-to-noise ratio by preserving the statistical nature of the 
acquired data and incorporating a system model of the scanner. 
To adapt this approach to reconstructing continuous 3-D PET 
data, large numbers of sinogram elements could dramatically 
increase the computational complexity. Block-iterative 
algorithms such as the OSEM algorithm [4] are now widely 
accepted tools for accelerating iterative reconstruction. 
Recently, an approach named dynamic RAMLA (DRAMA) [5] 
was proposed, where the relaxation parameter is controlled so 
that noise propagation from projection data to the reconstructed 
image is uniform for all subsets. Since DRAMA can provide 
reasonable images even with one iteration, it is possible to 
realize on-the-fly one-pass iterative reconstruction of 
continuous 3D data by decomposing sinograms into subsets that 
correspond to both transaxial sinogram angle and axial bed 
sampling. This can lead to a significant reduction in 
reconstruction time after data acquisition is completed. 

The purpose of this paper is to investigate the effect on 
continuous 3D PET reconstruction of using on-the-fly DRAMA 
schemes together with simulations and whole-body clinical 
studies. 

II. METHODS 
In CEST scanning, emission coincidence events are sorted 

into sinograms (histogram format) based on actual bed position 
data. Sinograms for a pair of rings are added to sinograms of the 
incremented ring pairs in real-time by moving the bed axially 
(Fig. 1). For an N-ring scanner, N2 sinograms qk  (s, φ, r, ∆r) are 
acquired at the k-th bed position, where r = r1 + r2 is the axial 
slice index and ∆r = r1 -r2 is the ring difference for the pair of 
rings (r1, r2). The variable s and φ are standard radial and 
azimuthal angular coordinates in the sinogram, and the range of 
r1 and r2 is from zero to N-1. In continuous scan mode, the 
sinogram qk  (s, φ, r, ∆r) corresponds to the sinogram qk+1 (s, φ, 
r-2, ∆r), with the exception of sinograms qk  (s, φ, |∆r|, ∆r).  

During acquisition using n steps, these overlapped sinograms 
are accumulated in real time to form a set of sinograms ph(s, φ, 
∆r) as follows [6]: 
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This set of sinograms ph (s, φ, ∆r) is called the “dataset” in 
this paper. With ∆rmax = N-1, which allows ring differences of 
up to N-1 to be reconstructed, N+n-1 datasets are obtained and 
each dataset consists of 2N-1 sinograms, except for the final N-1 
datasets. This provides uniform sensitivity over the majority of 
the axial FOV by using data that consists of all ring pairs, up to 
the maximum number of ring differences [6]. To process a large 
amount of data, the number of sinograms is reduced by 
rebinning using a span, as illustrated in Fig 1. These sinograms 
can be represented using the form ph (s, φ, δ), where δ is the 
rebinned ring difference. 
 

6-ring scanner

continuous 
movement

3D sinograms

reconstructed images

3D recon.

 
 

Fig. 1.  Schematic representation of a continuous 3D acquisition using a 6-ring 
scanner (indicated by grey-shaded detectors). Each “lozenge” (lozenge-shaped 
space) in the middle row corresponds to one oblique sinogram and the gray 
shaded areas indicate the number of times axial sampling data is added. 3D 
sinograms can also be added to this span, as indicated by the green lines (in this 
case, span = 3). 
 

The DRAMA algorithm is described as follows [4]: 
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β0 was determined by evaluating the average correlation 
coefficient between two different LORs such that the 
contribution of noise from each subset to the image is 
approximately balanced at the end of each iteration [7]. Our 
implementation usesγ=0.0 and the attenuation correction was 
performed by incorporating the effect of attenuation into the 
system matrix aij. Since measured PET data can be assumed to 
be pseudo-Poisson distribution, the ratio of the variance of 
sinograms with different ring differences is proportional to the 
number of measurement. The system matrix was therefore 
redined by multiplying a weight proportional to the number of 
measurements: 

iijij Waa ='

                                                                       (3) 
)11( −<<−∆−= nhNrNW ii
. 

In this study, the following two methods were considered to 
decompose continuous 3D sinogram data ph (sm, φn, δu) with 
discrete variables into subsets Sl (l =0, . . . , L-1). The first 
method, called 3D-DRAMA, is the standard method used when 
implementing 3D iterative reconstruction, where decomposing 
the projection data into subsets is performed with respect to 
only the transaxial sinogram angle φn: 

( ){ }),,(|,, )( ulnmhl spumhS δφ=  .                                      (4) 

The second method is called “on-the-fly 3D DRAMA”, where 
decomposition into subsets is performed with respect to both 
the transaxial sinogram angle φn and the axial bed sampling h: 

( ){ }),,(|, )()( ulnmlhl spumS δφ=  .                                      (5) 

After data acquisition at the k-th bed position, ph (sm, φn, δu) can 
be transferred to the host computer. With on-the-fly 3D 
DRAMA, emission data can be processed in a pipeline fashion, 
according to bed movement as illustrated in Fig.2. 
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Fig. 2.  Schematic representation of on-the-fly 3D iterative reconstruction at 
each bed sampling using continuous 3D scanning. 
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III. SIMULATION AND WHOLE-BODY CLINICAL STUDIES 
Spatial resolution and noise variances were evaluated using a 

cylindrical phantom (diameter: 400 mm) that contained 
low-contrast small spheres (diameter: 38 mm, 26 mm, 20 mm, 
16 mm, 13 mm, and 10 mm). The activity ratio of the 
background to the hot spheres was 1:3. Simulated PET scanner 
parameters are listed below in Table 1. 

3D data was generated 
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Fig. 5.  Standard deviation as a function of number of iterations. 
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TABLE I 
 SCANNER PARAMETERS  

Value 
24 
6.5 mm 
156 mm 
332 mm 
550 
256 mm 

 393 x 275 
128 x 128 
3.25 mm 
by ray tracing through the digital 
e distribution. Simulated data were 
 for detector sensitivity, attenuation 
 data from 205 bed samplings was 
s of about 1.3 million at each bed 
alculated using equation (1) and 
The variance of the reconstructions 
ariance of the pixels contained in a 
00 mm) in the center of the axial 
easurements were made using a 

13 mm) placed on a hot sphere 
 4 and 5 show the contrast and noise 
nction of the number of iterations, 
demonstrate that with one iteration, 
ost the same contrast and noise 
reasonable images. Reconstructed 

 are shown in Fig. 6 and transaxial 
 shown in Fig. 7. It is evident that the 
-fly 3D DRAMA has contrast and 
parable to the image created using 
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Fig. 6.  Reconstructed simulated phantom images for 3D-DRAMA (left) and 
on-the-fly 3D-DRAMA (right) (top: transaxial, bottom: coronal). 
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Fig. 7.  Transaxial profile of  reconstructed images shown in Fig. 6. 
 

Fig. 8 shows coronal images from the whole-body FDG of a 
healthy volunteer. Fig. 9 shows axial profiles along with the 
lines shown in Fig.8. These images were obtained via a 
20 minute CEST scan using an injection dose of 202 MBq. The 
number of iterations is limited to only one for both FORE 



 
 
 
 
 
(W-FORE-HPF) + 2D DRAMA and on-the-fly 3D DRAMA. 
While the latter incorporates 3D attenuation effects into the 
system matrix, the former was pre-corrected for attenuation 
prior to FORE and incorporates 2D attenuation effects into the 
system matrix in 2D DRAMA. It can be observed that regions 
of lower statistics exhibit greater uniformity in on-the-fly 3D 
DRAMA than in FORE + 2D DRAMA. Also, streak artifacts in 
the transaxial direction are suppressed, while lung/liver contrast 
is comparable. 

 

 
 

Fig. 8.  Coronal slices of emission images of a healthy volunteer, obtained via a 
20 min. CEST scan started 97 min after an injection of 202 MBq 18F-FDG. 
(Left) FORE + 2D DRAMA, (right) on-the-fly 3D DRAMA. 
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Fig. 9.  Axial profiles of reconstructed images shown in Fig. 6. 

IV. DISCUSSION AND CONCLUSIONS 
In this study, we have expanded use of 3D DRAMA to 

continuous 3D whole-body PET, with the goal of one-pass 
reconstruction using on-the-fly processing. As can be observed 
in the simulated phantom studies, images reconstructed using 
the on-the-fly scheme provide almost the same level of 
performance as the conventional 3D DRAMA scheme. When 
the number of iterations is limited to just one, 3D DRAMA 
exhibits slightly better contrast than on-the-fly 3D DRAMA, 

however, the difference is very small and both methods provide 
acceptable images, as shown in figures 6 and 7. Furthermore, in 
comparison with FORE + 2D DRAMA, it was found that image 
quality improvements are visible in whole-body images 
produced using on-the-fly 3D DRAMA. This is in part due to 
the incorporation of attenuation effects into the system matrix in 
3D iterative reconstruction. With FORE, attenuation correction 
is performed earlier, which modifies the statistical properties of 
the data.  

In this study, measured sinograms are assumed to obey the 
pseudo-Poisson statistics described in equation (3), however, 
statistical properties may be altered due to random and scatter 
event subtraction, in addition to detector normalization [8]. 
Thus a more accurate system matrix may need to be 
implemented for measured PET data. 

In CEST scanning, after the patient is scanned through the 
transmission scanner, an attenuation table can be calculated 
prior to emission reconstruction of the corresponding region. 
Emission sinograms are subsequently decomposed into subsets 
at each axial sampling, as described in equation (5). Both 
transmission and emission data can therefore be processed in a 
pipeline fashion, in accordance with bed movement. 
Pipeline-style processing eliminates the need to simultaneously 
handle large amounts of data and improves data processing 
efficiency. In conclusion, after data acquisition is completed, 
our proposed on-the-fly 3D DRAMA provides better quality 
images and significantly reduces the time required for image 
reconstruction. 
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Compensating for Collimator Blurring using 
Rotational and Axial Convolution 

Gengsheng L. Zeng and Qiu Huang 

  
Abstract—In Single Photon Emission Computed Tomography 

(SPECT), collimators cause distance dependent blurring in the 
projection data. The state-of-the-art compensation method for this 
effect is to model the spatially variant point spread function (PSF) 
in an iterative reconstruction algorithm. A drawback of the 
iterative reconstruction algorithm that models a spatially variant 
PSF is its lengthy computation time. This paper presents a 
non-iterative post-processing method to compensate for the 
spatially variant PSF. This method consists of three steps: (i) 
Reconstruct the image with attenuation compensation but without 
deblurring; (ii) Further blur the raw reconstruction with 
rotational and axial convolution, obtaining an image with spatially 
invariant PSF; (iii) Deblur the image with an efficient 
shift-invariant filter. 
 

Index Terms—SPECT, imaging deblurring with shift variant 
PSF, analytical deblurring. 
 

I. INTRODUCTION 
A SPECT collimator has a finite hole diameter and a finite 

hole length. This makes the collimator holes to have a non-zero 
acceptance angle. This acceptance angle determines the 
distance-dependent spatial resolution of the collimator [1]. The 
resolution worsens as the distance is increased from the 
collimator to the object of interest.  

This distance-dependent collimator blurring can be 
compensated during an iterative image reconstruction or in a 
pre-processing procedure. In an iterative reconstruction 
algorithm, the collimator’s spatially variant point spread 
function (PSF) is modeled in the projector/backprojector pair. 
Many researchers have used this method to compensate for the 
spatially variant PSF [2]-[10]. This approach is considered as 
the state-of-the-art in compensating for spatially variant PSF. 
However, this approach is usually time-consuming. 

In addition to the iterative methods, the best known analytical 
method is to pre-process the projection data using the 
frequency-distance principle [11]-[17]. In this method, a 
two-dimensional (2D) Fourier transform is first applied to the 
projection sinogram. A sinogram is a 2D representation of the 

projection data, and each row of the sinogram contains the 
projection data at each view. The slope of a line in the Fourier 
transformed sinogram passing through the DC point 
corresponds to the distance to the detector. Therefore, 
distance-dependent deblurring can be achieved by using a 
slope-dependent filter upon the Fourier transformed sonogram 
along each direction passing through the origin. This 
frequency-distance principle is an approximation, and it works 
well if the collimator introduces only a small amount of 
blurring. The approximation is poor at the locations near the 
center of detector rotation and at low frequency components. 
Also, this principle assumes attenuation-less projections. The 
main drawback of this pre-processing is that it usually generates 
very noisy images, when compared with iterative methods. 
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To our knowledge, post-processing methods have not been 
explored to combat the collimator blurring. An efficient 
post-processing method is developed in this paper. The 
post-processing method is expected to be more efficient than 
the intrinsic iterative methods and provide more accurate and 
less noisy images than the pre-processing method. 

 

II. METHODS 

A. Main Idea 
As a post-processing method, the proposed deblurring 

technique is applied in the image domain, to a reconstructed 
image, which is referred to as a raw reconstruction in this paper. 
The raw image is assumed to be reconstructed by an efficient 
analytical [18]-[22] or iterative algorithm that corrects for 
attenuation. The raw reconstruction has been corrected with 
attenuation but does not have blurring correction. The imaging 
geometry is arbitrary, which can be parallel-beam, fan-beam, 
cone-beam, and so on. Due to collimator blurring, the raw 
image has a spatially variant PSF. 

After the raw image is obtained, the next step is to further 
blur the raw image with a spatially variant kernel, so that the 
resultant image has a spatially invariant PSF. It is in this step 
that we use efficient rotational convolution and axial 
convolution which will be introduced next. This step is the 
essential part of the proposed method, which converts a raw 
image which has a spatially variant PSF to a further-blurred 
image which has a spatially invariant PSF. 

Since the further-blurred image has a shift-invariant PSF, an 
efficient deblurring technique can be applied to compensate for 
the blurring. Usually a frequency domain filtering method is 
used. In fact, any efficient iterative or non-linear filter can also 
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be adopted in this final step. 

We believe that to blur an image is easier and more efficient 
than to deblur an image when the PSF is spatially variant. To 
deblur an image that has a spatially invariant PSF is easier and 
more efficient than to deblur an image that has a spatially 
variant PSF.  

B. Image Domain PSF 
We now study the effect of collimator distance-dependent 

blurring in the reconstruction domain, so that we can correct for 
this effect using a post-processing technique. Fig. 1(a) shows a 
computer generated phantom that contains small circular discs 
(or dots). Simulated projections are generated analytically with 
the distance-dependent collimator blurring effect. The 
projections are attenuated with a uniform attenuator. The 
attenuator is a large uniform disc with an attenuation coefficient 
of water at 140 keV. Finally the image is reconstructed as Fig. 
1(c) with Novikov’s FBP algorithm [18] that corrects for the 
attenuation effect, without performing collimator blurring 
correction. It is observed that collimator blurring causes an 
elongated point response. The elongation gets worse as the 
distance to the axis of rotation increases.  

The image intensity is also a function of the distance from the 
center of rotation. The image intensity is higher if the location is 
farther away from the center of detector rotation. We must point 
out that this non-uniform intensity is not caused by attenuation, 
because the attenuation effect has already been compensated for 
in the FBP reconstruction algorithm. To verify this, we 
generated attenuation-less projections and used a regular FBP 
algorithm to reconstruct the image, the resultant image (Fig. 
1(b)) was almost the same as that in Fig. 1(c). A collimator hole 
in a typical general-all-purpose collimator has an acceptance 
angle of 6°. In this study, we use an acceptance angle of 16° to 
simulate a high-sensitivity parallel-hole collimator. It is 
concluded that the collimator’s distance-dependent blurring can 
be reflected in the reconstructed image. The PSF in the image 
domain is systematic: The elongation of the point response 
function in the radial direction depends on the distance to the 
axis of rotation.  

We also performed iterative ML-EM reconstruction, and 
obtained almost the same PSF. Once the PSF is characterized, a 
post-processing technique can be used to correct for this PSF.  

  
                    (a)                             (b)                           (c) 
Figure 1. Image domain PSF has a systematic elongation in the radial direction. 
The elongation effect worsens as the location is farther away from the axis of 
rotation. 
(a) True phantom 
(b) Reconstruction using attenuation-free data (the conventional FBP 
reconstruction) 
(c) Reconstruction using attenuated data (Novikov’s FBP reconstruction 
algorithm corrects for the attenuation effect) 
Due to the symmetry property of the PSF, we only need to 
characterize the PSF for the locations on the positive x-axis, as 

shown in Fig. 2. In this case, the width of the PSF h along the 
radial direction (i.e., the x-axis in Fig. 2) is stationary, and the 
width is determined by the distance of the detector (at 90° 
position) to the origin, which is the center of rotation. The width 
of the PSF h along tangential direction (i.e., the y-axis in Fig. 2) 
gets narrower as the distance from the origin (i.e., the value |x| in 
Fig. 2) gets larger. The width of h is determined by the distance 
of the detector (at 0° position) to the location of interest.  
 The PSF h in the axial direction is the same as in the 
transaxial direction, as illustrated in Fig. 2, except that the 
y-axis in Fig. 2 is relabeled as the z-axis (i.e., the axis of 
rotation). 

The width of h can be calculated by the collimator’s 
acceptance angle and the distance. The magnitude of h is 
determined by the fact that the total integral of the function h is 
unity for the parallel-hole collimators. 

 

        

x

y

0 1 2 0 1

0 1 2

PSF, h
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Figure 2. Estimation of the image domain PSF h by considering the locations 
(marked as 1, 2, and 3) on the x-axis. 

 
 

(A)

Unblurred image f

(C)

Raw recons truction g

Summed image g
(D)

Rotated images gn∆

(B)

 
Figure 3. (A) The original true (unblurred) image f consisting of three small dots. 
(B) The raw reconstruction g from the SPECT projections of the image shown in 
(A). (C) The image g is rotated clockwise and counter-clockwise for a few small 
angles, obtaining a few rotated versions of g. (D) Weighted sum q of the 
versions from (C). This summed image has a shift-invariant PSF h0. 
 

C. Rotational Convolution 
Let a transaxial slice of the raw reconstruction be image g. 

We rotate the image g counter-clockwise by a small angle ∆ 
about the axis of detector rotation (which is the origin in Fig. 3) 
obtaining g∆, and rotate g clockwise by ∆ obtaining g-∆. If 
necessary, we rotate the image g counter-clockwise by 2∆ 
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obtaining g2∆, and rotate g clockwise by 2∆ obtaining g−2∆. And 
so on. 

 A weighted sum of these rotated versions of g gives a 
further-blurred image : q̂

∑=
n

nn gaq̂ ∆
              (1) 

where the weighting factors an, , depend on the distance from 
the origin. 

D. Axial Convolution 
The further-blurred image q̂ (x, y, z) obtained above needs to 

be even further-blurred in the axial (z) direction. A 1D 
convolution kernel kr(z) is used for the axial convolution, where 

22 yxr += . Let q(x, y, z) be the result of the axial convolution 
(x, y, z) with kq̂ r(z). The kernel kr(z) is selected such that image 

q has a shift-invariant PSF h0. In fact, this h0 is the PSF h of 
image g at the origin. Since image q has a shift-invariant PSF h0, 
it can be easily deblurred, usually with a three-dimensional 
filter. 

This rotational and axial convolution equivalently achieves 
the spatially variant blurring, to obtain an image with a 
shift-invariant PSF. This is an approximate method and the 
coefficients in (1) and the axial kernel kr(z) are currently 
determined empirically. 
 

III. COMPUTER SIMULATION 
In this computer simulation, a uniform 2D phantom 

contained 5 hot lesions and 4 cold lesions. All the lesions had 
the same dimension. The intensity ratios of the hot-lesions : 
background : cold-lesions were 2 : 1 : 0. The collimator was 
assumed to have an acceptance angle of 10°. The detector 
rotated around the phantom 360° with 360 views. The detector 
had 256 bins. The simulated projections were calculated 
analytically. The raw image was reconstructed in a 256×256 
array.  The ML-EM algorithm with 50 iteration was used to 
reconstruct the raw image without collimator blurring 
compensation. The results are shown in Fig. 4. The contrast was 
calculated for both hot and cold lesions for each image. The 
contrast is defined as 

backgroundlesion
backgroundlesioncontrast

+
−

=   .      (2) 

The ideal contrast for the hot lesions is 1/3, and for the cold 
lesions is 1. The calculated contrasts are presented in Table 1. It 
is observed that after compensation, the overall resolution and 
contrast was improved, and the contrast for each lesion became 
more uniform. 

In this computer simulation, the further-blurred image was 
obtained by   

oo 33 g45.0g45.0gq̂
−

++= .       (3) 

The axial further blurring was achieved by z-direction 
convolution of the image q̂  with a Gaussian kernel kr(z). The 
standard deviation of the kernel was chosen as r/90, where r is 
the distance for an image voxel to the axis of rotation. After 

rotational convolution and axial convolution, a further blurred 
image q was obtained.  

An inverse Gaussian filter 
2

22

2
vu

e)v,u(H σ
+

= if , otherwise  (4) 222 vu Ω≤+ 0)v,u(H =

(with a variance of σ2 = 177.5 pixels, and cutoff frequency Ω = 
29.8 pixels) was chosen to deblur the further-blurred image q  
in the frequency domain. 

ˆ

 

a
b

c
d e

A

DC

B

 
Figure 4. Computer simulation results: (A) Raw reconstruction, (B) 
Further-blurred image, (C) Deblurred image with proposed method, and (D) 
True (unblurred) image. 

 
TABLE 1. LESION CONTRAST 

Lesion Raw Image 
(A) 

Further-blurred 
image (B) 

Filtered 
Imaged (C) 

Ideal Image 
(D) 

a 0.22 0.18 0.28 0.33 
b 0.20 0.19 0.28 0.33 
c 0.19 0.19 0.26 0.33 
d 0.24 0.23 0.40 1.00 
e 0.27 0.23 0.42 1.00 

 
 

IV. PHANTOM EXPERIMENT 
A flanged Jaszczak hot-rod/cold-sphere phantom (See Fig. 5 

(left)) was used in an experiment, using Philips’ IRIX SPECT 
system. The rod diameters were 4.8, 6.4, 7.9, 9.5, 11.1 and 12.7 
mm, respectively, in the hot rod section. The phantom cylinder 
inside diameter was 21.6 cm. Three low-energy high-resolution 
parallel-hole collimators were used during data acquisition. The 
collimators had a full-width at half-maximum (FWHM) of  0.7 
cm at a distance of 10 cm. The collimator rotation radius was 24 
cm. The phantom was filled with water and 25 mCi of Tc-99m. 
The data acquisition time was 1 hour, with 180 view angles 
using all 3 detectors. The detector pixel size was 0.233463 cm. 
The image was reconstructed in a 128×128 array, and the image 
pixel size was 0.28 cm. The ML-EM algorithm with 150 
iterations was used for raw image reconstruction and 
attenuation correction. 
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Figure 5. Left: Jaszczak phantom, Middle: Raw reconstruction, and Right: 
Deblurred image using proposed method. 

 
In this phantom experiment, the further-blurred image q  was 

obtained by rotational convolution: 
ˆ

oo gggq 5.15.1 5.05.0ˆ
−

++= .       (5) 

Since this particular phantom was constant in the axial 
direction, no axial further filtering was applied. After rotational 
convolution, a further blurred image q was obtained. 

A 3D inverse Gaussian filter (4) with a variance of σ2 = 100 
units and cutoff frequency Ω = 19.5 units was chosen to deblur 
the further-blurred image q in the frequency domain. Here the 
unit is the image pixel size. 

 

V. CONCLUSION 
This paper presents an efficient method to deblur an image 

that has a non-stationary point spread function (PSF). The main 
idea of this method is to further blur the raw image so that the 
resultant image has a stationary PSF. There exists many 
efficient methods to deblur an image that has a stationary PSF. 

The challenge for this proposed method is to find the 
non-stationary kernel to further blur the raw image. As an 
application, we considered the collimator blurring problem in 
SPECT. In this case, the further blurring can be accomplished 
by using rotational convolution and axial convolution, taking 
the advantage that the PSF in the raw image has a strong 
rotational symmetry. 

In fact, this further blurring idea can be extended to other 
applications of image deblurring, where the non-stationary PSF 
in the image is readily estimated. However, there are some 
drawbacks for the rotational convolution method, which 
assumes 360o circular orbit scans. If the scanning orbit is 
non-circular or a scanning angular range is less than 360o, the 
PSF in the raw reconstruction does not have rotational 
symmetry. Our future work includes better estimation of the 
further blurring kernels and consideration of other effects such 
as scattering in the raw image to be deblurred. 
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Optimized reconstruction algorithm for helical CT
with fractional pitch between 1PI and 3PI

Alexander Katsevich, Alexander A. Zamyatin, Member, IEEE, and Michael D. Silver, Member, IEEE

Abstract— We propose an approximate approach to use re-
dundant data outside the PI window within the exact Katsevich
reconstruction framework. The proposed algorithm allows a
flexible selection of the helical pitch, which is useful for clinical
applications. Our idea is an extension of the one proposed in [4].
It is based on optimizing the contribution weights of convolution
families used in exact Katsevich 3PI algorithms, so that the total
weight B(x, ξ) of each Radon plane is close to 1. Optimization
is based on solving a least squares problem subject to linear
constrains. Numerical evaluation shows good noise and artifact
reduction properties of the proposed algorithm.

Index Terms— Biomedical imaging, Image reconstruction, X-
ray tomography.

I. INTRODUCTION

There is a clinical advantage to build a CT detector that
covers a whole human organ like heart or liver in just one
rotation. However, in this case the cone angle of the x-ray
beam becomes large, and traditional approximate cone beam
algorithms produce the so-called cone beam artifacts that
deteriorate image quality.

Exact 1PI and 3PI helical algorithms solve the problem
of the cone beam artifacts and are well-suited for image
reconstruction in medical CT scanners [1]. However, in clinical
practice it is often preferable to choose a helical pitch between
1PI and 3PI. Another restriction of the exact algorithms is that
they only use data from the corresponding PI window. Note
that using additional data from outside that PI window may
improve image noise and stability to patient motion [2], [3],
[4].

A number of approximate algorithms that use redundant
data have been proposed recently (see e.g. [4], [5] and ref-
erences therein). In this work, for CT reconstruction with
wide cone angle we suggest modifying exact reconstruction
to allow using redundant data in an optimal fashion and
provide acceptable image quality over a range of clinically
used helical pitches. We evaluate the noise reduction with
the proposed fractional PI approach compared to exact 1PI
reconstruction, and investigate the proposed method for the
cone beam artifacts.
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II. ALGORITHM

In this paper we consider a fractional helical pitch case when
the detector is large enough to contain the 1PI window, but
too small to contain the 3PI window. This is called the 1PI+
case in [4]. We assume that the detector is cylindrical. Let
us denote the helical trajectory by y(s); we reconstruct f(x)
from its cone beam data Df (y(s), Θ). Let C(x) be the largest
section of the helix such that x projects onto the detector for
all y(s) ∈ C(x). Let I(x) denote the corresponding parametric
interval. Consider the integral

g(x) = − 1
2π2

∫

I(x)

1
|x− y(s)|

K(s,x)∑

k=1

wk(s, x)

×
∫ π

−π

D′
f (y(s), cos γβ(s, x) + sin γek(s, x))

dγ

sin γ
ds.

(1)

Here

β(s, x) =
x− y(s)
|x− y(s)| , D′

f (y(s), ·) =
∂

∂q
Df (y(q), ·)

∣∣∣∣
q=s

,

(2)

and ek(s, x) are some unit vectors perpendicular to β(s, x). It
can be shown that

g(x) =
1

(2π)3

∫
f̃(ξ)B(x, ξ)e−ix·ξdξ, (3)

where f̃ is the Fourier transform of f ,

B(x, ξ) =
∑

j

K(sj ,x)∑

k=1

wk(sj , x)sgn(ξ · ẏ(sj))sgn(ξ ·ek(sj , x)),

(4)
and the sum with respect to j is over all intersection points
(IPs) y(sj) ∈ Π(x, ξ) ∩ C(x).

Our goal is to determine (1) filtering directions ek(s, x) and
(2) backprojection coefficients wk(s, x) so that the function
B(x, ξ) is as close to 1 as possible.

Our choice of filtering directions is the same as in [4] (see
Figure 1). If s ∈ IPI(x) (i.e., when x̂(s) ∈ WPI ), there are
three filtering directions: K(s, x) = 3. One direction is ẏ(s),
and the other two directions are determined by finding the
lines passing through x̂ and tangent to the boundary of the 1PI
window. Let Γtop and Γbot be the top and bottom boundaries
of the cylindrical detector projected onto the DP (s). Let Ltop

and Lbot be the lines on DP (s) parallel to L0 and tangent to
Γtop and Γbot, respectively. If x̂(s) is outside WPI(x), there
is one filtering direction: K(s, x) = 1. If x̂(s) is between the
lines Ltop and Lbot, the direction is ẏ(s). If x̂(s) is between
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Fig. 1. Illustration of filtering lines and directions for three different x

Ltop and Γtop, we filter along the line passing through x̂ and
tangent to Γtop. If x̂(s) is between Lbot and Γbot, we filtering
along the line passing through x̂ and tangent to Γbot.

The advantage of this choice of directions is that by select-
ing wk(s, x) appropriately one can guarantee that all Radon
planes which intersect the helix only once get weight 1 [4].
In other words, one can find wk(s, x) such that B(x, ξ) = 1
if Π(x, ξ) ∩ C consists of one IP.

Fig. 2. Example of a 1IP plane intersecting the detector

Let us consider this requirement in more detail. Note that
the case of one IP occurs only if s ∈ IPI(x), i.e. x̂(s) ∈ WPI .
One particular example is shown in Figure 2. By evaluating
the signums in (4), the condition B(x, ξ) = 1 gives

w1(s, x) + w2(s, x) + w3(s, x) = 1, s ∈ IPI(x). (5)

We now discuss an algorithm for finding the optimal back-
projection weights wk(s, x). Since wk(s, x) are x-dependent,
they can be found independently for each x. Because of the
interrupted illumination, I(x) may consist of several compo-
nents:

I(x) = ∪M
m=1[qm−1, qm], M ≥ 1. (6)

As is well-known, IPI(x) = [sb(x), st(x)] is always just a
single interval. To avoid discontinuities caused by sharp cut-
offs of the backprojection weights, the following conditions

are imposed at the end-points:

w1(qm, x) = 0, m = 0, 1, . . .M ;
w2(sb, x) = w3(sb, x), w2(st, x) = w3(st, x).

(7)

In view of the restrictions (5) and (7), we search for the
functions wk in the form:

w1(s, x) =

{
χ1

(
s−qm−1

qm−qm−1

)
ϕ1(s), s ∈ [qm−1, qm],

0, s 6∈ I(x),
,

w2(s, x) =
1
2

(
1− w1(s, x)− χ2

(
s− sb

st − sb

)
ϕ2(s)

)
,

w3(s, x) =
1
2

(
1− w1(s, x) + χ2

(
s− sb

st − sb

)
ϕ2(s)

)
,

s ∈ IPI(x).

(8)

Here χ1 and χ2 are two smooth cut-off functions. They vanish
outside the interval [0, 1] and equal 1 inside [0, 1] away from
the end-points. Thus we need to determine two functions:
ϕ1(s) and ϕ2(s).

To make the problem of finding ϕ1(s) and ϕ2(s) finite-
dimensional, we assume that ϕ1(s) and ϕ2(s) are continuous
and piecewise-linear. Partition I(x) and IPI(x) into N1 and
N2 subintervals, respectively. Let ~C1 := (c11, c12, . . . , c1N1)
and ~C2 := (c21, c22, . . . , c2N2) be the values of ϕ1(s) and
ϕ2(s), respectively, at the partition points. Using (4) and (8)
we can compute two vector functions ~A1(ξ), ~A2(ξ) and a
scalar function A0(ξ) such that

B(x, ξ) = A0(ξ) + ~A1(ξ) · ~C1 + ~A2(ξ) · ~C2. (9)

Since B(x, ξ) = B(x,−ξ), we fix a set of directions ξl

distributed over a half of the unit sphere S2. From (9) we
see that the optimum ~C1 and ~C2 can be found by solving the
following least squares problem:
∑

l

(A0(ξl) + ~A1(ξl) · ~C1 + ~A2(ξl) · ~C2 − 1)2 → min . (10)

It turns out that (10) does not work well, because we do not
have control over how large the values of w1(s, x) are outside
IPI(x). So (10) is modified as follows:

∑

l

(A0(ξl) + ~A1(ξl) · ~C1 + ~A2(ξl) · ~C2 − 1)2

+
N1∑

m=2

λm(c1m − c1(m−1))2 → min,

(11)

where λm > 0 are regularization parameters. The advantage
of (11) is that by changing λm we can control the smoothness
of the solution. If λm > 0 are relatively large, then ϕ1(s)
and ϕ2(s) are smooth and w1(s, x) decays slowly outside of
IPI(x).

Finally, to guarantee exact reconstruction of any f which
does not depend on x3, we solve (11) subject to the constraints

A0(ξn) + ~A1(ξn) · ~C1 + ~A2(ξn) · ~C2 = 1, n = 1, 2, . . . , N,
(12)

where ξn are directions perpendicular to the x3-axis. Condition
(12) is the discrete analog of the normalization over PI-
partners (cf. [4]).
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Together (11) and (12) form the standard least squares
problem subject to linear constraints, for which methods of
solution are well-known.

III. NUMERICAL EXPERIMENTS

In the first part of our evaluation we use a 131-row detector
with 0.75mm segment size at the isocenter. For initial evalua-
tion of artifacts in the xy plane we use the clock phantom, see
Fig. 3. For noise evaluation we use a water cylinder phantom
with added Poisson noise, calculated based on 106 incident
photons per detector element, see Fig. 4. We simulated 3
datasets with helical pitches 112mm (pitch ratio 1.14), 60mm
(pitch ratio 0.61), and 43mm (pitch ratio 0.44), corresponding
to 1PI, fractional PI, and 3PI cases, respectively.

In the second part we use a disc phantom to evaluate the
cone beam artifact in the axial plane. Disc phantom data are
simulated with 160 detector rows and 0.5mm segment size
at the isocenter. We simulated 3 datasets with helical pitch
66.5mm (pitch ratio 0.83), 51.5mm (pitch ratio 0.64), and
43.5mm (pitch ratio 0.54), corresponding to various fractional
PI cases.

As Figs. 3, 6 demonstrate, the resulting image quality is very
good. The cone beam artifact is greatly reduced, compared
to traditional approximate methods (see Fig. 7). As expected,
noise is reduced compared to the exact 1PI reconstruction,
but not to the same extent as with exact 3PI (see Fig. 5). Our
simulation does not include the bow-tie filter, therefore noise
standard deviation is higher at the center, as expected. With the
proposed fractional PI algorithm the noise gradually improves
as the helical pitch gets smaller and more redundant data are
involved in the reconstruction.

Fig. 3. Reconstruction of the clock phantom with fractional PI algorithm,
pitch = 60mm (pitch ratio 0.61). (WL=1000, WW=100).
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[4] T. Köhler, C. Bontus, and P. Koken, “The Radon-split method for helical
cone-beam CT and its application to nongated reconstruction,” IEEE
Transactions on Medical Imaging, vol. 25, pp. 882–897, 2006.

[5] X. Tang and J. Hsieh, “Handling data redundancy in helical cone
beam reconstruction with a cone-angle-based window function and its
asymptotic approximation,” Medical Physics, vol. 34, pp. 1989–1998,
2007.

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 335



100 200 300 400 500

20

40

60

80

100

120

140

50 100 150 200 250 300 350

40

50

60

70

Fig. 5. Noise study. Top panel - central horizontal cross-sections through the
standard deviation plots, bottom panel - cross-sections through the standard
deviation plots at the radius 200mm away from iso-center. Degree measure
is along the x-axis. Legend: red curve - exact 1PI (pitch =112mm), blue -
fractional PI (pitch =60mm), green - exact 3PI (pitch = 43mm).

Fig. 6. Reconstruction of the disc phantom with fractional PI algorithm. Top
to bottom: helical pitch 66.5mm (pitch ratio 0.83), 51.5mm (pitch ratio 0.64),
and 43.5mm (pitch ratio 0.54). WL=0, WW=500.

Fig. 7. Reconstruction of the disc phantom with traditional helical FDK
algorithm. Top to bottom: helical pitch 66.5mm (pitch ratio 0.83), 51.5mm
(pitch ratio 0.64), and 43.5mm (pitch ratio 0.54). WL=0, WW=500.
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Filtered backprojection algorithm for  
circle and line reconstruction with gantry tilt 

 
Alexander A. Zamyatin, Beshan S. Chiang, Alexander Katsevich, and Satoru Nakanishi 

 
  

Abstract—we derive equations for circle and line recon-
struction with gantry tilt and evaluate the algorithm. 

I. INTRODUCTION 
ECENTLY one manufacturer introduced the 256-detector 
row medical CT scanner [1-4], which has 128-millimeter 

volume coverage. Such a system allows scanning most human 
organs in just one rotation, and greatly enhances the ability of 
dynamic imaging of the heart. The exact filtered-backpro-
jection (FBP) circle-plus-line algorithm [5] proved to be very 
useful for such system because it eliminates the cone beam 
artifact while keeping the reconstruction fast and efficient. 
Other groups implemented this algorithm for C-arm [6] and 
cardiac cone beam CT [7] imaging. However, some clinical 
applications require gantry tilt, and the algorithm [5] cannot be 
applied directly to the tilted gantry projection data. Therefore, 
in this work we derive equations and evaluate the FBP circle-
plus-line algorithm with gantry tilt. 

II. RECONSTRUCTION ALGORITHM 
Without tilt the circle source trajectory is given by yC(β) = 
(R cos β, R sin β, 0), where R is the radius of circle trajectory 
and β is the view angle; line source trajectory is given by 
yL(h) = (R cos θ, R sin θ, h), where θ is the fixed angle at 
which the line is attached to the circle and h is the line source 
vertical coordinate along the z-axis. Exact algorithm [5] 
consists of two parts: 
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that correspond to the circle data gC(β, γ, v) and the line data 
gL(h, γ, v). Here x is the reconstruction point, γ is the fan angle, 
v is the vertical detector coordinate. , i = 1, 2, is the one-

dimensional directional Hilbert filter with the kernel 1/sin γ. 

DiH γsin

It can be shown that the reconstruction algorithm (1) does 
not change in the tilted geometry, since the intersection points 
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between Radon planes and trajectory are treated the same way 
as in [5]. But since projection of the circular trajectory from 
the line source position change in the tilted geometry, 
equations for filtering lines backprojection of the line data also 
change. The required length of line data changes too. The 
tilted gantry is shown in Figs. 1-2. Let α be the gantry tilt 
angle, and μ the unit directional vector of the line trajectory 
given by μ = (sinθ sinα, cosθ sinα, cosα) in tilted gantry 
reference coordinates. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
Fig. 1.  Circle and line trajectory with tilted gantry.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2.  Geometry of circle and line reconstruction with tilted gantry. Blue 
shape represents the reconstruction volume. Green region is the largest 
reconstruction ROI where no data extrapolation is required.  
 

Let W be the half-detector size at the isocenter, (d1f,d2f) be 
the coordinates on flat detector and (d1c,d2c) be the coordinates 
on the curved detector, (X0, Y0, Z0) are the original non-tilted 
coordinates (see Fig. 2), and (X, Y, Z) are the reconstruction/ 
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Line scan 
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 α 

Y0 
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tilted gantry coordinates (see Fig. 3) where the tilt is around 
the Y-axis. We assume a virtual detector along the arc of radius 
R around the source and containing the rotation axis. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3.  Geometry of circle and line reconstruction with tilted gantry. Green 
region is the largest reconstruction ROI where no data extrapolation is 
required. Three source positions on the line are shown. A, C: two extreme 
source positions, B: intersection with the circle trajectory. 

III. EQUATIONS 
In this section we provide equations for line trajectory range 
and filtering lines on the flat and curved detectors. 

A. Line trajectory range 
Minimum line trajectory range (hm ) vs. extreme image slice at 
Hm is given by 

( ) ( )( )
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hm and Hm have the same sign.  

B. Filtering line equations 
When the source is one circle part of the trajectory, 

filtering is done along the horizontal lines (assuming the flat 
detector). When the source is on the line, filtering is performed 
along lines on the detector tangent to the projected circle. On 
the flat detector the filtering lines are given by: 

2 1f fd md= + b . (2)
On the cylindrical detector: 

2 sin coscd mR bγ γ= + , (3)
where 
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Variables c1, c2, c3, c4, c5, c6 are given by: 
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(5) 

The filtering lines are parameterized by q given by  

R
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where λ is the angular coordinate on the circle at which the 
filtering plane is tangent to the circle trajectory. The “–” sign 
is used to make sure that q is an increasing function of λ, 
0 ≤ λ ≤ 2π. Such parameterization is used to avoid a 
singularity that is introduced when we simply use λ as a 
filtering line parameter. 

Note that the filtering line is determined by (4)-(5) only in 
terms of the parameter q, and there is no singularity as h  0. 
In particular, if h = 0, i.e., the source is on the circle, one gets 
horizontal filtering lines on the flat detector, because m = 0. 
 

C. Parameters qmin and qmax for extreme filtering lines  
are given by: 
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IV. RESULTS 
To validate our approach we performed evaluations with 
simulated noise-free data and with real CT data. We simulated 
256-slice data of the torso phantom with spine-like structure 
that causes the cone beam artifact. Reconstructed images are 
shown in Figure 4. 
 

 
(a) 

 

 
(b) 

 
Fig. 4.  Evaluation with the simulated data in tilted geometry. (a) Circular data 
only. (b) Circle plus line.  (WL = 0, WW = 100). 
 

 
(a) 

 

 
(b) 

Fig. 5.  Evaluation with the raw data. (a) Circular data only. (b) Circle plus 
line. (WL = 30, WW = 300). 

Projection data of an anthropomorphic phantom were 
acquired on the 256-slice scanner [1-4] using the circle and 
line trajectory. Scanning parameters are given in Table 1. 
Results are shown in Figure 5. 
 
 TABLE I 

 
 
 
 
 
 
 
 
 
 

V. CONCLUSIONS 
We derived equations that allow implementation of the 

exact FBP circle-and-line reconstruction algorithm with tilted 
gantry. The evaluation results show elimination of the cone 
beam artifacts and validate our derivations. 
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SCANNER PARAMETERS 
Number of detector rows 256 
Detector row height 0.5 mm 
Field of view 320 mm 
Full cone angle 12.18° 
Line view pitch 0.14 mm 
Tube voltage 120 kVp 
Tube current for circle scan 200 mA 
Tube current for line scan 50 mA 
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Variable Pitch Tilted Slice Reconstruction Using
John’s Equation
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Abstract— We present an algorithm to reconstruct helical cone
beam computed tomography (CT) data obtained at variable
pitch. The algorithm extracts a halfscan segment of projections
using an extended version of the advanced single-slice rebin-
ning (ASSR) algorithm. ASSR rebins cone beam data to one
dimensional projections and reconstructs the image on a tilted
plane to minimize the error between the reconstruction plane
and the source helix. For variable pitch, the approximation error
increases, resulting in increased image artifacts. To reduce the
approximation error, we correct rebinned data using John’s equa-
tion to virtually move the source into the tilted reconstruction
plane thereby reducing the cone beam artifacts for variable
pitch reconstruction. Results from simulated phantom images
demonstrate the feasibility of the approach.

Index Terms— John’s equation, variable pitch, tilted slices.

I. INTRODUCTION

Constant pitch helical cone beam (CB) CT is sufficient for
most applications. The pitch is defined as the ratio of the table
or conveyor displacement per gantry rotation divided by the
height of the detector array along the axis of rotation (z).
In certain applications, however, reconstruction at a variable
pitch is desirable. For example, in security CT scanners used
for explosive detection [1], it is useful to slow down or
stop the conveyor until the results of automated detection
are available or increase the conveyor speed between bags to
increase throughput. In medical CT scanners, variable pitch
reconstruction may be useful for scanning multiple organs in
one helical scan and to track the bolus of injected contrast dur-
ing angiography. Variable pitch reconstruction exists [2], [3],
however the methods do not have the computational simplicity
of the ASSR type algorithms [4], [5].

In this paper, we describe an algorithm denoted as Variable
Pitch ASSR (ASSRv) to reconstruct helical CB data by
extending the ASSR algorithm to variable pitch. At constant
pitch the NSR algorithm [4] and the ASSR algorithm [5] rebin
helical cone beam data into one-dimensional (1D) data, which
is reconstructed into tilted slices. Since the source helix does
not completely lie in the reconstruction plane, the choice of
1D data is approximate. Defrise et al. [6] showed that John’s
equation [7], [8] can be used to compute a correction to
the rebinned data to virtually move the source helix into the
reconstruction plane, to improve image quality.

To extend the ASSR algorithm to variable pitch, one ap-
proach would be to change the tilt angle to minimize the

Corresponding author: Ram Naidu, E-mail: rnaidu@analogic.com.

distance between the reconstruction plane and the halfscan
segment of the varying source helix. However, this approach
is not sufficient because the rays at the beginning and the
end of the segment do not lie in the same plane and deviate
in an asymmetric manner with respect to the center view in
the halfscan segment. The corresponding reconstructed images
show streak artifacts.

In the ASSRv algorithm, we first compute rebinned data
by applying the ASSR algorithm to the variable pitch data.
We do this by changing the tilt angle as a function of the
pitch. We then use John’s equation to compute a correction
to the rebinned data which moves the source virtually into
the reconstruction plane. The correction is applied during
rebinning with modification for variable pitch.

II. METHODS

A. Acquisition Geometry
Figure 1 illustrates the data acquisition geometry. We mea-

sure CB projections for cone vertices on the helical path a(λ)
oriented along the z axis

a(λ) = (R cosλ,R sin λ, f(λ)) (1)

where f(λ) represents the variable pitch, which reduces to hλ
for constant pitch, where h is equal to source displacement
per radian of gantry rotation and R is the radius of the helix.

We consider a flat area detector which moves with the
cone vertex. We also assume that the detector coordinates are
defined at isocenter, i.e., the detector array contains the z-
axis. We use cartesian coordinates (u,v) to locate the detector
elements in the detector plane. These coordinates are defined
by unit vectors 1u and 1v given by

1u = (− sin λ, cos λ, 0) (2)
1v = (0, 0, 1) (3)

We assume that the detector is large enough to avoid truncation
of the projections along the u axis.

B. Calculation of Reconstruction Plane Tilt Angle
For constant pitch, the tilt angle ηh is computed as described

in [4]. For variable pitch, η(λ0) is computed as a function of
the instantaneous velocity at λ0 as

tan η(λ0) = tan(ηh)
fλ(λ0)

h
(4)

where ηh is the tilt angle optimized for constant pitch as
described in [5] and fλ is the partial derivative of f(λ) with
respect to λ.
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Fig. 1. Geometry of the acquisition system

C. Data Correction Using John’s Equation

Using the ASSR algorithm, the halfscan fan-beam data,
denoted by gλ0(u, λ), for the oblique slice corresponding to
λ0 are estimated using the CB data, denoted by gcb(u, v, λ),
acquired on the segment of the helix centered on a(λ0). Each
ray is approximated by the equation of the ASSR algorithm

gλ0(u, λ) ≈ gcb(u, Vλ0(u, λ, η(λ0)), λ) (5)

where

Vλ0(u, λ, η(λ0)) = tan η(λ0)(−R sin(λr) + u cos(λr))

+
R2 + u2

R2
(R sin(λr) tan η(λ0)− f(λ) + f(λ0))

(6)
where the relative view angle is λr = λ− λ0.

We assume that the length of the detector in v is sufficiently
large that the lines chosen using (6) are contained within the
detector array.

Improved rebinned data for variable pitch halfscan segments
are generated as given below for |λ − λ0| ≤ π

2 + δ, where δ
is the half fan angle:

gJ
λ0

(u, λ, η(λ0)) = gλ0(u, λ)+

C1

∫ u

−∞
du′ {F1 + C2F2}

∣∣∣∣
v=Vλ0 (u′,λ,η(λ0))

(7a)

where C1, C2, F1, and F2 functions are defined as

C1 =
R tan η(λ0) sin(λr)− (f(λ)− f(λ0))

R
(7b)

F1 = gλ,v(u′, v, λ) (7c)

C2 =
Ru′v − fλ(λ)(R2 + u′2)

R2
(7d)

F2 = gv,v(u′, v, λ) (7e)

Note that for simplicity of the notation the dependencies of
C1, C2, F1 and F2 on u′, v and λ are omitted. The u′ integral
is computed as described in [6].

After rebinning, each oblique slice is reconstructed using
fan-beam filtered backprojection. The reconstructed oblique
slices may be axially resampled into a set of axial slices using
1D interpolation.

Note that the algorithm described in this section can be
extended to cylindrical detector arrays, (γ, z), through the
detector mapping given by [5]

u = −R tan γ (8)

v =
z

cos γ
(9)

where γ is the angle subtended by the detector within the fan
and z is the z-coordinate of the detector.

D. Testing

The algorithm was tested using simulated helical CB data
generated for the Turbell clock phantom [9]. The data were
simulated for the geometry of the dual energy CT scanner [1],
which has a scan field of view of 800 mm. The data were
generated for the velocity profile shown in Fig. 2, where
the object was moved at constant pitch and then decelerated
to zero. In order to compare the images reconstructed with
constant and variable pitches through the same section of
the phantom, three simulated data sets were generated for
the three different locations of the phantom. The symbol X
marks the central view used to reconstruct the slices from
variable pitch data. Images were also reconstructed in the
regions corresponding to the constant table speed of 100mm
per rotation and a stationary table.

Tilted slices are reconstructed after rebinning using two-
dimensional filtered backprojection. For comparison, images
were reconstructed using eq. (7a) and also using eq. (5)
without John’s correction.

E. Results

Figure 3 shows reconstructed images of the Turbell Clock
phantom. The left column shows the images reconstructed
with the ASSR algorithm without John’s correction. The right
column shows the corresponding images reconstructed using
ASSRv. In order to view the artifacts the images are displayed
with a window of 200 and a level of 0.

Given that the tilt angle is varied, it is difficult to directly
compare complete slices. Therefore, we focus the discussion
of the following results on the object located at the left
edge of the field of view. At constant pitch (top panels),
the ASSRv algorithm reduces to the one described in [6].
The image quality improves over ASSR accordingly. When
the scan velocity is decreasing (middle panels) the artifacts
become more pronounced, but the images reconstructed with
ASSRv show weaker artifacts than ASSR for the same data. At
zero pitch (bottom panels) the images from ASSR and ASSRv
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Fig. 2. Table speed profile simulated for testing ASSRv

are identical because the data are all within the reconstruction
plane.

While the artifacts are greatly reduced, further testing is
required to show that the remaining level of artifacts after the
application of ASSRv to data acquired with variable pitch is
sufficient for applications where data acquisition at variable
pitch is beneficial.

III. DISCUSSION AND CONCLUSION

We have demonstrated the feasibility of our algorithm to
reconstruct images from helical cone beam data obtained at
variable pitch using a combination of the ASSR algorithm
improved with a correction based on John’s equation. The
current study was based on simulated data.

Future work includes optimization of the tilt angle as a func-
tion of variable pitch, extension of the algorithm to cylindrical
detector arrays, analysis of methods for axial resampling of
the tilted slices, analysis of the sensitivity of the algorithm to
errors in reported table speed, and implementation of real time
reconstruction. A preliminary analysis also shows that it may
be possible to extend the method of Stierstorfer et al. [10] to
reconstruct variable pitch data.
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variable pitch ASSR algorithm and ASSRv for a 500 mm field of view. The
images are displayed with a window of 200 and a level of 0.
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Computing Reconstruction Kernels for circular 3D
Cone Beam Tomography

Alfred K Louis, David Theis and Thomas Weber

Abstract— In this paper we present techniques for deriving
inversion algorithms in 3D computer tomography. To this end
we introduce the mathematical model and apply a general
strategy, the so-called approximate inverse, for deriving both
exact and numerical inversion formulas. Results from real data
are presented.

Index Terms— X-ray tomography, cone-beam CT, inverse
problems, mollifier, reconstruction kernel

I. I
The circular scanning geometry presently is the most widely

used scanning modality in non-destructive 3D X-ray CT. The
well know Feldkamp algorithm is still often used, despite the
drawbacks in the case of large cone angles. In the present
paper we derive fast inversion algorithms, the strategy can be
applied for almost arbitrary scanning geometries. It is based on
the so-called approximate inverse, where reconstruction kernel
are pre-computed independently of the data.

In the first section we summarize important results from
the approximate inverse, then we describe the relation be-
tween X-ray and Radon transform, the so-called formula
of Grangeat. We apply both ingredients to derive firstly an
exact inversion formula. This is then used to calculate, based
on user prescribed mollifiers, the reconstruction kernel with
given smoothing properties for damping the influence of the
unavoidable measurement errors. In the following we present
analytical formulas for the evaluation of these kernels for the
circular scanning geometry.

In the last section we present images of the reconstruction
kernel and of a reconstruction from real data.

II. A I
The integral operators appearing in most tomographic prob-

lems are compact operators acting on suitable Hilbert spaces
with infinite dimensional ranges. Hence, their inverse operators
are not continuous, which means that data errors are amplified
in the solution. So we concentrate on finding approximate
inversion formulas, that give ”good enough” solutions while
at the same time damping the data error appearing in any real
measurement.

For approximating the solution of

A f = g,

with an operator A : X → Y acting on suitable Hilbert spaces,
we apply the method of approximate inverse, see [1]. The basic

Department of Mathematics, Saarland University, 66041 Saarbrücken, Ger-
many. Corresponding author: Alfred K Louis, E-mail: louis@num.uni-sb.de.
The research of the authors has been supported by the Deutsche Forschungs-
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idea is as follows: we choose a so-called mollifier eγ(x, y),
which, for a fixed reconstruction point x, is a function of the
variable y and as such approximates the delta distribution for
the point x. The parameter γ acts as regularization parameter,
i.e. eγ(x, y)→ δx(y) for γ → 0.

