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Welcome 

 
 
 
 
Welcome to Salt Lake City! We are happy to have you with us this week for the 8th edition of the International 
Meeting on Fully Three-dimensional Image Reconstruction in Radiology and Nuclear Medicine, the 3D05.  
 
Continuing the tradition of the previous meetings, we received an impressive number of submissions 
guaranteeing again an intellectually challenging and rewarding meeting. Thank you for presenting your work to 
the 3D05! 
 
We are grateful to the Scientific Committee for helping us creating the program. We are delighted by the quality 
and merit of the submissions we received. Following suggestions by the Scientific Committee, oral 
presentations were selected so as to cover a breadth of topics while poster presentations with oral outline will 
allow in-depth discussions on these topics. The Scientific Committee consisted of  
 

• Freek Beekman, The University of Utrecht, The Netherlands 
• Bernard Bendriem, Siemens Medical Solutions Molecular Imaging Group, USA 
• Rolf Clackdoyle, CNRS, Saint-Etienne, France 
• Carl Crawford, Analogic Corporation, USA 
• Per-Erik Danielsson, Linköping University, Sweden 
• Michel Defrise, Vrije Universiteit Brussels, Belgium 
• Laurent Desbat, Université Joseph Fourier, France 
• Jeff Fessler, The University of Michigan, USA 
• Thomas Flohr, Siemens Medical Solutions, Germany 
• Pierre Grangeat, LETI, CEA, France 
• Grant Gullberg, E. O. Lawrence Berkeley National Laboratory, USA 
• Jiang Hsieh, GE Healthcare, USA 
• Ronald Huesman, E. O. Lawrence Berkeley National Laboratory, USA 
• Ronald Jaszczak, Duke University Medical Center, USA 
• Marc Kachelrieß, The University of Erlangen, Germany 
• Dan Kadrmas, The University of Utah, USA 
• Alexander Katsevich, University of Central Florida, USA 
• Paul Kinahan, The University of Washington, USA 
• Michael King, The University of Massachusets Medical School, USA 
• Thomas Köhler, Philips Medical Systems, Germany 
• Guenter Lauritsch, Siemens Medical Solutions, Germany 
• Robert Lewitt, The University of Pennsylvania, USA 
• Christian Michel, Siemens Medical Solutions Molecular Imaging Group, USA 
• Xiaochuan Pan, The University of Chicago, USA 
• Ken Taguchi, The Johns Hopkins Hospital, USA  
• David Townsend, The University of Tennessee, USA 
• Benjamin Tsui, The Johns Hopkins Hospital, USA 

 



Finally, we were fortunate to receive generous support from 
 
 GE Healthcare 
 Philips Medical Systems 
 Siemens Medical Solutions Molecular Imaging Group 
 Toshiba Medical Systems Corporation   

 
This support was used to halve the registration fee for students, and also to keep the registration cost as low as 
possible. We have with us 31 students, which represents about 25% of the whole attendance. 
 
We wish you an enjoyable and fruitful meeting. 
 

 
 
Frédéric Noo, Ph.D.   Lawrence G Zeng, Ph.D.   Hiroyuki Kudo, Ph.D.  
Program and Arrangement Chair Arrangement Chair    Program Chair 
UCAIR     UCAIR     Graduate School of Systems  
Department of Radiology   Department of Radiology   and Information Engineering 
University of Utah    University of Utah    University of Tsukuba 
E-mail: noo@ucair.med.utah.edu E-mail: larry@ucair.med.utah.edu E-mail: kudo@cs.tsukuba.ac.jp 
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Exact and approximate rebinning methods for 3D
time-of-flight PET

Michel Defrise, Michael E. Casey, Christian Michel, Maurizio Conti

Abstract— This paper explores fast reconstruction strategies
for 3D time-of-flight (TOF) PET, based on 2D data rebinning.
We introduce TOF-FORE, an approximate rebinning algorithm
obtained by extending the Fourier rebinning method for non-TOF
data. In addition, we identify two partial differential equ ations
that must be satisfied by consistent 3D TOF data, and use them to
derive exact rebinning algorithms and to characterize the degree
of the approximation in TOF-FORE. Numerical simulations
demonstrate that TOF-FORE is more accurate than two different
TOF extensions of the single-slice rebinning method, and suggest
that TOF-FORE will be a valuable tool for practical TOF PET
in the range of axial apertures and time resolutions typicalof
current scanners.

I. I NTRODUCTION

In recent years, faster electronics and crystals such as LSO
[1,2] and LaBr3 [3] have revived the perspective of improving
PET imaging by exploiting time-of-flight (TOF) information
without compromising other parameters such as the count rate,
the sensitivity, the energy and spatial resolutions [4].

In contrast with the 2D case [5,6,7,8,9], few studies have
been devoted to 3D TOF reconstruction. Analytic 3D FBP
methods have been studied by Mallon and Grangeat [10,11],
and fully 3D list-mode iterative reconstruction by Groiselle
and Glick [12] through simulation studies. The present study
[13] investigates fast reconstruction strategies for 3D TOF
PET. We suggest that hybrid methods could be a valuable
approach for clinical 3D TOF-PET: hybrid methods compress
the highly redundant data by rebinning them onto a lower
dimensional space, and then reconstruct the rebinned data
using a statistical iterative algorithm. We propose in thiswork
rebinning algorithms for 3D TOF-PET, which are applied
separately to each TOF bin. Starting from pre-corrected TOF
data acquired by a volume PET scanner, these algorithms
estimate for each transaxial slice the 2D TOF data set that
would have been acquired by a single-ring scanner.

A second contribution in this paper is a characterization of
the range of the 3D x-ray transform with TOF measurement.
We show that consistent TOF data must be solution to a pair of
second order partial differential equations in the 5-dimensional
data space. One of these two equations, which reduces to
John’s equation in the non-TOF case, is used to derive an exact
rebinning algorithm. We implement and test an approximate
version of this exact algorithm, referred to as TOF-FORE due
to its similarity with the usual Fourier rebinning method.

M. Defrise is with the Dept. of Nuclear Medicine, V. U. Brussel, B-1090
Brussels, Belgium. E-mail: mdefrise@vub.ac.be

M. Casey, C. Michel and Maurizio Conti are with CPS Innovations,
Knoxville, TN, USA.

II. 3D TOF DATA , SSRBAND TOF-SSRB

Following notations from [14], we parametrize the measured
TOF data for a cylindrical PET scanner with its axis along the
z-axis as

pt(s, φ, z, δ) = (1)∫
∞

−∞

dl h(t, l)f(s cosφ − l sin φ, s sin φ + l cosφ, z + lδ)

wheres andφ are the usual transaxial sinogram coordinates,
z is the axial coordinate of the mid-point of the LOR, and
δ = tan θ is the tangent of the angleθ between the LOR
and a transaxial plane. The subscriptt denotes the TOF
bin, corresponding to a sensitivity profileh(t, r) centered at
positionr = t along the LOR. The TOF parameter is related to
the difference∆τ between the arrival times of the two photons
by t = c∆τ/2. The parametrization in equation (1) is such
that oblique sinograms with the samet value have the same
TOF profile projected onto the transaxial plane, a property
which facilitates rebinning. Exact and approximate relations
to reparametrize the measured data according to equation (1)
will be presented at the conference.

The aim of a rebinning algorithm is to estimate, for each
time bin t, the 2D TOF sinogram of each transaxial slicez
within the axial field-of-view of the scanner. This 2D TOF
sinogram is defined by

preb,t(s, φ, z) = pt(s, φ, z, 0) (2)

The rebinned sinograms could therefore be obtained directly
from equation (2), by extracting the subset of the 3D data that
corresponds toδ = 0 (or, in practice, to|δ| smaller than some
threshold corresponding to a small maximum ring difference).
Useful rebinning algorithm, however, must incorporate all
oblique sinograms to optimize the SNR.

The simplest rebinning algorithm is the straightforward
extension of the single-slice rebinning (SSRB) algorithm for
non-TOF data, and is based on the approximation

preb,t(s, φ, z) ' pt(s, φ, z, δ) (3)

This relation is derived by neglecting the term proportional to
δ in the third argument off in equation (1). As proposed by
Moses [2] the approximate TOF localization allows a more
accurate assignement of the LOR to a specific transaxial slice.
Thus, using the fact that the TOF profile is maximum atl = t,
the variablel in the third argument off in equation (1) can to
a first approximation be replaced byt, yielding theTOF-SSRB
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equation,

preb,t(s, φ, z) ' pt(s, φ, z − tδ, δ) (4)

Contrary to SSRB, TOF-SSRB becomes exact when the width
of the TOF profile tends to zero.

III. C ONSISTENCY, EXACT REBINNING, AND TOF-FORE

From now on, we assume a gaussian model of the TOF
profile h(t, l) = exp(−(t− l)2/2σ2) whereσ is related to the
full-width at half-maximumTFWHM of the time difference
measurement byσ = c TFWHM/4

√
2 log 2. Inserting the

gaussian model into equation (1), we show that consistent TOF
data pt(s, φ, z, δ) (1) must be a solution of the two partial
differential equations [13],

∂2pt

∂z ∂φ
+

∂2pt

∂s ∂δ
= −s δ

∂2pt

∂z2
− st

σ2

∂pt

∂z
+

s

σ2

∂pt

∂δ
(5)

and

−t
∂pt

∂z
+

∂pt

∂δ
= σ2

∂2pt

∂z∂t
(6)

The existence of two independent consistency conditions, (5)
and (6), instead of only one for non-TOF 3D data can be
understood by noting that four parameters are required to
parametrize non-TOF data, whereas the TOF data depend on
five parameterst, s, φ, z, δ, andf(x, y, z) in both cases only
depends on three parameters.

Whenσ → ∞, the two last terms in the RHS of (5) vanish,
and that equation reduces to John’s equation for non-TOF data
[15]. For simplicity we will also refer to (5) as John’s equation.
In the opposite limit whereσ → 0, both (5) (if s 6= 0) and (6)
reduce to

−t
∂pt

∂z
+

∂pt

∂δ
= 0 (7)

which is equivalent to TOF-SSRB, as can be seen by differ-
entiating equation (4) with respect toδ.

Many consistency condtions can be obtained by combining
equations (5) and (6), and it remains to identify which of them
could be useful. However, the only equation that does not
contain any partial derivative with respect to the TOF variable
t is John’s equation (5). This equation is therefore well-suited
for rebinning as it can be applied to each time bin separately.
Using arguments similar to those leading the FOREJ algorithm
[15], we derive from (5) the exact rebinning equation

Pt(ω, k, z0, 0) = Pt(ω, k, z0 + kδ1/ω, δ1) (8)

+
1

ω

∫ δ1

0

dδ(δ
∂3Pt

∂ω∂z2

+
t

σ2

∂2Pt

∂ω∂z
− 1

σ2

∂2Pt

∂ω ∂δ
)(ω, k, z0 +

kδ

ω
, δ)

wherePt(ω, k, z, δ) is the 2D Fourier transform of the TOF
sinogram,

Pt(ω, k, z, δ) =

∫
∞

−∞

ds

∫
2π

0

dφ exp(−iωs− ikφ)pt(s, φ, z, δ)

(9)

TABLE I

SIMULATION PARAMETERS

Ring radius (mm) 278
Number of rings 32

Maximum ring difference used 29
tan θmax (degree) 14
Ring spacing (mm) 4.8

Radial sampling (mm) 1.2
Sinogram size 256 x 256

Image size 256 x 256 x 63
voxel size (mm) 1.2 x 1.2 x 2.4

(the symmetry relationpt(s, φ + π, z, δ) = p−t(−s, φ, z,−δ)
is used to obtain a2π range in the variableφ). Rebinning
is achieved by averaging for each slicez0 the estimates
of Preb,t(ω, k, z0) = Pt(ω, k, z0, 0) provided by (8) for all
available values of the ”ring difference”δ1.

If the axial apertureδ is sufficiently small, and the standard
deviationσ of the TOF profile sufficiently large, the integral
in the RHS of (8) disappears, and that equation reduces to

Pt(ω, k, z, δ) ' Pt(ω, k, z − kδ

ω
, 0) (10)

This is the basic relation of the TOF-FORE algorithm [13],
which is evaluated in the next section. Implementation details
are similar to those of the FORE algorithm, including the
handling of low frequencies(ω, k), which are rebinned using
equation (3) rather than (10).

Finally, we will show at the conference that a second exact
rebinning relation can be derived from equation (6). This
relation reduces to TOF-SSRB in the limitσ → 0.

IV. RESULTS

The TOF-FORE algorithm has been evaluated using simu-
lated data for a 32-ring scanner described by the parameters
in table 1. We simulate TOF data with a gaussian TOF
profile of FWHM 75 mm or 120 mm, centered att = 50
mm. This corresponds to a time resolution of 500 ps or 800
ps at ∆τ = 300 ps. Noise free 3D TOF sinograms were
simulated by forward projecting the digitized image of two
phantoms (without attenuation or scatter). The modified 3D
TOF data (1) were obtained using the approximationh(t, l) '√

1 + δ2 h(t, l
√

1 + δ2), which turns out to be sufficiently
accurate for the small axial aperture used here.

The 3D sinograms were rebinned with SSRB, TOF-SSRB,
and TOF-FORE. For TOF-FORE the low frequency samples
(iν , k) satisfying |iν | ≤ imax = 6 and |k| ≤ kmax = 6
were rebinned using SSRB with a maximum ring difference
of rdmax = 4. The rebinned 2D sinograms were compared to
the ”exact” 2D sinograms obtained by forward projecting the
digitized phantom with the same TOF profile. For each slice, a
normalized root-mean-square (RMSE) difference between the
rebinned sinogram and the ”exact” sinogram was calculated.
For comparison, non-TOF data of the two phantoms were also
simulated and rebinned with the standard FORE algorithm,
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Fig. 1. Normalized RMS error for the rebinned sinograms of the ellipsoid
phantom, versus the slice index. TOF profile:t = 50 mm, FWHM = 75
mm. Open circles: SSRB, open triangles: TOF-SSRB, full diamonds with
solid line: TOF-FORE. The normalized RMS error for the standard FORE
applied to non-TOF data is shown with x’s.

using the same parametersimax, kmax andrdmax for the low
frequency region.

The first phantom is an ellipsoid with uniformly distributed
activity, centered at(x, y, z) = (56,−76, 75) mm with semi-
axis (20, 30, 3) mm. Figure 1 shows the root-mean-square
(RMSE) difference between the rebinned and the exact sino-
grams, as a function of the axial slice.

The second phantom is a combination of 20 cylinders of
various sizes and intensities, inside a larger cylinder of radius
120 mm. For this phantom, the RMSE was normalized with the
root-mean-square of each slice. Figure 2 shows the RMSE for
the various algorithms with FWHM=120 mm, plotted versus
the normalized RMSE for the non-TOF data rebinned with
FORE. On the average, the error with TOF-FORE is a factor
1.38 larger (slope of the regression line, not shown) than the
non-TOF reference (solid line in figure 3). The error does
not exceed 5% and is significantly smaller than with the two
SSRB algorithms. As with the ellipsoid phantom, using the
TOF information in SSRB significantly improves the accuracy,
as conjectured by Moses [2]. Figures 3 illustrates the structure
of the rebinning errors with various algorithms.

V. CONCLUSION

Measuring and exploiting time-of-flight information in 3D
PET has a considerable potential, especially for whole-body
imaging of large patients, an application where improvement
would have an important clinical impact. The TOF-FORE
algorithm was shown to generate a good approximation of
”exact” 2D TOF sinograms and to be superior to TOF-SSRB
when the timing resolution is larger than500 ps and the axial
aperture does not exceed15 degree. More work is needed to
better define this domain of validity, but our results already
demonstrate that TOF-FORE will be a valuable method for

0
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0.1

0.12

0.000 0.005 0.010 0.015 0.020 0.025 0.030

Fig. 2. Normalized RMS error for the rebinned TOF sinograms (t = 50
mm, FWHM = 120 mm) of the cylindrical phantom, plotted versus the
normalized RMS error for standard FORE applied to non-TOF data. Each
symbol corresponds to one of the 63 rebinned sinograms. Opencircles: SSRB,
open triangles: TOF-SSRB, full diamonds : TOF-FORE. The solid line is the
identity.

PET scanners with TOF capability: the timing resolution
achievable with current detector technology is larger than1
ns and in this case the accuracy of TOF-FORE is comparable
to the accuracy of the FORE algorithm.

We note finally that the rebinning algorithms are easily
extended for theplanogram parametrization, which uses in-
stead ofs, φ, z and δ the four cartesian coordinates of the
two detected photons on two parallel flat panel detectors. The
consistency conditions are simpler in that case, and lead toan
exact rebinning algorithm that is almost identical to its non-
TOF equivalent studied by Kao et al [16]. In practice however
the oblique sinogram parametrization appears more practical
even when using flat panel detectors.
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Abstract-- A high-performance brain PET scanner, jPET-D4, 
which provides depth-of-interaction (DOI) information, is under 
development.  At this stage, one of the 5 block-detector rings has 
been assembled into the jPET-D4 gantry.  In order to reduce 
computational cost while keeping the advantage of DOI 
information in image reconstruction, we have previously proposed 
a DOI compression (DOIC) method.  In this paper, we apply real 
data of the jPET-D4 prototype to the DOIC method followed by 
the ML-EM with accurate system modeling. 

I. INTRODUCTION 
We are developing a high-performance PET scanner, jPET-

D4, which provides 4-layer depth-of-interaction (DOI) 
information.  This scanner is designed to achieve not only high 
spatial resolution but also high scanner sensitivity with the DOI 
information obtained from multi-layered thin crystals [1].  The 
scanner has 5 rings of 24 detector blocks, and each detector 
block consists of 1,024 GSO crystals of 2.9 mm x 2.9 mm x 
7.5mm, which are arranged in 4 layers of 16 x 16 arrays.  The 
jPET-D4 is dedicated to brain scans, and the detector rings 
have a diameter of 390 mm.  At this stage, one of the 5 block-
detector rings has been assembled into the jPET-D4 gantry. 

Statistical image reconstruction methods such as the 
maximum likelihood expectation maximization (ML-EM) [2] 
have been successfully used to improve image quality through 
accurate system modeling, though they are computationally 
burdensome.  It is, furthermore, difficult to apply these 

methods directly to DOI-PET systems since the number of 
detector crystal pairs increases in proportion to the square of 
the number of DOI layers.  In order to reduce computational 
cost while keeping the advantage of DOI information, we have 
previously proposed a DOI compression (DOIC) method [3].  
In addition to the computational advantage, the DOIC method 
also improves statistical accuracy of various correction factors, 
where raw DOI data of subdivided bins have a small number of 
counts. 

In this paper, we apply real data of the jPET-D4 prototype to 
the DOIC method followed by the ML-EM with accurate 
system modeling.  As a preliminary experiment, transaxial 
spatial resolution and background noise are measured using the 
one-pair prototype system to investigate the effect of the DOI 
information.  Then the first phantom images are obtained using 
the jPET-D4 prototype.  

II. IMAGE RECONSTRUCTION 

A. Accurate System Modeling for the jPET-D4 
For static imaging, list-mode data are displayed in a 

histogram so that more than one event which is detected by the 
same pair of detector crystals is summed.  For convenience, the 
elements are sorted in the order of DOI-layer pairs.  Four DOI 
layers result in 16 pairs of DOI layers.  The order of DOI-layer 
pairs is numbered starting from the front pairs to the rear pairs 
of a DOI layer, i.e., the descending order of detection 
sensitivity (Fig. 1).  

We define g as the expectation value of acquired data.  The 
j-th element of g in the i-th DOI-layer pair is given by 

∫=
C

jijig rrr d)f()(h ,,   (i=1, …, 16; j=1, …, Ni),   (1) 

where r indicates the position in the object support C, and f(r) 
is the original object.  hi,j(r) is a sensitivity function (i.e., a 
spatial response function) of the j-th pair of detectors in the i-th 
DOI-layer pair, which represents the probability of gamma-rays 
emitted at r being detected by the pair of detectors.  N1, N2, …, 
and N16 are the number of elements of the histogram data in the 
1st, 2nd, …, and 16th DOI-layer pairs respectively. 

The sensitivity functions are designed in consideration of the 
geometrical arrangement and the penetration of crystals as 
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where µ is the attenuation coefficient of GSO crystal for the 
511keV γ-ray, and Ω is a solid angle of the γ-ray photon path 
around r.  At this stage, the sensitivity functions do not include 
a blurring effect caused by Compton scattering.  l(i,j),A(Ω,r) and 
l(i,j),B(Ω,r) are the intersecting lengths of the photon path within 
each crystal of the j-th detector pair in the i-th DOI-layer pair.  

( )r,),,( ΩAjil  and ( )r,),,( ΩBjil  are also the intersecting lengths of 
the photon path within the other crystals in front of each crystal 
of the j-th detector pair in the i-th DOI-layer pair.  

B. DOI Compression (DOIC) Method [3] 
The DOIC method is based on redundant characteristics of 

the DOI-PET imaging system, such as high correlation of the 
sensitivity functions and low sensitivity of deep DOI layers.  It 
combines deep pairs of DOI layers into shallow pairs of DOI 
layers which sensitivity functions highly correlate, as, 

  ∑ ∑
+= =

+=
16

1 1
,),(),','(','',''

Di

N

j
jijijijiji

i

gwgg   

          (i’=1, …, D; j’=1, …, Ni’),    (3) 
where {w(i',j’),(i,j)} are scalar weighting factors and D is the 
number of DOI-layer pairs to be preserved.  D is a tuning 
parameter that controls the trade-off between computational 
cost and image quality.  Our previous study [3] showed D=3 is 
the optimum value for the jPET-D4.  The weighting factors, 
which are determined so as to reduce the redundancy of the 
imaging system, are expressed as 

1 (when (i,j) maximizes correlation 
w(i',j’),(i,j) =    between hi,j(r) and hi’,j’(r) in all (i’,j’)) 

0 (else). 
Substituting (1) into (3) yields the following equation: 

∫=
C

jijig rrr d)f()(h'' ','','  (i’=1, …, D; j’=1, …, Ni’),  (4) 

where h’i’,j’(r) is the combined sensitivity function obtained in 
the same way as in (3). 

Thus the number of the data elements is reduced while all 
detected events are preserved.  Resolution loss for compressed 
DOI-PET data can also be minimized because data bins of front 
DOI-layer pairs, which highly contribute to the imaging, are 
preserved.  We note that the DOIC method preserves the 
Poisson distribution since the transformation is a simple 
summation.  

Theoretically, the DOIC method should calculate all the 
sensitivity functions to obtain the combined sensitivity function 
h’i’,j’(r), but accurately defined sensitivity functions require 
much calculation time.  Since combined sensitivity functions 
are highly correlated, we simply approximate the combined 
sensitivity functions as follows. 
  )(h)(h' ','',' rr jiji ≅ . (i’=1, …, D; j’=1, …, Ni’)     (5) 

C. Image Reconstruction with DOIC Method 
In this paper, the ML-EM method was applied to the pre-

corrected data after the DOIC summation.  In order to preserve 
the Poisson distribution and to avoid negative values after 
random and scatter subtractions, the ordinary Poisson scheme 
[4] which includes all correction terms in the iterative equation, 
was also applied.  To improve convergence, accelerated 
iterative algorithms such as the Dynamic RAMLA (DRAMA) 
[5] would be able to replace the ML-EM method. 

Fig. 2 shows the image reconstruction scheme with the 
DOIC method.  We note that statistical accuracy of correction 
data is improved by the DOIC summation.  The component 
based method [6] would also be a good additional option to 
improve the reliability.  At this stage, scatter correction has not 
been implemented.  

III. PRELIMINARY EXPERIMENTS ON THE ONE-PAIR PROTOTYPE  
As a preliminary experiment, spatial resolution and 

background noise were measured using the one-pair prototype 
system to evaluate the DOIC method and investigate the jPET-
D4’s inherent resolution performance.  
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Fig. 1. The DOI order chart. 
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Fig. 2. Image reconstruction with the DOIC method. 
 

Fred Noo


Fred Noo
8     The Eighth International Meeting on Fully Three-dimensional Image Reconstruction in Radiology and Nuclear Medicine  

Fred Noo


Fred Noo
Session 1: PET imaging      8:15 - 9:30 Wednesday 6 July 2005  



 

A. The One-pair Prototype System 
The prototype system consists of a pair of DOI detector 

blocks and a coincidence circuit.  The prototype gantry has the 
same dimensions as that of the jPET-D4.  The placement 
position of block detectors is manually adjustable so that all the 
required data can be measured.  Fig. 3 shows the experimental 
setup.  

A block detector consists of a 4-layered 16 x 16 array of 
GSO crystals (Hitachi Chemical Co., Japan) with different 
amount of cerium (Ce) dopant (0.5 mol%Ce for 1st and 2nd 
layers, and 1.5 mol%Ce for 3rd and 4th layers) and a 256 
channel flat-panel position-sensitive photomultiplier tube 
(H9500 by Hamamatsu Photonics K.K., Japan).  The basic idea 
for DOI discrimination is the reflector insertion [1] that 
controls the distribution of scintillation light so that each 
position can be identified by the Anger type calculation.  Four-
layer DOI positions are identified based on this idea after upper 
and lower two DOI positions are separated by the pulse shape 
discrimination [7].  We measured spatial resolution and 
background noise using this system. 

B. Resolution and Background Noise Measurements 
Spatial resolution of three positions, at the center, 5cm and 

10cm off-center, were measured by scanning a 68Ge-68Ga line 
source of 2mm external diameter (Fig. 3).  A total of 70 
detector position patterns were measured, and 284,279 counts 
were obtained after extracting direct slice data.  In order to 
avoid over-estimation for point source objects, uniform 
background data generated by Monte Carlo simulation were 
added. 

A uniform cylinder (150mm diameter) filled with 18F water 
was measured.  Only 7 data positions were measured because 
the phantom was placed exactly at the center of the scanner.  
Measurement time was controlled taking into account the 
source decay.  Full data were obtained by dividing each event 

among 12 rotation views.  Two sets of data with different total 
counts were obtained.  The high count data (1,779,339 total 
counts) were used for data correction instead of blank data, and 
the low count data (890,404 total counts) were used for noise 
evaluation as target emission data. 

First, coincidence events that were detected within the 
energy window of 400keV–600keV were stored in a list-mode 
data format.  Next, the list mode data were transformed into a 
histogram without any interpolation.  Then the ordinary 
Poisson ML-EM method was applied.  At this stage, image 
reconstruction was restricted to 2D implementation. 

C. Figures of Merit 
Three figures of merit (FOMs), background noise, averaged 

spatial resolution and resolution non-uniformity were used to 
evaluate the image quality.  The background noise was 
measured as the normalized standard deviation (NSD), defined 
as  

NSD =
ROIsinmean
ROIsinvar

__
__ ,            (6) 

where var_in_ROIs and mean_in_ROIs are the variance and 
the mean value of counts in several regions of interest (ROIs), 
respectively.  The NSD was measured using the φ150mm 
uniform phantom.  

The averaged spatial resolution was measured as the average 
of radial and tangential full widths at half maximum (FWHMs) 
of three line sources after subtracting the background.  It 
should be noted that blurring by the source diameter of 2 mm 
was not deconvoluted.  The resolution non-uniformity was also 
measured as the FWHM non-uniformity, defined as 

FWHM non-uniformity =
FWHMmean
FWHMvar

_
_ ,      (7) 

where var_FWHM and mean_FWHM are the variance and the 
mean value of radial and tangential FWHMs of three line 
sources, respectively. 

D. Results and Discussion 
The DOIC method followed by the ML-EM (DOIC-ML-

EM) method was applied to the one-pair prototype system.  For 
comparison, we also applied the ML-EM method alone.  In 
order to show the 4-layer DOI effect, non-DOI and 2-layer 
cases were also implemented by the simple sum of the DOI 
data (Fig. 4), as 

jPET-D1   (non-DOI, 30mm thickness), 
jPET-D2a (2-layer, 15 + 15mm thickness),  
jPET-D2b (2-layer, 7.5 + 22.5mm thickness), and 
jPET-D4   (4-layer, 7.5mm thickness each).  

In the case of “jPET-D2b“, crystal thickness is unequally 
divided so that the response function of the first bin which 
contributes significantly remains sharp at the sacrifice of the 
broadened rear data bins.   

 
Fig. 3. Experimental setup for the line source measurement. 
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First the trade-off between the background noise (NSD) and 
the averaged FWHM was plotted.  Next the averaged FWHM 
and the FWHM non-uniformity at the same background noise 
(NSD=0.20 and 0.30) were compared (Table I).  Plots of radial 
and tangential FWHM at NSD=0.30 are shown in Fig. 5.   

These results show that almost uniform spatial resolution of 
less than 3mm over the FOV is obtained by the jPET-D4, while 
the non-DOI case (jPET-D1) degrades radial resolution at the 
off-center position.  It should be noted that the inherent spatial 
resolution will be better because the source diameter of 2 mm 
was not considered at this stage.  These results also show that 
the DOIC method retains the advantage of DOI information 
because spatial resolution is almost uniform though there is a 
slight resolution loss.  On the other hand, two-layer DOI 
information (jPET-D2a, b) is not sufficient for this geometry to 
obtain uniform resolution, though resolution at the off-center is 
improved somewhat.  It is also of note that the unequally 
divided design (jPET-D2b) has only a slight advantage over the 
equally divided one (jPET-D2a).  The ratios of computational 
cost of the ML-EM with and without the DOIC method to the 
non-DOI case are about 3 and 16, respectively. 

IV. THE FIRST PHANTOM IMAGE OF THE JPET-D4 PROTOTYPE 

A. The 1/5-detector-installed jPET-D4 Prototype 
One of the 5 block-detector rings (24 of 120 bock-detectors) 

has been assembled into the jPET-D4 gantry (Fig. 6), and look-
up tables for the position and energy identification have been 
adjusted.  After rough timing adjustment of the coincidence 
circuit, the coincidence time window has been optimized up to 
14ns.  The energy window was 400-600keV.  The maximum 
solid angle of the prototype was found to be similar to the HR+ 
commercial scanner, while crystal material and dead-time 
characteristics are different.  

B. Phantom Study 
The Hoffman 3D brain phantom [8] filled with 0.77mCi 18F 

water was measured for 480 minutes.  Blank data were also 
obtained by scanning a rotating 0.03mCi 68Ge-68Ga line source 
for 30 hours.  At this stage, the DOIC method followed by the 
2D ML-EM method was applied to the pre-corrected DOIC 
data, instead of the ordinary Poisson scheme.  After post-
filtering using a 1.4mm FWHM Gaussian, a uniform 
background was subtracted as a rough scatter correction. 

For comparison, the same phantom filled with 1.6mCi 18F 
water was scanned for 90 minutes using the HR+ scanner in the 
2D mode.  The parameters of dose injection and scan time were 
almost equivalent to those in the jPET-D4 study excluding 
count-rate dependent characteristics.  The noise equivalent 
count in the HR+ experiment with extended septa would be 
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Fig. 4. The DOI order charts for the jPET-D1, D2, D4. 
 

TABLE I  
AVERAGED FWHM AND FWHM NON-UNIFORMITY (IN PARENTHESIS) AT 

THE SAME BACKGROUND NOISE. 
      

 jPET-D4 
NSD  (DOIC) 

jPET 
-D2b 

jPET 
-D2a 

jPET 
-D1 

0.20 2.73mm 
(0.11) 

2.81mm 
(0.12) 

2.96mm 
(0.17) 

3.03mm 
(0.19) 

3.48mm
(0.34)

0.30 2.51mm 
(0.10) 

2.60mm 
(0.12) 

2.70mm 
(0.15) 

2.76mm 
(0.17) 

3.16mm
(0.32)
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Fig. 5. Plots of radial and tangential FWHM at the same background 
noise level (NSD = 0.30). 

 

 
Fig. 6. The 1/5-detector-installed jPET-D4 prototype. 

Fred Noo


Fred Noo
10     The Eighth International Meeting on Fully Three-dimensional Image Reconstruction in Radiology and Nuclear Medicine  

Fred Noo


Fred Noo
Session 1: PET imaging      8:15 - 9:30 Wednesday 6 July 2005  



 

rather higher than that in the jPET-D4 prototype operated the in 
3D mode.  The HR+ images were reconstructed using 2D FBP 
with a Hanning 0.4 filter, which is one of the clinical 
parameters in our institution. 

C. Results and Discussion 
Reconstructed images are shown in Fig. 7.  A clear image all 

over the FOV is obtained by the jPET-D4 prototype, while the 
HR+ blurs peripheral regions strongly.  Table II summarizes 
the scan and the image reconstruction parameters.  Further 
improvement of image quality would be expected of the jPET-
D4 when the scanner sensitivity is increased by installing all 
the detectors.  

V. CONCLUSIONS 
We applied the DOIC method followed by the ML-EM 

method with accurate system modeling to real data of the jPET-
D4 prototype.  Uniform transaxial resolution of less than 3mm 
over the FOV was obtained using DOI information.  The DOIC 
method also reduced computational cost to 1/5 while keeping 
the advantages of DOI information and accurate system 
modeling.  Results from the first phantom study hold the 
promise of good imaging performance for the jPET-D4.  

Examples of 3D image reconstruction will be shown at the 
meeting.  
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(b) HR+(a) jPET-D4 prototype
(1/5-detector installed)

(b) HR+(a) jPET-D4 prototype
(1/5-detector installed)  

Fig. 7. Reconstructed images of the Hoffman 3D brain phantom. 
 

TABLE II  
THE SCAN AND IMAGE RECONSTRUCTION PARAMETERS. 

 jPET-D4 prototype 
(1/5-detector installed) 

HR+ 

Injection / time 0.77mCi 18F / 480min. 1.6mCi 18F / 90min. 
Scan mode 3D mode 2D mode 
Span / mrd 9 / 4 15 / 7 
Data correction random subtraction 

normalization 
attenuation correction 

random subtraction 
deadtime correction 
normalization 
scatter correction 
attenuation correction 

Reconstruction DOIC+2D ML-EM (50itr.) 2D FBP (Hanning 0.4) 
Image sampling / 
plane separation 

160 x 160 (1.4mm pixel) / 
1.5mm x 3 slice sum 

128 x 128 (2.7mm pixel) 
[84x84 trimmed] / 2.4mm
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Fourier-Based Reconstruction for Fully 3-D PET:
Optimization of Interpolation Parameters

Samuel Matejand Ivan G. Kazantsev

Abstract — Fourier-based approaches for 3-D reconstruction are based on
the relationship between the 3-D Fourier transform (FT) of the volume and
the 2-D FT of a parallel-ray projection of the volume. The critical step in
the Fourier-based methods is the estimation of the samples of the 3-D trans-
form of the image from the samples of the 2-D transforms of theprojections
on the planes through the origin of Fourier space, and vice versa for for-
ward projection (reprojection). The Fourier-based approaches have the
potential for very fast reconstruction, but their straight forward implemen-
tation might lead to unsatisfactory results if careful attention is not paid to
interpolation and weighting functions. In our previous work we have in-
vestigated optimal interpolation parameters for the Fourier-based forward
and back-projectors for iterative image reconstruction. The optimized in-
terpolation kernels were shown to provide excellent quality comparable to
the ideal sinc interpolator. This work presents an optimization of interpola-
tion parameters of the 3-D direct Fourier method with Fourier reprojection
(3D-FRP) for fully 3-D Positron Emission Tomography (PET) data with in-
complete oblique projections. The reprojection step is needed for the esti-
mation (from an initial image) of the missing portions of theoblique data.
In the 3D-FRP implementation, we use the gridding interpolation strategy,
combined with proper weighting approaches in the transformand image
domains. We have found that while the 3-D reprojection step requires sim-
ilar optimal interpolation parameters as found in our previ ous studies on
Fourier-based iterative approaches, the optimal interpolation parameters
for the main 3D-FRP reconstruction stage are quite different. Our experi-
mental results confirm that for the optimal interpolation parameters a very
good image accuracy can be achieved even without any extra spectral sub-
sampling, which is a common practice to decrease errors caused by inter-
polation in Fourier reconstruction.

I. I NTRODUCTION

With the fast increase of the sizes of the tomographic data,
reduction of the computation demands of reconstruction proce-
dures is of great importance. It has been known for a long time
that direct Fourier methods (DFM), that build up the Fourier
transform of the object using the Fourier transforms of the pro-
jections, have the potential for accurate and high speed recon-
struction [1–5]. The Fourier-slice (central section) theorem was
later proposed as a tool for performing the reprojection oper-
ation [6, 7]. The critical step in the Fourier-based methodsis
the estimation of the samples of the 3-D transform of the image
from the samples of the 2-D transforms of the projections on the
planes through the origin of Fourier space, and vice versa for
forward projection (reprojection). Gridding interpolation [8],
with proper interpolating [9] and data weighting functions, as
investigated in the MRI literature [10–12], brought an impor-
tant improvement in the direct Fourier reconstruction.

In Positron Emission Tomography (PET), the Fourier-based
reconstruction and reprojection using gridding interpolation

This work was supported by the U.S. National Institutes of Health (NIH) un-
der grant R01 EB002131. Its content is solely the responsibility of the authors
and does not necessarily represent the official views of the NIH. The authors
are with the Department of Radiology, University of Pennsylvania, Blockley
Hall 4th floor, 423 Guardian Drive, Philadelphia, PA 19104-6021, USA. Tele-
phone: (215) 662-6780. E-mail:{matej,kazantsev}@mipg.upenn.edu

have been applied for (non-iterative) fully 3-D PET reconstruc-
tion [13] and for calculation of attenuation correction factors
in PET [14]. In these works, Modified Kaiser-Bessel (MKB)
windows were used for interpolation, which are known to be
reasonably accurate, but the accuracy was not evaluated explic-
itly. Recently, Fourier-based approaches have been proposed
for forward and back-projection operators within iterative re-
construction approaches using the concept of the non-uniform
fast Fourier transform (NUFFT) [15, 16] which is closely re-
lated to gridding methods for interpolation in frequency space.
The MKB interpolation kernels used in [16] have been opti-
mized using a min-max approach [17] , thus providing substan-
tial improvement of the interpolation accuracy, similar tothat
obtained using exact (sinc) interpolation approaches. Using the
optimized MKB windows, the size of the interpolation kernels
can be decreased, and the amount of subsampling of the pro-
jection and image transforms, which is a common practice to
decrease errors caused by the interpolation, can be substantially
reduced.

In this work we have revisited investigation of optimized in-
terpolation for the case of the 3-D analytical reconstruction us-
ing 3-D direct Fourier reconstruction with Fourier reprojection
(3D-FRP).

II. 3-D FOURIER-BASED RECONSTRUCTION

Using the central section theorem, the projection at a given
direction can be obtained by inverse 2-D Fourier transform of
the values on the corresponding central section plane extracted
from the 3-D image spectrum. Alternatively, the operation of
back-projection of a projection at a given angle can be per-
formed by depositing of its 2D Fourier transform into the proper
locations of the corresponding central section plane of the3-D
image spectral domain. These two operations form a matched
forward and back-projection pair for the Fourier-based itera-
tive reconstruction approaches [16]. In the case of analytical
reconstruction by Direct Fourier Method the reconstructedim-
age is obtained by backprojecting, i.e. depositing of the spec-
tral projection values, of a sufficient set of projections. Here,
the deposited spectral values of projections have to be properly
weighted to take into account the local density of the input data
spectrum (similar to the “ramp filtering” in the ideal 2-D case).

In the discrete implementation, the spectrum values of the
image and the projections are located on two different spec-
tral grids (rectangular and polar grids in the 2-D case) requir-
ing an interpolation operation between the two grids. The in-
terpolation and weighting operations represent the crucial op-
erations substantially influencing the quality of Fourier-based
reconstruction approaches. The general structure of the image
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Fig. 1. Flowchart of the image reconstruction stage of our implementation of the 3D-FRP. Reprojection is represented bythe same flowchart in the reverse order.
The illustrated structure of the data spectrum raster and shape of theweightP function are only symbolic and are much more complicated forthe fully 3-D
data case. Basic steps: 1)2-D FFTs on panelspθ , each representing set of parallel projection lines through the image; 2) pre-weighting byweightP of
the values on the data spectrum raster; 3)Interpolation from data spectrum values on planesPθ into image spectrum rectangular raster - using fixed size
interpolation kernel; 4) optional post-weighting (weightR) andfiltering of image spectrumX; 5) 3-D IFFT of image spectrumX on uniform rectangular
raster; 6)gridding correction - point-wise multiplication of the image with scale function - compensation for interpolation imperfections.

formation (reconstruction) stage of the 3D-FRP, as implemented
by us [13], is depicted in the flowchart in Fig. 1. The for-
ward projection (reprojection) stage is represented by thesame
flowchart, but traversed in the reverse order, with the exception
of the weighting operations which are generally not needed for
interpolations from a uniform (rectangular) grid if properinter-
polation kernels are used.

A specific property of the fully 3-D PET data is that the
oblique projections are not complete, i.e., for each nonzero tilt
there is a certain fraction of photons, which were emitted from
the reconstruction region and are traveling at the co-polaran-
gles coinciding with this tilt angle, that are not detected because
of the finite axial extent of the detector system. This poses
no problem for iterative techniques since only those projection
lines that are detectable are considered in the reconstruction
model. On the other hand, the formulae of transform techniques
are derived for the complete data. Consequently, the missing
portions of the data have to be estimated for the transform tech-
niques to provide valid results. The missing data are typically
estimated by reprojecting an “initial” image which is recon-
structed from those projection views that are complete. Simi-
larly to the reconstruction stage, the reprojection can be based
on the frequency slice theorem. The three main stages of the
3D-FRP reconstruction from the fully 3-D data are:
1. Initial image reconstruction from complete non-obliquedata
2. Reprojection of the initial image into all oblique angles

+ filling of the missing portions of the projections
3. 3-D DFM reconstruction (from completed data).

III. G RIDDING INTERPOLATION

In the gridding interpolation, a spatially limited interpolation
kernel of fixed size is used, making it possible to (pre- or post-)
correct (grid.correction) the effect of interpolation in the fre-
quency domain on the image in the spatial domain [8]. This can
be simply done by multiplication of the image by the reciprocal
of the FT of the interpolation kernel, which can be calculated
analytically. Consequently, the FT of the proper interpolation
kernel should have nonzero values up to the Nyquist frequency
(i.e., inside the multiplied image region) but, at the same time,
it is desirable that it decays very fast as it nears the sampling
frequency to avoid spatial aliasing. Other desirable properties
are smooth bell-shaped decay of the interpolation kernel values

and continuity at the window boundary.
In [17], a method was developed for the design and optimiza-

tion of the finite support interpolators in the min-max sense. The
developed min-max analysis provides the interpolator thatmin-
imizes the worst-case interpolation error over all signalsof unit
norm. The true min-max interpolator was further compared to
conventional interpolation kernels whose parameters wereopti-
mized in the min-max sense for the forward-projection opera-
tion. One of the most suitable candidates among them, provid-
ing a good compromise between accuracy and simplicity, was
found to be the Modified Kaiser-Bessel (MKB) interpolation
kernel. The MKB window function has the form

km,a,α(R) =
1

Im(α)

[

√

1 − (R/a)
2

]m

Im

[

α

√

1 − (R/a)
2

]

(1)
for 0 ≤ R ≤ a and value zero forR > a, whereR is the
distance from the MKB kernel center,Im denotes the modified
Bessel function of orderm, a is the radius of the MKB win-
dow andα is a parameter controlling the MKB window shape
and frequency characteristics. In the min-max optimization, the
parameters (α, m) of the Kaiser-Bessel function are varied by
brute-force search, and the values that minimize the worst-case
error are found numerically for each interpolation kernel sizea.

The interpolation kernel can be given as a radially symmetric
window function, or as a separable (in spectrum components
R1, R2, ...) window function, both of which can be optimized
using the same min-max approach. However, although the ra-
dially symmetric kernels have very attractive properties if used
as basis functions for the image representation within the tomo-
graphic reconstruction, the separable kernels are preferable, and
easier to implement, for the interpolation purposes. The sepa-
rable MKB interpolation kernels used in our studies are given
by

km,a,α(R1, R2) = km,a,α(R1) · km,a,α(R2). (2)

Note that in our 3D-FRP implementation only 2D interpola-
tions (within set of transaxial planes of 3D image spectrum)are
needed, since data are axially sampled in (or resampled into)
the detector ring geometry and thus providing Fourier spectrum
grid points located exactly within the set of given transaxial
spectral planes coinciding with the image spectrum grid loca-
tions [13].
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Fig. 2. Normalized mean error (% of projection maximum) of 2-D forward-
projection of modified Zubal phantom using NUFFT with Kaiser-Bessel
interpolator (a=2.5,m=0) as a function of the shape parameterα for three
zeropadding cases: 0%, 50% and 100%.

IV. RESULTS

In [17] the MKB interpolation window was optimized for the
case of 1D NUFFT (employing gridding interpolation) using
numerical error analysis approach to minimizeEmax, the worst-
case interpolation error over all 1D signals of lengthN with unit
norm. In [16] we refined the numerical optimization of MKB
window orderm and shape parameterα for the 1D NUFFT. We
further studied the behavior of the MKB window within 2-D
gridding interpolation employed in Fourier-based forwardand
back-projection operations for iterative image reconstruction.
Namely, we investigated the effect of the orderm and shape
parameterα on the accuracy of the 2-D NUFFT step within 2-
D forward and backprojection operations using idealized sim-
ulated data for anthropomorphic phantom and compared their
performance to NUFFT approach using ideal sinc interpolation
and to space based forward and back-projectors. Similarly we
performed investigation of the forward and back-projectorpairs
employed directly within statistical iterative reconstruction al-
gorithms using realistic simulated and real acquired data for the
anthropomorphic phantom.

In the practical studies we evaluated the maximum error,
root mean square error and mean error for the range of over-
sampling factors (0%, 50%, 100%, 200%), interpolation kernel
sizes (J = 4, 5, 6, 7, whereJ = 2a), orders of MKB window
(m ∈ [−2, 2]) and MKB shape (width) parameter (α, where
α/J ∈ [1, 3]). The behavior and optimal values were consis-
tent for all of the cases (forward-projection, back-projection,
and iterative reconstructions) and for all of the evaluatederror
measures. Fig.2 shows normalized mean error (nme) of forward
projection operation (as evaluated in [16]) as a function ofshape
parameterα for the casea = 2.5, m = 0 and for oversampling
factors 0%, 50% and 100%.

In this work we have revisited optimization of the interpola-
tion for Fourier-based approaches utilized in reprojection and
reconstruction operations within the fully 3-D PET reconstruc-
tion method 3D-FRP. We have tested the 3D-FRP method for
the geometry of the cylindrical Head Penn-PET scanner with
axial acceptance angle of±26◦, axial FOV 256mm, and diame-
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Fig. 3. Normalized mean error (% of projection maximum) of 3-D reprojection
of head phantom image as a function of the parameterα of the interpolation
MKB window (a=2.5, m=0) for three zeropadding cases: 0%, 50% and
100%.

Fig. 4. Illustration of 3-D reprojection of voxelized head phantom using
Fourier-based projector with optimized interpolation parameters for 0% ze-
ropadding (left) and the corresponding absolute error image (middle) with
respect to the projections calculated analytically (grey scale is reduced to
the range of error 0%-1% of the projection maximum value); right - error
image of 3-D reprojection using interpolation kernel whichwas optimized
for reconstruction but is non-optimal for reprojection (grey scale reduced to
0%-4% error range). Note that for the optimized interpolation kernel the
reprojection errors are well below the discretization errors of the voxelized
phantom.

ter of the reconstruction region 256mm. We have reconstructed
the central 64 slices (128× 128 voxels each, transverse and ax-
ial sampling 2mm) for the simulated data, and 128 slices for the
real PET data, from data having 15 oblique angles, 96 trans-
verse angles, with each data panel having size128 × 90, and
128 × 128, respectively.

A. 3-D Reprojection Optimization

We have optimized 3-D reprojection (forward projection) for
the similar range of parameters (interpolation kernel sizea, or-
der m, shape parameterα, amount of zeropadding) as in the
previous studies. The forward projection was calculated from
a discretized (voxelized) image of the analytically described
EVAL3DPET head phantom [18]. The results have been com-
pared to the ideal analytically calculated projections of this
phantom. Examples of the mean error curves for the interpo-
lation kernel of sizea = 2.5 and form = 0 are shown in Fig.3.
Curves for other kernel parameters and error measures are of
similar shape [19].

At the optimum values of the interpolation parameters, inter-
polation errors reached levels below those of the errors caused
by the discretization of the analytical phantom. Consequently,
the error curves observed in the optimization studies are satu-
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Fig. 5. Normalized mean errors (% of the phantom background value) inside
images reconstructed using 3D-FRP as a function of the shapeparameter
α of the interpolation MKB window within reconstruction for the three ze-
ropadding cases: 0%, 50% and 100% (a=2.5,m=0).

rated at the level of the discretization errors, especiallyfor the
cases when some zeropadding is used. For those cases, the ex-
act location of the interpolation minimum error can not be de-
termined. For the case without zeropadding, the optimum val-
ues of the interpolation parameters within 3-D reprojection are
consistent with our previous studies on 2-D Fourier-based pro-
jectors for iterative reconstruction (as seen in Figs. 3 and2). Ex-
amples of a projection image obtained by the 3-D reprojection
and corresponding normalized absolute difference images for
optimum and non-optimum cases for no zeropadding are shown
in Fig.4.

B. 3-D Direct Fourier Reconstruction Optimization

3-D DFM interpolation parameters have been optimized in a
similar way to the 3-D reprojection. In this case the 3-D repro-
jection parameters (within 3D-FRP) have been fixed to the op-
timal ones as determined in the reprojection optimization stage
and we have varied the interpolation parameters only withinthe
reconstruction (back-projection) stage. Reconstructions have
been done from the analytically calculated fully 3-D projec-
tions of the EVAL3DPET head phantom with detector resolu-
tion model [18]. Hanning filtering with cutoff at the Nyquist
frequency was applied during the reconstruction. Results were
compared to the discretized (voxelized) image of the analyti-
cally defined EVAL3DPET phantom, which has been smoothed
to match the resolution and filtering effects. Similarly to the
3-D reprojection case, the error curves are saturated by thedis-
cretization errors in the cases when some zeropadding is used.

Examples of the normalized mean error curves for the inter-
polation kernel of sizea = 2.5 and form = 0 are shown in
Fig.5. Curves for other kernel parameters and error measures
are of similar shape [19]. There are two striking differences be-
tween the results obtained for the forward-projection and recon-
struction. First, for a given radiusa and orderm, the optimum
values of theα parameter seem to be centered at the same value
independent of the zeropadding amount, contrary to the forward
projection case where location of the optimumα depends on
the amount of zeropadding. Second, the optimum interpolation
kernels for reconstruction differ from those obtained for the cor-
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Fig. 6. Reconstruction profiles through center of transverse slice of head phan-
tom containing large hot features. 3D-FRPnzp No Opt. - no zeropadding,
reconstruction stage uses interpolation kernel which is optimal for 3-D re-
projection, but not for reconstruction (α=8,a=2.5,m=0), 3D-FRPnzp Opt.
- no zeropadding, optimized interpolation (α=15, a=2.5, m=0), 3DRP -
space based 3-D reconstruction, 3D-FRPzp1 Opt. - 50% zeropadding,
optimized interpolation (α=15, a=2.5, m=0). Profiles through the opti-
mized 3D-FRP follow the phantom values most accurately evenwithout
any zeropadding, except for boundary regions, where a smallamount of
zeropadding is helpful. Note, that the phantom is touching the reconstruc-
tion region boundary (at± 128mm) in the transverse direction, providing
a challenging test for 3D-FRP. In comparison, 3DRP shows less uniformity
(3-4% errors) and much slower reconstruction [13].

responding forward projection cases. For example, fora = 2.5,
m = 0 and no zeropadding the experimentally obtained op-
timum α value is approximately 8 for the forward projection
while it is about 15 for the reconstruction. Profiles and power
spectra for those two interpolation kernels are shown in Figs. 7
and 8, respectively.

Fig. 6 shows examples of profiles through the center of a
transverse slice for 3D-FRP reconstructions of head phantom
using optimal interpolation kernel (α = 15) with no and 50%
zeropadding, 3D-FRP using non-optimal interpolation kernel in
reconstruction (α = 8) and 3DRP. The non-optimal interpo-
lation kernel is of a very similar shape to the one used in our
previous work reported in [13]. It can be seen that 3D-FRP
with optimized interpolation kernel follows the phantom pro-
file most closely even without any zeropadding, except near the
ends of the profile where the object touches the image bound-
ary. The boundary effects are completely eliminated with a very
small amount of zeropadding. In general, the optimized interpo-
lation kernel with no zeropadding yields similar image quality,
as seen on image profiles, to that reported in [13] with 100%
zeropadding.

C. Resolution and Noise Measures

Resolution measurements were obtained using 1mm point
sources suspended in air at different radial and axial locations
of the PET scanner. 3D-FRP reconstructions were performed
for different zeropadding, different radius and differentα (opti-
mal and nonoptimal) parameters. Our experiments confirmed
that the resolution measures are not affected by the particu-
lar choice of the interpolation parameters (within a reasonable
range) and/or amount of zeropadding used [19].
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Fig. 7. Profiles of two Kaiser-Bessel interpolation kernelsof sizea=2.5 using
α parameters which were found to be optimal for 3-D DFM reconstruction
(DFM opt) and for 3-D reprojection operation (FP opt) form=0 and 0%
zeropadding. For the reconstruction operation (but not forreprojection),
optimal interpolation kernels for other parameters (a, m, zeropadding) have
been found to be nearly identical in shape to DFM opt [19].
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Fig. 8. Power spectra of Kaiser-Bessel interpolation kernels shown in Fig. 7,
one optimized for reconstruction (DFM opt), other for reprojection (FP opt).
For the reprojection (but not for reconstruction), main spectral lobe of opti-
mal interpolation kernels for other parameters has a similar width [19].

The noise performance was measured using a cylindrical
phantom (200mm diameter) with uniform activity. The scan
duration was set to provide representative counts for the typ-
ical FDG PET head study. We studied the axial variation of
standard deviation within image slices and axial uniformity of
mean background value. The standard deviation was calculated
as the variation of the image values within a large circular re-
gion (150mm diameter) within each image slice. Our experi-
ments showed that the interpolation parameters providing min-
imum standard deviation in the image are consistent with those
obtained during the optimization using error measures [19].

V. CONCLUSIONS

Our study showed that the optimum interpolation parame-
ters for the 3-D reprojection stage within the 3D-FRP method
depend on the amount of zeropadding and are consistent with
those derived previously for Fourier-based forward and back-
projectors. On the other hand the optimal interpolation parame-
ters for the reconstruction stage have been found to be insensi-
tive to the amount of zeropadding and to be quite different from
the optimum parameters obtained for the reprojection. 3D-FRP
using the interpolation parameters optimized in this paperhas
been shown to provide improved performance over the results
published previously. The optimized 3D-FRP has been found

to yield accurate reconstructed images even without any ze-
ropadding, which in the past has been a common practice to get
accurate reconstruction using direct Fourier approaches.Practi-
cal elimination of the zeropadding leads to even more dramatic
speed-up of the Fourier-based approaches as compared to the
results published before.
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A New Approachto HandleRedundantData in Helical

Cone-BeamCT

ThomasKöhler, ClaasBontus,andPeterKoken

Abstract— We present a new filter ed back-projection algo-
rithm, which is based on exact reconstruction methods. The
new algorithm features that an arbitrary amount of redundant
data can be taken into account. This makes the method dose-
efficient and insensitive to patient motion. Comparisons with
exact methods demonstrate that the approximation intr oduced
by this method doeshardly lead to cone-beamartifacts.

I . INTRODUCTION

Reconstructionalgorithmsfor helical cone-beamCT have
been subject of intensive researchwork over the last few
years.Considerableprogresshas been made in the area of
exact reconstructionbasedon the initial work of Alexander
Katsevich [1], who presentedan exact and efficient filtered
back-projectiontype algorithm for the 1-PI acquisition.The
original methodwas further analyzedand improved [2]–[4].
First resultsbasedon this method,which can take redundant
datainto accountwere restrictedto the 3-PI acquisition[5]–
[8]. Recently, a quasi-exactreconstructionmethodfor the � -PI
acquisitionwaspresented[9].

All thesemethodssharethe featurethat theback-projection
interval is boundedby PI- or � -PI-lines. In other words, the
first and last ray usedfor reconstructionof an object point
arediametricallyopposedto eachother. Thereare two major
shortcomingsof this feature:First, the detectorarea is not
usedcompletely, becausethe typical detectoris cylindrical in
shape.Second,this restrictionmakes the algorithm sensitive
to motion artifacts[10], [11].

Here,we presentan approximatemethodto incorporatean
arbitrary amount of redundantdata. In order to distinguish
betweenthe known exact methodsdescribedabove, which
use no or a fixed amountof redundantdata,we denotethe
additionally usedredundantdataas overscan. The methodis
basedon the exact methodspublishedso far, meaningthat
the algorithm collapsesto a quasi-exact methodfor an � -PI
acquisitionin the limiting case,where no overscandata are
used.

I I . METHOD

The x-ray source moves on a helical path �������	���
����������
���������������� ��!#"$�%� aroundthe object. 
 denotesthe
distanceof the source to the rotation axis, � the angular
position of the sourceand � is the helical pitch. For each

All authors are with Philips Research Laboratories, Sector
Technical Systems, Röntgenstraße24-26, 22335 Hamburg, Germany.
Emails: thomas.koehler@philips.com, claas.bontus@philips.com, and
peter.koken@philips.com

position of the source,the measureddatacorrespondto line
integrals.Introducingtheunit vector & , theprojectiondataare
given by ' ( �)���*���+��&,��� -/.02143�5 �)�76 3 &,�,� (1)

where 5 ��89� is the object function. In the following, we
assumethatwe have dataacquiredusingan � -PI+ acquisition,
meaningthat we have sufficient datafor an exact � -PI recon-
struction,but not enoughdatafor an � � 6:!�� -PI reconstruction.
The 6 indicatesthat we have someadditionaloverscandata
that we want to use.During the reconstruction,we generate
two images5<; = and 5<>�= , which sumup to the object function5 ��89� . Both images, 5<; = and 5<>�= , are generatedby the back-
projectionformula

5<? ��89�9� �%@BAC�!D"FE A� -HG*I�J#K L�MON ? ��8P����� 1 �Q 8@������� Q�RSPTUVW�XZYH[ ? W -]\^ \ 1`_���a� _
'cb( �����*�C�d���d��� _<e 6]�%�a� _gf ?W �g� (2)

whereb can be either lf or hf, e is the unit vector pointing
from the sourceposition to the object point,

' b( are the dif-
ferentiatedprojectiondata,h+i jgk�lOm denotestheback-projection
interval of 8 , and

N ? ��8P����� is a weighting function, which is
subjectto the normalizationconditionVn�o E�prq N ? ��8P���H6ts�"$�F6 N ? ��8P���`6u��sg67AC�v"w6/! _ ��8P�������%x���A (3)

where _ ��8P����� denotesthe fan-angle,underwhich the object
point 8 is seenfrom sourceposition � .

For the low-frequency image,thefilter lines(corresponding
to the vectors f ; =W ) are chosensuch, that 5<; = contains the
contributionof all Radonplanes,which intersectwith thehelix
(in contrastto the back-projectioninterval) at most � times.
Details for all filter lines are given in [12]. The weighting
function is constantin the � -PI windowN ; = ��8P�����y�zA�� � { ��|}��~�h�� - j`��k�lOm ��� 1 ���d� � ��� (4)

For the high-frequency image,the filter linesarechosensuch,
that almost all Radonplanes,which intersectwith the helix
more than � times are weighted equally with 1 (since the
filter lines in � k��,m , see[12], becometangetialto the detector
boundary, this is not true for all planes),while Radonplanes
with at most � intersectionsreceive a weight of 0. The
weighting function will be describedin moredetail later.
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Fig. 1. An examplarilychosen,off-centerobjectpoint anda partof thehelix
areshown. The PI interval is indicatedin red, the additionalhelix segments
for a 3-PI anda 5-PI areshown in greenandblue, respectively. Additionally,
the PI, 3-PI, and5-PI lines areshown aswell as the sourcepositionof four
PI partners,seeFig. 2f.

A. Considerations in Radon Space

Here, we want to give a graphical interpretationof the
algorithm: In [7], it was shown, how the Katsevich type
algorithmsare relatedto the Radoninversion.Rememberthe
Radontransformof 5 is given by� 5 �������t�9� - .^ . 14� 8 5 ��89�%�`�)��@����d89�,� (5)

i. e.
� 5 �)�<�%�B� is aplaneintegral through5 ��89� , � is thenormal

vectorof this plane,and � is theshortestdistanceof theplane
to the origin. The inverseRadontransformcanbe written as

5 ��89�9� @BA� "FE - \0�1`� - E \0�1 � �%�a� � � b b 5 ��8������%�B�g� (6)

where
� b b 5 �������t� is the Radon transform of 5 ��89�

differentiated twice with respect to � and � ������O� � �%�a� � ������� � �%�a� � ���d��� � � . Note that the integration
in Eq. 6 is a 2-dimensionalintegration over a sphere,which
is called the Radon-shellof the object point 8 . This Radon
shell covers all values in Radon space,to which the point
contributed.Note further, thateachcone-beamprojectionalso
provides Radon-valueson a sphere,viz. the Radon-shellof
the sourceposition. Any Radonshell containsthe origin of
the Radonspace.Thus, the intersectionof two Radonshells,
the Radon shell of the sourceand the Radon shell of the
objectpoint, form a circle.

In Fig. 1, anobjectpoint is shown togetherwith apartof the
helix. Its PI, 3-PI, and5-PI illumination window areindicated
in red,green,andblue,respectively. In Fig. 2, theRadonshell
of thisobjectpoint is shown. As arguedbefore,eachprojection
provides data on a circle that lies on this shell. During the
PI illumination interval, the red circles as shown in Fig. 2a
aremeasured.The circlescompletelycover the objectpoint’s
Radonshell, which meansthat an exact reconstructionfrom
thesedatais possible.The additionalRadonvaluesobtained
by a 3-PI acquisitionare shown in Fig. 2b. Obviously, these
circles do not cover the entire shell: A small part close to
the � -axis is missing.Qualitatively, the situation is the same

The small area,where a redundancy of three occurs is very small and
thereforehardly visible in this graph:It is locateda little bit below the point,
wherethe � -axis intersectsthe Radonshell.

if we look at the additionalRadonvaluesobtainedby a 5-PI
acquisitionas shown in Fig. 2c. Fig. 2d shows all measured
Radonvaluesfor a 5-PI acquisition.The challengein exact
reconstructionis to take thedifferentamountsof redundancies
on this Radonshell into accountcorrectly.

Let’s now argue, how a reconstructionalgorithm of the
Katsevich type, seeEq. 2, acts in this picture. Considering,
how a certain projection contributes to an object point, the
Radonvaluesalong the correspondingcircle are used.There
are two weightsinvolved.The first one is relatedto the filter
lines,which areconnectedto thevectorsf W . It is shown in [3],
that, dependingon the sign of the scalarproductof f W with
the normal � of a Radon plane, the correspondingRadon
value receives –for one set of filter lines– a weight 6�A or@BA . Graphically spoken, the Radonvaluesalong the circles
in Fig. 2 receive the weight 6�A or @BA . The secondweight
is the more global weight [ W , which is appliedto the entire
data along the circle. By a proper choice of the filter lines
andweights,it is possibleto obtaina constantweight over a
part of the circle and zero elsewhere.This is the casein our
algorithmto form 5<; = ��89� .

Assumenow, we have a 3-PI+ acquisition.Thus,we have
coveredall Radonvaluesof the PI and the 3-PI acquisition,
but only a partof the5-PI acquisition.In thepictureof Fig. 2,
we have all red andgreencircles,but only a part of the blue
ones.This is illustratedin Fig. 2e.

As describedin the previous section,the algorithm calcu-
latesthelow-frequency image 5<; = ��89� usingonly Radonvalues
of planes,which intersectwith the helix at most threetimes.
Thus, the imageis generatedusing the Radonvalues,which
arenot coveredby the blue circlesin Fig. 2c. Only datafrom
the PI and 3-PI window are used.Sincethesevaluesare all
locatedcloseto the � -axis, the imagehasonly low-frequency
componentsin the �4� -plane according to the Fourier slice
theorem.Now, for the high-frequency image 5 >d= ��89� , the re-
mainingRadonvaluesalongtheredandgreencirclesareused
togetherwith theoverscandata.In stateof theart approximate
cone-beamreconstructionmethods,projections,which are an
integer multiple of 180� apart from eachother as seenfrom
the objectpoint, areconsideredto be equivalentand they are
weightedsuch,that their weightssum up to one in total, see
Eq. 3. Projections,which fulfill this condition are called PI-
partner. Fig. 2f shows the contribution of four PI-partnersto
the Radonshell of the objectpoint. The sourcepositionsare
also shown as black points in Fig. 1. Obviously, they do not
containthe sameinformation.However, we observe that there
aretwo pairs,whichcontainverysimilar information.Onepair
is formedfrom a projectioninsidethe PI-window andanother
projection from the 3-PI window. Thesetwo are 180� apart
from eachother. The other pair is formed from a projection
inside the 3-PI window and a projection from the overscan
range.Thesetwo projectionsare540� apartfrom eachother.

The main goal in the overscanweighting is to incorporate
theoverscanrange(bluecircle) into thereconstructionwithout
introducingcone-beamartifacts.Keepin mind, that a weight
of A��#� appliedto theredandthetwo greencircleswould result
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Fig. 3. Resultsof a clinical thoraxscan.left: Exactreconstruction[3], right:
proposedmethod.Level  �¡%¢+¢ HU, window £+¢+¢ HU.

in a quasi-exact reconstructionalgorithm. The picture drawn
in Fig. 2f leadsto the following weighting scheme:The red
and the greencircle close to eachother receive a weight ofA��D� each.The other two receive in total the weight of A��#� .
This weightingcanbe implementedrathereasilyby replacing
the usual normalizationover PI-partnersby a normalization
over 3-PI-partners.Anotherway to look at this procedureis to
considerprojectionsover a rangeof 3-PI asnon-redundant.In
thegeneralcaseof an � -PI+ acquisition,wedoanormalization
of setsof � -PI partnersto a weight of A�� � each:Vn�o E�p q

N >d= ��8P���¤6��as � 6/¥ �v"$��6N >�= ��8P���¤6¦�%�as§6�AC� � 6/¥ �¨":6/! _ ��8P���C��� x �©A�� � �
with ¥ª� � � �d��� � � @«A . The relative weights of values to
normalizeare chosenin our implementationproportional to
the apertureof the raysasproposedin [13].

Note that the presenceof all data in the illumination
window gives us more freedom to optimize the weighting.
In the cardiac variant of the method [12], image quality
in the high-frequency image is compromisedby a classical,
simplenormalizationoverPI-partnersin orderto achievegood
temporalresolution.

I I I . RESULTS

The proposedalgorithm was testedusing both simulated
data of the forbild head phantomand clinical data of the
thorax.Detailsof thesimulationaresummarizedin Tab. I. The
clinical datawereacquiredusinga Philips Brilliance40scan-
nerwith 40x0.625mm collimationanda pitch of 31.875mm /
rotation.Thesimulateddatacorrespondto a 3-PI+acquisition,
while the clinical datausea 1-PI+ acquisition.

Reconstructionresults for the clinical data set are shown
in Fig. 3. The upper image shows results from the original
Katsevich algorithm,while the lower imageshows the result
of the proposedmethod. Clearly, the exact method suffers

from the restrictionof the back-projectioninterval to the PI-
window, which causesa high sensitivity to motionartifacts.In
the caseshown, the supply for contrastagent(bright spot on
the left sideoutsidethe patient)wasnot properlyattachedto
the patientandmoved during the acquisition.This movement
causesa dark arc-shapedartifact inside the thorax. Using
all redundantdata in combinationwith a smoothweighting
suppressesthis artifact very efficiently, seelower picture of
Fig. 3.

Reconstructionresults for the simulateddata set are pre-
sentedin Fig. 4 and 5. For illustration, the low-frequency
andthehigh-frequency imagesareshown separatelyin Fig. 5.
Clearly, the imagequality of our proposedmethodreachesthe
quality of the exact reconstruction.

TABLE I

GEOMETRICAL PARAMETERS FOR THE SIMULATION.

# detectorrows 256
# detectorcolumns 672
# projectionsper rotation 1160
full fan-angle 26.07¬Z®

570 mmZ¯
1040mm

Detectorheight 292 mm
Pitch ° 175 mm / rotation

Fig. 4. Resultsfor the forbild headphantom,MPRs at ±B²³¢C´ µ+£ mm and¶ ²7·�´ µ+£ mm. Top: exact 3-PI reconstruction[6], bottom:proposedmethod.
Level 35 HU, window 100 HU.

IV. DISCUSSION

The newly proposedmethodusesall redundantdata and
is, therefore, very dose-efficient. Furthermore,the smooth
weightingof overscandatamakesthe algorithminsensitive to
motionartifacts.Clearly, theincorporationof theoverscandata
is donein anapproximateway. Therefore,theimagequality is
bestif only a small amountof overscandataareused.On the
other hand,only little overscandataare requiredin order to
suppressmotion artifacts.Thus, this featuredoesnot restrict
the applicationof the method.
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Performance evaluation of exact and approximate cone-beam 
helical reconstruction algorithms 

 
Katsuyuki Taguchi, Alexander Katsevich, and Alexander A. Zamyatin 

 
Abstract – We present results of evaluation of several exact and 
approximate algorithms in terms of the spatial resolution, image 
noise and artifacts, and computational speed. Exact algorithms 
include Katsevich’s view-differencing and view-independent 
formulations for 1-PI and 3-PI detector geometries; non-exact 
algorithms include helical Feldkamp, cone-parallel rebinning, 
and the recently proposed hybrid convolution algorithm. 

INTRODUCTION 

The number of detector rows in medical multi-slice x-ray CT 
has been increasing to 64. A prototype of 256-slice CT with a 
half cone-angle of ~6.1 degrees has been developed in 2001 
[1] and the on-site initial evaluation has been providing 
promising results [2]. Sooner or later, such cone-beam x-ray 
CT scanners will be introduced into the market as primary 
diagnostic scanners. However, the detector coverage is still not 
enough to meet some of the clinical demands, e.g. a snapshot 
imaging from shoulder to pelvis, or vascular imaging from 
aortic arch to legs. Therefore, the helical scan will remain one 
of the most frequently used scan modes even with such a large 
cone-angle. 

Many researchers have proposed various exact and 
approximate cone-beam algorithms. Exact ones used to be 
very complicated and computationally expensive to 
implement until Katsevich proposed a class of efficient 
reconstruction algorithms [3-6]. On the other hand, a major 
advance in approximate algorithms occurred when it was 
found that filtering along the tangent of helix substantially 
improved the shading artifact [7-9].  

By using computer simulations, this paper thoroughly 
evaluates several exact and approximate algorithms in terms 
of the spatial resolution, the image noise and their spatial 
uniformity. The image artifact is also discussed.  

II.  REVIEW OF ALGORITHMS 

We discuss five algorithms in this paper with minor 
variations, implemented in a cylindrical detector centered at 

the x-ray focal spot: 1) Katsevich’s view differencing 
algorithm (KVD-nPI) [4, 6], 2) Katsevich’s view independent 
algorithm (KVI-nPI) [3, 5-6], 3) generalized helical Feldkamp 
algorithm (TCOT) [10-13], 4) hybrid convolution algorithm 
with Hilbert transform (HTCOT) [14], and 5) cone-beam to 
fan-parallel rebinning based algorithm (pTCOT) [8]. Noo et 
al. proposed applying a pixel shift by a Fourier shift in the 
filtering step of KVD-1PI algorithm [15]; it is desired to avoid 
the blurring effect in KVD-nPI algorithms due to 
differentiating step between views; thus, we have evaluated its 
effect both in KVD-1PI and KVD-3PI algorithms.  

A.  KVD-nPI  

The original KVD-1PI [3-4] and KVD-3PI algorithms [5-6] 
were described with notations free from detector geometries. 
Recently, Noo et al. [15] and Katsevich et al. [16] 
re-formulated them with efficient implementation on 
cylindrical detector geometry. Both KVD-algorithms can be 
generally described by the following steps (n = 1 or 3): 1) 
differentiating two adjacent projections, 2) rebinning data on 
the grid to n families of “Katsevich curves,” 3) filtering along 
the curves, 4) weighting and combining n results, 5) rebinning 
back to the grid, and 6) cone-beam backprojection with 
masking. Note that the details of KVD-1PI and KVD-3PI 
algorithms are quite different in the definition of the family of 
Katsevich curves, weighting, etc [6]. The Fourier shift is 
incorporated in step 3; its amount (κ) changes from zero 
(without shift) to 1. 

B.  KVI-nPI 

The original KVI-1PI [3] and KVI-3PI algorithms [6] were 
also formulated with the native geometry [16]. They can be 
summarized by the following steps: 1) rebinning data on the 
grid into the family of Katsevich curves, 2) generating 4n data 
sets by filtering along the curves which includes computing 
integrals and taking derivatives prior to filtering, 3) weighting 
and combining into 3n data sets, 4) rebinning back to the grid, 
and 5) cone-beam backprojection with masking.  

C.  TCOT 

Generalized helical Feldkamp algorithm [10-13] consists of 
the following steps: 1) weighting, 2) ramp filtering along 
detector rows, and 3) cone-beam backprojection. Weighting to 
compensate redundant samples in step 1 are halfscan and 
overscan [10-11]. 
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D.  HTCOT 

An approximate algorithm proposed by Zamyatin et al. 
(HTCOT) [14] can be described by the followings: 1) modified 
ramp filtering to projections, 2) differentiating between 
adjacent projections, 3) applying modified Hilbert transform 
to the derivatives, 4) combining results of steps 1 and 3, 5) 
redundancy weighting, and 6) cone-beam backprojection. 
Two filterings are applied along the detector rows. As the 
same as TCOT, the halfscan and overscan weights are applied. 

E.  pTCOT 

Filtering along the tangent of helix rather than detector row 
direction reduces shading cone-beam artifact [7-9]. Tuy [8] 
proposed the rebinning cone-beam data into parallel fan-beam 
data, which allows us to filter data along approximately 
tangent direction while minimizing the blurring effect. This 
approach also has advantage in efficient backprojection [17].  

Rebinning based parallel fan-beam version of the 
generalized helical Feldkamp algorithm, pTCOT, can be 
described by the following steps: 1) rebinning cone-beam to 
parallel fan-beam, 2) ramp filtering along rebinned detector 
rows, 3) weighting and 4) cone-beam backprojection. The 
redundancy weighting function in step 3 is trapezoidal.  

III. M ETHODS AND MATERIALS 

By using computer simulations, we have evaluated the 
physical performance of the 5 algorithms in terms of 1) the 
spatial (xyz) resolution, 2) the image noise, 3) image artifact, 
and 4) computational power. The spatial variation of the 
resolution and noise are also discussed. The geometry is 
identical to that of a prototype of the 256-slice x-ray CT 
scanner  [1-2]: 900 projections per rotation, 256 detector rows, 
896 rays per row over 49.2º, focus-to-center distance 600 mm. 
The projected height of each detector row to the iso-center is 
0.5 mm. We evaluated at two helical pitches: 180 and 70 
mm/rev (pitch ratio of 1.406 and 0.547), which correspond to 
the 1PI and 3PI algorithms. Reconstruction was done with the 
theoretical, non-modulated filter kernels for all algorithms. 

A.  Spatial resolution 

The point-spread functions (PSF’s) were measured using a 
simulated phantom containing 10 tiny balls in z = 0 plane. The 
radius of balls was 0.05 mm; the distance from the iso-center 
to balls ranged from 0 to 200 mm. At 100 and 200 mm, we 
placed four balls 90º apart in order to evaluate the angular 
variation.  

Reconstruction was performed with the pixel size of 0.02 
mm. Profiles were obtained along x, y, and z-axes and their 
full width at half maximum (FWHM) values were used as 
indices of spatial resolution. (Currently we are changing 
measurements along x- and y-axes to tangential and radial 
directions for more meaningful discussion.) 

B.  Image noise 

The Poisson noise was added to a projection data from a 
water cylinder with a diameter of 480 mm. At z = 0, a region of 
interest (ROI) with a radius of 10 pixels was used; the standard 
deviations (SD’s) of voxel values in ROI’s were obtained at 
various locations.  

C.  Image artifact 

A modified clock ball phantom had 15 balls (contrast 1,000 
H.U.); one ball (φ20 mm) at the iso-center, 6 balls (φ20 mm) 
70 mm away from the center, and 8 balls (φ30 mm) 150 mm 
away.  

D.  Computational power 

The CPU time for reconstructing the clock ball phantom 
was measured. 

IV.  RESULTS 

A.  Spatial resolution 

Figure 1 demonstrates the effect of κ-factor, the pixel shift 
during the filtering [16], in KVD algorithm by an x-axis 
profile of at (50 mm, 0, 0) with a helical pitch of (a) 1.406 and 
(b) 0.547, respectively. Both the KVI-nPI and TCOT 
algorithms provide almost identical profiles except for the 
slightly larger overshoot in KVI-nPI. The KVD-1PI algorithm 
with κ of 0.0 shows a blurred broad profile with significant 
overshoot. However, applying the pixel shift (κ ≠ 0) sharpens 
the profile; the resolution is the best with a κ of 0.50, 
equivalent to TCOT and KVI-nPI algorithms as Noo found in 
KVD-1PI algorithm [15]. Note that there is almost no 
overshoot in KVD-nPI with κ of 0.5. The pixel shift degrades 
the resolution of KVI-nPI algorithms (not shown). We decided 
to use κ of 0.50 for the rest of the study. 
 

Fig. 1(a). Point spread function (pitch ratio 1.406)
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Fig. 1(b). Point spread function (pitch ratio 0.547)
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Five numbers in each location in Fig. 2 are the full width at 
the half maximum (FWHM) of point-spread functions along 
x- and z-axes obtained with KVD-1PI (top in red), KVI-1PI, 
TCOT (middle with underline), pTCOT and HTCOT (bottom) 
algorithm, respectively. In x1x2-profiles, KVD-1PI has blurred 
“radial” resolution than TCOT (East-west in Fig. 2(a) and 
north-south in Fig. 2(b)). We believe this is caused by 
differencing projections. KVI-1PI, TCOT and HTCOT show 
almost identical x1x2-resolution (Figs. 2(a)-(b)). pTCOT 
provides comparable x1x2-resolution up to 50 mm away from 
the center, but shows degraded one in outer region of images. 
The x3-resolutions of all algorithms are identical. The shading, 
cone-beam artifact did not affect the overall resolution such as 
FWHM value.  
  

Figure 2(a). FWHM of x1-profile [mm]
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Figure 2(c). FWHM of x3-profile [mm]
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With a pitch of 0.547 (3PI algorithms), four algorithms 

(except pTCOT) provide comparable resolutions (not shown).  

B.  Image noise 

Figure 3 shows the noise SD values of KVD-1PI, KVI-1PI 
and TCOT, respectively, with a pitch ratio of 1.406. The 
image noise of KVI-1PI algorithm is comparable to that of 
TCOT, while KVD-1PI shows significantly reduced image 
noise (18-50% less than that of TCOT).  

Figure 4 shows the radial noise variation. The noise level of 
KVI-1PI algorithm is almost constant and that of TCOT 
increases, while KVD-1PI algorithm reduces the noise by 1/3. 
Note that regardless of κ-factor in KVD-1PI algorithm, which 
changes the spatial resolution, the image noise stays the same. 
This may sound like magic; improving the resolution without 
increasing the image noise. We believe there are two 
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explanations: one is an overshoot effect; the other is a “micro 
partial volume effect.” As seen in Fig. 1, KVD-nPI with κ of 0 
has an overshoot at their tails; however, changing κ to 0.5 
reduces the overshoot (thus, reducing noise) while increasing 
the resolution (and the noise). We believe such positive and 
negative effects on image noise cancel out, and thus, the image 
noise does not change. Another effect will be discussed at the 
conference. 
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Figure 4. Radial spatial variation of the image noise
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With a pitch of 0.547 (3PI algorithms), all methods provide 
much less “angular noise variations” while radial variation 
remains (not shown). This sounds natural since the angular 
range in backprojection in 3PI algorithms is about 3 times as 
large as that of 1PI algorithms, which reduces the effect of 
divergent rays and the inverse distance weight, etc.  

C.  Image artifact 

Reconstructed plane in case of pitch ratio of 1.406 are 
shown in Fig. 5. The image of TCOT shows significantly 
strong shading artifact caused by the cone-angle problem (the 
approximate nature of algorithm). The HTCOT and pTCOT 
are also approximation, however, their images have much less 

shading artifact, indicating that their approximation is quite 
good with this geometry. Note that the pTCOT employs the 
ramp filtering along quasi-tangent of helix, which is said to be 
a good approximation. However, interestingly, the ramp 
filtering of HTCOT is done along the detector row direction; 
the modified Hilbert transform term applied in other direction, 
improves the shading artifact. Mathematically exact KVD-nPI 
algorithms provide shading free images [3-6]. 

In terms of streaking artifacts near the edge of objects, 
which is not related to the exactness but to the numerical error 
of algorithms, TCOT and HTCOT may be better than 1PI 
algorithms; their images are free from streaking artifact. The 
pTCOT shows some streaking artifact around the outer balls; 
they have to be improved somehow.  

D.  Required computational power 

We will compare the CPU time of each algorithm to 
reconstruct volume of the clock ball phantom by using the 
same PC. The coding is not the optimal yet, but it can provide 
a ballpark figure.  

V. CONCLUSIONS 

The choice of image reconstruction algorithm depends on 
the aspect one focuses on. If avoiding shading artifact has the 
first priority, the recommended order is KVD-nPI, KVI-nPI, 
HTCOT, and pTCOT. TCOT can be applied if the cone-angle 
is smaller than one used in this study. If the processing speed 
with PC is an issue, the choice is either of pTCOT, KVD-1PI 
or HTCOT. However, the processing speed differs 
significantly depending on the hardware architecture. The 
tradeoff between image noise and resolution has to be 
investigated thoroughly before making recommendations. 
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Abstract—A rebinning scheme for CT systems with z-FFS (z-
sharp technology) is described and results are presented. It 
turns out that the rebinning algorithm has to be modified to 
include geometrical effects of the focal spot movement. 
Index Terms—rebinning, z-sharp technology, spiral CT, 
multislice CT. 

I. INTRODUCTION 
Spiral (“windmill”) artefacts are a typical by-product of 
multislice spiral CT and have been extensively investigated 
over the last few years [1,2]. In short, it turned out that the 
cause of these artefacts is an undersampling in z direction. 
The z-sharp technology [1] allows double sampling of  rays 
in z direction without doubling the number of detector 
channels, that is, without reducing the geometrical 
efficiency of the detector. However, this technique presents 
a challenge to the reconstruction algorithm since a 
movement of the focus in z direction implies (with current 
tube technology) a much larger movement in radial (R) 
direction. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1. Basic geometry with z-sharp technology (anode angle ε) with 
shift in z and R direction. 

II. REBINNING FOR A  Z-SHARP CT SYSTEM 
The scanner geometry is defined in Figure 2. The basic 
rebinning equations are  
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a Both authors are with Siemens Medical Solutions, D-91301 Forchheim, 
Germany. E-Mail: karl.stierstorfer@siemens.com. 

where r is the reading index and r
FR is the distance of the 

focal spot from the isocenter. Note that in the case where 
we use a z movement of the focus, the fan angle r

kβ  is no 
longer equidistantly distributed since the focus-detector 
distance is not constant over the fan.  

 
Figure 2. Scanner geometry. 

We consider two motion patterns. One with a pure motion 
in z direction and one with a combined α and z motion 
(Figure 3). 

 
Figure 3.  Z-sharp motion patterns considered here. Top: simple z motion. 
Bottom: combined mode: α and z motion. The curved line shows the 
location of the rotating anode plate. 

We will now derive formulae for rα , r
kβ  and r

FR . 

A Reconstruction Procedure for CT Systems 
with z-Sharp Technology 
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We consider first a stationary gantry and 0=rα . In this 
case the (virtual) central focus position is aligned with the x 
axis, which is the radial direction. The angular direction is 
given by y, and  focus position fρ and detector element 
positions dk are 
 

(2) 

,)1(1,)1(1

;
sin

cos
)(
)(

;
)0(
)0(

0

0

0

0

kffs

kFD

kFDF

kD

kD
k

F

F

F

NkN
R

RR
y
x

a
RR

y
x

==










−
−

=







=








 +
=








=

ρ
β
β

β
β

δ
δ
ρ

ρ
ρ

d

f

     

              
where Nffs is the number of  positions in the periodical focal 
spot movement and Nk is the number of detector elements. 
RF is the nominal focus-isocenter distance (without flying 
focal spot), RFD is the nominal focus-detector distance. We 
have neglected the z component of the vectors which is not 
relevant for the rebinning procedure. The focal spot 
deviations in x (radial) and y (angular) directions in reading 
r are given by the quantities ρδR  and ρδa tabulated in 
tables 1 and 2. 
 
ρ 1 2 

ρδR  -|δR| +|δR| 
ρδa  0 0 

Table 1. Focal spot deviations for the simple z motion. 

 
ρ 1 2 3 4 

ρδR  -|δR| -|δR| +|δR| +|δR| 
ρδa  +|δa| -|δa| +|δa| -|δa| 

Table 2. Focal spot deviations for the combined α/z motion. 
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where ε is the anode angle, β∆  is the fan angle increment 
and S is the collimated slice-width of a detector row. Note 
that with Rδ  as defined in Eq. 3 the two projected z-
positions of the flying focal spot are  

(4) 
2)(

tan2 S
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RRz
FFD

FD

−
==∆ εδ                                                                                     

apart.  As a consequence of the geometrical magnification 
this corresponds to a z-shift of  

2
)( Sz

R
RR

FD

FFD =∆
−

 

 (half the collimated slice-width of one detector row) in the 
isocenter of the scanner, which was intended in the design 
of the z-flying focal spot technique. 
For modes with z-flying focal spot alone the nominal fan 
angle of channel k is 
 

ββ ∆−= )25.334(0 kk                       
                                                                              

(1/4 detector offset). For modes with combined in-plane/z-
flying focal spot the nominal fan angle of channel k is 

 
ββ ∆−= )375.334(0 kk                                                   

 
(1/8 detector offset). From the vectors f and dk of equ. (2), 
although derived for 0=rα , the fan angle for channel k in 
any reading r (characterized by the focal spot position 

ffsNrr mod)( ≡ρ ) can be calculated as follows: 
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where the angle between two (2D) vectors is given by the 
equation 
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(Here, x denotes the vector cross product). Similarly, the 
focus angle (projection angle) of reading r is 
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0
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where the nominal focus position (stationary focus) moves 
according to 
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and the deviation to the nominal focus position (flying focal 
spot) is 
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The focus radius in focus position ρ is given by 
 

( ) ( )22 ρρρ δδ aRRR FF ++= .                                    
 
The rebinning is now performed in two steps:  
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First, following the first of the rebinning equations (1), each 
of the focus positions ρ is rebinned separately to obtain an 
intermediate stream of vectors ( )r

k
r
k βθ , . In doing so, the 

true focus angles of equation (6) are taken into account and 
the resulting grid in θ  is chosen equidistantly. The target 
angles r

kθ  are identical for all focus positions ρ . The 

sampling distance in θ  direction is 
 

rN
παθ 42 =∆=∆                                       

 
for modes with z-flying focal spot but without in-plane 
flying focal spot, and 

rN
παθ 84 =∆=∆                                           

 
for modes with combined in-plane/z-flying focal spot. In 
combined modes, now the data can be interleaved in β 
direction. Second, the second rebinning equation (1) is used 
to rebin all data vectors row-wise to a common equidistant 
b grid using the true (non-equidistant) fan angles r

kβ  of 
equation (5). The target sampling distance in b direction is  
 






∆=∆ 2sin β

FRb  

                                                                                             
Now the data are in parallel geometry, with a common 
equidistant b grid, and can be interleaved in z direction to 
obtain an effective data set of twice the number of rows. 

III. RECONSTRUCTION 
At the end of the rebinning , we have pseudo-parallel data 
with double the number of  rows. In the combined mode, 
the number of channels in a row has doubled. 
This data can now be reconstructed using any algorithm 
which uses pseudo-parallel rebinned data, e.g. [3-5]. 

IV. RESULTS 
Figure 4 shows the effect of using z-sharp to improve the 
sampling in z direction. 
 
 
 

 
Figure 4. Reconstruction of a neck scan with 32x0.6 mm collimation, pitch 
factor 1.5, 64 slice data acquisition, combined focal spot motion. Left: full 
reconstruction as described above. Right: reconstruction where the 
readings belonging to ρ=3,4 have been omitted. 

Z-sharp avoids the typical spiral artefacts without 
compromising in-plane resolution. 

CONCLUSION 
An algorithm for reconstructing data acquired with a z-
sharp CT system has been presented. It takes into account 
the true position of rays and thus provides good image 
quality. 
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  Abstract— A discussion on recent works on diffusive inverse 
problems is presented with a special focus on three-
dimensional shape-based imaging methods and their 
application to small animal imaging by fluorescence-enhanced 
Diffuse Optical Tomography. A numerical approach using for 
instance the Finite Element Method for handling problems 
modelled by elliptic coupled partial differential equations is 
justified by the complexity of the geometry of the system but is 
known to be time- and memory-consuming. The resolution of 
the adjoint problem considerably speeds up the treatment and 
allows a full 3D resolution. Nevertheless, because of the ill-
posedness of the problem, the reconstruction scheme is 
sensitive to prior knowledge of the parameters to be 
reconstructed. In this study, a multiple step, self-regularized, 
reconstruction algorithm for the spatial distribution of the 
fluorescent regions is presented. We introduce the a priori 
knowledge on the regions of interest via a segmentation of the 
results performed with a first rough reconstruction of the 
fluorescent regions. The results are then refined along 
iterations of the segmentation/reconstruction scheme.  
 

INTRODUCTION 

In the last few years, there has been increasing interest in 
the potential of near-infrared fluorescence tomography as a 
means for molecularly based non-invasive imaging in 
biological tissues. By tagging regions of interest with target-
specific fluorescing molecular probes, fluorescence-
enhanced Diffuse Optical Tomography (fDOT) enables 
estimation of three-dimensional (3D) locations and 
geometries of targeted areas, such as tumors. A variety of 
these new “smart” probes are currently under investigation 

[1], and the development of NIR-excitable dyes for 
diagnostic and imaging continues in a number of 
laboratories. Numerous groups have demonstrated image 
reconstruction from phantom [2] and in vivo experimental 
data [3]. 

fDOT requires both an accurate forward model of coupled 
excitation and emission light propagation through highly 
scattering media and a robust method for inverting emission 
measurements and reconstructing interior optical property 
maps of the tissues and, in fine, the fluorophores local 
concentration. Two concurrent approaches are currently 
under investigations for solving the forward problem. The 
first one refers to a simplified formulation in order to 
estabilish analytical solutions and is particularly interesting 

                                                           
  Anabela Da Silva, Anne Planat-Chrétien, Jean-Marc Dinten, Alain Glière 
and Pierre Grangeat are with LETI-CEA Recherche Technologique, 17 rue 
des Martyrs F-38054 Grenoble Cedex 9, France. Telephone : (33) 4 38 78 
24 11. E-mail : anabela.dasilva@cea.fr, anne.planat-chretien@cea.fr, jean-
marc.dinten @cea.fr, alain.gliere@cea.fr, pierre.grangeat@cea.fr 

for treating large number of unknows problem. 
Nevertheless, its application is generally restricted to 
simplified geometries such as semi-infinite media, slabs or 
cylinders. Some attempts to apply it to realistic geometries 
have recently been carried out [4], with the restrictive 
hypothesis of a homogeneous scattering and absorbing 
medium. The numerical resolution of the diffusion equation, 
by the Finite Element Method (FEM), has no restriction 
considering the geometry or homogeneity of the system, but 
is well-known to be time and memory consuming. Recently, 
Eppstein et al. [5-6] and Sevick-Muraca et al. [7], proposed 
an interesting implementation that expresses the solution in 
terms of Green’s matrices, allowing a complete linearization 
of the problem. 

In this paper, we focus on properly recovering the 
distribution of the fluorophores, that is both localization and 
quantification. We first recall the equations governing 
propagation of the fluorescent signal through diffusive 
media and the principle of the reconstruction. We then detail 
our multiple steps approach by following the calculation 
through a 2D example. Finally, we discuss the results and 
conclude. 

 
II. DESCRIPTION OF THE MODELS 

We restrict this paper to discussions within the frequency 
domain although the results may be readily applied to the 
time-domain, by taking into account the time evolution in 
the equations or via Fourier transforms of the results. In this 
section, we briefly recall the basic equations governing light 
propagation through diffusive media. We provide some 
details on the FEM implementation chosen to solve the 
problem. A complete description of the forward model can 
be found in Ref. 6. 
 
A. General formulation 
 

 Suppose an intensity-modulated, at the frequency ω , 

point source located at position rs, ),(0 ωSq r . The 
fluorophores in the medium are excited by the incident 
diffuse photon density wave 

xφ , at the excitation 
wavelength   λx. Each excited fluorophore then acts as a 
secondary point source of fluorescent diffusive wave,  
propagating with a wavelength  λm. The propagation of light 
through highly scattering media is modeled, within the 
diffusion approximation, by coupled PDEs: 
 

Fluorescence-enhanced Diffuse Optical Tomography: a 
Segmentation-based Reconstruction Scheme 
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The first equation represents the propagation of excitation 

light (subscript x), from the point-like source located at 
position rs, to the fluorophore at position r inside the 
diffusive volume Ω. The second models the generation and 
propagation of the emitted light (subscript m). The 
coefficients ku (u=[x,m]) are the total complex absorption at 
the wavelength   λu: naufauiu ciµµk ω++=)(r , where cn is the 
light velocity inside the medium, µaui are the absorption 
coefficients proportional to the local chromophores 
concentration at  λu, while µauf are the absorption 
coefficients due to local fluorophores concentration. Du  is a 
diffusion coefficient. The parameter β involved in the 
fluorescence source term is defined as 

]1[)()( ωτηβ iµaxf −= rr . The fluorescence life-time τ and 

quantum yield η characterizes the fluorophore itself in  its 
environment. 

These equations are subject to the Robin boundary 
conditions, on the system boundary ∂Ω: 

 
Ω∂∈∀=∇+ rrnrr 0),(.)(),( ωφωφζ uuuu D    (2) 

 
n is the outward normal vector to the surface, uζ  is a 

multiplicative factor, self-consistently accounting for index 
mismatch at the boundaries and depending on the Fresnel 
reflection coefficients [8]. The physical quantity 
representing the actual measurement is the output flux, or 
exitance [W/m2], according to Eq. (2) proportional to the 
fluence rate: 

 
Ω∂∈∀=∇−=Γ rrrnrr ),(),(.)(),( ωφζωφω mmmmm D   (3) 

 
Within the framework of fDOT, the quantities to be 

reconstructed can be all or part of the set of parameters  
{ }xmxmxm kkDD ςςβ ,,,,,, {p}= . Most of reconstruction 

techniques within the Diffusion Approximation rely on a 
first order perturbation approach: δφφδφ +=+ )()( ppp , 
provided the estimate p  is close to pp δ+ . This implies 
solving the system of equations (1), once for the 
presupposed set of optical parameters {p} in order to find 
the solution φ , and the following system, for δφ :  
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This system of equation, introduced in a reconstruction 
algorithm, has to be solved each time the residual pδ  is 
updated, leading to intractable computing time and memory, 
especially when 3D resolutions are required. 

 
B. Resolution of the Adjoint Problem 
 

The Adjoint Method [9] has been widely used in other 
domains of science [10], and has been recently applied to 
the fDOT because it allows the reduction of the number of 
systems of equations that have to be solved. Let xψ  and 

mψ  be the adjoint fluences rate corresponding respectively 
to xφ and mφ . These functions are chosen to obey the 
following equations: 
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* stands for “complex conjugated”. Using Robin 

boundary conditions (2), and applying the Green’s theorem, 
the following expression can readily be demonstrated: 
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             (6) 
 

The problem is then reduced to the resolution of four 
PDEs (systems (1) and (5)). The solutions xφ  and mφ , on 

the one hand, and  *
xψ  and *

mψ , on the other, can then be 
stored, and do not need to be recalculated anytime pδ  is 
updated. 

As the medium is inhomogeneous, a numerical resolution 
is definitely required for solving equations (1) and (5), and 
the FEM is a method of choice. Within the FEM, the volume 
object Ω is divided into a limited number of elements, joined 
at vertices. The different quantities are approximated by 
piecewise quadratic functions. We used the Galerkin 
projection method [11] to express the equations in weak 
form and the PDEs can be reformulated into a linear 
compact matrix form: 

QAΦ =  ; ∆ΨA =T        (7) 
T is the symbol for “transposed matrix”. A  is a matrix 

accounting for the different optical parameters (see Ref. 6 
for detailed expression). Q  and ∆  are the vectors 
accounting for the source terms.Φ  and Ψ  are computed 
once for all, and stored. The variation on the emission signal 
(Eq. 6) can also be written with the following compact 
formulation: 

ΦAΨδAΦΨδΦm ),,,,( δβδδδδ mxmx
TT

d kkDD−=−= (8) 
Each time the variation on the parameter pδ  is updated, 
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only δA  has to be recalculated. In all that follows, we will 
focus on the reconstruction of the parameter )(rδβ . All the 
other optical coefficients are supposed known and constant. 

 
C. Resolution of the Inverse Problem 
 

The expression (8) is then included in a reconstruction 
scheme. It is usual to reformulate the problem in terms of a 
Jacobian matrix: 

δβJδΦ β
m =d          (9) 

Each line of βJ  is calculated according to Ref. 12. Algebraic 
Reconstruction Technique (ART) is chosen here since it 
allows efficient storage of the huge matrix βJ . The 
advantage of ART over other algorithms for the linearized 
problem arises precisely from the use of the adjoint method 
for the expression of βJ , with the pre-computation of the 
forward vectors  Φ  and Ψ . 
 

III. MULTIPLE STEP RECONSTRUCTION TECHNIQUE 

In this section, we illustrate our approach with a simple 2D 
example. We first start by generating synthetic data. We 
consider a rectangle (width: 8 cm; height: 2 cm). The medium 
is illuminated by a collimated laser beam successively placed 
at 9 different positions on the bottom boundary. Within the 
diffusion approximation, the laser beam source is supposed to 

be totally diffuse after a distance ′= soy µ/1  [13], and can be 
approximated by a point-like source located at yo. We 
arbitrarily consider media with cmDD mx 0324.0==  and 

13.0 −== cmamax µµ . To simplify the FEM treatment, we 
interpreted the Robin boundary conditions as a zero-flux 
boundary condition at an extrapolated distance [8] 

xxb D ς=l = 0.13 cm, considering the index mismatch 
between water and air. We considered 17 detectors at the top 
interface. For the fluorophores, we have chosen an ideal case 
where β = 1 cm-1 inside the fluorescent region and 0 
elsewhere. The fluorescent region is supposed to be a 
centered ellipse with semi-axes 0.5 cm and 0.25 cm, and a 
rotation angle -45˚. It is well-known that results obtained 
with the FEM are mesh dependent. It has to be refined in 
small regions, in order to properly account for boundaries, 
while for large volumes, a coarse mesh generally suffices. In 
order not to remesh the medium for each calculation, a global 
mesh is defined, accounting for the different positions of 
sources and detectors. For this example, a regular triangular 
mesh is chosen, leading to 32385 elements and 16470 vertex 
nodes. Lagrange-quadratic basis functions are chosen for 
solving the forward problem. 

 
A. Reconstruction 
 

The first step in the reconstruction scheme consists in pre-
computing the forward vectors Φ  and Ψ , that is in solving 

the direct and adjoint systems (7). For calculating these 
quantities, we considered the same kind of mesh as for 
synthetic data generation, but with no subdomain inside the 
rectangle, in order not to introduce any prior knowledge on 
the position and shape of the object to be reconstructed.  

To speed up the treatment, and because the resolution 
expected for the results is weaker than the resolution needed 
to compute the synthetic data, once calculated, these matrices 
are then projected on a coarser mesh, in order to downsize the 
matrices. This new mesh defines the reconstruction mesh. We 
considered a pixel-based regular mesh (pixel size: 0.7× 0.7 
mm2=2645 pixels). 

The Jacobian matrix is then computed following 
expression (9) and introduced in a classical ART 
reconstruction scheme. We first started with a rough 
reconstruction, with a relatively small number of iterations 
(100 iterations). We initialized the parameter to be 
reconstructed δβ  to 0. The result is presented in Fig. 1, with 
the superposition of the actual position of the ellipse (solid 
black line with circle markers). 

 
Fig. 1: First rough reconstruction 

 
In this first step, we can see that the localization and shape 

of the reconstructed object is satisfying. Nevertheless, the 
accuracy on the values is very poor and the aspect is 
inhomogeneous.  
 
B. Segmentation 
 

To homogenize the aspect of the results, we proceed to a 
segmentation. As the first reconstruction step has clearly 
identified two regions, we first define arbitrarily a threshold, 
delimiting the domain into two subdomains 1Ω  and 2Ω with 
two different values 1δβ  and 2δβ , each one being the mean 
value of δβ  calculated respectively in each subdomain. The 
problem is then restricted to the reconstruction of two 
unknowns. Taking into consideration the previous results, we 
decided to begin with relatively small threshold 0.2. This 
choice is motivated by the fact that this value corresponds to 
the highest one separating the whole surface into two 
connected regions. Before computing the number of 
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connected domains, we apply a morphological closing. The 
solution is rapidly converging (few iterations) and presented 
in Fig. 2.  

In this operation, there is no modification in the geometry 
of the object, and we are exclusively focusing on 
reconstructing the actual values. Fig. 2 shows that the values 
reconstructed are inferior to the one expected, and this is due 
to the choice of a too weak threshold. But this new 
distribution of values can be introduced as the initialization 
of a second step general reconstruction. In this operation, 
there is no modification in the geometry of the object  and we 
are exclusively focusing on reconstructing the actual values. 

 

 
Fig.2 : Result after segmentation (threshold : 0.2) 

 
C. Summary 
 

We have separated the globally ill-conditioned 
reconstruction scheme into a sequence of two short self-
regularized reconstructions. The first one exploits the fact 
that limiting the number of iterations in an ART scheme is in 
itself a regularization factor [14]. In the second step, the 
reduction of the number of unknowns is also a regularization 
factor. The process is schematized in Figure 3. 

 
Green Matrices 

Φ  and Ψ  
� 

Jacobian Matrix 

J  
� 

Rough Reconstruction 
� 

Segmentation 
� 

Reconstruction 
� 

Convergence test 
      � Yes 

Image 
 

Fig. 3: Multiple step reconstruction scheme 
 

We performed four loops of this reconstruction/ 

segmentation scheme. At each iteration, the same 
segmentation rule is applied to update the threshold which 
value increases along iterations. In this case, the value 
determined in the last iteration is 0.8. The final results are 
presented in Figure 4. The quantities and volume 
reconstructed are satisfying in so far as the error is less than 
10% in the quantification and the surface difference between 
the actual and the reconstructed object is less than 3% (1.05 
mm2). 

 
Fig. 4: Result after 4 segmentation/reconstruction loops  

 
IV. CONCLUSION 

We have implemented and demonstrated the applicability 
of a reconstruction/segmentation scheme to 2D geometries. 
This technique is self-regularized and converges rapidly. The 
segmentation technique has still to be optimized. More 
sophisticated tools, such as level set techniques for example, 
can be introduced in the calculation. The same process has 
been applied to 3D geometries and the results will be 
presented at the conference 3D 2005. The technique is 
presently tested on experimental data. 
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On Reconstruction in Thermoacoustic
Tomography

Gaik Ambartsoumian

Abstract —The presentation is devoted to discussion
of uniqueness of reconstruction, inversion formulas,
and their implementation for complete and incom-
plete data for 2D and 3D thermoacoustic tomogra-
phy.

INTRODUCTION

The recently developed Thermoacoustic To-
mography (TAT or TCT) is one of the promising
methods of medical imaging (e.g., [1],[2]-[5]). The
TAT procedure can be described as follows: a short
microwave (MW) or radiofrequency (RF) electro-
magnetic pulse is sent through a soft tissue. At
each internal locationx certain energyH(x) is ab-
sorbed. The cancerous cells happen to absorb sev-
eral times more MW (or RF) energy than the nor-
mal ones, which means that significant increases
of the values ofH(x) are expected at tumorous lo-
cations. The absorbed energy, due to the resulting
heating, causes thermoelastic expansion, which in
turn creates a pressure wave. This wave can be de-
tected by ultrasound transducers placed outside the
object.

It has been shown that here one effectively mea-
sures the integrals ofH(x) over all spheres cen-
tered at the transducers’ locations with radii de-
pending on time. In other words, one needs to in-
vert the generalized Radon transform ofH that

Gaik Ambartsoumian is with Department of Mathematics,

Graduate School of Science, Texas A&M University, College

Station, TX 77843-3368, USA. Telephone: (979) 845-8264.

Fax: (979) 845-6028. E-mail: gambarts@math.tamu.edu

integrates a function over all such spheres. It
is clear from the dimension considerations that it
should be sufficient to run the transducers along a
curve in the2D case or a surface in3D. The most
popular geometries of these surfaces (curves) that
have been implemented are spheres, planes, and
cylinders [2]-[4].

Such transforms have been previously studied
in relation to many problems of approximation
theory, integral geometry, PDEs, sonar and radar
imaging, and other applications ([6]–[11], [12]–
[16], [17]–[18], [19]–[23], [24]–[30], [2]–[5]).
However, there is still no complete understand-
ing of the corresponding uniqueness and inversion
problems.

II. UNIQUENESS OF RECONSTRUCTION

The first question that arises is whether the data
collected by transducers located along a surfaceS
are sufficient for unique reconstruction of (com-
pactly supported) energy absorption functions. In
other words, one wonders whether the correspond-
ing transform of Radon type is injective on the set
of such functions. Let us assume thatS is the
boundary of a bounded region in space andf(x)
is exponentially decaying at infinity. Then one can
show thatf is uniquely recoverable from the data
collected from transducers located on the surface
S [7, 20]. Thus, for instance spherical acquisition
is sufficient. Moreover, any open subset ofS is
sufficient too. However, this “incomplete data” ac-
quisition leads to less stable reconstructions with
some details blurred out [23, 5], as it is explained
below.
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III. RECONSTRUCTION FORMULAS AND
THEIR IMPLEMENTATION

Explicit reconstruction formulas are known for
a few cases only, namely for planar, cylindrical,
and spherical acquisition surfaces [11, 13, 15, 16,
17, 18, 24, 25, 26, 27, 28]. Notice that although
in principle there is no uniqueness of reconstruc-
tion for S being a plane [12, 19], functions sup-
ported on one side of the plane can be recovered.
Filtered backprojection (FBP) type formulas are
known whenS is hyperplane (in any dimension),
as well as whenS is a sphere in odd dimensions
only. It will be shown that the recently found for-
mula for spheres in3D [16] allows successful nu-
merical implementation. In spite of absence of ex-
act FBP formulas in2D, approximate ones that
preserve all the singularities of the image can be
easily written and then improved by successive it-
erative corrections [5]. An interesting comment is
that the explicit FBP formulas known for3D re-
construct only functions supported inside the trans-
ducer sphereS and fail to do so outside.

IV. INCOMPLETE DATA - WHAT IS VISIBLE?

In the case when only a part of the sphere is used
for data collection, as it has been already men-
tioned, the uniqueness theorem guarantees recon-
structability. However, for all practical purposes
some parts of the image are not recoverable, due
to arising strong instabilities. Microlocal analysis
considerations show which singularities (bound-
aries) of the image are stably recoverable (visible),
and which are not [23, 31, 5]. This can be simply
stated as follows: a part of a boundary of an inclu-
sion is “visible” only if it can be touched tangen-
tially by spheres centered at transducers’ locations.
The numerics to be shown in the talk (run both on
mathematical phantoms and real data) confirm this
analysis.
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A Fast, Validated Forward Model for Ultrasound
Diffraction Tomography

Matthias C. Schabel, Dilip Ghosh Roy, and Altaf H. Khan

Abstract— Iterative solution of inverse scattering problems
such as ultrasound diffraction tomography relies heavily on
the availability of an efficient forward model solver. We
have developed a flexible forward model for both two- and
three-dimensional acoustic scattering problems based on the
Lippmann-Schwinger equation for scattering by an inhomoge-
nous object embedded in a homogeneous medium which is
capable of solving problems up to1024 × 1024 gridpoints in
2D and 100 × 100 × 100 gridpoints in 3D in less than 30
minutes on a desktop computer. This model, which is based
on a Green’s function formalism and the conjugate-gradient
Fast Fourier Transform (CGFFT) method, has been extensively
validated by comparison with scattering from a uniform infinite
cylinder and a uniform sphere in both the Born approximation
and for the full analytic solution in these geometries, showing
excellent agreement with the latter over the full range of validity
of our approach, in both the non-attenuating and attenuating
cases.

I. I NTRODUCTION

I N the weak scattering limit, forward problems may be
treated within the so-called Born approximation, in which

the pressure field internal to the scatterer is approximated by
the pressure field of the incident wave. This approximation
assumes negligible loss of the incident field energy through
scattering, which is effectively the single scattering limit where
γ → 0, andλ/L >> 1. The Born approximation is clearly
inappropriate for imaging in systems where multiple scattering
is the rule, such as ultrasonic imaging of biological systems.
For this reason, we have taken an approach involving solution
of the full multiple-scattering form of the nonuniform wave
equation:

∇2p− 1
c2
∂2p

∂t2
=

1
c2
∂2p

∂t2
γκ(r, t)

+∇ · (γρ(r, t)∇p)− 2∇ ·R · ∇,
(1)

recast in the form of a Lippmann-Schwinger integral equation:

pω(r) = pinc(r) +
∫

Ω

(
k2γκpωGω(r|r0)

+γρ∇0pω · ∇0Gω(r|r0)) dr0,
(2)

as discussed in Morse and Ingard.[3] The implementation
presented here has only considered variations in compress-
ibility in the scatterer, neglecting the second term in (2);
attenuation in the form of a complex-valuedγ has, however,
been included.

The authors are affiliated with the Utah Center for Advanced Imaging
Research, Department of Radiology, University of Utah, 729 Arapeen Drive,
Salt Lake City, UT 94108

CGFFT |ψint(r)| 
 N =1024 R =7.0 cm, λ =0.5 cm, γ0 =0.10
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Fig. 1. Internal field amplitude computed for a1024×1024 circular scatterer
object withγ = 0.1 andλ/L = 1/28 for a single plane wave incident along
the x-axis.

The characteristic physical scales of the problem for
biomedical applications are:L ∼ 5 cm, c ∼ 2 × 105 cm/s,
ν ∼ 1 − 5 × 106 s−1, λ ∼ 0.05 − 0.25 cm. Given that cell
sizes must be on the order ofλ/4, for a realistic geometry
we expect grid dimensions of∼ 100 − 500 pixels in each
dimension, corresponding toNp ∼ 104 − 2.5 × 105 in 2D
and Np ∼ 106 − 1.25 × 108 in 3D. Furthermore, iterative
nonlinear inversion methods may require many evaluations of
the forward model to reach convergence. For these reasons,
development of highly efficient methods for computation of
the forward model is critical. Here we briefly present a
theoretical analysis of the scattering equation and our approach
to computational implementation and validation of the forward
model in both 2D and 3D. Our model is capable of solving
the full scattering problem on a desktop computer (2 GHz
PowerMac G5) on a1024 × 1024 grid in 2D (see Fig. I) or
a 100 × 100 × 100 grid in 3D in approximately 30 minutes
of runtime for λ/L ' 1/28, and is structured in a fashion
which is highly amenable to parallelization on distributed
multiprocessor systems.

II. T HE HELMHOLTZ PROBLEM

In the case of scattering by inhomogeneities, it is customary
to express the Helmholtz problem in terms of the of relative
change in the refractive index. Therefore, we define a quantity
γ(x) = 1 − n(x) = 1 − κ0/κ(x), whereκ is the compress-
ibility. With this definition, and a homogeneous background
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medium, we observe thatγ(x) has compact support on the
inhomogeneous scatterer which is to be recovered. In a non-
attenuating medium,γ(x) is a pure real number, while an
attenuating medium has a complex value:γ(x) = γr(x) +
iγi(x)

The formal solution of the Helmholtz problem may be
expressed as a Lippmann-Schwinger integral equation:

ψ(x) = ψinc(x)−k2
0

∫
Ω

dx′G(0)(k0|x−x′|)γ(x′)ψ(x′), (3)

whereΩ ∈ Rd is a volume bounding the scattering object.[1],
[2] The incident scattered wave is represented by a plane
wave: ψinc(x) = eik0·x, where the wavenumberk0 =
|k0| = 2π/λ and λ is the wavelength.ψ(x) represents the
total field, comprised of incident and scattered components:
ψ(x) = ψinc(x) + ψsc(x). G(0)(x|xs) is the free space
Green’s function:

G(0)(x|xs) = − i
4
H1

0 (k0|x− xs|) in R2, (4)

and

G(0)(x|xs) =
1
4π

eik0|x−xs|

|x− xs|
in R3. (5)

In all the above expressions,x is the field or observation point
and xs is the source location. Equation (3) is, in principle,
valid for all x ∈ Rd, being applicable both within and outside
Ω. The scattered field,ψsc(x), at the detector positionxD can
thus be obtained:

ψsc(xD) = −k2
0

∫
Ω

dx′G(0)(k0|xD − x′|)γ(x′)ψ(x′). (6)

A. Discretization of the Lippmann-Schwinger Forward Prob-
lem

Discretization of the integral equation of scattering, (3), was
performed on a regular square lattice. Interpolation of the
Green’s function over lattice-centered circular elements was
first introduced by Richmond for the 2D problem,[10] and
has been extended to spherical elements in 3D in this work.
For circular or spherical regions, the Green’s function can be
analyticaly integrated to accurately approximate it over the
lattice, significantly speeding up the initial computation of the
discrete Green’s function matrix. The accuracy of our integra-
tion scheme has been checked against full, computationally
expensive, numerical quadrature ofG over the individual grid
cells.

For simplicity, the following discussion considers the 2D
case except where there is a significant difference in 3D. Given
a square domain,Ω, of sideL which contains the scatterer,
andNp = Nd discrete cells, (3) can be approximated for any
gridpoint, (xm, yn), as:

ψ(xm, yn) = ψinc(xm, yn)−

k2
0

N∑
p=1

N∑
q=1

(γψ)(xp, yq)
∫

Γ

dx′G(0)(k0|x− x′|),

(7)

In (7), a = L/N is the lattice spacing,(xm, yn) = a(m,n)
is the coordinate of a single gridpoint,(γψ)(xp, yq) =

γ(xp, yq)ψ(xp, yq) and the integration domain,Γ, is a sin-
gle cell (xm, yn) → (xm+1, yn+1). Using the Richmond
approach,Γ is approximated as a circle of area equal to
the corresponding cell in 2D:r0 = (1/π)1/2 : R2, and as
a sphere of volume equal to the corresponding cell in 3D:
r0 = (3/4π)1/3 : R3.

In two dimensions, the integral in (7) can be reduced to∫
Γ

dx′G(0)(k0|x− x′|) ={
πk0r0

2i J1(k0r0)H
(1)
0 (k0x) x 6= x′

πk0r0
2i H

(1)
1 (k0r0) + 1 x = x′

,

(8)

in 2D and to∫
Γ

dx′G(0)(k0|x− x′|) ={
−i(k0r0)2j1(k0r0)h

(1)
0 (k0x) x 6= x′

1− eik0r0(1− ik0r0) x = x′
,

(9)

in 3D, where Jn(z), H
(m)
n (z), jn(z), and h

(m)
n (z) are

the standard cylindrical and spherical Bessel and Hankel
functions.[12]

B. Solution of the Lippmann-Schwinger Equation using the
CGFFT Method

Here we discuss the conjugate gradient fast Fourier trans-
form (CGFFT) method as applied to the solution of (7). If we
attempt to solve this discretized Lippmann-Schwinger equation
by direct matrix inversion, we have:

ψ =
(
I − G(0)Λ

)−1

ψinc, (10)

whereΛ is a Np × Np matrix having the values ofγ along
the diagonal:Λii = γi. For γ having Np = Nd elements,
the operation count isO(N3d), making direct inversion im-
practical for any reasonable sized scatterer. However, since the
summation in (7) is in fact ad-dimensional convolution it may
be evaluated by fast Fourier transform (FFT) inO(Nd logNd)
operations, leading to a tremendous speedup for non-trivial
grid sizes.[9] This allows us to formulate the forward model
as:

ψ = ψinc − G(0) ? (γψ), (11)

which becomes, after Fourier transformation,

F {ψ} = F
{
ψinc

}
−F

{
G(0)

}
F {(γψ)} , (12)

so
ψ = ψinc −F−1

{
F

{
G(0)

}
F {(γψ)}

}
. (13)

We solve the resulting large linear system iteratively using the
linear conjugate gradient approach.[4], [5], [6], [7], [8]

C. Analytical Solutions in 2D and 3D

In order to verify the correctness of the CGFFT solution,
closed-form benchmark solutions were computed for an in-
finitely long, homogeneous circular cylinder of radiusr0 in
2D, and for a homogeneous sphere of radiusr0 in 3D.
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1) Scattering From an Infinite, Homogeneous Circular
Cylinder: In two space dimensions, the plane wave incident
field can be rewritten using the Jacobi-Anger expansion:

ψinc(r, θ) =
∞∑

n=−∞
inJn(kr) cos(nθ). (14)

The internal field is then given by

ψint(r, θ) =
∞∑

m=0

bmJm(k0r) cos(mθ), (15)

and the scattered field is:

ψsc(r, θ) =
∞∑

m=0

amH
(1)
m (k0r) cos(mθ). (16)

We letk0 be the wavenumber in the homogeneous medium,k
be the wavenumber in the cylinder, and define the impedance
asZ = k/k0. The coefficientsam and bm are then obtained
from the continuity of pressure and radial velocities across the
surface of the disk, leading to the following expressions:

am = fm

(
Jm(k0r0)J̃m(kr0)Z − Jm(kr0)J̃m(k0r0)

)
bm = fm

(
Jm(k0r0)H̃(1)

m (k0r0)−H(1)
m (k0r0)J̃m(k0r0)

)
(17)

where

fm =

{
1/∆0 m = 0
2im/∆m m 6= 0

(18a)

∆m = Jm(kr0)H̃(1)
m (k0r0)−H(1)

m (k0r0)J̃m(kr0)Z
(18b)

J̃m(z) = Jm+1(z)− Jm−1(z) (18c)

H̃m(z) = Hm+1(z)−Hm−1(z). (18d)

Here,H(1)
m (z) = Jm(z) + iYm(z) is the first kind Hankel

function, Jm(z) is the first kind Bessel function, andYm(z)
is the second kind Bessel (or Neumann) function.

2) Scattering From a Homogeneous Sphere:The 3D case
closely parallels the 2D case discussed above. In three dimen-
sions, the Jacobi-Anger expansion is:

ψinc(r, φ) =
∞∑

n=0

in(2n+ 1)jn(kr)Pn(sinφ), (19)

where the azimuthal angle,φ, is measured with respect to the
rθ-plane. The internal field is then:

ψint(r, θ) =
∞∑

m=0

bmjm(k0r)Pm(sinφ), (20)

and the scattered field is:

ψsc(r, φ) =
∞∑

m=0

amj
(1)
m (k0r)Pm(sinφ). (21)

Again, the coefficients are determined by requiring continuity
of pressure and radial velocity at the interface, giving:

am = fm

(
jm(k0r0)j̃m(kr0)Z − jm(kr0)j̃m(k0r0)

)
bm = fm

(
jm(k0r0)h̃(1)

m (k0r0)− h(1)
m (k0r0)j̃m(k0r0)

)
(22)
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Fig. 2. Comparison ofψsc for CGFFT (black circles), exact solution (red
dots), and the Born approximation (blue dots) for scattering of a plane wave
incident along thex-axis from an infinite cylinder (discretized on a128×128
grid). The upper panels plot|ψsc|, the middle plotRe{ψsc}, and the bottom
panels plotIm{ψsc}. Panels on the left are forL = 14 cm, λ = 28 cm,
andγ = 0.01, while panels on the right are forL = 14 cm, λ = 3.5 cm,
andγ = 0.3.

where

fm =

{
1/∆0 m = 0
2im(2m+ 1)/∆m m 6= 0

(23a)

∆m = jm(kr0)h̃(1)
m (k0r0)− h(1)

m (k0r0)j̃m(kr0)Z (23b)

j̃m(z) =
1

2m+ 1
((m+ 1)jm+1(z)−mjm−1(z)) (23c)

h̃m(z) =
1

2m+ 1
((m+ 1)hm+1(z)−mhm−1(z)) . (23d)

Here, h(1)
m (z) = jm(z) + inm(z) is the first kind spherical

Hankel function,jm(z) =
√
π/(2z)Jm+1/2(z) is the first kind

spherical Bessel function, andnm(z) =
√
π/(2z)Ym+1/2(z)

is the second kind spherical Bessel (or Neumann) function.

III. N UMERICAL RESULTS

Here we compare the results of our CGFFT solutions of the
Lippmann-Schwinger equation for bothψint(x) and ψsc(x)
with the results of Born approximation calculations in 2D and
with the corresponding exact analytical expressions derived in
the previous section in both 2D and 3D. We also demonstrate
simulations for scattering from a square object in 2D for
various incidence angles.

A. Model Validation with Born Approximation and Exact
Results

Figure 2 shows results for the absolute magnitude of the
scattered field, along with the real and imaginary components,
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Fig. 3. Comparison ofψsc for CGFFT (black circles), exact solution (red
dots), and the Born approximation (blue dots) for scattering of a plane wave
incident along thez-axis from a sphere (discretized on a32 × 32 × 32
grid). The upper panels plot|ψsc|, the middle plotRe{ψsc}, and the bottom
panels plotIm{ψsc}. Panels on the left are forL = 14 cm, λ = 28 cm,
andγ = 0.01, while panels on the right are forL = 14 cm, λ = 3.5 cm,
andγ = 0.3.

from an infinite circular cylinder in 2D for two different
parameter regimes. Born approximation results are shown by
the blue dots, the exact calculation by red dots, and the CGFFT
computation by black circles. Plots on the left side of the
figure are for a parameter regime well within the realm of
applicability for the Born approximation, as is evidenced by
the extremely high degree of concordance between all three
computations. Where any discrepancy at all is discernible, it
is the Born data which deviate slightly from the exact and
CGFFT results which are essentially indistinguishable. The
right half of the figure presents a much more challenging test
case in a parameter regime where the Born approximation
is clearly invalid. Here, the plots confirm our expectations;
the Born data deviate dramatically from the exact solution.
However, as before, the results of the CGFFT solution are
virtually identical to the exact values for the scattered field.
In Fig. 3, we show similar results for scattering into a ring of
detectors oriented perpendicular to therθ-plane by a spherical
objects. As before, the exact and CGFFT computations agree
perfectly in the Born limit. In the non-Born regime, we
begin to observe noticeable deviations between the exact and
CGFFT solutions; however, as we have verified with numerical
experimentation, these deviations stem from the necessarily
much coarser discretization of the object in 3D. Despite these
small discrepancies, it is clear that the CGFFT method is
capturing the essential physics of scattering in the 3D case
as well as in 2D.

To more accurately quantify the level of accuracy we can
expect from our CGFFT algorithm, we present a comparison

CGFFT |ψint(r)| 
 N =512 R =7.0 cm, λ =7.0 cm, γ0 =0.30
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Fig. 4. Comparison ofψint for CGFFT and the exact solution for scattering
from an infinite cylinder, represented on a512 × 512 grid in the left panels
and from a sphere, represented on a a64× 64× 64 grid in the right panels.
The upper panels plot|ψint| from the CGFFT calculations, the middle plot
|ψint| for the exact solution, and the bottom panels plot the relative error,
(|ψint,CG| − |ψint,ex|)/|ψint,ex|. In both cases, the forward model was
run with L = 14 cm, λ = 7 cm, andγ = 0.3.

of ψint between CGFFT and the exact solution for the infinite
cylinder and sphere in Fig. 3. For the circle, computed on
a 512 × 512 lattice, we find essentially perfect agreement
between the two, with a maximum discrepancy of less than
0.1 percent and an average deviation of less than 0.02 percent.
Again, due to the more prominent discretization effects (both
the circular and spherical objects were smoothed with a
0.5 pixel Gaussian blur filter to reduce scattering artifacts
arising from pixelation at the object boundary) arising from
coarser grid size in the 3D case, the error is enhanced relative
to the circular object. Despite that fact, the absolute value
is bounded at less than 1 percent, and averages less than
0.4 percent.
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Enlargementof the region of accuratereconstructionin
computedtomography from truncateddata

Michel Defrise, FrédericNoo, Rolf Clackdoyle, Hiroyuki Kudo.

Abstract— Several resultswere recentlypublishedshowing that
in multislice CT transaxial data truncation do not alwaysprevent
accurate reconstruction everywhere in the field-of-view, that
is regions-of-interests (ROIs) may be accurately reconstructed
whenthe truncated measurementssatisfysomespecificconditions
reviewed in the text. This work discussesa relaxation of these
conditions that would allow to recover a given ROI with much
lessmeasurements than currently thought to be needed.At this
stage,we have found a unicity theorem supporting the validity of
this relaxation but lack an analytic estimateof stability. However,
experimental results fr om computer-simulated data satisfying
only the relaxedconditions demonstrateaccurate reconstruction
with a good robustnessto data noise.

I . INTRODUCTION

Several papershave beenpublishedrecentlyshowing that
accurate2D imagereconstructionfrom a truncatedsinogramis
possiblein certainregionsof theobject,withoutusingany data
extrapolationtechnique.See[1]-[4]. Amazingly, the methods
presentedin thesepaperscomplementeachother insteadof
forming differentversionsof a commonreconstructiontheory.
In general,the largest region where accuratereconstruction
from a truncatedsinogramis possibleis currentlynot known.

Fromapracticalpoint-of-view, themethodsin [3]-[4] havea
significantadvantageover themethodsin [1]-[2]: they admita
straighforwardgeneralizationto cone-beamtomography. Such
a generalizationwas demonstratedin [5] and includesas a
particular example the resultsgiven in [6] for helical cone-
beamtomography. In this paper, we revisit the 2D theory in
[3] is with the aim of achieving reconstructionin an enlarged
region while keepingto a straighforward level the extension
to cone-beamtomography.

SectionII below summarizesthe theoreticalresultsin [3].
Next, sectionIII presentsa unicity result that largely extends
the region where accuratereconstructionmay be possible
when combined with the results in [3]. Reconstructionin
this extendedregion is testedin sectionIV using the OSEM
algorithm; the results appearin agreementwith the theory
andfurthermoredemonstratea goodrobustnessto datanoise.
Finally, sectionV discussestheimpactof theresultsof section
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III and IV for multislice X-ray CT, as well as the issueof
stability andof analyticalinversionformulas.

I I . RECONSTRUCTION USING HILBERT TRANSFORMS

Considera 2D densityfunction ���������
	 that is non-zeroonly
in a known finite region � of � �� , and let����������	������� � �������! #"��%$'&("�)+*,�-�.��"�)+*,�0/1&2�3 4"���	65(& (1)

be the line integral of �-�������7	 on the line 8 ��������	 of direction�9$:"�);*��-�<�! #"=�>	 at signeddistance� from the origin �������
	����?@�9?(	 .
It is well-known that the valuesof ����������	 over all ���-�.��	BAC ?D�FE�	HG��9$�IJ�.I�	 define the sinogramof ���������
	 and pro-

vide enoughinformation for reconstructionof �-�������7	 at any
location. A less clear notion is where reconstructionis ac-
curatelyachievable when ����������	 is only known for ���-�.��	KAC ?D�FE�	KG C �MLN���>	.��� � ����	PO with functions �MLN����	 and � � ���>	 such
that � L ���>	RQS� � ����	 and ����������	 is nonzerofor �JTS� � ���>	
or �UQV�ML3���>	 while � varies in a (non-negligible) subsetofC ?D�FE�	 . Sucha partialknowledgeof ����������	 is calleda truncated
sinogramof �-�������7	 .

Recently, it wasshown thatcontraryto long-standingbelief
accuratereconstructionfrom a truncatedsinogramis not im-
possibleeverywhere:accuratereconstructioncanbe achieved
in a subsetof � whosesizedependson the truncationpattern
[1]-[4]. The theory in [3] definesthis subsetasfollows. First,
split � into theunionof two disjointsregions,calledregion W
andregion X . A point �������
	�A � belongsto W when �����-���N	
is known for all lines passingthrough it; otherwise �������
	
belongsto X . As explainedin [1], accuratereconstructioninX is not possibleasit correspondsto a limited-angleproblem.
However, the situation is different in region W . The results
in [3] show that accuratereconstructionis possibleat any
location ���>�F�
	:A W that resideson a straight line that has
no intersectionwith X . Figure 1 gives an illustration of the
resultingregion for the caseof a 3rd-generationCT scanner.
In this figure, the disk Y is the field-of-view of the scanner.
Assuming a data acquisition over at least a short-scan,the
intersectionof Y with � is W , and the subsetof W where
accuratereconstructionis possibleaccordingto [3] is the part
of W below the line segment from Z to [ (the intersection
pointsbetweenthe boundariesof � and Y ).

The methodusedfor reconstructionin [3] consistsof two
steps.First, a differentiatedbackprojection(DBP) is applied
to thedata,that is \ �
] \ � is backprojectedwith a signreversal
at someangle ^ . Theoutcomeof this DBP at a given location
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Fig. 1. Geometryof a 3rd-generationCT scannerwith the objectextending
outsidethe FOV (disk ` ); a(bdc6egf�h is measuredon every line that crosses̀ .
The densityfunction iDbdj(elk#h is zero outsidethe ellipse m , and the DBP can
be appliedto get the Hilbert transformof the restrictionof iDblj(edk#h onto the
thick line segment n=o . By translating n=o up anddown, exact reconstruction
is possibleat all pointsof m below the line prq .
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Fig. 2. The Hilbert transformcanbe computedalong the thick segmentofn . According to TheoremI, t is determineduniquely in the interior of that
segment,but no stability estimateis known.���
u#���(u�	 is a sampleof the Hilbert transformof the restriction
of �-�������7	 to the line through ���=u#���(u�	 that is at angle ^
measuredcounterclockwisefrom the � -axis. Such a sample
canbeobtainedfor any ^ whenever \ �����-�.��	9] \ � is known for
all lines passingthrough ���
u4�F�2uN	 . The secondreconstruction
stepis a Hilbert inversionfor functionswith finite support[7].
This secondstepyields ���������
	 on any segmentof line onto
which its Hilbert transformcanbecomputed,provided �-�������7	
is zeroon the restof the line.

The way the reconstructionmethodin [3] works may be
betterunderstoodusingfigure1. In thegeometryof this figure,
the DBP is computableanywherein Y . Applying the DBP to
all pointson the segment 8Bv with ^ �wE�]#x yields the Hilbert
transform of the restriction of �����>�F�
	 to 8 everywhereon8yv , and since �����>�F�
	U�z? for �������
	{A 8J|}8yv the result
of [7] can be applied to get �����>�F�
	 anywhere on 8Bv . The
techniquecanberepeatedto get �-�������
	 anywherein � below
the line segment Z,[ . The region locatedwithin Y but above
theline segmentZ,[ cannotbereconstructedusingthemethod
in [3] becausethe requiredconditionsare not satisfied:it is
not possibleto find a line through that region that doesnot
intersect�~|�Y .

In this paper, we investigatewhether the region where
accuratereconstructionis possiblecanbe extended.We do so
by analyzingthe inversion of a truncatedHilbert transform.
Considerfor instancethe samedataacquisitiongeometryas

in figure 1, but applying now the DBP with ^ ��? . The
outcomeof this DBP on the segment ���.� of a vertical line
suchas 8 in figure 2 is a portion of the Hilbert transformof
the restriction of �-�������7	 to 8 (the infinite line); the portion
correspondingto the thick segment of 8 in figure 2 (the
DBP cannotbe computedoutsidethat segment).Denotethe
restrictionof �-�������7	 to 8 as � �g�
	 , let ��� � and ��� �.� be the
intersectionsof 8 with \�Y (theboundaryof Y ), andnotethat� �g�
	 is nonzeroonly for �%A C � � � � O . ThroughtheDBPconcept,
thereconstructionproblemis reducedto thatof recoveringthe
1D function � �g�
	 with supportin

C�� � � � O from the knowledge
of its Hilbert transform��� � 	.�g�>	����E����+�r� � �� � � �g�
	��$'� 5#� (2)

over the finite interval ��A C � � � � O , with � Q � Q � � Q � � .
(In (2), the expression������� meansthe integral is definedasa
Cauchyprincipal value.)

In thenext section,� �g�
	 is shown to beuniquelydetermined
for
��� ��Q � � . As aresult,�-�������7	 canbeuniquelydetermined

everywherein ����Y for the data acquisition geometryin
figure 1.

I I I . A UNICITY THEOREM FOR THE TRUNCATED HILBERT

TRANSFORM

Theorem I: Let � �g�
	 be a piece-wisecontinuousfunction
known to be zerooutsidethe interval

C $ � /���� � $:�9O for some
small ��T�? . Let ��� � 	.�g��	 be the Hilbert transformof � �g�
	 .
If �P� � 	.�g�>	���? for all � � ? , then � �g�7	-�~? for ��Qw? .

Theproofof this theoremis givenin appendix.This theorem
implies that the knowledgeof the Hilbert transform ��� � 	.�g�>	
for all ��Q�? uniquelydetermines� �g�
	 on �%Q�? .

The extensionof this theoremto the exampledescribedin
figure 2 is straightforward: knowing ��� � 	.�g�>	 on the intervalC � � � � O uniquely determines� �g�
	 on

C�� � � � O . This statementap-
plies whenever � �g�
	 is piece-wisecontinuousandthe intervalC � � �.� O over which the Hilbert transformis known overlapsat
oneof its extremitieswith the region where � �g�
	 is known to
be zero( ��Q � in our example).

While guaranteeingunicity over the interval on which the
Hilbert transformcan be calculated,theoremI doesnot say
anything on the stability of this inversion.To date,we have
not beenable to obtain an analytic estimateof stability for
this problem.However, numericalexamplessuggestthat good
stability canbeobtained.This numericalevidencestemsfrom

1) An SVD analysisof the discretized1D inversionprob-
lem for the truncatedHilbert transform,

2) A 2D simulationusing iterative reconstruction.
The secondevidenceis illustratedin the following section.

IV. SIMULATION RESULT

We have simulateda 2D reconstructionproblemwith lim-
iteddata,similar to theexamplein figure1 and2. Thephantom
is shown in figure 3a, with the limit \>Y of the circular FOV
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Fig. 3. OSEM reconstructions.Fromtop to bottom:a) The phantomiDblj(egk#h
with a linear grey scale � �Ne� �¡ ¢9£ , with superimposedthe boundaryof the
circular FOV coveredby the data.The valuesof iDbdj2egk#h arerespectively 1.5,
1, and0.5in thehot,background,andcold regions.b) Thereconstructionfrom
noise-freedata,samegrey scale.c) The absolutevalueof the reconstruction
error in `�¤�m , scaledto � ��e���¡ ��¢9£ . d) Theabsolutevalueof thereconstruction
error for non-truncateddata,scaledto � ��e���¡ ��¢9£ . d) The reconstructionfrom
truncatednoisy data.

(superimposedwhite circle). The image matrix was 512 x
256 pixels, and the sinogramhad 512 radial samples(same
samplingsizeas the image),with 512 angularsamples.Each
sinogram sample was calculatedas the average of 9 line
integrals of the phantom,so as to roughly mimic the effect
of the finite detectorwidth. The datawerereconstructedwith
the OSEM algorithm with a weak quadraticregularizer (32
subsets,32 iterations).We assumedtheknowledgeof thesup-
port � of the object (the supportusedwasan ellipseslightly
larger than the phantom).Figure 3b and 3c show that the
reconstructionartefactswithin the FOV are mostly restricted

to the edgeof the objects.This effect is expectedfrom the
loss of resolution,and theseartefacts are similar in shape,
localisation,andmagnitude,to theartefactsobservedwhenthe
samealgorithm is appliedto non-truncateddata(figure 3.d).
The low frequency artefacts(expectedwith interior problems)
are extremely small if any, except very close to \�Y . The
fact that an accuratereconstructionis obtainedalsoabove the
line ZK[ (seefigure 1), is compatiblewith the implication of
TheoremI. We have alsoreconstructednoisydataof thesame
phantom,with the samereconstructionparameters.Poisson
noisecorrespondingto a total of 100million eventswasadded
to the noise-freesinogram.The reconstructionis shown in
figure 3e: the reconstructedvarianceis fairly uniform across
the region Y���� , andwe do not observe any increaseof the
variancewhenapproachingthe boundaryof that region. This
suggestsgood stability propertiesfor this 2D problem with
limited data.Note however, that the iterative algorithm used
for this simulation is not basedon the inversion of the 1D
truncatedHilbert transform.

V. DISCUSSION AND CONCLUSION

Themainresultin this paperis theoremI, which guarantees
that knowledge of the Hilbert transformof a function on a
segmentuniquelydeterminesthefunctionwithin thatsegment,
provided the function is known to be zero in some neigh-
bourhoodof the segment.Even though this result has been
illustratedwith a 2D reconstructionproblem,it hassignificant
implications for multi-slice spiral CT. Consider again the
example of figure 2, now seenas an axial sectionof a 3D
problem,wherethecylindrical FOV of thescanner, Y , andthe
cylindrical object support, � , are shown by their intersection
with an axial ¥ plane.The approachrecentlydescribedin [5]
canthenbeusedto calculatetheHilbert transformof theobject����������� ¥ 	 for families of line segmentscontainedwithin Y .
TheoremI thenguaranteesthat thesetruncateddatauniquely
determinethe objectwithin YJ�%� .

More work, however, is neededto definestability estimates
and to proposeeffective inversionalgorithms.

Let us first discussstability. TheoremI doesnot provide
any indicationon the stability of the reconstructionwithin the
region whereunicity is guaranteed.This raisesquestionson
thepracticalrelevanceof our result.Indeed,standardexamples
of tomographicreconstructionfrom limited data show that
unicity may be coupled with severe instability. This is the
case,for instance,with the limited-angleproblem and with
theexterior problem.In contrastwith theseexamples,thedata
setsconsideredherearesuchthat the Hilbert transformof the
imagecanbe computedalongspecificsegments.The Hilbert
transform is obtainedby backprojectingthe data derivative
over an angularinterval spanning180 degrees,and therefore
thesedata sets necessarilysatisfy the local version of the
Kirilo v-Tuy condition for all points within the field-of-view.
As shown by Todd-Quinto [8], the wave-front set of the
imagecan thenbe recoveredin a stableway in thesepoints,
indicatingthat betterstability canbeexpectedthanwith other
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limited data problems.Note that if the image is infinitely
differentiable,the limited data in the example of figure 2
guaranteeunicity in a region that is larger than the field-of-
view Y (seetheorem3.3in [9]). Exceptwithin Y , however, the
localKirilo v-Tuy conditionis notsatisfiedin thatregion,hence
poorstability is expected.Theresultsin sectionIV supportthis
observation: accuratereconstructionis obtainedonly within
the FOV Y . Work is in progressto obtain accuratestability
estimates,basedon a SVD analysisof the truncatedHilbert
transformandon an extensionof the proof of TheoremI.

The 2D limited data sets in section IV have beenrecon-
structedusing an iterative algorithm, but the application to
3D CT requiresa moreefficient approach.As shown in [3,4],
accurateresultscan be obtainedusing the analytic inversion
formula for the finite Hilbert transform. Such a formula,
however, is not known for the truncatedcase,and we plan
thereforeto investigatenumericalinversionusingfilteredSVD.
An alternativeis to usea1D iterativeinversionof thetruncated
Hilbert transformusing the iterative POCSmethod,allowing
direct incorporationof prior constraintssuchaspositivity.

APPENDIX

Proof of Theorem I. Following the hypotheses,��� � 	.�g�>	-� �E¦������� � L� L � �g�7	��$'� 54� � (3)

To simplify the notation,let ���g�>	r����� � 	.�g�>	 . Then,notethat
the integral (3) is regular for �§T � (i.e. no longer a Cauchy
principal value) since �¨$���©�ª? when � is in the supportof� �g�
	 . Therefore,« ���g�>	 « � �E �« ��$ � « � L� L

« � �g�
	 « 5#� if ��T � (4)

and thus the Hilbert transform ���g�>	 decaysat least as � ]��
when �:¬SI .

Now, recall that� �g�
	� $ �E ������� �®�� � ���g�>	��${� 54�� �E¦���+��� ���u ���g��	��$�� 54� (5)

since by hypothesis���g�>	 is zero for � � ? . Considersome�{Q¯$�� � for somesmall � T°� � T°? . The integral (5) is then
regular because��$:��Tw� � T�? . Thus, � �g�
	r��±;)l²�³2´ � � ³��g�
	with � ³ �g�
	r� �E � ³u ���g��	��$�� 54� if �:Q°$�� � (6)

For any finite µ we candifferentiate� ³��g�
	 underthe integral
sign as 5 � ³ �g�7	54� ���E � ³u ���g��	�g��$'�
	 � 5#� if �%Q°$�� � � (7)

This integral is uniformly convergent in ��Q�$�� � when µ ¬I , because¶¶¶¶ ���u ���g�>	�g��$��7	 � 54� ¶¶¶¶� � �u ¶¶¶¶ ���g��	�g��$��
	 � ¶¶¶¶ 54�� �J�u ¶¶¶¶ ���g��	�g�0/1� � 	 � ¶¶¶¶ 54� if ��Qª$�� �
where the last integral is independentof � and convergent
since from (4), ���·��	 decaysas � ]3� . We can then conclude
that � �g�
	 is differentiableon �:Q°$�� � and5 � �g�
	54� ���E ���u ���g��	�g��$��
	 � 5#� if ��Q°$�� � (8)

This is againa regular integral. Repeateddifferentiationslead
to�-¸l¹�º �g�
	�»+� 5 ¹ � �g�
	54� ¹ � �E ���u ¼�½ ���g�>	�g��$��
	 ¹�¾ L 54� if ��Q°$�� �

(9)
for any ¼ � � ��x6�!¿!¿3¿ . We have thusshown that the hypothesis��� � 	.�g�>	~�À? for � � ? implies that � �g�
	 is infinitely
differentiableon the interval ��Q¯$�� � . For any fixed positive
integer ¼ , we can thereforewrite a Taylor expansionaround�0�¯$ � as� �g�
	Á� � �9$ � 	�/��g�K/ � 	 � ¸ L º �9$ � 	>/ �g�}/ � 	 �x ½ � ¸ � º �9$ � 	/ �g�,/ � 	�ÂÃ ½ ��¸ Â º �9$ � 	>/J¿!¿3¿�/ �g��/ � 	 ¹¼�½ ��¸d¹.º �3Ä�@	� �g�}/ � 	 ¹¼�½ ��¸d¹�º ��Ä�7	 if $ � Q���Q°$�� � (10)

where Ä�¦�ÅÄ���g��� ¼ 	 is somepoint in the interval
C $ � ���6O , and

we have usedthehypothesisthat � �g�
	��J? for ��Q°$ � /U� , so
that all derivativesalsovanish, � ¸+Æ9º �9$ � 	��~? for Ç � � �.x(�3¿!¿!¿ .
Using equation(9), this yields� �g�
	r� �E ���u È �}/ ���$°Ä�rÉ ¹ ���g�>	��$ªÄ� 5#� if $ � Q®�%Q°$�� �

(11)
and, by examining the domainof the variables � and Ä� , we
observe that ��$°Ä�:Ê1��${�%Ê°$Ë� . Hence,« � �g�
	 « � �E È �}/ �$Ë��É ¹ �w�u

« ���g�>	 «��$�� 54� if $ � Q���Q�$�� �
(12)

This equationholdsfor any ¼ � � ��x6� Ã �!¿!¿3¿ , andthe integral in
the right-hand-sideis convergent.However, �g�y/ � 	9](�9$Ë�7	rQ �
for any $ � Q��:Q�$ � ]4x . Therefore,for any small Ì T�? , we
can show that

« � �g�
	 « Q Ì by applying equation(12) with ¼large enough.This implies that � �g�
	��°? for �¨Q°$ � ]4x .
To completetheproof of theoremI, it is sufficient to repeat

the previousdeduction,replacingthestartingpoint �0�Í$ � of
the Taylor expansion(10) by somepoint �(³2Î�Ï1�Ð$ � ]#x�$1� � ,
wherewe now know � �g�
	 to be zero. In this way, we prove
that � �g�
	H�Ñ? for any �JQ��(³2Î�ÏÒ]#x . Recursively continuing
this procedurewe concludethat � �g�
	��°? for any �:Q�? .
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Numerical properties of the inverse finite Hilbert transform

Emil Y. Sidky and Xiaochuan Pan

Abstract— Inverting the finite Hilbert transform is an im-
portant step for many new cone-beam CT image recon-
struction algorithms. This work compares three methods
for performing the inversion: analytic inversion, colloca-
tion with Chebyshev polynomials, and a Fourier series ba-
sis expansion. The three inversion methods are compared
on accuracy and noise properties.

I Introduction

Over the past year, much progress has been made in
the development of cone-beam image reconstruction algo-
rithms for computed tomography (CT). Zou and Pan [1]
put forth a new type of algorithm called back-projection
filtration (BPF). This algorithm involves the back-projection
of derivatives of cone-beam data into the image space, fol-
lowed by inversion of the finite 1D Hilbert transform along
chords, which are line segments that connect two points
on the source trajectory. The original algorithm was de-
veloped for helical scans, but a number of investigators
have shown that such an algorithm applies to very gen-
eral source trajectories [2, 3, 4]. Furthermore, Noo et al.
[3] have introduced the concept of image reconstruction on
a M -line which further relaxes the requirements for the
source trajectory. A filtered-backprojection algorithm [5]
has also been introduced that is based on Ref. [1]. One
of the common elements for all of these algorithms is that
they all require inversion of the 1D finite Hilbert trans-
form.

The purpose of this work is to study the numerical
properties of various discrete implementations of invert-
ing the finite Hilbert transform. We compare three dif-
ferent algorithms: (i) one based on the analytic inversion
formula for the finite Hilbert transform [6], (ii) colloca-
tion using Chebyshev polynomials [7], and (iii) a least-
squares method involving expansion in terms of the finite
Hilbert transform of trigonometric functions [8]. The al-
gorithms are compared in terms of accuracy on a challeng-
ing, typical test function for imaging applications. They
are also compared on how they propagate noise. These
results may be important for the implementation of dif-
ferent cone-beam image reconstruction algorithms.

University of Chicago, Department of Radiology 5841 S. Mary-
land Ave., Chicago IL, 60637. E-mail: sidky@uchicago.edu, and
xpan@uchicago.edu

II the inverse finite Hilbert transform

Given a bounded function f(x) that is compactly sup-
ported on, without loss of generality x ∈ [−1, 1], i.e.
f(x) = 0 for x /∈ [−1, 1], the Hilbert transform of f(x)
is

g(y) =
1

π
−
∫ ∞

−∞

f(x)

x− y dx =
1

π
−
∫ 1

−1

f(x)

x− y dx, (1)

where −
∫

denotes Cauchy principal value integration. The
problem at hand is to determine f(x) from knowledge of
g(y) over the interval y ∈ [−1, 1]. One form that the
inverse of Eq. (1) takes is (see, for example, page 183 of
Kanwal Ref. [6])

f(x) =
1

π

1√
1− x2

(
−
∫ 1

−1

√
1− y2

g(y)

y − xdy + C

)
, (2)

where C is an arbitrary constant. For imaging applica-
tions f(x) is bounded, so C is selected such that the sin-
gularities at x = ±1 are canceled.

III algorithms

Of the three methods discussed here the first makes use
if Eq. (2), and the other two involve discretization and
numerical inversion of Eq. (1).

A implementation of the analytic inverse

Methods for implementing Eq. (2) have been discussed
in Refs. [3, 5]. The crucial point of the implementation is
how to compute C. Kanwal offers two possibilities:

C = −−
∫ 1

−1

√
1− y2

g(y)

y − 1
dy = −−

∫ 1

−1

√
1− y2

g(y)

y + 1
dy,

(3)
or

C =

∫ 1

−1

f(x)dx. (4)

Without prior knowledge on f(x), one is forced to use
Eq. (3) in some form. But in the context of tomography
the integral over f(x) is known from the cone-beam data,
and Eq. (4) can be employed. For the studies presented
in this abstract C is determined by Eq. (4).
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B Chebyshev polynomial collocation

The collocation method [7] expands a function f(x) in
terms of Chebyshev polynomials of the first kind, Tk(x)

f(x) =
1√

1− x2

(
n−1∑

k=0

akTk(x)

)
, (5)

where n is the number of terms. The corresponding Hilbert
transform g(y) is expanded in terms of Chebyshev polyno-
mials of the second kind, Uk(y), where k = 0, 2, ..., n− 2.
The action of the Hilbert transform on Tk(x) decreases
the index by one, yielding Uk−1(y), and the T0(x) term
transforms to 0. As a result all coefficients ak, except
for a0, can be determined. Finding a0 is equivalent to
computing C in the previous method. For this method
the rest of the coefficients are found efficiently by collo-
cation, where a linear system is specified by evaluating
the data function g(y) at the zeros, yj , of Un−1(y). The
lower order Uk are orthogonal with respect to summation
over these zeroes. As a result collocation is computation-
ally efficient, but the drawback is that the data on g(y)
needs to be interpolated to find its value at the colloca-
tion points yj , which are highly clustered near the points
y = ±1. Another practical difficulty with the method is
the x-space singularity in the expansion, Eq. (5), near
x = ±1.

C Expansion in Sines and Cosines

The final method discussed here is one proposed by us
in Ref. [8], and it involves a trigonometric expansion of
f(x) with a corresponding expansion of g(y) in the Hilbert
transform of that basis set:

f(x) =
∑

k

ckφc(k, x) + skφs(k, x). (6)

g(y) =
∑

k

ckϕc(k, y) + skϕs(k, y). (7)

Because the function f(x) is compactly supported on x ∈
[−1, 1], it can be represented as a sum over the following
x-basis:

φc(k, x) =

{
0 |x| > 1

cosπ(k − 1/2)x |x| ≤ 1
, (8)

φs(k, x) =

{
0 |x| > 1

sinπkx |x| ≤ 1
,

where k = 1, 2, 3, ... The Hilbert transform of this ba-
sis set can be evaluated analytically in terms of the Sine
and Cosine Integrals. We denote the transformed basis
set by ϕc(k, y) and ϕs(k, y). We do not write down the
formulas for these basis functions here, but they can be

found in Ref. [8]. This expansion has a couple useful
properties. First, because φc(k, x) and φs(k, x) go to zero
for x = ±1 the transformed basis functions are not sin-
gular at y = ±1. Second, the set of functions ϕc(k, y)
and ϕs(k, y), though only orthogonal over the interval
(−∞,∞), are linearly independent over y ∈ [−1, 1] if a
Nyquist-like condition is satisfied.

The coefficients of the expansion in Eq. (7) are found
by least-squares fitting of a discrete set of samples of g(y).
We assume g(y) is sampled on an evenly spaced grid at an
interval ∆y over y ∈ [−1, 1]. For the fitting to be stable
kmax satisfies

kmax = 1/∆y. (9)

Once the coefficients are found, the expansion Eq. (6)
yields the estimate of f(x).

IV Numerical studies

-1 -0.5 0 0.5 1

0

2 f(x)
g(y)

Fig. 1. Function f(x) used to test the accuracy of inverse finite Hilbert
transform algorithms. The Hilbert transform g(y) of this function is also
shown.

To compare the three methods for inverting the finite
Hilbert transform, we perform two studies. The first study
tests the accuracy of each method on a challenging func-
tion f(x) shown in Fig. 1. The function is non-zero near
x ± 1 to investigate the impact of the singular factors in
the inverse finite Hilbert transform. The second study ex-
plores the response of the algorithms to noise in the data
function g(y). For this test, g(y) is a uniform function
with stationary, additive Gaussian noise. Multiple real-
izations are generated and the empirical variance in the
estimated f(x) is computed for each algorithm.

The data function, shown in Fig. 1, is discretized on
512 equally spaced points. For the trigonometric expan-
sion kmax = 255 resulting in 512 total basis functions.
Similarly, the number of Chebyshev polynomials is cho-
sen to be 512 for the collocation method.

A Accuracy

In Fig. 2, we compare the various algorithms for invert-
ing the Hilbert transform on the accuracy of estimating
f(x). There are two main features to notice: the DC off-
set in the estimated f(x), and the behavior near x = ±1.
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-1 -0.5 0 0.5 1x
-0.01

0

0.01 trigonometric expansion
collocation
analytic

-1 -0.95 -0.9 -0.85 -0.8x
-1

0

1 trigonometric expansion
collocation
analytic

Fig. 2. Difference between true f(x) and f(x) estimated from the data
g(y) with no noise added. Estimations were performed by least-squares
fitting with a trigonometric basis set, collocation with Chebyshev poly-
nomials, and direct application of the analytic inverse in Eq. (2). The
panel on the right shows a magnification of x ∈ [−1, 0.95].

The offset results from differences in C, whether calcu-
lated explicitly or implicitly, and the square root diver-
gence results from the singular nature of the inverse of
the finite Hilbert transform, see Eq. (2). From these re-
sults it appears that the trigonometric fitting is the most
accurate for this particular function. In particular, the
trigonometric fitting seems to be less prone to singular
behavior at x = ±1, and jump discontinuities.

B Noise properties
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Fig. 3. Empirical variance of estimated f(x) from a uniform g(y) with
stationary Gaussian noise added. The variance is scaled to the variance
of the noise model. Estimations were performed by least-squares fitting
with a trigonometric basis set, collocation with Chebyshev polynomials,
and direct application of the analytic inverse in Eq. (2). The panel on
the right shows a magnification of x ∈ [−1, 0.95].

In Fig. 3, we show the empirical variance of the inverse
finite Hilbert transform from 10,000 realizations of a uni-
form data function with stationary Gaussian noise added.
For the most part the variance of the analytic method is
lower than the other two methods and it is smooth except
near the edges where the singularity causes a rise in the
variance. The variance of the collocation method is non-
uniform. This is due to the fact that linear interpolation
was performed in order to estimate the data function at
the zeroes of the Chebyshev polynomials, and linear in-
terpolation often results in such patterns in the variance.
The variance of the sine and cosine expansion has a higher
level than the other two methods, but it is uniform.

We also show preliminary results for cone-beam image

Fig. 4. Transaxial slice of the reconstructed FORBILD head phantom
bye use of the BPF algorithm. Gaussian noise with a standard deviation
of 0.3% of the maximum value in the data was added prior to reconstruc-
tion. The two panels differ on the algorithm used for inverting the finite
Hilbert transform. The left and right panels show the results using the
trigonometric least-squares and analytic methods, respectively.

reconstruction using the back-projection filtration method
in Fig. 4 [1]. The two images result from the same algo-
rithm except that the left panel uses the analytic inverse
of the finite Hilbert transform and the right panel uses the
trigonometric expansion. The image is that of the FOR-
BILD head phantom with additive Gaussian noise. As can
be seen, the reconstructions are similar but further stud-
ies are needed to check the performance of the different
algorithms under various scanning circumstances.

V Conclusion

The inverse finite Hilbert transform is a critical step in
many image reconstruction algorithms for cone-beam CT.
We have compared three different methods for this inver-
sion. The basis function method using sines and cosines
appears to be the most accurate, but the analytic inver-
sion may have better noise properties. Further studies
will be presented at the conference on the performance of
the three algorithms in conjunction with cone-beam image
reconstruction.
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Abstract — It is well known that the set of projections of a 

point source placed off-center in the Field Of View (FOV) forms 
a sinusoidal curve in a sinogram. Defining “sinocurve” as the 
sinusoidal curve corresponding to a given pixel position in the 
reconstructed image, the two-dimensional image reconstruction 
problem can be viewed as the process of decomposing a 
sinogram into a set of sinocurves, corresponding to all the pixels 
in the image, so that its sum gives the original sinogram 
(considering a noise-free situation). With this approach in mind, 
we developed image reconstruction algorithms for 1) exact 
projection data (noise-free) and 2) projection data simulating 
Poisson counting statistics. 
 With noise-free data, results show that it is possible to 
reconstruct exactly any object using a simple, fast and non-
iterative algorithm based on sinocurve information, as long as 
the number of elements in the sinogram is sufficient (in our case, 
a sinogram with 16 times more pixels than the reconstructed 
image was used). If sinogram sampling is not sufficient, many 
objects can still be reconstructed exactly, using other simple 
strategies. 

For noisy data, an iterative algorithm was developed based on 
sinocurves, converging to the exact solution in simulations 
without noise, for all objects tested. The results obtained with 
Poisson noise indicate that visually the algorithm performs well 
when compared with the standard FBP and OSEM algorithms, 
but further tests have to be conducted. The extension of these 
algorithms to fully 3D image reconstruction is also being 
investigated in this work. 
 

I. INTRODUCTION 
he problem of reconstructing an image from its 
projections obtained with some imaging system is well 

known and over the years general mathematical formulations 
have been proposed which satisfactorily solve the problem in 
most situations. In this work, we attempt an alternative look 
at the problem of image reconstruction. Although it is still 
preliminary work, we hope that this approach is useful for 
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image reconstruction, since it may allow dealing with the 
problem of image reconstruction in a more direct way, using 
well-know properties of the Radon Transform, eventually 
without requiring the more general mathematical methods 
used in some of today's iterative methods. Since the quest for 
reconstruction speed and accuracy is far from over, we feel 
that there may be advantages by following this 
unconventional perspective, which has similarities with the 
stackgram defined in [1,2]. 
 In this work, we describe two 2-dimensional image 
reconstruction methods based on the sinocurve perspective 
and present some preliminary results. A more complete 
assessment of these algorithms is currently under way, as is 
the study of the possible extension of these algorithms to 
fully 3D reconstruction. 

II. THEORY 

A. Statement of the problem 
For clarity, we shall define some terms. We call 

“sinopixel” to a pixel in the sinogram, corresponding to a 
given projection line, to distinguish it from a pixel in a 
reconstructed image, which we call “imgpixel” (in this work, 
we assume a discretization of the image in pixels but the 
same reasoning can in principle be applied to blobs and other 
representations). We define a “sinocurve” as the sinusoidal 
curve that crosses a set of sinopixels corresponding to a given 
imgpixel (Figures 1a and 1b). A sinocurve contributes with 
the imgpixel value to its sinopixels. The contribution of a 
sinocurve to a sinopixel value could be multiplied by weight 
factors accounting for the different distances between the 
sinopixel’s center and the sinusoidal line corresponding to 
the center of the imgpixel, but that has not been done in this 
work. In a noiseless situation, the sinopixel value is the sum 
of the contributions from all the sinocurves passing through 
it. The number of contributions varies with the position of the 
sinopixel in the sinogram and decreases with the distance of a 
sinopixel from the center of the Field Of View (FOV). 

The sinogram can thus be viewed as a stack of sinocurves 
and the 2-dimensional image reconstruction problem can be 
stated as the decomposition of the sinogram into its sinocurve 
components, which directly give the corresponding imgpixel 
values. The reconstruction problem can then be settled as a 
linear system of equations, which is usually over determined 
because we have m sinopixel values (m equations) and n 
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b) 

 
c) 

Figure 1 – Some terminology and concepts used in this work. a) A pixel in a 
reconstructed image (“imgpixel”) corresponds to a set of pixel positions in a 
sinogram (a set of “sinopixels” forming a “sinocurve”), as shown in b). A 
sinocurve contributes with the same value (the corresponding imgpixel 
value) to all its sinopixels and the total sinopixel value is the sum of the 
contributions from all the sinocurves that pass through it. c) The 2D 
reconstruction problem can be seen as the decomposition of a sinogram into 
its sinocurve components, one for each imgpixel. 
 
 (tipically n < m) sinocurve values to be calculated. 
Mathematically we have: 
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(1), 

where si represents the sinocurve value i, pj is the value of the 
sinopixel j and φji is a delta function whose value is 1 if 
sinocurve i contains the sinopixel j and zero otherwise. The φ 
function can be determined from the geometry of the system 
and could include a weighting function to account for 
different levels of contribution of sinocurves to a particular 
sinopixel, but in this work we used a “nearest neighbor” 
approach for simplicity.  

In the matricial form we have: 
S PΦ =  (2), 

where the Φ  matrix has dimensions mxn, S is a vector of 
dimension n and P is a vector of dimension m.  

B. Algorithm for noiseless data 
Looking at the number of sinocurve contributions of each 

sinopixel, one notes that some sinopixels at the right and left 
edges of the sinogram (corresponding to radial positions 
farthest from the center of the FOV) have only one 
contribution, meaning that the corresponding imgpixel value 
is readily found (it is equal to the sinopixel value). When a 
given imgpixel value is found, the corresponding sinocurve 

can be removed from the stack of sinocurves forming the 
sinogram, which means that the number of contributions of 
the sinopixels belonging to that sinocurve is decreased by 1. 
If one or more of these sinopixels had previously 2 
contributions (including the one that has been found), then 
the elimination of one contribution allows the corresponding 
imgpixel value to be determined, leading to the removal of 
the corresponding sinocurve from the stack, and so on. The 
process can be repeated for all the sinopixels, searching for 
the ones with 1 contribution after each removal of a 
sinocurve from the sinogram stack, leading to the 
determination of other imgpixel values, in principle 
beginning at the periphery of the image and going towards 
the center. If the sinogram sampling is sufficiently dense (i.e., 
there are much more sinopixels than imgpixels), then the 
process can be repeated until all the imgpixel values are 
found.   

If the number of sinogram samples is not sufficiently high, 
then it is not guaranteed that all the imgpixel values will be 
found in this way in all noiseless situations. However, in this 
case other sinogram information can also be used: for 
instance, if a sinopixel has value zero, then all the sinocurves 
contributing for that sinopixel are zero (assuming that all 
imgpixels are non-negative) and can be removed from the 
stack. Again, this leaves the possibility of reducing to 1 the 
number of contributions to other sinopixels, allowing the 
corresponding imgpixel value to be found and opening the 
possibility of finding others. 

Thus, in summary, the method implemented for noiseless 
data works in the following way: 1) for each sinopixel, 
calculate the number of sinocurve contributions; 2) if the 
number of contributions is 1, remove the corresponding 
sinocurve from the stack and decrement the number of 
contributions for sinopixels that belonged to the removed 
sinocurve; 3) repeat step 1 until no sinopixels with one 
contribution exist; 4) for all sinopixels equal to zero, remove 
the corresponding sinocurves from the stack and repeat step 
1.  

C. Algorithm for noisy data 
In order to solve (1), we adopt an iterative algorithm based 

on weights. To each si value a wi weight (>0) is associated. 
An initial estimative for all the weights is made – we 
assumed they are all equal to one. In order to solve the 
system we take each equation at a time, calculating for that 
equation the sinocurve values present in the equation. For 
this purpose, we take the sinopixel value and distribute it by 
the different sinocurves taking into account the sinocurve 
weights. Since we process the m equations in the same 
fashion at the end we have several values for each sinocurve 
si. For sinocurves where φji is equal to one: 

∑
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The weights wi are recalculated in each iteration based on 
the sij sinocurve values. The new weight value is the average 
of the sinocurve values, that is: 

l

l

∑
== 1k

ik

i

s
w  

 
 
(4) 

l  is the number of the different values calculated for the 
sinocurve i. 

The devised method ensures intrinsically that the solution 
is always positive, is easy to perform and deals well with 
noisy data. 

We used as stopping criterion the sum of the absolute 
differences of weights between two consecutive iterations, 
because weights are expected to change less for each new 
iteration.  

III. MATERIALS AND METHODS 

A. Algorithm for noiseless data 
The method was tested with different images with 32x32 

imgpixels. Corresponding sinograms of 32x32, 64x64 and 
128x128 sinopixels were generated by superposition of the 
sinocurves corresponding to each pixel in the image (only 
pixels belonging to the circle inscribed in the image were 
considered). Since the process used to build the sinogram 
was the same as the one used to determine the sinocurve 
elements, the geometry of the system was exactly modeled 
and forward projection was made without loss or distortion 
of information. 

B. Algorithm for noisy data 
The algorithm was tested using the same images as before, 

but in this case the effect of sinograms with Poisson noise 
was also investigated. In order to analyze the noise effect in 
the algorithm, two levels of Poisson noise were simulated.  
Images were then reconstructed using the proposed algorithm 
and compared with two common algorithms (Filtered 
Backprojection - FBP and Ordered Subsets Expectation 
Maximization - OSEM). We used 8 iterations and 8 subsets 
with OSEM. With FBP, we applied a Ramp filter with a cut-
off at Nyquist frequency. 

A brain sinogram (128x128 sinopixels) was also tested 
using the same procedure. 

IV. RESULTS 

A. Algorithm for noiseless data 
 
With the 128x128 sinograms, all images were 

reconstructed exactly, even with arbitrary values in any 
imgpixel and with all imgpixels and sinopixels different from 
zero. With the 64x64 sinograms, some pixels in a few images 
were not determined exactly with the implemented algorithm. 

This happened when the image contained few imgpixels 
equal to zero, as would be expected since in this case the 
corresponding sinogram had very few nonzero sinopixels, 
which were used by the algorithm. It also happened with a 
few other simple objects, depending on their position in the 
image. The number of images that could not be fully 
reconstructed increased with the use of the smaller 
sinograms. Nevertheless, images such as the one shown in 
Figure 2, were reconstructed exactly using a 32x32 sinogram.  

In the images that were not fully reconstructed, the 
imgpixels that were determined by the algorithm had the 
exact value. The imgpixels that were not determined 
corresponded to sinopixels that had 2 or more contributions 
and no further calculations were implemented for that case. 
 

 
Figure 2 – Result obtained with the reconstruction method for noiseless data, 
using 32x32 sinograms with no noise and a “perfect” forward projection 
model. The reconstructed image (center) was exactly the same as the original 
(left). 
   

B. Algorithm for noisy data 
Figure 3 shows results for the different methods applied to 

the different situations. All methods get worst images with 
increasing noise, and the FBP method is the most penalized 
method with this situation.  

Figure 4 shows the brain images obtained by the three 
methods.  

V. DISCUSSION 

A. Algorithm for noiseless data 
We show that with a simple non-iterative algorithm it is 

possible to exactly reconstruct any image discretized in 
imgpixels, given a noiseless sinogram with high spatial 
sampling and a perfect model of the forward projection 
process. Under these conditions, the algorithm can be much 
simpler than the one described in section II.B and extremely 
fast, since a direct calculation, independent of the image, 
could be obtained for each imgpixel value by looking at the 
order by which the sinocurves are sequentially removed from 
the stack of sinocurves. 

We observed that more objects could be reconstructed as 
the ratio between the number of sinopixels and the number of 
imgpixels increased. We thus expect the extension of this 
approach to fully 3D reconstruction to be advantageous over 
the 2D reconstruction methods presented in this work. 
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Figure 3 – Results obtained with FBP (left column), OSEM (central column) 
and the proposed method (right column) for different Poisson noise levels 
(first row: 50k counts; second row: 100k counts; last row: no noise added). In 
the noiseless case, the image obtained with the proposed algorithm (image at 
the lower right corner) was virtually the same as the true image.  
 

 

 
Figure 4 – Results obtained with FBP (left column), OSEM (central column) 
and the proposed method (right column). First row: Poisson noise image with 
100k counts. Second row: Poisson noise image with 500k counts. 
 

In the forward projection model we assumed a “nearest-
neighbor” approach that led to sinocurves that either 
contributed with its total value to the sinopixel or did not 
contribute at all. In principle, it is possible to multiply these 
contributions by a weight function that takes into account the 
different distances of a sinocurve from its neighboring 
sinopixels. However, this may also have the effect of 
increasing the number of contributions for individual 
sinopixels. This issue will be addressed in future work. 

Real world applications require image reconstruction 
methods capable of accounting for noise. The current 
implementation is not robust with noisy data, since it highly 
depends on single sinopixel values, but we hope to use it as a 
starting point in the development of more sophisticated 

methods that involve more sinopixels in the estimation of an 
imgpixel value, possibly taking into account the statistical 
properties of the counting process.  

B. Algorithm for noisy data 
The performance of the algorithm depends on the ability to 

model the geometry of the problem. In the case of the images 
in Figure 3, system modeling was perfect for the proposed 
algorithm, because the sinogram was generated using the 
same sinocurves. This could account for a part of the 
differences observed in the comparison with OSEM (where 
the geometry was in principle not exactly modeled). 
However, for the brain image, none of the methods had a 
perfect knowledge of the acquisition geometry. 

We observed that the algorithm for noisy data presents 
some interesting qualities, namely, robustness to noisy data, 
independence of the initial guess and convergence. Results 
also suggest that there is conservation of high frequencies, as 
seen in Figure 3, where the hotspots were well recovered.  

VI. FUTURE WORK 

A. Algorithm for noiseless data 
At the conference, we intend to present more thorough 

tests using sinograms of different sizes for a given image 
matrix size. We also intend to apply different weights to 
sinopixels according to their distance from a sinocurve, to 
better take into account the geometry of any imaging system.  

B. Algorithm for noisy data 
A more systematic testing of the performance of the 

algorithm under different noise conditions will be presented, 
including a comparison with standard algorithms and 
objective criteria. We also intend to study and discuss the 
possible extension of the algorithms to 3D image 
reconstruction. 

Because of its iterative nature some strategies can be 
implemented in order to accelerate calculations, such as 
eliminating from the sinogram stack those sinocurves whose 
imgpixel values have converged first, and/or recalculating the 
weights before an iteration concludes. 

VII. CONCLUSION 
We propose two image reconstruction algorithms based on 

an alternative perspective to the image reconstruction 
problem. Although this work is still preliminary, early 
impressions indicate that this approach may be useful in the 
development of new and/or optimized methods for image 
reconstruction.  
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¿)À}Á�À}Â%ÃwÄ�Å%Æ�Ç�À¨È�À�É%À}Ä�Ê�ËKÀqÈ�Ì�Í�À}Â�À}ÎwÌ~Ä�Ï±Ê�Î�Ð�Ñ�Ä±Ì�Ï±Ê�Î)Ò�Ð
ÌhÍ�À&ÎoÀ§Ó
Á�Ê%Â�Ô�Ã�Î�Ñ�ÁrÃwÒ�Ê%Â¨Ê�Â�ÌLÁrÕ�Ê�Î�È¨Ï ÎoÊ%Ð9Ã�Õ�ÀJÁ�Ê%Â�À�ÓBÖKÀqÌ~Ð�È>ÌtÃrÌ)Ì~Á§×�Ñ�Ò�ÎoÀ}È
Ç�Ò�ÃwÕ!Ì�Í�À}Â�À§ÎwÌ~Ä�ÔoÊ%Ñ�Î�Á�À5Ã�ÎwÌhØ�ÀqÁrÃ�Ê~ÎoÅ�Ù�Ú~ÆhÛ}ÜQÝDÞ�Ì~Ô�ÀqÈ¨Ñ�ËKÊ%Â&ÃwÕ>Ò�Ô_Ï Ê�Î�Ó
Ð�Ñ>ÄßÌ�ÆtÃ�Õ�ÎoÀ§ÀJÎ�À}Á�Ê%Â�Ô�ÃoÎ�Ñ>ÁrÃwÒ�Ê%Â�ÌhÄ�Í�Ê�Î�Ò�ÃwÕ�Ð.ÔcÇ\À§ÎoÀ\È�À§Î�Ò�É%À}È�ÆtÇ�Õ�ÒßÁwÕ
ÌhÎoÀ5ÎoÀ}Ï À§ÎoÎoÀ}È&Ã�Ê�ÌhÔcÖdÌ~Á�à{Ë�ÎoÊ�Ø�À}ÁrÃwÒ�Ê%Â&á>Ä�Ã�ÎwÌtÃwÒ�Ê%Â¯âOÞ�ãJäVåwÆ}Ð¯ÒßÂ�ÒßÐ�Ñ�Ð®Ó
È>ÌtÃrÌ\á>Ä�Ã�À§Î�À}È&ÖKÌ~Á�à�Ë>ÎoÊ~Ø¢À}ÁrÃwÒ�Ê%Â.âOæ¬ç�ÓQäSÞ�ã\årÙ ètÜ{Ì~Â�È&á>Ä�Ã�À§ÎoÀ}ÈXÖdÌ~Áwà%Ó
Ë�ÎoÊ�Ø�À}Á�Ã�Ò�Ê%Âéâ[äSÞ�ã\åXÌhÄ�Í�Ê�Î�Ò�ÃwÕ�Ð.Ô§Ý
ä>Ê�Î�è~çê¿Lë¥ì&ÒßÐ.ÌhÍ�À¯ÎoÀ}Á§Ê�Â�Ó
Ô¢Ã�Î�Ñ>ÁrÃwÒ�Ê%Â�Æ¨ÃwÕ�À}ÔoÀTÃ�Õ�ÎoÀ§ÀíÌ~Ä�Í�Ê�Î�Ò�Ã�Õ>Ð¯Ô7Á}Ì~ÂîÌ~È>Ð¯Ò�Ã³Ë�ÎoÊ�Ø�À}ÁrÃwÒ�Ê%Â
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ñ7Ä�À}Ô�Ô&ÃwÕ>Ì~Â7ÃwÕ>ÌtÃ
ÎoÀ}×{Ñ�Ò�Î�À}ÈªÖ�Å,ÃwÕ�À�äSÞ\ã@Ì~Ä�Í�Ê�Î�Ò�Ã�Õ>ÐªÝ-ïLÕ�À¨ËKÊ%Ô�ÔoÒ�Ö>Ò�ÄßÒ�Ã�ÅªÊ%ÏDÒßÐ.ÌhÍ�À
ÎoÀ}Á�Ê%Â>Ô¢Ã�Î�Ñ�ÁrÃwÒ�Ê%Â�Ï±ÎoÊ%ÐòÃ�ÎwÌ~Â�Ô�É�À§Î�ÔoÀ}Ä�Å¬Ã�Î�Ñ�Â�ÁqÌqÃ�ÀqÈ�È>ÌtÃrÌ,ÃwÌ~ÒßÄ�Ê�ÎoÀqÈ
Ã�Ê¥ÌLÍ%Ò�É�À}Â�¿)ë�ì�ÎwÌ~ÒßÔ�À}ÔcÃwÕ�À\Ï±Ê%ÄßÄ�ÊqÇ�ÒßÂ�Í¥×{Ñ�À}Ô¢ÃwÒ�Ê%Â�ó_È�Ê�ÀqÔcÃwÕ�À-ÈdÌqÃrÌ
À}ÄßÒ�Ð¯ÒßÂ>ÌtÃ�À}È�Ö�Å7Ã�ÎwÌ~Â�Ô¢É%À§Î�ÔoÀ®Ã�Î�Ñ�Â>Á}ÌtÃwÒ�Ê%Â©Õ�À}Ä�Ë�Ã�Ê²Ò�Ð¯Ë�ÎoÊqÉ%À¯Ã�Õ�À
Â�Ê%ÒßÔ�À!Ë�ÎoÊ�ËKÀ}Î�ÃwÒ�À}Ô�Ê�Ï5¿Lë¥ìLÒ�Ð
ÌhÍ~À!ÎoÀqÁ�Ê%Â�Ô¢Ã�Î�Ñ>ÁrÃwÒ�Ê%Â�Ê�Î&ÌhÎoÀ¨ÃwÕ�À�Å
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Â>ÌhÎ�Å�Â{Ñ�Ð®À}Î�Ò�Á}Ì~Ä�ÔoÒßÐ�Ñ�Ä±ÌtÃwÒ�Ê%Â�Ô5Ô�Õ�ÊqÇíÃ�ÕdÌtÃSÃwÕ�ÀLÒßÐ.ÌhÍ�À-É�ÌhÎ�Ò±ÌhÂ>Á�À}Ô
Ê�Ö�ÃrÌ~Ò�Â�À}È�Ï±Î�Ê�Ð Î�À}Á�Ê%Â�Ô�ÃoÎwÑ�ÁrÃwÒ�Ê%Â
Ç�Ò�ÃwÕ
ÃwÕ�À¨Ð¯Ò�Â>Ò�Ð�Ñ�Ð È>ÌtÃrÌ�ÔoÀ�Ã
ÌhÎoÀXÌ~ÄßÐ®Ê%Ô¢ÃLÔ�Ì~Ð¯ÀXÌ~Ô-Ã�ÕdÌtÃ�Ê~Ö�ÃrÌhÒßÂ�À}È
Ç�Ò�ÃwÕ
Ã�Õ�À&Â�Ê�Â�ÓOÃ�Î�Ñ�Â�ÁqÌtÃoÀqÈ
È>ÌtÃrÌXÔ�À�ÃqÝ5ïLÕ�À)ÎoÀ}ÔoÑ>Ä�ÃwÔVÎ�Ñ�Â.Á�Ê%Ñ�Â%ÃoÀ}Î5Ã�ÊXÃwÕ�À�Á�Ê%Â�É%À}Â%ÃwÒ�Ê%Â>Ì~Ä�Ç�Ò�Ô�Ó
È�Ê%ÐûÃwÕ>ÌtÃHG¢Ä�À}ÔoÔEI�ÈdÌqÃrÌ
Ñ�ÔoÀ}È7Ò�Â²ÃwÕ�À�ÎoÀ}Á�Ê%Â�Ô�Ã�Î�Ñ�ÁrÃwÒ�Ê%Â²Ç�Ò�ÄßÄDÄ�ÀqÌ~È
Ã�Ê¯Õ>Ò�Í%Õ�À}Î)Â�Ê%ÒßÔ�À!Ä�À�É%À}ÄßÔ)Ò�Â�ÃwÕ�À!Ò�Ð.ÌhÍ�À�Ý

¶�¶ JLKd½µº_·7M§¸�¹d¼_½d¸µ¾[º_·ONQPSRDº_¹µ¾ ¸UTQVWM
X Ô�ÔoÑ�Ð¯À®ÌZYdÌtÃ&ËKÌhÂ�À}ÄDÈ�À�Ã�À}ÁrÃ�Ê�Î&Ò�Ô¥ËdÄßÌ~Á�À}È�ÌtÃ¨Ì
È�ÒßÔ¢ÃrÌ~Â�Á�À

SÏ±ÎoÊ%Ð(ÃwÕ�À¬Ô�Ê%Ñ�Î�Á�À�Ý\[¥Â�È�À§Î.ÃwÕ�À²ÒßÈ�ÀqÌ~Ä)Á§Ê�Â>È�Ò�Ã�Ò�Ê%Â�Ô§Æ)ÌtÃ,Ì³Ë>ÎoÊ~Ó
Ø�À}Á�Ã�Ò�Ê%Â¡Ì~Â�Í%Ä�À

λ
ÆVÃwÕ�À�Á§Ê%Â�À�ÓBÖKÀtÌhÐ(Ë�Î�Ê~Ø�ÀqÁrÃwÒ�Ê%ÂYÊ%ÏLÃwÕ�ÀªÊ�Ö�Ø¢À}ÁrÃ

Ï Ñ�Â>ÁrÃwÒ�Ê%Â
f(~r)

Á}Ì~Â�ÖKÀ¨À�ô{Ë>ÎoÀ}ÔoÔoÀ}ÈªÐ
ÌtÃ�Õ�À}Ð.ÌtÃwÒ�ÁqÌ~Ä�Ä�ÅªÌ~Ô

P (u, v, λ) =

∫ ∞

0

dt f(~r0(λ) + t β̂),
â�Útå

Ç�Õ�À§ÎoÀ
~r0
È�À§Ë>ÒßÁrÃwÔ�ÃwÕ�À®Ô�Ê%Ñ�ÎwÁ�À!Ã�ÎwÌhØ�À}Á�ÃoÊ�Î�Å�ÆdÃwÕ�À®Ñ�Â>Ò�Ã&É�À}Á�Ã�Ê~Î

β̂È�À}Â�Ê~ÃoÀqÔ�ÃwÕ�À�È�Ò�Î�À}ÁrÃwÒ�Ê%Â�Ê%ÏSÌ¯ÔoËKÀ}Á§Ò�á>ÁXô�ÓBÎwÌ§Å�ÒßÂ�Ã�À§Î�ÔoÀ}ÁrÃwÒßÂ�Í¯Ç�Ò�ÃwÕ
ÃwÕ�À³È�À�Ã�À}Á�ÃoÊ�Î�Ë>Ä±ÌhÂ�À�ÌtÃ

(u, v)
Ý X ÁwÕ�Ê�Î�È@ÒßÔ,ÎoÀ}Ï À§ÎoÎoÀ}ÈéÃ�ÊíÌ~Ô

ÌªÔ¢Ã�ÎwÌ~Ò�Í%Õ%Ã!ÄßÒ�Â�À
Ô�À§Í%Ð®ÀqÂ�Ã!Á§Ê%Â�Â�À}Á�Ã�ÒßÂ�ÍªÃ�Ç�Ê�Ã�ÎwÌhØ�À}Á�ÃoÊ�Î�Å³ËKÊ%Ò�Â%Ã�Ô
~r0(λ1)

Ì~Â>È
~r0(λ2)

Ý X Â%Å¬ËKÊ%Ò�Â%Ã
~r
Ê%Â²ÃwÕ�À¯ÁwÕ�Ê�Î�È³ÁqÌ~Â7ÖKÀ®À�ô�Ó

Ë�ÎoÀ}Ô�Ô�ÀqÈ�Ì~Ô
~r = ~r0(λ1) + xc

À̂
c, xc ∈ [0, 2l],

âQÛ�å
Ç�Õ�À§ÎoÀ À̂

c = ~r0(λ2)−~r0(λ1)
|~r0(λ2)−~r0(λ1)|

È�À}Â�Ê~Ã�À}ÔªÃwÕ�ÀTÈ>Ò�ÎoÀqÁrÃwÒ�Ê%Â:Ê�Ï�Ã�Õ�À
ÁwÕ�Ê~ÎwÈ�Æ

l = 1
2 |~r0(λ2) − ~r0(λ1)| È�À}Â�Ê~Ã�À}Ô²Ê%Â�À Õ>Ì~Ä�Ï�Ê%Ï!ÃwÕ�ÀÁwÕ�Ê~ÎwÈ³Ä�À}Â�Í~ÃwÕ�Ý^]_À�Ã

xc1
Ì~Â�È

xc2
ÎoÀ§Ë�ÎoÀqÔ�À}Â%ÃXÃ�Õ�À¯ÒßÂ�Ã�À§Î�ÔoÀ}ÁrÃwÒ�Ê%Â

ËKÊ%Ò�Â%ÃwÔ®Ê%ÏLÃwÕ�À�ÁwÕ�Ê�Î�ÈYÇ�Ò�ÃwÕ ÃwÕ�À�ÔoÑ�Ë>ËKÊ�Î�Ã
ÁrÅ�ÄßÒ�Â�È�À§Î}Ý¡ïLÕ�À²Ò�Â{Ó
Ã�À§Î�É�Ì~Ä

[xc1, xc2]
Ò�Ô&Î�À}Ï±À§ÎoÎ�À}È¬Ã�Ê²Ì~Ô¥ÃwÕ�À`_5acbdbfe,g�hi_!jlk,mZj�noh[Ý�ì¢Â

ÃwÕ�À\Ï±Ê%ÄßÄ�ÊqÇ�ÒßÂ�ÍXÔ�À}ÁrÃwÒ�Ê%Â�Ô§ÆtÇ�À-Ö�Î�Ò�À�Y�Å�È�ÀqÔoÁ�Î�Ò�ÖKÀ}È!ÃwÕ�À\Þ�ãJä�Æhæ¬ç�Ó
äSÞ\ã�Ì~Â�È�äSÞ\ã�Ì~Ä�Í�Ê�Î�Ò�Ã�Õ>Ð¯ÔDÏ±Ê�Î_ÃwÕ�À-ÎoÀqÁ�Ê%Â�Ô¢Ã�Î�Ñ>ÁrÃwÒ�Ê%Â!Ê%Ï>ÌLËKÊ%Ò�Â%Ã
~r
Ê�Â�ÃwÕ�À¨ÁrÕ�Ê�Î�È�Ý

p qFrts�uwv kwewg�x�h�y;m
ïLÕ�À&Þ�ãJä Ì~Ä�Í�Ê�Î�Ò�ÃwÕ�Ð Ï Ê�Î�Á�Ê%Â�À§ÓBÖKÀqÌ~Ð Ô�Á}Ì~Â,ÁqÌ~Â
ÖKÀ¥Ç)Î�Ò�ÃoÃoÀqÂ

Ì~Ô

f(~r) = 1
2π2

1√
(xB−xc)(xc−xA)

{
fbp(~r)+

[
π
√

(2l−xB)(2l−xA)

2l−xc +
π
√
xBxA
xc

]
P (u0, v0, λ1)

}
,
âOè%å

Ç�Õ�À§ÎoÀ
u0, v0

Ò�ÔJÃwÕ�À¥Á§Ê�Â�À�ÓBÖKÀqÌ~Ð�Ë>ÎoÊ~Ø¢À}ÁrÃwÒ�Ê�Â
Ê%ÏKÃwÕ�À�ËKÊ%ÒßÂ�Ã
~r
ÌtÃ

ÃwÕ�À¨ÎoÊ~ÃrÌqÃwÒ�Ê%Â�Ì~Â�Í�Ä�À
λ1
Ý-ïLÕ�ÒßÔLÏ Ê�Î�Ð�Ñ>ÄßÌ¯ÌhË>Ë>Ä�Ò�À}ÔLÇ�Õ�À}Â

xA > 0
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Ì~Â�È
XB < 2l

Æ\Ç�Õ�À§ÎoÀ
xA
Ì~Â>È

xB
È�À}Â�Ê~Ã�À²ÃwÕ�À¬À}Â�È�ËµÊ�ÒßÂ�ÃwÔ

Ê%ÏFÃwÕ�À�ÁwÕ�Ê�Î�È¬Ô�À§Í%Ð¯À}Â�ÃqÝLädÑ{ÃwÕ�À}Î�Ð®Ê�ÎoÀ
[xA, xB]

Ð�Ñ>Ô¢Ã¥Á§Ê%Â�ÃrÌ~Ò�Â
ÃwÕ�À�ÔoÑ�Ë�ËKÊ�Î�Ã.ÔoÀ§Í%Ð®À}Â%Ã

[xA, xB] ⊇ [xc1, xc2]
ÝYïLÕ�À�À§ô{Ë>ÄßÒ�Á}Ò�Ã

À�ô�Ë�ÎoÀ}Ô�ÔoÒ�Ê%ÂªÊ%ÏcÃwÕ�À!Ï Ñ>Â�ÁrÃwÒ�Ê%Â
fbp(~r)

ÒßÔ

fbp(~r) =
∫ xB
xA

dx′c
xc−x′c

√
(xB − x′c)(x′c − xA)

×
∫ λ2

λ1
dλ 1
|~r′−~r0|2P

′(u′, v′, λ),

â�z{å

Ç�Õ�À§ÎoÀ

P ′(u′, v′, λ) = −
[
d~r0

dλ
· β̂
]
P (u′, v′, λ)+

A
d~r0

dλ
·
(

êu ·
∂

∂u′
+ êv ·

∂

∂v′

)
P (u′, v′, λ)

Ì~Â�È
A =

√
u2 + v2 + S2

Ý
q {}|�~�s�qFr�uwv kde,g5x�h�y;m
[¥Ô�Ò�Â�Í��V×KÝ\â�z{å_Ì~Â�È!Ô�Ç�Ò�ÁrÕ�ÒßÂ�Í)ÃwÕ�À-Ê�Î�È�À}ÎFÊ%Ï�ÃwÕ�À\ÒßÂ�Ã�À§Í�ÎwÌtÃwÒ�Ê%Â�Ô

ÊqÉ%À§Î
xc
Ì~Â�È

λ
Æ{Ç�ÀXÊ�Ö�ÃrÌ~ÒßÂ,ÃwÕ�À!æ¬ç�ÓQäSÞ\ã@Ì~Ä�Í�Ê�Î�Ò�ÃwÕ>Ð

fbp(~r) =

∫ λ2

λ1

dλ [(1− uc)w2 + uc w1]

×
∫ xB

xA

du′c
uc − u′c

√
(xB − x′c)(x′c − xA)

(1− u′c)w2 + u′cw1

× 1

|~r′ − ~r0|2
P ′(u′, v′, λ)

âl��å

Ç�Õ�À§ÎoÀ
uc
È�À}Â�Ê~Ã�À}Ô5ÃwÕ�À�Á�Ê%Â�À§ÓBÖKÀqÌ~Ð Ë>ÎoÊ~Ø¢À}ÁrÃwÒ�Ê%Â¯Ê%Ï

xc
Ê%Â�Ã�Ê¨Ã�Õ�À

È�À�Ã�À}Á�ÃoÊ�Î}Ý
� s�qFr�uwv kde,g5x�h�y;m
ë&Ñ�Î)äSÞ�ãeÌ~Ä�Í�Ê�Î�Ò�ÃwÕ�ÐêÁ}Ì~ÂªÖKÀXÀ�ô�Ë�ÎoÀ}Ô�Ô�À}È²Ì~Ô

f(~r) =
1

2π2

∫ λ2

λ1

dλ
A

|~r − ~r0|

∫ ∞

−∞

du′c
uc − u′c

× 1

|~r′ − ~r0|
dP (u′, v′, λ)

dλ
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| |�u h u`� e,n��wx�h�x�e,nf_
ä>ÎoÊ%Ð@ÃwÕ�À5ÃwÕ�ÎoÀ§À5ÎoÀqÁ�Ê%Â�Ô¢Ã�Î�Ñ>ÁrÃwÒ�Ê%Â¨Ì~Ä�Í�Ê�Î�Ò�ÃwÕ�Ð.ÔcÈ�Ò�Ô�Á§Ñ�Ô�Ô�À}È!ÌtÖµÊqÉ�À�Æ

Ç\À�Á}Ì~Â Ê�Ö�ÃwÌ~ÒßÂTÃwÕ�ÀªÁ�Ê%Â>È�Ò�ÃwÒ�Ê%Â�Ô®Ê�ÂíÈ>ÌtÃrÌ³Ì~Á§×{Ñ�Ò�Ô�Ò�ÃwÒ�Ê�ÂíÑ>Â�È�À§Î
Ç�Õ�ÒßÁwÕ¯ÃwÕ�À¥Ò�Ð.ÌhÍ�À)Ê%Â,Ì¨ÁwÕ�Ê�Î�È.ÔoËKÀ}Á§Ò�á�À}È.Ö�Å

λ1
Ì~Â�È

λ2
Á}Ì~Â.ÖKÀ

ÎoÀ}Á�Ê%Â>Ô¢Ã�Î�Ñ�ÁrÃ�ÀqÈ³À�ô�Ì~ÁrÃwÄ�Å%Ý
ä>Ê�ÎXÃwÕ�À
äSÞ\ãîÌ~Ä�Í�Ê~ÎwÒ�ÃwÕ�Ð�ÆcÃ�Õ�À.ÈdÌqÃrÌ
Á�Ê%Â�È>Ò�ÃwÒ�Ê%Â>Ô¨ÌhÎoÀ�ÃwÕ>ÌtÃ.âBÌ%åLÃ�Õ�À¯ÔoÁ}Ì~Â³Á�ÊqÉ�À}Î�Ô¨Ì~Â�ÌhÂ�Í%Ñ�ÄßÌhÎ&ÎrÌhÂ�Í�À
[λ1, λ2]

ÆSÌ~Â�È¡â[ÖKå¨ÌqÃ!ÀtÌ~ÁwÕ³É�Ò�À�Ç!ÆDÈ>ÌtÃrÌ�Ê%Â7ÃwÕ�À.Ë�ÎoÊ�Ø�À}Á�ÃwÒ�Ê%Â�Ê�Ï
ÃwÕ�À
ÁrÕ�Ê�Î�ÈTÌhÎoÀ,Â�Ê%Â�Ã�Î�Ñ>Â�Á}ÌtÃ�À}È�Ý���ÊqÇ\À�É%À§Î}ÆSÏ±Ê�Î¨ÃwÕ�À,Þ�ãVä:Ì~Â>È
æ¬ç�ÓQäSÞ�ã�Ì~Ä�Í�Ê�Î�Ò�Ã�Õ>Ð¯Ô§ÆKÃ�Õ�À�È>ÌtÃrÌ
Á�Ê%Â�È�Ò�ÃwÒ�Ê%Â�Ô}ÆdÇ�Õ>Ò�ÁrÕ7ÌhÎoÀ�Ä�À}ÔoÔ
ÎoÀ}Ô�ÃoÎwÒ�ÁrÃwÒ�É�À!ÃwÕ>Ì~Â�Ã�ÕdÌtÃ¥ÎoÀ}×�Ñ>Ò�ÎoÀ}È²Ö�ÅªÃwÕ�À�äDÞ�ã9Ì~Ä�Í~Ê�Î�Ò�ÃwÕ�ÐªÆ�ÌhÎoÀ
ÃwÕ>ÌtÃ¨âBÌ%å5Ã�Õ�À&Ô�Á}Ì~Â�Á�ÊqÉ%À§Î�ÔLÌ~Â�Ì~Â�Í�Ñ>ÄßÌhÎ�ÎwÌ~Â�Í�À

[λ1, λ2]
Ì~Â�È³â[ÖKå

ÌtÃ-ÀqÌ~ÁwÕ®É�Ò�À§Ç!Æ�ÈdÌtÃwÌXÊ%Â®ÃwÕ�À�Ë�ÎoÊ�Ø�À}Á�Ã�Ò�Ê%Â¯Ê%ÏdÃwÕ�À�ÁwÕ�Ê�Î�È.Ô�À§Í%Ð¯À}Â�Ã
[xA, xB]

ÌhÎoÀ�Ì§É�Ì~Ò�Ä±ÌhÖ>Ä�À�Ý-ïLÕ�À§ÎoÀqÏ±Ê�ÎoÀ�Æ�Ã�Õ�À!Þ\ãJä¡Ì~Â�È�æ¬ç�ÓQäSÞ�ã
Ì~Ä�Í�Ê�Î�Ò�Ã�Õ>Ð¯ÔFË>ÎoÊqÉ�ÒßÈ�À�Ñ�ÔSÏ ÎoÀ§À}È�Ê%Ð�Ã�Ê&ÔoÀ}Ä�ÀqÁrÃ

xA
Ì~Â>È

xB
ÌhÔSÄ�Ê%Â�Í

Ì~Ô
[xA, xB] ⊇ [xc1, xc2]

Ý�ç&Ò�õKÀ§Î�À}Â�ÃXÔ�À}Ä�À}ÁrÃwÒ�Ê%Â�Ô�Ê%ÏDÃwÕ�À�ÎoÀ§Í%Ò�Ê%Â
[xA, xB]

ÒßÐ®Ë>Ä�Å�ÃwÕ>ÌtÃJÈ�Ò�õKÀ§ÎoÀ}Â%ÃJÈ>ÌtÃrÌ&ÔoÀ�ÃwÔVÌhÎoÀ)Â�À}Á�ÀqÔoÔ�ÌhÎ�Å�Ã�ÊXÎoÀ§Ó
Á�Ê%Â�Ô�Ã�Î�Ñ�ÁrÃDÃwÕ�À\ÒßÐ.ÌhÍ�À}Ô}ÆtÇ�Õ�ÒßÁwÕ�Ð.Ì§Å!ÎoÀ}Ô�Ñ�Ä�ÃwÔSÒ�Â�È�Ò�õKÀ§ÎoÀqÂ�Ã5ÒßÐ.ÌhÍ�À
×�ÑdÌhÄßÒ�Ã�Å�Ý
� Ê%Ð¯ËdÌhÎ�Ò�Â�ÍíÃwÕ�ÀTÈ>ÌtÃrÌíÁ�Ê%Â>È�Ò�ÃwÒ�Ê%Â�Ô²Ï±Ê�Î�ÃwÕ�À}Ô�À�ÃwÕ�ÎoÀ§À ÌhÄ�Í�Ê~Ó

Î�Ò�ÃwÕ>Ð¯Ô§Æ)Ç\À�ÁqÌ~Â9Ô�À§À7ÃwÕ>ÌtÃ�ÈdÌtÃwÌ ÎoÀ}×{Ñ�Ò�ÎoÀqÈ@Ö%ÅeÃwÕ�À�äSÞ�ãûÌ~Ä�Ó
Í�Ê�Î�Ò�ÃwÕ�Ð�ÒßÔ!Ð.Ìtô�Ò�Ð�Ñ�ÐªÆFÖKÀ}ÁqÌ~Ñ�Ô�À
ÈdÌtÃwÌªÊ%Â³ÃwÕ�À.Ë>ÎoÊ~Ø¢À}ÁrÃwÒ�Ê�Â©Ê%Ï
ÃwÕ�À�À}Â�ÃwÒ�ÎoÀ®ÁwÕ�Ê�Î�È7Ä�ÒßÂ�À®Á§Ê�Â%Ã�Î�Ò�ÖdÑ{Ã�À�Ã�Ê
ÃwÕ�À®ÒßÐ.ÌhÍ�À�Î�À}Á�Ê%Â�Ô�ÃoÎ�Ñ>ÁrÓ
ÃwÒ�Ê%Â�Ý���ÊqÇ\À§É�À§Î}ÆJÃwÕ�À²È>ÌtÃrÌ7ÎoÀ}×�Ñ>Ò�ÎoÀqÐ®À}Â%Ã�Ô¯Ê%Â ÃwÕ�À²Þ\ãJä Ì~Â>È
æ¬ç�ÓQäSÞ�ã�Ì~Ä�Í�Ê�Î�Ò�ÃwÕ�Ð.Ô&ÌhÎoÀ�Y�À§ô�Ò�Ö>Ä�À%Æ�ÖKÀ}Á}Ì~Ñ�ÔoÀ!Ç�À®Á}Ì~Â7ÁwÕ>Ì~Â�Í�À
ÃwÕ�À¯Ñ�ÔoÀ}È³È>ÌtÃrÌ,ÔoÀ�ÃXÖ�Å7ÔoÀ}Ä�À}Á�ÃwÒ�Â�Í�È�Ò�õKÀ§ÎoÀqÂ�Ã

xA
Ì~Â>È

xB
Ý¯ë�Ö�Ó

É�Ò�Ê%Ñ�ÔoÄ�Å%ÆKÃwÕ�À®È>ÌtÃrÌ.Ê%Â�ÃwÕ�À�Ë�ÎoÊ�Ø�À}Á�Ã�Ò�Ê%Â²Ê%ÏSÃ�Õ�À�ËKÊ�Î�ÃwÒ�Ê%Â²Ê%Â²Ã�Õ�À
ÁwÕ�Ê~ÎwÈíÊ%Ñ{ÃwÔoÒßÈ�À}Ô®ÃwÕ�À�ÎoÀ}Í%Ò�Ê%Â

[xA, xB]
È�ÊTÂ�Ê~Ã,Á�Ê%Â�Ã�Î�Ò�Ö>Ñ{Ã�ÀªÃ�Ê

ÃwÕ�À�Ò�Ð
ÌhÍ�À!Î�À}Á�Ê%Â�Ô�ÃoÎwÑ�ÁrÃwÒ�Ê%ÂcÝ�ïLÕ�À§ÎoÀ}Ï Ê�ÎoÀ�ÆdÃwÕ�À�ÔoÀ}Ä�ÀqÁrÃwÒ�Ê%Â²Ê%ÏSÃ�Õ�À
È>ÌtÃrÌ)ÎoÀ§Í%Ò�Ê%Â

[xA, xB]
Ì~ÄßÔ�ÊXÌhõKÀ}Á�Ã�ÔFÃwÕ�À\Â�Ê�ÒßÔ�À\Ë�ÎoÊ�ËKÀ}Î�ÃwÒ�À}ÔDÊ%Ï{ÃwÕ�À

ÎoÀ}Á�Ê%Â>Ô¢Ã�Î�Ñ�ÁrÃ�ÀqÈªÒ�Ð
ÌtÍ�ÀqÔ§Ý
ì¢ÂíÃwÕ�À²Ï±Ê%ÄßÄ�ÊqÇ�ÒßÂ�Í Ô�À}Á�Ã�Ò�Ê%Â�Æ-Ç\À²È�ÀqÔoÒ�Í�ÂéÂ{Ñ�Ð®À§Î�ÒßÁ}Ì~Ä)ÔoÒßÐ�Ñ�Ä±ÌtÓ

ÃwÒ�Ê%Â�Ô�Ã�Ê7Ô�ÃwÑ�È{Å Õ�ÊqÇ ÃwÕ�À,À§ô�Ã�ÎwÌ~Â�À§Ê%Ñ>Ô�È>ÌtÃrÌ7ÌhõKÀ}ÁrÃ�ÃwÕ�ÀªÂ�Ê%Ò�ÔoÀ
Ë�ÎoÊ�ËKÀ§ÎoÃ�Ò�À}ÔLÊ%Ï_ÃwÕ�ÀXÎ�À}Á�Ê%Â�Ô�ÃoÎwÑ�ÁrÃ�À}È�Ò�Ð
ÌhÍ~ÀqÔ\Ç�Ò�ÃwÕ�Ò�Â�¿)ë�ì¢Ô}Æ�ÃwÕ�Ñ�Ô
Ì~È�È�ÎoÀqÔoÔoÒßÂ�Í¥ÃwÕ�À�×{Ñ�À}Ô�Ã�Ò�Ê%Â�Ê%Ï�Ç�Õ�À�ÃwÕ�À§ÎSÃoÎwÌ~Â>Ô¢É%À§Î�Ô�ÀqÄ�Å!Ã�Î�Ñ�Â�ÁqÌtÃoÀqÈ
È>ÌtÃrÌ-ÃwÕ>ÌtÃFÐ
Ì§Å&ÖKÀVÀ�ô�Ã�ÎwÌ~Â�À}Ê%Ñ�Ô�Ã�Ê�Ì�Í�Ò�É%À}Â¨¿)ë�ì�Á�Ê%Ñ�ÄßÈ¨Ò�Ð¯Ë�ÎoÊqÉ%À
ÃwÕ�À¨Â�Ê%Ò�Ô�À!Ä�À�É�ÀqÄµÇ�Ò�ÃwÕ�ÒßÂ�ÃwÕ>ÌtÃ�¿Lë¥ìrÝ>ïLÕ�À!Ô¢ÃwÑ�È�Ò�À}Ô)Ò�Â�Á}Ä�Ñ�È�À!¿Lë¥ì
ÎoÀ}Á�Ê%Â>Ô¢Ã�Î�Ñ�ÁrÃwÒ�Ê%Â Ö%ÅYÞ\ãJä Ì~Â�Èíæ¬ç�ÓQäSÞ\ã Ç�Ò�ÃwÕYÂ�ÀqÌhÎ�Ä�ÅYÐ¯ÒßÂ�Ò�Ó
Ð�Ñ>ÐûÈ>ÌtÃrÌ¯Ï Ê~Î)ÃwÕ�À�¿)ë�ì5�dÂ>Ì~Ð¯À}Ä�Å�Æ�Ç\À¨ÃrÌhà~À

[xA, xB]
ÔoÄßÒ�Í%Õ�ÃwÄ�Å

ÄßÌhÎoÍ�À§Î¯ÃwÕdÌhÂ
[xc1, xc2]

ÝeïLÕ�À²Ô�Ì~Ð¯À�¿)ë�ì®ÒßÔ®ÃwÕ�À}Â¡À�ô�Ã�ÎwÌ~ÁrÃ�ÀqÈ
Ï±ÎoÊ%Ð#Ì@Ä±ÌhÎoÍ�À§Î³ÎoÀ§Í%Ò�Ê%Â ÎoÀ}Á�Ê%Â>Ô¢Ã�Î�Ñ�ÁrÃ�À}È Ö%Å äSÞ\ãòÇ�Ò�ÃwÕ Â�Ê�Â�Ó
Ã�Î�Ñ�Â�ÁqÌqÃ�ÀqÈ¬È>ÌtÃrÌ,Ì~Â�È¬Ö%Å¬Þ�ãJäeÌ~Â�È7æ¬ç�ÓQäSÞ�ãeÇ�Ò�ÃwÕ³Ì.ÎoÀ}Á§Ê�Â�Ó
Ô¢Ã�Î�Ñ>ÁrÃwÒ�Ê%ÂªÒßÂ�Ã�À§Î�É�Ì~ÄcÐ�Ñ�ÁwÕ�ÄßÌhÎoÍ�À§ÎLÃ�ÕdÌ~Â,ÃwÕ�À!ÔoÑ�Ë�ËµÊ~ÎoÃ)ÔoÀ§Í%Ð®À}Â%ÃqÝ

¶�¶�¶ ��¼QV�K>¹µ¾[½oNQP9�d¸µ¼_»c¾�K�M
ïLÕ�À³ÒßÂ�Ò�ÃwÒ±Ì~Ä&Ô¢ÃwÑ�È>Ò�À}ÔªÔoÕ�ÊqÇ�Â@Õ�À§ÎoÀ©ÌhÎoÀ7ËKÀ}Î�Ï±Ê�Î�Ð®ÀqÈeÏ Ê�Î²Ûhç

ËdÌhÎwÌ~ÄßÄ�À}Ä�ÖKÀtÌ~Ð È>ÌtÃrÌ�Æ�Ì~Â>È@Ì Ð®Ê�ÎoÀ²ÃwÕ�Ê�ÎoÊ%Ñ�Í%Õ@Ò�Â%É�ÀqÔ¢ÃwÒ�Í�ÌtÃwÒ�Ê%Â
Ê%Â³¿Lë¥ì�Â�Ê%Ò�Ô�À®Ë>ÎoÊ�ËKÀ§Î�ÃwÒ�ÀqÔXÏ±Ê�ÎXÈ>Ò�õKÀ}Â%Ã�è~ç�Ô�Á}Ì~Â�Â�ÒßÂ�Í�Á�Ê%Â�á>Í�Ñ�Ó
ÎwÌtÃwÒ�Ê%Â�Ô¥Ç�Ò�ÄßÄDÖKÀ�Ë�ÎoÀqÔ�À}Â%Ã�À}È³ÌtÃ&ÃwÕ�À®Á�Ê%Â>Ï±À§ÎoÀ}Â>Á�À�Ý!ïLÕ�À®ËdÌhÎwÌ~Ä�Ä�À}Ä
ÖKÀqÌ~Ð�Î�À}Á�Ê%Â�Ô�ÃoÎwÑ�ÁrÃwÒ�Ê%Â�ÌhÄ�Í�Ê�Î�Ò�ÃwÕ�Ð.Ô-Á}Ì~Â
ÖKÀ&È�À§ÎwÒ�É%À}È
Ö%Å,Ä�À�ÃoÃwÒ�Â�Í
ÃwÕ�À�Ï±Ê�Á}Ì~Ä{Ä�ÀqÂ�Í~ÃwÕ�ÌhË>Ë�ÎoÊ�Ì~ÁwÕ�Ò�Â�ádÂ�Ò�Ã�Å�ÝSä�Ê�ÎDÃ�Õ�À-Ë>ÎoÀ}Ô�ÀqÂ�Ã5Ô�Ã�Ñ>È�Ò�ÀqÔ§Æ
Ç\À�Ñ�ÔoÀLÌ¥Ñ�Â�ÒßÏ±Ê�Î�ÐîËdÕ>Ì~Â�Ã�Ê%Ð�Ç�Õ�Ò�ÁrÕ�ÒßÔSÔ�Õ�ÊqÇ�Â�ÒßÂ�äSÒ�Í�Ý\ÚqÌ�ÝDïLÕ�À
ÔoÐ
Ì~Ä�ÄSÔ�ÀqÐ¯Ò�ÓQÀ}Ä�ÄßÒ�ËdÔ�À¯ÒßÂ¬ÃwÕ�ÒßÔ&Ë>Õ>Ì~Â%Ã�Ê�Ð Á�Ê%Â>Ô¢ÃwÒ�ÃwÑ{Ã�ÀqÔ�ÃwÕ�À�ÃrÌhÎoÍ�À�Ã
¿Lë¥ìFÏ±Ê�ÎFÇ�Õ>Ò�ÁrÕ!Ç\À�Ô�Ã�Ñ>È{Å¨ÃwÕ�À�Â�Ê%Ò�Ô�À\Ë>ÎoÊ�ËKÀ§Î�ÃwÒ�ÀqÔDÊ%Ï�ÃwÕ�À-É�ÌtÎwÒ�Ê%Ñ�Ô
Ì~Ä�Í�Ê�Î�Ò�Ã�Õ>Ð¯Ô}Ý�ïLÕ�À�¿)ë�ìLÒßÔ�Ô�Õ�ÊqÇ�Â²ÒßÂ²äSÒ�Í>Ý¨Ú§ÖcÝ�ö©À!Í�À}Â�À}ÎwÌtÃoÀqÈ
È>ÌtÃrÌXÇ�Ò�ÃwÕ�Ûw�,�XË>ÎoÊ~Ø¢À}ÁrÃwÒ�Ê%Â.É�Ò�À�Ç�ÔJÊqÉ%À§Î

λ ∈ [0, π]
ÝSïLÕ�À¥Â�Ê%Ò�ÔoÀ�Ó

Ä�ÀqÔoÔ¥Â�Ê%Â%Ã�Î�Ñ�Â�Á}ÌtÃ�À}È7Ì~Â>È�ÃoÎ�Ñ>Â�Á}ÌtÃ�À}È¬È>ÌtÃrÌ
ÌhÎoÀ�Ô�Õ�ÊqÇ�Â¬Ò�Â¬äSÒ�Í%Ô§Ý
Ú}ÁLÌ~Â�È�Ú}È�ÆhÇ�Õ>Ò�ÁrÕ¯ÌhÎoÀ�ÎoÀ}×�Ñ>Ò�ÎoÀqÈ®Ï±Ê�ÎDÃwÕ�À-Ç�Õ�Ê%Ä�ÀLÒßÐ.ÌhÍ�ÀLÌ~Â>È�Ã�Õ�À
¿Lë¥ì¥Ò�Ð
ÌhÍ~À¯ÎoÀ}Á�Ê%Â�Ô�Ã�Î�Ñ�ÁrÃwÒ�Ê�Â>Ô§ÆcÎoÀ}ÔoËKÀ}ÁrÃwÒ�É�À}Ä�Å%Ý�ö©À.È�ÒßÔoÁ§Ñ�Ô�Ô&Ã�Õ�À
¿Lë¥ì-ÎoÀ}Á�Ê%Â�Ô�Ã�Î�Ñ�ÁrÃwÒ�Ê%Â�ÒßÂ,Ã�À§ÎwÐ¯Ô�Ê�ÏFÊ%Â�Ä�Å
ÃwÕ�À¨ÒßÄ�ÄßÑ�Ô�ÃoÎrÌqÃ�À}È�ÁwÕ�Ê~ÎwÈ
Ô�À}Í�Ð¯À}Â�ÃqÝ
p ��u g5x u n � jLe.��h�yfj�x�m u k;j�g�j � e,nf_�h�g5a � h�x�e,nL�5g�e,m�n�e,x�_5�Z� u h u
ö©À7Ñ�ÔoÀ7Ò�Ð.ÌhÍ�À�É�ÌhÎ�Ò±Ì~Â�Á�À7Ï±Ê�Î�×�Ñ>Ì~Â%Ã�Ò�ÃrÌtÃ�Ò�É%À¬À�É�Ì~Ä�Ñ>ÌtÃwÒ�Ê%ÂéÊ%Ï

ÃwÕ�À,Â�Ê%ÒßÔ�À
Ë�Î�Ê~ËµÀ§Î�ÃwÒ�À}Ô}Ý��A�w�¬Ô�À�ÃwÔ!Ê%Ï�Â�Ê%Ò�Ô¢ÅTÈ>ÌtÃrÌ�Ç�À§ÎoÀ
Í�À}Â�À}Î�Ó
ÌtÃ�À}È,Ö%Å�Ì~È�È>Ò�Â�Í¯Ô¢ÃrÌtÃwÒ�Ê%Â>ÌhÎ�Å��XÌ~Ñ�Ô�ÔoÒ±Ì~Â,Â�Ê%Ò�Ô�À¥Ã�Ê�ÃwÕ�ÀXÂ�Ê%ÒßÔ�À}Ä�À}ÔoÔ
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Â�Ê%Â�Ã�Î�Ñ>Â�Á}ÌtÃ�À}È9Ì~Â>ÈéÃ�Î�Ñ�Â�Á}ÌtÃ�À}È@ËdÌhÎwÌ~Ä�Ä�À}Ä�ÓQÖKÀqÌ~Ð È>ÌtÃrÌ Ò�Â9äSÒ�Í>Ý
Ú�ÝíïLÕ�À�Ô¢ÃrÌ~Â�ÈdÌhÎ�ÈYÈ�À�É�Ò±ÌtÃ�Ò�Ê%ÂYÊ%ÏLÃwÕ�ÀªÂ�Ê%Ò�ÔoÀ�Ò�Ô�Ú~Ý�Ûw�w¦�Ê%Ï)Ã�Õ�À
Ð.Ìtô�Ò�Ð�Ñ�Ð É�ÌhÄßÑ�À¨Ê%ÏcÃwÕ�À¨Ë�ÎoÊ�Ø�ÀqÁrÃwÒ�Ê%ÂªÈdÌtÃwÌ�Ý
ä>ÎoÊ%Ð@ÃwÕ�ÀJÂ�Ê%Ò�Ô�Å&Â�Ê�Â%Ã�Î�Ñ�Â�ÁqÌtÃoÀqÈXÈ>ÌtÃrÌ�Ô�À�ÃwÔ}Æ§Ç�À5ÎoÀ}Á�Ê%Â>Ô¢Ã�Î�Ñ�ÁrÃ�ÀqÈ

Ò�Ð
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Abstract - The context of this work is the problem of fully three-
dimensional (3D) image reconstruction from noise-free
measurements taken over a collection of lines passing through the
object. The goal is to identify whether or not reliable absolutely
quantitative reconstruction can be performed from a given
collection of lines. The approach used here is to represent the
lines passing through the each point of the object by a local Orlov
sphere, and to examine what reconstruction is possible in terms
of the local Orlov spheres for the object. The situation for
reconstruction of the whole object is different from that of region
of interest (ROI) reconstruction. For both whole object and ROI
problems, definitive answers on what can be reconstructed can
only be given for a small collection of specific cases. Some
indications are given of what kind of artifacts can be expected if
the collection of line-integral measurements is insufficient. From
a global perspective, we still know very little about fully 3D image
reconstruction.

1. INTRODUCTION
Over the past 10 years or so, fully three-dimensional (3D)

image reconstruction theory and analytic reconstruction
algorithms seem to have taken a place of secondary
importance in imaging systems in general, with the exception
of current CT systems where the sheer size of the data and
reconstruction volume still precludes the use of iterative
methods. From the perspective of imaging system design, a
major advantage of iterative methods is that an image can be
obtained without consideration of the specific nature of the
proposed system, and depending on the algorithm used, the
image is optimal in some statistical sense. This approach is
justifiable in view of the mathematical complexity of many
imaging problems, cone-beam tomography as one example.
When a need for analysis of a proposed system arises, a digital
approach is often applied usually (but not exclusively)
involving finding the singular value decomposition (SVD) of
the large system matrix. 

It is the author’s contention that although statistically-
based reconstruction algorithms (which are generally iterative)
may well be appropriate in most instances, a thorough
understanding of the forward problem is extremely important.
Furthermore, descriptions of the discretized system are rarely
adequate and indeed can generate a dangerous complacency.
In defense of these possibly contentious statements the author
offers here the single example of cone-beam tomography
using a circular trajectory. For this case it has long been
known [1,2] that the data are insufficient for accurate

reconstruction of the object, with specific analytic descriptions
of the (small amount of) missing information [3]. The
relevance of this theory to the medical imaging community
was hammered home with the suggestion of the disks phantom
[4] which continues to defeat every proposed algorithm. This
phantom was specifically chosen to exploit the missing
information of the circular path cone-beam system (but has
become a standard test object even for cases such as the helix
where no such missing information exists). The artifacts
generated when using this phantom provide a convincing
demonstration that the nature of the distortions can vary over
the field of view. Without the prior theoretical understanding
of this important imaging geometry, it seems doubtful that the
missing information would have been noticed for some time.
There has not been a similar description of the missing data
using a discrete model of the system, and the fact that the
missing information represents a small fraction of the content
of most objects further conceals the danger. A great many
cone-beam systems now employ some elaborate non-planar
trajectory to ensure data completeness. In short, an analytic
description of the invertibility of the forward problem is
vitally important in designing an imaging system.

It is the purpose of this paper to present a framework for
describing what is now known in the field of fully 3D image
reconstruction theory. The generic problem is to reconstruct a
3D object function  from line-integral data  for a
collection  of lines in space. 

     for                   (1)

We sometimes use the term ‘geometry’ for a ‘collection of
lines.’

Our task is to identify for any given collection1 of lines 
whether or not reconstruction can be reliably performed, and if
not, to find a way to describe what is missing, preferably in
terms of the object characteristics. We suppose that the
boundary of the object is known, and we consider two cases.
For the first case, we would like to reconstruct the entire
object (  for all locations ), and for the second case we
are only interested in the values  for some subset, called
the region-of-interest (ROI) of the object. 

The context here is independent of any particular imaging
modality, and image reconstruction theory discussed has been
applied to PET, SPECT, and CT. 

Rolf Clackdoyle is with the Laboratoire Traitement du Signal et
Instrumentation, CNRS UMR 5516, 10 rue Barrouin, Batiment F, 42000
Saint Etienne, France. Telephone: +33 477 91 58 30.  E-mail: rolf@ucair.
med.utah.edu or clacrolf@univ-st-etienne.fr.

f p

p L( ) f ld
L∫= L ∈

1 In a strictly mathematical sense we do not consider any collection
of lines, as pathological counter-examples are easy to find. We are
concerned with reasonable, potentially real-world cases, such as
finite unions of smooth 3D or 4D subsets of the set of all lines
passing through the object.

f x( ) x
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2. FULL OBJECT RECONSTRUCTION

A. Parallel and Cone-Beam Geometries
We begin by considering the well-known cases when the

collection of lines  can be grouped into parallel or cone-beam
projections that are not truncated. In this section, it will be
tacitly assumed that no truncation of cone-beam or parallel
projections occurs, and in other sections we will emphasize
this important feature by referring to pure cone-beam and pure
parallel projections.

For the parallel-beam case, we require that for every line
 in , all lines parallel to  and passing through the object

are also in . This subset of  forms a (pure) parallel
projection, characterized by the direction of the lines which we
denote using . The entire collection  can then be
precisely described by the subset  of the unit sphere 
corresponding to measured parallel projections. The necessary
and sufficient condition for stable image reconstruction of the
object function  for this case was published by Orlov [5],
namely that “every great circle on the unit sphere must
intersect the region .” A simple proof of this result [6] uses
the 3D version (see, e.g. [7]) of the Fourier-slice theorem (also
known as the projection-slice theorem or central-section
theorem). The representation of  on the unit sphere has
sometimes been referred to as the “Orlov sphere.” Note that for
any line, both  and  validly indicate its direction, and
therefore any Orlov sphere is symmetric about the origin.

For the (pure) cone-beam case, we require that for every
line  in , there must exist a point  on the line  but
outside the object, such that every other line passing through 
and intersecting the object is also in . The point  is the
vertex of a cone-beam projection that is not truncated. The
collection of lines  is therefore more compactly described in
terms of the set of vertices  corresponding to these cone-
beam projections. A sufficient condition for stable
reconstruction of the object for this cone-beam case was given
by Tuy [1], and Finch [2] showed that the condition is
necessary: “every plane intersecting the object must contain a
cone-beam vertex.” (In this presentation, some technical
details are being ignored, such as the fact that both Tuy and
Finch considered that the vertices lay on a curve in space, and
that the planes must intersect the curve non-tangentially. Most
of these issues disappear if a neighborhood, i.e. a slightly
enlarged version, of the object is considered rather than the
original object.) The usual demonstration that this condition
admits stable reconstruction relies on a certain link between
cone-beam projections and the 3D Radon transform. A clear
geometric description of this link was presented by Grangeat
[3] and is referred to as Grangeat’s result. Briefly, for full
object reconstruction, the inverse 3D Radon transform requires
planar integrals for all planes passing through the object.
Grangeat’s result shows how a cone-beam projection can be
related to planar integrals for those planes passing through the
cone-beam vertex, and thus provides the condition relating
planes through the object to vertices in .

It is natural to consider that a parallel projection is a

special kind of cone-beam projection where the vertex point
lies infinitely far away from the object. The cone-beam case
therefore includes as a special case any collection  in parallel
format. Orlov’s condition is therefore a special case of the Tuy-
Finch condition, as has been noted in the literature [6]. To see
this equivalence, for the case of parallel projections one first
observes that searching for a (infinitely distant) vertex on a
plane passing through the object corresponds to searching for a
direction of measurement on a great circle of directions. The
set of planes that intersect the object are positioned in all
orientations, thus all great circles (at all orientations) are
required to each contain a measurement direction. 

We now consider the opposite situation. Suppose a
collection of cone-beam projections satisfies the Tuy-Finch
condition; can this collection be characterized in terms of
Orlov’s condition? The answer is yes, if we consider applying
Orlov’s condition to each point of the object separately. To this
end, we define  to be the set of directions of lines passing
through the point . 

                         (2)

where  is the line with direction 
passing through . For parallel geometries, the ‘local’ Orlov
spheres  are all the same (independent of ), but for a
cone-beam geometry they vary from point to point. If the Tuy-
Finch condition is satisfied, then any plane through a fixed
point  contains a vertex point , and thus contains the
measurement line from  to  whose direction is, say .
Selecting all planes through  corresponds to examining all
great circles on the local Orlov sphere , and the vertices
found on the planes determine the measurement directions on
the great circles. Therefore for a cone-beam geometry
satisfying the Tuy-Finch condition, all the local Orlov spheres
satisfy the Orlov condition. 

The converse of this statement is also true. Suppose a
cone-beam geometry satisfies the Orlov condition locally at
each point in the object. Now consider any plane intersecting
the object at some point say . Since the Orlov sphere 
satisfies Orlov’s condition, the great circle parallel to the plane
intersecting the object contains a measurement direction  and
hence a cone-beam vertex must lie somewhere on the line
through  with direction . Thus all planes intersecting the
object contain a cone-beam vertex and the Tuy-Finch condition
is satisfied. 

These statements relating the Orlov and Tuy-Finch
conditions have been part of the 3D reconstruction folklore for
some time. The idea of a local Orlov condition was extensively
developed in 2001 by Metzler et al [8,9] and applied in the
context of SPECT imaging (although [9] contains some
statements that are open to misinterpretation). 

This concept of the local Orlov sphere is useful in the
general cases described below, but must be treated with care.
The statement above that reconstruction is possible if every
point in the object satisfies the local Orlov condition relies
heavily on pure cone-beam projections. It has not been
established for general collections of lines, such as for
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truncated cone-beam projections. Furthermore if some points
do not satisfy the local Orlov condition then examples are
known where no part of the object can be reconstructed,
although the situation is not usually that extreme. Sections 2C
and 3 deal with these situations.

B. Lines Tangent to a Surface
In the same way that parallel projections are generalized

by cone-beam projections, there is a generalization of cone-
beam projection sets. The collection of all lines tangent to a
given smooth surface in space is such a generalization; when
the surface degenerates to a curve in space, the tangents
become simple intersections and the usual cone-beam case
appears. One way to extract the notion of a projection would be
to consider collections of lines that are tangent to the same
point on the surface, which could be called ‘tangent
projections.’ Just as we consider pure cone-beam and parallel
projections, we would require all such tangent lines at each
point of the surface to be in the measurement set for the
collection of lines to represent a pure tangent geometry. A
sufficiency condition for image reconstruction also exists, and
has a similar format to the Tuy-Finch condition: every plane
intersecting the object must intersect the surface at some curve
of tangent projections.

Tangent projections and their mathematical properties
have appeared in the mathematics literature for some time, but
there seems to be very little development of them in the
imaging community, and to the author’s knowledge no
applications have been described. An inversion formula was
published in 1991 [10]. 

C. General Collections of Lines
When truncation occurs for cone-beam or parallel

projections, the geometry is considered to be general.
(Conversely, a general geometry could be artificially
considered parallel or cone-beam by rebinning and allowing
any degree of truncation.) In practice, there are very few
applications where pure cone-beam or parallel projections are
measured (recalling that ‘pure’ implies that none of the
projections are truncated). Truncated projections are collected
in 3D PET and in helical CT, for example, so neither can be
treated as pure parallel or cone-beam geometries. However in
some cases, notably in 3D PET, it is possible to discard all
truncated projections and still be left with enough data to allow
stable reconstruction. It seems trivial to point out that stable
reconstruction is possible from a given collection of lines  if
it is possible from some subcollection . From a
reconstruction viewpoint however, the important fact is that
stable reconstruction is possible, and almost all iterative
algorithms are able to process the full data  with no more
technical difficulty (other than computational effort) than from
the subcollection. Unfortunately in many cases, particularly in
cone-beam CT, every pure cone-beam subgeometry has lost so
many vertices that the Tuy-Finch condition no longer holds,
and other methods must be used to decide whether or not stable
reconstruction is possible from the given .

For any general collection of lines , if there are points at
which the local Orlov condition fails then (using the method of
Finch [2]) it is known that the object cannot be stably
reconstructed. In a slight refinement of this result,
reconstruction is not possible at those points  for which the
local Orlov condition fails, i.e. where  does not satisfy
the Orlov condition. (The question as to whether or not other
points can be reconstructed is addressed in Section 3.) On the
other hand, it has been conjectured for some time that if every
point of the object satisfies the local Orlov condition, then the
object can be accurately reconstructed. There are very few
cases for which this conjecture has been demonstrated other
than the pure cone-beam and parallel geometries of
Section 2A. However, the potential for reconstruction from
truncated projections was evident from Grangeat’s result,
which clearly illustrates that planar integral information can be
obtained without using the whole cone-beam projection (see
figure 3 of [11]).

One important case was explicitly suggested by
Danielsson, Edholm, et al [12] and has proven to be true
[13,14]. In the literature this problem eventually became
known as the ‘short object problem’ in helical CT.2 Briefly, the
problem is to reconstruct a cylindrical object of finite axial
extent from cone-beam projections truncated in the axial
direction. For a helical scan encompassing the full axial extent
of the ‘short’ object, it was pointed out [12] that if the detector
was not smaller than the projection of the two adjacent pitches
of the helix, that the local Orlov condition would remain
satisfied for all points in the object. The original statement [12]
was not expressed in terms of the local Orlov condition; rather
it stated that each point locally would be scanned over 180
degrees, meaning that it was scanned over a path on the Orlov
sphere connecting two opposing points. Any such path satisfies
the Orlov condition. 

This appears to be the first practical example of the local
Orlov condition not falling into the category of pure parallel or
cone-beam projections. The early demonstrations [13,14] that
the local Orlov condition did indeed allow stable
reconstructions for the short object problem used a concept
called the ‘generalized Grangeat result.’ Rather than building
each plane integral from a single (non-truncated) cone-beam
projection, the idea was to form the plane integrals by patching
together triangular segments of the plane, each segment arising
from (the non-truncated portion of) a cone-beam projection.
For this method to work, the pattern of truncation must be
moderate enough to allow all planes to be formed by suitable
segments. The helical trajectory allows such a formation, as
does a few variations of this trajectory. (Tam’s approach [13]
used circular caps at the ends of the helical trajectory.) 

The extended Grangeat result can therefore be applied to

′ ⊆

x
Ω x( )

2Initially the terminology ‘long object problem’ was applied to
emphasize that the detector did not have sufficient axial extent for the
length of the object, but currently the ‘long object problem’ refers to
the case of an object too long to be scanned entirely thus introducing
the difficulty of signal contamination at the extremes of the scan.
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certain other collections of measurement lines where all points
in the object satisfy the local Orlov condition, but it relies on a
special geometric alignment of cone-beam vertices such that
all planes can be suitable segmented. Other tools will be
needed to establish more general cases, especially if the
measurement lines do not form cone-beam projections. 

As was pointed out in [8], innovative collimator designs in
SPECT can provide examples of collections of lines
reconstruction  for which it is not known whether image
reconstruction can be stable achieved. Figure 5 of [15] shows
the line measurements for an astigmatic collimator, which
when combined with a suitable gantry motion (such as a helical
scanning) would give an interesting applications-driven
problem.

To summarize the situation for full object reconstruction,
the local Orlov condition is necessary (if any local Orlov
sphere  does not satisfy Orlov’s condition, then no stable
reconstruction of the whole object is possible). It has been long
conjectured that this condition is also sufficient (if all points 
of the object satisfy the local Orlov condition then stable
reconstruction is possible), but this has only been proved for
certain special cases as described above.

3. REGION OF INTEREST RECONSTRUCTION
If insufficient measurements are available to reconstruct

the entire object, it is natural to ask if some subset of the object
can be reconstructed. We call such a subset a region of interest
(ROI). The problem can be phrased in the opposite way: what
minimal collections of lines are required to stably reconstruct a
given ROI. Our approach here will be the first one: we assume
we are given some measurements and we ask for the maximal
ROI that can be stably reconstructed.

A. Regions A and B
Since we can only hope to reconstruction ROIs for which

the local Orlov condition holds, it is natural to split the object
into two disjoint regions  and  as follows

       (3)

In [8], region  was called the ‘Orlov volume.’
For any point  in region , there is a plane  passing

through  that does not contain any measurement line .
As mentioned in Section 2B, the argument given in [2] can be
applied to show that no stable reconstruction can occur at , or
indeed, no reconstruction is possible in the plane . To see the
difficulty in practice inside region , the disks phantom can be
used. If a small disks-phantom is placed anywhere in the plane

, oriented so that the disks are parallel to , the disks will be
poorly resolved. In [16] this concept was explored in the cone-
beam context, with a heuristic but quantitative analysis of the
degree of image recovery possible inside region .

For region , it cannot be automatically assumed that
reconstruction is possible, as discussed below. (Only if region

 is the whole object is it believed that stable reconstruction is
possible in general.) 

B. The Interior Problem in 3D
We first consider the following specific example, which

uses the same argument as the standard 2D interior problem
[7]. Let the object be a ball of radius  and suppose that  is
the set of all lines that intersect a smaller concentric ball of
radius . It is easily seen that region  is this small ball, and
region  is the rest of the object. We will show that no part of
region  can be reconstructed. The collection of lines  can
be conveniently grouped as (truncated) parallel projections (or
as cone-beam projections but parallel projections are more
convenient for our purposes). We construct an object function

 whose truncated parallel projections are all zero, but for
which  for . We define the parallel projections
of  to all be the same, such as: 

   (4)

Now from , an application of the 3D Fourier-slice
theorem provides us with the central sections of the 3D Fourier
transform of the (rotationally symmetric) function , and it
is can be directly verified that (except possibly for a set of
measure zero)  for . Obviously  contains
some negative values, but the importance of this function is
that suitable multiples of it can be added to a non-negative
object function to produce new object functions, all of which
are different in the region  but all of which give the same
measurements on the collection of lines .

Using this artificial, highly symmetric example it is
possible to generate many more cases where region  cannot
be reconstructed. The essential feature is that no part of the
border of the object is visible in any of the parallel projections.
Given some arbitrary geometry with this characteristic of
invisible border, it may be possible to use the symmetric case
so establish that region  cannot be reconstructed. The idea is
to augment the geometry with more measurement lines (which
can only make  easier to recover) such that all lines through

 are available, then if necessary to take a larger rotationally-
symmetric region say  enclosing  by again augmenting the
collection of measurement lines. If the boundary of the object
is still not visible in any parallel projection of the augmented
geometry, a symmetric object  can be defined as before
with non-zero values inside the region  but with projections

 that are zero for all (augmented) measurement lines. As
before, region  cannot be unambiguously reconstructed due
to multiples of  lying in the nullspace.

To anticipate the kinds of artifacts that might appear in
region  from interior data, we take the 2D case a guide. The
2D case has been thoroughly analyzed and it is known, with
quantitative bounds [7], that only low frequency artifacts can
occur. A similar analysis is likely to indicate low frequency
artifacts for the 3D rotationally symmetric case. However,
there is room for a much bigger nullspace when the interior
region  is intersected by relatively few measurement lines. A
complete characterization of the 3D interior problem will
depend on the pattern of Orlov spheres making up region .

Ω x( )

x

A B
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C. Examples of ROI Reconstruction
Although the interior problem shows that region  is not

necessarily recoverable, there are several situations where
reconstruction is known to be possible. Note that in all these
cases, part of the object boundary is visible in the projections.

(i) Pure cone-beam projections. Tuy [1] pointed out that in
the case of pure cone-beam projections, all of region  can be
reconstructed using the Tuy inversion formula. This was
probably the first positive ROI result in 3D image
reconstruction theory from line integrals.

This statement is readily inverted: for a pure cone-beam
geometry, if a ROI satisfies Tuy-Finch condition (equivalently,
if all points in the ROI satisfy the local Orlov condition), then
the ROI can be stably reconstructed.

(ii) Local 3D Radon inversion with Grangeat’s result. It is
well-known that from the 3D Radon transform, inversion of an
ROI is possible from just those planar integrals passing
through the ROI. This fact can be combined with Grangeat’s
result to allow stable reconstructions from cone-beam
projections following a certain pattern of truncation. As
mentioned in Section 2C (and from figure 3 of [11]) planar
integral information can be obtained without using the whole
projection. In principle, reconstructions inside region  are
possible provided all planar integral information (strictly
speaking, the derivative of the 3D Radon transform, as
explained in [3]) can be obtained from the truncated cone-
beam projections. In practice, this method could only work if
the truncated region of one projection was available on some
other projection. 

(iii) Cone-beam with circular trajectory. As long as the
cone-beam projections are not truncated laterally, it is easily
seen that for a circular trajectory, region  is precisely that
part of the object lying inside the plane of the circle. The well-
known FDK algorithm [17] provides accurate reconstructions
in region  for this geometry, even if the cone-beam
projections are truncated in the axial direction.

(iv) Kudo’s result. For the case of a cone-beam geometry
consisting of a circular trajectory combined with some
supplementary curve, and projections truncated in the direction
orthogonal to the plane of the circle (the axial direction), Kudo
[18] combined the results of (ii) and (iii) above to provide a
clever method for reconstruction of region  (except for some
small volumes at the axial extremes of  susceptible to edge
effects). The FDK algorithm was used to reconstruct the plane
of the circle and to provide partial reconstruction elsewhere in
region . The supplementary curve provided the remaining
3D Radon information, which turns out to only need planes
oriented parallel or nearly parallel to the plane of the circle.
Thus the FDK method applied to the circle and the Grangeat
approach applied to the supplementary curve were both largely
unaffected by axial truncation of the projections.

(v) Long object problem. The long object problem refers
specifically to the case of cone-beam projections of a
cylindrical object exceeding the bounds of a helical trajectory,
and with maximally allowable axial truncation (while still

admitting the local Orlov condition) as described in [12].
Region  lies inside the helix, and region  extends above
and below the helix, and includes points with no lines at all
passing through them. This problem is highly relevant for the
current generation of cone-beam CT scanners. The long object
problem was solved independently by several investigators
using widely different methods although they all appealed in
some sense to the 3D Radon transform. The first such methods
were due to Tam [13] because his solution to the short object
problem could be directly applied, but might be disqualified
for using two bounding circles at the end of the helical scans.
Another early solution was due to Schaller [19].

The examples illustrate that no systematic method is
known of establishing what part, if any, of region  can be
reconstructed. Only these rather specific cases (and a few
similar cases that can be resolved using the same techniques)
have been established. The general ROI problem in fully 3D
image reconstruction is far from solved.

4. RECONSTRUCTION IN TWO-DIMENSIONS
In this section, the corresponding reconstruction theory in

2D tomography is summarized. 
Equivalent to the (local) Orlov condition is the fact that

lines in all directions, i.e. all points on the unit circle, must be
measured (at each point). If less than a full angular range of
angles are measured the situation is referred to as “limited-
angle.” To reconstruct the whole object, every point must
satisfy this condition of full angular coverage, and therefore all
lines passing through the object must be in the measurement
set. This condition on 2D reconstruction of the whole object
has been well-known for at least three decades. 

If not all lines are measured, then regions  and  can be
defined, as before. This terminology has been used in the 2D
context in [20,21]. The ROI problem in two-dimensions is
largely unresolved, although certain cases have been
successfully handled (see section 4 of [21]). One technique
[20] uses essentially the 2D version of Tuy’s statement
(Section 3C(i)). Another largely complementary method [21]
relies on methods to invert partial Hilbert transforms and has
been independently formulated by several investigators
[22,23]. Many cases (collections of lines) are not resolvable
using either technique.

Stable reconstruction of any part of region  in two
dimensions is remarkable because, quite unlike the 3D case,
every point in region  suffers unavoidable interference from
the entire region  due to the 2D Orlov requirement of full
angular coverage. General ROI reconstruction in two
dimensions is an open problem.

5. SUMMARY AND DISCUSSION
If the local Orlov condition is satisfied everywhere within

the object, then it is probably safe to assume that reliable
reconstructions can be obtained, and iterative methods need
only concern themselves with noise issues, and not with
systematic biases. For pure parallel or cone-beam geometries
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and a few other specific cases such as the short object problem,
it has been mathematically proved that stable reconstruction is
possible provided the local Orlov condition is satisfied
throughout the object.

If the local Orlov condition is not satisfied at some
locations which we identify as region , then we know that
acccurate image reconstruction cannot be achieved at these
locations. The artifacts that would arise in region  would
have features similar to those of limited-angle effects in
classical tomography, and they can probably be illustrated by
the use of small localized disks phantoms, oriented
appropriately.

If the local Orlov condition is satisfied at certain locations
of the object which we call region , and yet other parts of the
object do not satisfy the local Orlov condition (region ), then
reconstruction of region  is not assured. In some cases it is
known that none of region  can be reconstructed, and low
frequency artifacts, among others, would appear in region .
However, there are also cases where much of region  can be
reconstructed. It appears that the incomplete measurements in
region  sometimes precludes unambiguous reconstruction of
region , and sometimes the effects of region  are
removable. There is currently no general methodology for
deciding which part, if any, of region  can be reconstructed.
Each case must be studied separately, and the existing
techniques use different machinery and are heavily tailored to
the particular problem. (Many of the approaches used to handle
the long object problem, for example, make heavy use of
intrinsic geometric properties of the helix.)

Statistically-based methods are suitable for efficient or
optimal treatment of noise in image reconstruction. They
currently do not indicate situations where there is insufficient
data, or the degree to which artifacts (or loss of detailed
features) might be appearing in the image. They can readily
include a priori information which can help, but should be
used with utmost caution. For example, a non-negativity
constraint might well resolve certain ambiguities but would
have little or no benefit for small internal features sitting on a
constant background. A clear analysis of the forward problem
is the most reliable way of establishing the reliability of the
image produced by an algorithm.

There remains a wide range of open problems in fully 3D
image reconstruction theory, and strong motivation to resolve
many of them to achieve the ultimate objective of reliable,
stable, and accurate image reconstruction algorithms.
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Basis and window functions in CT 

Per-Erik Danielsson, Maria Magnusson Seger, and Johan Sunnegårdh 

 
Abstract—This largely tutorial treatise presents a Fourier based 

model for 2D-projection, the latter being a most important 
ingredient in any iterative reconstruction method. For sampled 
images the model requires an assumed basis function, which 
implicitly defines the necessary window and interpolation 
functions. We unravel the basis and window functions for some 
projection techniques described as procedures. Circular 
symmetric basis functions make it simple to find interpolation 
coefficients but require well tuned interpolation functions to avoid 
aliasing.  

We find it unnecessary to distinguish between voxel and ray 
driven projection. These two techniques concern only the 
innermost loop and both can be applied to any interpolation 
function, and to projection and back-projection alike.    

Index Terms—Tomography, Iterative reconstruction, Basis 
functions, Interpolation   

I. INTRODUCTION 
As confirmed by Zeng and Gullberg in [1] the rate of 

convergence in iterative reconstruction will increase greatly by 
introducing a rampfilter. We have investigated the scheme of 
Fig.1 with the intention to improve the image quality of non-
exact cone-beam reconstruction in CT [4]. P is a forward 
projector, Q is the reconstructor that includes both back-
projector and rampfilter, and is a gain factor.  a

 
 
 
 
 
 
 
 
 
 

 
Fig.1 A general block-diagram over iterative reconstruction.  In case Q is an 
exact analytical reconstruction operator,  1−≡ PQ

Seen as control system, the projection operator P is 
continuously checking the solution fi producing pi. The 
comparison with measurements p is used by the back-projector 
Q to modify the present solution fi. Assume P in the loop is 
identical to projector P employed in data capture. Then, if 

converging the result
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ff =∞→i , independently of Q. This was 
rightfully stated in [1], while remarking that the rate of 
convergence as well as convergence in presence of noise, 
depend on the total loop operator QPα . The main purpose of 
[1] was to find roots of instability and slow convergence in 
unmatched projector-back-projector pairs and/or the existence 
of negative eigenvalues in QPα .  

For CT we believe analyses of this kind require Fourier 
modeling of both projection and back-projection. Only then 
can we fully understand the effects of various interpolation 
methods involved and thereby avoid ever occurring obstacles 
like aliasing. However, to this end we must declare all filtering 
and interpolation steps in terms of basis and window functions.  
 

II. BASIS AND WINDOW FUNCTIONS.  
THE FOURIER MODEL   

A discrete 2D-projection consists of line integrals, which 
cannot be obtained from a discrete (sampled) image ( )yxf s , , 
only from the underlying continuous function . We 
obtain by assuming a basis function  as 

),( yxf
),( yxf ),( yxb

( yxfyxbyxf s ,),(),( ∗ )=       (1) 

by which the sampled version thereof can be written 
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Here, III stands for the Shah (sampling) function [2] while  

and  are sampling densities in x and y, respectively. 
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Lemma on 2D-projection of basis functions. The two 
operators convolution ( )∗ and projection ( = line integration 
perpendicular to the angle

θR
θ ) commute in the following sense. 

Given two functions and , the following 
equality holds for the projections  and . 

),(1 yxb ),(2 yxb

1bθR 2bθR

      [ ] 2121 bbbb θθθ RRR ∗≡∗     (3) 

Proof: The Fourier slice theorem tells us that projection of an 
image extracts a radial slice of the Fourier transform of the 
image. Hence, the projection operator  corresponds to the 
slicing operator , and therefore, the Fourier transform of the 
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left hand side of (3) yields  while the right hand 
side yields .   End of proof.  

[ ]21 BB ⋅θS
[ ]2121 BBSBB ⋅=⋅ θθθ SS

The following paragraphs owe much to Lewitt [3] from 
whom we adopt the following notation. In 2D, a window 
function  is related to its basis function  by means 
of the Radon transform as 

] from 
whom we adopt the following notation. In 2D, a window 
function  is related to its basis function  by means 
of the Radon transform as 

)(tw ),( yxb

         w         (4)          w         (4) ),()( yxbt θθ R≡

)(tw ),( yxb

),()( yxbt θθ R≡

In the literature, window functions appear under various 
other names, like profile, footprint, etc. Clearly, the window 
function is rotation-invariant if and only if the basis function is 
rotationally symmetric, i.e. if  

In the literature, window functions appear under various 
other names, like profile, footprint, etc. Clearly, the window 
function is rotation-invariant if and only if the basis function is 
rotationally symmetric, i.e. if  

                )(),( 22 rbyxbyxb rr ≡⎟
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⎝
⎛ +≡       (5) 

in which case in (4) is replaced by the Abel transform θR A . 
Applying  (3) and (4) to (1)  yields  
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which brings about convolution with . The other 
component is the projection of , which is 

, the inverse Fourier transform of a slice. Let 

)(twθ

θR ( yxf s , )
sfFSF θ

1−

)(τθW be the 1D-Fourier transform of .  Then )(twθ

     ( yxfWyxf s ,)(),( FSRF θθθ )τ ⋅= ,   (7) 

which tells us that in , the projection is the product of 
the interpolation function and a slice.  

( yxf s ,F )

)

)

Fig. 2 is a pictorial interpretation of eq. (7). The Fourier 
transform of the sampled image  consists of repeated 
copies of , the Fourier transform of the underlying 
continuous function. Most image functions have strong, even 
dominating DC-components.  Assume a rotation-invariant 
linear (window) interpolation function, the Fourier transform of 
which we write , having zero-crossings on 
the indicated circles. Along the main axes u and v these zero-
crossings coincide with DC-components in copies. Not 
so, however, along the diagonals. Here, the projection process 
will pick up significant contributions from the DC-components 
in the copies, which become detrimental to iterative 
reconstruction [4]. Helical cone-beam algorithms employ 1D 
ramp-filtering and retain a 2D-rotational symmetry, which 
makes Fig.2 valid and useful also for this type of 3D-
reconstruction.  

( yxf s ,
),( vuF

( xW Δ= ττθ
2sinc)(

),( vuF

),( vuF

From (6), (7), we have the following single ray contribution 
to a detector position at θθ sincos yxt += . 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
Fig. 2. The Fourier transform of the sampled image contains 
repeated copies of the underlying continuous . In the diagonal 
directions, interpolation with a triangle function of total width 

will create substantial DC-aliasing.  

),( yxfs
),( vuF

xΔ2

),()( yxftw s⋅θ ,              (8) 

Unfortunately, a measured detector value is obtained as 
II lnln 0 − . Therefore, a non-linear model requires i) that the 

quantity (8) is included in a total ray sum (a line integral), ii)  
that the exponent of the ray sum is computed, iii) that such 
quantities are summed over the detector area to get I, iv) the 
logarithm of the result is retrieved as  .  II lnln 0 −

For low-contrast images a linear model is acceptable, by 
which the exponent ii) and the logarithm iv) cancel each other, 
while the integrations i) and iii) remain. Let the detector 
aperture function be rectangle function ( )tt ΔΠ / . The 
interpolation function then yields ( ) )(/ twt t θ∗ΔΠ  and the 
contribution delivered by a voxel  to a detector at t  is  ),( yx

( ) ),()(/ yxftwt st ⋅∗ΔΠ θ       (9) 

III. EXAMPLES 

Several forward projection methods for digital images have 
been proposed in the literature. Some of these, e.g. [3] clearly 
define a basis function, others declare a window function, but 
in some cases the projection is described purely as a procedure. 
Many of them leaves the question open whether the given 
interpolation technique should be used to compute a single ray 
sum (8) to be used directly as a detector value or together with 
several ray sums followed by exponent-summation-logarithm 
computation, alternatively applying a linear model (9). In any 
case we have to put them on equal footing by identifying their 

xΔ
1

u

v  

Nyquist boundary 
for image data 

Copies of  F(u, v) 

xΔ
1

Zero-crossings for  
( )xW Δττ 2sinc)(  
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basis and window functions. A subset of our efforts is 
portrayed in Fig. 3. 

We recognize the circular symmetric basis function having a 
triangular shaped window function of width  giving the 
circular zero-crossings in Fig. 2. An inverse Abel transform 
applied to the triangle function 

xΔ2

( )1−ΔΛ xt  yields the basis function 

( ) ( xx rr ΔΠΔ −−− 2/cosh 111π )  having the shape of a circular tent 
of radius and a peak of infinite height in the center.  xΔ

Siddon [5] defines his technique operationally as follows.  
The weight ),,,( θmlkw of a pixel value at  to be delivered 
to a ray 

),( lk
),( θi  equals the length of the intersection ray and the 

pixel (voxel). It is assumed implicitly that the basis function is 
unity-valued over a -sized and square-shaped area, zero 
elsewhere.  In the 3D-case this basis function becomes a 
cubicle of size . In 2D, the window function  
looks like a truncated triangle highly dependent on

2
xΔ

3
xΔ )(twSiddon

θ .   

Joseph’s method [6] is a simple and almost perfect method 
to suppress the DC-aliasing that occurs from the above-
mentioned circular symmetric function. In the interval 

44
ππ θ ≤≤−  ( 4

3
4

ππ θ ≤≤ ) , a ray sum is computed by linear 
interpolation between the two nearest samples in a horizontal 
(vertical) grid-line. The result is the window function  

( ) ( )[ ]111 coscos)( −−− ΔΛ= θθ xJoseph ttw      (10) 

where the factor  compensates for varying step-lengths 
between two consecutive contributions along the ray. The basis 
function can be found numerically by tomographic 
reconstruction, the support of which is diamond-shaped with a 
few minor negative outlayers. 

( ) 1cos −θ

Koehler et al [7] found that line integrals for “grid box 
intervals” could be computed as follows. The value at mid-
points and end-points of each interval is computed using bi-
linear and linear interpolation, respectively (in 3D tri-linear and 
bi-linear). Using Simpson’s rule, such results are piece-wise 
combined into a complete line integral. From this procedure we 
may conclude that in the main and the diagonal directions the 
window function is shaped as a triangle. But it is also clear that 
the basis function can be identified by the interpolation rules to 
yield the product between two triangular functions as 

     ( ) ( )1111),( −−−− ΔΛΔΔΛΔ= yyxxKoehler yxyxb .           (11) 

The three operationally defined projection methods by 
Siddon, Joseph, and Köhler employ basis functions of similar 
shapes but growing sizes, namely  and , 
respectively. As mentioned, Siddon uses a square shaped basis 
function that is constant over the support area. For angles 

,2, 22
xx ΔΔ 24 xΔ

0=θ and 4/π  the window function is rectangular and 

triangular, respectively, and compromises thereof in between. 
Joseph’s and Koehler’s methods are both using linear 
interpolation functions (linear and bi-linear in the case of 
Koehler), while the support area of the Koehler basis function 
is twice as large Joseph’s. The size of the linear interpolation 
kernel (the triangle) measured perpendicular to the projection 
rays is also twice as large for the Koehler method at 4/πθ =  
but the same for 0=θ . For directions 0=θ  and 2/π  in Fig. 
2, the corresponding -function has its first zero-crossing 
at . In the diagonals we find the first zero crossing 

already at 

2sinc
1−Δ= xτ

1
2

1 −Δ= xτ , and the second one at 12 −Δ= xτ . Thus, 

the Joseph and the Koehler methods share the benevolent 
feature of suppressing DC-aliasing along the main axes as well 
as along the diagonals, something that was confirmed by the 
error test in [7]. However, the Koehler method is more of a 
low-pass filter than the Joseph method and also rather inferior 
in simplicity and speed. And as explained in [8], for the 
purpose of suppressing DC-aliasing in projection, we have 
found the SinCot-filter to be superior to these alternatives.  

It is interesting to note that also the projection-interpolation 
method in traditional ART [9] is possible to cast and analyze in 
terms of window and basis functions. As in Siddon’s method, a 
detector value is computed as line integrals through a taken-
for-granted basis function in the form of a square-shaped pixel 
area with unit value. The difference is that the computation 
should not be a line- but area-integral using a swath of fixed 
(detector) width d. Hence, from (9) we have 

           ( )[ ] )(/)( tdtwtw SiddonART Π∗= .         (12) 

 
Δ x

 

 
 

 
 
 
 

Linear interp.                                    Siddon 
                       
 
 
 
 
 
 
 
 

Joseph         Koehler 
 
Fig. 3  Projection methods visualized as basis and window functions 
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III. VOXEL- AND RAY-DRIVEN PROJECTION AND 
BACK-PROJECTION 

For simplicity, we chose to illustrate voxel-and ray-driven 
projection with the two-dimensional illustration in Fig. 4. To 
each discrete detector element at the detector axis corresponds 
a projection ray ),( mθ . Assuming a continuous basis function 

centered at the specific sampling point),( yxb ( )yx lk ΔΔ , , in 

the pixel-driven projection Fig 4a), the innermost computation 
finds the contribution to be delivered by a hypothetical ray 
from the grid point ( )yx lk ΔΔ ,   hitting the detector at the 

detector axis at t.  Given the pixel value ( )yxs lkf ΔΔ , ,  the 

detector element centered at  receives the contribution  tmΔ
    ( ) ),(,),,,( tyxP mtwlkfmlkcont Δ−⋅ΔΔ= θθ    (13)  

Corresponding contributions are delivered to all detector 
elements, the center of which falls within the support of the 
window function. Thereafter, the projection procedure 
continues with the next pixel (voxel). In ray-driven projection, 
Fig.4b), the innermost loop computes the contribution from a 
voxel to a ray that emanates from a detector position tmΔ . If 
the window function is the same and even, the contribution 
from pixel to detector element ),( lk ),( mθ will be the same.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 4. Pixel-driven and voxel-driven projection. Two identical 
interpolation coefficients (marked in red) defines the contribution to 
be brought from a discrete voxel to a discrete detector element. 

 

Hence, we conclude that pixel/voxel-driven and ray-driven 
are two ways to implement projection, but they do not signify 
methods in a more fundamental sense, nor do they produce 
different results as long as they use the same interpolation 
function. Furthermore, all basis- and window functions can 
appear in voxel-, as well as ray driven routines, something 
which is also holds for back-projection. In the latter case the 
contribution (11) is  

),(),(),,,( tB mtwmpmlkcont Δ−⋅= θθθ     (14)  

IV. CONCLUSIONS 

In this tutorial paper we have emphasized that the outcome 
of an iterative reconstruction depends heavily on the projection 
operator, less so on the back-projection procedure. The back-
projection B is embedded in the reconstruction part of the 
iterative loop, and therefore, almost by definition, the total 
reconstruction operator Q cannot be an exact inverse of the 
operator P.  Hence, while it should pay-off to rid P from all 
aliasing and also to make it emulate the data capture as closely 
as possible, the back-projector could be optimized more for 
simplicity and speed.  

This statement is at odds with the classical Kaczmarz 
formula [9] which assumes matching coefficients (i.e. identical 
window functions) in (13) and (14). We do not think this 
assumption is necessary, nor optimal. The experiments in [1] 
point in the same direction.  

The Fourier model for projection of digital images, the 
Lemma on projection of basis functions, and the basis and 
window functions are tightly connected concepts. The Fourier 
model for projection is an invaluable tool for understanding 
aliasing phenomena. But this model depends on the Lemma 
that tells us how to interpret the Radon transform R (in 2D) 
and the X-ray transform (in 3D) of a sampled image, an 
interpretation which involves the dual concepts of basis and 
window functions. We have put various projection operators on 
common footing by translating procedures into basis- and 
window-functions. This translation uncovers similarities and 
common features between different methods. Only via the 
Fourier model and the basis/window-function concept can we 
evaluate these procedures as linear operators (filters) in 
established signal processing terms.  

X

Finally, we have taken the opportunity to combat the 
misconception that the concepts voxel-driven and ray-driven 
has anything to do with the interpolation functions involved, 
or, for that matter, whether we perform projection or back-
projection. Voxel- and ray-driven procedures differ only in the 
design of the innermost loop of the projector/back-projector. 
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Handling of Long Objects in Iterative Reconstruction from
Helical Cone-Beam Projections

Maria Magnusson Seger, Per-Erik Danielsson, and Johan Sunnegårdh

Abstract— Contemporary analytical reconstruction methods
for helical cone-beam CT have to be designed to handle the Long
Object Problem. Normally, a moderate amount of over-scanning
is sufficient for reconstruction of a certain Region-of-interest
(ROI). Unfortunately, for iterative methods, it seems that the
useful ROI will diminish for every iteration step. The remedies
proposed here are twofold. Firstly, we use careful extrapolation
and masking of projection data. Secondly, we generate and utilize
projection data from incompletely reconstructed volume parts,
which is rather counter-intuitive and contradictory to our initial
assumptions. The results seem very encouraging. Even voxels
close to the boundary in the original ROI are as well enhanced
by the iterative loop as the middle part.

I. INTRODUCTION

In iterative reconstruction, the Long Object Problem in
helical cone beam scanning manifests itself as follows. In
the vertical direction (along the rotation axis) the amount of
object points that has to be illuminated by the cone-beam is
larger than the Region-of-interest (ROI) to be reconstructed.
In the PI-method [1], [5], this effect causes the length of the
source path to be extended with half a turn at the top and
bottom of the ROI. For the AMPR method [3], this extension
is about twice as large. For an iterative procedure, this effect
may be detrimental since the useful ROI seems to diminish
in this manner iteration by iteration. Therefore, any viable
iterative procedure, for reconstruction or enhancement, has to
address this problem. As an example, we present experiments
were we have used the PI-method and the iterative filtered
backprojection loop presented in [2] and [4].

II. METHODS

A. The PI-method

The PI-method (the original version) is an approximative
method for cone-beam reconstruction with filtered backpro-
jection and a helical source path [1], [5]. The PI-method
utilizes detector data only from the PI-window. This window
is obtained by collimating the detector to fit between two
turns of the helix. It can be shown that the PI-window gives
complete and non-redundant projection data. The PI-method
can be summarized as follows.

• Pre-weight with the conventional cosine factor.
• Rebin to semi-parallel projection data.
• Ramp-filter detector data row by row.