For a fixed reconstruction point x, we solve the auxiliary
problem

A∗ψγ(x, ·) = eγ(x, ·), (1)

where eγ(x, ·) is our chosen approximation of δx(·) and A∗

denotes the adjoint of A. The searched-for function ψγ(x, ·)
is the so-called reconstruction kernel. For the approximate
solution fγ we get

fγ(x) =
〈

f , eγ(x, .)
〉

Y
=

〈
f , A∗ψγ(x, ·)

〉
=

〈
A f , ψγ(x, ·)

〉
=

〈
g, ψγ(x, ·)

〉
=: S γg(x),

where the operator S γ is called the appromative inverse.
At first glance, this does not look like an improvement,

since we must solve an equation for the adjoint of our original
operator A. But this problem can be solved independently of
the data, i.e. well in advance. Furthermore, invariances and
symmetries of the operator A∗ can directly be transformed
into corresponding properties of S γ, see [1].

This method is presented in [2] as a general regularization
scheme to solve inverse problems. Generalizations are also
given. The application to vector fields was derived by Schuster
[3]. If the auxiliary problem is not solvable then its minimum
norm solution leads to the minimum norm solution of the
original problem.

III. I F   3D C B T

In the following we consider the X-ray reconstruction
problem in three dimensions when the data are measured
by firing an X-ray tube emitting rays to a 2D detector. The
movement of the combination source – detector determines the
different scanning geometries. In many real-world applications
the source is moved on a circle around the object. From a
mathematical point of view this has the disadvantage that
the data are incomplete, the condition of Tuy-Kirillov is not
fulfilled. We base our considerations on the assumption that
this condition is fulfilled, the reconstruction from real data
nevertheless is then from the above described circular scanning
geometry, because other data are not available to us so far.

A first theoretical presentation of the reconstruction kernel
was given by Finch [4]. The use of invariance properties was
a first step towards practial implementations, see [5]. See
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also the often used algorithm of Feldkamp et al. [6] and the
contribution of Defrise and Clack [7]. A unified approach to
those papers is contained in [8]. The approach of Katsevich
[9] differs from ours in that he avoids the Crofton symbol
by restricting the backprojection to a range dependent on the
reconstruction point x.

A. Mathematical model

We denote with a ∈ Γ the source position, where Γ ⊂ R3

is a curve, and θ ∈ S 2 is the direction of the ray. Then the
cone-beam transform of a function f ∈ L2(R) is defined as

D f (a, θ) =
∫ ∞

0
f (a + tθ) dt. (2)

The adjoint operator as mapping from L2(R3)→ L2(Γ×S 2) is
given as

D∗g(x) =
∫
Γ

‖x − a‖−2 g
(
a,

x − a
‖x − a‖

)
da. (3)

Most attempts to find inversion formulae are based on the
Formula of Grangeat, first published in Grangeat’s PhD thesis
[10], see also [11]:

∂

∂s
R f (ω, s)

∣∣∣∣∣
s=〈a,ω〉

= −

∫
S 2

D f (a, θ)δ′(〈θ, ω〉) dθ. (4)

Our starting point is now the inversion formula for the 3D
Radon transform

f (x) = −
1

8π2

∫
S 2

∂2

∂s2 R f (ω, s)

∣∣∣∣∣∣
s=〈x,ω〉

dω, (5)

that we rewrite as

f (x) =
1

8π2

∫
S 2

∫
R

∂

∂s
R f (ω, s)δ′(s − 〈x, ω〉) ds dω. (6)

We assume in the following that the Tuy-Kirillov condition is
fulfilled. Then we can change the variables as: s = 〈a, ω〉, n
is the Crofton symbol; i.e., the number of source points a ∈ Γ
such that 〈a, ω〉 = 〈x, ω〉, m = 1/n and get

f (x) =
1

8π2

∫
S 2

∫
Γ

(R f )′(ω, 〈a, ω〉) δ′(〈a − x, ω〉)

× |〈ȧ, ω〉|m(ω, 〈a, ω〉) da dω

= −
1

8π2

∫
S 2

∫
Γ

∫
S 2

D f (a, θ) δ′(〈θ, ω〉) dθ

× δ′(〈a − x, ω〉) |〈ȧ, ω〉|m(ω, 〈a, ω〉) da dω

= +
1

8π2

∫
Γ

1
‖x − a‖2

∫
S 2

∫
S 2

D f (a, θ) δ′(〈θ, ω〉) dθ

× δ′(
〈

x − a
‖x − a‖

, ω

〉
) |〈ȧ, ω〉| m(ω, 〈a, ω〉) da dω

where we used that δ′ is homogeneous of degree −2 and that
δ′(−s) = −δ′(s). We now introduce the operator

T1g(ω) =
∫

S 2
g(θ) δ′(〈θ, ω〉) dθ, (7)

acting on the second variable of a function g(a, ω) as

T1,ag(ω) = T1g(a, ω),

and the multiplication operator

MΓ h(a, θ) = |〈ȧ, ω〉| m(ω, 〈a, ω〉) h(ω) (8)

and state the following result.
Theorem 3.1: Let the condition of Tuy-Kirillov be fulfilled.

Then the inversion formula for the cone beam transform is
given as

f =
1

8π2 D∗T1MΓT1D f

with the adjoint operator D∗ of the cone beam transform and
T1 and MΓ as defined above.

Note that both D∗ and MΓ depend on the scanning curve
Γ, whereas T1 only depends on the specific point a of the
scanning curve.

The above theorem allows for computing reconstruction
kernels. To this end we have to solve the equation

D∗ψγ = eγ,

in order to write the solution of D f = g as

f (x) =
〈
g, ψγ(x, ·)

〉
Y
.

In the case of exact inversion, eγ is the delta distribution,
in the case of an approximate inversion formula, it is an
approximation of this distribution. From the above we see that

D−1 =
1

8π2 D∗T1MΓT1

and we can write

D∗ψγ = eγ =
1

8π2 D∗T1MΓT1Deγ,

hence

ψγ =
1

8π2 T1MΓT1Deγ. (9)

IV. C   

In the following, we will use (9) to derive an analytic
formula for the reconstruction kernel in 3D. We use the
gaussian

eγ(x, y) = (2π)−3/2 1
γ3 e−

‖x−y‖2

2γ2 (10)

as mollifier and get

T1Deγ(a, ω, x) =
(2π)−1/2

γ3 e−
1

2γ2 〈a−x,ω〉2
〈a − x, ω〉 . (11)

For the multiplication operator MΓ, we need the inverse of the
Crofton symbol, m. For the specific case of a circular scanning
geometry, we set n = 2 and hence m = 1/2. Applying the
operator T1 to the function in (11) yields the following result.

Theorem 4.1: Let the scanning curve Γ be a circle with
radius R and the density function f fulfills supp f ⊂ r ·S 2, r <
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Fig. 1. 3D Plot of a kernel for 513x513 detector points

R. If the direction vector θ ∈ S 2 does not lie parallel to the
vector x − a, the reconstruction kernel ψ can be written as

ψγ(a, θ, x) = −
C
2π

[ p3

p4

{
〈ȧ, θ〉 − 2α 〈a − x, θ〉 p3

}
×

∫ 1

0
ep1[p2t2−1] dt + p4 〈a − x, θ〉 ep1[p2−1]

]
,

(12)

where

α B
1

2γ2 , C B (2π)−3/2 1
γ3

p1 B α ‖a − x − 〈a − x, θ〉 θ‖2

p2 B
〈a − x − 〈a − x, θ〉 θ, ȧ − 〈ȧ, θ〉 θ〉2

‖ȧ − 〈ȧ, θ〉 θ‖2 ‖a − x − 〈a − x, θ〉 θ‖2

p3 B 〈a − x − 〈a − x, θ〉 θ, ȧ − 〈ȧ, θ〉 θ〉

p4 B ‖ȧ − 〈ȧ, θ〉 θ‖ .

If θ lies parallel to x − a, then the kernel can be calculated as

ψγ(a, θ, x) = −
C
2π
‖ȧ − 〈ȧ, θ〉 θ‖2 〈a − x, θ〉 . (13)

Theorem 4.1 provides a means for fast computations of
reconstruction kernels, eliminating the need for pre-computed
kernels. Figure 1 shows the shape of such a kernel. The
calculation of this kernel took approximately 6.6 seconds on
a x86 desktop system with a 3 GHz CPU, the discrete kernel
has 5132 elements.

Figure 2 shows a reconstruction from data provided
by DKFZ, Heidelberg and the Fraunhofer Institut IzfP,
Saarbrücken.

V. C

We have presented an exact inversion formula and derived
a suitable numerical inversion formula from it for the circular
scanning geometry. The numerical implementation is fast
enough to no longer rely on a pre-computed kernel. Instead,
the kernel can be computed as part of the measurement.

Fig. 2. Reconstruction of a head from real data

In the future, we want to apply this approach also to
helical scanning geometries, since scanning times become
more important in all real use cases, e. g. in non-destructive
testing.
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Cone-beam Reconstruction on a Circular Short-Scan
using the Factorization Approach

Frank Dennerlein, Frédéric Noo, Harald Schöndube, Joachim Hornegger, and Günter Lauritsch

Abstract— In this article, we present a novel, truncation-
flexible cone-beam (CB) reconstruction algorithm for the short-
scan circular trajectory, which is based on the theoretically-
exact factorization theory previously derived by our group. The
factorization theory demonstrates how to decompose the 3D
CB reconstruction problem into a family of independent 2D
inversion problems. Here, we use a numerical approach based on
a constrained conjugate gradient least-squares iteration scheme
to find solutions to the 2D problems. We present reconstructions
from computer-simulated CB data and evaluate the reconstruc-
tion behavior in terms of CB artifacts and transaxial-truncation
artifacts. Image results are compared to reconstructions using
the short-scan Feldkamp algorithm.

I. INTRODUCTION

Circular cone-beam (CB) computed tomography (CT) has
become a powerful tool in the clinical arena. 3D image
reconstruction on state-of-the-art scanning systems is typically
based on an algorithm that has been heuristically derived by
Feldkamp et al. [1]. For data collected along a 360-degrees
scan (full scan), the Feldkamp reconstruction method (FDK)
can be set into a firm theoretical context and yields often ac-
ceptable image quality. The mechanical design of established
medical C-arm devices, however, does not usually allow a full
scan. To apply FDK with data acquired along less than 360-
degrees (short-scan), the issue of data redundancy is handled
using Parker-like weighting methods [2]. In general, however,
these weighting schemes are a significant approximation, since
they neglect the cone-angle and therefore treat distinct data as
redundant. This approximation often results in a high level of
CB artifacts in the reconstructed images for regions outside the
plane of the circle scan (abbreviated as PCS in the following).

Recently, we introduced a novel CB inversion theory for
the circular short-scan trajectory [3]. It is based on the
factorization of the 3D reconstruction problem into a set
of independent 2D inversion problems and lies on an exact
theoretical background. In this article, we develop a CB recon-
struction algorithm using the theory from [3] while applying
an iterative approach to invert the 2D problems. Whereas in
[3], no direct reconstruction from CB data was shown, we now
present reconstructions from computer simulated CB data and
compare the performance of the algorithm to that of the short-
scan FDK method.
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Radiology, University of Utah, Salt Lake City, Utah, USA
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II. ACQUISITION GEOMETRY AND NOTATION

We use the notation a(λ) = (R cosλ, R sin λ, 0)T to de-
scribe the circular trajectory of radius R followed by the focal
spot of the X-ray source during data acquisition. The curve
parameter λ is bounded in [0, λmax] and since our studies
are restricted to short-scans, we require λmax < 2π. The
spatial distribution of the linear X-ray attenuation coefficient
of the interrogated object is represented using the function
f(x) with x ∈ IR3. We assume that f is compactly supported
in a cylinder with axis (0, 0, 1)T and circular base of radius
Robj , where Robj < R. CB projection data of the object are
acquired using an X-ray sensitive 2D detector. During the scan,
we measure integrals of f along rays, with each ray connecting
the X-ray source for a given λ with an arbitrary point on the
detector. Hence, we obtain samples of the data function

g(λ, �) =

∫ ∞

0

f(a(λ) + t�) dt, (1)

with the vector � describing ray directions. Analog to [3], the

Fig. 1. Illustration of the Φ-plane family (orthogonal projection onto the
PCS).

image volume is represented with a non-Cartesian coordinate
system, which is based on the one-parametric family of �-
planes: Each �-plane is orthogonal to the PCS and contains
the source position a(0), at the beginning of the short-scan.
The parameter � describes the angle between the �-plane and
the line connecting the origin (0, 0, 0)T with a(0). The angle �
increases in clockwise direction, is bounded in [�min, �max]
and becomes � = 0 for the �-plane that contains the rotation
axis. The interval for � is selected such that the set of �-
planes covers the complete region of interest (ROI). Assuming
a circular scan of adequate length (λmax � π � 2�min),
each �-plane intersects the source trajectory twice: at a(0)
and at curve parameter λo(�) = π � 2�. A Cartesian (t, z)-
coordinate system is introduced on each �-plane, with t
orthogonal to (0, 0, 1)T and z parallel to the axis of rotation.
The coordinate t becomes 0 at the orthogonal projection of
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(0, 0, 0)T onto the �-plane and increases when approaching
a(0) (see Fig. 1). An arbitrary point in the ROI can be
parametrized with coordinates (�, t, z) with a change of
variable to Cartesian coordinates provided by the function

xΦ(t, z) =


 R sin2 � + t cos�

R sin� cos� � t sin�
z


 . (2)

III. RECONSTRUCTION THEORY

The factorization method is based on the theoretically-
exact decomposition of the 3D CB reconstruction problem
into a family of independent 2D inversion problems [3]. The
decomposition applies to a full-scan as well as to a short-scan
trajectory and significantly reduces the total complexity of the
reconstruction task. Each of the 2D problems corresponds to
finding the object density on a given �-plane, i.e. the function

fΦ(t, z) = f (xΦ(t, z)) . (3)

A single 2D inversion problem is established as shown in [3]:
By backprojecting the locally filtered CB data ∂

∂λg(λ, �) onto
a fixed �-plane using only the scan segment λ ∈ [0, λo(�)],
an intermediate function bΦ(t, z) is obtained. The equation

1

π
bΦ(t, z) =

∫ +∞

�∞

dt′hH(t � t′)�

� (fΦ (t′, z1(t
′)) + fΦ (t′, z2(t

′)))
(4)

then relates bΦ(�, �) to the sought object function fΦ(�, �) [4]. In
(4), hH(�) denotes the Hilbert filter kernel in spatial domain.
Also, z1(�) and z2(�) define filter directions in the �-plane
that truly also depend on �, t and z. More specifically, the
points xΦ (t′, z1(t

′)) are located on the line connecting a(0)
with xΦ(t, z) and correspondingly, the points xΦ (t′, z2(t

′))
are located on the line connecting a(λo(�)) with xΦ(t, z).
Reconstruction of object density on the �-plane corresponds
to solving (4) for fΦ(�, �). The complete ROI is reconstructed
by varying � and repeating the steps explained earlier in this
paragraph.

It is known, however, that data along a planar trajectory
is in general not sufficient for theoretically-exact and stable
3D CB reconstruction outside the PCS, (see [5] and others).
Hence, reconstruction of fΦ(t, z) for z 6= 0 suffers from
missing data, so that edges in z direction cannot be resolved
accurately. Let us now consider the special case that fΦ(t, z)
is independent of z. Then, for each point (t, z) we have
fΦ (t′, z1(t

′)) = fΦ (t′, z2(t
′)) = fΦ (t′, 0). Therefore, the

right hand side (RHS) of (4) can be reduced to the 1D convolu-
tion 2

∫ +∞

�∞
dt′hH(t� t′)fΦ (t′, 0). Reconstruction of fΦ(t, z)

then becomes equivalent to the problem of reconstructing
fΦ(t, 0), for which a theoretically-exact and stable solution
can be found. In conclusion, the object density at a point x
that is not located on the PCS can be recovered accurately,
if x belongs to a �-plane on which the object density is
independent of z (see Fig. 2). In general, however, solving (4)
for fΦ(�, �) constitutes an ill-posed problem. We try to stabilize
the inversion by (i) introducing additional constraints on the
solution fΦ(�, �) and (ii) by using regularization techniques

to reduce the ill-posedness of the 2D inversion problem. The
following constraints on fφ(�, �) are considered:
CRAY: Knowledge about integrals of fΦ(�, �) along rays
diverging from a(0) and a(λo(�)). These integrals are part
of the acquired CB data.
CPOS: Knowledge that fΦ(�, �) is a non-negative function,
since it represents object density.
CADD: This constraint overcomes the problem of missing
data on a substantial level by extending the source trajectory.
We now introduce an additional line scan L that is attached at
a(0) and perpendicular to the PCS (see Fig.2). However, CB
data acquired along L is not processed using a filtering-and-
backprojection scheme as in [4]. It is rather used in a similar
fashion as in CRAY to put additional constraints on fΦ(�, �).
This allows a very coarse sampling of L with as few as only
one additional CB projection, if desired.

IV. 2D INVERSION APPROACH

Reconstruction of fΦ(�, �) is achieved by discretizing (4) and
applying a numerical inversion method. Following the strategy
of [3], we introduce the vectors f and b that denote samples of
the functions fΦ(�, �) and bΦ(�, �) and compose a linear system
of equations Mf = b that represents (4). To satisfy Shannon’s
sampling theory, a band-limited version of the Hilbert filter
kernel in (4) is applied using a rectangular apodization window
and cut-off frequency b = 1/(2∆t). In spatial domain, the
band-limited filter is given as

hb
H(t) =

1

πt

(
1 � cos

πt

∆t

)
(5)

and a sampling at the required parameters k∆t with k ∈ Z
yields

hb
H(k∆t) =

{
2

πk∆t if k is even,
0 if k is odd or k = 0.

Since every other sample of hb
H(�) becomes 0, a straight-

forward application of the discrete convolution implies a
suboptimal use of data and a loss in resolution. To overcome

Fig. 2. On the illustrated Φ-plane, the object density is independent of z.
Therefore, reconstruction of the corresponding function fΦ(·, ·) constitutes a
well-posed problem. In the general case, we optionally consider CB data for
an additional line scan L to stabilize the 2D inversion problem.
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this problem, we oversample in t by a factor of 2 on every �-
plane, by duplicating each sample of bΦ prior to inversion. The
oversampling is compensated by a corresponding averaging
operation in the resulting f . Reconstructed images with and
without the oversampling strategy are presented in Section V.

The discrete modeling allows a straight-forward handling
of the constraints CRAY and CADD. We extend the linear
system by adding equations that represent the knowledge about
additional ray integrals of fΦ(�, �) to obtain

Af :=


 M

β1 C1

β2 C2


 f =


 b

β1 c1

β2 c2


 := d. (6)

In (6), the submatrix C1 corresponds to equations for CRAY,
C2 corresponds to equations for CADD and c1 and c2 denote
samples of the corresponding ray integrals. The coefficients β1

and β2 allow to adjust the impact of the considered constraints.
Because the large dimension of A forbids a direct inversion,

an iterative scheme is applied to find a solution to the 2D
problem. In practice, the ideal data vector of the RHS of (6)
is not available. Instead, we need to consider a system Af = d̃,

where d̃ is an approximation of the ideal d that is contaminated
by discretization, quantization and noise effects. We aim at
finding a non-negative, least-square (LS) estimate f̃ for f by
applying a conjugate-gradient (CG) iteration scheme on the
normal equations

AT Af̃ = AT d̃. (7)

CG-LS methods provide fast speed of convergence [6] and
are considered to be a good choice for tomographic inversion
problems because of their initial modification of the data vec-
tor with the operator AT [7]. To account for constraint CPOS,
we closely follow the projected restarted iteration scheme of
[8]: a non-negative estimate f̃ is determined by alternating
CG-LS iterations and orthogonal projections of intermediate
results onto the set of vectors with non-negative components
(see Algorithm 1). The iterative inversion approach is stopped
after a certain number of iterations. By that, we implicitly
regularize the linear system to allow a stable and meaningful
estimate f̃ in the context of our ill-posed problem.

Initial estimate f̃
(0)

= 0 ;
for j = 1 . . . NOUT do

compute residual r(j) = d̃ − Af̃
(j−1) ;

find LS estimate ũ(j) for Au(j) = r(j) using NIN
CG-iterations ;
update f̃

(j)

= P

“

f̃
(j−1)

+ ũ(j)

”

;

Algorithm 1: Applied iteration scheme. The operator P describes
the projection onto vectors with non-negative components.

V. NUMERICAL EVALUATION

The suggested reconstruction algorithm is now evaluated
using computer simulated CB data. We consider a typical
C-arm geometry (R = 750mm, λ ∈ [0, 216] deg., ∆λ =
0.4 deg.) and use a virtual, planar detector that contains the
rotation axis. An analytically defined disk phantom of limited
vertical extent is investigated; its ground-truth is displayed in

Fig. 3. True density values of the disk phantom in [−500HU, 500HU ].

Fig. 4. The slice Φ = 0 for z ∈ [0, 15cm] through the reconstruction using
parameter set 1: (left) no oversampling, but using CPOS (center) oversampling
by a factor 2 in t and using CPOS, (right) oversampling, but not using CPOS.
Grayscale window [−500HU ; 500HU ]

Fig. 3. Reconstructions are performed from ideal and noisy
CB data and are presented next to the image results obtained
with the short-scan FDK method. The investigated phantom
consists of a stack of six cylindrical disks embedded in a water
cylinder of radius 10 mm. Each disk has a radius of 8 cm and
a thickness of 1 cm. The phantom is centered at the axis of
rotation and shifted, such that the center of the lowest disk
is located on the PCS. Also, it is entirely contained in the
field-of-view yielding transaxially untruncated CB data.

The parameters used for reconstruction are given in set 1 in
Table I. Fig. 4 illustrates the effects of the constraint CPOS
and the oversampling strategy on reconstruction quality. The
planes � = 0 through reconstructions from ideal and noisy
CB data are presented in Fig. 5. Results in the bottom row
of Fig. 5 were obtained using the constraint CADD and four
CB projections acquired along the additional line-scan L (see
Fig. 2). The additional source positions were located at z =
{3, 6, 9, 12}cm, i.e., at the gap between two disks (for z =
{3, 9}cm), at the center of a disk (for z = 6 cm) or at the top of
the phantom, respectively. Reconstructions of the slice x = 0
from non-noisy CB data are shown in Fig. 6. Reconstructions
were obtained using parameter set 2 and bilinear rebinning
of the densities from the �-plane coordinate system onto a
Cartesian grid.

TABLE I

EVALUATION PARAMETERS

Set 1 Set 2

detector pixel size 0.5 × 0.5mm2
1.0 × 1.0mm2

Φ-plane sampling 0.5 × 0.5mm2
1.0 × 1.0mm2

pixel columns in Φ-plane nt = 440 nt = 220

image voxel size 0.5 × 0.5 × 0.5mm3
1.0 × 1.0 × 1.0mm3

constraints β1 = 1/nt β1 = 1/nt

β2 = 10/nt β2 = 5/nt

iterations (NIN, NOUT ) (12, 20) (12, 7)
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Fig. 5. Reconstruction of the slice Φ = 0 with z ∈ [0, 13cm], from (top) to
(bottom): short scan FDK, factorization approach, factorization approach and
4 additional CB projections on L. (left) using non-noisy CB data, (right) using
CB data containing Poisson noise with 100, 000 photons per ray. Grayscale
window [−500HU ; 500HU ]
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Fig. 6. Reconstruction of the slice x = 0 mm with z ∈ [0, 13cm]: (left)
Image result in [−500HU ; 500HU ], (right) profile along (x, y) = (0, 0)
compared against the true phantom values (dashed). (top) Short-scan FDK,
(bottom) factorization approach.

VI. DISCUSSION

Reconstructions of the disk phantom from a circular short-
scan using the factorization approach show a remarkable re-
duction of CB artifacts compared to results from the short-scan
FDK method: The shadow-regions enclosing each cylinder are
less prominent and CB artifacts are shifted to locations more
remote from the PCS. In particular, accurate reconstruction is
achieved as expected for �-planes that do not intersect the
disks (see left/right of each disk in the bottom of Fig. 6).

Fig. 4 shows that the oversampling approach adequately
avoids vertical streaks in the reconstruction results (center
image). Also, considering the positivity constraint CPOS
contributes to more reconstruction accuracy after a constant
number of iterations (compare center and right of Fig. 4).

The introduction of only four CB projections along an
additional line scan improves image quality significantly and
almost completely overcomes the phenomena of CB artifacts
in the investigated scenario.

The right column in Fig. 5 illustrates that the factorization
method is robust with respect to noise in the CB data. Its noise
propagation, however, is visually of different nature compared
to that of the short-scan FDK approach.

Since the factorization method requires only local filter-
ing of CB data prior to backprojection, reconstruction from
partially transaxially-truncated projections becomes feasible in
practically-relevant scenarios (see also [9]). Investigations on
the reconstruction behavior in presence of transaxial truncation
involving the FORBILD head phantom are planned in the near
future.

VII. CONCLUSIONS

We suggested a novel, flexible 3D CB reconstruction ap-
proach which is based on the theoretically-exact factorization
theory from [3] and allows reconstruction from less than a
short scan. The algorithm decomposes 3D CB reconstruction
into a set of independent 2D inversion problems, each of which
is solved numerically using a constrained conjugate gradient
least-squares iteration scheme. This reduction in complexity
allows an efficient, parallel implementation of the algorithm.
Since a global filter operation in the projection domain is
avoided, reconstruction in presence of transaxial data trunca-
tion becomes feasible in practically-relevant scenarios.

In contrast to [3], where no direct reconstruction from CB
data was shown, we here presented a numerical evaluation
of the suggested algorithm from computer-simulated CB data.
The reconstruction results show a noticeable improvement in
image quality in terms of CB artifacts compared to the short-
scan FDK approach. Utilizing the flexibility of the factor-
ization approach by considering four more CB projections
acquired along an additional line scan helps to overcome the
phenomena of CB artifacts almost completely in the studied
scenario.
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Abstract—X-ray forward projection of discrete volume data is
a major step in all iterative reconstruction methods. To ensure the
quality of the reconstruction results, the projector should fit the
imaging system geometry and x-ray physics as well as possible.
In this paper, we propose a functional estimation framework for
the object-order forward projection formalism. This formulation
is almost equivalent to that used to express the object-order
projection method that uses a window function rather than a
basis function. However, it is independent to the volume sampling
and takes into account the projection geometry (cone beam and
parallel). In fact, the adaptive kernel estimate are applied to
estimate the volume projection function. This estimate is widely
known by its robustness to local peculiarities in the data. The
variable bandwidth parameter of the estimate is adjusted in order
to deal with perspective as well as orthographic projection.

I. INTRODUCTION

Iterative reconstruction algorithms have been widely pro-
posed to solve Computed Tomography (CT) reconstruction
problem with sparse X-ray projection data. They consist in
iteratively updating the reconstruction by alternating a forward
projection and a backprojection procedure until a convergence
criterion is satisfied. The forward projection step measures
how close the current reconstruction of a volumetric object
matches the projection measurements. In the backprojection
step, a corrective image is distributed onto the volume in order
to update it. Therefore, the outcome of the iterative reconstruc-
tion algorithm depends more on the accuracy of the forward
projection operator than on the precision of the backprojection
[1], [2]. To ensure the tomography reconstruction quality, the
projector should fit the imaging system geometry and x-ray
physics as well as possible. It needs also to be optimized in
order to speed up the iteration process and to reduce the total
computational cost.

The forward projection methods introduced in the literature
can be grouped into two main classes: Image-order methods
and Object-order methods. In image-order methods called also
ray-driven methods, the forward projection is computed by
casting rays from image space into the volume. The volume
is sampled along the ray at certain intervals by interpolating
the continuous volume function from the voxel grid values
[3]–[5]. This is a rather time consuming process that needs to
be optimized.

The object-order methods, called also voxel driven methods
or splatting, operate by iterating over volume samples. The
projection is performed by mapping separately each volume
element onto the image-space and computing its contribution
to pixels. So, the interpolation of the volume function required
for image-order methods is no longer needed [6]. Furthermore,
a more intuitive volume representation approach uses a local
basis functions instead of using a grid of cubic voxels [7]. The
volume is considered to be a linear combination of basis func-
tions applied at each volume sample. The parallel projection
of a voxel modeled by a spherically symmetric interpolation
basis function provides a circular bi-dimensional (2D) window
function (footprint) centered at the voxels’ projection point.

Fast projection algorithms are proposed by utilizing lookup
tables and efficient incremental computation schemes [8],
[9]. Unfortunately, these procedures are not appropriate for
perspective projection. In fact, diverging rays used for the
integration in cone beam reconstruction yield to different
elliptical shaped window function for each voxel [10].

In this paper, we propose to use an adaptive kernel estima-
tion framework to formulate the forward projection problem.
In fact, this formulation is independent to the volume sampling
and takes into account the perspective projection (cone beam
geometry) as well as the orthographic projection (parallel
geometry). So we recall in the second section the fixed
bandwidth kernel density estimation methods. Then, we focus
on the sample-point estimate which consists in varying the
kernel bandwidth according to sample points. The third section
describes the proposed forward projection method based on
adaptive kernel estimate. Some experimental results are shown
and commented in the forth section.

II. KERNEL DENSITY ESTIMATION

Assume we dispose of n independent and identically dis-
tributed samples xi, i = 1, ..., n drawn from an unknown
probability density p on Rd (d ≥ 1). To estimate p From these
samples, we can compute the multivariate fixed bandwidth
kernel estimate defined by

p̂(x) =
1

nhd

n
∑

i=1

K

(

x − xi

h

)

, x ∈ Rd, (1)
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where K : Rd → R is a kernel function satisfying

K(x) ≥ 0 and
∫

Rd

K(x)dx = 1, (2)

and h > 0 is the bandwidth (smoothing parameter) that
controls the degree of smoothing of the function p̂. The per-
formance of the estimate depends on the choice of smoothing
parameter. A small value of h will lead to estimates that are
under-smoothed and exhibit spurious peaks while a large value
of h can wipe out much of the detail in the estimate [11]. It
is important to notice that the terminology fixed bandwidth
means that the parameter h = hn is independent of x and xi

but it can depend on n. It can easily proven that the kernel
estimate, given in (1), is a strongly consistent of p if and only
if hn → 0 and nhn → ∞, as n → ∞, without any conditions
on p [11].

Popular choices of univariate kernels include Gaussian
kernel with unbounded support,

K(x) = (2π)−1/2e−x2/2, x ∈ R (3)

and the compactly supported polynomial kernels defined for
r > 0 and s ≥ 0 by

K(x) =
r(1 − |x|r)s

2 B(s + 1, 1/r)
1(|x| ≤ 1), x ∈ R. (4)

where B is the Beta Function.
Multivariate kernels could be constructed as a radially

symmetric unimodal densities or as a product of univariate
kernels (see (3) and table I).

TABLE I
EXAMPLE OF POLYNOMIAL KERNELS

Kernel type r s Kernel equation

Rectangular - 0 K(x) = 1

2
1(|x| ≤ 1)

Triangular 1 1 K(x) = (1 − |x|)1(|x| ≤ 1)

Bartlett-Epanechnikov 2 1 K(x) = 3

4
(1 − x2)1(|x| ≤ 1)

Biweight 2 2 K(x) = 15

16
(1 − x2)21(|x| ≤ 1)

Triweight 2 3 K(x) = 35

32
(1 − x2)31(|x| ≤ 1)

While the estimate given in (1) performs well for most
regular densities, its capabilities are known to decrease when
estimating more complex functions that exhibit large changes
in magnitude (multimodal densities) and also long tails densi-
ties [12]. Furthermore, in higher dimension space (d ≥ 2),
the fixed bandwidth kernel estimate practically fails unless
the sample size is extremely large. This is due mainly to the
scarcity of data over much of the effective estimation space.
The multivariate adaptive kernel density estimate, such as the
sample-point estimate, has been proposed to deal with this
estimation problems [12]. It consists in varying the bandwidth
h for each sample xi and is given by

p̂(x) =
1

n

n
∑

i=1

1

[h(xi)]d
K

(

x − xi

h(xi)

)

, x ∈ Rd, (5)

where h(xi) could be equal as here to the Euclidean distance
from the sample xi to the kth nearest other sample point [12].

III. FORWARD PROJECTION USING KERNEL ESTIMATE

For a given projection angle θ, the forward projection of a
volume object function f : R3 → R, is defined by its Radon
transform which consists in evaluating for each pixel u ∈ R2

its integral along a X-ray line Lθ(u) :

gθ(u) =

∫

Lθ(u)

f(x) dx, u ∈ R2, x ∈ R3. (6)

For a sampled binary volume defined on a given grid {x i ∈
R3, i = 1, ..., n}, gθ(u) corresponds to the cardinal of the
following set:

{xi ∈ R3|f(xi) = 1 and xi ∈ Lθ(u)}. (7)

Therefore, if we consider P the projective operator that maps
each volume element xi to ui, the Radon transform gθ is
considered as a 2D histogram that counts the number of
observations ui that fall into pixels (histogram bins). In fact,
the computed 2D histogram is the simplest and the coarsest
kernel estimate of gθ, where K is a rectangular kernel (see
table I).

In order to estimate the forward projection of an arbitrary
grey volume object, we propose in this work to use an adaptive
kernel density estimate given by

ĝθ(u) =

n
∑

i=1

f(xi)

[h(ui)]2
K

(

u − ui

h(ui)

)

, u ∈ R2, (8)

where ui = P [xi], K is a bivariate kernel function and h is
a bandwidth function that adapts to the projection samples.

We can notice that this formulation is almost equivalent
to that used to express the object-order projection method
based on a window function [2] and to the well know splatting
techniques [6]. This window function is obtained by applying
Abel transform to a symmetric basis function used for volume
representation [7]–[9].

S Iz
i

x
i

u
i

u

z

Window function

Basis function

Fig. 1. Perspective projection for the 2D case.

In cone beam projection geometry, rays emanate from the
source and traverse the volume in a diverging manner. So
volume elements close to the source where the ray density
is high, contribute much to the forward projection than those
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further away from the source where ray density is low [10],
[13]. In our work, the kernel bandwidth function is scaled by a
parameter that depends on the relative position of x i according
to X-ray source. Therefore, for cone beam forward projection,
the kernel bandwidth is given by

h(ui) =
dSI
zi

Dk(ui) (9)

where Dk(ui) is the Euclidean distance from the sample ui

to the kth nearest other sample point, zi the depth of a voxel
element xi and dSI is the distance between the X-ray source
S and the center of the projection plane I (focal distance).

IV. EXPERIMENTAL RESULTS

In order to show the performance of our proposed forward
projection based on the sample-point estimate, we consider 4
different volume sections (see figure 2).

(a) Object 1 (b) Object 2

(c) Object 3 (d) Object 4

Fig. 2. Three binary volume sections.

For each volume section, three different forward projection
method are applied: The well known Siddon method [4], our
proposed adaptive bandwidth kernel estimation method and the
fixed bandwidth kernel estimation method. The last method is
applied in order to show the importance of varying the kernel
bandwidth while estimating the volume projection. For kernel
estimation based methods we consider the gaussian kernel
defined in (3).

In figures (3, 4, 5) and 6), we show the forward projection
results obtained for a view angle θ equal to 87◦ respectively
for object 1, 2, 3 and 4. The results obtained by applying the
two kernel based forward projection (adaptive bandwidth and
fixed bandwidth kernel estimation) are smoother than those
provided by Siddon method. This is due to the smoothness of
the used gaussian kernel .

In table II, we show the Root Mean Square Error (RMSE)
between the Siddon projection results and those obtained by
applying the two kernel estimation based forward projection.
We notice that for the first object, the projection function has
one mode. Thus the fixed-bandwidth kernel estimate results are
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Fig. 3. Forward projection results obtained for Object 1
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Fig. 4. Forward projection results obtained for Object 2

comparable to the others projection results. For the second and
third object, the RMSE is important for the fixed bandwidth
kernel estimate. In fact, the projection function for these two
objects is multimodal.

TABLE II
THE RMSE BETWEEN SIDDON AND THE OTHER KERNEL BASED METHODS

Methods Object 1 Object 2 Object 3 Object 4

Adaptive bandwidth kernel 0.0638 0.0495 0.0813 0.0924

Fixed bandwidth kernel 0.0810 0.1211 0.1702 0.0941

V. CONCLUSION

This work described a new framework that generalizes the
object-order forward projection methods by using an adaptive
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Fig. 5. Forward projection results obtained for Object 3
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Fig. 6. Forward projection results obtained for Object 4

bandwidth kernel estimation technique, such as the sample-
point estimate. The variable bandwidth parameter of the es-
timate has been adjusted in order to deal with perspective as
well as orthographic projection. Promising results are obtained
for binary volume objects. In our future work, we will focus on
evaluating the performance of the proposed forward projection
framework for iterative reconstruction algorithms.
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An exact cone-beam reconstruction algorithm for
two concentric arcs

Tingliang Zhuang, Shuai Leng, and Guang-Hong Chen

Abstract— This paper concerns the cone-beam image recon-
struction problem for the two-concentric-arc source trajectory.
In this geometry, the image volume is not well populated by
DM-lines (PI-lines, R-lines) despite the fact that the Tuy data
sufficiency condition is fulfilled. Thus, DM-line based cone-
beam image reconstruction schemes do not provide a means to
reconstruct the image volume. In this paper, an equal weighting
scheme was utilized to develop exact cone-beam reconstruction
algorithms for this geometry. Computer simulations were also
conducted to validate the developed reconstruction formulas.

I. INTRODUCTION

Interventional C-arm systems provide image guidance for
minimally invasive interventional procedures where high con-
trast objects such as bony structure and iodinated filled vascu-
lature are often the primary imaging targets. Recently, C-arm
based cone-beam CT has also been released as commercial
product by major manufactures. In clinical practice, it is also
crucial to have tomographic imaging capability available to
provide clinicians an accurate anatomical roadmap. Improved
low contrast resolution may also be beneficial for clinicans
to triage patients. Many investigators in academic environ-
ments have implemented C-arm based cone-beam computed
tomography (CT) systems [1], [2], [3], [4], [5], [6] using either
a large area flat-panel detector or an x-ray image intensifier
(XRII). In these investigations, the image object is scanned
using a single circular scanning path. Severity of cone-beam
artifacts is increased when larger longitudinal coverage is
desired [6], [7].

In order to combat cone-beam artifacts, the scanning path
should fulfil the Tuy data sufficiency condition [8]. Based
on a C-arm gantry, different complete trajectories may be
implemented such as two concentric arcs, and the arc plus line.
In our lab, a flat-panel cone-beam CT data acquisition system
was developed[6] using a GE INNOVA 4100 (GE Healthcare
Technologies, Waukesha, Wisconsin) clinical system. Using
this system, it is convenient to implement a complete source
trajectory using two concentric arcs (each arc has an angu-
lar coverage of 210◦). An approximate image reconstruction
scheme was utilized and the calibration information was
incorporated into the image reconstruction procedure[7]. The
source trajectory is shown in Figure 2. This scanning geometry
is referred to as a CC-geometry in this paper (because each
arc is in the shape of C).

The CC-geometry is complete in the sense of the Tuy
data sufficiency condition. Therefore, a mathematically exact

Department of Medical Physics, University of Wisconsin-Madison,
Madison, WI 53704. Corresponding author: Guang-Hong Chen, E-mail:
gchen7@wisc.edu
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Fig. 1. Demonstration of the volume within which DM-line does not exist
for an image point.

reconstruction is achievable, enabling the elimination of cone-
beam artifacts. For a complete source trajectory, both filtered
backprojection (FBP)[9], [10], [11], [12], [13], [14], [15],
[16] and filtering the backprojection image of differentiated
projection data (FBPD) [17], [18], [19], [20], [21] cone-beam
image reconstruction schemes have been developed. Based
upon these general image reconstruction schemes, algorithms
have been derived for some circle(arc)-based source trajecto-
ries [10], [11], [13], [19], [22], [23], [24], [25], [26], [27].
The algorithms developed in [13], [19], [23], [24] depend on
an important geometrical property of the source trajectory:
existence of at least one doubly measured line (DM-line) for
a given image point.

However, for the CC geometry shown in Figure 2, DM-
lines do not exist for image points within a large volume.
As shown in Figure 1, for any point which is not within two
scanning planes (x− y and y − z) and inside the pentahedron
I−vA−hA−vB−hB, a line that passes through any point will
not intersect with the source trajectory simultaneously at two
points. Thus, DM-line based image reconstruction schemes
can not be used for this geometry.

Note that a shift-invariant FBP image reconstruction algo-
rithm was developed by Pack and Noo for an ”umbrella” shape
scanning geometry[16]. Extention of this framework to the
CC-geometry may provide an interesting counter-part to the
algorithm derived here. However, one should also note that
the noise properties of this type of algorithm may not be
optimal, since the negative weights are used. Therefore, in this
paper we are motivated to develop an alternative shift-invariant
FBP type cone-beam image reconstruction algorithm for the
CC-geometry. In this algorithm, an equal weighting scheme
is applied to the redundant data. Computer simulations have
been conducted using the Shepp-Logan and Defrise phantoms
to validate this algorithm.
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II. RECONSTRUCTION ALGORITHM

A. Review of the general cone-beam FBP image reconstruc-
tion scheme

Following the notations in [12], we denote the plane that
contains the image point �x and a source point �y(t) as Π(�x, t, φ)
and the normal vector of this plane as k̂φ. The angle φ
parameterizes different planes that contains the same image
point and source point.

Denote the cone-beam projection through an image function
f(�x) from the source point �y(t) as:

g(r̂, t) =
∫ +∞

0

dsf [�y(t) + sr̂] . (1)

For a given source geometry, Katsevich’s general cone-beam
image reconstruction scheme uses the following formula to
reconstruct the image function [11], [12]:

f(�x) = − 1
4π2

∑

m

∫

dt
cm(�x, t)
|�x − �y(t)|

∫ π

−π

dγ
1

sinγ

∂

∂q
g[r̂(γ, φm), �y(q)]|q=t , (2)

where φm ∈ [0, π). The function cm(�x, t), termed the structure
factor, is determined as follows:

cm(�x, t) = lim
ε→0+

sgn[k̂φ · �y′(t)]w(�x, k̂φ, t)|φ=φm+ε
φ=φm−ε , (3)

where the weighting function w(�x, k̂φ, t) is introduced to take
into account the data redundancy when the plane Π(�x, t, φ)
intersects the source trajectory more than once. Using the
equal weighting scheme, the weighing function is given by:

w(�x, k̂φ, t) =
1

N(�x, t, φ)
, (4)

where, the value of the function N(�x, φ, t) is the number of
intersection points between the plane Π(�x, t, φ) and the source
trajectory.

B. Reconstruction algorithm for the source trajectory of two
concentric orthogonal arcs

The source trajectory of a CC-geometry consists of two
concentric orthogonal arcs with equal radius R (Figure 2(a))
is described as :

C1 = R(cos th, sin th, 0) , th ∈ Λh = (thB , thA) ,

C2 = R(0,− sin tv, cos tv) , tv ∈ Λv = (tvB , tvA). (5)

In this paper, a third generation flat-panel-detector data ac-
quisition geometry will be assumed in which the detector is
perpendicular to the iso-ray. The distance between the source
and the detector will be denoted by D.

In order to calculate the structure factor based upon an equal
weighting scheme for this source geometry, we need to analyze
the number of intersection points between the plane Π(�x, t s, φ)
(s = h, v) and the source trajectory. This analysis can be
conducted in the detector plane using the projective geometry.
We begin this analysis for the case that the source is moving

vA
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I
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(a) (b)

Fig. 2. An example of the CC-geometry where (a) the horizontal (vertical)
arc lies in the x − y (y − z) plane in the original coordinate system and, (b)
the horizontal (vertical) arc lies in the y′ − z′ (x′ − y′) plane in the new
coordinate system.

along the horizontal arc. The following local coordinate system
is defined at each source point �y(th) on the horizontal arc:

ŵ = (− cos th,− sin th, 0), û = (sin th,− cos th, 0), v̂ = (0, 0, 1) .

Using this local coordinate system, a local unit vector r̂
originating at the source point can be represented using the
Cartesian coordinates u, v which are measured in the detector
plane along directions û, v̂ as,

r̂ =
1√

D2 + u2 + v2
(uû + vv̂ + Dŵ) . (6)

As shown in Figure 3, the projection of the horizontal
arc on the detector plane are two rays along the u-axis,
emanating from the points (uhA , 0) and (uhB , 0) respectively.
The projection of the vertical arc is a segment of a circle
described by the following equation[23]:

(u + D tan th)2 + v2 =
D2

cos2 th
. (7)

Denote the cone-beam projection of the image point �x on
the detector plane as �xp and the intersection line between the
plane Π(�xp, th, φ) and the detector plane as lD(�xp, th, φ). As
the angle φ is increasing from 0 to π, the plane Π(�x, th, φ)
will be rotating around the unit vector β̂ = �x−�y(t)

|�x−�y(t)| . On the
detector plane, the line lD(�xp, th, φ) will also rotate around the
projected image point �xp (according to our definition of the
angle φ, this rotation will be clockwise on the detector plane
looking from the source point). As shown in Figure 4, the
number of intersection points between the plane Π(�x, th, φ)
and the source trajectory may be obtained by counting the
intersections between the line lD(�xp, th, φ) and the projection
of the source trajectory on the detector plane, the two rays, and
an arc for each angle φ. Thus, a plot of the equal weighting
function (the inverse of the number of intersection points)
versus the angle φ for a given image point �x and a source
point is obtained. By investigating the discontinuities in this
plot, the structure factor is obtained using equation (3).

As an example, we present how to obtain the plot of the
number of intersection points between the plane Π(�x, th, φ)
and the vertical arc versus the angle φ (Figure 5(b)) using
the projective geometry shown in Figure 5(a). Assuming the
intitial orientation of the Π(�x, th, φ) plane is given by the
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Fig. 3. The cone-beam projection of the source trajectory onto the detector
plane for th ≈ 3π/4.

Av

Bv

Bh Ah

v

u
x

),,( tx
px ),,( txl pD

)(ty

),,( txl pD

(a) (b)

Fig. 4. (a) Demonstration of the intersection of a Π(�x, th, φ) plane and the
detector plane at the line lD(�xp, th, φ). (b) The projection of the geometry
shown in (a) onto the detector plane.

angle φ = 0. According to the construction in [12], the plane
Π(�x, th, 0) is perpendicular to the x − y plane. Therefore,
the line lD(�xp, th, 0) will be parallel to the v-axis on the
detector plane. As angle φ is increasing, the line lD(�xp, th, φ)
is rotating around the projected point �xp in the clockwise
direction. The number of intersection points is zero until the
line is tangent to the arc. As the line continues to rotate, the
number of intersection points jumps to 2 and remains constant
until the line intersects with one of the ending points of the
projected vertical arc. Once the line passes the first ending
point of the projected vertical arc, the number of intersection
points will drop back to 1. After the line passes the second
ending point of the projected vertical arc, and before it is
tangent to the projected vertical arc, the number of intersection
points again increases to 2. After the critical tangent angle is
passed the number of intersection points with the vertical arc
becomes zero for the remainer of the rotation. This procedure
is used to obtain the plot of the number of intersection points
between the plane Π(�x, th, φ) and the vertical arc trajectory

1n 2nAv Bv

),,( txNV

1

2

0

Fig. 5. (a) Demonstration of several critical lines on the detector plane
where there is a discontinuity in the function of number of the intersecting
points, Nv(�x, t, φ). (b) An illustration of a given example of the function
Nv(�x, t, φ) plotted as a function of the angle φ.

(Figure 5(b)).
Using this method, all structure factors have been obtained

for the source moving along the horizontal arc. Due to space
constraints for this abstract the complete structure factors
have not been included here so that we may present this
intuiative depiction of the algorithm derivation. These structure
factors corresponds to seven classes of filtering lines on the
detector plane: parallel to the scanning plane (ch(�x, t)), tangent
to the projected arc (cn1,2(�x, t)) and passing through the
projected end points of the source trajectory (chA,B (�x, t) and
cvA,B (�x, t)).

The same method could be used to obtain the structure
factor for the source moving along the vertical arc. However,
we will utilize a coordinate transformation so that the results
obtained for the horizontal arc can be utilized for the vertical
arc. Applying the following coordinate transformation

�x = (x, y, z) → �x′ = (x′ = −z, y′ = y, z′ = x), (8)

and a transformation of the parameterization

th → t̄h = 2π − th , tv → t̄v = −π + tv (9)

to the source trajectory given by equation (5), one obtains:

C̄1 = R(0,− sin t̄h, cos t̄h) , t̄h ∈ Λ̄v = (t̄vB , t̄vA) ,

C̄2 = R(cos t̄v, sin t̄v, 0) , t̄v ∈ Λ̄h = (t̄hB , t̄hA) .

where t̄vB = 2π−thA , t̄vA = 2π−thB , t̄hB = −π+tvB , t̄hA =
−π + tvA . Note that in the new coordinate system using the
new parameterization, the vertical arc C̄2 and the horizontal
arc C̄1 can be treated as a ”horizontal” arc and ”vertical”
arc in the original system respectively. Therefore, using the
coordinate transformation and the reparameterisation given
by equations (8) and (9), the structure factor for the source
moving along the vertical arc can be obtained from those for
horizontal arc.

C. Generalization to the case of two concentric and non-
orthogonal arcs

For the real scanning geometry, the two arc segments
may not orthogonal to each other. Using the general theory
developed in [29] and the affine transformation given in the
section 4 of [27] (equations (40)-(45)), the above results may
be easily applied to the two non-orthogonal arcs trajectory.

III. COMPUTER SIMULATIONS AND RESULTS

In order to validate the algorithm for the source trajectory
of two concentric orthogonal arcs, computer simulations were
conducted using both a low contrast Shepp-Logan and high
contrast Defrise phantom in which thin ellipsoids are stacked
along the z-axis. The reconstruction parameters are given in
Table I.

Three orthogonal planes at z0 = −0.25, y0 = 0.2, and x0 =
−0.11 of the standard 3D Shepp-Logan were reconstructed as
shown in Figure 6. The images are displayed using a window
of [0.95,1.05]. The x− y plane, the x− z plane, and the y− z
plane of the Defrise phantom were also reconstructed using
this algorithm. The contributions to the final images from the
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Simulation Parameter Parameter Value
gantry radius 4

source to detector distance (D) 8
scan range for horizontal arc ((thB

, thA
)) (−π/4, 5π/4)

scan range for vertical arc ((tvB , tvA )) (−5π/4, π/4)
detector matrix size 401 × 401

view sampling per arc 1.5π/550
image matrix 256 × 256 × 256

TABLE I

SIMULATION PARAMETERS USED FOR VALIDATION OF THE

RECONSTRUCTION FORMULA.

Fig. 6. Three orthogonal planes of the Shepp-Logan from left to right z =
−0.25, y = 0.2, and x = −0.11.

horizontal and vertical arcs are separately displayed in the
first and second rows in Figure 7. The final image which is
the summation of these two contributions is presented in the
third row of Figure 7.

IV. CONCLUSION

In this paper, a shift-invariant FBP cone-beam image recon-
struction algorithm for the source trajectory of two concentric
arcs has been developed. Since DM-line do not exist for
image points within a large volume, for which the Tuy data
sufficiency is fulfilled, DM-line based algorithm can not be
used in this case. Therefore, the algorithm derived here is
independent of the existence of DM-lines. This algorithm was

Fig. 7. The separate contributions to the Defrise phantom from the horizontal
arc (top row), the vertical arc (middle row) and the sum (bottom row). All
images are displayed in a window of [0, 1].

derived using the general cone-beam reconstruction scheme
given in [11], [12], and utilizes an equal weighing scheme.
Numerical simulations have been provided to validate the
performance of the new algorithm.
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Abstract— C-arm CT provides real-time, soft-tissue 3D 

imaging for the therapeutical arena to plan, guide, and monitor 
interventions. The application in the cardiac environment is still 
an open field because imaging with the motion of the heart is 
challenging. A multi-segment ECG gating is proposed from data 
acquired by multiple, ECG triggered rotational acquisitions 
(sweeps). ECG triggering assumes constant heart rates. In this 
study the impact of variable heart rates is investigated. The 
temporal resolution of ECG gating is studied on a simulated, 
physiologically plausible example. The temporal resolution slowly 
decreases with increasing rate variations. Even with strong rate 
variations the ECG synchronization is still effective. Acquiring 4 
sweeps in 30s with a heart rate that varies from 75bpm to 63bpm 
to 83bpm the temporal resolution decreases by 30%. This 
stability qualifies the ECG based C-arm CT as an appropriate 
method. 
 

Index Terms—cardiac imaging, C-arm computed tomography 
(CT), dynamic imaging, retrospective gating 
 

I. INTRODUCTION 
C-arm computed tomography (CT) [1], [2] provides real-

time, soft-tissue 3D imaging for the therapeutic arena to plan, 
guide, and monitor interventions. New clinical protocols [3], 
[4] are being developed to exploit intra-procedural 
tomography. The application of C-arm CT in the cardiac 
environment is still an open field because imaging with the 
motion of the heart is quite challenging. 

In conventional CT, heart motion is handled by ECG gating 
[5], [6]. Only those projection data are used for tomographic 
reconstruction which are acquired at a specific heart phase. In 
the end-systolic and the end-diastolic phase the heart is almost 
at rest. Due to the long acquisition time of C-arm systems 
multiple, serial, ECG triggered rotational acquisitions (sweeps) 
have to be performed. A multi-segment ECG gating selects the 
data from all sweeps for a static Feldkamp reconstruction. 
More details can be found in [7]. This early developmental 
stage has the goal of imaging large objects like ventricles, 
large  blood  vessels  and  their  ostia.   Coronary  arteries  are 
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Figure 1. ECG synchronization and gating. The goal is to use only those 
projection data for image reconstruction which are acquired in a preselected 
window of the heart phase centered at τtrigger with width ∆τ. For the first 
forward sweep the gray shaded area is selected, for the second backward 
sweep the area bordered by the dotted line. 

 
beyond the current scope. 

ECG triggering assumes constant heart rates. In this study 
the impact of variable heart rates is investigated. The temporal 
resolution of ECG gating is studied on a simulated, 
physiologically plausible example. 

 

II. ECG SYNCHRONIZATION AND GATING 
Current C-arm devices cover an angular range of π+2⋅fan-

angle for circular short-scan reconstruction, rotating at a 
constant angular speed in 4-10 seconds depending on the total 
number of projection images desired. The goal of ECG multi-
segment reconstruction is to select heart phases in the region 
centered at the phase τtrigger with width ∆τ. The cardiac phase τ 
ranges from 0 to 100% and indicates the phase within an R-R-
peak interval. 