∗∗The authors are with Computer Vision Laboratory, Dept. of EE,
Linköping University, SE-581 83 Linköping, Sweden. Telephone +46-13-
281000. Email: maria@isy.liu.se, ped@isy.liu.se, sunnegardh@isy.liu.se. This
work was supported by the Swedish Foundation for Strategic Research under
the COMEX project and by Siemens Medical Solutions, Forchheim, Germany.

• Do 3D-backprojection.

B. The iterative filtered backprojection loop

The iterative filtered backprojection loop procedure is
shown in Fig. 1. The aim of this rather general scheme is
to improve the results of non-exact reconstruction. Leaving

projections

original
semiparallel

projection

−

B
back−

P
projection

generation

+

R
ramp−
filter

+
+

αi

i
reconstr.

object data, f
output

Fig. 1. The iterative filtered backprojection loop.

the rebinning step outside the loop, we may use the original
semi-parallel projections as in-data. In the beginning, when
the iteration index i = 0, output data is set to fi = 0
and the gain factor αi = 1. After application of ramp-filter
and backprojection, the reconstruction result f1 is the same
as an ordinary PI-method reconstruction. Then, semi-parallel
projections of the reconstructed voxel volume are generated
and the iterative loop becomes active. Two things make this
process different from traditional ART.

• The projection data generated from the reconstructed
volume are subtracted from input data. The difference
projections are subjected to the same reconstruction
process as the one used in the first place.

• The result is a difference volume, which is used to
correct the present reconstruction voxel by voxel. Hence,
the scheme in Fig. 1 is rather simultaneous ART than
traditional ART.

Since f1 is a reasonable approximation of the final result,
the difference projections may be assumed to have moderate
magnitudes already during the first iteration. If the system
converges, the difference should become smaller and smaller
for each iteration.

C. Handling of the long object problem in the loop

Fig. 2 shows schematically a vertical section of the object
cylinder and the helix source path. The source moves from
0 to 6π radians. The checkered and the dark grey areas
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Fig. 2. The helix and the object cylinder seen from the side.

of the object cylinder are completely reconstructed, whereas
the dashed areas of the object cylinder are incompletely
reconstructed since projection data from several projection
angles are missing. It may then seem that only the volume
exposed between the source positions π and 5π are available
for next projection-reconstruction cycle, which delivers a result
valid only in the interval [2π, 4π], leaving the checkered areas
as they are.

We suggest two methods to improve the situation. The
reconstruction results are called f1, f2, f3, ..., where f1 is
identical to a non-iterated result.

• Method a) The dashed areas are reconstructed, however
incompletely. Then, during the first iteration, difference
ramp-filtered projection values originating from rays
passing through the dashed areas are put to zero. There-
fore, the checkered areas will only be partly updated,
namely by rays which run completely inside the check-
ered and/or gray parts of the volume. Still, we expect
that the data in the checkered areas will be somewhat
improved.

• Method b) For all iterations, projection data through
the dashed areas are computed and used in the loop,
despite the fact that the dashed areas were incompletely
reconstructed in the first iteration.

The loop schemes for method a) and b) are shown in Fig. 3 and
Fig. 4, respectively. Both of them utilizes extended projection
generation, extrapolation and masking to be explained below.

D. Extrapolation and extended projection generation

Recall the PI-method in section II-A and that we employ
only semi-parallel projection data in the loop. In Fig. 2, we
have cone-beam projection data in the interval [0, ..., 6π].
After rebinning, however, we have semi-parallel projection
data in the interval [−γmax, ..., 6π+γmax], where γmax is the
maximum fan-beam angle. In the interval [6π−γmax, ..., 6π+
γmax], these projection data are truncated to the left. That is,
projection data in the white areas of the top row in Fig. 5
are lacking. Evidently, we cannot use these projection data
by just putting truncated data to zero. To avoid reconstruction
artifacts, application of the ramp-filter must not be applied
across truncated data. Experiments with the ramp-filter show
that it gives heavy non-local response both to the left and
to the right of the edge created by the truncation. We solved
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Fig. 3. The iterative filtered backprojection loop according to method a).
Extrapolated and extended data are used for rampfiltering. Only rays passing
through completely reconstructed areas are used for backprojection.
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Fig. 4. The iterative filtered backprojection loop according to method b).
Extrapolated and extended data are used for rampfiltering. Also rays passing
through incompletely reconstructed areas are used for backprojection.

the problem by extrapolating the original semiparallel data
towards the left finishing with a smooth cos2-transition down
to zero. As mentioned before, we are indeed computing
projection data also through incompletely reconstructed parts
of the volume. This is the extendended projection generation
in Fig. 3 and Fig. 4.

E. Masking

We make use of two masks. The effect of Mask1 is defined
by the stop and start positions of the scanning. The fact that
cone-beam projections from angle 6π and larger are lacking,
introduces a sharp edge in the semi-parallel projections be-
tween angle 6π − γmax and 6π + γmax. We show three such
projections in Fig. 5. Mask2 is the masking that takes place for
projection rays passing through the incompletely reconstructed
volume. Mask2 is shown for three projection angles in Fig. 5.

F. Projections through incompletely reconstructed areas

In Method b), for all iterations, projection data through
incompletely reconstructed areas are computed and used in the
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Mask1: < 6π 6π > 6π .

Mask2: 5π > 5π >> 5π .

Fig. 5. Mask1 for three semi-parallel projections (top row). Mask2 for three
semi-parallel projections (bottom row). White = no data.

loop notwithstanding the fact that data from a certain number
of projection angles are lacking.

We have not been able to give a formal proof that such
projection data are useful. However, we hope that Fig. 6 could
make this plausible. We start in the upper left corner and
move clockwise. Projections are taken through the original
object. According to the Fourier Projection Slice Theorem,
the 1D Fourier transform of a projection through the object
taken at angle θ is equal to a slice through the 2D Fourier
transform of the object. The angle of the slice is also θ.
Next, we introduce missing data corresponding to a set of
missing projection angles. Obviously, this type of missing data
do not overlap the projection under consideration. Parallel
projections do not contain any common information, except
for the DC-component. Inverse 2D Fourier transform of the
Fourier domain with missing data gives an incompletely
reconstructed object. But the projection taken at angle θ
through the incompletely reconstructed object is the same as
the projection taken at angle θ through the original object.
The only problem when computing such a projection is that
the incompletely reconstructed object is not perfectly bounded,
a problem that will increase with the amount of missing data.
The extreme case, with one projection only and all others
missing, gives a reconstruction result with a one-dimensional
variation extending to infinity in the direction of the original
projection rays.

2D

introduce missing
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to missing
projection anglesdi
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Fig. 6. Projections through a completely reconstructed object is similar to
projections through an incompletely reconstructed object.

III. RESULTS

A. Experimental setup

The experimental setup is shown in Fig. 7. The object
volume consisted of six symmetrically placed ellipsoids of
density 0 HU in a background of -1000 HU. The source made
one turn around the object volume, starting with projection
number 0 and ending with projection number 399. The cone-
beam angle was ±3◦ and the volume was reconstructed to a
resolution of 48 · 1282 voxels. Slice 10, 12 and 14 are studied
in the following. The approximative position of slice 14 is
marked with a dashed line in Fig. 7. Note that this slice is
going to be partly incompletely reconstructed since it will
actually need projection data from the first missing projection
number 400 and beyond.

��������
��������
��������
��������

��������
��������
��������
�������� slice 14400

0

800

200

600

rotation axis

Fig. 7. Cross-section of the object volume and the helix path. The dashed
ellipse denotes two ellipsoids, located in planes parallel but offset to the cross-
section in the plane of the sheet.

B. Method a) Experiment with no projections through incom-
pletely reconstructed volume data

Mask1 was used for iteration 1 and Mask2 for iteration 2
and 3. Fig. 8 shows slice 10, 12 and 14 through the object
volumes f1, f2 and f3. For comparison, Fig. 9 shows the
same slices in a case where the whole object volume was
illuminated, i.e. we had no missing projections.

The light and dark tails in f1 are cone-beam artifacts due to
the non-exactness of the PI-method. The sharp looking pattern
in the lower-right area of slice 14 in Fig. 8 is due to missing
projection angles and we cannot expect much enhancement in
this area. Having noted this, it seems that the image quality is
enhanced quite well in slice 10 in f2 and f3, while slice 12
and 14 are only partly enhanced. There is hardly any tendency
for the truncation problem to propagate from one iteration to
the next in Fig. 8.

Fig. 10 shows ramp-filtered and masked difference projec-
tions number 150 and 270 produced by f1, f2 and f3. The
difference projections get smaller and smaller values after each
iteration also in projection 270. In projection number 270 a
weak slanted line is visible. Above this line, the data is put to
zero by the masking procedure, compare with Fig. 5.

Fig. 11 show the usefulness of the extrapolation of trun-
cated projections. Here, no extrapolation of original semipar-
allel projections was used. The masks were the same as in
Method b), but they were applied before ramp-filtering instead
of after. As can be seen in the figure, this caused deterioration
of image quality.

Fred Noo


Fred Noo
The Eighth International Meeting on Fully Three-dimensional Image Reconstruction in Radiology and Nuclear Medicine      77  

Fred Noo


Fred Noo
Session 3 - Poster session 1: iterative reconstruction     14:00 - 16:00 Wednesday 6 July 2005



f1 f2 f3

14:

12:

10:

Fig. 8. Iterative experiment using no projections through incompletely
reconstructed volume data (Method a). Gray scale window: −1000±37.5 HU.

f1 f2 f3

14:

12:

10:

Fig. 9. Reference iterative experiment for comparison. The object volume
was completely illuminated and therefore there were no missing projections.
Gray scale window: −1000 ± 37.5 HU.

from f1 from f2 from f3

150:

270:

Fig. 10. Method a) Two ramp-filtered and masked difference projections.

f1 f2 f3

14:

12:

10:

Fig. 11. Iterative experiment where masking was done before ramp-filtering
instead of after. Gray scale window: −1000 ± 37.5 HU.

C. Method b) Experiment with projections also through in-
completely reconstructed volume data

Reconstruction of f1, f2 and f3 all employed Mask1.
Consequently, projections through incompletely reconstructed
volume data were utilized in the loop.

Fig. 12 shows slice 10, 12 and 14 through the object
volumes f1, f2 and f3. Compare this figure with the result of
Method a) in Fig. 8 and the completely illuminated volume
data in Fig. 9. It is clear that the image quality is enhanced by
iteration 2 and 3. Even slice 14 is very well enhanced except
for parts with missing projection angles.

Fig. 13 shows ramp-filtered difference projections number
150 and 270 produced by f1, f2 and f3. Note how the
difference is getting smaller and smaller after each iteration.
This happens also above the slanted line that was visible
in number 270 in Fig. 10. Hence, the iterative enhancement
seems to work even for projections through incompletely
reconstructed volume data.

Note, however, that the data in the upper rows of 270 have
quite high positive and negative values. This is probably due
to the increased amount of missing data in the corresponding
volume, as we discussed in section II-F.

IV. CONCLUSION

We have investigated the long object problem in iterative
reconstruction from helical cone-beam projections. At first
sight, it seems that a substantial portion of the image volume
will be lost for each iteration. However, we have shown that
by applying remedy actions according to one of two methods,
Method a) and Method b), the problem can be diminished or
even almost eliminated.

Method a): By masking away projection data from rays
passing through incompletely reconstructed parts of the vol-
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f1 f2 f3

14:

12:

10:

Fig. 12. Iterative experiment using projections also through incompletely
reconstructed volume data (Method b) Gray scale window: −1000±37.5 HU.

from f1 from f2 from f3

150:

270:

Fig. 13. Method b) Two ramp-filtered difference projections.

ume, only a small amount of voxels close to the boundary
were not perfectly enhanced.

Method b): Rather counter-intuitively, enhancement was
possible and even more successful by also taking and employ-
ing projection rays passing through incompletely reconstructed
volume data. Then almost all voxels were perfectly enhanced,
even those close to the boundary of incompletely reconstructed
voxels. We have no proof why this action works, but we have
given some comments to a 2D-case of missing data, which
hopefully will make the action plausible.

For both methods, careful extrapolation of truncated semi-
parallel projection data was necessary before ramp-filtering.
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Iterative Cone-Beam CT Image Reconstruction with
Spherically Symmetric Basis Functions

Andy Ziegler, Thomas Köhler, Tim Nielsen, and Roland Proksa

Abstract— In cone-beam transmission tomography, the mea-
surements are performed with a divergent beam of X-rays, and it-
erative reconstruction methods offer the possibility to reconstruct
the corresponding images directly from these measurements
without any re-binning. Furthermore, spherically symmetric
basis functions (blobs) have been reported to be preferred for
iterative reconstruction algorithms. The combination of the two
approaches, i.e using blobs in iterative cone-beam reconstruction,
introduces the problem of blob-sampling without introducing
aliasing. One solution is, that the blobs are chosen big enough to
ensure a sufficient sampling, which avoids high resolution recon-
struction. Another solution, which was reported, is a heuristic
low-pass filtering, which removes this aliasing, but neglects the
physics of the measurement process and cannot achieve the best
image quality.

This paper presents a model of sampling the blobs, which
is motivated by the physics, can be used for high resolution
reconstruction and can be implemented efficiently.

I. INTRODUCTION

The continuous object, which is scanned with transmission
computed tomography (CT), has to be represented with a
finite set of coefficients in the reconstruction. The decision,
how the representation has to be performed, is important,
because it has an influence on the image quality. Spherically
symmetric volume elements as basis functions for the image
representation have many advantages compared with simple
cubic voxels or other basis functions, e.g. their appearance is
independent of the source position. The short and descriptive
word “blob” is used to refer to a member of the family of
spherically symmetric volume elements, as used in a former
paper [1]. A blob, which bases on modified Bessel functions
[2], proved to be a better choice of volume elements than
cubic voxels [3], [4]. The reconstruction with blobs is used in
PET reconstruction (e.g. [5]), as well as in iterative parallel
CT image reconstruction (e.g. [6]). However, a reconstruction
of measurements with divergent rays, as recorded with current
cone-beam CT systems, leads to the question, how the blobs
have to be sampled correctly. This problem does not appear
in a geometry, where the rays are parallel like in PET, or
after re-binning CT data to parallel beam geometry. In these
cases, the size of the basis functions can be adapted to
the sampling of the measurement. For divergent rays, blobs,
which are close to the source, have a different contribution to
forward and back projection than blobs, which have a greater
distance from the source. This is well known [7], [8], but
the consequences, which are drawn, are different. Either the

All authors are with Philips Research Laboratories, Sector
Technical Systems, Röntgenstrasse 24-26, 22335 Hamburg, Germany.
Emails: andy.ziegler@philips.com, thomas.koehler@philips.com,
tim.nielsen@philips.com, and roland.proksa@philips.com

algorithm is changed to compensate for the effect [7], or a
heuristic low-pass filtering in the projection step can avoid
the problem [8]. However, such models neglect the physics
of the measurement process, and, in the case of [7], cannot
easily be adapted to other algorithms, e.g. iterative Maximum
Likelihood reconstruction.

In this paper, we present a new method of sampling the
blobs, which is motivated by the physics. The consequences
are, that blobs are magnified due to the divergent ray geometry,
and that the contribution of blobs to the forward projection
increases with decreasing distance to the source. In addition,
the paper presents an efficient implementation of such a model.

II. METHOD AND MATERIAL

A. System model for iterative reconstruction

Iterative reconstruction in general is a procedure, where
the forward projection is calculated for a given intermediate
image. Then, a difference between the measured and calculated
projection is determined, and the difference is used for the
calculation of an update for the intermediate image, which is
back projected to generate a new intermediate image. This pro-
cedure can be repeated, leading to an iterative reconstruction
algorithm. Different iterative reconstruction algorithms exist,
which all need the difference between a forward projection
and the measurement for the calculation of an update.

The forward and back projection have to be modeled.
However, the system model should be based on the physics
of the measurement as much as possible in order to avoid the
model to introduce artifacts in the reconstruction.

An important part of the model is the representation of the
continuous object to be imaged. The continuous distribution,
f , of absorption of the scanned object has to be represented
by a finite set of numbers. It is common to represent f as a
function f̃ , which is a sum of basis functions, b, arranged on
a grid with grid points, xi, and reads

f̃(x) =
∑

i

cib(x− xi).

In this case, the set of coefficients, ci, determines f̃ . The choice
of the basis function has an influence on the image quality
and was investigated before [9]. However, the image quality
depends on the way, how the basis function is used for the
interpolation in the forward and back projection, which should
be the same for consistency reasons. The forward projection,
p̃
(n)
j , through an intermediate image at iteration, n, can be

written for a detector pixel, j, as

p̃
(n)
j =

∑

i

wjic
(n)
i . (1)
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This means, that in the forward projection, the contribution,
wji, of each basis function to the detector pixel, j, has to be
determined.

B. Voxel-Dependent Footprint

The calculation of the weights, wji, is a very important step
in iterative reconstruction. Usually, the weights are calculated
as the line integral of ray j through the basis function at
position xi. This can be computed analytically for a given
shape of a basis function b. For spherically symmetric basis
functions, this value depends only on the distance of the ray
j from the point xi.

The line integral at all possible distances from the center of
the basis function defines the footprint of the basis function.

Before the weights, wji, can be calculated, the center of the
basis function is projected onto the detector, and the footprint
is scaled by the ratio of the ray density at the position of the
basis function to the ray density at the projected center of
the basis function on the detector. This models the physics
in the real measurement by following all the rays, which
passed a basis function, to the detector. Scaling the footprint
was proposed in a specific version with some restrictions
for iterative reconstruction [8]. For FBP, a voxel-dependent
interpolation kernel, which is similar to a scaling of the
footprint, was published recently [10].

In focus-centered geometry, and with a spherically symmet-
ric basis function, this can easily be performed. As explained,
the footprint is scaled by the ratio of the ray densities, i.e. in
cone-beam CT with a focus centered detector, the footprint is
scaled by the ratio, rφ = dds/dvs, of the distance of the voxel
from the source, dvs, to the distance of the detector from the
source, dds, in angular direction, and in axial direction z with
the factor, rz , of rz = dds/dvs ∗ cos θ, where θ is the angle
between the plane of the gantry and a vector pointing from
the source to the voxel. Up to this point, no weights, wji,
have been calculated, but the system model for the iterative
reconstruction has been defined closely resembling the physics
of the measurement.

C. Calculation of Weights for Forward and Back Projection

A simple procedure for calculating the weights is given by
taking the value from the scaled footprint, that corresponds
to the distance of closest approach of the ray from the
basis function center. Aliasing artifacts are generated if the
footprints are under-sampled. This can happen, for example,
if the basis functions are chosen too small size, and the scaled
footprint of the basis function is smaller than the height and
width of the detector pixels. In a geometry, where the rays are
evenly spaced (e.g. parallel rays), this problem is practically
not important, because the blob size can be matched to the
ray spacing. In fan and cone-beam geometry, the rays are

In the general case, the footprint has to be scaled by the ratio of the ray
densities in all directions, which are perpendicular to the line connecting the
center of the basis function and the source, separately.

The detector is bended in angular direction in such a way, that the focus of
the detector coincides with the focus of the x-ray source. In axial direction,
the detector is parallel to the rotation axis.

divergent, and the only way to match the blob size and ray
spacing is to use a grid of basis functions, where all scaled
footprints are larger than the width and height of the detector
pixels. However, this leads to bad spatial resolution in the
image and is not desired. This problem is known [8], but the
solution, which is suggested, is a heuristic low-pass filtering
of the image representation in the projection step.

Here, we propose a new method to remove the problem of
footprint sub-sampling, that stays consistent with the physics
of the measurement. The weight is calculated by a convolution
of the footprint F with the area of the detector pixel j. This
can be implemented efficiently by storing the convolution of
F with a rectangular area in a two-dimensional lookup-table,
L, as

L(w, h) =

∫ w

0

∫ h

0

F (u, v)dudv, (2)

where u and v are column and row coordinates of the detector,
and w and h are the width and height of the rectangle.

The weight, wij , for any pixel can be calculated using only
four values of the lookup table. The weight for a pixel is
calculated from a linear combination of the values of L at
the edges of the pixel. Depending on the relative position of
pixel and center of footprint, different combinations of the
values have to be used (Fig. 1). Taking into account, that
the contribution to the absorption of a voxel at the center of
rotation is lower than the contribution of a voxel closer to the
source, and that this difference in contribution scales with the
width of the footprint on the detector, the weight of a volume
element, i, on detector pixel, j, is calculated in cone-beam CT
reconstruction by

wji = A(j, i) ∗ s2i , (3)

where A(j, i) is the convolution of the scaled footprint with
the detector area (Fig. 1), and si = dcs/dis is the relative
magnification factor of a volume element, i, at a distance, dis,
from the source to the distance of the center-of-rotation to the
source, dcs.

If the footprint F is separable, i.e. F (u, v) = φ(u)ψ(v), the
calculation of the weights can be simplified further, and only
two one-dimensional lookup tables are needed that contain the
integrals of φ and ψ.

This model of aliasing-free calculation of weights does not
restrict the reconstruction to a minimum basis function width,
but can be used for high resolution reconstruction.

D. Image Reconstruction with SART

The aliasing-free calculation of the weights for a chosen
model of forward and backprojection is investigated with
the Simultaneous Algebraic Reconstruction Technique (SART)
[11]. Nevertheless, this model can be applied to any iterative
reconstruction algorithm such as the ART or Maximum Like-
lihood reconstruction.

In the ART [12] backprojection step of iteration n, the
difference between the calculated projection, p̃j , and the
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a)

A

A

1A 2

34A

A2

4A

1A

A3

b)

Fig. 1. The footprint of a Kaiser-Bessel basis function on a detector is
shown. The long vertical and horizontal lines represent the borders of the
detector pixels. The calculation of the weight for the (a) central and for the
(b) upper right detector pixel is sketched. Depending on the relative position
of the pixel borders to the center of the projected basis function, different
combinations of the over the footprint have to be used. The labels A1 to A4

are the integral as given by (2) from the center of the footprint to the 4 edges
of the pixel. The weight for the central detector pixel (a) is calculated by
A1 + A2 + A3 + A4, while the weight for the upper right detector pixel (b)
is calculated by A2 − A1 − A3 + A4.

measured projection, pj , is used to update the coefficient, c(n)
i ,

following the equation

c
(n+1)
i = c

(n)
i + λn

pj − p̃∑
i w

2
ji

wji.

The relaxation parameter, 0 < λn < 2, controls the con-
vergence. These weights are the same as in the forward
projection step in (3), but without the term s2i to ensure, that
a homogenous object is recovered in the back projection.

SART is a commonly used modification of ART [11]. Here,
an entire cone-beam projection is back projected into the
image.

The choice of the basis function b(~x) is completely free
for all reconstruction algorithms, but the difference in the
complexity of the correct mathematical use can be enormous
in the model proposed above. Spherically symmetric basis
functions with a finite support are ideal for the model of weight
calculation as described above. Such a basis function, which
is nearly band-limiting and spatially localized, is presented in
[13], and is suggested to be the preferred one for iterative
reconstruction. The basis function is defined by

bm,a,α(r) :=

{ √
1−(r/a)2

m

Im(α
√

1−(r/a)2)

Im(α) , 0 ≤ r ≤ a

0, else
,

(4)
where r is the radial distance from the blob center, Im denotes
the modified Bessel function [2] of order m, a is the radius of
the basis function, and α is a parameter controlling the blob
shape. For the 3D reconstruction in this paper, the standard
parameters are taken (m = 2, a/g = 2.00, and α = 10.4 [4]
with grid increment g), which satisfy the frequency criteria
described in [3]. The short and descriptive word “blob”, as
introduced in former papers [1], is used to refer to this basis
function, which is defined in (4), as a member of the family
of spherically symmetric volume elements.

E. Material

A total number of 1160 projections of a cone-beam CT
scanner have been calculated analytically through the Forbild
thorax phantom [14] at equiangular source positions for one
full turn. The size of the detector pixel at the center of
rotation is 0.77 mm in angular direction and 0.65 mm in axial
direction.

In addition, one projection through a homogeneous object
is calculated for the same scanner.

III. RESULTS

The Forbild thorax phantom is reconstructed with SART,
and the results are presented after 4 iterations with a relaxation
parameter, λ, of λ = 0.4. The grid of blobs, which is used
for the reconstruction, is a simple cubic grid (0.53 mm3).
The reconstruction is performed by sampling the footprint at
only one position, which is the distance of the blob-center to
the center of the detector pixel (Fig. 2a). The results of the
reconstruction on the same grid of blobs is shown in Fig. 2b
with the calculation (2) of the weights using the convolution
of the footprint with the detector area.

The back projection of a single view through a homo-
geneous object is calculated on a grid of blobs, which is
fine enough, that the scaled footprint is smaller than the
detector height and width. The results are presented for the
calculation of the weights by sampling the footprint at only
one position (Fig. 3a), and by convolving the footprint with
the detector area (Fig. 3b). Three orthogonal sections through
the reconstructed image are shown.

IV. DISCUSSION

The reconstruction of the Forbild thorax phantom clearly
shows, that the aliasing due to the under-sampling is clearly
visible (Fig. 2a). However, using the convolution of the foot-
print with the detector area as the weights for the interpolation
as calculated in (3) (Fig. 2b), the image does not show any
aliasing due to under-sampling the footprint, since a consistent
model of interpolation is used, that reflects the physics of the
measurement process. The remaining aliasing has its origin in
the sampling of the detector itself and is also seen in FBP.

The back projection of a single view through a homoge-
neous object at the same grid is shown for footprint sampling
(Fig. 3a) and convolution with the detector (Fig. 3b). The
scaled footprint of the blobs is much smaller than the height
and width of the detector elements. A clear pattern due to
the under-sampling of the blob footprint is visible, while the
calculation of the convolution of the footprint with the detector
pixel leads to a homogeneous image.

V. SUMMARY

A consistent model of interpolation on the detector is pre-
sented, which does not introduce aliasing in the reconstruction.
The model is motivated by the physics, and can be used for
high resolution reconstruction.

In this model, the line integrals through the basis function
define a footprint of the basis function on the detector. The
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a)

b)

Fig. 2. The reconstruction of the Forbild thorax phantom on a grid of blobs,
which have a scaled footprint, that can be smaller than the detector height and
width. The reconstruction is performed using (a) the sampling of the blobs at
one position, and using (b) the convolution of the footprint with the detector
area. (Level 0 HU, Window 50 HU)

convolution of the footprint with the detector area of the pixels
defines the weights, which are used for the forward and back
projection. This model allows using any size of basis function,
and therefore, is applicable to high resolution reconstruction.
It can be implemented computationally efficient.

In principle, any basis function can be used in this model,
but the mathematically correct use of the basis function can be
quite complex. Spherically symmetric volume elements with a
finite width are ideal for this model, and such a basis function,
which is nearly band-limiting and spatially localized [13],
is used for a reconstruction with ART. The results of a CT
reconstruction with ART of the Forbild thorax phantom show,
that the calculation of the weights using the convolution of the
scaled footprint with the area of the detector elements does
not lead to aliasing in the calculation, because the footprint
is always sufficiently sampled. Also the back projection of
a single view of a homogeneous object shows, that the new
method is to be preferred compared with a simple sampling
method.

a) b)

Fig. 3. The back projection of a single view through a homogeneous object
is presented on a grid of blobs, which is fine enough, that the scaled footprint
is smaller than the detector height and width. The reconstruction is shown
for (a) the calculation of the weight by sampling the footprint, and (b) by
convolving the footprint with the detector area. Both images show three
orthogonal sections through the cone-beam after back projection.
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Abstract—Overshoots during iterative reconstruction 
techniques are a commonly known problem. The formation of 
the artefacts is described for a one dimensional iterative 
reconstruction. It turns out that pre-filtering of the projection 
with the interpolation kernel for the re-projection is required to 
prevent the overshoots. 
This method is applied to the two dimensional reconstruction 
problem and the results are presented. 

I. INTRODUCTION 
Overshoots are often observed when using iterative 
reconstruction techniques like algebraic reconstruction 
technique (ART) or statistical reconstruction algorithms[1], 
[2]. 
These artefacts result from an imbalance in the central step 
of the iterative reconstruction algorithms: using the 
difference between the unfiltered original projections and 
projections gained by re-projection from a low pass filtered 
image. Therefore the reconstructed image will have more 
high frequency parts than the original image. A common 
method to fight the resulting overshoots is to choose more or 
less arbitrarily a filter kernel and filter the original 
projections[2],[3]. 
We show that for the simple example of a one dimensional 
reconstruction, the original projection has to be filtered twice 
with the interpolation filter used for calculating the re-
projection, whereas for a two dimensional reconstruction 
filtering once is sufficient. 

II. ITERATIVE RECONSTRUCTION 
Iterative reconstruction techniques usually formulate the 
reconstruction problem as an optimization problem, where a 
cost function depending on the measured projections y and 
on the projections ŷ calculated from the reconstruction result 
x  

∑=
i

ijij xay ,ˆ  (1) 

is requested to be minimized. In the case of ART this cost 
function is the L2 norm of the difference of y and ŷ. An 
usual approach to finding the optimum is an iterative 
algorithm with an update term like 

)(1 n
T

nn xAyAVxx ⋅−⋅⋅+=+  (2) 
where xn is the reconstructed result from the n-th iteration, A 
is the system matrix and V is a conditioner [4]. The system 
                                                           
a All authors are with Siemens Medical Solutions, D-91301 Forchheim, 
Germany. E-Mail: holger.hk.kunze@siemens.com. 

matrix entries aij can be calculated as line integrals through 
appropriate interpolation filters no matter which 
interpolation function is used. The interpolation filters in 
general have low pass characteristics. 

III. ONE DIMENSIONAL RECONSTRUCTION 
To analyze the formation of the overshoots, we downscale 
the problem to the reconstruction of a one dimensional 
discrete function. We assume we are given the projection of 
a discrete function y[m] on the equidistant grid m. What we 
want to reconstruct is the discrete function x[n] on the 
equidistant grid m which has the same spacing (for 
simplicity reasons) but is shifted by one half of the spacing. 
x[n] shall be reconstructed iteratively from the given 
projection y[m]. Comparing this setting with that of the usual 
reconstruction setting, the grid m represents the projection 
grid while n represents the image or volume grid. 
The reconstruction follows this algorithm: 
 

1. Set x[n] to zero for all n. 
 

2. Project x[n] on the grid m to get x[m]. In the one 
dimensional case, this corresponds to an 
interpolation with an interpolation kernel hm[n]. 
 
x[m] = hm[n] * x[n]  (3) 
 

3. Calculate the difference ε[m] between the given 
projection y[m] and the calculated projection x[m]. 
 
ε[m] = y[m] – x[m]  (4) 
 

4. Back-project ε[m] onto the image grid n to get ε[n], 
which in the one dimensional case again is an 
interpolation with a second kernel gn[m]. 
 
ε[n] = gn[m] * ε[m]  (5) 
 

5. Update x[n] with the relaxation-factor λ scaled ε[n] 
 
x[n] = x[n] + λ ε[n]  (6) 
 

6. Repeat steps 2 to 5 until convergence is reached. 
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Fig. 1. Iterative reconstruction of a one dimensional function on different 
grids after 1, 10 and 100 iterations. 

In this paper we use linear interpolation for the interpolation 
step; more sophisticated interpolation methods were also 
tested and deliver similar results. 
Fig. 1 shows the result of the reconstruction of a rectangular 
function with λ = 1.0. The expected result is achieved 
already after one iteration. But after this first iteration 
overshoots appear. Choosing smaller or larger relaxation 
factors only slows down the generation of the overshoots, 
but does not prevent or hamper it. 
To explain this behavior one has to take a look at step 3 of 
the reconstruction algorithm where the difference ε[m] 
between the given projection y[m] and the calculated 
projection x[m] is determined. Convergence of the algorithm 
implies, that ε[m] approaches zero. If we substitute x[m] 
with the expression (3) 
 
ε[m] = y[m] – hm[n] * x[n]  (7) 
 
we see, that ε[m] gets zero when x[n] is a high pass filtered 
version of y[n]. And that is what the algorithm computes. So 
(7) is not a suitable update term. 
We should better compare the calculated projection with a 
low-pass-filtered version of the measured projection. Using 
heuristically the kernel hm  for this purpose, the result is still 
not sufficient, as Fig. 2 shows. We reduce the overshoot, but 
still attain no convergence. 
Instead, we feed now into the iteration a low-pass filtered 

][~ ny  which we construct the following way:  
We postulate that the reconstructed x[n] is the interpolated 
version of y[m] 
 
 x[n] = gn[m] *y[m]. (8) 
 
According to (7), the iteration converges as soon as  
 

 ][~ ny = hm[n] * x[n]. 
 
Inserting equation (8), we can derive the appropriate filtering 
for the projection data: 
 ][~ ny = hm[n] * gn[m] *y[m]. 

 
So we obtain for the update equation  
 
ε[m] = hm[n] * gn[m] * y[m] – hm[n] * x[n]. (9) 
 
Introducing this pre-processing step to the reconstruction 
algorithm produces the result as depicted in Fig. 3 (for the 
example given, both interpolation kernels hm and gm are 
chosen to be equal). The reconstructed function now 
converges to the expected function. 
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Fig. 2. Iterative reconstruction of one dimensional function on different 
grids after 100 iterations. Before reconstruction the given function was pre-
filtered once with the interpolation function. 
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Fig. 3. Iterative reconstruction of one dimensional function on different 
grids after 1, 10 and 100 iterations. Before reconstruction the given function 
was pre-filtered twice with the interpolation function. 
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IV. TWO DIMENSIONAL RECONSTRUCTION  
The reconstruction of a two dimensional function from the 
projection is a little bit different from the one dimensional 
setting. Experiments have shown, that filtering once with the 
interpolation kernel is sufficient. As cause, we suspect the 
fact, that the original data here already is low pass filtered by 
the simulation process which takes into account the finite 
aperture of the detector elements.  

V. EXPERIMENTS 
We generated monochromatic projection fan-beam-data 
from the parametrically defined Schaller phantom by 
calculating and averaging needle rays over the physical 
beam width. For the reconstruction, we choose the SART 
algorithm as described in [5]. Blobs defined as 
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with the parameter m = 2, a = 3 mm and α = 10.80 were 
used as interpolation filter [6] and 30 iterations were 
computed. The remaining parameters are listed in table 1. 
The reconstruction was performed without any pre-
processing (Fig. 5), filtering the simulated projections once 
(Fig. 6), resp. twice (Fig. 7) by the interpolation filter.  
For reasons of comparison a filtered back-projection image 
with a relatively sharp convolution kernel was also 
computed (Fig. 4). 
 
number of channels 336 
number of projections 1160 
focus-isocenter distance 570 
field of view 250 mm 
reconstruction grid 512 x 512 

Table 1. Geometrical parameters 

While reconstructing the images without filtering results in 
images with overshoots of 100 HU near the bone-borders. 
These overshoots are reduced to 1 HU when pre-filtering the 
projection with the interpolation filter used for re-projection. 
Filtering twice produces more blurred images. No 
overshoots are visible. Comparing the result of the iterative 
reconstruction with one-time-pre-filtering of the projections 
to the FBP-reconstructed image, no substantial blurring can 
be observed. 
MTF measurements using the edge method confirm this 
impression (Fig. 8). While the shape of the MTF of the ART 
without pre-filtering reflects the overshoots, the MTF of the 
ART with pre-filtering the projection once almost has the 
same form as the MTF of the FBP. The MTF of the ART 
with pre-filtering the projections twice falls behind at higher 
frequencies. 

VI. CONCLUSION 
Filtering the projection with the interpolation filter before 
iterative reconstruction is a necessary pre-processing step 
that avoids overshoots and that does not influence the MTF 
in a substantial way. 
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Fig. 4. Reconstruction of the Schaller Phantom with filtered back projection 
(reference; window 25-75 HU)  
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Fig. 5. Reconstruction of the Schaller Phantom without pre-processing the 
projections (window  25-75 HU) 

 

 
Fig. 6. Reconstruction of the Schaller Phantom with filtering the projections 
once with the interpolation filter (window  25-75 HU) 

 

 
Fig. 7. Reconstruction of the Schaller Phantom with filtering the projections 
twice with the interpolation filter (window  25-75 HU) 
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Fig. 8. Comparison of the MTF of differently-pre-filtered ART  with that of  
the FBP 
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An Iterative Method for Creating Attenuation Maps from 
Highly Truncated CT Data 

 
Christian Michel, Fred Noo, Merence Sibomana, David Faul 

 
 
Abstract -- In most diagnostic PET/CT scanner designs, the 
Field-of-View (FOV) of the Computed Tomography (CT) 
component is generally truncated to 50cm while the Positron 
Emission Tomography (PET) FOV may extend up to 70 cm.  On 
many commercially available CT scanners, the FOV is extended 
to 70cm through analytic extrapolation of the projections [1-9].  
Extending the CT FOV beyond 50cm can increase the bias 
introduced into the PET image through the CT-based 
attenuation correction [10].  However the amplitude of this bias 
as well as the extent of its reduction by analytic extrapolation 
techniques has not been clearly evaluated. 

The purpose of this work is (i) to demonstrate how iterative 
Maximum Likelihood (ML) reconstruction can be used as an 
alternative approach to extending the FOV, (ii) to compare the 
PET image bias introduced by this iterative approach with that 
of an analytic extrapolation approach, and (iii) to demonstrate 
the use of a prior for the iterative ML reconstruction that is 
obtained by exact reconstruction with the Katsevich algorithm 
[11-12] from multi-slice, cone beam CT data. 

The iterative ML reconstruction approach described in this 
work uses a truncated CT image from within the CT FOV and 
estimates the missing data by consistency.  Convergence is 
accelerated by using ordered subsets and a priori knowledge of 
(i) the position of the missing data, (ii) the µ-value in the central 
FOV (provided by the truncated CT image), (iii) the position of 
the bed, and (iv) the range of acceptable µ-values in the 
extended FOV.  The following steps generate an attenuation 
correction covering the full PET FOV:  (i) the CT µ-map is 
scaled to 511keV and (ii) the µ-map is forward projected over 
the full FOV. 

Simulation of the methodology with slightly truncated clinical 
data produces attenuation corrected PET Whole Body (WB) 
images with minimal bias (<1%).  The absence of bias in these 
images is practical proof of convergence. 
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The method requires access to the CT image data in the 
central part of the FOV for use as a prior and the availability of 
truncated CT projection data (ready to reconstruct). 
 

I. INTRODUCTION 
 

The current standard in the design of diagnostic CT systems 
is to limit the reconstructed FOV to 50 cm.  With this FOV, 
arms are often truncated in those cases where the patient is 
imaged with the arms down, as is frequently the case of 
PET/CT imaging.  The resulting clipped images have 
diagnostic value for CT but, when they are used to correct 
PET data for attenuation, they introduce a negative bias in 
PET tracer uptake.  Many CT manufacturers have developed 
algorithms for extrapolating the information that is missing 
from the truncated data set.  As an example, the method 
proposed in [3] extrapolates the projections by symmetric 
continuation, adding a cosine roll-off, and a boxcar 
smoothing with a filter width of 25 pixels.  The methodology 
suppresses the CT artifacts inside the FOV and provides an 
approximate CT reconstruction that extends the FOV to 
70cm.  The methodology was validated on phantoms and, 
when applied to patient data, generated good quality CT 
images in a short range beyond the central FOV as illustrated 
in Fig. 1. 
 

 
 

Fig. 1. Image generated by the analytic FOV extrapolation  method 
described in [3].  The circle shows the 50cm FOV  
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If this CT image (above -500 HU) is used to generate a PET 
attenuation correction, the PET emission values are 
improved, but uptake artifacts still remain in the PET images.  
The performance of analytic FOV extrapolation algorithms is 
difficult to predict at large radii, especially when the 
extrapolated FOV contains dense material. 

 
Other researchers have used analytic extrapolation to 

complete truncated CT data.  Motomura [13] applied a 
practical method to reduce truncation artifacts in the fan 
beam CT system coupled to a body SPECT.  The method 
relies on two consistency conditions for the Radon transform 
of the CT data and on determining the body and lung outlines 
from un-truncated SPECT projections.  Similar to the 
approach described in [3], the method requires an 
extrapolation of the truncated CT projections but uses elliptic 
and quadratic functions and is not iterative.  The method is 
similar to that proposed by Erlandsson, et al., in [14] for 
reducing the truncation artifacts from transmission data in 
SPECT.  The method in [14] also uses the two consistency 
conditions of the Radon transform of transmission data and 
either an active contour (snake) or forced-consistency 
conditions, relaxing the need of a unique contour.  The 
method of [14] does not use emission data since the emission 
data are truncated as well. 

 
It is well known that truncation of transmission data 

projections does not always result in insufficient information 
to reconstruct an accurate µ-map for the attenuation 
correction of emission data:  iterative reconstruction methods 
can often reconstruct a µ-map when analytic reconstruction 
fails.  In addition, Zeng and Gullberg [15] showed that the µ-
map could be distorted while the attenuation corrected 
emission image may be artifact-free.  However, in PET/CT 
an undistorted µ-map is desirable for fusion with the PET 
emission image. 

 
In this work a method of extending the FOV with an 

iterative reconstruction approach is proposed and evaluated 
with simulation.  The analytic (with the truncated projections 
augmented) and iterative methods of creating CT µ-maps are 
compared, and the resulting bias in the PET emission images 
is examined.  The range of FOV truncation explored in this 
work is 140%, corresponding to a 50cm FOV for CT and a 
70cm FOV for PET.  Only truncation of the arms is explored, 
but the method could apply to a truncated thorax, abdomen, 
or pelvis. 

 
If an iterative reconstruction is used to reconstruct truncated 

data, the truncation expressed as a ratio of the PET scanner 
FOV to the CT scanner FOV can be large.  Both the 
maximum admissible truncation and the number of iterations 
necessary to produce an undistorted µ-map are unknown. 

 
In this work the PET data are simulated and are not 

truncated, although Maximum Likelihood Expectation 

Maximization (ML-EM) also can be applied in the case of 
truncated emission data in order to extend the FOV from 
between 55 and 60 cm to 70cm.  When extending the FOV, 
saving un-trimmed PET sinogram data is beneficial in order 
to halve the number or missing PET Lines of Response 
(LORs). 
 

II. MATERIAL AND METHODS 
 
A. Iterative Reconstruction of CT data 

 
We use the ML-EM iterative reconstruction method of 

Shepp and Vardi [16] accelerated with the ordered subset 
approach of Hudson and Larkin [17].  Because CT data have 
high statistics, CT images are reconstructed analytically 
under most circumstances.  We use the ML-EM scheme here 
when the projections are truncated. 

 
The assumption is made here that the diagnostic quality CT 

image is perfectly corrected for truncation artifacts inside the 
FOV by the CT manufacturer’s algorithms or by the exact 
cone beam reconstruction algorithm [11-12].  The remaining 
problem is to reconstruct the µ-map outside the truncated 
FOV with the iterative reconstruction algorithm.  Employing 
prior information (through a spatial mask) on the acceptable 
range of µ-values and on their acceptable spatial location 
eases the estimation task of the iterative algorithm.  The new 
iterative FOV completion algorithm only updates pixels in an 
annulus region beyond the truncation radius and above the 
bed, while the central part of the FOV is exactly the clinical 
CT. 

 
The algorithm used here modifies the OSEM iterative 

update equation and replaces for every sub-iteration the 
central part of the estimated image with the CT prior.  The 
system matrix takes the missing data into account.  The 
(multiplicative) algorithm is initialized with a tissue density 
image above the bed or the CT image inside the central FOV. 

 
The patient bed is not reconstructed exactly but distortion in 

the arms region is minimized, and resolution loss in the CT 
image is minimal. 
 
B. CT FOV extension study with patient data 

 
A CT study was selected, where the patient was nearly 

entirely inside the 50cm FOV.  The data were truncated 
progressively to 45, 40 and 35 cm in order to simulate exactly 
the same truncation problem that is obtained by truncating 
from 70 to 50 cm with the patients arms outside the CT field 
of view.  Sixty slices in the study were selected to cover the 
entire thorax region. 

 
The tissue component of the CT image was segmented from 

the original CT image by histogram windowing.  An artificial 
PET emission image was created.  The corresponding 
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noiseless PET emission scan (fully corrected) was created by 
forward projection. 

 
The CT image was modified to tissue values at the location 

of the lung tumors, converted from HU to PET units, forward 
projected and exponentiated to get the true PET attenuation 
correction as a reference. 

 
In all cases, the CT images in HU were rescaled to µ values 

at 511keV by employing a bilinear model [10].  The rescaling 
parameters were adjusted to obtain 0.096 cm-1 in water with 
the selected patient data. 

 
The µ-map was clipped to a smaller FOV, and the 

corresponding attenuation was calculated. 
 

The true attenuation was trimmed to a smaller FOV, and an 
extended µ-map was calculated with the iterative algorithm. 

 
The noiseless emission data were corrected with the true 

attenuation, with the truncated attenuation, and with the 
attenuation calculated with the iterative algorithm. 

 
In all cases, the noiseless, corrected emission data were 

reconstructed with FBP in order to compare the amplitude of 
bias in Standard Uptake Values (SUVs). 
 
C. Simulated CT Data 

 
Simulated 16 slice CT data of a thorax phantom (FORBILD 

[18]) were created at the level of the arms.  Katsevich’s 
algorithm [11-12] was used to obtain a reconstructed axial 
slice.  In addition, a sinogram for that slice was created with a 
Cone Beam Single Slice Re-Binning (CB-SSRB) algorithm.  
The central part of the CT slice and the sinogram data were 
used to test the iterative FOV extension algorithm. 
 

III. RESULTS 
 
Artificially Truncated Iimages 

 
Fig. 3 displays the result of the new algorithm (bottom) 

compared to the un-truncated image (top).  This methodology 
is superior to a simple iterative reconstruction of the 
truncated CT data which provides an image with degraded 
resolution in the whole FOV. 

 
The noiseless simulated PET emission data were corrected 

for attenuation with the true attenuation, the truncated 
attenuation, or the iteratively extended attenuation.  The 
noiseless, corrected PET data then were reconstructed with 
FBP in order to compare the bias in SUV.  The truncation 
was 141% FOV (a 35cm FOV retained from a 50cm FOV).  
The results are shown in Fig. 4.  The new method has a 
maximum bias of 1% compared to 33% with the old 

methodology.  The use of a prior in the center of the FOV is 
essential to maintaining a minimally biased SUV. 
 
 
 

 
 

 
 

Fig. 3: extended FOV µ-map reconstructed with the new methodology 
(bottom), compared to the ideal µ-map (top). The FOV was truncated at 35 
cm (50 cm is the full FOV). 
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Fig. 4.  Amplitude of the truncation artifact for a tumor in the axilar region 

with the µ-map truncated (top), iteratively extrapolation (middle), and exact 
(bottom).  The cursor is the SUV measurement location. 
 

III. CONCLUSION 
 

The simulations presented here achieve the first goal of this 
work; they demonstrate that, when the CT FOV is truncated, 
a new iterative methodology can be used to extend the CT 
FOV and improve the PET attenuation correction.  The 
method promises to remove virtually all bias on PET 
emission images and ensures proper quantification of tumor 
activity uptake.  The methodology can be applied 
immediately to PET/CT systems in which:  1) the off-axis CT 
views do not have a significant tilt (one to four CT slices 
acquired in one rotation), 2) the CT projection data are 
available for re-processing, and 3) the CT images are 
available.  The system CT images may be truncated or 
reconstructed with the CT system analytic FOV 
extrapolation.  For such systems the data structure of the pre-
corrected (and truncated) CT data and the reconstruction 
algorithm are well known. 

 
The second goal of this work, to compare the PET image 

bias introduced by this iterative approach with that of an 
analytic extrapolation approach, has been achieved but not 
documented completely here for space reasons.  The 
conference presentation will demonstrate the reduction of 
PET image bias achieved by µ-maps created with the iterative 
approach compared with µ-maps created by a commercially 
available analytic field of view extension. 

 
More work is needed to demonstrate this methodology with 

clinical data acquired by PET/CT systems in which the CT 
system has more than four detector rows.  In the case of such 
systems, an exact cone beam reconstruction algorithm or a 
CB-SSRB algorithm together with a Filtered Back Projection 
(FBP) algorithm are required in order to obtain the CT µ-
maps that the iterative algorithm described here uses as 
priors.  A CB-SSRB algorithm can be used to obtain the 
sinogram data corresponding to the µ-maps.  In order to 
demonstrate the efficacy of the iterative FOV extrapolation 
algorithm in the cone beam case, we are simulating cone 
beam CT data, creating CT µ-maps with an exact cone beam 
reconstruction algorithm, and using a CB-SSRB algorithm to 
create sinogram data corresponding to the µ-maps.  The 
conference presentation will show the results of this work.  
Further investigation is required in order to determine the 
optimal means of reconstructing the cone beam data for a 
given scanner geometry. 
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Abstract—Due to the extended imaging times employed in 
SPECT and PET, patient motion during imaging is a common 
clinical occurrence. The fast and accurate correction of the 
three-dimensional (3D) translational and rotational patient 
motion in iterative reconstruction is thus necessary to address 
this important cause of artifacts. We propose a method of 
incorporating the 3D Gaussian interpolation in the 
projector/backprojector pair to facilitate compensation for rigid-
body motion in addition to attenuation and distance-dependent 
blurring.  The method works as the interpolation step for moving 
the current emission voxel estimates and attenuation maps to the 
new location when calculating the projection, and moving back 
the contribution to the voxel estimates to the original location 
after performing backprojection. MCAT simulations with known 
six-degree-of-freedom (6DOF) motion were employed to evaluate
the accuracy of our method of motion compensation. We also 
tested the method with acquisitions of the Data Spectrum 
Anthropomorphic phantom where motion during SPECT 
acquisition was measured using the Polaris IR motion tracking 
system. No motion artifacts were seen on the reconstructions 
with the motion compensation. 

I. INTRODUCTION

ATIENT motion during SPECT acquisition causes 
inconsistent projection data and reconstruction artifacts 

which can significantly affect the diagnostic accuracy of 
SPECT if not corrected [1-4]. There has been a significant 
amount of research on motion detection and correction in 
recent years. A number of investigators have investigated 
determining patient motion from solely analyzing the 
emission data collected for reconstruction [5-12]. Besides 
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strictly data driven approaches, optical and infrared cameras
have been utilized to track patient motion [13-16]. Our 
current hypothesis is that a combination of detecting patient 
motion by optical or infrared monitoring of the motion of 
spherical reflectors on the patient’s surface with a data-driven 
determination of the actual motion of the internal organ of 
interest in emission imaging is capable of providing clinically 
robust correction for patient motion [17].

Once the motion is known it needs to be corrected. This can 
be accomplished by transforming the projector to account for 
the motion, or by moving the current estimate of the object 
being reconstructed to align it with the new location of the 
patient. Fulton, Hutton, et al [18,19] have proposed a method 
of modeling known rigid-body patient motion in iterative 
reconstruction by dividing the projection data up into subsets 
where no motion occurred, and moving the object estimate 
being reconstructed for each subset to match patient motion. 
We follow their lead by performing motion compensation
through moving the current object estimate to match patient
motion when calculating the projection and the ratio of the 
measurement to the projection. We then move reversely the 
backprojections of the ratio and unit value to the original (as if 
no motion) locations. We propose use of the three-
dimensional (3D) Gaussian interpolation to provide the 
interpolation required in these steps. The two-dimensional 
(2D) Gaussian interpolation is widely used in iterative 
reconstruction because of its outstanding properties as a slice 
rotator [20]. It rotates a slice of the image grid (2D coordinate 
system) to be aligned with the camera head. For parallel-hole 
collimators this allows projection and backprojection to occur 
just along columns and/or rows thereby facilitating modeling 
the distance-dependent burring of the imaging system [21].
Further, the smoothing of the Gaussian interpolation can be 
accounted for by appropriately decreasing the magnitude of 
the system resolution so that the additional smoothing caused 
by interpolation is minimized [20].

Herein, we use the 3D Gaussian interpolation to describe a 
forward mapping between the original object and the 
transformed object due to translational and rotational patient 
motion, and rotation of the coordinate system with camera 
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rotation. The 3D Gaussian is used to spread the value at a 
point in the original object to the corresponding location and 
its three-dimensional neighbor in the transformed object. As 
an extension to the 2D Gaussian rotator, the 3D Gaussian 
interpolation gives accurate representation of the transformed
object with a small uniform blurring over the 3D space. 
Replacing the 2D Gaussian rotator, the 3D Gaussian 
interpolation models the motion of the object and the rotation 
of the coordinate system with the camera head through a 
single interpolation, which separates the motion compensation 
from other compensations, such as attenuation compensation 
and compensation for the distance-dependent blurring and 
allows them to be performed as in the no motion case 
(assuming attenuation maps are also moved prior to the 
projection and backprojection steps).

II. METHODS

A. Modeling the Translational and Rotational Motion of an
Object, and Rotation of the Coordinate System with 
Acquisition angle using 3D Gaussian Interpolation
Rigid-body motion of an object can be described by 3 

translational degrees-of-freedom and 3 rotational degrees-of-
freedom. We will herein focus on the use of frame-mode 
acquisition and assume no motion takes place during imaging 
at each gantry angle. To correct for motion which occurs 
during acquisition at a given gantry angle, a list-mode 
acquisition could be used and the frame binned into sub-
frames in which the patient was temporarily stationary.
Reconstruction would be the same except for the replacing one 
frame with several sub-frames at the given gantry angle.

The motion of a point at coordinates x can be written as 
having moved to new coordinates

tRxx m (1)
where R is the rotation matrix, and t  is the translation vector. 
The tracer distribution after motion is 

),()( xx fg m  or ))(()( txRx  Tfg (2)
where )(xf is the tracer distribution when no motion is 
present, which is the quantity we are trying to reconstruct and 
hereafter it will be called the “template” object or 
image, )(xg will be called the “target” object or image , and

TR is the transpose of R . The measurement model is
}{~ jj yPoissonp , j

j
j rdlgy  )(

l
x (3)

where {}Poisson stands for the Poisson distribution, jy , jp , 
and jr are the average counts, measured counts, and average 
background (scatter and/or cross-talk) detected at 
the thj detector bin, respectively, and dlg

j
)(

l
x is the line-

integral along path jl . Using the conventional voxel basis, we 
can rewrite )(xf and )(xg  as:     
  )()( xx i

i
ivff  , )()( xx i

i
ivgg           (4)

where 1)( xiv  if x voxel i, 0)( xiv  otherwise, )( ii ff x , 
)( ii gg x , and ix is the center of the voxel i.  Making use of

(2), we have

iii
T

ii fffgg ~~ )())(()(  xtxRx (5)

where )(~ txRx  i
T

i through interpolation.  The average 

counts at the thj detector bin can be rewritten as

i
i

jii
i

jij fagay ~     (6)

with components of the system matrix dlva
j

iji )(
l

x . 

Equation (6) implies that the motion compensation can be 
achieved by: i) prior to projection moving the template object 

}{ jf  as it physically does (shifting voxel i~ to voxel i), and ii)
after backprojection at each angular view moving back the 
backprojected items (the ratio of measurement to projection, 
and unit value) reversely (shifting voxel i to voxel i~ ). For the 
attenuated Radon transform, following a similar derivation we 
arrive at the same system equation as (6), except that jia

should be multiplied by the attenuation factor calculated from 
voxel i to the thj detector bin. To correct for the attenuation, 
we should move the attenuation-map the same way as we 
move the object.

To compensate the distance-dependent blurring of the 
imaging system, it is convenient to adopt the coordinate 
system rotating with the camera head when performing the 
projection/backprojection (Fig. 1).  In this rotating system

Fig. 1.  In the global (left) and rotating (right) coordinate system, the template 
object (object before motion indicated by dashed line) is shown as having moved
to the target object (object after motion shown in solid line) location. We propose 
use of a single 3D Gaussian interpolation to account for both patient motion and 
camera rotation as illustrated by arrow between two coordinate systems.

image grids are parallel or perpendicular to coordinates axes. 
It is in the global stationary coordinate system that we 
represent the template image }{ if . From (1), the point moved 
from x  to mx  has coordinates MtMRxMxx  mmˆ in the 
rotating coordinate system, where M is the rotation matrix for 
the coordinate transformation. To save notation we absorb 
MR  into R , Mt into t , and still call mx̂ as mx . By doing this 
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we could arrive at equations (1-6) once more. In the projector, 
at each angular step we forwardly map the template slices }{ if

and the attenuation maps }{ i into the rotating coordinate 
system, using the 3D Gaussian interpolation which moves a 
function value at voxel i~ (in the global coordinate system) to 
voxel i   (in the rotating coordinate system) and its 26 
neighboring voxels in 3D with weights calculated from a 3D 
Gaussian distribution function. The weights depend on the 
full-width-at-half-maximum (0.5 voxel currently) of the 
Gaussian function and the location within the voxel (sub-
voxel indices). Since a 3D Gaussian function can be separated 
into the multiplication of three 1D Gaussians, only weights for 
1D Gaussians were pre-computed (Fig. 2). Implementation of 
the 3D Gaussian interpolation is a direct extension to the 2D 
Gaussian rotator [20]. Once the object and the attenuation 
map were mapped into the rotating coordinates, 
compensations for the attenuation and distance-dependent 
blurring were performed using standard methods. In the 
backpojector, we mapped the backprojections (the ratio of 
measurement to projection, and unit value) at each angular 
step from voxel i in the rotating coordinate system to voxel 
i~ in the global coordinate system, also using the 3D Gaussian 
interpolation. So only two interpolations were needed, once in 
the projector and another in the backprojector, as in the 
reconstruction using the 2D Gaussian rotator (Fig. 1).

Fig. 2. The 1D Gaussian interpolation diffuses the function value into the new 
location and  two neighboring pixels, according to a weight which equals to the 
area under the 1D Gaussian function enclosed by each of the three pixels.

B. Simulations of the Rigid-Body Motion 
  Using the numerical projector as described in the preceding 
section, which models rigid-body motion, attenuation and 
distance-dependent blurring, we generated projections of the
MCAT digital phantom [22]. A 204-degree acquisition of the
MCAT phantom was simulated as acquired by with the IRIX 
SPECT system in our clinic. Motion was simulated as having 
occurred 3 times during acquisition as illustrated in Figure 3.
Poisson noise was added to the projection data after scaling to 
6 million counts. The OSEM algorithm was used to 
reconstruct the template object from the projection data with: 
1) no compensation for motion, 2) compensation for the 
translation only, and 3) compensation for both translation and 
rotation.

C. Acquisition of the Anthropomorphic Phantom With 
Motion as Monitored by the Infrared Polaris System

  We did series of measurements of the Data Spectrum 
Anthropomorphic phantom with cardiac inserts on our IRIX 
system. In preparation of the experiment, 1 mCi, 10.2 mCi, 
and 6.3 mCi of Tc-99m was added into heart, liver, and body
of the phantom, respectively. This resulted in approximated 
concentrations of 1.0, 0.1, and 1.0 in these three structures. A 
Polaris tool consisting of four spherical markers was attached 
tightly to the top of the anthropomorphic phantom.  The first 
measurement was chosen as the baseline for the motion-free 
case. Transmission imaging for attenuation correction was 
performed using the Beacon Transmission system on the IRIX 
[23]. Before each of the following measurements, the 
anthropomorphic phantom was moved to a new configuration 
compared to the last measurement. We then took a snapshot 
with Polaris to record the coordinates of the markers, and 
hence the 6DOF motion of the phantom. In each measurement 
two heads of the IRIX acquired a total of 204 degree data with 
102 degree gantry rotation at 34 angular steps. A scatter 
window (5% width centered at 120 keV) was also 
acquired.We combined projection data from these emission 
measurements to simulate acquisition of a moving 
anthropomorphic phantom which was tracked by the Polaris. 
A calibration study was performed to allow the conversion of 
the Polaris coordinates to the SPECT coordinates of our IRIX 
system [16]. This consisted of placing a small volume of 
concentrated Tc-99m into a hole at the tip of each mount used 
to hold the IR reflecting spheres in place. The location of the 
spheres was then recorded by the Polaris, and a SPECT 
acquisition was performed to determine the corresponding 
centers of the spheres in SPECT coordinates. The 
translational and rotation mapping required to convert the 
Polaris coordinates into the SPECT coordinates was then 
determined from this data.

Fig. 3.  Translations and rotations as simulated during acquisition. Motion was 
quantified in the global coordinate system, compared with the template object.
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III. RESULTS

A. MCAT phantom Simulations
  For the simulated acquisition of the MCAT phantom which 
underwent a series of translations and rotations (Fig. 3), 
reconstruction with accurate motion compensation shows no 
arifacts (Fig. 4), while severe motion artifacts were seen
without motion compensation and reconstruction with 
compensation for the translation only. 
  Compensations for attenuation and distance-dependent 
blurring were included for all reconstructions. Each 
reconstruction was from 10 iterations of the OSEM algorithm 
with 15 subsets and 4 projections per subset. Only 180-degrees 
(from 135 to 315 degrees) of the 204-degree acquisition were 
used in reconstruction. Compensation for the motion did not 
significantly slow reconstruction.

Fig. 4.  The MCAT simulations. (Upper left) A slice of the original MCAT 
phantom. (Upper right) The same slice from reconstruction without motion 
compensation . (Lower left) The same slice from reconstruction with 
compensation for translation only. (Lower right) The same slice from 
reconstruction with combined correction for rotation and translation motion 
compensation.

B. Motion Compensation for the Acquisition of
Anthropomorphic Phantom with Motion

  As described in Section C of METHODS, we did 4 emission 
measurements with the anthropomorphic phantom at different 
orientations, which was recorded by Polaris. By mixing the 
projection data, we generated an acquisition of moving 
anthropomorphic phantom whose motion as detected by 
Polaris was as follows when compared with the original 
orientation: 

(1) For the first 8 angular steps, no motion;

(2) Before acquiring the next angular step, phantom moved 
axially by - 6.3 cm and remained stationary during acquiring 
the next 8 steps;
(3) Before acquiring the next angular step, phantom rotated 
around the vertical axis by 5.9 degrees and remained 
stationary during acquiring the next 8 steps;
(4) Before acquiring the next angular step, phantom rotated 
around horizontal axis (left to right on patient) by -15.6 
degrees and remained stationary during acquiring the last 10 
steps of gantry rotation.

  There were also sub-pixel translations unreported during 
each rotation. For the rigid-body motion consisting of 
simultaneous translation and rotation, the translation
generally depends on the reference point chosen for the origin 
of the co-moving coordinates system, which is a standard
approach to describing the rigid-body motion.  In our case the 
sub-pixel translations were measured at the center-of-mass of 
the four marks and also included in motion compensation.   
Using the OSEM algorithm incorporating the 3D Gaussian 
interpolation, we reconstructed the motion-present data with 
compensations for the motion, attenuation, detector resolution, 
and scatter (TEW). As comparison, we also reconstructed the 
motion-free data and the motion-present data but without 
motion compensation. The scatter compensation (SC with 
TEW method), attenuation compensation (AC), and detector 
resolution compensation (DRC) were also included in the last 
two cases. A trans-axial slice from each reconstruction is
shown in Figure 5. Severe motion artifacts are present on the 
reconstruction of the motion-present data without motion 
compensation. The motion-compensated reconstruction of the 
same data was almost identical to the reconstruction of 
motion-free data. 

Fig. 5. (Left) Reconstruction of the motion-free projection data. (Middle)  The 
same trans-axial slice from reconstruction of the motion-present projection data, 
without motion compensation. (Right) The same trans-axial slice from 
reconstruction of the motion-present projection data, with motion compensation.

IV. DISCUSSION

  Though our investigations employed SPECT, the 3D 
Gaussian interpolation can also be applied to the motion 
compensation for PET. In principle other interpolations such 
as the tri-linear and Cubic Spline can also be employed. The 
advantage of the 3D Gaussian interpolation over these 
interpolations is that the 3D Gaussian causes uniform 3D 
blurring on the interpolated object, while the blurring from 
other interpolations  is spatially variant, which may lead to 
reconstruction artifact [20].  The speed of the 3D Gaussian 
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interpolation is between the tri-linear and Cubic Spline 
interpolation.

We implemented the 3D Gaussian interpolation as a 
forward interpolation, which pushes forward the function 
value at each voxel center in the template object to the target 
object (the smoothing is applied in the target object).
Conversely, the 3D Gaussian inverse interpolation pulls back 
the function value at each voxel center in the target object 
from the template object (the smoothing is applied in the 
template image). The 3D Gaussian inverse interpolation is 
expected to work as well as the forward version, since they are 
equivalent for describing the rigid-body motion. The 
transformation matrix associated with the rigid-body motion 
has unit determinant, which implies that the interpolation will 
change neither the sampling density nor the local function 
value. The difference between the 3D Gaussian forward 
interpolation and the 3D Gaussian inverse interpolation is 
analog to the difference between the ray-driven and pixel-
driven projectors.  We did implement the 3D Gaussian inverse 
interpolation and found out it works as well as the forward 
interpolation to correct for the rigid body motion. For the 
more general motion (like heart-beating) which is non-rigid-
body motion, the determinant of the transformation matrix is 
not unit. The 3D Gaussian forward interpolation does not 
apply to these cases, since it will change the local function 
value due to over-sampling or under-sampling. We propose 
the 3D Gaussian inverse interpolation as a more general 
technique since it always keep the local function value.

V. CONCLUSION

  We developed and validated a method of incorporating 3D 
Gaussian interpolation in the projector/backprojector pair to 
facilitate 6DOF motion compensation, as well as 
compensation for the attenuation and distance-dependent 
blurring in SPECT. 
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Noise Propagation from Scatter Correction in
SPECT MAP Reconstruction

Parmeshwar Khurd, Santosh Kulkarni and Gene Gindi

Abstract— In SPECT, the sinogram contains scatter counts that
degrade the reconstructed image quality. Many forms of scatter
correction have been proposed, but here we consider the popular
and easy-to-implement triple-energy-window method for scatter
estimation. One could subtract the scatter estimate from the
sinogram, but a better means for correction is to incorporate
such an estimate into an iterative statistical reconstruction. Here
we consider the scatter estimate as a source of model noise (in
addition to data noise) in a MAP reconstruction, and derive
theoretical formulae to predict the resolution and covariance of the
reconstructed image due to both noise sources. Such theoretical
formulae could be used to rapidly assess the impact of different
scatter correction strategies on image quality.

I. INTRODUCTION

In SPECT imaging systems, scatter can account for a signifi-
cant fraction of the counts detected within an allowed (main or
photopeak) energy window whose width scales with the energy
resolution of the detector. The corresponding sinogram thus
contains scatter counts, and when reconstructed, this scatter can
lead to a degradation of image quality in addition to that due
to other sources such as photon noise or errors in the estimate
of an attenuation map [1]. Many types of scatter correction
(SC) methods have been proposed [1], [2], [3]. Energy-window
SC is a simple and oft-used method [4] in which counts
collected in “satellite” energy windows are used to estimate
the scatter contribution in the main window. One could simply
subtract such an estimated scatter contribution and reconstruct
the remaining counts, and this is often the usual procedure. An
improvement recommended in [5], [6] is to spatially smooth the
noisy scatter estimate. A second improvement [5], [6] involves
eschewing the subtraction step in favor of modelling scatter
directly in a likelihood function, and then performing a max-
imum likelihood (ML) or penalized-likelihood (a.k.a. MAP or
maximum a posteriori) reconstruction. For such approaches, the
error in the scatter estimate constitutes a form of model error.
This model error leads to additional (i.e. in addition to that due
to photon noise) bias and variance in the reconstruction.

In this work, we propose theoretical methods to rapidly eval-
uate the bias and variance of SPECT MAP reconstructions that
use energy window methods to estimate the scatter term in the
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likelihood. We focus on MAP since MAP reconstructions allow
one to easily predict the statistical properties of the reconstruc-
tion independent of the actual algorithm used in maximizing
a MAP objective [7]. Our method could be used to rapidly
optimize energy window-based SC. This could alternatively be
done by using a large number of sample reconstructions, but
our theory method is far faster, with the main computational
load being a Monte Carlo (MC) projection (using SIMSET
for example) of the object. We note that a similar theoretical
approach was presented in [8] for an application in which noise
due to a finite number of source events for an MC simulation of
scatter was analyzed. This differs from our present application
in which we analyze noise propagating from the energy window
scatter estimate.

II. BACKGROUND

Let the object be denoted by the
�

-dim lexicographically
ordered vector � and sinogram for the main window by � -dim
vector � . Then �����	��
�������������� where the mean sinogram is
given by ���� H ����� H ����� H ����� � �!��� . Here, H � is that part of
the system matrix accounting for primary photons in the main
window and H � that for scattered photons in the main window.
An MC simulator can be used to compute a good approxima-
tion to the operations H � � and H � � . The mean scatter � �"���
depends on � . In the reconstruction, it is computationally too
demanding to consider projections and backprojections using
H � . Therefore, in the optimization algorithm of a MAP or ML
objective, a common practice is to treat � �!��� as a constant � 
independent of � . The constant is unknown, but an SC method
is used to form an estimate #� of � . Thus, for the reconstruction,
the effective imaging model is Poisson with mean H � �$�%#� .
A reconstruction operator & yields an object estimate #� by
operating on two noisy quantities, � and #� , so that #�$�'&)(��+*,#� �- .
The data noise is in � and the model noise in #� .

A MAP reconstruction is given by

#�.� &)(��/* #� 0- �210354�67198:<;>=7? �"��*5�+* #� �
� 10354�6)108:<;>=7@BADC AFEHG 4I� @�J%K ALJNM9J � #�� A �

O @ A � @ J K ALJNM9J � #�� A �
O7P Q @ J @J0R!SUTWVXJ0Y�Z J0J R � M J O M J R �[ (1)

where ? is the MAP objective and K is a digital projector
used as an approximation to H � . The final smoothing term

Fred Noo
The Eighth International Meeting on Fully Three-dimensional Image Reconstruction in Radiology and Nuclear Medicine      97  

Fred Noo


Fred Noo


Fred Noo
Session 3 - Poster session 1: iterative reconstruction      14:00 - 16:00 Wednesday 6 July 2005  



in (1) is characterized by a a scalar P�� � that controls the
degree of smoothing, and by neighborhood weights Z J0J R . Note
that the regularizing term can be written [9] as the quadratic
form

�
[ ����� � where, if the neighborhood weights are spatially

invariant, � is a triply block-circulant matrix (for a �
	 object).
We also presume that the attenuation map is known perfectly.

We consider the well-known triple-energy window (TEW)
method [4] for estimating scatter, though our method applies
to any window-based method. As recommended in [5], we also
allow the TEW sinogram to be spatially smoothed by the linear
filtering operator � . In this case, the TEW scatter estimate (see
Fig. 1) is given by

#� � � AQ �� �$�"���N� ����� (2)

where
� A

is the width of the main energy window and
��

the width of narrower “satellite” windows placed on either side
of the main window. In (2), ��� and ��� are the counts (primary
as well as scatter) collected in the left (low energy) and right
(high energy) windows. We note that the satellite windows can
partially overlap the main window, or that in some cases [5],
only a single low-energy window ��� is collected.

Wm

Energy

C
ou

nt
s

photopeak

Ws Ws

Fig. 1. The TEW method. The solid curve shows the energy spectrum
of scattered plus primary counts. The main window of width ���
and the two overlapping satellite windows of widths ��� are shown.
Primary counts in the main window are estimated by subtracting counts
in the trapezoid (dotted line).

III. THEORY

Our goal is to develop theoretical expressions for the covari-
ance ���: and for a measure of resolution, the local point spread
function (lpsf) [10], for the reconstruction #� . These, in turn,
will depend on the mean and covariance of � and #� .

From (2), the mean � #� � and the covariance ����� of the
scatter estimate are given by

�'#� � � � AQ �� �$���� � � �� � � (3)

� ��� � � [A!"� [ � diag
# � ���� � ������%$�� � (4)

where in (3) and (4), we use the fact that � � and � � are Poisson
distributed. Note also that the mean �� and covariance �'& of �
are given by �� � H � � � H � � and �(&F� diag � �� � . (Note that
the alternative affine form �� � H � ��� #� is used only in the
optimization of the likelihood objective.)

We use a Taylor series approach to propagate noise from the
scatter estimates. Using a first-order Taylor series expansion
about the mean data and scatter estimate, we get

#�*) &)( ��/*+� #� � - �-, & &7( ��+*.� #� � - �!� O �����',/��� &7( ��+*.� #� � - � #� O � #� � � (5)

The term ,�&N&)( ��+*.�'#� � - is an
�10 � matrix whose �!��*32 � th

element is given by 465 798 �&;:=< ���?>A@%BDC4+EGF . A similar definition obtains
for , �� � &7( ��+*+� #� � - . From (5), it is immediately evident that
the mean reconstruction � #� is given by:� #�H)'&7( ��+*+� #� � - (6)

Using techniques from [7], [8] and dropping (to avoid
notational clutter) the dependence on the point of expansion(N��/*.� #� � - , we get

, & & � OJI , [K ?MLON�P , [: & ? (7)

,Q��� & � OJI , [K ?ML NAP , [: ��� ? (8)

The term , [: & ? is an
�R0 � second derivative matrix whose� ��*G2 � th element is given by 4+SUT4�V C 4+E F . Similar definitions obtain

for , [K ? and , [: �� � ? . An evaluation of the terms in (7) and (8)
yields

, [K ? � O K � diag
# ��
� K � #�9�W� #� � � [ $ K O P � (9)

, [: & ? � K � diag
# X
K � #�9�Y� #� � $ (10)

, [: �� � ? � O K � diag
# ��
� K � #�9�Z�'#� � � [ $ (11)

With the results in (5)-(11), we can address our first goal, a
calculation of ���: that includes the effects of scatter. From (5),
it is readily seen that

� �: ) [\,�& &�]^�(&_[`,�&N& ] � �1[`, ��� &�]^� �� � [`, ��� & ] �
��[`, &N&�]a�'�"� O ���� �#� O �'#� � � � � [\, �� � & ] ���[`,/��� &�]a��� #� O � #� � � �"� O ���� � � [`, & & ] � (12)

In the third term of (12), we need to evaluate the cross-
covariance � �"� O ��>�,�#� O � #� � � � � . Since the fourth term in
(12) is the transpose of the third, then this evaluation gets us
the fourth term as well. Let the counts in that part of the left
(right) window that overlap the main window be given by � �cb
( � �Ub ). Then it is easy to show that

� �"� O ��>�,�#� O � #� � � � � �
� AQ �  diag � �� �cb � �� �Ub �%� � (13)

where we have used the fact that counts in non-overlapping
windows are uncorrelated and Poisson distributed. Note also
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in the case of satellite windows that do not overlap the main
window, (13) reduces to zero.

With (6)-(13), we can now evaluate all four terms in (12).
It will be convenient to introduce a Fisher information matrix
appropriate for this problem, and this is given by

� � K � diag
# ��
� K � #�9�Z� #� � � [ $ K (14)

The first term in (12) becomes

[\,�& &�]+�H&_[\, &N&�] � � I � � P � L N�P � I � � P � L NAP (15)

The second term in (12) becomes

[ , ��� & ] � �� � [ , ��� & ] �
� � [A!"� [ I � � P � L`NAP�K � diag

# ��
� K � #�9��� #� � � [ $ �

0
diag � �� � � �� � �%� � diag

# ��
� K � #���Z� #� � � [ $ K I

� � P � L NAP (16)

The third term in (12) becomes

[\,�& &�]'���!� O ���� �#� O � #� � � � � [`, ��� & ] �
� O � AQ �� I � � P � L N�P K � diag

# �
K � #���W�'#� � $ diag � ����cb��

�� �Gb � � � diag
# ��
� K � #�9�W� #� � � [ $ K I

� � P � L N�P (17)

Note that the fourth term is simply the transpose of the third.
The first term corresponds to the contribution due to noise in

the data � , so that the remaining three terms in (16) represent
added covariance due to model error in the estimate of mean
scatter.

For a nonlinear shift-variant MAP reconstruction, resolution
is characterized by an lpsf that is object and position dependent.
The lpsf is defined operationally as the noise-averaged differ-
ence of two reconstructions: one of the object and another of
the object plus a vanishingly small point source at position � .
If ��� is a unit vector at � , then we can define the lpsf at � as

� #��� � E�� 6�
	��
X
 � &7(�� �!�L�  ���U��*,#� �"� �  ����� - O &)(��+�"��� *,#� �!��� - �

(18)
Using equations (5)-(11), it can be shown that � #��� can be
expressed as

� #��� ) � � � P � � NAP K � diag
# X
K � #�9�W� #� � $ � H � � H � �����

O � AQ ��>� � � P � � NAP K � diag
# ��
� K � #�9�Z�'#� � � [ $

0
�$� H � � H

� ����� (19)

where H
�

and H
�

are system matrices for photon propagation
into the left and right satellite windows.

Our main results are thus � �: , given in (12), (15)-(17) and� #� � , the lpsf, given by (19). The computationally intense step for
these results is the calculation of �� , �� � and �� � via a Monte Carlo
(MC) simulator. MC simulation is also needed to form H

� ��� ,

H
� ��� , H � ��� and H � ��� in (19) though, for a given location � ,

these are less demanding computationally since they are MC
projections of point sources. The computation of the remaining
terms is discussed below.

IV. VALIDATION OF THEORY BY SAMPLE METHODS

Our overall goal is to validate the theoretical � �: and � #� � in
(12) and (19) via sample methods. First, we need to describe
how sample reconstructions are done.

We used a �
	 � !-0 � ! 0 X � object with cubic voxels
of size

��� � Q��
cm. The object was cylindrically symmetric

except for the end slices X and X � , which were set to zero.
In each of the remaining slices, the object activity comprised
a background circle with circular hot and cold inserts of ratios
background:hot:cold � Q�� ! � X . Each camera face comprised� � 0 � Q square bins of size

��� � Q��
cm. We simulated a parallel

beam geometry with � �
equispaced projection angles.

We used SIMSET for MC simulation, with a X ! � KeV Tc ���
A

source and H [ O attenuator ( � � ��� X ! ���^2 NAP ) throughout the
object volume. We simulated a parallel hole collimator with
bore radius and length of

��� X cm and � � � cm, respectively, and
a radius of rotation (measured from the center of the object to
the collimator face) of � � cm. These parameters were consistent
with a depth-dependent resolution having a Gaussian psf whose� was modeled as � � �^2 � � ��� � Q �"! � � 2 � � ��� � � � Q � 2 where
! is depth (measured from the collimator face). The photopeak
energy window was X Q�# O X ��Q KeV and the non-overlapping
low-energy satellite window was X Q ! O X Q�#

KeV. (Note that
for a single photopeak radionuclide such as Tc ���

A
, only one

satellite window [5] is needed.) The energy resolution of the
detector was Gaussian with a FWHM of X �%$

for Tc ���
A

. We
generated X � PGP source events scaled to yield

� � � M counts in the
photopeak window and

! � X ! 0 X �%&
counts in the left satellite

window. These counts were effectively noiseless, yielding ��
and �� � , respectively.

To accomplish the sample reconstructions of (1), we use a� obtained by adding noise to �� , and an #� obtained from (2),
where in (2), � � is itself a Poisson noise realization of �� � . In (2),
we did not implement a smoothing filter � . We used P � ��� �
� �
for a reasonable noise-resolution trade-off. The reconstruction
used the COSEM-MAP algorithm [11] run to

! �
iterations,

using X � subsets and an initial estimate corresponding to a
noiseless reconstruction of the object. Fig. 2(a) shows one slice
(slice #

�
) of a noisy reconstruction.

To evaluate the theory lpsf expression in (19), we need � #� and�'#� � . We used (3) to obtain � #� � and the approximation in
(6) to obtain � #� . We validated (6) by sample methods. We also
need terms � H � � H � ����� and H

� ��� , which are easily obtained
with SIMSET using a point source at � . Evaluation of (19) is
tantamount to evaluation of an expression of the form � � �
P � � NAP(' � where ' � is an object-space vector whose values
peak in the vicinity of � . We use rapid Fourier approximations
to evaluate such forms. To validate the lpsf via reconstructions,
we used � #����� P� I �)� �  ��� O � #� L along with the approximation in
(6). We took

 � Q �*$
of the local background. Figure 2(b)
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shows lpsf profiles for one location. The theory and validation
curves match closely.

To evaluate the theory expressions for � �: , we used (15) and

(16) and the procedures used for obtaining �� , � #� and � #� � .
As shown in Fig. 2(c) and Fig. 2(d), we have evaluated theory
expressions for the variance (i.e. the diagonal of � �: ) and the
local covariance at one pixel (i.e. a column of � �: ). As before,
evaluation of these terms is equivalent to evaluating terms of
the form � � � P � � NAP ' � , and we use rapid Fourier methods to
accomplish this.

To validate the theory by sample methods, we generated
noisy reconstructions and used these to obtain a sample es-
timate of variance and local covariance. A total of

# X �;� noisy
data realizations was obtained by generating

�
�
Poisson noise

realizations of �� , and
�
�

noisy scatter estimates obtained
by generating

�
�
Poisson noise realizations of ���� and then

applying (2). Figures 2(c) and 2(d) show profiles of the sample
local covariance and variance images. The correspondence with
theory expressions is reasonably close.

We are also currently investigating residual discrepancies
between theory and sample validations as seen in Fig. 2(b),
Fig. 2(c) and Fig. 2(d). We are examining sample-size effects
and effects due to a limited number of iterations in the MAP
reconstruction. Our hope is that any residual discrepancies are
not inherent in the underlying Taylor series approximations.
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Fig. 2. (a) Anecdotal reconstruction with data and model (scatter) noise.
(b) Profile through row 48 of slice 9 of lpsf at one location (48,36,9) (in
the background). The sample and theory methods correspond well. (c) Profile
through row 48 of slice 9 of local covariance image corresponding to voxel
(48,36,9). Theory and sample curves are shown. (d) Profile through row 48 of
slice 9 of the variance image. Theory and sample curves are shown.
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Iterative Reconstruction of Multiple Slit Collimator Solstice
System

Rajesh Venkataraman, G. L. Zeng

Abstract-Traditional  Single  Photon  Emission  Computed
Tomography  (SPECT)  systems  use  pin-hole  collimators
which limit the statistical information available in the data. It
is well known that coded aperture increases this information.
The use of slit collimators for small animal imaging increases
the  radioactive  count  in  the  detector  in  comparison  with
conventional  pin-hole  collimators.  These  slit  collimators
acquire convergent weighted planer integrals. The weighting
is  proportional  to  cos(α)/r.  The idea  behind  increasing  the
number  of  slits  is  to  improve  the  statistics  of  the  data.
Another  motivation is  the availability  of  the complete data
for  a  circular  orbit.  For  such  a  system  a  projector-
backprojector  pair  is  designed,  which  reconstructs  the
radioactive  distribution.  The  projector-backprojector  uses
the  principle  of  warping,  where  the  convergent  planes  are
transformed  into  parallel  planes.  The  conjugate  gradient-
minimal  residual  algorithm  is  used  for  reconstruction.
Preliminary phantom studies for the slit collimators indicate
sub-millimeter spatial resolution. 

I. INTRODUCTION

The  imaging  system  proposed  here  is  directed
towards  the  building  of  a  small  animal  SPECT  imager
using a CdZnTe solid state detector with both high spatial
resolution  and  excellent  energy  resolution.  Existing
imaging  systems  use  pin-hole  collimators  whose  image
spatial  resolution depends on both the pin-hole size and
image  magnification  due  to  geometry.  The  use  of  slit
collimators  understandably  increase  the  number  of
incident  photons  on  the  detector  in  comparison  to  a
standard  pin-collimator.  This  helps  to  improve  the
statistics  of  the  projection  data.  It  is  well  known  that
complete data is not available when using a circular orbit
around the object to be imaged. This provides a motivation
to use multiple slit collimators for imaging. 

II.SYSTEM DESCRIPTION

The  small  animal  SPECT  imager  consists  of  a
solid-state detector mounted on an existing gantry. These
detectors  have  better  detection  efficiency  along  with  a
good energy resolution in comparison with the traditional
gamma  detectors  [1]  [2].  The  main  motivation  behind
using a strip detector is the cost. Also using a strip detector
with  the  same  detection  area  as  a  conventional  square
detector provides a relatively better spatial resolution. 

Rajesh Venkataraman is  with  the  Utah Center  for  Advanced Imaging
and Research (UCAIR), Department of Radiology, 729 Arapeen Drive,
UT-84108. E-mail:rajeshv@eng.utah.edu
Larry Zeng is with the Utah Center for Advanced Imaging and Research
(UCAIR), Department of Radiology, 729 Arapeen Drive, UT-84108. E-
mail:larry@ucair.med.utah.edu

The slits on the collimators are drawn parallel to the width
of  the  detector.  For  a  multiple  slit  collimator,  the  slit
widths are lesser than the distance between the slits.

To  generate  data  for  reconstruction,  the  slit-
detector assembly rotates around the object to be imaged,
with the slit face always pointing toward the object. This
corresponds  to  the  SPECT  rotation.  At  each  SPECT
position  the  assembly  rotates  about  its  center,
corresponding to the SPIN rotation. Sufficient number of
angles is taken along both the SPECT and SPIN rotation to
provide enough data. (Fig 1) 

Fig 1. System description

III. RESOLUTION 

For  a  given  image  resolution  r,  the  projected
detector spatial resolution R is given by 

R=r
F
D

                                         (1)

, where F – focal length of the slit – collimator system, D –
distance between object and slit

Assuming the detector pixel size is set to 1.8mm,
the detector  resolution then becomes  3.6mm.  The reason
for choosing detector bin size as  1.8mm was because the
detector  used was a  Solstice detector.  Thus the detector
resolution of 3.6mm implies that the image resolution r has
a lower bound given by 

r≥3.6
D
F
mm                              (2)

The lower bound on the image resolution constraints the
slit  width  to  be  within  r/(1-D/F).  This  constraint  is  got
from the  equation  relating  the  slit  width  and  the  image
resolution given by 
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r=d 1− D
F
                                  (3)

 From the equations it is perceived that to reduce
the image resolution one has to either reduce the slit width
or decrease the ratio D/F. As F increases the sensitivity of
the system decreases and thus a trade off exists between
the image resolution and sensitivity of the system.

IV. PROJECTOR/BACKPROJECTOR PAIR

The system obtains  convergent  weighted  planar
integrals,  with  weights  of  cos(α)/r.  Here,  α  is  the angle
between the normal  to  face  of  the detector  and the line
joining the point in the plane and center of the detector.  r
is  the  distance  of  the  point  from  the  detector.  Such
convergent  planar  integrals  provide  difficulty  in
implementation of the projector – backprojector pair. This
is due to the fact that for each SPECT and SPIN rotation,
one must calculate the contribution of each voxel towards
each of the detector bin. If this information is stored as a
look-up table, huge storage is required and if calculated on
the  fly,  it  would  increase  the  computation  time greatly.
This  difficulty  is  overcome  by  using  an  approximate
method which requires less computational time. 
The approximate method used is a warping technique that
transforms  the  convergent  planes  into  parallel  planes
thereby  making  the  implementation  of  the
projector/backprojector  pair  easier  [3](Fig  3).  Once  the
warping  is  completed  the  projection  is  just  the  simple
summation of the planes, while the backprojection is the
copying the values in the detector bins onto the respective
planes. Another advantage of this warping is that we need
not pre multiply the weights to the image as the warping
procedure  incorporates  these  weights.  Since  the  planar
integrals obtained are convergent in two dimensions, the
warping is carried out along both the directions to convert
them to parallel planar integrals. On must look out for the
change in the values of the data. Since this process is like
stretching or  compressing  an  image correspondingly  the
values of the voxels gets reduced or increased. The total
number  of  counts  per  plane  in  the  non  –  warping
dimension must be the same before and after warping.

Fig. 2 Warping procedure

For a single slit, the projector and backprojector
are  as  mentioned  above.  When  more  than  one  slit  is
present  in  the  collimator,  then  the  procedure  for  the
projection  and  backprojection  includes  two  additional
steps.  It  is  understood that  for  the multiple  slit  case the
data generated is the superposition of the projections got
from the individual slits. For the slit that is off center, the
first step in the projector before warping would be to shift

the image matrix by a distance proportional to the shift in
the slit off center. This shift is dependent on the distance
between the center of the image matrix and the detector
and  the  focal  length.  The  shift  is  done  in  the  direction
opposite to the slit that is off center. The second step is the
shift in the projection data after warping and projection.
The amount of shift is equal to the shift in the slit from the
center. (Fig. 3) The backprojector is just the reverse order
operations  of  the  projector.  It  is  well  known  that  the
complete  data  is  not  available  for  a  circular  orbit  for  a
single slit case. This can be overcome by usage of multiple
slits in the collimator. 

Fig 3. Indicating shift in the slits

V. ITERATIVE ALGORITHM

The advantage of using the iterative algorithm for
reconstruction  over  its  analytical  part  is  the  ease  of
implementation  of  the  system  physics  and  also  better
modeling  of  the  noise.  Even  though  they  need  huge
computational  requirements,  the  improvement  in  the
computational  speed meets  these demands.  Some of  the
commonly used iterative algorithms are the ML-EM and
the OS-EM algorithms [4] [5]. These algorithms converge
at  high  iteration  numbers.  An  iterative  algorithm  that
converges  quicker  is  used.  This  is  the  residual
minimization  algorithms  [6]  [7].  They  work  on  the
principle of solving the linear system Ax=b. At each step i
the algorithm works towards minimizing the residue  r =
Axi-b.  The  advantage  of  using  the  minimal  residual
algorithm is the presence of the local tomography property
[8]. By local tomography one means that if a small ROI is
sufficiently  measured  so  that  it  is  present  in  every
projection data, the small ROI can be reconstructed even
though the entire region is not measured. 

The matrix  A is ill – conditioned and hence the
resultant solution will not be accurate enough. To improve
the  condition  number  of  the  system a  preconditioner  is
used.  Example  of  a preconditioner  is  the inverse Radon
transform  R-1.  The matrix  R-1A is  now symmetric  which
implies that the conjugate gradient algorithm is used. The
matrix  A is  the  projection  matrix  while  the  R-1 is  the
inverse Radon operator, carried out in two steps. The first
step is the second order derivative along the detector axis 
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a b. c.

   

d.

Fig 5. a. 1 – slit, b. 2 – slits, c. 3 – slits, d. 5 – slits

followed  by  the  backprojection  step.  The  solution
converges within  20 iterations  unlike the ML-EM which
require thousands of iterations for the solution to converge.

VI. SIMULATION AND RESULTS

The  phantoms  used  for  simulation  purposes  are
spheres  that  are  generated  using  an  analytical  integral
equation. The weighing factor cos(alpha)/r is incorporated
in the analytical equation. The projection data is obtained
for each SPECT and SPIN position. Two hot spheres were
considered for analysis. The spheres had the same radius of
0.5 with centers at (1, 1, 1) and (-1, -1, -1) and densities 10
& 20 respectively.  The unit  for the centers and radius is
voxel unit. The size of the voxels is the same as the size of
the detector bin i.e.  1.8mm.  The reason for choosing such
small  spheres  is  reduce  the  effect  of  the  overlaps.  The
number of SPECT and SPIN angles are 60, 60 respectively
with  the  number  of  detector  bins  being  64.  The
reconstructed  image  size  was  64x64x64.  The  effects  of
attenuation  and  scatter  were  neglected  for  analysis.  The
programs for  reconstruction for  the multi  slit  collimators
were written in MATLAB.

Intuitively  one  can  realize  that  for  multi  slit
collimators depending on the number of slits, the number
of  repeated  sinograms  appear.  This  is  attributed  to  the
superposition  principal  of  the  projection  procedure.
Therefore for the number of slit(s) being 1, 2, 3 and 5, for a
phantom  with  2  spheres,  the  sinogram  repeats
correspondingly (Fig 4). The spacing between the slits was
3 voxels for 1, 3, 5 slit(s) and 6 voxels for 2 slits cases. The
CG-MR  iterative  algorithm  is  run  with  the  warping
projector/backprojector  used  for  the  individual  slits.  The
result  is  as  shown  in  Fig.  5.  There  is  no  conspicuous
difference  when  the  numbers  of  slits  increase.  The
reconstructed  image  remains  similar  with  no  major
artifacts. The surrounding disturbances in the 3 slits and 5
slits cases are due to the overlap present in the sinogram. 

Fig 4. Sinograms obtained from the slit collimators. (Starting from top
left – 1 – slit, 2 – slits, 3 – slits, 5 – slits)

Next  when  one  tries  to  increase  the  overlap  by
increasing the size of the spheres and also by decreasing
the spacing between the spheres, artifacts creep in due to
the loss of information. Using a 3 – slits collimator, for one
case the spacing between the upper - middle and lower –
middle was same i.e. 2 voxels, while for the other the upper
–middle slits were spaced by 1 voxel and lower – middle
was at same 2 voxels. Due to the high overlap in the second
case the reconstruction artifact was clearly visible (Fig. 6). 

a. b.
Fig 6.  Artifacts  due to  loss  of  information  by overlapping.  a.  uniform
spacing (2 voxels) b. non – uniform spacing

The effect of the change in the distance between
the slits was noted. This analysis was done using the 3 –
slits collimator. For one case the upper and the lower slit
were placed equally apart from the middle slit at 3 voxels.
In  the  second case  the  upper  slit  was  maintained  at  the
same position while the lower slit was brought closer at 2
voxels. The reconstructed image at the slices containing the
spheres  did  not  show  any  difference  (Fig  7),  while  the
slices  that  did  not  contain  the  sphere  showed  some
differences. For the case where the slit spacing was kept the
same, the reconstruction artifact was more pronounced than
in the other case where the spacing was different. Figure 8
shows the slices normalized to the maximum value in the
two slices. 
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a. b.

Fig  7.  3  –  slits  collimator,  a.  spacing  equal  with  3  pixels,  b.  spacing
unequal with upper slit at 3 pixels and lower slit at 2 pixels

Fig 8. Reconstruction artifacts at layer z = 19 for the two cases (left  –
same spacing, right – different spacing)

VII. DISCUSSION

The  imaging  system  discussed  here  has  some
advantages  over  the  pinhole  square  detector  imaging
system.  As  discussed  earlier  the  number  of  incident
photons increase which improves the information content
in  the  projection  data.  A  longer  detector  in  comparison
with the pinhole collimator detector, increase the number
of pixels in one direction thereby resulting in higher spatial
resolution for the final image. 

Theoretically many possible multiple slit systems
can be designed and analyzed. Slanting the angles between
the slits (non – parallel) would result in a set of multiple slit
systems,  but  this  would  increase  the  computational
difficulty of the system as then the warping method cannot
be directly applied. 
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Abstract-- We developed and optimized a 4D maximum a 
posteriori rescaled-block iterative (MAP-RBI) EM image 
reconstruction algorithm with space-time Gibbs priors and 
compensation of image degradation effects for application to 
gated myocardial perfusion (GMP) SPECT for improved 
simultaneous visualization of myocardial perfusion and motion 
defects. The 4D MAP-RBI-EM algorithm includes 4D space-
time Gibbs priors which enforce smoothing in both domains 
while preserving the edges in the reconstructed image. To 
describe the Gibbs prior, we defined clique structures and a 
generalized potential function (GPF) with its three parameters, 
i.e., δ, α and γ, which control the shape of the potential function. 
To evaluate the 4D MAP-RBI-EM method for application to Tc-
99m Sestamibi GMP SPECT, we used simulated projection data 
from the 4D NURBS-based Cardiac-Torso (NCAT) phantom 
whose cardiac cycle was divided into 8, 16, 24 and 36 gates. For 
each gate, noise-free and noise-added SPECT projection data 
were generated using an analytical projector that included the 
effects of attenuation, collimator-detector response (CDR) and 
scatter. To seek the optimal ranges of the parameters for the 
GPF, we determined the iteration number beyond which the 
noisy reconstructed image did not change significantly, and the 
normalized mean squared error (NMSE) between the noise-free 
image estimate and its corresponding phantom slices. The 
NMSE and normalized standard deviation (NSD) were 
evaluated as measures for temporal resolution and noise level, 
respectively. Then, the optimized values of the parameters were 
determined as those that minimize both NMSE and NSD. The 
4D MAP-RBI-EM reconstructed images using these optimal 
parameters with and without corrections of attenuation, CDR 
and scatter were compared to those from the 3D FBP and 3D 
OS-EM methods with and without corrections. The results show 
that both 3D OS-EM and 4D MAP-RBI-EM methods lowered 
reconstructed image noise level as compared to FBP without 
correction. With the optimal parameters for each gating scheme, 
4D MAP-RBI-EM was found to give much reduced image noise 
level while retaining resolution at higher iterations and at higher 
number of gates, as compared to 3D OS-EM. The addition of 
attenuation, CDR, and scatter correction provided additional 

                                                           
Taek-Soo Lee is with the Department of Environmental Health Sciences,  

Johns Hopkins University, Baltimore, MD 21287, USA. Telephone: (410) 
287-7312, E-mail: tslee@jhmi.edu.  

W. Paul Segars, Ph.D. (Telephone: (443)287-2974, E-mail: 
wsegars@jhmi.edu) and Benjamin M. W. Tsui, Ph.D. (Telephone: (443) 287-
4025, E-mail: btsui1@jhmi.edu) are with the Department of Radiology, 
Johns Hopkins University, Baltimore, MD 21287-0859, USA. 

substantial improvement in image quality in terms of 
improvement in both reconstruction image resolution and noise. 

I. INTRODUCTION 
The iterative ML-EM algorithm has been widely used in 

image reconstruction in emission computed tomography. The 
algorithm seeks the maximum likelihood (ML) [1] solution of 
the reconstructed image estimate through the expectation-
maximization (EM) steps [2]. However, when noisy data are 
used, the ML solution produces reconstructed images that are 
too noisy for practical use. Among the various alternative 
methods used to suppress image noise level, the Bayesian 
approach [3] uses prior information about the object to seek 
the reconstructed image estimate by maximizing the 
conditional probability of the reconstructed image given the 
projection data. The Gibbs prior is widely used to provide 
smoothness constraints by processing of a neighboring clique 
through a potential function [4]. 

Iterative image reconstruction based on maximum a 
posteriori (MAP) EM algorithms with Gibbs priors have 
been applied in emission computed tomography for use with 
two-dimension (2D) and three-dimension (3D) projection 
data [5]. A major drawback of the standard EM algorithm is 
its slow convergence rate. The ordered-subset (OS) EM 
algorithm provides substantial increase in convergence rate 
by increasing the number of updates of the reconstructed 
image per iteration through the use of an array of ordered 
subsets of the projection data. The rescaled block-iterative 
(RBI) EM algorithm is a variant of the OS-EM where 
convergence can be proven [6].   

Recently, a new MAP-RBI-EM algorithm was developed 
that takes advantage of the MAP-EM and the RBI-EM 
algorithm [7]. In this study, a 4D MAP-RBI-EM 
reconstruction algorithm with compensation of image 
degradation effects including attenuation, collimator-detector 
response (CDR) and scatter was developed. The parameters 
of 4D space-time Gibbs prior were optimized for application 
to gated myocardial perfusion SPECT for improved 
visualization of perfusion and motion defects. 

Development and Optimization of a 4D MAP-RBI-EM 
Reconstruction Algorithm with Space-Time Gibbs Priors for 

Application to Gated Myocardial Perfusion SPECT 
 

Taek-Soo Lee, W. Paul Segars, and Benjamin M. W. Tsui 
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II. METHODS 
The 4D MAP-RBI-EM image reconstruction algorithm 

consisted of a 4D space-time smoothing prior which defines 
the relationship between a given image voxel and its 
neighboring voxels. A general form of the Gibbs distribution 
is given by: 

( ) [ ]( )1( )  U x

ZP x e −=  

,

where ( ) ( ); ik
i k NH

U x w V rβ
∈

= ∑     i kr x x= −    (1) 

where the x represents the image voxel vector, Z is a 
normalization factor, NH is a neighborhood [4]. The 
parameter β is the overall weight of the smoothing prior 
applied to the reconstructed image. The total potential 
function, U(x), represents the total energy of the image lattice, 
and is simply the weighted sum of energies of individual 
cliques. The weight, wik, is associated with a particular clique. 
The cliques in the image are defined by a set of 
neighborhoods, NH, such that all pixels in a clique are 
neighbors of one another. If the neighborhood consists of all 
voxels that surround the central voxel xi, then they form a 
clique whose potential energy is evaluated using the potential 
function V(xi-xk) which enforces desirable properties obtained 
in the reconstructed image. In the 3D spatial Gibbs prior, a 
clique consisted of 18 nearest neighboring voxels which 
share at least a common edge with the current voxel. In our 
study, a 4D space-time Gibbs prior consisted of a 3D Gibbs 
prior in the spatial domain and a 1D Gibbs prior in the time 
domain.  

A. Spatial Gibbs Prior 
The derivative of a generalized potential function (DGPF) 

which shows more clearly the action of the GPF [8] is given 
by  
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where r=(xi - xk).  A plot of the DGPF is shown in Fig. 1. The 
shape of DGPF is determined by the parameters, δ, α and γ, 
which define the smoothing constraints in terms of the 
difference between neighboring voxels within the specified 
clique.  

The DGPF degenerates into specific functions used by 
other investigators with selected sets of values of the 
parameters δ, α and γ. An example is the one proposed by 
Green [3] where 
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can be approximated by setting δ to ~100, α to ~0.2, and γ to 
~0.3 in the DGPF if the parameter used in Green’s prior 
function ( δ ′ ) is set to 30.  

B. Time Domain Gibbs Prior 
A clique included 7 voxels in the 1D time Gibbs prior [8]. 

One is the current voxel in the current time frame (xi,t; spatial 
location i, time frame t). The other 6 voxels are located in the 
next time frame, and share a common face with a voxel xi,t+1 
(spatial location i, time frame t+1) which is the same spatial 
position with the current voxel but in the next time frame.  

C. The 4D MAP-RBI-EM Image Reconstruction Algorithm 
The MAP-EM image reconstruction algorithm is given by 
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where xi,t is the reconstructed image estimate at voxel i in 
time t and pj,t represents the measured projection data at bin j 
in time t [8]. The updated estimate and the previous 
iteration’s estimate for spatial voxel i in time t are 
represented by ,

new
i tx and ,

old
i tx , respectively, and the fractional 

contribution from spatial voxel i to projection bin j is given 
by the transition matrix cij which represents the contribution 
from voxel i of the reconstruction image estimate to the 
projection bin j and can be used to model attenuation, 
detector blurring, and/or scatter.  

The potential function U(x) is a function of the image 
voxels in all time frames, but the derivative with respect to a 
given space-time voxel only involves those cliques around 
that voxel. Thus, the derivative reduces to a summation over 
a set of cliques, i.e.,  

, ,

,, ,

( )( ) space i t k t
space ik

i k NHi t i t

V x xU x w
x x

β
∈

∂ −∂
=

∂ ∂∑  

 
 

Fig. 1.  The derivative of a typical generalized potential function (DGPF) of 
the Gibbs prior. It measures the strength with which the prior tries to smooth 
out various differences between neighboring pixels. Pixel differences with 
higher DGPF values will receive more smoothing. 
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where the first summation represents the spatial smoothing 
cliques within a single time frame, and the second summation 
represents the cliques that cross time frames. The MAP-EM 
can be extended into the MAP-RBI-EM algorithm where an 
update is performed using a subset of the projection bins, Sn. 
The step size tn is computed for each subset. 
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D. Sample Application of 4D MAP-RBI-EM algorithm  
To demonstrate the potential applications of the 4D MAP-

RBI-EM algorithm to medical imaging, we chose the clinical 
Tc-99m Sestamibi gated myocardial perfusion (GMP) 
SPECT study as an example. Due to the increased image 
noise level with increasing number of time frames, 8 frames 
per cardiac cycle is commonly used in clinical GMP SPECT. 
The poor timing resolution provides poor visualization of 
myocardial motion defects. It has been demonstrated that 
compensation of image degrading factors such as attenuation, 
CDR, and scatter, can provide substantial improvement in 
GMP SPECT image quality. In this study, we determined 
optimized parameters of the 4D space-time Gibbs priors used 
in the 4D MAP-RBI-EM algorithm for further improvement 
in visualization of motion defects by allowing more timing 
gates in GMP SPECT.  

The 4D NURBS-based cardiac-torso (NCAT) phantom 
(Fig. 2) was used in the study. It includes a realistic model of 
cardiac motion and allows insertion of defects in the left 
ventricular (LV) wall. Using the NCAT software we 
generated a time series of 3D NCAT phantoms representing 
the radioactivity distribution of Tc-99m Sestamibi in a male 
patient over 144 time intervals within a cardiac cycle. The 3D 
NCAT phantom sets were regrouped to represent the division 

of the cardiac cycle into 8, 16, 24, and 36 gates. 
For each phantom, emission projection data was generated 

using a parallel hole low-energy high-energy (LEHR) 
collimator. A complete projection dataset over the typical 
180° cardiac arc was generated. The simulations used a 
projection model that includes the effects of nonuniform 
attenuation, CDR, and scatter. The simulated projection 
images were collapsed to 64 x 64, and Poisson noise was 
added to obtain a total count level roughly equivalent to that 
of a typical clinical study. The noisy projection data were 
then used in image reconstruction in 64 x 64 matrices. 

In using the 4D space-time Gibbs priors for 4D MAP-RBI-
EM with clique structures, i.e., 18 nearest 3D neighbors for 
the spatial domain and 7 nearest neighbors for the time 
domain, and the GPF, we determined the optimal range for 
each parameter, i.e., δ, α and γ and the weight of the priors, β, 
in terms of image noise level and resolution for each gating 
scheme. We determined the iteration number beyond which 
the noisy image estimates did not significantly change the 
normalized mean squared error (NMSE) between the image 
estimate and the phantom images. The optimized parameter 
values were determined as those that minimize both NMSE 
and normalized standard deviation (NSD).  

The projection data were reconstructed using the 4D MAP-
RBI-EM with the optimal range of parameters and the OS-
EM method, both with 8 subsets and compensation for 
attenuation, scatter, and the CDR. Filtered backprojection 
(FBP) with a ramp filter was also used for comparison. 

For evaluating the temporal resolution in the noise-free 
reconstructed images, the amount of motion blur in the 
different gating schemes was measured using NMSE 
calculations between the region-of-interest (ROI), an 
imaginary box which is encompassing the entire heart 
(ROIheart), in the gated image and those individual time 
frames of the original 144 phantom frames (true) that 
compose it. During the calculation of the NMSE, the gated 
and phantom images were individually normalized by 
dividing by its mean so the differently scaled images could be 
compared. The NMSE and NSD for the reconstructed image 
of the ith gate Xi were calculated as follows. 
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where i
jx  is jth pixel value of the ith gate of the 

reconstructed image, l

jλ  is jth pixel value of the lth gate of 
the phantom slice, l

jλ  is the mean of ROIheart of the lth gate 
of phantom slice, n is the number of pixels in the ROIheart, N 
is the number of gating scheme, and N ′ = (144/N) is the 
number of phantom slices that compose a gate. The NSD was 
used to evaluate the effects of the number of timing gates on 
image noise level. 

 

         
                    (a)                              (b)                                   (c) 
Fig. 2.  (a) Anterior view of the 4D NCAT phantom. (b) Realistic cardiac 
model of the 4D NCAT. (c) Left ventricle model with an anterior myocardial 
infarction highlighted. 
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where i
jx  is jth pixel value of the ith gate of the 

reconstructed image, i
jx is the mean of ROILV of ith gate of 

the reconstructed image, and n is the number of pixels in 
the ROILV. ROILV for NSD was a region over the LV wall 
where the voxel intensity is relatively uniform.  

III. RESULTS 

In Fig. 3, the NMSE of the ROI can be seen to decrease as 
the number of iterations increases in 4D MAP-RBI-EM with 
attenuation, scatter, and CDR corrections. However, a large 
βspace value (βspace>0.001 with given parameters) imposes too 
much smoothing resulting in a degradation in resolution.  

The effect of βspace is shown in Fig. 4. The NSD increases 
as the iteration number increases with smaller βspace. As the 
βspace increases, the NSD decreases due to smoothing, but too 
much smoothing introduces a loss of resolution in the image, 
as seen in Fig. 3. 

For the optimal range found for each parameter, we 
determined the combinations of parameters that show 
convergence in noisy images in terms of the NSD 
measurement for each gating scheme. For example, many 
combinations of (βspace, βtime) such as (0.0005, 0.00175), 
(0.001, 0.0016), (0.002, 0.00125), (0.003, 0.00085), and 
(0.004, 0.0005) show convergence in terms of NSD ranging 
from 46 to 48. However, as shown in Fig. 5, the combination 
of (0.003, 0.00085) or (0.004, 0.0005) show lower NMSE.  

Fig. 6 displays the effect of δ in the 36 gate scheme. 
Extreme values (δ=10 or δ=100) fail to suppress noise level 
whereas an optimal value (δ=30) successfully lowers the 
image noise level. From these experiments, optimal 
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Fig. 3. NMSE calculated for different iteration numbers with 36 gating 
frames. The MSE decreases as the iteration number increases. However, 
higher βspace (>0.001) results in NMSE increasing. Too much smoothing 
introduces loss of resolution. (βtime=0.0001, δspace =δ time=30, αspace =αtime =2, 
with corrections) 
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Fig. 4. The effect of βspace in 36 frames (βtime=0.0001, δspace =δ time=30, αspace 
=αtime =2, with corrections). βspace=0.006 shows convergence in noise level 
of the algorithm.   
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Fig. 5. NMSE for each combination of βspace and βtime that showed 
convergence with respect to NSD in 36 frames with corrections. Among the 
combinations, combinations of (βspace = 0.003, βtime =0.00085) or (βspace = 
0.004, βtime =0.0005) show lower NMSE. 
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Fig. 6. Effect of δ in36 gating scheme. δ=30 shows the lowest noise level. 
(βspace =0.003, βtime=0.00085, δspace =δ time, αspace =αtime =2, with corrections)  
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parameters for the 36 gating scheme can be determined as 
βspace= 0.003, βtime=0.00085, and δspace = δtime=30. 

Fig. 7 shows the trade-off of the noise level and NMSE as 
determined by the iteration number in the 36 frames gating 
scheme. Although OS-EM showed similar characteristics in 
NMSE, its noise level increases significantly as iteration 
number increases while 4D MAP-RBI-EM with the optimal 
parameters maintains the noise level.  

A comparison of the images produced using the different 
gating schemes and reconstruction methods are shown in Fig. 
8. The effect of using corrections for image degrading factors 
is demonstrated in the figure. Better images are obtained 
through the use of correction methods. The figure also clearly 
shows that 4D MAP-RBI-EM with optimal ranges of 
parameters and corrections provides superior GMP SPECT 
images as compared to 3D OS-EM with the same corrections 
and FBP in terms of noise level and motion blur. 

IV. CONCLUSION 

We developed and optimized a 4D iterative MAP-RBI-EM 
image reconstruction algorithm with space-time Gibbs priors 
and compensation of image degradation effects for 
application to GMP SPECT. The algorithm was compared to 
the 3D FBP without correction and 3D OS-EM with and 
without correction. Both the 3D OS-EM and 4D MAP-RBI-
EM methods with corrections were found to provide 
substantial improved reconstructed image quality as 
compared to FBP without correction. This illustrates the 
importance of applying correction methods for image 
degrading factors during the reconstruction process. With the 
optimal parameters for each gating scheme, 4D MAP-RBI-
EM was found to further improve spatial and temporal 
resolution while reducing image noise level at a higher 
number of iterations and at a higher number of gates, as 
compared to 3D OS-EM. The optimized 4D MAP-RBI-EM 
algorithm can, therefore, provide improved GMP SPECT 
image quality as compared to 3D OS-EM. It can allow for a 
higher number of timing gates providing improved temporal 
resolution while maintaining a low level of image noise for 
improved spatial resolution. Such ability provides better 
simultaneous visualization of myocardial perfusion and 
motion defects in GMP SPECT. We conclude that the 
optimized 4D MAP-RBI-EM algorithm with corrections is 
effective reconstruction method for suppressing noise level 
while maintaining image resolution and allows the increase 
of the number of cardiac gates for improved time resolution 
in GMP SPECT. 
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   (a)          (b) 

Fig. 8. The first frame of the short axis reconstructed images of the heart in the 
8 (a) and 36 (b) gating schemes. For each gating scheme, top left to right are 
FBP (ramp, cutoff=0.25), FBP (ramp, cutoff=0.5), OS-EM without correction 
(16 updates); Middle from left to right are OS-EM with 16, 32, and 48 updates 
with corrections; Bottom from left to right are 4D MAP-RBI-EM (βspace 

=0.003, βtime=0.00085, δspace =δ time=30, αspace =αtime =2) with 16, 32, and 48 
updates with corrections. 
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Fig. 7. Trade off of the noise level and motion blur according to the 
number of iterations in the 36 gate scheme. Whereas the noise level 
increases with an increasing iterations in OS-EM, it does not change 
significantly even at higher iterations with 4D MAP-RBI-EM (βspace 

=0.003, βtime=0.00085, δspace =δ time=30, αspace =αtime =2) 
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Respiratory Motion Correction in Emission
Tomography Imaging

Mauricio Reyes, Grégoire Malandain, Pierre Malick Koulibaly, and Jacques Darcourt

Abstract— During an emission tomography exam of lungs,
respiratory motion blurs the reconstructed image, which may
lead to misinterpretations and imprecise diagnosis. Solutions
like respiratory gating, correlated dynamic PET techniques, list-
mode data based techniques and others have been tested with
improvements over the spatial activity distribution in lungs
lesions, but with the disadvantages of either requiring extra
hardware or more expensive scanner systems, or discarding part
of the acquired data. The objective of this study is to include a
respiratory motion model in the image tomographic reconstruc-
tion process, which will allow to consider all the acquired data,
without any additional requirement. To this end, we propose
an extension of the MLEM reconstruction algorithm, in which
we extend the probability matrix to take into account both the
motion and the deformation of the voxels to be reconstructed.
We present results from synthetic simulations incorporating real
respiratory motion data, demonstrating the potential benefits of
such an approach.

I. INTRODUCTION

The motivation of this work is the early diagnosis of tumors
in lungs with Emission Tomography (ET) imaging. However,
the respiration motion blurs the reconstructed images, espe-
cially in lower areas, and this affects the detection of small
tumors, or when detected, their localization or size measure-
ments. Osman and colleagues reported mislocalizations of le-
sions observed by fusing positron emission tomography (PET)
and computerized tomography (CT) [1]. Similarly, significant
tumor displacements, mainly due to respiratory motion, has
been observed in others studies (e.g [2], [3]). Nehmeh and
colleagues also reported a significant lesion volume increase
in reconstructed images without motion compensation [4].

To our knowledge, respiratory motion correction has been
rarely addressed in the literature. In [5], a method of respira-
tory compensation was proposed: it supposes an homogeneous
object cross-section magnification and displacement in the
axial plane. This is however not realistic for our purpose
since the displacements inside the thorax due to respiration
are not homogeneous [6]. Others groups have focused their
efforts in list-mode data. They include respiratory gating [4],
or respiratory-correlated dynamic PET [7]. Respiratory gating
techniques improve the quality of the reconstructed data by
reducing the blurring effect around the tumor, but they require
additional hardware (respiratory gating) and specific data

1Mauricio Reyes and Grégoire Malandain are with the Epidaure team,
INRIA, Sophia Antipolis. 2004, Route des Lucioles BP93 06902 France.
Telephone: (+33)492387182. E-mail:

2Jacques Darcourt and Pierre Malick Koulibaly are with the nuclear
medicine department, Centre Antoine Lacassagne. 33 Avenue de Valombrose
06189 Nice, France. Telephone: (+33)492031148. E-mail:

acquisition modes (which is not always available), and discard
part of the acquired data. Similarly to respiratory gating, others
solutions have been proposed for brain imaging. In [8], the
data is split in smaller subsets of projections according to the
eventually detected motion. This is similar to [9] where the
data are temporally fractionated, and the motion is detected
by computing the cross correlation between sinograms. An
other approach of motion detection in list-mode data is also
investigated in [10]. However, the last above approaches are
only applicable for a sudden motion of the imaged subject,
but not for a continuous motion like the ones induced by the
respiration or the heart beat. More interesting are the recent
approaches described in [11], [12] where the motion correction
scheme consists in repositioning the line-of-responses (LOR)
(for a known motion). However, some non-valid positions may
be reached by the motion-corrected LOR’s, and this decreases
the practical interest of these methods.

In this preliminary study, we propose a variation of the
MLEM reconstruction algorithm in which we incorporate a
motion model. This comes to modify the probability matrix to
take into account not only the displacements of the voxels to
be reconstructed but also their deformations. This approach
is detailed in the next section. Some results are presented
afterwards.

II. METHOD

A. Maximum Likelihood Expectation Maximization

First introduced in emission tomography by Shepp and
Vardi [13], the MLEM algorithm is based on a Poisson model
for the emission process. For a given emission element b the
number of emissions fb follows a Poisson law with mean λb.
Besides, the projection matrix R (or called by some authors
system matrix or transition matrix) gives the probability that
a certain emission from voxel b is detected by the detector d
(called dexel hereafter). Furthermore, the number of detections
from dexel d (i.e., pd) can be expressed in terms of the number
of emissions fb, as follows

pd =
b=n∑

b=1

fbRdb. (1)

Equation (1) is important since it states the relationship
between detections and emissions through the system matrix
values. We are interested to find the mean value λ from the set
of projections p. This can be done by searching the maximum
likelihood of getting a set of measures p given an image λ

λ̂ = arg max
λ

[P (p|λ)]. (2)
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It can be shown (see [13] for more details) that maximization
of (2) can be found by means of an iterative algorithm

λ<K+1>
b =

λ<K>
b∑
d Rdb

∑

d

pdRdb∑
b′ λ

<K>
b′ Rdb′

, (3)

where pd stands for the number of detections of dexel d, λb

is the mean number of emissions from voxel b, Rdb is the
probability that a particle emitted from voxel b is detected by
the detector d and K stands for the iteration number.

B. Incorporating movement correction into MLEM

In list-mode based approaches, the motion correction con-
sists in discarding the acquisition data that disagree spatially
with a static reference. In this study, we use a known motion
to estimate the contribution of a voxel b to be reconstructed
to every dexel d.

We model the continuous motion by the spatial transforma-
tions ϕt : R3 7→ R3, where ϕt(m) denotes the position of
point m at time t. This motion is observed from time t = 0
to t = T and is discretized into a finite set of transformations
ϕi, for i = 0 . . . I . The contribution RC

db of a voxel b to be
reconstructed to a dexel d becomes the weighted sum of the
contributions Ri

db of deformed voxels ϕi(b) to d:

RC
db =

∑

i

wiR
i
db. (4)

The weights wi allow to take into account the kinetic of
the motion: wiT represents the duration where ϕt can be
effectively approximated by ϕi.

As a consequence, the matrix RC may have more non-null
elements than matrix R (see Eq. (1)), since a voxel b may
be detected by more dexels d. Moreover, for a non-null Rdb,
we have Rdb ≥ RC

db since during its motion, a voxel b may
go out the portion of space spanned by dexel d. With respect
to the static case, Eq. (3) will then be more computationally
expensive. We now explicit the calculation of the contributions
Ri

db.

C. Computation of system matrix terms

The voxels that contribute to a dexel d are assumed to
intersect a 3-D line that stemed from d. Let us denote by
ldb the length of the intersection of this line with the emission
element b. We thus define the contribution of b to d by

static: Rdb =
ldb∑
d′ ld′b

dynamic: Ri
db =

lidb∑
d′ l

i
d′b

. (5)

In the static case, we model the emissions elements as spheres
inscribed in the voxel to be reconstructed to facilitate the
calculation of Eq. (5): see Fig. 1a. The summation in the
denominators of equation (5) acts as a normalization term.

If no deformations can be assumed for emission elements
b during their motion, we could still have used the inter-
section of a line with a sphere for the computation of the
contribution Ri

db. However, this will not be realistic. Indeed,
it has been shown that the displacements in the thorax (due

l db

d

b

ϕ( )

l db
i

b
i

d

(a) (b)

Fig. 1. The contribution of an emission element b to a dexel d represented
by a dotted line is defined by the intersection (continuous line) of (a) a sphere
with a line (static case) or (b) an ellipsoid (a deformed sphere) with a line
(dynamic case).

to the respiratory motion) present a non-linear and a non-
homogeneous behavior [3], [6]. Thus, we have to consider
also the deformations of b. When under motion, the element
emission b will deform into ϕi(b), i = 0 . . . I . As a first
order approximation, a deformed sphere is an ellipsoid. The
contribution of b at state i to d, i.e. ϕi(b), is then similarly
defined as the length intersection of the line d with this
ellipsoid (see Fig. 1b). We now detail the estimation of this
ellipsoid.

Without loss of generality, the deformation ϕ (we omit here
the subscripts t or i for the sake of simplicity), that transform
the point (x, y, z) into (x′, y′, z′) = ϕ(x, y, z) can also be
represented by a displacement vector field (DVF) u(x, y, z)
as follows

ϕ(x, y, z) =




x′

y′

z′


 =




ϕx(x, y, z) = x + ux(x, y, z)
ϕy(x, y, z) = y + uy(x, y, z)
ϕz(x, y, z) = z + uz(x, y, z)


 (6)

The value of the determinant of ∇ϕ (also known as the
Jacobian of ϕ) allows to determine whether the transformation
ϕ induces locally an expansion (|∇ϕ| > 1), a contraction
(|∇ϕ| < 1), or preserves the volumes (|∇ϕ| = 1). Moreover,
the study of the matrix ∇ϕ allows to estimate the privileged
directions of either contraction or dilation. Let us consider
the singular value decomposition (SVD) of matrix ∇ϕ, that is
∇ϕ = UΣV T , where U and V are square and orthogonal
matrices and Σ = diag(ω1, ω2, ω3), with ωi (i = 1, 2, 3)
the singular values of ∇ϕ. It comes out that the columns
of U are the eigenvectors of ∇ϕ∇ϕT , and also give the
preferred local deformation directions, while the ωi are related
to the magnitude of the deformations in the direction of the
eigenvectors.

Consider now the center cb of an emission element b, the
study of ∇ϕ(cb) results in these directions and magnitudes.
If b is supposed to be spherical, then, by applying this simple
deformation model to a sphere, it comes out that ϕ(b) can
be considered as an ellipsoid. This justifies the calculation of
Ri

db by considering the intersections lidb of lines d with the
ellipsoids ϕi(b) (see Fig. 1b).

The modeling of the emissions elements as spheres that
translate and deform locally according to a given DVF,
represents a novel contribution in this work. Furthermore,
calculations of the elements in the system matrix are faster
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(a) COSEM (b) Modified MLEM

(c) Profile comparison

Fig. 2. Reconstructed images obtained with the COSEM algorithm (a),
our modified MLEM algorithm (b) and a profile comparison along the x-
axis between COSEM and our modified MLEM algorithm without respiratory
motion correction (c).

than using classical methods of dexel-voxel intersection (e.g.
Siddon algorithm [14]) utilized by others (see [15], [16] for
examples of application).

III. RESULTS

First, we were interested in somehow validating our recon-
struction methodology that differs from existing ones (because
of our probability matrix computation).

To that end, the reconstructed image of one patient sino-
gram data using the method presented in section II-C, con-
sidered in the static case, was compared with the recon-
structed image obtained from a Millennium VG Scanner
that uses COSEM (Coincidence-list-Ordered Sets Expectation
Maximization)[17] as image reconstruction algorithm. Since
COSEM uses an exact probability calculation, we can consider
it as a reference. Fig. 2 shows the result obtained with COSEM
and our modified MLEM method.

Fig. 2(c) displays a comparison of intensities profiles
obtained with the two methods (COSEM and ours). This
demonstrate clearly that our modeling of emission elements
as spheres yields qualitatively similar results than the ones
delivered by COSEM.

To now simulate the respiratory motion in an Emission To-
mography study, we will build a model of the lungs (including
a small lesion), deform it for each time state i, compute the
sinograms for each time state i, and finally combine them.

As a 3-D model of the lungs, we use the thorax phantom
NCAT (NURBS-based cardiac torso) [18]. In order to simulate
a tumor lesion inside the lungs, a hot spot sphere of diameter
1.5 cm was added. Fig. 3 shows the activity image for the

(a) sagittal plane (b) axial plane (c) coronal plane

Fig. 3. Sagittal, axial and coronal cross-sections of the activity volume of
the reference state. The lesion is modeled as a sphere with a radius of 1.5 cm
(intensities were inverted for display purposes).

(a) Reference (b) Non-corrected (c) Corrected

Fig. 4. Reference activity map (a), and reconstructed images without (b) and
with respiratory motion compensation (c).

reference state. Then, to get a realistic model of the respiratory
motion, two MR images of the thorax of a volunteer were
acquired (at expiration and inspiration). Their non-rigid regis-
tration provides us with a volumic DVF u that we consider as
a model of respiratory motion. By now performing an affine
registration between this motion model and the 3-D model
of the lungs, we can apply this respiratory motion to the
3-D model. The discretization of the motion is obtained by
applying the DVFs ui = i

I u, i = 0 . . . I to the activity volume
of the reference state. This yields I +1 activity volumes, each
of them corresponding to a time state i. To now simulate an
Emission Tomography acquisition of these activity volumes,
the SimSET (Simulation System for Emission Tomography)
library, which uses Monte Carlo techniques to model the physi-
cal process and instrumentation [19], is considered. Finally, the
obtained sinograms are combined (through a weighted sum,
with the weights wi) into a single sinogram that simulates the
acquisition of the 3-D models under a respiratory motion.

Fig. 4 shows a comparison between the reference activity
map, and the reconstructions without and with respiratory
motion compensation. A first and obvious observation is the
larger size of the reconstructed lesion in the non-corrected
reconstruction.

To better estimate this difference, we segment the lesion in
the three images (with a fuzzy c-means classification). Isosur-
faces were generated for the reference volume (i.e. expiration
state) and for the non-corrected and corrected volumes (see
Fig. 5).

This demonstrate the ability of the proposed method to
better reconstruct the spatial distribution of the activity in
the lesion. However, this depends on the segmentation of the
lesion, which is very sensitive to the choice of the threshold
because of the small size of the lesion.

Therefore, to better assess the quality of the reconstruc-
tion, we also provide a comparison between intensity profiles
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(a) Non-corrected (b) Corrected

Fig. 5. Comparison of the lesion volumes as seen in Fig. 3. Isosurfaces
extracted from reconstructed images are rendered in wire-frame, while the
one extracted from the reference is colored. The color indicates the distance
between the two displayed surfaces, i.e. an error between the reference lesion
and the reconstructed one.
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(a) x-coordinate: 34
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Fig. 6. Intensity profiles for axial slice 43 around the lesion area. After 20
MLEM iterations the corrected profiles (dashed line) show a close relationship
with the reference profiles (continuous line) in comparison with the non-
corrected profile (dotted line).

extracted from the reference activity map and the two recon-
structed volumes. Fig. 6 shows two such profiles.

IV. CONCLUSION

During an emission tomography exam of lungs, respiratory
motion blurs the reconstructed image, which may lead to
misinterpretations and imprecise diagnosis, and if used for
such a purpose, incorrect radiotherapy planning [20], [4], [3].

We proposed a novel reconstruction method that allows to
incorporate a known motion, and in particular the respiratory
motion, into the reconstruction process. As advantages, it
does not require any additional hardware nor specific data
storage mode (e.g. list-mode data), and can then be used for
any Emission Tomography studies. Moreover, unlike gated
approaches, all the acquisition data can be used.

The proposed method consists in a modification of the
MLEM algorithm. More precisely, we modify the probabil-
ity matrix (that summarizes the contribution of an emission
element to a detector) computation to take into account not
only the displacement of the emission elements but also their
deformation under motion. To that end, we propose to model
the emission element as a sphere (at rest) and as an ellipsoid
(under motion).

Our preliminary results look promising and demonstrate the
ability of the proposed method to compensate the reconstruc-
tion of simulated data for a known motion. In the future, we
will now concentrate on the adaptation of this approach to
real clinical data (CDET or PET data), where the respiratory
motion of the imaged patient is unknown. Moreover, we plan

to study carefully the sensitivity of our method with respect
to the different parameters, and particularly the choice of the
discrete states i.
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Abstract – 3D mode of camera based PET imaging is 
investigated.  Sensitivity, scatter and random corrections are 
incorporated in the 3D list-mode reconstruction algorithm 
COSEM. Comparable to 2D image quality is achieved in 3D 
mode with about 1/10 of activity.  