A. ECG Synchronized Data Acquisition 
A series of forward and backward sweeps is performed, see 

Figure 1. N is the total number of sweeps. Without loss of 
generality the sequence is started with a forward sweep. In 
order to achieve projection data in the proper heart phase the 
starting phase of the j- th run is triggered with a phase delay 

{ }bf
j
/

,0τ  [7]. The starting phase of the forward sweep is 

 ( ) NjNjf
j ≤=−= ,...3,1with /1,0τ , (1) 

and of the backward sweep is 

Temporal Resolution in Cardiac C-arm CT in 
the Presence of Variable Heart Rate 

Günter Lauritsch, Jan Boese, Lars Wigström, Marcus Prümmer, and Rebecca Fahrig 

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 358



 
 
 
 
 

 
Figure 2: Sample transaxial slice of the mathematical heart phantom in the end 
diastolic phase τ=89.6%. Certain objects are indicated: right ventricle (RV), 
left ventricle (LV), aortic arch (AA), right coronary artery (RCA), left anterior 
descending artery (LAD). 

 
 ( ) NjNjtriggerend

b
j ≤=−−⋅+−= ,...4,2with/121,0 τττ . (2) 

τend is the heart phase at the end of the first forward run (j=1). 
Given a fixed delay time b

j,0τ  there is more than one optimal 
phase triggerτ . Resolve Eqn. (2) to the form Atrigger =⋅τ2 . 

There are two solutions, namely 2)1( Atrigger =τ , and 

( ) 21)2( += Atriggerτ  due to the periodicity of the cardiac phase. 
In addition, for an even number N of sweeps the temporal 
distribution of the angular position ϕ of the X-ray source 
shows a beneficial symmetry with best temporal resolution 
achieved at Nitrigger ±= ττ  where i is any integer value such 
that 10 <≤ τ  [7]. In this study the number of sweeps N is 
restricted to even numbers to utilize that symmetry. 

B. ECG Gated Image Reconstruction 
The dynamic projection data ( )21,;, xxg τϕ  are characterized 

by the angular position ϕ of the X-ray source, the normalized 
cardiac phase τ, and the detector coordinates x1 and x2. The 
index j of the acquisition run is hidden in the set of cardiac 
phases τj available for a particular angular position ϕ. For 
retrospective ECG gating to a desired heart phase gatingτ  

nearest neighbor (NN) interpolation ( )21,;~ xxgNN ϕ  is used 

 
( ) ( )

( )
( ) gatingjNN

NNNN

j

xxgxxg

ττϕτ

τϕϕ

ϕτ
−=

=

minargwith

,;,,;~
2121

. (3) 

C. Temporal Resolution 
The temporal properties of retrospective ECG gating for 

Nproj projection images per sweep can be expressed by the 
ECG gating average 
 ( )∑⋅=

ϕ

ϕττ NNprojN1 , (4) 

and the ECG gating standard deviation 

 ( )( )∑ −⋅=
ϕ

τϕτσ 21 NNprojN . (5) 

The average τ  can be interpreted as the resulting phase, which 
might differ from the desired ECG gating phase gatingτ . The 
standard deviation σ is a measure of temporal resolution. 

  

  
Figure 3: Dynamic sequence of transaxial images reconstructed from four 
sweeps. The heart rate is constant. The reconstruction phase τgating is 14.6% 
(top left), 39.6% (top right), 64.6% (bottom left), and 89.6% (bottom right). 
Gray scale window C=50HU, W=500HU. 

 
Consider the case of an even number N of ideally ECG 

synchronized sweeps with constant heart rate. The heart phase 
of the ECG gated data are uniformly distributed in a phase 
region of width N1=∆τ . Thus, 

 
Nideal
1

32
1

⋅
⋅

=σ . (6) 

The inverse of the standard deviation expresses the accuracy 
of the ECG synchronization in terms of an effective number 
Neffect of sweeps 

 NNeffect ≤⋅
⋅

=
σ
1

32
1 . (7) 

The interpretation is that in an ideal case i.e. for constant heart 
rate, the same temporal resolution can be achieved with Neffect 
sweeps. In the ideal case Nitrigger ±= ττ , and NNeffect = . 
 

III. HEART RATE VARIATIONS 

A. Continuous Variations 
Heart rate variations destroy the symmetry of the system. 

The ECG synchronization can not adjust the acquisition such 
that the heart phases occur at the proper angular position due 
to the fixed angular speed of the C-arm system. For slight rate 
variations a smooth transition zone will be introduced between 
the distinct levels of τ . For larger rate variations the average 
τ  will try to approach to the desired ECG-gating phase gatingτ . 
With increasing rate variations the temporal resolution will 
decrease. However, due to the assumed continuous nature of 
the heart rate, ECG synchronization will allow for a proper 
adjustment at least in the vicinity of subsequent sweeps. Thus, 
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due to the condition of the starting phase, Eqn. (1) and (2), the 
temporal resolution will be superior at 21±triggerτ . Section IV 
will show an example. 

B. Irregular Variations 
ECG synchronization with irregular rate variations in a 

small rate region shows the same properties as with the 
continuous ones. For irregular variations with a large 
distribution of rates, ECG triggering will become useless. 
However, multiple acquisition sweeps will still improve 
temporal resolution. 

 

IV. SIMULATION STUDY 

A. Phantom Description and Data Acquisition 
Embedded in the FORBILD thorax phantom [8] a dynamic, 

mathematical model of a beating heart was designed [9] 
according to anatomical data in the literature [10]. Details are 
described in [7]. A sample transaxial slice image is shown in 
Figure 2. 

The X-ray source and detector assembly is rotated along a 
circular arc of angular range 224˚ with an angular increment of 
1˚ per frame at 30 frames per second. The total number of 
sweeps is N=4. The distance of the source and detector to the 
isocenter is 80cm and 40cm, respectively. The ideally 
absorbing planar detector consists of 1024×512 pixels of pixel 
side length 900µm in each direction yielding an unrealistic 
detector size of 92cm×46cm to avoid transaxial data 
truncation. Projection data are computed free of noise. 

Image reconstruction is performed with a short-scan 
Feldkamp algorithm using Parker weights. A 3D volume 
image with an isotropic voxel side length of 600µm is 
reconstructed. 

B. Modeling of the heart rate 
A physiologically plausible reaction of the heart rate h to the 

breath hold is mimicked by a parabolic function. The heart rate 
first decreases, followed by a period of increase 
 ( ) ( )( ) bpm25.1275.14bpm75 2 −−⋅⋅+= ραρh . (8) 
ρ parameterizes the sweeps ranging from 0 to 4. The strength 
of the heart rate variation is modified using the parameter α. 

C. Results 
With a constant heart rate α=0 four cardiac phases can be 

reconstructed. A sample transaxial slice of each heart phase is 
displayed in Figure 3. The image quality in the end-systolic 
and end-diastolic phase is excellent while the phases in-
between are strongly blurred with artifacts due to data 
inconsistencies. 

Figures 4 and 5 display the ECG gating average τ  and the 
effective number of sweeps Neffect for different strength α of 
heart rate variations. Up to α<0.3 the four heart phases of the 
ideal case can still be distinguished. However, in the transition 
region between two phases Neffect decreases significantly since 
in that region ECG gating selects phases in an interval of  2∆τ. 

 
Figure 4: ECG gating average. The strength of the heart rate variation is α=0.0 
(red), α=0.1 (green), α=0.2 (magenta), α=0.3 (cyan), and α=1.0 (blue). The 
black line is just the diagonal. 
 

 
Figure 5: Temporal resolution of the ECG gating expressed in the effective 
number of sweeps Neffect. The strength of the heart rate variation is α=0.0 (red), 
α=0.1 (green), α=0.2 (magenta), α=0.3 (cyan), and α=1.0 (blue). 
 

 
Figure 6: Given a fixed strength of heart rate variation the minimum (blue) and 
maximum (black) of the temporal resolution is expressed in the effective 
number of sweeps Neffect. 
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Figure 7: Dynamic sequence of transaxial images reconstructed from four sweeps. The heart rate variation is α=1.0. From left to right is shown: ECG gating 
average (effective number of sweeps). Top row: 0% (2.03), 10% (1.67), 20% (1.72), 30% (2.2), 40% (2.69). Bottom row: 50% (2.09), 59% (1.71), 71% (1.75), 
80% (2.24), 89% (2.60). Gray scale window C=50HU, W=500HU. 
 
The small shift in τ  is caused by the asymmetric heart phase 
distribution. With large rate variations α=1.0 the ECG gating 
average τ  is still not linear with gatingτ  indicating that ECG 
synchronization is still effective. The temporal resolution Neffect 
is almost repeatable with a phase increment of 0.5, see 
comments to Eqn. (2). ECG synchronization permits location 
of the maximum temporal resolution close to 21±triggerτ . For 
a given α the minimum and maximum of Neffect are displayed in 
Figure 6. The minimum of Neffect immediately drops down to 
approximately 2 for slight heart rate variations. The maximum, 
i.e. the optimal temporal resolution slowly decreases with 
increasing rate variation. At α=1.0 where the rate varies from 
75bpm to 63bpm to 83bpm the temporal resolution is reduced 
by 30% (Neffect=2.7). 

With large rate variations the cardiac phase to be 
reconstructed is not restricted to the distinct levels of the ideal 
case. For α=1.0 transaxial image slices of 10 cardiac phases 
are shown in Figure 7. Due to the degraded temporal 
resolution the additional information of other phases does not 
appear helpful. However, differences can be seen. The RCA is 
much sharper at phase 80%. 
 

V. CONCLUSION 
The temporal resolution of a cardiac C-arm CT system was 

investigated in the presence of varying heart rates. A 
physiologically plausible example of a heart rate was studied 
which decreased and increased in the same acquisition. The 
temporal resolution slowly decreases with increasing rate 
variations. Even with large rate variations the ECG 
synchronization still is effective in favoring a proper selection 
of cardiac phases. This stability qualifies ECG synchronized 
data acquisition and ECG gated reconstruction as a method for 
intra-operative, tomographic imaging in cardiac, intravascular 
interventions. The flexibility to reconstruct more cardiac 
phases than in the ideal case of constant heart rates might be 

used to provide data to estimate the cardiac motion. Motion 
correction schemes [11], [12] might improve temporal 
resolution and signal-to-noise ratio. 
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Time-Resolved Cardiac Cone Beam CT
Hermann Schomberg

Abstract— A method for time-resolved cardiac cone beam CT
is proposed. The method uses a C-arm system or a CT scanner
with a large area detector and a slowly moving x-ray source to
acquire a series of cone beam projections of a patient’s thorax.
The wanted 4-D image is represented by a 3-D reference image
that is transformed by a 4-D inverse motion field. The acquired
cone beam projections are related to the wanted 4-D image by a
nonlinear integral equation. This integral equation is discretized,
and the resulting system of equations is solved numerically using
a nonlinear extension of the Kaczmarz method.

Index Terms— Cardiac CT, cone beam CT, dynamic CT.

I. INTRODUCTION

It is both desirable and difficult to image a patient’s beating
heart using x-ray computed tomography (CT). Ideally, one
would like to obtain a spatially and temporally resolved, or
four-dimensional (4-D), quantitative image. A number of ap-
proaches towards this goal have been devised. The established
methods combine helical multislice CT with retrospective
gating [1], [2] and require a CT scanner with a quickly
rotating gantry. Recently, a C-arm system with a slowly
swinging C-arm has been used instead [3]. In both cases,
the temporal resolution is limited and the applied radiation
dose is high. C-arm systems have also been used for time-
resolved coronary artery imaging [4], [5]. The respective re-
construction algorithms take the heart motion into account by
means of a motion field that is extracted from the projections
prior to the reconstruction. The extraction procedures rely on
intraarterially administered x-ray contrast agent. The resulting
4-D images show the moving coronary artery tree, but no soft
tissue. In [6], a framework for dynamic CT has been presented
which makes it possible to reconstruct 4-D images of moving
organs from cone beam projections obtained with a quickly
rotating CT gantry, provided one knows or can somehow
estimate the motion field. Another approach to dynamic CT
has been sketched in [7], but presupposes a known motion
field, too. In [8], [9], it has been suggested that one might
reconstruct a preliminary 4-D image from a suitable set of cone
beam projections, extract the motion field from this image, and
use this motion field for an improved reconstruction.

In the following, another method for 4-D cardiac CT is
proposed. This method uses a C-arm system or a CT scanner
with a large area detector and a slowly moving x-ray source
to acquire a series of cone beam projections of the patient’s
thorax. The applied radiation dose is the same as it would
be in the corresponding static case. X-ray contrast agent is
administered intravenously. The wanted 4-D image is repre-
sented by a 3-D reference image that is transformed by a 4-D
inverse motion field. Both the reference image and the inverse

Philips Research, Röntgenstraße 24, 22335 Hamburg, Germany. E-mail:
hermann.schomberg@philips.com.

motion field are initially unknown. The acquired cone beam
projections are related to the wanted 4-D image by a nonlinear
integral equation. This integral equation is discretized, and the
resulting system of equations is solved numerically using a
nonlinear extension of the Kaczmarz method.

II. DATA ACQUISITION

The cone beam scanner for the data acquisition could be a
C-arm system, a CT scanner, or a similar device. It must have a
large area detector which we assume consists of a rectangular
array of small detector elements. The patient table remains
stationary during the scan.

The source trajectory could be a circle or a circular arc span-
ning a little more than 180ı. These planar source trajectories
are simple to realize, but fail to meet Tuy’s completeness con-
dition outside the source plane. To avoid the resulting artifacts
in the reconstructed image, one can use non-planar variants
of these trajectories, such as a “spherical saddle” (the fourth
example trajectory in [10]) or a “spherical spiral” (the first
example trajectory in [10]). The source trajectory is traversed
only once and slowly, say in 10–12 seconds. Some 10–18
heart beats will occur during this time. An ECG is recorded.
Starting a few seconds before the scan and lasting until its end,
the patient is steadily and intravenously administered x-ray
contrast agent. The early start of the administration ensures
that the distribution of contrast agent is stationary during
the scan. The contrast agent enhances the visibility of the
blood vessels in the reconstructed image and also helps the
reconstruction algorithm to do its job. The patient lies still and
holds his or her breath so that significant tissue motion occurs
only within a neighborhood of the heart. Otherwise, the scan
protocol is chosen as if one were doing static cone beam CT
of the thorax. Several hundreds of cone beam projections are
acquired. The raw data are preprocessed so as to turn them into
estimates of the line integrals of the linear x-ray attenuation
coefficient. The displacement of source and detector during
the acquisition of a single projection can be safely ignored.

The acquisition geometry determines two conceptually im-
portant volumes. The first of these is the partially projected
volume seen by at least one projecting cone beam. Scattered
x-rays aside, the measured data are not influenced by any part
of the patient’s body that lies outside this volume. The other
volume is the fully projected volume seen by all projecting
cone beams. The detector must be so large that this volume
contains the entire heart and a good deal of its surroundings.
In any case, the patient’s body will extend beyond the fully
projected volume. This means that the acquired cone beam
projections are truncated.
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III. MATHEMATICAL MODEL

In this section, we derive a “continuous” model of the data
acquisition that ignores all sampling processes involved. As in
[6], [7], we use concepts from continuum mechanics [11].

On occasion, points in the detector plane will be represented
by their coordinates in a Cartesian u-v detector coordinate
system whose u- and v-axes are parallel to the rows and
columns formed by the detector elements. The detector area
corresponds to a 2-D interval D0 of detector coordinates. The
time interval during which the data acquisition takes place is
denoted by Œts; te�. The acquired cone beam projections are
represented by a function g.u; v; t/ with domain D0 � Œts; te�.

Normally, points in space will be represented by their
coordinates in a Cartesian x-y-z laboratory coordinate system.
The source trajectory is described by a mapping a W Œts; te�!

R3. The trajectory of the origin of the detector coordinate
system is described by another mapping d W Œts; te�! R3. The
orientation of the u- and v-axes of the detector coordinate
system is described by two further mappings Ou; Ov W Œts; te� !

S2, where S2 is the set of unit vectors in R3. Thus, at time t ,
the detector area lies in the affine plane fd.t/ C u Ou.t/ C

v Ov.t/ W .u; v/ 2 R2g. We denote the straight line segment
that connects the source point a.t/ with the detector point
a.t/ C d.t/ C u Ou.t/ C v Ov.t/ by Lu;v;t . The line segments
Lu;v;t with .u; v/ 2 D0 form a cone C.t/. The union and
intersection of these cones,

Vppro ´
[

t2Œts;te�

C.t/; Vfpro ´
\

t2Œts;te�

C.t/; (1)

are the partially and fully projected volumes alluded earlier.
The patient’s linear x-ray attenuation coefficient is repre-

sented by a function fs.x; t / with domain R3 � Œts; te�. The
subscript s indicates that this is a spatial description [11]. The
support of fs.�; t / is contained in some bounded volume Vbody.

We are now ready to formulate a first version of the
advertised model. It says that the number g.u; v; t/ is the line
integral of fs.�; t / over the straight line segment Lu;v;t :Z

Lu;v;t

fs.�; t / ds D g.u; v; t/; .u; v; t/ 2 D0 � Œts; te�:

(2)
This model differs from the usual model of static cone beam
CT only in that fs depends on time, too.

Since fs represents a material property of a deforming
continuum of “particles,” the variation of fs with position
and time is strongly constrained. We wish to include these
constraints into the model. Following the standard procedure
of continuum mechanics, we choose an arbitrary but fixed
reference time tref 2 Œts; te� and label each particle of the
patient’s body by its spatial coordinate � at time tref. The
particles that fill Vppro at time tref fill some possibly different
volume V.t/ � R3 at time t . Mass is conserved in V.t/.
The motion of these particles is described by a motion field
m W Vppro � Œts; te� ! V.t/, defined such that m.�; t / is the
spatial coordinate of particle � at time t . As usual in continuum
mechanics, we take it for granted that m is differentiable
and that there exists a differentiable inverse motion field
� W V.t/ � Œts; te� ! Vppro such that m.�.x; t /; t/ D x for

all t 2 Œts; te� and x 2 V.t/ and �.m.�; t /; t/ D � for all
� 2 Vppro and t 2 Œts; te�. Note that �.x; t / labels the particle
that occupies position x at time t . The material description
[11] of the linear x-ray attenuation coefficient, fm.�; t /, and
the spatial description of this quantity, fs.x; t /, are related by

fs.x; t / D fm.�.x; t /; t/; t 2 Œts; te�, x 2 V.t/: (3)

The material and spatial descriptions of the patient’s mass den-
sity, �m.�; t / and �s.x; t /, are related similarly. The quotient
fm.�; t /=�m.�; t / is the material description of the mass x-ray
attenuation coefficient and depends only on the chemical com-
position of particle �. Since this composition does not change
during the scan, there exists a time-independent function f �

m —
the mass x-ray attenuation coefficient—such that

fm.�; t / D f �
m .�/�m.�; t /: (4)

The motion of the patient’s blood and tissue may be regarded
as incompressible. Because of the relatively slow particle
velocity, the same holds true for the air in the lung [12]. It
can now be shown that the relation (3) simplifies to

fs.x; t / D f .�.x; t //; t 2 Œts; te�, x 2 V.t/; (5)

where f .�/ ´ fm.�; tref/ D fs.�; tref/. The proof is ele-
mentary, but too long to be reproduced here. It relies on the
conservation of mass in V.t/, the incompressibility of the
motion, and the fact that f �

m in (4) is independent of t . A proof
for the special case that f �

m does not even depend on � can
be found in [13]. It also turns out that the motion is volume-
preserving, or isochoric [11], even when f �

m does depend on �.
Equation (5) says that for each t 2 Œts; te�, fs.�; t / is a trans-

formed version of f , with �.�; t / providing the transformation.
The motion field m associated with � not only describes the
relatively mild deformation of the tissue in Vppro, but also the
more or less turbulent flow of blood through the cardiovascular
system.

Because blood permanently leaves and enters Vppro, V.t/

differs from Vppro when t 6D tref. For this latter reason, we
cannot simply replace fs.�; t / in (2) by f .�.�; t //. What we
would like to have is a relation of the form

fs.x; t / D f .�2.x; t //; t 2 Œts; te�, x 2 Vppro; (6)

where �2 is the inverse motion field associated with some
spatially and temporally smooth motion field m2 W Vppro �

Œts; te�! Vppro. Such an m2 may indeed be derived from m by
a few modifications. The key for these modifications is that the
linear x-ray attenuation coefficient of (the contrast enhanced)
blood is everywhere the same. Hence we can modify m within
the blood vessels and the heart chambers at will without
changing f ı�. In particular, we can change m in such a way
that the resulting motion field m2 obtains the properties stated
above. The motion field m2 no longer correctly describes the
flow of blood and may no longer be perfectly isochoric.

Substituting f .�2.�; t // for fs.�; t / in (2) and dropping the
subscript from �2 for simplicity, leads to the desired refined
version of the initial model (2):Z

Lu;v;t

f .�.�; t // ds D g.u; v; t/; .u; v; t/ 2 D0 � Œts; te�:

(7)
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IV. RECONSTRUCTION

The model (7) may be seen as a nonlinear integral equation
that relates the observed function g with the composition
f ı � of two unknown functions f and �. We are given
sampled estimates g.ui ; vj ; tk/ of g and know the sampling
points .ui ; vj ; tk/ and the acquisition geometry. We also know
that the motion associated with � is nearly periodic in time,
smooth, and spatially confined to a neighborhood of the heart.
Finally, we know that �.x; tref/ D x for all x 2 Vppro.
Using all this information, we wish to compute a discrete and
regularized approximation to f ı� in Vfpro� Œts; te�. Trying to
reconstruct f ı� outside Vfpro does not seem to be promising.

The question arises whether ideal (real) data determine f ı�

in Vfpro � Œts; te� uniquely (reasonably well). The complete
answer is not known, and finding it is complicated by the fact
that the projections are truncated. Nevertheless, several plau-
sibility arguments in our favor can be produced. One of these
arguments is that the available data allow for a retrospectively
gated reconstruction of an admittedly crude approximation to
the true 4-D image that gave rise to the measurements. There
are more arguments of this sort. So it is not unreasonable
to expect that an approximate, discrete, properly regularized
solution of (7) may provide a good approximation to the true
4-D-image. But the discussion at the end of the last section
also shows that � is not completely determined by f ı �.

Our plan is to approximate the integral equation (7) by
a discrete system of nonlinear equations and to compute
an approximate, regularized solution of this system. First,
however, we need to make some adjustments to the model
and the data.

A. Adjustments

To reduce the impending truncation artifacts, we choose
an extended detector interval Dext � D0 and extend each
truncated projection g.�; �; tk/ from D0 onto Dext. The idea is
that the extended projections gext.�; �; tk/ should approximate
non-truncated projections of a function fext W R3 ! R which
agrees with f in Vfpro and has its support in some ball Bext
that contains Vfpro well in its interior. A suitable extension
method is described in [14]. Formally, we also extend �.�; t /

from Vppro onto Vppro [ Bext by setting �.x; t / D x outside of
Vppro. The sampling points of gext.�; �; tk/, which in D0 agree
with the old ones, are again denoted by .ui ; vj /.

Next, we construct a time warping function ! W Œts; te� !

Œts; te� such that the heart motion appears to be periodic in
warped time � D !.t/. At this point, the recorded ECG comes
into play. Let the R-peaks of the ECG occur at the time points
T0 < � � � < TNhb . The average duration of the heart beats is
�hb D .TNhb � T0/=Nhb. Then we take for ! the cubic spline
that has the knots ts; T0; : : : ; TNhb ; te and satisfies !.ts/ D ts,
!.Ti / D T0 C i�hb for i D 0; : : : ; Nhb, and !.te/ D te. See
Fig. 1 for an illustration.

Combining these changes, we arrive at the adjusted modelZ
L

u;v;!�1.�/

fext. Q�.�; �// ds
:
D gext.u; v; !�1.�//;

.u; v; �/ 2 Dext � Œts; te�; (8)

te  ts  tk

 τk

t

τ 

T0 T1 T2 T3 T4

ECG

time-warped ECG

Fig. 1. The transition from time t to warped time � D !.t/.

where Q� is constrained by

Q�.x; �/ D Q�.x; � mod �hb/; (9)
Q�.x; !.tref// D x: (10)

The dot above the equal sign in (8) indicates that the equality
is approximate. We seek to reconstruct fext ı Q� in Vfpro� Œts; te�

and hope that the result will approximate f ı Q� in Vfpro�Œts; te�.

B. Discretization

We need to discretize fext, Q�, and the line integrals in (8).
To discretize fext, we first choose a cube Qext that is just

large enough to contain the ball Bext. Then we fill Qext with
a fine, uniform 3-D Cartesian grid of grid points xl;m;n D

.xl ; ym; zn/ and approximate fext in Qext in the form

fext.x/
:
D

X
l;m;n

fl;m;nƒ
.1/

l
.x/ƒ.2/

m .y/ƒ.3/
n .z/; (11)

where the functions ƒ
.1/

l
are the first order B-splines [15]

associated with the 1-D grid formed by the points xl ; the
functions ƒ

.2/
m and ƒ

.3/
n are defined analogously; and fl;m;n D

fext.xl;m;n/. We know a priori that fl;m;n D 0 when xl;m;n …

Bext. Evaluating the right-hand-side of (11) amounts to trilinear
interpolation.

To discretize Q�, we fill the 4-D interval Qext � Œts; te� with
a coarse 4-D Cartesian grid of nodes . Qx˛; Qyˇ ; Qz ; Q�ı/ and
approximate Q� in the form

Q�.x; �/
:
D xC

X
˛;ˇ;;ı

p˛;ˇ;;ıB.1/
˛ .x/B

.2/

ˇ
.y/B.3/

 .z/B
.4/

ı
.�/;

(12)
where the functions B

.1/
˛ are the third order B-splines [15]

associated with the 1-D grid formed by the points Qx˛; the
functions B

.2/

ˇ
, B

.3/
 , and B

.4/

ı
are defined analogously; and

p˛;ˇ;;ı 2 R3 are so-called control points. We also choose a
geometrically simple volume Vmot � Vfpro that contains the
heart well in its interior and set the control points outside
Vmot to zero, thereby confining the motion to a neighborhood
of the heart. The conditions (9) and (10) can be ensured by
extra constraints on the control points. Third order B-splines
have been used similarly in [4] to discretize the motion field.
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Fig. 2. Discretizing the integral of fext. Q�.�; �k// over the line OLi;j;k ´

Lui ;vj ;tk
. This drawing is 2-D, but the scene that it portrays is 3-D.

It remains to discretize the line integrals in (8). Consider
a fixed index triple .i; j; k/ and let �k ´ !.tk/. Also, let
Ǫ i;j;k 2 S2 be the direction of the straight line Lui ;vj ;tk . We
choose a small step size �s > 0 and introduce the grid points

Oxi;j;k;� D a.tk/C ��s Ǫ i;j;k ; � D 0; 1; : : : (13)

along Lui ;vj ;tk . Then we approximate the line integral of
fext. Q�.�; �k// over Lui ;vj ;tk by a Riemann sum:Z

Lui ;vj ;tk

fext. Q�.�; �k// ds
:
D �s

X
�

fext. Q�.Oxi;j;k;�; �k//:

(14)
Given the control points p˛;ˇ;;ı in (12) and the samples

fl;m;n in (11), we can first compute all points Q�.Oxi;j;k;�; �k/

along the curved line Q�.Lui ;vj ;tk /, then the associated samples
fext. Q�.Oxi;j;k;�; �k//, and finally the right-hand-side of (14).
See also Fig. 2. The result can be written asZ

Lui ;vj ;tk

fext. Q�.�; �k// ds
:
D

X
l;m;n

a.p/
i;j;k

l;m;n
fl;m;n; (15)

where all control points p˛;ˇ;;ı have been combined into a
single vector p and the weights a.p/

i;j;k

l;m;n
can be computed

from p and the available geometric information. Equating the
right-hand-side of (15) with the sample gext.ui ; vj ; tk/ and
repeating this procedure for the remaining index triples gives
the desired discrete version of the adjusted model (8). More
compactly, we write this discrete version as

A.p/f D g; (16)

where A.p/ is a matrix with entries a.p/
i;j;k

l;m;n
; f is a column

vector with components fl;m;n; and g is column vector with
components gi;j;k ´ gext.ui ; vj ; tk/. For convenience, we
serialize the multiple indices such that f D .f1; : : : ; fP /T ,
p D .p1; : : : ; pQ/T , g D .g1; : : : ; gR/T , and A.p/ D�
aij .p/

�R;P

iD1;j D1
. The matrix A.p/ is both huge and sparse.

C. Reconstruction Algorithm

We seek an approximate, regularized solution .f; p/T of the
system (16). Such a solution may be computed iteratively
using the nonlinear extension of the Kaczmarz method de-
scribed in [16]. (In CT, the Kaczmarz method [17] is known
as Algebraic Reconstruction Technique.) At each step of the
iteration, one equation is selected and the current guesses of

f and p are updated so as to satisfy a linearized version of
the selected equation. Here, we concentrate on the update
step. The update formula for the i th equation involves the
i th column ai .p/ of the matrix A.p/T and the column vector
bi .f; p/ with components

bij .f; p/ D

PX
kD1

@aik.p/

@pj

fk ; 1 � j � Q: (17)

The update formula itself can be written as�
f
p

�
 

�
f
p

�
�

�
ai .p/

bi .f; p/

�
ai .p/T f � gi

kai .p/k2 C kbi .f; p/k2
: (18)

The present reconstruction problem has numerous peculiarities
that can be exploited to reduce the computational cost of
the update step and the required number of iterations. The
suggested choice of a coarse grid for the discretization of Q�

is an economic way of regularizing p. Extra regularization
of f and p can be achieved by including an underrelaxation
parameter in the update formula and by early termination of
the iteration.
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The relationship between the T-FDK algorithm and
the Hu-FDK algorithm

Lei Zhu, Jared Starman, and Rebecca Fahrig

Abstract— The missing data in cone-beam CT (CBCT) on
circular trajectories cause artifacts in the FDK reconstructions,
such as axial intensity drop. Many variations of the FDK
algorithm have been proposed to improve the reconstruction.
The T-FDK algorithm, proposed by Grass et al., and the Hu-FDK
algorithm, proposed by Hu, have been shown to be effective in
the reduction of artifacts. In this work, we show that these two
algorithms are approximately equivalent on a low-contrast object
with approximately symmetric projection images from every view
angle, especially when the cone angle of the imaging geometry is
not very large. The relationship is derived mathematically and
supported by computer simulations. This link not only justifies
the heuristic T-FDK algorithm but also provides insight into the
Hu-FDK algorithm.

Index Terms— cone-beam CT, circular trajectory, FDK, T-FDK

I. INTRODUCTION

Circular cone-beam (CB) scans are commonly used in X-
ray CT. Insufficient data are measured in such a geometry, and
an exact reconstruction is possible only in the plane of the
source trajectory (mid-plane). Many approximate reconstruc-
tion algorithms have been proposed in the literature. The FDK
algorithm, developed by Feldkamp, Davis and Kress [1], is by
far the most used method, and has been shown to be equivalent
to an exact 3D reconstruction if the unmeasured Radon space
data are assumed to be zero [2], [3]. However, zero is not
a good approximation of the missing data in general, and
therefore the reconstructed images usually have CB artifacts,
such as intensity drop in the axial direction [4]–[6].

Many variations of the FDK algorithm have been proposed
to reduce the CB artifacts. The FDK method using Hu’s cor-
rection (Hu-FDK) [4] and the Tent-FDK (T-FDK) algorithm
[6] have been shown to be superior to the FDK algorithm, and
have become popular in practice. A detailed review of these
two algorithms is presented in Section II.

In this work, we show that the T-FDK algorithm is approxi-
mately equivalent to the Hu-FDK algorithm under certain con-
ditions. Our argument is supported by computer simulations
on the Shepp-Logan phantom and the Defrise disc phantom.

II. REVIEW OF THE TWO ALGORITHMS

A. The Hu-FDK algorithm
Based on Grangeat’s framework [2], Hu discovered that in

a circular CB trajectory, the scanned object f can be written

This project is supported by NIH R01 EB003524 and the Lucas Foundation.
Lei Zhu and Jared Starman are with the Department of Electrical Engineer-

ing, Stanford University, Stanford, CA 94305 USA. (phone: 650-724-8029;
fax: 650-723-5795; e-mail: leizhu@stanford.edu)

Rebecca Fahrig is with the Department of Radiology, Stanford University,
Stanford, CA 94305 USA.
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Fig. 1. The divergent geometry.

as the summation of three terms [4]:

f = f̂FDK + f̂H + f̂N (1)

where f̂FDK is the FDK reconstruction, f̂H is Hu’s correction
term which represents the information contained in the circular
CB scan but not utilized in the FDK reconstruction, and
f̂N represents the information that is missing in the circular
trajectory. The Hu-FDK reconstruction, f̂Hu−FDK , uses only
the first two terms in equation (1), with f̂H given by:

f̂H(x, y, z) = − 1
2π

∫ 2π

0

(
z

(x + D)2
)βqH((

Dz

x + D
)β , β)dβ

qH(v, β) =
1
2π

∂

∂v

∫ ∞

−∞
pw(ū, v, β)dū

β is the view angle. The subscript β stands for the coordinate
transformation of axial rotation by β, D is the distance from
X-ray source S to rotation center O, and pw(u, v, β) is defined
as the weighted projection image:

pw(u, v, β) =
D√

ū2 + v2 + D2
pv(u, v, β) (2)

For simplicity, all algorithms are expressed as reconstructions
from pv(u, v, β), the equivalent projection images on a virtual
flat detector that is normal to the projection direction and
passes through the rotation center.

B. The T-FDK algorithm

The T-FDK algorithm was derived heuristically by Grass et
al. [6], based on the transformation from a fan beam geometry
to a parallel beam geometry. This algorithm can be divided
into the following steps:

Step 1 Transform the images on the virtual detector from
the projection in the divergent geometry (Fig. 1), pv ,
to that in the “tent” geometry (Fig. 2), pT

v .
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Fig. 2. The “tent” geometry.

Step 2 Treating every transverse line on pT
v as the parallel

projection of a 2D object, do standard parallel filtered
backprojection (FBP) reconstruction.

III. THE RELATIONSHIP BETWEEN THE T-FDK
ALGORITHM AND THE HU-FDK ALGORITHM

We first try to combine the two steps of the T-FDK
algorithm and express the algorithm as the FBP reconstruction
in the divergent geometry. Note that, the T-FDK algorithm ac-
tually divides the projection data into groups of fan-beam data.
Each group of fan-beam data is reconstructed separately using
a fan-beam to parallel-beam transformation and a parallel-
beam reconstruction. To eliminate the intermediate rebinning
step, we can write the T-FDK algorithm as a set of fan-beam
reconstructions, using the exact fan-beam FBP reconstruction
formula. The filtering in the fan-beam FBP reconstruction in
the divergent geometry should be applied on the same group
of fan-beam data as in the “tent” geometry. Therefore, the
straight filtering line in the “tent” geometry corresponds to a
curve in the original divergent geometry (see Fig. 3) [5]. The
T-FDK reconstruction can be written in the structure of the
FDK method with a different filtering direction:

f̂T−FDK(x, y, z) =
1
2

∫ 2π

0

(
D

x + D
)2β

qF ((
Dy

x + D
)β , (

Dz

x + D
)β , β)dβ (3)

qF (u, v, β) =
∫ ∞

−∞
pw(ū, v′, β)g0(u− ū)dū (4)

where g0 is the ramp filter kernel.
As shown in Fig. 3, denote B as one point on the T-FDK

filtering line with coordinate (u, v′). The point with the same
u coordinate and on the filtering line in the FDK algorithm
is (u, v). Projection line SB in the divergent geometry corre-
sponds to projection line SB′ in the “tent” geometry. Based
on the geometry, one obtains:

v′ = v(
u2

D2
+ 1) (5)

Now we have:

pw(u, v′, β) ≈ pw(u, v, β) + (v′ − v)
∂

∂v
pw(u, v, β)

= pw(u, v, β) + v
u2

D2

∂

∂v
pw(u, v, β) (6)

D
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Fig. 3. Illustration of the filtering directions in the T-FDK algorithm.

Plugging equation (6) into equation (4), one obtains:

qF (u, v, β) =
∫ ∞

−∞
pw(ū, v, β)g0(u− ū)dū +∫ ∞

−∞
v

ū2

D2

∂

∂v
pw(ū, v, β)g0(u− ū)dū (7)

Combine equations (3) and (7). The first term of equation
(7) corresponds to the standard FDK reconstruction f̂FDK :

f̂T−FDK(x, y, z) = f̂FDK(x, y, z) +
1
2

∫ 2π

0

(
D

x + D
)2β

qT ((
Dy

x + D
)β , (

Dz

x + D
)β , β)dβ (8)

where,

qT (u, v, β) =
∫ ∞

−∞
v

ū2

D2

∂

∂v
pw(ū, v, β)g0(u− ū)dū (9)

Now we will show that the second term in equation (8) is
close to Hu’s correction term under certain conditions.

Plugging in the ramp filter kernel and using Taylor’s expan-
sion at 0 with regard to variable u, we have:

ū2g0(u− ū) =
ū2

−2π2(u− ū)2

= − 1
2π2

(1 +
∞∑

n=1

(n + 1)
un

ūn
) (10)

Due to the commutative property of Hilbert transform:∫ ∞

−∞
pw(ū, v, β)

1
π(u− ū)

dū =
∫ ∞

−∞
pw(u− ū, v, β)

1
πū

dū

Take the n’th order derivative w.r.t u on both sides and then
let u = 0:

−
∫ ∞

−∞
pw(ū, v, β)

n!
πūn+1

dū =
∫ ∞

−∞

∂

∂ūn
pw(−ū, v, β)

1
πū

dū
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Plugging equation (10) into equation (9), one obtains:

qT (u, v, β) = − 1
2π2

v

D2

∫ ∞

−∞

∂

∂v
pw(ū, v, β)dū +

v

2πD2

∞∑
n=1

(n + 1)un

(n− 1)!

∫ ∞

−∞

∂n

∂v∂ūn−1
pw(−ū, v, β)

1
πū

dū (11)

Combine equations (8) and (11):

f̂T−FDK(x, y, z) = f̂FDK(x, y, z)+

− 1
2π

∫ 2π

0

(
z

(x + D)2
)β

D

(x + D)β
qH((

Dz

x + D
)β , β)dβ

+A (12)

where A is associated with the second term of equation (11).
Comparing the T-FDK reconstruction (equation (12)) with

the Hu-FDK reconstruction, we find that two more approxima-
tions make f̂T−FDK ≈ f̂Hu−FDK : D

(x+D)β
≈ 1 and A ≈ 0.

The following relationship is found. The T-FDK reconstruc-
tion of voxel P approximates its Hu-FDK reconstruction, if the
following conditions hold:

1 the neighborhood of the projection position of P on
the projection images does not have strong high-
frequency components in the axial direction;

2 the cone angle of P is small, or P is close to the
rotation axis;

3 the scanned object has approximately symmetric
projections from every view angle and contains only
low-contrast objects.

The first condition ensures the approximation in equation
(6). The second condition makes D

(x+D)β
≈ 1 and this term

disappears in the second term of equation (12). If the third
condition is satisfied, the projection image pw is close to an
even function in the u direction, and the term associated with
n = 1 in term A is close to zero. If the scanned object contains
only low-contrast objects, then the derivatives of the pw are
also very small, especially around the image center. Therefore
the term associated with n > 1 in term A is also small. In all,
the third condition makes A negligible.

IV. NUMERICAL RESULTS

A. Simulation details

The simulation parameters are summarized in Table I.
Besides the standard Shepp-Logan phantom (low-contrast) and
the Defrise disc phantom, we used a modified Shepp-Logan
phantom with increased contrast [7] to fully investigate the
three conditions proposed above.

TABLE I
SIMULATION AND RECONSTRUCTION PARAMETERS

Source to image distance (SID) 350mm
Source to axis distance (SAD) 200mm
Detector size 512× 512
Pitch (∆u, ∆v) 0.781mm
Cone angle 60 deg
Projection number of full scan (N ) 800
Reconstructed volume 256× 256× 256
Reconstructed voxel size (∆x, ∆y, ∆z) 0.625mm

B. Reconstructions of the Shepp-Logan phantoms

(a) Display: [0.97 1.05] (b) [0.9 1.1]

(c) [0.97 1.05] (d) [0.9 1.1]

(e) [0.97 1.05] (f) [0.9 1.1]

(g) [-0.002 0.002] (h) [-0.002 0.002]

Fig. 4. The reconstructions of the 3D Shepp-Logan phantoms. The top row:
FDK reconstruction; the second row: Hu-FDK reconstruction; the third row:
T-FDK reconstruction; the bottom row: difference images (T-FDK minus Hu-
FDK). The first column: using the low-contrast phantom; the second column:
using the high-contrast phantom. Display windows are shown with the images.

In Figs. 4, 5 and 6 , it can be seen that the T-FDK
reconstruction is very close to the Hu-FDK reconstruction
especially in the region of a small cone angle or around
the rotation axis. In the reconstruction of the high-contrast
phantom, large differences of reconstructed values are found in
the transverse planes that contain high contrast objects, where
the third condition of the approximation does not hold.

C. Reconstructions of the Defrise disc phantom
Figs. 7 and 8 show results of the Defrise phantom. Most of

the differences between the reconstructions are found around
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Fig. 5. Axial profiles of the reconstructions of the low-contrast Shepp-Logan
phantom and the difference profile (T-FDK minus Hu-FDK).
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Fig. 6. Axial profiles of the reconstructions of the high-contrast Shepp-Logan
phantom and the difference profile (T-FDK minus Hu-FDK).

the edges of the discs, where the first and third conditions of
the approximation do not hold. However, it is seen that the
reconstruction values are still close around the rotation axis.

V. CONCLUSIONS AND DISCUSSION

In this work, we investigate the relationship between the
T-FDK algorithm and the Hu-FDK algorithm. As shown by
mathematical derivation and computer simulations, the T-FDK
reconstruction is very close to the Hu-FDK reconstruction
when the cone angle of the imaging geometry is not large,
when the scanned object contains only low-contrast objects
and when it has approximately symmetric projections from
every view angle.

The link between these two algorithm justifies the heuristic
T-FDK algorithm. It also provides insight for the Hu-FDK
algorithm. These two algorithms have similar performances on
the reduction of the axial intensity drop, but different advan-
tages in the implementation. As claimed in the original paper
[6], the T-FDK reconstruction requires less computation than
the FDK approach; however, in the practical implementation,
the rebinning step produces resolution loss [8]. On the other
hand, the Hu-FDK algorithm includes an additional correction
term, besides the FDK reconstruction. This term is calculated
in the same FDK structure and usually contains low-frequency
signals. Therefore, the Hu-FDK algorithm is expected to have
similar resolution performance and computation complexity as
the FDK algorithm.

(a) Display:[0.3 1.1] (b) [0.3 1.1]

(c) [0.3 1.1] (d) [-0.05 0.05]

Fig. 7. The reconstructions of the defrise disc phantom. Upper left:
FDK reconstruction; upper right: Hu-FDK reconstruction; lower left: T-
FDK reconstruction; lower right: difference images (T-FDK minus Hu-FDK).
Display windows are shown with the images.
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Fig. 8. Axial profiles of the reconstructions of the Defrise phantom and the
difference profile (T-FDK minus Hu-FDK).
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3D Imaging in Cone Beam Vector Field
Tomography

Thomas Schuster

Abstract—3D cone beam vector field tomography (VFT) aims
for recovering and visualizing velocity fields of a moving fluid
from ultra sound measurements taken on a scanning curve which
surrounds the object. Mathematically we have to invert the
vectorial cone beam transform. In this paper we summarize
important properties of the cone beam transform for tensor
fields of any rank and propose a solution approach based on
the method of approximate inverse, where we use results from
the scalar 3D computerized tomography. Pictures from first
numerical experiments are shown.

Index Terms—vector field tomography, cone beam transform,
formula of Grangeat, approximate inverse, mollifier, reconstruc-
tion kernel.

I. INTRODUCTION

Vector field tomography (VFT) deals with the problem
of reconstructing a vector field, e.g. a velocity field of an
incompressible, moving fluid, from line integrals of projec-
tions of the field. VFT has various applications in medical
imaging, photoelasticity, oceanography, and non-destructive
testing. The integral data can be measured using ultrasound
signals and assuming that the Doppler shift of the frequency is
approximately proportional to the velocity of the particle in the
fluid which causes the shift. This is a reasonable assumption
when the particle velocity is significantly smaller than the
speed of sound within the medium under consideration. A
lot of theoretical and numerical results have been achieved
over the last years for the parallel geometry. Juhlin [1]
suggested a measurement setup which is suited to get full
reconstruction of solenoidal fields. Mathematical properties of
this model can be found in Sparr et al. [2]. The singular value
decomposition has been presented in a paper by Kazantsev
and Bukgheim [3]. Desbat and Wernsdörfer [4] developed an
iterative method. The author established an inversion scheme
of filtered backprojection type [5], [6] relying on the method
of approximate inverse. Together with Rieder [7] he obtained
convergence with rates and stability with respect to noisy data
for this method.

As in scalar 3D computerized tomography, the cone beam
transform is of special interest from a practical point of view.
It is defined for a tensor field of rank m by

Dmf(α, ω) =

∞∫
0

〈f(α + tω), ωm〉dt

=

∞∫
0

fi1···im(α + tω) ωi1 · · ·ωim dt ,
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where α ∈ Γ is a source point of the scanning curve
Γ ⊂ Rn\Ω which surrounds the object Ω, ω ∈ S2 is the
unit vector of direction of the line and f is a tensor field of
rank m with compact support in the open domain Ω. In (1)
we use Einstein’s summation rule, that means we sum up over
equal indices ij , where 1 ≤ ij ≤ n. For m = 0 we obtain the
well-known (scalar) cone beam transform

D0f(α, ω) =

∞∫
0

f(α + tω) dt . (1)

of a scalar field f . For m = 1 (1) is the cone beam transform
for vector fields. It reads

D1f(α, ω) =

∞∫
0

〈f(α + tω), ω〉dt . (2)

Hence the mathematical problem of 3D cone beam VFT
consists of inverting Df = g for given measurements g.
The method of approximate inverse introduced by Louis and
Maass [8] delivers a mathematical framework for coping with
inverse problems in an efficient way. The method computes
a smoothed version of the solution f with the help of so-
called mollifiers. These are smooth approximations to delta
functions. Using a duality argument the method then consists
of evaluations of inner products of the given data g with
reconstruction kernels. This method was successfully applied
to the reconstruction problem in 3D computerized tomography,
that is (1) for m = 0, see [9]. We use these results to extend
the method of approximate inverse to (2).

We summarize the contents of the paper. First we state
essential mathematical properties of (1). Especially we present
the extension of Grangeats formula which has been proven
for (1) in case n = 3, m = 0 [10] to tensor fields of any
rank and in any dimension. Then the method of approximate
inverse is outlined for (2) to solve D1f = g and an approach
is presented, how reconstruction kernels for D1 from (2) can
be calculated with the help of known reconstruction kernels
for the scalar cone beam transform D0. Some pictures from
numerical experiments show that this approach is promising.

II. MATHEMATICAL PEROPERTIES OF D

Let Sm be the set of all symmetric, covariant tensors of
rank m

Sm = {f = fi1···im dxi1 ⊗ · · · ⊗ dxim}

for 1 ≤ ij ≤ n, 1 ≤ j ≤ m. Tensors of rank 1 are vectors in
Rn. A mapping

x 7→ f(x) = fi1···im
(x) dxi1 ⊗ · · · ⊗ dxim , x ∈ Ω
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represents a symmetric, covariant tensor field. Tensor fields
of rank 0 are scalar functions f(x), tensor fields of rank 1
are vector fields f(x) in Rn. The space of square integrable,
symmetric, covariant tensor fields of rank m in Ω ⊂ Rn is
denoted by

L2(Ω,Sm) := {f ∈ Sm : ‖f‖L2 = 〈f , f〉1/2
L2 < ∞} ,

where the L2-inner product of two tensor fields is given as

〈f ,g〉L2 =
∫

Ωn

fi1···im
(x) gi1···im(x) dx .

Fundamental properties of (1) are summarized in the following
theorem, which is the result of straightforward calculations.

Theorem 1
Let Ωn := {x ∈ Rn : |x| < 1} with ∂Ωn = Sn−1. The
mapping D : L2(Ωn,Sm) → L2(Γ × Sn−1) is linear and
bounded, if ∫

Γ

(|α| − 1)1−n dα < ∞ .

The adjoint (backprojection) D∗ : L2(Γ × Sn−1) →
L2(Ωn,Sm) is given by

D∗g(x) =
∫

Γ

{
|x− α|1−n−m g

( x− α

|x− α|

)
(x− α)m

}
dα ,

where (x− α)m = (x− α)⊗ · · · ⊗ (x− α) ∈ Sm.

For m = 0, n = 3 we obtain the well-known cone beam
transform with the corresponding backprojection operator of
scalar fields which is thoroughly investigated in 3D com-
puterized tomography. For m = 1, n = 3 we have the
mathematical model of 3D cone beam vector tomography and
the backprojection reads

D∗g(x) =
∫

Γ

|x− α|−2 g
( x− α

|x− α|

) x− α

|x− α|
dα . (3)

One of the crucial tools when computing reconstruction
kernels in scalar cone beam tomography is the formula of
Grangeat [10]. We proved a generalization of that formula
which is valid for any tensor field of rank m in n dimensions.

Theorem 2 (Sch. [11] based on Hamaker et al. [12])
Assume n ≥ 2 and f ∈ C(n−2)

0 (Ωn,Sm). Then,

∂(n−2)

∂s(n−2)
Rfα(ω, 〈α, ω〉) (4)

= (−1)(n−2)

∫
Sn−1

Df(α, θ) δ(n−2)(〈ω, θ〉) dS(θ) ,

where α ∈ Γ, ω ∈ Sn−1, dS denotes the surface measure on
Sn−1, R is the n-dimensional Radon transform and

fα(x) = 〈f(x), |x− α|−m(x− α)m〉
= fi1···im(x)|x− α|−m(x− α)i1 · · · (x− α)im

is the projection of f on (x− α)/|x− α|.
Proof. The proof is found in [11].

For m = 1, n = 3 formula (4) reads
∂

∂s
Rfα(ω, 〈α, ω〉) (5)

=
∫

S2∩{〈θ,ω〉=0}
〈∇yDf(α, y = θ), ω〉dS(θ) .

In the scalar case it is possible to construct a solver for
D with the help of (4). This is done by inverting the Radon
transform R which is possible if the condition of Tuy - Kirillov
is satisfied. It tells that we have full knowledge of R(ω, s) for
all ω, s, if any plane intersecting the object Ω must also have
at least one intersection point with the scanning curve Γ and
this intersection must be non-transversally. Unfortunately that
does not help in case m ≥ 1, since there the function fα

depends on α and hence the object function fα of R changes
with α, see (5). Thus we seek an alternative way of solving
Df = g in case m = 1, i.e. for vector fields f .

III. APPROXIMATION OF RECONSTRUCTION KERNELS IN
VECTOR FIELD TOMOGRAPHY

The method of approximate inverse was established by
Louis and Maass [8] in 1990. Fundamental properties of it
are also found in [13], [14]. Its theory was enhanced over
the last decade and the method was successfully applied
to several reconstruction problems in medical imaging and
non-destructive testing, such as computerized tomography,
inverse scattering, thermoacoustic computerized tomography,
diffractometry, and Doppler tomography. In [9] the method
was applied to 3D cone beam tomography, i.e. to D0. We
describe this approach and then formulate an extension of it
to D1.

Let f ∈ L2(Ω3). The approximate inverse computes a
smoothed version of f by convolving f with a mollifier
eγ ∈ C∞(R3). A mollifier eγ is a smooth function with small
essential support having the property that

fγ(x) := (f ∗ eγ)(x) → f(x) as γ → 0 .

Here, ∗ denotes the convolution

(f ∗ h)(x) =
∫

R3
f(y − x)h(y) dy .

Such a function is given by the Gaussian kernel

eγ(x) =
γ−3

(2π)3/2
exp(−|x|2/(2γ2)) . (6)

Provided that we can solve the equation

D∗
0[vγ(x)] = eγ(x− ·) ,

then

fγ(x) = 〈D0f, vγ(x)〉L2(Γ×S2)

=
∫

Γ

∫
S2

(D0f)(α, ω) vγ(x;α, ω) dS(ω) dα ,

where vγ(x) = vγ(x;α, ω) ∈ L2(Γ× S2) for x ∈ Ω is called
a reconstruction kernel. Hence the method of approximate
inverse consists of evaluating inner products of the given data
D0f with reconstruction kernels vγ(x), what can be done in an
efficient way using the translation invariance of eγ . To apply
the method to D1 and hence to VFT, we construct mollifier
fields Eγ ∈ L2(Ω3,S1) defining

Ej
γ(x) := eγ(x) · ej , j ∈ {1, 2, 3}
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where e1 = (1, 0, 0)t, e2 = (0, 1, 0)t, and e3 = (0, 0, 1)t.
Using again the Gaussian (6) as mollifier eγ we have

(fγ)j(x) := (f ∗Ej
γ)(x) → fj(x) as γ → 0

for f ∈ L2(Ω3,S1). Unfortunately, by now the exact recon-
struction kernels Vj

γ(x), i.e. the solutions of D∗
1[Vγ(x)] =

Ej
γ(x − ·) are still unknown. But the special structure of the

mollifier fields Eγ allow for a computation of reconstruction
kernels for

Pf(α, ω) =

∞∫
0

f(α + tω) dt

with the help of kernels for D0.

Theorem 3: Let vγ be the reconstruction kernel associated
to eγ with respect to D0, that is

D∗
0[vγ(x)] = eγ(x− ·) .

Defining Vj
γ(x;α, ω) = vγ(x;α, ω) · ej ∈ L2(Γ × S2, R3)

yields
P∗[Vj

γ(x)] = Ej
γ(x− ·) ,

that means Vj
γ is a reconstruction kernel associated to Ej

γ with
respect to P. The adjoint P∗ of P is given as

P∗g(x) =
∫

Γ

|x− α|−2 g
( x− α

|x− α|

)
dα

for g ∈ L2(Γ× S2, R3).

Proof. The adjoint P∗ is computed as

〈Pf ,g〉L2(Γ×S2,R3)

=
∫

Γ

∫
S2

∞∫
0

〈f(α + tω),g(α, ω)〉dt dS(ω) dα

=
∫

Γ

∫
R3
〈f(x),g

(
α,

x− α

|x− α|

)
|x− α|−2 dxdα

= 〈f ,P∗g〉L2(Ω,S1) ,

where we applied Fubini’s theorem as well as the substitution
x = α + tω. A short calculation further shows that

P∗[Vj
γ(x)](y) =

∫
Γ

|y − α|−2 Vj
γ

(
x;α,

y − α

|y − α|

)
dα

=
∫

Γ

|y − α|−2 vγ

(
x;α

y − α

|y − α|

)
dα · ej

= D∗
0[vγ(x)](y) · ej = eγ(x− y) · ej = Ej

γ(x− y) .

The data Pf are not known and can not be computed from
D1f . Moreover, observing that D1f(α, ω) = 〈Pf(α, ω), ω〉
and since Pf(α, ω) ∈ R3 we get

Pf(α, ω) = D1f(α, ω) ω + λ1(α, ω⊥1 ) ω⊥1 + λ2(α, ω⊥2 ) ω⊥2 ,

where ω⊥1 , ω⊥2 ∈ S2 are such that {ω, ω⊥1 , ω⊥2 } is an orthonor-
mal basis of R3 and λ1, λ2 are appropriate coefficients. Thus
approximating

Pf(α, ω) ≈ D1f(α, ω) ω

Fig. 1. TOP: Original vector field f(x) = (−x2, x1, 0)t. BOTTOM:
Reconstruction with the described algorithm for γ = 0.0096 using exact,
simulated data D1f .

we neglect the parts orthogonal to ω and can apply the method
of approximate inverse using the reconstruction kernels Vj

γ

for P. This procedure results in the following algorithm.

Algorithm (for cone beam VFT):

Given: Measured data D1f(α, ω) for α ∈ Γ, ω ∈ S2.
Output: Approximation fγ to f
Compute:

• g(α, ω) = D1f(α, ω) ω
•

(fγ)j(x) = 〈g,Vj
γ(x)〉L2(Γ×S2,R3)

=
∫

Γ

∫
S2
〈g(α, ω)Vj

γ(x;α, ω)〉dS(ω) dα

for j ∈ {1, 2, 3}.

Figure 1 displays first results of the above algorithm when
applied to exact, simulated data for the solenoidal vector field
f(x) = (−x2, x1, 0)t in the plane {x3 = 0}. The scanning
curve was Γ = rS2 ∩ {x3 = 0}, that is a circle of radius
r > 0 in the plane {x3 = 0}. The mollifier eγ defining the
fields Ej

γ was chosen as the Gaussian (6). The regularization
parameter was γ = 0.0096.

IV. CONCLUSION

We presented a method for reconstructing cone beam data
in three-dimensional vector field tomography. The algorithm
relies on known results for the scalar case from [9], where the
method of approximate inverse has been applied. A possiblity
to extend that regularization technique to VFT has been
shown and first numerical experiments are promising. The
investigation of what happens when we use another scanning
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curve Γ than a circle and reconstruct the field in other planes
than {x3 = 0} is subject of current research. The results
of Katsevich [15] could help when we consider a spiral as
scanning curve. Denisjuk [16] formulated a generalization of
Tuy - Kirillov’s condition to tensor fields of rank m which
might help to compute exact reconstruction kernels for Dm.
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Reconstruction from Laterally Truncated Projection
Data in Helical Cone-Beam CT

K. P. Anoop, and Kasi Rajgopal,Senior Member, IEEE

Abstract— The recently introduced Katsevich algorithm pro-
vides a mathematically exact and efficient solution to the longi-
tudinal truncation or long-object problem in helical cone-beam
computed tomography (CT). In many practical situations, we
encounter laterally truncated projection data – as in Region of
Interest (ROI) or restricted region scans. Reconstructionwith
the Katsevich algorithm assuming full data, in such cases, causes
artifacts outside the ROI, which extends to the periphery ofthe
ROI. Such artifacts are seen to mask features close to the ROI
boundary.

The projection data completion techniques followed by the
filtered backprojection (FBP) reconstruction is a well-established
approach in 2D incomplete data problems. Linear prediction
(LP) extrapolation is one such data completion technique, which
provides a smooth continuation and also ensures maximum
entropy in the spectrum of the predicted data. In this paper,we
propose an extension of this technique for completion of laterally
truncated helical cone-beam data. The projection data completion
using LP followed by reconstruction with Katsevich algorithm is
seen to give superior results.

Index Terms— Data Completion, Helical Cone-Beam CT, Lin-
ear Prediction, X-ray tomography.

I. I NTRODUCTION

Helical cone-beam CT has become the focus of research
since the introduction of two-slice CT in 1998. Since then,
the area has seen an increase in the number of detector
rows from just 2 rows in 1998 to 16 in 2001 and to 64
rows in 2004. The clinical potentials of a 256-detector row
prototype CT scanner have also been studied recently [1].
These multislice scanners can no longer rely on 2D algorithms
for reconstruction. They require native 3D helical cone-beam
algorithms – the Katsevich algorithm being one of them which
provides a mathematically exact reconstruction and can be
implemented efficiently as it results in a filtered backprojection
form with a simple shift-invariant filtering.

The two native detector geometries commonly employed in
helical scan tomography are the planar detector geometry, used
in C-arm systems for angiography and dental radiography and
in most of the industrial cone-beam scanners, and the curved
detector geometry, used in the third generation multisliceCT
scanners. In the present work, we concentrate on the planar
detector geometry, although the method could be extended to
the curved detector geometry as well.

K. P. Anoop is with the Department of Electrical Engineering, In-
dian Institute of Science, Bangalore, 560 012, India. (e-mail: anoopkp@
ee.iisc.ernet.in).

K. Rajgopal is with the Department of Electrical Engineering, Indian
Institute of Science, Bangalore, 560 012, India. (phone: 9180 2293 2366;
fax: 91 80 2360 0444; e-mail: kasi@ee.iisc.ernet.in).

II. REVIEW

Truncated projection data problem, also known as interior
problem in CT literature, arise either due to technical restric-
tions of the scanning apparatus or in an endeavor to reduce
the x-ray dosage. The truncation considered here is the lateral
truncation of the cone-beam projection data – occurring when
the field of view (FOV) of the detector array is not sufficient
enough to cover the entire extent of the object, or a small
region in the object is exposed as in the case of region of
interest (ROI) scans.

The uniqueness theorems for cone-beam transform [2] do
not ensure a unique solution for the truncated data situation.
In fact, the data-sufficiency condition by Panet al. [3] for
image reconstruction on a PI-line segment does not permit
lateral truncation of cone-beam data for exact reconstruction
within the ROI. Practical methods for reconstruction suggested
for handling laterally truncated cone-beam projections include
the multi-resolution acquisition method [4], extrapolation of
the FOV based on consistency condition derived from parallel
beam case [5], data extrapolation technique for c-arm based
cone-beam systems [11], and radial extrapolation of projection
data [6]. The methods in [4] and [5] require availability of
untruncated projection data in some views and hence the
method cannot be used when data is truncated all round due to
inherent limitation of the system. The method in [6] involves
interpolation of data from cartesian to polar co-ordinate and
then back to cartesian after extrapolation and hence will be
computationally expensive.

In the 2D incomplete/sparse projection data problems, a
number of projection data completion techniques have been
successfully used [7]–[11] which are fast, efficient and non-
iterative due to the FBP reconstruction algorithm. The projec-
tion data completion using linear prediction (LP) modelingof
the available data and predicting the missing projection data
values has been shown to be effective for all the incomplete
data situations [7]. In this paper, we extend the LP approachfor
projection completion to the laterally truncated helical cone-
beam projection data for 3D reconstruction.

III. L ATERAL TRUNCATION IN HELICAL SCAN CT

A. Helical Cone-Beam Scanning

The cone-beam (CB) transform of a “density” functionf is
the line integral along a ray, starting at the source pointyǫR

3,
in the direction ofβǫS

2 and is given by,

Df(y, β) =

∫

∞

0

f(y + tβ) dt. (1)
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In the standard helical CB scanning, the source vertex traces
a helical trajectory

C ≡
{

yǫR
3 : y1 = Rcos(s), y2 = Rsin(s), y3 =

sh

2π

}

, (2)

of radiusR and pitchh, parameterized by angular variables.
The object functionf is assumed to be compactly supported
within a cylinderU within the helix andβ represents a unit
vector from the source vertex to the detector location.

The Katsevich’s formula provides an exact inversion of the
above helical CB transform using projection data along PI
lines to reconstruct the object. A PI line is a segment of
line endpoints of which lie on the helical path and which
are separated by less than one pitch in the axial direction.
It was shown that any point strictly inside the helix belongs
to one and only one PI segment [12]. Let the PI segment
containingx have parameters corresponding to the end points
as sb(x) and st(x). The PI parametric interval is defined as
IPI(x) = [sb(x), st(x)] and the helical locus corresponding
to the PI parametric interval will be notated asCPI(x).

Let the unit vector from a source position to a pointx within
the object be defined asβ(s, x) = [x − y(s)]/|x − y(s)|.
It was shown by Katsevich that for a given source position
y(s0)ǫ CPI(x), there exits a unique pointy(s2)ǫ CPI(x) such
that the planeΠ(s0, x) containingy(s0), y((s0 + s2)/2) and
y(s2) contains the pointx. The unit vectorβ(s, x) is parallel
to this plane and we define a unit vectore(s, x) which is
orthogonal toβ(s, x) and also parallel to this plane.

The main result of Katsevich [13] is the following: For
fǫC∞

0 (U), one has

f(x) = −
1

2π2

∫

PI(x)

1

|x − y(s)|
Ψ(s, β(s, x)) dx, (3)

where

Ψ(s, β) =

∫ 2π

0

∂

∂q
Df (y(q), cosγβ + sinγe(s, x)

∣

∣

∣

∣

q=s

dγ

sinγ
.

(4)
These equations can be discretized and implemented in a
filtered backprojection fashion as described in Yu et al. [14]
for the planar detector geometry or by Noo et al. [15] for the
curved detector geometry.

Let u andv be the local co-ordinates on the detector plane.
The unit vectorβ from y(s) to the point(u, v) on the detector
plane is completely specified by the values ofs, u, and v.
Let g(s, u, v) ≡ Df (y(s), β). The discretization for planar
detector geometry requires uniformly sampled values

{g(sk, um, vn)}, 1 ≤ k < K, |m| ≤ M, |n| ≤ N, (5)

of cone-beam datag(s, u, v) for sampling intervals∆s, ∆u,
∆v such thatsk = k∆s, um = m∆u, and vn = n∆v. For
exact reconstruction, the number of detector columnsM has
to be so selected that there is no truncation in the transaxial
direction.

B. Lateral Truncation: Problem Statement

The truncation considered here is lateral or transaxial trun-
cation – i.e. truncation of projection data away from the axis

of the helix. This can happen if the detector array does not
span the entire width of the diverging cone-beam or the cone
angle is limited to cover ROI in the object. The truncated
projections could be treated as a special case of the interior
radon problem, where our ROI is a cylinder having the same
axis as the cylinder of support but strictly inside it.

The problem of image reconstruction from laterally trun-
cated helical cone-beam projection data in planar detector
geometry could be stated as: “Find the values off(x), given
the truncated CB projection data,{g(sk, um, vn)}, 1 ≤ k <
K, |m| ≤ L < M, |n| ≤ N ”.

IV. DATA COMPLETION: L INEAR PREDICTION APPROACH

A general approach to incomplete data problems is data
completion [8]. The key idea behind data completion is to
estimate the data in the missing range, either by using the
information available about the object or by extrapolating
the available projection data into the missing range. The
information known about the object may include the boundary
of the object, known density distribution in certain regions
of the object, non-negativity constraint or range of possible
densities in the object. Any standard reconstruction technique
could be used for the inversion of the completed data.

Linear Prediction (LP) is one of the most powerful ap-
proaches for parametric modeling of a stochastic signal. In
LP, a given signal is modeled as the output of a causal time
invariant linear system excited by an unknown signal. The
most widely used LP model for a signal is the autoregressive
AR(p) or all-pole model [16]. The signals(n) is modeled as
a linear function of the past outputs and the present input. The
input output relation for anAR(p) model is given by

s(n) = −
p

∑

k=1

aks(n − k) + Gu(n) (6)

where,{ak} , 1 ≤ k ≤ p are the model parameters,G is the
gain factor, andu(n) is the unknown input. The first term is
referred to as predicted value ofs(n) - denoted aŝs(n) and
the second termGu(n) is referred to as prediction error or
residual. During modeling of a given signal, we choose the
parameters in the first term so that the effect of second term
is minimized.

The model orderp represents the number of model pa-
rameters. The most generally used criteria for model order
determination is the Akaike’s criteria. Once the order of the
model is selected, one can use any standard AR parameter
estimation technique like Levinson-Durbin recursion to solve
the Yule-Walker equations, Burg’s constrained least-square
estimation algorithm or Marple’s unconstrained least-square
estimation procedure.

The AR model for a signals(n) gives a one-step predictor.
The parameters{ak}, 1 ≤ k ≤ p once estimated, give us the
prediction filterŝ(n), which will be the best linear mean-square
predictor ofs(n), based on its previousp samples. Though,
the AR model yields a one-step predictor, we can consider
the predicted values as part of the original data sequence and
continue extrapolation for the next sample. Such an approach
is often adopted for prediction and forecasting applications
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and is shown to be equivalent to maximum entropy extension
of the signal. Thus, this method involves the least amount of
assumptions on the form of the original signal.

For laterally truncated projections, the cone-beam projection
data measured over planar detectorsg(s, u, v), are available
only for a limited range ofu values. Let sampled data
matrix corresponding to truncated projection data beGT =
{g(sk, um, vn)}, 1 ≤ k < K, |m| ≤ L < M, |n| ≤ N . For
a particular source position, each row of the detector can be
thought of as a one dimensional signal -{gk,n(m)} and linear
prediction can be used to extrapolate the signal in the range
L < |m| ≤ M . {gk,n(m)} is modeled as anAR(p) process

The available data is used to fit anAR(p) process. The
missing data betweenL < m ≤ M is extrapolated using
forward linear prediction and between−M ≤ m < −L is
extrapolated using backward linear predictor. This completion
process can be carried out for all detector rows and for all
source positions. The 3D image is reconstructed after the
projection completion using the Katsevich’s algorithm.

V. SIMULATION RESULTS

The simulation studies are carried out on the low con-
trast Shepp-Logan phantom given in Table I of [17]
and a simplified FORBILD head phantom (www.imp.uni-
erlangen.de/phantoms/head/head.html). The inner ears and
petrous bones are removed from the FORBILD phantom in
this simulation. The helical scanning parameters used are
the same as those given in Table I of [14]. The cone-beam
projection data, obtained with a detector of size273x91
(corresponding toM = 136 and N = 45 in the detector
plane), is truncated laterally with 30 detector columns missing
on either end of the detector array.

Based on the autocorrelation and partial autocorrelation
plots of the projection data, anAR(5) model is found to
be adequate for modeling. We also use the non-negativity
constraint on the projection values and to set negative values
to zero. The prediction of the data is restricted to the set of
detector data where truncation has occurred. Fig. 1 shows
the images of the slices reconstructed from the complete
projection data, the truncated projections (with truncation of
30 detectors on either side in the detector plane) and after the
projection completion using the proposed LP technique for
the Shepp-Logan phantom. The density profile comparison at
horizontal and vertical lines in these slice images is shownin
Fig. 2, Fig. 3, and Fig. 4. The slices of reconstructed images
are shown in Fig. 5 for the FORBILD phantom. Fig. 6, Fig. 7,
and Fig. 8 shows the horizontal and vertical density profiles.

Qualitatively, the reconstructed images with LP completion
of projection are very good within the FOV. The small features
(ellipses aty = −0.65) outside the FOV which are visually
masked by the artifacts in Fig. 1 in reconstruction from
truncated data are recovered in the reconstructions using the
proposed LP technique for projection completion. Similar
recovery of features (bones surrounding the frontal sinus
and the subdural hematoma) can be seen in the case of the
FORBILD phantom in Fig. 5.

The density profiles closely match with the reconstruction
from proposed algorithm except near the region of truncation

where the difference is significantly less compared to the
reconstruction from truncated data. The slice images of the
reconstructed phantoms and the profile plots provide good
qualitative evaluation of the reconstructions.

VI. CONCLUSION

The essence of the approach followed for reconstruction
is projection completion. It should be emphasized that the
technique presented here is not a new approach of reconstruc-
tion from incomplete projections, but an ad hoc method of
estimating the missing projection values using a linear predic-
tion approach. Nevertheless the results obtained are promising.
Small features, which are masked in the reconstruction with
truncated data, have been recovered by this technique. The
density profile for the recovered features matches closely with
the original as can be seen in Fig. 2 and Fig. 6.
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z = −0.25 y = 0 x = 0

Fig. 1. Reconstruction of low contrast Shepp-Logan Phantomfrom: (first
row) the complete projection data, (second row) truncated projection data and
(third row) projection completion using linear prediction. Left column shows
the slice atz = −0.25, the middle column shows slice aty = 0 and the right
column shows slice atx = 0. The gray scale window used is [1.0 1.06].
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Fig. 2. Profiles for the slice atz = −0.25: Horizontal profile through
y = −0.65 and Vertical profile throughx = 0
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Fig. 3. Profiles for the slice aty = 0: Horizontal profile throughz = −0.25
and Vertical profile throughx = −0.22
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Fig. 4. Profiles for the slice atx = 0: Horizontal profile throughz = −0.25
and Vertical profile throughy = 0.1

z = 0 y = 0 x = 0

Fig. 5. Reconstruction of FORBILD Head Phantom from: (first row) the
complete projection data, (second row) truncated projection data and (third
row) projection completion using linear prediction. Left column shows the
slice atz = 0, the middle column shows slice aty = 0 and the right column
shows slice atx = 0. The gray scale window used is [1.01 1.09].
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Fig. 6. Profiles for the slice atz = 0: Horizontal profile throughy = 0.4219
and Vertical profile throughx = 0
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Fig. 7. Profiles for the slice aty = 0: Horizontal profile throughz = 0 and
Vertical profile throughx = 0
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Fig. 8. Profiles for the slice atx = 0: Horizontal profile throughz = 0 and
Vertical profile throughy = −0.2812
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Abstract— Maximum likelihood (ML) statistical image recon-
struction has been shown to have an advantage over standard
filtered backprojection (FBP) in terms of signal-to-noise ratio
(SNR). A disadvantage of statistical image reconstruction is that
it is slow, which (as of today) makes fully 3D computed to-
mography (CT) reconstruction unbearably time consuming. The
penalized likelihood sinogram restoration (PL) method transfers
the ML idea and the associated potential SNR gain to the data
preprocessing stage preceding the reconstruction. In contrast to
full-blown ML reconstruction, PL preprocessing followed by FBP
is faster, but also not quite as effective in terms of SNR. This
work compares different combinations of analytic and statistical
preprocessing and reconstruction.

I. INTRODUCTION

Today, the usual image formation procedure on a CT system
consists of analytic raw data preprocessing followed by filtered
backprojection (FBP) reconstruction.

It has been shown that statistical preprocessing methods
have a noise-resolution advantage with respect to the common
analytic inversion approaches [1]–[3]. Statistical methods have
a benefit in that they take the photon statistics into account
correctly, which serves the goal of modeling noise. Penalized
likelihood sinogram (PL) restoration [4], as an example of
statistical preprocessing algorithms, will be the central part of
the first method in the benchmark.

For CT image reconstruction, there also exist statistical ap-
proaches [5], [6]. These algorithms again inherently model the
correct noise statistics, and can improve SNR considerably [7],
[8]. One of these approaches, and the second key method in
this comparison, is maximum likelihood (ML) reconstruction.

The third method in this benchmark combines PL sinogram
restoration and ML reconstruction.

Image quality and quantitative noise-resolution analyses on
fully 3D helical reconstructions of a mathematical thorax
phantom serve as the basis for comparison.

For reasons of conciseness, the three methods to be com-
pared will be called M1, M2, and M3:
• M1: PL preprocessing followed by wedge FBP recon-

struction [9], [10],
• M2: preprocessing by straight inversion of the system

matrix followed by ML reconstruction, and
• M3: PL preprocessing followed by ML reconstruction.
The objective of the comparison is to create an overview

for the performance difference between the three combinations
of preprocessing and reconstruction. Concerning computation
time, methods M1 to M3 are listed in ascending order, and

the performance of these three methods is expected to rank
similarly.

A. Simulated corruption effects

The dominant CT degradation effects are: (1) varying
detector pixel gains due to manufacturing tolerances, (2)
crosstalk, induced by small amounts of signal leakage between
neighboring pixels, and (3) afterglow as a consequence of the
scintillation material’s finite reaction speed to x-ray illumina-
tion.

The effect of varying pixel gains was simulated by applying
a random attenuation in the range from 0-3%, i.e. by appplying
a factor in the range of [0.97,1] to each individual pixel. These
gain settings are stored for later calibration by the restoration
routine. This map mimics an air scan in a real system.

Crosstalk was applied by convolving the individual projec-
tions with a crosstalk kernel, which is space-variant, in order
to capture the effects that occur at the large-area detector sub-
module boundaries. The kernel values were taken from [1].

Afterglow was added by convolving the data set with a
one-sided exponential in angular direction, with the afterglow
kernel being independent of the pixel position. The afterglow
decay constant was also adopted from [1].

Poisson noise was added simulating a tube output flux of
1.5·105 photons per pixel per acquisition interval, correspond-
ing to a low- to medium-dose CT scan protocol.

B. The system model

In order to capture the mentioned corruption effects in a
mathematical model, we employ a linear matrix equation of
the form

λ = BIz, (1)

or, equivalently,

λi =
NY∑

j

Ijbije
−lj , i = 1 · · ·NY . (2)

Apart from the notation, this is the underlying model also
used in [4]. Here, λi denotes detector intensities1, NY = Nu ·
Nv ·Nα the number of samples and Ij the unobstructed (air)
intensity on sample j. The integer values Nu, Nv , and Nα are
the number of detector columns, rows, and focal spot positions,

1or photon counts, which is equivalent, since in the monoenergetic model
that is assumed here, intensity and photon count are linked through a
proportionality constant
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respectively. The matrix I contains the Ij (which we use to
incorporate the detector gain variations in the model) on its
diagonal, and the elements zj = e−lj of vector z are the
uncontaminated exponentiated (negative) line integrals. The
bij are the components of the matrix B, expressing interactions
between samples. The lj are the uncontaminated line integrals
we wish to recover.

Crosstalk and afterglow are contained in matrix B of
Equation (2), so that the elements bij describe the coupling
between individual samples.

C. PL sinogram restoration

Since the above model (1) is simple and invertible (as-
suming the matrix BI is regular, which should normally be
the case), finding the uncontaminated line integrals by matrix
inversion should be straightforward. However, the drawback
of this method is that straight inversion can increase noise
quite heavily, and so it is not a good candidate to solve the
problem. One promising solution to the problem of combined
deconvolution/denoising of CT raw data is the PL sinogram
restoration method [4]. The benefit of this method is that it
uses a Poisson model describing the statistical nature of the
measurements, and can, roughly speaking, apply smoothing
according to the actual trustworthiness (in a Poisson sense) of
each measured pixel value.

Considering photon noise, the problem stated as in (1)
transforms into:

y = Poisson {BIz} , (3)

where y is the vector of noisy measurements and z the vector
of the non-corrupted exponentiated line integrals.

The PL approach formulates a so-called penalized likeli-
hood function:

Φ(l) = L(l)− βR(l), (4)

where

L(l) =
NY∑

i=1


yi log




NY∑

j=1

Ijbije
−lj


−

NY∑

j=1

Ijbije
−lj


 .

(5)
Maximizing Φ(l) yields the smoothed set of raw data l, which
is the most likely in the Poisson sense, given the measured
values y and also given the smoothness constraint enforced
by the regularization term. The regularization term is βR(l),
where R(l) is a high-pass, acting on the data in order to
discourage roughness in the solution. The strength of the
penalization is controlled by β.

D. ML image reconstruction

Similar to the PL case, for the ML reconstruction problem
one can also formulate a likelihood function. Given indepen-
dent measured line integrals and thus uncorrelated noise, the
likelihood of the vector of absorption coefficients µ can be
written as in [11] and is given by

L(µ) =
∑

i

(
−Iie

−[Aµ]
i − yi [Aµ]i

)
+ c1, (6)

where the yi are the observed photon counts, A is the system
matrix, and c1 is an irrelevant constant.

In order to find the best image in the sense of the maximum
likelihood approach, the above function needs to be maxi-
mized. An iterative algorithm maximizing Eq. 6 was presented
in [11]. One update of this convex ML algorithm requires the
sum over all projections i, which takes long to compute and
ends in a slow, but proven convergence of the reconstructed
image. The requirement of using all projections simultaneously
can be relaxed by using only a subset of all projections
simultaneously. With the selection of ordered subsets, the ML
method becomes an ordered subsets convex (OSC) method as
presented in Ref. [12].

In this analysis the projections in the subsets have a constant
angular increment, and the sequence of the subsets is selected
randomly.

E. The Phantom

The object chosen for simulation and testing is the forbild
thorax phantom [13] shown in Fig. 1 with additional inserts
for measuring SSP (disk inserts) and MTF (wire inserts)
characteristics. The phantom was simulated with a 16-row

Fig. 1. The forbild thorax phantom with disk and wire (artificially enlarged
to be visible) inserts used for measurements. The two boxes next to the disks
denote the regions, in which noise is measured.

detector with 672 columns and 10 mm collimation. The scan
type was dual focal spot, the trajectory was a helix with a
relative pitch of 0.6 and a rotation time of 0.42 s with 2320
projections per rotation and a total of 9280 projections.

II. RESULTS AND DISCUSSION

Measurements were done for a range of the PL regulariza-
tion parameter 0 ≤ β ≤ 200 for M1, for a range of 1 to
11 ML iterations for M2, and for one fixed, mid-range PL
β value of 100 followed again by 1 to 11 ML iterations for
M3. For the PL method, 20 iterations were performed for each
choice of regularization parameter. For the ML reconstruction,
320 subsets with 29 projections each were used. Voxels were
modeled as presented in [14] with Gaussian basis functions
on a simple cubic grid.

Figure 2 gives an impression of the overall image quality
obtained by the methods M1-M3. The regularization parame-
ters, i.e. the PL β and the iteration number in the ML method,
are chosen such that we obtain roughly the same 50% MTF
point at the lower wire. The corresponding images used to
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measure the MTFs at the two wires, along with the pertaining
MTF curves, are shown in Fig. 3.

The shape of the wires is altered by M1, which is ascribed
to the direction-dependent PL smoothing of the projections.
Method M2 manages to preserve a much nicer and perfectly
round shape for the wires, although it tends to produce
negative halos (see Fig. 3). The third column in Fig. 3 shows
that M3 is a hybrid of M1 and M2. The wires retain their
shape better than was the case for M1, but become slightly
eccentric. The halo is deformed accordingly.

Compared with M2, M1 manages to create an overall more
homogeneous noise structure and also does not lead to the
glow-skin artifacts associated with ML reconstruction2. The
PL noise pattern appears less coarse than the bulging-streak
ML texture. This is also reflected by the noise power spectra
shown in Fig. 4. The spectra were calculated from three images
obtained with M1, M2, and M3, with the parameters chosen
to obtain the same noise levels in all three images.

In terms of an overall visual impression, M3 seems to
combine the best of the two former methods, with very
homogeneous noise and reasonable-looking wires. Figure 6

Fig. 2. Top: transaxial slice of phantom after PL restoration (β=30) followed
by wedge reconstruction. Center: the same slice of an ML reconstructed
image (4 iterations). Bottom: ML reconstruction (6 iterations) of PL (β=100)
preprocessed data set. The three images have roughly the same 50% MTF
point for the lower wire. (L/W : 0/300 HU)

2This is a type of artifact that occurs in mathematical phantoms and is not
observed with clinical data.
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Fig. 3. Upper row, from left to right: image of the upper wire for the different
methods: PL (β=30) + wedge FBP (M1), analytic prep + ML (4 iterations)
(M2), and PL (β=100) + ML (5 iterations) (M3) Bottom: the corresponding
MTF curves.
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Fig. 4. Noise power spectra measured inside a homogeneous 128 × 128
pixel region in the same slice of the image reconstructed with each of the
three methods. The area under the three curves is the same, because the
measurements were done on images with equal noise content. The images
that were used correspond to the following parameters: M1 with β = 100,
M2 with 3 iterations and M3 with 11 iterations.

contains noise-resolution curves for the images obtained with
the three methods M1, M2, and M3. In the PL curves (pertain-
ing to M1), the uppermost points correspond to a regularization
parameter β = 0, which means no regularization.

In the ML curves (pertaining to M2), the uppermost points
correspond to the highest number of iterations, which produces
the sharpest but also noisiest images. The curves show that
the ML reconstruction yields better SNR at comparable in-
plane resolutions and remarkable axial resolution, which beats
the wedge filtered backprojection method by far. The best
achieved SSP of 0.57 mm for M2 corresponds to a broadening
factor of 0.91, which is significantly better than the value of
1.3, which is achievable with the standard methods for this
acquisition [15]. Figure 6 confirms our expectation that PL
preprocessing followed by ML reconstruction combines the
advantages of both statistical preprocessing and reconstruction.
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Fig. 6. Noise-resolution trade off curves at the disks (SSP) and wires (MTF)
for the three methods: PL + wedge, analytic prep + ML, and PL + ML.

Its curves lie underneath the other two curves in each of the
four plots, attesting the combined method the best SNR in the
given resolution range. The reason for the lower maximum
resolution that is reached with M3 is that the ML input is
already PL-smoothed (β = 100) data.

Concerning M2 and M3, one must also remark, that the ML
reconstruction does not even work on the Poisson noise data it
was designed for, because the PL preprocessing step alters the
statistics, before the ML reconstruction gets to see the data.

The next step would be to implement a combined statistical
preprocessing/reconstruction algorithm that unifies both prob-
lems in one model. Although completely unacceptable in terms
of computation time, it would still be interesting to see, how
much additional performance such a scheme would deliver.

III. SUMMARY

We compared three combined data preprocessing and recon-
struction methods. The first one (M1) was penalized likelihood
sinogram restoration followed by wedge reconstruction, the
second one (M2) was analytic, unregularized raw data decon-
volution followed by a maximum likelihood reconstruction,
and the third one (M3) was a combination of the first two: PL
preprocessing followed by ML reconstruction. We used the
standard forbild thorax phantom with additional wire and disk
inserts for resolution and noise measurements.

We observed that method M1 creates a more homogeneous
looking image noise texture than M2, which tends to produce
a coarser pattern. However, concerning the overall noise
resolution trade off, the ML method applied to analytically
deconvolved data (M2) performs much better than the PL
method followed by the standard filtered backprojection wedge
reconstruction (M1).

It should be noted again that PL and ML are not competing
methods. The output of the former method can be the latter’s
input, and ultimately, the two methods should be combined
into one. Including method M3 in the benchmark supports this
thesis. Although not monolithic, but a disjoint PL preprocess-
ing and ML reconstruction, M3 created curves, which suggest
that completely statistical processing potentially delivers the
best SNR.
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Computed Tomography Reconstruction On
Irregularly Distributed Blobs
Rostyslav Boutchko, Arkadiusz Sitek, and Grant T. Gullberg

Abstract—Blobs, non-uniformly distributed spherically sym-
metric scalar functions, have previously been proposed as a
bases representation in computed tomography reconstruction. We
present here a new bases representation that combines adaptive
resolution properties of irregular grids with the simplicity and
numerical efficiency of blob bases functions in the application
of iterative reconstruction algorithms in computed tomography.
Details of the reconstruction are illustrated using blob functions
of Gaussian shape. The approach is developed both in 2D
and 3D. Simulation results are presented for Gaussian blobs
in two dimensions. Further research in application of the new
representation includes search for new blob shapes, optimization
of least square minimization algorithms and introduction of
ellipsoidal blobs.

Index Terms—Computed tomography, 3D reconstruction, ir-
regular grids, multiresolution, blobs.

I. INTRODUCTION

Although a significant amount of development has been
accomplished in the area of nuclear tomographic imaging, the
inverse problem is still a challenging task due to low signal to
noise ratio in the projection data and poor spatial and temporal
sampling. In this paper we develop an approach that can
facilitate reconstruction of suboptimal data by reconstructing
images represented as irregularly distributed spherical blobs.

In most medical images features are not distributed homoge-
neously, thus an optimal representation of such images should
allow for varying spatial resolution. Within the limitations of
this paper, we are unable to provide any adequate introduction
to the plethora of methods that address the problem of mul-
tiresolution. Therefore, we will focus on a narrow subset of
methods which possess the property of multisampling. Multi-
sampling is a method of image representation with increased
sampling density in the regions where the intensity cannot be
represented as a linear function. The key feature of this method
is irregular spatial sampling that provides different resolution
throughout the image adapting itself to the local image content.
We are not using a more suitable term, multiresolution, in
order to avoid possible confusion with wavelet bases.

Typical examples of multisampling representations are ir-
regular representations with polygonal meshes. The tomo-
graphic problem (reconstructing images from projections)

This work was supported in part by the National Institutes of Health under
Grant R01 EB00121 and Grant R01-HL50663, and in part by the Director,
Office of Science, Office of Biological and Environmental Research, Medical
Sciences Division of the U.S. Department of Energy under Contract DE-
AC03-76SF00098.

Rostyslav Boutchko and Grant Gullberg are with Lawrence Berkeley
Laboratory, 1 Cyclotron rd., , MS 55R0121 Berkeley, CA 94720-8119 .
Arkadiusz Sitek is with Brigham Women’s Hospital and Harvard Medical
School. Corresponding author: Rostyslav Boutchko, E-mail: rbuchko@lbl.gov

has been formulated for triangular meshes in 2D [1] and
tetrahedral meshes in 3D [2]. Although not always trivial in
their numerical implementation, these methods constitute good
sparse representations of images. Finding other methods of
discrete representation of 2D and 3D images that would exhibit
the property of adaptive irregular sampling is an important
research direction in medical imaging and related fields.

During the last ten years, one of the popular image repre-
sentation methods for the case of regular grids has been a blob
representation [3]. Encoding the intensity of images on a grid
of spherically symmetric functions (blobs) is attractive for a
number of reasons including the ease of implementation of
forward- and backprojection and its noise handling properties.
Even though blobs are intrinsically approximate, which is best
seen if one tries to use them to represent a constant, they have
become popular in several types of nuclear imaging [4], [5]. In
this work, we are proposing to combine the advantages of blob
representation with the concept of multisampling. Allowing
blob locations to move and varying blob widths and intensities,
we aim at achieving a sparse image representation method with
varying spatial resolution.

The paper is organized as follows: First, in Section II.A,
we formulate the 3D tomographic problem of function recon-
struction from projections and introduce irregularly distributed
blobs as a way to represent the unknown function. In sub-
sections II.B and II.C, the details of reconstruction are laid
out for the case of Gaussian blobs. Section III presents the
results of implementation of a Gaussian blob reconstruction in
two dimensions. In Section IV, we summarize and discuss the
achieved results and formulate research necessary for future
development of the irregular blob method. Section V contains
the conclusions and future motivation for our work.

II. METHODS

A. Definitions

The most general problem in tomography is the recovery of
a function f(r) from a finite set of projections: integrals of
f along a set of manifolds whose exact geometry is defined
by the modality of the tomographic imaging system. In this
work, we will focus on reconstruction of functions from line
integrals, which corresponds to X-ray computed tomography.
The solution of the problem is independent of the type of
geometry; however, for the sake of convenience, we will
formulate our problem in terms of integrals along parallel
lines. To the first order of accuracy, the value of one projection
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bin is

Pkmn =
∫∫

f(x, y, zm) δ(tn − [x cos θk − y sin θk])) dx dy,

(1a)
where θk, zm, and tn are defined by the sampling require-
ments. This formalism holds true for both three and two
dimensions. In the latter case, it is sufficient to omit the
variable z and index m from (1a).

In order to reconstruct f , a representation of the image
needs to be specified. Usually, this representation is a simple
sampling of the function on a regular grid. We propose to use
a finite set J of spherically symmetric functions henceforth
referred to as blobs:

f(r) =
J∑

j=1

ϕ(|r− rj |, λj), (1b)

where a one-dimensional blob function

ϕj(t) ≡ ϕ(t, λj), 0 ≤ t < ∞

has a set of free parameters λj .
We will define the solution of the inverse problem to (1a)

in terms of the expansion (1b) and a set of known (measured)
projections denoted by P̃kmn using the following objective
function

χ(rj , pj) =
∑
kmn

(
Pkmn(rj , λj)− P̃kmn

)2

, (1c)

where the projections Pkmn are expressed in terms of the
blob expansion with spatial parameters rj and functional
parameters λj . Using this objective function, we will define
the solution to the reconstruction problem as

{rj , λj} = argminχ(rj , λj). (1d)

B. Gaussian blobs

Since the introduction of spherical blobs to tomography,
different shapes of blobs have been used in regular arrays.
From a number of considerations, which will be discussed in
the next section, we choose to use Gaussian blobs:

ϕj(t) = Aje
t2/B2

j . (2)

This selection of ϕ proves to be extremely convenient for
calculating projections. A simple calculation yields

Pkmn =
∑

j Pkmn,j

where

Pkmn,j =
√

πAjBje
−

(tn−xj cos θk+yj sin θk)2+(zm−zj)2

B2
j .

(3)
Note that

∂Pkmn,j

∂xj
= 2 cos θk

tn − xj cos θk + yj sin θk

B2
j

Pkmn,j

∂Pkmn,j

∂tj
= −2 sin θk

tn − xj cos θk + yj sin θk

B2
j

Pkmn,j

∂Pkmn,j

∂xj
= 2

zm − zj

B2
j

Pkmn,j . (4a)

Expressions for the partial derivatives of the objective function
χ defined in (1c) are similarly straightforward but overly bulky
for the main body of this text.

∇R χ :
(

∂

∂xj
,

∂

∂yj
,

∂

∂zj

)
χ =

2
∑
kmn

(Pkmn − P̃kmn)
∑

j

(
∂

∂zj
,

∂

∂yj
,

∂

∂zj

)
Pkmn,j , (4b)

with the corresponding partial derivatives of Pkmn,j defined
in (4a). Partial derivatives over the functional parameters of
the blobs are

∇A χ :
∂χ

∂Aj
= 2

∑
kmnj

(Pkmn − P̃kmn)
Pkmn,j

Aj
, (4c)

∇B χ :
∂χ

∂Bj
= 2

∑
kmnj

(Pkmn − P̃kmn)
Pkmn,j

Bj
(4d)

×
(
1 + 2(tn . . .)2/B3

j

)
,

where (tn . . .)2 denotes the numerator of the argument of the
exponential function in (3).

C. Solving the inverse problem

We propose to minimize the objective function χ using
the values of known projections P̃kmn and equations (4).
At this stage, we select a fixed number of Gaussian blobs
J and vary only parameters {rj}, {Aj}, and {Bj}. Starting
with a set of random blob center coordinates {R[1]}, constant
Gaussian widths {B[1]} (same for all blobs), and constant
amplitudes {A[1]} (determined from normalization), we either
vary some of these parameters or all of them in consecutive
steps according to the following rules:

R[n+1]
j = R[n]

j + αn

(
∇R χ({R}[n])

)
j

,

A
[k+1]
j = A

[k]
j + αk

(
∇A χ({A}[k])

)
j

,

B
[m+1]
j = B

[m]
j + αm

(
∇B χ({B}[m])

)
j

,

where using different notations for the iteration indices em-
phasizes the fact that these quantities are updated separately
at different stages of the gradient search process. Values of
αn are selected individually for different update steps. At this
stage, we have not obtained an algorithm for selecting optimal
step sizes α. Instead, we are using assumed values constrained
by

χ[n+1] < χ[n].

III. RESULTS

Numerical experiments were conducted in order to study the
new reconstruction approach. Since 2D and 3D formulations
of the method are equivalent, we chose a two dimensional
example to facilitate faster calculations and more convenient
display.

Using Matlab R©, a blurred 64 × 64 Shepp-Logan phantom
was generated. From this phantom, a 32 × 64 parallel beam
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sinogram was created, with 32 angular views uniformly dis-
tributed on interval [0, π). J = 100 Gaussian blobs of the same
height with an original width of 4 pixels were randomly dis-
tributed in space. Minimization was performed using Matlab R©

fminsearch and fmincon functions. During the first stage
of reconstruction, only centers of the blobs were allowed to
change. During the second stage, all Gaussian parameters were
adjusted under the following constraints

Aj > 0, (5)
Bj > 0. (6)

The results of the reconstruction are shown in Figure 1.
Selecting blob positions as the only type of minimization
parameter results in very rough reconstruction, although we
hypothesize that it can be significantly improved by increasing
the overall number of blobs.

(a) “True” image (b) Blob positions adjusted

(c) Full reconstruction with 100
blobs

(d) Full reconstruction with 400
blobs

(e) Reconstructed (left) and original images as surfaces

Fig. 1. Example: 2D parallel beam CT reconstruction using non-negative
Gaussian blobs. (a) Blurred 64× 64 Shepp-Logan phantom used to generate
32×64 sinogram. (b) Intermediate result: reconstruction achieved by adjusting
only the blob centers rj of 100 Gaussians. (c) Reconstruction achieved
with 100 Gaussians when Aj , Bj , and rj are allowed to vary. 3 ”Blobby”
appearance of the outer wall region in the reconstructed phantom is caused
by strong angular undersampling (32 views). (d) Reconstruction with 400
Gaussians. (e) Comparison of the original phantom surface (right) and the
surface generated by 400 Gaussians (left).

2D experiment was repeated with a different set of param-
eters. When 400 Gaussians were used for the basis set and 72
view angles were distributed over [0, π) interval, the resulting
image is considerably smoother as seen in Figure 1(d). Figure
1(e) shows that the most noticeable deviations between the
reconstructed image and the truth happen in the central part of
the image. This is partially attributed to the effect of constraint
(5). In the future, we plan to allow both positive and negative
features in the reconstruction.

IV. DISCUSSION

Similar to the 2D reconstruction shown in the previous
section, 3D reconstruction from projections is possible. In this
section, we discuss a number of technical changes that can
facilitate more effective implementation of the algorithm so it
can be applied to clinical data.

The Gaussian distribution that we used as a functional form
of ϕ is extremely convenient numerically because it makes
possible separation of variables and uses only elementary func-
tions that can be easily coded. The main caveat of a Gaussian
distribution is substantial spatial extent of ϕ. Blob functions
proposed in the literature are often constrained to a compact
support, the most popular being Kaiser-Bessel blobs. While
accepting the considerations that lead to introduction of such
blob functions in the case of regular grids, we believe that in
our case continuity of the Gaussian function ensures sufficient
smoothness of representation in two or three dimensions and
prevents the approximated function from becoming an exact
zero at some points in space (like points in the corners of
Voronoi polygons in Figure 3). Moreover, while defining the
blobs to be infinite in size, we can impose a de-facto limitation
on their size when calculating the projections. A parallel
approach would allow to use higher powers of the polynomial
in the exponent. Figure 2 shows that using blob functions

ϕ(t) = Ae−x4/B4

or
ϕ(t) = Ae−x6/B6

results in the representation that can be viewed as compactly
supported for all approximate numerical applications.

Fig. 2. Possible types of ϕ(t) based on an exponential function.
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Fig. 3. Filling space with blobs: elliptical blobs inscribed in the Voronoi
polygons generated from a random rj distributions in 2D.

In addition to varying the functional form of ϕ, we can
deviate from spherical symmetry of the basis functions. For
example, it is easy to see that 2D elliptical blobs can provide
much better space filling than circular ones. Thus, in Figure
3, we show elliptical blobs loosely inscribed in the Voronoi
polygons generated from the random distribution of points. In
the Gaussian case, the definition of a zero-centered elliptical
blob would be

ϕ(x, y) = A e
− (x cos α−y sin α)2

B2
1

− (x sin α+y cos α)2

B2
2 . (7)

This definition requires two extra degrees of freedom per blob,
but can still result in an overall increase of sparseness of the
representation. In 3D, ellipsoidal blobs would be somewhat
more cumbersome to describe but conceptually equally simple.

Except for improving the representation itself, further devel-
opment of the proposed method needs to address a number of
issues. Improvements can be done in the implementation of
gradient search methods (4). In order to apply the irregular
blob representation in SPECT or PET, an efficient way of
accounting for attenuation has to be determined. When attenu-
ation is present, projection equations (3) become considerably
more complicated. Further research is needed in order to
determine if we can use an approximate approach, i.e., whether
the attenuation can be assumed constant inside each blob.

V. CONCLUSIONS

The results of the simulations show the feasibility of
performing reconstruction using irregularly distributed blobs.
Our motivation for this work is the conjecture that efficiently
distributed blobs will reduce the number of unknowns in the
tomographic inverse problem without compromising diagnos-
tic accuracy of the images. A smaller number of unknowns
in the reconstruction will make the inverse problem better
conditioned, so the input noise will have lesser effect on the
final results. This fact is further enhanced by using smooth
blobs with large spatial support. The optimal algorithms and

the optimal parameters of the blobs remain to be determined
depending on the specific tomographic problem.

The new reconstruction approach represents another step
away from the discrete voxel representation and towards image
reconstruction on sparse content-adaptive variable bases.
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A Cone-beam Approah of ROI Imaging with a DetetorSmaller than the Imaged ObjetJunguo Bian, ∗Huitao Zhang, ∗Peng Zhang, and Xiaohuan Pan
Abstract�In industrial CT appliations, it is not unom-mon that the detetor �eld of view (FOV) an over onlya portion of the imaged objet and, more often, that oneis interested only in an ROI image of the objet. In thisase, it is of theoretial and pratial interest to investi-gate whether it is possible to develop an imaging approahfor obtaining exat ROI images with a small detetor. Inthis work, we investigate suh an ROI-imaging approah byperforming theoretial and numerial studies. The resultsof these studies indiate that an approah an be devisedfor obtaining ROI images under pratial imaging ondi-tions. The approah an also be used as an alternative tothe well-known ROI-imaging approah that would involve aview-to-view varying ollimation of the X-ray illumination.I IntrodutionIn the last few years, signi�ant advanes have beenmade in the development of theoretially exat algorithmsfor image reonstrution from one-beam projetions [1,2, 3, 4, 5, 6℄. Although these algorithms were developedinitially for a helial trajetory, they have subsequentlybeen extended to reonstrut images from one-beam pro-jetions aquired with general soure trajetories. One ofthese algorithms is the bak-projetion �ltration (BPF)algorithm for reonstruting images on hords for a gen-eral trajetory. A unique property of the BPF algorithmis that it an reonstrut an image on a hord from trun-ated data as long as the data on the intersetion segmentof the hord with the objet is non-trunated. It has beenshown that the property of the BPF algorithm an beexploited for obtaining an region of interest (ROI) imagefrom projetion data ontaining trunations [3, 7, 8℄.In pratial CT appliations, it is not unommon thatthe available detetor annot form a �eld of view (FOV)to ompletely over the entire support of the imaged ob-jet, that the imaging is onduted by the rotation of theobjet instead of only the soure and detetor, and, moreoften, that one is interested only in an ROI image withinthe objet. If the FOV enter oinides the physial en-ter of rotation of the objet for data aquisition, it is rel-atively straightforward to determine the reonstrutibleROI overed by the FOV. However, in many industrialJ. Bian and X. Pan are with the Department of Radiology, The Uni-versity of Chiago, 5841 S. Maryland Avenue, Chiago, IL 60637, USA.E-mail: junguo�uhiago.edu and xpan�uhiago.edu. ∗H. Zhang and
∗P. Zhang are with the Shool of Mathematis Siene, The CapitalNormal University, Beijing, China.
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Fig. 1. The imaging on�guration: the imaged objet is enlosed by thethin urve. During imaging, the objet is rotated around the physialenter of rotation O in the �xed oordinate system. The ROI (shadedarea) to be imaged is within the FOV (enlosed by the thik urve)formed by the soure S and the detetor. (Please note that the FOVshould not be ompletely within the objet boundary of objet, other-wise it beomes an interior problem in whih the ROI image annot beexatly reonstruted.) When the objet is rotated, the detetor anmove only along x-axis, whereas the soure an move along x- and/or
y-axis so that the FOV always overs the ROI ompletely.appliations, as shown in Fig. 1, the data aquisition,for pratial reasons, is ahieved through the rotation ofthe objet around the physial enter of rotation O whihis hosen as the enter of mass of the objet and is at adistane R0 from the FOV enter. In this ase, it is oftheoretial and pratial interest to investigate whether itis possible to develop an imaging approah for obtainingexat ROI images with a detetor whose FOV, whih issmaller than the objet support, an over only the ROI.Based upon the BPF algorithm, it an be demonstratedthat data from illumination passing only through the ROIare su�ient for exat ROI imaging if the ROI is not om-pletely within the objet boundary. In this work, we in-vestigate and develop an imaging approah to ollet suhdata for a given ROI by use of a detetor that annot, oth-erwise, over the entire objet support. In partiular, weshow that this imaging approah an be realized through
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not only varying the distane of the soure to the phys-ial enter of rotation and but also shifting the detetor.As the study below shows, this imaging approah leadsto an imaging problem with a relatively omplex souretrajetory and data trunation. We then use the BPF al-gorithm to reonstrut an ROI image from data olletedwith this general trajetory. The results of the numerialstudies on�rm that exat ROI images an be obtainedby use of the approah disussed.II A Novel ROI-imaging ApproahIn this work, for the onveniene of illustrating anddemonstrating the imaging approah, we onsider onlya soure trajetory that is restrited to be within a two-dimensional (2D) plane. In this situation, similar to theirular one-beam ase, the Tuy's data ondition [9℄ isnot satis�ed by the one-beam data. Therefore, only theROI image within the trajetory plane an be exatly re-onstruted, while the ROI images within non-trajetoryplanes that are parallel to the trajetory plane an onlybe reonstruted approximately. However, the idea de-sribed here an be generalized to 3D trajetories.A Design of an ROI imaging approahWe display in Fig. 1 the imaged ellipsoid objet en-losed by the thin urve, the ROI indiated as the shadedregion, and the FOV enlosed by the thik urve. Thethik dashed line indiates the trajetory of the detetorenter. The three axes of the ellipsoid are a, b, and c,respetively, and the geometri enter of the ellipsoid isplaed at the physial enter of rotation of CT system, asshown in Fig. 1, whih is also hosen as the origin of the�xed oordinate system. We assume that the distane ofthe FOV enter to the physial enter of rotation is R0,that the width of the detetor is 2D, and that the dis-tane H between the physial enter of rotation and thedetetor remains onstant. Let R denote the radius of theFOV. Clearly, R < D for the one-beam projetion un-der onsideration. In the imaging proess, projetions atdi�erent views are olleted through rotating the objetabout the physial enter 0 and moving the soure withinthe x-y plane and the detetor only along the x-axis. Themotions of the soure and the detetor are onstraint bytwo onditions: (1) the size of the FOV (enlosed by thethik urve) formed by the soure and detetor remainsunhanged and always overs the ROI, and (2) the sourepoint, the FOV enter, and the detetor mid-point alwaysremain on the same line, whih, without loss of general-ity, is assumed to be perpendiular to the detetor plane.An additional onstraint on the soure is that it has tobe outside the rotating objet. This onstraint will beinorporated into the derivation of the soure trajetorybelow.

t

r (λ)s

λ

a

a

a

a

X

Y

Fig. 2. For the on�guration depited in Fig. 1, when the objet rotates,the soure and the detetor need to move aordingly so that the FOVan always over the ROI for all of the objet-rotation angles. Thetrajetories of the soure, the FOV enter, and the detetor enter areindiated by thin urve, thik urve, and thik dashed line, respetively.The thin dashed urve depits the objet support at rotation λ.B Derivation of the soure trajetoryWhen the imaged objet rotates, the soure and thedetetor need to be moved aordingly so that they forman FOV that always overs the ROI. Consequently, theloation of the FOV enter also hanges. Considering themotion onstraints on the soure and detetor desribedabove, as shown in Fig. 2, one an determine the traje-tories of the soure (thin urve), the FOV enter (thikurve), and the mid-point of the detetor (dashed line),respetively, in the x-y plane. Let λ denote the rotationangle of the objet, whih is de�ned as the angle betweenthe long axis of the ellipsoid objet and the x-axis. There-fore, the trajetories of the FOV enter (xF , yF , zF ) anddetetor enter (xD, yD, zD) in the �xed oordinate sys-tem an be expressed as
(xF , yF , zF ) = (R0 cosλ, R0 sinλ, 0) (1)
(xD, yD, zD) = (R0 cosλ, −H, 0). (2)Also, one an express the soure trajetory ~rs(λ) in the�xed oordinate system as

~rs(λ) = (xs, ys, zs) = (R0 cosλ, ys0, 0), (3)where ys0 = D tan(φ1 + φ2) − H , and
φ1 = arctan

H + R0 sin λ

D
(4)

φ2 = arctan
R

√

D2 + (H + R0 sin λ)2 − R2
. (5)As shown in Fig. 1, φ1 is the angle between the x-axis andthe line onneting the FOV enter and the detetor edge,and φ2 indiates the angle between the line onneting the
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FOV enter and the detetor edge and the line onnetingthe soure and the detetor edge.The soure trajetory in Eq. (3) was derived withoutonsidering the physial onstraint that the soure annotbe within the objet. Therefore, there should be an addi-tional onstraint on the soure trajetory. Assuming thatthe long axis of the ellipsoid objet is aligned with the x-axis when λ = 0, it an be shown that the above physialonstraint requires that the soure trajetory satis�es theondition that
ys − R0 sin λ ≥ t, (6)where t is determined by

(R0 + t sin λ)2

a2
+

t2 cos2 λ

b2
= 1 (7)Solving Eq. (7), one obtains

t =
−b2R0 sin λ + T (a, b, R0; λ)

a2 cos2 λ + b2 sin2 λ
, (8)where

T (a, b, R0; λ) =

√

a4b2 cos2 λ − a2b2R2
0 cos2 λ + a2b4 sin2 λ.(9)Therefore, onsidering the onstraint in Eq. (6), we anrewrite the soure trajetory in Eq. (3) as