I. INTRODUCTION 

Positron imaging performed by dedicated multi-headed 
NaI Cameras is known as Camera Based PET (CBPET). It is 
inherently limited to relatively low (sub-MCPS) singles-rates 
by the long recovery-times of its large crystals and its global 
front-end electronics. CBPET singles-rates are frequently 
controlled via axial collimation, hereafter referred to as “2D 
imaging”. Our investigation focuses on CBPET methods and 
performance in 3D mode. The 2D to 3D CBPET transition 
has two main effects:  
- On the positive side it increases significantly the 
coincidence/singles ratio, providing 2D-equivalent 
Coincident-pairs statistics at much lower injected dose. 
- On the negative side it increases significantly Scatter and 
“Out of FOV Randoms” fractions. 
The absence of axial collimation results in large acceptance 
angles and a fully 3D list-mode iterative reconstruction 
procedure is used to precisely handle the 3D-pairs. A 3D 
system sensitivity function is measured and then used for  
reconstruction. Scatter and random correction methods are 
proposed. Lastly the NEMA IQ phantom is used to compare 
the image quality for the 2D and 3D methods. The IQ for the 
3D mode is found to be comparable to the 2D one with about 
1/10 of dose activity.       

II. METHODS 

A. Acquisition of 3D  PET data on gamma camera. 

PET data was acquired on a gamma camera with two 
planar rotating NaI detectors of 40 X 54 cm (axial, 
transaxial) size. The typical acquisition diameter is about 70 
cm. There were two acquisition modes: 2D with trans-axial 
septa ,  and fully 3D. The axial acceptance angles for the 2D 
and 3D modes were 12 and 30 degrees. 
 
Michael Wilk is with the Functional and CT Imaging, GE Healthcare, Keren 
Hayesod  Str., POB 2071, Tirat HaCarmel, 39120, Israel. Telephone: (972) 4-
857-93-25. E-mail: michael.wilk@med.ge.com 
 
Ira Blevis is with the Functional and CT Imaging, GE Healthcare, 10 Hayozma  
Str., Tirat HaCarmel, 39120, Israel. Telephone: (972) 4-856-37-33. E-mail: 
ira.blevis@med.ge.com 

The data was acquired in list-mode format - a list of 
coincident gamma pairs stored in order of their 
chronological detection. The energy resolution of the NaI 
detectors at 511 KeV is about 9%, thus a 20% energy 
window was used for the acquisition of peak-peak data. The 
relatively narrow energy window limited the increase in the 
scatter fraction from 22% in 2D to 30% in 3D. 

B. Cosem – list-mode reconstruction procedure 

A fully 3D list-mode reconstruction algorithm COSEM 
was proposed in [1,2].  The proposed procedure was a list-
mode version of the OS-EM approach: 
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The estimated source distribution is λ(v), the average 
number of  emissions in voxel ν. The probability that  an 
emission from voxel ν  is detected in bin b is p(ν,b). The 
current outer iteration is k and the current subset is Bj.  The 
probability to detect an event emitted from the voxel ν is 
P(ν). That is:  
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The function P(ν) represents the detection efficiency.  

C. Sensitivity correction. 

In both 2D and 3D modes sensitivity and attenuation 
corrections were applied during the reconstruction. The 
calculated sensitivity correction functions have been 
proposed in [1,2]. For 3D data a measured sensitivity 
function P(ν) has been used instead. Sensitivity for the voxel 
ν is a function of radial distance from the center of rotation r  
and axial distance from the central slice z. The sequential 
measurements were made with a line source  oriented axially 
and located at  different distances from the center of rotation. 
The data was reconstructed without geometrical corrections 
and the average counts in each slice were used as inverse 
sensitivity estimations. The count data was fitted by a 
function F(r,z) with a linear central part. The “boundary 
conditions” -    dF/dr  |r=0 = 0 and dF/dz |z=64 = 0 were 
imposed by adding exponential factors.  On the Fig. 1 the 
profiles of the reconstructed counts as a function of z 
(abscissa) and radius r   (different graphs) are presented. 
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Fig. 1   Reconstructed counts profiles with fitting function (yellow). 

 
The Blue and Red lines show the two positions of the line 
source, central and displaced axially to the edge of the FOV. 
The fitting function F(r,z) -  is hown as the yellow lines. The 
surface plot of the sensitivity function P(r,z) is presented in 
Fig. 2. 

D. Scatter correction 

Scatter and random corrections are presently being 
investigated specifically for use in 3D. The usual steps for 
scatter and random corrections are:  

1. reconstruct the scattered and random events in 
separate images  

2. subtract them from the main  image (peak-peak) after 
 

   
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Fig. 2. Surface plot of sensitivity function P(r,z). 

reconstruction with the appropriate weights. The 9% energy 
resolution of NaI detectors allows the acquisition of scatter 
data in an adjacent energy window just below the 511 KeV 
main peak window. Denote Pp and Ps as the non-scattered 
and scattered photons acquired together in the full energy 
peak window, and Ss as the photons in the scatter window. 
The coincidence events Cp in the full energy peak window 
(peak-peak) is given by: 

 
Cp = (Pp +Ps)2 = Pp2 + 2* PpPs + Ps2                   (3) 

 
The coincidence events Cs where one photon is in the main 
full energy window and the second in the scatter window 
(peak-scatter) is given by: 
 

Cs = (Pp + Ps) * Ss = Pp * Ss + Ps * Ss       (4 
 
The distribution of scattered photons in the main peak and 

the scatter windows were assumed to be the same. 
Reconstruction of Cp and Cs was performed with both 
sensitivity and attenuation corrections. The scatter correction 
is performed by subtraction of the post-filtered scatter image 
from the full energy peak image. The weighting factor 
applied to the scatter image is calculated from the width of 
the energy windows used and the measured scatter fraction 
in the main peak window.  
Alternatively to this post-reconstruction correction, 
correction within the reconstruction loop could be proposed: 
the scatter and random pre-reconstructed images are 
combined with the current image in the forward projection 
step similar to [3]: 
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where S(v) and R(v) are the reconstructed, filtered and 
normalized images of scattered and random events. 

E. Random  correction. 

The presence of random coincidences in the data also 
requires special treatment. Normally, the random 
coincidences are estimated using a delayed time window and 
then subtracted from the projection data set during binning. 
In our case there were two technical limitations: 

1. The delayed coincidence window was not available. 
2. The 3D data had list mode format. 

To estimate the distribution of the random coincidence 
events the following approach was tried. Each coincidence 
event in the list mode file has position coordinates in both 
detectors for the two photons of the Line of Response (LOR). 
A “random LOR” was created from a consecutive pair of 
“coincidence” LORs , as shown in Fig.3., by using one 
photon coordinate from  one LOR and the second photon 
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Fig. 3   Creating a “random” event from the pair of  
coincidence ones. 

 
from the second LOR. The randoms distribution created this 
way is not exact because of the difference in geometrical 
acceptance of coincidences and singles. The overall 
normalization of the correction was estimated from 
measured singles rates.  

F. 2D and 3D data acquisition. 

The performance of 3D was benchmarked using a GE 
Healthcare Infinia gamma camera with coincidence option. 
Lesion detectability data was acquired using the NEMA-
NU2-2001 IQ phantoms and protocols. The phantom was 
prepared with 1.4 mCi of FDG, corresponding to 10 mCi for 
an 70 kg person. The contrast to background ratio was 8:1. 
The acquisition time was 12 minutes. Two sets of 
measurements were performed: 

• without out-of-field-of-view activity;  
• with  the prescribed out-of-field-of-view activity.  

First, 2D data was acquired with the septa collimator. While 
the activity was decaying, the septa collimators were 
removed and a sequence of 3D acquisitions were performed.  

III. RESULTS AND DISCUSSION 

A. Data with scatter and random corrections. 

Out-of-field-of-view activity was not present. After the 2D 
acquisition., the activity decayed to 0.14 mCi for the 3D 
acquisition. The reconstructed images of the scatter and 
random 3D  events  are presented on the Fig. 4. 
 
 
 

 
 
 
Fig. 4. 3D Scatter (left) and random (right) reconstructed images. 

 

 
 
Fig. 5  Upper row – left - 3D raw image, center – after scatter correction,  

right – after scatter and random corrections, bottom row –2D image  
for comparison.  

 
The results of the scatter and random corrections and 2D 
comparison image are presented in Fig. 5. 

B. Comparison of 2D and 3D images including out-of-
field-of-view activity. 

The acquisitions were repeated including the NEMA 
standard out-of field-of-view activity. The results are shown 
in Fig 6. The image quality for the two is comparable.  

IV. CONCLUSIONS 

Techniques of scatter, random, and sensitivity corrections for 
3D CB-PET have been proposed and implemented. 
Preliminary tests on the NEMA Image Quality phantom 
show that the methods are working and beneficial to the 
image quality. Initial tests including out-of-field-of-view 
activity, but not yet with the scatter and random corrections 
show that the image quality is already comparable to that of 
2D. The 3D acquisitions are made with 1/10 of the usual 
PET dose in order to limit randoms and pileups. The 
increase in scatter was not limiting.  

 
 
 
 
 
 
 
 

Fig. 6    NEMA phantom including out-of-field-of-view  activity.     
Left - 3D at 1/10 activity ;  right - 2D .  
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Statistical List-mode Reconstruction in Quantitative
Dynamic Imaging using the High Resolution

Research Tomograph
Arman Rahmim, Stephan Blinder, Ju-Chieh Cheng, and Vesna Sossi

Abstract— We have implemented a hybrid ordinary-convergent
subsetized (HOCS) list-mode EM reconstruction algorithm suit-
able for quantitative dynamic (4D) PET imaging. In particular,
we have validated the applicability of the proposed list-mode
technique to the reconstruction task for the high resolution
research tomograph (HRRT). The HOCS list-mode approach
is shown to be quantitatively accurate for reconstruction of
dynamic frames in the list-mode acquired data. We have also
shown that histogram-mode reconstruction using the delayed-
events subtraction technique clearly exhibits an over-estimation
bias if a sinogram non-negativity constraint is imposed.

I. INTRODUCTION

In positron emission tomography (PET) systems, there is a
continuous effort to increase sensitivity and to improve spatial
resolution. This, in turn, brings about the need for different
approaches to data collection and image reconstruction in order
to make use of the high sampling capabilities of such systems.

Conventional image reconstruction techniques histogram the
collected data into sinogram bins. This can be achieved by (i)
direct histogram-mode data acquisition, or (ii) by histogram-
ming the events which have been initially collected in list-
mode format. The latter has an important advantage in that
specification of the timing frames in not required prior to
data collection. Still, several other benefits can be gained by
reconstructing the list-mode data file directly:

i) Faster reconstruction: In studies in which a low number
of counts per frame are acquired, the number of events may
be in-fact (much) less than the number of lines of response
(LORs) in a full sinogram set, especially with high resolution
scanners having a very large number of LORs (e.g. 4.5B in the
HRRT). Use of list-mode reconstruction techniques implicitly
ignores LORs along which counts were not recorded [1], and
can therefore considerably improve the reconstruction speed
especially for low-statistics frames.

ii) Preservation of maximum sampling frequency: When
histogram-mode reconstruction methods are used, the data are
often mashed; i.e. certain ’nearby’ LORs are histogrammed
into the same sinogram bin in order to reduce the size of
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ment of Physics and Astronomy, University of British Columbia, Van-
couver, BC Canada (e-mail rahmim@physics.ubc.ca, jcheng@physics.ubc.ca,
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the sinogram data. For instance, in the case of the HRRT,
with no data compression, the sinogram size is 1.5G bytes.
Application of data mashing, however, has been shown to
adversely affect image resolution [2]. In the case of list-
mode reconstruction, since events are considered one-by-one,
sinogram data compression is in principle not needed, thus
resulting in preservation of maximum sampling frequency at
no extra cost in terms of time and data size.

iii) Time-of-flight PET: With the continuous improvements
in the technology of PET imaging, time-of-flight (TOF) PET
is now being actively reconsidered [3]. TOF PET, especially
in whole body scanning, is expected to considerably improve
image noise behavior [4]. With the added attribute of time-of-
flight measured for the acquired events, increasingly more sino-
gram bins will be required to take into account the measured
TOF information along each LOR. On the contrary, with list-
mode reconstruction, one does not require the use of sinogram
bins and instead processes the events one-by-one, conveniently
including the TOF information.

iv) Accuracy and convenience in motion correction: We point
out another potential advantage of the list-mode technique: in
histogram-mode reconstruction, a motion-corrected LOR will
not typically correspond exactly to the center of a sinogram bin,
and therefore an interpolation needs to be performed (Fig. 1a).
In list-mode reconstruction, however, motion-corrected list-
mode event coordinates can be maintained as continuous vari-
ables, as we have explained in [5], thus potentially preserv-
ing a higher degree of accuracy in the reconstruction task.
Furthermore, in histogram-mode reconstruction, the regularly
employed sinogram-space has to be extended in order to allow
histogramming of all motion-compensated LORs including
those that do not correspond to existing detector pairs (Fig. 1b),
a problem not encountered in list-mode reconstruction [5].

II. CONVERGENT LIST-MODE RECONSTRUCTION

Since the introduction of the ordered subset expectation
maximization (OSEM) algorithm for histogram-mode emission
tomography [6] there has been considerable interest in acceler-
ated reconstruction techniques. The use of subsets is similarly
applicable to list-mode image reconstruction [1]: in this case,
the subsets are event-based (instead of LOR-based) and are
obtained by sub-dividing the list-mode data into segments that
span a fraction of the total duration. We shall use Sl to
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(a) (b)
Fig. 1. In histogram-mode reconstruction: (a) a motion-corrected LOR needs
to be interpolated into sinogram bins. (b) The sinogram-space also needs to be
extended in order to allow histogramming of motion-corrected LORs that do
now correspond to actual detector pairs.

denote the lth list-mode subset (l=1...L), and λ
m,l
j as the image

estimate at voxel j (l=1...J) at the mth iteration and lth subset.
The subsetized list-mode expectation maximization (S-LMEM)
algorithm is then given by:

λ
m,l
j =

λ
m,l−1

j∑I
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∑
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pikj
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pikbλ
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where ik refers to the LOR along which the kth event is
detected, and pij is the probability of an emission from voxel
j being detected along LOR i.

In practice, while the S-LMEM algorithm is seen to initially
perform considerably faster than the non-subsetized algorithm,
it is typically seen not to converge to a fixed point and instead
results in limit cycles [7]. We can explain this using the follow-
ing observation: each data subset Sl is a different instance of
the Poisson process and thus has a distinct maximum-likelihood
estimator (MLE) λ̂Sl

. Depicting a J-dimensional space for
the image vectors (Fig. 2): at the beginning of the iterative
process (where the current estimate λ is far from convergence),
each pass through a given subset improves the image estimate
nearly independent of the subset, thus explaining the initial
effectiveness of the technique. As λ approaches the MLEs,
however, the updates take more distinct directions, depending
on the subsets, and result in oscillating limit-cycles.

One can argue that convergence properties can be very
relevant to clinical medical imaging since algorithm divergence
could have unfortunate consequences. For instance, the theo-
retical analysis of Qi and Huesman [8] in lesion detectability
applies only to convergent algorithms, whereas no such justifi-
cation has been provided for any non-convergent algorithms. In
this regard, we have paid particular attention to implementation
and study of convergent list-mode reconstruction algorithms.

In [9], [10], Hsiao et al. have derived a new convergent
complete-data ordered subsets EM (C-OSEM) algorithm for
histogram-mode reconstruction. They have shown that the
proposed algorithm monotonically decreases the complete data
objective function, and furthermore converges to the maximum
of the log-likelihood function1. This algorithm, compared to

1The latter convergence is not guaranteed to be monotonic, however, though
the authors have always seen this to be the case.

Fig. 2. As the current image estimate approaches the maximum likelihood
estimators, the image updates become more subset-dependent.

previous convergent algorithms, has the advantage that it is
accelerated at the same time as it is convergent (unlike ordinary
non-subsetized EM), and does not involve a relaxation schedule
(unlike, for instance, RAMLA [11]).

The aforementioned approach can be extended to list-mode
reconstruction: starting from first principles [12] or by direct
transformation of the histogram-mode algorithm [7], one arrives
at the following list-mode reconstruction update equations:

λ̃
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λ
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gikbλ
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j =
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λ̃
m,s
j +

L∑

s=l+1

λ̃
m−1,s
j (3)

where λ̃
m,l
j is an intermediate image vector produced by the

first update Eq. (2), subsequently used by Eq. (3) to arrive at the
overall image estimate λ

m,l
j . The algorithm thus takes the form

of additive updates in image-space, in that upon arriving at any
subset, the intermediate image updates for previous subsets are
added to the update for the current subset. We refer to this as the
convergent subsetized list-mode EM (CS-LMEM) algorithm.

It must however be noted that the additive nature of the
algorithm makes its initial convergence rate relatively slow
compared to the ordinary subsetized technique, since the current
image estimate is added to the previous image estimates,
yielding slow initial improvements in image quality [7]. Subse-
quently, we have used a hybrid ordinary-convergent subsetized
(HOCS) LMEM technique, which uses S-LMEM for a portion
of the first iteration, and subsequently switches to the conver-
gent CS-LMEM algorithm.

III. QUANTITATIVE DYNAMIC IMAGE RECONSTRUCTION

Our quantitative dynamic image reconstruction scheme con-
sists of dividing the list-mode acquired data set into specified
dynamic frames, with the activities within each separately
reconstructed. It must be noted here that the activity distribution
(within the duration of each frame) is likely not to remain
entirely static, and thus use of sequential time subsets is
not desirable. In other words, one wishes to minimize the
separation in-between the MLEs (λ̂Sl

) for each of the subsets
by minimizing inconsistencies between the activity distributions
for the subset. We have thus used an alternative scheme for the
definition of the subsets (refer to Fig. 3).
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Fig. 3. The frames are divided into, say, three segments, and each segment
is in part divided into L portions (L being the number of data subsets).

The extension from 3D imaging to dynamic (or 4D) imaging
necessarily requires corrections for the following factors:

i) Detector deadtime The deadtime correction scheme in-
volves a global scaling of the reconstructed images within
each frame as determined by the average singles rates within
each frame. This is because the singles rates in the HRRT
are not noticeably affected by deadtime effects (unlike the
coincidence events). Therefore, the major bottleneck in the
processing can be attributed to the coincidence detection system
which globally saturates the acquired coincidences. The scheme
involves application of a multiplicative factor, which depends
exponentially on the average singles rates, to the reconstructed
images.

ii) Decay of radioactivity: Decay correction is relatively the
most trivial of all corrections to be applied to reconstructed
images. It requires a global scaling of the final reconstructed
image by a factor determined by the start and end times within
which the events are acquired2.

In this work, we implemented the HOCS-LMEM algorithm
for the HRRT, along with the inclusion of deadtime and
decay corrections, applied on the dynamic frames as obtained
from the list-mode acquired data. Sixteen subsets were em-
ployed: the first 8 subsets in the first iteration were performed
using S-LMEM, subsequently switching to CS-LMEM. The
detected random events were estimated using delayed-window
coincidence detection, and were applied using the delayed
coincidence list-mode subtraction technique [7]. The algorithm
was tested with a data set spanning a wide range of acquired
counts. Images were compared to those obtained using the
(i) FORE+2D-FBP, and (ii) 3D-OSEM (with a sinogram bin
non-negativity constraint). The former is an analytic technique,
making use of the entire 3D data set, and often used as a
golden standard for quantitative accuracy (linear property), and
the latter is the most commonly employed statistical histogram-

2For a given dynamic frame, in ordinary S-LMEM reconstruction, all-but-
the-last subsets in the frame merely contribute to improved image estimates,
and it is only the counts in the very last subset which determine (quantitatively)
the final image. This implies that we need only implement deadtime and
decay corrections for the counts occurring within the durations spanned by
the very last subset. In convergent CS-LMEM reconstruction, however, images
reconstructed from each subset contribute (additively) to the final image, and
therefore correction factors need to be applied to all the intermediate images.

(a) HOCS-LMEM (b) FORE+2D-FBP

(c) OSEM
Fig. 4. Time activity curves (TACs) for 18 frames each 300 s in duration.
First frame has a random fraction of 25%, last frame 5%. One iteration and
16 subsets are used in list-mode and OSEM reconstructions.

mode reconstruction algorithm.

IV. METHODS

Tomograph: Data were acquired on the second generation
of the high resolution research tomographs (HRRT) [2]. This
HRRT scanner has an octagonal design, with the detector heads
consisting of a double 10 mm layer of LSO/LYSO for a total
of 119,808 detector crystals.

Phantom study: A 20 cm long, 10 cm radius phantom
was used. The phantom had two 5 cm diameter cylindrical
inserts, one was filled with water (’cold’ insert) and one with a
18F radioactivity concentration of 1.61 µCi/ml (’hot’ insert).
The phantom itself was filled with a 18F concentration of
0.311 µCi/ml (’background’), yielding a hot insert to back-
ground ratio of 5.18. Eighteen dynamic frames (5 minutes
each) were considered. The measurement thus covered 4.4
radioisotope half-lives. The random fraction was 25% in the
first frame and 5% in the last frame.

Comparison Schemes: We have studies the quantitative accu-
racy of our dynamic list-mode image reconstruction technique,
along with readily available reconstruction software for the
HRRT: namely (i) FORE+2D-FBP, and (ii) 3D-OSEM. The
following comparisons were performed:

i) Time activity curve (TAC) comparisons: Plots of mean
reconstructed voxel intensity (hot, cold and background re-
gions) were obtained for all the reconstructed frames. For
a quantitatively accurate reconstruction algorithm, the TAC
curves are expected to be constant.

ii) Axial profile comparisons: Mean reconstructed voxel
intensities within each axial plane (hot, cold and background
regions) were plotted as a function of the axial plane. The
corresponding curves for the various frames were overlayed
for a visual comparison.

iii) Contrast recovery comparisons: The percent contrasts
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(a) HOCS-LMEM (b) FORE+2D-FBP

(c) OSEM
Fig. 5. Axial profiles in the hot (top), cold (bottom) and background (middle)
regions of the reconstructed images.

for the hot and cold cylinders were calculated according to
the NEMA NU 2001 protocol. The values were depicted as a
function of the number of acquired counts per frame.

V. RESULTS AND CONCLUSION

Fig. (4) shows images of time activity curves obtained
for the three reconstruction schemes: (a) HOCS-LMEM (b)
FORE+2D-FBP and (c) 3D-OSEM. The list-mode algorithm
is seen to yield a relatively flat TAC, similar to the FORE+2D-
FBP case. However, the histogram-mode scheme yields time
activity curves which (especially for the cold and background
regions) increase with higher count-rate frames. This is because
the current implementation of 3D-OSEM imposes a sinogram
non-negativity constraint, which results in a positive bias with
frames with higher random fractions (i.e. higher activities).

Axial profiles of the mean ROI activity have been depicted
in Fig. (5) for the hot (top), cold (bottom) and background
(middle) regions. The profiles for the 18 frames have been
drawn overlaying one another. The HOCS-LMEM algorithm
is clearly seen to outperform the FORE+2D-FBP algorithm in
terms of noise (especially in the background and cold regions).
Furthermore, due to the aforementioned zero-thresholding bias,
the OSEM algorithm (with a sinogram non-negativity con-
straint) does not yield overlapping axial profiles for the various
frames, and performs poorly. Calculated percentage contrasts
are depicted in Fig. (6) for the various frames. Best uniformity
is observed for the list-mode technique, while the OSEM
approach performs poorly again.

We have thus demonstrated that the statistical list-mode
HOCS-LMEM reconstruction algorithm performs very well in
terms of quantitative accuracy. This, as well as the efficiency
and accuracy benefits of the list-mode approach, render the
technique very suitable for dynamic (4D) imaging using the
high resolution HRRT scanner. We have also verified that,

(a) HOCS-LMEM (b) FORE+2D-FBP

(c) OSEM
Fig. 6. Plots of percentage contrast for the various dynamic frames.

as predicted, the commonly-imposed sinogram non-negativity
constraint (in histogram-mode) reconstruction introduces an
overestimation bias in the reconstructed images, especially for
low-statistic scans with high random fractions.
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A database framework for fully 3D small animal
PET reconstruction

Magdalena Rafecas, Lennart Johansson, Andreas Roy, Marc Huisman, Markus Pögl, Sibylle I. Ziegler.

Abstract— To date, the elements of the system matrix A

employed for fully 3D list–mode (LM) reconstruction of PET
data are calculated on the fly due to the prohibitive cost of
storing and accessing the matrix elements. On–line calculation of
A usually relies on several assumptions related to a simplification
of the system model. However, small animal PET requires a
highly accurate modeling, especially to compensate for resolution
degradation effects caused by crystal penetration of the photons.
In this work, we demonstrate the feasibility of reconstructing list–
mode data using a matrix stored on the disk. A unique feature
of our technique is the use of a database management system to
store and to handle the system matrix values, which have been
calculated previously through Monte–Carlo simulations. In this
way, an accurate description of the system response, stored as
table entries of a database system, can be combined with LM data.
In this first approach, we have worked with a modified version
of the OPLEM algorithm: the input LM data are subdivided into
temporal subsets, and for each subset the data are histogrammed
according to their LOR number. For comparison purposes, the
same algorithm was implemented using A stored as a binary file.
The results show that fully 3D reconstruction using a database
framework to store the system matrix is feasible. For 7.0 × 10

6

events and A consisting of 2.86 × 10
8 non–zero elements, one–

pass through the whole data set (7 temporal subsets) took 4 h 31
min. To fully exploit the strength of the database framework, we
are currently working on a fully 3D event–by–event reconstruction
(without histogramming step) using a Monte–Carlo based matrix
stored as a database table. Preliminary results show that this latter
approach is possible.

I. INTRODUCTION & MOTIVATION

In small animal PET imaging, high resolution is mandatory.
However, the conventional technique of binning the acquired
data into a sinogram results in a loss of spatial resolution,
since different lines–of–response (LORs) may be related to
the same element in the sinogram space. In addition to this,
due to the high sampling capabilities of modern tomographs,
in low statistics studies the number of detected coincidences
will be generally less than the total number of LORs. These
issues have motivated the implementation of list–mode (LM)
reconstruction techniques. One of these algorithms is FAIR [1],
which is derived from the classical MLEM formulation after
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decomposition of the binned data into the individual events.
The value for image voxel j after the (k + 1)th iteration is:

xk+1

j =
xk

j
∑I−1

i=0
Aij

×

N−1
∑

n=0

[

1

qk
in

Ainj

]

(1)

where N corresponds to the number of detected coincidences
and the index n to the coincidence number in the LM file;
in refers to the LOR related to that event, and I to the total
number of LORs. The element Aij of the system matrix can be
seen as the detection probability for a coincidence originating
within j and detected in LOR i. The term:

qk
in

≡

J−1
∑

j=0

Ainjx
k
j (2)

corresponds to the expected number of coincidences detected
in that LOR in which the nth event was detected, providing
that the original distribution was xk . The vector qk thus refers
to the forward projection of the last image update, xk.

The FAIR algorithm can be extended to incorporate temporal
subsets:

xkS+s+1

j =
xkS+s

j
∑I−1

i=0
Aij

×

Ts−1
∑

l=0

[

1

qkS+s
il

Ailj

]

, (3)

where Ts refers to the number of coincidences per subset
and s ∈ [0, S) to the data subset being processed, S being
the number of subsets. A complete iteration consists of S
subiterations, each one corresponding to one pass through each
temporal subset, so that the image obtained after processing the
Ts elements within the subset s is used as an input for the next
subiteration.

As demonstrated in [2], only one pass trough the measured
data (OPLEM algorithm) can be sufficient to yield good quality
images, provided that an accurate modeling of the system
response is available and the number of temporal subsets is
appropriate. Since a list–mode file consists of a sequence of
the detected events, ordered according to the time of detection,
the sequence in which the elements of A are required for the
forward and backprojection operations cannot be determined
in advance. This problem is usually solved by calculating the
required value of Aij on the fly, which implies to sacrifice an
accurate modeling of the system response to less computation-
ally expensive but also less accurate forward and backprojection
procedures.

A highly accurate model of the system response can be
achieved by using Monte Carlo (MC) simulations [3] [4]

Fred Noo


Fred Noo


Fred Noo
Session 3 - Poster session 1: iterative reconstruction      14:00 - 16:00 Wednesday 6 July 2005  

Fred Noo
The Eighth International Meeting on Fully Three-dimensional Image Reconstruction in Radiology and Nuclear Medicine      121  



[5]. This technique allows us to include in A all relevant
effects as crystal penetration, detector scatter, positron range,
etc., through an accurate description of the system geometry
and components. This approach is especially useful for small
animal PET scanners characterized by a complex geometry, for
example, multiple radial layers of granulated detectors or small
diameter scanners. A correct modeling of crystal penetration
effects is especially decisive for the latter case, since a large
part of the FOV is affected by the resulting parallax errors and
thus, by the degradation of the spatial resolution [6].

In our previous work, aimed at exploiting the tomographic
capabilities of the dual–layer, small animal PET scanner
MADPET–II [7] [8], we used MC simulations to accurately de-
scribe the system matrix [5]. We demonstrated that it is feasible
to use an off–line computed A for fully 3D reconstruction of
MADPET–II data. Our approach relied on the MLEM algorithm
and on histogramming the input data according to the LOR
index. Due to the enormous size of AMADPET–II, only non–zero
elements were stored as a binary file. The extension of this
approach to LM data reconstruction is, however, hindered by
the prohibitive cost of accessing the elements of A according to
the sequence determined by the detection time. Motivated by
two apparently incompatible trends, the use of Monte–Carlo
simulations to compute A for small animal imaging and the
use use of list–mode data formats, the goal of the present
work was to study the feasibility of combining FAIR–based
image reconstruction approaches with an off–line computed
matrix obtained though MC simulations. The key element of
our approach is the use of a database management system
to handle, store and access the non–zero probability matrix
elements.

II. METHODS

A. The PET scanner

MADPET-II is a high resolution small animal PET prototype
scanner, currently under development [7] [8]. MADPET–II is
characterized by 18 dual–layer detector modules mounted on
a ring of small diameter (∅ = 71 mm). Each module consists
of 2 layers of 4 × 8 lutetium oxyorthosilicate (LSO) crystals,
the size of the crystals being 2 × 2 × 6(8) mm3 for the front
(back) layer (inter–crystal distance: 0.3 mm). Each of the 1152
LSO crystals is read–out individually by avalanche photodiodes
(APDs) belonging to 32 monolithic APD arrays, in such a way
that list–mode acquisition of single events is possible.

B. Monte Carlo simulations

Since at the time of this study the scanner was not completed,
the proposed algorithms were tested using MC simulated data.
The geometry of MADPET-II, also including non–sensitive
materials, was described in Monte Carlo code by means of
GEANT 3.0 [9]. The simulations were used for calculating
the system matrix (see subsection II-C), and for describing a
phantom to test the algorithms (see subsection II-E).

C. The probability system matrix & the database system

The generation of the system matrix, as well as the recon-
struction process, were supported by the use of a database
framework. In this work, two database management systems
were considered: DB2 [10] from IBM1 to generate the system
matrix, and Oracle [11] from ORACLE2 for reconstruction.
Both systems understand Standard Query Language (SQL)
commands. In a work in progress, we also use DB2 for
reconstruction purposes [12].

1) Generation of the system matrix: This operation was
performed by loading the LM coincidence files obtained from
the MC simulation into a DB2 database table, as described in
[5]. A was obtained after processing and sorting 2.86 × 108

detected coincidences which originated within a simulated
cylinder (∅ = 70 mm, L = 18.7 mm) homogeneously filled
with radioactivity. The active volume was voxelized using a
support of 140×140×40 cubic voxels (voxel size: 0.5×0.5×0.5
mm3). The number of non–zero elements was 2.04× 108.

2) Storage and handling of the system matrix: We consid-
ered two possibilities to deal with the system matrix elements.

a) The matrix as a binary file: The non–zero matrix
elements, stored as entries of the DB2 database table, are
exported and converted into a binary file (size: 2.7 GB), which
is employed for the reconstruction. (See [5] for more details.)

b) The matrix as a database table: No binary file is
created, but the non–zero elements of the matrix are simply
stored as entries of a Oracle database table.

D. Reconstruction methods

We have implemented a LM algorithm based on a system
matrix which is stored as database table. For comparison
purposes, we have also studied the performance of a list–
mode algorithm combined with a system matrix stored as a
binary file. In both cases, the reconstructed transaxial FOV was
characterized by a radius RFOV = 34 mm (96% of Rscanner),
while the axial length of the FOV was 18 mm. Cubic voxels
of with a side length of 0.5 mm were employed. We tested the
algorithms making use of an AMD Athlon XP 1700+ processor,
1.47 GHz, 512 MB RAM.

1) File–based OPLEM: As an event–by–event reconstruc-
tion using a binary matrix file was computationally prohibitive,
we implemented a modified version of the algorithm described
by Eq. 3. Taking into account that each of the time subsets s
can be considered as an independent lower-statistics scan, the
subset data were reordered into a temporary LOR–histogram
(represented by vector ys). After the histogramming step,
equation 3 becomes:

xkS+s+1

j =
xkS+s

j
∑I−1

i=0
Aij

×

I−1
∑

i=0

[

ys
i

qkS+s
i

Aij

]

. (4)

For each subset s, two passes through the whole matrix were
required: one pass for backprojecting the last image update and

1http://www-306.ibm.com/software/data/db2/
2http://www.oracle.com/technology/documentation/oracle9i.html
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one pass to find the non–zero matrix elements related to non–
zero values of vector ys.

2) ORACLE–OPLEM: This reconstruction procedure em-
ploys an Oracle database (version Oracle9i) to store all non–
zero system matrix elements. The reconstruction programs con-
nect directly to the Oracle database server using the Oracle Call
Interface (OCI). The interface offers a standard set of functions
which can be invoked by the programming language C in order
to establish a database connection, to execute SQL statements
and to close the connection. As for the file–based OPLEM
algorithm, Eq. 4 was implemented. The histogramming of the
input data implies the matrix elements to be accessed only once
for each subset. Since the access to all those matrix values
required during the reconstruction is related to a large amount
of select queries, the network traffic is very high. To avoid
this undesirable effect, we have developed stored procedures
(SP): A stored procedure is a collection of SQL–statements and
control structures which is compiled only once, then stored and
executed on the server. The procedural language of Oracle is
PL/SQL. After logging on to the database, one stored procedure
(SP0) is in charge of initializing some variables, as the size
of FOV to be reconstructed and also the so called PL/SQL
tables (which are comparable to arrays in other programming
languages). Three other dedicated stored procedures were: SP1,
which gets an array of the listmode data (corresponding to one
time subset) as input from the client (C program) to be stored
in the server; SP2, in charge of the reconstruction, and SP3,
which returns the calculated image back to the C program. The
SPs are grouped into a package, which also contains variables
maintaining state throughout a session: for example, the image
obtained after processing elements of the first subset is stored
in a global PL/SQL table, until the first stored procedure passes
the next listmode data so that processing can be continued.

E. Simulated phantom & figures–of–merit

To study image quality, simulated data corresponding to a
centered radioactive cylinder (Rcyl = 25 mm, Lcyl = 18.7)
were obtained. Neither scattering nor attenuation media within
the phantom were considered. The phantom included two rod
inserts (Rrod = 6 mm) placed at d = ±12 mm from the
center of the cylinder. One of the rod was empty (”cold”).
The concentration ratio between the active rod (”hot”) and the
rest of the cylinder, homogeneously filled with activity, was
1:0.3. The number of detected coincidences originating within
the phantom was 7.5 × 106. To analyze the quality of the
images, we defined three different regions–of–interest (ROI)
in the transaxial images: two circular ROIs (RROI = 5 mm),
corresponding to the active and non–active rods, and a third
ROI being the cylinder without rod inserts.

The image quality was quantified by means of the following
figures–of–merit (FOMs): We defined the detectability D re-
lated to the ”cold” and ”hot” ROIs as: DROI ≡ |µROI−µcyl|/σcyl,
where µROI is the average value of the contents of those voxels
within the chosen ROI, and µcyl and σcyl are the average voxel
value and the standard deviation within the cylinder without

Fig. 1. Transaxial section of the reconstructed phantom obtained using
ORACLE–OPLEM (7 time subsets).

rods, respectively. The higher the image quality, the higher
the value of D. For a certain ROI, the contrast (C) relative
to the active background within the cylinder was defined as:
CROI ≡ |µROI − µcyl|/µcyl. (Ideal values: Ccold = 1 and
Chot = 2.3). We also calculated the ratio of the number of
events within the cold rod relative to the total number of counts
within the image (mispositioned events, ME).

III. RESULTS & DISCUSSION

The results presented in this section mainly focus on process-
ing time. Since the underlying mathematical algorithm and the
values of the matrix elements were identical for both cases,
the images were also identical. Therefore, only the image
obtained after reconstructing by means of ORACLE–OPLEM
is analyzed (see figure 1).

1) File–based OPLEM: It was found that the best image
quality was obtained for Ts = 1.0 × 106 and 7 subsets (the
remaining 0.5 × 106 coincidences within the coincidences file
were not processed). In this case, one pass through the LM
coincidence file took ≈ 40 minutes (≈ 6 minutes per time
subset). For Ts = 1.0 × 105 and 75 subsets, we needed 6
hours and 52 minutes for one–pass reconstruction. It is obvious
that, due to the histogramming step of Eq. 4, the efficiency
of this method is related to the number of non–zero elements
within ys, so that the reconstruction is slowed down when the
LOR–histograms contains many zeroes. The implementation of
an event–by–event reconstruction without histogramming the
coincidences within each time subsets was discarded due to
the prohibitive computational cost: Since looking for all the
matrix elements related to a certain LOR in through the entire
matrix file takes ≈ 122 s, the searching process for a LM file
containing 7.5 × 106 would take 9.15 × 108 s (i.e., about 29
years!).

2) ORACLE–OPLEM: For Ts = 1.0 × 106 and 7 subsets,
one pass through the whole LM coincidence file took 4 hours
and 31 minutes. ORACLE–OPLEM is significantly slower than
the file–based method; However, while the file–based technique
could only be implemented by histogramming the input data,
a fully event–by–event reconstruction without histogramming
could be performed using a database framework. Preliminary
results of a work in progress [12] show that this aproach is
feasible for the database system DB2.
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TABLE I
VALUES OF THE FOMS.

Method Dhot Chot Dcold Ccold ME

ORACLE–OPLEM 5.4 1.6 1.7 0.5 0.5%

MLEM (60 iter.) 6.7 2.1 2.5 0.8 0.8%

The task of transferring the 1.0 × 106 LOR indices within
each subset from C program to the PL/SQL package took 5 s
(see procedure SP1). For each subiteration (SP2), the database
was accessed ≈ 2.7 × 105 times, representing approximately
34 min per subset. Transferring each image update to the C
program (SP3) took 3 s per subiteration. In fig. 1 the image
obtained after adding all transaxial sections of the reconstructed
object is shown. The values obtained for the FOMs, averaged
over all transaxial slices, are presented in table I. As a reference,
the results obtained after reconstructing the data by means of
MLEM (60 iterations) and the same matrix are also shown
(see [5]). The results obtained by means of ORACLE–OPLEM
are worse than those obtained using MLEM, except for the
ratio of mispositioned events, which was improved when using
ORACLE–OPLEM. The results are however not directly com-
parable, since for ORACLE–OPLEM only one pass through
the whole data set, subdivided in 7 temporal subsets, was
performed, whereas the MLEM results were obtained after 60
iterations.

IV. CONCLUSION

The goal of the present work was to extend the use of a
database system for fully 3D PET image reconstruction. Within
this framework, we have developed a list–mode reconstruction
technique which employs a system matrix whose elements,
previously computed through Monte–Carlo simulations, are
stored as entries of a database table. The matrix elements
are taken from the table by accessing the database during the
reconstruction. The main advantage of the proposed database
framework is the flexibility related to the storage of the matrix
as a table. This approach allows us to access and to select
stored matrix elements according to any criteria during the
reconstruction by appropriately querying the database.

This work should be seen as a feasibility study about a
database–oriented reconstruction; we are aware that grouping
the LM data into sequential time subsets and histogramming
the coincidences according to the LOR index might not be too
efficient for a LM approach. The rationale behind this choice
was to implement a technique which could use a matrix stored
as a binary file for on–line reconstruction, so that we could start
reconstructing while acquiring. This approach is justified by the
fact that MADPET–II data acquisition system writes singles
data to disk in groups. Due to the histogramming step, the
file–based method performed faster that ORACLE–OPLEM.
The fact that the number of events contained within the input
file was larger than the number of LORs favored the file–
based method, whose efficiency worsened when the number of
events per subset decreased. However, some preliminary results

obtained using DB2 for OPLEM support the use of a database
oriented algorithm for event–by–event reconstruction of LM
data (no histogramming) [12], while a file–based reconstruction
for an event–by–event reconstruction is simply not realistic.
Theoretically, an event–by–event reconstruction would require
to access the database each time we need to compute any
operation in which an element of the matrix is present. Since
it is faster accessing the memory than the hard disk we
are implementing a temporary storage (buffer) to reduce the
number of times the database is accessed. One advantage of
using DB2 is that, when compared to an application that uses
embedded SQL, a DB2 call interface application is independent
and does not have to be precompiled. Our future work is also
aimed at extending our database approach to block–iterative
reconstruction methods, in which a certain criterium determined
which set of matrix elements are needed. We believe that a
database framework can be especially useful for such cases,
since it allows us to select table entries in an efficient way.

In any case, the results obtained point out that the Oracle
system with stored procedures is very convenient for grouping
several SQL queries into one block to be executed at once.
This fact can be advantageous especially when implementing
block–iterative reconstruction methods. The implementation of
an event–by–event reconstruction making use of Oracle and
stored procedures could be practical only if groups of events are
sent at once to the server, instead of calling a stored procedure
for each coincidence event within the LM file. For MADPET–II,
working with events in subsets is the natural way to reconstruct
the data on–line, since acquired singles are written to disk
in groups. The choice of Oracle as a database system was
motivated by the fact that Oracle’s PL/SQL is a very powerful
language, characterized by desirable features such as packages,
error handling and defining collection types. It is worth noting
that the use of Oracle9i compared to the older Oracle 8i version
resulted in accelerating the algorithm. We can thus expect that
future versions of Oracle will offer some novel features which
might help to improve the efficiency of our method.

In conclusion, a database framework makes possible to com-
bine list–mode based techniques with a Monte–Carlo computed
matrix, thus providing a better modeling of the system response
than on–the–fly calculations related to conventional list–mode
reconstruction.
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Compensation of some time dependent deformations
in 2D tomography

Laurent Desbat, Sébastien Roux and Pierre Grangeat,

Abstract— This work concerns dynamic tomography (2D + t).
We show that a much larger class of deformations than the affine
transforms can be compensated analytically within FBP algo-
rithms in 2D parallel beam and fan beam dynamic tomography.

I. I NTRODUCTION AND NOTATIONS

This work is a contribution to motion compensation in
tomography. These last years, several studies have been ded-
icated to this subject, mainly for cardiac imaging. Indeed,
reconstructions of moving organs suffer from a lot of artifacts.
Gating methods [3], [2] have been proposed to improve cardiac
imaging. CT scanner rotation speed and sampling parameter
adjustment to the heart period were also suggested in order to
improve the reconstructed images [7].

This paper shares the same approach as Crawford et al [1]
and Roux et al [8]. The idea is to introduce a time (t) dependent
motion or a deformation model~Γt within the reconstruction.
~Γt is simply a bijective mapping on the reconstruction space.
Let us denoteft the measured attenuation function at timet,
we suppose thatft(~x) = f

(
~Γt (~x)

)
wheref is the attenuation

function at a reference time, for examplet = 0. Thus ~Γt(~x)
maps simply~x at time t to its the position at timet = 0.

In [8] the deformation compensation is incorporated within
analytical reconstruction algorithms for time dependent affine
deformations~Γt in 2D parallel and fan beam tomography (a
generalization to 3D is given in [6]). The 2D fan beam method
is based on the new reconstruction framework proposed by Noo
et al [4]. A major idea of [8] is that the line space is invariant by
affine transforms. Moreover, parallel lines are transformed into
parallel lines and divergent lines are transformed into divergent
lines (intersections are preserved).

For tomographic applications, it seems important to trans-
form the integration lines at timet into lines at time0, in order
to keep the mathematical properties of line integrals. In the
following we proposed to study firstly the time dependent de-
formations that map in 2D the set of (parallel) lines orthogonal

L. Desbat is with TIMC-IMAG,UMR UJF CNRS 5525, Joseph Fourier
University of Grenoble, Faculté de Médecine, 38706 La Tronche, France.
Telephone +33-4-56-520051. E-mail: Laurent.Desbat@imag.fr.

P. Grangeat is with LETI, CEA-Grenoble 17 rue des Martyrs 38 054
Grenoble, France. E-mail: GRANGEAT@chartreuse.cea.fr.

Sébastien Roux was with LETI and TIMC IMAG. E-mail: se-
bastien.roux@freesbee.fr.

This work is supported by an ACI GRID grant (CiGri, Ministère de la
Recherche), the CIMENT project http://ciment.ujf-grenoble.fr/ and the Grant
RAGTIME of the Région Rhône-Alpes

to the projection direction at timet into a set of lines orthogonal
to a generally different direction at time0 and secondly the
time dependent deformation that map the divergent beam at
time t into a divergent beam at time0. These deformations
contain the affine deformations. We show that a subset of these
deformations (much larger than the set of affine transforms)
can be also analytically compensated.

In next subsections we introduce our notations, the parallel
and divergent transforms, the time dependent deformations. In
section II we present much larger classes of deformations than
affine deformations that can be analytically compensated within
FBP reconstructions, firstly in parallel and then in divergent
tomography. The last section III is dedicated to discussions and
perspectives.

A. Parallel and divergent transforms

1) Parallel geometry:We consider the 2D Radon transform
of a functionf ∈ L1(R2) (in the following denoted by “parallel
geometry”)

gP(φ, s) = Pf(φ, s) =
∫

R
f

(
s~θ(φ) + l~ζ(φ)

)
dl,

whereφ ∈ [0; 2π[, s ∈ R, ~ζ(φ) = (− sinφ, cos φ)t ∈ S1, and
~θ(φ) = (cos φ, sin φ)t ∈ S1 (S1 is the unit circle), see Fig. 1.
The functionPφf such thatPφf(s) = Pf(φ, s), is called the
parallel projection at angleφ.

x1

x2

φ
s

~θ(φ)
~ζ(φ)

Fig. 1. Parallel geometry parameters

2) Fan beam geometry:We consider the 2D divergent beam,
or the fan beam transform, of a functionf ∈ L1(R2):

gD(β, α) = Df(β, α) =
∫ +∞

0

f
(
~a(β) + l~ζ(α)

)
dl,
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where~a(β) is the source position,β is the real parameter of the
source curve (it can be generally chosen such that0 ≤ β ≤ 1),
~ζ(α) ∈ S1, is the unitary vector of the integration line passing
through the source position~a(β) and a detector parametrized
by the angleα ∈ [−π/2, π/2[ (α is the angle between the
integration line and the line joining~a(β) and the origin, see
Fig. 2). The functionDβf such thatDβf(α) = Df(β, α), is
called the fan beam projection at source positionβ.

x1

α

x2

~a(β)

~ζ(α)

Fig. 2. Divergent geometry parameters

B. Time dependent deformations preserving the projection ge-
ometry

We study time dependent deformations, more precisely bi-
jective smooth mappings onR2,

~Γt : R2 −→ R2

~x −→ ~Γt(~x)

The timet will be in practice the parameter characterizing the
projection, i.e., the angleφ for parallel acquisition (we will
then write~Γφ) andβ for divergent tomography.

1) Parallel geometry:For parallel beam, we will consider
deformations that transform the set of parallel lines of a
projection at angleφ into a set of parallel lines. Thus there
exists an angleψ(φ) such that the line~x · ~θ(φ) = s is mapped
on the line~Γφ(~x) ·~θ(φ+ψ(φ)) = Γ~θ(s). The functionΓ~θ(s) is
chosen to be a strictly increasing smooth function ons (it can
be always chosen strictly increasing, addingπ to ψ if necessary)
so that~Γφ is bijective, see Fig. 3.

Such a deformation can be written

~Γφ(~x) = Rψ(φ)

(
Γ~θ(~x · ~θ(φ))~θ(φ) + Γ~ζ(~x)~ζ

)
(1)

whereRψ is the rotation of angleψ, Γ~ζ(~x) is a real function

from R2 to R. Indeed, let~y such that~Γφ(~x) = Rψ(φ)~y then

~Γφ(~x) · ~θ(φ + ψ(φ)) = Γ~θ(s)

is equivalent to

~y · ~θ(φ) = Γ~θ(s)

thus~y = Γ~θ(s)~θ(φ) + λ(~y)~ζ(φ) for some realλ(~y).

2) Fan beam geometry:For fan beam geometry, we will
consider deformations~Γβ that transform a fan into a fan. We
decompose this deformation into two parts:
• First, a deformation that preserves the source posi-

tion ~a(β), i.e., a point ~x of polar coordinates(l, α)
with the referential origin at~a(β) (~x = ~a(β) +
l~ζ(α)), is transformed into a point~Γβ(~x) of polar

coordinates
(
ΓL,β(l, α), ΓA,β(α)

)
: ~Γβ(~x) = ~a(β) +

ΓL,β(l, α)~ζ
(
ΓA,β(α)

)
.

• Then, a translation by the vector~v(β) = ~Γβ(~a(β))−~a(β)
(that transforms the source~a(β) into a virtual source
~Γβ(~a(β)) at time t = 0).

Thus we can write the deformation

~Γβ(~x) = ~T~v(β)

(
~a(β) + ΓL,β(l, α)~ζ

(
ΓA,β(α)

))
(2)

where ~v(β) = ~Γβ(~a(β)) − ~a(β). With this notations,(
ΓL,β(l, α),ΓA,β(α)

)
are the polar coordinates of~Γβ(~x) −

~v(β) in the referential with origin at~a(β). Clearly ΓA,β must
be a stricly monotonic function ofα andΓL,β(l, α) must be a
stricly monotonic function ofl at fixedα andΓL,β(0, α) must
be equal to0), see Fig. 4.

x1

x2

x1

x2

φ

φ + ψ

Γ~θ
(s)

s

~ζ(φ)

~θ(φ)

~θ(φ + ψ)

~ζ(φ + ψ)

Γφ

l

Γ~ζ
(s, l)

Fig. 3. Parallel deformation~Γφ

II. COMPENSATION OF TIME DEPENDENT DEFORMATIONS

AFFINE IN THE X-RAY DIRECTION

In [8] the function f (and thusf~Γt
) is analytically re-

constructed with FBP algorithms from parallel or divergent

Fred Noo
130     The Eighth International Meeting on Fully Three-dimensional Image Reconstruction in Radiology and Nuclear Medicine  

Fred Noo


Fred Noo


Fred Noo
Session 4: compensation methods in CT      16:30 - 17:45 Wednesday 6 July 2005  



beam transformT f~Γt
of f~Γt

, more precisely fromPf~Γφ
(φ, s)

(T = P and t = φ) or Df~Γβ
(β, α) (T = D and t = β),

when~Γt is affine. In the following, we consider deformations
~Γt belonging to subclasses of deformations in the form of (1)
or (2): ~Γt = ~At ◦ ~∆t, where ~At is affine and~∆t is such that
Ttf~∆t

can be derived directly fromTtf . More precisely, we
restrict the deformation alongζ in (1) or in (2) to be affine, see
respectively (4) and (6). This property is obviously satisfied by
the affine deformations, see section II-C. This much larger class
of deformation can be compensated within fast FBP algorithms.

As

f ~At◦~∆t
(~x) = f

(
~At

(
~∆t (~x)

))

= f ~At

(
~∆t (~x)

)

= f ~At ~∆t
(~x) (3)

the projectionsTtf ~At
can be derived directly from the data

Ttf ~At◦~∆t
and then the affine deformation~At can be compen-

sated using [8].

A. Parallel geometry

Let

~∆φ(~x) = ∆~θ

(
~x · ~θ(φ)

)
~θ(φ) (4)

+
(
b
(
~x · ~θ(φ)

)
+ c

(
~x · ~θ(φ)

) (
~x · ~ζ(φ)

))
~ζ(φ)

wherec is a real non negative function then

Pφf~∆φ
(s) =

1
c(s)

Pφf
(
∆~θ(s)

)
(5)

Indeed

Pf~∆φ
(φ, s) =

∫
f

(
∆~θ (s) ~θ(φ) + (b(s) + c(s)l) ~ζ(φ)

)
dl

=
1

c(s)
Pf

(
φ, ∆~θ(s)

)

Thus if we restrict in (1)Γ~ζ(~x) to functions of the form

Γ~ζ(~x) = b
(
~x · ~θ(φ)

)
+ c

(
~x · ~θ(φ)

)
~x · ~ζ(φ),

as~Γφ = Rψ(φ) ◦ ~∆φ, we see from (3) and (5) that

Pf~Γφ
(φ, s) = PfRψ(φ)◦~∆φ

(φ, s) =
1

c(s)
PfRψ(φ)(φ, ∆~θ(s)).

ThusPφfRψ(φ) can be computed fromPφf~Γφ
:

PfRψ(φ)(φ, s) = c
(
∆−1

~θ
(s)

)
Pf~Γφ

(
φ, ∆−1

~θ
(s)

)

Then, f can be reconstructed fromPfRψ(φ) with the FBP
algorithm given in [8].

Remark: functionsΓ~ζ(~x) of the form w(~x · ~θ, ~x · ~ζ) would
yield the rotation invariant Radon transform [5]. Its invertibility
is known but FBP like algorithms are not available.

B. Fan beam geometry

Let

~∆β(~x) = ~a(β) (6)

+(b (α) + c (α) l) ~ζ
(
∆A,β(α)

)

wherec is a real non negative function then

Dβf~∆β
(α) =

1
c (α)

Dβf
(
∆A,β(α)

)
(7)

Indeed

Dβf~∆β
(α)

=
∫

f
(
~a(β) + (b (α) + c (α) l) ~ζ

(
∆A,β(α)

))
dl

=
1

c (α)
Dβf

(
∆A,β(α)

)

Thus if we restrict in (2)ΓL,β(l, α) to functions of the form

(b (α) + c (α) l), as~Γβ = ~T~v(β) ◦ ~∆β , we see from (3) and (7)
that

Dβf~Γβ
(α) = Dβf~T~v(β)◦~∆β

(α)

=
1

c (α)
Dβf~T~v(β)

(
β, ∆A,β(α)

)

ThusDβf~T~v(β)
can be computed fromDβf~Γβ

(α):

Dβf~T~v(β)
(α) = c

(
∆−1

A,β
(α)

)
Dβf~Γβ

(
∆−1

A,β
(α)

)

Then, f can be reconstructed fromDf~T~v(β)
with the FBP

algorithm given in [8].

C. Time dependent affine deformations

In this section we show that affine deformations,Γt(~x) =
Mt~x + ~bt such thatdet Mt 6= 0, can be written in the form
of equation (1) or respectively equation (2) whitin the subclass
defined by equation (4) or respectively equation (6). In this
sense, this paper generalizes [8].

1) Parallel geometry: Let ~Γφ(~x) = Mφ~x + ~bφ. The co-
ordinate vector of~x in the basis(~θ, ~ζ) is just Rt

φ~x, thus

Rt
φ(Mφ~x + ~bφ) = Rt

φMφRφRt
φ~x + Rt

φ
~bφ is the coordinate

vector of~Γφ(~x) in the orthogonal basis(~θ, ~ζ). It is well known
and obvious that a2×2 matrix can be transformed into a lower
triangular matrixL with multiplication by a rotation matrix,
denoted hereRψ(φ)−φ. Applying this toRt

φMφRφ yields

~Γφ(~x) = Rφ

(
Rψ(φ)−φLRt

φ~x + Rt
φ
~bφ

)

= Rψ(φ)

(
LRt

φ~x + Rt
ψ(φ)

~bφ

)

and thus~Γφ can be written in the form of the subclass (4) with

∆~θ(~x · ~θ(φ)) = L1,1

(
~x · ~θ(φ)

)
+

(
Rt

ψ(φ)
~bφ

)
1

b(~x · ~θ) = L2,1

(
~x · ~θ(φ)

)
+

(
Rt

ψ(φ)
~bφ

)
2
; c(~x · ~θ) = L2,2
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x1

α

x2

l

~ζ(α)

x1

x2

~a(β)

~ζ
�
ΓA,β(α)

�

~a(β)

x2

x1

Γβ (~a (β))

~a(β)

ΓL,β(l, α)
ΓA,β(α)

~v(β)

Fig. 4. Divergent deformation~Γβ

2) Fan beam geometry:Let Γβ(~x) = Mβ~x + ~bβ . In fan
beam, we work with the polar coordinates(l, α) of ~x in
the referential centered at~a(β), ~x = ~a(β) + l~ζ(α), thus
~Γβ(~x) = Mβ~a(β) + ~bβ + lMβ

~ζ. For α ∈ [−π/2, π/2], the

vectorMβ

(
~ζ(α)

)
describes half an ellipsis, thus we can define

the one to one function∆A,β(α) of Eq. (6) by

~ζ
(
∆A,β(α)

)
=

Mβ
~ζ(α)

||Mβ
~ζ(α)||

and

c(α) = ||Mβ
~ζ(α)||; b(α) = 0 thusΓL,β(l, α) = l||Mβ

~ζ(α)||
which is a linear function ofl and generally a non-linear
function in α. Thus, an affine transform can always be written
in the form of Eq. (2) with~v(β) = (Mβ − I)~a(β) + ~bβ and
ΓL,β(l, α) linear in l.

III. D ISCUSSION

In this extended abstract, we have shown that much more
general deformations than affine transforms can be analytically

compensated in dynamic tomography. We have considered the
class of deformations that transformed only a parallel projection
geometry into an other parallel projection geometry, or a
divergent projection geometry into an other divergent projection
geometry. Among theses deformations, we have shown that
those involving only an affine deformation along each line (this
affine deformation can vary from line to line), can be efficiently
analytically compensated, i.e. within a FBP algorithm. This
class of deformations is much larger than the very small class
of affine deformations. It involves more local deformation
possibilities. Deformations from this considered class have been
written as a composition of an affine transform (a rotation in
a parallel geometry or a translation in a divergent geometry)
and deformations that can be compensated with weighting
and rebinningwithin each projection. Therefore, after this
weighting and rebinning step, the admissibility conditions and
the FBP algorithms are the same as those given in [8].

The extension of this work to 3D time dependent deforma-
tions preserving the 3D X-ray divergent geometry (X-ray lines)
should be considered. Obviously, a set of 3D divergent lines can
be transformed into an other set of 3D divergent lines by the
composition of a translation (of the source) and a mapping from
a line through the source to an other line through the source.
This would be the starting point of a simple extension of this
work to 3D.

It could be interesting also to consider deformations that
transforms lines into curves for which inversion formulas exist
(such as circles), and study if (and how) all these deformations
could be combined and still be analytically compensated. But
this is far beyond the scope of this paper.
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Efficient Monte Carlo based scatter artifact
reduction in cone-beam micro-CT

Wojciech Zbijewski and Freek J. Beekman

Abstract— Cone beam micro-CT projections suffer from high
scatter fractions. This is caused by the application of 2D detectors
consisting of small elements that prohibit the use of post-object
collimation. Improper detection of scattered photons severely
degrades the quantitative accuracy of cone-beam micro-CT
images. In this paper we develop and validate a method that
accurately removes scattering artifacts from the reconstructions.
The iterative correction scheme is as follows: (i) an initial image is
reconstructed from scatter-contaminated projections without any
attempt to correct for the scattering artifacts, (ii) Monte Carlo
(MC) simulation is used to calculate a scatter estimate based
on the initial reconstruction, (iii) the estimate is used during the
reconstruction of a scatter-corrected image. Steps (ii) and (iii) can
be repeated until adequate correction is obtained. The noise in the
scatter distributions computed with MC is strongly suppressed
by applying 3D Maximum Likelihood-Expectation Maximization
(ML-EM) fitting to de-noise scatter estimates obtained with low
numbers of traced photons. This allows to reduce the time spent
on generating low-noise MC scatter estimates by a factor of
approx. 5000 and brings down the MC simulation times to about
a minute per projection on a 2.6 GHz Xeon PC. Simulated
projection data of a CCD-based micro-CT scanner are used to
study the convergence properties of the scatter correction scheme
proposed. Already after three cycles of scatter correction the
reconstructed images only barely differ from reconstructions of
scatter-free projections. In addition, first results of combined
scatter and beam-hardening correction are presented for real
data. After one cycle of the algorithm the cupping due to scatter is
found to be almost completely removed from the reconstructions
of real data.

I. INTRODUCTION

Contamination of CT projection data with scattered photons
can lead to significant degradation of image quantitative accu-
racy by reducing low-contrast detectability [1] and introducing
cupping and streak artifacts into the reconstructions [2]–[4]. In
cone beam micro–CT systems, scatter grids and pre–detector
collimators cannot be used for scatter reduction due to the
small sizes of detector pixels. Thus, although the total amount
of scatter in small objects is relatively low, the scatter-to-
primary ratio in individual detector pixels can be of the order
of 10-20%, rising even to 35% for detector pixels shadowed
by bony structures, such as rat spine [5]. As a result, scatter
can be responsible for as much as half of magnitude of the
cupping artifacts in micro-CT reconstructions. Therefore, for

This research was supported by the Technology Foundation STW grant no.
UPG8855, applied science division of NWO and the technology programme
of the Dutch Ministry of Economic Affairs.
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quantitative micro–CT imaging some form of scatter correc-
tion is a necessity. With the advent of wide-area detectors in
clinical helical cone-beam CT this subject will also become
of great importance for medical applications.
In [5] and [6] it has been found that the scatter profiles of
cone–beam micro–CT devices are smooth, but very much
depend on the non-uniform object under investigation. Con-
sequently, an estimate of scatter projections of the particular
object being scanned is required to perform successful scatter
correction. The most general and accurate way of estimating
scatter contributions to CT projection data is to use a Monte
Carlo (MC) simulator. In [7] and [8] we have put forward
an iterative scatter correction scheme that combines statistical
reconstruction methods with fast MC computations of scatter
estimates and can be used as well in X-ray CT as for
SPECT downscatter correction. In this work we apply our
method to poly-energetic and noisy X-ray projection data,
both simulated and real. The poly-energetic statistical recon-
struction algorithm proposed in [9] is employed to correct
for beam hardening artifacts. Thanks to the use of a new
variant of an earlier proposed Richardson-Lucy fit-based MC
acceleration scheme [6], [10], the computation time of scatter
estimates during the reconstruction is reduced by four orders
of magnitude in comparison with standard MC accelerated
only by Forced Detection (FD). Simulated and experimental
data presented below prove the effectiveness of the proposed
scheme in simultaneous removal of scatter and beam hardening
artifacts from X-ray CT reconstructions.

II. METHODS

A. The accelerated Monte Carlo X-ray CT simulator

The simulator consists of two parts: ray-tracing (using
Siddon’s algorithm [11]) is performed to calculate the primary
radiation projections and Monte Carlo approach is employed
to compute scatter estimates. They are subsequently scaled
and added to the primary radiation distribution. The energy
distribution of the X-ray tube is obtained with a variation of
the method described in [12], where the spectrum is estimated
from a set of attenuation measurements of Al slabs with vary-
ing thickness. Both for the ray-tracing and the Monte Carlo
simulation, the detector efficiency for each ray is computed
taking into account the attenuation properties of the scintillator.
In the Monte Carlo simulator up to 4th order scatter is
included, higher orders were found to contribute to less than
1% of the detected scattered radiation [5]. Point detector
approach (aka. Forced Detection, FD [13]–[15]) is employed
to achieve a basic speed up of simulation. Further acceleration
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is attained by employing Richardson–Lucy (RL) fit [16], [17]
(which is equivalent to ML-EM algorithm used in image
reconstruction) to de-noise scatter estimates obtained from MC
simulations performed with low number of photons and Forced
Detection [6]. In the current work an improved version of this
method is used: 3D RL fitting [10]. While previously the fit
was executed only in the projection plane, now it is extended to
include also the angular dimension, identical with projection
angle θ. In this way the smoothness of scatter distributions
as a function of projection angle is exploited. The estimator
for scatter p̃(x, y, θ) (x, y are axial and trans-axial projection
coordinates) is calculated for all projections simultaneously by
blurring the virtual scatter distribution λ(x, y, θ) with a three-
dimensional Gaussian function G(x, y, θ), extending both in
the projection plane and in the angular direction:

p̃(x, y, θ) = G(x, y, θ) ⊗ λ(x, y, θ) (1)

where ⊗ denotes convolution. In the latter, σxy will denote the
standard deviation of G(x, y, θ) in the in-plane directions and
σθ will denote the standard deviation in the angular direction.
Starting from a uniform underlying distribution, the values of
λi are updated iteratively, according to the RL algorithm. The
update for the underlying distribution after k iterations is:

λ(k+1)(x, y, θ) =

λ(k)(x, y, θ)
G(x, y, θ) ⊗ (p(x, y, θ)/p̃(k)(x, y, θ))

∑
x,y,θ G(x, y, θ)

(2)

where p(x, y, θ) is the scatter distribution obtained with MC
with low number of photons. The term p̃(k)(x, y, θ) is the
sought low-noise estimate of the scatter projection after k
iterations of RL fitting.

B. Reconstruction methods and scatter correction work-flow

1) Initial reconstruction is computed from scatter-
contaminated projection data with Ordered Subsets
Convex (OSC) algorithm [18]–[20], using 4 iterations of
OSC with 71 subsets of 5 projections for the simulated
projections and 60 subsets of 10 projections for real
data. To reduce beam hardening-induced cupping in the
initial reconstruction, the first iterations are computed
from water-corrected (linearized) projection data. The
reconstruction is performed on a 256x256x90 grid,
subsampling of 4(axial)x4(trans-axial) rays/detector
pixel is employed.

2) From this reconstruction, scatter estimates are calculated
with MC simulator using 104 photons/projection and a
256x256x90 object grid. Projections obtained are de-
noised using RL fit with optimal values of fit parameters
(as determined in [10]): 20 iterations, σxy = 10, σθ =
15o.

3) Segmentation-free poly-energetic statistical reconstruc-
tion algorithm proposed in [9] (further denoted as SR-
POLY) is now used to reconstruct the data. The scat-
ter estimate p̃(k)(x, y, θ) is substituted as the scatter
term in the update equation of the algorithm and the
scatter-contaminated initial reconstruction is used as the
start image. SR-POLY algorithm inherently corrects for

beam-hardening effects, therefore water correction of
projection data is not used anymore. Two iterations of
statistical reconstruction are performed.

4) Steps 2 and 3 of the correction scheme may be repeated
iteratively until an adequate correction is achieved.

C. Phantoms, Simulations and Measurements

Fig. 1. Left: central axial slice of rat phantom with the abdomen section
that was used in the simulations delimited with dashed lines. Right: central
trans-axial slice of the abdomen section. Dashed line marks the position of
image profiles examined in the sequel. Gray-scale is 0.7-1.5.
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Fig. 2. Acceleration of Monte Carlo simulation attained by employing
Richardson-Lucy fit to de-noise scatter estimates obtained with low numbers
of simulated photos. In comparison with 2D RL fit (fitting only in projection
plane), 3D RL fit (fitting extended to include the angular direction identical
with projection angle) results typically in increase of acceleration by more
than an order of magnitude.

Simulation studies were performed using a digital phantom
representative of a rat abdomen (Fig. 1). The phantom was
derived from a digital mouse phantom [21] by scaling it to
the size of a rat (width: 58.2 mm, height: 54.5 mm). An axial
view of the whole phantom is displayed in the left frame of
Fig. 1. Dashed lines delineate the abdomen zone that is later
used for simulations. A trans-axial slice of the abdomen region
is depicted in the right frame of Fig. 1.

Simulated projections covered 180o+fan angle range. The
simulated setup was based on the SkyScan 1076 cone
beam micro-CT scanner. For the computation of primary
radiation projections, the object was discretized onto a
512x512x180(axial) grid with 0.138 mm voxels (covering the
whole axial range of the detector). The detector consisted
of 500x125 square elements with a side of 0.2 mm and a
subsampling of 8(axial)x8(trans-axial) rays per detector pixel
was employed. For the MC scatter simulations, the same
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Fig. 3. Reconstructed images (central slice) and image profiles for simulated projection data. Top row: initial reconstruction of water-corrected (WC)
projections. Subsequent rows: images obtained after 2,4 and 6 iterations of statistical reconstruction algorithm. Gray-scale is 0.7–1.5. During scatter correction,
scatter estimates were computed from the initial reconstruction and from 2nd and 4th iteration of SR-POLY.

detector was assumed as in the scatter-free simulation but now
the object grid was 256x256x90 voxels with 0.276 mm side.
This discretization is coarser than the one used for ray–tracing,
but due to predominantly low-frequency nature of scatter
distributions the scatter projections obtained do not differ
from the scatter projections of the finely sampled object. The
scatter estimates were calculated for all projection angles with
107 photons/projection. Subsequently they were smoothed
using optimal parameters of the Richardson–Lucy fit ( [10],
σxy = 10, σθ = 3o, number of iterations: 20). These noise-
free scatter estimates and scatter-free projections computed
with ray-tracing were added together and Poisson noise was
generated in the final data set. 1.5 × 106 photons/detector
pixel in an unattenuated X-ray beam was assumed, which is
based on photon flux estimates obtained from SkyScan for the
1076 type scanner. This data set was then reconstructed with
the iterative scatter correction scheme as proposed above. To
judge the effectiveness of scatter correction the noise- and
scatter-free projections obtained with ray-tracing were also
reconstructed.

In addition to simulated data, real projections of a cylin-
drical water phantom (diameter: 48.3 mm, casing: 0.8 mm
PMMA) containing a rib cage of a rat were acquired with a

SkyScan 1076 scanner. The phantom was scanned without the
scanner’s bed. The X-ray high voltage was set to 100 kVp and
projections were recorded over the full circle in steps of 0.6◦.
Prior to reconstruction, the measured CT data were corrected
with a blank scan obtained with a high number of counts. In
this way some of the detector non-uniformities were canceled
out. The reconstructed images were slightly smoothed with a
Gaussian filter (kernel size: 3x3 pixels, standard deviation: 1
pixel).

III. RESULTS

Fig. 2 shows the acceleration factor (the ratio of the numbers
of simulated photons required by MC+FD and by MC+RL fit
to achieve a given NMSE of scatter estimates) attained for the
simulated projections of the rat abdomen by using 2D (σθ =
0o) and 3D RL fitting. The total achieved acceleration can be
as large as three to four orders of magnitude in comparison
with MC not supported by 3D fitting. 3D fitting is also about
an order of magnitude more effective in this respect than 2D
fit.

In Fig. 3 different reconstructions of the central slice of the
abdomen phantom are shown. The top row presents the initial
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reconstructions obtained from water-corrected projection data.
The linearization effectively removes the cupping due to beam-
hardening, as shown by the reconstruction of scatter-free pro-
jections. Scatter, however, introduces additional cupping that
is clearly visible in the reconstruction of scatter contaminated
data (rightmost column of the top row). Next rows of the
Fig. 3 show the results of scatter correction after 2, 4 and 6
iterations of SR-POLY algorithm. Scatter estimates were sim-
ulated based on each of the images presented here (ie. every
2nd iteration of SR-POLY) and used in the subsequent two
iterations of the statistical reconstruction. The reconstructions
of scatter-free data correspond to the same number of iterations
of SR-POLY as the scatter-corrected images. Already after one
cycle of scatter correction the cupping is clearly reduced. As
the image profiles demonstrate, after three cycles of scatter
correction there is almost no perceivable difference between
the reconstructions obtained form scatter contaminated and
scatter free projections.
In Fig. 4 central slices of reconstructions of real data are
presented. Already after one cycle of scatter correction the
cupping due to scatter is effectively removed. The dip present
in the center of image plane is due to stitching of half projec-
tions performed in SkyScan1076 to broaden the field of view.
Our current research concentrates on removal of this artifact
and further improvement of the quality of reconstructions of
real data.

IV. DISCUSSION AND CONCLUSIONS

This paper demonstrates, both for simulated and real data,
that simultaneous correction of scatter and beam hardening
artifacts can be accomplished within the framework of sta-
tistical reconstruction algorithms. Thanks to the use of 3D
Richardson-Lucy fit-based MC acceleration scheme, the com-
putation of scatter estimates is not a computational bottleneck
anymore, taking about a minute per projection (including
the fitting) on a 2.6 GHz Xeon PC. Presently, we work
on improving the overall quality of reconstructions of real
data, especially on the removal of stitching artifacts. The
current results, however, already prove the effectiveness of
the proposed reconstruction framework. To our knowledge,
this is the first time that such a successful correction of
all main physics related image-degrading effects has been
experimentally demonstrated for cone-beam micro-CT.
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Abstract—Cone beam backprojection is an essential step of the 
filtered backprojection reconstruction algorithm.  Conventional 
cone beam backprojection maps a point in the image space to 
the projection space by interpolating across adjacent detector 
rows in a single projection.  Although this approach is 
computationally efficient, a significant (27%) degradation in z-
resolution can result.  In this paper, we propose a conjugate 
cone beam backprojection approach in which two projections 
that are 180o apart are back-projected simultaneously.  By 
carefully designing the interpolation function, z-resolution of 
the reconstructed images can be significantly improved.  
Computer simulations and phantom experiments were used to 
demonstrate the efficacy of our approach.  

Keywords-computed tomography; cone beam backprojection 

I.  INTRODUCTION 
Volumetric x-ray computed tomography (VCT) is one of 

the recent technological advances in CT.  When combined 
with faster scan speeds and helical mode of acquisitions, VCT 
enables the coverage of an entire human body with isotropic 
spatial resolution in 10 sec and the heart in 5 sec.  This 
technology has inspired new clinical applications.  

Many studies have been conducted in recent years on 
cone beam reconstruction algorithms [1-14].  One of the key 
steps employed in the filtered-backprojection based 
reconstruction algorithms is the cone beam backprojection.  
During such process, the center of a reconstructed pixel is 
mapped to the detector plane using the cone beam geometry.  
During the mapping process, majority of the intersection 
points does not land at the center of a detector channel.  
Interpolation has to be performed across detector channels (x) 
and rows (z) as shown in Fig. 1.  In this figure, the four 
detector channels over which the interpolation takes place are 
shown by the shaded rectangles.  The final back-projected 
value is the weighted sum of the four filtered projection 
samples.  

Detailed studies of the interpolation impact across 
detector channels (x) to the in-plane spatial resolution have 
been extensively documented.  Various approaches were 
proposed to preserve high-frequency contents of the 
projection and will not be discussed here.  The focus of our 

investigation is on the interpolation across detector rows.  
Linear or high-order interpolation is typically used in z.  The 
advantage of this approach is its simplicity, since the 
contribution from two neighboring rows can be calculated 
directly from the intersecting location.  The drawback, 
however, is the degraded z-resolution of the reconstructed 
image.  This is due to the fact that distance between the 
interpolated rows is fairly large and equals to the targeted 
slice thickness.  Our previous analysis has demonstrated this 
effect by modeling the system slice-sensitivity-profile (SSP) 
as the convolution of the reconstruction interpolation 
function, w(γ, z, n), with the system projection sensitive 
profile, Ω(z, n) [15]: 

∑∫
=

∞

∞−
−=

N

n
dznznzzwzS

1
'),'(),',()( Ωγ  (1) 

where γ is the detector angle, n is the detector row index, 
and z is the coordinate axis perpendicular to the reconstructed 
image slice.  For a typical CT system, Ω(z, n) depends on the 
detector size, x-ray focal spot size, and geometry.  For 
illustration, we plotted analytical SSPs in Fig. 2, based on Eq. 
(1) (The analytical modeled has been verified by phantom 
experiments on real systems).  The red curve depicts SSP 
obtained with a simple row-to-row interpolation.  The result is 
normalized to the detector aperture so that the original 
detector aperture at the iso—center has a width of unity.  
Quantitative analysis indicates that a 27% degradation in SSP 
results.  If additional samples were available between two 
detector rows, SSP after interpolation would show no 
degradation in FWHM, as shown by the blue curve.  
Although reducing the detector aperture may seem to be a 
straightforward solution, its impact on x-ray detection 
efficiency and dose is quite large.  To overcome this 
difficulty, we propose a data acquisition scheme and a 
reconstruction algorithm to produce little degradation to the 
resulting SSP. 
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II. CONJUGATE BACKPROJECTION ALGORITHM 
It is clear from Fig. 1 that the shortest distance in z 

between any four samples in a single projection is d (detector 
row aperture).  Based on Fig. 2, however, it is necessary to 
find additional projection samples that can effectively reduce 
the average distance between samples.  This motivated us to 
examine the sampling pattern beyond a single projection.  In 
helical scan mode, the patient table is constantly indexed 
along z.  This offers additional flexibility in producing 
projection samples that does not overlap the current view in z.  
Even for the case of a step-and-shoot acquisition, two 
projection samples will not completely overlap in z, due to the 
cone beam effect.  It is important to take advantage of this 
property in the backprojection operation.   
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Fig. 2 SSP impact due to different interpolation techniques  

To understand the proposed algorithm, let us first define 
the conjugate samples in cone beam geometry.  A pair of 
samples (γ, β, z) and (γ’, β’, z’) is called a conjugate sampling 
pair if the following conditions are met: 
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where γ is the detector fan angle, and β is the projection angle 
in the original cone beam geometry.  Note that this definition 
ignores the difference in z between two samples.  Further 
analysis of Eq. (2) indicates that in order to find a conjugate 
sample pair, we need not only search in γ, but also in β.  
Consequently, the conjugate samples corresponding to a 
single projection cover a wide range of projection angles (4γ).  
This is clearly inefficient when performing cone beam 
backprojection.  To overcome this shortcoming, a row-wise 
fan to parallel beam rebinning is first performed so that the 
projection angle for all samples in a single view becomes 
identical.  This reduces the conjugate sampling pair condition 
to: 

  (3) 
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where β is the projection angle of the rebinned view.  A side 
benefit of this process is an improved performance in terms of 

noise uniformity.  After the rebinning process, the original 
cone beam samples are converted to a set of tilted parallel 
samples, as shown in Fig. 3.  

It is worth noting that identification of conjugate samples 
for the tilted parallel geometry is different from the non-tilted 
parallel case.  In the non-tilted case (2D), two samples form a 
conjugate sampling pair at all locations along the ray path, as 
shown in Fig. 4(a).  In the tilted cone beam case, however, the 
conjugate sampling pair changes with the reconstructed pixel 
location, as shown in Fig. 4(b).  Note the intersections of the 
conjugate rays (dotted line) with the original rays (solid line) 
change with the reconstruction pixel location. 
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Fig. 3 Illustration of cone-parallel rebinning geometry 
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Fig. 4 fan beam (a) and cone beam (b) conjugate samples 

If we ignore the interpolation process in γ, for each 
backprojection interpolation, four projection samples are 
identified (two for the original view and two for the 
conjugate view).  Simple analysis shows that we can always 
find two samples that are closest to and located on the 
opposite sides of the interpolation location.  Compared to the 
samples of a single view, this sample pair effectively reduces 
the interpolation distance.  For analysis, we calculated for 
each pixel in a 512 by 512 reconstruction matrix the distance 
between the shortest sample pair, normalized by the detector 
apreture.  Note that for the conventional row-to-row 
interpolation, the distance is always unity.  For the selected 
conjugate pair, the distance can vary between 0 and 1.  
Figure 5 shows a histogram plot of the distance between all 
conjugate pairs for a 512 by 512 image matrix.  The average 
distance is calculated to be 0.66.  This is a 34% reduction in 
the interpolation distance. 

It is clear from the above discussion that the conjugate 
samples need to be identified on a pixel-by-pixel basis.  Lets 
us denote by p(γ, β, q) and p(−γ, β+π, q’) the projection 
samples corresponding to two rays that pass the 
reconstructed pixel (x, y, z) and intersect the detectors.  In 
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this notation, q is specified in terms of detector row, not the 
absolute distance in mm.  Lets further denote by qn and q’n 
the integer part of q and q’, by ∆(x, y, z) and ∆’(x, y, z) the 
fraction part of q and q’, respectively.  Note that in this 
notation, the value of q is strictly positive.  The four 
projection samples involved in the interpolation are: p(γ, β, 
qn), p(γ, β, qn+1), p(−γ, β+π, q’n), and p(−γ, β+π, q’n+1).   
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Fig. 5 histogram of normalized distance between conjugate 

samples in z (detector aperture=1) 

The traditional backprojection interpolates between the 
two original samples and two conjugate samples separately.  
In the proposed conjugate backprojection, all four points are 
used in the interpolation at the same time.  In general, we 
design a special interpolation function, ξ∆,∆∋(z).  Note that the 
interpolation value depends not only on the direct sample 
pair parameter, ∆, but also on the conjugate sample pair 
parameter, ∆’.  The final back-projected value for the 
conjugate view pair, h(x, y, z),  is: 
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An interesting example of the function is: 
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Equations (5) and (6) essentially describe an interpolation in 
which the two samples that are located closest to and on the 
opposite sides of the interpolation location are used.  The 
other two points are discarded.  Of course, many 
interpolation functions can be used to optimize different 
performance parameters. 

III. EXPERIMENTAL VERIFICATION 

To investigate the impact of the conjugate 
backprojection on SSP, we scanned a thin foil phantom on a 
LightSpeed VCT64 scanner with a 64x0.625mm detector 
configuration at 33/64 helical pitch.  The thin foil is 
positioned perpendicular to the z-axis to simulate an impulse 
response of the system in z.  Images were reconstructed with 
both the conventional backprojection and the proposed 
backprojection.  To minimize the influence of discrete 
sampling in z on SSP, images were reconstructed at 0.1mm 
intervals.  SSP were plotted for both cases, as shown in Fig. 
6.  The blue curve represents the SSP of the conjugate 
backprojection and the red curve the conventional 
backprojection.  Quantitative measurements show that the 
full-width-half-maximum (FWHM) for the conventional 
reconstruction is 0.84mm and the FWHM for the proposed 
scheme is 0.67mm.  This represents a 25% improvement in 
SSP. 
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Fig. 6 SSP measured on a thin-foil phantom (blue: 

conventional reconstruction, red: proposed reconstruction) 

To further demonstrate the resolution capability of the 
proposed algorithm, an AAPM phantom is positioned such 
that the dot pattern formed by the small air holes are aligned 
with the z-axis.  The phantom was scanned with the same 
detector configuration as the thin foil.  The sizes of the air 
holes are 0.4mm, 0.5mm, 0.6mm, 0.7mm, 0.9mm, 1.0mm, 
and 1.1mm, respectively.  Images were reconstructed at 
0.2mm intervals.  Figure 7 shows a sagittal image generated 
from the conjugate backprojection.  It is clear from the image 
that the 0.4mm dot pattern can be clearly visualized. 

Since the reconstruction algorithm used in this 
investigation is a FDK-type non-exact reconstruction 
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algorithm, it is important to ensure that the proposed 
algorithm can effectively suppress cone beam helical related 
image artifacts.  For this purpose, projections of a simulated 
helical body phantom were simulated.  The phantom has 
multiple ellipsoids positioned at steep angles with respect to 
z-axis to enhance cone beam helical artifacts.  In addition, a 
tapered air pocket is located near the phantom center to 
simulate airways.  Since the size of the air pocket changes 
quickly in z, it is another test of the algorithm’s ability to 
combat cone beam helical artifacts.  Figure 8 shows a 
reconstructed image of the proposed algorithm.  It is clear 
from the image that the conjugate backprojection combined 
with an optimized helical weighting function has excellent 
ability to suppress artifacts. 

 
Fig. 7 Sagittal image of an AAPM insert acquired with 

64x0.625mm at 33/64 pitch 

For further confirmation, a real helical body phantom was 
scanned.  The angled ellipsoids are made of Teflon and the 
background cylinder is made of poly.  The phantom was 
scanned with a 64x0.625mm detector configuration at 33/64 
pitch.  The reconstructed image is shown in Fig. 9.  Again, 
little cone beam helical artifact can be observed. 

DISCUSSION AND CONCLUSION IV. 
In this paper, we propose a conjugate backprojection 

algorithm.  The major difference between this interpolation 
approach and the conventional interpolation is the fact that 
two projections are back-projected simultaneously.  When 
proper helical pitch is selected, the average distance between 
the interpolating samples can be reduced to nearly half of the 
detector aperture distance.  This enables the minimization of 
SSP degradation due to reconstruction. 

 
Fig. 8 simulated helical body phantom 

with 64x0.625mm at pitch 33/64 

Extensive computer simulations and phantom experiments 
were conducted to demonstrate the efficacy of our approach.  
Our phantom experiments show that the proposed algorithm 
can improve SSP by 20-30% as compared to the 
conventional backprojection approach.  In addition, the 
algorithm is capable of suppressing cone beam helical related 
image artifacts.  Detailed analysis indicates that the proposed 
algorithm can be easily implemented in hardware so that the 
impact on reconstruction speed is kept to a minimum. 
 

 
Fig. 9 helical body phantom acquired with 64x0.625mm 

detector configuration at pitch 33/64. 
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ρ-Filtered Reconstruction:  
2D xray CT vs. 3D TCT 

SARAH K. PATCH

 

 

Abstract— ρ-filtered reconstruction in 2D xray CT is compared 
and contrasted to 3D thermoacoustic tomography.  The math is 
simpler in 3D than 2D and a simple example sheds light on early 
CT results indicating image quality loss in ρ-filtered 
reconstruction.   
 

Index Terms-- Radon transforms, biomedical acoustic imaging, 
inverse problems.  

I. INTRODUCTION 

Historically, it seems that ρ−filtered reconstruction 
precedes, and is pre-empted by, filtered backprojection.  

Despite superior handling of additive white noise, ρ−filtering 
was abandoned in the early days of xray computerized 
tomography (CT) for filtered backprojection[1].  This 
phenomenon has carried over from 2D xray CT to very recent 
work in 3D thermoacoustic tomography (TCT), in which a 
ρ−filtered inversion formula was first derived and from which 
its filtered backprojection (FBP) counterpart followed[2].   
Several low-dose applications in CT might benefit from 
improved noise suppression: perfusion, lung screening, and 
attenuation maps for PET/CT, NUC/CT[3].  This need, coupled 
with differences in the geometry of TCT and physical 
properties of reconstruction in 3D as opposed to 2D prompted 
the author to revisit ρ−filtering, comparing & contrasting it to 
FBP for the xray transform in 2D and the thermoacoustic 
transform in 3D.  

 

Figure 1. Back-projected data 
for f(x)=χ|x|≤1(x), normalized 
with max value 1.  above-left: 
2d CT,  above-right: TCT in 
R3.  Left: profiles through 
origin.   

 

II. DEFINITIONS AND INVERSION FORMULAE 
By “standard codim-1 CT data” we mean integrals of the 
imaging function on planes of dimension (n-1), whereas the 
TCT transform integrates over spheres centered on the surface 
of a sphere.  Both datasets are defined on S(n-1)×R1  as depicted 
in Figure 2 and written below: 
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1,, θ      (1) ρ−filtering of in the plane more delicate than in 3D because 
backprojected data in 2D is more highly singular than in 3D.  
More importantly, 2D ρ−filtering must be done in the Fourier 
domain, whereas filtering may be done locally in 3D.  This 
creates a “double whammy” for ρ−filtering xray CT in the 
plane because for bounded functions of compact support 

where |p|=1. 
 
The adjoint operators of these transforms look quite similar, 
differing only by a factor of 1/r: 

1. backprojected CT data typically has infinite support and is 
not integrable, whereas backprojected 3D TCT data has 
compact support.  supp f =B1 implies supp R*R=Rn, 
whereas supp RTCT*RTCT = B3, as shown in Figure 1.  
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2. Backprojection beyond the original field of view is costly 
and introduces integration errors[4]. 

These properties result from the differences in the integration 
surfaces of the standard xray and TCT transforms, defined and 
depicted in equation 1 and Figure 2.  
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Figure 2.  (above left) geometry for xray CT. (above right) 
geometry for TCT.  (below) Rf  left, RTCTf right. 

 
 
In both CT and TCT, we refer to application of the adjoint as 
“backprojection.”  The inversion formulae for codim-1 Radon 
data in n dimensions are  
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In three dimensions, filtering may be done locally in the spatial 
domain, and the inversion formulae for CT and TCT look the 
same:  
 

( ) ( )( ) ( )( )xxx xx fRRRfRf TCTTCT
*

8
1*

8
1

22 ∆=∆= −−
ππ

        (2ρ) 

 
and FBP inversion  
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where the second derivatives are taken with respect to the 
scalar variable.  The only difference between these inversion 
formulae is that TCT inversion holds only inside the unit 
sphere, where |x|<1.   
 

Qualitative properties for our example of f an indicator 
function on the unit ball are listed in the table below.  This 
example was chosen for its simplicity and the fact that it shares 
many properties of clinical CT data.    

III. ρ−FILTERING IN THE PLANE 
We examine ρ−filtered reconstruction of xray CT data in the 
plane for our example.  Here 
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which has a strong singularity at s=±1 that carries over into the 
backprojected data, R*Rf,       

 Rf(p,s) meas’d 
data, props wrt s 

R*Rf(x)    back-
projected data 

inversion 
formula 

2D
 X

R
 C

T
 • Integrable 

• compact support 
• 1st derivatives 

blow up 

• not integrable 
• infinite support 
• 1st derivatives 

blow up 

 
holds in all 
space 

   
 3

D
 T

C
T

  • integrable 
• compact support 
• 1st derivatives 

discont, but 
bounded 

• integrable 
• compact 

support 
• 1st derivatives 

continuous 

 
holds only 
for 1≤x  

 
 

( )
( )

( ) ( ) ( )





≥−+
≤

= 1
1

4 111
*

xxx
xx

x
xxx KE

E
RfR            (4) 

Backprojecting does smooth the singularities in Rf but does 
not remove them.  First derivatives of R*Rf blow up at |x|=1 
causing slow decay of Fourier components.  More importantly, 
ρ−filtering creates a truncation problem early in the 
reconstruction chain, because R*Rf (x) is supported throughout 
the plane, decaying so slowly with |x| that R*Rf  is not 
integrable.  This means that it is not possible to correctly 
recover the DC component in the reconstructed image and we 
expect significant errors in low frequencies as well, as was 
reported in [1] and corroborated below for our example.   

 
We backproject only onto a finite region in the plane and 
without a priori information, we lose information about 
R*Rf(x) for large |x|.  This causes significant errors in 
estimates of R*Rf ^(ξ), which can be roughly estimated by 
noting that |x|R*Rf(x) quickly approaches π/4 as |x|→∞.  
Therefore, truncation in the spatial domain causes errors in the 
Fourier domain like  
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22

22,4 1

DD

dJdJETruncErr ooD ρρππρρρπρρ ξξξ

where D is the diameter of the backprojection region.  Notice 
that errors blow up as |ξ|↓0, so recovering low frequencies 
accurately is especially difficult.  The first few Fourier 
components of R*R computed using different backprojection 
radii are plotted in Figure 3.   
 
Of course, the final image is created by applying the high-pass 
filter |ξ| and inverse FT-ing, so the final image errors are 
reduced by the fact that low frequencies are de-emphasized by 
the high-pass filter.   Nevertheless, low contrast detectability 
(LCD) requires accurate recovery of low frequencies, so a large 
backprojection radius would be required for LCD applications.  
This slow decay with backprojection radius is painful for two 
reasons:  
 
1. backprojection cost is proportional to D2  
2. numerical integration becomes tricky as |x| increases, 

because a smaller fraction of projections have non-zero 
contributions to the integration.   
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It is an exercise to verify that the inversion formula (2ρ) holds  
for |x|<1, and also trivially for 3<|x|, but fails for 1≤|x|≤3.  
Therefore, Fourier filtering as in equation (2FF) is not 
mathematically exact.  Figure 3.  Three Fourier

components estimated by
integrating over back-
projection regions with
varying radii.  Top-left: DC, 
top-right:exp(Iπx), left: exp(2Iπx) 
 

 
A smaller sphere of radius 0.4 is reconstructed in Figures 5 and 
6 to show artifacts analogous to streaks in xray CT images.  
Data generated by this smaller sphere shares the same 
singularities as in our example sphere of radius 1. Images were 
reconstructed from noise-free simulated data using both FBP 
and ρ−filtering.  Centered finite differences were used to 
estimate the Laplacian and linear interpolation in the radial 
direction[5].  Trapezoidal integration was used for φ∈[0, 2π) 
and Gaussian quadrature for θ∈[0, π) with the following 
discretization:   

 
 
Backprojection accuracy for a fixed number of projection 
angles {θi} drops off with increasing |x| because the range of 
projection angles included in the integration eventually drops to 
nil.  Plots in Figure 4 were generated assuming 1024 parallel-
beam projections, evenly spaced with respect to θ and 
continuous sampling along each projection.  The trapezoid rule 
provides excellent accuracy for |x|<1.  As the support of the 
integration decreases, the quadrature accuracy also decreases 
until finally around |x|~165 the numerical quadrature errors 
shoot up.   The break point of |x|~165 would change for a 
different number of projections, but this was chosen because 
1024 is comparable to the number of views clinical CT systems 
collect. 

Nx = 256,  ∆ x=1/128     final image pixel size  
Nr = 512,  ∆ r=1/256     radial sampling rate 
Nφ = 800,  ∆ φ= π /400   polar sampling rate 
Nθ = 400,  ∆ θ∼ π /400   so that ∆x/2 ∼ ∆r ~ ∆φ ~ ∆θ 

 

 

xin • 

xout  
      • 

 Figure 5.  above:  FBP on left, ρ−filtered on right.  grayscale =[-0.09, 
0.09]  below: vertical & horizontal profiles on scale [-0.1, 1.1] with 
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IV. ρ−FILTERING IN 3D T
struction in 3D is simpler
e measured data is piecew

)( ) ( )


 −

=
0

2
,

2

fo
foss

s
π

p

jected data 
R*R  
rel errors vs.  
BP radius 
 

 FBP in blue & ρ−filtered in red.  below right: standard deviations for 
regions indicated by colored boxes.   
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Centered finite differences of polynomials are exact, and 
because R’’TCT is piecewise linear, interpolation in FBP 
reconstructions is exact away from singularities.  For points 
|x|<(1-∆ r) we therefore expect excellent FBP reconstruction.  
However, R’’TCT is much tougher to interpolate near 
singularities than ∆xRTCT*RTCT and FBP images do suffer larger 
errors images at points where measurement spheres are tangent 
to the object.  Errors are slightly greater along the vertical axis, 
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presumably due to symmetry & spacing of quadrature nodes.   
For a sphere offset in the horizontal direction, these quadrature 
errors are swamped by the larger errors created by interpolation 
near singularities, as shown in Figure 6.   

 

 

Figure 7.   left: discrete Laplacian applied to RTCT*RTCT   right: Fourier 
filtering apodized with hard truncation at |ξ|=1/(2∆x).  Errors are 
severe for 1<|x|<3, (between the dashed circles). 
 Figure 6.  above:  FBP on left, ρ−filtered on right.  grayscale =[-0.09, 

0.09]  below left: vertical profiles plotted with scale [-8,+8]e-3; below-
center horizontal profiles.  below right: standard deviations.   

   
Figure 8.  FBP images for the same numerical discretization as 
previous images are noisier than ρ−filtered reconstructions, 
particularly along the vertical axis.    

V. CONCLUSION 
ρ−filtered reconstruction in 3D TCT has several advantages 

over ρ−filtered reconstruction in 2D xray CT.  Filtering, and 
therefore backprojection, can be done locally in 3D.  Ironically, 
TCT’s spherical Radon geometry ensures compact support of 
RTCT*RTCT, which would eliminate the spatial truncation errors 
suffered when ρ−filtering in the Fourier domain.  Spatial 
truncation errors are replaced by errors generated in the 
spherical shell 1<|x|<3 where the inversion formula (2FF) does 
not hold.  However, these errors may be small compared to 
image quality benefits of filtering out noise in the Fourier 
domain.  See Figure 7 for preliminary results. 
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The qualitative results of our simple example carry over to 
the more realistic Defrise phantom, where errors created by 
singularities at the edge of one inclusion land on top of other 
inclusions, as seen in Figure 8. 

The effect of additive white noise is straightforward to 
analyse for reconstructions using centered finite differences.  
Assuming a discretization with ∆x/2∼∆r white noise in FBP 
reconstructions is expected to be worse than in ρ−filtered 
reconstructions.  A short derivation showing FBPfilt σσ ρ 7

4~−  

is included in the Appendix. 
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VI. APPENDIX-NOISE IS NOT THE ANSWER 
Analysis of the effect of additive white noise is straightforward 
when filtering is done by taking finite differences in both FBP 
and ρ−filtered reconstructions.  If    
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FBP doesn’t suffer quite so much from additive white noise 
because the discrete 3-point Laplacian doesn’t amplify noise 
quite as much as its 3D counterpart.    
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Typically ∆x/2∼∆r so nFBP has standard deviation 
approximately 2
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On a thermoacoustic transform
David Finch

Abstract— This paper discusses the inversion problem for
the normal derivative thermoacoustic transform. That is, one
assumes that the normal derivative of the pressure is known
on a measurement surface, instead of the pressure itself. An
inversion formula is provided for the case when the detector
surface is a sphere.

I. I NTRODUCTION

Thermoacoustic tomography is now well-known with a
burgeoning literature; see [1], [2], [3], [4], [5] among others.
Most work has assumed that the pressure field generated by
thermoacoustic emissions is measured by point detectors on
some measurement surfaceΣ, but as noted in [6] the re-
sponse of a piezoelectric transducer is generally a complicated
combination of the pressure and the normal gradient of the
pressure at the transducer. (The paper [7] examined the effect
of a detector of finite size on the point spread function of
the reconstruction.) Our goal here is to discuss inversion for
the other extreme case when only the normal derivative of
the pressure field is known. The main result reported below
is an inversion formula for the case when the measurement
surfaceΣ is a sphere in three-dimensional space enclosing the
unknown absorber. A number of the results mentioned below
have extensions to higher odd space dimension, but we assume
throughout that we are working in Euclidean three-space.

A. Mathematical Framework

In the mathematical idealization of the standard problem,
for which we refer the reader to [1], [3], assuming a constant
sound speedc and a Dirac delta for the time component of
the heating function (see [3, eq. (9)]) the pressure fieldp(r, t)
is the time derivative of the solutionu of the wave equation

∇2u(r, t)− 1
c2

∂2

∂t2
u(r, t) = 0 t > 0

u(r, 0) = 0 (1)

ut(r, 0) = A(r)

whereA is the spatial absorption function. (We have incor-
porated the constantβ/Cp of [3] in A. To further simplify
notation, we will assume that time has been rescaled so that
the sound speedc is identically equal to unity.)

As mentioned above, the problem which has been previ-
ously analyzed is to recoverA when the pressurep (or u which

David Finch is with Oregon State University, Department of Mathemat-
ics, Corvallis, OR 97331-4605, USA. Telephone: (541) 737-5157. E-mail:
finch@math.oregonstate.edu

can be obtained fromp at the detector by time integration)
is measured on a surfaceΣ lying on one side of the support
of the absorption functionA. Hereafter, when we say that
p (or u) is known onΣ, we mean that it is known for all
(r0, t) ∈ Σ × [0,∞). Of course, the measurement is only
taken over a finite interval, but in three dimensions every free
space solution of the wave equation with compactly supported
initial data will be identically zero over any bounded region
after finite time. We are instead concerned with the recovery of
A when the normal gradientn·∇p = ∂p

∂n (or ∂u
∂n ) is measured,

where we taken to be the unit normal toΣ directed away
from the support ofA.

To our knowledge, there has been no exact solution to this
problem yet reported in the literature, with one exception.
If Σ happens to be a plane with normaln0, then ∂u

∂n0
is

again a solution of the wave equation whose value onΣ coin-
cides with the normal derivative ofu. Existing reconstruction
methods can recover the initial data of this solution, which is
∂A
∂n0

. Integration along lines fromΣ in the direction−n0 then
restoresA.

II. I NVERSION

There are some general mathematical results about the
problem of recovery ofA from the knowledge of∂u

∂n on
Σ which will be developed elsewhere. These results are the
analogues for this problem of the reconstruction result [5,
Theorem 5] and a uniqueness result when∂u

∂n is only known
on a subset of the boundary. The latter result is only known for
real analyticΣ as the proof uses analytic microlocal analysis
as in [8].

We announce here an inversion formula for the case when
Σ is SR, the sphere of radiusR, which we take to be centered
at the origin.

Theorem 1:Let A be a sufficiently smooth function sup-
ported insideSR and letu be the solution of (1). Then

r · ∇A + A = − 1
2π

∫
SR

dS(r0)|r − r0|−1 ∂utt

∂n
(r0, |r − r0|).

(2)
We now observe that left side of (2) is simply∂∂ρ (ρA), where
ρ = |r|. Since A is zero onSR, ρA can be recovered by
radial integration back fromSR. The proof of this theorem
will appear elsewhere. We just remark here that the two
ingredients are both consequences of the inversion formulas
for A from u on SR in [5, Theorem 3]. The first is one of
the inversion formulas itself and the second is a consistency
condition satisfied onSR × [0,∞) by any solutionu of (1)
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(for any A) obtained from taking the difference of two of
the inversion formulas. It is interesting to note the formal
similarity between this inversion method and that mentioned
above for the planar detector. In both cases, a derivative of the
absorption function is recovered, and thenA itself is found by
an integration in object space from the measurement surface.

III. D ETECTORANISOTROPY

The author admits no expertise on ultrasound detectors,
but has been informed [9] about another model of transducer
response in the pure pressure measurement case which incor-
porates a weighting term. Specifically, equation (9) of [3], still
assuming aδ pulse in time andc = 1, is to be modified to
read

pm(r0, t) =
∫

d3rA(r)
δ′(t− |r0 − r|)

4π|r0 − r|

(
r − r0

|r − r0|
, ν

)
, (3)

whereν is the unit normal to the detector face and(a, b) is
used for the inner product of vectorsa andb. Otherwise said,
the response is weighted by the cosine of the angle between
the normal to the detector and the direction from the detector
element to the emission location.

This transform is of the type of a generalized Radon
transform with weight, and explicit inversion methods are only
known for a few instances of such. Nontheless, the analysis of
this transform may be reduced to the normal gradient problem
addressed in the preceding section. To effect this reduction we
introduce the spherical mean transformM defined by

Mf(r0, t) =
∫

d3rf(r)
δ(t− |r − r0|)
4π|r − r0|2

. (4)

The following relation between the weighted transform and
the directional derivativeMf has been found.

Lemma 1:Let r0 lie outside of the support off and letν
be any unit vector. Then

ν · ∇Mf(r0, t) =(
d

dt
+

2
t

) ∫
d3r

(
ν,

r − r0

|r − r0|

)
f(r)

δ(t− |r − r0|)
4π|r − r)|2

. (5)

Now it is well-known that the solutionu of (1) is given by
tMA(r, t). Combining this with (5) applied on our detector
surface whenν is the inner normal to the surface andf is our
absorption functionA, after some manipulations we arrive at

−∂u

∂n
(r0, t) = pm(r0, t) + t−1

∫ t

0

dτpm(r0, τ). (6)

Thus recovery ofA from pm on Σ is equivalent to recovery
of A from the normal derivative of the solutionu of (1) on
Σ.

IV. CONCLUSION

In this note we have outlined how to solve the inverse
problem of thermoacoustic tomography if the measurements
are given by the normal gradient of the pressure field instead
of the pressure field when the measurement surface is a sphere.
We have also shown that a certain kind of anistropy in detector
response for pressure measurements can be reduced to this
problem. There is much left to be done. We have only found
an exact formula when the measurement surface is a sphere.
We have not considered here limited data problems [10], [11],
which are bound to arise in diagnostic applications such as
mammography. Nor have we yet investigated the numerical
implementation, or the stability and sensitivity to noise, of
the algorithm.
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Exact ROI Reconstruction from Truncated High-dimensional
Radon Transform and Its Application to 4D EPRI

Xiaochuan Pan, Yu Zou, and Howard Halpern

Abstract— Based upon the imaging model we derived previously, we
have developed algorithms for exact reconstruction of Electron paramag-
netic resonance images within regions of interest (ROI) from truncated
Radon transform ofn dimensions. The numerical simulation studies con-
firm that exact ROI images can be obtained from truncated Radon trans-
form.

I INTRODUCTION

Electron paramagnetic resonance imaging (EPRI) is a mag-
netic resonance technique capable of measuring the spatial and
spectral distribution of the absorption and dispersion of radio-
frequency (RF) energy by an extended sample of paramagnetic
probes. Images of water soluble radical probes that have been
administered into the subject provide high sensitivity physio-
logic information of interest. Using a variety of radical probes,
which are designed to be sensitive to specific aspects of phys-
iology, measurable quantities include the distribution of en-
dogenous or introduced paramagnetic species, tissue redox sta-
tus, pH, and microviscosity. One particular measurement that
has received significant attention is the measurement of tissue
oxygen concentration.

The spin-relaxation of unpaired electrons in EPRI occurs
nearly a million times faster than does water proton-spin re-
laxation in conventional magnetic resonance imaging (NMRI).
Conceptually, the signal-detection techniques in NMRI such as
phase encoding and frequency encoding can be applied to ac-
quiring data in EPRI. Because of the extremely short time of
electron-spin relaxation in the majority of the species of inter-
est, it is prohibitively difficult to generate, e.g., pulsed gradi-
ents of any substantial magnitude for subjects larger than a few
millimeters. Therefore, EPRI systems imaging larger than mil-
limeter samples acquire projections with fixed gradients, which
are stepped in angle and, often, gradient magnitude [1, 2, 3, 4].

In recent years, EPRI has been emerging as an important
technique for measuring physiological information within in in
vivo imaging because of the significant advancement of EPRI
hardware and spin probes in the last decade. Recently, we have

Xiaochuan Pan is with the Department of Radiology and Center for EPR Imaging
In Vivo Physiology, The University of Chicago, 5841 S Maryland Avenue, Chicago, IL
60637, USA. E-mail: xpan@uchicago.edu

Yu Zou is with the Department of Radiology, The University of Chicago, 5841 S Mary-
land Avenue, Chicago, IL 60637, USA. E-mail: zouy@uchicago.edu

Howard Halpern is with the Department of Radiation and Cellular Oncology and Cen-
ter for EPR Imaging In Vivo Physiology, The University of Chicago, 5841 S Maryland
Avenue, Chicago, IL 60637, USA. E-mail: h-halpern@uchicago.edu

performed an investigation on several issues that are of fun-
damental significance for accurate determination of spectral-
spatial distribution function of the spin label [5, 6]. One of the
important developments is that an n-dimensional (nD) model
for precisely characterizing the imaging process in a CW EPRI
system was derived. Such an imaging model provides the fun-
damental basis for devising innovative reconstruction algorithms
with improved noise and numerical properties over the existing
algorithms.

Based upon this imaging model, the data function in a CW
EPRI can be interpreted as the nD Radon transform of the ob-
ject function, where n can be up to four dimensions (a spectral
dimension and three spatial dimensions). Therefore, the task of
image reconstruction in EPRI is tantamount to the task of im-
age reconstruction from the Radon transform. In EPRI, data-
acquisition time is generally long if knowledge over the entire
Radon-transform space has to be measured. On the other hand,
one is often interested only in the image within a region of in-
terest (ROI) in the imaged subject. If ROI images can be recon-
structed from a subset of data in the Radon-transform space,
one needs to acquire only that subset of data, thus substan-
tially reducing the imaging time. In this work, based upon the
imaging model we derived previously, we develop algorithms
for exact reconstruction of EPR images within ROIs from trun-
cated Radon transform of n dimensions.

II DATA FUNCTION IN ND EPRI

Let 2Bd > 0 and B ∈ [−Bd, Bd] be the spectrum width
and frequency of the radicals. We use f(~r) to denote the spec-
tral and spatial distribution of the radicals, where ~r = (B, ~x)
denotes a vector that can be up to 4-dimensional, depending
upon the dimension of the spatial vector ~x, which can be up to
3 dimension. We assume that f(~r) is a bounded function with
a compact support Ω of a finite radius. In EPRI, a static field
Bs and a gradient field ~G · ~x are applied to the imaged subject
for polarizing the spin probes, where ~G denotes the gradient
vector, which can be up to 3 dimensional. When an RF field
is used to excite the spin probes, an absorption signal can be
measured by use of the modulation technique.

We define

G = | ~G|, Ĝ =
~G

G
, and tanφ = G. (1)
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Furthermore, we introduce a data-space coordinates as

u = cosφB′ (2)
êu = (cosφ, sinφ Ĝ),

where B′ indicates the scanning field, and êu is a unit vector
that can be up to 4 dimensional.

In a CW EPRI experiment, for a given value of φ (i.e., for a
given magnitude G of the gradient ~G), a modulation field

Bmod(t) =
Bm
2

sinωt (3)

is superimposed onto the scanning fieldB ′, whereBm > 0 and
ω > 0 denote the amplitude and frequency of the modulation
field. In this situation, u in Eq. (3) becomes u+cosφBmod(t).
Such a modulation field allows the CW EPRI system to acquire
the absorption signals by invoking the phase lock-in technique.
Mathematically, the measured data can now be expressed as
[5, 6]

ŝm(u, êu) =
|cosφ|
T

∫ T

−T
dt sinωt p(u+ cosφBmod(t), êu).

(4)
where T = 2π

ω is the period of the modulation field, and p(u , êu)
is the Radon transform of the object function. The task in EPRI
is to reconstruct the object function f(~r) from knowledge of
the data function in Eq. (4).

A Current Reconstruction Strategy

One of the currently used approaches in EPRI to obtaining
the spectral parameter images entails the following steps [7].
Using Eq. (4), it can be seen that

lim
Bm→0

ŝm(u, êu)

Bm
=
|cosφ|2

sgn[cosφ]

∂p(u, êu)

∂u
. (5)

This result suggests that, in the limit of Bm approaching zero,
the first order derivative of the Radon transform of the object
function can be obtained directly from knowledge of the data
function. WhenBm is non-zero but small, one can obtain from
the data function approximately the first-order derivative of the
Radon transform as

∂p(u, êu)

∂u
≈ sign(cosφ)

|cosφ|2
ŝm(u, êu)

Bm
, (6)

from which one can reconstruct the object function. Therefore,
the task of image reconstruction in EPRI is equivalent to that
of image reconstruction from the Radon transform.

III A NEW RECONSTRUCTION FORMULA

We show below that it is possible to reconstruct ROI images
exactly from truncated Radon transforms of even dimensions.
This result has significant implications for ROI image recon-
struction in 4D EPRI in which the data function can be inter-
preted as the 4D Radon transform of the object function, as
described above.

The Radon transform of an object function in an n-dimensional
(nD) space is defined as the integration of the object function
over an (n − 1)D hyperplane. It is well known that exact al-
gorithms exist for image reconstruction from full knowledge
of the nD Radon transform. The reconstruction algorithms for
odd and even dimensional Radon transforms differ fundamen-
tally from each other. Specifically, for the odd dimensional
Radon transform, the algorithm rests only on the derivatives
of the Radon transform. Such derivatives are a local opera-
tion, thus allowing exact ROI-image reconstruction from trun-
cated Radon transforms of odd dimensions. On the other hand,
for the even dimensional Radon transform, the existing algo-
rithms necessarily compute a Hilbert transform of derivatives
of the Radon transform. Because the Hilbert transform is non-
local, existing algorithms cannot handle exact reconstruction
of ROI images from the truncated Radon transform of even di-
mensions.

It has been shown that it is possible to reconstruct ROI im-
ages from the truncated 2D Radon transform [8, 9, 10]. In
this case, the hyperplane becomes a straight line, and the 2D
Radon transform is a line integral of the 2D object function.
This is why our formula and algorithms [9] for ROI-image re-
construction from the truncated x-ray transform can directly be
applied to reconstructing ROI images from the truncated 2D
Radon transform. However, these results are not applicable to
Radon transforms of dimensions higher than 2D because the
Radon transform in this case represents a hyperplanar integral,
instead of a line integral.

A nD Radon transform and chords

We consider an object function f(~r) that has a compact sup-
port Ω in nD space, i.e., f(~r) = 0 if unit vector ~r /∈ Ω. We
use p(u, êu) to denote the nD Radon transform of the object
function, which is the integration of the object function over
the hyperplane, where êu on a hemi-unit sphere Sn−1 of n-
dimension indicates the direction of the hyperplane, and u ∈ R
depicts the distance of the hyperplane to the origin.

The concept of chords has played a key role in image recon-
struction from the x-ray transform [8, 11]. We show here that
it can also be extended to image reconstruction from the nD
Radon transform (in particular, from the truncated nD Radon
transform). In the image space, any two different points ~r1 and
~r2 can determine a straight line with a direction defined as

êc =
~r2 − ~r1

|~r2 − ~r1|
. (7)

In this case, we refer to such a line as the chord [11]. For
a given chord, the set of unit vectors on the given hemi-unit
sphere Sn−1 can be divided into two subsets S+

n−1 and S−n−1.
The unit vectors êu on S+

n−1 satisfy

sgn[êc · êu] = 1, (8)

whereas the unit vectors êu on S−n−1 satisfy

sgn[êc · êu] = −1. (9)
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The image space can be completely filled with chords and, in
particular, an ROI within the image space can be covered com-
pletely by segments of chords that are within the ROI. There-
fore, the reconstruction of an ROI image is tantamount to the
reconstruction of the image on the chords intersecting the ROI.
Below, we describe a formula for image reconstruction on a
chord from the nD Radon transform.

B The reconstruction formula

We consider a point ~r on a chord that has a direction êc. It
can be shown that

f(~r) =

∫

Rn
d~r ′K(~r, ~r ′) g(~r ′), (10)

where the kernel K(~r, ~r ′) in Eq. (10) is defined as

K(~r, ~r ′) =
1

(2πj)
n−1

Cn

× (sgn[~ν · êc])n−1 e2πj ~ν·(~r−~r ′), (11)

Cn is 1 when n is odd and πj when n is even, the backprojec-
tion g(~r ′) is given by

g(~r ′) =

∫

Sn−1
+

dêu

[
∂n−1

∂un−1
p(u, êu)

]

u=~r ′·êu

+ (−1)n−1

∫

Sn−1
−

dêu

[
∂n−1

∂un−1
p(u, êu)

]

u=~r ′·êu
(12)

and ~r ′ ∈ Rn.

IV ROI-RECONSTRUCTION ALGORITHMS FROM
TRUNCATED RADON TRANSFORM

Algorithms can be derived from the formula in Eq. (10) for
image reconstruction on chords from the Radon transform. Be-
low, we focus only on the Radon transform of even dimension
because reconstruction from truncated Radon transform of odd
dimension is straightforward. We use xc ∈ R to indicate the
coordinate of a point on the chord. We also use fc(xc, ~r1, ~r2)
and gc(xc, ~r1, ~r2) to denote the image function and the back-
projection on the chord. In particular, using Eq. (12) above,
we have

gc(xc, ~r1, ~r2) =

∫

Sn−1
+

dêu

[
∂n−1

∂un−1
p(u, êu)

]

u=uc

−
∫

Sn−1
−

dêu

[
∂n−1

∂un−1
p(u, êu)

]

u=uc

(13)

where
uc = ~r1 · êu + xc êc · êu. (14)

Because the object function has a compact support Ω, the
intersection of a chord with Ω, which we refer as the support
segment, is finite. By exploiting this observation, we can de-
rive algorithms for image reconstruction on the support seg-
ment from knowledge of the backprojection no less than that

on the support segment. More specifically, the image on the
support segment can exactly be reconstructed from knowledge
of the Radon transform only over the hyperplanes intersecting
the support segment.

A The backprojection-filtration (BPF) algorithm

Let xs1 and xs2 denote the endpoints of the support segment
on a chord. It can be shown that the image on the support
segment (i.e., on the chord) is given by

fc(xc, ~r1, ~r2) =
1

4π2

√
(xc − xc2)

(xc − xc1)

×
∫

R

dx′c
x′c − xc

g
Π

(x′c, ~r1, ~r2), (15)

where

g
Π

(x′c, ~r1, ~r2) = Πc(x
′
c)

√
(x′c − xc1)

(x′c − xc2)
gc(x

′
c, ~r1, ~r2), (16)

and Πc(x
′
c) = 1 for x′c ∈ [xc1, xc2] and 0 otherwise. We refer

to the algorithm described in Eq. (15) as the backprojection-
filtration (BPF) algorithm because it backprojects the modi-
fied Radon transform (i.e., the integration over êu for obtaining
gc(x

′
c, ~r1, ~r2)) before performing the 1D Hilbert transform of

the weighted backprojection (i.e., the integration over x′c).

B The minimum-data filtered-backprojection (MD-FBP)
algorithm

The BPF algorithm described above reconstructs the image
on a chord by performing a 1D filtration of the backprojection,
over the chord. Conversely, it is also possible to reconstruct
the image on a chord by performing the 1D filtration of the
derivative of the Radon transform prior to its backprojection
onto the chord. Such an algorithm can be written as

fc(xc, ~r1, ~r2) =
1

4π2

√
(xc − xc2)

(xc − xc1)

[∫

Sn−1
+

dêu

×
∫

R

du′c
u′c − uc

√
(u′c − uc1)

(u′c − uc2)
p̄(u′c, êu)

−
∫

Sn−1
−

dêu

∫

R

du′c
u′c − uc

×
√

(u′c − uc1)

(u′c − uc2)
p̄(u′c, êu)

]
, (17)

where uc, u′c, uc1, and uc2 are determined by use of xc, x′c,
xc1, and xc2 in the right-hand side of Eq. (14), respectively,
and

p̄(u′c, êu) = Πc(x
′
c[u
′
c])

∂n−1

∂un−1
p(u, êu)

∣∣∣∣
u=u′c

. (18)
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a b

Fig. 1. (a) The mouse phantom. (b) The full Radon transform of the mouse image in (a).
The ROI is the region above the straight line in (a).

In Πc(x
′
c[u
′
c]), the variable x′c is understood to be a function

of u′c through Eq. (14). We refer to this new algorithm as the
minimum-data filtering-backprojection (MD-FBP) algorithm.
It should be pointed out that the MD-FBP algorithm differs
fundamentally from the existing FBP algorithm, which cannot
exactly reconstruct ROI images from truncated Radon trans-
forms of even dimensions.

V NUMERICAL STUDIES

We have performed computer-simulation studies to demon-
strate the exact image reconstruction within the ROIs from
truncated Radon transform. Below, we show only results from
2D EPRI studies and will report our results from 4D EPRI stud-
ies at the meeting. In Fig. 1a, we show a mouse phantom in
which the ROI is above the solid line. The complete Radon
transform of this mouse phantom is displayed in Fig. 1b, which
consists of 512 projection views over [0, π] and the projection
at each view contains 256 samples.

Based upon our theory, exact reconstruction of the ROI im-
age requires knowledge of a portion of the Radon transform,
which is shown in Fig. 2a. Clearly, as compared to the full
Radon transform in Fig. 1b, the Radon transform in Fig. 2a
is severely truncated. Using the BPF and MD-FBP algorithms
described in this work, we reconstructed ROI images from the
truncated Radon transform in Fig. 2a, which are shown in
Figs. 2b and 2c, respectively. Clearly, the results in Fig. 2
demonstrate that our proposed BPF and MD-FBP algorithms
can reconstruct accurate ROI images from truncated Radon
transforms of even dimensions.

VI CONCLUSION

Image reconstruction from EPRI data is equivalent to that
from the Radon transform. Because images within ROIs are
interested in EPRI, it is theoretically intriguing as well as prac-
tically important to investigate whether it is possible to recon-
struct exact ROI images from truncated (or reduced) Radon
transform so that the imaging time can be substantially re-
duced. It has been shown recently that it is possible to recon-
struct exactly ROI images from truncated 2D Radon transform

a

b c

Fig. 2. (a) The truncated Radon transform that contains sufficient information for exact
reconstruction of an ROI image, as indicated in Fig. 1a. (b) ROI image reconstructed by
use of the BPF algorithm. (c) ROI image reconstructed by use of the MD-FBP algorithm.

because it can be interpreted as line integrals, it remains, how-
ever, unclear whether it is possible to reconstruct exactly ROI
images from truncated 4 or higher even dimensional Radon
transform because, in this situation, the Radon transform is an
integration of the object function over a hyperplane (instead
of a line). In this work, we have developed exact algorithms
for ROI image reconstruction from truncated Radon transform.
We have applied these algorithms to reconstructing ROI im-
ages from truncated Radon transform in computer simulated
EPRI studies. Quantitative results in these studies confirm that
exact ROI images can be obtained from truncated Radon trans-
form. This work has significant implications for high dimen-
sional tomographic imaging such as magnetic resonance spec-
troscopic imaging (MRSI) and EPRI in which the spin signal
has a super-short decaying time. The described ROI imaging
strategy allows a substantially shortened imaging time, thus
reducing data contamination by the effects of motion, contrast-
agent wash-out, and other physical factors and increasing the
opportunities for performing longitudinal studies of the sub-
ject.
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some of the numerical results.
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Phase–Correlated Imaging from Multi–Threaded
Spiral Cone–Beam CT Scans of the Heart

Marc Kachelrieß, Michael Knaup, Willi A. Kalender

Abstract— Phase–correlated CT, as it is used for cardiac
imaging, is the most popular and the most important but
also the most demanding special CT application, today. Ba-
sically it fulfills the task of depicting a quasi–periodically
moving object with significantly reduced motion artifacts.
Although the image quality using phase–correlated proto-
cols and reconstruction techniques is significantly better
than the image quality obtained with standard (not phase–
correlated) techniques there still are motion artifacts re-
maining and further improvements in temporal resolution
are still required. These can be either obtained by further
increasing the rotation speed or by having more than one
source–detector system rotating around the patient.

Increasing rotation speed is mainly an engineering issue
and due to increased centrifugal forces it appears unlikely
to go significantly below the trot = 0.33 s that are available
already. We therefore consider a spiral cone–beam CT scan-
ner that has G tubes and detectors mounted and call this
device a multi–threaded or G–threaded CT scanner. Aim-
ing for improved temporal resolution the relative temporal
resolution τ is studied as a function of the motion rate (e.g.
the heart rate fH) and the degree of scan overlap (i.e. the
pitch value p for spiral scans or the number of rotations for
a circle scan that corresponds to 1/p) for various configu-
rations. The parameters to optimize for are the number of
threads G and the interthread angles ∆α̃ and ∆α̂. Due to
practical reasons we restrict ourselves to double–threaded
(G = 2) and triple–threaded (G = 3) although our optimiza-
tion algorithm can cope with any number of threads.

For G = 2 we found the optimum whenever the angle be-
tween the tubes is 90◦ and when both threads are mounted
in the same axial plane. Mounting the threads longitudi-
nally offset results only in a slight reduction of the temporal
resolution. The optimum interthread angles for G = 3 are
60◦ or 120◦; both result in identical temporal resolution val-
ues. We further found that the mean temporal resolution
achievable with an optimized multi–threaded CT scanner is
a factor of G better than the mean temporal resolution ob-
tained with a single–threaded scanner. This finding meets
the expectations.

Approximate image reconstruction of multi–threaded
rawdata is performed by modifying the EPBP cone–beam
reconstruction algorithm. Reconstructions of a simulated
cardiac motion phantom are shown and turn out to improve
with increasing G.

I. Introduction

CARDIAC computed tomography challenges the prob-
lem of imaging moving objects without showing signif-

icant motion artifacts. In general, CT requires at least 180◦

of projection data to perform image reconstruction.1 This
implies that the intrinsic temporal resolution of a standard

Institute of Medical Physics, University of Erlangen–Nürnberg,
Henkestr. 91, 91052 Erlangen. Corresponding author: Prof. Dr. Marc
Kachelrieß, E–mail: marc.kachelriess@imp.uni–erlangen.de

1For fan–beam or cone–beam CT there are some algorithms that
can do with a lower scan interval if the object is of adequate shape
and if a reduced field of view can be accepted [1]. Here, we will not
consider these approaches since they appear too restricted for cardiac
imaging.
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Fig. 1. Temporal resolution vs. heart rate for single–threaded CT
(taken with permission from [3]).

CT scan is in the order of trot/2 or worse, where trot is
the time needed for a full rotation of the scanner. With
modern cone–beam CT scanners it is possible to achieve
trot/2 = 165 ms which is not sufficient to perfectly image
the anatomical details of the human heart. Standard CT
further makes use of all the data contributing to a given
voxel and therefore exhibits a temporal resolution of about
trot/p where p is the spiral pitch value (typical values lie in
the range p ∈ [0.1, 1.5]).

With dedicated cardiac algorithms it is possible to reduce
the data to a single 180◦ segment and achieve trot/2. If the
object is moving in a periodic fashion it is further possible
to divide the required 180◦ into several smaller segments
and collect these smaller data segments from adjacent mo-
tion periods (e.g. heart cylcles). Thereby the temporal res-
olution can be improved proportionally to the number of
segments used. One can further align these allowed data
intervals (be it one or several segments) to a desired mo-
tion phase and obtain images where the object’s motion is
frozen in the desired state. These basic concepts of phase–
correlated CT imaging were first proposed and evaluated in
reference [2] and since then they are widely used in clinical
CT [3], [4], [5], [6], [7], [8], [9], [10], [11].

Although the use of multi–segment reconstruction com-
bined with very fast rotating scanners appears to provide
very high temporal resolution (e.g. 55 ms if three segments
are used and a rotation time of 330 ms is assumed) this
is rarely the case since the ideal situation where the 180◦

interval can be divided into N intervals of size 180◦/N only
occurs for selected values of fH trot (see figure 1). The aver-
age temporal resolution (averaged over the range of typical
heart rates) is far from ideal.
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Improvements of temporal resolution can also be ob-
tained by equipping a gantry with not only one x–ray tube
and one detector but by mounting G tubes and G detec-
tors that rotate together around the patient [12], [13]. If
these multiple sources are evenly distributed on a half cir-
cle one may expect an improvement in temporal resolution
by a factor of G since the 180◦ of data necessary for image
reconstruction can be acquired G times faster than with a
single–threaded scanner. To quantify the improvements in
view of multi–segment image reconstruction and in view of
the complicated behavior of temporal resolution on fH trot
we have conducted a simulation study. Our study will fur-
ther seek for the optimal configuration by varying the in-
terthread parameters of the scanner.

Possible applications (including cardiac CT) of G–
threaded CT are

• Phase–correlated imaging: This issue is discussed in this
paper.
• Motion detection and kymogram processing [14]: The si-
multaneous acquisition of two or more projections of an
object allows to determine the object’s position. This can
be used to support phase–correlated imaging with the syn-
chronization information.
• Dual energy CT [15]: Using different tube voltages Ug

for each thread’s tube allows to decompose the rawdata
into two base functions (e.g. into the materials water and
bone or into the contributions stemming from photo effect
or Compton effect).
• Scatter estimation: One thread may be partially used
to show scatter information. This may be done by using
beamstops. Prior to image reconstruction the missing data
can be replaced by another thread’s data.
• High–resolution imaging: One thread may have a high
resolution detector at the expense of a reduced field of mea-
surement. The high resolution data are truncated but can
be easily extended using another thread’s data that runs a
low–dose acquisition.

II. Geometry

We assume the scanner to have G tubes mounted on one
pivot bearing that rotates with constant angular velocity
and we assume to have a table that is translated through
the rotating gantry with constant velocity parallel to the
gantry’s rotation axis. The source positions are then given
as a function of time t as

sg(t) =





Rg sin(t + αg)
−Rg cos(t + αg)

p t + zg





with g = 1, . . . , G. To simplify our further considerations
we rescaled the temporal axis (t–axis) to obtain a rotation
time of trot = 2π and we rescaled the longitudinal axis (z–
axis) such that the detector’s longitudinal extend is L = 2π.
The table increment per rotation is given as d = 2πp from
which we see that p = d/L is the spiral pitch value.

Rg is the distance of source g to the isocenter. The pos-
sibility of chosing different values of Rg for each thread will

not play a role for us since we assume the temporal infor-
mation to be associated with the central ray and neglect
effects of the finite fan–angle. Thus we may safely assume
Rg = 1.

III. Data Sufficiency

A z–position zR is illuminated at

t ∈ T =
⋃

g

Tg with Tg =
(

[−π, π] + zR − zg

)

/p.

The projection angles α = t + αg that are covered during
that illumination are

α ∈ AStd =
⋃

g

AStd
g with AStd

g = Tg + αg.

Standard image reconstruction at zR can be performed
(with an approximate cone–beam algorithm) when AStd

covers an angular range of 180◦ or more.
Here, we are interested in phase–correlated image recon-

struction and have a set of synchronization points ts avail-
able, with ts < ts+1. These synchronization points may
correspond to the R–peaks of the patient’s ECG signal, to
the K–peaks of a patient’s kymogram or they may corre-
spond to shifted versions of these signals.

Attached to these sync peaks are the allowed data ranges
or data segments that are required for reconstruction. The
union of all these segments

S(τ) =
⋃

s

(

ts + [ts−1 − ts, ts+1 − ts]
τ

2

)

=
⋃

s

(

ts(1 −
τ

2
) + [ts−1, ts+1]

τ

2

)

is the set of time stamps that may enter the reconstruction.
The parameter τ ∈ [0, 1] is the relative temporal resolution
parameter. It is relative since it measures the width of
each interval relative to the distance of adjacent sync peaks.
Thereby, τ is the fraction of the motion cycle that enters
the image. Consequently, the relative temporal resolution
τ is a better measure for image quality than an absolute
temporal resolution measure where image quality would
further depend on the motion rate of the object.

Note that for τ = 1 the intervals touch at the midpoints
1

2
(ts + ts+1) and we obtain S(1) = R. Thus τ = 1 allows us

to mimic a standard image reconstruction situation where
all data are allowed to enter reconstruction.

Given a sufficiently large τ the angular contribution of
thread g to the desired z–position is Tg ∩ S(τ) + αg and
combining the view angles of all G threads then results in

ACI =
⋃

g

ACI
g with ACI

g = Tg ∩ S(τ) + αg.

Here, CI stands for cardiac interpolation and is used to
distinguish from standard image reconstruction. The value
of τ must be chosen large enough to ensure ACI to be 180◦–
complete, i.e.

⋃

k

(ACI + kπ) = R
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is demanded. Our implementations of cardiac image recon-
struction (for single–slice, multi–slice, cone–beam and for
G–threaded cardiac CT) use a binary search to determine
the minimal possible τ that still ensures 180◦–complete
data; an analytic solution to determining τ is not known,
to the best of our knowledge.

IV. Relative Temporal Resolution

To determine the actual relative temporal resolution τ̂
that will, in general, differ from the relative temporal reso-
lution parameter τ one must compute the full width at half
maximum of the phase sensitivity profile (PSP). The PSP,
that was proposed in reference [3], quantifies the contribu-
tion of each motion phase to the final image.

Let τ be fixed and large enough such that ACI(τ) is 180◦–
complete. Thread g contributes the angles ACI

g = Tg ∩

S(τ) + αg which is a finite union of disjunct intervals

ACI
g (τ) =

⋃

ν

(

agν + bgν [−1, 1]
)

.

We now define multi–triangular weight functions

wg(α) =
∑

ν

Λ(
α − agν

bgν

)

where Λ(·) is a triangle function of area and height 1. In
general, Λ can be replaced by any kind of weight func-
tion such as a Gaussian function, for example, as long as
suppwg ⊇ ACI

g .
We further define the normalization

ŵg(α) =
wg(α)

∑

kγ

wγ(α + kπ)

which exists since the denominator cannot become zero (re-
member that ACI is complete).

We achieved
∑

kg

ŵg(α + kπ) = 1 and
∑

g

∫

dα ŵg(α) = π

which implies proper normalization for image reconstruc-
tion. This means that each thread must be weighted by its
normalized weight function ŵ(α) before a slice at zR can
be reconstructed. Weighting can also be done in temporal
domain using

w̃g(t) = ŵg(α − αg).

Now, we use w̃g(t) to define the phase sensitivity profile
(PSP) that was proposed in [3]. It is defined as the his-
togram of cardiac phases c(t) weighted by the normalized
projection weights w̃g(t) as follows:

PSP(c) =

∫

dt δ(c(t) − c)
∑

g

w̃g(t)

where the cardiac phase c(t) ∈ [0, 1) is defined as

c(t) =
t − ts

ts+1 − ts

and s is chosen such that ts ≤ t < ts+1. The full width
at half maximum τ̂ of the PSP is our measure of temporal
resolution: PSP(0)/2 = PSP(τ̂ /2).

G = 1 G = 2,  90°

G = 3,  60°G = 3,  120°

Fig. 2. Winning configurations for G = 1, 2 and 3.

G = 1 G = 2,  90° G = 3, 60° and 120°
ROI = (5, 32±15, 100) ROI = (3, 16±7, 45) ROI = (2, 11±5, 27)
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Fig. 3. Plots of temporal resolution τ̂ for single–, double– and triple–
threaded scanners as a function of fHtrot and p. Images are
windowed to the range [0, 1] in the upper row and to [0, 1/G] in
the lower row. The ROI is defined by p ≤ fHtrot and is located
in the lower right triangle of each plot (indicated by the dashed
line). ROI results are given in the form (Min, Mean±StdDev,
Max). All temporal resolution values are given in %.

V. Simulation Study

Our aim is to find a configuration that optimizes tempo-
ral resolution over a wide range of heart rates as a function
of the multi–threaded scanner geometry. For this we vary
G, αg, zg and p.

For our simulations we assumed equidistant sync points
ts = s∆t. Note that ∆t/2π is the ratio of the duration
1/fH of one heart beat to the duration trot of one gantry
rotation. Thereby, we find fHtrot = 2π/∆t.

We will further restrict our considerations to the cases
G = 1, G = 2 and G = 3 that correspond to a standard,
a double–threaded and a triple–treaded spiral cone–beam
CT scan, respectively. We also assume equidistant sam-
pling for the interthread angles: αg = g∆α and zg = g∆z.
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G = 1 G = 2,  90° G = 3, 120°

g=1 g=2 g=3

+ +

Fig. 4. EPBP reconstructions for up to three threads. The bottom
row shows the decomposition of the image for G = 3 into the
separate threads.

Now, τ̂ = τ̂ (G, p, ∆t, ∆α, ∆z) can be optimized wrt the in-
terthread parameters ∆α and ∆z to cover a wide range of
heart ranges ∆t and a wide range of pitch values p for some
given G.

VI. Results

The optimum scanner configurations that were found by
minimizing τ̂ as a function of ∆α and ∆z for a wide range
of heart rates and pitch values are shown in figure 2. As ex-
pected, ∆α = π/g and ∆z = 0 should be chosen to gain the
optimal temporal resolution. Of course symmetry allows
to choose ∆α = 2π/3 in place of π/3 for G = 3.

Our optimization is based on taking the mean value for
the region p ≤ fHtrot. Plots that show τ̂ as a function of
fHtrot and p for the three winning configurations are given
in figure 3. Here, the ROI p ≤ fHtrot is indicated, too. The
figure nicely illustrates the well known resonance phenom-
ena that occur for example when the patient’s heart rate
is equal to or a fraction of the scanners rotation frequency.
In view of the resonance phenomena it is interesting to
note that the minimum, the maximum, the mean and the
standard deviation of the ROI are approximately propor-
tional to 1/G. This implies that having a scanner with
G threads will have a G–fold performance compared to a
single–threaded CT.

To provide image–based evidence the cardiac motion
phantom [3] was simulated for 1 ≤ G ≤ 3, for a num-
ber of configurations (varying interthread parameters) and
a number of heart rates. Images were reconstructed with
our generalized version of the EPBP algorithm (which is
Feldkamp–type, see [10]). An example of a 256–slice spiral
scan (1160 projections per rotation, 672 channels per detec-
tor row, pitch 1/4, trot = 0.5 s, slice thickness S = 0.6 mm)
is shown in figure 4 for a heart rate of 80 min−1. The re-
constructions correspond to the fast motion phase of the
cardiac motion phantom [3]. One can clearly see highly im-
proved image quality for G = 3. This is not so evident for
G = 2 since figure 4 turned out to show an unlucky situa-
tion. In most other cases (not shown) the double–threaded
scanner is superior to G = 1 but is always inferior to G = 3.

VII. Discussion

We analyzed the theoretical performance of a G–
threaded spiral cardiac CT to determine the optimal ge-
ometry of respective scanners. The results turned out to
correspond to the natural choice: 180◦/G interthread an-
gle and zero longitudinal interthread distance are optimal.
Temporal resolution and thus image quality is expected to
improve proportional to the number of available threads
for all combinations of heart rate, reconstruction phase,
rotation time and pitch value. Reconstructions prove that
image quality becomes better (less motion and less cone–
beam artifacts) with increasing G. Evidently, G–threaded
CT seems a promising technique to further enhance CT
imaging in general and cardiac CT in particular.
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CEnPiT: Helical cardiac CT reconstruction
Claas Bontus, Peter Koken, Michael Grass, Thomas Köhler

Abstract— We present a new reconstruction algorithm for
helical cardiac CT. The new method, which we denote as CEnPiT,
is based on the experiences obtained with exact filtered back-
projection methods of the Katsevich type. We describe filter-lines,
which separate the data into contributions of different kinds
of Radon-planes. This separation is performed according to the
number of intersection points of the Radon-planes with the helix.
Among these different contributions, only those are gated during
the back-projection, which are associated with n + 2 or more
intersection points. Here, n corresponds to the maximal possible
n-Pi mode for the measured data. The presented reconstruction
results show convincing image quality.

I. INTRODUCTION

Cardiac CT is one of the key applications of modern
CT scanners. Using a detector with a sufficient number of
detector rows and a helical acquisition, the complete thorax
can be scanned within a single breath-hold. Current cardiac CT
reconstruction algorithms are based on approximate filtered
back-projection methods [1]–[4]. For these, a gating function
is defined ensuring that only data belonging to the desired
heart phase are used. The high redundancy for the application
of retrospective gating is realized by low pitch acquisitions
resulting in Pi-modes with large n (typically n = 7–11).

Once the number of detector rows exceeds a certain amount,
approximate algorithms tend to show so-called cone-beam
artefacts. On the other hand, those exact algorithms, which are
known today, utilize data associated with an n-Pi acquisition. It
is difficult to see, how the multiplication with a gating function
could preserve the exactness of the algorithm.

The mathematical analysis of Katsevich type methods shows
that there is a close relationship with Radon inversion [5],
[6]. It is necessary to consider so-called m-planes, which are
Radon-planes intersecting m times with the back-projection
interval of the trajectory. See Fig. 1 for an illustration. For
an n-Pi acquisition we have to distinguish between 1, 3, . . . ,
n, (n + 2)-planes. Obviously, for a 1-plane, there is no
redundancy, such that the corresponding information is lost,
if this plane receives a gating-weight of zero. Fortunately,
according to the Fourier-slice-theorem, these planes contribute
only to low-frequency contents, such that a gating is not really
necessary.

Here, we define filter-lines, which separate the data into
two parts. The first part contains contributions of Radon-
planes, which intersect with the helix (i.e. not with the back-
projection interval) n times or less. The second part contains
contributions of Radon-planes with more than n intersection

Philips Research Laboratories, Röntgenstraße 24-26, 22 335
Hamburg, Germany. claas.bontus@philips.com, peter.koken@philips.com,
michael.grass@philips.com, thomas.koehler@philips.com

Fig. 1. 9-Pi back-projection interval of a certain object-point. A 1- and a
9-plane is also shown.

points. Cardiac gating is applied only to the second kind of
contributions. Our approach is not restricted to data within
the n-Pi window. Instead, we define filter-lines covering the
complete focus-detector. A feature necessary for cardiac CT
in order to obtain the best possible temporal resolution.

II. RECONSTRUCTION ALGORITHM

Reconstruction algorithms of the Katsevich type can gen-
erally be separated into three steps: 1. Differentiation, 2. Fil-
tering, 3. Back-projection. For the differentiation in step one,
data associated with parallel rays have to be considered. The
filtering in step two is performed along different sets of filter-
lines depending on the algorithm. In fact, the choice of the
filter-lines is crucial, since only the right choices ensure that a
particular algorithm is exact or quasi-exact. For an illustration,
consider a particular object-point x and a Radon-plane with
normal-vector ω, which contains x. For given sets of filter-
lines, this Radon-plane gets a weight [6]

w =

Nk∑

k

Nν(k)∑

ν

µν sgn(ω̂k · ẏ(sk)) sgn(ω̂k · êν) . (1)

Here, k counts all intersection points of the Radon-plane with
the back-projection part of the trajectory. The angular variable
s parameterizes the trajectory. Therefore, sk parameterizes the
different intersection points. ν counts the number of filter-
lines, which have to be considered from each intersection
point. Each filter-line can have a unique weight, which is
accounted for by the factors µν . y(s) points from the origin to
the trajectory, and ẏ corresponds to the differentiation of y(s)
with respect to s. ω̂k is the projection of ω onto the planar-
detector as seen from y(sk). Finally, êν corresponds to a unit-
vector parallel to the filter-line pointing into the direction of
filtering.
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Now, a reconstruction algorithm is exact, if the filter-lines
described by êν and the weights µν have been chosen such that
Eqn. (1) yields a constant independent of x and independent
of the Radon-plane under consideration.

III. CEnPIT FILTER-LINES

According to the preceeding discussion, the definition of
filter-lines is crucial for a certain algorithm to work. Here,
we define different sets of filter-lines, which can be divided
into four groups, viz. T (R), L

(R)
m , P

(L)
m , and P

(R)
m . Sets

L
(R)
m are identical to those presented in Ref. [7], [8]. Figs. 2,

3 and 4 show examples of filter-line sets P
(L)
m , P

(R)
m and

T (R) on the planar detector. For sets L
(R)
m , P

(R)
m , and

T (R), the filtering should be performed from left to right,
while for sets P

(L)
m , the filtering should be performed from

right to left. The solid curves in Figs. 2 through 4 are the
boundaries of different m-Pi windows. The straight solid lines
in Figs. 2 and 3 separate different regions. In these different
regions, the filter-lines are tangential on differentm-Pi window
boundaries. The dash-dotted lines in Fig. 4 are the projections
of the focus-detector boundaries onto the planar-detector. The
filter-lines in this figure, T (R), are either tangential on these
boundaries or parallel to ẏ, the asymptote on the Pi-window.
We introduced the filter-lines T (R) in order to be able to use
all measured data. This feature is necessary in cardiac CT,
because, otherwise, the resulting temporal resolution will be
reduced.

Let n be the maximum n-Pi mode for the measured data.
In other words, the boundaries of the n-Pi window can be
projected completely on the detector, while the boundaries of
the (n+ 2)-Pi window can not.

Using the filtered data, the next step within CEnPiT consists
of the generation of two filtered data sets, viz. Pg and Pug.
Pg contains the contributions of filter-line sets L

(R)
n , T (R),

P
(R)
n , and P

(L)
n , with weights (factors µ in Eqn. (1)) −1,

1, 1/2, and −1/2, resp. For Pug, we sum up the contributions
of filter-line sets L

(R)
1 , L

(R)
3 . . . , L

(R)
n , P

(L)
1 , P

(L)
3 . . . ,

P
(L)
n , P

(R)
3 , P

(R)
5 , . . . , P

(R)
n . The corresponding weights

are as follows. Sets L
(R)
1 and P

(L)
1 get the weight n/3, set

L
(R)
n gets the weight 1, and for 1 < m < n set L

(R)
m gets the

weight 2n/(m(m+ 2)). Set P
(R)
n gets the weight −1/2, and

for 1 < m < n set P
(R)
m gets the weight −n/(m(m + 2)).

Set P
(L)
n gets the weight 1/2, and for 1 < m < n set P

(L)
m

gets the weight n/(m(m+ 2)).
We can show that Pug contains contributions of Radon-

planes with n or less intersection points with the helix (i.e.
not with the back-projection interval), while Pg contains
contributions of planes with more than n intersection points.
Moreover, the Radon-planes, which contribute to Pug, are
weighted uniformly. For example, a 3-plane receives a weight
of 1/3 from each of the three intersection points, a 5-plane gets
a weight of 5× 1/5. For the EnPiT method [8], m-planes with
m < n are not weighted uniformly. On the other hand, for
EnPiT only two groups of filter-lines have to be defined.

|↑
vPl

|↑
vPl

|↑
vPl

−→ uPl

Fig. 2. From top to bottom: P (L)
1 , P(L)

3 and P (L)
7 .

As mentioned before, within CEnPiT only the Pg-data are
gated for the back-projection, while Pug is back-projected
without gating.

IV. CARDIAC GATING

For a cardiac algorithm, the position and the width of the
gating window determine the image quality and the motion
state of the heart at which the images are reconstructed. Both
parameters are usually derived from an electro cardiogram
(ECG) measured concurrently with the projection data [3].
The variation of the heart rate from patient to patient and
its variability during the scan leads in principle to an arbitrary
distribution of phase points and gating windows. The inability
to predict their positions makes the acquisition of highly
redundant data necessary and hampers the derivation of exact
reconstruction methods. Therefore, we made a compromise for
the method presented here, which conserves the exactness as
far as possible, while giving the most possible flexibility for
the gating scheme.

Current algorithms, which are based on approximate meth-
ods, use a two-dimensional completeness condition for the
definition of the weighting function. In this picture, rays are
considered as equivalent, if they have an angular distance
equal to an integer times π. A list of phase-points φi(s),
where i denotes the number of cardiac cycles covered by
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|↑
vPl

|↑
vPl

|↑
vPl

−→ uPl

Fig. 3. From top to bottom: P (R)
3 , P(R)

5 and P (R)
7 .

the scan, is usually determined as a percentage of the length
of the cardiac cycle. Typically, these phase-points determine
the central position of the gating window. The calculation
of the symmetric window width, on the other hand, employs
the redundancies. Note that there is only one gating function
for the complete reconstruction volume. A more detailed
discussion can be found in Ref. [2], [3].

Certainly, for an algorithm based on an exact method, the
two-dimensional completeness condition must fail. Instead it
seems to be necessary to consider the redundancies of different
Radon-planes. Ignoring these facts, we have chosen the same
gating function as for the ECR method [2], [3] for the study
presented here.

V. RECONSTRUCTION RESULTS

Figs. 5 and 6 show reconstruction results for a 40- and a
256-row scanner. Clinical data were obtained from the 40-row
scanner, while a simulation was performed for the 256-row
data. The scan parameters are summarized in Table I. For the
256-row data, the Forbild thorax phantom was used, which
was modified such that a beating heart could be simulated
[9]. In both cases, the relative pitch was equal to 0.2, which
corresponds to a Pi-mode of n = 7. The phase points were
obtained using the motion-map approach presented in Ref. [10]
and resulted in values of 78% and 62% of the RR-cycle.

|↑
vPl

−→ uPl

Fig. 4. Filter-lines T (R).

Rows 40 256
Projections per turn 2× 580 1160
Detector columns 672 672
Fan angle 52.1 deg 52.1 deg
Detector height 45.61 mm 291.2 mm
Pitch 5 mm/rot 32 mm/rot
Dist. source-rotation axis 570 mm 570 mm
Dist. source-detector center 1040 mm 1040 mm
Mean heart rate 41 bpm 64 bpm
Heart rate variability 2.5 bpm 0 bpm
Phase point 78% 62%

TABLE I
SCAN AND RECONSTRUCTION PARAMETERS.

From the results shown in Fig. 5 we conclude, that the
algorithm, which is presented here, is capable of delivering
diagnostic image quality for existing cone-beam CT systems.
Additionally, it should be noted that neither the inclusion
of data from the complete scan, nor the variability of the
heart rate introduce additional artefacts. In order to affirm
the necessity of incorporating also the ungated contributions,
Fig. 6 shows also the sole gated contributions, Pg. Obviously,
the addition of Pug improves the image quality significantly.

VI. DISCUSSION

The theory of exact reconstruction algorithms is based on
the redundancies of Radon-planes. Using cardiac gating in
combination with a helical scan cannot preserve the exactness,
since (at least) some 1-planes would receive a weight of
zero. For the CEnPiT approach, the data are divided into
contributions of planes with n or less intersection points and
planes with more than n intersection points. Only the latter
are gated during the back-projection. This procedure ensures
that planes with low redundancy do not get a weight of zero.
According to the Fourier-slice theorem, Radon-planes with
few intersection-points contribute only to the low frequency
components of the image. Since motion artefacts usually
reflect themselves in the high frequency components, the fact
that some parts of the data are back-projected without gating
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Fig. 5. Reconstruction results for data from a 40 row scanner (L/W:
50HU/500HU, mean HR: 41bpm, phase-point: 78%).

does not lead to additional artefacts. Moreover, those filter-
lines, which are used for Pug, give vanishing contributions
at the boundaries of the n-Pi window, which also prevents
the introduction of motion artefacts. Current reconstruction
algorithms, which are based on approximate methods and use
a two-dimensional criterion for the definition of the gating-
function, are not able to fulfill Tuy’s completeness condition.

Certainly, a gating function, which preserves exactness,
must take into account the different kinds of Radon-planes and
the intersection-points of these with the trajectory. A gating
function, which is based on two-dimensional considerations,

Fig. 6. Reconstruction results for data from a simulated 256 row scanner.
The upper image shows only the contributions of Pg, while the lower image
shows Pg + Pug (L/W: 50HU/500HU, HR: 64bpm, phase-point: 62%).

cannot preserve the exactness. Nevertheless, the presented
reconstruction results are very promising.
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Five Dimensional Reconstruction on Tensor Product Splines
in Cardiac PET

Jeroen Verhaeghe, Yves D’Asseler, Olivier De Winter, Steven Staelens, Rik Van de Walle, and Ignace
Lemahieu

Abstract— A maximum likelihood reconstruction algorithm
for five dimensional gated dynamic studies was developed. The
heart phase is reconstructed along an extra gate dimension.
A tensor product spline basis spanning the time and gate
domain is proposed and as such incorporates the classical framed
approaches. The proposed algorithm is validated combining the
dynamic NCAT beating heart phantom and published data of the
kinetics of

���������
	�	�������
, a common tracer used for measuring

myocardial blood flow. Reconstructions are considered on spline
bases of first and fourth order. It is qualitatively shown that
the algorithm performs well however further work is planned
to deliver more quantitative results.

Index Terms— dynamic/gated PET, myocardium, tensor prod-
uct splines.

I. INTRODUCTION

List-mode data in positron emission tomography (PET)
combines a high spatial and temporal resolution. To take full
advantage of the temporal resolution a continuous represen-
tation of the PET image is desirable. A ML dynamic PET
reconstruction outperforms a multi frame static reconstruction
in terms of bias/variance trade off [1]. Nichols et al. [5]
proposed to model the time activity curve (TAC) as a linear
combination of cubic B-splines. We previously implemented
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such a dynamic reconstruction algorithm [13] based on [14].
We recognize that a gated dynamic cardiac PET reconstruc-
tions would benefit from a similar approach.
An important application in cardiac PET is the measurement
of myocardial blood flow which makes it possible to measure
blood flow at the level of the micro circulation.

�����
-labeled

ammonia (
������� � ) is amongst others widely used for the

quantification of regional myocardial blood flow with PET.
In addition myocardial wall motion is also important in
e.g. assessing the global function of the heart through the
ejection fraction. Such information is obtained by gating the
measured data with respect to the cardiac cycle using an
electrocardiogram (ECG) device. Gated images also reduce
the spill over artifact in the reconstructed images

II. METHODS

A. Five Dimensional Basis

In this work we will consider a five dimensional basis,
the three spatial dimensions (x,y,z) will be represented on a
voxelized basis. The temporal and gate dimensions are treated
independently and are represented on a tensor product B-
spline basis of degree � (order ���� ), i.e. the basis is separable

�! "$#&%�')(�*,+.- �/ ".%�'�+ �/ #.%�*0+1( 2�(�3- � (�4�4�41(657(689( (1)

where : �  ";%�'�+�<>="�? � and : �  #;%$*,+@<BA#�? � are sets of spline basis
functions of degree � of respectively time ' and heart phase* and : �  "$# %�'�(�*,+@< =DC A" C #�? � is the resulting tensor product basis.
The dynamic image in parametric form becomes:

EDF %�'�(�*,+.- =G
"�? �

AG
#�? �)H

F "$# �  ";%�'�+ �  #I%$*,+�( J- � (�4�4�4�(LKI( (2)

where
E F %�')(�*0+ is the activity in voxel J at time ' and

at heart phase * and H
F "$# are the non-negative dynamic

parameters or the control vertexes. Henceforth we will drop
the explicit ' and * dependencies of

�  "M%�'�+ and
�  #.%$*,+ where

possible for simplicity. Note that by imposing non-negative
parameters the resulting activity is always positive. The B-
spline basis functions are defined on their knot sequence, and
we consider two different knot sequences for the temporal
and gate domain. In the time domain clamped knots, i.e. the
first and last � knots are identical, are used to allow for
discontinuities at the end points while in the gate domain
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uniform open knots are required to allow the spline to meet
itself smoothly at the endpoints of the period. The � � ��� 8
knots ( ��� -���(�4�4�4 �  �� A ) in the gate domain defining 8 B-
spline basis functions of degree � are uniformly spaced so
that ��� � *
	 - � A - *�	 (3)

with *�	 the period of the heart phase. The periodic spline� %$*,+ in the gate domain is then defined as� %$*,+ - � � %�����D%�*�(�*
	 +�+ � � � %�����D%�*�(�*
	 + � *�	
+1( (4)

� � %$*,+ - AG
#�? � H #

�/ # %$*,+ (5)

where ���� denotes the modulus operator and H # are the
control vertexes. Note that

�
is periodic with period ' 	 and� %$*,+ - � (��D* if H # - � (�� 3 (parity of unity). The basis

functions are illustrated in Fig. 1.

B. Maximum Likelihood Expectation Maximization

Consider a classical idealized PET measurement of an in-
homogeneous Poisson process with emission rate density (2)
in the time interval � '��6(�'���� . The collected data ( �� ) consists of a
list of all coincidence events containing timing information as
well as heart phase information obtained from a ECG device.
The coincidence detection in detector bin � ( � - � (�4�4�41(�� ) is
also an inhomogeneous Poisson process with rate density

��� %�')(�*0+.- !G
F#" F  E F %�')(�*,+.-

!G
F$" F  =G

"�? �
AG
#�? � H

F "$# �/ " �! # (6)

where " F  is the probability that an emitted event from voxelJ will be detected in bin � . Dropping constants the log-
likelihood of the measured data becomes [9]

% % �E % �H +�+I-'& G
F)( F+*-,/.� *-0�1

032
E F %�')(�*,+34 '54 *
� G
6 F 6  "8759 �>3 ��� ;: %�' 6 (�* 6 +�( (7)

where the < subscript denotes the event index, ( F ->=#? " F  
the sensitivity of the detector for events originating from voxelJ and �E and �H are � E � (�4�4�41( E ! �$= and � H �6�L� (�4�4�4�( H ! = A �$=respectively.
Similar to the well known static [4], [8] and dynamic [14] PET
reconstruction algorithms we maximize the log-likelihood
function using the EM algorithm [2]. Therefore we introduce
the complete data @ F "$#  %�')(�*,+ the emitted events from voxel J ,
temporal basis function 2 and gate basis function 3 , detected
in detection bin � at time ' and heart phase *M%�'�+ . We note
that @ F "$#  %�')(�*,+.- = 6BA %�'C&9' 6 (�*D&* 6 + where the sum is over
all events originating from J (�2 and 3 detected in � . These
complete data are also drawn from an inhomogeneous Poisson
process with rate density�@ F "$#  %�')(�*,+.- " F  H F "$# �! " �/ # (8)

and the complete data log-likelihood

9 % �E % �H +�+I-'& ! C =DC AG
F C " C #FE

F "$# H
F "$#

�
! C =DC A;C ?G
F C " C # C  

*-, .� *-0�1
0 2 @ F "$#  %�'�(�*,+HGJI�K �@ F "$#  %�')(�*,+34 '54 *�( (9)

with E F "$# - ( FML��  " 4 ' LM�  # 4 * .
At each iteration of the EM algorithm we should maximize
the conditional expectation of the complete data likelihood

�H  6�N -PO
QRK�SFO�TUNWV
XZY :\[9 % �H +I-$] UNZ^;_a` � 9 % �H +�b �� � < 4 (10)

The conditional expectation of @ F "$#  %�')(�*0+
c F "$#  %�')(�*0+.-#]ed ^;_a` � @ F "$#  %�')(�*0+�b �� � - �  %�')(�*0+��gfihJj %�'�(�*,+ " F  �/ " �! # H f3hkjF "$#

(11)
The

�� f3hkj %�')(�*,+ can be obtained by replacing H
F "$# with H

fihJjF "$# in
(6). Note that �\ %�')(�*0+I- = 6�A %�'D& ' 6 (�*l& * 6 + where the sum
is over all events detected in � . The conditional expectation
of the complete data likelihood becomes

[9 % �H +I-m& ! C =�C AG
F C " C #FE

F "$# H
F "$#

�
! C =DC A;C ?G
F C " C # C  

* , .� * 0 1
0 2

c F "$#  %�')(�*,+HGkI
KD% " F  H F "$# �/ " �/ # +i4 '54 *M4
(12)

This function is now fully separable

[9 % �H +.-
! C =DC AG
F C " C #on

F "$# % H
F "$# +�( (13)

where

n F "$# % H F "$# +.-p& E F "$# H F "$#
� ?G  * ,/.� * 0R1

032
c F "$#  %�')(�*,+HGkI
K % " F  H F "$# �  " �  #/+34 '54 *M4 (14)

We need to solve a large number of one dimensional opti-
mization problems

SFO�TN�q3rksut � n F "$# % H F "$# + J9- � (�4�4�41(@KFv62;- � (�4�4�4�(�5wv�3 - � (�4�4�41(6894
(15)

The corresponding derivatives are easily computed and noting
that

?G  *x, .� *y0R1
0 2

c F "$#  %�'�(�*,+HGJI�KD% " F  H F "$# �! " �/ # +34)'54 * -
G
6 F 6  "87 GJI�KD% " F  : H F "$# �/ " %�' 6 + �/ # %$* 6 +�+ (16)
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Fig. 1. Illustration of the basis functions in the temporal ((a),(c)) and gate ((b),(d)) domain for ��� � ((a),(b)) and ����� ((c),(d)). The knot positions are
illustrated by the *-symbols. The basis functions in the gate domain ((b),(d)) for �	� are represented by the solid lines, the basis functions for � are then
formed by the basis for �
� and its shifts by integer multiples of �� (dashed lines) ( ���� � sec). The line ��� � illustrates the partition of unity property.

the new estimate for H
F "$# becomes

H
 6�NF "$# - H

fihJjF "$#
E F "$#

G
6 F 6  "87 "

F  �  " %�' 6 + �  # %�* 6 +�� f3hJj : %�' 6 (�* 6 + 4 (17)

This equation is similar to the classic ML-EM algorithm [8].
In fact in the special case for � -p� the formula reduces to
exactly what we would do in a time framed and gated case.

H
F "$# is then the activity

EDF "$# in voxel J during time frame 2
and gate number 3 and (17) reduces to

E  6�NF "$# -
E f3hkjF "$#
( F

G
6 F 6  "87�� "$#	� "

F  :��5fihJj : ( � 2�(�3 4 (18)

III. SIMULATIONS

To validate our method we used the beating heart NCAT
phantom [6], [7], with the respiratory motion switched of,
together with a geometric simulator. The detector was set
up as a rude geometric approximation of the Philips Allegro
PET scanner [10] assuming a 100 � detection efficiency.
The simulator emits back-to-back photons according to an
inhomogeneous Poisson process. Attenuation was included
using an NCAT attenuation map averaged over the cardiac
phase. Activity was only present in the blood pool and the
myocardium. The input TAC was modeled as modified version
of the input model by Thompson et al. [11] including an

asymptotic recirculation term [3]. The myocardial kinetics
were based on the compartmental model for

���>�
-ammonia

from [3]. The input and tissue TAC are depicted in Fig. 2. We
simulated a 10 minutes acquisition after bolus injection. We
recorded approximately ����� ��� coincidence detections, corre-
sponding to a low activity to reduce random coincidences. Our
existing static reconstruction algorithm [12] using Siddon’s
method for the projection and back projection was easily
adapted for a five dimensional reconstruction using (17). The
sensitivity profile was calculated analytically and included the
attenuation term based on the same attenuation map as used
for the simulations. As a first test we only considered � -P�
and � -�� , where for the former we obtain the classical
framed approach, whereas the latter makes use of cubic B-
splines. We did not seek for an optimal placement of the knots
and distributed them as discussed in paragraph II-A. The basis
used 5 parameters along the gate domain ( 8 -�� ) and 14
along the time domain ( 5 - ��� ) as illustrated in Fig. 1. The
reconstructions are obtained after 3 iterations following eq.
(17) using 10 subsets and additionally spatial smoothing with
a Gaussian filter with a FWHM of 7.35 mm was performed
on the parameter maps. Note that we did not include any
temporal filtering.
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Fig. 2. The blood time activity curve (solid line) and the tissue time activity
curve (dashed line) for the

�����
-ammonia kinetics (see [3]).

IV. RESULTS

The reconstruction was sampled at two representative time
points ( 2 � - �
� sec and 2�� - � � � sec ) and at different
cardiac phases ( *�->�)(R��4 �)(R��4 � (R�)4 � and ��4 � , where � and �)4 �
correspond to the end diastole phase and end systole phase
respectively) and were finally reoriented into a cardiac axis
frame. Samples of the reconstruction on the cubic spline basis
for a typical short axis and horizontal long axis slice are
depicted in Fig. 3 (a) and (b) respectively. A surface plot
combining the time and gate dimensions is shown in Fig. 4
where a 30 voxels ROI average of the reconstructed activity
is depicted. At diastorle he ROI is situated at the outer border
of the myocardium.

We compared the performance of a framed reconstruction
approach to that of the cubic tensor product B-spline approach
in the gate (Fig. 5) and time (Fig. 6) dimensions. Fig. 5 depicts
reconstructed activity profiles along with the simulated rate
functions in the gate domain at 2 � and 2�� . The left panel
used a first order basis while the right panel uses a tensor
product cubic B-spline basis. The profiles are averaged over
a region of interest consisting of 30 voxels and is situated
in the left ventricle at end diastole but in the myocardium
at end systole. Reconstructed and simulated profiles in the
time domain at end diastole are shown in Fig. 6. Again a
30 component average was taken from the blood pool (solid
line) and from the myocardium. The fast initial component of
the blood pool TAC is badly reconstructed. This is due to the
uniform distribution of the knot positions. A knot redistribu-
tion algorithm would probably improve the reconstruction, in
particular the reconstruction of the fast input TAC.

V. CONCLUSIONS

We have developed, implemented and validated a general
ML-EM algorithm for dynamic gated cardiac PET recon-
struction. The basis in the time and gate domain consists
of a tensor product B-spline basis and includes the classical
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Fig. 3. Illustration of the reconstruction of the 5D NCAT phantom on fourth
order splines ( ����� ) using the knot positions as in Fig. 1(c) and (d). Time
and gate samples of a reoriented short axis slice (a) and of a long axis slice
(b). � � corresponds to an early sample ( � � ����� sec) while ��� corresponds to
a late sample ( ����������� sec). The cardiac phase ranges form � to

�
where

� indicates the end diastole phase and ��� � corresponds to the end systole
phase.
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Fig. 4. Activity plane averaged over 30 voxels from a reconstruction on the
fourth order spline basis. The voxels are all situated at the outer edge of the
end diastolic myocardium.
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Fig. 5. Activity profile along the gate axis at times � � (solid line) and ���
(dashed line) as in Fig. 3 for a spline basis of first order (a) ( � � � ) and
fourth order (b) ( � � � ) on respective knots as illustrated in Fig. 1. The
curves are averaged over 30 voxels. It can be seen that at end diastole the
voxels mostly belong to the blood pool while at end systole the voxel belong
to the myocardium. The

�
-symbols and � -symbols respectively denote the

reference (simulated) values at � � and � � .
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Fig. 6. Activity profiles along the time axis at end diastole. The bases for
(a) and (b) are as in Fig. 5 (a) and (b) respectively. The curves are averaged
over 30 voxels purely belonging to the left ventricle (solid line) or to the
myocardium (dashed line). The reference blood time activity curve and tissue
TAC ( � -symbol resp.

�
-symbol) are as in Fig. 2.

framed approach as a special case. The developed interior
point iteration scheme is similar to, and in the special case of
a first order basis reduces to, the well known static ML-EM
algorithm.
The proposed B-spline approach is shown to be valuable for
dynamic gated cardiac PET reconstructions.
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Rectification for Cone-beam Projection and Backprojection 

Cyril Riddell and Yves Trousset 

 

 I. INTRODUCTION 

Cone-beam reconstruction of rotational angiography is a 3D 
tomographic tool available on vascular C-arms that permits the 
3D description of a vascular tree with a high spatial resolution 
that is, in addition, isotropic [1-3]. Vascular C-arms feature an 
open gantry that allows good patient access with instant 
imaging over a large field of view (up to 40cm2) over 3 degrees 
of freedom. The drawback is that the gantry does not allow for a 
full rotation around the patient, and that the C-arm itself is not 
stiff enough to follow a circular path. Therefore, detector and 
X-ray source are rotated around the patient during a spin of 
little more than half a circle while both source and detector 
positions deviate from the standard assumption of a circular 
source path and a detector parallel to the axis of rotation. 
Fortunately, the C-arm spin motion can be shown to be stable 
enough (i.e. repeatable) to be measured once through 
calibration [4]. C-arm cone-beam geometry is captured in a 
very simple manner by the use of 3x4 projection matrices [4-6]. 
Typical X-ray frames are 1K2 with potential reconstruction of 
1K3 volume and several hundreds of such frames can be 
acquired during a spin to avoid streak artefacts due to poor 
angular sampling, and maximize low contrast detection. 
However, in today’s clinical practice, 5123 is considered high 
resolution whereas 2563 volumes might be acceptable for larger 
vessels (such as in the abdomen) since the computation load is 
then decreased eight-fold. A very high number of views might 
also lead to unacceptable reconstruction time. Computation thus 
remains a limiting factor because of the complexity of cone-
beam backprojection. 
In the present work, projection matrices are shown to provide 
new means for decomposing the backprojection procedure into 
simple 2D mappings in order to reduce computation time and 
better understand the issues related to interpolation choices.  

II. THEORY 

Cone-beam reconstruction of rotational angiography is based on 
a simplified implementation of the FDK algorithm [7] with the 
use of projection matrices for backprojection (see for instance 
[6] for a more detailed description). 

                                                           
  Cyril Riddell and Yves Trousset are with GE Healthcare Technologies, 
Advanced Medical Applications, 283 rue de la Minière, 78533 Buc cedex, 
France. Telephone: 33 1 30 70 56 25. E-mail: cyril.riddell@med.ge.com 

A. Cone-beam backprojection 

Following [5], a 3x4 projection matrix P relates any point in a 
3D framework ( )zyxO ,,,  to its projection over a plane whose 
2D framework is ( )vuO ,,′  using homogeneous coordinates: 
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Matrix P contains the absolute position of the source together 
with the relative position of the detector with respect to the 
source in a continuous framework, with the advantage of 
leaving the choice of the interpolation scheme open. A 
projection matrix can be decomposed into two matrices: one of 
extrinsic parameters made of the 3D rotation matrix R and 
translation vector t

zyx tttT ),,(= , and one of intrinsic 

parameters where uα  (resp.: vα ) is equal to the source to 
image distance (SID) divided by the pixel size in u (resp.: v):  
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When we implement a discretized version of the backprojection 
operation, the natural way is to project a voxel center over the 
detector plane according to (1) and get the value at the 
projected position by interpolation with the nearest neighbours 
[6]. This approach is called voxel-driven. 

B. Plane backprojection 

One drawback with the voxel-driven approach is that there is no 
guaranty that all pixels get backprojected in the volume. We 
therefore first propose to perform the backprojection of 
projection p over one plane of equation 0yy =  using: 
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We see that this backprojection operation is now based on re-
sampling the projection over the plane 0yy =  by a 
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homography 
0ypH →  that is a 3x3 matrix that we will assume 

invertible for the cases of interest in this study. When we invert 
this transform, it is easy to loop through the pixels of the 
detector plane and backproject them all over plane 0yy = . 
By computing each plane successively, a simple pixel-driven 
approach is therefore possible with projection matrices, 
independently from the choice of the interpolation type. 

C. Rectification 

A second drawback of the standard matrix-based approach is 
that, while the memory access of the volume is linear, the 
access of the projection data is not generally so. Let us denote 

0→pH  the backprojection of projection p over plane 0=y  and 

1ypH →  the backprojection of projection p over plane 1yy = . 

We further define matrices: 
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We finally define matrix 
10 yyH →  as the mapping used for 

backprojecting plane 0yy =  over plane 1yy = . 
Backprojection of projection p over plane 1yy =  uses:  
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By combining (3) and (5), we get: 
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Matrix 
10 yyH →  is therefore equal to: 
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It is easy to see that matrices ( )0
1

0YHI p
−

→+ and ( )1
1

0YHI p
−

→+  are 

of the form 
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, i.e. a 2D magnification of scale 

c1 with respect to point ( )cbca , , i.e. with translations. This 

is also true of their inverses and therefore it is true of 
10 yyH → . 

We conclude that once projection p is backprojected over a 
plane, backprojection of projection p over any other parallel 
plane can be deduced from this first backprojection by a simple 
2D mapping such as 

10 yyH → . This first backprojection is 

therefore seen as a re-sampling homography such that the 
memory access pattern of the re-sampled data gets aligned with 
a plane-by-plane memory access of the volume. This re-
sampling homography is therefore called a rectification. 
A simple choice for the rectification plane is the plane of 
equation 0=y . Backprojection over any other plane 1yy =  
will be computed from this rectified plane by using matrix: 
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D. Ideal system 

For an ideal system where the gantry can be made stiff enough 
to ensure a circular rotation, the projection matrix can simply 
be: 
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The pixel size is the same for u and v directions )( ααα == vu . 
The source projection is always at the center of the detector 
where we set the origin of the detector frame ( 000 == vu ). The 
source rotates around the z-axis only (rotation matrix is 
simplified) and the optical axis intersects the origin of the 
volume at all angles  ( 0== yx tt ). Finally, the translation zt  is 

set equal to the distance from the source to the origin (SOD) 
divided by the voxel size, which implies that α=zt . In this 
case, the rectification matrix is: 

�
�
�

�

�

�
�
�

�

�

−
−=→

αθ
α

θα

0sin
00
00cos

0pH   (10) 

from which backprojection over plane 1yy =  is deduced using  
the matrix: 
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0 1
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θα
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H y  (11) 

For large values of α, the cone-beam geometry tends towards a 
parallel geometry and we get: 

�
�
�

�

�

�
�
�

�

�
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∞→→
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010
00cos

0

�

H
�

p   (12) 

and  
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�

→
∞→→

�y

H y α
 (13) 

Since C-arm systems have a large SID, rectification of C-arm 
data will have the main effect of magnifying the projection 
along u by a factor equal to θcos1 . Backprojection of the 
rectified projection over plane 1yy =  will essentially be a 
translation by a factor equal to θtan1y . To keep the 
magnification factor practical, rectification is performed for 
angles such that θθ sincos ≥ . Since the order of 

backprojection does not change the final result, all projections 
matching this condition are backprojected, then the volume x 
and y coordinates are swapped as well as first and second 
columns of the projection matrices, and a second pass is 
performed. (Note that θcos  is easily obtained from matrix P by 

2
32

2
3131cos ppp +=θ ) 

E. Application to iterative reconstruction 

X-ray images obtained from 3D rotational angiography are 
subject to scattered radiations, beam hardening, truncation and 
photon noise with the extreme case of metallic artifacts. 
Therefore, iterative techniques are a convenient way of 
integrating additional models of physical phenomena that 
degrade the acquired data for improving reconstruction image 
quality. 
Most iterative algorithms are based on projecting an estimate of 
the reconstructed volume, compare the projection to the 
acquired data, and backproject the result of the comparison 
back onto the volume. It is worth noting that the iterative 
algorithm can be applied to rectified data, rectification being 
taken as a pre-processing of the data rather than a step in the 
reconstruction loop. In such a case, iterative algorithm 
projection and backprojection steps will be reduced to simple 
series of 2D mappings over the rectification plane 0=y .  

III. EVALUATION 

A. Cone-beam backprojection 

We tested backprojection with and without rectification by 
reconstructing 150 cone-beam X-ray projections acquired with 
an Innova 4100 vascular C-arm system (GE Healthcare, Buc, 
France). The C-arm spin was described by 150 matrices 
measured by the system standard calibration procedure. The C-
arm spin nominal values were 200° arc, SID of 1200mm and 
SOD of 700mm. The flat panel pixel size was 0.200mm and the 
resulting voxel size 0.117mm. In the clinical practice, this 
geometry allows for good image quality with a simple ramp 
filtering and backprojection of the log-transformed X-ray 
images [3]. The backprojection code was voxel-driven with 
linear interpolation. Rectification allowed improvement of the 

memory access in the main loop. Computational speed 
reduction was due to the ability of the compiler to optimize this 
simplified loop. No further optimization was attempted. 

B. Application to iterative reconstruction 

A cylindrical phantom containing wires of varying diameter was 
simulated into a 2563 volume. Projection matrices 
corresponding to an ideal system with a 360° acquisition with 
360 projections were generated. The value for α was taken 
equal to the same SID of 1200 mm divided by a pixel size of 
0.8 mm, i.e. a value of 1500. The translation zt  was set equal to 
α. We performed the reprojection and backprojection of the 
phantom according to these matrices. The result was compared 
to reprojecting and backprojecting the phantom over the central 
plane for each matrix according to the rectification technique. 
To allow image comparison in terms of resolution, 2D ramp 
filtering was applied to the backprojected slices. 

IV. RESULTS 

A. Backprojection errors 

Fig. 1 compares the backprojection of ramp-filtered data. The 
left image shows the regular backprojection while the right 
image shows the result with rectification. The data has been left 
intentionally noisy so that the effect of interpolation smoothing 
due to the rectification pre-processing is visible. On visual 
inspection, the rectified backprojection has a better image 
quality since noise smoothing is required in the reconstruction 
process, but direct backprojection has highest resolution. 

B. Application to iterative reconstruction 

Fig. 2 shows the central slice of the phantom after reprojection, 
backprojection and ramp filtering. The left image was computed 
without rectification (direct) while the right image was the 
result of reprojection and backprojection over a rectified plane 
(rectified). On visual inspection, there is no difference between 
the two images. Use of the rectification plane 0=y  did not 
lead into more smoothing with respect to the standard scheme.  
Fig. 3 shows a plot of profiles through the cylinders indicated 
by the arrows of fig. 2 on the test image (reference), the left 
image of fig. 2 (direct) and the right image of fig. 2 (rectified). 
It confirms that the reconstructions are virtually the same. 

C. Computation speed 

Using linear interpolation and a voxel-driven implementation, 
rectification followed by backprojection of the rectified views 
was two times faster than direct backprojection without 
rectification. 

V. DISCUSSION 

The proposed rectification method is a generalization to cone-
beam geometry of a previously described variable scale 
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interpolation scheme for parallel geometry that led to the 
decomposition of the projection task into series of translations 
instead of rotations [8]. This gave faster computation times and 
higher precision since translations avoided any magnification 
re-sampling, while rotations did not. In cone-beam geometry, 
the projection operations are decomposed into series of 
translations and magnifications. Cone-beam rectification does 
not avoid magnification steps but simplify them. The resulting 
precision at this point is slightly degraded when performing 
rectification plus backprojection with respect to the direct 
application of backprojection, due to the additional re-sampling 
step. Since clinical data is noisy and needs smoothing prior to 
backprojection, we believe that equivalent resolution should be 
obtained by smoothing the data slightly less when performing 
rectification. Rectification plus backprojection was twice as fast 
than direct backprojection. Rectification appears therefore as a 
mean for faster backprojection, and therefore reconstruction, at 
possibly no cost in terms of image quality. 
In addition, decomposition of a projection matrix into 
rectification followed by series of 2D magnifications is a 
promising tool for further improving projection steps with cone-
beam geometry both in terms of computation time (by using 
existing standard highly optimized magnification routines) as 
well as precision (by using better interpolation scheme that are 
easily implemented for constant magnification over an image). 
Iterative reconstruction of cone-beam data should also benefit 
from rectification by allowing computation of the projection 
and backprojection steps over a rectified plane. In this case, 
simulations showed no loss of quality with respect to using the 
original projection planes. In addition, the system matrix is then 
defined from simple 2D magnification matrices, without any 
assumption on the interpolation model. Voxel-driven and pixel-
driven implementations are therefore readily available with 
linear or nearest neighbour interpolation by using direct or 
inverse implementation of the magnification. But projection and 
backprojection from the rectified planes could be implemented 
with ray tracing [9] or the recently proposed distance driven 
scheme [10] as well. 

VI. CONCLUSION 

A new method for implementing cone-beam projection and 
backprojection with projection matrices was proposed. A re-
sampling step called rectification was introduced that allowed 
input and output data memory accesses to be aligned, 
independently from the choice of the interpolation scheme. The 
complex projection step was thus reduced to series of simple 
magnifications and translations. 
Faster implementation was obtained with good image quality. 
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Figure 1: Backprojection of ramp-filtered projections. Left: direct 
backprojection. Right: rectification plus backprojection. 
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Figure 2: Simulated wire cylinder. Left: direct reprojection and backprojection. 
Right: reprojection and backprojection over rectified plane. Arrows indicate 
profiles of fig. 3. 
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Figure 3: plot through three wires indicated by the arrows of fig. 2. 
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Abstract — In this paper, we describe the relationship 

between the reconstruction error and the locus radius. 
Based on this relationship we fomulate our new algorithm. 
Preliminary simulations are done to evaluate it numeri-
cally. Finally, we conclude with a discussion and a de-
scription of our relative work underway. 
 

I. INTRODUCTION 
The well-known Feldkamp algorithm (FDK) for image re-

construction of cone-beam scan in a circular orbit works well 
when the cone angle is small [1]. To increase the cone angle, K. 
Zeng et al. proposed an error reduction based (ERB) method 
based on  FDK reconstructions in 2004 [2]. In the method, two 
scans in circular orbits of different radii are used. Then, FDK 
reconstructions from these two scans are combined to produce 
a superior image volume by utilizing a relationship between 
the reconstruction error and the scanning locus radius. They 
also proposed a half-scan version of this algorithm called 
HERB method to lower the dosage [3, 4]. The algorithm 
demonstrated improvement in image quality when the cone 
angle is not very large. However, when the cone angle in-
creases to 15°or greater, the reconstruction error become 
significant. This is caused by the approximation error in their 
simplification done to the relationship between the recon-
struction error and the scanning locus radius. 

In this report, we present an improved version of ERB-type 
algorithm to increase the cone angle further. In our scheme, a 
more accurate relationship between the reconstruction error 
and the scanning locus radius is utilized to reduce the recon-
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struction error for the case of a large cone angle. A weighting 
function is expected to be applied to reduce the reconstruction 
noise when the cone angle is small. We refer this new algo-
rithm as Improved Error Reduction Based method, or IERB 
method in short.  

In this paper, we first describe the relationship between the 
reconstruction error and the locus radius. Then, our new al-
gorithm is formulated and simulations are done to evaluate it 
numerically in comparison with the classical Feldkamp algo-
rithm and ERB method. Finally, we conclude with a discus-
sion and a description of our relative work underway. 

II. METHODS 

A. Relationship between reconstruction error and scanning 
radius 
Although the Feldkamp-type algorithms are rather different 

from the Grangeat-type algorithms [5] in terms of formulation, 
the Feldkamp-type reconstruction is equivalent to the 
Grangeat-type reconstruction in the circular scanning case if 
the missing data in the Radon space is assumed to be zero [6]. 
Therefore, the Feldkamp algorithm can be analyzed in the 
Radon space. 

The Radon transform is: 

 
( , )

( , ) ( )
r P n

f n f r dr
ρ

ρ
∈

= ∫∫R  (1) 

Here, ( )f r  is a function on 3R , ( , )P nρ is a plane defined 

by r n ρ⋅ = . 
The inverse Radon transform is: 

 
2

2

2 2

1( ) ( , )
8

S

ff M r n n dn
π ρ

∂
=− ⋅

∂∫
R

 (2) 

Here, n  is a vector on the unit sphere 2S  , r n ρ⋅ = . 
As shown in Fig. 1, due to the limitation with the imaging 

geometry, part of Radon information is missing in the 
cone-beam projection data collected along a scanning circle 
[5]. The missing part forms a shadow zone. Let us assume a 
spherical object support of radius R centered at the origin of 
the reconstruction system. Then, the shadow zone is a pair of 
cone-shaped regions. In the shadow zone, all the data in Radon 
space can be assumed to be zero. The inverse 3D Radon 
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transform can be reformulated as a summation of two com-
ponents: 

 1

2

2

2 2
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2 2

1( ) ( , )
8

1            ( , )
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∫

∫

R

R
 (3) 

Here, 1S  denotes the set of points ( , )n ρ  not included in the 
shadow zone and 2S  denotes the set of points ( , )n ρ  included 

in the shadow zone. Let error ( )f r  denote the reconstruction 
error from the FDK method. From Zeng’s work, we know that, 
when the cone angle is small (i.e. the shadow zone is very 
small compared with the whole object), it is approximately 
true that [7]: 
 error 2( ) const( , ( ))f r r f r S= ×  (4) 
That means, the reconstruction error is approximately pro-
portional to 2S . 

Let d  denote the scanning locus radius and ( , , )m m mx y z  

the point to be reconstructed. The 2S can be computed as 
following: 

2 2
m m mx yρ = + , 

2 2 2 / 2m m m mr x y z= + + , 
2

1 12 2 2 2
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P P

m m m m

dz dz dx z
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(a) Phantom (b) Feldkamp (d=400mm)

(c) ERB (d) IERB 
Fig. 3 3D Shepp-Logan phantom and reconstructions for the slices at 

0.25Y = . The grayscale was mapped to [0,255] from the original interval 

 
 
 

Point to be 
reconstructed

r

2S

1S

Shadow 
zone

( , )n ρ

Scan radii       d

Fig. 1 The shadow zone associated with a circular-orbit cone 
beam scan  

1d

2d

Fig. 2 Scan Geometry 
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1 2 3
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( ) 2arccos
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φ π
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When 1 / 2P mx ρ≤ , we have 
max

min
2 ( ) mS l r d

φ

φ
φ φ= ∫  

When 1 / 2P mx ρ> , we have 
max

min
2 1( ) 2 ( / 2 )m m m m PS l r d r z r z

φ

φ
φ φ π= + + −∫  

B. Reconstruction method 
In our imaging, scans in two concentric circular orbits of 

different radii, 1d  and 2d , are done as shown in Fig. 2.  Two 
reconstructions from these two scans are obtained using the 
standard Feldkamp algorithm. Let FDK 1 ( )df r

，
 denote the re-

construction from the orbit of radius 1d , and FDK 2 ( )df r
，

 de-

note the reconstruction from the orbit of radius 2d . Let ( )f r  
denote the true value. From our previous deduction we have: 
 FDK 1 2 1( ) ( ) const( , ( )) ( , )df r f r r f r S d r= + ×，  (5) 

 FDK 2 2 2( ) ( ) const( , ( )) ( , )df r f r r f r S d r= + ×，  (6) 
By combining Eq. (5) and Eq. (6), we get our reconstruction 
as: 

 
FDK 1

FDK 1 FDK 2
2 1

2 2 2 1

( ) ( )
( ) ( )

            ( , )
( , ) ( , )

d

d d

f r f r
f r f r

S d r
S d r S d r

=

−
+

−

，

， ，
 (7) 

In this way, the FDK reconstructions from two scans are 
combined to produce a superior image volume. 
 

C. Preliminary Numerical Simulation 
In the numerical simulation, the 3D Shepp-Logan phantom 

was used to evaluate the IERB algorithm against the Feld-
kamp-type algorithms. Noise-free cone beam projections were 

analytically synthesized on a flat-panel detector. The simula-
tion parameters are summarized in Table 1. For computational 

TABLE I 
SIMULATION PARAMETERS FOR EVALUATION OF THE IERB ALGORITHM. 

DISTANCE MEASURES ARE IN MILLIMETER 

Scanning radius(mm) d1 
d2 

300 
400 

Cone angle (degree) d1 
d2 

arctan(128 / 300) 23=  
arctan(128 / 400) 18=  

Fan angle (degree) d1 
d2 

arctan(128 / 300) 23=  
arctan(128 / 400) 18=  

Number of projections 360 
Detector size 

(Height×Width) 256×256 

Detector number 256×256 
Reconstruction grid (mm3) 256×256×256 
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Fig. 4 profiles along the central vertical line in the selected slice of the 
phantom and reconstructions. (a) Entire profiles, and (b) (c) zoom in the 
magnitude of the profiles. 
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efficiency, we only computed 2S  approximately. 
Representative reconstruction images of  the slice parallel to 

rotation axis at position Y= 0.25 from different algorithms are 
shown in Fig. 3. Central profiles of the slice and its zoomed-in 
are plotted in Fig. 4. It can be observed that the traditional 
Feldkamp-type reconstructions suffer from a significant in-
tensity dropping away from the mid-plane, which is a 
well-known drawback of the Feldkamp algorithm. ERB sup-
pressed this sort of artifacts, even for a fairly large cone angle 
several times larger than that with the traditional Feld-
kamp-type reconstruction for a similar image quality. Com-
pared with ERB our IERB reconstruction improved the image 
quality further and accords better with the true value. . 

 

III. DISCUSSION  
We present our method done to improve the ERB method 

proposed by Zeng so that the valid cone angle for circular orbit 
cone beam scan is enlarged. The method bears some similarity 
to the ERB method, but differ primarily in the computation of 
the area of shadow zone in the Radon domain.  Our prelimi-
nary numerical simulation has shown IERB is a promising 
algorithm. Thorough study of the performance of this method 
and further refinements, besides more validations, are to be 
done in the future. Currently, a few relative work is already 
underway in this lab: 

A. Compute 2S exactly 

Because of the complexity in computing 2S , we used an 
approximate method in our preliminary validation. The result 
reveals that the more accurate 2S is the less error in recon-
structions we get. Therefore, we are working on an computa-
tionally affordable implementation of the 2S  and estimate its 
performance. 

B. Half-scan Version Algorithms 
Half-scan can decrease the radiation dose and scanning time. 

By inserting the Parker weighting formula [8] into the Feld-
kamp algorithm [1], we can immediately obtain a half-scan 
version of the Feldkamp algorithm and our HIERB method.  

C. The Weighting Function 
Our reconstruction algorithm utilizes an extrapolation 

method in essence. Therefore, it causes amplification of noise 
in reconstructions. Noting that Feldkamp algorithm works 
fairly well when the cone angle is small, we aim to design a 
weighting function depending on the cone angle that can sup-
press the noise amplification when the cone angle is small.  
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A Fourier-Filtered Backprojection Algorithm for
Cone-Beam CT

Hermann Schomberg

Abstract— A fast version of the cone-beam filtered backprojec-
tion algorithm of Defrise and Clack [1] is presented. The method
uses nonuniform fast Fourier transforms to switch between
functions defined and uniformly sampled on the detector plane
and the Fourier transforms of these functions, sampled on a
polar grid in the associated Fourier plane.

I. INTRODUCTION

The cone-beam reconstruction algorithm of Defrise and
Clack [1] and the closely related algorithm of Kudo and
Saito [2] build up their images by backprojecting filtered
projections. The projections are filtered independently of each
other. The filtering step involves computing two-dimensional
(2D) forward and backward Radon transforms of intermediate
functions. Using standard numerical techniques for these tasks
leads to very slow algorithms that tend to produce slightly
blurred images. The projection theorem for the 2D Radon
transform makes it possible to overcome both drawbacks
using Fourier techniques. One such version of the Defrise and
Clack algorithm is outlined in [3]; it uses linogram methods
[4], [5]. Linogram methods work with a grid in 2D Fourier
space whose grid points are located on concentric squares.
Here, we present another version of the Defrise and Clack
algorithm that uses nonuniform fast Fourier transforms [6],
also known as gridding methods [7], [8]. These methods allow
for a more natural polar grid in 2D Fourier space. Speed and
accuracy of the resulting algorithm are demonstrated using
simulated data. The relationship with the linogram approach
is clarified.

II. PRELIMINARIES

A. Transforms and Operators

The Fourier transform of a function g : Rd → C is
defined by (Fd g)(y) = ∫

Rd g(x) exp(−i2πx · y) dx. The
Hilbert transform of a function h : R → C is defined by
(F1H1h)(σ ) = isign(σ )(F1h)(σ ). The derivative operator
D1 is defined by (F1D1h)(σ ) = i2πσ(F1h)(σ ). By con-
vention, if F1, F−1

1 , H1, or D1 are applied to functions of
more than one variable, they act on the first variable. The
Radon transform of a function g : R2 → R is defined
by (R2g)(s, θ) = ∫

R g(s cos θ − t sin θ, s sin θ + t cos θ) dt.

Hermann Schomberg is with Philips Research, Sector Technical Systems,
Röntgenstraße 24, 22335 Hamburg, Germany. Telephone: +49 40 5078 1788.
E-mail: hermann.schomberg@philips.com.

The backprojection of a function h : R × [0, π ] → R
is defined by (B2h)(u, v) = ∫ π

0 h(u cos θ + v sin θ, θ) dθ .
The inversion formula 2πR−1

2 = −B2D1H1 yields the
identity 2πR−1

2 H1 = B2D1. The projection theorem for
R2 states that (F1R2g)(σ, θ) = (F2g)(σ cos θ, σ sin θ). The
shift theorem for R2 states that (R2ga,b)(s, θ) = (R2g)(s −
a cos θ − b sin θ, θ), where ga,b(u, v) = g(u − a, v − b) [9].
By convention, if F2, F−1

2 , R2, R−1
2 , or B2 are applied to

functions of more than two variables, they act on the first
two variables.

B. Uniform and Nonuniform Fast Fourier Transforms

Let {xk ∈ Rd : k ∈ K} and {yj ∈ Rd : j ∈ J} be two
arbitrary finite grids in Rd . Suppose we are given the samples
g(xk), k ∈ K, of some function g : Rd → C and wish to
compute the samples ĝ(yj ), j ∈ J, of the function ĝ = Fd g.
A general approach for solving this problem is to approximate
ĝ(y) = ∫

Rd g(x) exp(−i2πx · y) dx by the trigonometric
sum ĝ∗(y) = ∑

k∈K ck g(xk) exp(−i2πxk · y) with suitable
quadrature coefficients ck and to take ĝ∗ as an approximation
to ĝ. Note that ĝ∗ = p̂∗ĝ with the point-spread function (PSF)
p̂(y) = ∑

k∈K ck g(xk) exp(−i2πxk · y). The samples ĝ∗(yj ),
j ∈ J, constitute a discrete Fourier transform (DFT) of the
samples g(xk), k ∈ K. The reverse problem of computing the
samples g(xk), k ∈ K, from the samples ĝ(yj ), j ∈ J, may
be solved by approximating g by a trigonometric sum of the
form g∗(x) = ∑

j∈J ĉj ĝ(yj ) exp(i2πx ·yj ) and computing the
samples g∗(xk), k ∈ K, which constitute an inverse DFT of
the samples ĝ(yj ), j ∈ J. Note that g∗ = p ∗ g with the PSF
p(x) = ∑

j∈J ĉj ĝ(yk) exp(i2πx · yj ). If the input grid of the
(inverse) DFT is an equidistant Cartesian grid and if the output
grid is not such a grid, we speak of a uniform-to-nonuniform
(U–NU) DFT. In a similar fashion, we refer to the remaining
cases as the NU–U DFT, the NU–NU DFT, and the U–U
DFT. In all four cases, we can go forward (compute Fd g) or
backward (compute F−1

d ĝ). If the input grid is an equidistant
Cartesian grid of the form {ka : −K/2 ≤ k < K/2} with a ∈
Rd+ and K ∈ Zd+ and if the output grid is the conjugate grid
{nb : −K/2 ≤ n < K/2} with b = 1/(Ka), then the U–U
DFT is essentially the classical DFT. (Expressions like ka
and 1/(Ka) are understood componentwise.) Moreover, under
modest constraints on K , the U–U DFT can be computed
very efficiently using the classical fast Fourier transform, here
called the U–U FFT. Fast algorithms for computing the NU–U
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DFT and the U–NU DFT, here called the NU–U FFT and
the U–NU FFT, have become available more recently, see
e.g. [6], [7], [8], [10]. These algorithms may also be used
to assemble an NU–NU FFT. With all these uniform and
nonuniform FFTs, if the input data or the output data are
real, it is possible to nearly halve the computation time.

III. THE RECONSTRUCTION PROBLEM

We assume that the underlying cone-beam scanner has a
detector with a large, flat, rectangular sensitive area of width
W and height H . The sensitive area is subdivided into small,
equal-sized, rectangular detector elements, forming I columns
and J rows. For simplicity, both I and J are assumed to be
even. During a scan, the subject to be imaged rests on a patient
table and does not move relative to the table, while source and
detector move around the subject’s volume of interest. The
source trajectory should consist of a finite number of smooth
segments; for simplicity, we assume that it consists of single
segment only.

We attach a right-handed Cartesian x-y-z coordinate system
to the patient table, thereby establishing a correspondence
between points in physical space and points in R3. We refer
to this coordinate system as the fixed coordinate system. The
source trajectory is represented by a smooth mapping a :
� → R3, where � = [λmin, λmax] ⊂ R is an interval. Cone-
beam projections are taken when the source is at positions
a(λk), 0 ≤ k < K , with λmin ≤ λ0 < · · · < λK−1 ≤ λmax.

The sensitive area of the detector belongs to a 2D plane
in 3D space, the detector plane, which moves as the detector
moves. We attach a right-handed Cartesian u-v-w coordinate
system to the detector such that the u- and v-axes are parallel
to the rows and columns formed by the detector elements and
the w-axis points into the half-space in front of the detector.
The origin of this detector coordinate system is chosen such
that the center points of the detector elements obtain the
coordinates (ui , vj , 0) = (i�u, j�v, 0), −I/2 ≤ i < I ,
−J/2 ≤ j < J/2, where (�u,�v) = (W/I, H/J ) is the
size of the detector elements. (A similar index range, such as
−I/2 < i ≤ I/2, −J/2 < j ≤ J/2, is also fine.) The u- and
v-coordinates of the points of the sensitive area make up a
rectangle D0 ⊂ R2.

In the fixed coordinate system, the trajectory of the origin
of the detector coordinate system is represented by a mapping
d : � → R3. The orientation of the u- and v-axes is
represented by two further mappings û, v̂ : � → {r ∈
R3 : ‖r‖2 = 1}. The mappings a, d, û, v̂ and the set
D0 define the acquisition geometry, see also Fig. 1. The
acquisition geometry is assumed to be known. The detector
plane associated with a source point a(λ) is given by �(λ) =
{d(λ) + uû(λ) + vv̂(λ) : (u, v) ∈ R2}. Every p ∈ �(λ)

can be written in the form p = d(λ) + uû(λ) + vv̂(λ) with
d(λ)-centered detector coordinates (u, v). For each λ ∈ �,
we let c(λ) ∈ R3 be the orthogonal projection of a(λ) onto
�(λ). Every p ∈ �(λ) can also be written in the form p =

c(λ) 

a(λ) 

x

y

source trajectory

detector plane

z

d(λ) 

u

v

sensitive area

v(λ) 

u(λ) 

w(λ)

Fig. 1. The acquisition geometry. The point c(λ) is the orthogonal projection
of the source point a(λ) onto the detector plane. The point d(λ) is the origin
of the detector coordinate system, chosen as described in Section III. In
general, c(λ) �= d(λ).

c(λ)+ ũû(λ)+ ṽv̂(λ) with c(λ)-centered detector coordinates
(ũ, ṽ). The d(λ)-centered detector coordinates of c(λ) are
computable from the acquisition geometry and denoted by
(uc(λ), vc(λ)).

The X-ray attenuation coefficient of the subject is repre-
sented by a function f : R3 → R, unknown as yet. The
cone-beam projections of the subject are represented by the
function

g(u, v, λ) =
∫ ∞

0
f (a(λ) + t α̂(u, v, λ)) dt, (1)

where α̂(u, v, λ) is the unit vector that points from a(λ) to
d(λ)+uû(λ)+vv̂(λ) ∈ �(λ). Note that the first two variables
of g are d(λ)-centered detector coordinates. The projections
are said to be truncated if g(u, v, λ) �= 0 for some λ ∈ �

and (u, v) ∈ R2 \ D0. The data acquisition process and the
subsequent preprocessing of the acquired raw data provide
(estimates of) the samples g(ui , vj , λk), −I/2 ≤ i < I/2,
−J/2 ≤ j < J/2, 0 ≤ k < K . Using this sampled version
of g and our knowledge of the acquisition geometry and of
the sampling points (ui , vj , λk), we wish to reconstruct f in
some volume of interest V ⊂ R3.

IV. THE RECONSTRUCTION ALGORITHM

If the source trajectory is complete with respect to V and if
the projections are not truncated, then f can be reconstructed
in V by one of the known exact cone-beam reconstruction
algorithms, up to the errors caused by the errors in the data,
the sampled nature of the data, and the errors introduced
by the reconstruction algorithm. One candidate reconstruction
algorithm is the cone-beam filtered backprojection algorithm
presented in [1], here referred to as CBFBP. This algorithm
has a number of attractive features, but also the two drawbacks
mentioned in Section I. Below, we present a modified but
equivalent version of CBFBP which overcomes these draw-
backs. The key is to reformulate the filtering step so that it
can be implemented using uniform and nonuniform FFTs. We
refer to this modified version as CBFFBP.
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Like the original version, the modified version involves
a redundancy compensation function (RCF). The RCF is
defined on the set of planes that contain a source point and
intersect the detector plane associated with that source point.
Let P be such a plane, and let a(λ) be a source point in it.
The intersection of P with �(λ) is a line, and exactly one
point of this line is closest to c(λ). This closest point may be
written in the form c(λ)+s̃ cos µ̃ û(λ)+s̃ sin µ̃ v̂(λ) with c(λ)-
centered polar detector coordinates (s̃, µ̃). In this way, the
RCF becomes a function M̃ of the parameter triple (s̃, µ̃, λ).
The RCF must satisfy a certain normalization condition,
but is not uniquely determined by the source trajectory. A
suitable RCF is exhibited in [1]. It can be pre-computed using
the method described in [11]. Unlike the original version,
which works with the c(λ)-centered data g̃(ũ, ṽ, λ) = g(ũ +
uc(λ), ṽ + vc(λ), λ), the modified version works with the
d(λ)-centered data g(u, v, λ). The algorithm also involves the
derivative a′(λ) of the source trajectory, the distance w(λ) =
‖a(λ) − c(λ)‖ between source and detector, and the vector
�(s, µ, λ) = w(λ) cos µ û(λ) + w(λ) sin µ v̂(λ) + s ŵ(λ),
where ŵ(λ) = û(λ) × v̂(λ). The projections should not be
truncated. Here is a “continuous” version of CBFFBP:

1. Filtering: For each λ ∈ �, compute the functions

g1(u, v, λ) = w(λ)√
ũ2 + ṽ2 + w(λ)2

g(u, v, λ),

ũ = u − uc(λ), ṽ = v − vc(λ),

(2)

ĝ2(ξ, η, λ) = (F2g1)(ξ, η, λ), (3a)

ĥ2(σ, µ, λ) = ĝ2(σ cos µ, σ sin µ, λ), (3b)

ĥ3(σ, µ, λ) = i2πσ ĥ2(σ, µ, λ), (4)

h3(s, µ, λ) = (F−1
1 ĥ3)(s, µ, λ), (5)

h4(s, µ, λ) = −|a′(λ) · �(s̃, µ, λ)|
4π2w(λ)2

M̃(s̃, µ, λ)h3(s, µ, λ),

s̃ = s − uc(λ) cos µ − vc(λ) sin µ,

(6)

ĥ4(σ, µ, λ) = (F1h4)(σ, µ, λ), (7)

ĥ5(σ, µ, λ) = i2π sign(σ )ĥ4(σ, µ, λ), (8)

ĝ5(σ cos µ, σ sin µ, λ) = ĥ5(σ, µ, λ), (9a)

g6(u, v, λ) = (F−1
2 ĝ5)(u, v, λ). (9b)

2. Backprojection: Compute

frec(r ) =
∫

�

ũ2 + ṽ2 + w(λ)2

‖r − a(λ)‖2
g6(u(r , λ), v(r , λ), λ)) dλ,

ũ = u(r , λ) − uc(λ), ṽ = v(r , λ) − vc(λ), r ∈ V, (10)

where u(r , λ) and v(r , λ) are the d(λ)-centered detector
coordinates of the perspective projection of r from a(λ) onto
�(λ).

The continuous versions of CBFFBP and CBFBP are
indeed equivalent: Using the projection theorem for R2 and

the Fourier representation of D1, we find that (3a)–(5) are
equivalent to

h2 = R2g1, h3 = D1h2. (11)

Using the Fourier representation of H1 and the projection
theorem for R2, we further find that (7)–(9b) are equivalent
to

h5 = 2πH1h4, g6 = R−1
2 h5. (12)

Substituting (11) for (3a)–(5) and (12) for (7)–(9b) thus
leads to an equivalent algorithm, CBFBP2. Using the identity
2πR−1

2 H1 = B2D1 and the shift theorem for R2, it is
finally straightforward to verify that CBFBP2 is equivalent
to the original version, CBFBP. Actually, the equivalence of
these three algorithms is independent of the origin and the
orientation of the detector coordinate system, as long as its
u- and v-axes lie in the detector plane.

For the numerical implementation of the filtering step
of CBFFBP, we need to decide on appropriate sampling
grids for the various functions involved. The input data
and all intermediate functions depend on λ as the third
variable. For this variable we take the grid {λk : 0 ≤
k < K }. The first two variables depend on the function
at hand. For the functions g, g1, and g6, we take the grid
{(ui , vj ) : −I/2 ≤ i < I/2, −J/2 ≤ j < J/2} introduced in
Section III. The d(λ)-centered data, g, are directly available
on this grid. (The c(λ)-centered data, g̃, are generally not.) For
the functions h3 and h4, we take a standard “sinogram” grid of
the form {(sm, θn) = (m�s, n�θ) : −Nrad/2 ≤ m < Nrad/2,
0 ≤ n < Nang} with Nrad�s ≥ √

W 2 + H2 and Nang�θ = π

for some Nang between, say, Nrad and 3Nrad/2. For the
functions ĥ2, ĥ3, ĥ4, and ĥ5, we use the conjugate grid
{(σµ, θn) : −Nrad/2 ≤ µ < Nrad/2, 0 ≤ n < Nang}, where
σµ = µ�σ , �σ = 1/(Nrad�s). For the functions ĝ2 and
ĝ5, we use the associated polar grid {(σµ cos θn, σµ sin θn) :
−Nrad/2 ≤ µ ≤ Nrad/2, 0 ≤ n < Nang}.

The filtering step is carried out for each λk , 0 ≤ k < K .
The numerical implementation of the substeps (2), (4), (6),
and (8) is straightforward. For the remaining substeps we
employ fast uniform and nonuniform DFTs. Specifically, to
compute ĥ2 from g1 via (3a) and (3b), we use the 2D forward
U–NU DFT/FFT with constant quadrature coefficients ci j =
�u�v. To compute g6 from ĥ5 via (9a) and (9b), we use the
2D backward NU–U DFT/FFT with quadrature coefficients
ĉµn = µ�σ�θ for µ > 0 and ĉ0n = �σ�θ/4 [7]. Our
special choice of the detector coordinate system allows for
particularly efficient implementations of these nonuniform
FFTs. For substeps (5) and (7) we use multiple 1D back-
ward and forward U–U DFTs/FFTs with constant quadrature
coefficients �σ and �s, respectively. If the sampling grids
associated with the various DFTs are sufficiently fine, the
resulting PSFs will be well-behaved and cause only small
aliasing and truncation errors. With all these FFTs, either the
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Fig. 2. The “twisted circle” defined in Section V, seen along the x-axis, the
y-axis, and the z-axis (left to right). The unit of length is 1 mm. The small
ball at the origin has a diameter of 250 mm. It is contained in the convex
hull of the source trajectory and represents a typical volume of interest.

input or the output data are real, which allows one to reduce
the computational burden by nearly one half.

Instead of a sinogram grid for the functions h3 and h4, one
might be tempted to use a “linogram” grid and the correspond-
ing conjugate grid for the functions ĥ2, ĥ3, ĥ4, and ĥ5 [3].
The functions ĝ2 and ĝ5 would then be sampled on concentric
squares rather than on concentric circles. The quadrature
coefficients for the forward U–NU DFT could remain the
same. The quadrature coefficients for the backward NU–U
DFT would have to be changed, but suitable coefficients
could easily be found. To make the PSF for the backward
NU–U DFT sufficiently well-behaved, however, it would be
necessary to adjust the parameters of the concentric squares
grid so that the density of its grid points along the diagonals
of the squares were as high as the radial density of the grid
points in the concentric circles case. This would increase the
total number of grid points of the concentric squares grid and
thus the computational burden of the associated nonuniform
FFTs. Alternatively, one might compute these nonuniform
DFTs in the traditional linogram fashion using the chirp z-
transform [4], [5]. However, an operation count suggests that
these algorithms are not faster than their nonuniform FFT
counterparts.

Step 2 of CBFFBP is a standard cone-beam backprojec-
tion. The λ-integral is approximated by a sum of the form∑K−1

k=0 · · · �λk . Clearly, each projection can be backprojected
immediately after it has been filtered.

If the projections are truncated, they may be extended prior
to the reconstruction using the method proposed in [12].
This method is not exact, but it decreases the artifact level
substantially [13]. As shown in [1], [2], if the source trajectory
is a circle, the continuous version of CBFBP reduces to the
continuous version of the FDK algorithm [14]. This is as true
for CBFFBP and CBFBP2.

V. RESULTS

Algorithm CBFFBP was implemented in the “C” program-
ming language on a PC and tested with simulated data. A
comparison with a comparable implementation of the FDK
algorithm was also made.

Two source trajectories were tried. One of these was the
“twisted circle” atc : [0, 2π ] → R3 defined by atc(λ) =
rsrc((cos θ(λ)) sin λ, (sin θ(λ)) sin λ, (cos θ(λ)) cos λ), where

Fig. 3. Reconstructed images of the FORBILD head phantom. Left column:
transversal slices; right column: sagittal slices. Top row: circle and FDK;
middle row: circle and CBFFBP; bottom row: twisted circle and CBFFBP.
The gray scale window corresponds to the range [0 HU, 100 HU].

rsrc = 810 mm and θ(λ) = α cos 2λ with α = 15π/180. See
Fig. 2 for an illustration. Apart from the parameterization,
this trajectory is the same as the fourth example trajectory in
[12]. It is also an example of a “saddle trajectory” [15]. The
above twisted circle is complete with respect to the centered
ball B0 of diameter 25 cm. The other source trajectory was
the ordinary circle ac(λ) = rsrc(sin λ, 0, cos λ), obtained from
atc by setting α = 0.

The simulated detector had a square sensitive area of width
and height W = H = 380 mm and was subdivided into
I × J = 512 × 512 detector elements of size (�u,�v) =
(W/I, H/J ). The detector coordinate system was chosen as
described in Section III. The vector û(λ) was parallel to
the plane y = 0 for all λ ∈ [0, 2π ]. The d(λ)-centered
detector coordinates of c(λ) were uc(λ) = −�u/2 and
vc(λ) = −�v/2. The distance between source and detector
was w(λ) = 1195 mm.
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The simulated subject was a modified FORBILD head
phantom [16], placed at the origin of the fixed coordinate
system so that the plane y = 0 became the central transversal
plane of the phantom and the plane x = 0 the central sagittal
plane. The phantom just fits into the ball B0, and its cone-
beam projections are not truncated. An in-house developed
simulation program was used to compute K = 801 cone-
beam projections of the phantom, spaced equidistantly with
respect to λ. The simulation took the finite sizes of the source
point and the detector elements into account, but no other
imperfections.

Images were reconstructed in a centered cubic volume of
size (256 mm)3, subdivided into 5123 equal-sized voxels.
Algorithm CBFFBP was used with both source trajectories,
the FDK algorithm with the circle only. Fig. 3 shows the
transversal and sagittal slices of the reconstructed images. In
the case of the circle, the images reconstructed by CBFFBP
and FDK are roughly comparable. Moreover, the sagittal
slices exhibit the usual intensity drop and geometric distortion
caused by the non-completeness of the source trajectory. In
the case of the twisted circle, the transversal slice produced
by CBFFBP compares favorably with the transversal slices
produced by CBFFBP and FDK in the case of the circle.
Owing to the completeness of the source trajectory, the
sagittal slice is now well reconstructed, too. It can also be seen
that the images reconstructed by CBFFBP are not blurred.
In the above examples, the filtering step of CBFFBP was
6.9 times slower than that of the FDK algorithm and about
70 times faster than that of a comparable implementation of
CBFBP2.
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Weighted-Feldkamp Algorithm with Selective Narrowest Cone 
Angle Data for Cone Beam CT 

 
Taiga Goto, Koich Hirokawa, Osamu Miyazaki 

 
 
Abstract —- Three-dimensional reconstruction is a must in 
expanded cone beam Computed Tomography. Recently several 
reconstruction algorithms based on Feldkamp algorithms [1] 
have been studied in the literature [2][3][4]. Most commonly used 
reconstruction algorithm in the cone beam CT is the parallel-
beam based weighted Feldkamp algorithm (WP-FDK) due to its 
computational advantage and easy implementation. WP-FDK 
uses constant weighted function in each channel and reconstructs 
images even when view range is more than pi. However, WP-
FDK has several disadvantages such as cone beam artifacts and 
maximum helical pitch limitation. In the case of 2-pi 
reconstruction window, artifacts may appear due to data 
discontinuity resulting from the patient's motion and cone angle, 
since the shape of the weight function becomes rectangle (similar 
to non-weighted). 

 In this paper, we propose an extended weighted-Feldkamp 
algorithm (CORE). This algorithm optimizes cone angle so that it 
is narrowest in slice direction for each voxel thus reducing the 
cone beam artifacts significantly. In addition, we propose a new 
weight function (Fweight), which has arbitrary slope width to 
improve the data discontinuity in the edge of reconstruction 
window using opposite data. Fweight allows superior image 
quality, since relation between image noise and motion correction 
can be optimized using variable slope width. Thus, using our 
CORE algorithm, it is possible to reduce cone beam artifacts, to 
get higher helical pitch, and to improve image quality. 
 
 

I. INTRODUCTION 
 

Feldkamp algorithms used in 64-rows MDCT are excellent 
for practical implementation due to their fast reconstruction 
process. Furthermore, weighted Feldkamp algorithm (WP-
FDK) [1] is superior to general Feldkamp algorithm (FDK) 
[2] since it can improve maximum helical pitch using short-
scan and can correct effects of patient's motion. However, 
WP-FDK has several limitations as outlined below.  
 First limitation is related to degradation of image quality. 
Even if the reconstruction algorithms such as FDK, treats 

cone angle accurately, cone beam artifacts increase in 
proportion to widening of cone angle since they all 
approximate reconstruction process to reduce computations. 
Some artifacts may also get created from high contrast objects 
present at the edge of reconstruction window due to 
discontinuity caused by the cone angle. In addition, motion 
artifacts may easily arise due to the narrowing of usable 
reconstruction window width compared to two-dimensional 
reconstruction. 

Second problem is related to the weight function introduced 
by Parker [5]. The necessary and sufficient condition for a 
weight function is that the sum of weight coefficient for any 
given projection and its opposite (complementary) projection 
should be constant. The general weight function shapes in the 
view direction [6][7][8][9], derived from Parker’s weight 
function, are rectangle, triangle, trapezoid, or nonlinear 
shapes. Consequently, at the point where the reconstruction 
window width is slightly larger than 2-pi, it may produce 
artifacts due to patient's motion similar to non-weighted 
function. The mechanical distortion may be combined as 
artifacts by rectangular weight shape. At points where the 
reconstruction window width is slightly under 2-pi, the 
amount of image noise may increase accompanied by 
decrease in data utilization efficiency, since window shape 
becomes approximately triangle. At other points, window 
shape becomes approximately trapezoid. Since the weight 
function varies abruptly at 2-pi data width boundary, image 
quality also changes abruptly at these boundaries. From a 
viewpoint of user, irregular changes in the image quality 
depending on the reconstruction window width are 
undesirable.  

 
In this paper, we propose a practical cone beam 

reconstruction algorithm and a weight function to overcome 
the above-mentioned limitations and artifacts present in the 
existing cone beam CT reconstruction algorithms.   
 
 

II. PROPOSED ALGORITHM 
 

CORE is one of the parallel-beam based weighted 
Feldkamp algorithm and uses rebinning process from fan 
beam geometry to parallel beam geometry. Conceptually, it is 
indicated as follows.  

 
Rebinning (Fan-Parallel Transformation) 
 

( ) ( )νααφνφ ,,,, += fanpara PtP          (1)  
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1D-Filtering 
 

( ) ( ) ( ) ( ) tdtgttPtfP parapara ′′′−⋅= �
∞

∞−
νφννφ ,,cos,,  (2) 

 
   3D-Backprojection 
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IIIII
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( ) ( ) πFzyxBzyxB IIIsIIIe 2,,,, += , (4) 

 
( ) ( )eIIIIsIIII BzyxBzyx ,,,,,, νν −= . (5) 

 
Here, Pfan is a fan beam projection, Ppara is a parallel beam 

projection, fPpara is a filtered parallel beam projection, φ is a 
view for parallel beam, α is a fan angle, ν is a cone angle, g is 
a convolution kernel, Ι is a reconstructed image, and W is a 
weight function. 

The characteristic of the CORE algorithm is that it 
optimizes view range for each voxel independent of each 
other for optimal cone beam artifact reduction. In CORE, 
filtering process is performed for every row of parallel beam. 
The view range has the predefined width of 2-pi*F, where F 
is reconstruction window width index, and it is optimized so 
that the cone-angle determined by the view range becomes the 
narrowest. The narrowest cone angle view range is selected 
where the cone angle at the edge point of the data range is 
same. In CORE, the backprojection is performed with the 
view range along with weighting for correction of the 
redundancy explained in the next section.  

 
 

III. PROPOSED WEIGHT 
 

Since the number of X-ray beams that passes through each 
voxel, i.e., degree of redundancy, vary depending upon the 
view range when the reconstruction window width is not 
multiples of 2-pi, a correction is required in the filtered 
backprojection algorithm, such as FDK, to overcome this 
inconsistency in redundancy. 
 As compared to general weight function, which has a 
reconstruction window width as a parameter, proposed weight 
function has a reconstruction window width index and a slope 
width index as parameters for deciding the function shape. 
The reconstruction window width index indicates a width in 
the direction of view. The slope of the width index indicates a 
lower limit to the slope width of a weight function. The 
weight function is described as follows: 
 

( ) ��
�

�
��
�

�
�
�

�
�
�

� −+�
�

�
�
�

� −⋅= γηφ
π
φγηφ

π
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2 21 cc WsWsGW ,  (6) 
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21
F

c
−+−= γηφ , (8) 

 

22
F

c
−+= γηφ , (9) 

 
12 −= Nη , (10) 

 
NG −= 2 . (11) 

 
 Here, Ws is a sub-weight, φ is a view phase, φc1 and φc2 are 

center view phase of sub-weight, η is a sub-weight data width, 
γ is a slope width index, F is a weight width index, G is a sub-
weight gain, and N is an integer more than zero and 

NN F 22 1 <−≤− γ . 
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Fig.1 Comparison between weight function shape when reconstruction 
window width is F=1.0 (a) proposed weight (γ=0.2); (b) general weight. 
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Proposed weight function shape is not rectangle as shown 
in Fig. 1, because it is possible to change slope width using a 
slope width index γ larger than zero. In other words it has 
motion correction ability due to the introduction of slope 
width. 
 

IV. RESULT 
 

We compare the quality of the reconstructed image 
generated by CORE and WP-FDK algorithms and also 
compare the maximum helical pitch that can be supported by 
these two algorithms using computer simulations. Cone beam 
artifacts are evaluated with a head phantom of Erlangen 
University (http://www.imp.uni-erlangen.de/forbild/). The 
motion artifacts are estimated using a sphere phantom 
arranged in a cylindrical phantom whose radius can be 
changed. We measure standard deviation of the cylindrical 
phantom for noise estimation. The field of view is 100∗100 
pixel in the center. 
 
A. Evaluation of cone beam artifacts 
  

To evaluate cone beam artifacts, source-detector distance 
(SID) is set to 1000 [mm], source-isocenter distance (SOD) is 
set to 600 [mm], detector cell size for z direction (∆Dz) is set 
to 1 [mm], the number of detector row (N) used is 64 [rows], 
and helical pitch (HP) used is 60. Fig. 2 shows the cone beam 
artifacts in the images reconstructed by CORE and WP-FDK. 
In WP-FDK, when the reconstruction window width index (F) 
is 0.5, streak artifacts may be produced at the beginning and 
end of the data set. It is caused by the inconsistency between 
symmetrically opposite data sets. As can be seen in the figure, 
CORE can reduce these cone beam artifacts significantly. 
 
B. Evaluation of maximum helical pitch 
 

To evaluate maximum helical pitch, field of view (FOV) is 
set to 500 [mm], and others parameters are kept same as those 
used for the evaluation of cone beam artifacts. In CORE, 
maximum beam pitch (helical pitch) was found to be 1.40 
(89.9), which is about 56% better than that of WP-FDK 
whose maximum helical pitch was found to be 0.90 (57.7). 
 
C. Evaluation of motion artifacts 
 
 To estimate weight shape and artifacts, helical pitch (HP) is 
set to 40, slope width index (γ) is set to 0.2 (0.4-pi), and 
others parameters are maintained same as those used for the 
estimation of the cone beam artifacts. Moreover, the slope 
width index was fixed at γ = 0.2, while reconstruction window 
width was changed. Comparison of images reconstructed 
using general weight and the proposed weight are presented in 
Fig. 3 and 4. The reconstruction window widths used are 0.8, 
0.9, 1.0, and 1.1. When using general weight, distinct artifacts 
appeared at the point where F is nearly 2-pi. Using our 
proposed weights artifacts decreased independent of width. 

 
D. Evaluation of the noise 
 

Noise is evaluated with the reconstruction window width 
index ranging from 0.8 to 1.1 and slope width index of 0.2. 
The standard deviations of General weight (SDgen) and 
proposed weight (SDpro) are shown in Table 1. In our 
proposed weight SD was same when F = 0.8, 0.9. When F 
was equal to 1.0 and 1.1 SD was about 10% more compared 
to general weight. 
 
 

V. DISCUSSION AND CONCLUSION 
 

Several three-dimensional reconstruction algorithms based 
upon FDK have been proposed in the literature. All these 
existing algorithms have several limitations as outlined in 
Section 1. Our proposed algorithm (CORE), based on FDK, is 
a new three-dimensional reconstruction algorithm, which 
optimizes the reconstruction window of each voxel to give 
narrowest cone angle for optimum cone beam CT artifact 
reduction. Our CORE algorithm can improve both image 
quality and throughput. 

For moving-objects, there is a tradeoff between image noise 
and the motion artifact. In term of trade-off, the general 
weight function cannot control both image noise and motion 
artifact efficiently since it mostly depends upon view width. 
Compared to general weight, in our proposed weight function, 
it is possible to improve the relationship between noise and 
motion artifact. Our proposed weight is superior to the general 
weight in that our function can get a stable motion correction 
by using predefined slope width. 
Our proposal is practical to implement in a system by 
combining the proposed reconstruction algorithm and the 
proposed weight function. As a result, our proposed method 
achieves better image quality with less motion artifacts and 
provides optimum quality of image for the scan protocols. 
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Fig.3 The images generated using general weight with reconstruction window width of (a) F=0.8; (b) F=0.9; (c) F=1.0; (d) F=1.1. 
 

�

 (a) (b) (c) (d) 
 

Fig.4 The images generated using proposed weight with reconstruction window width of (a) F=0.8; (b) F=0.9; (c) F=1.0; (d) F=1.1; (γ �= 0.2). 
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Convolution backprojection reconstruction in
cone-beam CT for different surface source

distributions
Rostyslav Boutchko

Abstract— Cone-beam CT reconstruction formula for X-ray
sources distributed on a surface is developed in order to accom-
modate redundant projection information in the optimal way. We
propose to apply this formula to the problem of image reconstruc-
tion from undersampled projection data. For the case of spherical
cone-beam vertex distribution, the algorithm is implemented in
convolution backprojection form. We discuss the approximation
necessary for convolution backprojection implementation of the
algorithm in the realistic case of cylindrical geometry.

I. INTRODUCTION

One of the current challenges in cone-beam computed to-
mography (CBCT) is image reconstruction from undersampled
projection data. By undersampling projection data, we mean
reducing the number of views below the range necessary for
set precision reconstruction using any of the available exact
reconstruction schemes. Using smaller number of projections
would allow for faster imaging, motion artifacts reduction,
and better contrast tracing in CT angiography. Unlike in
MRI, sampling criteria in CBCT are not clearly defined. Data
sufficiency conditions are derived for focal spot trajectories
in the continuous case [1], [2]. However, optimal distribution
of X-ray foci in the intrinsically approximate discrete case
is unknown. We propose to reduce the number of views by
accommodating all of the redundant projections for wide cone-
beam angles. In order to do that, we distribute the X-ray
foci around the object in a uniform manner, trying to imitate
the approach that proved successful in MRI technique VIPR
(vastly undersampled isotropic projection reconstruction) [3].

In [4], [5], we derive a CBCT reconstruction algorithm for
the case when the X-ray foci are continuously distributed on a
surface and present the simulation results for discrete number
of focal spots distributed on a spherical surface. These results
show that undersampled CBCT reconstruction is possible.
High spatial frequency phantoms have been reconstructed on
a 3D grid from 100 or more focal spots in the presence
of Gaussian noise. The reconstruction has been presented
in convolution-backprojection form. The implementation is
numerically different from the one presented previously in a
number of publications on this subject [6], [7], [8], [9].

While the spherical geometry reconstruction illustrates the
viability of undersampling in cone-beam CT, our main goal

1Rostyslav Boutchko is at Lawrence-Berkeley National Lab. The work
presented here was done while working at the University of Wisconsin -
Madison Department of Medical Physics. Email: boutchko@wisc.edu. Phone
608-265-3194

is to provide the reconstruction algorithm that can be applied
to realistic source distributions. In this work, we describe the
application of the general reconstruction formula to the case
when the sources are distributed on a surface of a cylinder.
This reconstruction scheme is being developed for systems like
Z-Scan, a new type of a CT scanner proposed by the University
of Wisconsin - Madison group [10], [11]. In Section II,
we present the geometry-independent reconstruction formula.
In Section III, we show the implementation results for the
spherical geometry case. In Section IV, we discuss how the
general formula can be applied to the cylindrical geometry.

II. GENERAL THEORY

The derivation of our algorithm has three main stages. First,
we express the Radon transform of a function in terms of its
X-ray transform. Then, we apply inverse Radon transform to
calculate the image function. Finally, we transform the result
of the previous step so that it has a filtered backprojection
(FBP) form that is implemented in a computer code. We would
like to start by reiterating the key intermediate results from the
derivation presented in [4] and [5].

Let
�

be the imaged object attenuation density function.
Then its X-ray projection, or cone-beam transform, is�������	�
�������� � ���������
��	� ���
where cone-beam vertex positions

�
(foci) form a surface � ,

called a focal surface. � encloses or partially encloses the
domain where

�����
. Unit vector

�

denotes the direction of

X-ray propagation. In order to calculate the Radon integral
over a plane � �� , with normal vector �� and separation from the
origin � ,  "! �$# � � �� �� �%��� ��&'� � &(�	) � &+* ��-,.� � �
let us consider the intersection of the Radon plane with the fo-
cal surface. In general, in this plane we have a two-dimensional
fan-beam CT problem with trajectory �$/  �10 � � �� � . We do
not seek to solve the 2D reconstruction problem, instead, we
only need to obtain the plane integral of

�
. This can be done

if there is at least one direction
�


such that the projections
along all rays intersecting the domain of

�
and parallel to

�

in the plane of interest are known. Then, the planar integral
of
�

can be represented as an integral along the trajectory, as
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shown in Figure 1, "! �$#2 �4365 �47 �����8�9�
�� �:�
;*=< ��� �>�@?
Here,

�47
denotes the length element of the trajectory � / .

n

θ

θ

γ

R

f

s

Fig. 1. In-plane integration of A using set of parallel rays with propagation
direction BC . Unit vector D normal to the trajectory at point E . F6GIH�JKDILMBC6N FMO .
Heavy dotted line represents the X-ray source trajectory.

In order to take into account the redundant projection data,
we would like to consider all the possible directions

�

for

which the above integration can be performed. Let us introduce
two weighting parameters:P / �:�
4�QSRTU TV

W �
if
�����8� �
X�

are known for all�
in the plane

� � �� � ,� �
otherwise.Y / �Z4[:\�]$^ /`_/>a P / �:�
��	� �
b? (1)

Using these parameters, the planar integral of
�

can be written
as an average over all

�

in the plane � �� : "! �$# � � �� �� (2)WY / �43 ��c � � �
 �����8�	�
�� �:�
;*=<d� P / �:�
��9) ��� * ��-,e� �9) �f�
'* �� �@?

Here the second integration is over the unit sphere gdh , the first)
-function selects the focal spots that lay in the plane

� � �� � , and
the second

)
-function selects the ray directions in that plane.

From the Radon transform, we can reconstruct the 3D image
function

�
. The resultant formula depends on the shape of

the detector. Assuming planar detector, we can rewrite the
reconstruction formula as integration over the focal surface
combined with integral transform in the detector plane:� � &(��i�	j �4c�k� & , � �d*=<I�kl � �����8�nm �k� m� W � 
 h � lpo hrq ���8�pm��ns , m �M?

(3a)
The integral transform kernel here is defined as a Fourier
integral:

q  � �Xt�u v h ��� tw* m � h PIx �ymI� t(�Y x z hn{`|~}�� ^������ a � (3b)

where
<

denotes the vector perpendicular to both the focal
surface and the detector plane.

s
and

m
are correspondingly

backprojection and forward projection variables in the detector
plane weighted by their “perpendicular components”:s  � & , � � , �>� & , � �d*6<d��<� & , � �I*�< �m  �
 , � �
;*�<I�k<�
-*�< ?

Formulae (3a-b) apply when the following data sufficiency
condition is satisfied:

For any plane � �� intersecting the imaged object,
we require that

Y / ��� . (4)

Exact implementation of equations (3a-b) depends on the
specific geometry of the focal surface and the detector plane,
which define the weighting functions (1). In order for the
reconstruction scheme to be numerically effective, we would
like to represent the integration kernel (3b) as a function
of

��s , m �
only. In that case, the inner integral in (3a)

becomes a simple 2D convolution that can be performed
using FFT techniques. This representation is possible when
the integration kernel (3b) is a Fourier transform of a smooth
function of the form �;� �8�=� t�* m � hf� , that can be expanded in
Taylor series in terms of

� tw* m � h :�  �%� ���8� t(� � ��� ���8� t(� � t�* m � h � � h ���8� t(� � t�* m ��� � ?=?6?M? (5)

Representing� tw* m � h �v h� 
 h� ��� v � vX�f
 � 
f� � v h� 
 h� �
the inner integral in (3a) can be written as a sum on 2D
convolutions:� ������� ��s � � � �=� ��� ��� ��s � � � � � ��� � � ��s � � ?6?6? �
where

� ^������ a are defined in terms of X-ray projections and
detector variables and Fourier transforms of � ^������ a are defined
in terms of the expansion coefficients in (5):� �  �� W � 
 h � lno h � ��� �� ! �%� #� ���  
 h� �� W � 
 h � lpo h � � ��� �� �¡v h� � �@¢

etc
?

If a finite order of this expansion describes the integral
transform with sufficient precision, the backprojection function
in (3a) becomes a sum of convolutions in the detector plane.

In the remainder of the paper, we will describe how the
general formulae (3a-b) are adopted to different geometries
by determining the integration kernel q and discussing its
power series expansion.
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III. SPHERICAL GEOMETRY

Let us consider the simplest geometry, when the focal
surface is a sphere and the planar detector is sufficiently large,
so every X-ray cone fully encloses the domain of

�
. In this

case, for all
�


and � �� ,P / �:�
4��£ W
and

Y /  �`¤ ?
The expansion of the integration kernel in terms of

� �� * m � h
(here �� £¦¥X§b¨ ¥9¨ ) isu � h ��� ¥-* m � h  ��:¤ª© W � W� � �� * m � h , W« � �� * m � � � ?=?6? ¬?
With second order expansion, the reconstruction formula be-
comes a sum of eight convolution-backprojection terms. The
algorithm has been implemented on MATLAB (The Math-
works, Natick, MA) using simulated data. The reconstruction
results for a simple phantom are shown in Figure 2.

(a)

(b)

Fig. 2. Simple phantom reconstruction for spherical geometry. 512 focal
spots, ®�¯k°²±³®�¯k° detector. 2 (a): three mutually perpendicular slices of the
reconstructed volume. 2 (b): profile plot along two directions in the equatorial
slice.

The algorithm has been implemented for two different
simulated phantoms, with the number of focal spots ranging
from 60 to 1000 and different input noise levels The results
presented in [4], [5] demonstrate that high spatial frequency
3D images can be reconstructed from as few as 100-200 views
in presence of realistic input noise (3-5 % of X-ray projection
intensity).

IV. CYLINDRICAL GEOMETRY

Let the locus of the focal spot position be a cylinder of
radius ´ and height µ� "¶ ��· h �¹¸ h �Q ´�º»0 ¶�¨ ¼�¨4½ µ � º
and the the domain of the image function (or VOI, volume of
interest) be a ball¶$��· h �¹¸ h � ¼ h ��½ ´²¾2¿ÁÀ º � ´r¾�¿�ÀQÂ µ � ?
Let us adopt a “rotating” coordinate system such that for each

view, the focal spot coordinates are� � � ,²´ � ¼:Ã`�@?

(a)

Λ
2

Λ
2

(b)

Fig. 3. Cylindrical geometry. 3 (a) shows the focal cylinder Ä with a Radon
plane of interest; 3 (b) shows cross-section by this plane. Bold line depicts the
(open) focal trajectory. Bold-colored angles show the range of BC -s for whichÅ	Æ J BC6NIÇH�È , as defined in (1).

Further, let us shift detector coordinate system so the position
of its origin is � � � ´ � ¼:ÃX�@?
In term of the detector coordinates,

m  ��É8�@Ê �
,¨ É ¨ ÂÌË � �

where Ë is the width of the detector. To avoid fan-beam
truncation, we require thatË �ÎÍ � ´ªÏnÐ`Ñ�Ò(ÐXÓ>Ô�Ñ � ´ ¾�¿ÁÀ´ ��Õ ?, ¼:Ã , µ � ½ Ê ½ µ � , ¼:Ã	?
Hereafter, we omit the division of the detector coordinates
over source-to-detector distance

� ´ for the sake of simplicity.
The easiest way to accommodate this is to assume that all the
calculations in this section are done in the coordinate system
scaled so

� ´  W
.

In order to find the convolution kernel (3b), we need to ex-
press the coordinates of a Radon plane that contains projection
vector

m  ��É8�@Ê �
in terms of the detector coordinates. Any

such plane is completely defined by the line formed by this
plane’s intersection with the detector plane. Let the coordinates
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of the perpendicular drawn from the origin of the detector
plane to this line be

¥� ��·(� ¼4�
. The 3D coordinates of the

Radon plane are calculated using the constraint
�
1* �� Ö�

,
where

�
³ ��É8� W �pÊ �
. � ��  ��·(� , m * �� � ¼��

Angle × between �� and the axis of the cylinder is defined byØMÙ Ó	×  ¼u � h ���ym * �� � h ? (6)

At this stage, even deriving the exact expression for the inte-
gration kernel in terms of

¥
and

m
becomes a formidable task.

In order to simplify the problem, we suggest the following
approximation: letP / �f�
4��ÛÚ W � if the projection

�����8�b�
��
is known� �

otherwise.
(7)

Now we only need to determine
Y / in order to calculate the

kernel. The simplest way to approach this task is to consider
the highest and the lowest points

¼ � and
¼ h of the ellipsoid

formed by the intersection of plane � �� with the infinite cylinderu · h �¸ h  W § �
(in the scaled coordinate system). In terms

of angle × defined in (6),¼ �pÜ h  �ØMÙ Ó	×�Ý W� ÏpÐ`Ñ�× ?
Then, when the intersection of the Radon plane with the
infinite cylinder lays within � , both

¼ � and
¼ h lay within

the
Ê

-range of the detector,
Y /  �`¤

. This corresponds to
the case, when the intersection of the Radon plane with the
infinite cylinder lays within � . For fixed

¼ Ã
When either

¼ �
or
¼ h is outside of the detector range,

Y / decreases. Finally,
when

¼Þ¦�
and

¼ �@Ü h  Ý;ß (the Radon plane is parallel to the
axis of the cylinder),

Y / �à × � , where × � is determined by´ , ´r¾�¿ÁÀ , and µ as shown in Figure 4. Here, again, we would
like to avoid calculating the dependence

Y � ¼ �@Ü h � ¥:� � directly.
Instead, we propose to select a smoothly varying function á
such thatY /  á � ¥ � ¥â* m ��ãÚ �:¤%� ¼ �@Ü h � ¥ �nm ��ä range of

Ê��à ×(� � ¼å¦� � (8)

and smoothly varying in the intermediate region.
In terms of (8), the Fourier transform of the integral kernelq is u � h ��� ¥-* m � há � ¥ � ¥-* m �

and the reconstruction formulae (3a-b) can be written as
convolution backprojection. Right now, we are searching for
the best functional form of the approximation function á that
would provide a convenient representation of

Y / in terms of
planar detector coordinates. Once á � ¥ � ¥æ* m � is determined,
we can further correct for the approximations made in (7)
and (8) by empirical fitting of the reconstruction results using
simulated projection data.

So
ur

ce

Focal surface

µ o

f
z

R
VOI

r

1
z

2
z

H

R

2

µ

Fig. 4. Axial cross section of the focal surface and the volume of interest.
Limiting angle ç�è is defined by the relations of the Ä and VOI parameters.
Thick dotted line denotes the Radon plane with normal vector Bé , polar angleç and limiting ê values ê%ë�¯ and êpì

V. CONCLUSION

We have developed a general formula for cone-beam to-
mographic reconstruction with cone vertices distributed on
a surface. The algorithm of reducing this formula to a
form convenient for the numerical representation has been
presented. The formula has been implemented for spheri-
cal geometry, demonstrating the possibility of CBCT image
reconstruction from undersampled projection data. We have
proposed a number of approximations aimed at reduction of
the general formula for cylindrical geometry to a convolution-
backprojection form. The numerical implementation of the
cylindrical reconstruction algorithm is being developed.
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Image reconstruction via filtered backprojection for
cone-beam data from two orthogonal circles using

an equal weighting scheme
Tingliang Zhuang, Brian E. Nett, and Guang-Hong Chen

I. INTRODUCTION

Recently, the cone-beam image reconstruction problem in
x-ray CT has attracted increased attention due to the rapid
development of multi-row detectors. At the same time, large
area flat-panel detectors have been introduced in C-arm x-
ray imaging systems. The pivot and orbital motion of the C-
arm system are controlled by two separate motors. These two
motions provide flexible data acquisition modes which may
enable mathematical reconstruction of a volume of intererst
(VOI). Examples of such data acquisition modes include the
CC-geometry proposed by our group at the University of
Wisconsin in Madison [1] and the saddle trajectories proposed
by other investigators [2]. The scanning geometry of two con-
centric and orthogonal circles can be considered as a special
limit of the proposed CC-geometry. The two concentric and
orthogonal circles generate a complete cone-beam projection
data set in the sense of the Tuy data sufficiency condition. This
completness condition distinguishes the two orthogonal circle
case from the trajectories based on a single arc or a single
circular source trajectory.

In this paper, we develop a shift-invariant and mathemati-
cally exact image reconstruction algorithm for two concentric
and orthogonal circles. The basic method of developing a shift-
invariant FBP image reconstruction algorithm for a general
source trajectory has been outlined by one of the present
authors [3] and Katsevich [4]. The essence of this method is
to analyze the structure factor of the scanning geometry which
will dictate the corresponding structure of the backprojection
segments. As argued by Katsevich [4], the magnitude of the
structure factor is either

�� or
�� for this specific geometry.

This algorithm utilizes all the projection data in reconstructing
each image point. After the data has been differentiated it
is separately filtered along three different orientations using
1-d shift-invariant Hilbert kernel. This yields three sets of
filtered data. Eight filtration groups are obtained by linear
combinations of the weighted filtered data. The voxel-based
backprojection then determines eight sets of view angles, and
then backprojects data from a corresponding filtration group.
In order to validate the developed algorithm, mathematically

1Tingliang Zhuang is with Department of Medical Physics, University of
Wisconsin-Madison,Madison, WI 53792, Email: tzhuang@wisc.edu

2Brian E. Nett is with Department of Medical Physics, University of
Wisconsin-Madison, Madison, WI 53792, Email: benett@wisc.edu

3Guang-Hong Chen is with Department of Medical Physics, University of
Wisconsin-Madison, Madison, WI 53792, Email: gchen7@wisc.edu

Fig. 1. Coordinate system

generated cone-beam projection data of a standard Shepp-
Logan phantom were used in the numerical simulations.

II. CONE-BEAM RECONSTRUCTION ALGORITHM FOR A

COMPLETE SOURCE TRAJECTORY

A. The data acquisition geometry

In this paper, a third-generation cone-beam source-detector
configuration is used. The coordinate system is shown in Fig.
1. Letter O labels the iso-center of rotation. The coordinate
system ��������	 located at O is lab system, and the 	 axis
is the axis about which the detector and source rotate. The
detector plane is perpendicular to the iso-ray originating from
the source point S. The distance along the iso-ray between
the source and detector is 
 . In the lab system, the point ��
of the object is written as ��������������	�� . The density of a 3D
object to be reconstructed is denoted as �������� . The cone-beam
projection of the object from the source point �������� is written
as:

� ���� �������
 "!
# $�% ��&'��(�)���+* % ��-,/. (1)

B. Review of cone-beam FBP reconstruction algorithm for a
complete source trajectory

In this subsection, we will briefly review the main results of
cone-beam FBP reconstruction algorithm [3], [4] for a general
source trajectory fulfilling Tuy’s data sufficiency condition [5].

The unit vector originating from source position ����)��� and
passing through a point �� of the object will be denoted as �0 :

�0 � ��1�2��������3 ��1�2�������� 3 �4�6587:9 0 9�;=<?>@��9�;A< 0 9�;A<?>@��5B7C9D>�� . (2)
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Following [2], with a properly selected local coordinate sys-
tem, any plane containing �0 can be characterized by its normal
vector, which may be locally parameterized by an angle � .
This normal vector may be represented by

���� � �� 587:9���* �0�� �� 9�;A<��"� (3)

where the unit vector
�

can be chosen to be �� �� �9�;=< 0 ��5B7C9 0 �
	:� . Throughout this paper, the plane containing�0 and having normal vector �� � will be denoted as � ���� �������� .
The intersection line of the plane � ������������� with the detector
will be referred to as the filtering line. Any vector �� originating
from S and within the plane � ���� �������� may be represented as:

�� ��������� � �0 587C9���* �0�� ���� 9�;A<�� ����� & ��� �
� ,@. (4)

The Katsevich-type cone-beam reconstruction formula [3]
is:

������ � � �
�� � �����

 
$ ��� � � ��+�����3 ��1� �� �)��� 3 ! 

"  $ �
�

9�;A<��
##%$ � &6�� �&� ��� � �8�:�� � $ � , 3 ')(+* � (5)

where � � � & 	D�
�+� . The structure factor � � ���� ����� is determined
as follows:

� � � �������� � % �-, & �� �/. ��-0 ����� ,21 & ���� �� � ��� , 3 �
( �436587� ( �43 " 7 � (6)

where at � � either the function % �-, & ���� . �� 0 �)��� , or the weighting
function 1 & ���� ���� ��� , as a function of � will be discontinuous.
As discussed by Chen [3], to obtain the above reconstruction
formula, a necessary condition on the weighting function has
to be imposed: ## � 1 &'���� �� � ��� , �9	 . (7)

An obvious choice of a weighting function which satisfies the
above condition is:1 & ���� �� � ��� , � �, &'���� �� � ��� , � (8)

where , & ��+� �� � ��� , is the number of intersecting points between
the plane � � ����������� and the source trajectory.

III. CONE-BEAM RECONSTRUCTION ALGORITHM FOR THE

TWO-ORTHOGONAL-CIRCLE SOURCE TRAJECTORY

As shown in Fig. 2(a), an two-orthogonal-circle source
trajectory with radius � �;: � can be parameterized by � as
follows :

���< �)��� � 
 = �6587:9 � ��9�;A< � ��	C� ���>� & 	D� = �+� � (9)

��@?��)��� � 
 = �A	D��� 9�;=</� � 587:9 ��� ���B� &
= � � � �+� . (10)

Here, the subscripts ”h” and ”v” denote the horizontal and
vertical circles respectively. Since the backprojection step is
linear, the reconstruction formula for this source trajectory

z

x

y

z’

x’

y’

Fig. 2. (a) The coordinate system used for the horizontal source trajectory.
(b) The coordinate system used for the vertical source trajectory.

may be written as the summation of the backprojections from
the horizontal and vertical circle respectively. Namely,

������(��� �C< � ���� *ED�F? ����(� . (11)

According to (5), in order to obtain explicit expressions
for � < ����(� and D� ? ������ , the key is to obtain the structure factor

� � ���� ����� for �G� & 	D� = �+� and �H� &
= � � � �+� respectively. In the

following, we show that the expressions of � � ���� ����� for �I�&
= � � � �+� can be obtained from those for �>� & 	 � = �+� due to the

symmetry of the two-orthogonal-circle scanning geometry. As
shown in Fig. 2(b), if the coordinate system is transformed
using: J

��������	�K�L
J
	�0���� �-06���%0&K � (12)

then the following relationship exists between the horizontal
and vertical scanning paths:

��M< �����ON ��@?������ . (13)

Therefore, the scanning configuration as seen from a source
point located on the vertical circle is equivalent to the scanning
configuration as seen from a source point located on the hori-
zontal circle after the coordinate transformation (12). Since the
structure factor only depends on the geometric configuration
of the source trajectory, we conclude that:

� � � �������� � for �B� & 	 � = �+� � � � ����%06����� � for �B� &
= � � � �+� . (14)

Therefore, the formula used to calculate the contributions from
the horizontal circle ( �M<D���� � ) can also be used to calculate
the contributions from the vertical circle ( D�F?������� ) with two
modifications: (1) the reconstruction point ����4���+������	�� should
be replaced by its mirror point �� 0 � �)	 �B� ������� , and (2) the
cone-beam projection data acquired from the horizontal circle
should be replaced by that from the vertical circle. Namely:

D� ? ����(�@� � ? ����P0 � . (15)

Thus, the reconstruction formula (11) can be written as:

������ � � � < ���� �+* � ? ���� 0 � � (16)

In the following section we will first present the result for the
horizontal circle portion of the source trajectory. The complete
image reconstruction formula will then be given by utilizing
(16).
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A. The image reconstruction structure for the horizontal cir-
cular trajectory

As discussed above, due to the symmetry of the acquisition
geometry a simple transformation is sufficient to obtain the
vertical reconstruction formula when one has determined the
horizontal reconstruction formula. In this section, we will
present the structure of the reconstruction formula for the
source locating in the horizontal circle.

For the third generation flat-panel-detector data acquisition
geometry, it is convenient to define the following rotating
coordinate system for horizontal source trajectory:

�1 �2� �5B7C9 � ��� 9�;=</� ��	C�8�:�� � �)9�;A< � ��� 5B7C9�� ��	C� � �� � � 	D��	D� � � .
The detector Cartesian coordinates � � � which are measured
in the detector plane along direction �� � �� are given below [6],

� � 
 �� . ��
�� . �1 � � � 
 �� . ��

�� . �1 . (17)

Equation (5) can be rewritten using detector coordinate as
follows [7]:

������ � �4�
�� � � � �

 
$ �G�

� ����������� ����������
� � & ��� �����8� ��� �����8��� , � (18)

where
� ���������� � : � � � 587:9D� � � 9�;=< � ,

� � &��� ���� ��� , �
 5 !
" !

 5 !
" ! $ � $ �
	 & � ���� ��

� � � ���� � ,
��� � � ���� ���� � � � � ����� �

�� � � � � ����� � 
� 
 � * � � * � �
� 


� * � �



## � * ���



## � � ## � � � � � � � ����� (19)

and

��� � 
 � 9�;=< ��� �/587C9D�� � ��+����� � ��� � 
 	� ���������� � (20)

��� ������� �� is the kernel of Hilbert filter, and �
�

is the slope
of the filtering line where the plane � ���� ������ � � intersects the
detector plane. The other important component of this formula
is the structure factor, � � ���� ����� for ����& 	 � = �+� , which will be
discussed in the next subsection.

B. Structure factor

The structure factor is given by the amplitude of the
discontinuity of the multiplications of the weighting function1 ���� � �� � ����� and the function % ��, & �� � . �� 0 �)��� , . Again, it is
sufficient to only consider the case which the source traverses
the horizontal circle.

1) Analysis of the weighting function: The purpose of this
section is to determine the number of intersection points
between the plane � � ����������� and the two orthogonal circles.
Once the number of intersection points is calculated the
weighting function is expressed as simply the inverse of the
number of intersection points.

Any point �� 0 in the plane � ������������� can be described by
the following equation:

���� . � ��P0 � ���� �9	 . (21)

Since this plane also passes through the source point ����)��� , the
above equation can also be written as:

�� � . &'��P0 �2��M< ����� , �9	 . (22)

For fixed values of �� and � , by setting �� 0 � �� < �)� 0 � or�� 0 � ��M?:�)� 0 � and finding how many values of � 0 satisfy the
above equation, we can obtain the number of intersection
points between the plane � ������������� with the horizontal and
vertical circle respectively.

First, let’s set �� 0 � ���< �)� 0 � in (22). Almost every plane
( � �����������(� with a different value of � ) will intersect with
horizontal circle twice. The exception is the plane � ���� ������ �� <C� , where

587�� � < � 5B7C9D>���� <�� 0 � ��� . (23)

Based on the given image point �� , there are two possible situ-
ations for the intersections between the plane � � ��������� �9� < �
and the horizontal source. The plane � � ��"� ���+�����
	C�8��������� < � will intersect the horizontal circle infinitely many times,
or the plane � ���� � �)�+���(� 	��� 	C�8������ � � < � will intersect
with the horizontal circle once. In either case, the weighting
function 1 &'���� �� � ��� , will be discontinous at the angle � � � <
due to the change of the number of the intersection points
between the � ���� �������� plane and the horizontal circle.

Second, let’s set �� 0 � ��@?���� 0 � in (22), and after substituting
the expression of ���� (equation (3)) into (22), we obtain,
� � �A� ��>@� 0 ����� 587:9D� 0 * � � �A� ��>@� 0 ����� 9�;A<?� 0 � ��� �A� ��>@� 0 ����� � (24)

where
� � �A� ��>@� 0 ������� 9�;=<?> 9�;A<��"�� � �A� ��>@� 0 ������� 587C9 > 9�;A< 0 9�;A<�� � 587C9 0 587C9P�"� (25)��� �A� ��>@� 0 �������4� 9�;=< � 0 � ��� 587:9P� � 587:9D> 587C9�� 0 � ��� 9�;A<�� .

The number of solutions for � 0 of (24) is equal to the number
of intersection points between the vertical source trajectory
and the � ���� ������ � � < � plane. In order to find the number
of solutions for � 0 of (24), we introduce the function  ��A��� as
follows:

 �� ����� � �� � �8� >�� 0 ������* � �� �A� � >�� 0 ����� � � �� �A� � >�� 0 ����� (26)

� &  � �6>�� 0 �����D587�� � ��*! � �6>�� 0 ����� 5B7��+� *" � �)>@� 0 ����� , 9�;=< � �"�
where,

 � �)>@� 0 ������� 5B7C9 � 0 � 9�;=< � � 0 � ��� �
 � �)>@� 0 �������2�

=
587C9 > 9�;=<+�

= 0 � ���D587C9D� �
 � �)>@� 0 ������� 9�;=< � > � & 587C9 � 0 � 9�;=< � � 0 � ��� , 5B7C9 � > .

Based on the calculation of  �A��� the following cases enable
one to determine the number of intersection points: for a
special value of the angle � #
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�  �� � # � � 	 , 2 solutions of (24) L 2 intersections between� � ��������� # � and the vertical circle.�  �� � # � � 	 , 1 solution of (24) L 1 intersections between� � ��������� # � and the vertical circle.�  �� � # ��� 	 , 0 solution of (24) L no intersections between� � ��������� # � and the vertical circle.

The discontinuity of the weighting function 1 &'���� �� � ��� , due to
the change of the number of intersections between the plane� ���� �������� with the vertical circle can be obtained using the
curve of � �  �A��� :� Case 1: The curve  �� ��� intersects with � -axis at �����

and � �	� . The discontinuity in the weighting function1 &'���� ��M� ��� , will be at � � �
���-���
� � .� Case 2: The curve  ��A��� does not intersect with � -axis.
Therefore, there is no discontinuity in the weighting
function.

In summary, the discontinuities in the weighting function1 & �� � �� � ��� , will occur at � � � < ��� � �-��� �	� , due to the change
of the number of intersection points between the � ���� ��������
plane and either the horizontal circle or the vertical one.

2) Analysis of the sgn function: The sgn function is given
by [7]:

% �-, & �� � . �� 0< ����� , �
� � � � ;���E� & 	 �6� <��/�� � ;��� � �A� < �6� ,@. (27)

3) Explicit form of the structure factor: Using the results
in the preceding subsections, we obtain:

� < �
�= � �7�� � � & 	 � = �+� . (28)

� � � � � �� � ;�4� ��� � ���������� � � ���� � �
� �� � ;�4� ��� � � ��(����� � � ������ . (29)

� � � � � �� � ;�4� ��� � ���������� ��� ���� � �
� �� � ;�4� ��� � � ��(����� � � ������ . (30)

where, � � ���� � � J
� 3  � �6>�� 0 ������� 	D�����)>@� 0 ����� � 	 K1�� � � � ���� � J

� 3  � �)>@� 0 ����� � 	 �����)>@� 0 ����� � 	�K�� J � 3 � < � �
���4K �� � � � ���� � J
� 3  � �)>@� 0 ����� � 	 �����)>@� 0 ����� � 	�K�� J � 3 � < � � �	� K �� � ���� ��� J

� 3 � �6>�� 0 ������� 	 K1�
with ���)>@� 0 ������� �� �6>�� 0 ����� � �  � �6>�� 0 ������ � �)>@� 0 ����� .

For the image point within the first quadrant ( � � 	 ��� �	D��	 � 	 ), the sets are given below:

� � ���� ���4� � = �
=	� � � � = ��� ��� �= ��� �= *

=	� � � �� � � ��������2� � �= *
=	� � � = � � � � � �� ��� ��������2�

� � � � = � =	� � � �� � ���� ���4� 	� � � ��� � � = ��� �= �!� �
= ��� � � � = �+� �

where,� � ���� � � 9�;A< " � & 3 � 3" � � * 3 � 3 � � * � �
, �� � ���� � � 9�;A< " � & 3 � 3" � � � 3 � 3 � � * � �
, �� � ���� � � � = *"9�;=< " � &
= 3 � � 3" � � � *�� � � � � � 	 � � � * � � � � � ,

�9�;A< " � &
= 3 � � 3" � � � * � � � � � � 	 � � � * � � � � � , �� � ���� � � � = � 9�;=< " � &
= 3 � � 3" � � � *�� � � � � � 	 � � � * � � � � � ,

�9�;A< " � &
= 3 � � 3" � � � * � � � � � � 	 � � � * � � � � � , �

Due to space limitations, the results of the backprojection
regions for the other quadrants have been not included here.

C. Final formula

Based on the symmetry of the data acquisition geometry ,
by utilizing the coordinate transformation introduced above,
we obtain the following reconstruction formula:

������ � � �@<D���� �+* �F?�����%0 � � (31)

where

� � � � �	# � ��(��� ��$  &%('*),+
� - $ � �

� � ��������
� #$ & � � �)��� � � � �)��� ��� , � (32)

with
� #$ � �� � �� ����� � ��� � � ��. $ #$ � � ���� �����8�0/ � � � = � � =M= � � � % �� � � , where . denotes convolution, and$ #� � � ���� ������� �= �� #-& � � �� ��� , * �� �� #-& � � � � ��� , * �� �� #-& � � � � ��� , �$ #� � � � ���� ����� � �= �� < & � ���� ��� , � �� �� #-& � � � � ��� , * �� �� #-& � � � � ��� , �$ #��� � � ���� ����� � �= �� # & � � �� ��� , * �� �� # & � � � � ��� , � �� �� # & � � � � ��� , �$ #� � � ���� ������� �= �� #-& � � �� ��� , K � (33)

and

� � � �� * � � � ��
 � ��
 �����8� � ���� � �21 � � � = �
�
� �)� � ��� � ����� � � � � � � 587C9 � � � �� � � 9�;A<��

=
���

� � � � �� �D587C9 � � � � � 9�;=<+� = ���
* � � � � � " � " �)� �� * � �� � � � 5B7C9 � � *�� � 9�;=<+�

=
���

� � � � �� � 587:9 � � � � � 9�;A<+�
=
��� .

IV. COMPUTER SIMULATIONS AND RESULTS

The final reconstruction formula given in (31) was validated
using the standard low contrast 3D Shepp-Logan phantom
[8]. The parameters used in the numerical simulations are:
the gantry radius=3, the detector sampling=

=�3 � � =�3 �
, the

view sampling=
= �5476C	M	 , the image matrix=

= 678 � = 6	8 � = 678 .
The cone-beam projections were calculated analytically. The
derivatives with respect to � , � and � were implemented using
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a 3-point formula. After the pre-weighting and differentiation
steps backprojection was performed over each of the seperate
segments using linear interpolation of the filtered data. The
backprojection operation was voxel-driven.

(a) (b)

Fig. 3. The expected phantom of the xy plane (z=0) (a). The reconstruction
result (b).

(a) (b)

Fig. 4. The expected phantom of the yz plane (x=0) (a). The reconstruction
result (b).

The results of the simulation of reconstruction of the 3D
Shepp-Logan phantom are given in Figure 3, Figure 4 and
Figure 5 where in each case a compressed gray scale of
[.95 1.05] has been used for display. Figure 3 demonstrates
reconstruction of the z=0 plane of the 3D Shepp-Logan
phantom. Figure 4 demonstrates reconstruction of the x=0
plane of the 3D Shepp-Logan phantom. Figure 5 demonstrates
reconstruction of the y=0 plane of the 3D Shepp-Logan
phantom. Note the reconstruction of the y=0 plane is the most
demanding as this plane is orthogonal to both of the circular
trajectories, and thus neither of the trajectories alone provide
sufficient support for an exact reconstruction.

V. CONCLUSIONS

A shift-invariant FBP algorithm for a source trajectory
consisting of two-orthogonal-concentric-circles has been pre-
sented using an equal weighting scheme. This trajectory has
the desirable property that it will enable an exact reconstruc-
tion, as it satisfies Tuy’s data sufficiency condition. One key
feature of this algorithm is that all the data is utilized for

(a) (b)

Fig. 5. The expected phantom of the xz plane (y=0) (a). The reconstruction
result (b).

each reconstructed image point. The reconstruction formula
proceeds according to the following three steps.

1) Differentiate the cone-beam projection data with respect
to detector coordinates and source parameter.

2) Filter along three different orientations, determined by
the structure factor, using 1D Hilbert kernel. This fil-
tered data is linearly combined in order to obtain eight
different filtration groups.

3) Backproject the eight filtration groups corresponding to
the eight backprojection sets.

In order to validate this algorithm computer simulation was
performed using the standard low-contrast 3D Shepp-Logan
phantom.
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Image Reconstruction for
Source Trajectories with Kinks

Yu Zou, Xiaochuan Pan, and Emil Sidky

Abstract—We describe a formula for the inversion of the x-ray trans-
form with a general trajectory. Based upon the formula, we derive algo-
rithms for image reconstruction from the x-ray transform. The numerical
results show that exact ROI images can be reconstructed by use of the
derived algorithms from (truncated) data acquired with trajectories with
kinks.

I INTRODUCTION

In certain applications of cone-beam CT, the x-ray source
trajectory may not be smooth. Instead, it has a finite num-
ber of kinks (i.e., singularities). Examples of such trajecto-
ries include the circle-circle, circle-line, and circle-helix-circle
trajectories. Some of these trajectories have been investigated
previously, and both approximated and quasi-exact algorithms
have been developed for image reconstruction in these situa-
tions. Recently, Katsevich has studied image reconstruction by
use of the exact filtered backprojection (FBP) algorithm from
data acquired with a circle-line trajectory [1]. Recently, there
has been significant development on image reconstruction for
general cone-beam trajectories [2, 3, 4].

In this work, we describe a formula for the inversion of
the x-ray transform with a general trajectory. Based upon the
formula, we first derive algorithms for image reconstruction
from the x-ray transform. Subsequently, we show that the de-
rived algorithms are directly applicable to reconstructing im-
ages for source trajectories, such as the aforementioned circle-
circle and circle-line trajectories, with a finite number of sin-
gularities (i.e., the kinks). We have also performed numerical
studies, and the quantitative results in these studies indicate
that exact ROI images can be reconstructed by use of the de-
rived algorithms from (truncated) data acquired with trajecto-
ries with kinks.