~rs(λ) = (xs, ys, zs) (10)
= (R0 cosλ, R0 sin λ + max(ys0 − R0 sin λ, t), 0).In general, reonstrution algorithms are developed forimaging on�gurations in whih the objet is �xed. There-fore, we need to determine the soure trajetory in a oor-dinate system in whih the objet is �xed so that these al-gorithms an be applied diretly. In the ase under study,we refer to the oordinate system �xed on the objet as arotation-oordinate system (x′, y′, z′), whih is related tothe �xed oordinate system (x, y, z) desribed above as

(x′, y′, z′ ) = (x, y, z )





cosλ − sinλ 0
sin λ cosλ 0

0 0 1



(11)Therefore, using xs, ys, zs to replae x, y, and z in theright-hand-side of Eq. (11), one an obtain the expres-sion of the soure trajetory ~rs
′(λ) = (x′

s, y
′

s, z
′

s) in therotation oordinate system, whih is displayed in Fig. 3as the thin urve. Similarly, using Eq. (2) in Eq. (11),we obtain the trajetory of the detetor enter (dashedurve) in the rotation-oordinate system.III The BPF Algorithm for ROI-imageReonstrutionAs disussed above, the ROI imaging approah understudy an be interpreted as an imaging approah in whih

r

a a

a
a

FOV

Y’

X’

sr’ (λ)

Fig. 3. The trajetories of the soure (thin urve) and detetor enter(dashed urve) in the rotation-oordinate system. The FOV is enlosedby the thik urve, whereas the objet support is enlosed by the thin-dashed urve.a general, ontinuous soure trajetory is used to ollettrunated data. In the onventional oordinate system(i.e., the rotation-oordinate system desribed above), thetrajetory is given by ~rs
′(λ), whih is determined by Eqs.(10) and (11), and the enter of rotation is the enterof the FOV, whih is enlosed by the thik urve in Fig.3. Therefore, the hord-based BPF algorithm an be ap-plied to reonstruting ROI images from trunated dataaquired with this imaging on�guration. For a givenontinuous trajetory, a hord is a line segment onnet-ing any two points λa and λb on the trajetory, and theBPF algorithm ahieve the reonstrution of an ROI im-age through the reonstrution of images on all of thehords that interset with the ROI.The form of the BPF algorithm used in the work is givenin ref. [6℄. The key for its suessful appliation to the re-onstrution problem under onsideration lies in the om-putation of the data derivative for the general trajetory

~rs(λ). We have derived expliit expression for omputingthe data derivative, whih is not given here beause of thelimited spae. For the purpose of demonstrating the pro-posed ROI imaging approah, we onsider only a souretrajetory within the x-y plane. Chords an be de�nedmeaningfully only for the trajetory plane. Conversely,the planes parallel to the trajetory plane ontain no tra-jetories and thus no atual hords. However, we an takethe approah desribed in ref. [10℄ to de�ne virtual hordsand reonstrut images in non-trajetory planes throughapproximate reonstrution on these virtual hords.IV Numerial StudiesWe have performed omputer-simulation studies to val-idate the proposed strategy for ahieving an ROI imagingby use of a detetor whose FOV an only over the ROIof the imaged objet. The numerial phantom has an el-lipsoid shape, whose half axes are 75 m, 20 m, and 15m, respetively. The ROI onsidered loates at one endof the ellipsoid, whih ontains several spheres of di�erentsizes, loations, and ontrast levels. To over the ROI, the
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Fig. 4. True and reonstrution ROI images. The true ROI images(row 1), ROI images reonstruted from noiseless data (row 2), and ROIimages reonstruted from data with low (row 3) and high (row 4) noiselevels within the x-y (olumn 1), x-z (olumn 2), and y-z (olumn 3)planes, respetively. The display window is [0, 3.6℄.FOV has a radius R = 30 m and is at a distane R0 = 50m from the physial enter of rotation, and the detetorhas a size of D = 64 m and is plaed at a distane fromthe x-axis at H = 100 m. Using these on�guration pa-rameters, we omputed one-beam projetion data fromthe rotating objet at 981 views, and, by adding Gaus-sian noise to these noiseless data, we also generated noisydata. The images were reonstruted on 256x256x256 ar-rays. From these noiseless and noisy data, we have re-onstruted the ROI images. In Fig. 4, we display thetrue ROI images (row 1), ROI images reonstruted fromnoiseless data (row 2), and ROI images reonstruted fromnoisy data with low (row 3) and high (row 4) noise levelswithin the x-y (olumn 1), x-z (olumn 2), and y-z (ol-umn 3) planes, respetively. The display window [0. 3.6℄is used for all of these images.V ConlusionThe BPF algorithm an be applied to reonstrut ROIimages from trunated data olleted with a general tra-jetory. In this work, by exploiting this unique propertyof the BPF algorithm, we have investigated a novel ap-proah to perform ROI imaging in one-beam CT in whihthe FOV of the detetor annot over the entire imagedobjet and the physial enter of rotation is not in theROI. This imaging approah may have important impli-ations for many industrial CT imaging tasks and seuritysans. In the imaging approah under study, the one-beam projetions are olleted at di�erent views as theimaged objet rotates, while the soure and detetor areneessarily to move aordingly so that the FOV formed

by them an always over the ROI. We have derived theexpression for the soure trajetory in the onventional o-ordinate system in whih the imaged objet is �xed. Thisexpression allows us to apply the BPF algorithm to re-onstrut ROI images from aquired trunated data. Wehave performed omputer-simulation studies, and the re-sults of these studies demonstrate and validate that thisnovel ROI-imaging approah an yield aurate ROI im-ages.It has been proposed previously to ahieve ROI imag-ing primarily through varying the soure ollimation fromview to view. The imaging approah desribed in thework represents an alternative to perform ROI imagingthrough the movement of soure and detetor. For thepurpose of demonstrating the approah, we onsider inthe work only one-beam ROI imaging with 2D trajeto-ries. The approah an be generalized to 3D trajetories.Also, the method proposed by Defrise et al [8℄ for ob-taining an image on a portion of the hord an also beinorporated into this approah for obtaining ROI imagesfrom severely trunated projetions.VI AknowledgmentsThis work was supported in part by National Institutesof Health grants EB00225 and EB002765 and by NationalNatural Siene Foundation of China grants 60472071,60532080. and 60328101.Referenes[1℄ A. Katsevih, �Analysis of an exat inversion algorithm forspiral one-beam CT,� Phys. Med. Biol., vol. 47, pp. 2583�2597, 2002.[2℄ Y. Zou and X. Pan, �Exat image reonstrution on PI-linefrom minimum data in helial one-beam CT,� Phys. Med.Biol., vol. 49, pp. 941�959, 2004.[3℄ J. D. Pak, F. Noo, and R. Clakdoyle, �Cone-beam reonstru-tion using the bakprojetion of loally �ltered projetions,�IEEE Trans. Med. Imaging, vol. 24, pp. 2317�2336, 2005.[4℄ Y. Ye, S. Zhao, H. Ye, and G. Wang, �Exat reonstrutionfor one-beam sanning along nonstandard spiral and otherurves,� in Developments in X-Ray Tomography IV, UlrihBonse, Pro. SPIE, vol. 5535, pp. 293�300, 2004.[5℄ G. Chen, �An alternative derivation of Katsevih's one-beamreonstrution formula,� Med. Phys., vol. 30, pp. 3217�3226,2003.[6℄ Y. Zou, X. Pan, and E. Y. Sidky, �Theory and algorithms forimage reonstrution on hords and within region of interests,�Journal of the Optial Soiety of Ameria, vol. 22, pp. 2372�2384, 2005.[7℄ X. Pan, Y. Zou, and D. Xia, �Image reonstrution in periph-eral and entral regions-of-interest and data redundany,� Med.Phys., vol. 32, pp. 673�684, 2005.[8℄ M. Defrise, F. Noo, R. Clakdoyle, and H. Kudo, �Trunatedhilbert transform and image reonstrution from limited tomo-graphi data,� Inv. Prob., vol. 22, pp. 1037�1053, 2005.[9℄ H. K. Tuy, �An inversion formula for one-beam reonstru-tion,� SIAM J. Appl. Math., vol. 43, pp. 546�552, 1983.[10℄ L. Yu, Y. Zou, E. Y. Sidky, C. A. Pelizzari, P. Munro, andX. Pan, �Region of interest reonstrution from trunated datain irular one-beam CT,� IEEE Trans. Med. Imaging, vol.25, pp. 869�881, 2006.
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Fast 3D image reconstruction for rotating slat
collimated gamma cameras

Roel Van Holen, Stefaan Vandenberghe, Steven Staelens, Yves D’Asseler and Ignace Lemahieu

Abstract—As an alternative to the use of traditional parallel
hole collimators, SPECT imaging can be performed using rotat-
ing slat collimators. A gain in image quality could be expected
from the higher photon collection efficiency, however, the plane
integral data measured by this type of collimator require a recon-
struction to invert the three-dimensional (3D) Radon transform.
The use of iterative methods to do fully 3D reconstruction is
computationally much more expensive compared to a classical
SPECT reconstruction. A computationally attractive alternative
to direct 3D reconstruction could be to use two subsequent in-
version steps, where the first step would consist of reconstructing
the plane integral data to conventional SPECT sinograms and
the second step would be a classical SPECT reconstruction. In
this work, an algorithm of the Maximum Likelihood Expectation
Maximization (MLEM) type which integrates these two steps into
one algorithm is proposed as an alternative to two subsequent
MLEM reconstructions. A simulation study validates the new
approach with respect to a two step MLEM reconstruction.
Results indicate that the integration of two MLEM iteration loops
into one can provide improved image quality regarding contrast
recovery and noise. Moreover it avoids determining a stopping
rule for the first step in the 2-step approach.

Index Terms—SPECT, image reconstruction.

I. INTRODUCTION

IN SPECT imaging, image quality is limited by the intrinsic
spatial resolution versus sensitivity trade-off resulting from

the geometric properties of parallel hole collimators, which
are traditionally used to obtain photons from the direction
perpendicular to the collimator. While maintaining the same
Field Of View (FOV), rotating slat collimators (RSC) provide
a better spatial resolution versus sensitivity compromise. This
is due to the much higher photon collection efficiency of the
plane integrals, measured by this device. Therefore, RSC can
potentially provide a gain in image quality.
The collection of plane integrals of a 3D activity distribution
by spinning the detector around its own axis at each regular
SPECT angle can be seen as the 3D Radon transform when
ignoring the effects of attenuation, depth dependent blurring
and depth dependent sensitivity. For image reconstruction,
a 3D algorithm which inverts the 3D Radon transform is
mandatory. A Filtered Back-Projection (FBP) implementation
of this 3D Radon inversion has been previously developed by
Lodge [1] and by Zeng [2], an iterative RBI-EM approach
has been proposed by Wang [3]. The iterative approach
offers better noise characteristics, since it models the Poisson

R. Van Holen, S. Vandenberghe, S. Staelens, Y. D’Asseler and I. Lemahieu
are with the Department of Electronics and Information Systems, Ghent
University, B-9000 Ghent, Belgium e-mail: (Roel.VanHolen@UGent.be).

This work was supported in part by the Institute for the Promotion of
Innovation by Science and Technology, Flanders, IWT, Belgium.

statistics of the data while it can also incorporate the effects of
depth dependent blur and sensitivity into the system matrix. A
drawback of the iterative approach is that it is computationally
very expensive which makes it less attractive for practical use.
A computationally less demanding alternative to the 3D Radon
inversion is a 2-step algorithm which first reconstructs the
plane integral data to conventional sinograms before recon-
structing the 3D object from these sinograms using a classical
SPECT reconstruction. This approach has been proved to be
feasible [4], but is less accurate than a fully 3D reconstruction.
In this work we propose a new technique for reconstructing
plane integral data based on an integrated iterative reconstruc-
tion algorithm. The newly developed method differs from the
2-step approach in the sense that both, previously separate
iteration loops, are now integrated in 1 iteration loop as
illustrated in Fig. 1. First, the current image estimate is forward
projected to sinogram data, which are then forward projected
to plane integral data. Next, the ratio of the measured plane
integral data and the forward projected plane integral data
is back projected to sinogram space. At this point, a back
projection to 3D image space is performed, yielding the next
image estimate.
We performed a simulation study to obtain contrast to noise
properties of both a 2-step MLEM (2S-MLEM) reconstruction
and the newly developed Integrated MLEM (I-MLEM). The
computation time will be discussed and compared to a fully
3D algorithm.

II. METHODS

A. Phantom simulation

The data used in this study were generated using a Monte
Carlo simulations. Once the origin and direction of a photon
was calculated using Monte Carlo techniques, the photon
was further tracked geometrically. Both the detector and the
collimator were modeled to be a perfect absorber. Thus, every
photon striking the collimator was discarded while every
photon arriving at the detector was detected. No attenuation
or scatter was modeled, but the data are Poisson distributed.
The plane integral data were simulated to contain a total
of 50 million events. A numerical image quality phantom
was simulated and consisted of a warm cylinder (diameter:
180 mm, height 216 mm), containing 4 hot spheres (diameters:
5.4 mm, 9 mm, 12.6 mm, 16.2 mm) and two cold spheres
(diameters:19.8 mm and 23.4 mm). The sphere-to-background
activity ratio was set 8:1 for the hot spots. In the simulation,
the detector rotated around the phantom in 120 discrete angles,
equally spread over 360◦. At each of these SPECT angles,
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(a)

(b)

Fig. 1. In the 2S-MLEM reconstruction (a), sequence 1-2 (step A) is the first MLEM algorithm which reconstructs the sinogram data. Once the sinogram
data are reconstructed, the second MLEM algorithm is performed by iterating loop 3-4 (step B). This yields the final 3D image. In the I-MLEM algorithm
(b), 1 iteration involves sequence 1-2-3-4.

the detector rotated around its own axis in 120 discrete spin
angles, again equally spread over 360◦. The detector itself
consisted of 192 by 192 detection elements, each measuring
1.8 mm by 1.8 mm. Parallel to the detector elements in one
direction, a slat with finite width of 0.3 mm was simulated in
between every two neighboring detector pixel rows. The height
of the slats was set to 40 mm, while their length was equal
to the length of the detector, being 345.6 mm. This collimator
configuration results in a collimator spatial resolution of about
5 mm at 10 cm collimator distance. The SPECT rotation radius
of the detector was 18 cm.

B. Image reconstruction

We used 2 different image reconstruction algorithms
based on the Maximum Likelihood Expectation Maximization
(MLEM) algorithm, namely the 2S-MLEM and the I-MLEM
algorithm. These reconstruction methods are illustrated in
Fig. 1. The reason for choosing MLEM is to avoid interference
of any extra reconstruction parameters (such as the number of
subsets when using OSEM).

1) 2S-MLEM: The first step of the algorithm (step A)
involves a calculation of the sinogram data, independently for
every fixed SPECT angle θ using MLEM:

st+1
i =

st
i∑

j Aij

∑
j

Aij
gj

ḡt
j

, (1)

with

ḡt
j =

∑
n

Anjs
t
n, (2)

and where st
i is the estimate at iteration t of the sinogram data

at bin i, gj are the observed plane integral data at projection
bin j and Aij is the system matrix that models the step to
go from sinogram data to plane integral data. We want every
SPECT angle to be treated separately, so Aij is zero if i and j
do not correspond to the same SPECT angle θ (i.e. θi 6= θj).
In system matrix A, we do not include any sensitivity model-
ing. This can be justified since the sensitivity in a plane parallel
to the detector is quite uniform, in contrasts to the cosα
dependency when a strip detector is used [4]. Moreover, the
resolution which is only dependent on the source to collimator
distance, will not be modeled in this step.
After performing T iterations of this first step, the obtained
sinogram is used as an input for the second step. This step (step
B) is analogous to the first except for the system matrix Bki

which includes both a model for depth dependent sensitivity
and depth dependent blur. This matrix models the contribution
from image voxels to sinogram elements. This is similar to a
classical 3D SPECT reconstruction, except for the sensitivity
modeling. The algorithm can be written as:

f t+1
k =

f t
k∑

iBki

∑
i

Bki
sT

i

s̄t
i

, (3)
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with

s̄t
i =

∑
n

Bnif
t
n, (4)

where f t
k is the object estimate at iteration t of voxel k, sT

i are
the sinogram data at bin i, obtained by iterating the previous
step T times.
The main problem with this method is the determination of T ,
or in other words, to define a stopping rule for the first MLEM
algorithm. If T is chosen too small, we can never reach the
desired contrast in the images produced by step B. If, on the
other hand, T is chosen too high, the output of step B would
immediately be too noisy. In this study, the stopping rule will
be derived empirically for the phantom under consideration.
Step A will be stopped at different iteration points before step
B reconstruction. On the resulting images, a contrast to noise
analysis will point us to the optimal number T .

2) Integrated MLEM: The integration of both steps in one
iteration loop results in an algorithm of the form

f t+1
k =

f t
k∑

iBki

∑
i

Bki

st−1
i∑
j

Aij

∑
j Aij

gj

¯̄gt
j

s̄t
i

, (5)

with

¯̄gt
j =

∑
l

Alj s̄
t
l (6)

=
∑

l

Alj

{∑
n

Bnlf
t
n

}
. (7)

The main difference with the previous method is that when
integrating both iteration loops, the estimate of the sinogram
data sj at SPECT angle θ is dependent not only on gj at
that angle θ, but on the complete plane integral data. With
this method, the data are kept more consistent in the sense
that the all data now are used to provide information on each
SPECT angle through the iteration process. In step A of the
2S-MLEM, only the data measured at SPECT angle θ provide
information on SPECT angle θ of sj .

III. RESULTS

A. Determination of T

To determine the number of iterations for step A in the
2S-MLEM reconstruction, step A was stopped at 4 different
iteration points: for T equal to 25, 50, 75 and 100. All four
sinograms were reconstructed using step B. A contrast to noise
analysis on the largest hot lesion in the images resulting from
step B (Fig. 2) shows that for T > 50, the noise increases
without substantially improving the contrast.

On the other hand, we can see that the contrast for T = 25
is limited because step A did not converge yet. Since these
findings can be extrapolated to the other lesions, T = 50 is
chosen for further comparison with the I-MLEM algorithm.

Fig. 2. Contrast to noise plot for different values of T (for 16.2 mm diameter
hot lesion). It can be seen from this plot that the best contrast noise trade-off
is found for T = 50.

B. Comparison of 2S-MLEM and I-MLEM

The 2S-MLEM (50 iterations of the first step) and I-MLEM
reconstruction techniques are compared by means of contrast
to noise plots for both the 16.2 mm diameter hot lesion and
the 23.4 mm diameter cold lesion. Results are shown in Fig. 3
and Fig. 4 respectively. Every fifth iteration is plotted as a
discrete point, starting from iteration number 5. It can be seen
that for a noise level of about 40%, we need about 20 step B
iterations for the 2S-MLEM while we need about 40 iterations
of the I-MLEM algorithm. At this point, the hot spot and
cold spot contrast reached are respectively aboutby 8% and
13% higher for the I-MLEM compared to 2S-MLEM. Similar
improvements were found for the other lesion sizes. In Fig. 5,
transversal slices through the reconstructed images are shown
together with a central profiles. The noise in both images
was matched at 40%. The slight increase in contrast recovery
appears as a lower background activity in the I-MLEM slice.
The profile show that especially for the cold lesion, the contrast
is better for the integrated reconstruction method.

Fig. 3. Contrast noise plot for 16.2 mm diameter hot lesion. The contrast
reached by the I-MLEM is about 8% higher than the contrast reached by the
2S-MLEM method.
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Fig. 4. Contrast noise plot for for 23.4 mm diameter cold lesion. The contrast
improves with about 13% for the integrated method.

(a) (b)

(c)

Fig. 5. (a) and (b) respectively show a transversal slice through the 2S-
MLEM reconstructed image and through the I-MLEM reconstructed image.
Profiles profile drawn across the central horizontal line are shown in (c).

C. Computation time

The computation time required for one iteration of I-MLEM
is about 18 minutes. This is equal to the time required for
one iteration of both steps in 2S-MLEM (Fig. 6). The reason
for this is that both algorithms use the same projector/back
projector pairs. For comparison, the reconstruction time for
one iteration of our fully 3D MLEM algorithm is also plotted.
It can be seen that the speed up by using a two step algorithm
instead of a real 3D algorithm reduces the computation time
with two orders of magnitude.

IV. DISCUSSION

Reconstructing plane integral data based on a 2-step ap-
proach is a computationally attractive alternative to fully 3D
reconstruction. The problems concerning the stopping rule of

Fig. 6. The computation time for one iteration of 2S-MLEM and I-MLEM
is shown together with the time required for one fully 3D iteration.

the first step when using iterative reconstruction methods how-
ever limit the flexibility of this approach since this parameter is
object and activity dependent. The integration of both MLEM
loops, replacing the two separate reconstructions, cancels out
this problem. Furthermore, due to the data that are kept more
consistent, an improved contrast versus noise balance could be
obtained by integrating both steps. Since matrix Bki includes
both sensitivity and resolution modeling, the computation time
of the projections and back projections associated with it
will be dominating the computation time. Therefore, for the
phantom used in this study, where we need more iterations
of the I-MLEM than for the 2S-MLEM reconstruction, the I-
MLEM will take more computation time (about the double)
than the 2S-MLEM method. However, looking at the huge
gain in speed compared to a fully 3D algorithm, this increase
in computation time for I-MLEM is small.

V. CONCLUSION

In this paper we show that a 2-step MLEM algorithm can
be successfully replaced by an algorithm which integrates both
MLEM reconstructions. Not only did we see an increase in
image quality arising from the integration, we also avoided the
problems concerning the stopping rule for the first step in a 2-
step MLEM approach. The reduction of the computational bur-
den associated with a fully 3D MLEM reconstruction, which
was the motivation for this work, seemed to be successful. A
reduction in computation time by two orders of magnitude
could be obtained. Future work will show how the image
quality of I-MLEM compares to that of fully 3D MLEM.
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3D Iterative Reconstruction of High Resolution
PET/CT Images using Anatomical Priors and

Attenuation Correction
Juan E. Ortuño, George Kontaxakis, José L. Rubio, Pedro Guerra and Andrés Santos

Abstract—High resolution PET/CT tomographs provide
anatomical CT images of small rodents co–registered with func-
tional data. We present an algorithm for the reconstruction of
PET images using the CT anatomical data to regularize the
fully–3D OS–EM algorithm and correct for the attenuation effect.
The penalty term is weighted by the cross–entropy between the
prior image and an anatomical edge–preserving smoothed version
of the previous iteration result. The penalty term reduces the
noise amplification, which is a drawback of iterative OS–EM
reconstruction algorithm, and improves edge resolution where
anatomical variations exist, showing robustness against misalign-
ments or other errors in the CT data. The attenuation correction
factors are calculated by mapping the CT photon energy image
to PET photon energy, followed by a forward projection with
the same system matrix coefficients used in the reconstruction
process. A 3D efficient implementation has been developed for
a high resolution PET scanner composed of rotating planar
detectors. The associated system matrix is precalculated with
Monte Carlo methods that simulate physical effects not included
in analytical models. The scanner geometry allows the use of axial
and transaxial symmetries, and only the non–zero system matrix
elements belonging to one quadrant of a central transaxial slice
need to be precalculated and stored in sparse matrix format.

Index Terms—PET, PET/CT, statistical reconstruction,
anatomical information.

I. INTRODUCTION

Statistical image reconstruction algorithms for positron
emission tomography (PET) show superior image quality to
analytic techniques, mainly due to the fact that they include
an accurate system response model which can incorporate
several physical parameters not included in analytical meth-
ods. Their high computational cost is the main drawback
that has been partially solved with the development of fast
converging algorithms, like the ordered-subsets expectation-
maximization (OS–EM) algorithm [1], an accelerated ver-
sion of the maximum-likelihood expectation-maximization
ML–EM reconstruction method [2]. OS–EM algorithm is
becoming the standard for the reconstruction in 3D high
resolution emission computed tomography.

In addition to the intrinsic spatial resolution, the image
quality is limited by the low number of collected coincidences,
along with the fact that the system response can not be mod-
eled in full detail. This leads to an increase of the noise level

This work has been partially supported by projects PI041494,
TEC2004-07052-C02-02, CDTEAM and EMIL. Departamento de Ingenierı́a
Electrónica (DIE), Universidad Politécnica de Madrid, Ciudad Universitaria
s/n, 28040, Madrid, Spain. Corresponding author: Juan E. Ortuño, E-mail:
juanen@die.upm.es.

as iterations proceed, unless the iterative procedure is stopped
early in order to guarantee an acceptable resolution/noise
trade–off. Many regularization techniques have been proposed
to overcome the noise propagation in iterative algorithms, such
as Bayesian maximum a posteriori (MAP) formulations [3].

Multimodality PET/CT imaging offers the additional advan-
tage of co–registered anatomical data that can be included as
priors in PET reconstruction algorithm. The CT image, that
represents mass attenuation values for a continuous x–rays
range of energies, could improve the emission PET image by:

1) Correcting for attenuation without the need of a trans-
mission acquisition.

2) Incorporating anatomical information in the penalty term
for a spatially variant regularization of the statistical
algorithm.

We have developed a 3D iterative reconstruction algorithm
with spatially variant regularization based on CT co–registered
anatomical data and CT-based attenuation correction. The
proposed scheme has been adapted to a high resolution PET
scanner designed for small animal studies. The system matrix
was modeled with Monte Carlo methods including inter-crystal
attenuation effects, and stored in an efficient sparse matrix
format. The proposed method is a 3D ordered–subsets version
of the minimum cross-entropy algorithm (MXE) [4] where
the prior image model is weighted by a non-linear edge
preserving operator over the anatomical image. In addition, the
system matrix values are modified according to the attenuation
coefficients obtained through the mapped CT scan.

II. MATERIALS AND METHODS

A. Scanner geometry

The proposed reconstruction method has been designed
for a small animal PET scanner composed of two pairs of
planar detectors in coincidence mode. The distance between
opposite detectors is 160 mm, while each detector is com-
posed of a 28× 28 array of LSO pixelated crystals of size
1.5 mm× 1.5 mm× 12 mm, assembled on a 100 µm thick
matrix of plastic reflector. The detectors are mounted on a
rotating gantry with 180◦ rotation span. The useful field of
view (FOV) is of 44.8 mm× 44.8 mm× 44.8 mm.

Coincidences are binned in direct and oblique sinograms
which organize the projection space as a function of four tuple
(s, ϕ, θ, r), where s is the distance between the axial axis and
the projection of the line of response (LOR) onto a transaxial
plane; ϕ is the azimuthal angle; θ is the polar angle, and r is
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the mean between the axial coordinates of the two crystals in
coincidence.

The intrinsic resolution of the scanner is matched by em-
ploying a sampling scheme of 0.8 mm in s and r, 1.5◦ in ϕ,
and with a total projection size of 55×120×28×28 sinogram
bins.

B. Reconstruction algorithm

The MXE algorithm modifies the ML–EM algorithm adding
a cross-entropy between the current image estimate and the
prior image model, according to equation (1):
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where x
(n+1)
i is the estimate of the activity concentration in

pixel i at iteration n + 1; aji represents the probability that
a event generated within the volume covered by voxel i is
registered by detector pair j; yj denotes the number of events
recorded in each detector pair; zi is the prior model image
at voxel i. The constant β controls the relative weight of the
cross-entropy term.

The prior model includes the anatomical information ob-
tained with a co–registered CT scan through an edge-
preserving and spatially variant smoothing filter. This regular-
ization term incorporates therefore the anatomical boundaries
in the PET reconstruction process.

If β in (1) is set to zero, then the 3D OS–MXE algorithm
becomes equivalent to the 3D OS–EM un–regularized expres-
sion, but when β �∞ the positivity constraints of the OS–EM
algorithm are not satisfied. Thus a limit for β must be imposed
to guaranteed the stability of the algorithm.

C. Smoothing filter

If a smoothed version of the image estimation in the
previous iteration is chosen as the prior image model z in (1),
the 3D OS–MXE algorithm will equally smooth the whole
image, thus resulting in a loss of resolution with non–edge
preserving regularization. The prior model should instead be
capable of smoothing noisy regions and preserving aligned
edges among PET and CT co–registered images.

A 3D improved version of the gradient inverse weighted
smoothing filter (GIW) [5] has been applied: If mi denotes the
anatomical image value at voxel i, and the voxel r is included
in the vicinity of i, denoted as V (i), the absolute value of the
gradient is defined as:

δi,r =
{

2 if ‖mi −mr‖ = 0
1/‖mi −mr‖ otherwise (2)

and the GIW filter over the functional image x has the
following expression:

zi = κixi + (1− κi)
∑

r∈V (i)

ωrxr (3)

where ω and κ parameters are given as follows:
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The vicinity of i has been fixed to 26–neighborhood, i e., a
3× 3× 3 kernel, for the experiments presented in this work.

D. Attenuation correction

If the material properties are known thanks to the anatomical
CT image, a LOR can be corrected for attenuation with
a multiplicative factor that modifies the probability value
stored in the precalculated system model. In small animal
tomographs for pre–clinical studies, the magnitude of the
correction is much smaller than in clinical studies because
the mean distance along attenuation material is much shorter
that in humans, although it is still important to correct the data
for quantitative analysis.

Since the linear attenuation coefficients (LAC) are energy
dependent, those measured at low CT energies (acquired
with a continuous x–ray energy spectrum from 10 KeV to
70 KeV) are firstly transformed onto the corresponding values
of gamma rays PET energies, i e., 511 KeV. We use a
logarithmic function to fit the data (see Table I, [6]).

TABLE I
TISSUE LINEAR ATTENUATION COEFFICIENTS

LAC (cm−1) Adipose Water Soft tissue Cortical bone

511 KeV 0.090 0.095 0.099 0.170

40 KeV 0.228 0.268 0.285 1.278

The attenuation correction factors are then obtained by
a projection of the LORs though the attenuation map [7]
resampled to match the low resolution of a PET image using
cubic interpolation. The forward projection routine is the
same that in the 3D reconstruction method, matching spatial
resolution.

E. System matrix modeling

The set of aji values in (1), denoted as system matrix, is
accurately modeled with Monte Carlo methods which include
attenuation and scatter effects in the detector. The details are
described in our previous work [8].

Practical implementation of the algorithm imposes the use
of approximations where the majority of aji have zero values,
and an efficient sparse–matrix storage that is read in sequential
order during projection and back–projection iteration steps.
However in the 3D case, the number of non–zero aji is too
large to be efficiently handeled by a typical PC, and possible
redundancies must be considered, i e., axial and transaxial
system matrix symmetries [9].

The system matrix has an image size of 112× 112× 56 vox-
els of [0.4, 0.4, 0.8] mm. The total number of aji elements
in the matrix is 7.10·1012, however its symmetries and high
sparsity allows its representation in 557 MB of disk storage.
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The voxel size is chosen at one quarter the size of the
pixelated crystal dimension in the transaxial plane, to ensure
that the intrinsic scanner resolution is matched, and half the
size in the axial direction, which facilitates the application
of parallel shift redundancies and axial reflection symmetries
within one transaxial plane only [9]. The aji values obtained
by Monte Carlo simulation are filtered to reduce variance and
ordered in 10 subsets according to the ϕ value.

F. Data acquisition

The reconstruction scheme has been evaluated with the
SimSET emission tomography simulation package [10], which
includes scatter, attenuation, no–collinearity and positron
range effects.

Coincidences from simulated studies were collected in list
mode format, replacing the 3D sinogram binning module
provided by SimSET by a custom version that doesn’t evaluate
depth of interaction resolution, but calculates the sinogram
bin from the centers of the pixelated crystal with the highest
probability to detect the photons.

The phantom shown in Fig. 1 was simulated to evaluate the
noise characteristics, contrast recovery and resolution of the
proposed algorithm. The background cylinder has a diameter
of 36 mm and 45 mm in length, centered on the scanner axial
axis. The lower part of the phantom contains a hot cylinder
with twice the background activity concentration, as well as a
cold cylinder without activity. Both cylinders have dimensions
of 12 mm in diameter and 15 mm in length. The upper part of
the phantom consists of five cylinders with 15 mm in length
and diameters of 7.5, 6, 4.5, 3 and 1.5 mm. Their activity
concentration was also chosen twice the background activity.

The attenuation was chosen equal to water or bone at
511 KeV, according to the Fig. 1. It can be noted that there
are also anatomical boundaries without activity gradient for the
purpose of evaluating the robustness of the reconstruction al-
gorithm against CT information not correlated with functional
PET regions.

Saggital view Lower transaxial view Upper transaxial view

(a)

(b)

(c)

(d)

(e)

Fig. 1. Transverse and saggital views of the simulated phantom. Cylinders
have the following relative activity densities and materials: (a) bone and
activity = 2α; (b) water and activity = α; (c) bone and activity = α; (d)
bone and activity = 0; (e) water and activity = 0.

The second study simulated with SimSET consists of
the cranial subset of the realistic Digimouse phantom [11]
which includes a co–registered CT image, both sampled at

0.1 mm/voxel. To adjust to the FOV of the PET scanner the
acquisition was restricted to include only the mouse head.

Radionuclide activity concentrations were chosen from each
tissue mean value in the Digimouse PET image, except for
the non–segmented zones, where the measured activity was re-
duced to get more contrast in our experiments. The attenuation
volume required in SimSET simulations was obtained from
the Digimouse atlas mapped at 44.7 KeV tissue attenuation
coefficients.

The CT Digimouse scan consists of a 8 bit scaled image,
that is mapped to the attenuation values at 40 KeV with the
segmented atlas using the segmented co–registered image. In
non–segmented images it should be necessary to estimate the
tissue mean gray level values by an appropiate segmentation
method.

III. RESULTS

In Fig. 2 the OS–EM and OS–MXE reconstructions of the
phantom study are compared at different views. A higher
degree of smoothing can be observed in the second one, while
the edges aligned with anatomical interfaces are enhanced.
There are no significant artifacts related to non–correlated
CT and PET data. Quantitative results of the reconstructed

(a) (b) (c)

(d) (e) (f)

Fig. 2. Reconstructions of the phantom simulated with SimSET. (a),(b) and
(c): transaxial, coronal and saggital sections of a 3D OS–EM reconstruction
with MAP regularization, without anatomical information. (d),(e) and (f): 3D
OS–MXE reconstruction. The same system matrix has been used in both
images, using 10 subsets and 6 iterations

image quality are plotted in Table II. The measured parameters
represent the percent contrast recovery for the hot cylinder
(QH ) and cold cylinder (QC), and the percent background
variability [12]. The contrast recovery is slightly better in
MXE reconstructions while noise level is reduced. Edge
enhancement and contrast recovery can also be observed
in Figs. 3 and 4, showing profiles along the OS–EM and
OS–MXE images with β = 0.01 Finally, different views
of the reconstructed mouse phantom are shown in Fig. 5.
OS–MXE reconstruction is less noisy and is capable of de-
lineating better those structures related to attenuation steps in
CT image.
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Fig. 3. Profile along a circular path 18 mm off the axial axis, crossing hot
and cold cylinders of the inferior part of the phantom.

1

0.5

1359045

Angle

OSEM
OS-MXE

Fig. 4. Profile along a circular path 18 mm off the axial axis, crossing small
cylinders located at the superior part of the phantom.

IV. CONCLUSIONS

A fully–3D OS–MXE reconstruction algorithm has been
developed, implemented and evaluated for a high resolution
rotating head PET scanner composed of two pairs of opposed
planar pixelated blocks. The proposed scheme employs pre-
calculated system matrix based on Monte Carlo methods
and efficiently stored in disk with sparse–matrix format. The
experiments performed with simulated phantoms show that the
proposed algorithm improves the edge resolution as compared
to 3D OS–EM reconstructions when there is a spatial correla-
tion between anatomical and functional data, reducing at the
same time the noise level within anatomical boundaries. As a
result, a superior contrast recovery has been reported for these
simulated phantoms. Within an adequate range of β values,
there are no artifacts for the case of anatomical boundaries
not related to activity variations in the functional data.

TABLE II
CONTRAST AND BACKGROUND VARIABILITY

β QH QC Background Variability

– a 0.871 0.833 0.366

0.001b 0.877 0.847 0.312

0.005b 0.883 0.857 0.237

0.01 b 0.856 0.860 0.223
a 3D OS–EM algorithm, β = 0
b 3D OS–MXE algorithm

(a) (b) (c)

(d) (e) (f)

Fig. 5. Reconstructions after 6 iterations of the realistic mouse phantom
simulated with SimSET. (a),(b) and (c): 3D OS–EM reconstruction with MAP
regularization (transaxial, coronal and saggital sections). (d),(e) and (f): 3D
OS–MXE reconstruction with CT anatomical priors.
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Image Reconstruction of a Dual-Head
Small-Animal PET System by Using Monte-Carlo

Computed System Response Matrix
Chien-Min Kao, Yun Dong, Qingguo Xie, and Chin-Tu Chen

Abstract— By exploiting symmetry properties, we have devel-
oped a technique that enables the use of Monte-Carlo simulations
for computing highly accurate system response matrix for PET
systems that employ a dual-panel configuration. The response
matrix can be stored and employed in iterative reconstruction
methods for compensating resolution degradations and parallax
errors that occur in imaging. We have applied the proposed
technique to a prototype dual-head small-animal PET system
under development at our laboratory. Our prototype scanner
employs two High Resolution Research Tomograph detector
heads placed with a small 5-10 cm spacing in between. The
detector head provides an approximately 25×17 cm2 detection
sensitive area, and employ 2.1×2.1×20 mm3 LSO/LYSO crystals
(crystal pitch=2.4 mm) to generate binary depth-of-interaction
measurements. Our initial results indicate that ~1.3 mm spatial
resolution can be achieved when employing iterative recon-
structions with a response matrix generated by the proposed
approach. Improved contrast-to-noise ratio is also observed for
simulated noisy data.

Index Terms— small-animal PET, dual-head, PEM

I. INTRODUCTION

We have been studying the approach of employing large-
area detector panels for developing high-sensitivity small-
animal PET systems [1,2]. Our current prototype system
consists of two HRRT (High Resolution Research Tomograph)
detector heads (which is about 25×17 cm2 in size) placed at
a short distance apart (5-10 cm) to provide a large detection
solid-angle for small-animal subjects. The system also has
a large detection-sensitive volume for imaging small ani-
mals. The HRRT detector head consists of 2.1×2.1×20 mm3

LSO/LYSO phoswich crystals (each layer is 10 mm long, crys-
tal pitch is 2.4 mm) and generates binary depth-of-interaction
(DOI) measurement. It also provides favorable sensitivity,
energy resolution, and count-rate performance. In our previous
simulation studies, we have shown that the configuration may
provide a detection sensitivity of ~30% [1].

A critical issue need to be addressed in our dual-head small-
animal PET system design is image reconstruction. Because
of its tight geometry, we expect the system to have substantial
parallax errors even though binary DOI measurements are
provided by the HRRT detector heads. Hence, although the
HRRT system has been shown to yield a spatial resolution

C.-M. Kao is with the Department of Radiology, The Univesity of Chicago,
Chicago, IL 60637, USA. (phone: 773-702-6273; fax: 773-702-3766; e-mail:
c-kao@uchicago.edu).
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of Technology, Chicago, IL 60616, USA.

Q. Xie is with the Department of Radiology, The Univesity of Chicago,
Chicago, IL 60637, USA, and with the Department of Biomedical Engineer-
ing, Huazhong University of Science and Technology, Hubei, China.

C.-T. Chen is with the Department of Radiology, The Univesity of Chicago,
Chicago, IL 60637, USA.

of ~2.2 mm [3], our dual-head system will have a much
inferior spatial resolution if no compensations for the parallax
errors are made. On the other hand, we anticipate the tight
geometry to produce substantial over-samplings of the image
volume. Therefore, data acquired by our dual-head system
shall contain sufficient information that can be exploited to
achieve substantial resolution recovery. To achieve accurate
image reconstruction for the dual-head system is however
technically challenging. The system produces more than 224
million lines of response (LORs). To reconstruct an image
space partitioned into 128×128×64 voxels would result in
a system response matrix larger than 2×108×106. This ma-
trix size grows substantially when the image matrix size
increases.1 Approaches that computer the response matrix on
the fly, or that pre-compute and store the response matrix
for later use, are extremely challenging unless specialized
high-performance computation equipment is available. Rather
than working directly with the raw data, it is common to
rebin or interpolate the acquired data to a pre-determined set
of LORs that are convenient for image reconstruction. The
rebinned or interpolated dataset is often much smaller than
the raw dataset. Due to two considerations, this approach is
not desirable for our applications. First, small-animal imaging
demands high spatial resolutions. Therefore, we wish to avoid
any data reduction before reconstruction in order to maintain
the maximum information content of the acquired data for
achieving the best possible resolution recovery. Second, we
do not wish to employ detector rotation in order to maximize
the imaging volume of the system. As a result, the acquired
data will have limited projection views as well as truncations
in certain views. Rebinning and interpolation of such kind of
data can cause errors.

In this paper, we will exploit the symmetry property in our
dual-head system for tremendously reducing the number of
elements need to be computed for the system (geometric)
response matrix. It then becomes practical to pre-compute
and store the system response matrix. In addition, Monte-
Carlo techniques can be employed for computing the response
matrix with high accuracy.

II. METHODS

Without loss of generality, we consider that the two de-
tection planes contain discrete square detection elements of
1 mm2 in size (simply called as crystals below), and they are
placed parallel to the x − y plane and at positions z = ±R.

1The detection sensitive volume of the dual-head system can be as large
as 25×17×10 cm3. This leads to an image matrix size large than 107 when
employing 0.5 mm3 voxels.
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Denote by ~cu = (cu,x, cu,y) and ~cl = (cl,x, cl,y) the indices
that identify a crystal element in the upper and lower detection
planes, respectively. We align the coordinate system with the
detectors such that centers of crystals ~cu = ~cl = (0, 0) are at
x = y = 0.

Several symmetry properties can be found for the above
scanner configuration. Consider a point ~r = (rx, ry, rz) that
locates inside the space enclosed by the two detector planes.
Denote by h(~cu,~cl;~r) the sensitivity of the detector pair
(~cu,~cl) to ~r (a crystal pair also identifies an LOR). It is
not difficult to see that, due to the system’s translational
invariance,

h(~cu,~cl;~r) = h(~cu + ~m,~cl + ~m;~r + ~m′), (1)

where ~m = (mx,my), mx,my ∈ Z, and ~m′ = (mx,my, 0).
Similarly, the x and y axes can be exchanged, and we obtain

h(~cu,~cl;~r) = h(Sxy~cu, Sxy~cl;Sxy~r), (2)

where Sxy swaps the x and y components of its operand (so,
Sxy~c = (cy, cx) and Sxy~r = (ry, rx, rz)). The invariance with
respect to reflection of the coordinate axes yields that

h(~cu,~cl;~r) = h(~cl,~cu;Rz~r), (3)

where Rz negate the z component of its operand, and

h(~cu,~cl;~r) = h(Rx~cu, Rx~cl;Rx~r) = h(Ry~cu, Ry~cl;Ry~r),
(4)

where Rx, Ry negate the x, y component of its operand.
These point symmetry properties allow us to derive equiv-

alent symmetry properties for voxels that are appropriately
sized and positioned as follows. We propose to employ voxels
having the size d × d × dz mm3, where d = N−1, N is an
even integer.2 Let ~i = (ix, iy, iz), ix, iy, iz ∈ Z, denote the
voxel index. We will position the voxel such that the center
of the voxel ~i = (0, 0, 0) is at the origin of the coordinate
system. An element of the system response matrix is hence
given by

h(~cu,~cl;~i) =
∫

V (~i)

h(~cu,~cl;~r) d3~r, (5)

where V (~i) is the volume of the voxel ~i. Applying the point
symmetry properties, we then obtain that

h(~cu,~cl;~i) = h(~cu + ~m,~cl + ~m;~i + ~m′) (6)

= h(Sxy~cu, Sxy~cl;Sxy
~i) (7)

= h(Ra~cu, Ra~cl;Ra
~i), (8)

where Ra = Rx, Ry,or Rz. Now, consider a particular iz,
i.e., a specific image plane parallel to the detection planes.
Equation (6) indicates that one only need to consider N ×N
voxels in the plane. Equation (8) with Rx and Ry reduces
this number to (N/2)× (N/2). Application of Eq. (7) further
decreases the number of voxels need to be considered to

Nt =
N

4

(N

2
+ 1

)
. (9)

Next, because of Eq. (8) with Rz, one only needs to compute
response functions for non-negative iz. Therefore, by selecting
voxels having the right size and exploiting the resulting

2Therefore, in the x and y directions the size of the detection element is
an even integral multiple of the size of the voxel.

Fig. 1. The response profiles at the iz = 0 plane for five selected LORs.
From left to right, the profiles shown are for LORs given by (a) ~cu =
~cl = (0, 0); (b) ~cu = (0,−20) and ~cl = (0, 20); (c) ~cu = (−20, 0) and
~cu = (20, 0); (d) ~cu = (−20,−20) and ~cl = (20, 20); and (e) ~cu =
(−35,−51) and ~cl = (36, 52). LORs have larger differences between the
crystal indices are more oblique. The FWHMs calculated along the short axis
of these profiles are (a)1.6 mm, (b) 1.6 mm, (c) 1.6 mm, (d) 2.0 mm, and (e)
12.8 mm. On the other hand, the FWHMs calculated along the long axis of
these profiles are (a) 1.6 mm, (b) 8.2 mm, (c) 7.5 mm, (e) 12.8 mm, and (e)
19.0 mm. A more than 10-fold degradation in the FWHM was observed from
the least oblique LOR (a) to the most oblique LOR (e).

voxel symmetry properties, one can tremendously reduce the
number of response matrix elements need to be computed.
Also note that that for a given voxel~i, we have h(~cu,~cl;~i) = 0
for a great many LORs of the system. Hence, the system
matrix is sparse and can be efficiently stored.

In this abstract, we chose N = 4 and obtained Nt = 3.
Because the crystal pitch of the HRRT detector is 2.4 mm,
we conveniently chose a 0.6×0.6×0.3 mm3 voxel size. To
compute the response matrix elements, we employed the
OpenGate package [4] to accurately model our dual-head
system geometry and the detection characteristics of the
HRRT detector head. The HRRT detector head has 104×72
crystals. However, in order to be able to employ the symmetry
properties to populate all elements of the response matrix,
we extended the detector head to have 208×208 crystals.
We then placed a voxel source, of the above-mentioned
size and uniformly filled with back-to-back photons, at an
appropriate position in vacuum for computing the responses of
all LORs to this voxel by Monte-Carlo simulations. No subject
scattering, positron range, photon alinearity was included in
the simulation; and random events were not recorded. At
already indicated above, for each image plane we only needed
to perform such Monte-Carlo computations at three voxel
positions. Also, the simulation was able to generate a large
number of events within a relatively short computation time
to produce an essentially noise-free response matrix because
each simulation only involves one small voxel.

III. RESULTS

In this initial study, we consider only detection by the front
layers of the HRRT detectors, restrict radioactivity to the iz =
0 plane, and employ a 5 cm spacing between the detector
heads. Figure 1 shows the resulting response matrix elements
at the iz = 0 plane obtained for five selected LORs (called the
response profiles of an LOR below). As expected, the response
profiles show the presence of substantial parallax errors: the
response profiles become elongated for oblique LORs, with
the full-width-at-half-maximum (FWHM) along the long axis
of the response profile increases by more than 10 folds from
1.6 mm for the least oblique LOR to 19.0 mm for the most
oblique LOR.

Image reconstruction was achieved by employing the
expectation-maximization (EM) algorithm [5]. The system
response matrix, however, were obtained in two ways: (a)
by using the Siddon’s ray-tracing technique (called the ray-
tracing technique and ray-tracing response matrix below), and
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Fig. 2. From left to right, the images shown are (a) the EM image obtained
by using the response matrix generated by using Monte-Carlo simulations,
(b) the original digital phantom; and (c) the EM image obtained by using
the response matrix generated by using Siddon’s ray tracing technique. The
rod diameters in the phantom are 4.8 mm, 4.0 mm, 3.2 mm, 2.4 mm, 1.6 mm,
and 1.2 mm; and the spacing between the rods are twice the rod diameters.
All rods contain the same activity level. The EM iterations were observed to
have reached convergence.

Fig. 3. Sample intensity profiles of the images shown in Fig. 2. The insert
image shows the location where the profiles are obtained. In comparison with
the ray-tracing result, the Monte-Carlo result agree with the true significantly
better.

(b) by using the response matrix generated by the above-
described approach (called the Monte-Carlo technique and
Monte-Carlo response matrix below). Figure 2 shows the
results obtained from simulated noise-free data by using these
two system matrices, in comparison with the true image.
Our results clearly show a marked improvement to the image
resolution and contrast when using the Monte-Carlo response
matrix. In particular, the 1.2 mm-diameter rods can be clearly
resolved in the image generated by the Monte-Carlo tech-
nique. In comparison, the 1.6 mm-diameter rods are barely
visible in the image generated by the ray-tracing technique.
Sample intensity profiles of the reconstructed images are
shown in Figs. 3 and 4. Again, the rod sources are better
resolved when employing the Monte-Carlo response matrix.
Figure 5 similarly compares the reconstructed images obtained
from data containing Poisson noise. Again, the use of Monte-
Carlo response matrix leads to improved image resolution
and contrast. We observe that, due to poor contrast-to-noise
ratio (CNR), the 1.6 mm-diameter rods are not discernible in
the ray-tracing result. In comparison, these rods are clearly
resolved in the Monte-Carlo result. Therefore, in this case the
CNR was also markedly improved by use of the Monte-Carlo
response matrix.

To examine the image resolution at different positions, we
placed twelve 1.2 mm-diameter rods in one quadrant of the
25×17 cm2 sensitive area at the iz = 0 plane. As show in
Fig. 6, on the Monte-Carlo result all the rod-source images
have good definitions and no noticeable distortions, indicating
that the technique generates good and uniform spatial reso-

Fig. 4. Sample intensity profiles of the images shown in Fig. 2. The insert
image shows the location where the profiles are obtained. In the ray-tracing
result, the 1.2 mm-diameter rods are not resolvable and the 2.4 mm-diameter
rods have significantly diminished contrast. In the Monte-Carlo result, the
1.2 mm-diameter rods are resolvable and the contrast for the 2.4 mm-diameter
rods are substantially enhanced.

Fig. 5. Reconstructed images obtained from simulated noisy data. The
response matrix employed for obtaining the left image is generated by Monte-
Carlo simulations and the right image by the Siddon ray-tracing technique.
The middle image shows the original digital phantom.

lutions. The measured FWHMs of the 12 rod sources in the
Monte-Carlo result are quite constant, equal to ~1.8 mm in
both x and y directions. Taking into account the rod source
diameter of 1.2 mm, we estimate that an isotropic and uniform
spatial resolution of ~1.3 mm is achieved. In comparison, the
top image in Fig. 7 shows the results obtained by the using
ray-tracing technique. The image shows substantially elevated
intensity toward the edge and corner of the imaging volume.
We identified that this is due to considerable under-estimations
of the sensitivities of the LORs that involve crystals close
to the detector edge. As a result, the intensity at the edge
and corner of the imaging volume are over-compensated. The
bottom image in Fig. 7, on the other hand, is obtained by
replacing the LOR sensitivity in the ray-tracing technique with
the LOR sensitivity generated by the Monte-Carlo simulation.
In this case, the over-compensation is effectively removed. On
these two ray-tracing results, the FWHM of the rod source at
the center is ~3.2 mm in both x and y directions, yielding a
spatial resolution of ~3.0 mm. For sources close to the edge,
the FWHMs measured in the x and y directions are no longer
equal, but the disparity is moderate (3.5 mm versus 2.6 mm
in the worst case). The worse FWHM measured is 3.5 mm,
which is not substantially differently from the FWHM of the
central source.

Our results indicate that, with the dual-head geometry, the
substantial parallax errors associated with the LORs (see Fig.
1) do not translate into substantial non-uniformity and non-
isotropicity in the image spatial resolution. This is in sharp
contrast with the ring-based system, in which the parallax
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Fig. 6. The reconstructed image, obtained by the Monte-Carlo technique,
of a 4×3 array of 1.2 mm-diameter rod sources placed in one quadrant of
the 25×17 cm2 detection sensitive area at the iz = 0 plane.

Fig. 7. Reconstructed images, obtained by using the Siddon ray-tracing
technique, of a 4×3 array of 1.2 mm-diameter rod sources placed in one
quadrant of the 25×17 cm2 detection sensitive area at the iz = 0 plane. The
top image shows the result by using ray-tracing generated LOR sensitivity.
The bottom image shows the result by using Monte-Carlo generated LOR
sensitivity.

errors manifest as significant degradations of the radial spatial
resolutions toward the peripheral of the scanner field-of-
view (FOV). However, unless compensation for resolution
degradation is performed (as in the Monte-Carlo technique),
the best spatial resolution achievable in the image (~3.0 mm
in the ray-tracing result) is much worse that the best intrinsic
spatial resolution of the system (~1.6 mm observed in Fig.
1). Again, with the ring geometry the image resolution at the
center of the FOV is approximately equal to the best intrinsic
spatial resolution of the system. Therefore, parallax errors
affect PET systems that adopt the dual-head geometry and
systems that adopt the ring geometry quite differently.

The above results are obtained by reconstructing only the
iz = 0 plane, where the sources are known to locate. We also
employed the ray-tracing technique to obtain reconstruction
for the entire 3D volume enclosed by the two detector
heads. Figure 8 shows the resulting images obtained on planes
parallel to the y−z plane, passing through the centers of the 12
rod sources shown in Figs. 6 and 7. Our results show that the
resolution in the z direction is inferior to the resolution in the

Fig. 8. Each row shows the reconstructed images of the rod sources on
planes parallel to the y − z plane and passing through the centers of the
rods. The reconstruction is achieved by using the ray-tracing technique.

x and y direction. The measured FWHMs in the z direction is
about 4.6 mm. We expect that the Monte-Carlo reconstruction,
when implemented for reconstructing the entire enclosing
volume of the system, can remove this resolution degradation
in the z direction as well.