II THEORY

A Cone-beam data function

We assume that the subject to be imaged is confined in a
cylinder of radius Rs. Therefore, the support of the object
function f(~r) satisfies

f(~r) = 0 x2 + y2 > R2
s, (1)

The authors are with the Department of Radiology, The University of Chicago,
5841 S Maryland Avenue, Chicago, IL 60637, USA. E-mail: zouy@uchicago.edu,
xpan@uchicago.edu, and sidky@uchicago.edu

where ~r = (x, y, z)T and the central axis of the support cylin-
der coincides with the z-axis.

Suppose the x-ray source trajectory can be characterized by
a vector ~r0(λ) that is a continuous function of a parameter
λ, which is the path length over the trajectory. In the fixed-
coordinate system, we write ~r0(λ) = (x0(λ), y0(λ), z0(λ))T ,
and the distance between a point on the trajectory and the z-
axis is thus given by

R(λ) =
√
x2

0(λ) + y2
0(λ). (2)

We assume that R(λ) > Rs. Therefore, the trajectory does not
go through the support cylinder.

The trajectory considered could be a smooth or piecewise
smooth function of λ. A chord-line is defined as a straight
line intersecting with the trajectory at two points ~r0(λa) and
~r0(λb). Without the loss of generality, it is assumed that λa ≤
λb. One can use

êc =
~r0(λb)− ~r0(λa)

|~r0(λb)− ~r0(λa)| (3)

to denote the direction of the chord-line.
The cone-beam projection of the image function is defined

as

D(~r0(λ), β̂) =

∫ ∞

0

dt f(~r0(λ) + t β̂), (4)

where the unit vector β̂, indicating the projection direction of
an individual x-ray passing through the point ~r ′, can be written
as

β̂ =
~r ′ − ~r0(λ)

|~r ′ − ~r0(λ)| , (5)

and ~r ′ ∈ R3.

B Inversion formula

Any point ~r on the chord-line can be expressed as

~r =
1

2
[~r0(λa) + ~r0(λb)] + xc êc, xc ∈ R. (6)

Furthermore, we refer to the segment on the chord-line be-
tween points ~r0(λa) and ~r0(λb) as the chord. For a helical
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trajectory and for |λb−λa| ≤ 2π, the chord-line and the chord
become the conventional PI-line and PI-line segment, respec-
tively [2].

Now, we consider a point ~r on a chord determined by λa and
λb. Therefore,

~r =
1

2
[~r0(λa) + ~r0(λb)] + xc êc, xc ∈ [−l, l], (7)

where l = 1
2 |~r0(λb) − ~r0(λa)| denotes one half of the chord

length.
Suppose that there are N − 1 kinks on the portion of the

trajectory of ~r0(λ), where λ ∈ [λa, λb]. This portion of the
trajectory is divided into N pieces. Let us denote the locations
of theN−1 kinks by λi, i ∈ [2, N ], and λ1 = λa and λN+1 =
λb.

It can be shown that, for ~r on a chord-line, the image func-
tion f(~r) can be reconstructed exactly as

f(~r) =

∫

R3

d~r ′K(~r, ~r ′) g(~r ′), (8)

where

K(~r, ~r ′) =
1

2πj

∫

R3

d~ν sgn[~ν · êc] e2πj~ν·(~r−~r ′), (9)

g(~r ′) =

∫ λb

λa

dλ

|~r ′ − ~r0(λ)|
∂

∂q
D(~r0(q), β̂)

∣∣∣∣
q=λ

=
N∑

i=1

∫ λi+1

λi

dλ

|~r ′ − ~r0(λ)|
∂

∂q
D(~r0(q), β̂)

∣∣∣∣
q=λ

,(10)

and

D(~r0(λ), β̂) = D(~r0(λ), β̂)−D(~r0(λ),−β̂). (11)

We refer to g(~r ′) in Eq. (10) as the generalized backprojection
and to D(~r0(λ), β̂) in Eq. (11) as the extended data function.

C The BPF algorithm

For a given chord specified by λa and λb, we consider a
coordinate system {xc, yc, zc} that has its origin at the middle
point of the chord. In this system, the xc-axis coincides with
the chord-line and has a unit vector êc, whereas the yc- and
zc-axis are perpendicular to the xc-axis. Therefore, any point
on the chord-line can be specified by (xc, λa, λb), and we use
fc(xc, λa, λb) and gc(xc, λa, λb) to denote the image function
and the backprojection on the chord-line, namely,

f(~r) = fc(xc, λa, λb) and g(~r) = gc(xc, λa, λb), (12)

where ~r and xc are related through Eq. (6). For ~r on the chord-
line, the kernel K(~r, ~r ′) in Eq. (9) can be rewritten as

K(~r, ~r ′) =
1

2πj

∫

R
dνπ sgn[νc] e2πjνc(xc−x′c)δ(y′c) δ(z

′
c)

= − 1

2π2(xc − x′c)
δ(y′c) δ(z

′
c), (13)

where ~r ′ ∈ R3, and νc denotes the spatial frequency with re-
spect to xc.

Applying Eq. (13) to Eq. (8) yields

fc(xc, λa, λb) =
1

2π2

∫

R

dx′c
xc − x′c

gc(x
′
c, λa, λb), (14)

where xc ∈ R. The result in Eq. (14) provides an algorithm
for reconstructing the image on a chord from knowledge of
the backprojection over the entire chord-line. As shown below,
however, by exploiting the fact that the image support is con-
fined on the chord, one can reconstruct the image on the chord
from knowledge of the backprojection only on the chord.

We use xs1 and xs2 to denote the endpoints of the intersec-
tion of the chord with the support cylinder, which we refer to as
the support segment on the chord. Because the object function
is confined within the support cylinder and because the tra-
jectory never passes through the support cylinder, we observe
that [xs1, xs2] ∈ [−l, l], i.e., the support segment of the object
function on the chord-line is always within the chord. This ob-
servation can be exploited for deriving algorithms capable of
reconstructing the image on a chord by requiring knowledge
of the backprojection only on the support segment.

Performing the Hilbert transform with respect to xc on both
sides of Eq. (14), we obtain

gc(xc, λa, λb) = 2

∫

R

dx′c
x′c − xc

fc(x
′
c, λa, λb)

= 2

∫ xc2

xc1

dx′c
x′c − xc

fc(x
′
c, λa, λb), (15)

where xc ∈ R, and parameters xc1 and xc2 satisfy xc1 ∈
(−∞, xs1] and xc2 ∈ [xs2,∞), respectively. Clearly, the last
part of Eq. (15) was obtained by exploiting the fact that fc(xc, λa, λb) =
0 for xc /∈ [xs1, xs2]. It is important to point out [3] that,
for xc ∈ [−l, l], only the first term, i.e., the physical data
D(~r0(λ), β̂) of the extended data function in Eq. (11) con-
tributes to the backprojection image gc(xc, λa, λb). Therefore,
the derivation below considers the contribution only from the
physical data term D(~r0(λ), β̂).

The result in Eq. (15) represents a Hilbert transform on a
finite interval. Its inversion can be expressed as [5, 6]

fc(xc, λa, λb) =
1

2π

1√
(xc2 − xc)(xc − xc1)

×
[∫

R

dx′c
xc − x′c

g
Π

(x′c, λa, λb)

+ 2πD(~r0(λa))], (16)

where

g
Π

(x′c, λa, λb) = Πc(x
′
c)
√

(xc2 − x′c)(x′c − xc1)

× gc(x
′
c, λa, λb), (17)

and Πc(x
′
c) = 1 if x′c ∈ [xc1, xc2] and 0 if x′c /∈ [xc1, xc2].

It is interesting to note that the first term of Eq. (16) indicates
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explicitly a shift-invariant filtering (i.e., the Hilbert transform)
over the entire x′c-axis. Such a shift-invariant form may have
practical significance because it can generally be calculated ef-
ficiently by use of the fast-Fourier-transform technique.

It can be observed in Eq. (17) that the image on the chord
can be obtained exactly from knowledge of the backprojection
onto a support segment, specified by xc ∈ [xs1, xs2], on the
chord. It is this important fact forming the basis for exact im-
age reconstruction on a chord possibly from projections con-
taining transverse truncation. We refer to this algorithm as the
backprojection-filtration (BPF) algorithm because it backpro-
jects the modified data (i.e., the integration over λ in obtaining
gc(x

′
c, λa, λb)) before performing the 1D Hilbert transform of

the weighted backprojection image (i.e., the integration over
x′c). We can also derive a filtered backprojection (FBP) algo-
rithm for image reconstruction on the chord from minimum
data (MD) and thus refer to it as the MD-FBP algorithm. Sim-
ilar to the BPF algorithm, the MD-FBP algorithm can also ac-
commodate image reconstruction on a chord from truncated
data.

III NUMERICAL STUDIES

We consider the scanning of the Shepp-Logan phantom by
use of two trajectories that have kinks. As shown in Figs. 1a
and 1b, the first trajectory consists of two circles, whereas the
second trajectory includes a line and a circle. We assume that
the central point of the largest ellipsoid of the Shepp-Logan
phantom is at the origin of the fixed-coordinate system.

sa

sb

α

sa

sb

α

a b

Fig. 1. (a) Circle-circle trajectory. (b) Circle-line trajectory. The thin lines denote the
trajectories, and the thick straight line segments indicate chords. Also, sa = λa and
sb = λb. For the chord specified by sa and sb, we use data acquired over the thick
portions on the trajectories between sa and sb. In the numerical studies below, we have
used α = 0.

The circle-circle trajectory in Fig. 1a can be mathematically
written as

~r0(λ) = (R0 cosλ,R0 sinλ, 0) λ ∈ [−π
2
, 0) (18)

~r0(λ) = (R0 cosλ, 0, R0 sinλ) λ ∈ [0,
3π

2
),

where the first circle is in the x-y plane, and the second circle

is in the x-z plane. A kink appears at λ = 0.
The circle-line trajectory in Fig. 1b is described by

~r0(λ) = (R0 cosλ,R0 sinλ, 0) λ ∈ [−3π

2
, 0) (19)

~r0(λ) = (R0, 0, hλ) λ ∈ [0,
π

2
)

where R0 = 285 mm and h = 128 mm/rad. Again, a kink
occurs at λ = 0.

We generated cone-beam data from the 3D Shepp-Logan
phantom by use of each of these two trajectories in Fig. 1 with
R0 = 285 mm. We assume a constant distance S = 502.5
mm between the source and detector plane. A 2D detector
plane of 512×256 square detector-element is assumed with el-
ement size of 0.78 mm. The long side of the rectangle detector
plane is along the tangential direction of the circles, whereas
the short side is along the z-axis for λ ∈ [− π

2 , 0) and the y-axis
for λ ∈ [0, 3π

2 , 0) The simulated cone-beam data were sampled
at 1024 views along the source trajectory that were uniformly
distributed over the scanned range of the parameter λ.

Fig. 2. Images of the Shepp-Logan phantom reconstructed by use of the proposed BPF
algorithm from the data along a circle-circle trajectory in 1a. Images in the left, middle,
and right panels are on 2D slices specified by x = 0 cm, y = −2.7 cm, and z = 0 cm,
respectively. The display window is [1.0,1.05].

Fig. 3. Images of the Shepp-Logan phantom reconstructed by use of the BPF algorithm
from the data acquired with the circle-line trajectory in 1b. Images in the left, middle, and
right panels are on 2D slices specified by x = 0 cm, y = −2.7 cm, and z = 0 cm,
respectively. The display window is [1.0,1.05].

We have applied the BPF and MD-FBP algorithms to recon-
structing images from the simulated data for the circle-circle
and circle-line trajectories. In this summary, we present the
results obtained only with the BPF algorithm and will report
the results obtained with the MD-FBP algorithm at the meet-
ing. In Figs. 2 and 3, we show the images reconstructed from
cone-beam data acquired with the circle-circle and circle-line
trajectories. We have also performed quantitative comparison
between the reconstructed and true values within the Shepp-
Logan phantom. These results clearly demonstrated that the
proposed BPF and MD-FBP algorithms can accurately recon-
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struct images on chords from (truncated) data acquired with
trajectories with a finite number of kinks.

IV CONCLUSION

We described a formula for image reconstruction on chords
of a general trajectory with a finite number of singularities
(i.e., kinks). Based upon the formula, the BPF algorithm can
be derived for reconstructing ROI images from truncated data.
We have applied the BPF algorithm to reconstruct ROI images
from cone-beam projection data by use of the circle-circle and
circle-line trajectories. Both these two trajectories have sin-
gularities. Results of our numerical studies confirm that the
BPF algorithm accurately reconstruct ROI images from data
acquired with a general, non-smooth trajectory.

Based upon the formula, we have also derived additional re-
construction algorithms that first perform data filtration before
backprojecting the filtered data into image space. We refer to
these algorithms as the filtered backprojection (FBP) algorithm
and the minimum-data filtered backprojection (MD-FBP) algo-
rithm, respectively. It is interesting to point out that the MD-
FBP algorithm can exactly reconstruct ROI images from trun-
cated data, whereas the FBP algorithm cannot. We have also
performed numerical studies to evaluate and compare image
reconstructions by use of the BPF, FBP, and MD-FBP algo-
rithms and will present these theoretical and numerical results
at the meeting.
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Monte Carlo Simulation of Scatter in a Cone-beam
Micro-CT Scanner

Noel Blackand Jens Gregor

Abstract— Scattered radiation is a potential source for artifacts
in x-ray computed tomography (CT). In case scatter is a non-
negligible contributing factor to degraded image quality, the
projection data should be appropriately corrected. To determine
whether such correction is necessary, we have developed our own
Monte Carlo code and present a true cone-beam scatter study
for a particular commercial micro-CT scanner. The experimental
results presented include beam stop based validation as well as
a simulation of detected primary and scatter radiation for a lab-
oratory mouse. We find scatter contamination of the projection
data to be negligible and conclude that scatter correction need
not be performed.

I. I NTRODUCTION

Scattered radiation is a potential source for artifacts in x-
ray computed tomography (CT). When a substantial amount
of scatter contaminates the projection data, the reconstructed
image may for example suffer from low-contrast detectability
as well as cupping and streaking. The magnitude of scatter
contamination depends strongly on the type of scanner and
the object being imaged. In case scatter is a non-negligible
contributing factor to degraded image quality, the projection
data should be appropriately corrected.

Beekman and coworkers [9], [4] recently used Monte Carlo
simulation to estimate the effects of scatter for one partic-
ular commercial cone-beam micro-CT scanner, the SkyScan
1076 (SkyScan, Aartselaar, Belgium). They found that scatter
contamination can affect the accuracy of the reconstructed
attenuation values by as much as15%. As a means for cor-
rection, they proposed an iterative method in which the image
is first reconstructed with no scatter correction. Monte Carlo
simulation is subsequently used to compute scatter projections.
These are then subtracted from the original projection dataand
a new image is reconstructed. The process may be repeated to
higher order as necessary.

Chow et al. [3] studied scatter contamination for another
cone-beam micro-CT scanner, namely, the MicroCAT II (CTI
Concorde Microsystems, Knoxville, TN). They found scatter
to cause an error in the reconstructed attenuation coefficients
of about10% and reported a scatter-to-primary ratio, hence-
forth S/P, of about30% for a mouse-sized phantom object.

In this paper we present a true cone-beam scatter study for
the MicroCAT II. For this purpose, we have developed our

Dept. of Computer Science, University of Tennessee, Knoxville, Tennessee
37996-3450. Email: nblack@cs.utk.edu, jgregor@cs.utk.edu
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own Monte Carlo code as described next. The experimental
results presented include beam stop based validation as well
as a simulation of detected primary and scatter radiation for
a laboratory mouse. We find scatter contamination of the
projection data to be negligible and conclude that scatter
correction need not be performed.

II. I MPLEMENTATION OF PHOTON TRANSPORTPHYSICS

The Monte Carlo code tracks each photon from production
at the source until it is absorbed in the object or leaves the
voxel space of the object and is either detected or misses the
detector. We confine our attention to the physics of the x-ray
beam and of photon transport in the object, assuming that all
photons incident on the detector are actually detected.

Source energy spectra are generated from the TASMIP code
of Boone and Seibert [2], which polynomially interpolates
measured constant potential tungsten anode x-ray spectra at
1 keV intervals.

The Monte Carlo code includes the dominant interactions
of radiation in matter at energies below 1 MeV: photoelec-
tric absorption, coherent scattering, and incoherent scattering.
At each voxel, the code determines by sampling which (if
any) interaction occurs, using the exponential decay law and
interaction cross sections to form probability distributions.
The probability Ppe for the photon to be absorbed by the
photoelectric effect is computed as

Ppe =

“

1 − e
−µtotρd

”

µpe

µtot

, (1)

whered is the path length of the photon trajectory through the
voxel,ρ is the material density, andµtot = µpe+µcoh+µincoh.
The probabilities for coherent scattering, incoherent scattering,
and noninteraction are computed analogously. The attenuation
coefficientsµpe, µcoh, andµincoh are taken from the XCOM
program developed at NIST [7].

The history of a photoelectrically absorbed photon is termi-
nated. A photon that does not interact in the voxel continues
to the next voxel intersected by its trajectory.

The scattering angleθ of a coherently scattered photon is
determined by sampling the coherent scattering differential
cross section

(

dσ

dΩ

)

coh

=
r2
e

2
(1 + cos2(θ))F 2

m(x), (2)

where
x =

E

hc
sin(θ/2). (3)

Herere is the classical electron radius,Fm(x) is the molecular
coherent scattering form factor,h is the Planck constant,
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Fig. 1. Coherent scattering angular distribution of106 monoenergetic
photons at 20 keV in Lucite.
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Fig. 2. Incoherent scattering angular distribution of106 monoenergetic
photons at 20 keV in Lucite.

c is the speed of light, andE is the photon energy. The
azimuthal angleφ is sampled from a flat distribution. Form
factors for water and Lucite are taken from Peplow et al. [8].
They have shown that measured molecular form factors must
be used for agreement between calculation and experiment,
and that most animal tissues appear similar to water in their
coherent scattering distributions. For the mouse simulation,
therefore, coherent scatter from any of the mouse tissues is
modeled using the form factor for water. Fig. (1) compares the
angular distribution resulting from simulation of the coherent
scattering of106 monoenergetic photons in Lucite at 20 keV
with the theoretically expected distribution.

The direction of an incoherently scattered photon is deter-
mined by sampling the incoherent scattering differential cross
section
(

dσ

dΩ

)

incoh

=
r2
e

2

(

E′

E

)2 (

E′

E
+

E

E′
+ cos2(θ) − 1

)

Sm(x)

(4)
and the uniformφ distribution. The scattered photon transfers
energy and momentum to an atomic electron in the collision
and emerges with energyE′ given by

E′ = E/[1 + (E/mec
2)(1 − cos(θ))], (5)

which merely states energy conservation for the interaction.
me is the electron mass. Photons with energy less than 5
keV are assumed to be absorbed, and their histories are
terminated. Incoherent scattering functionsSm(x) are formed
by the independent atomic model, using the data of Hubble et
al. [6]. Relative atomic abundances for muscle, soft tissue, and
bone which are used in the mouse simulation are taken from
XCOM [7]. Fig. (2) compares the incoherent scattering angular
distribution resulting from simulation with the theoretically
expected distribution, again with106 monoenergetic photons
at 20 keV incident on Lucite.

The code uses the combined multiple recursive random

number generator of the SPRNG [5] library to prevent pe-
riodicity from becoming an issue.

III. VALIDATION

Experimental projections were made of phantoms composed
of Lucite slabs and lead stops in the CT micro-scanner. The
lead stops are 1.6mm thick and are roughly square, with edge
sizes of approximately 6mm and higher, in 2mm increments.
The scanner has a tungsten anode x-ray source and was
operated at an anode voltage of 80 kVp and an anode current
of 500 µA. The exposure time was375 µs. The source
to detector distanceLSD is 359.68 mm and the source to
center of rotation distanceLSC is 274.52 mm. The effective
dimension of a detector cellwdet is 161.76 µm, with a binned
resolution of512 × 768 cells.

Fig. (3) shows the experimental and simulation results for an
80 kVp x-ray beam scattering on a 12.0 mm thick Lucite slab
with the 10mm lead stop on a line through the projection of the
stop. The experimental projection of the stop has noticeably
rounded edges compared with the simulated projection. Thisis
probably due to two main effects. First, the focal spot size of
the real x-ray beam is finite, whereas the simulation regardsit
as a point. A finite focal spot size will blur edges. Second, the
lead pieces are not precisely of uniform thickness; the edges
become crimped and distorted when the stops are cut out, since
lead is a very soft material and precision machining was not
possible. The agreement is therefore expected to be better for
larger size stops, for which the rounded experimental edges
on opposite sides of the stop are nonoverlapping.

If TS is the intensity of detected radiation behind the lead
stop andTSP is intensity of detected radiation in the same
region but with no lead stop, the S/P ratio should be given
by S/P = TS

(TSP −TS) assuming the stop blocks all radiation
incident upon it. If a fractionx of the incident primary
radiation is unblocked by the stop, then S/P= (TS−xTSP )

(TSP −TS) . (x
can be calculated from the attenuation coefficients for lead.)
The scatter to primary ratios are calculated in this way for an
80 kVp beam incident on a 12.0 mm thick slab of Lucite with
lead stops of various sizes. A region of interest interior tothe
lead stop shadow region is selected for tabulation. This region
is smaller than the shadow region to avoid edge effects. The
agreement is good for the 10mm and larger stops: S/Pexpt =
6.06% and S/Psim = 6.00%. The agreement worsens as the
size of the stop decreases, as expected. The relative error is
0.96%, 16.39%, and33.97%. for the 10mm, 8mm, and 6mm
stops respectively.

Fig. (4) plots the simulation results for S/P as a function
of Lucite thickness. One set of points tabulates photons
over the entire detector and the other set tabulates photons
over a small region of interest at the center of the detector.
The latter is larger in general for a given Lucite thickness.
S/P is just below14% for the 24.0mm thick Lucite block
and decreases approximately linearly to zero with decreasing
Lucite thickness.

IV. SIMULATION BASED ON A MOUSERECONSTRUCTION

We are interested in the amount of detected scatter in a
projection of a typical mouse object. Fig. (5a) shows a slice
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Fig. 3. Comparison of experimental and simulation results for an 80 kVp
beam of6×108 photons illuminating a 12.0 mm thick Lucite slab with a
10 mm lead stop.
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Fig. 4. Simulated S/P ratio for an 80 kVp beam of6×108 photons scattering
on Lucite.

of a 256×256×511 mouse reconstruction, obtained using the
simultaneous iterative reconstruction technique (SIRT) [1]. To
convert this to an input attenuation map for the simulation
each voxel must be labeled as a material type with known
attenuation coefficients and scattering properties. A typical
mouse is composed primarily of soft tissue, muscle, water, and
bone, and is assumed to be surrounded by air. We therefore
want to threshold the attenuation map to create an indexed
map. Fig. (5b) shows the plot of a line through the attenuation
map with material thresholds superimposed. This line is the
x-voxel = 100 line of the slice shown in Fig. (5a); it is
approximately the mouse axis and is expected to intersect
each of the main mouse component materials as most of it is
interior to the mouse. The thresholds are ordered accordingto
their total attenuation coefficients, but their exact placement
is somewhat arbitrary. The results of the simulation are not
expected to depend significantly on the exact threshold levels,
as the attenuation and scattering properties of water, softtissue,
and muscle are extremely similar.

Fig. (5c) shows the resulting indexed mouse map. The skull,
ribs, and tailbone are visible as bone and correspond nicely
with the same features in the original attenuation map of Fig.
(5a). With this thresholding, the mouse composition turns out
to be 0.69% air, 25.42% water, 23.54% muscle, 43.20% soft
tissue, and 7.15% bone.

Fig. (6) shows the results of the simulation on the indexed
mouse attenuation map with2 × 109 photons. The detected
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Fig. 5. a) Slice of256×256×511 mouse reconstruction at x-voxel= 128.
b) Thresholding the mouse against the x-voxel=128, y-voxel=100 line of the
attenuation map. c) Indexed map.

primary radiation map embodies a mouse projection that
is quite detailed; the skeleton is nicely revealed and small
features like the ribs are clearly visible. The detected scattered
radiation has the form of a slowly varying bulge roughly
centered on the detector, perhaps offset slightly. The primary
map is used to segment the mouse from the background, as
we are interested in the amount of scattered radiation detected
in the region behind the mouse. The scatter to primary ratio
in this region of interest is S/P= 0.98%.

Fig. (7) shows the results of the simulation with2 × 109

photons on the same mouse indexed only with soft tissue. The
primary map is now structureless; it shows well the outline of
the mouse and indicates the thickness of the mouse in the beam
direction. The scatter map looks very similar to that resulting
from the five component mouse. The scatter to primary ratio
in the region behind the soft tissue mouse is S/P= 0.92%,
which is only slightly less than that for the five component
mouse. Both simulations find an average S/P of approximately
1%, which should be considered quite small in the sense that
it is probably not statistically correctable. Fig. (8) shows the
primary and scatter maps for both mouse objects along the
x-voxel = 100 reference line. The primary radiation map for
the five component mouse projection has noticeable structure
compared to that for the soft tissue mouse, but two primary
maps have basically the same shape along this line. The scatter
maps for the two mice along the reference line appear very
similar, that from the five component mouse being perhaps
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Fig. 6. Simulated projections of2×109 photons on the indexed mouse:
primary (top) and scatter (bottom.)
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Fig. 7. Simulated projections of2×109 photons on the soft tissue mouse:
primary (top) and scatter (bottom.)

slightly larger. Note that the scatter is magnified by a factor
of 50 so its form can be seen on the plot.

V. CONCLUSIONS

The average S/P value is 0.98% with a maximum of 1.88%
for the five-component mouse. The average and maximum S/P
values for the soft tissue mouse are 0.92% and 1.60%, respec-
tively. These ratios are all so small that scatter correction,
which is inherently statistical, is probably not worthwhile for
MicroCAT II studies involving mice.

The Monte Carlo code developed here can be used to sim-
ulate any scanner simply by modifying the scanner geometry.
Future applications could involve untangling beam hardening
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Fig. 8. Top: Simulated projections along the x-detector pixel=100 line: five-
component mouse (blue/dark gray) and soft tissue mouse (cyan/light gray).
The two upper sets of points are the primary components and the two lower
sets are the scatter components(×50). Bottom: S/P along this line.

effects from scatter contamination effects. These two error
sources induce very similar artifacts, namely cupping, streak-
ing, and reduction of image contrast. It would also be relatively
simple to simulate SPECT imaging by modeling the x-ray
source characteristics and detector geometry specific for that
modality.
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Development of 3D Cone-Beam Micro-CT 
Reconstruction   

 
Hsiao-Mei Fu, Ho-Shiang Chueh, Wen-Kai Tasi, and Jyh-Cheng Chen 

 
Abstract─Purpose: Cone-beam micro-CT can offer 
comprehensive 3D information and high resolution images. 
This technology can be used with other imaging modalities in 
the preclinical application of molecular imaging research. 
Image reconstruction algorithm affects final image spatial 
resolution, which is the primary topic of this study. We use 
two types of different methods which are analytic and 
iterative algorithms to reconstruct the micro-CT images for 
comparison. Materials and Methods: In this study, projection 
data of the defrise phantom were obtained using in-house 
designed micro-CT and images were reconstructed by 
analytic algorithms, tent-FDK algorithm and FBP. For 
validation of the iterative reconstruction algorithm 
(transmission maximum-likelihood algorithm), we have done 
the simulations using the shepp-logan digital phantom. 
Human tooth sample and mice bone sample data were 
reconstructed by analytic and iterative algorithms. Results: 
The defrise phantom results show the coronal view of the 
images reconstructed by tent-FDK and FBP algorithm. From 
the profile of the results, image reconstructed by tent-FDK 
has sharp edge and uniform pixel value in the high density 
layer. Comparison of the results of human tooth sample and 
mice bone sample reconstructed by the two kinds of 
algorithms, the image reconstructed by maximum-likelihood 
algorithm has less artifacts and more correct pixel value 
standing for the attenuation coefficient. Conclusion: 
Tent-FDK algorithm is a kind of useful analytic method to 
reconstruct cone-beam CT data. We also develop another 
iterative method to reconstruct images for low dose x-ray 
cone-beam CT. The micro-CT images for preclinical study 
are reconstructed by these two kinds of methods. 
a 
Index Terms―micro-CT, 3Dimage reconstruction,  
cone -beam 

I. INTRODUCTION 
   
  X-ray computed tomography is an imaging modality that 
produces cross-sectional images representing the X-ray 
attenuation properties of the body. Image formation is 
obtained by using thin x-ray beam and scanning the entire 
field of view [1]. Parallel beam and fan-beam geometry 
were used popularly in clinical computed tomography 
machines. Cone-beam geometry is another approach to 
acquire the information of attenuated signals. A cone-beam 
x-ray computed tomography is defined by a focal point 
with a two dimensional detector. Unlike traditional 
computed tomography using linear array detector, it can 
obtain volume information by a planar detector in a single 
scan. 
  In three-dimensional computed tomography study, the 
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analytic reconstruction algorithm is the primary method of 
choice to reconstruct images. The FDK algorithm offered 
by Feldkamp、Davis、Kress is the first available analytic 
algorithm to reconstruct three-dimensional cone-beam CT 
data [2]. However, it may cause image blurring in major 
axis direction. There are some modified algorithms from 
the FDK algorithm. G.Wang brought up the generalized 
Feldkamp algorithm in 1993 [3]. Tent-FDK is another 
modified algorithm which used rebinned CT sinograms to 
reconstruct the cone-beam CT data by M.Grass in 2000 [4]. 
Different from analytic methods, statistical iterative 
method is another approach to reconstruct CT images. 
Statistical character of photons is used in this kind of 
algorithm and expected image is iteratively calculated [5,6]. 
The first paper to propose a maximum-likelihood approach 
for transmission tomography appears to be due to 
Rockmore and Macovski in 1977. In 1995, Jolyon 
A.Browne derived a gradient-based algorithm from the 
earlier mathematical modeling of Lange-Carson. The 
maximum-likelihood algorithm is a kind of statistical 
iterative algorithm for transmission finite-beamwidth 
computed tomography [5]. We develop a cone-beam 
micro-CT system to acquire volume information and 
reconstruct images by two kinds of above mentioned 
methods. One of them is T-FDK algorithm and the other is 
transmission maximum-likelihood (TML) algorithm. In 
this study, we compare and evaluate the micro-CT data 
reconstructed by these two methods.  
 

II. MATERIALS AND METHODS 
 

A. Tent-FDK algorithm 
 

For a given 2D detector we can acquire fully 2D 
projections of the object. Stacking all the projections 
results in a 3D dataset, this can be rearranged as sinograms. 
The cone-beam 3D dataset can be rebinned into 
parallel-beam geometry. Let S be the distance from the 
source to the detector. Cone-beam to parallel-beam 
rebinning can be applied: 

 

)sin( maxmax
βSd xy =                     (1) 

and 
 

  )cos()tan( maxmaxmax
βγSd z =            (2)               

where βand γ are the fan-angle and cone-angle. dxy and dz 
are the indexes of rebinned dataset of parallel-beam in 
rectangular plane. The schematic view of rebinning step is 
given in Fig.1. Therefore, we can reconstruct images by 
the rebinned sinograms [4]. 
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Fig.1. Schematic view of rebinning step of the projection data[4]. 
 
B. Transmission maximum-likelihood (TML) algorithm 
                                                                                                             
   The number y jk of photons exiting ray j of beam k are 
Poisson distributed with a mean expressed by 

)*exp( ∑−=
i

ijkijkjk LuIy             (3)                                        

  Lijk is the intersection length of every pixel index. We 
assume the detected photon number follows Poisson 
distribution. The conditional probability density function 
of the photon number is  

    )exp(
!

)( k
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y
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k y
y
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−=             (4)                                                       

yk, the number of photons exiting beam k, is the 
summation of yjk over ∈j  beam k.  

∑
∈

=
kj

jkk yy                 (5)                                                             

The likelihood function is defined as the probability of Y, 
which is the vector notation for the set of all yk.. Owing to 
statistical independence, this probability is expressed as  
       ∏=

k
k uyPuYP )()(               (6)                                                    

The main principle of ML estimation is to solve for the set 
of pixel x-ray linear attenuation coefficients denoted by the 
vector quantity u = (u1, u2, u3, …..)T, which maximizes the 
log-likelihood function. 
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                                          (7) 
And we maximize the log-likelihood function by 
gradient-based iterative algorithm [5]. 
 
C. Materials                                                                                                  
 
   To verify the algorithm, we use the digital phantom 
(shepp-logan phantom) to simulate the projection data and 

reconstruct them by the FBP and the ML algorithm [4, 
5].Then the defrise phantom (shown in Fig.2), human tooth 
sample and mice bone sample were imaged using our 
Micro-CT. The in-house designed micro-CT includes 
X-ray-tube、GOS-CMOS detector(1024 ×512 array)、
rotation stage and computer system. The reconstructed 
image size can be 512 × 512 、256×256 or 128 ×128, 
FOV is about 2 × 2 (cm2).The micro-CT system setting is 
shown in Fig.3.The real system is shown in Fig.4. 

 
Fig.2. The defrise phantom 
 

source

Rotation stage

Detector array

Specimen or phantom

source

Rotation stage

Detector array

Specimen or phantom

 
Fig. 3. The relative position of source, specimen, rotation stage 
and detector. 
 

 
Fig.4. The micro-CT system setting 
 

III. RESULTS 
 

The defrise phantom image shown in Fig.5 is used to 
test the T-FDK algorithm. From the results of the coronal 
images reconstructed by the two algorithms, there is almost 
no difference between them. However, the profile of the 
coronal view shown in Fig.6 reveals that the result of 
tent-FDK algorithm has more uniform in region of every 
high density layer. 
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(a)                      (b) 
 
Fig.5. (a)The coronal view of defrise phantom image 
reconstructed by the FBP.(b) The coronal view of defrise 
phantom image reconstructed by the T-FDK. 
 
     

 
    (a) 

 
 
    (b) 
 
Fig.6. (a) The profile of the coronal image reconstructed by the 
FBP algorithm. (b) The profile of the coronal image reconstructed 
by the T-FDK algorithm. 
 

For verifying the TML algorithm based on parallel beam 
assumption, the 2D Shepp-logan digital phantom was used. 
We generated 120 projections by radon transform and 
reconstructed it by FBP and TML algorithm for 
comparison. Fig.7(a) shows the FBP reconstruction of the 
Shepp-logan phantom, it can be seen that there are clear 
streak artifacts. Fig.7(b) shows the image reconstructed by 
the TML algorithm. Although the contrast is not better 
than Fig.7(a), the streak artifacts has been reduced. 

        
 
 
 
 
 
 
 
 

(a)                   (b) 
 
Fig.7.(a)FBP reconstruction for Shepp-logan phantom 120 
projections.(b) TML reconstructed image. The iteration 
number is 50. 
 

            
 
 
 
 
 
 
 
 

(a) (b) 
Fig.8.(a)Human tooth sample reconstructed by the T-FDK 
algorithm. (b)TML reconstructed image. The iteration number 
is 30. 

(a)                    (b) 
 
Fig.9.(a)Mice bone sample reconstructed by the T-FDK 
algorithm. (b)TML reconstructed image. The iteration 
number is 40. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.10. 3D image of the mice bone marrow cavity was 
reconstructed by surface rendering. 
 

The human tooth sample and the mice bone sample were 
imaged by the in-house designed micro-CT. They were all 
obtained with 400 projections and reconstructed by the two 
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kinds of algorithms. For conforming to the assumption of 
the TML algorithm, the projection data were rebinned to 
the parallel geometry in a virtual plane first. Figures8 、9 
show the results of the real data reconstructed by these two 
algorithms, tent-FDK and TML algorithm. From the results, 
the streak artifacts are reduced by the TML algorithm. In 
Fig.9(a), the ring artifacts which are produced by 
non-uniform detector response are also reduced by the 
TML algorithm shown in Fig.9(b). Fig.10 shows the 3D 
image of the bone marrow cavity reconstructed by surface 
rendering, the inside honeycomb structure can been seen. 
 

IV. DISCUSSION 
 

From the results of the defrise phantom experiments, it 
seems that there’s no difference between the two 
reconstructed images due to the small cone-angle which is 
2.5∘. From the profile in the tent-FDK of the coronal 
view, the effect of rebinned step emerged that regions of 
every high density layer is smooth and uniform. The 
overall behaviour of the result of the tent-FDK method is 
smoother and the rebinned step is efficacious [4].Our 
results has the consistent outcome. The digital phantom 
(shepp-logan phantom) is used to verify the TML 
algorithm. The TML algorithm is based on parallel beam 
geometry. Although the cone-beam micro-CT data is not a 
parallel beam data set, it is rebinned and conformed to the 
assumption. We implement the TML algorithm on the 
simulation data produced from the digital phantom first. 
Images from the simulation are shown in Fig.7. There is 
distinct streak artifact in the image of Fig.7 (a) but not in 
the image of Fig.7 (b).In a paper[5], the edge of details of 
the simulated data was clearer by using the ML algorithm. 
In our simulation, the images reconstructed by the TML 
algorithm are clearer and conform to the previous study. 
Besides, the pixel value in Fig.7 (b) is proportional to the 
attenuation coefficient and there is no negative value. We 
use the same algorithm on the human tooth sample and 
mice bone sample. The streak artifacts are also reduced by 
the algorithm in Fig.8 (b) and Fig.9 (b). Micro-CT is 
usually used to evaluate the biopsies of bone. In a study, 
the 3D display helps to see the bone structure [7]. The 
bone marrow cavity can be reconstructed by surface 
rendering with suitable threshold choice.  

In the TML algorithm, when to stop the iteration is an 
issue problem of the method. We adopt the RMSD (root 
mean square difference) to determine to iteration number. 
The RMSD is expressed as 
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+             (8) 

The RMSD of every iteration for the mice bone is shown 
in Fig.11. It is decreasing until iteration  number 40. 
 
 
 

 
 
 
Fig.11. The RMSDs of u reconstructed by the TML algorithm for 

the mice bone. 
 

V. CONCLUSION AND FUTURE WORK 
   

T-FDK algorithm is a useful method to reconstruct 
the 3D cone-beam CT images. Iterative reconstruction 
method is developed to become useful algorithm for 
reconstructing transmission images. The TML algorithm 
can improve the low dose micro-CT image quality. In the 
future, we will speed up the algorithm and develop an EM 
method to solve the ML estimation problem. The image 
quality of different reconstructed algorithms will be 
analyzed quantitatively. 
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Abstract --- We describe here a cluster type reconstruction for 
microCT and nanoCT scanners, using a few dedicated fast PC’s.   
The aim is to speed up reconstruction to cope with the ever-
increasing data size  of our scanners.  The goal is achieved in 
two folds:  firstly, divide a reconstruction task among fast PC’s;  
secondly,  optimize reconstruction process itself  by making use 
of full capacity of the PC’s and by optimizing reconstruction 
algorithm in various ways.  The algorithm of choice is 
straightforward Feldkamp cone-beam reconstruction. 
Preliminary results show approximately 4N times  increase in 
speed (N: number of PC,  tested up to N=5. The factor 4 is 
gained by algorithm optimization)  increase in speed.  
 
Key words:  microCT, nanoCT,  cone-beam, cluster 
reconstruction, optimization 

 
 

I INTRODUCTION 
 
     Micro computerized tomography (microCT/nanoCT)  
technique  is being used in an increasing  range of 
applications such as biomedical, geology and material 
research (see our website [1] for examples of these 
application fields). Driven by these applications, the 
resolution of  microCT scanners is  being improved 
dramatically, which  inevitably leads to fast increase in data 
sizes.  In many cases the long reconstruction time becomes a 
limiting factor to make full advantage of available hardware.  
This motivates us to develop a cluster type reconstruction to 
speed up reconstruction.  Since the reconstruction problem 
does not scale up linearly, datasets with different format  
require different  optimization methods.  
  
    The reconstruction program described here serve several 
commercially available microCT/nanoCT scanners: SkyScan 
1076-in_vivo microCT for small animal imaging,  SkyScan 
1172/1072 high resolution general purpose microCT,  
SkyScan 1074 portable scanner, SkyScan 1078 ultrafast 
microCT with a scanning/reconstruction cycle less than a 
minute, and SkyScan 2011 nanoCT instrument.  Table I 
shows  more details of these scanners.   All scanners have a 
cone-beam geometry with a circular orbit.  The 1076 and 
1172/1072 scanners  can do spiral scan as well (reconstructed 
by another program).   Two types of circular-orbit 
configuration are used:  rotating stage with fixed source-
detector pair for in-vitro scanners, and rotating  gantry with 
fixed animal bed for in-vivo scanners.  All  scanners can be 
operated in either short-scan (180+ degrees) or  full-scan 
(360 degrees) mode.  The in-vivo scanner 1076 allows for 
multi-bed scans to increase the axial FOV.  Most scanners 

can  
shift detector during acquisition to double transaxial FOV.    
As shown in table I,   projections from these scanners range 
from 512x512 (binning during acquisition) to 8Kx2K 
(detector shift during acquisition).   As determined by 
Shannon’s law,  more projection views would be needed as 
well for finer pixel sizes to obtain the potential high 
resolution.  
    We use Feldkamp cone-beam reconstruction [2]  for all 
scanners. Due to the large data format, iterative algorithms 
are for the time being out of consideration.   In case of short-
scan, the Parker’s filter [3] is used to correct for data 
redundancy.   Despite the cone-angle (3  - 20 degrees in axial 
direction) in use and measurement noise, this algorithm still 
yields fairly good images.   For image examples, we refer you 
to [1].  

TABEL I 
SCANNER MODELS 

 
Scanner Geometry Detector Pixel 

size 
FOV 
(mm) 

SkyScan-
1172a 

Rotating 
stage 

4000x2300 
1280x1024 

<0.9µm 
<1.6µm 

35/68 
 20/37 

SkyScan-
1076 a 

Rotating 
gantry 

4000x2300 9/18/35 
µm 

35 / 
68 

SkyScan-
2011 

Rotating 
stage 

1280x1024 120-
150nm 

11 

SkyScan-
1078 

Rotating 
gantry 

1280x1024 47/94 
µm 

48 

SkyScan-
1074 

Rotating 
stage 

768x576 40/22 
µm 

30/16 

 
a   The scanner models 1172 and 1076 may roughly double the 
transaxial field of vew by shifting  the detector.  To speed up 
acquisition, pixels can be binned to reduce the image size.  These 
two techniques introduce a large variation in projection volume:  
5123 – 1Kx 8Kx2K, with resulting image volume of 5123 – 2Kx 
8Kx8K .  
     Data pre-processing includes detector flat-field correction, 
smoothing or filtering, ring artifacts correction and beam-
hardening correction.  The  flat-field correction is done 
during acquisition. To reduce ring artifacts caused by 
inhomogeneous detector response, small random movement 
of the detector has been introduced and further correction 
with median filter can be applied during reconstruction.   For 
beam-hardening effects, a set of hardware filters made of 
aluminum or copper can be used during acquisition to reduce 
this effect.  In the software, the linear model described in [4] 
is used.  Due to the large variety of scanning objects, user 
interaction is however often required to adjust beam-
hardening correction level.   For scanners with rotating-stage 
geometry,  source-detector and rotation center may be 
misaligned.  This is also corrected during pre-processing.  

Cluster reconstruction strategies for microCT/nanoCT scanners 
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II    SCANNING GEOMETRY AND DATA 
 

A..  Scanning geometry   
     As shown in table 1,  we have several scanner models. 
Among them, the new generation 1172-high-resolution 
model has the most flexible geometry and the largest data 
format, which imposes the highest request for reconstruction.  
To simplify description, we generalize all scanners to a 
circular-orbit cone-beam geometry as shown in fig. 1, using 
1172 scanner as a typical instance. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Generalized scanner geometry:  the X-ray source located at S and the 
detector centered at O’ form a rigid body which rotate on a circular orbit 
around point O, the center of FOV.  The field-of-view, in which the scanning 
object should locate, is centered at point O in a x-y-z coordinate system.  In 
case of rotating-stage geometry, it is the object which rotates around z-axis at 
point O, while the source-detector pair remains stationary.  
 
    The SkyScan-1172 has a rotating-stage geometry.   
Contrary to most scanners of this kind, it has a novel 
architecture in which both the sample stage (centered at O as 
shown in fig. 1) and the detector are movable along line SO’.  
This architecture allows favorable optimization among 
resolution,  FOV size and scanning speed.   The maximum 
source-detector distance (SO’) is 340 mm, while the sample 
stage can move  freely between the source and the detector.  
The largest detector by this scanner uses a 10-megapixel 
(4000x2300 ) 12-bit cooled digital CCD camera which is 
coupled by optical fibers to scintillators. If working in the 
detector-shift mode,  the detector area can be doubled. Table 
II summarizes the system geometry for SkyScan 1172 
scanner.  
 

TABEL II 
DETAILED SYSTEM GEOMETRY OF SKYSCAN 1172 

focal length (SO) 16 – 190mm 
Max.projection image format 8000 x 2300 pixels 

cone angle (horizontal) 10 – 36 degrees 
cone angle (vertical) 5– 9 degrees 

Transaxial FOV (diameter) 6 – 70 mm 
 

B.  Data acquisition   
    All scanners operate in a step-and-shoot mode.  According 
to the application needs, a few parameters can be adjusted 
freely:  the rotation step which is often coupled to the image 
size chosen; the exposure time per frame and the number of 
frames to average per angular position; with or without 
hardware filter to reduce beam-hardening effects; x-ray 
source voltage etc..  In addition to these, the 1172 scanners 
can also adjust the detector and scanning stage positions.  
     Though it is out of the scope of this article, it is worthy of 
mentioning that studies still need to be done to optimize these 
parameters in function of scanning time and reconstruction 
time, the latter being the major limiting factor in throughput 
if large data format is used.  Table III. gives you an idea of 
the typical scanning times.  
 

TABEL III 
TYPICAL SCANNING TIMES ON SKYSCAN 1172 

 
Cross-section  

Matrix (pixels)  
Rotation step  

(deg.) 
Scan time  
(minutes) 

1Kx1K 0.6 – 0.9 5 - 15 
2Kx2K 0.3 – 0.6 20 – 60 
4Kx4K 0.2 – 0.3 90 - 250 
8Kx8K   0.2 180 - 500 

 

III    RECONSTRUCTION  

A.  Algorithm  of choice:  Feldkamp algorithm  
    Although the scanning geometry depicted in fig. 1   does 
not satisfy Tuy’s condition for exact reconstruction, good 
image quality can be still obtained by the Feldkamp’s [2] 
algorithm, which is simple, robust and efficient.    
    As well known, the back-projection step in the algorithm 
takes most of the computation time. The usual ray-tracing 
method becomes impractical due to the large data format and 
the cone-beam geometry:  the whole image volume would 
require roughly from 500 MB to 512 GB memory and it 
would be extremely inefficient to traverse across the cross-
sections.   Therefore the back-projection is done by voxel-
driven method.  
 In the voxel-driven backprojection,  the major computation 
process is to find the (u,v) coordinates of the impacting point 
(P’(u,v) on the detector surface) of the X-ray passing through 
a point P(x,y,z)  in the object space,   as depicted in figure 1.  
Let’s consider a fixed source-detector position θ and a certain 
projection line S-P-P’,  and denote the (u,v) coordinates as 
U(θ, x,y,z) and V(θ,x,y,z). To simplify things, we can shift 
the detector plane so that point O’ and O coincides and we 
can denote the source-detector distance (which equals to the 
focal length now) as D.  The following can be easily 
obtained: 
 U(θ, x,y,z)  =  (ycosθ - xsinθ ) / [ 1 + ( ysinθ + xcosθ ) / 
D] 

O 

 
circular orbit 

   u 
    v 

  x 

  z 

P(x,y,z) 
  O’ 

    P’(u,v) 

      X-ray source     Detector 

  θ 

   S 

    y 
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   V(θ,x,y,z)    =  z   / [ 1 +  ( y sinθ + x cosθ ) / D] 
Note that U(θ, x,y,z)  is independent of z-coordinate.  
    So far, three voxel-driven backprojection strategies have 
been implemented:  

1) Reconstruct per slice, holding both image and 
projections in memory. This is fast but it is only 
possible when the volume to be reconstructed is 
small enough to fit into the available memory. This 
strategy is mostly  used in “preview” mode, while 
trial reconstruction is performed to adjust 
reconstruction parameters.  

2) Reconstruct per slice,  holding projections needed  
in memory.   This strategy does not take the 
advantage of  the z-independence of  U(θ, x,y,z).  If 
the full projection volume is too large, the 
reconstruction is divided accordingly.  However, 
this strategy will fail if the volume of projection 
needed for 1 cross-section exceeds the available 
memory.     

3)  Reconstruct per angle, holding cross-sections in 
memory and keeping the needed projection data on 
extended memory (hard disk).   This way we can 
make use of the fact that U(θ, x,y,z)  is independent 
of z-coordinate: for each  angle θ,  U(θ, x,y,z)   and  
V(θ,x,y,z)   are pre-computed and then used  to 
reconstruct all cross-sections in memory.  If the full 
cross-section volume is too large,  it is divided 
accordingly.   Although the hard disk is used as 
extended memory,  we still notice about 25% speed 
increase in general.   This method works as long as 
the memory is big enough to hold 2 cross-section  
images and there is enough disk space to hold the 
temporary projection data.  It is therefore preferred 
than the reconstruct-per-slice method. This is the 
method currently in use.  

 
B.  Cluster reconstruction: architecture 
 
   Our cluster reconstruction consists of 2 programs: the user-
interface (UI) program and the reconstruction program.  Both 
programs run under windows. The two programs 
communicate with each other using a client-server model.  It 
is designed to run on a few  dedicated PC’s connected by fast 
network.  Figure 2 shows our network configuration as a 
typical situation: 4 identical reconstruction nodes (dual Intel-
Xeon 3.4 GHZ processors, 800MHZ FSB, 2 GB dual-channel 
RAM)  connected to a gigabit(10/100/1000) network, to 
which a host computer (dual Intel-Xeon 2.8 GHZ processors, 
533 MHz FSB, 1 GB RAM )  is also connected.  As a matter 
of fact, the cluster reconstruction can be also run on one and 
the same computer, or on any other suitable PCs on the 
network if delays due to network are acceptable.    Data are 
exchanged via shared data drive through the network. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2  An example of  cluster computer configuration:  one host PC and 4 
reconstruction nodes are connected together in a sub-network.   The host PC 
hosts the user-interface (UI) program and the data. The reconstruction 
programs run on the 4 identical computers.   
 
C.  Cluster reconstruction:  distribution and optimization 

The reconstruction is designed for use interactively. One of 
the concern is that the reconstruction task should be divided 
such that all PC’s will finish a certain task simultaneously, so 
that no PC will lag behind.  Dividing the task into many small 
pieces and distributing them whenever a PC is available 
seems to be a logical solution at first sight, but it is not 
efficient due to the cone geometry (convolution may take a 
very significant part of the reconstruction time at off-centered 
slices).  Instead, we choose to divide the reconstruction task 
only once, taking the computing power of the PC’s into 
account. 

     An obvious way is to divide the number of  cross-sections  
accordingly.  This method works rather well for data format 
not larger than 2000x2000.  For larger dataset, certainly those 
of 8000x8000, we have observed severe    reconstruction 
speed variation across axial positions.  This is largely due to 
the inclined angle at off-centered slices. To incorporate this 
effect and other options in the software (possiblity to 
reconstruct only part of the full volume), convolution and 
backprojection speeds are recorded automatically per PC and 
this information is then used to compute estimated 
reconstruction time for a given task on a given PC.   The nice 
thing of this method is that it takes into account not only the 
cone geometry but also the computing power of the 
individual PC.  This division method has been implemented 
and is being in use.  It works sufficiently well for most 
situations.  
 The major optimization in implementation has been  done 
so far is the different strategies in backprojection, as 

 
Host PC 

  UI program  
 +  data 

 

Gigabit network switch (10/100/1000)   

 Node PC   Node PC   Node PC   Node PC  
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described in section III.   Further improvement in speed can 
be expected by fine-tuning of the reconstruction, taking the 
computer processor architecture into account.   
     Table IV  shows a few example of the reconstruction 
speed in function of data size and the axial position of the 
cross-sections.  
 
 

TABEL IV 
RECONSTRUCTION TIMES FOR DIFFERENT DATA SIZES 

Data matrix  Recon.Time 
 Per slice, per PC 

    Recon.Time 
     On  4 PC’s 
   (full volume) 

207 of 1Kx1K-> 
1K x 1Kx1K 

1 s 4m 20s 

311 of 2000x2000-> 
1942 x 2000x2000 

4.9 s 42 m 

952 of 4Kx2K-> 
2Kx4Kx4K 

1 m 
 

~ 10 hours* 
 

978 of  8Kx2K-> 
2Kx8Kx8K 

9 m     
  

~ 3 days* 

 
  * Extrapolated based on reconstruction of  the central 100 slices 
using 4 PC’s .  
 

IV    CONCLUSIONS AND DISCUSSIONS  
  We have developed a cluster type reconstruction program 
for microCT and nanaoCT data ranging from 512x512x512 
to 2Kx8Kx8K.   The preliminary results show that it is  
practical to have reconstructions up to 2Kx4Kx4K.   
2Kx8Kx8K reconstruction still requires days which is less 
practical,  but it is possible.  
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Three-dimensional Focus of Attention for Iterative
Cone-Beam Micro-CT Reconstruction

Thomas M. Bensonand Jens Gregor

Abstract— Three-dimensional iterative reconstruction of high-
resolution CT data poses significant implementation difficulties
due to the associated computation and storage burdens. In
this paper we present a data-driven preprocessing technique
called focus of attention that heuristically separates the image
and projection domains into object and background before
reconstruction. Significant savings are then achieved in terms
of reconstruction time and required memory by removing the
background regions from computational consideration and fo-
cusing entirely on the object regions. We present the results of
using this technique for a three-dimensional reconstruction of
real data acquired from a micro-CT scanner.

I. I NTRODUCTION

When applied to small animal imaging and other high-
resolution applications, three-dimensional iterative reconstruc-
tion poses significant implementation difficulties due to the
extensive computational burden. We recently demonstrated
the advantages of utilizing distributed computing techniques
as well as ordered subsets to reduce the total reconstruction
time [1], [2]. Additionally, we have presented a data-driven
focus of attention (FOA) scheme that reduces the amount
of projection and image data to be considered during recon-
struction [1], [3]. The approach in the previous work is to
extract a computational region of interest in the form of a
cylinder with a convex cross-section that is large enough to
enclose the entire object being imaged. We shall henceforth
refer to this approach, which is relatively simple to implement
since it disregards the axial variations of the object, as 2D
extended FOA. In this paper, we present an algorithm for true
3D FOA. We show that the resulting computational region of
interest is much smaller and that this translates into substantial
computational savings. We present experimental results based
on mouse data acquired with a MicroCAT II (CTI-Concorde
Microsystems, Knoxville, TN), which is a circular orbit cone-
beam micro-CT system for small animal imaging [4].

II. I TERATIVE RECONSTRUCTION

The typical goal of an iterative reconstruction is to find an
approximate solution to the linear system

Aµ = p (1)

where aij represents the contribution of thejth voxel to
the attenuation of theith projection ray,µj represents the

Dept. of Computer Science, University of Tennessee, Knoxville, Tennessee
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This work was supported by the NIH under grant number 1 R01 EB00789.
The computer equipment was acquired as part of SInRG, a University of
Tennessee grid infrastructure supported by the NSF under grant number EIA–
9972889.

attenuation coefficient of thejth voxel, andpi represents the
log-normalized recording for theith projection ray. Many
of the algorithms used for iterative reconstruction can be
compactly expressed using forward and backprojections of
the system matrix, orAµ and AT p, respectively. The work
presented here is based on an ordered subsets version of
Simultaneous Iterative Reconstruction Technique (SIRT) [5],
[6] which is given by

µ
(k+1)
j = µ

(k)
j +

∑

i

[

aij
pi−ai·µ

(k)
P

j
aij

]

∑

i aij

(2)

whereaij , µj , andpi are as before. This algorithm can also
be written using the aforementioned projectors as

µ(k+1) = µ(k) + {AT [(p − Aµ(k)) � r]} � c (3)

where r and c are row and column sums ofA, i.e., ri =
∑

j aij andcj =
∑

i aij , respectively, and� denotes element-
wise division.

The computational cost of SIRT, as well as most other
iterative algorithms, is proportional to two times the number
of non-zero system matrix elements. Since the system ma-
trix can be incredibly large, parallel computing is warranted
in order to achieve reasonable computing times for high-
resolution reconstructions. This, however, does not solvethe
problem entirely. The memory requirements associated with
an iterative algorithm are tremendous even when computing
the system matrix on-the-fly. Consider, for example, the task
of reconstructing a512 × 512 × 1022 image. Using single-
precision floating-point arithmetic, close to1 GB of memory
is required to store a single copy of the image. For SIRT,
two additional image sized data structures are needed, namely,
one for the backprojection computed update values and one
for the normalization values corresponding to the column
sums. Memory is, of course, also required for storage of the
projection data as well as for communicating intermediate
results between nodes. All in all, over3 GB of memory is
required per node when reconstructing the aforementioned
image size using360 projections of dimension512 × 1022.

In addition to imposing memory constraints, the large image
data structures increase reconstruction time due to interproces-
sor communications. As mentioned above, we have previously
described a reconstruction framework based on distributed
computing and ordered subsets. As part of this work, we
demonstrated that the increase in interprocessor communica-
tions associated with ordered subsets becomes a significant
portion of a parallel reconstruction. Fortunately, most images
contain many voxels that represent nothing but uninteresting
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background. Identifying and discarding these voxels prior
to reconstruction has several advantages. The system matrix
effectively contains fewer non-zero elements thus making the
forward and backprojections compute proportionally faster.
Furthermore, the background voxels need neither be stored nor
communicated, yielding critical memory and communications
savings.

III. F OCUS OFATTENTION

Focus of attention (FOA) is a heuristic, data-driven pre-
processing technique that reduces the amount of projection
and image data considered during reconstruction. The idea
can be stated as segmenting both data spaces into object and
background in order to subsequently allow all computational
resources to be concentrated on the latter. The original FOA
algorithm, which was developed first for 2D PET and then
adapted for projection based 3D MRI, was based on the
theory of support functions and involved solving a quadratic
programming problem [7], [8]. For 3D cone-beam micro-
CT, we later found that the divergent nature of the sampling
geometry called for a slightly different approach [3]. Herewe
take that approach one step further.

We proceed with an intuitive introduction of 3D FOA and
then present our algorithm. Imagine a set of shadowgrams
acquired by shining a light at an object from multiple direc-
tions. Backprojecting these shadowgrams would yield a region
enveloping the original object. Basically, we aim to implement
this backprojection process, threshold the enveloping region,
and form a 3D FOA region mask from the result. We present
our algorithm in Algorithm 1 and address the details in the
remainder of this section.

Algorithm 1 Calculation of a 3D FOA region.
1: for all projectionsp do
2: segmentp into object and background
3: apply median filter top
4: apply dilation filter top

5: for all voxelsv do
6: projectv to detector plane
7: if v projects to object detector pixelthen
8: increment counter forv
9: end if

10: end for
11: end for
12: for all voxelsv do
13: if counter forv exceeds thresholdt then
14: addv to object
15: else
16: addv to background
17: end if
18: end for
19: extract FOA region from object

The first issue to address in the algorithm is the segmen-
tation of the projection data into object and background. We
perform the segmentation by comparing the non-normalized
projection data value for a given detector pixel against the

non-normalized blank scan recording for the same pixel. If
the detector recording is less than the blank scan recording
by a certain amount, presumably due to attenuation, then the
detector pixel is considered to represent object data. For this
work, we define detector object pixels to be those for which
the projection data value is less than98% of the corresponding
blank scan value. With real data sets, the segmentation result-
ing from this process will likely be noisy in the sense that some
pixels will be included in the object that should not be and vice
versa. Thus, we employ two standard image processing tech-
niques, namely, median filtering and dilation [9], to improve
the segmentation. The3× 3 median filter reduces the salt and
pepper noise resulting from the initial segmentation. Also, we
do not want the FOA region to be too tight around the object
as that may affect reconstruction quality, especially if part of
the object is mistakenly labeled as background. Therefore,we
perform a dilation on the thresholded projection using a9× 9
structuring element to fill holes and expand the FOA region.
Finally, we determine the first and last detector object pixel
indices in each column and label all pixels in between as
object pixels. This serves to fill any holes that may exist in
the columns and completes the segmentation of the projection
data for a single projection.

Next, we calculate the FOA region in the image space. To
do this, we project each voxel to the detector plane by forming
the line connecting the X-ray source and the voxel center
and calculating the intersection of this line with the detector
plane. If the detector plane intersection occurs within an object
detector pixel, then we increment a counter corresponding
to the voxel. For purposes of faster implementation, and to
prevent holes in the columns of voxels, we determine the
first and last voxel indices in a given column that project to
object detector pixels and increment the counters for all voxels
between them. We perform this process for each projection,
thus yielding a total count of the number of projections for
which each voxel is considered to be in the object. By choosing
a threshold value, we then segment the image space into
object and background. For the work presented here we use
a threshold value corresponding to90% of the projections,
which is quite conservative. Figure 1 depicts several stepsof
the FOA algorithm for a single transaxial slice of the 3D FOA
region.

We parallelize the FOA algorithm by distributing the pro-
jections to the available reconstruction nodes. The algorithm
implementation is also multi-threaded such that the projec-
tions assigned to a given reconstruction node are further
distributed to each processor available locally. After each
node has completed its projections, we perform interprocessor
communications to compute the final counter values for each
voxel and to distribute the projection space FOA regions to
all nodes. Finally, we continue with step 12 on each node to
complete the algorithm.

IV. RESULTS AND CONCLUSIONS

We have reconstructed a 3D image of a mouse using data
from a MicroCAT II scanner that was configured to have a
coneangle of approximately 18 degrees. The mouse received
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Fig. 1. Steps of the FOA algorithm for a single transaxial slice of the 3D
FOA region. The top left and right images are the result of backprojecting
one and two projections, respectively, while the bottom left image is the result
of backprojecting all 360 projections. The bottom right image is the final
thresholded mask.

an intraperitoneal injection of a water-soluble iodinatedcon-
trast agent prior to being scanned. Data was acquired for
360 projections spaced one degree apart. Each projection was
downsampled from2048 × 4088 to 512 × 1022. The image
volume was accordingly set to512 × 512 × 1022 with each
voxel corresponding to130 µm in all three dimensions. We
perform five iterations of the SIRT algorithm with48 subsets.
The system model was based on trilinear interpolation in the
image space, cf. [10].

The computing environment consists of a Linux cluster
of sixteen dual AMD 240 1.4 GHz Opteron machines with
2GB of RAM per node and a Myrinet interconnect. The
reconstruction framework is multi-threaded and uses Message
Passing Interface (MPI) to facilitate communication between
nodes.

Without applying a FOA technique, we would have to
store attenuation coefficients for over267 million voxels per
image. Since our current computing environment does not have
enough memory per node to support such a reconstruction, we
cannot compare the FOA and non-FOA reconstruction timings.
However, we can compare the 2D extended FOA and the true
3D FOA run-times.

When using the 2D extended FOA approach, approximately
161 million voxels (60% of the total) were identified as
belonging to the background. The reconstruction subsequently
took 2 hours and19 minutes and used approximately1.7 GB
of memory per node. Using the true 3D FOA approach
described above, approximately201 million voxels (75% of
the total) were identified as background voxels. In this case,
the reconstruction time was reduced to1 hour and33 minutes
and memory usage was1.2 GB per node. Less than two

minutes of this total were devoted to computing the FOA
region.

The final reconstruction time for the 3D FOA technique is
approximately33% less than that of the 2D extended FOA
method. The additional40 million background voxels identi-
fied by the 3D FOA region correspond to a37% reduction
in object voxels over the 2D extended FOA region. This
37% smaller image data set translates nearly linearly to the
MPI communication savings, which are36% lower for the
3D FOA method. In addition, the computational savings in
the system model calculations and projectors is approximately
31% compared to the 2D extended FOA method. These
savings together yield the approximately33% reduction in
total reconstruction time. Figure 2 presents several slices of
the final reconstruction.

V. CONCLUDING REMARKS

We have presented a technique that can be used to sig-
nificantly reduce the computational burden associated with
high-resolution cone-beam CT reconstructions. Since focus
of attention is data-driven, the extent of the savings depends
upon the size and shape of the object being scanned. Many
objects of interest are significantly smaller than the entire voxel
space and will thus have a considerable number of background
voxels. Furthermore, there are several parameters that canbe
manipulated to affect the size of the FOA region, including the
threshold levels in the projection and image spaces as well as
the median and dilation filter sizes. While we did not notice
any loss in the quality of the reconstructions, further study
is warranted to analyze the quantitative impact of focus of
attention.
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Fig. 2. Mouse reconstructions: Coronal slice 265 (top), sagittal slice 220 (center), transaxial slices 340 (bottom left) and 640 (bottom right). The full
reconstruction volume is512 × 512 × 1022 voxels. The images are thresholded to improve contrast.
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Abstract—Faster scintillators like LaBr and LSO have  

sparked renewed interest in PET scanners with time-of-flight 
information. The time-of-flight information adds another 
dimension to the dataset compared to conventional 3D PET. 
Because storing the data in histoprojections (sinogram with TOF 
information as an extra dimension) increases the memory 
requirements significantly, listmode data storage and listmode 
reconstruction become advantageous. Here we show by 
simulations and analytical reconstruction that angular sampling 
can be reduced significantly compared to  what is required for 
conventional PET. Even quite coarse angular mashing does not 
reduce image quality. This principle can also be extended to the 
axial direction. By using the time-of-flight information, rebinning 
the 3D data into 2D data becomes more accurate compared to 
conventional PET.  The advantages of the proposed methods are 
threefold. Data storage is reduced compared to a sinogram with 
Time Of Flight information. Compared to listmode format we 
have the advantage of a predetermined storage space and faster 
reconstruction. Data are compressed from 3D to 2D which 
permits fast analytical or iterative reconstruction methods.  
 

Index Terms—TOF-PET,  3D-PET, reconstruction, rebinning 

I. INTRODUCTION 

PET systems with time-of-flight (TOF) information [1,2] were 
developed during the 1980’s. Due to the low stopping power 
and low light output of the detector material used in these 
systems (primarily BaF2), these systems could not compete 
with non-TOF based systems based on BGO crystals. Recently 
there has been an increased interest [3,4] in TOF-PET based 
on fast scintillators with a sufficiently high stopping power and 
high light output like LSO and LaBr. Different reconstruction 
methods were developed in the past for TOF-PET data. This 
work investigates the necessary angular sampling in transverse 
and axial directions for use with these methods.   

II. RECONSTRUCTION FOR TOF PET 

A. TOF kernels 
TOF PET acquisition can be described well with Gaussian 
kernels [5]. The acquired position information by lines of 
response (LORs)  detected along a certain direction follows a 
 

 
Stefaan Vandenberghe is with Philips Research ,Briarcliff, NY USA, 
stefaan.vandenberghe@philips.com. M. Daube-Witherspoon  
(daubew@bellatlantic.net)  and Joel Karp (joelkarp@mail.med.upenn.edu) 
are with PET instrumentation group Department of Radiology and 
RobertLewitt (Robert@mipg.upenn.edu) with MIPG, University of 
Pennsylvania 

3D Gaussian function with maximum at the source position 
and a full width at half maximum FWHMTOF  along the TOF 
direction. In  the two perpendicular directions it follows a 
Gaussian with a  FWHMRes 

B. Data formats 
In non-TOF based PET scanners data are usually binned on-
the-fly into 2D or 3D sinograms. These sinograms are then 
reconstructed using projection-based analytical or iterative 
reconstruction methods. TOF information adds an extra 
dimension to the data. To store binned data with TOF 
information would increase the size of the already large 
projection data for 3D PET scanners by a factor equal to the 
number of TOF bins.  For listmode storage the increase in 
datasize by adding the TOF information is more modest: it 
increases by nrevents x nrTOFbits. Listmode-based 
reconstruction is rather slow, however, because forward and 
backprojection is on an event by event basis. In TOF 
reconstruction histoprojections (also called preimages) are 
often used. These are projections with an extra dimension for 
the TOF difference.  When converting the TOF difference  to 
spatial coordinates one sees that they are similar to images 
rotated along the projection direction. These images are 
blurred in the projection direction with the TOF kernel 
(Gaussian with FWHMTOF) and with the resolution kernel 
(Gaussian with FWHMRES)  in the perpendicular direction.  An 
example of these histoprojections is given in Figure 1     

C. Reconstruction methods 
A number of  reconstruction methods [7,8,9] were developed 
for TOF-PET in the past. These methods can be classified into 
different groups.     
1. Most Likely Position (MLP) Reconstruction: given an LOR 
(direction) and a time difference one can calculate the point in 
image space with the highest probability of being the 
annihilation point. This is a very fast image reconstruction 
method using a low amount of memory. Each event is used to 
update the most likely point in image space with a 1. After the 
full data set is collected (and image space is completely 
updated) one can apply an inverse filter to obtain a 
reconstructed image. This method delivers noisy [6] images 
because the angular dependence of the probability distribution 
is not taken into account.  It is however a very fast and 
efficient method.  Even in the 80’s it was presented as a real 
time reconstruction method.  
2.Confidence weighted (CW) analytical reconstruction.  In this 
method one takes the probability density function (PDF) into 
account. Two different implementations are possible. In the 

Fast reconstruction of 3D TOF PET data by mashing into 
coarse angles and Most Likely Slice ReBinning 
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histoprojection based method data along close orientations is 
collected. For each event a histoprojection is updated with the 
PDF  (2D-Gaussian with TOF-FWHM and spatial resolution 
FWHM). After all events are collected, an inverse filter is 
applied, and the histoprojections are reprojected into image 
space. In the image space based method, the image space is 
updated for each event with the rotated PDF. after all events 
are collected, an image space inverse filter is applied. 
3.Iterative methods: due to the nature of the data most iterative 
methods start from listmode data. One does a Gaussian 
weighted (TOF direction) forward and backprojection, and 
uses an iterative algorithm (e.g. the ML-EM method).  After a 
few iterations  an appropriate reconstruction is obtained.  
 

Comparisons in the past have shown that iterative 
reconstruction leads to lower variance compared to CW  
analytical methods. MLP methods are worse than CW methods 
because of the increased noise.   The method proposed below 
groups listmode events with close angular orientations 
(transverse and axially) into histoprojections or preimages. 
This allows us to speed up reconstructions significantly 
because forward- and backprojections are per orientation 
instead of per event.   In this work a CW method is used: the 
inverse filter is applied on the histoprojections. In the next 
paragraph it is explained why angular sampling can be 
significantly reduced for TOF-PET.   

III. ANGULAR SAMPLING FOR 2D PET AND 2D TOF-PET 

     

A. Angular sampling 
For the majority of reconstruction algorithms,  image space 

is sampled by a certain number of voxels ξ in each direction.  
The size of each voxel (∆x) is mostly chosen well below the 
spatial resolution.  It is important to select enough angular 
samples in the projection data to be able to reconstruct the 
image. 

 
 Conventional 2D PET: For each point in the FOV (gray 

area with radius R in figure 2.a.) one wants to minimize the 
error due to angular sampling. The biggest error occurs at the 
edge of the FOV. If this error at the edge of the FOV is less 
than one pixel then data can be reconstructed correctly. If the 
number of pixels in x and y directions is equal to ξ then the 
angular sampling criterion is  (see figure2.a.) : ∆φ=atan(2/ξ) .  

 
2D TOF-PET: Assume we have a 2D PET system with 

FWHMTOF and we define g= R/ FWHMTOF where R is radius 
of the object. With TOF difference, the points can be placed 
closely to their original position in image space. Sufficient 
angular sampling is reached if in this step the error (due to 
discrete angles) is less than one pixel. In figure 2.b it is shown 
that   this can be achieved by sampling   with ∆φ ~ atan(2g/ξ). 
This can be intuitively understood by looking at the case when 
FWHMTOF  is equal to FWHMRes. In this case, the pdf is a 
symmetric gaussian and is independent of the angle of the 

LOR. All data can be collected in one histoprojection 
(preimage) and the same reconstruction will be produced as by  
using histoprojections for each angle.  

B. Simulation 
 
One slice of the MCAT phantom (256x256 matrix, 2 mm 
pixelsize) was used to generate simulated PET and TOF-PET 
data (300 ps FWHMTOF ~ 45 mm). The simulation was noise 
free to avoid effects of limited statistics. Analytical 
reconstruction was used: PET data were reconstructed with 
Filtered Backprojection (FBP) and TOF-PET  data with CW 
backprojection. A varying number of angles was used to 
reconstruct the data. Results are shown in Figure 3 a and b.  At 
least 45 angles are needed to obtain a good reconstruction 
from regular PET data (Figure 3.a.). It is clear that TOF-PET 
reconstructions can be retrieved from significantly fewer 
angles: 8 angles already gives a good reconstruction 
(Figure3.b).   

C. Mashing  
 

A ring PET scanner will however measure a large number of 
angles. The data size can be reduced by combining close 
angles. The same slice of the MCAT phantom was simulated 
to generate PET and TOF-PET data (300 ps  FWHMTOF ) for 
90 different angles. The same reconstruction method as before 
was used. Data from LORs with close orientations were 
mashed into a varying number of preimages. In the mashing 
process a coordinate transformation is performed (Figure 4.). 

The length 
2
t

cl
∆=  along the 3D LOR (oblique angle θ  

with the transverse plane) is projected onto the transverse 
plane and the resulting coordinate in that plane is θcos' ll = . 
The radial distance s  and the transverse angle φ  of the 2D 
LOR are the convential coordinates used in PET. When a 
limited number of histoprojections is chosen, one can calculate 
the equivalent radial distance 's  and  the equivalent length 
"l along the LOR of the Most Likely Position in the closest 

angular histoprojection nφ .    Similar methods were described 

earlier in [9]. The 2D part of Figure 5 illustrates how listmode 
events are organized in different histoprojections. Results are 
shown in Figure 6.  It is clear that good TOF-PET 
reconstructions can be retrieved from a limited number of 
angles.  

 

IV. REBINNING FOR 3D PET AND 3D TOF-PET 

 

A. Most Likely Slice ReBinning  
Different rebinning methods have been proposed in the past. 
The use of Single Slice ReBinning (SSRB) [10] provides 
accurate results for objects near the central axis and shows 
degrading resolution when going radially off-center. The 
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resolution loss is largest in the axial direction and tangential 
direction. Multi Slice ReBinning (MSRB) [11] spreads the 
coincidence over the different slices that the LOR crosses. 
Fourier REbinning (FORE) is a better approximation than  
SSRB and works well for scanners with a large axial 
acceptance angle. It is mentioned in the paper [12] that the 
algorithm finds a virtual  TOF estimate by using the Fourier 
transform of an oblique sinogram. This suggests that using the 
time-of-flight information will reduce the “rebinning error”. 
We use the TOF information (like first mentioned in [12] and 
recently in [13]) to assign the listmode event to the most-likely 
slice. Using the TOF information, we rebin the data to the 
most likely slice. Assume we have an LOR with endpoint 1 
(x1,y1,z1) and endpoint 2 (x2,y2,z2) and the TOF measurement 
was  ∆t = t2-t1.   
 
The Most Likely Slice is then given by: 
 

zML = (z1 + z2)
2

− c
∆t
2

(z2 − z1)
d

 

 
with c the speed of light and d (the length of the LOR) equal to   
 

d = (x2 − x1)
2 + (y2 − y1)

2 + (z2 − z1)
2  

 
The second term of zML  adds a TOF based correction to the 

SSRB method (which is first term only). It is interesting to 
calculate the maximum error (misplacement in wrong slice) 
due to the rebinning method.  If the axial angle of the LOR is  
θ and the spatial TOF uncertainty is  FWHMTOF , the slice 
misplacement has a distribution with FWHMslice = sin θ  x 
FWHMTOF : eg. the error for the most oblique LOR in a system 
with 15 degree axial maximum angle and  300 ps FWHMTOF  
is 12 mm.  For less oblique LORs the error is smaller. 

B. Simulation  
Two pointgrids were simulated for a 3D TOF-PET system 

(5 mm spatial FWHM and 424 ps FWHMTOF ) with a maximal 
axial angle of 15 degrees. The center of the scanner is at 
(x,y,z)=(0,0,0). In pointgrid 1 points were placed 5cm spaced 
from each other in the radial direction (x= 0, 5,10,15, 20 and 
25 mm) and 5 cm spaced in the axial direction (z= 0, 5 and 10 
cm). The radial distance between points is the same for 
pointgrid 2. In the axial direction the spacing is now 1 cm and 
there are 5 rows (z=0,1,2,3,4 cm). The data were obtained 
using the Gate Monte Carlo simulator which has accurate 
modeling of all interactions in the detector. Listmode data with 
detector pairs are converted to an LOR with endpoints 
(x1,y1,z1) and (x2,y2,z2) and  ∆t = t2-t1. Data were rebinned into 
histoprojections using the MLSRB method and the SSRB 
method. Coronal slices through the preimages are shown in 
Figure 7a. b. c. and d. In Figure 7a. we show the rebinned data 
of pointgrid 1 using MLSRB.  In Figure 7b. we show the same 
data using SSRB.  Here it is already clear that using the TOF 
information significantly reduces the blurring due to rebinning. 
Figure 7.c shows the rebinned data of pointgrid 2 using 

MLSRB. It is clear that the points can clearly be separated 
even in the histoprojections. Using the SSRB method (Fig 
7.d.) the radially off-center points can not be separated 
anymore.  

V. CONCLUSION 

It is shown that with TOF information, the angular sampling 
requirements are reduced. This allows us to mash the data in 
quite coarse angles. Using the TOF information to rebin the 
3D data to the most likely slice is shown to yield images with 
good axial resolution.  Both methods are useful to achieve fast 
reconstruction methods as forward and/or backprojection 
needs to be done for only a limited number of angles. 
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FIGURES 

 

Figure 1. : Histoprojections at different angles 

 

 
FIGURE 2.A.. 

 
FIGURE 2.B. 

FIGURE 2. ANGULAR SAMPLING FOR 2D PET (2.A) AND ANGULAR SAMPLING FOR 2D 
TOFPET (2.B) 

 

 

 

 

Figure 3.a. 

 

Figure 3.b. 

Figure 3. 2D PET reconstruction from a varying number of angles 
(3.a) and 2D TOF reconstruction from a varying number of angles 

(3.b) 
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Figure 4. Coordinate transformation used for mashing 2D TOF 
PET data 

 

Figure 5. Reconstruction with coarse angular sampling 

 

Figure 6. Angular mashing and reconstruction  for 2D TOF-PET 

 

 

Figure 7. Rebinning of 3D TOF-PET data with MLSRB and 
SSRB into histoprojections (a)pointgrid 1 rebinned with 

MLSRB. (b) pointgrid 1 rebinned with SSRB (c) pointgrid 2 
with MLSRB and (d) pointgrid 2 with SSRB  
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Strategy to Estimate Statistical Normalization
Parameters of 3D Panel PET Detector with DOI

Mu Chen, Christian Michel, Merence Sibomana, Vladimir Y. Panin, Jeih-San Liow, Ziad Burbar,
and Micheal E. Casey

Abstract— A statistical normalization technique was developed
for the CPS dual-layer HRRT scanner. A component based model
was proposed to include crystal sensitivity, geometric response,
and layer identification factors. A maximum likelihood based
approach was used to estimate these factors. Emission data were
acquired on the HRRT scanner with a rotating rod source in
listmode format to preserve counts information in each line
of response. A conjugate gradient algorithm was implemented
to obtain the maximum likelihood estimation of normalization
factors. These factors were then used to construct the normaliza-
tion sinogram array. Uniform phantom data were acquired and
reconstructed to compare the direct to the statistical normalization
technique. The results show that the statistical normalization
technique achieves better image noise levels than the direct
technique. The improved technique could be used to shorten the
acquisition time of the normalization. This paper presentsa new
strategy to estimate the components of the statistical normmodel.
The geometric component is measured once at factory and other
components (ε, β and γ) are measured from separate scans.

I. I NTRODUCTION

Normalization factors are corrections that compensate forthe
inherent non-uniformity of the PET detector pair efficiency.
These non-uniformities can be the result of systematic variation
in solid angle and distance between detector pairs, drift inelec-
tronics and PMT tube gains, and/or variations among crystal
responses. Inaccurate normalization can result in artifacts, poor
uniformity, and increased noise in the reconstructed images.
The traditional normalization technique for HRRT is a direct
method in which a known source of activity (a rotating rod)
is scanned, then correction factors are obtained as a ratio
between predicted and measured counts [1]. The accuracy of
this calibration technique is limited by the statistics of the
measured counts. For scanners with a large number of line of
response (LOR), to achieve acceptable statistical noise levels
at a low axial compression (span 3 for HRRT), a very large
number of counts, i.e. a very long scan (a few days), is required.
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Component-based method [2]–[5] was introduced to improve
the statistical accuracy of the normalization factors. This ap-
proach models LOR sensitivity as the product of the individual
coincident detector efficiencies, a geometrical factor which
accounts for the gamma ray incidence angle, and some other
factors. It reduces the number of degrees of freedom in the
normalization model so the number of counts required can be
reduced.

Traditionally, factors of the component-based normalization
are computed by averaging over multiple LORs. When the
model includes more complicated components such as scatter,
block pattern, and dead-time, the averaging method involves
more approximation and loses its accuracy.

Statistical estimation of normalization factors has been in-
vestigated [6]–[8] to estimate the complicated components
simultaneously with the iterative technique. Also by modeling
the statistical noise, it could further reduce the total scan time
to acquire the normalization.

In this work, we propose a model for the CPS HRRT dual-
layer scanner and test its performance. The proposed model
includes crystal sensitivity, geometric response, and layer iden-
tification factors. A maximum likelihood based approach was
used to estimate these factors. A conjugate gradient algorithm
was implemented to obtain the maximum likelihood estimation
of normalization factors. These factors were then used to
construct the normalization sinogram array. Uniform phantom
data were then acquired on HRRT and reconstructed to compare
the direct to the new normalization technique.

II. M ODEL AND METHODS

The CPS HRRT scanner has 8 panel detectors (Fig. 1). Each
detector consists two layers of 72�104 LSO-LYSO crystals.
The layer identification is implemented by the phoswich tech-
nique [9]. Each detector head is in coincidence with oppos-
ing 5 detector heads. The total possible number of LOR is
4,485,611,520.

Emission data were acquired for 50 hours in listmode format
with a rotating68Ge rod source. The listmode data then was
histogrammed for each LOR. Poisson noise was added to
the data to simulate a 10 hour normalization scan to test
performance at low statistics. Stored data of counts in each
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Detector Head

Rotating Rod

Fig. 1. Using rotating rod source for normalization acquisition for HRRT.

LOR were also sorted into sinogram format (i.e. parallel
projections using nearest-neighborhood rebin approximation) to
create direct normalization.

The mean of the true (prompt-delay) detected events is:
ȳ � Pnormx, wherePnorm is the normalization factor andx is
the projected source distribution. The scatter component was
ignored since we used a line source in air. The Poisson log
likelihood for normalization factors is:

L
�
ε �g� � � �� � N

∑
n�1

yn logȳn
�
ε �g� � � �� � ȳn

�
ε �g� � � �� (1)

where ε is crystal efficiency that describes the intrinsic effi-
ciency of the detector crystal, andg is geometric factor that
describes the variation due to the geometric position of the
detector pair.

For each of the four layer combinations (front-front, front-
back, back-front, and back-back), the ratio of the expectedmean
value of counts in LORi � j to the source distribution is:�

y
x	 p
q
i 
 j � 1

∑
p��0

1

∑
q� �0

gp�q� i j β�p� i εp� i β�q� j εq� j (2)

where,
�
p�q� denotes a layer-pair (0: back; 1: front);

�
i � j �

denotes a crystal-pair, and

β�p� i �  βpi � when p� � p�
1 � βpi�γp� i � when p� �� p

(3)

gpqi j is the geometric factor for LOR
�
p�q� i � j �. εpi is the crystal

efficiency for crystal
�
p� i�. βpi is the ratio of the total number

of counts of crystali in layer p being correctly identified as in
layer p, p � 0�1. γpi is the probability of the counts of crystal
i crosstalked to layerp being accepted in layerp. The reason
for γ not being one is that events identified in the wrong layer
may not fit in the energy window for that layer to be accepted
as valid events.

For example, the expression of Equation 2 for back-back

layer pairs LOR
�
0�0� i � j � is:�

y
x� i 
 j

0
0 � g00
i j �β0i ε0i � �β0 j ε0 j ��
g01
i j �β0i ε0i � ��1 � β1 j � γ0 j ε1 j ��
g10
i j ��1 � β1i � γ0i ε1i � �β0 j ε0 j ��
g11
i j ��1 � β1i � γ0i ε1i � ��1 � β1 j � γ0 j ε1 j �

x_pitch
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Fig. 2. Using symmetry to reduce the dimension of the geometric factor

Fig. 2 illustrates two panel detectors and the cylinder shell
formed by the rotating rod source. Due to the symmetric
property of the HRRT scanner, many LORs are geometrically
equivalent. This property can be used to reduce the dimension
of the geometric factor. We found the geometric factors asso-
ciated with those unique LORs are those with LORs started
from only one quadrant of detector one (see the shaded area of
Fig 2).

The maximum likelihood estimation is obtained with the
conjugate gradient algorithm [10]. Five iterations were used
with 3 sub-iterations of line search at each main iteration.After
each line search was completed, normalization factors were
truncated so thatβ �γ � �

0�1�, andε �g � 0.

III. R ESULTS AND DISCUSSIONS

A. Validation of the model

Normalization factors, including crystal efficiency (ε), layer
identification factor (β), and layer crosstalk acceptance factor
(γ), for back and front layers are displayed in Fig. 3. The means
of β for the front and back layers are 0.91 and 0.99. The
means ofγ for the front and back layers are 0.11 and 0.11,
respectively. Thus, overall only a few percent of events are
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Fig. 3. Normalization factors for each crystal. Left:ε, crystal efficiency; Center:β, layer identification factor; Right:γ, layer crosstalk acceptance factor. In
each figure, Top: back layer; Bottom: front layer.

identified and accepted in the wrong layer. However localized
effects are apparent and can be seen as vertical streaks inε and
β of each layer. Also sinceε and β are multiplicative factors
to each other most of the time, it is quite difficult to separate
them.

The normalized uniform cylinder sinograms using direct
method and the proposed statistical component-based method
with 10 and 50 hour norm acquisition are displayed in Fig. 4. In
both the 10 and 50 hour cases, the statistical method provides
less noise in normalized sinograms compared to the direct
method.

The reconstructed uniform phantom images are displayed in
Fig. 5. Noise in the images are measured as the relative standard
deviation of voxel values in the volume of interest, which isa
30 pixel radius, 80 pixel long cylinder inside the phantom. The
values are shown in Table I.

TABLE I

VOLUME RELATIVE STANDARD DEVIATION

10 hour 50 hour
statistical norm 0.1952 0.1513

direct norm 0.2297 0.1663

In both 50 hour and 10 hour normalization cases, the
images reconstructed with the new normalization have superior
image uniformity and less noise. However, some vertical (axial)
artifacts remain in the component-based normalization image.
They are probably due to the fact that scatter component
may require a different normalization and deadtime correction

Fig. 4. Uniform cylinder sinograms with HRRT. Left: with direct norm; Right:
with statistical norm; Top: with 50 hour data; bottom: with 10 hour data.

for normalization should be accounted for. These preliminary
results were published at MIC04 [11].
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Fig. 5. Comparison of the direct (top) to the new (bottom) normalization. Left: 50 hour long data. Right: 10 hour long data.

B. Multi-step strategy

The above approach requires knowledge of counts in each
of the 4�9 �109 LORs. Currently the way to obtain it is to
acquire long scan data in listmode, then histogram into LOR
mode. Huge disk space is required to store the listmode file
and processing the listmode file takes considerate amount of
time. Online processing of the listmode events and estimation of
normalization factors is highly desirable. A multi-step approach
which is similar to [4] is proposed. First, a long normalization
scan is acquired and histogrammed into LOR. The geometric
factors, which should be the same among all HRRT scanners,
are estimated with this long scan. Second, on each HRRT
scanner to be normalized, a short normalization scan is acquired
and crystal efficiencies and other factors are estimated with an
online algorithm. Normalization matrix is created using saved
geometric and other factors afterward.

At this stage, during the online processing, coincident events
are histogrammed into counts per crystal. Counts per crystal are
later used as crystal efficiency and layer identification factors
are ignored.

Estimated crystal efficiencies are displayed in Fig. 6. Recon-
structed segment zero images compared to the full model are
displayed in Fig. 7. The streak artifact in the simplified model
images can be clearly seen. It is very likely that the artifact is
due to the lack of layer identification factors in this model.

IV. CONCLUSIONS

In conclusion, we have developed a normalization model for
the CPS dual-layer HRRT scanner and a statistical iterative
approach to estimate its parameters. This technique could
be used to shorten the acquisition time of the normalization
while maintaining the noise level in the reconstructed image.
Future studies will be performed with modeling separate scatter
normalization and including deadtime parameters. A multi-step
approach is being investigated to further reduce the scan and
processing time.

Fig. 6. Crystal efficiencies estimated from the total countsper crystal with
online histogramming.
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Scattered Photon Information Inclusion
in 3D PET Image Reconstruction

P. J. Markiewicz, A. J. Reader, M. Tamal, P. J. Julyan, and D. L. Hastings

Abstract— An approach to 3D PET analytic system modelling
which incorporates the information carried by scattered photons
directly into the forward model used in iterative reconstruction,
is presented. The system modelling has a distinct advantage
especially for large attenuating objects, where scatter is a
dominant component of the measured data. Since the directions
of scattered photons are not completely random but have
some spatial distribution, they can be treated as a signal of
a known probability distribution as given by the Klein-Nishina
formula. The model aims to have a number of distinct features:
(1) specification of the scatter distribution for each voxel; (2)
independence from the true activity distribution; (3) no scaling
or iterative process used to find the distribution; (4) no scatter
subtraction or addition to the forward model output. The
inclusion of scatter into the model should, to some extent, serve
to improve the signal-to-noise ratio which is mostly apparent for
cases where high scatter fractions exist.

I. INTRODUCTION

POSITRON Emission Tomography (PET) is here consid-
ered as an observational system in which the observable

being measured is the physiology of distinct regions of a
human body—the object divided into a finite number of
regions (small observables, usually voxels although other
basis functions exist) which have assigned only one discrete
value representing uptake of the radiotracer at a given time.
Thus, the radioactivity distribution of the object is represented
by:

{nj}j=1...J , (1)

where nj is the radioactive concentration within voxel j.
Since the positron emission (and photon emission) events

are independent, the number of them in a fixed observation
time is a Poisson random variable, thus adding noise to
the process and making the reconstruction only approximate.
Therefore it is particularly desirable to detect as many photons
as possible to achieve higher signal-to-noise ratios.

In addition to this, some of the photons (before reaching
the detectors) scatter from their original trajectory so that
the detected signal includes both true and scatter events
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in such a way that the separation of one from the other
is difficult. This consequently causes significant uncertainty
during reconstruction of the detected signal and degrades the
spatial resolution and quantitation of a PET image. The scatter
is frequently treated as noise from which the detected signal
should be separated. There are two common ways of doing
this: (1) by using septa to reject most of the scatter (2D mode)
and correcting for the remaining scatter; (2) by estimating the
scatter signal and then either subtracting it from the measured
(projection) data or adding it to the output of the forward
model during iterative reconstruction. In approach (1) not only
is most of the scatter removed but so also is a significant part
of the true signal, thus considerably reducing the sensitivity
of the detection process. The great difficulty with approach
(2) is to estimate the scatter accurately.

However, one can go further and ask a question: is there
any information carried by scattered photons detected in 3D
mode? If so, how can this be included in the 3D reconstruction
process? It is expected that if there is some information
carried by the scattered photons, then, with high scatter
fractions in 3D mode, it is possible to use scatter as a signal
too and obtain better signal-to-noise ratios.

II. INFORMATION CARRIED BY SCATTERED PHOTONS

Consider a photon travelling along unit vector â and being
incident on a scattering point S (see Fig. 1a). The probability
of the photon scattering into solid angle dΩ at a mean
scattering angle ϑ is given by the Klein-Nishina (KN) formula
[1]. Since the polarisation of annihilated photons is assumed
to be random relative to the observation system, thus the KN
formula for unpolarised incident radiation can be used. This
probability is depicted in Fig. 1b where a given solid angle is
represented as an area on the unit sphere. Since the incident
radiation is unpolarised the probability does not change with
respect to η.

It can easily be seen that the direction of the scattered
photon is not completely random. Furthermore, the greatest
probability of scattering is in the forward direction along â.
Therefore, the scattered photons can carry information (as true
photons do) which, however, is reduced by the uncertainty or
‘choice’ of a scattering direction relative to â as defined by
the KN formula. Hence, we can say that a detected scattered
photon can be treated as a true one with noise of a known
distribution.
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(a)





â
ŝ

Sdirection of an 
incident photon

(b)

Fig. 1. (a) Illustration of a scattering event at S with an incident direction â,
scattering angle ϑ and a direction of the scattered photon ŝ. (b) Normalised
probability of scattering into a solid angle dΩ (an area on the unit sphere).
The scattering point S is placed at the centre of the sphere.

It must be noted that, based on the knowledge we have
so far, if the photon scatters more than once, the uncertainty
increases rapidly, so that there is little information gained
from the detection of such photons. Fortunately, multiple
scatter is usually a relatively small fraction of the total scatter
and does not exceed 40% [2], [3]. However, for double (and
likewise for multiple) scattering in PET there are two possible
cases: (1) one photon of an annihilation pair scatters twice or
(2) each photon from the pair scatters once. It is inferred, that
case (1) causes more uncertainty during detection than (2).

The amount of the uncertainty is dependent on: (1) geomet-
ric orientation of the detectors relative to a scattering point
S, (2) distance from a scattering point S to the surface of
detectors, (3) the size of the detectors, (4) scattering angle ϑ.

From Fig. 2 and properties of Compton scattering, it is
clear that for the same scattering angle interval [ϑ, ϑ + ∆ϑ]
(which defines two cones whose half angles are ϑ and ϑ+∆ϑ)
and two scattering points S1 and S2, the number of photons
scattered between these two cones from S1 and S2 is the
same (assuming the same incident photon flux and the same
physical properties for these two points). Now, considering
detectors of the same size, arranged on a ring, which detect
the photons emitted between the two cones and from S1 and
S2 it is clear that the amount of uncertainty during detection
is greater when scattering occurs at S1.

Another thing to be noted here is that for a given homoge-
neous scattering medium within which there are two scatter-
ing location (S1 and S2) and one annihilation location A at
which photons are annihilated, the number of incident photons
at S1 is greater than at S2 according to the exponential law.
Thus, the number of photons scattered at S2 is smaller than at

A
S1

S2








Fig. 2. Transverse illustration of the influence of a scattering point position
relative to the detection surface on the uncertainty during detection process
of a single scatter coincident. The unscattered or opposing photon impinges
on the chosen crystal.

S1. Knowing that the process of positron and photon emission
is random, the relative uncertainty of these two cases may
be significantly different. Therefore, the uncertainty is also
dependent on the object density distribution.

III. INCLUSION OF SCATTER INTO A FORWARD MODEL

The forward model can be described by a matrix A whose
elements, {aij}i=1...I, j=1...J , are probabilities of a positron
emission from voxel j being detected in sinogram bin i.
Thus, the expected projection data q from the radioactivity
distribution (1) is given by:

qi =
J∑

j=1

aijnj . (2)

The system matrix A can be decomposed according to:

A = WX + S, (3)

where W is the diagonal matrix of attenuation and non-
geometric normalisation factors, X is such that the element
xij is the probability of a photon pair being emitted in voxel j
and detected in sinogram bin i in a non-attenuating medium,
and S is such that its each element sij is the probability that
one or both photons of a photon pair emitted in voxel j are
scattered and detected in sinogram bin i. The main emphasis
of this work is on modelling of the matrix S.

A. Modelling of Matrix S

The system response to scatter events is a linear com-
bination of the system responses to scatter events whose
photons where annihilated in different voxels as defined by
(1). Usually such a system response is represented by a
sinogram, thus, for each emitting voxel, a scattering sinogram
is found which represents one column of the scattering matrix
S. Since the single scattered photons are the predominant
fraction of the total scatter and they carry more information
than the rest of the scattered photons, the main emphasis is
laid on the single scattered photons. The multiple scatter can
be modelled as the convolution of the single scatter with a
predetermined kernel [2], [3].
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There already are techniques which model single scatter
distribution and which are commonly known as single scatter
simulation [2], [4], [5], [6], [7], [8], [9]. However, there are
mainly four aspects of this work which entail a different
approach to the model, these are: (1) a scatter sinogram for
each voxel is to be found (instead of finding one scatter
sinogram for a whole image); (2) independence from the
emission data to estimate the scatter distribution; (3) avoiding
any kind of scaling and iterative process to get the scatter
distribution; (4) offering accuracy very close to a Monte Carlo
model.

1) Incident Calculations: In this model the most important
part is the incident calculations [2], which find the probability
of a photon being incident on a given scattering region S,
and being emitted (positron range is omitted here) at a given
region (voxel) A, whereas the opposing photon is detected by
a chosen detector. The single scatter system response for a
given emitting voxel requires every detector to be considered
detecting an unscattered (opposing) photon. The other photon
is assumed to be scattered somewhere away from the voxel
(Fig. 3). The possible volume in which scattering can take
place is defined by: (1) the aperture of the detector, (2) the
size of the emitting voxel, (3) its angular position relative
to the detector, and (4) its distance from the detector. The
four boundaries of the volume are those which make greatest
angles with the line joining the voxel centre with the crystal
area centre.

Area of distribution
of annihilated photons

Voxel in which
annihilation occurs

â

â

Photons to be 

scattered

Unscattered 

photons

Fig. 3. Geometric boundaries of diverging photons defined by a chosen
crystal and voxel in which annihilation occurs. These boundaries limit the
area (whose normal vector is â) in which the photons distribution is observed.
The vector â is an average vector representing the average direction of
diverging photons from the chosen voxel.

The fraction of emitted photons which can scatter in the
volume (defined by the four boundaries) is the same as the
geometric efficiency of the chosen detector and is:

εg =
β

2π
, (4)

where β is the solid angle subtended at the emitting voxel
by the crystal. It is assumed that the angle does not change
if its vertex is within the voxel of the size used in PET. The
reason for the division by 2π (and not by 4π) in (4) is that
the annihilation photons are emitted back-to-back and it does
not matter which one of the two is incident on the detector.

The distribution of the photons in the plane whose normal
is â, as depicted in Fig. 3, is not uniform due to the shape of
the emitting voxel and the diverging directions of the emitted
photons. Fig. 4 shows probability mass functions (pmf’s)
based on 2D histograms of the photon distribution as given
by a Monte Carlo simulation (2.5·109 samples) for a real size
scanner. The different pmf’s correspond to different incident
angles (different â) and distances between the plane and the
centre of the emitting voxel. It is clear that the distribution
changes with the distance from the emitting voxel and with
the incident angles. Thus, for rather homogeneous objects it is
sufficient to take only one integral along â through the centre
of the scattering volume. However, for highly inhomogeneous
object it may be necessary to take more than one integral
through the volume. Therefore the fraction of photon being
incident on a given scattering region would have to be split
into n sub-fractions for each of n integrals, that is:

εg = εg1 + εg2 + . . . + εgn. (5)

2) Probability of Scattering at S: The shape and size of the
scattering region (volume) S is limited by the four boundaries
and a chosen length lS along which the photons can scatter. If
the scattering volume S contains voxels with different density
distribution and the integral paths pass through inhomoge-
neous regions then the known photon distribution allows the
probability of scattering to be appropriately weighted, thus:

PSi
= εgi

[
e−

P rSi
∆r

k=1 µ(k∆r)∆r

] [
1 − e−µ(Si)lS

]
,i=1,2,...,n ,

(6)
then

PS =
n∑

i=1

PSi
, (7)

where Si is a sub-region of S having a different µ value, rSi

is the length of an integral path between Si and a chosen
detector along which the two photons are attenuated, and
∆r is the chosen integration step. The first square-bracket
quantity in (6) represents attenuation along the length rSi and
the second one represents the probability of scattering along
lS . To such a scattering region S only one scattering point is
assigned.
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(a) (b)

(c) (d)

Fig. 4. 2D probability mass functions of the photon distribution for two
distances between the found photon distribution and the centre of the emitting
voxel: r = 2 cm (a and c) and r = 20 cm (b and d), with the emitting
voxel in the field-of-view centre and the opposing detector so chosen that
the average azimuthal and co-polar incident angles are ψ = 45.64◦ and
Ψ = −0.23◦ (a and b), ψ = 23.11◦ and Ψ = 0.23◦ (c and d). The class
interval of the 2D pmf’s is 8.2 · 10−3cm×8.2 · 10−3cm.

3) Scatter Distribution: The probability of a photon being
scattered into unit solid angle dΩ at a mean scattering angle
ϑ is given by the well known KN formula [1]. Before the
scattered photons reach the detector ring they can scatter
again, and therefore, they are attenuated. Because the energy
of the scattered photons changes with the scattering angle
ϑ, the µ-values derived from the transmission scan must be
corrected for this. It is assumed that the only factor of the
µ-value of an absorber which changes with photon energy
is the average electronic collision cross section eσ (assuming
that photoelectric absorption and pair production is negligible,
[1]). Hence, the correction coefficient for the µ-values of a
µ-map, cµ(ES), would be:

cµ(ES) = eσ(ES)
eσ(E511)

, (8)

where ES is the energy of a scattered photon. The scatter
distribution on the ring is found for each crystal C and
for each scattering point S representing a given voxel. This
is illustrated in Fig. 5 by placing the scattering coordinate
system (marked by ′) into the scanner coordinate system.

The probability of a single scattered photon being detected
(PE) is assumed to follow a Gaussian distribution whose
FWHM is N(ES/E511)1/2 (where N is the energy resolu-
tion) and the mean equal to the energy ES , [10]. Then, the

y

z

x’


ŝ

S(xs,ys,zs)



C(xc,yc,zc)
z’

y’

x

â

Fig. 5. Scattering coordinate system within the cylindrical scanner coordi-
nate system.

probability of the photon being detected is found to be:

PE =
1
2

erfc

(
ELLD − ES

ESFWHM
2
√

ln 2

)
, (9)

where ELLD is the lower energy-level discriminator, and
erfc(x) is the complementary error function.

IV. PRELIMINARY RESULTS

Fig. 6 presents two µ-maps which are used to find scatter
distributions from one point source placed in two different
locations (voxels: A1 and A2). The 3D scatter distributions
are then binned into sinograms for which the maximum ring
difference is mrd = 0 and the co-polar angle is θ = 0◦.
The sinograms corresponding to each case (two µ-maps and
two point sources) are presented in Fig. 7. It is worth noting
that the scatter profiles do not consist exclusively of low
frequencies (which is the case for the whole sinogram from all
voxels, see Fig. 8) and which is especially apparent for more
structured µ-maps. The whole scatter sinogram is then a linear
combination of scatter distributions found for each voxel.
Fig. 9 shows two probability images of a photon being emitted
in different voxels and detected by a chosen sinogram bin. In
other words, each such probability image represents a given
row of the scattering matrix S. Reconstruction of simulated
data shows that the advantage of including scatter into the
forward model is mostly apparent when the scatter fraction is
high, that is, for large attenuating media. Reconstruction of
real 3D data will follow as the next step.
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(a) (b)

Fig. 6. Two µ-maps used for generating single scatter sinograms for two
emitting voxels (A1 and A2); (a) is the noise-free µ-map of a NEMA
phantom with three inserts (air, water, and solid) on a hot water background;
(b) is the noise-free µ-map of a water filled cylinder of the same dimensions
as the NEMA phantom without the inserts.

(a) (b)

(c) (d)

Fig. 7. Single scatter responses binned into sinograms for: (a) emitting
voxel A1 in Fig. 6a; (b) emitting voxel A2 in Fig. 6a; (c) emitting voxel A1

in Fig. 6b; (d) emitting voxel A2 in Fig. 6b; These sinograms were generated
without using interpolation—all detectors were considered.
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Abstract-- We present a method of performing fully 3D OSEM 
reconstruction for a PEM-PET breast scanner based on the native 
data format for planar detector arrays. By using a detector-based 
parameters to index a line of response (LOR) for a pair of planar 
detectors, rather than the conventional parameters used for a 
circular tomograph, all the LORs passing through a point in the 
field of view (FOV) lie on a 2D plane in the 4D data space. This 
change in coordinates means that backprojection, which is 
integration along a sinusoid in the standard sinogram, becomes 
integration along a line in the planogram data, resulting in fast 
and accurate projection operators. We used matched back-
projection and forward-projection operators based on a voxel 
driven approach to implement fully 3D OSEM. Analytical 
simulations of noiseless and noisy data sets were used to validate 
the 3D algorithm. 

  

I. INTRODUCTION 

We are investigating the applicability of our recently 
developed 'planogram' method for image reconstruction of data 
for a new PEM-PET scanner.  
 
The scanner is based on two sets of planar detector heads, with 
coincidences acquired only between opposite heads. The heads 
will rotate either continually or in step-and-shoot mode. Each 
detector head is 206 mm wide by 151 mm high, composed of 
96 x 72 LYSO crystals, with a pitch of 2.1 mm in both 
directions. Each LYSO crystal is 2 mm x 2 mm wide  and 15 
mm thick. 
 
The reconstruction approach is a 3D generalization of the 
linogram method of Edholm and Herman and is suited for the 
native data format for the parallel-plate geometry of the PEM-
PET scanner as shown in figure 1.  The main advantage of the 
planogram method is that 3D backprojection, and forward-
projection, can be performed by using only FFT operations, 
similar to the linogram method. The combination of an 
increased axial field of view and a fully-3D acquisition mode  
increases the challenge for performing image reconstruction in 
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a feasible time. In addition, the potential benefits of iterative 
statistical algorithms for PET studies have been demonstrated. 
An example is the increasing number of PET centers using 
FORE+AWOSEM routinely. However, as with the filtered 
backprojection algorithms, the reconstruction time for the 
iterative process increases considerably for 3D mode relative 
to 2D mode, the backprojection and forward projection being 
the dominant component of the total processing time. Several 
approaches were developed to accelerate the backprojection 
process without loss of accuracy in the space domain [1-3]. In 
a previous work [4], we demonstrated the advantages of using 
planogram coordinates, i.e. native acquisition format for planar 
detectors, to accelerate the backprojection process. In this 
work, we present a fully 3D OSEM algorithm based on 
operators working with planogram coordinates.  
 
We have also recently explored a potentially faster method that 
combines FORE rebinning directly with planogram format 
data, and anticipate that clinically feasible reconstruction times 
will indeed be possible with accurate rebinning and hybrid 
iterative methods such as FORE+OSEM. 
 
We first summarize the planogram principles and then 
introduce the voxel driven operators. We use an analytical 
simulation of a simple test phantom to show the feasibility of 
performing 3D OSEM with planograms for the new PEM-PET 
scanner. 

Detector Head

Compression

     Plates

Breast
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Fig. 1. Illustration of the planogram format applied to the PEM-PET geometry 
showing  (top) PEM-PET geometry for breast imaging, and (bottom) 
coordinates used to index a LOR between two detector elements on planar 
detectors. 
 

II. THEORETICAL DEVELOPMENT 

A. Background 
The planogram data format is a generalization of the 2D 

linogram data format of Edholm et al. [5, 6]. This planogram 
format is based on the native acquisition geometry of planar 
detectors, illustrated in Fig. 1, where the natural rectangular 
detector coordinates are given by ( )

11
, dd yx  and ( )

22
, dd yx  for 

two individual detector events that determine a line of response 
(LOR). 

 
 
We can parameterize the LOR orientation by the coordinates  
( )

2121
,,, vvuu  where ( ) 2

211 dd
xxu != , ( ) 2

212 dd yyu += , 

( ) 2
211 dd

xxv != , and ( ) 2
122 dd yyv != . In this 

parameterization we assume the detectors are separated by unit 
distance so ( )

21
,vv  are the tangents of the angle of the LOR 

projected onto the yx !  and zy !  planes, respectively relative 
to the y  axis. We can then further parameterize the LOR w.r.t. 
the y -coordinate as yvxu

11
!=  and yvzu

22
!= . 

If we regard a fixed x, y, z( ) , then the subset of LORs passing 
through that point will appear as a 2D plane in the 
( )

2121
,,, vvuu -space, thus the choice of the term 'planogram' for 

the data acquisition histogram. 
In this case the measured line integral data are defined, after 

appropriate scaling by ( ) 21
2

2

2

1
1

!

++ vv  (determined by the angle 
between the detector surface and the unit normal vector), as: 

 
( ) ( )

( )!

!

"

#

#"

++=

=

21

21

2211

21211

d,,

d,,,,,

yyvuyyvuf

yzyxfvvuug
 (1) 

where we now use yvux
11

+=  and yvuz
22

+= . We can also 
define backprojection as:  

 ( ) ( )! !
"

"#

"

"#

##=
21212111

,,,,, dvdvvvyvzyvxgzyxb  (2) 

To adequately sample the function ( )zyxf ,, , we assume the 
data has been collected from a second detector position rotated 
about the z -axis by 90 deg, so that xvyu

11
+=  and 

xvzu
22

+= . 
Then by symmetry we have:  

 
( ) ( )

( )!

!

"

#

#"

""=

=

21

21

2211

21212

d,,

d,,,,,

xxvuxvuxf

xzyxfvvuug
 (3) 

where now xvuy
11

!=  and xvuz
22

!= .  For this position we 
define backprojection as: 

 ( ) ( )! !
"

"#

"

"#

++=
21212122

,,,,, dvdvvvxvzxvygzyxb  (4) 

B. Iterative techniques using planogram coordinates 
The key properties of the planogram format are Fourier 

transform relations resulting in fast back-projector and 
forward-projector [4]. In a previous work, we applied these 
fast Fourier techniques to implement an iterative algorithm 
where the subsets were defined by the detector orientations [7]. 
This approach was suboptimal because the discrete back- and 
forward-projectors were not exact transposes of each other, 
and also because of the limited number of possible subsets. In 
this paper, we avoid these problems by using matched voxel 
driven implementations for both back- and forward-projection. 
Though not as fast as the Fourier based implementation, this 
voxel driven approach based on the planogram format still 
allows a significant gain in computer time compared to the 
standard sinogram approach [4]. 

C. Voxel driven Method 
A straightforward voxel-driven backprojection algorithm is 

to use equations (2) and (4) and proceeds as follows: 
• For each voxel x, y, z( )  in ( )zyxb ,,

1
, 

1. for each ( )
21
,vv , calculate the coordinates 

yvxu
11

!=  and yvzu
22

!= , 

2. perform a 2D interpolation from the nearest 

measured values on the ( )
21

,uu -plane to 

estimate the corresponding value of 

( )
21211
,,, vvuug , 

3. add the result to ( )zyxb ,,
1

. 

• ( )zyxb ,,
2

 is obtained by analogy using 

( )
21212

,,, vvuug . 

A time consuming part of the backprojection is the calculation 
of the interpolation distances for each voxel. With the 
planogram coordinates, we showed in a previous work [4] that 
once we have calculated the initial set of indices and 
interpolation distances, successive backprojected voxels are 
found by simple increments of the indices. For example, when 
moving in the x  direction, 

2
u  is constant while 

1
u  is 

incremented by 1 in the case where the planogram sampling 
interval is equal to the cubic voxel length. The interpolation 
distances are unchanged Thus with the planogram format there 
is basic simplification of the backprojection process. 
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For the forward projection operator, we just need to reverse 
the backprojection algorithm using equations (1) and (3). 

D. 3D OSEM implementation 
The back-projection operator and the forward-projection 

operator allow the range of v
1
 to be subdivided into subsets 

and then are both suitable for incorporation into the 3D-OSEM 
algorithm [8, 9], represented here in two steps: 

 

gi
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= ai ! j f ! j 
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f j
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f j
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ij
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 (5) 

where f j
(k )  is the k -th estimate of the value of image voxel j , 

gi  is the measured data in planogram bin i , and gi
(k )  is the k -

th estimate of the value of image voxel j . The probability of 
an event from image voxel j  being detected in planogram bin 
i  is given by aij  using those LORs comprising the data subset 
S
n

 [10]. If N is the number of samples in v
1
 direction and if S  

is the number of subsets such as N = SM , then the n th 3D 
subset S

n
 comprises M v

1
 samples from all v

2
 samples. In 

order to introduce as much as new information as possible at 
each iteration step, the neighboring subsets are selected as far 
as possible from each other. 

III. SIMULATION 
The planogram data was stored in a 644 matrix ( )

2121
,,, vvuu . 

The field of view was determined such that it was completely 
sampled by each 2D planogram 'view' (i.e. non-truncated) for 
all 

max11
vv !  and 

max22
vv ! . In this case, 1

max2max1
== vv . 

The test object is a sphere filled with hot and cold lesions. 
The ratio between the hot spheres and the surrounding 
background is 2:1.  

Noiseless non-truncated planogram data sets of the 
voxelized object were analytically generated for two 
orientation positions. A noisy planogram data of the same test 
object was also simulated. Four million counts were generated 
per detector orientation. 

All the planogram data were also generated using the 
forward projection operator. 
 

IV. DATA ANALYSIS 
The difference between the forward projector operator and 

the analytical operator was evaluated using the root mean 
square error (RMSE) as a figure of merit. 

We define iVjx as the reconstructed value of the i th 

iteration of voxel j  in the volume of interest (VOI) V . The 
VOIs were defined as spherical volume matching the size of 
the hot and cold spheres and centered on each sphere. The 
mean of the i th iteration of VOI V  is: 

 !
"

=

N

Vj

iVjiV
x

N
x

1
 (6) 

where N  is the total number of voxels in each VOI. If M  
is the number of hot (or cold) spheres, then the VOI mean 
across the hot (or cold) spheres for the i th iteration is, 

 x
i
=
1

M
x
iV

V =1

M

!  (7) 

 

V. RESULTS AND DISCUSSIONS 
The RMSE between the analytical simulated data and the 

voxelized forward planogram data ranged from 0.7% to 1.7%. 
 
After 10 iterations with 8 subsets, the reconstructed image 

presents some edge artifacts due to the difference between the 
analytical projection and the forward projection. In order to 
remove the edge artifact in the reconstructed image, we 
decided to generate the planogram data with the forward 
projection operator. 

 
The match between the forward projector and the back 

projector was evaluated using the voxelized object as an input 
in the iterative process. After 10 iterations, no difference was 
observed between the original volume and the reconstructed 
volume (Fig. 2a). 
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Fig.2. Transverse views of (a) difference between the voxelized object and the 
reconstructed volume after 10 iterations (8 subsets) using the voxelized 
volume as an input volume in the iterative process, (b) reconstructed image 
after 10 iterations and 8 subsets using the planogram data generated by the 
forward projection operator. 

 
Fig. 3 and Fig. 4 represent the convergence of the algorithm 

(equation (7) across the EM-ML iterations) for hot and cold 
spheres for noiseless data.  
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Fig. 3. Convergence of the reconstructed hot spheres for noiseless data. 
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Fig. 4. Convergence of the reconstructed cold spheres for noiseless data. 
 

The convergence of the algorithm for hot lesions is faster 
than for the cold lesions and reach a plateau after 30 equivalent 
EM-ML iterations. 

In Fig. 5, we represent the convergence of the 3D OSEM 
algorithm for hot spheres and noisy planogram data. We also 
represent a reconstructed transverse image for several 
equivalent EM-ML iterations. 
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Fig. 5. Convergence of the reconstructed hot spheres for noisy data with the 
corresponding transverse views. 

 
We have also recently implemented a potentially faster method 
that combines FORE rebinning directly with planogram format 
data [11,12], and anticipate that clinically feasible 
reconstruction times will indeed be possible with accurate 
rebinning and hybrid iterative methods such as FORE+OSEM. 
We intend to present this research at the Fully-3D meeting, 
along with continuing our implementation of data simulation 

procedures to test reconstruction methods and evaluating of 
reference methods for image quality figures of merit. 

VI. CONCLUSION 
We demonstrate the feasibility of using iterative 

reconstruction with projections acquired in planogram 
coordinates. We are now investigating the applicability of the 
planogram method for image reconstruction of data for a new 
PEM-PET scanner design. 
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Abstract—This work investigated a Karhunen-Loeve (K-L) 

domain adaptive Wiener filtering of correlated sinogram data, 
in terms of noise reduction and resolution preservation.  By 
adding Anscombe transform, this approach provides a means for 
accurate treatment of Poisson noise for SPECT (single photon 
emission computed tomography).  The Anscombe transform 
stabilizes the signal-dependent Poisson process with a nearly 
constant variance.  The K-L transform manipulates the 
stabilized sinogram into ordered principal components with 
their correspondingly ordered signal-to-noise ratios (SNRs).  
Given the SNRs, a Wiener filter can be accurately designed for 
an adaptive penalized minimum least-square noise smoothing 
on each principal component.  A three-dimensional (3D) spatial 
noise filtering across the field-of-view then becomes a series of 
2D process adaptive to each principal component, which can be 
implemented efficiently by parallelization.  Performance of this 
adaptive Poisson noise treatment was evaluated by simulated 
SPECT studies in terms of local impulse response and noise-
resolution tradeoff with comparison to the conventional low-
pass noise filters.  The evaluation indicates the potential of the 
presented method for analytical inversion of the attenuated 
Radon transform in the presence of Poisson noise. 

Index Terms—Sinogram Poisson noise reduction, adaptive 
Wiener filtering, K-L transform, Anscombe transform, local 
impulse response, resolution uniformity. 

I. INTRODUCTION 
Nversion of the attenuated Radon transform for quantitative 
SPECT (single photon emission computed tomography) has 

become feasible [1, 2] due to the work of Novikov [3, 4], even 
for 180o data sampling [5-8].  Extension to include collimation 
and scatter effects has also become feasible [7, 9].  A major 
obstacle for the inversion-based approach to practical use is 
the signal-dependent Poisson noise [10].  Current practice 
utilizes a spatially-invariant low-pass filter, such as Hanning, to 
smooth the non-stationary noise frame-by-frame or projection-
by-projection.  Extension to consider the signal-dependent 
nature has been explored [11, 12].  Further investigation by 
filtering all the projection images together (i.e., filtering the 
sinogram which contains the angular correlation among the 
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projections) has also been explored with improvement over 
filtering images individually [13, 14].  It has been recognized 
that Karhunen-Loeve (K-L) transform has a unique advantage 
in handling correlative signals [15-17].  Incorporating this 
transform for accurate treatment of Poisson noise was 
investigated in [18], where the Anscombe transform [19] was 
employed to consider the non-stationary nature of the noise. 

This work investigates the K-L domain Poisson noise 
treatment strategy in terms of local impulse response (LIR) and 
noise-resolution tradeoff (NRT) with comparison to the 
conventional low-pass filters and some previously reported 
results of other approaches. 

II. METHOD AND MATERIALS 
Noise-filtering problem in SPECT can be viewed as to estimate 
the means (or noise-free projections), given a single realization 
of jointly independent Poisson distributed projection data, 
where the means or signals have either temporal and/or spatial 
correlation due to the projection process.  The estimation task 
here is to model accurately the signal-dependent noise nature 
within the K-L framework.  There are several ways to handle 
the signal-dependence [20, 21], where the Anscombe transform 
is a simple and effective method which converts a Poisson 
process into a nearly Gaussian with a constant variance of 
0.25.  Since K-L transform is a linear operation, the noise 
modeling before and after the transform is equivalent.  In this 
work, we perform the Anscombe transform prior to the K-L 
transform. 

 

A. Anscombe Transform 
If x is Poisson distributed with mean equals to λ, then y = 

(x+3/8)1/2 can be approximated as Gaussian distributed with 
mean equals to (λ+1/8)1/2 and variance of 0.25.  The variance 
starts to decrease toward zero when λ goes to zero from four. 

B. K-L Transform 
In the Anscombe space, y is nearly Gaussian with a constant 

variance for λ > 4, see Figure 1, (if a line integral is less than 4 
at a detector bin, the measured noisy datum at that bin has no 
much information for those image voxels associated with the 
line integral).  The linear K-L transform on sinogram y, (i.e., z = 
Ay, where A is the K-L transform matrix), will retain the 

Spatial Resolution Characteristics of K-L Domain Adaptive 
Wiener Filtering on SPECT Sinogram Poisson Noise 
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properties of Gaussian distribution and constant variance [16, 
17].  In other words, z is nearly Gaussian distributed with a 
constant variance of 0.25.  In the K-L domain, we obtain a 
series of ordered eigenvalues and correspondingly we have a 
series of ordered principal components.  The eigenvalue is 
directly proportional to the signal variation of the 
corresponding principal component.  Therefore, we have 
obtained the signal-to-noise ratio (SNR) for each principal 
component in the K-L domain.  In addition to the signal 
information manipulation, the K-L transform also simplifies the 
numerical calculation.  If the sinogram is a three-dimensional 
(3D) dataset (i.e., 2D detector-bin array plus the angular 
sampling), then each principal component is a 2D image.  
Operations on these images can be parallelized.  Furthermore, 
those components may be discarded if their eigenvalues are 
very small [16, 17]. 

The K-L transform could be performed along three different 
directions, depending on the data sampling.  In the image 
domain, the most nearby voxels have the strongest correlation, 
which is usually specified by a Markov random field model.  
This nearby voxel correlation is embedded in the line integrals 
or sinogram.  A straightforward implementation of the K-L 
transform is among the nearby bins of each projection image 
[22].  Another implementation is along the nearby projections 
to consider the angular correlation [23].  For SPECT application 
with a significant collimation effect, the correlation along image 
slice or sinogram direction can be significant for the K-L 
transform [18].  In the following, we will focus on the third 
implementation.  Comparison of these three different 
implementations will be reported below. 

C. K-L Domain Adaptive Noise Filtering 
Given the constant variance and Gaussian nature, a 

penalized minimum least-square estimation (PMLSE) can be 
established to treat the noise adaptively by the obtained SNR 
for each principal component.  The minimization for each 
component can be numerically performed by a Wiener filter: 
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where kZS  is the 2D power spectrum of the k-th principal 

component data kz  and (
ts ωω , ) denote the 2D FT 

coordinates for spatial coordinates (s, t) of the k-th principal 
component.  Notation ß is a smoothing parameter, controlling 
the degree of smoothness.  If it is equal to 1, a MLSE solution 
is obtained.  If it is greater than 1, a PMLSE solution is 
approached.  The Wiener filter of Eq.(1) contains explicitly the 
constant variance 2

nσ = 0.25, while the signal is related to the 
power spectrum kZS .  An explicit relation between SNR and 

each principal component is given in [18]. 

III. EXPERIMENTAL DESIGN AND RESULTS 
Computer simulations were conducted to evaluate the 

performance of the presented K-L domain adaptive Wiener 
filtering of Poisson noise in the sinogram space, in terms of LIR 
and NRT on the reconstructed images using a standard filtered 

backprojection (FBP) method (i.e., with a unapodized Ramp 
filter at the Nyquist frequency cutoff).  Since the standard FBP 
reconstruction does not alter the data noise properties, 
comparison to the conventional low-pass filters was performed 
using their FBP results.  Comparison to previously reported 
results of other approaches was also reported. 

 

A. Experimental Design 
To ensure a reliable comparison study, we first establish the 

baseline of FBP reconstruction and LIR measures.  This 
baseline was measured by the resolution uniformity and 
isotropy.  An elliptic digital phantom of 128 cubic size with a 
"hot" and "cold" disks was constructed, as shown in Figure 2.  
The two disk centers are at different locations off the phantom 
center.  Three different count densities were simulated with 
relative emission intensities of 3, 2, and 1 in the hot disk (left), 
the background ellipse, and the cold disk (right), respectively, 
which allow us to test the dependence of LIR on different 
count levels.  The phantom is essentially the same as that used 
in [24, 25].  Emission scans was simulated with 128 radial bins 
and 128 projection angles uniformly spaced over 360º by strip 
integrals.  Attenuation, scatter and collimation effects were not 
considered for the purpose of this study, which focuses only 
on the projection mean estimation.  Thus the simulated imaging 
system has intrinsically uniform and isotropic resolution.  Any 
resolution effect would be due to the used filtering techniques.  
A total of 250 realizations of noisy projections were generated 
from the simulated noise-free projections using a Gaussian 
white noise generator (zero mean and variance equals to the 
average of the noise-free data).  Emission images were 
reconstructed by the FBP method after the noisy projections 
were filtered by the Hanning filter, resulting in 250 images for 
an empirical LIR evaluation [24, 25].  From these 250 
reconstructions, three LIRs each at the three pixels, which are 
located in the centers of the phantom and the two disks 
respectively, were computed.  In addition, a linearized 
prediction of the LIR [24, 25] from noise-free FBP 
reconstruction was also computed.  On the top of Figure 3 
displays the horizontal profiles through the LIR functions from 
the FBP reconstructions.  The circles denote the empirical 
results of LIR from the 250 noisy realizations with the Hanning 
filter (cutoff at 0.8 Nyquist frequency).  The solid lines denote 
the linearized predictions of LIR from the standard FBP 
reconstruction of the noise-free projections.  Agreement 
between the empirical results and the analytical prediction is 
clearly seen, especially in the neighborhood of the interested 
pixels.  In addition to the resolution uniformity, the isotropic 
property at a given point in the reconstructed image is another 
important factor for consideration.  On the bottom of Figure 3 
displays the contours of the LIR functions at levels 25%, 50%, 
75%, and 99% of the peak value for the three pixels of interest.  
As expected the spatially invariant low-pass Hanning filter 
provides isotropic FBP reconstruction for stationary noise, 

Figure 2:  Digital 
phantom used to examine 
spatial resolution 
properties. 
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although some of other filters and reconstructed methods may 
lead to asymmetric LIRs [24, 25].  These results established the 
baseline of using FBP and LIR for measures of different filters’ 
performances. 
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Figure 3:  Top row shows the horizontal profiles, for the three pixels of interest 
respectively, through the three LIR functions of FBP reconstruction with 
Hanning filter (cutoff at 0.8 Nyquest frequency).  The circles denote the empirical 
results from 250 noisy realizations and solid lines denote the linearized 
predictions of LIR.  Bottom row shows the contours of the LIR functions at 25%, 
50%, 75%, and 99% of the peak value for the three pixels of interest, respectively.  
From left to right: corresponding to the point at the center of the cold disk, the 
center of the image, and the center of the hot disk, respectively. 
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Figure 4:  Spectra of the normalized eigenvalues of K-L transform along different 
directions.  The horizontal axis shows the number of ordered principal 
components. 

B. K-L Transform along Different Directions 
The difference of K-L transform along the direction of bins, 

views, and slices, respectively, of a noise-free sinogram is 
shown by Figure 4, where the data was simulated from a 3D 
phantom modified from that of Figure 2 and the Anscombe 
transform was not applied.  The disks in the 3D phantom 
become spheres.  The signal distribution along the principal 
components is similar for K-L transform along the directions of 
bins and views.  The transform along the direction of the slices 
or sinograms concentrates  the signal distribution toward the 
first 60 among the 128 principal components.  In other words, 
the K-L transform along the direction of the sinograms is more 
effective in concentrating the correlated signal distribution 
toward the major ordered principal components than that along 
the directions of the bins and views.  Therefore, the K-L 
transform along the sinogram direction is chosen in the 
following studies. 

C. LIR Measure on the K-L Domain Adaptive Filter 
The data simulation for the results of Figure 3 was repeated 

using the modified 3D phantom.  A total of 250 noisy 
realizations of Poisson nature from the noise-free projections 
were generated, Anscombe transformed, treated by the K-L 
domain adaptive Wiener filter and then reconstructed by the 
standard FBP method.  Figure 5 shows the horizontal profiles 
through the three LIR functions (for the three pixels of interest) 
of the FBP reconstructions from the 250 noisy realizations.  
The LIRs at the centers of the hot and cold disks are at the 
same level, and the LIR at the center of the image is about 0.02 
higher.  This is a significant improvement as compared to other 
methods.  For example, the percentage of the overshoot is more 
than 17% for the FBP reconstruction with Hanning filtering 
(cutoff at 0.8 Nyquest frequency) on the Poisson noise.  This 
is expected since the spatially-invariant filter does not model 
the non-stationary nature of the Poisson noise.  The uniformity 
performance of the K-L domain adaptive Wiener filtering on 
non-stationary noise is also superior as compared to iterative 
reconstructions, such as the penalized-likelihood estimation 
with a standard penalty (about 40% overshoot as estimated 
from [24]), and the penalized-likelihood estimation with a 
modified penalty (about 16% overshoot as estimated in [24]).  
It is recognized that it is a challenging task to achieve a 
uniform resolution in few iterations and to suppress the noise 
at higher iterations [26]. 
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Figure 5:  Horizontal profiles through the three LIR functions (for the three pixels 
of interest) from the FBP reconstructions with K-L domain adaptive Wiener 
filtering of the 250 noisy realizations.  From left to right: at the center of the hot 
disk, the center of the image, and the center of the cold disk, respectively. 

D. Noise-Resolution Tradeoff 
It is well known that the cutoff frequency of Hanning filter 

(and other conventional filters) controls an overall tradeoff 
between noise and resolution: a lower cutoff frequency leads 
to coarser resolution but less noisy, and vice versa.  For 
signal-dependent Poisson noise, a single cutoff frequency is 
not sufficient to achieve a good tradeoff for noise reduction 
and resolution preservation across the field-of-view.  An 
adaptive process is desired.  The analyses in sections above 
show that the proposed K-L domain Wiener filtering method 
can adaptively smooth the sinogram according to the SNRs of 
each principal component.  This unique property of adaptive 
filtering the components independently and locally in the K-L 
domain is explored below in a more quantitative manner. 

The NRT induced by the conventional methods and our 
approach were calculated, as shown in Figure 6.  The 
resolution was measured by an average of full-width-at-half-
maximum (FWHM) along the horizontal and vertical directions 
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of each LIR, while the noise was measured by the empirical 
standard deviation.  As discussed in the previous sections, the 
K-L domain adaptive Wiener filter is nonlinear, so that the 
resolution properties for FBP with the proposed method were 
generated from the empirical estimation from the 250 
realizations, while the resolution properties for FBP with the 
linear Hanning and Shepp-Logan filters were determined using 
the linearized predictions of LIR.  The curves for the low-pass 
Hanning and Shepp-Logan filters reflect the NRT for different 
cutoff frequencies.  The effects of the K-L domain adaptive 
Wiener filter were studied with the smoothing parameter ß in 
Eq.(1) equals to 0.5, 1.0 , 2.0 and 5.0, respectively.  In the figure, 
the NRT curves of the Hanning and Shepp-Logan filters follow 
an essentially similar trend, while all the data points from the 
presented adaptive filtering draw a curve much more close to 
the axes, indicating a superior tradeoff performance. 

 
Figure 6:  NRT at the centers of the cold disk and the hot disk for the FBP with K -
L domain adaptive Wiener filter and Hanning/Shepp-Logan filters.  Left is the 
result for the pixel at the center of the cold disk and right is the result for the pixel 
at the center of the hot disk. 

IV. DISCUSSION AND CONCLUSION 
The non-stationary noise in SPECT must be treated by 

corresponding methods, not the spatially-invariant low-pass 
linear filters.  The presented K-L domain adaptive approach 
with the Anscombe transform is a choice so far to consider the 
non-stationary and correlative properties of the sinogram. 
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Detector Blurring and Detector Sensitivity Compensation for a
Spinning Slat Collimator

Gengsheng L. Zeng
Abstract — This paper extends the well-known frequency-dis-
tance principle to a rotating-spinning parallel-slat collimator
SPECT system, where the projection data are in the form of
weighted planar integrals and the detection sensitivity function is
inversely proportional to the distance between the point source
and the detector. The three-dimensional (3D) Radon inversion
formula is used in image reconstruction. The 3D backprojection
is implemented as Marr’s two-step 2D backprojectors. The fre-
quency-distance principle is applied in the second step of the 2D
backprojection. Both the collimator blurring and distance
dependent sensitivity effect are compensated for.

I. INTRODUCTION

This paper considers a rotating and spinning SPEC
imaging system [1][2]. Similar to a conventional SPEC
system, this system rotates around the object (i.e., the patie
The difference is that a parallel-hole collimator is usual
attached to the camera in a conventional SPECT system, w
a spinning slat collimator is attached to the camera in t
system being considered in this paper as illustrated in Fig.
The use of a slat collimator makes the projection data bei
planar integrals of the object, as opposed to line integrals in
conventional SPECT system. Due to the nature of plan
integrals, the projection data are incomplete if the collimat
does not spin by itself. Therefore, collimator spinning
required to guarantee a complete set of measurements.

This rotating and spinning SPECT system can ha
different versions, for example, the detector can have
rectangular shape and simultaneously spin with the collimat
see Fig. 2 [3]. One advantage of this configuration is i
relatively large field of view using a relatively small detector

Like a parallel-hole collimator, the detection spatia
resolution of the parallel-slat collimator in terms of FWHM
(full width at half maximum) is linearly proportional to the
distance from the point source to the detector (see Fig. 3) [
One of the goals of this paper is to compensate for th
distance dependent collimator blurring effect.

In a parallel-hole collimator, the detection sensitivity i
stationary, and does not vary with the distance from th
detector. On the other hand, the detection sensitivity for t
parallel-slat collimator is inversely proportional to the
distance to the detector [5]. The second goal of this paper is

Object
Spinning of
collimator

Axis of camera rotation

Figure 2. Another rotating and spinning SPECT system with a slat
collimator and a rectangular detector.

Object

CameraSpinning
slat collimator

Axis of camera rotation

Figure 1. A rotating and spinning SPECT system with a slat
collimator.

and camera
assembly

Larry Zeng is with the Utah Center for Advanced Imaging Research
(UCAIR), Department of Radiology, University of Utah, 729 Arapeen
Drive, Salt Lake City, UT 84108, USA. Telephone: (801) 581-3918. E-mail:
larry@ucair.med.utah.edu

Figure 3. The collimator blurring effect worsens as the distance to the
detector increases.
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normalize this spatially varying sensitivity function via a
filtering technique in the frequency domain.

II. METHODS

A. Theory review
The well-known frequency-distance principle is used as

the main tool for image compensation in this paper [6][7]. Let
us briefly review the frequency-distance principle as follows.

In two-dimensional (2D) tomography, denote the Radon
transform asp(s,θ), whereθ is the detector rotation angle and
s is the projection location on the 1D detector. Let the 2D
Fourier transform of the sinogramp(s,θ) be

. (1)

In this 2D Fourier domain, the frequency components
along a line passing through the origin and with a slope -n/ω
are mostly contributed by the activities at distanceD:

(2)

where the distance can be both positive and negative as shown
in Fig. 4. The zero distance (D=0) corresponds to the distance
from the axis of rotation to the detector, positive distances are
in the region labeled “far,” and negative distances are in the
region labeled “near.”

Equation (2) is referred to as the frequency-distance
relation. This relationship has been successfully applied to
compensation of the depth-dependent parallel-hole collimator
blurring [6].

If the detector’s point response function at distanceD is
H(ω, D), an ideal point response function compensation
transfer function would be 1/H(ω, D). In the 2D Fourier
domain of the sinogram, the point response compensation
could be implemented as

. (3)

Of course, when Eq. (3) is actually implemented
regularization must be used for noise control and stabil
considerations.

B. Application to planar integral data
For a rotating and spinning SPECT system mounted w

a parallel-slat collimator, the projection data are in the form
planar integrals of the object. Thus the frequency-distan
principle for 2D line-integrals cannot be directly applied her
However, if the projection data are approximated a
unweighted planar integrals, the 3D Radon inversion formu
can be used to reconstruct the image [8]. The 3D Rad
inversion algorithm consists of a second-order derivati
procedure and a 3D backprojection:

(4)

P ω n,( ) 1
2π
------ p s θ,( )e i sω θn+( )–

sd θd
∞–

∞
∫0

2π
∫=

D
n
ω
----–=

Figure 4. In the 2D frequency domain, the negative slope corresponds
to the signed distance in the spatial domain.

Axis of
rotation

D = 0
D < 0, Near

D > 0, Far

Detector

n

ω

D = negative
slope

Far Near

Near Far

D > 0
D < 0

D < 0 D > 0

D = 0

Spatial Domain Frequency Domain

Pnew ω n,( ) P ω n,( )
H ω n ω⁄–,( )
-------------------------------=

Figure 5. Two-step backprojection. Step 1: Backproject to 2D pseudo-
detectors. Step 2: Slice-by-slice backprojection. The “dots” on each
vertical great circle are used to generate a backprojected 2D image.
These 2D images are similar to the planar images acquired via a
conventional SPECT system with a parallel-hole collimator.

A detector orientation    is
represented as a “dot” on the

θ

unit sphereS2

f x( ) 1

8π2
--------- p''

θ
s

s x θ⋅=
( ) θd∫

S
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∫–=
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where is the planar-integral data at detector orientation

, S2 is the unit sphere, and is the reconstructed 3D
image. Using Marr’s two-step backprojection technique, the
3D Radon backprojection can be decomposed into: first
backprojecting the 1D planar-integral data into 2D planar
views around the object, and slice-by-slice backprojecting the
2D views into a 3D image volume, as illustrated in Fig. 5 [9].
In both steps, a 2D parallel line-integral data imaging model is
assumed, and backprojection is along parallel lines in a 2D
plane.

It is noticed that the second step of Marr’s
backprojection is the same as the parallel backprojector in a
2D imaging, and it carries the distance information. The 2D
frequency-distance principle is thus applied in the second step
of Marr’s backprojector.

C. Algorithm
Before image reconstruction, the transfer function of the

rotating/spinning parallel-slat imaging system is determined
asH(ω, D), which is the 1D Fourier transform of the system’s
point response functionh(s, D). HereD is signedthe distance
from the point source to the detector. An example of the point
response function is shown in Fig. 6. The FWHM is a linear
function of D. The total area underneath the curve ofh(s, D)
for a givenD is inversely proportional tounsigneddistance
from the point source to the detector (i.e., the sum ofD and
the distance from the axis of rotation to the detector).

The image reconstruction procedure is as follows.
First, calculate the second-order derivative of the

projection measurements with respect tos, obtaining

.

Second, is scaled by sinθ, because in the

backprojection integral with defined as

.
Third, perform a 2D backprojection with each fixed

angleϕ, obtaining a set of 2D imagesqϕ(t, z), where thez-axis
is the axis of the detector rotation. The backprojection
calculated as

.

Fourth, for every fixedz, take 2D Fourier transform with
respect tot andϕ, obtainingQn(ω, z) with

. (5)

Fifth, use the frequency-distance principle t
compensate for the distance dependent collimator blurri
and distance dependent sensitivity decay, obtaining

, (6)

whereW(ω) is a raised-cosine window for regularization.
Sixth, compute the 2D inverse Fourier transform wit

respect toω andn, obtaining

. (7)

Seventh, perform a 2D backprojection with each fixedz
(that is, perform slice-by-slice backprojection), resulting i
the final reconstructed 3D image volume :

. (8)

III. COMPUTER SIMULATIONS

A computer generated phantom was a large unifor

p
θ

s( )

θ f x( )

Figure 6. An example of the point response function. The point
blurring worsens as the distanceD increases.

h(s, D)

D

s

D = 0

D < 0

D > 0

p
θ

s( )

p''
θ

s( )

p''
θ

s( )

dθ θdθdϕsin= θ

θ θ ϕcossin θ ϕsinsin θcos, ,( )=

qϕ t z,( ) p''
θ

s
s t θcos z θsin+=

( ) θd
0

π
∫=

Qn ω z,( ) 1
2π
------ qϕ t z,( )e i tω ϕn+( )–

td ϕd
∞–

∞
∫0

2π
∫=

Qn
new ω z,( )

Qn ω z,( )
H ω n ω⁄–,( )
-------------------------------W ω( )=

qϕ
new

t z,( ) Qn
new ω z,( )ei t ω ϕn+( ) ωd

∞–

∞
∫

n ∞–=

∞

∑=

f x( )

f x y z, ,( ) 1

8π2
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new
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z,( ) ϕd

0
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∫–=

Figure 7. Computer simulation setup.
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sphere of density 1 and radius of 50 units, that contained two
hot small spheres and two cold small spheres (see Fig. 7). The
hot spheres had a density 2 and the cold spheres had a density
0. One of the hot/cold spheres had a radius of 6 units, and one
of the hot/cold spheres had a radius of 2 units. One unit was
the detector pixel-size. The distance from the detector to the
axis of detector rotation was 95 units. The collimator open
angle (see Fig. 3) was 8.6˚. The projection data were
generated analytically and were weighted according to a
sensitivity function of 1/(D+D0), whereD0 is the unsigned
distance from the axis of rotation to the detector. No noise was
added to the data.

There were 128 detectors on the 1D detector, 64 spin
angles over 180˚, and 128 rotation angles over 360˚. The
reconstructed image was stored in a 128×128×128 array. The
central (z=0) slice of the reconstruction is displayed in Fig. 8
(b). The same slice of a reconstruction without compensation
is displayed in Fig. 8(a) for comparison. A profile (along the
y-axis) comparison is given in Fig. 9.

The reconstruction without compensation used the same
reconstruction algorithm as described in Section III. C, except
that Eq. (6) was replaced by

. (9)

The image resolution and uniformity improvements by
applying the frequency-distance principle can be easily
observed from the profiles in Fig. 9.

IV. CONCLUSIONS

The frequency-distance principle was originally
developed for the 2D Radon transform. The principle was
established on the 2D Fourier transform of the sinogram, and
the frequency components in the 2D Fourier domain on a
straight line with a slope -D and passing through the origin are
dominantly contributed by the activities at a signed distanceD
from the detector.

For a rotating and spinning SPECT system that uses a
parallel-slat collimator, the projection data are weighted
planar integrals of the object. This system has a similar

collimator blurring effect to that in a parallel-hole collimato
system. The detection sensitivity of this system is inverse
proportional to the unsigned distance from the point source
the detector, while for a parallel-hole collimator system th
sensitivity function does not vary with the distance.

The 3D Radon inversion formula is used to reconstru
the image. The 3D backprojection is implemented as Mar
two-step 2D backprojectors [9]. The principle-distanc
principle is applied in the second 2D backprojectors. Th
distance dependent detector blurring effect and distan
dependent detector sensitivity decay are compensated
simultaneously.
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Figure 8. The central (z=0) slice of reconstructed image. (a)
Reconstruction without compensations. (b) Reconstruction with detector
blurring and sensitivity compensations.

(b)

(a)

Figure 9. Profiles drawn along the central vertical line in Fig. 8. (a)
Without compensation. (b) With compensation.
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A Cone-Beam Reconstruction Algorithm for Non-Uniform
Attenuated Projections Acquired Using a Circular Orbit

Trajectory
Qiu Huang, Gengsheng L. Zeng, Jiangsheng You, and Grant T. Gullberg

Abstract— In this paper, Novikov’s inversion formula of the
attenuated two-dimensional (2D) Radon transform is applied
to the reconstruction of attenuated fan-beam projections ac-
quired with equal detector spacing and of attenuated cone-beam
projections acquired with a flat planar detector and circular
trajectory. The derivation is obtained by transformation from
parallel-beam coordinates to fan-beam coordinates. The cone-
beam reconstruction algorithm is an extension of the fan-beam
reconstruction algorithm using the Feldkamp (FDK) method.
Computer simulations indicate that the algorithm is efficient and
is accurate in reconstructing slices close to the central slice of the
cone-beam geometry. When the attenuation map is set to zero the
implementation is equivalent to the FDK method. Reconstructed
images are also shown for noise corrupted projections.

I. INTRODUCTION

Cone-beam computed tomography (CT) with a circular
scanning trajectory is known for its fast data acquisition and
minimum mechanical complexity. Much work has been done
about three-dimensional (3D) cone-beam reconstruction in the
past two decades [1], [2], [4], [5], among which the FDK
method [1] is famous because of its simplicity for imple-
mentation. In single photon emission computed tomography
(SPECT), however, the attenuation should be compensated
for quantitative study. The 3D cone-beam reconstruction with
nonuniform attenuation has not been established so far. Thanks
to Novikov’s explicit inversion formula [3] for attenuated
2D Radon transform, the 3D reconstruction with nonuniform
attenuation becomes feasible. By variable changing Novikov’s
formula can be applied for fan-beam geometry [6]. Cone-
beam reconstruction is then straightforward by extending 2D
implementation to 3D implementation. When attenuation is
zero, our cone-beam reconstruction is equivalent to the FDK
method.

It is well known, unfortunately, that in cone-beam CT,
projections acquired with a circular trajectory are not sufficient

Qiu Huang is with the Utah Center for Advanced Imaging Research
(UCAIR), Department of Radiology, University of Utah, 729 Arapeen
Drive, Salt Lake City, UT 84108, USA. Telephone:(801)585-1667. E-mail:
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Grant T. Gullberg is with the E. O. Lawrence Berkeley National Laboratory,
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Telephone:(510)486-4768. E-mail: gtgullberg@lbl.gov

for exact reconstruction due to Tuy’s data sufficiency condition
[5]. Therefore, in this paper an approximate reconstruction
is presented instead of an exact reconstruction. We can see
from the computer simulation results that our cone-beam
reconstruction is efficient for small objects.

II. ALGORITHM

A. Novikov’s Inversion Formula

Assume x = (x, y) be a point in a two-dimensional
Euclidean space. Let f(x) denote the distribution of radio-
phamacutical concentration and µ(x) the attenuation map. The
mathematical model for SPECT is the attenuated 2D Radon
transform in a parallel-beam geometry

(Rµf)(θ, s) =
∫ ∞

−∞
f(sθ + tθ⊥)e

−
∫ t

−∞
µ(sθ+τθ⊥)dτ

dt (1)

where θ =
(

cos θ
sin θ

)
and θ⊥ =

( − sin θ
cos θ

)
.

Assuming µ(x) is known, Novikov [3] gave an explicit
inversion formula to reconstruct f(x) from the parallel pro-
jection data g(θ, s) = (Rµf)(θ, s):

f(x) =
1
4π
∇ ·

∫ 2π

0

θ{e−h1(θ,s)+Mµ(x,θ)

× [cos(h2(θ, s))H cos(h2(θ, s))eh1(θ,s)g(θ, s)
+ sin(h2(θ, s))H sin(h2(θ, s))eh1(θ,s)g(θ, s)]

}|s=x·θdθ (2)

with

h1(θ, s) =
1
2
(Rµ)(θ, s)

h2(θ, s) =
1
2
H(Rµ)(θ, s)

Mµ(x, θ) =
∫ x·θ⊥

−∞
µ(x + τθ⊥)dτ

and H is the Hilbert transform with respect to the second
parameter throughout the paper and the symbol ∇ stands for
the divergence defined as

∇ · V =
∂Vx

∂x
+

∂Vy

∂y
(3)

for vector V = (Vx, Vy).
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Fig. 1: Fan-beam geometry

B. Fan-beam reconstruction with equal detector spacing

Fan-beam data acquisition geometry with equal detector
spacing is shown in Fig. 1. The fan-beam focal point S is
located on a circle of radius D. Without loss of generality
let us put the detector passing through the center O and
perpendicular to SO. Denote the projection data acquired at
position u on the detector with view angle β by

g̃(β, u) = (Dµf)(β, u) =
∫ ∞

0

f(xS + τα)dτ (4)

where xS = (xS , yS) and α is the unit vector shown in Fig.
1. We can find that the g̃(β, u) is equal to projection data
acquired at (θ, s) in the parallel-beam geometry if:

s =
uD√

u2 + D2

θ = β + tan−1 u

D
(5)

i.e., we have

g(β + tan−1 u

D
,

uD√
u2 + D2

) = g̃(β, u) (6)

From [6], we know

Hk(β + tan−1 u

D
,

uD√
u2 + D2

)

=
1
π

p.v.

∫ π/2

−π/2

k̃(β, D sin(σ′))
sin(σ − σ′)

dσ′ (7)

with σ = tan−1 u
D and k(θ, s) being the projection data in

parallel-beam geometry, k̃(β, u) in fan-beam geometry.
Changing variable σ′ to u′, u′ = D tan σ′ and du′ =

D
cos2 σ′ dσ′ = u2+D2

D dσ′, (7) can be

Hk(β + tan−1 u

D
,

uD√
u2 + D2

)

=
1
π

p.v.

∫ π/2

−π/2

k̃(β, u′) D
u2+D2 du′

sin(tan−1 u
D − tan−1 u′

D )

=
1
π

p.v.

∫ π/2

−π/2

k̃(β, u′)
(u−u′)D
u2+D2

D

u2 + D2
du′

= H̃k̃(β, u) (8)

where the Hilbert transform in fan-beam geometry is defined
as

H̃ϕ(β, u) =
√

u2 + D2H(ϕ(β, u)
1√

u2 + D2
) (9)

Changing variable in equation (2), we obtain the inversion
formula for the fan-beam geometry as following,

f(x) =
1
4π
∇ ·

∫ 2π

0

D2

U
{
(

cos(β + tan−1 u
D )

sin(β + tan−1 u
D )

)

× e−h1(β,u)+M̃µ(x,β+tan−1 u
D )

× [cos(h2(β, u))H cos(h2(β, u))
eh1(β,u)g(β, u)

D2 + u2

+ sin(h2(β, u))H sin(h2(β, u))
eh1(β,u)g(β, u)

D2 + u2
]

}|u=u′dβ (10)

with

U =
D + x sin β − y cos β

D

h1(β, u) =
1
2
(Dµ)(β, u)

h2(β, u) =
1
2
H̃(Dµ)(β, u)

M̃µ(x, θ) =
∫ x·θ⊥

−∞
µ(x + τθ⊥)dτ

u′ =
D(x cos β + y sin β)
D + x sin β − y cos β

C. Cone-beam reconstruction with circular scanning trajec-
tory

The cone-beam geometry is described in Fig. 2. The cone-
beam focal point S is on a circle centered at O with radius
D and in the plane z = 0. Assuming the detector plane is
perpendicular to SO at O.

Introduce the rotated coordinates

s = x cos(β) + y sin(β)
t = −x sin(β) + y cos(β)
z = z (11)
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Fig. 2: Cone-beam geometry

the reconstruction formula at x = (x, y, z) is

f(x) =
1
4π
∇ ·

∫ 2π

0

D2
√

D2 + ξ2

D − t
{β′

× e
−h1(β,u,ξ)+M̃µ(x,β+tan−1 u√

D2+ξ2
)

× [cos(h2(β, u, ξ))H cos(h2(β, u, ξ))
+ sin(h2(β, u, ξ))H sin(h2(β, u, ξ))]

eh1(β,u,ξ)g̃(β, u, ξ)
D2 + u2 + ξ2

}|u=u′dβ (12)

with

β′ =




cos(β + tan−1 u√
D2+ξ2

)

sin(β + tan−1 u√
D2+ξ2

)




h1(β, u, ξ) =
1
2
(Dµ)(β, u, ξ)

h2(β, u, ξ) =
1
2
H̃(Dµ)(β, u, ξ)

u′ =
Ds

D − t

ξ =
Dz

D − t

H̃k(β, u, ξ) =
√

u2 + D2 + ξ2

× H(k(β, u, ξ)
1√

u2 + D2 + ξ2
)

III. NUMERICAL RESULTS

In our computer simulation for fan-beam geometry, we
choose the attenuation map as in Fig. 3 and D equal to 128
units. One unit is the image voxel size. The attenuated noise-
free projection with 128 views over 360◦ and the reconstructed
image in a 128 × 128 array are shown in Figs. 4 and 5,
respectfully.

For cone-beam geometry, the attenuation map is defined in
a 129 × 129 × 129 array with maximum coefficient of 0.02
per unit. If we choose one unit as 0.17cm, the image is of the
size of human scull and the attenuation coefficient 0.02 per
unit is the same as that of water at 140keV . The noisefree
projections are measured at 128 views over 360◦ and at 129
equally spaced detector positions. D is set to be 120 units. The

0    
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Fig. 3: Attenuation
map of the fan-beam
geometry
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250

300

Fig. 4: Attenuated
projection of the fan-
beam geometry

reconstructed images at the three orthogonal central slices are
shown in Fig. 6.

Due to the random nature of radioactivity and measurement
error, there is inevitable noise in the acquired data. We model
the noise in the projections with Poisson distributions. Fig. 6
also shows the reconstructed images at the three orthogonal
central slices for noisy projections. The Poisson noise is such
that the total count calculated from projections of the x − y
plane is 106.

Profiles drawn across the phantom and reconstructed image
are shown in Fig. 7 for noisefree case and 8 for noisy case.

Reconstructed slices at different distance from the x − y
plane are displayed in Figs. 9 and 10. It can be seen that for
slices far away from the center O, the reconstructed images
become more dissatisfying.

IV. DISCUSSION

In our cone-beam reconstruction algorithm, when the atten-
uation is set to be zero, the implementation is the same as that
of FDK method. Simulation results illustrate the equivalence
of the two algorithms in attenuation free cone-beam CT.

From Tuy’s data sufficiency condition, we know it is im-
possible to reconstruct exactly the image from projections
acquired in a geometry described above. The simulation results
verify the data insufficiency. In order to do exact reconstruc-
tion, non-planar trajectory should be adopted. Adding either
an arc or a vertical line to the circular trajectory is a solution.
Using helix trajectory is another.
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Fig. 5: Reconstructed image (left) and the original emission phantom (right)
for fan-beam geometry

(z=0 )

O x x 

y 

y O 

z 

(x=0) 

O 

z 

(y=0) 

Fig. 6: Original emission phantom (first row), reconstructed image from
noisefree projections (second row) and reconstructed image from noisy
projections (third row) for z=0 (first column), x=0 (second column) and y=0
(third column)
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Fig. 7: Profiles: Dashdot line is for the original phantom, solid line
for reconstructed image, and dashed line for reconstructed image without
attenuation correction.
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Fig. 8: Profiles in noisy projection case: Dashdot line is for the original
phantom and solid line for reconstructed image.

Fig. 9: Original emission phantom (first row), reconstructed image from
noisefree projections (second row) and reconstructed image from noisy
projections (third row) for z=1 (first column), z=5 (second column) and z=12
(third column)

Fig. 10: Original emission phantom (first row), reconstructed image from
noisefree projections (second row) and reconstructed image from noisy
projections (third row) for z=27 (first column), z=35 (second column) and
z=38 (third column)
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Exact Fan-beam and Cone-Beam Algorithms with Uniform           
Attenuation Correction 

 
                 Qiulin Tang, Gengsheng L. Zeng, Jiansheng Wu, and Grant T. Gullberg 

 

Abstract      This paper presents an analytical fan-beam and 
cone-beam reconstruction algorithms that compensate for 
uniform attenuation in SPECT.  First, a fan-beam algorithm is 
developed by obtaining a relationship between the 2D Fourier 
transform of parallel-beam projections and fan-beam 
projections. Then the analytical reconstruction algorithm for 
uniformly attenuated Radon data, developed by Metz and Pan, 
is used to reconstruct the image. A cone-beam algorithm is 
developed by extending the fan-beam algorithm to π4  solid 
angle geometry.   
 

�. INTRODUCTION 
 
      The use of converging beam geometries has been 
investigated for several SPECT applications, such as brain, 
cardiac, and small animal imaging [1-2]. Pinhole collimation 
and multi-pinhole collimation are examples of cone-beam 
imaging geometries and are often used in small animal 
SPECT imaging [3-6]. The cone-beam reconstruction 
problem alone presents a significant challenge; however the 
attenuation presents an even greater challenge for 
reconstructing cone-beam data. Some researchers have 
investigated the cone-beam reconstruction problems with the 
cone-beam focal point distributed on a sphere [7-8].  

In this paper we first consider the imaging geometry where 
the fan-beam collimator rotates in a circle around the object. 
Some research work [9-10] has been published in extending 
the results for uniform attenuator from the parallel-beam 
geometry to fan-beam geometry. Those analytical fan-beam 
algorithms are basically the fan-beam versions of the Tretiak-
Metz algorithm [11], which has been shown to be sensitive to 
noise.   

This paper develops a fan-beam and cone-beam algorithms 
based on Metz-Pan’s method [12] which have demonstrated 
superior noise. In our fan-beam algorithm, the 2D Fourier 
transform of modified projection data is obtained first, then, a 

filtering procedure is performed. Finally, an inverse FFT is 
performed to obtain the reconstructed image. This fan-beam 
algorithm is then extended to the cone-beam π4 imaging 
geometry. For a given normal direction the cone-beam data 
are processed slice-by-slice using the new fan-beam 
algorithm. Then a summation of the reconstructions in all 
normal directions is calculated as the final image.   
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tangql@physics.utah.edu. 
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The proposed cone-beam algorithm is an exact extension 
of the new fan-beam algorithm.  
 

�.  FAN-BEAM ALGORITHM 
 

Let the parallel projection data of an object with a uniform 
attenuator be ),( θtp  and the fan-beam projection data of the 
same object with the same attenuator be ),( βσq . The 
modified attenuated sinogram of parallel projection data is 
defined as (i.e., the exponential Radon transform) ),( θtm : 

      ,                                               (1) ),(),( ),( θθ θµ tpetm tD=
where ),( θtD  is the distance as shown in Fig. 1.      
  

Focal Point 

σ

D(t,θ)=D(σ,β
R 

β
θ t 

Detector 
Center of 
rotation 

p(t,θ)=q(σ,β) 

          
     Fig. 1.  Illustration of the fan-beam geometry and relationship between 

parallel-beam and fan-beam parameters. 
 

  The modified attenuated sinogram of fan-beam projection 
data is defined as  ),( βσn : 

           ,                                          (2) ),(),( ),( βσβσ βσµ qen D=
where ),( βσD  is the distance as shown in Fig. 1.                                       
      Variables βσθ ,,,t  are described in Fig. 1. An arbitrary 
projection ray can be expressed either in the parallel-beam or 
fan-beam notation, that is, ),(),( βσθ ntm =  with following 
transformation of variables βσθ ,,,t : 
             σsinRt = , βσθ += ,                                             (3) 
where R is focal length of the fan-beam geometry , and 

         πθ 20 ≤≤ ,  ,20 πβ ≤≤
22
πσπ

≤≤− .                  (4)    

Fred Noo


Fred Noo
The Eighth International Meeting on Fully Three-dimensional Image Reconstruction in Radiology and Nuclear Medicine      255  

Fred Noo


Fred Noo
Session 7 - Poster session 2: PET and SPECT imaging      14:00 - 16:00 Thursday 7 July 2005 

Fred Noo



Using the property of the delta function we have 

.))(())(sin(),(),(
2

2

2

0

1∫ ∫
−

− −−−=

π

π

π

βσσθβδσδβσθ dd
R
tntm  (5) 

Performing the 2D Fourier transform of ),( θtm  yields 

     .                            (6) ∫ ∫
∞

∞−

−−=
π

θπω θθω
2

0

2),()( dtdeetmM ikti
k

Substituting (5) into (6) yields 

     

.)())(sin(

),()(

1

2

2

2

0

2

0

2

βσβσθδσδ

βσθω

π

π

ππ
θπω

dd
R
t

ndtdeeM ikti
k

++−−

×=

−

−

∞

∞−

−− ∫ ∫∫ ∫                           (7)                 
µ

Changing the order of integration yields 

     

.)(

))(sin(),()(

2

2

0

1
2

2

2

0

θβσθδ

σδβσβσω

θπω

π
π

π

π

dtdee

R
tddnM

ikti

k

−−

∞

∞−

−

−

++−

×−= ∫ ∫∫ ∫           (8) 

Then (8) can be simplified as 

   .)cos(),()(
2

2

2

0

)(sin2∫ ∫
−

+−−=

π

π

π
βσσπω βσσβσω ddeenM ikRi

k     (9) 

Evaluating the integration with respect to β  gives      

,)cos()(

),()cos()(

2

2

)sin2(

2

2

2

0

sin2

∫

∫ ∫

−

+−

−

−−−

=

=

π

π

σσπω

π

π

π
βσσπω

σσσ

ββσσσω

deN

dendeM

kRi
k

ikikRi
k

             (10)   

                             

(3) Use (14) to perform frequency shifting and weighting 
and to obtain the 2-D Fourier transform of the 2-D activity 
distribution function )(ωkA . 

where 

     .                                        (11)      ∫ −=
π

β ββσσ
2

0

),()( denN ik
k                               

To, summarize, we use (10) to obtain equivalent parallel-
beam projection from fan-beam projection in the frequency 
domain, then use Metz and Pan’s parallel-beam algorithm to 
reconstruct the image.                 

        Our new fan-beam algorithm is based on the algorithm 
for the parallel-beam exponential Radon transform presented 
by Metz and Pan [12]. The algorithm is described briefly as 
follows. 
        Let the 2-D activity distribution function in polar 
coordinates be ),( φra  the attenuated parallel sinogram be 

),( θtp , and the modified attenuated sinogram (i.e., the 
exponential Radon transform) be ),( θtm . Performing the 
Hankel transform and Fourier transform of the activity 

),( φra  gives  

          ,      (12) ∫ ∫
=

∞

=

−−=
π

φ

φ φπωφω
2

0 0

)2(),()()(
r

k
ikk

k rdrdrJeraiA

where )2( rJ k πω  is the kth-order Bessel function of the first 
kind and . ...2,±1,0 ±=k

      Performing the 2-D Fourier transform of the modified 
attenuated sinogram ),( θtm  yields 

   ∫ ∫
=

∞

−∞=

−−=
π

θ

πωθ θθ
π

ω
2

0

2),(
2
1)(

t

tiik
k dtdeetmM ,                  (13)                     

with ,...2,1,0 ±±=k .  
From Metz and Pan’s paper [12] 

  [ ] [ ] ),()()1()()()( µµµµ ωωγλωωγλω −−−+= k
k

k
k

k MMA          (14) 
where  

22 )2( πµωω += , 
πµω

πµω
ωγ

µ

µ
µ 2

)2(
)(

22

+

−
= ,      (15a) 

      0 1≤≤ λ .                                                       (15b)   
                

      The proposed fan-beam algorithm consists of the 
following steps: 

(1) Modify each attenuated fan-beam line-integral ),( βσq  

by a scaling factor e , obtaining 
, where 

),( βσµD

),(),( ),( βσβσ βσµ qen D= µ  is the linear attenuation 
coefficient and ),( βσD  is the distance defined in Fig. 1. 
      (2) Use (10) to obtain the 2D Fourier transform of 
parallel-beam projection data )(ωkM . 

  (4) Perform 2-D inverse Fourier transform of  ),( yxcA ωω  
to obtain the image )(xa , 

    .       (16) ∫ ∫
∞

−∞=

∞

−∞=

+=
x y

yx
yx

yxi
yxc ddeAyxa

ω ω

ωωπ ωωωω )(2),(),(

�. CONE-BEAM ALGORITHM 
 

For the cone-beam geometry, the cone-beam focal point 
locations are distributed on the entire sphere of radius R, 
covering a π4  solid angle. Projection data are obtained at 
every focal point location.  

The reconstruction volume can be decomposed into many 
slices ),,( θθθθ φ zrV  along an arbitrary direction θ  (see Fig. 
2). We can apply the new fan-beam reconstruction algorithm 
for every fixed θz  to obtain a 2-D image ),,( θθθθ zyxa . 

Note that the ),,( θθθθ zyxa  obtained in every direction θ  is 

the exact reconstruction of the activity )(xa .  For noiseless 
data, one directionθ gives a complete reconstruction of the 
entire 3D reconstruction of the object. For noisy data, the 
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final image )(xa  is obtained by summing up all 
),,( θθθθ zyxa at all directions: 

       ∫∫=
π

θθθθ θ
4

),,()( dzyxaxa .                                     (17)                                                   

      In our Computer-simulation studies, the projection data 
were generated from the 3D modified Shepp-Logan phantom 

with a uniform attenuator. The cone-beam vertices were on a 
sphere that was centered at the origin and had a radius 

200=R  units. The unit was in terms of the projection bin 
size. The uniform attenuator in the simulations had the same 
spherical shape as the exterior of the modified Shepp-Logan 
phantom and an attenuation coefficient of 0.05 unit-1. This 
value is approximately the attenuation coefficient of water at 
140 keV when one unit is 3.6 mm. Projection data without 
noise were generated at the focal point locations distributed 
on the entire sphere. There were 128 projection samples 
in the detector plane. 

128×

This cone-beam algorithm is described in detail in the 
following steps. 
 

 

θ, zθ 

Vθ(rθ, φθ, zθ) 
 

 
   Fig. 2.  Illustration of the slice-by-slice fan-beam   reconstruction of a 

cone-beam image. 
 

(1) Modify each attenuated fan-beam line-integral 
),,( zq βσ  by a scaling factor e  along direction ),,( zD βσµ θ , 

obtaining 
        ,                               (18) ),,(),,( ),,( zqezn zD βσβσ βσµ=

where µ  is the linear attenuation coefficient and D ),,( zβσ  
is the distance defined in Fig. 2.  

(2)  In a new coordinate system where the z-axis is along 
θ , express ),,( zn βσ as ),,( θθθ βσ zn . 

(3) Similar to (10), obtain ),( θω zM k by  

        ∫ +−=
π

σσπω
θθθ σσσω

2

0

)sin2()cos(),(),( dezNzM kRi
kk

,         (19) 

where  

       ∫ −=
π

β
θθθθθ ββσσ

2

0

),,(),( deznzN ik
k ,                      (20) 

and the θz  direction is along θ . 
(4) Shift and weight the frequency components to obtain 

the 2-D Fourier transform of the 2-D activity distribution 
function ),( θω zAk , 

[ ] [ ] ).,()()1(),()(),( θµµθµµθ ωωγλωωγλω zMzMzA k
k

k
k

k −−−+=    (21)     
(5) Perform 2-D inverse Fourier transform of  

),,( θωω zA yxc  to obtain the image )(xaθ  

.),,(),,( )(2
∫ ∫
∞

−∞=

∞

−∞=

+
=

x y
x

yyxxi
yxc ddezAzyxa

ω ω

θωθωπ
θθθθθ ωωωω  

                                                                                              (22) 
      (6) Use (17) to obtain the reconstructed image )(xa .       
  

�. COMPUTER SIMULATIONS 
       

 Fan-bean 
reconstruction �. RESULTS 

Focal Point 
Sphere 

yθ  
A. Fan-beam results 

xθ Figure 3 shows the reconstructed image from the fan-beam 
projection data. 

Figure 4 shows the profiles of the reconstructed image and 
the true phantom in Fig. 3. We can see that the profile with 
attenuation compensation almost matches the profile of the 
true phantom, while the profile without attenuation 
compensation is a curve that deviates significantly from the 
truth as shown. 
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The cone-beam algorithm is developed by extending the 

fan-beam algorithm to π4  solid angle geometry slice-by-
slice and direction-by-direction. Our fan-beam and cone-
beam algorithms have been implemented and the computer 
simulations are provided in this paper. 

The projection data q ),,( zβσ  are redundant in our π4  
solid angle geometry which is not realistic. The further 
research will be focused on developing efficient cone-beam 
algorithms with attenuation correction using realistic focal 
point orbits, for example, helical cone-beam focal point orbits. 
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A Fast Resolution Recovery Algorithm for Translation Based 
Multi-Pinhole SPECT 

Girish Bal, Zixiong Cao, Gengsheng L. Zeng, Robert M. Lewitt, and Paul D. Acton 

  
Abstract—In this work, we developed a fast resolution 

recovery algorithm for multi-pinhole (MP) SPECT. Image 
degradations caused by the pinhole diameter, collimator 
penetration and the intrinsic response function of the crystals 
were modeled and compensated for using a slice-by-slice 
reconstruction algorithm.  The main objective of this abstract is 
to (1) simplify the depth-dependent shift-variant point spread 
function (PSF) to a depth-dependent shift invariant function, 
thereby decreasing the time taken for the reconstruction, and (2) 
to qualitatively as well as quantitatively evaluate the 
reconstructed images obtained using the fast algorithm with 
those obtained using the exactly modeled PSF. Note that this 
approach of fast resolution recovery can only be used for those 
multi-pinhole collimators where all the pinholes are placed on a 
plane parallel to the detector surface. 

I. INTRODUCTION 
Due to the higher sensitivity of multi-pinhole (MP) 

SPECT, they are now increasingly being used in the detection 
as well as quantification of the radioactive uptake in small 
lesions [1-6]. To quantitatively analyze these lesions a slow 
but accurate resolution recovery algorithm is used where the 
point spread function (PSF) caused by the pinhole diameter, 
septal penetration and intrinsic crystal resolution are exactly 
modeled and compensated for during the reconstruction step 
[1, 4, 7]. The PSF is obtained either experimentally, i.e. by 
moving a point source to predetermined locations in the 
image space and saving the measured projection data [4] or 
by modeling the PSF analytically, i.e. as a set of equations [1, 
8]. These two methods give a depth-dependent and shift-
variant PSF that is either obtained from a look up table or 
calculated for each point in the image space during 
reconstruction. Though this method gives quantitatively 
accurate reconstructed images, it can be computationally 
taxing especially when a large number of pinholes are used or 
when translation based whole body animal studies are 
performed. Further, the PSF varies drastically with changes in 
parameters such as ROR, focal length, pinhole diameter, 

collimator material, as a result of which the PSF needs to be 
measured/modeled for every animal study.  
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In this work, we evaluate a fast resolution recovery 
algorithm based on the slice-by-slice blurring approach 
proposed in [9] for cone beam SPECT. In this algorithm, the 
PSF is modeled as a depth dependent but shift invariant 
function. As will be explained later in Section 2, our method 
inspite of being a simplified approximation of the exact PSF, 
it does incorporate most of the major influencing factors of 
the exact PSF, especially for the translation based geometry. 
Thus in this paper, we plan to address two issues viz. (1) the 
time factor by which the reconstruction process can be 
accelerated by the fast resolution recovery algorithm and (2) 
the qualitative and quantitative accuracy of the fast-
reconstruction algorithm to detect metastasized lesions in a 
whole body mouse phantom. 

Though we focus on lesion detectability in this abstract, the 
new approach can be easily expanded to other applications 
such as cardiac and brain imaging. Further, as these organs lie 
towards the center of the FOV, the PSF obtained using our 
approach will be similar to those obtained using the exact 
analytical equations. 

The abstract is divided into the following four sections. In 
the next section, we will explain the different parameters that 
are included in the modeling of the fast depth-dependent shift 
invariant PSF, the two different translation based imaging 
geometries studied and the non-prewhitening filter (NPWF) 
based analysis that will be used for lesion detectability. 
Section 3 shows the reconstructed images obtained using the 
two translation based methods and the reconstruction time 
taken by the fast as well as the exact resolution recovery 
algorithm while section 4 is discussion and conclusion.  

II. METHOD 

A. Point Spread Function 
The depth dependent but shift invariant components of the 

PSF, for a multi-pinhole collimator (especially when all the 
pinholes are arranged on a plane parallel to the detector) are 
(1) the unattenuated photons that pass through the pinhole 
aperture, (2) the width and scaling factor of the volumetric 
projector/backprojector (Fig. 1) and (3) the intrinsic response 
function of the crystal. On the other hand, the shift variant 
component of the PSF is due to the photons that penetrate 
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through the collimator material and are detected on the 
crystal. 

The photons that pass through the pinhole aperture forms a 
radial symmetric ‘rect’ function, with a radius that depends 
on the distance of the source from the pinhole, pinhole 
diameter and the magnification factor used. 

The septal penetration of a point source placed on a line 
perpendicular to the detector and passing thorough the central 
pinhole was modeled using the analytical algorithm proposed 
in [8] and was then incorporated around the radial ‘rect’ 
function mentioned above. 

For the iterative reconstruction algorithm, a volume based 
projector/backprojector was used. Due to the finite width of 
the pixels, used in the projection data, the volumetric region 
through the 3D image space, that contributes to that pixel, is 
in the shape of a pyramid. Now if we divide the image space 
with planes that are parallel to the detector surface then the 
intersection of the planes with the pyramid forms a 
hexahedron with a trapezoidal cross-section Fig. 1. Now for a 
particular pixel width, the base of this hexahedron is shift 
invariant for a given depth (plane) from the collimator. 
Hence, to take into account the depth dependent volume of 
the image space that is sampled by each pixel on the detector, 
we use a 2D ‘rect’ function that corresponds to the base of 
the hexahedron. Finally, the volume of the hexahedron is 
calculated for a given depth and incorporated into the 2D rect 
function as a scaling factor.  

The intrinsic response function of the crystal was modeled 
as a Gaussian function with a FWHM of 3 mm. Now the 
above mentioned functions were convolved together to get 
the depth-dependent shift-invariant convolution kernel (PSF), 
used in this paper. To this shift invariant function the effects 
of septal penetration calculated at the central pinhole is added 
to give the approximate kernel used in this paper. The image 
space was convolved with this depth dependent kernel in the 
spatial domain using a slice-by-slice approach during the 
projection/backprojection step of the image reconstruction. 

B. Helical MP SPECT 

Fig. 2. (a) shows pinhole arrangement of a seven pinhole collimator. The 
pinholes were arranged such that no two pinholes were arranged in the
same horizontal or vertical direction. (b) a n ine pinhole projection of a
MOBY mouse phantom. The projections from the different pinholes were
allowed to overlap so as to increase the size of the FOV. 

 

1.
51

 c
m

 

3.64 cm

 
The translation based, helical MP SPECT system was 

designed by combining the rotation of the three-head gantry 
with the translation of the animal bed. This imaging geometry 
used is an extension of the work done in [10] using single 
pinhole collimators for whole body small animal imaging. 
However, in the current approach, the use of MP collimators 
resulted in the simultaneous sampling of multiple planes in 
the axial direction compared to the single pinhole SPECT 
system. This means a smaller translation of the object is 
sufficient to fully sample the image space compared to the 
single-pinhole case, resulting in a greater average sensitivity 
in the projection data (Fig. 2). The increase in sensitivity for 
the same acquisition time resulted in less noise in the MP 
reconstructed image thus improving the detectability of small 
lesions with low contrast. Forty projections were acquired by 
each head, for one helical rotation around the mouse using a 
radius-of-rotation of 3.2 cm, focal length of 16 cm and a table 
translation of 5.6 cm. The locations of the pinholes were 
selected such that the fully sampled region (common volume) 
in the image space, for every axial bed location, is an oblate 
spheroid with an equatorial radius of 3cm and a polar radius 
of 2 cm.  

C. Translation Based Non-Rotating MP SPECT 
For the second translation based MP design, the 3 heads of 

the SPECT system were stationary and placed 1200 apart. The 
multiple pinholes were arranged on a flat tungsten plate 
attached to a pyramidal lead base, which was in turn attached 
to each head of a three-head SPECT system (Philips-3000XP) 
(Fig 3). The animal table was then translated through the 
prism shaped FOV formed at the center of the 3 collimators 
(Fig. 3). Now for simplicity, let us consider the projections 
from each pinhole separately. If we assume these projections 
from the different pinholes to be non-multiplexing then we 
could have easily used Tuy’s condition and the fully sampled 
volume would have been the equilateral prism shaped volume 
at the center of the image space. For a radius-of-rotation of 
3.5 cm, focal-length of 10.5 cm and crystal width of 40 cm 
the base of the fully sampled equilateral triangle will be about 
2.47 cm. Note that this size is still large enough for mouse 

     
Fig. 1. (a) Schematic representation of a slice through the detector, pinhole 
and image space. The projections at every bin can be assumed to be the sum 
of all the value in the trapezoidal region in the 2D space. (b) extending the
same concept to 3D we get a hexagonal volume that is sampled when two
planes parallel to the detector intersect the pyramidal volume seen by that
pixel 
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imaging and to image organs like the heart and brain in larger 
animals such as rats.  

 

(a)  (b)  
Fig. 4: A  cylindrical phantom with 33 square lesions of width 1.4 mm
placed on different transaxial slice. The lesions had a contrast of 4 times
the background. (a) transaxial slice and (b) coronal slice. 

However, in our design the projections from the different  
 

 

    

 

 
Fig. 3. (a) A MP collimator attached to a 3 head SPECT sytem (Philips
3000). (b) a transaxial slice through the 3 head MP collimator and image
space. The triangular region in the center corresponds to the common
volume from which the projections are measured by all  the pinholes
(shown as dots). 

pinholes overlap so as to increase the axial size of the FOV 
(Fig 2). In this case Tuy’s condition cannot be applied, yet 
the prism shaped volume corresponds to the ‘common 
volume’ that is seen by all the pinholes in the three heads 
during image acquisition. The region outside the common 
volume is undersampled and hence susceptible to truncation 
artifacts during the iterative reconstruction. 

D. Moby Mouse Phantom 
A MOBY mouse phantom [10] injected with 111 MBq of 

Tc99m-MIBI, was simulated using the physiological uptake 
values measured by Madar et al. [11] Small lesions with 
diameters varying from 0.7 to 3.5 mm were added at different 
locations of the mouse phantom. The contrast ratio of these 
lesions ranged from 4 to 8 times the background activity. The 
uptake in the bladder and kidneys were 10 times that of the 
background, to simulate the worst-case scenario of having a 
hot kidney and bladder close to the lesions. 

E. Reconstruction Algorithm 
OSEM algorithm with 5 subsets per iteration was used for 

the reconstruction. The subsets were chosen such that 
projections from the entire length of the animal were evenly 
selected. A rotation based projector/backprojector was used. 
The reconstruction were performed on a 2 GHz dual CPU G5 
(Apple) with 2 GB RAM. The time taken for each iteration 
was recorded and plotted for analysis. 

F. Lesion Detection Using Non-Prewhitening Matched 
Filter (NPWF) 
As shown in Fig. 4, a 9 cm long and 2.8 cm wide 

cylindrical phantom was used in this simulation experiment. 
Square lesions with a width of 1.42 mm and a contrast of 4 
times the background were placed at 33 predetermined  

 
 

 
locations in the phantom. The locations were selected at 
various radial distances to study the effect of the asymmetric  
PSF for lesions located at various positions in the image 
space. The projection data were simulated using the exactly 
modeled analytical PSF. 

In this study, the lesion detection task is a ‘signal known 
exactly’ task, as the location as well as presence/absence of 
the lesion is known. The noise levels in the projection were 
adjusted until the lesion was difficult to see on the helical 
single pinhole reconstructed image. 

Fifty-five signal present  and fifty-five signal absent g+
i g−

i  
images were generated for the analysis. Using these images, 
the signal estimate is given by sest = g+

i − g−
i  where  

represents the ensemble average across all noise realizations 
[12]. Let us denote λ+

i  and  as the dot product of the 
signal estimate with the signal present and signal absent 
images given by 

λ−
i

λ+
i = sest • g+

i  and λ−
i = sest • g−

i .  Then, the 
target contrast 'C '  is the difference between the mean of λ+

i  

and λ−
i  denoted as C = λ+

i − λ−
i . Now if we denote σ +

2 

and σ−
2

=

 as the variance of  and, then the ‘detectability 
index’ or signal to noise ratio (SNR) is given by 

λ+
i λ−

i

SNR λ+
i − λ−

i( ) σ +
2 +σ−

2( ) 2 . Once the SNR is 

determined, the area under the curve (AUC) for that 
particular imaging modality is calculated using 
AUC = 0.5+ 0.5× erf (SNR) . 

III. RESULTS 
Figure 5 (a and b) shows the reconstructed image of the 

MOBY phantom [10] acquired using the helical SPECT 
system. The improved sensitivity and axial sampling of the 
multi-pinhole system when compared to helical single 
pinhole SPECT not only resulted in an improvement in the 
contrast-to-noise ratio but also reduced the bias in the 
reconstructed image [13]. These results indicate that multi-
pinhole helical-SPECT is better in terms of detecting tumor 
metastasis and improving quantification of the tracer 
biodistribution compared to single-pinhole helical-SPECT. 
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The coronal and sagital slices through the reconstructed 
images obtained using the non-rotating translation based 
SPECT system is shown in Fig 5 (c and d). The effect of 
reduced sampling outside the common volume can be seen in 
Fig 5(d) especially on the dorsal surface of the mouse while 
organs at the center of the image was found to be 
reconstructed with a high degree of accuracy. That means, in 
spite of the multiplexing and under-sampling of some 
regions, the translation based non-rotating MP system 
reconstructs the volume-of-interest (common volume) 
faithfully. Further, as no rotation of the gantry is required the 
calibration of the 

  

    
Fig. 5. (a,b) Saggital and coronal slice through the reconstructed image 
obtained using the MP helical orbit. (c,d) shows the saggital and coronal slice 
obtained using the MP translation based non-rotating orbit. The PSF was not 
modeled in this projection to see the effects of undersampling of some 
regions in the reconstructed image. The region within the central common 
volume were found to be reconstructed with a high degree of accuracy 
 
system is greatly simplified resulting in artifact-free 
reconstructions 

The time taken for the reconstruction of a SP Helical 
SPECT and nine pinhole helical SPECT system using the 
exactly modeled PSF and the fast resolution recovery 
algorithm is shown in Fig. 6 and Table 1. For the 9 PH case it 
took about 10 hours for 15 iterations using the exact PSF 
while the proposed fast resolution recovery approach it about 
an hour and 40 minutes for the same number of iterations.  

 
TABLE 1 

TIME TAKEN BY THE EXACT AND FAST RECONSTRUCTION ALGORITHM 
Pinhole 5 iterations 10 iterations 15 iterations 
 Exact Fast Exact Fast Exact Fast 
SP 22.4 23.4 42.9 44.3 64.1 65.4 
9-PH 208.9 35.9 398.3 68.2 581.9 100.3 

IV. DISCUSSION AND CONCLUSION 
We evaluated a slice-by-slice blurring based reconstruction 

algorithm where the shift invariant components are modeled 
exactly while the shift variant penetration component was 

modeled for the pinhole located at the center of the MP 
collimator. 

Hence, the only factor that is not exactly modeled in the 
PSF is the penetration component. Now for a translation 
based system the PSF due to the penetration along the 
direction parallel to the axis of the animal is going to be 
symmetric. This is due to the fact that the translation of the 
animal bed causes the voxels in the image space to see 
different penetration components for different locations of the 
collimator. Thus using the approach proposed in this abstract 
the asymmetry of the pinhole penetration is not sampled in 
the radial direction, i.e. as you move away from the axis of 
rotation. We are now in the process of quantitatively 
evaluating the reconstructed images of the cylindrical 
phantom with point sources using the NPWF. The reduction 
in reconstruction time by a factor of 5, for the fast resolution 

 

             
Fig. 6. The time taken by a single pinhole helical SPECT and a nine-pinhole 
helical SPECT using the exactly modeled PSF and the proposed fast 
resolution recovery algorithm. The time taken for the single pinhole case is 
similar using either methods but for the multi-pinhole case it increases 
drastically depending on the number of pinholes used. The bold dots 
(triangles) stand for iteration numbers.  
 
recovery method compared to the exact method for a 9 
pinhole collimator and looking at the results from other 
preliminary studies that were performed we postulate that 
such fast resolution recovery algorithms with well justified 
approximations could be used for translation based whole 
body multi-pinhole imaging of small animals. 
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Exact Reconstruction in Positron Emission Tomography with
Panel-based Detectors

Chien-Min Kao, Yu Zou and Xiaochuan Pan

Abstract—We have investigated the application of recently developed
x-ray cone-beam imaging theory and reconstruction algorithms for recon-
structing images from data generated by panel-based PET systems. This
is possible by interpreting PET data as cone-beam projection data, there-
fore converting PET image reconstruction into a cone-beam reconstruc-
tion problem.

I INTRODUCTION

There is a rapidly growing interest in PET imaging due to
its unique capability in molecular imaging. Most existing PET
systems adopt the cylindrical configuration in which discrete
detection elements are employed and arranged to form a stack
of circular detector rings [1]. Analytic PET reconstruction
methods are also designed to work with this geometry [2].

A Panel-based PET systems and reconstruction

PET systems based on detector panels have also been inves-
tigated and developed. For example, the PENN-PET systems
consist of six hexagonally arranged flat, single-crystal NaI(Tl)
detectors [1]. In the recent C-PET scanner, these flat panels
are replaced with curved NaI(Tl) plates [1]. Also, coincidence
imaging by use of the conventional gamma cameras have been
considered. Detector panels are found particularly popular in
small-animal and application-specific PET imagers. For exam-
ple, dedicated PEM (positron emission mammography) sys-
tems and prostate imagers are often based on using two oppo-
site flat or curved detector panels (see, for example, references
in [3]).

One advantage to use detector panels in a PET system is
its cost-effectiveness. Large-area panels having high pack-
ing fraction can be built at a relatively low cost for obtaining
PET systems with considerable axial extensions and hence in-
creased detection sensitivity and imaging-volume coverage [4,5].
The use of detector panels also allows for modular PET sys-
tem designs for offering flexible configurations that can be ex-
ploited for achieving optimal imaging under varying imaging
conditions [4]. We are currently investigating this idea and
examining the use of large-area detector panels for providing
high-performance small-animal and application-specific PET
imaging [6].

The authors are with the Department of Radiology, The University of Chicago,
5841 S Maryland Avenue, Chicago, IL 60637, USA. E-mail: c-kao@uchicago.edu,
zouy@uchicago.edu, and xpan@uchicago.edu

Image reconstruction for panel-based PET systems is ac-
complished by use of either iterative techniques or the con-
ventional analytic algorithms. Iterative techniques for 3D PET
imaging are typically computational extensive; on the other
hand, analytic algorithms are generally more efficient. How-
ever, the conventional analytic algorithms are developed for
working with cylindrical PET systems; therefore, it is neces-
sary to interploate the acquired data onto cylindrical coordi-
nates before reconstruction for panel-based systems. This pro-
cess can result in significant resolution loss in high-resolution
imagers, such as in small-animal PET systems. Furthermore,
the effectiveness and accuracy of existing analytical algorithms
rely on the satisfication of considerable restrictive imaging con-
ditions. These conditions are often difficult to satisfy by panel-
based PET systems. (For example, significant gaps often exist
between adjacent panels, resulting in missing data in the sin-
goram and leading to streak artifacts in images.)

B New cone-beam reconstruction algorithms

Recently, we have developed a new class of analytic meth-
ods for cone-beam reconstruction [7,8]. These methods allow
for the use of general source trajectories and permit exact ROI
reconstructions from reduced data. We envision this ROI imag-
ing capability to be particularly useful for application-specific
imaging in which small FOV scanners are used for acquiring
data at vintage positions and views. Conversely, with these
general reconstruction methods one can study imaging config-
urations for producing images of certain prescribed ROIs while
reducing radiation dose or avoiding exposure to critical organs.

In this manuscript, we note that our x-ray cone-beam recon-
struction techniques can be readily extended to PET systems
for producing an entire new class of analytic reconstruction
methods. Because the source trajectory can be any continuous
path that is piecewise C1 smooth, these techniques can be ap-
plied to work with the native data coordinates of panel-based
PET systems, without requiring interpolation of the data onto
certain preferred coordinates. Therefore, one source of resolu-
tion loss in the conventional analytic PET reconstruction can
be eliminated. In addition, because our techniques allow ex-
act ROI reconstruction from reduced data that satisfy certain
conditions, the reconstruction problems due to failed detection
elements and detector gaps may be avoided for certain ROIs.
Being analytic, the performance of these methods, such as im-
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Fig. 1. (a) Two examples of fan-beam data generated by grouping the LORs associated
with a given detection element (A or B) in a 2D rectangular PET system. By advancing
the detection element along the detector faces (indicating by arrows), an effective source
trajectory is obtained. In this case, there is a unique non-trivial source trajectory. (b) In a
3D rectangular PET system consisting of four flat panels, the source trajectory is no longer
unique and in fact any connected path defined on the detector faces is a valid trajectory.
As an example, panel (b) shows the trajectory obtained by projecting a helical path onto
the detector faces.

age noise characteristics and spatial resolution, can also be an-
alytically studied.

Furthermore, we believe that the new techniques will be
powerful to investigating the idea of modular design in which
a PET system’s configuration is flexible for yielding optimized
performance under varying imaging conditions. In this case,
the concepts developed in our techniques will allow one to
examine whether a given configuration can generate exact re-
constructions for prescribed ROIs, before reconstruction is per-
formed. Given an imaging task, one can therefore develop suit-
able configurations for use and select among them those that
can meet certain conditions, such as maximized sensitivity.

II PET IMAGING AND CONE-BEAM PROJECTIONS

In PET, every pair of detection elements defines a line of
response (LOR), which is conventionally defined as the line
connecting the center of the front faces of the two detection el-
ements. Assuming ideal spatial resolution, the expected coin-
cidence counts measured by a PET scanner are equal to the line
integrals of the activity distribution along the scanner’s LORs.
In comparison, the line integrals generated in x-ray cone-beam
imaging are defined by the lines connecting the x-ray source to
x-ray detectors. Therefore, every detection element in a PET
system can be treated as the “source” in the cone-beam geom-
etry, with the others as the detectors. By making this connec-
tion, which we will discuss more clearly in the following sec-
tions, our cone-beam reconstruction techniques can be readily
extended for generating an entire new class of analytic 3D PET
reconstruction algorithms.

A Panel-based PET Imaging Configurations

Our x-ray cone-beam reconstruction methods can be extended
to work with any PET scanner configuration. As a specific ex-
ample, however, in this manuscript we will only consider PET
systems that consist of four flat detector panels (see Fig. 1(b)).

The LORs generated by this scanner configuration do not pro-
vide convenient sampling on the native coordinates assumed in
analytic methods developed for reconstructing data generated
by cylindrical PET systems. Although data can be rebinned,
the process can be quite involved in order to avoid resolution
degradation.

B Relationship in PET Data and Cone-beam Data

Figure 1(a) illustrates how 2D PET data can be regrouped
into fan-beam data. The LORs associated a given detection el-
ement form the fan-beam data with the detection element acts
as the “source.” A “source trajectory” can be obtained by ad-
vancing the source position on the detector faces. Clearly, with
the 2D rectangular system the only non-trivial trajectory con-
sists of the four connected straight lines. When extending to
3D four-panel rectangular PET systems, the LORs associated
with a given detection element now form the cone-beam data.
In this case, however, the source trajectory is no longer unique.
In fact, any continous path defined on the four detector panels
is a valid path. In Fig. 1(b), we illustrate a source trajectory
obtained by projecting a helical path onto the detector panels.
The pitch of the helical path can be varied for defining different
trajectories. Different trajectories of this kind can also be gen-
erated can by translating a trajectory along the scanner’s axis.
Note that trajectories defined here are different from the usual
helical trajectories that are widely considered in x-ray cone-
beam imaging: they contain connected linear segments with
kinks. Our analytic cone-beam reconstruction techniques can
be directly applied to work with such trajectories.

With our cone-beam reconstruction techniques, different paths
result in different reconstruction algorithms and in general yield
different regions that permit exact reconstruction (up to statis-
tical uncertainties). For example, we anticipate that algorithms
obtained with large-pitch helical trajectories would correspond
to reconstructions obtained by including larger ring-difference
coincidence data. Conversely, exact reconstruction for a given
ROI can be obtained by employing different source trajecto-
ries, and hence from non-identical subsets of the acquired data.
By appropriately defining multiple source trajectories and av-
eraging results generated by using these trajectories, all mea-
sured data can be considered in reconstruction for reducing
noise. In this manuscript, we will consider reconstructions
with the trajectory illustrated in Fig. 1(b). However, the recon-
struction algorithm to be discussed below is valid for general
trajectories.

III CHORD-BASED IMAGE RECONSTRUCTION

We have developed the backprojection filtration (BPF) and
the minimum-data filtered backprojection (MD-FBP) algorithms
for image reconstruction from cone-beam data acquired with a
general trajectory. One of the important features of these al-
gorithms is that it can accommodate projection data collected
with a trajectory with kinks. As Fig. 1 above shown, data ac-
quired with a panel-based PET system can be interpreted as
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cone-beam data acquired with a trajectory with singularities.
Therefore, our algorithms for image reconstruction from cone-
beam data can readily be applied to image reconstruction in the
panel-based PET system.

A Effective source trajectory and cone-beam projections

As shown in Fig. 1(b), an effective trajectory ~r0(λ) can be
designed for a four-panel PET system. Obviously, such an ef-
fective trajectory is a piecewise smooth function of λwith mul-
tiple singularities at the junctions of two neighboring panels.
For the designed trajectory, we can also define a chord-line as
a straight line intersecting with the effective trajectory at two
points ~r0(λa) and ~r0(λb). The segment on the chord-line with
~r0(λa) and ~r0(λb) as the ending points is called the chord. One
can use

êc =
~r0(λb)− ~r(λa)

|~r0(λb)− ~r(λa)| (1)

to denote the direction of the chord-line. The cone-beam pro-
jection of an object function f(~r) can be expressed mathemat-
ically as

P (ud, vd, λ) =

∫ ∞

0

dt f(~r0(λ) + tβ̂), (2)

where the unit vector β̂ denotes the direction of a specific x-
ray intersecting with the detector plane at (ud, vd). The dis-
tance between the source and the projection point (ud, vd) can
be calculated by A(ud, vd) =

√
u2
d + v2

d + S2 where S is the
distance from the source to the detector.

We have derived two algorithms that can reconstruct image
on a chord and referred to them as the BPF algorithm and the
MD-FBP algorithm. These algorithms are described below.

B The BPF algorithm

Let xc1 and xc2 denote the two ending points of a chord,
and let [xA, xB] ⊇ [xc1, xc2]. We also define a modified data
function as

P ′(u′d, v
′
d, λ) = −

[d~r0

dλ
· β̂
]
P (u′d, v

′
d, λ)+

+A(u′d, v
′
d)
d~r0

dλ
5ud,vd P (u′d, v

′
d, λ). (3)

Then, the BPF algorithm is given mathematically by

f(~r) =
fbp(~r) + fbc(~r)

2π2
√

(xB − xc)(xc − xA)
, (4)

where

fbp(~r) =

∫ xB

xA

dx′c
xc − x′c

√
(xB − x′c)(x′c − xA)

×
∫ λ2

λ1

1

|~r′ − ~r0|2
P ′(u′d, v

′
d, λ), (5)

fbc(~r) = P (ud0, vd0, λ1)

×
[π
√

(2l − xB)(2l − xA)

2l − xc
+
π
√
xBxA
xc

]
(6)

with l = |~r(λb)− ~r(λa)|/2,

~r′ = ~r0(~r) + x′cêc, x
′
c ∈ [0, 2l], (7)

denoting the point on the chord identified by the coordinate x′c,
and ud0 and vd0 denote the location on the detector the cone-
beam projection of the point ~r at the rotation angle λ1. Notice
that Eq. (4) is valid for any point ~r satisfying xc ∈ (xA, xB).

C The MD-FBP algorithm

Our MD-FBP algorithm can be expressed as

f(~r) =

∫ λ2

λ1

dλ
[
(1− uc)w2 + ucw1

]

×
∫ xB

xA

du′c
uc − u′c

√
(xB − x′c)(x′c − xA)

(1− u′c)w2 + u′cw1

× 1

|~r′ − ~r0|2
P ′(u′d, v

′
d, λ)

+
1

2π2

1√
(xB − xc)(xc − xA)

fbc(~r), (8)

where uc denotes the cone-beam projection of xc onto the de-
tector, and it can be related to xc by uc = w2xc

w1(1−xc)+w2xc
, with

w1 = −
[
~r0(λ1)− ~r0(λ)

]
· êw and w2 = −

[
~r0(λ2)− ~r0(λ)

]
·

êw. The unit vector êw indicates the direction from the source
pointing to the middle point of the detector.

IV NUMERICAL STUDIES

We have performed numerical studies to demonstrate the
ROI-image reconstruction in a four-panel PET system by use
of the proposed BPF and MD-FBP algorithms.

A Effective Source Trajectory

For a PET system with four panels, as shown in Fig. 1(b)
one can devise a “square” helical trajectory. This effective tra-
jectory can be parameterized as

~r0(λ) =





(R0, 2R0λ−R0, hλ)t λ ∈ [0, 1),
(−2R0λ+ 3R0, R0, hλ)t λ ∈ [1, 2),
(−R0,−2R0λ+ 5R0, hλ)t λ ∈ [2, 3),
(2R0λ− 7R0,−R0, hλ)t λ ∈ [3, 4],

where R0 is the distance from a plane to the $z$-axis and h
is similar to the pitch in a helical trajectory that determines
the increase rate of the trajectory along the z-axis. With this
trajectory, we generated cone-beam projection data for Shepp-
Logan phantom for 1024 views uniformly distributed in λ ∈
[0, 4] by using R0 = 26.5 cm and h = 12.8 cm.
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Fig. 2. The reconstructed images of the Shepp-Logan phantom on two selected sets of
chords of the “square” helical trajectory. Left: Reconstructed image on chords specified
by s1 = 0 and s2 ∈ (1, 3). Right: Reconstructed images on chords specified by
s1 = 0.5 and s2 ∈ (2, 3). The display window is [1.0, 1.05].

Fig. 3. The reconstructed images of Shepp-Logan phantom in Cartesian coordinates.
The left, middle, and right slice represent the image in the planes of x = 0 cm,
y = −2.7 cm, and z = 2.5 cm, respectively. The display window is [1.0, 1.05].

B Reconstructed Images

From the simulated data by use of the “square” helical tra-
jectory, we reconstruct images by use of the BPF and MD-FBP
algorithms. However, we only display results generated by the
BPF algorithm but will report the results of the MD-FBP algo-
rithm at the meeting. Figure 2 displays the images obtained on
two selected sets of chords of the “square” helical trajectory.
In these images, the horizontal axis denotes the coordinate on
each chord (x′c in Eq. (7)) whereas the vertical axis indicates
different chords. When displaying results on these native chord
coordinates, the images can appear substantially different from
the original phantom defined on the Cartesian coordinates. In
the left panel of Fig. 2, we show the image on the set of chords
specified by λ1 = 0 and λ2 ∈ (1, 3). The image appears to
consist of two distinct parts. By inspecting the trajectory in
Fig. 1(b), we observe that there is a kink at λ = 2, which forms
the boundary of the two apparently distinct parts in the image.
We also show in the right panel of Fig. 2 the image on the set of
chords specified by λ1 = 0.5 and λ2 ∈ (2, 3). Because the ef-
fective trajectory is smooth for λ ∈ (2, 3), the image does not
show distinct parts as observed in the previous case. Images
obtained on the native chord coordinates can be readily trans-
formed to obtain images on the Cartesian coordinates. Figure 3
shows the reconstructed images on the Cartersian coordinates.
Specifically, images in the left, middle, and right panels repre-
sent the images in the planes at x = 0 cm, y = −2.7 cm, and
z = 2.5 cm, respectively.

V CONCLUSION

In this work, we have investigated the application of recently
developed x-ray cone-beam imaging theory and reconstruction
algorithms for reconstructing images from data generated by

panel-based PET systems. This is possible by interpreting PET
data as cone-beam projection data, therefore converting PET
image reconstruction into a cone-beam reconstruction prob-
lem. In particular, we have applied the BPF and MD-FBP algo-
rithms that were previously proposed by us for reconstructing
data generated by a four-panel PET system. Initial results of
our numerical studies demonstrate that these algorithms can
generate accurate reconstruction results.

As already discussed above, in the new PET reconstruction
approaches different source trajectories can be used to gen-
erate exact reconstructions for a given ROI. It is therefore of
great interest to investigate the effects of using trajectories to
image quality. The responses to data noise can also be differ-
ent when different trajectories are employed. The capability
to define different effective trajectories for reconstruction also
indicate that PET data are redundant. This fact is not new. For
cylindrical PET systems, the popular Fourier rebinning algo-
rithms (FORE) are in fact exploiting this redundancy for re-
binning 3D PET data into a stack of direct-slice data that have
better statistics. The possible connection between FORE and
the cone-beam based algorithms examined in this manuscript
will also be examined. These results will be available for pre-
sentation at the meeting.
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Three-dimensional Statistical Modeling for Image Quality
Improvements in Multi-Slice Helical CT

Jean-Baptiste Thibault, Ken Sauer, Charles Bouman, and Jiang Hsieh

Abstract— Multi-slice helical Computed Tomography (CT)
scanning offers the advantages of faster acquisition and wide
organ coveragefor routine clinical diagnosticpurposes.However,
image reconstruction is faced with the challenges of thr ee-
dimensional cone-beamgeometry, high pitches, and low dosage.
Of all available reconstruction methods, statistical iterati ve re-
construction (IR) techniquesappear particularly promising since
they provide the flexibility of accurate physical noise modeling
and geometric system description. In this paper, we present
the application of Bayesian iterati ve algorithms to real 3D
helical data to demonstrate significant image quality impr ove-
ment over conventional techniques.Specifically, the reduction of
helical cone-beamartifacts has beenachieved, concurrently with
enhanced image resolution and lower noise, as demonstrated
by phantom studies. Clinical results also illustrate the noise
reduction capabilities of the algorithm on real patient data.
Although computational load remains a challenge for practical
development, the superior image quality combined with the
advancements in computing technology make IR techniques a
legitimate candidate for futur e clinical applications.

I. INTRODUCTION

Multi-slice CT scanning is particularly attractive for clinical
applications due to short acquisition times, thin slices, and
large organ coverage. Those acquisition trajectories produce
projection measurements that pass obliquely through the 2-D
reconstructed image planes. As the pitch increases, the devi-
ation from conventional approximate two-dimensional planar
data is further amplified. The accurate handling of this geom-
etry is critical to the elimination of unwanted artifacts in the
reconstructions and overall clinically acceptable image quality.
Recent developments in analytical inversion algorithms give
reason to hope that for many applications, image quality
may be adequate under single-pass, deterministic inversion
culminating in data backprojection. Imaging applications arise,
however, in which characteristics of the scanner hardware
places a limit on quality of reconstructions [1]. Helical streaks
artifacts originate from portions of patient’s anatomy, partic-
ularly in the case of abrupt edges in high-contrast materials,
such as bones and prosthetics.

Jean-Baptiste Thibault is with the CT Reconstruction Group, GE Healthcare
Technologies, 3000 N Grandview Bvd, W-1200, Waukesha, WI 53188.
Telephone: (262) 312-7404. Email: jean-baptiste.thibault@med.ge.com

Ken Sauer is with the Department of Electrical Engineering, 275 Fitz-
patrick, University of Notre Dame, Notre Dame, IN 46556-5637. Telephone:
(574) 631-6999. Email: sauer@nd.edu

Charles Bouman is with the School of Electrical Engineering, Purdue
University, West Lafayette, IN 47907-0501. Telephone: (765) 494-0340.
Email: bouman@ecn.purdue.edu

Jiang Hsieh is with the Applied Science Laboratory, GE Healthcare Tech-
nologies, 3000 N Grandview Bvd, W-1200, Waukesha, WI 53188. Telephone:
(262) 312-7635. Email: jiang.hsieh@med.ge.com

Traditionally, images have been reconstructed from CT
data using so-called direct reconstruction algorithms such as
filtered backprojection (FBP) or convolution backprojection
(CBP). The FBP approach to image reconstruction from helical
data that is currently used in commercial CT scanners relies
heavily on helical view weighting interpolation schemes to
account for helical geometry and thus address image arti-
facts [2]. However, approximations are intrinsic to any view
data interpolation approach, and even with many refinements,
CBP and other non-iterative variants are not likely ever to
be able to completely resolve helical cone-beam artifacts.
More complex techniques, such as the Feldkamp algorithm
[3], attempt to address cone beam artifacts by doing three-
dimensional filtered backprojection but do not consider the
exact geometry of acquisition. The algorithms of Katsevich
[4] provide an analytic solution to the helical cone beam scan
inversion, but are derived under assumption of continuously
sampled detector surfaces, not the discrete form necessary with
hardware realizable in the foreseeable future.

As an attempt to provide more flexibility in the reconstruc-
tion choices, iterative reconstruction (IR) algorithms have been
recently introduced for multi-slice helical CT images [5]. Al-
though they typically imply a greater amount of computation
than conventional methods, IR techniques offer the potential
to produce images with significantly reduced artifacts. Rather
than manipulating data to force it to conform to traditional
direct reconstruction models, statistical methods attempt, to
the degree possible, to explicitly include non-idealities in
the problem description. This view of image reconstruction
requires only that we have a description of the way in which
each measurement is influenced by unknown image values.
Errors and incompleteness in data are fully expected and their
description built into the reconstruction process. Rather than
treating all measurements with equal weighting, a statistical
model allows differing degrees of credibility among data. This
gives statistical methods a robustness not easily duplicated in
backprojection techniques. Statistical methods offer flexibility
in dealing with the various non-idealities in the data, as long
as these can be accurately modeled.

Since the introduction of IR methods to CT, much of the
effort has been devoted to demonstrating the feasibility of
the proposed techniques and illustrating some of its benefits
in the general case. The results in this paper focus on the
performance of iterative reconstruction relative to the specific
issue of helical cone-beam artifacts, while demonstrating lower
noise at equivalent or greater resolution in all reconstructed
images.
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II. STATISTICAL MODEL FOR IMAGE RECONSTRUCTION

The objective of IR algorithms is to rely on successive
operations of forward and backward projections in order to
obtain the convergence of a derived optimization criterion
describing the best match with the the measured projections.
Let � be the measurement data, and let � be the unknown
image to be reconstructed. In general, there will be a matrix�

such that ��� �����
	��� � �
where 	� is the noise free value of the measurement. The ex-
pression

��� ��� indicates the statistical average, or mean value,
of the data � . Statistical reconstruction methods generally
work by finding a solution to the problem����� ������� ��� � ��� � � � � ��� �"!$#�� � ��%'&

(1)

where

� �
may reflect the inherent variations in credibility of

data, and

#'� � �
is a regularization term which encourages

smoothness in the solution.
The crucial advantage of statistical reconstruction methods

is that they allow any choice of the matrix
�

. Any scanning
geometry can be accurately modeled by proper computation of
the entries in

�
, regardless of the three-dimensional sampling.

The model can be designed to be as close as possible to reality,
although this may come at the cost of great computational
expense. Because it is necessary to include the non-planar
character of the measurements of the helical scan into the
forward model, the computation of the elements of

�
must

be done in the three spatial dimensions. This is a fundamental
component to our approach. It requires software retracing of
the slices of the scan during reconstruction in order to calculate
the interaction between volumetric elements of reconstruction
with X-rays at arbitrary angles in three dimensions. A crude
but workable model involves the calculation of the intersection
between scanner rays and voxels in the reconstruction space.
An alternate technique with greater appeal in computation time
and minimal loss in resolution involves resampling voxel and
detector boundaries to calculate the contributions [6].

Because statistical reconstruction relies heavily on modeling
of the “forward” process of data collection in the scanner, the
greatest amount of effort must be applied to developing an
accurate, yet manageable statistical description of the scanner’s
behavior. The elements

� �
in quadratic form of (1) represent

a measure of data credibility. For example, if a particular
measurement ( � is photon-starved by some highly attenuating
object, a problem which may cause artifacts in conventional
images, by reducing the corresponding

� �
, the statistical model

reduces any error associated with that measurement.
The regularization term

#'�*)+�
enforces smoothness in the

reconstructed images, independently of the formulation of
the forward model. This penalty, normally extremely simple,
is meant only to encourage the state in which neighboring
entries in the image have similar values. Its parameters provide
another level of control over the noise and resolution of the
final image estimate. In order to account for interdependence

of the neighboring planes in the three-dimensional acquisition
volume, the formulation of the regularization must include all
the neighbors of a given element in three-dimensional space.
The Generalized Gaussian Markov Random Field (GGMRF)
[7] has the desired effect and allows different level of edge-
preservation by tuning the exponent parameter:#��*),� � -.+/�0 �1�2�3 46587:9<; 2�3 4>=

) 2 �?) 4>= 0 (2)@
is the set of all neighboring pixel pairs in three-dimensions,

and / is a measure of the standard deviation of the noise
in the measurements. Equation (2) ensures that sharp edges
are increasingly well preserved as the exponent -BADCEAGF
decreases, and maintains the desirable convex nature of the
overall problem formulation.

III. DERIVATION OF THE SOLUTION

The best optimization method to minimize the functional (1)
is independent of the form of the estimator. Its choice must be
based on its efficiency to reach the solution, while the final im-
age is fully determined by (1). Statistical methods have a great
advantage in the high-pitch multi-slice helical case, in having
little dependence in their implementation on the geometry of
data collection. We attack the estimation/optimization of (1)
in the same manner regardless of the scan pattern represented
by

�
or the selected prior

#��H)+�
. We propose to optimize over

the full 3D volume through a sequence of one-dimensional
updates where the image estimate I) isI) �KJMLONP����Q 7:RTSU ����� ��� ( ��� � V ) � ��� � ! -C /�W �1X2O3 4Y5Z7:9[; 2�3 4>=

) 2 �?) 4>= WO\]
and ^ is the convex set of positive reconstructions. This
approach, called Iterative Coordinate Descent (ICD) [8], has
shown rapid convergence properties provided a good choice
of initial conditions, such as the FBP images. While the cost
of each iteration remains high relative to FBP, a full 3D
reconstruction typically converges in fewer than 20 iterations.

IV. RESULTS

For this study, the reduction of helical streak artifacts has
been a major goal of applying iterative techniques to CT. The
various origins of these artifacts pose a significant difficulty for
all algorithms. To illustrate this, we first selected a rib phantom
scanned in 8x1.25mm collimation mode at helical pitch 13.4
on a Lightspeed scanner. The orientation of the Teflon ribs
in three dimensions creates rapid variation of density in the
z direction. Figure 1 illustrates how IR can remove nearly all
the artifacts around the ribs caused by such variation. Greater
accuracy in the forward model and some tuning of the prior
parameters were necessary. Interestingly, IR techniques may
also benefit more than FBP from increased spatial sampling
of the reconstructions: simply by decreasing the size of the
voxels, Figure 1 shows improvement in the resolution of rib
details. In the FBP image, blurring of the ribs is evident when
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Fig. 1. Rib Phantom: 2D FBP (left) vs. Iterative (right), 8 � 1.25 Helical,
Pitch 13.4, 320mA, 0.5 sec/rotation, WW=400; Iterative parameters:

�����
�����

0.479mm,
���	�

0.625mm, 

�

1.2

compared to the better defined edges and smaller in-plane size
of the ribs in the IR image.

In helical scans, IR is not inherently limited to spatial res-
olution matching the detector spacing, and gains in resolution
are achievable beyond the limits of traditional methods like
FBP by reconstructing smaller voxels. This is demonstrated
more dramatically in Figure 2 from a 16x1.25mm scan of
a head phantom at pitch 15. To further induce the artifact,
the scan parameters were chosen beyond the recommended
limits for clinical diagnostic scanning of this anatomy. The
phantom itself, with the cracks in the skull varying rapidly
from plane to plane, was also selected as a typical source of a
high level of artifacts. The top-left image shows the artifact-
free FBP for reference. In order to illustrate that the root cause
of the artifact does not lie in geometric inaccuracies in the
reconstruction method, we reconstructed the other images with
major approaches proposed to tackle the multi-slice helical
problem: a Feldkamp-based approach, Katsevitch’s algorithm,
and MAP-ICD. Even though all of them treat the exact
geometry of acquisition with varying degrees of accuracy, the
artifacts remain highly visible with all methods but IR. The IR
images show better definition of the breaks in the bone which
cause artifacts, as well as attenuating the streaks themselves.
Appropriate prior modeling combined with increased spatial
resolution through sub detector row width voxel sampling
generates the benefit.

In addition to reducing helical cone-beam artifacts, the
results in Figures 1 and 2 seem to qualitatively indicate the
potential of IR methods to achieve greater resolution while sig-
nificantly reducing the noise level in the reconstructed images.
The gain in resolution/noise trade-off with iterative methods
remains to be demonstrated by quantitatively comparing with
conventional FBP. For this purpose, we considered the GE
performance phantom scanned in 8x2.5mm helical mode at
pitch 7 and 100mA. The wire section and resolution bars
provide means to accurately measure the modulation transfer
function (MTF), while the standard deviation of noise can
be measured in the homogeneous regions of the phantom
(water and plexiglass). The results are shown in Figure 3 and
Table I. We compare both the standard kernel and the bone

Fig. 2. Head Phantom: reference FBP (top left); Feldkamp-based (bottom
left); Katsevich-based (top right); Iterative (bottom right); 16 � 1.25 Helical,
Pitch 15.0, 320mA, 1 sec/rotation, WW=400; Iterative parameters:

�����
�����

0.479mm,
���	�

0.625mm, 
 � 1.3

FBP Standard FBP Bone Iterative
50% MTF (line pair/cm) 4.18 8.79 8.95
10% MTF (line pair/cm) 6.92 13.02 14.84

Water Std. Dev. 12.54 66.67 2.69
Plexiglass Std. Dev. 12.02 77.33 1.95

TABLE I

COMPARISON OF FBP AND IR FOR MEASUREMENT OF MTF AND NOISE

kernel for conventional FBP to the IR images. The iterative
reconstruction image may be regularized slightly too heavily,
as witnessed by some loss of the fine resolution in the square
hole at the lower left region of the bottom image of Figure
3. Nonetheless, the measured MTF is comparable to that of
the FBP image reconstructed with bone kernel, while noise
attenuation is 50


or more better in the IR image than in the

FBP image with standard kernel.
Finally, the results of this study would not hold without

successful application to real clinical data. For this, we se-
lected a clinical head scan, in order to observe both soft tissue
and bone. Figure 4 confirms that on clinical data as well, IR
allows some improvements in resolution while dramatically
reducing the noise level. Small structures present in the fat and
soft tissue at the bottom of the head or the side of the orbits
appear clearly in the IR image while they remain hidden by
noise in the FBP images. The improvement in resolution is
particularly visible around the sinus area, where the thin walls
between the sinus cavities are clearly visible in the IR image.
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Fig. 3. Performance phantom: FBP standard kernel (top); FBP bone kernel
(center); Iterative (bottom), 8 � 2.5 Helical, Pitch 7, 100mA, 1 sec/rotation,
WW=400; Iterative parameters:

��� � �����
0.122mm,

�����
1.0mm, 
 �

1.1

Meanwhile, the reduction of noise in the posterior fossa region
allows better examination of the brain tissue. The fine detail in
soft tissue is better preserved, but small variations in the bone
are also compromised at a different window level. This points
to some aspects of the non-Gaussian image model which may
need to be adapted for better bone imaging.

V. CONCLUSION

We have presented a statistical framework for iterative
image reconstruction for CT that produces very good image
results. As the reconstruction technique remains independent
from the exact form of the forward model, this method is
applicable to any geometry, and particularly the multi-slice
helical problem. Through appropriate selection of reconstruc-
tion parameters, iterative reconstruction achieves significant
helical artifact reduction, at improved resolution and lower
noise. Phantom results are confirmed on clinical data.
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Tomographic Iterative Reconstruction Using
Unconstrained Grids

Arkadiusz Sitek, Ronald H. Huesman, and Grant T. Gullberg

Abstract— We present a method for 3D tomographic re-
construction on unconstrained adaptive tetrahedral grids. The
method is applicable to any geometry of tomographic acquisition,
such as, parallel, cone beam, and fan beam. The reconstruction
area, which in general could be of any resolution, size, shape, and
topology, is defined by a set of non-overlapping tetrahedra. Each
tetrahedron is defined by four nodes. The node is characterized
by its position and intensity. By varying the density of the
nodes, multi-resolution can be achieved. The intensity is linearly
interpolated inside each tetrahedron from the values at the four
nodes. With this approach the reconstructed intensity is then
continuously differentiable over the reconstruction domain. In the
course of a weighted least squares tomographic reconstruction
the intensities as well as the positions of the nodes are optimized,
either separately, or simultaneously using a preconditioned conju-
gate gradient algorithm. Equations were derived for analytically
calculating the exact system matrix and the derivations were
verified using computer simulations.

I. I NTRODUCTION

With the advent of ever increasing computing power as
well as more advanced and sophisticated data acquisition
techniques and reconstruction algorithms, more sophisticated
representations of the reconstructed images can be used.
A standard way of representing an image is to divide the
reconstruction area into small boxes (voxels) and assume that
the reconstructed medium is constant inside these voxels.
Although it is easy to implement, this approach does not
take into account differences in resolution of the reconstructed
image, that is, in some regions of the reconstructed image
it may be appropriate to reconstruct with higher resolution
and in others with lower resolution. For example, in X-ray
Computed Tomography (CT) vessel angiography one would
like to reconstruct vessels with high resolution and tissuewith
low resolution since the interest of the study is focused on
the vessel geometry. Thismulti-resolution effect cannot be
achieved with a regularly voxelized reconstruction area. The
problem of the multi-resolution has been well recognized in
solid modelling used for computer visualization [1]. Also in
emission tomography, in a recent publication, Brankovet.al.
[3] used triangular pixels and a finite element formulation to
represent efficiently the reconstructed object in 2D. In this
paper, the authors use the established reconstruction method
of Maximum Likelihood Expectation Maximization (MLEM)

Arkadiusz Sitek, Ronald H. Huesman, and Grant T. Gullberg arewith
the E.O. Lawrence Berkeley National Laboratory, One Cyclotron Road
MS55R0121, Berkeley, CA, 94720, USA. Telephone: (510) 486-7131. E-
mail:{ASitek,RHHuesman,GTGullberg}@lbl.gov

to reconstruct image values at the nodes. The authors showed
using computer simulations that the method outperforms reg-
ular grid based methods for the task of detecting cardiac
perfusion defects showing that the use of multi-resolution
pixelization improves the accuracy of the tomographic image
reconstruction in 2D.

Another caveat of the use of regular grids for tomographic
reconstruction is that large portions of the grid do not describe
the object but just are “empty” space increasing the number
of unknowns in the inverse problem.

Problems associated with regular grid representation can
be solved by using unconstrained grids. Volumetric models
based on tetrahedron elements became very popular in recent
years for visualization due to dramatic increases in graphic
card capabilities that use tetrahedron primitives for rendering
volumes. In these approaches rastering of the tetrahedron onto
the projection plane is transformed into a rastering of a setof
triangles, and the rastering of the triangles is supported by
graphic card hardware, which is very fast.

In this paper we propose to use unconstrained and adaptive
tetrahedral image representation for tomographic iterative re-
construction in 3D. In this approach the volume is divided into
non-overlapping tetrahedralcells. Each node is described by
the intensity which is linearly interpolated throughout the tetra-
hedron volume. In general, we do not impose constraints on
position or intensity of the nodes. The idea of this approachis
to develop a method that not only optimizes the intensities but
also the node positions. Also, by using linear interpolation we
achieve a representation of continuous intensity, not achieved
by voxels with constant intensity. Simply, the reconstructed
intensity is continuously differentiable over the reconstruction
domain.

With tetrahedral geometry of the object being reconstructed
the graphic card hardware acceleration can be used. Chidlow
and T. Möller [4] used this hardware acceleration for emis-
sion tomography reconstruction using regular voxels. In this
paper however, we will use software instead of a hardware
solution in order to achieve high accuracy, better flexibility,
and independence of the hardware.

II. M ETHOD

We will use the least squares method for the reconstruction.
In this method the following least squares cost functionf will
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Projection plane

Fig. 1. Demonstration of projections of a tetrahedron in parallel and cone
beam geometries. In both cases projections are defined by a setof projections
of 4 nodes that define the tetrahedron.

be minimized:

f(X, I) =

M∑

m=1

B∑

b=1

[pmb −
∑N

n=1
αmbn(X)In]2

σmb

(1)

whereX is the vector of node positions of size3N andN is
the number of nodes. The vectorI is the vector of intensities
and is of sizeN . The varianceσ2

mb of the projection valuepmb

acquired at projectionm at projection binb is assumed to be
known. The matrixα with the matrix elementαmbn describes
quantitatively a contribution from noden to themth projection
bin b. The value of the intensity at noden is interpolated over
all tetrahedra for which one corner is the noden, so all these
tetrahedra will contribute toαmbn. The projection matrixαmbn

is a function ofX since each tetrahedron is geometrically
defined by positions of the nodes.

In the adaptive grid method at each iteration of the re-
construction algorithm, the position, location, size, shape,
and number of tetrahedral cells can change compared to the
previous iteration; therefore, the projection matrix has to be
recalculated at every iteration. However, considering a special
case when the positions of the nodesX are constant, the
equation describes a least squares formulation of a linear
inverse problem where the system matrix in this case does not
need to be recomputed at every iteration and can be solved
using different algorithms such as the Maximum Likelihood
Expectation Maximization (MLEM) algorithm.

A. Calculation of the Projection Matrix

The main difficulty of this approach is calculation of the
projection matrix. The derivation of the projection matrixis
divided into two steps: projection and rastering. In Step One:
each cell (tetrahedron) of the reconstruction area is defined by
four nodes. In the projection these nodes are projected ontothe
projection plane according to the geometry of the tomographic
apparatus (Fig. 1). Step Two: next, using the positions of these
four projected nodes with respect to projection bin positions,
the values of the projection matrix elements are calculated
(rastering). The advantage of this two-step method is that the
second step is independent of the projection geometry.

The first step — the projection of the nodes — is straight-
forward, so we will concentrate on describing the algorithm
that was used for the exact rastering of a tetrahedron onto the

pixelized projection plane, which leads to the calculationof
α.

The corners of the tetrahedron projected onto a plane create
two classes of 2D objects presented in Fig. 2. Obviously these
projections are 2D, but for the sake of the clarity of the
derivation lets visualize these projections as pyramids. The
third dimension is thethickness through the tetrahedron. The
height h of the pyramids can be calculated ash = 3V/A
whereV is a pyramid volume andA is an area of a pyramid
base. For class 1, the thickest point of the pyramid is atS,
and for class 2 atn4 (Fig. 2).

The schematics of the algorithm used for calculation of
the projection matrix is presented in Fig. 2. In general, a
contribution to the projection from a single cell will be an
integral of the cell intensity (linear function) multiplied by
the thickness over the intersection area of a projection pixel
with a tetrahedron projection pyramid (Fig. 2). The numerical
integration is virtually impossible because of the enormous
computational load and the fact that the projection matrix may
need to be recalculated at every iteration if an adaptive grid is
used. In order to overcome the high computational load, we
developed an algorithm that calculates the projection matrix
analytically.

Fig. 2 presents the decomposition of a pyramid into slanted
prisms, for which we derived an analytical formula for the
integralI of linearly changing intensity from base to top:

I =
A

24
[2(c̄1v1 + c̄2v2 + c̄3v3) +

c̄1v2 + c̄1v3 + c̄2v1 + c̄2v3 + c̄3v1 + c̄3v2] (2)

where the thickness of the prism at the corners is described
by v1, v2, andv3 and A is the area of the triangle. The values
of c̄1, c̄2 and c̄3 are averages calculated from values defined
at the corners. These valuesc11, c21, c31, c12, c22, and c32

(Fig. 2) were interpolated from values of the intensities atthe
tetrahedron nodesI1, . . . , I4 where c̄1 = (c11 + c12)/2 etc.
In generalcij will be some linear combination ofIn. If this
is the case, we see from Eq. 2 that the integral will also be
some linear combination ofIn’s. Calculating all the integrals
for each prism of the decomposed pyramids (each pyramid
corresponds to a projection of a cell) the system matrix can
be assembled.

B. Optimization

In our method, node positions as well as node intensities can
be optimized either separately or simultaneously. In orderto
perform minimization of the objective function, we used the
preconditioned conjugate gradient method [5]. The gradient
with respect to a node positionxn was calculated as:

∂f

∂xn

=

M∑

m=1

B∑

b=1

2(pmb −
∑N

n=1
αmbnIn)

σmb

N∑

d=1

Id

∂αmbd

∂xn

(3)

where values of∂αmbd/∂xn were calculated numerically.
Similarly, the gradient with respect to node intensitiesI was
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n2, I2
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S

(a)

(b)

(c)

(d)

(e)

(f)

class 1

class 2

lower

upper

v1

v2

v3

c11

c21
c31

c12

c22

c32

(A)

(B)

Fig. 2. (A) A projection of a tetrahedron is a pyramid with basebeing
a quadrilateral (class 1) or triangle (class 2). The thickest point of these
pyramids isS andn4 for class 1 and 2, respectively. Obviously, the thickness
at the projection of nodesn1, n2, andn3 is 0. For class 1, the thickness for
n4 is also 0. To simplify the calculation the bases of the pyramidswere
divided into triangles, and the values of the corners were interpolated. These
triangles were divided further (a) into upper- and lower-parts. The upper part
was superimposed onto rows of the projection bins (b). The intersection of
the upper-part of the triangle with each row creates a scan-line (c). Each
quadrilateral scan-line was divided into two triangles andboth triangles were
superimposed onto columns of projection bins (d). The intersection of each
column with the triangles in general creates a pentagon (e) that was divided
into a maximum of four triangles. The thickness at the corners of this triangle
werev1, v2, andv3, and were calculated by interpolation from the thickness
of the initial pyramid. The lower part of triangle in (b) and the projection
bins were flipped vertically and processed identically as the upper-part of
the triangle. (B) The slanted prism is presented with valuesof intensities
interpolated fromI1 . . . I4 at the basec11, c21, andc31 and at the topc12,
c22, andc32.

(A) (B)

Fig. 3. Spherical shape tetrahedral reconstruction domain used in computer
simulations. The domain is built from 711 nodes and 3805 cells.(A) surface
rendering of the domain with outer tetrahedral faces that arevisible. (B) Cut
through the sphere. Internal cells can be seen.

calculated as:

∂f

∂Ik

=

M∑

m=0

B∑

b=0

2(pmb −
∑N

n=0
αmbnIe)

σmb

αmbk (4)

C. Numerical Experiments

Initial testing of the method was performed using a spherical
reconstruction domain presented in Fig. 3. This domain was
created by tesallation of a sphere with radius of 64 bin lengths
to divide the sphere surface into 512 triangles (Fig. 3A). Then,
453 points were added inside the sphere in a rectangular
cubical grid. The surface of the sphere which was built from
triangles and points inside the sphere, served as input for the
conforming Delaunay Tetrahedralization [6], which divided
the volume inside the sphere into non-overlapping tetrahedra
(Fig. 3B). Intensities for each node were the same and equal to
one. Thirty two parallel projections of the sphere were created
on 256×256 bin projection planes sampled over 180◦ rotation
about y-axis. These were compared to theoretical predictions.

III. R ESULTS

We measured the performance of the creation of the system
matrix for the computer simulation of the reconstruction do-
main built from 711 nodes and 3805 cells which was projected
onto 32 256×256 and 1024×1024 pixel projection planes.
We found that the algorithm performs very well creating the
system matrixα in about four seconds and 20 seconds on an
Intel Xeon processor for 256×256 and 1024×1024 projection
matrices, respectively. Ifα does not need to be recomputed
(when only the intensities are optimized) the computing time
of creating a set of projections was on the order of 0.01 second
for a 256×256 matrix. The calculation of the gradient with
respect to node positions (Eq. 3) took 151 seconds and with
respect to intensities (Eq. 4) (pre-computed system matrix)
took on the order of 0.01 second.

Examples of the projections of the tetrahedral sphere model
shown in Fig 3 are presented in Fig. 4 A and B. All projections
are virtually the same, and they agree with the theoretical pre-
diction, which is a function of the sphere thickness presented
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in Fig. 4 C. Under close inspection however, the discrepancy
between prediction and actual projection could be seen. These
small discrepancies are expected and are due to the geometri-
cal approximation of the sphere with a set of tetrahedra. This
is similar to inaccuracies in a 2D approximation of a circle
with a set of triangles.

IV. D ISCUSSION ANDCONCLUSION

In this work we developed and validated algorithms for
efficient and fast implementation of 3D tomographic recon-
struction using unconstrained and adaptive tetrahedral image
representation. One of the very important features of our
algorithm is that it can be applied to any reconstruction
geometry by simple linear scaling. Although the volume in
our approach is approximated by a set of tetrahedra, the
reconstruction intensity is continuous over the reconstruction
domain due to linear interpolation inside the cells.

The method is semi-optimized for execution time, because
Basic Linear Algebra Subroutines (BLAS) were used. There
is still however the possibility for further increase in speed
of this process, since the code was not designed for fastest
performance.

The method presented in this paper has great potential to
improve the quality of 3D image reconstruction by more effi-
cient and a more accurate representation of the reconstruction
domain. Also, we expect improvement in reconstruction time
over standard methods.
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(A) (B)

(C)

Fig. 4. Projection of the tetrahedral model of the sphere along Z-axis (A)
and projection of the same model after 45◦ rotation about Y-axis. Visually
no difference can be seen. Graph representing the profile through the center
of projection shown in (A) along x axis. Magnification of the central region
is also presented.
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Iterative Improvement of Non-Exact Reconstruction in 
Cone-Beam CT  

 

                                                                                                      
Abstract—Contemporary reconstruction for helical cone-beam 
CT is mostly based on non-exact algorithms, which produce more 
or less unacceptable artifacts for cone angles above a certain 
limit. We report on attempts to extend the applicability of these 
algorithms to higher cone angles by suppressing artifacts by 
means of iterative post-processing. The iterative loop includes a 
ramp-filtering step before back-projection, which promotes fast 
convergence.   

 

As reported in [7], we have taken an interest in the method 
illustrated in Fig.1. We may view this block diagram either as 
filtered back-projection augmented with an iterative image 
enhancing post-processing loop, or as simultaneous iterative  

reconstruction (SIRT, all projection data employed before 
updating) using ramp-filtered difference projections in the 
back-projection loop. General mathematical inversion method 
schemes similar to Fig.1 can be found in handbooks, e.g. [11]. 
The same subject, tuned more specifically towards 
tomographic reconstruction is dealt with by Pan et al [12]. For 
SPECT, the literature on iterative methods is abundant. 
Especially relevant is the work by Zeng and Gullberg [8], 
which deals with the same theoretical and practical 
convergence issues as will be touched upon here.  The scheme has been applied to the original PI-method as well 

as to Siemens’ AMPR and WFBP methods. Using ordered 
subsets in the iterative loop for WFBP, we achieved almost 

spotless images in one single iteration for cone angles .  o9±

Index Terms— Cone-beam tomography, Enhancement, 
Iterative reconstruction, Non-exact algorithm, Ordered subsets.    
 

I. INTRODUCTION 
 

We have combined non-exact filtered back-projection 
methods with iterative reconstruction. With the iterative loop 
we hope to achieve an image quality that for practical 
purposes is equivalent to what can be obtained by exact 
analytical methods. A drawback in most exact reconstruction 
methods for helical cone-beam CT that have been presented 
hitherto, e.g. [3], [4] is their inability to utilize all projection 
data for variable table feed. Many non-exact methods, such as 
the AMPR [5] and WFBP [20] launched by Siemens  and the 
“Wedge” method adopted by Philips [6], but not the PI-
methods [1], [2], can tolerate an almost continuous range of 
translation velocities while letting very few detector readings 
go wasted. The radiologist can then optimize the table feed 
with respect to speed, dose and signal-to-noise ratio. Like the 
PI-methods, most exact methods are able to make use of all 
measurements only for some fixed translation velocity, such 
as one third, one fifth, or one seventh of the maximum.  
 
       II. THE ITERATIVE LOOP  
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In iterative CT the ramp-filter augmented scheme of Fig.1 
is notably absent. We suspect that seemingly insurmountable 
aliasing problems, adding to the fact that iterative methods 
always seems slow an/or costly in comparison to analytical 
CT-algorithms, may have cooled down many attempts. One 
exception is the study [9] by Nuyts et al, who employed the 
scheme of Fig.1 under the name ILIN180. The purpose was to 
improve SNR rather than to suppress artifacts. The projection 
process used an unconventional interpolation technique [10].  

 
 
 
 
 
 
 
 

 
 
 

 

Fig.1 The projection operators P and are known, while the 

exact inverse 

1−≠≡ PBHQ
1−P  is unknown.   

To analyze the scheme in Fig.1, we employ common vector 
and matrix notation. The image pixels (voxels) and the 
projection values are the vectors f and p. Projection, back-
projection, ramp-filtering, and combined filtering and back-
projection are denoted P , , B H , and , respectively. Non-

exactness implies . Assume that the projection 

operator P for the object is identical to the one we use in the 
loop.  Initially, 

Q
1−≠≡ PHBQ

00 ⇐≡ ffi . Then  

( ) fffff QPPPQ αα =−+= 001 ,                        (1) 
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which we write as  i.e. correct result - artifacts. 

Hence, 

fff1 Δ−=
QPα  is the difference between the unity matrix I and 

the error matrix  by which we have      Δ

QPI α−=Δ .             (2)  

By straight-forward algebraic manipulations we find that  

fff i
i -Δ=  .                                (3) 

Convergence conditions as well as speed of convergence 
depend on . We know that  for , occurs if and 
only if the largest magnitude 

iΔ 0→Δi ∞→i

Δλ  of any eigenvalue in Δ  is 

strictly less than 1. To check this condition, [8] is using the 
power method to find dominant eigenvalues. However, since 
much larger data sets and much higher resolutions are 
employed in 3D CT than SPECT, it is not clear that the power 
method is efficient in the former case. In our experiments we 
are using even interpolation functions, although different ones 
for projection and back-projection. It can be shown that for 
identical ray geometries in projection and back-projection, the 
matrices QPα and are symmetric or nearly symmetric 

(nearly, because of special interpolation and sampling effects), 
which brings about eigenvalues 

Δ

QPλ that are real or nearly 

real. Furthermore, the interpolation functions are strictly 
positive in Fourier domain which makes these eigenvalues 
positive. In the experiments we encountered some oscillations, 
which could be met by lowering the gain from 1=α  (for 
maximum convergence rate) to 8.0=α  or 6.0=α . We 
believe this is due to eigenvectors 2>QPλ . With 1=α  in (2) 

we then get 11 >=− ΔλλQP , indicating that convergence is 

in jeopardy.  In our latest experiments below, we have 
employed the Ordered Subsets (OS) approach, which seems to 
relax the convergence condition and promote higher 
convergence rate in a manner that remains to be analyzed.  
 

                  III. SIRT MODE EXPERIMENTS  

The first set of experiments employ simultaneous updating 
as assumed in Fig. 1. However, two additional features need 
to be mentioned. Firstly, we obtain input data p from a high-
resolution sampled, then smoothed and down-sampled version 
of a mathematical phantom, rather than from ray-tracing the 
non-band-limited mathematical phantom itself. The projection 
operator P is identical to the one employed in the loop. 
Secondly, all projections are semi- (pseudo-) parallel, which 
means that we have left the rebinning steps of the 
reconstruction methods aside. Eventually, we should use real 
data, or at least more truthfully simulated projections of the 
phantom. However, by leaving these real world complications 
aside for the moment, we know that all artifacts that may 
appear are caused by non-exactness in the reconstruction, 
allowing us to test our basic hypothesis: Non-exact 
reconstruction can be made exact by iterative methods.  

All experiments employ Turbell’s clock phantom [2], 
widely recognized to be a real lacmus-test for non-exact 
algorithms. We are comparing three algorithms, namely PI-
Original [2], AMPR [5] and WFBP [16]. Salient parameters 
for these experiments are as follows.  

Focus-isocenter distance     570 mm 
Radius of reconstructed object  480 mm 
Maximum fan angle       26o

Reconstruction grid        Nx = Ny = 256   
Slice thickness         1.88 mm 
Projections per turn       800 
Detector columns        672  
Gray-scale window        -1000   HU50±

            Fig. 3 Fig. 4 Fig. 5 Fig. 6 
Isocenter det. height in mm  20   40   60   180  
# detector rows      32   64   64   192 
Tab.feed/r AMPR, WFBP  25mm 50mm 75mm 225mm  
Tab.feed/r PI-original    40mm 80mm  

Fig.3 shows reconstruction results (no iteration) for PI-
Original and AMPR at cone angle , a case for which 

AMPR is employed today.  Note, however, that for the same 
cone angle, the table feed and the effective scanning speed in 
this example is times higher for PI-original than for 
AMPR and WFBP. On the other hand, PI-original is 
inherently void of redundant projection data.  

o1±=κ

6.1

  
Fig. 3. Non-exact reconstruction of the clock phantom. Cone angle , 
AMPR (left) and PI-original (right)  

o1±

 It seems reasonable to request that useful enhancement 
procedures to be used for future higher cone angles should 
deliver a comparable image quality. This test is (probably) 
passed by the images Fig. 4, where the cone-beam angle of 
Fig. 3 is doubled. The result after the first reconstruction step 
is , while two enhancement iterations deliver  (the 

intermediate result is not shown).  Further iteration does not 

improve the result very much. In general, artifact levels are 
much higher in the AMPR-images than in the PI-images. By 
all likelihood, the culprit in AMPR is the back-projection step. 
In AMPR, the 1D ramp-filtering runs according to the book, 
but to be able to employ 2D-backprojection, the ray paths 
deviate from the paths defined by the scanning (measuring) 
phase, and more so for higher cone angles. The above-

1f 3f

2f
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mentioned symmetry for the matrices QPα and Δ  are then 

destroyed and the convergence criteria as well.   

The PI-method employs truly three-dimensional back-
projection. A potential problem is the direction of the 
preceding 1D ramp-filtering. For best result this should follow 
the nutating geometry of rays and voxel surfaces. Evidently, 
this sin is more forgivable by the enhancement procedure than 
to modify the given ray directions as in AMPR.  

           

         

Fig. 4. AMPR (left) and PI-Original. Showing the non-exact result 
(top) and the result after two iterations (bottom). 1f 3f

Cone angle Gain factor o2±=κ 8.0,8.0,1=α  

       

       

 Fig. 5. WFBP-result  showing  and (after one iteration).  1f 2f

o3±=κ (left) and . ,  o9±=κ 8.0Q = 5.0,1=α

 The WFBP algorithm [16] comprises truly 3D-back-
projection. Although WFBP is a non-exact method it delivers 
much less artifacts than AMPR, allowing us to employ the 

higher cone angles 03≤κ and 09≤κ  in Fig.5. An 

important ingredient in the WFBP-algorithm is the weighting 
and smoothing factor Q that defines the degree of gradual 
down-weighting taking place at the upper and lower detector 
rows. 1=Q , which may give unacceptable artifacts, means no 

down-weighting at all. All rows, including the upper- and 
lower-most detector rows are given unity weight. In the other 
extreme, where 0=Q , only the mid-row is unity weighted. 

Typically 8.0=Q .  

 

    IV. EXPERIMENTS USING ORDERED SUBSETS  

For an authoritative reference to Ordered Subset (OS), see 
[14]. Fig. 6 shows the scheme of Fig.1 rearranged to illustrate 
our OS-approach. After the initial , the first result f00 ⇐f 1 is 

obtained in the same manner as in Fig. 1.  For the iterations 
that follow the total set of projections is divided into m 
subsets. In our experiments, m = 5 or 13. The projections 
belonging to a subset are spread evenly along the total 
projection angular interval, m angular sampling intervals 
apart. One subset at a time is utilized for projection P and 
reconstruction Q of the full volume. In complexity, m such 
updating procedures correspond to one full iteration in Fig. 1. 

 

 

 

 

 

 

 

 

 

Fig. 6. The scheme of Fig.1 rearranged for the OS approach. After 
the first result  has been generated, the iterated results are 

employing only a subset of available projection data.   
1f

 

As can be seen from Fig. 7, the result is almost spotless after 

one full iteration, also for the higher cone angle 09≤κ . The 

subsets are employed as closely as possible to the “Golden 
section order” suggested by Koehler [15]. For m =5, this order 
is 1; 3; 5; 2; 4, while  m = 13 implies the order 1; 6; 11; 3; 8; 
13; 5; 10; 2; 7; 12; 4; 9, both of which are illustrated by the 
star-shaped patterns in Fig. 9. 
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Fig. 7. WFBP-OS, showing f2 (after one full iteration), using five 

subsets (left) and 13 subsets (right). , Q = 0.8,  o9±=κ 5.0,1=α

 

               
Fig. 8. Cross-sections of three f2 results, cone angle , from left 09±
WFPP (bottom right in Fig. 5), WFBP-OS, 5 subsets (left, Fig. 7), 
WFBP-OS, 13 subsets (right, Fig. 7). Scale in Hounsfield units. 

 
 
 
 
 
 
 
 
Fig. 9. Five-pointed and thirteen-pointed stars illustrating optimal 
sequencing of the ordered subsets. Any two connected vertices 
approximately subdivide the circle in the Golden section proportion 

...618.0
2

15 =−  

 

 V. CONCLUSIONS AND DISCUSSIONS 

We believe that our experiments have proven that the 
enhancement scheme of Fig.1 has interesting and promising 
properties for non-exact cone beam CT. Artifacts due to 
imperfect filtering (as in PI-Original) seems easier to handle 
than imperfect (2D) back-projection (as in AMPR). Even 
better results are obtained with the WFBP algorithm, which 
already from start is less burdened by cone-beam artifacts.   

Even if the enhancement is satisfactory there are general 
problems that could prohibit them from being used in practice. 
One issue is speed. To produce the results in the above 

experiments requires two back-projections and one forward 
projection, to get  takes three and two, respectively. 

Projection tends to be about three times as costly as back-
projection which suggests that in total, these computations 
become five times as expensive for  (nine times for ) as 

the basic reconstruction to get . However, even if the 

enhanced results are produced at a considerably slower rate 
than the first reconstructed result, this will not render the 

method useless. In a clinical situation, certain datasets may be 
more critical in terms of image quality than others and thereby 
well deserving some extra time and effort in an off-line 
enhancement process.  

2f

3f

2f 3f

1f

Another problem is that the first reconstructed result  is 

normally a truncated version of a long object. Hence, for some 
of the input projections at the top and bottom of the object we 
are unable to generate counterparts in the first forward 
projection process. Simplistically, the volume becomes 

shorter than , becomes shorter than , etc. Fortunately, 

we have found a solution which breaks this vicious circle [13].   

1f

2f

1f 3f 2f

As mentioned, for the present experiments we generated 
input data from a sampled version of a mathematically 
phantom. This has enabled us to study the suppression of 
artifacts due to non-exact reconstruction isolated from other 
imperfections. Similar experiments should be carried out 
employing more realistic input data, generated from the same 
mathematical phantoms using multiple ray-tracing through the 
non-bandlimited continuous phantom, exponent-sum-
logarithm computation, and added noise.  

  -960 

  -980 

-1000 

Employment of ordered subsets has a remarkably positive 
effect on the convergence rate as shown by Figures 7 and 8. 
To mitigate an intuitive explanation, Fig 10 shows the 
coverage of the Fourier domain of the reconstructed object 
during 2D filtered back-projection. The projection data, being 
just a subset of the total, is evenly but too sparsely sampled in 
projection angle. Therefore, the Fourier space becomes 
sufficiently sampled in center (the low frequency area) but 
insufficiently sampled in the more peripheral areas. After two 
OS-iterations, the sufficiently sampled area has doubled in 
radius, after four it has doubled again etc. During this process, 
the low frequency artifacts in the first result f1 will have a 
chance to improve iteratively, once, twice, four times, 
respectively. Clearly, when one full iteration is done, many 
more improvement steps have been taken, especially for the 
critical low-frequency components, than during a single SIRT-
iteration executed with the same computational effort.  

 

 

 

 

 

 

Fig. 10. Partial coverage of the Fourier domain by one (left) and two 
projection subsets, respectively.  
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Fig. 11. The iterative scheme adapted to the scale-space idea 

In the course of events we have discovered variations on 
the basic scheme of Fig.1. One of these is shown in Fig.11 and 
comprises a scale-space approach.  Here, input projection data 
are first down-sampled with a factor of two. These data are 
then used for reconstruction and iterative improvement of an 
output volume with eight times fewer samples computed 
sixteen times faster. This result  and its projection data 

are then up-scaled and used at the higher resolution level as a 
starter. Obviously, this idea can be implemented in several 
scales rather than just two. We foresee that the scale-space 
and the ordered subset approach may be combined for optimal 
speed and image quality in future experiments.   

256f

Finally, let us emphasize that the quality of the output result 
in terms of likeness to the real object is totally dependent on 
the projection operator P in the loop. As observed by many 
authors, in this fact also lies a potential advantage of iterative 
reconstruction methods over analytical ones. To model the 
physics of data capture in all its linear and non-linear details 
is a difficult and challenging task. But even so, this task will 
always be much easier than to model the inverse of the same 
process, which is what the analytical reconstruction methods 
are facing. Therefore, we believe that to develop such models 
for computing projections from sampled volumes is an 
important field of research that could bring about a quantum 
leap in CT-image quality.  
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Cone-beamreconstructionoutside
�

-lines using the
backprojectionof 1-D filtered data

JedD. Pack andFréd́eric Noo

Abstract— A new classof exact formulas for cone-beamrecon-
struction is presented.This class of formulas allows significant
flexibility in the selection of the backprojection range used for
reconstruction and in the selection of the directions of 1-D
data filtration. In addition, accurate reconstruction can often
be achieved in regions that do not intersect any redundantly-
measured lines ( � -lines). This fact is illustrated using an aca-
demic example—theumbrella trajectory.

I . INTRODUCTION

This paperpresentsa new classof exact formulasfor image
reconstructionfrom cone-beam(CB) projectionscollectedon
a generalvertex path(sourcetrajectory).The formulasin this
classhave two main characteristics:� They are specifically designedfor reconstructionat a

point � where Tuy’s condition [1] is satisfiedwhile �
doesnot belongto an � -line. Alternatively, they provide
addedflexibility for reconstructionat points � belonging
to � -lines.� They achieve reconstructionat a given point � by
backprojectionof filtered data obtainedthrough a one-
dimensional(1-D) convolution.

Note that an � -line is any segment of line that connects
two vertex points (sourcepositions).Recently, � -lines have
openedthe path to the development of efficient and data-
flexible reconstructionalgorithms[2]-[5] for CB tomography
with helical, saddle[6], and circle-plus trajectories[7], [8].
However, therearenumeroussourcetrajectoriesfor which the
union of � -lines cover little if any of the region whereTuy’s
conditionis satisfied.(For theumbrellavertex pathof figure1,
there is no � -line passingthrough the object to be imaged
when this object fits in a centeredsphereof radius smaller
than �����
	 , where ��� is the radiusof the sphereon which the
vertex path is drawn. Seesection3 for moredetails.)

Thenew classof formulasis definedthroughtwo degreesof
freedomfor reconstructionat eachpoint � . The first freedom
is in the selectionof a subsetof the CB data from which
reconstructionat � is achieved.The secondfreedomis in the
selectionof the filtering direction for eachsubsettedCB pro-
jection.Givena dataacquisitiongeometry, thesefreedomscan
be tradedfor efficiency, for a reductionin datarequirement,
or for a combinationof both. Furthermore,the optimal trade
maybedeterminedby direct inspectionof thedataacquisition
geometry;thereis no needto look for a judicious weighting

Theauthorsarebothwith theDepartmentof Radiology, Universityof Utah,
729 ArapeenDrive, Salt Lake City, Utah 84108.Telephone:(801) 581-5347.

E-mail: � jpack,noo @ucair.med.utah.edu

P1

P2

P4

P3

A

B

C

Fig. 1. Theumbrellaon a sphereof radius ��� . (Left) Theumbrellaconsists
of threecurve segmentseachof which is a quartercircle on a meridian.Each
quartercircle startsat the north pole ��� and hits the equatorat one of the
points ��� , ��� or ����� which are ����� degreesapart.The object to be imaged
is within the umbrellasphere.Right: a planeparallel to the equatorand its
intersections , ! and " with the vertex path.

of intersectionsbetweenthevertex pathandall planesthrough
the region-of-interest,as in [2], [4].

I I . THE NEW CLASS OF EXACT FORMULAS

Let # be the vertex path, let $ be a parameterdescribing# , let % &'$)( be the point on # at $ , let *+&,� ( be the 3D density
function to be reconstructed,and let- &'$�.0/ (2143657 *8&,% &'$)(:9<;'/ (�=>; (1)

with / ?A@+B be the CB projectionof *+&,� ( from % &'$)( . ( @8B is
the set of all unit vectorsin C DFE .)

We view the vertex path # asa union of G curves,denoted#IH for JA1LKNM
ONO GQP . Eachof the curves #2H is associatedwith
a finite interval R2HTSUC D suchthat % &'$V(W?<#2H when $X?<R2H
and the intervals R2H are all disjoint from eachother. Also, it
is assumedthat % Y,&'$V(WZ1\[ for any $ andthe distancebetween% &'$V( and the support ] of *+&,� ( is greaterthanzero.

The new classof exact formulasinvolvesa specialoperator
denoted ^_&,� .a` .b$�cI.b$edf( [11]. This operatoracts on the CB
dataandappliesto any � ?T] , any ` Z1\[ , andany $ c and $ d
suchthat $ c Z1g$ d and Kh$ c .b$ d PI?<R2H for some JA?iKjMkOjO GQP .
Let - Y &'$l.a/ (214m - &'$�.0/ (0�nm:$ . By definition,

^_&,� .a` .b$ c .b$ d (21po M	rq B 3tsnus�v
-�w &'$l.0� .a` (xjx � oX% &'$V( xjx =�$ (2)

with -�w &'$l.a� .0` (I1 3<yc y
- Yz&'$�.0/ &'$l.a� .0{)(0(|~}�� { =�{�. (3)

where / &'$l.a� .a{)(�1���� | {W� &'$l.a� (�9 |~}�� {�� &'$l.a� ( (4)
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with � &'$l.a� (f1 � oA% &'$)(xNx � oA% &'$)( xNx (5)

and � &'$l.a� (I1 ` oi&,` ��� &'$�.0� (0(�� &'$l.a� (xNx ` oi&,` ��� &'$�.0� (0(�� &'$l.a� ( xNx O (6)

This operatoressentiallybuilds at � theresultof a backprojec-
tion of filtered dataover the range $�?�K�$ c .b$ d P . The filtered
dataat a given $ is obtainedas a linear combinationof the
modifieddata- Y &'$�.0/ ( on thelinesthatarein theplaneparallel
to ` through � and % &'$)( . Note that a simple1-D convolution
yields -�w &'$l.0� .a` ( at all points � that lie in a commonplane
parallel to ` through % &'$V( , like in Katsevich’s formula for
helical CB reconstruction[9].

Using ^_&,� .a` .�$ c .b$ d ( , thenew classof exactreconstruction
formulascanbe mathematicallyformulatedasfollows:

Assume there is a plane � through � that has three
intersections with # , denoted $)� , $)� , and $V� , such that

1) � is inside the triangle formed by % &'$V�2( , % &'$V��( , and% &'$V�f( in �
2) There exist ���:� curve segments Kh$lc� .b$ed� P , ��1�KNM
ONO����:�+P

such that� $)��14$ c� and $)�A1�$ d������t� � � &'$lc� .a� (_1�� &'$ d � c � .0� ( with � � ?���M
.�o�Mk  for�Q1¡Kh	�ONO����:��P�6¢ ������~£ � � � 1¡M , taking � � 1pM .
3) Similarly to condition (2), there exist ���8� curve seg-

ments K,¤$ c� .
¤$ d � P , ��1�KNM
ONO����8�lP such that� $ � 1 ¤$ c� and $ � 1 ¤$ d ���¦¥� ¤� � � & ¤$ c� .a� (_1�� & ¤$ d � c � .0� ( with ¤� � ?���M
.�o�Mk  for�Q1¡Kh	�ONO����8�lP�6¢ � ��¥�~£ � ¤� � 1�M , taking ¤� � 1pM .
4) Similarly to conditions (2) and (3), there exist �����

curve segments K'§$ c� .�§$ d � P , ��1�KNM
ONO������:P such that� $)�¨1 §$ c� and $)��1 §$ d �8¥��� §� � � & §$ c� .a� (_1�� & §$ d � c � .0� ( with §� � ?���M
.�o�Mk  for�Q1¡Kh	�ONO������:P� ¢ � ¥���~£ � §� � 1�M , taking §� � 1�M .
Then,

*+&,�)(©1 M	
���>�ª�~£ �f« � ^_&,� .0` �:� .b$ c� .b$ d � (

9 M	
� �¦¥ª �~£ � ¤« � ^_&,� .a` �8� .
¤$ c� .�¤$ d � (

9 M	
� ¥>�ª �~£ � §« � ^_&,� .0` ��� .¬§$ c� .>§$ d � ( (7)

with ` �l� 16���� |e® � &'$)��.0� (+o¨ |~}��Q® � &'$)�I.0� ( (8)

for any ® ?�K¯[¬.�q8�k	rP and ±°i[ ,` �+� 16���� | ¤® � &'$)�².a� (8o� |~}�� ¤® � &'$)�².a� ( (9)

for any ¤® ?�K¯[¬.�q8�k	rP and ±°i[ ,` ��� 16���� | §® � &'$)�f.a� (8o� |�}�� §® � &'$V��.0� ( (10)

for any §® ?�K¯[¬.�q8�k	rP and ±°i[ , and with

« � 1
�³´µ£ � � ´ . ¤« � 1

�³´µ£ � ¤� ´ . §« � 1
�³´µ£ � §� � O (11)

Geometrically, condition (2) just meansthat � -lines and
segmentsof the curves forming the vertex path can be com-
binedtogetherto build a track leadingfrom ¶ to · , with each
involved � -line residingon a line passingthrough � (each � �
is well-defined),and with the numberof these � -lines that
contain � being even (the track may passthrough � along� -lines provided that it doesso an even numberof times;¢ ���>��~£ � � � 1¸M ).

Oncea track hasbeenfound to go from ¶ to · , the first
part of the density function can be reconstructed,namely
the first term in (7). This first term is obtained using a
backprojectionover the subsetof the vertex path that lies on
the track,with « � technicallydefininga preferreddirectionof
backprojectionfor eachsegmentforming this subset(from $ c�
to $ d � when « � 1¸M , andfrom $ d � to $ c� when « � 1�o�M ). The
backprojectionappliesto filtered data obtainedthrough 1-D
convolutions along detectorlines that are at the intersection
of the detectorareawith planesparallel to ` �:� through % &'$)( .

Conditions (2) and (3) are similar to condition (1): they
guaranteethe existenceof a track to go from · to ¹ , and
from ¹ to ¶ , respectively, whoseintersectionwith the vertex
pathcanbeusedfor backprojectionleadingto the secondand
third termsin (7), respectively.

Equation (7) definesa class of exact (and stable) recon-
structionformulasthroughtwo degreesof freedom.The first
freedomis in the selectionof the plane � through � and in
thesubsequentselectionof the tracksleadingfrom ¶ to · , ·
to ¹ , and ¹ to ¶ , which togetherdefine the backprojection
rangein (7). The secondfreedomis in the selectionof the
filtering direction,throughthe arbitrarychoiceof angles® , ¤® ,
and §® .

For a given data acquisition geometry, the freedomsin
(7) can be used to avoid truncationartifacts,or to develop
an efficient algorithm. Thesepoints are illustrated with an
academicexamplein section3.

The class of reconstructionformulas given by (7) fits
within Katsevich’s general reconstructionframework [2] in
thatthey representaparticularchoiceof Katsevich’sweighting
function ( º 7 ). However, in comparisonto Katsevich’s work,
(7) providesa muchmorestraightforwardway of determining
filtering directions that lead to exact reconstruction.Except
for reconstructionat points on � -lines, only one way of
filtering thedatawassuggestedin [2]—namely, using º 7 1pM .
This º 7 1»M choice correspondsto evenly weighting each
contribution to any point in the 3D Radon domain that is
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measuredmore than once accordingto Grangeat’s formula
[10]. While suchaweightingis advantageousin termsof noise
properties,it is often incompatiblewith datatruncationin one
direction, which is rarely avoidable in practice.An analysis
of the way the planesthroughthe object intersectthe vertex
path is requiredfor the definition of other filtering directions
in the framework of [2]. Resultsin [2] and [4] have shown
that suchanalysescan yield attractive algorithmsfor a helix
[2] anda circle-and-linevertex path [4], but have alsoshown
that theseanalysesare in generalvery complicatedto carry
out, particularly since the results in [2], [4] madeproficient
useof thefact thateachreconstructionpoint lies on an � -line.

Note that equation(7) is a follow-up on developmentsthat
led to anew classof exactformulasfor reconstructionatpoints
on � -lines [11]. Thesedevelopmentsallow a quick proof of
(7) thatis left outherein orderto allow spacefor anillustrative
exampleof how (7) works.

I I I . EXPERIMENT WITH THE UMBRELLA

In this section,we illustrate how formula (7) works using
the umbrella for vertex path, and using a flat detector for
measurementof the CB projections.See figure 1 and its
caption.The flat detectoris at distance 	n� 7 from % &'$V( and
is orthogonalto the line connectingthe origin to % &'$V( .