IV. DISCUSSION AND CONCLUSIONS

By exploiting symmetry properties of a dual-head small-
animal PET system, we have developed a technique that
enables the use of Monte-Carlo simulations for computing the
system’s response matrix with high accuracy. The response
matrix can be stored and employed in iterative reconstruction
methods for compensating resolution degradations and paral-
lax errors that occur in imaging. Our technique is applicable
to all PET systems that employ the dual-panel configuration,
including the positron emission mammography. In this initial
study, we consider the measurements obtained by the front
layer of the HRRT detector only, and confine the activity
distribution to a single plane. We are extending our imple-
mentation to consider both layers of the HRRT detector and to
allow reconstructions for the entire imaging volume enclosed
by the detectors. We expect the results for the available for
presentation at the conference.
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Attenuation Correction of Small-Animal SPECT
Data in Clinical SPECT/CT Systems

Karthikayan Balakrishnan, Bryan W. Reutter, Rostyslav Boutchko, Anne C. Sauve, and Grant T. Gullberg

Abstract—Pinhole collimation in clinical SPECT/CT systems
allows clinical whole-body SPECT/CT systems to be used for in
vivo functional imaging of small laboratory animals. The problem
of attenuation correction in clinical SPECT/CT systems while
imaging small animals has not been thoroughly addressed. We
describe a method to use the pinhole-collimated emission data
with CT transmission data for attenuation correction. CT data
and SPECT data are acquired at different magnifications and
our method addresses the question of spatially calibrating the
CT data. A spatial calibration phantom with thin lead wires is
used to acquire CT data and the same calibration object is used
with radioisotopes for emission data. Attenuation correction is
performed by spatially aligning the CT and the emission data.

Index Terms—Attenuation correction, SPECT, computed to-
mography, pinhole collimation.

I. INTRODUCTION

Attenuation correction in small-animal SPECT imaging is
an area not thoroughly investigated. Published results [1] are
for SPECT/CT systems dedicated to small-animal imaging and
do not address the problems associated with using a whole-
body clinical SPECT scanner. Using magnification provided
by pinhole collimation in clinical SPECT/CT systems, images
of small animals can be obtained at a resolution smaller
than the intrinsic resolution of the γ-camera. Although the
body dimensions are small with small-animal imaging (and
therefore attenuation correction may not be as big an issue as
it is with clinical imaging), the use of low-energy radioisotopes
such as iodine-125 requires attenuation correction. Published
results point to as much as a 25% decrease in intensity at
the center for a uniform 3.8 cm diameter phantom [1], clearly
indicating a need for attenuation correction in small-animal
imaging. Current methods for attenuation correction [1]-[3]
do not address the issues of spatially registering the high-
resolution pinhole-collimated SPECT data with the compar-
atively lower-resolution X-ray data in a clinical SPECT/CT
camera. The main difference between previous work and this
one is the use of a clinical, rather than a dedicated small-
animal scanner for acquiring the emission and attenuation data.
In this paper, we discuss a method for acquiring the pinhole
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Fig. 1. Spatial calibration object on the minimally attenuating small-animal
bed in the field of view of the pinhole collimators.

data and the CT data independently while spatially calibrating
the CT data to provide attenuation maps.

II. MATERIALS AND METHODS

A. GE Hawkeye SPECT/CT Scanner

The GE Hawkeye Millennium VG3 SPECT/CT (Fig. 1), a
whole-body clinical SPECT/CT scanner, fitted with pinhole
collimators having an aperture of 1.5 mm diameter was used
in this study.

The scanner has an X-ray slice thickness fixed at 10 mm.
An axial step of 1 mm was used to acquire the CT spatial
calibration data.

A thin-wall cardboard tube cut in half along the axial
direction serves as the animal imaging bed and was securely
fastened to the scanner’s bed with straps. The thin cardboard
walls of the animal bed introduce minimal attenuation in both
the CT and SPECT emission data.

B. SPECT/CT Spatial Calibration Object

A thin acrylic sheet (axial length = 6 cm, transaxial
length = 4 cm, thickness = 2 mm) with hemispherical indenta-
tions organized in a grid pattern served as the spatial calibra-
tion object (Fig 2). Beads (74–150 micron, anion exchange
resin, Bio-RadTM) soaked in Tc-99m sodium pertechnetate
were placed in the indentations to provide reference points
in the SPECT emission data.

Thin lead wires were attached to the surface of the spatial
calibration object and were oriented in the axial direction.
These wires provided fiducial markers in the CT image.
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Fig. 2. The small holes in the spatial calibration object house the radioactive
beads for SPECT imaging. The lead wires and copper tapes are markers for
the CT data. In practice, the copper tapes are not placed on the object.

C. Animal SPECT/CT Imaging Protocol

The pinhole collimators were removed so that the clinical
patient bed (to which the animal bed is strapped — see Fig. 1)
could be translated about 41 cm toward the gantry to obtain
X-ray CT images of the animal to be imaged by the pinhole
collimators. The animal was placed on the animal bed and
X-ray CT data were collected. The clinical patient bed was
then translated back so that the animal was in the pinhole
SPECT field of view (FOV), and the pinhole collimators were
attached.

The pinhole SPECT animal study was then performed, and
the animal was removed from the animal bed. The spatial
calibration object was placed on the animal bed and emission
data (with the radioactive beads in place) were collected for
the calibration object. The pinhole collimators were removed
again so that the clinical patient bed could be translated toward
the gantry to obtain X-ray CT images of calibration object.

Accurate spatial registration of the pinhole SPECT and X-
ray CT data requires that there be no motion of the animal
bed, relative to the clinical patient bed, during and between
the SPECT and CT scans once the animal is on the bed and
again when the spatial calibration object is on the bed. Given
the linear position of the clinical patient bed for each of scans,
the SPECT and CT data can be registered so that attenuation
along the pinhole collimator lines of response (LORs) can be
estimated. The scanner software allows linear positioning of
the clinical patient bed to within about 0.05 mm.

D. Spatial Calibration

For good estimation of the attenuation map, accurate and
precise knowledge of the relative geometry of the pinhole
SPECT system and the X-ray CT imaging system is required.
Previously, several methods have been published to estimate
the geometry of the pinhole LORs [4]-[5]. The aim of this
previous research was to optimize the geometry calculations
during the emission scan. In addition to the main geometric

Fig. 3. Geometry calibration parameters for one detector head at gantry
rotation angle θ = 0. Rotation axis is Oz, detector plane coordinates (u, v)
correspond to (y, z) for θ = 0. Geometric shifts my and mz are θ-dependent.

parameters of the acquisition system, such as detector size
and rotation radii of the pinhole apertures and the detectors, a
number of second order corrections need to be introduced [6].
These corrections determine precise positions of the detector
pixels and pinhole apertures for each gantry rotation angle.
Fig. 3 illustrates all of the considered parameters: pinhole-
rotation axis distance d, pinhole-detector distance f , geometric
shifts of (unrotated) detectors in two directions my and mz ,
electronic shifts of the measured geometric center in the de-
tector plane ue and ve, and two small rotations of the detector-
collimator blocks ϕ and ψ. Geometric shifts are modeled to
be dependent on the gantry rotation angle [6]:

my = my,0 +my,C cos θ +my,S sin θ ,
mz = mz,0 +mz,C cos θ +mz,S sin θ .

III. RESULTS

Emission data collected with the radioactive beads in the
spatial calibration object clearly show the location of these
beads as shown in Fig. 4. The X-ray fiducial markers are also
visible in the CT data as shown in Fig. 5.

IV. FUTURE WORK

We are working to redesign the small-animal bed and the
spatial calibration object in order to simplify the imaging pro-
tocol. We are investigating the use of X-ray fiducial markers
that are attached to the small-animal bed and are imaged
simultaneously with the animal during the X-ray CT scan.
Because the pinhole SPECT FOV is relatively small, the
animal will need to be removed from the bed and an emission
data calibration object (such as that currently being used) will
need to be precisely positioned relative to the X-ray fiducials
to allow spatial registration of the SPECT and CT data.

The imaging protocol would also be simplified if the animal
bed could be linearly translated independently from the clinical
patient bed, so that removal of the pinhole collimators would
not be necessary to acquire the X-ray CT images.
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Fig. 4. The SPECT emission data clearly show the radioactive beads in the
spatial calibration object

Fig. 5. The lead wires can be seen in the CT image. Fiducial lines are used
because the axial resolution is coarse (1 cm slice thickness). Of the three
different materials (lead, copper tape, and brass), lead wires show up most
clearly in the X-ray images.

The X-ray CT data can be deconvolved in the axial direction
with a measured point response function to better locate the
fiducial markers and to improve the axial resolution of the
attenuation map.

V. CONCLUSION

Small-animal attenuation-corrected images can be obtained
with pinhole collimators with the use of a spatial calibration
phantom in a clinical SPECT/CT scanner.
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Fully 3D PET Iterative Reconstruction using
pseudo–Wu Raytracer

Pablo Aguiar, Magdalena Rafecas, Carles Falcón, Javier Pavı́a, and Domènec Ros.

Abstract— Statistical 3D reconstruction methods allow accu-
rate models of the PET acquisition process to be incorporated in
the reconstruction algorithm. The PET system model is included
in the system response matrix (SRM), a key element of any
statistical reconstruction algorithm. For a 3D PET scanner,
several billions of elements have to be computed to generate the
SRM, due to the large number of measured lines–of–response
(LORs). To alleviate the computation task, some works have
proposed to decompose the SRM into several factors. When using
this factorization method, a simple modeling is usually applied
to obtain the geometrical detection probabilities separately. The
most widely–used method to compute the geometrical efficiencies
is the Siddon ray–tracer, where the geometrical detection prob-
abilities are approximated by the length-of-intersection (LOI)
between the voxel and the LOR, instead of the volume-of-
intersection (VOI) between voxels and tubes–of–response (TORs).
An alternative to the Siddon method is the Wu–antialiased
method, proposed for 2D images and based on computing the
distance between voxels and the LORs along the horizontal (or
vertical) direction. In our work, we propose a modification of
the Wu method for fully 3D PET, the pseudo Wu–antialiased
raytracer, based on the perpendicular distance between the center
of a voxel and the LOR. For a given pair of detectors, our
method allows several voxels to be taken into account, not only
those along the LOR, so that a better approximation to the
VOIs can be achieved. We also modified the Siddon algorithm
by including various sub–sampling schemes. Depending on the
used ray–tracer, significant differences were found in the obtained
SRM: A smoother sensitivity image was yielded by the pseudo
Wu-antialiased ray-tracer. Images reconstructed by means of the
pseudo Wu ray–tracer showed greater correlation with the initial
models with respect to the Siddon ray-tracer images. The pseudo
Wu-antialiased ray-tracer also provided a significant increase in
the contrast recovery, with maximum relative improvements of
60%.

Index Terms— Iterative reconstruction, OSEM, PET, System
Matrix Response, Wu-based raytracer, Monte Carlo simulation.

I. INTRODUCTION

Statistical 3D reconstruction methods, such as the maximum
likelihood expectation maximisation (MLEM) [1], allow us to
incorporate accurate models of the PET acquisition process
into the reconstruction. The PET system model is included
in the reconstruction algorithm in the form of a matrix, the
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system response matrix (SRM). Each element of the SRM,
ai,j , represents the probability of positron emission in voxel j
resulting in detecting a coincidence event by detector pair i. If
the radiactivity distribution is represented by qj , the measured
projection pi corresponds to:

pi =
J∑

j=1

aijqj .

where i ∈ [1, I] and j ∈ [1, J ], I and J being the total
number of lines of response and the total number of image
voxels, respectively. The elements of the system matrix can
be computed before reconstruction. In 3D PET, due to the
large number of lines of response (LORs), several billions
of elements have to be computed to estimate the matrix. It
has been show that the SRM can be decomposed into several
factors [2]. Therefore, the effects of attenuation, which can
be calculated directly [3], and the crystal and geometrical
efficiencies can be obtained separately. The object-scatter
component can also be incorporated, for example by means of
the single scatter simulation algorithm ( [4], [5] and [6]). Other
effects, such as crystal penetration, positron range, intercrystal
scatter or non-colinearity require a more extensive modeling.
Thus, approaches using a Monte Carlo-based system matrix,
without any decomposition, have also been proposed [7].
Even though these methods improve the image quality by
considering all data corrections, their implementation still
remains a challenging computational task. For that reason,
more simple models are usually employed, which allow the
geometrical detection probabilities to be computed on-the-fly.
The most widely–used method to compute the geometrical
efficiency is the Siddon ray-tracer [8], where the geometrical
detection probabilities are easily obtained from the length-
of-intersection (LOI) between detected LORs and the image
voxels. However, for small animal PET scanners more accurate
geometrical projectors are desirable in order to preserve high
resolution. Thus, an analytical calculation of the volume-of-
intersection (VOI) was introduced [9], which provides an
uniformly continuous sampling of the image space. Recently,
a new method has been presented [10] to accelerate the
calculation of VOIs between tubes–of–response (TORs), and
image voxels based on the Wu-antialiased line tracer [11].
Given a certain LOR i, the four closest voxels to the LOR are
involved in the calculation of each aij , such that more voxels
than those involved in the Siddon method are considered. In
2D, the Wu technique estimates the matrix elements aij by
computing the distance of the projection from the center of a
pixel j to a certain LOR i, along the horizontal (or vertical)
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direction. Extending the Wu method to 3D is, however, not
obvious. Therefore, in this work we propose a ray-tracing
method based on computing the perpendicular distance from
the center of voxel j to the LOR i (see Figure 1). In this way,
more voxels than those used in the method proposed by [10]
can be taken into account (weighted in a reasonable manner) in
the calculation of the SRM elements related to a certain LOR.
Aimed at testing the performance of the proposed raytracer,
Monte–Carlo simulations of a small animal PET were carried
out.

II. METHODS

A. Small animal PET scanner

Our work focuses on the commercial small animal PET
scanner rPET (Suinsa, Madrid). rPET is characterised by four
planar pixeled detectors with 35x30 LYSO crystals (1.5×1.5×
12mm3), and a scanner radius of 85 mm; the coincidence
window width is 5ns, the estimated time resolution, 2ns, and
the energy window, 250-650keV.

B. Monte–Carlo simulations

We employed Monte–Carlo (MC) simulations, a versatile
tool which is considered to be the gold standard to assess
the reconstruction algorithms and the quantification outputs,
because it allows us to evaluate the algorithms in a well
controlled framework where all the parameters are known a
priori. The rPET system was described using SimSET v2.6
[12], [13]. Thus, a full simulation was carried out in the
planar detector (including scatter, absorption, and penetration)
and the interactions within detector layers were used for the
computation of centroid and total deposited energy. Scintil-
lation photons and photomultiplier tubes were not simulated
and furthermore the detector was modelled with perfect time
resolution. A numerical geometrical phantom, with six hot
axial cylinders placed in water (radii: 1mm, 2mm, 3mm,
4mm, 5mm, and 6mm), was simulated (hot-cylinder phantom,
HCP). Simulations using the same phantom with cold rods
in an active background were also carried out (cold-cylinder
phantom, CCP). PET data were histogrammed and stored in
3D sinograms, characterized by 59 transaxial bins (bin size
0.81mm), and 170 angular positions, without axial nor angular
((span=1, mashing=1) compression.

C. Reconstruction

The ordered subsets expectation maximization (OSEM)
algorithm [14] was employed to reconstruct the 3D sinograms.
The elements of the system matrix ai,j were obtained using
the simplified model based on geometrical estimations using
these ray–tracer techniques:

1) Siddon ray-tracer (S-RT): The S-RT method is the most
widely used technique to compute the geometrical efficiency.
Given a pair of detectors i and a voxel j, the values of ai,j

are computed as the length of intersection (LOI) between
the LOR i and the voxel j. Thus, the detectors surfaces are
considered to be point–like. To include detector size in the
model, we modified the S-RT method: the detector surface was

Fig. 1. Siddon ray-tracer (a) and pseudo Wu-antialiased ray-tracer (b). The
grayscale is proportional to the detection probability of positron emission in
various voxels for a given detector pair. In (a), the probability is calculated as
the length of intersection between the LOR and the voxel (S-RT); in (b), as
one minus the normalized perpendicular distance from the voxel to the LOR
(pWU-RT).

sub-sampled into four equal units. This subsampling allowed
two ray-tracing schemes to be considered, one sheme including
only 4 rays (only parallel lines), and a second scheme using
16 rays (parallel and crossed) per detector pair.

2) Pseudo Wu-antialiased ray-tracer (pWU-RT) : The Wu-
antialiased ray-tracer [10] assigns to each ai,j a value which
is proportional to one minus the distance between the center
of each voxel and its axis-aligned projection on the central
line. This method involves the closest four voxels from the
central line of the strip. Our pseudo Wu-antialiased ray-tracer
(pWU-RT), based on a previous work for SPECT [15], obtains
each ai,j as one minus the normalized perpendicular distance
between the voxel j and the LOR i. Thus, as many voxels as
wished can be involved in the calculation. Through the use of
a minimum threshold for the contribution per voxel, we can
select the number of voxels to be considered. In this sense, as
the minimum threshold is lowered, the pseudo Wu-antialiased
ray-tracer (pWU-RT) should yield a better approximation to
the problem of calculating the volume of intersection (VOI).
Therefore, differents values for the minimum threshold were
investigated: 0.5, 0.01 and 0.001.
For illustration purposes, a schematic description of the ray–
tracing techniques S-RT and pWU-RT are shown in Figure
1.

D. Figures-of-merit

To study the performance of the various ray–tracing ap-
proaches, the corresponding sensitivity images (

∑I
i=1 aij)

were represented and analyzed, and the tangential profiles
through the center of the central slice of the sensitivity images
were compared.

Correlation coefficients (CC) were calculated between the
reconstructed image and the simulated phantoms (HCP and
CCP) as:

CC =

∑
:j

qjq
ref
j − (MV ×MV ref )√∑

:j

q2
j − J2MV 2

√∑
:j

(qref
j )2 − J2(MV ref )2

where MV represents the mean value of the reconstructed
image, J is the number of image voxels and qj the image value
in the voxel j. Index ref refers to the values obtained for the
reference image (initial phantom). To study image quality, 2
iterations and 17 subsets were chosen since the corresponding
images yielded stable mean values and maximum correlation
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Fig. 2. Tangential profiles through the sensitivity images obtained by means
of S-RT (open triangles), sub-sampled S-RT (open circles for 4 rays per
detector, and open squares for 16 rays per detector), and pW-RT (filled
triangles for a minimum threshold of 0.5, filled circles for a threshold of
0.01, and filled squares for a threshold of 0.001).

coefficients. Circular profiles through the cylinders of HCP and
CCP were also computed. Finally, contrast recovery factors
(CR) were obtained for HCP and CCP as:

CR =
MVROI −MVbg

MVROI + MVbg

where MVROI represents the mean value in a region-of-
interest (ROI) drawn within the various cylinders, and MVbg

is the mean value of the background. In an ideal reconstruction
of the CCP, MVROI should be zero, and therefore CR should
be 1. The ideal CR value for the HCP rods should also be 1,
since in that case MVbg is zero.

III. RESULTS AND DISCUSSION

A. Sensitivity images profiles

The profiles of the sensitivity images obtained by means of
S-RT, sub-sampled S-RT (with 4 rays and 16 rays per detector)
and pWU-RT (with minimum threshold per voxel of 0.5, 0.01
and 0.001) are shown in Figure 2. Taking into account the
continuous movement of the scanner, we expect a smooth
sensitivity matrix. However, it should be noted that pWU-
RT sensitivity maps obtained for a minimum threshold of 0.5
and 0.01 were affected by artefacts, as well as those obtained
using the conventional S-RT (1 ray per detector pair). These
artifacts are reflected in the more jagged profiles. Subsampling
the detectors improved the results yielded by S-RT (4 rays
and 16 rays) with respect to the original S-RT. Only pWU-RT
sensitivity maps obtained for a minimum threshold of 0.001
were free of artefacts and they provided the expected profiles
smooth.

B. Reconstructed images

Figure 3 shows the correlation coeficients for images re-
constructed using a SRM based on S-RT, sub-sampled S-
RT with 4 and 16 rays per detector, and pW-RT combined
with a minimum threshold of 0.5, 0.01 and 0.001. The values
obtained for HCP were higher than the CCP ones. This

Fig. 3. Correlation coefficient obtained for the reconstructed images of HCP
and CCP. White bars represent the minimum threshold of 0.5 for pWU-RT,
and also the original S-RT. Gray bars represent the minimum threshold of 0.01
for pWU-RT, and S-RT with 4 rays per detector. Finally, black bars represent
the minimum threshold of 0.001 for pWU-RT, and 16 rays per detector for
S-RT.

Fig. 4. Reconstructed images of the HCP (left) and CCP (right) using a
SRM obtained by using the sub-sample S-RT with 16 rays per detector (top)
and by the pWU-RT with the minimum threshold of 0.001 (bottom).

could be expected since it is well know that cold regions are
more difficult to reconstruct correctly than hot ones. In any
case, the most significant result was that pWU-RT technique,
regardless of the threshold, yielded much higher values of the
correlation coefficient than S-RT method, both for HCP and
CCP. Moreover, the correlation coeficient increased when the
minimum threshold decreased. The reason is nothing but the
fact that, for a given detector pair, more voxels are included
in the SRM estimation when the minimum threshold decrease
and a better approximation to the volume of intersection is
thus achieved. On the other hand, the sub-sample technique
increased the correlation coeficient for CCP but no significant
differences were found for HCP. Reconstructed images using
the SRM obtained by means of S-RT with 16 rays per detector
and pW-RT with the minimum threshold of 0.001, both for
HCP and CCP, are shown in Figure 4.

The reconstructed images (for HCP and CCP) by means of
S-RT with 16 rays per detector, and by means of pWU-RT and
a minimum threshold of 0.001 were employed to extract the
circular profiles showed in Figure 5. The solid lines represent
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Fig. 5. Circular profiles for the reconstructed images of the HCP (top) and
CCP (bottom). Reconstructon was carried out by means of the sub-sampled
S-RT (open circles) and and pW-RT (filled circles).

Fig. 6. Constrast recovery obtained by mean the sub-sampled S-RT (open
circles) and the pWU-RT (filled circles) for each axial cylinder of the HCP
(solid line) and the CCP (dashed line).

the ideal profiles. Although no major differences were found
for the HCP profiles, the performance of the two methods was
significantly different for the CCP profiles.

C. Contrast recovery

For a better analysis of the latter, we calculated the contrast
recovery factors for both phantoms. Figure 6 shows how CR
increases when the diameter of cylinder also increases, for
both the sub-sample S-RT with 16 rays per detector and for the
pWU-RT combined with a minimum threshold of 0.001, which
represents the expected behavior. However, it should be noted
that higher CR values were obtained for the pWU-RT than for
the sub-sample S-RT. Moreover, the relative improvement is
greater for small cylinders. For example, CR increases from
37.3% to 47.4% for the 6mm-cylinder (relative improvement
of 27.3%) and CR increases from 11.7% to 18.8% for the
2mm-cylinder (relative improvement of 60.6%).

IV. CONCLUSION

The proposed method, a modified Wu ray-tracing algorithm,
yielded better images than those obtained after using the
conventional and the sub-sampled Siddon methods, for both
hot-cylinder and cold-cylinder phantoms. This could be seen
as higher correlation with the original distribution and a signif-
icant improvement of the contrast recovery. When compared to
the conventional Wu method, one particular advantage of the
proposed method is the ease of calculating, especially when
working in fully 3D, the perpendicular distance between the
center of a voxel and a LOR, instead of projecting the center
over the LOR. This is especially true when working in fully
3D, since the conventional Wu approach was conceived for
2D images. Currently, we are investigating the performance of
proposed method when compared to the technique introduced
in [10]. Our future work is aimed at optimizing the algorithms
for a better study of the computational cost and at evaluating
the reconstructed image quality from experimental data.
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A Human-Model Observer for Volumetric Detection
Studies

Howard C. Gifford, Andre Lehovich, and Michael A. King

Abstract— Our goal is to develop human-model observers for
detection studies featuring image volumes. One such model,
previously tested against human observers in a SPECT lung-
tumor LROC study with simulated images, demonstrated large
differences in performance from the humans that were attributed
to an underlying background-known-exactly (BKE) task assump-
tion. In this follow-up work, we consider a modified, quasi-BKE
task for the model observers that assumes the humans use a high-
pass-filtered version of the mean tumor-absent image as their
benchmark for normality. Unsharp masking is used to create
this filtered image. The formulation was tested with an LROC
study that evaluated two RBI reconstruction strategies that used
different combinations of corrections for attenuation, scatter, and
distance-dependent system resolution. The coronal, sagittal, and
transverse image slices were presented to the observers. Initial
results indicate that this quasi-BKE assumption may hold some
promise for human-model observers.

I. INTRODUCTION

While detection studies in medical-imaging research often
present single 2D images for observers to evaluate, there
is evidence [1] that such studies can bias comparisons of
test strategies intended for clinical applications. In the clinic,
the physician usually has access to an entire image volume
presented as multiple slices in multiple views (e.g., coronal,
sagittal, and transverse slices). In contrast, a single-slice for-
mat often lacks sufficient anatomical context for separating
structural noise from likely tumor sites.

Our goal is to develop human-model observers for detection
studies featuring volumetric image displays. The volumetric
(or 3D) model observers introduced in [2] was based on 2D
localizing linear channelized observers that we have previ-
ously investigated in studies with single-slice and multislice
displays [3, 4]. An initial test of these 3D observers compared
two iterative reconstruction strategies for SPECT lung-tumor
imaging [2] and followed a background-known-exactly (BKE)
task paradigm. We found the rankings of the strategies from
the model observers disagreed with those from the humans, a
result that persisted even when the model observers included
internal noise.

The conclusion from that earlier work was that the BKE
assumption did not accurately model human detection capa-
bility, but instead oversimplified the tumor detection. For this
abstract, we have investigated a modified task for these 3D

This work was supported by the National Institute for Biomedical Imaging
and Bioengineering (NIBIB) under grant number R01-EB02798. The contents
are solely the responsibility of the authors and do not necessarily represent
the official views of the NIBIB.

U Massachusetts Medical School, Worcester, MA, 01655, USA. Corre-
sponding author: H.C. Gifford, E-mail: Howard.Gifford@umassmed.edu

observers that involves a quasi-BKE assumption. Results from
this new formulation are compared against the human-observer
data obtained in [2].

II. METHODS

A. Test volumes

The setting for our observer work has been an investigation
of the effects of attenuation correction (AC) for SPECT lung
imaging. The specific purpose of the observer study was to
determine whether the benefits of AC compensate for the
concurrent loss of the lung outlines for the detection of solitary
pulmonary nodules (SPN). The imaging protocol was based
on Tc-99m-labeled Neotect [5], a polypeptide that binds to
somatostatin receptors and which has been used mainly to
evaluate certain nodules in patients who had tested positive
with other imaging tests.

A Neotect distribution in a single body geometry of the
NCAT phantom [6] was discretized to 1283 voxels (voxel
width = 0.417 cm). The normal Neotect lung background
was uniform. Abnormal volumes contained a single 1-cm
spherical soft-tissue lesion randomly situated within the lungs
(see Fig. 1). A high-count projection set of the normal phantom
(120 128 � 128 projections and 0.417-cm pixel width) was
created with the SIMIND [7] Monte-Carlo projector, while
separate high-count SIMIND projections of the lung lesions
were also generated and then added to the background data to
form noise-free volumes with relative tumor-to-lung activity
ratios of 10:1, 12:1, and 14:1. Data sets for reconstruction
were produced by adding Poisson noise consistent with an
acquisition of 23.2�106 counts, a figure obtained by averaging
the counts collected over a set of nine Neotect scans from our
clinic.

Fig. 1. Transverse slices of the NCAT density map. Lesions could appear
anywhere within the lungs, indicated by the dark regions within the torso.

B. Reconstruction strategies

Volumes were reconstructed with two strategies based on the
RBI reconstruction algorithm [8]. The AllC strategy applied
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AC, scatter correction (SC), and resolution compensation
(RC). The second strategy used RC only. All the corrections
were applied as part of the iterative cycle. The SC was
implemented through a TEW [9] scatter estimate, while an
idealized attenuation map for lesion-absent data was devised
by scaling the NCAT density map for the 140-keV photons of
Tc-99m (linear attenuation coefficient for water = 0.15 cm�1).
For the lesion-present data, this map was augmented by the
addition of the soft-tissue lesion at the proper lung location.

The reconstructions consisted of 70 128 � 128 transverse
slices. The number of iterations for both strategies was five,
while a 3D Gaussian postfilter (FWHM = two pixels) was also
applied. These parameter values were based on previous 2D
study results [10, 11]. In all, 150 noisy image volumes per
strategy were reconstructed, with an abnormal/normal volume
pair for each of 75 lesion locations. As final postprocessing,
the volumes underwent a strategy-specific upper-thresholding
(see [1] for details). The volumes were then quantized to
eight bits for display. Sample coronal slices taken from the
noise-free reconstructions of the NCAT background for the
two strategies are shown in Fig. 2.

Fig. 2. Comparison of coronal slices from the noise-free NCAT background
reconstructions. A) Twelve consecutive slices for the AllC strategy. B)
Corresponding slices for the RC strategy.

C. The detection-localization task

For the detection-localization task with normal and single-
lesion cases, the observer chooses one of N + 1 hypotheses
based on the belief that an image f̂ is tumor-absent or
otherwise has a tumor centered on one of N pixels:

H0 : f̂ = b + n (1)
Hn : f̂ = b + sn + n (n = 1, . . . , N). (2)

Here, vector b denotes a known fixed background, n is zero-
mean stochastic noise, and sn is the tumor at the nth location.
As the possible locations are contiguous voxels, the tumor size
exceeds the separation between locations.

D. The human-observer perception model

With a two-dimensional (2D) image, the confidence rating
λ and localization r required for an LROC study are specified
by the max and arg max, respectively, of a scalar perception
measurement Zn made at each suspicious location n. If Ω is
the set of voxel indices in the observer’s search region, then

r = arg max
n∈Ω

Zn (3)

λ = max
n∈Ω

Zn. (4)

In a multiview display of image volumes, Z̃i,n represents the
perception measurement for the nth location that is obtained
from the ith view. The overall measurement for that location
is taken to be the sum over the views:

Zn =
∑

i

Z̃i,n. (5)

E. The LROC study

There were three human observers. A graphical interface for
reading and scoring the images was created in IDL (Fig. 3).
The display greyscale was fixed, and a discrete six-point scale
was used for the rating data. The 150 reconstructions per
strategy were split into a set of 50 training volumes and a
set of 100 test volumes. Each observer read a set of twenty
volumes per strategy as preliminary training, followed by five
separate sessions of six retraining volumes and twenty test
volumes per strategy. The reading order of the test sets and of
the volumes within a given set varied with observer.

Fig. 3. Computer interface for the human-observer LROC study. An observer
uses the horizontal sliders to control the displays in the bottom set of windows.
A localization is set by clicking somewhere in one of these windows with the
mouse cursor. Confidence ratings are input using the vertical slider. During a
training session (shown here) feedback in the form of the noise-free image is
provided in the upper set of windows.

An observer’s raw data from the five test sets for a given
strategy were pooled, and a radius of correct localization (Rcl)
of four voxels was assigned for the purpose of evaluating cor-
rect localizations in the data. LROC curves were fit to the data
using the Swensson software [12]. The overall performance for
a given strategy was represented by the area under the LROC
curve (AL) averaged over the observers.

F. The model observer

For a 2D image f̂ (P � 1), our model observers compute
Zn at each pixel in the prespecified region Ω according to the
formula [3]

Zn = w†
n

[
f̂ � b

]
, (6)
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in which wn is the nth 2D observer template and b is
the known background. For a CNPW observer, the observer
template

wn = Un [Un]t �sn. (7)

is the projection of the mean 2D lesion profile onto a set of C
spatial frequency channels. Here, Un is the P � C channel-
response matrix for the nth location, and �sn is the mean 2D
lesion profile shifted to the nth location. The shift-invariant
CNPW template based on a set of three square-profile channels
is shown in Fig. 4A.

Fig. 4. A) A 2D CNPW-observer template based on square-profile channels.
B) A 3D CNPW-observer template for coronal, sagittal, and transverse views.
As shown, the horizontal plane applies to the transverse slice. The two vertical
planes apply to the coronal and sagittal slices.

In [2], we presented an extension of the CNPW observer to
image volumes by means of a 3D cross-correlation

Z = w ? ? ?
[
f̂ � b

]
, (8)

where w is the shift-invariant 3D template and Z contains
all the Zn. The examples we tested, based on the perception
model presented in the previous section, assumed that the
human observer assesses a given lesion position by summing
the perception measurements obtained at that position in the
coronal, sagittal, and transverse 2D slices. The 3D model-
observer template for this was constructed by intersecting the
2D templates for each of those three slices. Figure 4B shows
the 3D template constructed from the same channels used in
Fig. 4A. In our work, we have used a set of three difference-
of-Gaussian (DOG) channels detailed in [4] (see Fig. 5).

Fig. 5. The three difference-of-Gaussian (DOG) channels used for this study.

Note that additional planes can be added to the template
to model an observer that examines neighboring image slices
in each view when assessing whether a tumor is present at a
given location. For the current work, however, only a single
plane per view has been used.

In the model-observer study, the 3D CNPW template was
estimated from the training volumes and then applied to
the test volumes. The lung volume shown in Fig. 1 was
implemented as the search region Ω. Confidence ratings and
localizations were determined according to Eqs. 3-4, and
correct localizations were assessed with the same Rcl as in the
human-observer study. The figure of merit was the empirical
area under the LROC curve.

G. A quasi-BKE assumption

In subtracting the mean background from the test image
in Eq. 8, the model observer is treating b as the standard
of normality. This BKE assumption trivializes the detection
task due to the relatively low quantity of statistical noise that
remains in the lungs. For the current work, we experimented
with a quasi-BKE formulation that applied an unsharp masking
operation to b. The filtered background image was formed as
the difference bu = b� B{b}, where B{.} was a fifth-order
3D Butterworth filter with cut-off frequency ν. Values of ν
ranged from 0.015 to 0.06 cycles/pixel. Having bu in place of
b in Eq. 8 preserves some low-frequency structural noise in
the detection task. Figure 6 shows examples of how bu varied
with ν.

Fig. 6. Unsharp-masking backgrounds bu used in the model-observer
studies. Top row (left to right): b for the AllC strategy and examples of bu

produced from cut-off frequencies ν = 0.015, 0.03, and 0.045 cycles/pixel.
Bottom row: corresponding images for the RC strategy.

An alternate approach to adding model-observer uncer-
tainty in low-noise situations is to use a background-known-
statistically (BKS) task formulation. The quasi-BKE formu-
lation seems more natural in the case of the single, fixed
background considered for this work.

III. RESULTS

The individual and average LROC performances for the
human observers (first reported in [2]) are given in Table I.
An analysis of the localizations made by the human observers
[2] gave one reason why the RC strategy outscored the AllC
strategy. In short, the observers were better at defining the
extent of the lungs in the former. The loss of the lung outlines
due to more-accurate activity estimation in the AllC images
(contrast the appearance of the lungs in Figs. 2A-B) was
the cause of this. Figure 7 plots some of the errant AllC
localizations relative to the lungs in four transverse slices.
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TABLE I
HUMAN-OBSERVER PERFORMANCES WITH THE ALLC AND RC

STRATEGIES. THE UNCERTAINTIES FOR THE AVERAGE HUMAN SCORES

ACCOUNT FOR OBSERVER VARIABILITY AND UNCERTAINTIES IN THE DATA

FITTING.

AL

Observer AllC RC
Human #1 0.63 ± 0.07 0.72 ± 0.06
Human #2 0.63 ± 0.07 0.64 ± 0.06
Human #3 0.56 ± 0.07 0.61 ± 0.06
Average 0.61 ± 0.07 0.66 ± 0.07

Fig. 7. Example observer SPN localizations. The lung regions are shown in
black.

The CNPW-observer results are presented in Fig. 8. By
comparison, for the BKE formulation of the detection task,
performances were 0.99 and 0.95 for the AllC and RC
strategies, respectively [2]. The plot shows that AL fell off
rapidly with the Butterworth-filter parameter ν. At ν=0.015,
the frequency band of the structural noise in the background-
subtracted image f̂ � bu was generally below the frequencies
admitted by the DOG channels. The AllC strategy outper-
formed the RC strategy for this value of ν, but the ranking was
reversed with higher values of ν. For ν �0.04, the structural
noise significantly affected the responses from two of the three
channels.

Fig. 8. Effect of Butterworth cut-off frequency ν on CNPW-observer
performance in the quasi-BKE study.

IV. CONCLUSIONS

We have presented initial results of model-observer be-
havior in a quasi-BKE detection-localization task. The use
of unsharp-masking images for modeling human-observer
knowledge of the normal background in lung volumes appears
promising, although more extensive experiments with the
quasi-BKE task are necessary. Subsequent studies will also in-
vestigate the addition of an internal-noise mechanism whereby
the tumor localization for the model observer becomes a
selection from a set of nonoverlapping candidate locations.
Such a noise model, in conjunction with the quasi-BKE
assumption, might be successful in explaining the differences
in human-observer localization data that were noted between
the two strategies.
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Abstract—In this paper, we propose a method for correcting 

respiratory motion in respiratory gated cardiac emission 
tomography. We model the respiratory motion as a rigid body 
motion, and use preliminary reconstructions of the respiratory 
gates to estimate the respiratory motion about a reference 
frame. This estimate may then be used to motion-compensate 
the images pre-reconstruction. We estimate the motion by 
implementing a global minimization strategy over six motion 
parameters (3 rotational, 3 translational). NCAT phantom 
images with realistic respiratory motion, cardiac motion, and 
noise properties were generated and used to test the method. 
The method was found to correctly estimate the motion in all 
six dimensions. Images corrected for the respiratory motion 
estimated by the method showed significant improvement in 
diagnostic image quality over those without correction. 
 

Index Terms—respiratory motion compensation, cardiac 
emission tomography, rigid body motion 
 

I. INTRODUCTION 

In cardiac emission tomography, respiratory motion 
causes blurring of the myocardial walls and negatively 
impacts the diagnostic quality of the reconstructed images. 
Gating of the respiratory cycle using a device such as a 
respiration monitor and elasticized belt wrapped around the 
patient’s chest allows for list mode acquisition of the 
emission data such that each detected event can be assigned 
to a discrete respiratory phase. Because the respiratory 
motion is not of diagnostic concern, this motion can be 
compensated in the projection data before reconstruction, 
thus improving the signal-to-noise ratio of the image while 
also eliminating the blurring it otherwise would produce. 

In correcting for respiratory motion, rigid, affine, and 
non-rigid body models for the heart have been considered 
[1-3]. The rigid-body model has gained popularity due to its 

simplicity, although it is known that the heart does deform 
somewhat during the respiratory cycle. 
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Estimation of cardiac rigid-body motion arising from 
respiration has been investigated using both physical 
devices (video tracking systems, IR tracking) and pure data 
analysis. Physical devices offer high precision; however 
they do not always accurately reflect the movement of the 
heart due to their location outside the body. Thus several 
methods for motion estimation based purely on data 
analysis have become of interest [4-6]. 

The rigid body motion was estimated in [4] by first 
determining a family of rigid body transformations that 
transform certain points between the frames. The transform 
from this restricted class that minimized the image matching 
term was selected to be the estimated respiratory motion. 
Each rigid body transform in the above class was 
determined by registering sets of three “generalized center-
of-mass” points from each frame. This generalization is 
obtained by using integers greater than 1 as the power of the 
distance function in the usual center-of-mass formulas. Each 
rigid body transformation in the above class is very quickly 
computed by using a standard algorithm based on the 
singular value decomposition [5]. 

The generalized center-of-mass method in [4] was 
compared to the “principal axes” method developed in [6]. 
This latter method is based on determining the rigid body 
transformation that registers the principal axes in the 
frames. In this method, each image is viewed as a set of 
masses (proportional to the intensities) at each point of a 
rigid body. The principal axes are the eigenvectors of the 
inertia tensor for this body. Hence, both methods in [4] and 
[6] utilize the classical theory of standard rigid body 
registration of point sets which has been extensively studied 
[4]. 

The method we propose here is different from the 
previous methods since we employ an intensity-based 
approach which is more similar to the methods for nonlinear 
registration as developed in [8], [9]. However, since the 
motion is rigid, there is no need for a penalty term to 
enforce smoothness. Also, since there are only six motion 
parameters, it would be very inefficient to simply adapt 
standard nonlinear motion estimation algorithms to this 
case. Although the method in [4] involves the image 
matching term employed in our approach, it only performs a 
minimization over a restricted class of rigid body 
transforms, whereas our method implements a global 
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)

minimization strategy.  
TABLE I 

TRUE  RIGID  BODY  MOTION  OF  THE  HEART  FOR  SUCCESSIVE  FRAMES 
II. METHODS (TRANSLATIONAL  COMPONENTS  GIVEN  IN  PIXELS,  ROTATIONAL  

COMPONENETS  GIVEN  IN  RADIANS) 
A. Objective Function 
We represent the image space by a continuous space 

variable r = (x,y,z) and the 3D images fj, j = 1,2,…, J as 
non-negative bounded functions.  We estimate the rigid 
body motion between successive frames by minimizing an 
image registration objective function: 

( ) ( ) ( )( ) drRSRfrfE
2

211 ,,, ∫ +−= brb φθψψθφ    (1) 

Frame ∆x ∆y ∆z φ θ ψ 
1 0.32 -0.69 1.98 0. -0.03 0. 
2 0.32 -0.69 1.98 0. -0.03 0. 
3 -0.21 0.46 -1.33 0. 0.02 0. 
4 -0.21 0.46 -1.33 0. 0.02 0. 
5 -0.21 0.46 -1.33 0. 0.02 0. 

 
Projection data from the True Phantom image were 

obtained by assuming parallel-ray geometry and using a 
linear interpolation operator.  The effects of scatter, 
attenuation, detector response, and randoms were not 
simulated.  The projection images were then scaled to 
approximately 12,000 counts per frame within a mid-
ventricular slice, typical of a clinical myocardial perfusion 
sestimibi study, and Poisson noise was added.  This data set 
was termed “Realistic Noise.”  To further investigate the 
impact of noise, the projection images were also scaled to 
approximately 6,000 counts per frame within a mid-
ventricular slice, and Poisson noise was added.  This data 
set was termed “High Noise.” 

where represent the rotation matrices arising from 

the rotation angles 

φθψ RSR

( ψθφ ,,  and b represents the  3D 
translational vector. The motion can be described by (1) in 
the Appendix. 

The conjugate gradient (CG) algorithm was used to 
minimize our objective function. In this investigation we 
used the CG_DESCENT software package [10] due to its 
speed and ease of implementation. The CG algorithm 
requires the partial derivative of the objective function with 
respect to each optimization parameter. The partial 
derivative with respect to one angular and one translational 
component are given in (2) and (3). 

( ) ( ) ( )( ×+−−=
∂
∂

∫ brφθψφ
RSRfrfmE 211 2 )  

The projection data were reconstructed using five 
iterations (with twelve subsets) of OSEM.  A Butterworth 
filter with cutoff frequency equal to 0.6 (fraction of 
Nyquist) was applied to the Realistic Noise reconstruction 
while a cutoff of 0.55 (fraction of Nyquist) was applied to 
the High Noise reconstruction.   

            ( ) ( )drRSRRSRf rbr φθψφθψ ′•+∇ 2         (2) 

 

( ) ( ) ( )( ×+−−=
∂
∂

∫ brφθψ RSRfrfmE
b 211

1

2 )  
The rigid-body motion between successive frames was 

estimated for each set of tomographic images (True 
Phantom, Realistic Noise, High Noise) using our method. In 
each case, the estimated motion was used to motion 
compensate the images by shifting 4 of the frames about a 
reference frame (in this case, frame 1) using a tri-linear 
interpolation, and summing the frames. 

                         ( drRSR )
x
f br +

∂
∂

φθψ
2                    (3) 

In this investigation the initial estimate for the 
optimization was set to zero for all parameters. The errors in the motion estimations were calculated for 

each dataset, and the mean errors for each parameter over 
all 5 frames were computed. 

B     Experimental Phantom Evaluation 
To test our method, 5 datasets corresponding to 5 

respiratory gated datasets were created using the 4-D NCAT 
phantom [11]. Cardiac contraction motion was simulated 
within each respiratory phase by averaging over 16 frames 
of cardiac beating motion (1 complete cardiac cycle). The 
simulated image had a matrix size of 128x128, with 128 
slices, pixel size 0.3125 cm. For this investigation activity 
was restricted to the myocardium only. The rigid body 
motion of the heart due to respiration was simulated based 
on mean values given in [12] and is shown in Table I, 
where ∆x is the medial-lateral direction (where towards the 
right is positive), ∆y is the AP direction, ∆z is the cranio-
caudal direction, φ is the anterior-lateral rotation (where 
counter-clockwise is positive), θ is the cranio-dorsal 
rotation, and ψ is a second anterior-lateral rotation. This 
image was termed the “True Phantom” image. 

III.   RESULTS 
The errors in each motion parameter (averaged over all 5 

frames) for each data set are given in Table II.  The average 
translational errors (all components over all frames) were 
0.024, 0.053, and 0.040 pixels for the True Phantom, 
Realistic Noise, and High Noise images, respectively. The 
average rotational errors (all components over all frames) 
were 0.002, 0.005, and 0.002 radians for the True Phantom, 
Realistic Noise, and High Noise images, respectively. 

The resulting motion compensated images generated 
from applying our method to the True Phantom, Realistic 
Noise, and High Noise images are shown in Figs. 1-3, 
respectively. On the left is the image if no motion were 
present (the ideal image), in the middle is the image with
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TABLE II 
ERRORS  FOR  EACH  MOTION  PARAMETER  AVERAGED  OVER  ALL  5 FRAMES  (TRANSLATIONAL  ERRORS  GIVEN  IN  PIXELS,  ROTATIONAL  ERRORS  GIVEN  IN  

RADIANS) 
Motion 

Parameter 
True 

Phantom 
Realistic 

Noise 
High Noise 

b1 0.027 0.064 0.032 
b2 0.027 0.073 0.070 
b3 0.017 0.022 0.019 
φ 0.000 0.003 0.002 
θ 0.006 0.009 0.003 
ψ 0.000 0.003 0.002 

 
 

 
Fig. 1.  True Phantom – transaxial slice with all 5 respiratory frames summed 

 

 
Fig. 2.  Realistic Noise – transaxial slice with all 5 respiratory frames summed 

 

 
Fig. 3.  High Noise – transaxial slice with all 5 respiratory frames summed 
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motion and motion-compensation present, and on the right 
is the image with motion but without motion-compensation.  
As expected, in all cases the motion-compensated image is 
superior to the image without compensation. 

IV. CONCLUSIONS 
 We have developed a method for correcting respiratory 

motion in gated cardiac emission tomography. The method  
employs an intensity-based approach and implements a 
global minimization strategy to obtain the optimal rigid 
body transformation. 

 The method estimated the respiratory motion 
accurately in both noise-free and noisy images. The noisy 
images were reconstructed and motion-compensated using 
the estimated motion, and a significant increase in 
diagnostic image quality was displayed. 

 

 

 

 

 

 

 

 

 

APPENDIX 
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Abstract—Projection and backprojection operations are 

involved in tomographic reconstruction in modality such as 
CT, PET and SPECT. A critical aspect of these operations is 
their high computational demand, which often constitutes a 
bottleneck in the reconstruction process. Approximations can 
be used to achieve faster projections but this compromises 
quantitative procedures. In this paper, we present a new ray-
driven 3D projector that is both fast and exact. Two versions of 
the algorithm were developed, individually optimized for cone 
beam and parallel beam geometry. The performance of the 
algorithms was compared, in terms of execution speed, to other 
ray-driven and pixel-driven methods. Compared to the fastest 
state-of-the-art method, speed improvements up to 20% were 
achieved in the cone beam geometry. 
 
Index Terms— Exact Projector, 
Tomography, Programming 
 

I. INTRODUCTION 
ith the ever-increasing amount of data produced by 
multi-row spiral CT scanners, accurate and fast 

reconstruction algorithms have become imperative. While 
filtered backprojection only requires a single backprojection 
pass, algebraic iterative methods such as ART or OS-EM, 
which are more favorable under certain conditions, need to 
compute several passes of backprojection and reprojections 
of the image data set, thus putting even higher urgency on 
the availability of a computationally efficient algorithm. The 
goal of this work was to develop a fast and exact 
tomographic projection algorithm for cone-beam geometry 
and compare its accuracy and computational speed to other 
published algorithms.  
 
The linear nature of projection and backprojection algebra 
allows two classes of reconstruction algorithm 
implementation; the voxel-driven implementation traverses 
every voxel of the data set and completes a complete (back-
)projection before moving on to the next voxel, while the 
ray-driven approach traverses every frame of the projection 
data set and (back-)projects a complete detector read-out 
before moving on to the next projection frame. Voxel-
driven approaches are generally preferred for X-ray CT 
because they are more accurate for voxel sizes that are small 
compared to detector element size, whereas the same is true 
for ray-driven algorithms when this proportion is reversed. 
Another distinction can be made between exact and non-
exact methods. Exact algorithms compute the true 
intersection length between a voxel and a ray, whereas non-
exact algorithms use interpolation between voxels or 
detector elements. Exact ray-driven algorithms have been 
proposed by Siddon and colleagues [1] [2] [3] [4] and Zhao 
et al [5], and were compared to our new method. Some non-

exact and fast algorithms have also been proposed [6]. 
 
Our new 3D algorithm is based on Zhao et al’s algorithm 
[5]. The speed improvement over the original algorithm is 
based on its adaptation to the scan geometry. Two versions 
of the new algorithms are proposed: one optimized for the 
cone beam geometry and the other optimized for the parallel 
geometry. 
 
The performance of the new algorithm was compared to 
three other projectors: the incremental Siddon algorithm, the 
Zhao algorithm and a pixel-driven projector that uses 
bilinear interpolation of the voxel projection into the 
detector grid. 
 

II. MATERIAL AND METHODS 

A. General Principle of the New Algorithm 
 
Let us denote xβ , yβ  and zβ  the angles between a ray and 

the x, y and z axes of the object, respectively. A ray can be 
classified in three different types: the ray is called of type 
X when 
 

),,(min zyxx ββββ =  .       (1)  

 
  

The ray of type Y and type Z are defined symmetrically. In 
the following, we will describe the algorithm for a type-X 
ray without loss of generality. The main loop for a type-X 
ray advances the x-index of the voxel space. 
The new algorithm is based on the same principle as the 
method described by Zhao et al [5]. While Zhao’s algorithm 
attempts to compute ray intersections efficiently by entering 
nested loops under certain conditions, our algorithm 
evaluates these conditions for every step of the main loop, 
which should be more efficient for cone-beam geometries. 
In both algorithms, for every voxel traversed by the ray, the 
distance xL  between the intersection points of the ray with 
the two consecutive x = const planes that define the extent 
of a voxel (see Figure 1) is calculated as are the distances 

yL  and zL  between two consecutive y = const and z = 

const planes. The main loop is performed along the x 
direction. At each step, the distances yR  and zR  from the 

current x=-const plane to the next intersection with y=const 
and z=const planes are computed. 
In Zhao’s method, if  xL  is smaller than yR  and zR  the 

ray sum value is increased by the product of the xL  by the 

New 3D fast exact ray-driven projector  
Jean Rinkel, Philippe Després and Sven Prevrhal 
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value of current voxel ),,( kjiI . Otherwise, yR  and zR  

are compared and the ray sum is increased 
by ( ) ),,(,min kjiIRR zy ⋅ , and a nested loop is entered 

where at each occurrence of a y = const or z = const plane 
crossing. 
 
Our new method is based on a classification of the 
intersection between the ray and each voxel into 4 types, 
described in the following: 
 

 
A. For the first intersection type, neither a y-plane 

nor a z-plane is crossed between the two 
consecutives x-planes delimiting the considered 
voxel, and indexed by i and i+1 in figure 1. This 
intersection type is characterized by the 
inequalities: 

 

xy LR ≥  and xz LR ≥ .    (2) 

 
    The ray sum is increased by: 
 

),,()( kjiILiV x ⋅×= .    (3) 
 
   The remaining distances decrease according to: 
 

xy LR =−  and xz LR =− .   (4) 

 
B. For the second type, a z-plane is crossed between 

the x-planes indexed by i and i+1, as illustrated in 
figure 2. This is characterized by: 

 

xy LR ≥  and xz LR < .    (5) 

 
    The ray sum is increased by: 

 
),,()(),,()( zzxz SkjiIRLkjiIRiV +⋅−+⋅= . 

 (6) 
    And the new remaining distances are: 

 

xy LR =−  and xzz LLR −=+ .   (7) 

 
C. The third type is the symmetric of the second one 

by replacing y by z. 
 
D. The fourth type is characterized by y-plane and z-

plane crossing (figure 3). This corresponds to the 
relations: 

 

xy LR <  and xz LR <  .     (8) 

 
    If the z-plane is crossed first ( )()( iRiR zy > ), 

the      ray sum is increased by: 
 

),,()(

),,()(
),,()(

zzyx

zzy

z

SkSjiIRL

SkjiIRR
kjiIRiV

++⋅−+

+⋅−+
⋅=

  (9) 

 
        

 
    If )()( iRiR zy ≤ , the ray sum increase is 

obtained      by switching y and  z coordinates in the 
last         equation.  The new remaining 
distances are: 

 

xyy LLR −=+  and xzz LLR −=+ .   (10) 

 

 
 
Figure 1 – In the first configuration, neither a y-plane nor a 

z-plane is crossed between x (i) and x(i+1) 
 

 
Figure 2 – In the second configuration, a z-plane is crossed 

between x (i) and x (i+1) 
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Figure 3 – In the fourth configuration, a y-plane and a z-
plane are crossed between x (i) and x (i+1). Here, the z-
plane is crossed first. 

 

B. Algorithms optimized for cone beam and parallel 
beam  

 
According to the previous equations, the most time 
expensive configuration is the D one. Knowing that this 
case is mostly present in the cone beam geometry compared 
to a parallel geometry assuming that all rays are parallel to 
the y plane or to the z plane, two versions of the algorithms 
are presented, in which the loops are differently configured. 
 

i. Cone beam  
 
As the first intersection type (A) is the most frequent, 
this type is tested first. The less frequent type (D) is 
tested in the last. Finally, the algorithm calculates the 
intersection of the ray with the considered voxel 
according to the following steps: 
 
If (A) { 
  Calculation of )(iV , yR  and zR  with (2), (3) and 
(4) 
 
} 
Else { 
  If (B) { 
   Calculation of )(iV , yR  and zR  with (5), (6) 
and (7) 
  } 
  Else { 
   If (C) { 
    Calculation of )(iV , yR  and zR  with the 
equations obtained from (5), (6) and (7) by switching y 
and z coordinates 
   } 
   Else { 
    Calculation of )(iV , yR  and zR  with (8), (9) 
and (10) 
   } 
  } 
} 
 

ii. Parallel beam 

 
Here a preliminary step is added. That step determines the 

type of the ray according to the following definitions: If the 
ray does not cross any y-planes, it is a “z only” ray. If the 
ray does not cross any z-planes, it is a “y only” ray.  
Otherwise, it is a “general ray” and the cone beam algorithm 
is applied. Let us detail the “z only” case. The algorithm is 
reduced to the following steps: 

 
If (A) { 
  Calculation of )(iV , yR  and zR  with (2), (3) and 
(4) 
} 
Else { 
  Calculation of )(iV , yR  and zR  with (5), (6) and 
(7) 
 
} 
   

III. RESULTS 
 
 

 
Figure 4 – Scheme of the configuration used to assess the 
speed performance of the new algorithm: N is the number of 
image or detector elements per element. 

 
 
 
The configuration that was used to measure and compare 
The speed of the algorithm is illustrated in figure 4 (N2 
detector pixels of size 2∆ and N3 object voxels of size 3∆ ). 
 
 
Figure 5 shows the 3D speed comparison between Zhao and 
the new algorithms optimized for the cone beam geometry 
and for the parallel one. The results are reported as a 
function of the source to object distance SO. The size of the 
object is 256=∆×N mm. In the configurations with a 
low SO distance, the cone beam effect is strong. For the 
highest distance, the geometry can be considered as parallel. 
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Figure 5 –CPU time as a function of the source to detector 
distance, CB – new algorithm optimized for the cone beam 
configuration, PB – new algorithm optimized for the parallel 
beam configuration 
 
Figure 6 shows the 3D speed comparison between the new 
algorithms optimized for cone beam geometry, Zhao, 
incremental Siddon and the pixel-driven projector as 
functions of object size N with source-object 
distance ∆×= NSO . 
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Figure 6 –CPU time as a function of N, where N3 is the 
number of voxels. 
 

IV. DISCUSSION 
 
Compared to the algorithm from Zhao, the proposed ray-
driven algorithm reduces the computation time by 23 % in 
the cone beam configuration with a 5123 voxel volume. In 
the parallel configuration, the speed is roughly the same 
with a computation time reduction of 3 %. 
 
We found Siddon’s incremental algorithm to be consistently 
slower than the algorithm from Zhao, which is consistent 
with Zhao et al’s findings [5]. The pixel-driven approach is 
roughly comparable to Siddon’s algorithm (faster for large 

volumes (≥ 1283 voxels) and slower for smaller volumes) 
but consistently slower than Zhao’s and our implementation. 
This comparison is probably the least reliable as the pixel-
driven algorithm was implemented by us for 
experimentation purposes and has not been optimized for 
speed. In conclusion, we have presented a modification to 
Zhao and Reader’s fast ray-tracing algorithm that shows 
speed improvements for large cone angles. 
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Abstract—Thermo/photo/opto-acoustic tomography (TPOAT) 

are hybrid imaging techniques exploiting the thermo- and photo-
acoustic effects.  TPOAT shares similar image reconstruction and 
imaging chain with xray computed tomography (CT).  We focus 
on “pulse softening,” the TPOAT analog of beam hardening.  
Ultrasound “pulse  softening” is discussed in the context of 
clinical ultrasound, single point TPOAT sources, and general 
TPOAT imaging;   comparison is made with xray CT beam 
hardening artifacts and corrections.   
 

Index Terms— attenuation, image reconstruction, 
photoacoustic effects, tomography.  
 

I. INTRODUCTION 
Thermo/photo/opto-acoustic tomography (TPOAT) are non-

ionizing imaging techniques exploiting the photoacoustic 
effect [1].  TPOAT combines the high contrast in 
electromagnetic (EM) absorption between healthy and 
cancerous tissue with the high-resolution of ultrasound.  
TPOAT systems transmit EM energy and receive outgoing 
ultrasound (US) waves.  EM energy is deposited as 
impulsively in time and as uniformly as possible throughout 
the imaging object, causing a small amount of thermal 
expansion.  The premise is that cancerous masses 
preferentially absorb EM energy, heat and expand more 
quickly than neighboring healthy tissue [2], creating a pressure 
wave which is detected by ultrasound transducers at the edge 
of the object.   For an excellent – and current – review of the 
subject see [3]. 
    TPOAT shares many similarities with xray computerized 
tomography (CT) and will require a comparable number of 
data corrections and calibrations in its image chain.  Idealized 
thermoacoustic data are spherical integrals, whereas xray CT 
data represent line integrals.   Series expansion and filtered 
backprojection (FBP) inversion formulae for ideal data exist 
for each modality in both two and three dimensions [4-11].  
However, xrays and ultrasound waves both suffer frequency 
dependent attenuation as they travel through biological tissue. 
High-frequencies are more heavily damped, “softening” 
ultrasound pulses.  Conversely, low-energy xray photons are 
more likely to be absorbed as they travel through tissue, 
“hardening” the xray beam. Beam hardening is perhaps the 
most challenging of all xray CT data corrections, because the 
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highly nonlinear energy dependence of photon absorption is 
averaged along the Radon line of integration.  

 
Fig. 1.  (left) Xrays travel along the Radon line of integration.  (right) 
Ultrasound pulses travel transverse to the spherical Radon integration surface.   

 
Although one can control the shape of the EM pulse, tissue's 

response time is beyond experimental control so we have to 
assume a wideband US pulse is generated [12].   Clinical 
ultrasound systems generate narrowband data and correct at 
center frequency.  Clinical xray CT systems use a combined 
hardware+software approach to correct for “beam hardening.”  
A hardware filter blocks low energy photons, narrowing the 
xray spectrum.   Post-processing software corrections reduce 
remaining image artifacts.  “Pulse softening” corrections have 
not yet been developed for TPOAT.  We compare and contrast 
xray beam hardening to pulse softening and present a 
correction schemes for narrowband US pulses and also 
broadband pulses generated by spatially localized point 
sources. 

A. Similarities with other modalities.  TPOAT is similar to 
xray CT in several ways.  Although geometries are different, 
image reconstruction is done via Radon inversion for both 
modalities. 
  Radon inversion is relatively stable, so both xray CT and 
TPOAT are therefore capable of providing submillimeter 
resolution – provided measured data are accurate.   

To ensure xray CT data accurately represents the line Radon 
transform, approximately one dozen data corrections are 
applied prior to reconstruction via filtered backprojection 
(FBP).    TPOAT will require a comparable number of data 
corrections, some of which have direct analogs in xray CT.  
For instance, the offset correction in xray CT already has an 
analog in magnetic resonance imaging (MRI), and will in 
TPOAT as well.  MRI excitation is provided by 
radiofrequency (RF) pulses.  At high background field 
strengths, the RF wavelengths are commensurate with the 
dimensions of the adult head.  RF energy therefore focuses, 
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generating stronger signal in the center of the brain than near 
the skull.  The resulting image shading is low-frequency and 
can be corrected by estimating the RF deposition pattern, 
which is largely dependent upon object shape.  Similarly, 
TPOAT signal strength depends upon deposition of EM energy 
across the FOV.  Fluence correction for photo– and opto- 
acoustic tomography is a current topic of research [13] and 
estimates of RF deposition will be required for thermoacoustic 
tomography.  Detector offset [14] is another correction 
required  for TPOAT.  

 

B. Differences with xray CT 
Obvious differences between xray CT and TPOAT include:  
1. TPOAT is a non-ionizing imaging method.  Pulses of 

optical or RF energy initiate the photoacoustic effect. 
2. TPOAT is a hybrid technique.  EM energy is input, but 

acoustic pressures are measured.   
3. Geometries are completely different.  Xrays travel along 

the Radon line of integration, whereas US pulses propagate 
transverse to the spherical Radon integration shells.  

 

II. ATTENUATION – MODEL & CORRECTIONS 

Idealized xrays attenuate independently of energy level; 
idealized ultrasound pulses do not attenuate.  Although both 
xrays and ultrasound waves suffer nonlinear frequency 
dependent attenuation in tissue, the nature of attenuation is 
drastically different between the modalities.  Ultrasound pulses 
“soften,” attenuating according to a frequency power law, 

 e L
b

                                     (1) 

where [ ] = MHz-b cm-1,  is temporal frequency, L is distance 
traveled, ~0.1 MHz-1 cm-1 and b~1 in soft tissue [15]; b~2 in 
many fluids [16].    

A. Correction for narrowband US pulses.  Standard US 
pulses are relatively narrowband and are corrected about 

center frequency when multiplied by e L o
b
  This correction 

is done at the expense of amplifying noise. 

B. Correction for single point sources. For a single point 
source at fixed distance L from the receiver US absorption 
multiplies the true spectrum by (1), or convolves the true 
temporal signal by the inverse Fourier transform of (1).  
Attenuation correction requires deconvolving the temporal 

signal, or multiplying the measured spectra by e L
b

.  
Although this deconvolution problem has a clean analytical 
formulation, it clearly amplifies high-frequency noise.   

C. Dispersion affects TPOAT backprojection.   Attenuation 
typically comes hand-in-hand with dispersion [17-18], or 
frequency dependent propagation speed.  For b~1 dispersion 
is a relatively minor effect [19].  c=c( ) is plotted in Fig. 
2(right) for b= 1, 1.05, and 1.1 in the diagnostic imaging 
range,  [5,20] z.   When b=1.05 soundspeeds vary 
about 3% between 5 and 20MHz, resulting in  maximum 

backprojection errors across a 10cm field of view (FOV) of 
 ±3%/2 10cm=±1.5mm  for signal at 5 and 20 MHz.  
Although soundspeed variations due to dispersion are non-
neglible, soundspeed variations between different types of 
soft tissue are also comparable to the ±1.5% due to dispersion 
[20].  

D. Micro-local convolution for TPOAT.  TPOAT pulses 
enjoy neither the narrow bandwidth of standard US pulses nor 
the fixed transmission distance of a single point source.  
Indeed, the entire object is a continuum of TPOAT sources.   

TPOAT pulses are generated by tissue throughout the field of 
view and therefore L varies across the field of view.  Noting 
that L=c( )t introduces a micro-local flavor to this 
attenuation model, mixing time and frequency in the 

attenuation term, e c( )t b
.  Therefore, US attenuation 

according to (1) is a “micro-local” convolution of the 
unattenuated TPOAT signal.   If the pulses were narrowband, 
they could be corrected about center frequency as are 

diagnostic US pulses, simply by multiplying by e c o( ) t o
b

 

Unfortunately, TPOAT pulses are broadband compared to 
clinical US.  Spectra of a 20-cycle US burst at 5MHz and that 
of a TPOAT pulse generated by a uniform spherical absorber 
of radius 3mm are compared in Fig. 2(left).  Both have 
temporal pulse duration of 4e-6 sec, but the US burst is 
narrowband compared to the TPOAT pulse.  The US 
spectrum is plotted in blue has max peaks at higher 
frequencies than the TPOAT pulse, but the US spectrum 
decays more rapidly than the TPOAT spectrum in red.      

 
Fig. 2.  (left) Spectra of 20-cycle US burst at 5MHz and TPOAT signal in blue 
and red, respectively. (right) Dispersion plots over [5,20]MHz frequency 
range.  Soundspeed vs. frequency plotted for b=1, 1.05, 1.1 in black, red, and 
blue, respectively.  
 

III. IMAGE IMPACT  
Differences between beam hardening and pulse softening 
artifacts are drastic.  Xray beam hardening typically results in 
streaks between high-contrast objects; pulse softening damps 
high frequencies in the measured signal, blurring images.  See 
Fig. 3 for comparisons of beam hardening induced streaks in a 
CT image with TPOAT images reconstructed from full-scan 
data simulated with and without US pulse softening.  The 
attenuated TPOAT image was reconstructed from data 
simulated with =0.1 MHz-1 cm-1, b=1, and assuming zero 
dispersion across a 10cm FOV.   More subtle effects of pulse 
softening are discussed below.   
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Fig. 3.  (left) Xray beam hardening results in streaks between high contrast 
objects. (right-top)  Reconstruction of ideal TPOAT data.  Dots have 10% 
contrast to background.  (right-center) Profiles through horizontal dots with 
b=1 and  = 0 (no attenuation) vs. =0.1,0.2,0.3,0.4 MHz-1 cm-1.  (right-
bottom) US pulse softening with  = 0.1 blurs across a 10cm FOV.   

A.  Compact support is destroyed. Beam hardening artifacts 
detract from image quality, but they do not distort, or reshape 
object boundaries.   Assmuming attenuation and dispersion 
are both zero, the impulse response measured at distance L is 
simply (t L /c) .  Taking the Fourier transform and 
applying the linear (b=1) attenuation factor generates a 
smooth impulse response function, which can be computed 
easily in one spatial dimension:  

h1(t) = F 1 e 2 iL / c L[ ] t( ) =
Lc 2

Lc( )
2

+ 4 2 tc L( )
2  

Although dispersion complicates matters for b=1, the b=2 case 
is dispersionless, because the “||” signs in the definition of h1 
vanish, and Titchmarsh’s theorem implies primitive causality 
for constant soundspeed [21].  

h2(t) = F 1 e 2 iL / c L 2

[ ] t( ) =
L
e

t L
c( )
2

4 L  

h2 is simply the heat kernel with space swapped for “retarded 
time,” or time from the unattenuated wave front [22].  Note 
that spherical pulses traveling  through three dimensions 
undergo additional geometric spreading.  For example, h2 
becomes  

h2
3D (t) =

1

L
F 1 e L 2

[ ] t( ) =
L L

e
t L

c( )
2

4 L  

These impulse response functions are non-negative 
convolution kernels with infinite support, smearing TPOAT 
signals instantaneously across all times.  When TPOAT signals 
are backprojected, the result is non-zero reconstruction values 
throughout space.  US absorption therefore distorts object 

boundaries and destroys compact support of imaging objects.  
See plots in Fig. 3. 
 
B.  Microlocal aspect.  The microlocal aspect of attenuation 
on each transducer’s one-dimensional time signal has a 
microlocal impact on reconstructions.   This effect is most 
clear in partial-scan (PS) reconstructions.  The yellow 
hemisphere in Fig. 3(right) indicates a cross-section of the 
lower hemisphere where transducers measure PS TPOAT 
data.  The horizontal row of dots in Fig. 3(right-bottom) are 
reconstructed from PS data and displayed in the top row of 
Fig. 4.  Notice that dots near the center are blurred 
isotropically, whereas dots near the edges appear somewhat 
anisotropic.  This effect becomes more dramatic as the 
attenuation constant is increased to = 0.2, 0.3, and 0.4.  
Conversely, the same effect would be seen by holding the 
attenuation constant fixed and increasing the FOV.   

 
Fig. 4.  Fully 3D TPOAT reconstructions of horizontal dots with 

 = 0.1, 0.2, 0.3, 0.4 MHz-1 cm-1.    
 
Notice that perfectly round lesions appear spiculated as the 
attenuation parameter increases.  This happens because pulses 
which travel furthest are most heavily attenuated.  In the partial 
scan geometry shown in Fig. 3, edges pointing towards the 
south pole correspond to pulses that must travel across most of 
the tank and are therefore blurred.  For instance, pulses 
generated along the large red arc correspond to the lower right 
edge of the leftmost dots and are heavily attenuated before 
simultaneously reaching the transducer located across the tank. 
The lower left edge of the same dot corresponds to pulses 
generated along the small green arc, which suffer little 
attenuation are well-preserved.     

Conversely, inauspiciously oriented spiculated lesions could 
appear quite round in reconstructed images.  This potential 
pitfall can be understood intuitively for the standard Radon 
transform, using the projection slice theorem.  Let  be the 
radius of the spherical Radon measurement surface.   As  
the curvature of the Radon surfaces decreases and they 
approximate standard Radon planes.   Therefore, we recall the 
projection slice theorem 

Ff ( o)= FRf o,( )                           (2) 
where R1 and o S(n-1) for the standard Radon transform.  
 For simplicity, consider the two dimensional object shown 
in Fig. 5 and the impact of the attenuation model (1) on 
reconstructions of standard Radon data using the projection 
slice-theorem (2).  Fourier components corresponding to edges 
parallel to but far away from the measurement surface are 
heavily attenuated.  This enhances spiculation of the leftmost 
inclusion, but makes the rightmost inclusion appear nearly 

TPOAT pressures are 
related to the spherical 
Radon transform:  

p y,t( ) =
t

1

t
Rf y,t( )  

where 
Rf y,t( ) = f x( ) dx

x y = ct

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 423



 
 
 
 
 
spherical.  Such anisotropic blurring could result in 
misdiagnosis.    
 In practice, radii of TPOAT measurement surfaces are 
minimized to improve S/N, so the projection-slice theorem 
does not provide an accurate approximation, but the effect is 
qualitatively the same.   
 

 
Fig. 5.  (left) High contrast, spiculated inclusions in 2D partial scan setup. 
grayscale =[0,1]. (right) Anisotropic blurring enhances spiculation of some, 
reduces spiculation of others. grayscale=[0, 0.45]   
 

IV. CONCLUSION 
Attenuation correction is done routinely for narrowband 
clinical US pulses and as we showed in Section II  can be done 
for single acoustic point sources.  Whether the point sources 
are generated by a standard ultrasonic transducer or TPOAT 
excitation is irrelevant.  We hope to present results for 
measured pulses generated by both excitation mechanisms 
propagated through highly-attenuative corn oil at the 
conference.    
 
As demonstrated in Section III, the impact of ultrasound 
attenuation on TPOAT reconstructions can degrade 
reconstructed image quality far more dramatically than a 
simple loss of contrast, S/N, or even a straightforward blurring 
by a shift-invariant convolution kernel.  “Micro-local” blurring 
is capable of changing shapes of reconstructed objects, 
potentially resulting in misdiagnosis.  
 
TPOAT imaging is an internal source problem, and the fact 
that attenuation according to (1) instantaneously blurs pulses 
throughout space makes attenuation correction general TPOAT 
pulses a challenging problem. General TPOAT sources are 
space filling within the FOV and generate broadband 
ultrasound signals.    An approximate correction scheme is 
presented in [25] which is inconsistent with the attenuation 
model (1).   Our goal is to develop a robust and physically 
accurate attenuation correction scheme.    
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Abstract—To image the heart one needs to consider both 

modifications in shape of the organ over time due to changes in 

deformation as well as changes in tracer concentration due to 

alterations in compartmentalization of biochemical molecules. A 

model is developed that models tracer kinetics and deformation as 

a function of time using a spatiotemporal mechanical model that 

simultaneously fits coefficients of spatiotemporal basis functions 

and segments organ boundaries using methods of level sets. 

Spatiotemporal basis functions are used to model changes in organ 

confirmation and concentration of the tracer in the organ. Level 

set methodology is used to segment organ boundaries. The FE 

mechanical model is proposed as model of cardiac deformation.  

A multi-variant optimization problem is proposed that 

combines a model of the deformation of the heart with a model of 

tracer kinetics in addition to a segmentation of the organ 

boundaries. All parameters of the model are estimated directly 

from projection measurement. The problem can be formulated in 

a fixed Euler frame using either Cartesian coordinates or 

transformed using curvilinear coordinates. Mathematically the 

heart is a differential manifold that deforms with time such that 

topologically the spacetime configuration space is a fiber bundle 

with base space 
1ℜ  and fiber 

3ℜ . 

 

 
Index Terms—Dynamic cardiac SPECT, spatiotemporal basis 

functions, differential manifolds, cardiac mechanical model.  
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I. INTRODUCTION 

When using contrast agents or radionuclide tracers to image 

the heart, one needs to take into consideration the dynamic 

process of uptake and washout of the contrast material whether 

opaque or radioactive and the deformation of the organ as a 

function of time. The heart deforms while at the same time the 

intensity of the signal changes due to changes in the contrast 

material. If measurements are taken it is necessary to take into 

account these changes in order to reduce bias and to improve 

variance of model parameters. 

We are developing models for scalar, vector, and tensor 

fields [1] that vary in intensity in a time varying deforming 

media such as the heart. The present work is motivated by the 

work of Karl et al. [2]-[4], who developed methods for 

reconstructing from projections the intensity distribution within 

dynamically changing organ boundaries. Here we incorporate 

their methods with a mechanical model [5]-[7] of the heart to 

include a dynamically changing organ boundary and intensity 

represented by spatiotemporal basis functions [8] within a 

boundary defined on a deforming manifold. Possible examples 

of the spatiotemporal basis functions are splines [8] or factors 

of dynamic structures [9]. 

The organ boundaries are determined using level set 

methodology which was devised by Osher and Sethian [10] as 

a simple method for computing and analyzing motion of a 

surface C  in two or three dimensions. The goal is to compute 

and analyze the subsequent motion of C  due to deformation 

such as would occur with a beating heart. The surface C  is 

specified as the zero level set of a smooth function ),( txφφφφ , 

i.e. { }0),()( == txxtC φφφφ , where ),( txφφφφ  is negative in 

the region CΓ  inside the boundary C , positive outside CΓ , 

and zero on the boundary C . The function ),( txφφφφ might be 

the signed distance function of C . A review of level set 

methods is given in the paper by Osher and Fedkiw [11] and a 

book has been written on the subject by Sethian [12]. The 

method has been applied to several applications including 

compressible and incompressible flow, growth of crystals and 
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thin films, vortex-dominated flows, extensions to multiphase 

motion, computer vision, and dynamic image processing. 

Our approach is to modify the theory so that the body within 

the surface C  is defined in an Euler reference frame using 

either Cartesian or curvilinear coordinates specifying a 

differential manifold such that the body within the surface is 

allowed to deform based on a mechanical model. Therefore, 

the surface C  is specified as the zero level set of a smooth 

function )),(( ttxφφφφ , where )(tx  is either Cartesian or 

curvilinear coordinates defined in the deformed space. This 

approach imposes constraints based upon a mechanical model 

and simultaneously segments the boundary of the organ and 

estimates model parameters of changing activity. In the 

following we present a generalized model for specifying time 

changes of tracer activity and mechanics on a deforming 

manifold. 

 

II. THEORY 

We assume that )),(( kkxf  is a function giving the 

concentration at the point 
3)( ℜ⊂Ω⊂Γ∈

kC
kx  for 

discrete times Kk ,...,1= , where 
kC

Γ is some region 

bounded by the surface kC  that varies in shape over time. The 

function )),(( kkxf  is defined over the region Ω  to be 

 

))(()),(()),(( kxkkxfkkxf
kC

o γγγγ=  

 

                          ( )))((1)),(( kxkkxf
kC

b γγγγ−+  , 

 

where ))(( kx
kC

γγγγ is a region indicator function for
kC

Γ : 

 



 Γ∈

=
otherwise
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k
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0

)(1
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and )),(( kkxf o  is the concentration in the region 
kCΓ  

inside the surface boundary kC  and )),(( kkxf b  is the 

concentration  outside. The boundary kC  is the zero level set 

of a function ))(( kx
kC

φφφφ , which is negative inside kC  and 

positive outside. 

Tomographic measurements are performed as the shape and 

intensity of the distribution varies over time. The unknown 

parameters to be estimated from the data are the organ 

boundaries kC  and the concentration )),(( kkxf . Suppose 

we model the projection measurements by the following 

equation 
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where 
i

kp  is the i-th sample of the projection of the 

concentration distribution measured at time k . The function 

))(( kxH
i

k  is the projection kernel which maps the function 

)),(( kkxf  into the projection 
i

kp , where Mi ,....,1= . 

Therefore, each projection is a nonlinear function H
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where the function ))(( kxSq  is the spatial basis function, 

)(tTk  are temporal basis functions, and 
o
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qka  are the 

coefficients of the spatiotemporal basis functions for the object 

and background, respectively. 
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The extra periods are to indicate other possible parameters 

discussed later for parameterization of the spatial and temporal 

changes of the time varying deformation. The shape dynamics 

is specified from one time point to another time point by a 

deformation map ϕϕϕϕ  which transforms the boundary kC  to 

1+kC by the boundary map kA : 1)( += kkk CCA .  The term 

 

∑∫
=

K

k
C

k
k

dC
1

αααα  

 

imposes spatial smoothness with a weighting factor αααα  by 
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minimizing the total area of all the surfaces and the term 
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imposes temporal smoothness with a weighting factor δδδδ  by 

minimizing the difference between signed difference functions 

1+kC
φφφφ  and )( kk CAφφφφ  for points in the difference between 

successive regions bounded by the surface )( kk CA  and the 

surface 1+kC , where 

 

11 )()(1)),((
++

Γ∩Γ−Γ∪Γ=Π + kkkkkk CCACCAkkk CCA . 

 

The energy functional )(ϕϕϕϕE  with weighting factor ββββ  is a 

function of the deformation ϕϕϕϕ  and may be based on a 

mechanical model with energy strain function defined by a 

constitutive material model of the heart [5] or a simpler 

parameterization with fiber structure [6], [7]. 

In the paper of Shi and Karl [1], the shape dynamics is 

specified from one time point to another time point by an affine 

transformation mapping kC  to 1+kC : 1)( += kkk CCA .  A 

distance measure is used to avoid the problem of having to 

know the correspondence of points between two different 

surfaces. In our work we propose to model the shape dynamics 

by a deformation map ϕϕϕϕ  defined by either a cardiac FE 

mechanical model with fiber structure and material properties 

[5] or a more simple model based upon the parameterization of 

the fiber structure and limitations on the fiber stretch [6], [7]. 

To minimize the function χχχχ  we use a gradient decent 

method. We first select a set of surfaces (which one could 

obtain from a segmentation of a sum image (average over all 

dynamic frames). We then hold χχχχ  fixed relative to the 

surfaces C and optimize χχχχ  relative to 
b

qk

o

qk aa , . The gradient 

is given by 
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qkkaaaa
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Then 
b

qk

o

qk aa ,  is held fixed and the function χχχχ  is optimized 

relative to the surfaces kC  using the gradient 

),,( b

qk

o

qkkC aaC
k
χχχχ∇ . 

III. DISCUSSION 

The developed methodology is a multiparameter 

optimization problem aimed at more accurately modeling 

tracer kinetics during cardiac motion. It is assumed that the 

data is acquired dynamically with cardiac phase information, 

either by list mode acquisition or by framing into gated 

dynamic frames over the cardiac cycle. The approach is 

appropriate for dynamic cardiac SPECT [13] where more often 

dynamic data are acquired with a slow camera rotation. 

However, the method is also appropriate for PET. It has been 

shown that the estimation of model parameters directly from 

projections produces estimates of kinetic parameters with 

lower variance and bias than estimating kinetic parameters 

from time activity curves generated from dynamic 

reconstructed regions of interest [14]. Using B-splines to 

model the input function and directly estimating compartmental 

model parameters and blood input function can improve 

quantitation of dynamic SPECT by reducing the standard 

deviation of uptake and washout parameters by 17 to 41%. Of 

course the accuracy of the model depends upon appropriately 

modeling the effects of the physics of the imaging detection 

process (attenuation, scatter, geometric response). Also, the 

accuracy of the model depends on the appropriateness of 

models for the physiology of the tracer kinetics and for the 

mechanical properties of the heart. The optimization problem 

can also be formulated with additional smoothing criteria than 

those specified in the chi-square function above.   

The proposed method involves segmentation simultaneously 

with an estimation of the dynamic parameters. The basis 

functions ))(( kxSq  require a parameterization of both space 

and time. The spatial parameterization can be accomplished 

using smooth functions relative to the Euler frame or through a 

transformation to the differential manifold of the deforming 

heart. The temporal parameterization can be accomplished 

using appropriate parameterization of the spatial deformation 

as a function of time. Also, the temporal basis functions )(tTk  

could be splines, factors of dynamic structures, or time activity 

curves of a compartment model. The spatial parameterization 

can also involve a multiresolution approach where inside the 

organ boundaries the changing tracer kinetics is modeled with 

high resolution whereas outside the distribution is molded with 

a more coarse resolution [15]-[18]. Recently, we have used 

both spatial and temporal B-splines to obtain estimates of time-

activity curves directly from projections that were acquired 

with slow camera rotation [19]. With the assumption of no 

deformation, this approach does not require segmentation, and 

the approach improves signal-to-noise and increases 

computational efficiency compared to methods based on small 

cube-shaped voxels and rectangular time windows.  

Thus, the proposed model is a large optimization problem 

that seeks to find a number of optimum parameters by focusing 

on organs, such as the heart, which have more rapidly changing 

tracer concentration and organ configurations, and providing a 

higher resolution model in the deforming organ where the 

action is occurring. We have found this approach to actually 
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reduce the number of parameters of the tomographic problem.  

It should be noted that the spacetime coordinate system is 

not a product space 
31 ℜ×ℜ , it is a fiber bundle with base 

space 
1ℜ  and fiber 

3ℜ . This requires a new type of geometry 

different from Euclidean geometry to specify the mechanics 

not only of continuum mechanics but classical Newtonian 

mechanics. As a practical application we have described a 

method for solving Block equations in deformed spaces [1]. 

In recent years there has been significant interest in dynamic 

cardiac SPECT imaging [13], [20], [21], with the goal to obtain in 

some cases a time-varying tracer distribution in the heart [21] and in 

other cases to obtain kinetic model parameters [13], [20]. The first 

work to consider gated cardiac SPECT and dynamic cardiac SPECT 

jointly was presented in [22], [23], and more recent work presented in 

[24]-[26] has built upon these earlier developments. For cardiac 

imaging, the tracer kinetic parameters could provide valuable 

diagnostic information and better models of the large deformations 

found in the heart are key to improving dynamic cardiac SPECT. 

IV. CONCLUSION 

We propose a model for parameterization of the deformation 

and tracer kinetics plus a segmentation of organ boundaries. It 

is proposed that the model parameters be estimated directly 

from the projection data to reduce bias and variance of the 

estimated parameters. 
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Phase-contrast CT: Fundamental theorem and
reconstruction algorithms

Andrei V. Bronnikov
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Abstract— Phase-contrast x-ray computed tomography (CT) is
a 3D imaging method that can be implemented at third gen-
eration synchrotron radiation sources or by using a microfocus
x-ray tube. Promising experimental results have recently been
obtained in material science and biomedical applications. At the
same time, the lack of a mathematical theory comparable to that
of conventional absorption-based CT limits the progress in this
field. We suggest such a theory and prove a fundamental theorem
that plays the same role for phase-contrast CT as the Fourier
slice theorem does for absorption-based CT. The fundamental
theorem allows us to derive fast image reconstruction algorithms
in the form of filtered backprojection (FBP). The implementation
and stability of the algorithms are discussed.

I. INTRODUCTION

Conventional x-ray computed tomography (CT) is based
on the difference in radiation absorption by different tissues.
At the same time, a wide range of samples used in biology
and medicine demonstrate very weak absorption contrast,
nevertheless producing significant phase shifts in the x-ray
beam. The use of phase information for imaging purposes is
therefore a suitable alternative here. Utilizing phase contrast
also has attractive sides itself: first, refractive properties of the
medium can be studied, rather than its absorption properties,
as done in absorption-based CT and secondly, it may help to
diminish the total absorbed dose, enhancing the conditions of
the entire imaging procedure.

In this paper we present a mathematical theory which lays
down the foundations of quantitative phase-contrast CT, mak-
ing accurate reconstruction of phase-contrast data as easy as in
conventional CT. The suggested theory requires no intermedi-
ate step of phase retrieval and provides direct reconstruction of
the refractive index from the intensity distributions measured
in a single plane of the near field region. In the case of a mixed
phase and amplitude object, the data in the contact print plane
are required as well. The theory is based on a fundamental
relation between the three-dimensional (3D) Radon transform
of the object function and the two-dimensional (2D) Radon
transform of the phase-contrast projection that is established
in the form a fundamental theorem. Using this theorem,
reconstruction algorithms can be derived in the form of filtered
backprojection.

II. PHASE-CONTRAST IMAGING

Phase-contrast images can be obtained by implementing the
Gabor’s principle of in-line holography [1]. Pure absorption
contrast, which is used in conventional CT, is observed only
in the contact print plane (i.e. when the distance z of the

Fig. 1. The principle of inline phase-contrast imaging. The projection images
of the computer phantom of the spheres are shown for different positions of
the detector along the z axis.

object to the image plane is zero), whereas phase contrast due
to diffraction of x-rays occurs throughout the entire Fresnel
diffraction region (see Fig. 1). To acquire a phase-contrast
image it is sufficient to place a detector away from the object.
An experimental setup can be built on a synchrotron radiation
source or on a microfocus x-ray tube [2-5].

A mathematical model of inline phase-contrast imaging is
given by the Fresnel propagator. The intensity distribution at
distance z from the object can be represented by

Iz
θ (x, y) = |hz ∗ Uθ|2, (1)

where hz(x, y) is the Fresnel propagator, the asterisk denotes
two-dimensional convolution and Uθ is the wavefield down-
stream of the object at the observation angle θ. Supposing that
the detector is in the near field of the Fresnel region:

λd << D2 (2)

(where λ is the wavelength, d is the distance of the detector
to the object and D is the size of the object) and absorption µ
is weak and slowly varying, for the small distance d we may
write :

Id
θ (x, y) = I0

θ (x, y)
(

1− λd

2π
∇2ϕθ(x, y)

)
, (3)

where I0
θ (x, y) is the intensity in the contact print plane and

ϕθ(x, y) is the phase function. Eq. (3) establishes a linear
relation between the phase function and the measured intensity
data. If Eq. (3) holds, then the fundamental theorem relating
the object function to the intensity measured at distance d can
be established.
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III. CONVENTIONAL CT AND FOURIER SLICE
THEOREM

The problem of conventional absorption-based CT is to
reconstruct a 3D distribution of the attenuation coefficient µ
from the projection data. Mathematical theory of conventional
CT is based on the so-called ”Fourier slice theorem”. Let
ĝθ(ξ, η) be the Fourier transform of the projection at the angle
θ. Then

µ̂θ(ξ, η) = ĝθ(ξ, η) (4)

is the Fourier transform of the attenuation coefficient in the
plane that intersects the origin and is parallel to the detector
plane. This simple result allows one to find the Fourier trans-
form of the object function by covering the complete Fourier
space with the planes positioned at the angles 0 ≤ θ < π.
However, the implementation of such an algorithm requires
transformation from the polar to Cartesian coordinate system
and therefore is not straightforward. It can be shown that after
some calculations, the Fourier slice theorem gives a simple
algorithmic result in the form of a convolution (denoted by
the asterisk) and the backprojection operator:

µ(x1, x2, x3) =
∫ π

0

dθ r ∗ gθ, (5)

where r is the reconstruction filter and following the convo-
lution arguments x and y of function r ∗ gθ are replaced by
x = x1 cos θ + x2 sin θ and y = x3, respectively. The filter
function r has a simple structure R(ξ) = |ξ| in the Fourier
domain and is often called ”the ramp filter”. The ramp filter
needs some regularization at the high frequencies where it can
amplify the unwanted high-frequency noise.

IV. INVERSE PROBLEM IN PHASE-CONTRAST CT

In phase-contrast CT, the data function is computed as

gθ(x, y) = Id
θ (x, y)/I0

θ (x, y)− 1, (6)

where Id
θ (x, y) is the intensity distribution at a sufficiently

small distance z = d and I0
θ (x, y) is the intensity in the contact

print plane. Using gθ(x, y) as the data for Eq. (5) we can
reconstruct an approximation to the phase object function that
is known to be a function proportional to the Laplacian of the
object function. Indeed, this function will represent only the
edges of the true image, giving no quantitative information.
To reconstruct the object function quantitatively, a suitable
mathematical model has to be applied. In this way, a formula
similar to Eq. (5) has to be found using the apparatus of the
Fresnel transform.

The reconstruction problem in quantitative phase-contrast
CT is to find the object function f(x1, x2, x3) from measured
values of intensity Iz

θ (x, y), 0 ≤ θ < π. A number of
methods for solving the inverse problem of phase-contrast CT
has been suggested in the literature. These methods can be
divided into two groups: a) the methods that require phase
retrieval; b) direct methods. A typical example of the phase
retrieval method is the holotomography method suggested by
Cloetens et al [5]. Several planes of intensity measurements are
used here to find the phase distribution. After that the object
function is computed by inverting the Radon transform. A

Fig. 2. Illustration of the geometry used in the fundamental theorem. The 2D
Radon transform of the phase-contrast projection is computed by integration
along the lines on the detector; the 3D Radon transform of the object function
is computed by integration over the corresponding planes.

direct method that requires no phase retrieval was suggested by
the author in [6]. Here the object function (the distribution of
the index of refraction of the object) is found directly from the
intensity data. Modifications of this method were developed
later in [7-11]. For reconstruction of the phase object the direct
method requires a measurement of intensity in a single plane
of the near field. The data are processed in a way similar to
that of conventional CT. The theoretical background of this
approach is given by the theorem presented below.

V. FUNDAMENTAL THEOREM OF
PHASE-CONTRAST CT

In order to find an analytical solution to the inverse problem
of phase-contrast CT, we make certain approximations that
hold in the near field of the Fresnel region (see [7] for details).
Using the hat for notations of 2D and 3D Radon transforms,
we present the main result in the form of the following

Theorem
Let the data function be given by Eq. (6) and the conditions
of Eqs (2) and (3) hold, then

∂2

∂s2
f̂(s, θ, ω) =

−1
d

ĝθ(s, ω). (7)

The theorem shows the relationship between the measured
intensity of the x-ray beam downstream of the object and the
index of refraction of the object. The theorem has a structure
reminding that of the Fourier slice theorem in conventional
CT, but instead of the Fourier transform the Radon transform is
applied here. The Radon transform is an integration along lines
in 2D and an integration over planes in 3D. As seen from Fig.
2, the theorem says that the integrals of the data along lines
in the detector plane are proportional to the second derivative
of the corresponding plane integrals of the object. Since the
formula for the inverse 3D Radon transform is known, the
theorem can be directly used to find the object function.
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Fig. 3. Reconstruction of the phase object by the suggested algorithm. No
phase retrieval is required; a single detector position in the near field of the
Fresnel region is sufficient.

VI. RECONSTRUCTION ALGORITHMS

Using the fundamental theorem, a reconstruction algorithm
can be derived. Indeed, the object function can be found from
equation (7) if the 3D Radon transform is inverted. This gives
us the formula

f(x1, x2, x3) =
1

4π2d

∫ π

0

sinωdω

∫ π

0

dθ ĝθ(s′, ω). (8)

Inversion formula (8) suggests that a 2D Radon transform in
the detector plane has to be computed for each projection
gθ(x, y). The result is then back-projected into the 3D space
by using the backprojection operator of the 3D inverse Radon
transform. Applying the full 2D Radon transform to each
projection is a lengthy computational task; a more practical
FBP reconstruction algorithm could be obtained if Eq. (8) was
simplified by calculating the integral over angle ω. This result
was first obtained in [6]. The algorithm is reduced to a familiar
FBP algorithm with the filter function q(x, y) = |y|/(x2+y2):

f(x1, x2, x3) =
1

4π2d

∫ π

0

dθ q ∗ ∗gθ, (9)

where following the convolution arguments x and y of function
q ∗ ∗gθ are replaced by x = x1 cos θ + x2 sin θ and y = x3,
respectively. Eq. (9) gives us an algorithm that is similar to the
FBP algorithm of conventional CT (see Eq. (5)). The major
difference is that the filtering operation in phase-contrast CT
is done in two dimensions. The filter can be implemented in
the Fourier domain:

Q(ξ, η) =
|ξ|

ξ2 + η2
, (10)

where ξ and η are the spatial frequencies.

VII. MIXED PHASE AND AMPLITUDE OBJECTS

The use of the approach for mixed phase and amplitude
objects is straightforward, at least theoretically. Indeed, since
I0
θ (x, y) is measured in the contact print plane, it should

contain information of absorption contrast only and therefore
the absorption-contrast image is canceled by division in Eq.

Fig. 4. Reconstruction of the mixed phase and amplitude object by the
suggested algorithm. Two detector positions: in the contact print plane and in
the near field of the Fresnel region are required.

(6). In practical implementation this method may require some
additional processing of the data I0

θ (x, y) that can be noisy and
of insufficient contrast. Note that reconstruction of the mixed
phase and amplitude objects will require measurements in two
planes, which are the contact print plane and the plane at the
distance d from the object. In the case of a purely phase object,
I0
θ (x, y) = Ii, where Ii is the intensity of the incident beam,

so that only a measurement in a single plane in the near field
is needed (compare Figs. 3 and 4).

VIII. STABILITY
As was pointed out already in [6,7], Q(ξ, η) is a low-pass

filter so that the FBP algorithm given by Eqs. (9),(10) is
stable to the high-frequency noise. This is a special property of
phase-contrast reconstruction. Here we have a situation where
the reconstruction algorithm does not need to be stabilized
at the high frequencies, which is opposite to the situation
in conventional CT. At the same time, the instability of the
inverse problem appears here in the other way. Note that
convolution integral in Eq. (9) is understood in the sense
of the Cauchy principal value, since its kernel q(x, y) has a
singularity at the origin. This singularity is preserved in the
frequency domain, where we also have the singularity at the
origin. The singularity problem can be dealt with using a fine
sampling in the Fourier domain while setting Q(ξ, η) = 0 for
ξ = 0, η = 0; in this way the filter allows us to reconstruct
the frequencies that are as close to the zero frequencies as
possible. A more serious problem is a strong amplification
of the low frequencies by the filter function Q(ξ, η). The
amplification of the low frequencies may lead to the instability
if the data contain a low-frequency noise. A simple way to
stabilize the behavior of the filter at the low frequencies is to
add a regularization parameter to the denominator of Q(ξ, η),
which gives us

Qα(ξ, η) =
|ξ|

ξ2 + η2 + α
, (11)

where α > 0 is a sufficiently small regularization parameter.
The use of Qα(ξ, η) makes an approximation to the exact filter,
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Fig. 5. Quantitative phase-contrast reconstruction of the experimental data
of the polyethylene tube with polymer fibers. (A data set is shown on the
left, a slice from the 3D reconstruction is on the right). The materials with
different index of refraction are clearly distinguishable in the reconstructed
image.

so that the reconstruction is never exact at the low spatial
frequencies. This may be unsatisfactory for homogeneous
objects, but may work well for the objects with a fine structure.
Another problem is the choice of the regularization parameter.
According to the author’s experience, the FBP algorithm
is very sensitive to small changes in parameter α, which
requires a special procedure of selecting this parameter for
each particular object. Since the stability of the x-ray beams
and the presence of absorption remain the main practical
issues, the problem of stabilizing the algorithms is one of the
most important in implementation of fast FBP algorithms.

As an illustration of the practical applicability of the ap-
proach, an experimental data set has been processed. The
phase-contrast data were provided by courtesy of A. Groso
and M. Stampanoni (Swiss Light Source). Parameters of the
data were: d = 15cm, E=13.5 keV, pixel size 1.75 µm. The
data have been reconstructed by the suggested algorithm with
the regularized filter function. The results are shown in Fig. 5.
Here we can see that the algorithm allows us to reconstruct the
quantitative image of the object; the materials with different
index of refraction are clearly distinguishable.

IX. DISCUSSION

A mathematical theory of quantitative phase-contrast com-
puted tomography is presented. A corner stone of this theory
is a fundamental theorem that establishes a relation between
the 3D Radon transform of the object function and the 2D
Radon transform of the phase-contrast projection. The theorem
shows a direct relationship between the measured intensity and
the index of refraction of the object. The approach requires
no phase retrieval and a phase object can be reconstructed
using a single detector position in the near field of the Fresnel
region. The reconstruction algorithm is derived in the form of
filtered backprojection (FBP), which is the fast reconstruction
algorithm. The FBP algorithm can be implemented in the
Fourier domain using the fast Fourier transform and is as
simple as the conventional FBP algorithm. A family of related
algorithms can be obtained by modifying the filter function in
order to provide the solution with the required properties.

Computer simulations showed promising results both for
phase and mixed phase and amplitude objects. A thorough

numerical analysis of the reconstruction problem and a series
of computer experiments have been done by the author in [7];
we refer to [7] for all necessary numerical illustration of the
theory. An independent evaluation of the suggested algorithm
was done by Anastasio et al [8]. Groso et al [9] have pointed
out the problem of instability of the algorithm to the low
frequency noise in the data. Their conjecture was that the real
samples are never purely phase objects and therefore some ab-
sorption is always present, which can jeopardize the behavior
of the reconstruction algorithm at the low spatial frequencies.
They have stabilized the reconstruction with respect to the
low frequency noise by using a regularized filter function as
of Eq. (11) and provided an heuristic procedure for finding the
regularization parameter [10]. Gureyev et al suggested a more
theoretical approach for selecting the regularization parameter
for the case of proportionality of the amplitude and phase
objects [11]. A further work is needed to generalize the FBP
algorithms for objects with arbitrary absorption.
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Abstract—Our final goal is to develop a new class of fully 
four-dimensional computed tomography (CT) reconstruction 
algorithms for time resolved, low dose cardiac CT imaging. 
Toward this goal, we developed an algorithm to reconstruct a 
time-dependent deforming object from fan-beam projections 
and a time-dependent motion vector field. The method is in the 
form of derivative backprojection filtering with locally 
compensated affine transformation.  
 

Index Terms—Computed tomography, motion compensation.  
 

I. INTRODUCTION 
HE long-term goal of this research is to develop time 

resolved, low dose cardiac CT imaging [1]. Specifically, 
we will develop an iterative algorithm (Fig. 1) that estimate 
the time-dependent motion vector field of the heart from the 
measured projection data and integrate it into the image 
reconstruction process. The motion will be estimated by 
maximizing the agreement between the acquired 4D 
projection data and the reconstructed time-resolved 4D 
images. The quality of the image will be significantly 
improved since the motion is compensated. In addition, 
lower tube current could be utilized since all of the acquired 
data will be used to reconstruct any cardiac phase of 
interest. We estimate the reduction of radiation dose to the 
patient will be 50-75% of the current level. 

Toward this long-term goal, one can incorporate a 
time-dependent motion vector field into a system matrix 
and solve this 4D reconstruction problem using numerical 
(statistical) algorithm. Gilland, et. al., developed a method 
for simultaneous estimation of motion and object [2, 3]. 
However, we want to provide an analytical solution which 
could provide a faster convergence in the iteration process 
(Fig. 1) due to its linear nature of the reconstruction process. 
Specifically, we will develop a method to reconstruct 
time-resolved 2D images of dynamic objects from fan-beam 
projections assuming the estimated time-dependent 2D 
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motion vector field is accurate. The algorithm will be 
integrated into the iterative process (Fig. 1).  

For respiratory motion correction in lung CT, Crawford’s 
approximate fan-beam algorithm [4] compensates a global 
expansion/translation of the object. The algorithm was a 
ramp filtering (FBP) with a change of variables to take a 
global motion model into account. Roux, et al. [5] developed 
an exact algorithm for a global time-dependent affine 
transformation by incorporating transformation operation 
into Noo’s derivative Hilbert transform (DFBP) algorithm 
[6]. Recently, Desbat, et al. extended Roux’s motion model 
to a relaxed version of affine transformation [7]. Such 
DFBP-based affine transformation compensation algorithms, 
DAFBP, are exact; however, the motion model is restricted 
such that lines (rays) remain lines even after deformation.  

Most of non-rigid transforms such as respiratory or cardiac 
motion do not satisfy this restriction—lines become curves 
with deformations. For respiratory motion compensation, 
Ritchie, et al. [8] applied Crawford’s algorithm on a local 
basis by changing the motion model for each pixel. Despite 
its global nature of the ramp filtering, the reconstructed 
images were in good quality demonstrating significantly 
reduced motion artifact. This shows the potential of the 
correction based on locally accurate motion model, filtering, 
and backprojection. In contrast, methods that lack accurate 
filtering can not correct for the effect of motion [9, 10].  

We hypothesize that by applying the correction locally, we 
can approximately reconstruct images with negligible (or 
acceptable) level of error. Our approach to cardiac 
reconstruction is similar to Ritchie’s with an effort to make 
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Fig. 1 The fully 4D reconstruction. The proposed DAxBPF algorithm will be 
used as one step of an iterative algorithm. 
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filtering process much more accurate. We incorporate an 
affine transformation into a derivative backprojection 
filtering (DBPF) algorithm [11, 12]. An algorithm to 
compensate for a global affine transformation motion, 
DABPF, remains exact. We then extend the DABPF to an 
algorithm, DAxBPF, which corrects for locally varying affine 
transformation motion. The effect of motion is limited only to 
the derivative step, where the support of the derivative kernel 
is very small. 

II. ALGORITHMS 

In this section, we will derive an exact algorithm, DABPF, 
from a backprojection filtering algorithm to reconstruct a 
dynamic object with time-dependent global affine 
transformation. We will then propose an approximate 
reconstruction algorithm, DAxBPF, to compensate for 
time-dependent general non-rigid transform by applying 
DABPF on a local basis. 

A. Notations 
We use the right hand coordinate system shown in Figs. 

2-3. The time-dependent two-dimensional deforming object 
is defined by f0 (x0 ), x0∈r2, at the reference time t = t0, and ft 

(xt), xt∈r2, at time t. The time-dependent affine operation Γt 
projects a point xt at time t to a point x0 at time t0: 

( ) 0t t tt tx A x b xΓ = + = ,           (A.1) 

where  

 ( ) ( )
( ) ( )

( )
( )

11 12 1

21 22 2

andt t

a t a t b t
A b

a t a t b t
⎡ ⎤ ⎡ ⎤

= =⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

.   (A.2) 

Thus, the object can be noted 
( ) ( )( ) ( )00 0t tt tf x f x f x= Γ = .        (A.3) 

The true circular source trajectory and fan-beam projections 
can be expressed as: 
 ( ) ( )sin , cos T

ts R Rλ = − λ λ ,         (A.4) 

 ( ) ( )( )0, t t tt tg f s l dl∞λ α = λ + α∫ ,       (A.5) 

where αt = (-sinγ, cosγ)T is a unit vector along a ray and R is 
the distance from the source to the rotation axis. Note that 
source parameter is monotonically increasing function of 
time, for example,  
 λ = ωt.                 (A.6) 

B. Parallel-beam DBPF algorithm 
 In the reference time or for the stationary object, 
parallel-beam projection can be expressed as: 
 ( ) ( ), ' 'p r f rn r n dr∞ ⊥

−∞
φ = +∫ ,        (B.1) 

where n = (cosφ, sinφ), and n⊥ = (–sinφ, cosφ) (see Fig. 2).  
We have a derivative backprojection filtering (DBPF) 
algorithm for a parallel beam projections [11]: 

 ( ) ( ) ( )
0

, ,
, lim

p r p r
p r

ε→

+ ε φ − φ
′ φ =

ε
,      (B.2) 

 ( ) ( ) ( ) ( )2

1
, sgn ,b x w r n p r dφ

θ φ
′= φ θ ⋅ φ φ∫ ,    (B.3) 

 ( ) ( )( )11
2

f x H b x−
θ θ= −

π
,         (B.4) 

where ( )1H −
θ i is the 1-D finite inverse Hilbert transform  

along θ direction and w  is a redundancy weighting.  

C. Fan-beam DBPF for arbitrary orbit 
Parallel- and fan-beam projection is related by 
 ( ) ( ) ( ) , 0

, ,
s n r n

p r g
λ ⋅ = α⋅ =

φ = λ α .        (C.1) 

Taking a derivative with respect to λ of both sides of Eq. 
(C.1) yields 

 ( ) ( )
( ) ( ) , 0

,
,

s n r n

g
p r

s n
λ ⋅ = α⋅ =

′ λ α
′ φ =

′ λ ⋅
.        (C.2) 

The line L(n, x) passes through the point of reconstruction 
x (see Fig. 2). Any source points s(λa) and s(λb) on the line L 
can be parameterized by a distance v : 
 x + v n⊥ = s(λ),              (C.3) 
where | v | = || x – s(λ) ||. Differentiating each side of Eq. (C.3) 
with respect to λ yields 
 ( )dv dn vn s

d d
⊥ φ ′+ = λ

λ λ
.          (C.4) 

Thus,  

 ( ) ds n v
d

φ′ λ ⋅ =
λ

 and ( )
( )

s nd
d x s

′ λ ⋅φ
=

λ − λ
.   (C.5) 

Inserting Eq. (C.2) into Eq. (B.2) and Eq. (C.5) into Eq. (B.3) 
yields a fan-beam BPF formulae for an arbitrary source orbit:  

 ( ) ( ) ( )
0

, ,
, lim

g g
g

ε→

λ + ε α − λ α
′ λ α =

ε
,     (C.6) 

 ( ) ( ) ( )( ) ( )
( )

2

1

, sgn ,w n g
b x d

x s
λ

θ λ

′λ α θ ⋅ λ λ α
= λ

− λ∫ .  (C.7)  

where 
 ( ) ( ) ( )n s s⎡ ⎤′′λ = λ − α⋅ λ ⋅α

⎣ ⎦
,        (C.8) 

( )( ) ( )x s x sα = − λ − λ .         (C.9) 

D.  DABPF algorithm 
We want to obtain Hilbert transformed image b0,θ(x) at the 
reference time t0 from measured projections gt(λ,αt). We 
transform a circular source orbit st(λ) around the object ft into 
a virtual source trajectory s0 (λ) around the object f0 at t0 
(Fig. 3): 
 s0 (λ) = Γt ( st(λ) ).            (D.1) 
   The projection data with the virtual path can then be 
obtained by 
 ( ) ( )00 , ,t tt tg A gλ α = α λ α ,         (D.2) 

where 
 

0 t tt tA Aα = α α .            (D.3) 

s(λa)

αx n
s(λb)

v < 0

v > 0

L(n, x)

source trajectory

n⊥

 
Fig. 2: Line L passes through a point x and sources at s(λa) and s(λb).  
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Proof:  

Using Eq. (A.3) into Eq. (A.5), the object f at  
time t can be described by  

 ( )( ) ( )( )
( )( )

0

00

t t t tt t

tt

f s l f s l

f s lA
⋅

⎡ ⎤λ + α = Γ λ + α⎣ ⎦

= λ + α
     (D.4) 

Inserting Eq. (D.4) into Eq. (A.5) and changing a variable, 
ˆ

ttl l A= α , we get 

 

( ) ( )( )

( )

( )

000

000

00

,

1 ˆ ˆ

1 ,

t tt t

tt

t tt t

tt

g f s lA dl

Af s l dl
A A

A g

∞

∞

λ α = λ + α

⎛ ⎞α
= λ +⎜ ⎟⎜ ⎟α α⎝ ⎠
= α × λ α

∫

∫
.  (D.5) 

where 0α  is shown in Eq. (D.3). 
 
Then, the derivative of the virtual projection data can be 
calculated by using product rule and Eq. (A.6) 
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∵

.  (D.6) 

The first term of Eq. (D.6) is the derivative with respect to 
time t and the second term is the lambda derivative similar to 
Eq. (C.5). We call this DABPF algorithm which consists of 
Eqs. (D.6), (D.3), (C.7), and (B.4). Note that globally 
defined affine transformation preserves straight lines as 
straight lines. Thus, DABPF will provide an exact 
reconstruction.  

E. DAxBPF algorithm 
We extend DABPF algorithm derived in Sec. 2.D to 

develop DAxBPF algorithm for non-rigid transformation. A 
motion within a small region-of-interest (ROI) (or a pixel) is 
approximated by a time-dependent affine transformation: 
Γt,xo. (In other words, the size of ROI must be small enough 
for the approximation to be reasonably accurate.) For 
example, a time-dependent affine transformation Γt,xo can be 
found from a warping operation Mt by 

( ) ( ) ( ) ( )0

2

, arg min ,t x t t t t t t t t
ROI

x w x x M x x dxΓ
Γ

⎡ ⎤′ ′ ′Γ = − Γ⎢ ⎥
⎣ ⎦
∫ , 

and                  (E.1) 
( )

0 0 0 0, , ,t tt x t x t xx A x b xΓ = + =         (E.2) 

where wΓ is a weight which monotonically decreases with 
distance from x.  

We apply Eq. (E.1) on a local basis and perform the 
derivative backprojection by Eqs. (D.6), (D.3), and (C.6) to 
obtain Hilbert transformed image b0,θ(x) at the reference time 
t0. ROIs must have small overlaps for smooth transition at 
boundaries. An 1-D inverse Hilbert transform is then applied 
by Eq. (B.4) to obtain an image f0(x) from b0,θ(x).  

III. EVALUATIONS AND DISCUSSIONS 
We implemented the proposed algorithms, DABPF and 

DAxBPF, and employed computer simulations. A 5-cylinder 
phantom beat by 60 cycles-per-minute with a contraction by 
2:1, a rotation by either 30° or 60°, and a translation by (40 
mm, 20 mm), respectively. Projection data were generated 
over 8π with 350 ms/(2π). Figure 4 shows images 
reconstructed by halfscan FBP method [13] and the two 
proposed algorithms from projections over ~6π with a binary 
redundancy weight, respectively. Strong motion artifacts can 
be seen in images with the FBP method (Fig. 4b-4c). DABPF 
successfully compensated the globally defined motion (Fig. 
4e) and limit the effect of spatially varying motion pattern 
(Fig. 4f, arrow) even with the abrupt weight. And DAxBPF 
algorithm substantially improved the image quality (Fig. 4i).  
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( )0,xs λ Ray direction for x0 : ( )0,x xαRay direction for x0 : ( )0,x xα
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ROI for x0

Fig. 3: (Above) The true circular source trajectory at time t and (bottom) the 
converted virtual source trajectory at reference time t0. 
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 The quality of the approximation used in DAxBPF needs a 
further investigation to fully understand its nature; however, 
the pixels outside ROI do not significantly affect the image 
quality inside ROI during derivative backprojection process 
due to the compact support of the derivative operation and a 
small difference caused by the motion between adjacent 
projections. 

 A direct application of Ritchie’s approach to Roux’s 
derivative-Hilbert-filtering-backprojection algorithm 
(DFABP) could yield DFAxBP algorithm. This local motion 
correction method requires numerous filtering, i.e., Nm times 
as the static case, where Nm is the number of motion models 
per image. On the other hand, DAxBPF will require Nn-fold 
computations, where Nn is the number of motion models 
along the filtering line. And usually Nm ≈ Nn × Nn >> Nn.  

In addition, the global support of the Hilbert filtering in 
DFAxBP will induce an error due to the inconsistency of the 
motion model (i.e., locally varying affine transformations), 
thus, will limit the capability of motion compensation. On the 
other hand, the support of derivative kernel in DAxBPF 
algorithm can be as tight as a few samples. The 1-D inverse 
Hilbert transform is applied to pixels where motions are well 
compensated.  

In addition, as nature of the family of DBPF algorithms, 
both of the proposed DABPF and DAxBPF algorithms allow 
the transverse truncation: they do not require projection data 
outside of ROI. In contrast, the entire object needs to lie 
inside the fan-beam in all projection angles in Roux’s and 
Desbat’s DAFBP algorithms. Thus, the proposed BPF-based 
algorithms have a potential to reduce necessary patients 
radiation dose in the cardiac scan.  

The proposed method, DAxBPF, is an approximation. A 
line of integration at time t will be transformed into a quasi 
line segment inside the ROI and may become a curve outside 
the ROI at the reference time t0 (Fig. 3). The linearity of the 

quasi-line segment inside the ROI depends on the similarity 
of the local non-rigid motion to an affine transformation in 
Eq. (E.1). 

The derivative is taken with respect to λ in the current 
form of the proposed algorithm. One can modify the 
variable of the derivative to the detector ray angle γ as 
shown in [14]. 

IV. SUMMARY 
We have developed fan-beam reconstruction algorithms 

using derivative backprojection filtering approach to 
compensate a time-dependent deformation. The method for 
a global affine transformation is exact; the method for a 
general non-rigid transformation is approximate.  

We will integrate this algorithm into the iterative, 
simultaneous motion estimation and dynamic reconstruction 
(MD) algorithm (Fig. 1) to obtain motion compensated 
time-resolved images from projections. 
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Fig. 4: (Left) A fan-beam sinogram of an object with a globally define affine 
transformation. (Right) Images reconstructed by (a-c) halfscan FBP, (d-f) 
DABPF, and (g-i) DAxBPF, respectively. The motion patterns of the object 
are: left column, no motion; middle column, globally defined affine 
transformation (GDA); right column, spatially varying affine transformation 
(SVA). A ball in the north (arrows) rotates by 60° while the others by 30°.  
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Motion–Compensated Reconstruction
in Helical Cardiac CT
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Abstract—We propose a motion–compensated reconstruc-
tion method for helical cardiac computed tomography, which
is derived from an aperture weighted wedge reconstruction
algorithm with parallel electrocardiogram recording. The
method takes into account a motion–vector field determined
with the help of a four–dimensional heart model adaptation.
The accurate calculation of the motion–vector field and its
implementation into the motion–compensated reconstruc-
tion algorithm result in a significant improvement of the
image quality and the signal–to–noise ratio.

Keywords— CT reconstruction, motion compensation,
Cardiac CT, Filtered back-projection.

I. Introduction

Since coronary heart disease is one of the main causes
of death all over the world, cardiac computed tomography
(CT) imaging is an application with a very high interest
in order to verify indications timely. Challenges for image
reconstruction in cardiac CT arise from the rather fast car-
diac motion and incomplete data that are associated with
helical scanning combined with cardiac gating [1], [2], [3],
[4], [5], [6], [7], [8]. However, the temporal and spatial
resolution is limited due to the mechanical movement of
the gantry and due to the fact that a finite angular span
of projections has to be acquired for the reconstruction of
each voxel. Here, we propose a motion–compensated re-
construction method for cardiac CT, which can be used
to increase the signal–to–noise ratio (SNR) or to suppress
motion blurring. This can also be understood as an im-
provement of the temporal and spatial resolution. It is
applied to the entire heart. The method is based on three
subsequent steps: As a first step, the projection data ac-
quired in a low pitch helical acquisition mode together with
the electrocardiogram (ECG) are reconstructed at different
phase points. As a second step, the motion–vector field is
calculated from the reconstructed images in relation to the
image in a reference phase. Finally, a motion–compensated
reconstruction is carried out for the reference phase using
those projections, which cover at most the cardiac phases
for which the motion–vector field has been determined.

II. Method

A. Generation of 4D Image Data Set

As an input for the determination of the motion–vector
field, a four–dimensional (4D) image data set is required.
The images can be obtained by a low–pitch helical acqui-
sition mode together with the ECG and a reconstruction
at different phase points. This can be achieved, e.g., by an
aperture weighted cardiac reconstruction (AWCR) [9]. It

is based on a cone–beam to parallel–beam rebinning fol-
lowed by a cosine weighting regarding the cone angle and a
one–dimensional ramp filtering along the detector rows. In
addition, an aperture–weighting profile is applied along the
cone–angle direction in order to decrease the influence of
cone–beam artifacts. The 3D back–projection is performed
for object points illuminated by the source for an angular
range of at least 360◦.

In order to perform a 4D image reconstruction, the pro-
jection data have to be reconstructed at different phase
points within the cardiac cycle. According to the detected
ECG signal, a phase point P , given in percent, is calculated
relative to the RR–interval given by the various R–peaks.
In general, reconstructions of 3D images are performed at
equidistant phase points throughout the entire cardiac cy-
cle with the smallest possible gating window width [6].

B. Determination of Motion–Vector Fields

The pre–requisite for performing a motion–compensated
cardiac reconstruction for the acquired projection data is
the availability of a motion–vector field. It is given by the
displacement vectors m(x(Pr), Pr, P ) of the corresponding
voxels x(Pr) from a reference phase Pr to an arbitrary phase
P (see Fig. 1). A 3D motion vector exists for each voxel

x

y

z

(0,0,0,P )r (0,0,0,P)
x(P )r

m(x(P ),P ,P)r r

volume =V(P )r Volume=V(P)

voxel

voxel

x
x(P )r

Fig. 1. Depiction, which describes the format of the motion–
vector field. For each voxel x(Pr) of the volume V (Pr) in the ref-
erence phase Pr, the motion–vector field m(x(Pr), Pr, P ) is given.
The voxel position in an arbitrary phase P is described by x =
x(Pr) + m(x(Pr), Pr, P ).

of the volume in the reference phase V (Pr). This motion–
vector field is determined by the application of a model–
based segmentation and shape tracking algorithm [10]. A
triangular cardiac multi–surface model comprising the four
heart chambers and trunks of the connected vasculature
is adapted to fit the patients anatomy as represented in
one dedicated phase, e.g. the end–diastolic phase, of the
multi–phase CT data set. For each triangle of the cardiac–
surface model, the patient specific gray–value pattern in

 9th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine 437



this image is learned. The cardiac–surface model is then
propagated through the other phases of the cardiac cycle
by searching for each surface candidate point the specific
gray–value pattern. The method uses an iterative energy
minimization scheme, where surface feature detection in
the image is part of the external energy. In contrast, the
internal energy preserves similarity to the initial shape in
the first dedicated phase. Since the vertices of the surface
model correspond between phases, they can be taken as
pseudo–landmarks. The procedure results in a trajectory
for each vertex of the surface model through the cardiac
cycle and is thus a representation of the motion field at
these points. However, the motion vectors are only given
on the cardiac surfaces and with a resolution determined
by the discretization of the model. The typical vertex point
distance is 2 to 4 millimeters. By applying a suitable inter-
polation scheme, the sparse motion field can be converted
into a dense motion field giving the respective motion vec-
tor for each voxel. An interpolation scheme is used, based
on radial basis functions, known as the 3D extension to the
thin–plate–spline interpolation scheme [11]. In order to re-
strict the region influenced by the cardiac deformation and
to correctly extrapolate the motion around cardiac surfaces
represented by the heart model, additional pulmonary sur-
faces have been tracked as well. As the variability of pul-
monary structures does not allow the use of prior shape
models for the lung as done for the heart, the pulmonary
surface is generated ad hoc from the dedicated image and
propagated with a similar method to those applied to the
heart model as proposed in [12]. Fig. 2 shows both sur-
faces, the heart and the lung, and a color–coding of the
motion in the lung.

Fig. 2. Both surfaces to be tracked through cardiac phases: heart
model and pulmonary surface. The pulmonary surface is color–coded
to show the motion amplitude. Green color means relatively strong
motion, blue color relatively weak motion.

C. Motion–Compensated Cardiac Reconstruction

Once a motion–vector field is determined, a motion–
compensated cardiac reconstruction can be performed for
the cone–beam projection data, which are acquired with
a CT scanner equipped with a focus–centered 2D detector
and a X–ray source moving on a helical path around the

object (see Fig. 3). While the radius of the helix is denoted

R

L-R

L

x

y

l

b  /20

-b  /20 b

S(l)

detector

source

D(l,b,h)

Fig. 3. Schematic drawing of a CT scanner with a focus–centered de-
tector and a cone beam of X–rays, projected onto the x–y plane. This
geometry is taken into account for reconstruction. The parameters
are described in the text.

by R, the focus–centered detector rotates rigidly coupled
with the X–ray source at distance L from the source. The
two–dimensional detector is parameterized by u(φ,x) in
fan and h(φ,x) in cone direction, where φ is the projec-
tion angle, which is the angle of the parallel rebinned lines
projected onto the xy–plane.

During the reconstruction process for the reference
phase, the displacement of each voxel and all PI–partners
(see Ref. [7]) is taken into account as follows. The X–ray
beam from the source point through a voxel x intersects
with the detector in a point given by the detector coor-
dinates u(φ,x) and h(φ,x). If this projection φ coincides
with a projection of the reference phase Pr, the detector co-
ordinates remain unchanged. But, if the projection is taken
under an angle, different from the reference phase, the voxel
x(Pr) is displaced by m(x(Pr), Pr, P ) and the X–ray beam
intersects the detector at u(φ,x(Pr)+m(x(Pr), Pr, P )) and
h(φ,x(Pr) + m(x(Pr), Pr, P )). Since this procedure is per-
formed for all PI–partners of the voxel x(Pr), the motion
vector is directly taken into account in the overall weighting
function wall(φ,x(Pr),m). This voxel–dependent weight-
ing function is the normalized product of an aperture
function wap(φ,x(Pr) + m(x(Pr), Pr, P )) and the cardiac
weighting function wc(φ) analog to the description in
Refs. [7], [13].

Because of the movement of the heart, it is possible that
a voxel is within the cone and must be considered for re-
construction, while it is not regarded without the motion–
vector field. The back–projection must be performed over
the set of all projection angles, where the object point
x(Pr) + m(x(Pr), Pr, P ) is within the cone. Therefore, the
image is reconstructed in an integration interval, which is
larger than regarding the AWCR method. This leads to an
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increased reconstruction time.
It should be noted here, that the described reconstruc-

tion method is not exact in a mathematical sense. No
exact reconstruction scheme is known, because even for
2D motion–compensated reconstruction no arbitrary mo-
tion patterns can be handled. Moreover, in the setting
described here, the helical source trajectory is interrupted
due to gating, and therefore the used data are incomplete.
However, for cardiac CT, the image quality is dominated
by motion artifacts. The presented method has the po-
tential to lead to significant improvements with respect to
these artifacts.

III. RESULTS AND DISCUSSION

Patient data are acquired in a helical cardiac scan with
a collimation of 64 × 0.625 mm (Brilliance CT Scanner,
Philips Medical Systems). Table feed per rotation and
scanner rotation time are chosen as 5.97 mm and 420 ms,
respectively. In order to perform a motion–compensated
reconstruction at the reference phase Pr = 20 % with a
gating window width of ∆W = 40 % and eight sampling
points, AWCR images are generated in advance at phase
points ranging from 0 to 40 % in steps of 5 % with a gat-
ing window width of ∆W = 22 %. The motion–vector
field is determined from these AWCR images from phase
to phase. Fig. 4 shows axial images of a patient heart re-
constructed at Pr = 20 %. For the uncompensated recon-
struction with the AWCR algorithm, the optimal gating
window of ∆W = 22 % yielding the least motion arti-
facts is used on the one hand (Fig. 4, top). On the other
hand, the AWCR image with a gating window width of
∆W = 40 % (Fig. 4, middle) is directly compared with the
motion–compensated image reconstruction regarding the
same window width (Fig. 4, bottom).

Of course, the AWCR image with ∆W = 22 % looks
noisier than the others and shows less motion artifacts than
the AWCR image with ∆W = 40 %. However, the best
image quality is obtained with the motion–compensated
reconstruction. The result does not only exhibit a bet-
ter signal–to–noise ratio, but also presents more sharpness
than AWCR with ∆W = 22 %. This is impressively shown
in the regions marked by the circles. While the coronary
artery in the upper circle is depicted quite well in the MCR
image, it is totally blurred concerning the other reconstruc-
tion results. Similar statements can be derived from the
Figs. 5 and 6, where reconstructed images are presented
for the same patient data set in sagittal (see Fig. 5) and
coronal (see Fig. 6) views. From all images, it can be de-
duced, that the MCR algorithm performs better in terms of
motion artifacts and SNR than reconstruction algorithms
without considering the motion.

IV. CONCLUSION

The feasibility of the motion–compensated reconstruc-
tion method is demonstrated for clinical data acquired in
a helical acquisition mode with parallel ECG recording.
Cardiac images reconstructed with a standard gated helical
cardiac cone–beam algorithm are compared with the results

Fig. 4. Axial images of patient data reconstructed at a phase point of
P = 20 %. Top: normal AWC reconstruction with a gating window
of ∆W = 22 %. Middle: normal AWC reconstruction with a gating
window of ∆W = 40 %. Bottom: motion–compensated reconstruc-
tion with a gating window of ∆W = 40 %. Level and window are
chosen to be 50 HU and 500 HU, respectively. The circles indicate
regions of interest.

of a motion–compensated reconstruction algorithm. The
motion–vector estimation employs a 4D heart model adap-
tation, subsequent correspondence estimation and motion–
vector field interpolation. The accurate calculation of the
motion–vector field results in a significant improvement in
the image quality and the signal–to–noise ratio. Motion–
compensated reconstruction thus has the potential to offer
significant improvements in the imaging of moving objects
and to provide 4D object motion information for functional
analysis.
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Abstract--Four-dimensional computed tomography (4D-CT) 

plays an important role in treatment planning for radiation 
therapy.  By incorporating temporal information in CT scan, the 
motion of tumor can be modeled and the accuracy of dose 
delivery can be improved in radiation therapy.  To acquire 
temporal information, repeated scan is required at the same slice 
position during respiratory cycles.  Therefore, the X-ray 
radiation delivered to patients during 4D-CT procedure is much 
higher than traditional 3D-CT.  One simple and cost-effective 
way to reduce the X-ray radiation is to acquire CT data with low 
mAs.  However, the image quality will degrade in low mAs CT 
images due to high noise and noise-induced artifacts.  In this 
work, we utilize the Karhunen-Loève (KL) transform to consider 
the dynamic nature and apply a penalized weighted least-squares 
(PWLS) method to adaptively treat the non-stationary noise 
among all the 3D KL principal components, followed by filtered 
back-projection on the principal components for 4D image 
reconstruction.  A feasibility study on this KL domain PWLS low-
dose 4D-CT approach was performed by a patient study with 
very encouraging outcomes.  Evaluation on a large sample size is 
under progress. 

I. INTRODUCTION 
N radiation therapy, accurate dose delivery to the target 
volume is critical.  In the lung and upper abdominal 

regions, the target volume is moving due to respiration.  Four-
dimensional computed tomography (4D-CT) with respiratory 
gating provides dynamic volume imaging datasets of the 
moving organs.  From the 4D dynamic datasets, the trajectory 
of the target can be modeled.  Therefore, precise location of 
the target tumor during treatment planning can be traced and 
accurate dose delivery can be achieved as patient breath freely 
during treatment [1-4]. 
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Compared with conventional 3D-CT, the dynamic 4D-CT 
provides information in the time domain at each location.  To 
obtain temporal information, repeated measurements are 
acquired at the same location.  The exposure of a 4D-CT will 
be much higher than a single 3D-CT.  For example, a 4D-CT 
dataset usually consists of ten 3D-CT datasets at different 
phases of a breathing cycle.  Thus the radiation exposure 
during the data acquisition is at least 10 times higher than the 
conventional 3D-CT with the assumption that the protocols are 
kept the same during patient scanning.  This will result in 
unacceptable radiation to the patient.  Lower the radiation 
exposure will sacrifice the image quality due to excessive 
noise and noise-induced artifacts, if the same image 
reconstruction algorithm is used.  Effective noise treatment on 
the dynamic data sequence of low mAs protocols is necessary 
to suppress the noise and remove the noise-induced artifacts. 

Karhunen-Loève (KL) transform (also known as principal 
component analysis) has been recognized as a useful tool to 
process dynamic data sequence [5-7] and specifically to treat a 
non-stationary noise adaptively in a correlated data sequence 
with [8, 9].  In this work, we adapted our KL domain 
penalized weighted least-squares (PWLS) method for 
sinogram noise reduction from 3D spatial space to 4D spatio-
temporal domain for low-dose 4D-CT application [10].  The 
PWLS criterion was used to model the first and second 
moments of log-transformed low mAs sinogram, where the 
noise model of the log-transformed sinogram was established 
from repeated phantom measurements [11, 12].  The KL 
transform plays two roles in the method: (i) reduce the 4D 
problem to a 3D problem, i.e., the complicated 4D prior [13] 
now is reduced to a 3D spatial prior after the KL transform 
and, therefore, simplify the minimization of the associated 
objective function; and (ii) de-correlate the signal correlation 
among different phases of the dynamic data sequence and 
facilitate adaptive noise treatment among their corresponding 
independent principal components. 

II. METHOD 
A. KL domain PWLS for 4D-CT sinogram restoration 
We first employ the KL transform to account for the 

correlation among different phases of the dynamic CT 
sinogram series.  Three neighboring phases of 3D-CT 
sinograms were chosen to perform the KL transform.  The KL 
transform is defined as: 

yAy ˆ ~ =                                         (1) 

Noise Reduction for Four Dimensional Dynamic 
Computed Tomography 

Jing Wang, Hongbing Lu, Tianfang Li, and Zhengrong Liang 
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where ŷ  is the matrix of selected neighboring phases 

sinogram data, y~  is the KL transformed ŷ , and A  is the KL 
transform matrix  which is calculated based on: 

DAAKt ''= .                                   (2) 

In equation (2), tK  is the covariance matrix of the selected 

neighboring phases sinogram data and { } 12
1
+

== n
llddiagD , 

with ld  being the l-th eigenvalue of tK .  It is noted that the 
covariance matrix of the KL transformed data signal is 
diagonal, which means that the covariance of the signal 
between different phases after the KL transform will be zero.  
Therefore, the data signals of different KL components are no 
longer correlated and each KL principal component can be 
processed separately. 

After the KL transform, we utilized the PWLS criterion to 
restore each KL component.  The PWLS criterion is equivalent 
to the maximum a posterior (MAP) of independent Gaussian 
distributed noise.  Indeed, the sinogram noise after the log-
transform and system calibration can be well approximated by 
a Gaussian distribution from both the analysis on repeated 
phantom measurements [11, 12] and the theoretical derivation 
based on the Poisson noise model of the detected signal (i.e., 
the raw data prior to the logarithmic transformation) [14].  
Most importantly the relationship between the variance and the 
mean was determined, which gives an accurate weight for the 
PWLS criterion.  In the KL domain, the PWLS criterion is 
expressed as: 

)~(~)/()~~(~)'~~()~( 1
lllllllll qRdqyqyq β+−Σ−=Φ −   (3) 

where lq~  is the l-th KL components of q  and q  is the ideal 
sinogram to be estimated.  The first term in equation (3) is the 
WLS criterion and the second term is the penalty term which 
reflects the prior information of the noise-free sinogram.  In 
this work, a quadratic form penalty was used: 
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where iN  indicates the set of six nearest (or first-order) 
neighbors of the i-th voxel in each of the 3D KL component.  
The parameter imw  was defined as equal to 1 for the two 
horizontal neighbors along the bin direction, 0.5 for the two 
vertical neighbors along the view angular direction, and 0.25 
for the vertical neighbors along the axial direction.  Different 
values of imw  along different dimension basically reflect 
anisotropic coupling strength along bin, view and axial 
direction in the sinogram space. 

In equation (3), β  is the penalty parameter which controls 
the trade-off between the measured data and the prior 
knowledge of the sinogram.  A small β  reflects weak 
coupling among neighboring voxels and the solution of 
minimizing equation (3) is noisy.  It is worth to point out that 

in the KL domain the penalty parameter become ld/β , 
which is adaptive to the eigenvalue of the KL component.  The 
KL component with a smaller eigenvalue is usually associated 
with a lower signal to noise ratio (SNR).  Therefore, a larger 
penalty should be applied on this KL component with lower 
SNR, an attractive property of self adaptiveness. 

In addition to the penalty term in the PWLS objective 
function, another important term is the weight.  The weight 
determines the performance of the PWLS algorithm.  The 
weight is usually determined by the variance of corresponding 
data.  The data with a large variance reflects that the 
measurement is less reliable and, therefore, it should 
contribute less to the objective function.  In this study, the 
variance of the sinogram data can be calculated from an 
analytical formula [11, 12], which describes the relationship 
between the mean and the variance of the low mAs sinograms. 

Minimization of the objective function (3) can be calculated 
efficiently via the Gaussian-Seidel updating strategy [14].  The 
iterative formula for minimizing equation (3) is given by: 
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in which index n is the iterative number, −
iN  denotes the three 

nearest neighbors of voxel i whose index number are smaller 
than i, +

iN  denotes the three nearest neighbors of voxel i 

whose index number are larger than i, and iN denotes these 
six nearest neighbors of voxel i. 

After the inverse KL transform on the PWLS-processed KL 
components, we obtain the restored sonogram series.  The 4D-
CT image was then reconstructed by filtered back-projection 
(FBP) from the KL-PWLS restored 3D sinogram sequence. 

B. Data Acquisition 
In this work, we tested the effectiveness of the KL-PWLS 

sinogram restoration method using a patient study.  The 
clinical 4D-CT patient study was performed with a Discovery 
ST LightSpeed 8-slice PET/CT scanner (GE Medical 
Systems).  The patient was asked to breathe normally during 
the scan.  The plastic block with two infrared reflective 
markers was taped on the top of the patient’s abdomen, placed 
medially and a few cm inferior to the xiphoid processes.  The 
respiratory signal of the patient from the real-time position 
management (RPM) system (Varian Medical Systems, Palo 
Alto, CA) was recorded and synchronized with the CT data 
acquisition.  The axial coverage of the patient was 25 cm.  
Other scan parameters were 130 mAs, 120 kV, and 2.5 mm 
slice thickness.  The cine interval between images was at 0.45 
seconds.  Each image reconstruction used 360° of data 
corresponding to 0.8 seconds duration.  After the scan data 
were prospectively reconstructed at the PET/CT scanner, both 
the CT images and the corresponding motion data recorded by 
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the RPM system were transferred to a GE Advantage 
Workstation (GE Medical Systems, Waukesha, WI).  The 
“Advantage 4D” software on the workstation simultaneously 
displays the CT images and the motion data, and sorts the cine 
images into a set of respiratory phase images.  In this study, a 
total of 10 phases were created, with phase intervals of 10% of 
the respiratory cycle.  Since the CT system does not allow the 
readout of the sinogram series, we simulated the dynamic data 
series by re-projecting the image sequence using the CT 
system’s X-ray source and detector configuration. 

III. RESULTS 
The re-projected sinogram series were first reconstructed by 

a standard FBP (i.e., with the Ramp filter at 100% Nyquist 
cutoff) frame-by-frame and the results are identical, as 
expected, to the original images from the CT system.  Figure 
1(a) shows an example of an image slice.  The same sinogram 
series were then processed by the KL-PWLS noise reduction 
method, followed by the same standard FBP reconstruction.  
Figure 1(b) shows the result of the KL-PWLS at the same slice 
location of Figure 1(a).  It is clearly observed that the streaking 
artifacts are efficiently suppressed.  The detail preservation of 
the KL-PWLS method can be observed when the same images 
are displayed in a different window level, see Figure 2.  Figure 
3 displays the vertical profiles of the two images in Figure 1 at 
row 181, which concurs with the results of Figure 1 and Figure 
2, i.e., suppression of noise with preservation of important 
structures in the image slice. 
 

 
(a) 

 
(b) 

 

Figure 1:  Test result of the KL-PWLS sinogram restoration for 
low-dose 4D-CT.  (a)-the original image and (b)-the KL-PWLS 
processed image  The display window is [0 1500]. 
 

 
(a) 

 
 

Figure 2:  The images of Figure 1 with display window [0 600]. 
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Figure 3:  Vertical profiles of the images in Figure 1 at row 181. 
 
To more quantitatively show the performance of the KL-

PWLS method, we calculated the SNR of a region of interest 
(ROI) from the images in Figure 1.  The results are listed in 
Table 1.  It is seen that the SNR of the selected ROI for the 
image after the KL-PWLS noise reduction was more than 3 
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times higher than that of the original image from the CT 
scanner. 
 
Table 1: Mean, standard deviation and SNR of selected ROI in Fig. 1. 
 

 Mean value 
(HU) 

Standard 
deviation (HU) 

Signal to 
Noise Ratio 

Original  1097.2 38.4 28.5 
KL+PWLS 1095.2 11.0 99.6 

IV. DISCUSSIONS AND CONCLUSIONS 
In this work, we adapted our previous KL domain PWLS 

algorithm from 3D spatial space to 4D spatio-temporal domain 
for noise reduction on the sinogram series.  The KL transform 
was performed among the neighboring phase of the sinogram 
series to de-correlate their correlations and the PWLS criterion 
was applied adaptively to restore each independent KL 
principal component.  In the 4D sinogram dataset, there is a 
strong correlation among different phases of the 3D dataset 
series.  One conventional method to deal with this kind of 
correlation is to design a 4D prior in an iterative image 
reconstruction [13].  A 4D prior is difficult to design due to the 
irregular movement of tumors and organs.  In fact, a great 
effort has been devoted to model the motion of tumors during 
radiotherapy and a great work remains to be done for the 
motion modeling, see a recent review by Webbs [15].  The KL 
analysis provides an excellent alternative means to handle the 
correlation among different phases of the 3D dataset series for 
noise reduction, and the adaptive PWLS noise treatment on the 
de-correlated KL principal components showed encouraging 
result by the presented patient study. 

Li et al. [4] has proposed a 4D-PWLS smoothing method in 
the image domain.  Compare with Li’s method [4], our 
sinogram domain KL-PWLS algorithm at least has three 
advantages.  (1) The sinogram domain method is based on 
statistical noise modeling of the measured data, where the 
weight in the PWLS is determined accurately from an explicit 
formula that describes the relationship between the mean and 
the variance of the measured sinogram data.  In [4], the noise 
modeling of the reconstructed images is not clear and the 
weight was estimated using local image variance.  (2) By the 
KL transform to consider the correlation among different 
phases, one dimensional freedom (i.e., penalty parameters) in 
the prior model is eliminated (i.e., 4D prior is reduced to 3D).  
(3) By the KL transform, the registration step used in [4] is 
avoided since the KL transform automatically consider the 
difference (as well as similarities) between neighboring phases 
of the 4D data sequence.  However, a thorough study to 
compare the sinogram domain KL-PWLS method with the 
image domain 4D-PWLS is desired and worth for further 
investigation effort. 
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Monday July 9 (HPIR Workshop) 
 


Oral: System design (S. Basu) 


8:15-8:45  B. De Man, R. Nilsen, E. Drapkin: High Performance Image 


Reconstruction and Implementation.  p. 13 
8:45-9:15  O. Bockenbach, S. Schuberth, M. Knaup, M. Kachelrieß: High-


Performance 3D Image Reconstruction Platforms; State of the Art, 


Implications and Compromises.  p. 17 
9:15-9:45  A. Polacin: Design Consideration on Image Reconstruction System for 


High-End CT-Scanner.  p. 21 
 


Coffee 
 


Oral: Computing platforms (G. Wang) 


10:15-10:45 B. Heigl, M. Kowarschik: High-Speed Reconstruction for C-Arm 


Computed Tomography.  p. 25 
10:45-11:15 H. Scherl, S. Hoppe, G. Lauritsch, W. Eckert, M. Kowarschik, J. 


Hornegger: On-the-fly-Reconstruction in Exact Cone-Beam CT using 


the Cell Broadband Engine Architecture.  p. 29 
11:15-11:45 F. Xu, K. Mueller: GPU-Acceleration of Attenuation and Scattering 


Compensation in Emission Computed Tomography.  p. 33 
 


Lunch 
 


Oral: Applications (R. Ning) 


13:15-13:45 M. Schellmann, S. Gorlatch: Comparison of Two Decomposition 


Strategies for Parallelizing the 3D List-Mode OSEM Algorithm.  p. 37 
13:45-14:15 G. Pratx, G. Chinn, F. Habte, P. Olcott, C. Levin: Acceleration of 


Fully 3-D List-Mode OSEM for High-Resolution PET using Graphics 


Processing Units.  p. 41 
14:15-14:45  M. Knaup, M. Kachelrieß: Acceleration Techniques for 2D Parallel 


and 3D Perspective Forward- and Backprojections.  p. 45 
14:45-15:00  Poster Fast Forward: One Minute - One PPT Slide per Poster  
 


Coffee 
 


15:15-16:15  Poster session 
• J. Scheins, H. Herzog: Optimised System Matrix Compression and 


Matrix Element Access for Iterative 3D PET Reconstruction Using 


Non-Rectangular, Rotationally Symmetric Voxel Formations.  p. 49 
• H. Yang, M. Li, K. Koizumi, H. Kudo: Accelerating 


Backprojections via CUDA Architecture.  p. 52 
• J. Gregor, T. Benson, G. Bosilca: Distributed Multi-Core 


Implementation of SIRT with Application to Cone-Beam Micro-CT. p. 56 
• E.Y. Sidky, X. Pan: Few-View, Cone-Beam CT Image 


Reconstruction by GPU-Accelerated Total Variation Minimization. p. 60 
• M.F. Smith, S. Majewski, R.R. Raylman: Fully 3D Iterative List-


Mode PEM-PET Image Reconstruction on a Multiprocessor 


Computer.  p. 64 
• D. Riabkov, X. Xue, D. Tubbs, A. Cheryauka: Accelerated Cone-


Beam Backprojection using GPU-CPU Hardware.  p. 68 
• R. Tita, T.C. Lueth: Online Iterative Reconstruction with the use of 


the Graphical Processing Unit (GPU).  p. 72 







• M.S. Vaz, M. McLin, A. Ricker: Current and Next Generation 


GPUs for Accelerating CT Reconstruction: Quality, Performance, 


and Tuning.  p. 76 
 


Panel: High performance image reconstruction: current trends and future perspectives 


16:15-17:30 Samit Basu (GE) 
Olivier Bockenbach (Mercury) 
Marc Kachelrieß (University of Erlangen)  
Klaus Mueller (Stony Brook University)  
Alan Ricker (Barco) 


 


18:00  Fully 3D 2007 Reception 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 







Tuesday July 10 (Fully 3D Meeting) 
Oral: Exact Reconstruction in CT (M. Defrise, F. Noo) 


8:15-8:45  A. Katsevich, M. Kapralov: Theoretically Exact FBP Reconstruction 


Algorithms for two General Classes of Curves.  p. 80 
8:45-9:15  S. Cho, D. Xia, X. Pan: Exact Image Reconstruction in Reverse 


Helical Cone-Beam CT.  p. 84 
9:15-9:45  C. Bontus, M. Grass, P. Koken, T. Köhler: Exact Reconstruction 


Algorithm for Circular Short-Scan CT Combined with a Helical 


Segment.  p. 88 
 


Coffee 
 


Oral: PET / SPECT (P. Kinahan, D. Gilland) 


10:15-10:45 T. Yamaya, E. Yoshida, C.F. Lam, A. Konami, T. Obi, H. Murayama: 
Implementation of 3D Image Reconstruction with a Pre-computed 


System Matrix for the jPET-D4.  p. 92 
10:45-11:15 Q. Huang, J. You, G.L. Zeng, G.T. Gullberg: Exact Reconstruction on 


PI-lines From Uniformly Attenuated SPECT Projection Data.  p. 96 


11:15-11:45 W. Wang: Investigation of Local Tomography Property for TOF-PET 


OS-EM Reconstruction.  p. 100 
 


Lunch 
 


Oral: Iterative Reconstruction in CT (G. Lauritsch, J. Gregor) 


13:15-13:45 C. Neukirchen, S. Hohmann: An Iterative Approach for Model-Based 


Tomographic Perfusion Estimation.  p. 104 
13:45-14:15 J. Xu, B.M.W. Tsui: A Compound Poisson Maximum-Likelihood 


Iterative Reconstruction Algorithm for X-Ray CT.  p. 108 
14:15-14:45  J.B. Thibault, Z. Yu, K. Sauer, C. Bouman, J. Hsieh: Correction of 


Gain Fluctuations in Iterative Tomographic Image Reconstruction.  p. 112 
 


Coffee 
 


Poster (S. Patch, D. Gilland) 


15:00-15:20  Poster Fast Forward: One Minute - One PPT Slide per Poster  
15:20-17:30  Poster session 


• G.-H. Chen, Z. Qi: Image Reconstruction for Fan Beam 


Differential Phase Contrast Computed Tomography.  p. 116 


• H. Schöndube, K. Stierstorfer, F. Dennerlein, T.A. White, F. Noo: 
Towards an Efficient Two-Step Hilbert Algorithm for Helical 


Cone-Beam CT.  p. 120 
• J. Sunnegårdh, P.-E. Danielsson: A New Anti-Aliased Projection 


Operator for Iterative CT Reconstruction.  p. 124 


• H. Gao, Y. Xing, L. Zhang, Z. Chen, J. Cheng: Fast and Robust 


Edge-Preserving Image Reconstruction for Limited-Angle 


Tomography.  p. 128 
• T. Zhuang, G.-H. Chen: Noise Performance Study of Cone-Beam 


FBP Reconstruction Algorithms for Circle-Line Source.  p. 132 
• X. Tang, J. Hsieh, P.E. Licato, J. Londt, D. Okerlund: Helical 


Cone Beam FBP Algorithm for Reconstruction at Dynamically 


Variable Pitch using Data Windowing/Weighting.  p. 136 







• S.H. Bartling, J. Dinkel, W. Stiller, M. Grasruck, W. Semmler, F. 
Kiessling: Implementation of Intrinsic Respiratory Gating in a 


Small Animal Flat-Panel Based CT.  p. 140 


• M.W. Jacobson, J.W. Stayman: Head Motion Tracking in Cone 


Beam CT by Tomographic Extraction of Fiducials.  p. 143 
• D. Lu, M. Liu, E. Bai, G. Wang: Analysis of the Bolus Dynamics in 


a Blood Vessel using the Grangeat Formula.  p. 147 
• S.J. LaRoque, E.Y. Sidky, X. Pan: Image Reconstruction from 


Sparse Data in Three-Dimensional Echo-Planar Imaging.  p. 151 
• I. Reiser, J. Bian, R.M. Nishikawa, E.Y. Sidky, X. Pan: 


Comparison of Reconstruction Algorithms for Digital Breast 


Tomosynthesis.  p. 155 
• A. Katsevich, F. Natterer: Ultrasound Tomography with Sources 


on a Line. p. 159 


• C. Wietholt, I.-T. Hsiao, C.-T. Chen: Iterative Reconstruction of 


Preclinical High Resolution Pinhole SPECT with a Misaligned 


Detector.  p. 162 
• A. Sitek: Image Reconstruction in Emission Tomography Using 


Statistical Ensembles.  p. 166 
• M. Defrise, C. Vanhove, J. Nuyts: Refined Geometric Calibration 


for Pinhole SPECT.  p. 170 
• K. Kacperski, B.F. Hutton: Optimal Parallel Hole Collimator for 


Cardiac SPECT with Iterative Reconstruction and 3D Resolution 


Modelling.  p. 174 
• B. Zhang, G.L. Zeng: High-Sensitivity SPECT Imaging Using 


Large Collimator Holes and Geometric Blurring Compensation.  p. 178 
• S. Shcherbinin, A. Celler: Optimization of 3D Reconstruction 


Algorithm for 
99m


Tc/
123


I Dual-Isotope Cardiac SPECT.  p. 182 
• Y. Yan, G.L. Zeng: A Post-Processing Method for Scatter 


Compensation in SPECT.  p. 186 
• J.W. Moore, L.R. Furenlid, H.H. Barrett: FaCT: A Helical-Scan 


Cone-Beam CT Integrated with a Stationary Multidetector SPECT 


System.  p. 190 
 


18:00  Dinner 
 


 


 


 


 


 


 


 


 


 


 


 







Wednesday July 11 (Fully 3D Meeting) 
Oral: PET/SPECT (G.T. Gullberg, I. Buvat) 


8:15-8:45 D.R. Gilland, B.A. Mair: Improved 3D Motion Estimation for Cardiac 


Emission Tomography.  p. 193 


8:45-9:15   L. Fu, G. Wang, J. Qi: Direct Maximum a Posteriori Reconstruction of 


Patlak Parametric Image for Fully 3D Dynamic PET.  p. 197 


9:15-9:45   J. Dey, B. Feng, K.L. Johnson, J.E. McNamara, P.H. Pretorius, M.A. 
King: Respiratory Motion Correction in Cardiac SPECT using Affine 


and Free-Form Deformation Registration with Temporal and Spatial 


Constraints.  p. 201 
 


Coffee 
 


Oral: Image Reconstruction in CT (L. Desbat, P.-E. Danielsson) 


10:15-10:45  J. Zhao, Y. Jin, Y. Lu, G. Wang: A Reconstruction Algorithm for 


Triple-Source Helical Cone-Beam CT via Filtered Backprojection.  p. 205 
10:45-11:15  S. Hoppe, J. Hornegger, G. Lauritsch, F. Dennerlein, F. Noo: 


Truncation Correction for Non-horizontal Filter Lines.  p. 209 
11:15-11:45  D. Xia, S. Cho, X. Pan: Image Reconstruction for a Reduced Scan in 


Circular Sinusoidal Cone-beam CT.  p. 213 
 


Lunch 
 


Oral: PET / SPECT (J. Qi, R. Huesman) 


13:15-13:45 S. Moehrs, M. Defrise, N. Belcari, A. Del Guerra: Multi-Ray Based 


System Matrix Generation for 3D PET Reconstruction.  p. 217 


13:45-14:15  H. Botterweck, R. Bippus, A. Goedicke, A. Salomon, H. Wieczorek: 
Quantitative Simultaneous Multiple Isotope SPECT Imaging with 


Iterative Monte-Carlo Reconstruction.  p. 221 


14:15-14:45 S. Valton, P. Bérard, J. Riendeau, C. Thibaudeau, R. Lecomte, D. 
Sappey-Marinier, F. Peyrin: Fan Beam Reconstruction for Non-


standard Equiangular Detector with a FBP Formula.  p. 225 
 


Coffee 
 


Poster (M. Defrise, J. Qi) 


15:00-15:20  Poster Fast Forward: One Minute - One PPT Slide per Poster  
15:20-17:30  Poster session 


• L. Desbat, L. Gratton: Sampling with the Reflected Lattice in 


Helical Fan Beam CT.  p. 229 
• J. You, G.L. Zeng, Q. Huang: Finite Inversion of the Weighted 


Hilbert Transform.  p. 233 
• J. Sunnegårdh, P.-E. Danielsson: Regularized Iterative Weighted 


Filtered Backprojection for Helical Cone-Beam CT.  p. 237 
• P.J. La Rivière, P. Vargas: Optimal Sampling and Interpolation 


Schemes for 3D X-ray Fluorescence Computed Tomography.  p. 241 
• D. Schäfer, U. Jandt, J.D. Carroll, M. Grass: Motion Compensated 


Reconstruction for Rotational X-Ray Angiography using 4D 


Coronary Centerline Models.  p. 245 
• U. Jandt, D. Schäfer, M. Grass, V. Rasche: Automatic Generation 


of Time Resolved 4D Motion Vector Fields of Coronary Arteries.  p. 249 







• J. Hsieh, J. Londt, M. Vass, X. Tang, J. Li, D. Okerlund: Step-and-


shoot Cardiac Imaging with Optimal Temporal Gating and 


Reconstruction.  p. 253 
• I.A. Hein, A.A. Zamyatin, M.D. Silver, S. Nakanishi: A Weighted 


Zero-Interlacing based Native-Geometry Flying Focal Spot Data 


Upsampling Algorithm for Cone-Beam X-Ray CT.  p. 257 
• M. Magnusson: Projection Generation through Voxel Volumes 


Considering Signal Processing Theory.  p. 261 
• L. Zhu, J. Starman, R. Fahrig: An Efficient Method for Reducing 


the Axial Intensity drop in Circular Cone-Beam CT.  p. 265 
• O. Trofimov: Cone-beam Reconstruction Algorithm when Source 


Trajectory is One Circle.  p. 269 
• P.-E. Danielsson, J. Sunnegårdh: Advanced Linear Modeling and 


Interpolation in CT-Reconstruction.  p. 273 
• V.Y. Panin, M. Defrise: 3D TOF PET Forward Projector Based 


on Axial Consistency Conditions.  p. 277 
• J.A. Piatt, G.L. Zeng: Estimation of Skew-Slit SPECT Acquisition 


Geometry Using a Single Point Source.  p. 281 
• C.F. Lam, T. Yamaya, T. Obi, H. Takahashi, M. Suga, E. Yoshida, 


N. Inadama, K. Shibuya, F. Nishikido, H. Murayama: 3D PET 


Image Reconstruction with On-the-fly System Matrix Generation 


Accelerated by Utilizing Shift and Symmetry Properties.  p. 285 
• T. Kobayashi, T. Yamaya, H. Takahashi, K. Kitamura, T. 


Hasegawa, H. Murayama, M. Suga: Improvement of PET Image 


Quality Using DOI and TOF Information.  p. 289 
• Q. Tang, J. You, G.L. Zeng, G.T. Gullberg: Analytical Image 


Reconstruction for Convergent-beam Non-circular Orbit 


Attenuation Correction.  p. 293 
• J. Gregor, N. Black, J. Wall: Monte Carlo Study of Scatter and 


Attenuation Effects in Connection with I-125 Pinhole Imaging of 


Mice.  p. 297 
• L. Zhang, S. Vandenberghe, S. Staelens, S.J. Glick, Y. D’Asseler, 


I. Lemahieu: PET Reconstruction with Monte-Carlo Generated 


System Matrix for Strip Blob.  p. 301 
• B.W. Reutter, G.T. Gullberg, R. Boutchko, K. Balakrishnan, E.H. 


Botvinick, R.H. Huesman: Regularized Least-Squares SPECT 


Image Reconstruction using Multiresolution Spatial B-Splines and 


a Negativity Penalty.  p. 305 
 
 18:00  Dinner 
 


 


 


 


 


 


 


 







Thursday July 12 (Fully 3D Meeting) 
Oral: Other Imaging Modalities (S. Patch, B. De Man) 


8:15-8:45  H. Kunze, W. Härer, J. Orman, T. Mertelmeier, K. Stierstorfer: Filter 


Determination for Tomosynthesis Aided by Iterative Reconstruction 


Techniques.  p. 309 
8:45-9:15  K. Champley, M. Defrise, R. Clackdoyle, R.R. Raylman, P.E. 


Kinahan: Planogram Rebinning with the Frequency-Distance 


Relationship.  p. 313 
8:45-9:15 L. Zhang, G. Zhang, Z. Chen, Y. Xing: An Approximate 


Reconstruction Method for Dual Energy Computed Tomography.  p. 317 
 


Coffee 
 


 
Oral: PET/SPECT (F. Beekman, B.M.W. Tsui) 


10:15-10:45 M.A. King, J.E. McNamara, B. Feng, J.G. Martins: Tracking Patient 


Motion in 3D in a PET/CT.  p. 321 
10:45-11:15 K. Kitamura, S. Takahashi: On-the-fly 3D Iterative Reconstruction for 


Continuous 3D Whole-Body PET.  p. 325 


11:15-11:45 G.L. Zeng, Q. Huang: Compensating for Collimator Blurring using 


Rotational and Axial Convolution.  p. 329 
 


Lunch 
 


Oral: Exact Reconstruction in CT (A. Katsevich, K. Taguchi) 


13:15-13:45  A. Katsevich, A.A. Zamyatin, M.D. Silver: Optimized Reconstruction 


Algorithm for Helical CT with Fractional Pitch between 1PI and 3PI.  p. 333 
13:45-14:15  A.A. Zamyatin, B.S. Chiang, A. Katsevich, S. Nakanishi: Filtered 


Backprojection Algorithm for Circle and Line Reconstruction with 


Gantry Tilt.  p. 337 
14:15-14:45  R.C. Naidu, B.Ü. Karbeyaz, Z. Ying, S.B. Simanovsky, M.W. Hirsch, 


D.A. Schafer, C.R. Crawford: Variable Pitch Tilted Slice 


Reconstruction using John´s Equation.  p. 340 
 


Coffee 
 


Poster (A. Katsevich , B.M.W. Tsui) 


15:00-15:20  Poster Fast Forward: One Minute - One PPT Slide per Poster  
15:20-17:30  Poster session 


• A.K. Louis, D. Theis, T. Weber: Computing Reconstruction 


Kernels for Circular 3D Cone Beam Tomography.  p. 343 


• F. Dennerlein, F. Noo, H. Schöndube, J. Hornegger, G. Lauritsch: 
Cone-Beam Reconstruction on a Circular Short-Scan using the 


Factorization Approach.  p. 346 
• M. Chakchouk, S. Sevestre-Ghalila, C. Graffigne: Volume X-Ray 


Forward Projection using Adaptive Kernel Estimation Framework. p. 350 
• T. Zhuang, S. Leng, G.-H. Chen: An Exact Cone-Beam 


Reconstruction Algorithm for two Concentric Arcs.  p. 354 
• G. Lauritsch, J. Boese, L. Wigström, M. Prümmer, R. Fahrig: 


Temporal Resolution in Cardiac C-arm CT in the Presence of 


Variable Heart Rate  p. 358 
• H. Schomberg: Time-Resolved Cardiac Cone Beam CT.  p. 362 







• L. Zhu, J. Starman, R. Fahrig: The Relationship between the T-


FDK Algorithm and the Hu-FDK Algorithm.  p. 366 
• T. Schuster: 3D Imaging in Cone Beam Vector Field Tomography.  p. 370 
• K.P. Anoop, K. Rajgopal: Reconstruction from Laterally 


Truncated Projection Data in Helical Cone-Beam CT.  p. 374 
• P. Forthmann, A. Ziegler, T. Köhler, M. Defrise: PL Sinogram 


Restoration and ML Reconstruction - A Benchmark.  p. 378 
• R. Boutchko, A. Sitek, G.T. Gullberg: Computed Tomography 


Reconstruction on Irregularly Distributed Blobs.  p. 382 
• J. Bian, H. Zhang, P. Zhang, X. Pan: A Cone Beam Approach to 


ROI Imaging with a Detector Smaller than the Imaged Object.  p. 386 
• R. Van Holen, S. Vandenberghe, S. Staelens, Y. D’Asseler, I. 


Lemahieu: Fast 3D Image Reconstruction for Rotating Slat 


Collimated Gamma Cameras.  p. 390 
• J.E. Ortuño, G. Kontaxakis, J.L. Rubio, P. Guerra, A. Santos: 3D 


Iterative Reconstruction of High Resolution PET/CT Images using 


Anatomical Priors and Attenuation Correction.  p. 394 
• C.-M. Kao, Y. Dong, Q. Xie, C.-T. Chen: Image Reconstruction of 


a Dual-Head Small-Animal PET System by Using Monte-Carlo 


Computed System Response Matrix.  p. 398 
• K. Balakrishnan, B.W. Reutter, R. Boutchko, A.C. Sauve, G.T. 


Gullberg: Attenuation Correction of Small-Animal SPECT Data in 


Clinical SPECT/CT Systems.  p. 402 
• P. Aguiar, M. Rafecas, C. Falcón, J. Pavía, D. Ros: Fully 3D PET 


Iterative Reconstruction using Pseudo-Wu Raytracer.  p. 405 
• H.C. Gifford, A. Lehovich, M.A. King: A Human-Model Observer 


for Volumetric Detection Studies.  p. 409 
• J.G. Parker, B.A. Mair, D.R. Gilland, M. Mahoney: Cardiac 


Emission Tomography with 3D Respiratory Motion Correction. p. 413 
• J. Rinkel, P. Després, S. Prevrhal: New 3D Fast Exact Ray-Driven 


Projector.  p. 417 
 


18:00  Dinner 
 


 


 


 


 


 


 


 


 


 


 


 


 







Friday July 13 (Fully 3D Meeting) 
Oral: Special Session (X. Pan, M. Kachelrieß) 


8:15-8:45  S.K. Patch: Pulse Softening in Thermo/Photo/Opto-Acoustic 


Tomography.  p. 421 
8:45-9:15  G.T. Gullberg, A.I. Veress, A. Sitek, R. Boutchko, B.W. Reutter, R.H. 


Huesman: Tomographic Reconstruction of Tracer Kinetics in the 


Heart using a Spatiotemporal Mechanical Model.  p. 425 


9:15-9:45  A.V. Bronnikov: Phase-contrast CT: Fundamental Theorem and 


Reconstruction Algorithms.  p. 429 
 


Coffee 
 


Oral: 4D Imaging in CT (T. Koehler, G. Wang) 


10:15-10:45  K. Taguchi, H. Kudo: Motion Compensated Fan-Beam Reconstruction 


for Computed Tomography using Derivative Backprojection Filtering 


Approach.  p. 433 
10:45-11:15  U. van Stevendaal, C. Lorenz, J. von Berg, M. Grass: Motion-


Compensated Reconstruction in Helical Cardiac CT.  p. 437 
11:15-11:45  J. Wang, H. Lu, T. Li, Z. Liang: Noise Reduction for Four 


Dimensional Dynamic Computed Tomography.  p. 441 
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