Considera point � 7 inside the upperhalf of the centered
sphereof radius � 7 �
	 within the umbrella sphere.Then,
consider the plane parallel to the equator through � 7 . See
figure 1. This planeintersectsthe umbrellaat threelocations,¶ , · , and ¹ , such that (i) � 7 is inside the ¶F·¼¹ triangle,
and (ii) there is a clear track from ¶ to · , from · to¹ , and from ¹ to ¶ , each passing through G�½ . Hence,
(7) can be applied to obtain *+&,� 7 ( , using any admissible
filtering directions.Dif ferent choicesamongthesedirections
yield different requirementson the data,and also affect the
efficiency with which thereconstructioncanbeachieved.From
an efficiency point of view, we find that thereis an attractive
filtering direction,namelythat obtainedby taking ` �:� along
vector G � G B , ` �8� along G B G E , and ` ��� along G E G � . This
choice is attractive becauseit allows (7) to be implemented
as a convolution-basedfiltered-backprojectionalgorithm. For
example, the filtered data required for computationof the
first term in (7) at any � 7 , is obtainedby just computing
the 1-D convolutionsof equation(3) along the detectorlines
passingthrough a specific detectorpoint—namelythe point
that is at the intersectionof the detectorplaneandthe line of
direction G � G B through % &'$)( . Figure2 shows a reconstruction
of the FORBILD headphantomthatwasobtainedusingthese
filtering directions.This reconstructionwas computedfrom
projectionssampledon ¾>¿n[TÀX¾>¿Á[ squaredetectorpixels of
side [�ONM�Â mm, with 290 verticesper umbrellabranch,using� 7 1U¿
Ã cm.

Figure 3 comparesthe detectorrequirementresulting (i)
from the application of (7) with the attractive filtering di-
rections just mentionned,and (ii) from the application of
Katsevich’s generalformula with º 7 1�M . For this figure, the

Fig. 2. Experimentusing the FORBILD head phantom(with no ears).
(Left) an axial and a transaxialslice through the original phantom.(Right)
reconstructionsusing (7). Note that reconstructionis only possible in the
north hemisphereof the umbrella sphere,which explains why only half of
the phantomis shown in the transaxialslice.The imagesaredisplayedusing
a compressedgrayscaleof 100HU.

object is viewed as a cylinder centeredon the line passing
through Gl½ andtheorigin of theumbrellasphere(seefigure1),
while the region-of-interest(ROI) is a centeredsphere.The
radius of the cylinder is M�[ cm and the radius of the ROI
is ¿ cm. The figure shows the projection of the umbrella,of
the object, and of the ROI, in the detectorplane for three
vertex points along the G � G ½ branch of the umbrella. The
first point is G � , the secondpoint is at ¾
[ degreesabove
the equator, and the third point is G�½ . The applicationof (7)
involves 1-D convolutions along two families of lines, while
the applicationof Katsevitch’s generalformula with º 7 1ÄM
involves 1-D convolutions along ¿ families of lines oriented
so that truncationof the projectionis not allowed unlike with
the useof (7).

IV. DISCUSSION AND CONCLUSION

We have presenteda new class of exact formulas for
CB reconstructionusing backprojectionof 1-D filtered data.
This classallows a simple extractionof exact formulasfrom
Katsevich’sgeneralreconstructionscheme,without theneedof
examining how planesthroughthe object intersectthe vertex
path. Furthermore,it includes some freedomsthat allow a
tailoring of thereconstructionto thedataacquisitiongeometry
andefficiency requirements.For example,in theumbrellacase,
the freedomsallow the derivationof a convolution-basedFBP
algorithmthat canhandlesometruncation.

Note that the umbrellawasintroducedonly for the purpose
of a simple illustrative exampleof the capabilitiesinherentto
thenew classof exact formulas,anddoesnot representin any
way a dataacquisitiongeometrywe recommendusing.
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Fig. 3. Detectorutilization. Eachplot shows the families of detectorlines on which convolution mustbeachieved for reconstruction.The centralrectangular
box is the measurementarea.(Left column)Using (7). (Right column)Using Katsevich’s generalreconstructionformula with Ê��2Ë¨� [2]. Eachrow of plots
correspondsto a different position of Ì ÍÏÎ>Ð on the � � � � branchof the umbrella.In the top row, Ì ÍÏÎ>Ð is at � � ; in the bottom row, Ì ÍÏÎ>Ð is at � � ; in the
middle row, Ì ÍÏÎ�Ð is Ñ�� degreesabove the equator. Note in the bottomright plot how Katsevich’s formula requireno truncationin the horizontaldirectionof
the detector, while (7) is not affectedby the displayedtruncation.
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A minimum data FBP-type algorithm for image
reconstruction in cone-beam CT

Emil Y. Sidky, Yu Zou, and Xiaochuan Pan

Abstract—Cone-beam CT image reconstruction algorithms
have traditionally been developed in the form of a filtered
back-projection (FBP). Because filtration is performed as
a first step, existing FBP algorithms could not support
any form of transverse truncation of the projection data.
Recently, Zou and Pan have developed a back-projection
filtration (BPF) algorithm that can accomodate transverse
truncation by delaying the filtration step until after the
back-projection is performed. This work makes use of the
analytic inversion of the finite Hilbert transform to derive
a FBP-type algorithm from BPF that can support trans-
verse truncation.

I Introduction

Much recent progress has been made in the develop-
ment of cone-beam image reconstruction algorithms for
computed tomography (CT) [1, 2, 3, 4, 5]. In particu-
lar, Zou and Pan [3] have developed a new type of algo-
rithm that involves the back-projection of derivatives of
cone-beam data into the image space, followed by a fil-
tration that inverts the finite 1D Hilbert transform along
chords, which are line segments that connect two points on
the source trajectory. Because of the order of operations
the algorithm is called backprojection-filtration (BPF).
The unique aspect of this algorithm is that it appears to
require only minimum data to obtain the image on the
chord. Namely, to reconstruct the image on a chord only
projection data passing through the support segment, the
intersection of the desired chord with the object support,
are required from view angles along the source trajectory
that connect the endpoints of the chord. This data re-
quirement permits transverse truncation of the projection
data.

It is interesting to develop cone-beam image reconstruc-
tion algorithms of the filtered backprojection (FBP)-type
that can also reconstruct from minimum data. Such an al-
gorithm, though mathematically equivalent to BPF‘, may
be advantageous in how its discrete form responds to data
inconsistencies due to various physical factors. An FBP
algorithm based on chord reconstruction was presented in
Ref. [4], but as with existing FBP cone-beam reconstruc-
tion algorithms, it can not support transverse truncation.

University of Chicago, Department of Radiology 5841 S. Mary-
land Ave., Chicago IL, 60637. E-mail: sidky@uchicago.edu,
zouy@uchicago.edu and xpan@uchicago.edu

As a result it requires projection data along the whole line
containing the projection of the chord.

In this abstract, we present a new chord reconstruction
algorithm of the FBP-type derived from the BPF general
image reconstruction formula. This new algorithm does
admit transverse truncation, and like BPF, it supports
minimum data image reconstruction. This minimum data
FBP (MD-FBP) algorithm is presented here in the con-
text of helical scanning, but it applies straightforwardly
to a large class of trajectories.

II theory

We summarize briefly the MD-FBP algorithm in the
context of helical, cone-beam CT.

A Helical scan, π-lines and the data function

For the helical scan the source point follows a trajectory
specified by

~r0(λ) = (R cosλ,R sinλ, (h/2π)λ), (1)

where λ is the helical angle, R the helix radius, and h the
pitch length. Assuming a flat-panel detector, the detector
bin location is given by

~d0(λ, u, v) = (R− S)êw + uêu + (v + (h/2π)λ) êv, (2)

where S is the source to center of detector distance, and
the unit vectors, êw, êu, and êv, define the rotation frame

êw =(cosλ, sinλ, 0), (3)

êu =(− sinλ, cosλ, 0),

êv =(0, 0, 1).

The coordinates u and v label a particular bin on the
detector.

The π-line plays a central role for the algorithms dis-
cussed in this abstract. The π-line is a line that joins to
points on the helical trajectory that are within one turn
of each other. Thus, a π-line can be described by

~r(xπ) = ~r0(λ1)(1− xπ) + ~r0(λ2)xπ,

where the scaled parameter xπ specifies a position along
the π-line defined by the source points ~r0(λ1) and ~r0(λ2).
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For the data function we employ a point-to-point inte-
gral:

D(~r0, ~d0) =Sd

∫ 1

0

dt f
[
~r0(1− t) + ~d0t

]
, (4)

~d0 − ~r0 =Sdγ̂,

where f is the compactly supported object function. The
unit vector γ̂ points from source to detector bin and A is
the signed source-detector bin distance

A = sgn(γ̂ · (~r(xπ)− ~r0))Sd.

With the detector parameterized according to Eq. (2),
it is clear that Sd =

√
S2 + u2 + v2. This point-to-point

data function turns out to be equivalent to the extended
data function of Ref. [6], and it is physically meaningful.

B general reconstruction formulation for BPF

For the BPF algorithm in helical CT, the image volume
is deconstructed into π-lines. Subsequently, the image
reconstruction is performed π-line by π-line. The first
step in BPF is to back-project derivatives of the projection
data onto a given π-line:

g(~r(xπ)) =

∫ λ2

λ1

dλ
sgn(A)

|~r(xπ)− ~r0(λ)|

× ∂

∂q
D(~r0(q), ~r0(q) + ~d0(λ, u, v)− ~r0(λ))

∣∣∣∣
γ̂

. (5)

The backprojection point ~r(xπ) lies on the π-line specified
by λ1 and λ2. The data derivative in the back-projection
formula is taken with fixed γ̂.

The back-projection image g(~r(xπ)) can be shown to
be the Hilbert transform of the object function f(~r(xπ))
along the π-line. This Hilbert transform can be inverted
so long as g(~r(xπ)) is known on a segment larger than the
intersection of the π-line with the object support. This
condition is certainly satisfied for the π-line segment (xπ ∈
[0, 1]), and we refer to reconstruction with only the data
necessary to provide the image on the π-line segment as
minimum data reconstruction.

In Fig. 1, we show a schematic of the helical cone-beam
configuration and π-line geometry. The π-line segment
joins the trajectory points ~r0(λ1) and ~r0(λ2). In order
to reconstruct this segment, projection data are needed
for the projection of the π-line segment for λ ∈ [λ1, λ2].
Note that only data within the Tam-Danielsson [7, 8] are
needed, and that projection data for each view may be
truncated transversely.

C MD-FBP

Deriving, an FBP algorithm from Eq. (5) involves three
steps: (i) a variable change from the scaled pi-line coor-
dinate xπ to a coordinate uπ indexing the projection of

êπ

~r

λ2

λ1

~r0(λ)

Fig. 1. Schematic of the helical, cone-beam scanning configuration, and
illustration of a π-line and its projection. The drawn π-line segment
joins two points on the helical trajectory labeled by λ1 and λ2, and the
unit vector êπ indicates the direction of the π-line. The thickened part of
the helix represents the corresponding π-helix segment. The shaded area
on the detector plane is the Tam-Danielsson window which is bounded
above and below by the cone-beam projection of the helical turns from
the source point ~r0. The projection of π-line segments, one of which is
shown (thick dashed-line), comprise the Tam-Danielsson window. The
extension of the π-line segment projection (dotted line) indicates the
extra data need for existing exact FBP algorithms.

xπ

~r0(λ)

uπ

w
u

v

0
0

1
1

Fig. 2. Illustration of the geometrical relationship between scaled co-
ordinates uπ and xπ . The segment uπ ∈ [0, 1] on the detector is the
cone-beam projection of the π-line segment xπ ∈ [0, 1] from the source
point ~r0(λ). The endpoints of the π-line segment xπ = 0 and xπ = 1
correspond to the points ~r0(λ1) and ~r0(λ2), respectively. The rotation
coordinate system u, v, w is also shown for the source position ~r0(λ).
The origin of the rotation coordinate system is ~r0(λ), but the axes are
drawn away from the source point for the sake of clarity.

the π-line onto the detector, (ii) switching the order of
integration so that the filtration is performed before the
back-projection, and (iii) incorporation of the analytic
inverse of the finite Hilbert transform. The resulting for-
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mula for minimum data image reconstruction is

f(xπ, λ1, λ2) =
1√

(1− xπ)xπ

∫ λ2

λ1

dλ
S2

w2
2

uπ[xπ]

xπ

×
∫ 1

0

du′π
uπ − u′π

u′π
A′2 x′π[u′π]

sgn(A′)
√

(1− x′π[u′π])x′π[u′π]

×
{
−
[
d~r0

dλ
· β̂
]
P (u′, v′, λ)

+A′
d~r0

dλ
·
(

êu
∂

∂u′
+ êv

∂

∂v′

)
P (u′, v′, λ)

}
, (6)

where P (u, v, λ) is the helical, cone-beam data function
with u and v specifying a bin on a flat-panel detector; S
is the source-detector distance; and β̂ = (~r − ~r0(λ))/|~r −
~r0(λ)|. The notation x′π[u′π] means that x′π should be ex-
pressed in terms of u′π, and likewise for uπ[xπ], uπ is un-
derstood to be a function of xπ. The relationship between
uπ and xπ is shown in Fig. 2. The π-line parameter, xπ,
terminates at 0 and 1 for ~r0(λ1) and ~r0(λ2) respectively.
Likewise, the parameter for the projection of the π-line,
uπ, is 0 and 1 at the cone-beam projection from ~r0(λ) of
~r0(λ1) and ~r0(λ2), respectively. The overall square root
factor and the square root factor in the integral in Eq.
(6) stem from the formula for the finite inverse Hilbert
transform.

III Numerical Results

Fig. 3. From left to right sagittal, coronal, and trans-axial slices of the
reconstructed Shepp-Logan phantom are shown. The reconstruction was
performed by the MD-FBP algorithm. The gray scale display range is
[1.0,1.05].

To demonstrate minimum-data image reconstruction we
present preliminary results on image reconstruction with
simulated data of the 3D Shepp-Logan phantom. The he-
lical parameters of the scan are: helical radius R = 57.0
cm, pitch length h = 12.8 cm, and source-detector dis-
tance S = 100.5 cm. A 512x256 flat-panel detector was
simulated with a bin size of 0.78x0.78 mm2. The Shepp-
Logan phantom is ellipsoidal with the major axis mea-
suring 20.0 cm. The angular scanning range covers 2π,
a single turn of the helix with 1056 discrete view angles.
The selected π-lines for reconstruction join pairs of these
source positions, and only π-lines that intersect the object
support are chosen for reconstruction. As the support ra-
dius is much smaller than the helical radius, the necessary

data for reconstructing the desired π-lines is a fraction of
that contained within the Tam window. The results of the
image reconstruction are shown in Fig. 3 and correspond-
ing 1D profiles are shown in Fig. 4. The results seem to
indicate that the MD-FBP algorithm performs quite well.
Comparison with other cone-beam reconstruction algo-
rithms, such as the BPF algorithm, will be presented at
the conference.
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Fig. 4. Comparison of reconstructed (solid line) and true profiles (dashed
line) of the Shepp-Logan phantom.

IV Conclusion

In this abstract, we have summarized a new, mini-
mum data FBP-type algorithm for cone-beam image re-
construction. The algorithm is derived from the BPF al-
gorithm of Zou and Pan [3], and like the BPF algorithm,
it supports some forms of transverse truncation in the
projection data. The MD-FBP algorithm may have ad-
vantages over BPF when physical factors and discreteness
of the data are considered. The algorithm as written here
applies to helical, cone-beam CT, but it is straightforward
to generalize to other source trajectories.
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A showcase of exact cone-beam image
reconstruction algorithms for circle-based

trajectories
Guang-Hong Chen, Tingliang Zhuang, Brian E. Nett, and Shuai Leng

I. INTRODUCTION

In this paper, we developed two families of cone-beam
image reconstruction algorithms for circle-based source trajec-
tories. These trajectories include: two-orthogonal-circles, two-
concentric-circles (non-orthogonal), circle-plus-arc, and two-
concentric-arcs. There are two key concepts used to develop
these algorithms. The first is a factorizable weighting function
[1]. The second is a geometrical property of circle-based
source trajectories; namely, the existence of doubly measured
projection lines (DM-Line) for any given image point inside a
region of interest (ROI). The different image reconstruction al-
gorithms represent different selections of measured cone-beam
projections in image reconstruction. For noise-free data, all the
image reconstruction algorithms are mathematically equivalent
in the sense that they are all mathematically exact. The final
image reconstruction algorithms may take the form of a shift-
invariant filtered backprojection (FBP) image reconstruction
algorithm or the form of a newly developed algorithm based
upon filtering the backprojection image of the differentiated
projection data (FBPD) [1], [2].

II. EXISTENCE OF DM-LINE

The existence of PI-line of generalized pi-line has been
established for helical trajectories [7]–[9], [14] and saddle
trajectories [13]. In this section, we will prove that a similar
concept may also be established for a circle-based geometry.
Namely, for a given image point

�� inside an ROI, there exists a
straight line that passes through the image point and intersects
the source trajectory twice. We refer to this straight line as a
doubly measured line (DM-line) in this paper.

A. The existence of DM-line for circle-based trajectories

We start with a scan geometry consisting of two concentric
circles. The two planes in which the source trajectory lies
intersect with an angle � . As shown in Fig.1, this source
trajectory may be parameterized as:����� �
	������� ��� ������� ��������� � � �"! ����#%$'&(�)��*+�,�-	/.0�/��� � ������� *�� �12��� *3� ���� � ���4�5� *%��� � *6�"! ���7#8$'&(9(1)

1Tingliang Zhuang is with Department of Medical Physics, University of
Wisconsin-Madison, Madison, WI 53792, Email: tzhuang@wisc.edu

2Brian E. Nett is with Department of Medical Physics, University of
Wisconsin-Madison, Madison, WI 53792, Email: benett@wisc.edu

3Shuai Leng is with Department of Medical Physics, University of
Wisconsin-Madison, Madison, WI 53792, Email: sleng@wisc.edu

4Guang-Hong Chen is with Department of Medical Physics, University of
Wisconsin-Madison, Madison, WI 53792, Email: gchen7@wisc.edu

Case I: For any image point
�� which lies in either of the

two planes and resides within the source trajectory, any line
that passes through

�� will intersect with the source trajectory�:� or
)��* twice. Namely, there are infinitely many DM-lines

for these in-plane image points.
Case II: In the following, we will prove the existence of

DM-line for any off-plane image point
��<;=	�� �/>'��?2� by

explicitly solving the following equation:��@;BA �> ��	���C �ED 	/F�."A � �> *�	��HG � (2)

where, A �I! ��� F & , �> ��	���C �
� �:� and
�> *3	J�HG �K� )�L* . The above

equation may be written as follows:MNNO NNP
�Q;RAS�T�������C5.U	/F�."A � �V�/��� � �/���5�HG> ;BAS�V�/����� C D 	HF�.WA � �T������ G? ;B�
	HF�.WA � �12� � �/�����HG

(3)

In order to further simplify the equation,the following trans-
formations are beneficial [12]: �'XY;Z	�� D[?]\�^ � � ��_ � �/> X`;>�_ � ��? X�; ?�_ 	a�b�12� � � . Using these transformations, Equation
(3) is written as:MNNO NNP

�cXS;[Ad�12����C> XS;RAd���4��� C D 	/F�."A � �12��� G? X ;e	HF�.WA � �������HG (4)

Formally, this equation is nothing but a special case of (3)
where � ; �

. After these transformations, two arbitrary
concentric circles are transformed into two concentric and
orthogonal circles. After eliminating the variable � C and � G
in (4), we obtain the following quadratic equation for the
unknown parameter A :

f�A G Dhg A Dji ; �@� (5)

x

y

z

µ

o

Fig. 1. Source trajectory
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where,

f-;��S	/F . > X G ���g ; .��S	/F D � X G . > X G . ? X G �Y�i ; 	/F D � X G . > X G . ? X G � G D � � X G > X G 9 (6)

The necessary and sufficient condition of the existence of a
solution for (5) is the following:� ; g G .���f i

; F�� > X G ! 	HF�. 	J� X . ? X � G . > X G � 	/Fd. 	J� X Dj? X � G . > X G � &� �@9
(7)

Using the Schwarz inequality, the sufficient condition for
inequality (7) is:

� X G DW> X G D ? X G	� F# 9 (8)

Under this condition, it is easy to check that
��
 .��G� 
 F

and
��
�� 
 F . Thus, both solutions of the quadratic equation

(5) are in the range
! ��� F & . In order to determine the constraint

on the size of ROI, we substitute the definitions of � X �/> X ��? X
into (8): � � �� # F� F Dh# \7^ � � D # \7^ � G � � (9)

where � G ;B� G D0>3G D0?2G . Namely, the existence of a DM-line
for an image point

��@;I	J� �/>'��?3� subjects to the constraint (9).
For a given image point

�� , the variable � G and A in (4) may
be eliminated to obtain:� ������ C D�� ���4��� C ;�� 9 (10)

where
� ; F D �SX G . > X G . ? X G%��� ; # �cX > X � � ; # �SX . The

view angle � C may be obtained by solving this trigonometric
equation. The existence of a solution requires the following
condition:� G D�� G .�� G; 	HF�. 	J� X . ? X � G . > X G � 	/F�.U	�� X Dj? X � G . > X G � � �@9(11)

It is easy to check that this is true provided that (8) or (9) is
satisfied.

In summary, for any given image point inside the ROI that
satisfies (9), there always exists at least two DM-lines. This
completes the proof of our statement.

III. EXACT IMAGE RECONSTRUCTION ALGORITHMS FOR

CIRCLE-BASED TRAJECTORY

A. Factorization of weighting function

Starting with Tuy’s inversion scheme, one may derive FBP
[6] or FBPD [1] cone-beam image reconstruction algorithms.
In the derivation of the FBPD image reconstruction algorithm,
it was found that the following factorization property of the
weighting function � ! �� ����! � & is crucial:� ! �� � ��! � & ; � C 	 �� � �� � � G2	 �� � � � �#"%$ ! ��'& �> X 	�� � & 9 (12)

As demonstrated in [1], the normalization of the weighting
function yields the following equation:

� C 	 �� � �� �)(%*	+ � � G 	 �� � � �-,, ��. 	 �� � �� � � � ;IF � (13)

where . 	 �� �/�� � � � ; CG �0"%$ !1��2& 	 ��@. �> 	�� �/� & . Therefore, once the
component � G 	 �� � � � of the weighting function � ! �� � ��3 � & is
given, the component � C 	 �� � �� � is determined by (13).

In [1], this factorized weighting function has been utilized
to obtain the FBPD image reconstruction algorithm for a
general source trajectory. In the following, we show that this
weighting scheme can also be used to obtain a new FBP image
reconstruction algorithm.

In order to obtain an FBP image reconstruction formula for
a general source trajectory, one of the present authors derived
the following necessary condition on the weighting function� ! �� � ��546 � & : ,,!7 � ! �� �/��846 � & ; �@9 (14)

One of the key observations in this paper is to impose the fac-
torization property (12) on the weighting function � ! �� �5��546 � & .
For a factorized weighting function, it is clear that if the
component � G 	 �� � � � is chosen to be a piece wise constant
function, the component � C 	 �� �/��84 � determined by (13) will
automatically be a piece wise constant function. Therefore,
condition (14) is fulfilled.

When the factorized weighting function (12) is introduced,
the structure factor defined in [6] may be easily calculated as
follows: i09 	 �� � � � ; � G2	 �� � � � � C 	 �� �:��84 ��; 4=<->@?4=<�A!? � (15)

where the component � G 	 �� � � � is a piece wise constant func-
tion and the function � C8	 �� �/��84 � is discontinuous at 7 ;7 9 . After substituting the above structure factor into (48)
in [6], one may readily obtain the FBP image reconstruction
algorithm.

B. Two choices of an exact image reconstruction algorithm
for circle-based trajectories

Using the concept of DM-lines for circle-based source
trajectories established in Section II and the factorized weight-
ing function, one may use either the FBP or FBPD image
reconstruction algorithms. The cone-beam projection data is
denoted by " ! �� � �> 	J� � & ;CB >EDF + ��G ! �> 	J� � D � �� & , these two
algorithms are given below:H FBPD algorithmG 	 �� � ; (%IKJL+ �� XNM 	 �� � �� X �PO 	 �� � �� X ��� (16)

whereM 	 �� � �� X � ; F#8$3Q ( I JR + �� � C%	 �� �/�� �TS=U GWV6XY:Z\[ X] A X]�^`_ �O 	 �� � �� X � ; (8* + � � G2	 �� � � �; �� X . �> 	J� ��; ,,!a "cb ! �d X] ^ � �> 	 a � &T; eTf3g �
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and " b ! �� � �> 	J� � & ; " ! �� � �> 	J� � & . " ! . �� � �> 	J� � & .H FBP algorithmG 	 �� � ; . F� $ G ( + � F; ��K. �> 	J� ��;�� 9 i#9 	 �� � � �
( VA V +�� F���4� � ,,!a " ! ���	 � � 7 9 � � �> 	 a � &T; eTf3g��(17)

where the structure factor
i09 	 �� � � � is given by (15)

Depending on the different selections of measured cone-
beam projection data used in the image reconstruction, dif-
ferent image reconstruction families may be obtained. In
the following section, examples of the factorized weighting
function are presented.

IV. EXAMPLES OF THE WEIGHTING FUNCTION

In this section, we present some examples for the choice
of the component � G 	 �� � � � . The view angles corresponding to
the two intersection points (

�>�� � �>��
) between the two circles

are given below:

� �� ; $ # � � �� ;	� $# �
� *� ; �@� � *� ; $ 9

The weighting functions will be classified below based upon
the amount of projection data used in order to reconstruct a
single image point.

A. Minimal data setH Case 1: As shown in Fig. 2 (a), we can choose:

� G�	 �� � � � ;�
 F � � �W! � � � � �� &� ! � *� � � * � &�@�
other wise

(18)

The function � C 	 �� � �� 4 � is calculated as:� C 	 �� �:��84 � ;[�0"8$ !1��84 & �S V'	 �� � & � (19)

where,
�S V 	 �� � ; �> 	J� � � . �> 	J� * � � .H Case 2: As shown in Fig. 2 (b), we can choose:

� G 	 �� � � � ;
MNNO NNP
F � � �"! � � � � �� Dh#8$'&
. F � � �W! � *� � � * � &�0�

other wise

(20)

The function � C8	 �� �/��84 � is calculated as:� C%	 �� � ��84 � ;B�0"8$ ! ��84 & �S � 	 �� � & 9 (21)

where,
�S � 	 �� � ; ��K. �> � .H Case 3: As shown in Fig. 2(c), we can choose:

� G2	 �� � � � ;
MNNO NNP
F � � �W! � �� � � � &
. F � � �"! � * � � � *� &�@�

other wise

(22)

The function � C 	 �� � �� 4 � is calculated as:� C 	 �� � �� 4 � ; . �0"8$ ! �� 4 & �S�� 	 �� � & 9 (23)
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Fig. 2. Three examples of the minimal data usage weighting scheme.

B. Non-minimal partial data usageH Case 1: As shown in Fig. 3 (a), we can choose:

� G 	 �� � � � ;
MNNO NNP
F � � �"! � � � � �� D #%$'&
. F � � �W! � * � � � *� &��T! � *� � � *� Dh#8$'&�0�

other wise

(24)

The function � C8	 �� � ��54 � is calculated as:� C 	 �� � ��54 � ;I. �0"8$ ! ��54 & �S V'	 �� � &59 (25)H Case 2: As shown in Fig. 3 (b), we can choose:

� G2	 �� � � � ;
MNNO NNP
F � � �W! � �� � � � &�T! � * � � � *� &# � � �W! � *� � � * � &�@�

other wise

(26)

The function � C8	 �� �/��54 � is calculated as:� C 	 �� �:��84 � ; . �0"8$ !1��84	& �S � 	 �� � & 9 (27)H Case 3: As shown in Fig. 3 (c), we can choose:

� G 	 �� � � � ;
MNNO NNP
F � � �V! � � � � �� D #%$'&��T! � *� � � * � &#0� � �V! � * � � � *� &�b�

other wise

(28)

The function � C 	 �� � �� 4 � is calculated as:� C 	 �� � �� 4 � ; . �0"%$ ! �� 4 & �S�� 	 �� � & 9 (29)

where,
�S � 	 �� � ; ��K. �> � .

The source trajectory used with each of the weighting
schemes given in the two preceding sections represent two
arcs from concentric circles (CC-geometry).
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Fig. 3. Three examples of the non-minimal data usage weighting scheme.
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C. Full data usageH Case 1: As shown in Fig. 4 (a), we can choose:

� G 	 �� � � � ; 
 CG � � �W! � �� � � � &��V! � * � � � *� D #%$'&. CG � �:� . S � � Q � S (30)

The function � C8	 �� � ��84 � is calculated as:� C 	 �� � ��84 � ;[�0"8$ ! ��84 & �S V'	 �� � & 9 (31)H Case 2: As shown in Fig. 4 (b), we can choose:

� G�	 �� � � � ;
MNNO NNP
F � � �W! � *� � � * � &# � � �W! � �� � � � &��V! � * � � � *� Dh#8$'&� � � �W! � � � � �� Dh#8$'& (32)

The function � C8	 �� �/��84 � is calculated as:� C%	 �� � ��84 � ;B�0"8$ ! ��84 & �S � 	 �� � & 9 (33)H Case 3: As shown in Fig. 4 (c), we can choose:

� G�	 �� � � � ;
MNNNNO NNNNP
F � � �V! � * � � � *� &#@� � �V! � �� � � �� &��V! � � � � �� Dh#8$'&�5! � *� � � * � &��V! � *� � � *� D #%$'&� � � �V! � �� � � � & (34)

The function � C8	 �� �/��84 � is calculated as:� C%	 �� �:��84 � ; . �0"8$ !1��84 & �S � 	 �� � & 9 (35)

The source trajectory used with each of the weighting schemes
given in the preceding section represents two complete con-
centric circles.
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Fig. 4. Three examples of the full data usage weighting scheme.

D. Discussion

In order to obtain the FBPD image reconstruction formula,
one can directly substitute any of the functions � G2	 �� � � � and� C 	 �� � �� 4 � introduced above into (16).

In order to obtain the FBP image reconstruction formula,
one must calculate the structure factor. To do so, one must
determine the discontinuities of the function � C%	 �� � ��84 � . This
is equivalent to solving for the angle 7 which satisfies the
following equations:�� 4 & �S b 	 �� � ; �@� � ; $ ���d� � ���84 & 	 ��K. �> 	�� �/� ; �@� (36)

where the second equation is due to the fact that the unit vector��84
is the normal vector of the plane which contains the image

point
�� and the source point

�> 	J� � .
Notice that the unit vector

�� 4��
which is the solution of

(36) is perpendicular to both the vector
�S b 	 �� � and the vector�d ; �� . �> 	J� � . According to (17), the filtering process is

performed along a line which is the cone-beam projection onto
the detector plane of the line with direction determined by the
vector

�S b 	 �� � .
V. EXAMPLE IMPLEMENTATION OF ONE ALGORITHM

FROM THE SHOWCASE

A. FBP image reconstruction formula using a flat-panel de-
tector

In order to clarify the numeric implementation of the
algorithms described above one example case will be presented
below. In this case an FBP reconstruction algorithm was
devised using the minimal data usage case describe above.
This algorithm will be outlined below for the case of when a
flat-panel detector is utilized.

A rotating coordinate system is chosen for the detector:�� �6;e	H.0�12��� � .0���4�5� ���2� � ��'�Y; 	����4�d� � .0�1��3� �����1� �� �6; 	 ������� F �`9�� *`;e	 ��� .0�12�3� � .0���4�5� � � ��c*�; 	 ��� �/����� � .0�12�3� � � ��%*�; 	HF ���������`9
where the subscript s will be used to represent a given
circular source trajectory, namely either the horizontal source
trajectory (h) or the vertical source trajectory (v). The detector
Cartesian coordinates �	�

� �
� measured in the detector plane
along direction

�� � � �� � are given below [11]:

� � ;��
�� & �� ��� & �� � � � � ;��

�� & �� ��� & �� � � (37)

Using detector coordinates, the following reconstruction
formula may be obtained:G 	 �� � ;I. F#%$ G � � (

�� [ X] _ + �� � 	 �� � � � O � ! ��� 	J� �1� ���E	�� �  � & � (38)

where
� � 	 �� � � � ; �R."� �12���E. > �/����� �
� * 	 �� � � � ; �R. > �12��� . ? �/���5� �O � !��� ����  � & ; ( >@DA!D ( >@DA3D + � + ��� ! � . ��6.�� � 	�� . �� � &

.�� 	��K. �� ���" � 	�� � � � � �Y�
�" � 	�� � � � � � ; �� � G D � G D � G

	 � G D � G�
,, � D ���

�
,, � . ,, � � " � 	�� � � � � �V�

and

� �� ;�� � ���4��� . > ������� ��	 �� � � � � � �� ;��
?

� ��	 �� � � � �
� *� ;��

> ���4��� . ? �12���� * 	 �� � � � � � *� ;�� �� * 	 �� � � � �
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. � 	J� � ; C] is the kernel of Hilbert filter, and � � is the slope
of the filtering line in the detector plane. The slope � � may
be written as:

� � 	�� � ; ��
�� . � i �:�1	 g A g �G � 9 (39)

For the minimal data usage weighting scheme described
above the backprojection regions are defined as:

� �S	 �� � ;
MO P
! � � � � � C & � ��� �! � � C � � � & � � 
 � � � *2	 �� � ;

MO P
! � * C � � * � & � ?

�
�

! � * � � � � C & � ?L
 �
This example case has been simulated using a mathematical

phantom as described in the following section.

B. Computer simulations and results

The implementation scheme described above for the case
of a flat-panel detector was used in order to reconstruct a
standard low contrast 3D Shepp-Logan phantom [10]. The
parameters used in the numerical simulations are: gantry
radius=3, tilt angle � ; �

, detector sampling � � F�� � � F ,
and a view sampling of 	 #%$ ��_������ . The cone-beam projections
were calculated analytically. The derivatives with respect to� , � and � were implemented using a 3-point formula. After
the pre-weighting and differentiation steps backprojection was
performed over each of the separate segments using linear
interpolation of the filtered data. The backprojection operation
was voxel-driven.

(a) (b)

Fig. 5. The expected phantom of the xy plane (z=0) (a). The reconstruction
result (b).

The results of the simulation of the reconstruction of an
axial slice of the 3D Shepp-Logan phantom are given in
Figure 5 where a compressed gray scale of [.95 1.05] has
been used for display. Figure 5 demonstrates the reconstruction
of the axial z=0.01 plane of the 3D Shepp-Logan phantom.
This reconstruction was conducted using the minimal data
usage weighting scheme described above. The center of the
Shepp-Logan phantom was placed at (1, 1, .01) so the entire
reconstructed image resided within the first quadrant. This
result validates the reconstruction algorithm described above
for one specific source reconstruction scenario. Since the aim

of this abstract is to present a wide range of possible weighting
scenarios the complete numeric validation of each scenario is
beyond the scope of the current abstract.

VI. CONCLUSION

In this paper, source trajectories consisting of segments
from two concentric circles have been analyzed. The existence
of DM-lines for any given image point within a constrained
ROI was used as the basis to develop novel piece wise
constant weighting schemes. A variety of weighting functions
which satisfy a factorization property have been presented.
These weighting functions may be used in order to generate
mathematically exact algorithms using either the FBP or FBPD
type framework. For one sample case, computer simulations
were performed in order to validate the algorithm.
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1Abstract—This work develops and evaluates a processing 
method for gated cardiac ECT that simultaneously reconstructs 
the voxel intensities of the gated images and estimates the 3D 
motion of the cardiac wall for all frames. The method extends a 
two-frame simultaneous reconstruction and motion estimation 
method to the complete cardiac cycle in a simultaneous manner. 
It is based on a new iterative algorithm for minimizing an 
objective function that includes the negative log likelihood of the 
data, the standard optical brightness constraint, and a 
biomechanical model for elastic deformations of the 
myocardium. Our method guarantees positivity of the 
reconstructed images, and each iteration decreases the value of 
the objective function. The method was tested using a simulated 
cardiac phantom that models gated myocardial perfusion 
SPECT with Tc-99m sestamibi. The results demonstrate the 
ability of the algorithm to produce quality reconstructions and 
accurate motion estimates.   

I. INTRODUCTION 
The aim of this paper is to develop a processing method for 

the simultaneous estimation of 3D cardiac wall motion and 
radiotracer intensities for the complete cardiac cycle in gated 
cardiac emission computed tomography (ECT). Traditional 
methods [1-8] have treated the two processes—image 
reconstruction and motion estimation—separately. However, 
it is our hypothesis that the two are intimately linked, and that 
a simultaneous method of estimation will be better able to 
reduce motion blur and compensate for the poor signal-to-
noise ratio resulting from short scan times, than independent 
estimation methods. This work extends the authors’ previous 
work [9,10] on the simultaneous estimation of images and 
motion between two frames to the case of an arbitrary 
number of frames over the complete cardiac cycle. The 
complete cycle algorithm presented here involves minimizing 
the same objective function as in the previous work, with a 
similar two-step iterative process, but uses a different 
optimization algorithm. 

Previous image reconstruction methods for gated cardiac 
ECT [1,2] have sought to compensate for rigid motion by 
using a 4D Gibbs prior in a MAP approach.  It was found in 
[2] that the results in [1] were improved if the prior model 
incorporated a reasonably correct motion estimate. However, 
that method has not been demonstrated to cover more 
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realistic non-rigid heart motion, and it relies on an accurate 
motion estimate. Alternative techniques based on principal 
component analysis have been developed [3,4].  However, 
these methods do not address the problem of motion 
estimation. The algorithm presented in this paper is able to 
deal with non-rigid myocardial motion and does not require 
any a priori estimates. Our approach may be viewed as a 4D 
MAP method with a varying temporal prior that is updated in 
step with the images at each iteration.  

Methods for estimating motion, assuming the availability 
of fairly accurate reconstructed tomographic image frames 
have been developed in [5-8] using optical flow and elastic 
deformation models. However, as noted in [6], the low 
signal-to-noise ratio for gated ECT images has a significant 
impact on the accuracy of the estimated motion fields. 
Reducing image noise by traditional spatial or temporal 
smoothing can degrade important boundary information, 
which adversely affects the resulting motion estimates. Our 
method is designed to control image noise without smoothing 
across boundaries to achieve a more accurate motion 
estimate. 

This paper provides details on a new two-frame 
simultaneous estimation method, similar to the one presented 
previously [9,10], and develops an extension to the complete 
cycle of gated cardiac ECT images. A straightforward 
method of extending a two-frame algorithm to the complete 
cardiac cycle (for example, 8 frames) would be to estimate 
the images and motion for frames 1 and 2, then 2 and 3, and 
so on to 7 and 8. For instance, this was method was used in 
[5]. A more sophisticated method that seeks to compensate 
for inconsistencies observed in applying this method to gated 
cardiac ECT data was developed in [8]. Our method differs 
from these earlier efforts in its manner of introducing 
continuity in the estimation across the entire cycle. First, 
because we are simultaneously estimating image intensities, 
there is an inherent correlation between the motion estimate 
that precedes a particular frame and that which follows the 
frame.  Second, in processing each pair we only perform one 
iteration of our two-frame algorithm rather than taking it to 
convergence. All pairs are treated this way, and then the 
process is repeated. We can do this because each iterate of 
our algorithm preserves positivity of the image intensities and 
decreases the objective function. This method reduces bias  
and computational cost resulting from taking the pair-wise 
algorithm to convergence. 

II. THEORY 
Our approach for simultaneous reconstruction and motion 

estimation can be viewed in the familiar framework of 
penalized maximum likelihood reconstruction. However, our 
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penalty terms are based on the evolving motion estimates 
rather than fixed (3D or 4D) priors which assume prior 
knowledge of motion and/or spatial smoothing properties. 
These terms penalize large elastic deformations of the 
myocardium and correlate the intensities of each voxel along 
its trajectory. The terms are the same as those used in [7] for 
motion estimation. 

A. The Two-Frame Algorithm 
The two-frame algorithm estimates the image frames 

f1, f2, and the corresponding 3D motion vector field 
m = (u,v,w)  by minimizing the energy functional  

E( f1, f2,m) = αL( f1, f2) + I ( f1, f2,m) + β S(m)  
(subject to a positivity constraint on the frames), where L  is 
the usual sum of negative log likelihoods for each frame,  

I ( f1, f2,m) = ( f1(r) − f2 (r + m(r)∫ )2 dr  
is the optical brightness constraint (or, image matching term), 
enforcing correlation between the intensities of voxels along 
their trajectories, and 

S(m) = { λ
2∫ (| ∇ ⋅ m |2 +µ (ux

2 + vy
2 + wz

2)

+ µ
2 [(uy + vx )2 + (ux + wz )2 + (vz + wy )2 ]dr

  

represents the strain energy of the myocardium as it 
undergoes elastic deformations under m [7]. 

The bi-valued Lame constants, λ and µ, are material 
constants  of the myocardial tissue and blood pool and the 
Poisson ratio λ/(2(λ+µ)) determines the degree of 
incompressibility [7]. The hyper-parameters α, β specify the 
relative influence of the likelihood and strain energy terms on 
the overall process, and are user-defined.  

One iteration of the two-frame joint reconstruction and 
motion estimation (“RM”) algorithm consists of two iterative 
algorithms; the R-step which updates the frames, and the M-
step which update the motion vectors. Specifically, the 
estimate ( f1

0, f2
0,m0) is updated to ),,( 11

2
1

1 mff  in two 
steps. The R-step iteration is based on a formula similar to 
that used in Green’s OSL algorithm [11], and the authors’ 
previous work in [10], but with a different denominator. 
Unlike the OSL algorithm there is no need to restrict the 
values of the hyper-parameter α to ensure positivity of the 
denominator. Specifically, f j

1 = (1− t + tΛ j ) f j
0 where 

Λ1(r) = M1(r) − 2 ( f1
0 (r) − f2

0 (r + m(r)) /(αh(r)),

Λ2 (r) = M 2 (r) − 2 ( f1
0 (r* ) − f2

0 (r)) /(αh(r)J (r)),

M j (r) = 1/h(r) hi (r)g j (i) Hf j
0 (r)

i
∑ ,

 

r* = r − (I3 + m' (r))−1m(r), I3  is the 3x3 identity matrix, 

and J (r) =| det(I3 + m' (r*)) |. H  is the forward projection 
operator, and g j (i)  is the projection data for frame j in the 

i th detector bin. The value of the scalar t is chosen to 

guarantee positivity of the updates and decrease the objective 
function. Note that this iteration reduces to MLEM if there is 
no image matching penalty term I (i.e. α=∞) and t=1. 
Although very similar, the actual iteration formulas above are 
different from those described in the authors’ previous work 
[10] and in the usual form of Green’s OSL algorithm. 

Next, the M-step iteration updates m1 by minimizing 
I ( f1

1, f2
1,m) + β S(m) , which is the motion estimation 

problem investigated in [7]. However, instead of solving 
Euler-Lagrange equations, we apply the conjugate gradient 
algorithm directly to a sequence of successive quadratic 
approximations of this objective function. We use finite 
differences to  approximate the derivatives involved.  

Our simulations indicate that both the R-step and M-step 
algorithms converge. In [9] we developed a two-frame 
algorithm by applying the conjugate gradient algorithm to 
minimize the entire objective function E. However, 
convergence was an issue, and we were unable to guarantee  
positivity of the reconstructed images.  

B. The Complete Cycle Algorithm 
Although the R- and M-steps in each iteration of the two-

frame RM algorithm may be taken to convergence, instead 
we propose a complete cycle algorithm that is designed to 
introduce continuity in the estimates across the entire cardiac 
cycle and thereby benefit in stability from integrating a larger 
data sampling. One iteration of the complete-cycle (for 
example, 8 frame) RM algorithm consists of performing one 
iteration (consisting of one R-step and one M-step update) of 
the two-frame RM algorithm on each of the frame pairs in the 
following order: 1 and 2; 3 and 4; 5 and 6; 7 and 8; 2 and 3; 4 
and 5; 6 and 7; and finally 8 and 1. This results in an update 
of all the frame intensities and motion vector fields between 
successive frames. Note the periodicity enforced by linking 
the two ends, 8 and 1, and the simultaneous nature of the 
updates of all the estimated quantities. This reduces possible 
bias that may result if one variable is updated too far ahead of 
the others. 

III. EXPERIMENTAL METHODS  

The simultaneous reconstruction/motion estimation was 
evaluated using the 4D NURBS-based Cardiac Torso 
(NCAT) phantom [12].  The phantom provides a realistic 
source distribution that models gated myocardial perfusion 
imaging with Tc-99m sestamibi. For this study, only 
myocardial source activity was included.  Eight gated frames 
were generated over the complete cardiac cycle.  The 3D 
phantom in each frame was cropped to 60x60x50 voxels for 
computational efficiency.  This corresponds to a voxel size of 
3.1 mm.  The phantom was convolved in 3D with a 1-2-1 
kernel to simulate detector blurring.  Projection data were 
computed for each frame using a linear interpolation 
projector.  Attenuation and scatter were not simulated.  
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Poisson noise was added to the noise-free projection data 
after scaling the data to approximately 100,000 counts per 
frame, which is realistic for gated Tc-99m sestamibi imaging.  
An ensemble of 10 projection data sets were generated with 
independent noise realizations. 

The RM algorithm was applied to each data set to obtain 
the reconstructed images and motion vector fields.  Fifty 
iterations of the complete cycle algorithm were used, and 
parameters α and β were fixed at 0.004 and 0.005, 
respectively.  These parameter values were obtained by a 
cursory sampling of the parameter space and may not 
represent optimal values.  The RM images were compared to 
MLEM images with post-reconstruction 4D filtering (PS-
MLEM).  After 50 iterations, the MLEM images were 
filtered with a Hann filter (1.1 x Nyquist cut-off frequency) 
in the three spatial dimensions and a 1-2-1 convolver across 
time frames.  This cut-off frequency was found to be optimal, 
given the evaluation criterion described below. 

The RM and PS-MLEM images were evaluated based on 
an RMS error: 

    
[fk (r) − f k (r)]2

r
∑

k=1,8
∑  

where )(fk r  and )(fk r  represent the image estimate and the 
true phantom intensity, respectively, at frame k.  The error 
was computed for each of the 10 ensemble images, and the 
mean and standard deviation of the error across the ensemble 
was computed. 

The RMS error, while easily computed, is not a good 
predictor of clinically relevant tasks such as defect detection 
and tends to reward overly smoothed images.  As an 
alternative method of evaluating image quality, image profile 
plots are presented. 

IV. RESULTS 
The mean RMS error across the ensemble for RM was 170 

(4.03 std. dev.) and for PS-MLEM was 180 (1.18 std. dev.) 
indicating improved performance with RM.  Example 
reconstructed images and image profiles for both methods are 
shown for three orthogonal slice orientations in Fig. 1.  
Relative to the PS-MLEM images, the RM images 
demonstrate improved noise control but also less blurring of 
the edges of the myocardium.  We believe that this improved 
noise control without degradation in spatial resolution with 
RM can be attributed to the algorithm’s ability to correlate 
voxel intensities across frames at fixed material points. 

Figure 2 shows the estimated motion vectors superimposed 
on the RM images for a fixed slice across the 8 frames.  The 
motion vectors represent the in-plane 2D component of the 
estimated 3D motion vectors between 2 sequential frames 
(the vectors show the estimated motion of material points 
between the current frame and the following frame).  Without 
knowing the actual motion for this complex simulated 
phantom, it is difficult to quantitatively evaluate the accuracy 

estimated motion vectors.  However, it is clear that the 
estimated motion generally captures the contraction of the 
left myocardium during systole (frames 1 through 4) and the 
dilation of the left myocardium during diastole (frames 5 
through 8).  Visual inspection of myocardial edges between 
sequential frames was found to be consistent with the 
estimated motion vectors. 

V. SUMMARY 
An algorithm is presented for simultaneous image 

reconstruction and motion estimation for gated myocardial 
emission computed tomography.  The algorithm estimates 
image intensities and the 3D motion vectors between multiple 
frames over the complete cardiac cycle.  The algorithm was 
evaluated relative to MLEM with post-reconstruction 
smoothing based on RMS error and image profile plots.  The 
complete cycle RM algorithm demonstrated improved RMS 
error as well as improved image noise and spatial resolution 
characteristics.  Estimated motion vectors were consistent 
with apparent wall movement.  Future work will focus on 
defect detection performance with this algorithm. 
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Fig. 1.  Reconstructed images and profiles for PS-MLEM and RM at 3 
orthogonal slice orientations.  For each orientation, the left image is PS-
MLEM and the right image is RM. 

 

1 2 

3 4 (end-systole) 

5 6 

7 8 (end-diastole) 
 

Fig. 2.  Estimated motion vector fields superimposed on RM 
reconstructed images.  The vectors are the in-plane 2D component of the 3D 
motion vectors.  The images across the 8 frames are at the same slice plane.  
The right column “zooms” on the left myocardium. 
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Tilted Circular Orbits for Breast Imaging with Pinhole 
SPECT 

Konstantin V. Bobkov, Ronald J. Jaszczak, Kim L. Greer, and James E. Bowsher 

 
 Abstract-- Breast imaging with pinhole SPECT using dedicated 

orbits has demonstrated a great potential in characterizing small 
lesions inside the breast. In this context, the issue of sampling 
completeness during acquisition has been vital. In this study we 
tested a novel acquisition geometry for breast SPECT imaging 
which may result in improved sampling as well as high resolution. 
A Summit T22 clinical scanner with dual tiltable heads was used 
for the experiments. Both high and low (clinical) count density 
scans were performed. For the clinical count density scans, small 
spherical lesions were placed inside a breast phantom and both 
the lesions and the phantom were filled with 99mTc activity. For 
the high count density scans, a Defrise phantom was placed inside 
the breast to facilitate analysis of artifacts due to incomplete 
sampling. In both cases the breast phantom was mounted on a 
torso phantom. The torso was left without activity and placed 
vertically on the patient bed. The function of the torso was to 
impose realistic restrictions on the motion of the gamma camera. 
The orbit featured two parallel circles, offset axially, with the axis 
of rotation perpendicular to the torso. The pinholes were tilted 
and rotated around the breast with two different radii of rotation, 
with the larger radius being closer to the torso. The orbit was 
tested for 15°, 20°, 30°, and 40° tilts for the high count density 
and 20° and 30° tilts for the low count density scans. OS-EM was 
used for image reconstruction. Good resolution was achieved in 
the clinical count density reconstructions. In particular ~6mm 
and ~8mm lesions were clearly resolved. The 30° tilt orbit yielded 
images with better lesion recovery which correlated with 
adequate sampling of the region containing the lesions. 

I. INTRODUCTION 

revious work has indicated a great potential for breast 
imaging with pinhole SPECT [1-7]. Pinhole collimation 

gives high resolution in combination with good sensitivity 
when the aperture is in close proximity to the breast. In 
addition, due to the rapid falloff in the sensitivity, pinhole 
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collimation may actually limit primary and scatter photon 
contamination from other organs. On the other hand, 
distortions due to incomplete sampling [4, 7, 8, 9] appear in 
the reconstruction when the simplest types of orbits are used in 
the scan. In [7] it was concluded that multicircular orbits with 
the axis of the breast parallel to the axis of rotation (AOR) of 
the camera result in fewer incomplete sampling artifacts when 
compared to the incomplete circular orbits [1] (ICO) in which 
the AOR is parallel to the axis of the patient torso. An actual 
implementation of such a setup in practice with a patient lying 
in a prone position would require the use of a dedicated 
camera with a vertical axis of rotation (VAOR). Because of the 
presence of the torso, such a scanner would also need to have 
tiltable heads that would allow for enough clearance for the 
camera to rotate. As a test benchmark to study this type of 
orbits we used a clinical scanner with dual tiltable heads and 
placed the torso in an upright position. The acquisition 
geometry featured in our study is shown in Fig.1.  
 

                               

torso

Fig. 1.  The figure shows the acquisition geometry featured in our study. The 
pinhole collimators are axially shifted relative to each other and tilted 
providing the necessary clearance. The rotation range of the scanner is 360°. 
Pinhole apertures can be positioned close to the breast thus increasing 
resolution and sensitivity. 
 

A study with this type of orbit for breast SPECT imaging 
but with parallel-beam collimation was investigated in [10, 
11]. In fact, implementation with pyramid-shaped pinhole 
collimators is even easier since a considerably larger clearance 
can be attained. However, implementing tilted circular orbits 
with parallel-beam collimation automatically leads to 
incomplete sampling. In [11] it was found that the amount of 
axial blurring due to insufficient angular sampling increased 
rapidly as the camera tilt was increased. On the other hand, 

P 

breast 
Pinhole 

adaptor plate
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due to the features of the pinhole geometry, for tilted orbits 
with pinhole collimation, adequate sampling may be achieved 
even when the camera tilt is relatively large. However, 
obliqueness of the gamma-rays registered near the edges of the 
camera may introduce a new problem when a pinhole 
collimator with a large opening angle that allows for a large tilt 
is used. Thus, one has to find the right balance and use a setup 
with a pinhole collimator that would both give a fairly good 
angular sampling and not result in significant image 
degradation due to obliqueness. In one set of experiments our 
primary focus was on small lesion visualization for clinical 
count density scans. These scans featured only the tilt angles 
which would allow for a realistic patient scan with enough 
clearance of the torso and result in minimal incomplete 
sampling artifacts. In the complimentary set of experiments we 
increased the tilt range and addressed the issue of incomplete 
sampling artifacts by evaluating reconstructions corresponding 
to high count density scans for the same geometry with a 
Defrise disk phantom placed inside the breast phantom. 

II. METHODS AND MATERIALS 

A. Clinical count density scans 

Three small spherical lesions (4.95mm, 6.23mm, and 
7.86mm in inner diameter) on long stems were placed inside 
an isolated (volume ~950 mL) breast phantom prototype 
(~13×15×12cm3). The height between the plane tangential to 
the chest wall at the point where the stems are attached and the 
centers of the lesions measured ~55mm (see Fig. 2).  

 

    
Fig. 2.  The figure shows the breast phantom, with activity, mounted on the 
torso. Three microspheres filled with activity were placed inside the breast to 
simulate small lesions. 
 

The breast phantom was filled with ~3µCi/mL and the 
lesions with ~21µCi/mL of 99mTc activity yielding a true 
lesion-to-background contrast of 6, in order to simulate 
contrasts currently seen in patients [12]. The breast phantom 
with the lesions was then attached to an anthropomorphic torso 
phantom with no activity. The torso was then mounted 
vertically on the patient bed (see Fig.1).  

Acquisition time for the first scan was 1 second per angular 
step with 128 projections over a 360° angular range for each 
camera and, combined with the above activity concentrations, 
was approximately equivalent to a 20 minute clinical scan. In 
order to keep the number of counts in each scan approximately 
the same, acquisition times were subsequently extended to 
compensate for decay. The two pyramid-shaped pinhole 
collimators used in the study had a 20 cm focal length and a 3 
mm-diameter knife edge tungsten aperture with an 88° 
opening angle. A Summit T22 clinical scanner with tiltable 
heads was used in the experiments. This introduced an extra 
complication since the above pinhole collimators had been 
designed for and used in a Trionix Triad XLT scanner whose 
detector dimensions are smaller than those of the Summit T22. 
For this reason, two special adaptor plates had to be designed 
and custom built to mount the collimators on the T22 scanner. 
The design of the plates was such that the collimators, when 
mounted, had their apertures axially shifted by 3cm in the 
opposite directions relative to the center of the detectors. In 
other words, when the scanner rotates with zero tilt, the 
pinhole apertures traverse two parallel circles axially separated 
by 6 cm and therefore no translation of the camera is needed to 
implement this type of a multicurcular orbit. In this way, 
combining projection data from both cameras provides for a 
more uniform sampling of the breast volume. Projection data 
were acquired with tilt angles of 20°and 30°. For the 20-degree 
tilt scan, the radii of rotation (ROR), defined by the distance 
from the center of a pinhole aperture to the AOR, were 10.9cm 
for the pinhole shifted closer toward the torso and 8.95cm for 
the one shifted further away (Fig. 1).  The 30-degree tilted 
double circular orbit had 13.95cm and 10.9cm RORs.  Pinhole aperture 

B. High count density scans 

In order to address the issue of axial blurring due to 
incomplete sampling, a Defrise disk phantom was placed 
inside the breast phantom (see Fig.3a).  

 

       
 
Fig.3   a) a stack of disks inside the breast              b) acquisition geometry 

It consisted of a stack of four acrylic disks 5mm in thickness 
and a single acrylic disk 10mm in thickness near the chest wall 
with all the disks being separated by 5mm and measuring 
74mm in diameter. The disks in the stack were held by a 
plastic screw and the distance between the chest wall and the 

Breast phantom

Lesions: 
4.95 mm 
6.23 mm 
7.86 mm 

Pinhole 

5mm disks10mm disk
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top of the stack was ~70mm. The breast phantom, with Defrise 
phantom insert, was filled with ~12µCi/mL of 99mTc activity 
and mounted on the anthropomorphic torso with no activity. 
The torso was placed on the patient bed to produce the same 
scan configuration depicted in Fig.3b that was used for the 
clinical count density scans. The orbit featured 128 projections 
for each camera over a 360° angular range. Acquisition time 
per angular step was extended to 10 seconds for the first scan 
resulting in an approximate increase in the count density from 
the breast bulk by a factor of 40 compared to the clinical 
levels. Subsequent acquisition times were extended to correct 
for radioactive decay. Scans were performed at 15°, 20°, 30°, 
and 40° tilts. RORs of the two cameras were set to 10.3cm and 
8.8cm (15° tilt), 11cm and 9cm (20° tilt), 11.85cm and 8.8cm 
(30° tilt), and 11.05cm and 7.2cm (40° tilt). 

III. RESULTS AND CONCLUSIONS 

All images were reconstructed with OS-EM based software 
which incorporated the new acquisition geometry into the 
algorithm. The reconstruction grid had pixel dimensions of 
128×128×100 with a 2 mm voxel size. Four ordered subsets 
were used in the reconstructions. No attenuation or scatter 
corrections were taken into account and no post-filtering was 
performed on the images. Reconstructions corresponding to 
the clinical low-count density scans demonstrated a significant 
potential for visualizing small lesions using the proposed orbit. 
In particular, for both 20° and 30° tilted double-circular orbits, 
the ~8mm lesion was clearly resolved (Figs. 4-5). Moreover, 
the smaller ~6mm lesion can also be seen in the reconstruction 
for the 30° tilted orbit (Fig. 5 a,b). 
 
 
 
 
 
 
 
 
Fig. 4.  a) Transaxial slice          b) Oblique profile            c) Coronal slice 

Reconstructed images for the 20°-tilt double-circular orbit low-count density 
scan obtained after 2 OSEM iterations with 4 subsets. Figure a) shows a 
transaxial slice in which the ~8mm lesion is clearly visible. Figure b) shows an 
oblique profile through the lesion indicated by the line in a). Figure c) shows a 
coronal slice containing the ~8mm lesion. Post filtering might greatly improve 
lesion visibility  
 

In [11], where such analysis was performed for tilted parallel-
beam breast SPECT imaging, it was discovered that as the tilt 
increased from 0° to 30°, both SNR and contrast also 
increased. The authors of [11] also found that the lesions were 
most clearly visible in the image for the 30° tilted scan and 
that tilt angles higher that 30° did not change either contrast or 
signal-to-noise (SNR) values significantly. This effect may 
arise from a significant decrease in the effective radius of 

rotation as the camera tilt angle was increased, resulting in 
better contrast and higher SNR [11]. 
 
 

 

 

 

 

 

 

Fig. 5.  a) Transaxial slice          b) Oblique profile            c) Coronal slice 

Reconstructed images for the 30°-tilt double-circular orbit low-count density 
scan obtained after 2 OSEM iterations with 4 subsets. Figure a) shows a 
transaxial slice in which both the ~6mm and ~8mm lesions are clearly visible. 
Figure b) shows an oblique profile through the lesions indicated by the line in 
a). Figure c) shows a coronal slice containing the ~8mm lesion.  

Naively, this would seem to agree with our observation that 
the smaller ~6mm lesion is not seen in the reconstruction for 
the scan with the 20° tilted double-circular orbit reconstruction 
but is clearly seen in the image corresponding to the 30° tilted 
orbit. However, the RORs for both cameras for the 30° tilted 
orbit actually increased when compared to those for the 20° 
tilt. Below, after we address the issues of sampling 
completeness we will suggest a different explanation of this 
result in the case of pinhole collimation. We will argue that 
due to non-uniform sampling, intrinsic to nonparallel-beam 
collimation, the ~6mm lesion recovery is the result of 
improved sampling of the region containing the lesions when 
the camera is tilted to 30°.  

      
Fig. 6.         a) 15° ° tilt  tilt                                                b) 20

      
Fig. 6.         c) 30° ° tilt 
Figures show central coronal slices along with the vertical profiles for high 
count density long scans r ter 5 OSEM iterations with 4 subsets. 
Axial blurring due to incom ling becomes more severe as the camera 
tilt is increased above 20°. 
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clearly resolved. This result stands in a stark contrast with the 
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results found in [11] for tilted orbits using parallel-beam 
collimation. Namely, the analysis of [11] found that for tilted 
orbits with parallel-beam collimation extreme axial blurring 
an

rection occurs for tilt angles greater than 15°. Moreover, as 
expected for parallel-beam collimation, the bowing effect in 
the axial direction is uniform throughout the breast. In 
contrast, by visual analysis of Figs.6a-d it is clear that the 
volume of interest is not sampled uniformly, as expected with 
pinhole collimation. Instead, Figs. 6a, 6b and 6c each show 
that there is always a particular region within the breast 
volume which is almost completely sampled. These regions 
correspond to the plane of rotation of the pinhole aperture. As 
the tilt angle is increased from 15° to 30° the plane of rotation 
of the pinhole aperture moves away from the chest wall 
towards the nipple. Thus, the more completely sampled region 
shifts from the part of the breast near the chest wall (Fig.6a) to 
a portion closer to the nipple (Fig.6c). Further increase of the 
tilt moves the plane of the pinhole below the Defrise phantom, 
resulting in poor sampling and image degradation (Fig.6d). As 
can be seen from Figs.1 and 3b the plane of rotation of the 
second pinhole is not within the volume of interest due to a 
large relative axial shift. Thus there are no regions within the 
breast which are completely sampled by the second pinhole. 
On the other hand, sampling may certainly be improved by 
readjusting the relative axial shift of the two rotating pinholes 
so that the planes of rotation for both pinhole apertures are 
within the volume of interest. A double-circular tilted orbit 
with one pinhole having its plane of rotation in the region near 
the chest wall and the other closer to the nipple may result in a 
more extended region of adequate sampling. It is also possible 
that having different tilt angles for both cameras may improve 
sampling completeness. In the case of tilted orbits with 
parallel-beam collimation [11], either the entire breast is 
sampled completely when the camera tilt is 0°, and incomplete 
sampling artifacts are absent, or axial blurring and stretching 
occurs for the entire breast volume, even with tilt angles 
smaller than 15°, becoming extreme for larger tilt angles [11]. 

The above analysis also suggests a correlation between the 
degree of lesion recovery and sampling completeness. The 
lesions inside the phantom were located in approximately the 
same coronal slice as the cold disk which was second from the 
nipple (Fig. 3a). By comparing Figs. 6a-d one can see that this 
area of the breast is more completely sampled and both the 
first and the second cold disks closest to the nipple are most 
clearly resolved when the tilt angle is ~30° (see Fig.6c). Thus 
the visibility of both the ~6mm and ~8mm lesions at 30° 
(Fig.5) may be due to the better sampling of the region where 

 

the lesions are located. The 30° tilt best places the plane of 
rotation of the pinhole aperture in the proximity of the lesions. 

In this initial study we have demonstrated that breast 
SPECT imaging with pinhole collimation has high potential 
for small lesion visualization. We also showed that good 
sampling can be achieved for tilted circular orbits when the 
camera tilt angles are as large as 20°, when the plane of 
rotation of the pinhole aperture, where the sampling is almost 
complete goes through the middle part of the breast. 

rrections for attenuation and scatter as well as post filtering 
would very likely improve lesion visibility. A quantitative 
analysis of these orbits involving SNR and contrast will be the 
next step in our future studies. 
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Quantitative Rotating Multi-Segment Slant-Hole
SPECT Mammography with Attenuation and
Collimator-Detector Response Compensation

Jingyan Xu, Benjamin M. W. Tsui, Yuchuan Wang, Chi Liu, and Eric C. Frey

Abstract— Rotating multi-segment slant-hole (RMSSH)
SPECT has much higher detection efficiency compared with
parallel-hole SPECT for the same resolution and can image
the breast at closer distance, making it suitable for detecting
small, low-contrast breast lesions. Our corrective RMSSH
SPECT image reconstruction extends a previous rotation-shear
transformation based 3D iterative reconstruction method to
include non-uniform attenuation correction and collimator-
detector response (CDR) compensation. Reconstructed RMSSH
SPECT images with attenuation and CDR compensation
show much improved quantitative accuracy and less image
artifacts than without. We conclude that attenuation and CDR
compensation provide RMSSH mammoSPECT images with
improved quality and quantitative accuracy.

I. INTRODUCTION

A rotating multi-segment slant-hole (RMSSH) SPECT sys-
tem combines a conventional SPECT system with a RMSSH
collimator. Fig. 1 sketches a 4-segment slant-hole collima-
tor and the data acquisition geometry of a R4SSH SPECT
mammography imaging system. Parallel holes within each seg-
ment of a RMSSH collimator are slanted toward a common-
volume-of-view (CVOV) where the organ of interest is placed
(Fig. 1(a)). During data acquisition, the RMSSH SPECT
camera makes several stops on an arc around the organ.
At each camera stop, the collimator rotates about its center
axis to acquire sufficient projections for image reconstruction
(Fig. 1(b)). The CVOV is defined to be the region that can
project to all segments of the collimator at all camera and
collimator positions.

Compared with conventional parallel-hole SPECT, RMSSH
SPECT is advantageous for imaging small organs such as
the breast. The geometric efficiency of an N -segment slant-
hole collimator with slant angle σ is N cos2 σ times that of
a parallel-hole collimator with the same spatial resolution [1].
Using the Orlov’s condition, it can be shown that with as few
as 180̊/(2σ) camera positions equally spaced on an arc of
length 180̊ − 2σ, and with sufficient rotation stops at each
camera position, RMSSH SPECT can achieve complete angle
tomography within the CVOV [2]. For example, for σ = 30̊,
complete projection can be achieved with 120̊ camera rotation.
With a conventional SPECT camera, the camera head would
rotate 180̊ around the patient to acquire tomographic projection

J. Xu, B. M. W. Tsui, Y. C. Wang, C. Liu, and E. C. Frey are with the Di-
vision of Medical Imaging Physics, Department of Radiology, Johns Hopkins
University, Baltimore, MD 21287-4025. Telephone: (443) 287-2425. Email:
{jxu18, btsui1, yuchuan41}@jhmi.edu, cliu2@jhsph.edu, efrey1@jhmi.edu.
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Fig. 1. A 4-segment slant-hole collimator and R4SSH SPECT data acqui-
sition geometry. (a) A 4-segment slant hole collimator. Parallel holes within
each segment are slanted towards a common volume of view (CVOV, marked
by the circle) where the organ to be imaged is placed. (b) Three camera stops
are equally spaced on an arc around the organ. At each camera stop, the
collimator rotates about its center axis to acquire the projection data.

data. The reduced movement of RMSSH SPECT allows the
camera to remain close to the breast during data acquisition;
as a result, RMSSH SPECT provides better spatial resolution
in the reconstructed images.

A comprehensive study of RMSSH SPECT was reported in
[1]. Tomographic image acquisition was first suggested in [2].
Analytic reconstruction methods were developed in [1], [3],
[4]. A rebinning attenuation correction method was reported
in [5] which converted 3D RMSSH SPECT reconstruction to
a stack of 2D problems. Geometric response correction has
been discussed in [6], [7] in the context of cardiac imaging,
but a square-hole approximation was used in their collimator-
detector response model. In this study, we develop a quantita-
tive RMSSH SPECT reconstruction method that includes in its
projector/back-projector pair the physical model of projection
data generation, e.g., photon attenuation, collimator-detector
response, to improve the quality and quantitative accuracy
of the reconstructed images. Different from previous works,
the collimator-detector response is based on the accurate
analytic formulation of the geometric point response function
in [1]. The attenuation and collimator-detector response (CDR)
compensation were incorporated in a previously developed
3D OS-EM reconstruction algorithm [1]; reconstructed images
with different compensation methods were evaluated in the
context of breast imaging.

Fred Noo


Fred Noo
The Eighth International Meeting on Fully Three-dimensional Image Reconstruction in Radiology and Nuclear Medicine      311  

Fred Noo


Fred Noo
Session 10: SPECT imaging      10:00 - 11:15 Friday 8 July 2005  



II. GEOMETRIC POINT RESPONSE FUNCTION OF A

SLANT-HOLE COLLIMATOR

The CDR of a RMSSH camera system is the convolution
of the geometric point response function (GPRF) of a slant-
hole collimator with a Gaussian whose FWHM corresponds
to the intrinsic resolution of the scintillation camera. The
GPRF component of our CDR calculation is based on the
analytical formulation of the effective GPRF of a slant-hole
collimator derived in [1]. We present the main results here
and emphasize that the asymmetric GPRF leads to added
complexity in reconstruction with CDR compensation.
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Fig. 2. The geometric point response of a slant-hole collimator as the overlap
of the projections of the front and back aperture holes on the imaging plane.

Fig. 2 illustrates the imaging configuration in the calculation
of GPRF. The point response function is given by the average
photon fluence reaching the imaging plane XY assuming a
uniformly translated slant-hole collimator, i.e.,

φ(�r) =
c(z + l + b)(

(z + l + b)2 + |�r|2
)3/2

× (1)

∫
�r′

a

(
z

z + l + b
�r − �r′

)
a

(
z + l

z + l + b
�r − �r′ − �r0

)
d�r′,

where z is distance from point source to collimator surface; l:
the length of projection of collimator hole on Z-axis; b: the gap
distance between back face of collimator and imaging plane;
�r: position vector on the imaging plane; �r ′: center position
of front face of collimator; �r ′′: center position of back face
of collimator, �r′′ = �r′ + (0, l tanσ) def= �r′ + �r0; �r0: offset
between �r′ and �r′′; σ: collimator slant angle. Eqn. (1) assumes
the front and back face of the slant-hole collimator satisfy the
same aperture equation a(�r). For an oval aperture obtained
by slanting a collimator hole with a circular cross-section by
angle σ, a(�r) is given by

a(�r) =
{

1 if x2 + y2 cos2 σ ≤ (a/2)2,
0 otherwise ;

(2)

where x, y are the X , Y coordinates of the vector �r, a is
the length of the short axis of the oval collimator aperture
function. The integral in (1) represents the area of overlap
of the front and back face of the collimator projected on the
imaging plane, as a function of the point source’s location on
the Z-axis. For an oval aperture, this integral is related to the

“Chinese hat” function [8], and can be written as (borrowing
notations from [1])

φs(�r)
def= the integral term in (1) (3a)

=

⎧⎪⎪⎨
⎪⎪⎩

a
2

[
2 arccos

(
|�rT |

a

)
− 2|�rT |

a

√
1 − |�rT |2

a2

]
,

where 0 ≤ |�rT | ≤ a;
0, otherwise;

(3b)

|�rT | =

√∣∣∣∣ l

z + l + b
x

∣∣∣∣
2

+
∣∣∣∣
(

l

z + l + b
y − l tan σ

)
cosσ

∣∣∣∣
2

=
l

z + l + b

√
|x|2 + |y − (z + l + b) tanσ|2 cos2 σ.

Combining (3) with (1), the GPRF of an oval aperture slant-
hole collimator is

φ(�r) =
c(z + l + b)(

(z + l + b)2 + |x|2 + |y|2
)3/2

× φs(�r), (4)

Note that φ(�r) has its maximum value at �rmax =
(0, [z + l + b] tanσ), the projection of the point source along
the slant direction of the collimator hole, but φ(�r) is asym-
metric about �rm, i.e., φ(�r − �rmax) �= φ(�rmax − �r), due to the
modification of the first term in (4). This asymmetry of CDR
function leads to added complexity in the implementation of
the reconstruction algorithm with CDR compensation.

III. ALGORITHM IMPLEMENTATION

A. Overview

The implementation of attenuation and CDR compensation
in RMSSH SPECT is based on a rotation-shear transformation
of the reconstruction matrix as described in [1]. This transfor-
mation makes subsequent incorporation of attenuation effect
similar to that in a parallel-hole SPECT system. However,
due to its asymmetry, the CDR of a RMSSH camera has
different orientations for different collimator segments and at
each acquisition position in RMSSH SPECT. All required ori-
entations of the CDR were pre-calculated during initialization.
The following describes the steps involved in the implemen-
tation of the projector of RMSSH SPECT reconstruction, the
implementation of the back-projector was similar, but the order
of the steps was reversed.

B. Rotation-shear transformation of the reconstruction matrix

Fig. 3 depicts the coordinate systems in the rotation-shear
transformation. The coordinate system (x, y, z) defines the
original reconstruction matrix; and the coordinate system
(x′, y′, z′) defines the projection matrix, where x ′z′ plane is
parallel with, and y ′ perpendicular to, the collimator surface.
The rotation is such that rows of the reconstruction matrix (in
the xz plane), after rotation, are parallel with the collimator
surface (x′z′); the shear transformation shifts each pixel in
the rotated reconstruction matrix so that pixels on the same
projection ray are aligned in a column parallel with y ′-axis,
while their distances to the collimator surface are preserved.

Fred Noo


Fred Noo
312     The Eighth International Meeting on Fully Three-dimensional Image Reconstruction in Radiology and Nuclear Medicine  

Fred Noo


Fred Noo
Session 10: SPECT imaging      10:00 - 11:15 Friday 8 July 2005  



σ

x
y

x′

y′

z(z′)
d

θ

Fig. 3. Coordinate systems in projector/back-projector implementation.
d is the distance from the detector surface to the center of the original
reconstruction matrix (the center of rotation); σ is the slant angle of the
N -segment RMSSH collimator. θ is the angle between the axes x and x′.

Denote the intermediate variables after rotation as (u, v, w),
this rotation-shear transformation can be expressed as follows:

1) Rotation. (x, y, z)
Rθ,z−→ (u, v, w) ;

2) Shear.

x′ = u + (v + d) tan σ cos
(π

2
− α

2
+ nα + φ

)
; (5a)

y′ = v + d; (5b)

z′ = w + (v + d) tan σ sin
(π

2
− α

2
+ nα + φ

)
, (5c)

where θ is the angle between the axes x and x′, Rθ,z is the
rotation matrix of rotation around the z-axis by angle θ; σ is
the collimator slant angle; n is the segment index; N is the
number of segments; α = 2π/N , and d is the distance from
the collimator surface to the center of rotation.

Note that in (5) there is a slight abuse of notation: we
used x′y′z′ to denote both the coordinate system itself and
coordinates after the transformation. The distinction should be
clear from the context. As the final step in the rotation-shear
transformation, values in the original matrix are interpolated
(e.g., using a Gaussian or bilinear interpolator) onto x ′y′z′

to facilitate subsequent incorporation of image degradation
factors.

C. Incorporation of attenuation effect

The rotation-shear transformation made incorporation of
attenuation effect similar to that in a parallel-hole SPECT
reconstruction. The attenuation map, assumed to have been
obtained in a transmission CT scan, is transformed in a similar
manner as the reconstruction matrix. The only difference is
that the attenuation coefficients are scaled by 1/ cosσ (σ slant
angle) to account for the path length shortening in the shear
transformation (5). Attenuation coefficients are accumulated
from the collimator surface along each projection column and
attenuated photon activities are calculated by taking the prod-
uct of photon activities and their corresponding attenuation
factor computed from the accumulated attenuation coefficient.

D. Incorporation of collimator detector response

As described earlier, due to the asymmetry of GPRF, the
CDR has different orientations for different segments on the

collimator and for different collimator stops. For a given
distance to the collimator surface, the CDRs are simply rotated
versions of each other. To save computation time, required
orientations of the CDR are calculated and stored during
initialization, and retrieved during reconstruction updates.

Attenuated voxel values (from III-C) from the same distance
to the collimator surface are convolved with CDR corre-
sponding to that distance, and summed along the projection
columns to obtain the estimated projection. Because of the
asymmetry of the CDRs, this slice-by-slice blurring is repeated
independently for each collimator segment.

Fig. 4 is a pictorial summary of the above steps involved in
the projector. The back-projector was implemented similarly,
but the order of steps was reversed. This projector/back-
projector pair was incorporated into a previously developed
3D OS-EM reconstruction algorithm. Simulations and recon-
structed images are discussed in Section IV.
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Fig. 4. Implementation of the projector incorporating attenuation and CDR
blurring. Step 1. Rotation of the reconstruction (and attenuation distributions)
matrix. Step 2. Shear transformation of the reconstruction and attenuation
distributions. Step 3. Attenuated voxel values are calculated along columns
parallel with the y′ axis. The voxels having the same distance to the collimator
surface are convolved with the asymmetric CDR function corresponding to
that distance.

IV. SIMULATION STUDIES

Two simulation studies were performed to validate our
RMSSH SPECT reconstruction with compensation for attenu-
ation and CDR and to demonstrate the improvement in image
quality and quantitative accuracy. A modified SIMIND Monte
Carlo code [9] was used to generate the RMSSH SPECT
projection data from three camera positions each with 12
collimator rotation stops. The simulated 4-segment slant-hole
collimator had an average geometric resolution of 0.8 cm at
a distance of 14.45 cm from the collimator surface (the center
of CVOV).

In the first simulation study, we used a spherical phantom
containing cold spheres of various diameters, varying from
0.625 cm to 1.6 cm, the entire phantom fit completely in-
side the CVOV. The three camera positions were, shown in
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Fig. 5(a), one directly anterior, the other two 60̊ right and
left anterior oblique. Attenuation was not modeled in the MC
simulation. The reconstructed images and corresponding slices
from the phantom are shown in Fig. 5(a). Fig. 5(b) shows
the profiles from one of the slices. The reconstructed images
and the profiles all indicate the marked improvement in image
quality and quantitative accuracy with CDR compensation.
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Fig. 5. First simulation study. (a) Phantom and data acquisition geometry.
Sample slices from the phantom (1st row); reconstructed images without any
compensation (2nd row, 4 subsets, 10 iterations OS-EM); and reconstructed
images with CDR compensation (3rd row, 4 subsets, 36 iterations). Slice
indexes are marked in the upper-left corner. (b) Profiles of the phantom and
reconstructed images from Slice 32 across the cold spheres as marked in the
1st row of (a). Pixel size = 0.3125 cm. The profiles are scaled such that
the peak voxel values from different reconstructed images match that in the
phantom.

The second simulation emulated a clinical RMSSH mam-
moSPECT imaging situation. A left breast model with a
central lesion was attached to the 3D NCAT phantom [10] and
the imaging geometry shown in Fig. 6(a) (left) was used. Our
experience shows that the left breast presents a more difficult
reconstruction problem than the right breast, due to the high
activity uptake of the heart. The three camera positions were,
10̊ left anterior oblique, and 60̊ on each side. The relative
activity concentrations in the breast, lesion, heart, liver, and the
body background were 1 : 4.5 : 37.5 : 37.5 : 1, respectively,
simulating the typical distribution of Tc-99m sestamibi uptakes

in the different organs. The MC simulation included effects of
CDR blurring and attenuation of 140 kev photons from Tc-
99m. The attenuation map is shown in Fig. 6(a) (middle). The
thin bright (high attenuation) layer indicates a lead shield fitted
around the body but with a hole through which the breast being
imaged protruded. It was found in a previous study [9] that this
lead shield helps to prevent photons from other organs (mainly
the heart and liver) from reaching the camera, hence reducing
contamination of projections of the breast and the effects of
truncation from other organs. The simulated RMSSH camera
has a diameter of 40 cm; the widest part of the CVOV is
about 12.1 cm. Fig. 6(a) (right) shows the relative position
of the hexagon-shaped CVOV and the breast. Note that only
in the CVOV was the Orlov’s condition satisfied for our data
acquisition geometry.

Sample slices from the phantom and reconstructed images
with different compensation methods, all masked to the CVOV,
are shown in Fig. 6(b). All reconstructions were done with
4 subsets OS-EM: with CDR compensation, we used 20
iterations; without CDR compensation, 10 iterations. Fig. 6(c)
shows the profiles across the breast lesion for the different
reconstruction methods. Similar observations as in the first
simulation study can be made. The reconstructed images show
progressive improvement in image quality and quantitative
accuracy as more compensation methods were applied. In
particular, it can also be observed that CDR compensation
brings significant improvement in lesion contrast.

V. SUMMARY

This work extended a previous, rotation-shear transforma-
tion based 3D iterative reconstruction method for RMSSH
SPECT to include attenuation and collimator-detector response
(CDR) compensation. In particular, the CDR compensation
used an accurate analytical model of the asymmetric geometric
point response function of a slant-hole collimator. Projection
data from Monte Carlo simulations were reconstructed using
the quantitative RMSSH reconstruction method with various
compensations. The reconstructed images showed progressive
improvements in image quality and quantitative accuracy as
more compensation methods were applied. Observer studies
are on-going to further evaluate the clinical applicability of
RMSSH SPECT with compensation.
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Fig. 6. Second simulation study with a 3D female NCAT phantom. (a) From left to right: the 3D female NCAT phantom and the imaging geometry;
the attenuation map; and the position of the CVOV. (b) Sample slices from the phantom and reconstructed images with different compensation methods.
Slice indexes are in the upper-left corner. All images are masked to CVOV. 1st row: phantom; 2nd –5th row: reconstructed images without any
compensation, with CDR compensation, with attenuation correction only, with attenuation and CDR compensation, respectively. (c) Profiles in Slice 32
across the breast lesion as marked in the 1st row of (c). Pixel size = 0.3125 cm. The profiles are scaled such that the peak values from reconstructions
match that in the phantom.
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Generalized PI-method for helical cone beam reconstruction 
using a general window function 

Xiangyang Tang and Jiang Hsieh     
 
 

Abstract—A general window function is initially derived for 
cone beam filtered backprojection (CB-FBP) reconstruction 
under helical source trajectory, which can be conceived as a 
generalization of the well-known PI-method using the Tam-
window function. Rather than defining the window boundaries 
on a detector, the general window function deals with data 
redundancy by selecting the rays with the smallest cone angle. 
The advantages of this approach is the flexibility in dealing with 
data redundancy and cone beam artifacts. Based on the so-
called cone-parallel geometry, a computer simulation study, in 
which a helical body phantom and the well-known Defrise 
phantom are employed, has been conducted to evaluate the 
general window function in handling data redundancy and the 
reconstruction accuracy of the generalized PI-method.  

Keywords-computed tomography; cone beam reconstruction; 
window function 

I.  INTRODUCTION 
The FDK algorithm was derived 30 years ago for cone 

beam filtered backprojection (CB-FBP) reconstruction under 
circular source trajectory [1], and has found its extensive 
applications in medical and industrial CT imaging [2]. Since 
then, the FDK algorithm has been extended to deal with 
helical source trajectory [3, 4], covering full-scan, PI-scan [5], 
half-scan, partial and over-scan [6]. Among these extensions, 
the PI-method is of practical significance due to its FBP 
algorithm structure and the adoption of the Tam-window 
function [7, 8]. The Tam-window has been successfully 
employed by the PI-method and other exact CB-FBP 
reconstruction algorithms to handle data redundancy under 
the helical source trajectory. However, it has been 
experienced by the authors and reported by at least one other 
research group [9] that, the Tam-window may cause severe 
artifacts if its upper and lower boundaries are not 
appropriately processed in implementation by feathering 
techniques. Moreover, the Tam-window is only defined for 
the helical source trajectory, under which the concepts of PI-
line and PI-interval are essentially employed [7, 8, 10].  

To avoid artifacts due to inappropriate boundary handling 
in the native Tam-window and deal with data redundancy 
beyond the helical source trajectory, a general window 
function and its associated CB-FBP reconstruction algorithm 
(namely generalized PI-Method) are proposed here. By taking 
the cone-parallel geometry as an example, a computer 
simulation study is conducted to evaluate the general window 
function in handling data redundancy and the reconstruction 
accuracy of the generalized PI-method. 

II. GENERAL WINDOW FUNCTION AND GENERALIZED PI-
METHOD 

A. Tam-window and native PI-method 
Analytically, the Tam-window function is expressed as 
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where V+ and V- are the upper and lower boundaries defined 
by the source helix on a detector. In the native CB geometry 
using a flat detector, the boundaries are determined by 
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where u is the horizontal coordinate in the flat detector, L the 
distance from focal spot to detector, R the distance from focal 
spot to rotation axis,  h the distance in z-direction traveled by 
the focal spot per helical turn. 

In the native CB geometry using a cylindrical detector 
illustrated in Fig. 1., the boundaries become 
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where γ is the fan angle of the cylindrical detector. 

The native PI-method is derived in the so-called cone-
parallel geometry (see Fig. 2) obtained via row-wise fan-to-
parallel rebinning from the native CB geometry (see Fig. 1), 
and can be expressed as  

∫ ′+=
π

β β
2

0

222 ),(~),()(),,( dvupvuwvddzyxf Tam
,      (4) 

)(),(),(~ uhvupvup ⊗= ββ
,          (5) 

where  

),( yxuu = ,           (6) 

X. Tang and J. Hsieh are with Applied Science Lab., GE Healthcare
Technologies, 3000 N. Grandview Blvd., W-1190, Waukesha, WI 53188
USA (e-mails: xiangyang.tang@med.ge.com; jiang.hsieh@med.ge.com ). 

mailto:xiangyang.tang@med.ge.com
mailto:jiang.hsieh@med.ge.com
Fred Noo


Fred Noo
The Eighth International Meeting on Fully Three-dimensional Image Reconstruction in Radiology and Nuclear Medicine      319  

Fred Noo


Fred Noo
Session 11 - Poster session 3: multi-slice CT     13:15 - 14:45 Friday 8 July 2005  

Fred Noo




),,( zyxvv = ,         (7) 

and (x, y, z) is the coordinates of a point within the object to 
be reconstructed. In fact, the boundaries of the Tam-window 
used in the original PI-method are defined in a virtual flat 
detector confined by 
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    If the virtual reversed-cylindrical detector shown in Fig. 2 
is used, the boundaries are modified into 
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Fig. 1.  The geometry of native CB geometry with a cylindrical detector 
D, where S represents the source focal spot, P the point to be reconstructed, 
P’ the projection of P in the detector, α, β and γ the cone angle, view angle 
and fan angle, respectively, of the ray SP. 

B. General window function and generalized PI-method 
In the helical source trajectory shown in Fig. 3, P 

represents a pixel within the reconstruction plane which is 
orthogonal to the axis of rotation and intersects the helical 
source trajectory at view angle β = 0. Line S0P, which is 
called a direct ray, represents the ray passing through pixel P 
at view angle β0 (|β0| ≤ π) and cone angle α0. If the helical 
source trajectory extends over one turn, many more rays pass 
through pixel P at view angles βi = β0 ± i ∗ 2π  and different 
cone angles αi  (i = 1, 2, 3, …), and these rays are called co-
direct rays corresponding to the direct ray S0P. In addition to 
the co-direct rays, there exist two other rays passing through 
pixel P oppositely relative to the direct ray with view angle 
β0′ or β0″, and cone angle α0′ or α0″, respectively, and these 

rays are called conjugate rays corresponding to the direct ray 
S0P. As an example, two conjugate rays are shown in Fig. 3. 
Other rays possessing through pixel P at view angles βi′ = β0′ 
- i ∗ 2π  or  βi″ = β0″ + i ∗ 2π  (i = 1, 2, 3, …) are called co-
conjugate rays. 
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Fig. 2.  A schematic diagram showing the cone-parallel geometry 
obtained by row-wise fan-to-parallel rebinning from the native CB 
geometry, where β is the view angle, and t the orthognal distance between 
the ray passing through the point to be reconstruced and the iso-ray SO.  

Obviously, it is always true that the cone angle of the 
direct ray S0P is smaller than that of co-direct rays, and the 
cone angle of the conjugate ray is smaller than that of co-
conjugate rays. Therefore, one can pick up the x-ray beam 
passing through pixel P with the smallest cone angle by 
comparing its cone angle with that of its conjugate rays. 
Analytically, the general window function is expressed as 
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  Without losing generality, the segment of the helical 
source trajectory can be restricted within one turn. Letting βc 
and αc represent the view and cone angles of the conjugate 
rays respectively, one gets βc = β0′ and αc = α0′ while 0 < β0 < 
π, but βc = β0″ = β0″ and αc = α0″ while -π < β0 ≤ π.  
Consequently, (10) is simplified into 
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Based on the native CB geometry, one gets 

  00 2 γπββ ⋅+−=c ,       (12) 

0γγ −=c ,        (13) 

while 0 < β0 ≤ π, but 

  00 2 γπββ ⋅++=c ,       (14) 
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0γγ −=c ,        (15) 

while -π < β0 ≤ π. Moreover, based on the cone-parallel 
geometry shown in Fig. 2, one has 

πββ −= 0c ,        (16) 

0ttc −= ,         (17) 

while 0 < β0 ≤ π, but 

  πββ += 0c ,        (18) 

0ttc −= ,        (19) 

while -π < β0 ≤ π. In all above cases, the cone angles α0 can 
be calculated geometrically.  
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Fig. 3.  A schematic diagram showing the geometry of direct-ray and 
conjugate-rays of  pixel P under a helical source trajectory, where ray S0P is 
determined by (α0, β0, γ0), ray S′0P  by (α0′, β0′, γ0′) and S″0P  by   (α0″, β0″, 
γ0″), respectively. 

III. EVALUATION 
The mathematical expression and physical meaning of the 

general window function are quite straightforward. By using 
the helical body phantom [11] and the well-known Defrise 
phantom, a computer simulation study is conducted to 
evaluate the robustness of the general window function in 
handling data redundancy over various helical pitches and the 
reconstruction accuracy of the generalized PI-method. The 
computer simulation study is carried out in the cone-parallel 
geometry obtained from the native CB geometry through row-
wise fan-to-parallel rebinning. In the native CB geometry, the 
cylindrical detector is assumed with a dimension of 64×0.625 
mm along the z-direction, and each row of the detector 
consists of 888 cells with a dimension of 0.584 mm in the 
latitudinal direction. The distance from source focal spot to 
the rotation axis is 541.0 mm. The x-ray techniques simulated 
are 120 kVp, 300 mA and 1.0 sec gantry speed, and quantum 
noise corresponding to the x-ray techniques is added in the 
computer simulation study. 

A. Capability of the general window function 
The image reconstructed by the generalized PI-method 

using the general window function is shown in Fig. 4 (a), and 
that without any window function is shown in Fig. 4 (b) as a 
reference. It is obvious that the general window function can 
deal with data redundancy very well for the generalized PI-
method, and all the artifacts caused by inappropriate 
processing of data redundancy are eliminated. Notice that no 
artifacts similar to that caused by the boundaries of the Tam-
window function in the native PI-method is observed. As a 
result, no feathering techniques are required by the 
generalized PI-method using the general window function, 
which avoids undermining the reconstruction accuracy caused 
by the feathering techniques. 

 

 
            (a)   (b) 

Fig. 4.  Axial images of the HBP phantom reconstructed by the 
generalized PI-method from projection data acquired along one turn of 
helical source trajectory at pitch 104/64: (a) with the general window 
function; (b) without window function; (w/l = 100/0). 

B. Robustness of  the general window function over helical 
pitches 

Theoretically speaking, the general window function specified 
by (10) or (11) is not constrained to any helical pitch, i.e., the 
general window function is robust over helical pitches as long 
as the data sufficiency condition [12] is satisfied. To verify 
the robustness, more helical pitches were selected in the 
computer simulation study. The results corresponding to 
helical pitch 63/64 and 88/64 are presented in Fig. 5 (a) and 
(b), respectively, which shows that, the general window 
function is indeed robust for the generalized PI-method over a 
wide range of helical pitches.  

C. Reconstruction accuracy of the generalized PI-method 
The generalized PI-method is essentially an approximate CB-
FBP reconstruction algorithm, and its reconstruction accuracy 
has to be experimentally evaluated and verified. By using the 
well-known Defrise phantom, the reconstruction accuracy of 
the generalized PI-method is compared with that of the 
Katsevich algorithm which is recognized as the latest 
breakthrough in exact CB-FBP reconstruction algorithms. As 
shown in Fig. 6, the generalized PI-method at detector 
dimension of 64×0.625 mm and helical pitch 112/64 is 
approaching/reaching the reconstruction accuracy comparable 
to that of the Katsevich algorithm. It is interesting to indicate 
that, the helical pitch 112/64 is very large, although the full 
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cone angle corresponding to the CB geometry simulated in 
our investigation is just  4°, which is relatively moderate. 
 

 
(a)      (b) 

Fig. 5.  Axial images of the HBP phantom reconstructed by the 
generalized PI-method using the general window function from projection 
data acquired along one turn of helical source trajectory at pitches: (a) 63/64; 
(b) 88/64; (w/l = 100/0). 

 

 
    (a) 

 
        (b) 

Fig. 6.  Coronal images of the Defrise phantom reconstructed from 
projection data acquired along one turn of a helical source trajectory at pitch 
112/64 by: (a) the generalized PI-method using the general window 
function; (b) Katsevich’s algorithm using Tam-window; (w/l = 200/0). 

IV. DISCUSSION AND CONCLUSION 
A generalized PI-method using the general window 

function for CB reconstruction under helical source trajectory 
is proposed. A computer simulation shows that the 
generalized PI-method can deal with data redundancy very 
well using the general window function at any helical pitch. 
Moreover, it has been experimentally shown that the 
generalized PI-method at detector dimension of 64×0.625 mm 
(~ 4° cone angle) is approaching/reaching the reconstruction 
accuracy comparable to that of the Katsevich algorithm.  

It is very interesting to note that no feathering technique is 
required by the generalized PI-method to eliminate the 
artifacts existing in other CB-FBP reconstruction algorithms 
in which the Tam-window function is utilized. Furthermore, it 
is very important to point out that, the concepts of PI-line and 
PI-interval are not used in the derivation of the general 
window function, while they are the basis for the derivation of 
the Tam-window and its associated approximate and exact 
CB reconstruction algorithms. Hence, the general window 
function derived here has explored a novel way to handle data 
redundancy in CB reconstruction. Actually, the general 

window function can be utilized at any helical CB 
reconstruction algorithms wherever the Tam-window function 
is applicable, including approximate, quasi-exact [13] and 
exact CB reconstruction algorithms [14, 15]. More results of 
the general window function used in exact CB reconstruction 
algorithms will be presented in our future publications. 

Finally, it has to be stated that the general window function 
derived in this paper is not constrained to the helical source 
trajectory. In principle, the general window function can be 
utilized by non-helical source trajectories, such as the circular 
source trajectory, to deal with data redundancy in CB 
reconstruction to improve reconstruction accuracy, and more 
results will be published soon.  
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Formulation of four Katsevich algorithms in native geometry 
 

Alexander Katsevich, Katsuyuki Taguchi, and Alexander A. Zamyatin 
 

Abstract – we derive formulations of all four exact helical 
Katsevich algorithms in native cylindrical detector geometry, 
which allow efficient implementation in modern CT scanners 
with wide cone beam aperture. Also we discuss some aspects of 
implementation and results of our numerical evaluation in terms 
of resolutions, image noise and artifacts.  

INTRODUCTION 

OUR exact reconstruction algorithms for cone-beam 
helical scan geometry have been recently proposed by 

Katsevich [1-4] with very simple formulae but in general 
forms (i.e., in detector free geometry). The four algorithms are 
the combination of two general schemes—a view differencing 
(VD) approach and a view independent (VI) approach—and 
two helical pitches—fast scan, which uses about half a turn 
per voxel (1PI), and slow scan, which uses about 1½ turns 
(3PI). Let us call them the KVD-1PI, KVI-1PI, KVD-3PI, and 
KVI-3PI algorithm, respectively.  

Later, Noo et al. [5] presented a practical way to implement 
KVD-1PI algorithm, as did Wang, et al. [6] This type of work 
is essential for implementing algorithms efficiently on 
medical scanners. Thus, we formulate the four Katsevich 
algorithms dedicated to a cylindrical detector centered on the 
x-ray focus. Then, programs are coded in a high level 
language and computer simulations are employed in order to 
perform preliminary evaluation of their performances. 
Comparison with approximate algorithms will be presented 
separately at the conference [7]. 

Inspired by the Katsevich work, alternative exact 
cone-beam helical algorithms have been derived [8-9].  

II. BACKGROUND INFORMATION 

First let us introduce the necessary notations. Grid in the 
spatial domain is (x1m, x2n, x3l), and equations of the helix for 
source angle λ are: 

1 0 2 0

3 3,0

( ) cos( ), ( ) sin( ),

( ) ,
2

y R y R

h
y y

= − = −

= +

λ λ λ λ λ λ

λ λ
π

 

Let DP(λ) denote the cylindrical detector surface centered at 

the source y(λ) and containing the x3-axis, α or t its angular 
coordinate and w its vertical coordinate. Let also ˆ( )x λ  be the 

projection of x onto DP(λ), and Df (λ, α, w) the cone- beam 
datum. The filtering kernel is given by ( ) 1 sin( )K = /α α . 

Let ρ denote a variable, which parameterizes filtering 
planes containing the x-ray source y(λ). It is easily seen that 
intersection of a filtering plane with the cylindrical detector 
can be written in the form  

1 2( ) ( ( )cos ( )sin )
2

h
w W t t t= , := +ρ ψ ρ ψ ρ

π
 (1) 

for some functions ψi(ρ), i = 1, 2. Both the 1PI and 3PI algo-
rithms have the property that for any source position y(λ) and 
any voxel x, the corresponding filtering plane is determined 
only by the projection of x onto DP(λ). Since the filtering 
planes are parameterized by ρ, and (α, w) are the coordinates 
on DP(λ), this relationship generates the function ρ = ρ(α, w).  

Let us consider the filtering curves occurring in the 
algorithms. We assume that y(λ) is the current source position. 
In the 1PI case the filtering planes have two additional points 
of intersection with the helix: y(λ1) and y(λ2), in such a way 
that λ1 is a function of λ and λ2 (see [1,3]). Denote ρ =λ2 – λ, 
then [5]  

1 2

2
( ) 2   ( )

tan( 2)

/= / , = .
/

ρψ ρ ρ ψ ρ
ρ

 (2) 

In the 3PI case there are three families of filtering planes. 
Planes in the first family are parallel to( )y& λ . This gives  

1 2( ) ( 2 )   ( ) 1hψ ρ ρ π ψ ρ= / / , ≡ ,  (3) 

where ρ  is the w-axis intercept of the filtering curve. Planes in 
the second family are tangent to the helix at a point y(λtan), 
|λtan – λ| < 2π. Denoting ρ =λtan – λ we get  

1 2

sin cos sin
( )  ( ) 1

1 cos 1 cos

ρ ρ ρ ρ ρψ ρ ψ ρ
ρ ρ

−= , = − .
− −

 (4) 

Planes in the third family have three additional points of 
intersection with the helix: y(λj), j = 1, 2, 3, where 
2π < |λ3 – λ| < 4π, and the values λ1, λ2 can be determined 
knowing λ, λ3 [2,4]. Denoting ρ = (λ3 – λ)/2, we get  

( ) ( )( )

( ) ( )( )αρα
α

αρψ

αρα
α

αρψ

−−=

−+=

tantan1
tan

tantan
tan

2

1

 (5) 

where α = α(ρ) is found by solving the equation  
( )

αρ
αρ

α
α

−
−= tantan

, |α| < π (6) 

Note that α has the meaning: α = (λ1 – λ)/2.  

F
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III. BASIC COMPUTATIONAL FORMULAS 

First, consider KVD algorithms. Following [5], introduce 
the quantities:  

1 1 2 2

1 2 2 1

3 3

( ) ( )
( )

( ) ( )
( ) arctan

( )

cos ( )
( ) ( ( ))

( )

x y x y
V x R

R

x y x y
x

V x R

R x
w x x y

V x

λ λλ

λ λα λ
λ

α λλ λ
λ

+, = − , − +, = , , 
,, = − .

,

 (7) 

As derived in [5], the following formulas constitute the 
KVD-1PI algorithm  written in native coordinates.  

(1) Filtering:  

2 2
( ) ( )

( )

( ( )) ( ( ))f f
t

R
G K t

R W t

D t W t D W t dt
τ

λ α ρ α
ρ

λ ρ λ τ ρ
λ τ =

, , = −
+ , ∂ ∂× , , , + , , , , ∂ ∂ ∫

 (8) 

(2) Weighting and transforming to the detector coordinates:  
( ) cos ( ( ))w G wΨ , , = , , , ;λ α α λ α ρ α  (9) 

(3) Backprojection:  
2

1

( )

( )

1 ( ( ) ( ))
( )

2 ( )

x

x

x w x
f x d

V x

λ

λ

λ α λ λ λ
π λ

Ψ , , , ,:= ,
,∫  (10) 

where λ1(x) and λ2(x) are the left and right endpoints of the 
1π-parametric interval of x.  

KVD-3PI algorithm.  For the most part, the computations 
are organized similarly to the KVD-1PI algorithm. There are 
now three families of filtering curves ( ) 0 1 2kW t kρ, , = , , , each 

one is described by its own pair of functions ψ1, ψ 2 in (1) (cf. 
families 

0 1,_ _ , and 
2_  in [4]). W0 is obtained by using (3) in 

(1), W1 – by using (4), and W2 – by using (5).  
(1) Filtering:  

2 2
( ) ( )
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( ( )) ( ( ))
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(2) Combining the results, weighting, and transforming to 
the detector coordinates:  

( )

1

( ) cos ( ) ( ( ))
m m

M w

k k m
m

w c w G w
,

=

Ψ , , = , , , , .∑αλ α α α λ α ρ α  (12) 

Here M(α, w) is the number of filtering results to be added 
(one or three), and ck = ±2/3 are back-projection coefficients. 
See [2,4] for more details on data combination.  

(3) Backprojection:  
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N x x
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Here N(x) is the number of subintervals that make up the 

3PI parametric interval of x, and 1 ( )i xλ  and 2 ( )i xλ  are the 

left and right endpoints of these subintervals. It is shown in [2, 
10] that N(x) can be either one or three. 

Consider now the KVI algorithms. Introduce the quantities:  
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Integrating by parts in (8)–(10) and using (1), (7) we get the 
following formulas for the KVI-1PI algorithm .  

(1) Filtering:  

1 1
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(2) Weighting and transforming to the detector coordinates:  
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(3) Backprojection:  
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 (17) 

As before, the KVI-3PI algorithm  is analogous to the 
KVI-1PI algorithm: 
(1) Filtering. Similarly to (12), one computes integrals in (15) 
for each of the three families of curves ( ) 0 1 2kW t k, , = , ,ρ .  

(2) Combining the results, weighting and transforming to the 
detector coordinates. This step is similar to (12). Because of 
the lack of space the details are omitted. The result of this step 
will be three functions analogous to Ψb, Ψ1, and Ψ2 in (16).  
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(3) Backprojection:  
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IV. SOME ASPECTS OF NUMERICAL IMPLEMENTATION 

Consider first the KVD algorithms. Our implementation 
follows pretty closely that in [5]. The combination of 
derivatives that occurs in brackets in (8) and (11) is computed 
using finite differences (see (46) in [5]). If the original data is 
given on the grid( )k i jw, ,λ α , then the result of differentiation 

is obtained on the grid 1 2 1 2( )k i jw+ / + /, ,λ α . Similarly to [5], we 

introduce a fixed shift into the filtering step. This means that 
the result of filtering is computed on the 
grid 1 2( )k i jw+ / +, ,κλ α , where κ is an apriory chosen number, 

0 ≤ κ < 1. The only novel point in our implementation of the 
KVD-1PI algorithm is the treatment of detector pixels at the 
boundary of the 1PI window. Since filtering curves extend 
outside the 1PI window, we use linear interpolation to estimate 
the value of Ψ(λ, α, w) even for pixels located near the 
boundary. No additional regularization is used to smooth out 
the 1PI window: voxel x is updated if (α(λ, x), w(λ, x)) is 
inside the window, and is not updated otherwise.  

Implementation of the KVD-3PI algorithm is in many 
respects analogous. The filtering step is essentially the same 
(compare (8) and (11)). Since 4G  does not depend on α, one 

can say that only three filtering operations are needed per each 
filtering curve. Also, 2G  is just the derivative of 1G  with 

respect to α, so even further reduction in computational 
complexity is possible. The novel step compared with the 
KVD-1PI algorithm is data combination. This step is 
performed only when (α, w) is inside the 1PI window, because 
three filtering results need to be combined. The details on how 
this step is implemented will be described in a future 
publication. When (α, w) is outside the 1PI window, but inside 
the 3PI window, the algorithm is analogous to the 1PI case, 
because M(α, w) = 1. Finally, the backprojection step is 
completely analogous to the 1PI case (compare (10) and (13)). 

Next we discuss the KVI-1PI algorithm. For each filtering 
curve one computes the four functions shown in (15). To speed 
up the weighting step (16), the quantities 1 2A A u∗, , , and uα  

are pre-computed (they do not depend on λ). Backprojection of 
the interior terms (the integral with respect to λ in (17)) is very 

similar to that in the KVD-1PI algorithm. Even though this 
step formally requires two backprojections, the computational 
expense is not increased by much: the quantities α(λ, x), 
w(λ, x), and V(λ, x) are computed only once.  

Computation of the boundary term in (17) is a new feature 
compared with the KVD algorithms. Consider, for example, 
the case when λ = λ1(x). This implies that x projects onto the 
top boundary of the 1PI window. Fix y(λ). It is easy to see that 
one can find the unique 0 2′ ′, < − <λ λ λ π , such that the 

projection of the line segment {y(λ), y(λ′)} onto the plane 
x3 = 0 passes through a given point (x1, x2). Using this obser-
vation, we define three functions. α(λ, x1, x2) and w(λ, x1, x2) 
are the (α, w) - coordinates of the point y(λ′) projected onto the 
detector array. x3 = x3(λ, x1, x2) is the x3-coordinate of the 
point on the PI line {y(λ), y(λ′)}, which projects onto (x1, x2). 
As is known, x3(λ, x1, x2) is a monotonically increasing 
function of λ. Note also that V(λ, x) does not depend on x3. 
Hence we can use the following algorithm for computing the 
boundary term.  

Step 1. For the current value of k compute the 
two-dimensional array x3 (λk, x1m, x2n). 

Step 2. By interpolation along the top 1PI-window 
boundary compute Ψb(λk, αmn, wmn), where 
αmn = α (λk, x1m, x2n) and wmn = w (λk, x1m, x2n), and then 
compute the two-dimensional array 

1 2 1 2( ) ( ) ( ( 0))k m n b k mn mn k m nx x w V x xΦ , , = Ψ , , / , , , .λ λ α λ  

Step 3. For all m, n, l, if 
x3 (λk–1, x1m, x2n) ≤ x3l ≤ x3 (λk, x1m, x2n), then compute the 
boundary term by interpolating Φ(λk–1, x1m, x2n) and 
Φ(λk, x1m, x2n). 

Step 4. Discard arrays x3 (λk–1, x1m, x2n) and 
Φ(λk–1, x1m, x2n) from memory, keep arrays x3 (λk, x1m, x2n) and 
Φ(λk, x1m, x2n), increase k by one and go to Step 1.  

Implementation of the KVI-3PI algorithm is not much 
different from that of the KVI-1PI algorithm. The only novel 
point is that the function x3(λ, x1, x2) is no longer monotonic 
with respect to λ. Consequently, Step 3 above is replaced by  
Step 3’. For all m, n, l, if  
x3 (λk–1, x1m, x2n) ≤ x3l ≤ x3 (λk, x1m, x2n) or 
x3 (λk, x1m, x2n) ≤ x3l ≤ x3 (λk–1, x1m, x2n), then compute the 
boundary term by linear interpolation of the quantities 
Φ(λk–1, x1m, x2n) and Φ(λk, x1m, x2n). Steps 1, 2, and 4 remain 
the same.  

V. EVALUATIONS 

We evaluated the physical performance of the four 
algorithms in terms of the spatial resolution in three 
dimensions, the image noise, and the strength of artifacts. 
Results include those of generalized Feldkamp algorithm 
(TCOT) for comparison purpose. The scanner’s geometries 
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are the same as one of medical scanners (Aquilion 64, 
Toshiba, Japan) except for the number of detector rows: 256 × 
0.5 mm for the half cone-angle of ~6.1°. A selection of the 
results is shown in this abstract; complete results including 
those of the 3PI algorithms will be presented at the conference.  

The spatial resolution was evaluated using beads. Noo 
suggested that κ = 0.5 provides better resolution than κ = 0  
for KVD-1PI [5]. We found that κ = 0.5 provides the best 
resolution for the KVD-1PI and KVD-3PI algorithms [7], 
while κ = 0 is best for KVI-1PI and KVI-3PI. We will use κ  of 
0.5 in this paper.  

Three numbers in each location in Fig. 1(a) are the full 
width at the half maximum (FWHM) of point-spread 
functions along the x-axis obtained with KVD-1PI (top in 
red), KVI-1PI (middle) and TCOT (bottom) algorithm, 
respectively. Figures 1(b) and 1(c) show the corresponding 
results along the y- and z-axes. 

The KVI-1PI algorithm provides the best xy-resolution with 
the least spatial variation. The xy-resolution of KVD-1PI is 
comparable to that of TCOT. TCOT has the best, very uniform 
z-resolution because its convolution does not require 
rebinning to the filtering lines. KVD-1PI is the worst; 
however, the difference from TCOT algorithm is ~10%, 
which is still at good level.  

Figure 2 shows the image noise standard deviation (SD) 
normalized against that of TCOT algorithm at the iso-center. 
The KVI-1PI algorithm shows comparable noise level to 
TCOT algorithm with uniform noise along y-axis but larger 
variation along x-axis. The KVD-1PI has significantly 
(20-58%) less noise than the others; the noise reduces in all 
directions (> 30% drop) as function of radial distance from the 
center. TCOT algorithm has a different noise variance; it 
increases the noise towards the 6:00 direction and decreases 
towards the 12:00 direction.  

Figure 3 shows the reconstructed images of a modified 
clock-ball phantom. The window width is 10% of the full 
contrast. Both of KVD-1PI and KVI-1PI algorithms provides 
shading free, accurate image quality while TCOT has 
significant cone-beam shading artifact. 

VI. CONCLUSION 

Four Katsevich algorithms have been formulated for the 
native cylindrical detector geometry for more efficient 
implementation. All four implementations give valid 
reconstructions as shown by a selection of image quality 
characteristics. An interesting observation is that in-plane 
resolution of KVD can be made as sharp as KVI in the central 
region of the image if a half-pixel shift is introduced in the 
KVD-convolution without affecting the better noise 
performance of the KVD implementation. Full evaluation 
appears in the companion paper [7]. 

ACKNOWLEDGMENT 

AK is supported in part by NSF grant DMS-0104033 and 
Toshiba Medical Systems Corp. The authors would like to 
thank Michael D. Silver, PhD, of Bio-Imaging Research for 
facilitating this collaboration. 

REFERENCES 
[1] A. Katsevich, “Analysis of an exact inversion algorithm for spiral 

cone-beam CT”, Physics in Medicine and Biology, vol. 47, pp. 
2583–2598, 2002.    

[2] A. Katsevich, “3PI algorithms for spiral CT”, Advances in Applied 
Mathematics, submitted for publication.    

[3] A. Katsevich, “An improved exact filtered backprojection algorithm for 
computed tomography”, Advances in Applied Mathematics, vol. 32, pp. 
681–697, 2004.    

[4] A. Katsevich, “On two versions of a 3π  algorithm for spiral CT”, Physics 
in Medicine and Biology, vol. 49, pp. 2129–2143, 2004.    

[5] F. Noo, J. Pack, and D. Heuscher, “Exact helical reconstruction using 
native cone-beam geometries”, Physics in Medicine and Biology, vol. 48, 
pp. 3787–3818, 2003. 

[6] H. Yu and G. Wang, “Studies on implementation of the Katsevich 
algorithm for spiral cone-beam CT,” Journal of x-ray science and 
technology, 2004. 

[7] K. Taguchi, A. Katsevich, and A. A. Zamyatin,  “Performance evaluation 
of exact and approximate cone-beam helical reconstruction algorithms”, 
Fully 3D 2005. 

[8] Y. Zou and X. Pan, “Exact image reconstruction on PI-lines from minimum 
data in helical cone beam CT”, Physics in Medicine and Biology, vol. 
49-6, pp. 941-959, 2004. 

[9] Y Zou and X Pan, “Image reconstruction on PI-lines by use of filtered 
backprojection in helical cone beam CT”, Physics in Medicine and 
Biology, 49, pp. 2717-2731, 2004. 

[10] R. Proksa, Th. Kohler, M. Grass, and J. Timmer, “The n-PI method for 
helical cone-beam CT”, IEEE Trans. on Medical Imaging, vol. 19, pp. 
848–863, 2000.    

 
 

Figure 1(a). FWHM of x1-profile [mm]

0.78
0.74
0.78

0.94
0.82
0.82

1.38
0.92
0.86

2.68
0.92
1.46

0.82
0.76
0.76

1.36
0.90
0.86

0.82
0.78
0.78

0.82
0.72
0.74

2.64
1.52
2.98

0.74
0.72
1.46

200 mm

150 mm

100 mm

50 mm

x1-axis

x2-axis

KVD-1PI
KVI-1PI
TCOT

Figure 1(a). FWHM of x1-profile [mm]

0.78
0.74
0.78

0.94
0.82
0.82

1.38
0.92
0.86

2.68
0.92
1.46

0.82
0.76
0.76

1.36
0.90
0.86

0.82
0.78
0.78

0.82
0.72
0.74

2.64
1.52
2.98

0.74
0.72
1.46

200 mm

150 mm

100 mm

50 mm

x1-axis

x2-axis

KVD-1PI
KVI-1PI
TCOT

0.78
0.74
0.78

0.94
0.82
0.82

1.38
0.92
0.86

2.68
0.92
1.46

0.82
0.76
0.76

1.36
0.90
0.86

0.82
0.78
0.78

0.82
0.72
0.74

2.64
1.52
2.98

0.74
0.72
1.46

200 mm

150 mm

100 mm

50 mm

x1-axis

x2-axis

KVD-1PI
KVI-1PI
TCOT

 

Fred Noo


Fred Noo
326     The Eighth International Meeting on Fully Three-dimensional Image Reconstruction in Radiology and Nuclear Medicine  

Fred Noo


Fred Noo
Session 11 - Poster session 3: multi-slice CT     13:15 - 14:45 Friday 8 July 2005  



0.68
0.66
0.66

0.80
0.76
0.76

0.80
0.74
0.74

0.70
0.74
0.68

1.24
0.74
0.76

0.80
0.70
0.74

1.42
1.02
1.04

2.16
1.30
1.28

0.70
0.68
1.42

2.84
1.50
3.14

200 mm

150 mm

100 mm

50 mm

x1-axis

x2-axis

KVD-1PI
KVI-1PI
TCOT

Figure 1(b). FWHM of x2-profile [mm]
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Figure 2. Normalized noise SD
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Further generalization of the exact FBP 1PI
algorithm for helical CT

Alexander Katsevich and Samit Basuand Jiang Hsieh

Abstract— We present a generalization of our result on exact
FBP-type reconstruction from wide cone dynamic pitch helical
acquisitions with gantry tilt. In particular, we show that if the
convexity condition (i.e., that the sum of velocity and derivative
of acceleration do not change sign) is violated, then points inside
the ROI may still be exactly reconstructable using our formula,
provided they satisfy certain conditions. Furthermore, we present
a means by which these points can be identified (by examining
the number of intersections they have with their PI segment), and
show that if the violations are sufficiently mild, then theoretically
exact reconstruction can still be obtained inside a reduced ROI.
We also present numerical simulations that support our theoretical
results.

I. I NTRODUCTION

Volumetric computed tomography (VCT) is one of the most
recent technological advancements in x-ray CT. The new 64-
slice scanners offer significantly increased volume coverage and
much faster scan speed. In conjunction with the helical scan
mode, these advances inspire new sets of clinical applications,
such as coronary artery imaging, CT angiogram, and CT
perfusion. In all studies, the patient table is assume to index
at a constant speed, and much study has been conducted on
the exact cone beam helical reconstruction algorithms [1], [2],
[3], [4], [5]. Although this scan mode is sufficient for most
clinical applications, it often presents unnecessary constraints
on ways a patient can be scanned. For example, in order
to maintain constant speed during data acquisition, a fixed
amount of time has to be allowed for the table to accelerate
or decelerate. This not only makes the table scan range longer
than its useful range, but also delays the start of a scan. To
overcome these shortcomings, dynamic helical pitch acquisition
and reconstruction was investigated recently [6], [7]. An inter-
esting new approach was proposed recently in [8]. Our earlier
investigation has concluded that the original constant pitch
Katsevich algorithm can be applied to the dynamic pitch case,
as long as the projection of the helix onto the detector forms
convex boundaries and that PI lines are unique [7]. In addition,
we demonstrated that both conditions are satisfied provided that
the sum of the translational velocity and the derivative of the
translational acceleration does not change sign (e.g.,v+a′ > 0).
Although this condition can be satisfied for a wide range of

Alexander Katsevich is with the Department of Mathematics, University of
Central Florida, Orlando, FL. E-mail: akatsevi@pegasus.cc.ucf.edu

Samit Basu is with the CT Systems and Applications Laboratory, GE Global
Research, Niskayuna, NY. E-mail: samit.basu@research.ge.com

Jiang Hsieh is with the Applied Science Laboratory, GE Healthcare, Wauke-
sha, WI. E-mail: jiang.hsieh@med.ge.com

helical curves, its violation can also be encountered in many
practical systems. In particular, it is difficult to create a patient
table mechanism that can handle the weight range limits of
large patients while maintaining the positional and translational
accuracy required in clinical systems. The problem is further
aggrevated in dynamic pitch studies, where the exact behavior
of the table at all points in the trajectory must satisfy the
convexity condition. This degree of control is difficult given the
significant mass of the table and patient, the significant forces
that need to be applied with a high degree of precision, and
the relatively short time intervals. In this paper we investigate
situations in which the convexity is temporarily violated, and
present a more relaxed condition, under which the exact and
efficient reconstruction is still possible. The resulting relaxation
in conditions help us understand the impact of any deviations
from an ideal trajectory, as well as allow for more robust
mechanical designs.

II. BACKGROUND

We start with the general notations. Let

C := {y ∈ R3 : y1 = R cos(s), y2 = R sin(s),
y3 = ψ(s), s ∈ R}

(1)

denote the generalized helix trajectory, whereψ(s) is a contin-
uous function that maps the parameters to they3 or z-position
of the helix. For a traditional, constant pitch helix, we have

ψ(s) =
sh

2π
, h > 0, (2)

whereh is the distance advanced by the source along they3
axis in one rotation. In [7] it was shown that efficient shift-
invariant FBP image reconstruction is possible if the helical
source trajectory is such thatψ′(s) + ψ′′′(s) does not change
sign. The goal of this paper is to consider even more general
cases ofψ functions.

Introduce an open setU strictly inside the helix

Ū ⊂ {x ∈ R3 : x2
1 + x2

2 < R2}. (3)

The cone beam transform of a functionf defined onU is

Df (y,Θ) :=
∫ ∞

0

f(y + Θt) dt, Θ ∈ S2, (4)

whereS2 is the unit sphere inR3. Furthermore, letβ(s, x)
denote the unit vector that “points” tox from the sourcey(s),
i.e.,

β(s, x) =
x− y(s)
|x− y(s)|

, (5)
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for x ∈ U , andy(s) ∈ C. The general reconstruction problem is
to recoverf(x), x ∈ U , from the measurementsDf (y(s),Θ),
where Θ runs over some subset ofS2 representing a finite
detector, andy(s) runs over the helix.

III. G ENERALIZATION OF THE INVERSION FORMULA

Let Π(x, ξ) denote the plane throughx perpendicular to the
vectorξ 6= 0. We suppose thatψ is such that eachx in U still
admits the unique PI line. LetCPI(x) be the helical segment
bounded by the PI line ofx. The corresponding parametric
interval is denoted[sb(x), st(x)] and, equivalently,IPI(x). Our
first result is the following theorem.

Theorem 1:Supposex ∈ U is such that the number of
intersection points inΠ(x, ξ) ∩ CPI(x) never exceeds three
for any ξ ∈ S2. Then the inversion formula of Theorem 1 in
[9] still holds.

Proof: (short version) Pickx ∈ U , s0 ∈ IPI(x), and
define

mC(s) :=
d2(s)− x̂2(s0)
d1(s)− x̂1(s0)

, sb(x) ≤ s ≤ st(x). (6)

Here d1 = d1(s) and d2 = d2(s) are the parametric
equations of the helix projected onto the detector plane, and
(x̂1(s0), x̂2(s0)) is the projection ofx onto the detector plane
DP (s0) corresponding to the source aty(s0). We assume the
conventional location of the detector and the coordinate system
on the detector plane (see [7]). Throughout the proofx and
s0 will be fixed. By definition of PI-line,|mC(s)| < ∞, i.e.
projected PI-lines are never vertical. From the monotonicity of
d1(s) and propertyst(x)− sb(x) < 2π,

x̂1(s0) < d1(st) < d1(s), s0 < s < st;
d1(s) < d1(sb) < x̂1(s0), sb < s < s0.

(7)

This implies thatmC(s) is continuous on[sb, st] \ {s0}. From
the material in Section 5 of [7],m(s) → ψ′(s) as s → s±0 .
HencemC(s) is continuous on[sb, st]. Let LPI(x) be the PI
line of x, and L̂PI(x) be the projection ofLPI(x) onto the
detector plane. SincêLPI(x) containsx̂,

mPI(s0, x) := mC(sb) = mC(st). (8)

In what follows the graph ofmC(s) will always be restricted
to [sb, st].

Consider a planeΠ(x, ξ) throughx that containsy(s0). Let
m(x, ξ) be the slope of the lineL(x, ξ) := Π(x, ξ) ∩DP (s0)
on the planeDP (s0) relative to thed1, d2-coordinates. In
what follows we will frequently use thes,slope(m)-plane.
On the s,m-plane L(x, ξ) can be represented by the line
m(s) = m(x, ξ). Whenever there is no risk of confusion we
will use the same notation for lines on thed1, d2- and s,m-
planes. We see that planes throughx and y(s0) are in one-
to-one correspondence with horizontal lines on thes,m-plane.
We can ignore planes that result in vertical lines onDP (s0),
because they constitute a set of measure zero. Similarly, non-
vertical lines onDP (s0) are in one-to-one correspondence with
horizontal lines on thes,m-plane.

By construction,Π(x, ξ) ∩ CPI(x) = {y(s0), y(s1), . . . ,
y(sk−1)} for somek ≥ 1. If k = 1, then y(s0) is the only
intersection point, soL(ξ, s0) does not intersect̂CPI(x) on
DP (s0). ConsequentlyL(x, ξ) does not intersect the graph of
mC(s) on thes,m-plane. Ifk ≥ 2, then

mC(s1) = · · · = mC(sk−1) = m(x, ξ). (9)

(9) implies thatL(x, ξ) intersects the graph ofmC(s) at points
s1, . . . , sk−1. By assumption, the number of intersection points
in Π(x, ξ) ∩ CPI(x) never exceeds three, so our argument
implies that the graph ofmC(s) is ∪-shaped. From (8), the
endpoints of the graph belong to the same horizontal line.

Now we would like to construct a filtering plane
ΠFLT (s0, x) through x and y(s0). More precisely, we need
to have ΠFLT (s0, x) ∩ CPI(x) = {y(s0), y(s1), y(s2)},
where s0, s1, s2 ∈ IPI(x) and satisfy (2.6) in [9]. Denote
LFLT (s0, x) := ΠFLT (s0, x) ∩DP (s0). Using that the graph
of mC(s) is∪-shaped, it is easy to establish that such a filtering
plane exists and is unique. Moreover, since the pointss1, s2
are on the same side ofs0, the lineLFLT (s0, x) is located
below the linem(s) = ψ′(s0). The latter corresponds to the
line throughx̂(s0) onDP (s0) and parallel to the spiral tangent.
It will be denotedL0(s0, x).

Using the material in Section 3 of [9] and notations from that
paper, we see that Theorem 1 will be proven if we establish
thatB(x, ξ) = 1 for almost allξ ∈ S2. Following the approach
of [9], we discuss how various wedges onDP (s0) can be
described in terms of thes,m-coordinates. One has:

1) SupposeΠ(x, ξ)∩CPI(x) = {y(s0)}. ThenL(x, ξ) does
not intersect the graph ofmC(s);

2) SupposeΠ(x, ξ)∩CPI(x) = {y(s0), y(s1), y(s2)}. Then
L(x, ξ) intersects the graph ofmC(s) at two pointss1
ands2;

3) If s1 < s0 < s2, L(x, ξ) is located above the line
L0(s0, x);

4) If s0 < s1 < s2 or s1 < s2 < s0, L(x, ξ) is located
below the lineL0(s0, x);

5) If Π(x, ξ) is tangent toCPI(x) at y(s0), thenL(x, ξ) =
L0(s0, x).

In particular, as was already mentioned, filtering lines are
always belowL0(s0, x).

As stated in Section 2 of [7], dot products of vectors in
R3 and dot products of the corresponding vectors projected
onto DP (s0) are still of the same sign (cf. (2.25)–(2.28)
in [4] and (3.14) in [9]). This implies that ifL(x, ξ) is
located betweenL0(s0, x) andLFLT (s0, x) on thes,m-plane
(that is, L(x, ξ) belongs to a part of the wedgeD2), then
sgn(ξ · ẏ(s0)) sgn(ξ · e(s0, x)) = −1. In all other cases
sgn(ξ · ẏ(s0)) sgn(ξ · e(s0, x)) = 1.

Our argument proves the following assertions. IfΠ(x, ξ) ∩
CPI(x) = {y(s0)}, thenB(x, ξ) = 1. If Π(x, ξ) ∩ CPI(x) =
{y(s0), y(s1), y(s2)} and s1 < s0 < s2, then sgn(ξ ·
ẏ(s0)) sgn(ξ · e(s0, x)) = 1.

The only remaining case is whens0 is either the first or
the third intersection point. SupposeΠ(x, ξ) ∩ CPI(x) =
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{y(a), y(b), y(c)}, a < b < c, and, for example,s0 = a. Using
again that the graph ofmC(s) is ∪-shaped, we have

a < b < s1 = a+ φ(s2 − a) < s2 < c, s2 := s2(a);
sgn(ξ · ẏ(a)) sgn(ξ · e(a, x)) = −1,

(10)

if L(x, ξ) is aboveLFLT (s0, x), and

a < s1 = a+ φ(s2 − a) < b < c < s2, s2 := s2(a);
sgn(ξ · ẏ(a)) sgn(ξ · e(a, x)) = +1,

(11)

if L(x, ξ) is belowLFLT (s0, x). Similar relations hold when
s0 = c is the third intersection point. This shows that the
argument (3.16)–(3.25) in [9] applies here without any changes,
and the theorem is proved.

IV. FBP STRUCTURE OF THE INVERSION FORMULA

Theorem 2:Pick x ∈ U , which satisfies conditions of
Theorem 1, ands0 strictly inside IPI(x). Find the filtering
line LFLT (s0, x). Suppose there is a neighborhood ofx, all
points of which satisfy conditions of Theorem 1. Then there
exists an open setU0, x ∈ U0 ⊂ U , such that

1) s0 ∈ IPI(x′) for any x′ ∈ U0, and
2) All points from U0 that project ontoLFLT (s0, x) share

it as their filtering line.
Proof: (short version) The first assertion follows immedi-

ately, because PI line depends continuously onx. Therefore, in
what follows we will assume thats0 belongs to the PI-intervals
of all points being studied. To prove the second assertion we
need to show that ifx′ is sufficiently close tox and projects
onto the same continuous piece ofLFLT (s0, x) as x, then
LFLT (s0, x) is the filtering line forx′. Let s2 = s2(s0, x)
and s1 = s1(s0, s2) be the two values which determined
LFLT (s0, x). Only two cases are possible:sb(x) < s0 ≤
s1 ≤ s2 < st(x) or sb(x) < s2 ≤ s1 ≤ s0 < st(x).
Consider, for example, the first case. Sinces1 and s2 satisfy
(2.6) in [9], LFLT (s0, x) may fail to be the filtering line of
x′ only if s2 > st(x′). Assuming this is the case, consider a
line segment fromx to x′. By construction, all points on that
segment are located sufficiently close tox and project onto
the same continuous piece ofLFLT (s0, x) asx andx′. From
continuity, we can find a pointx′′ on that segment for which
st(x′′) = s2. Consequently,mPI(s0, x′′) = mFLT (s0, x′′)
(see (8) for definition ofmPI ). From the proof of Theorem 1,
this is impossible, becausemPI(s0, x′′) andmFLT (s0, x′′) are
separated from each other (withψ′(s0) between them).

V. SENSITIVITY ANALYSIS

Let M(x, α), α ∈ S2, be the number of intersection points
in Π(x, α) ∩ CPI(x). We can use the ideas in the proof of
Theorem 1 for finding pointsx with M(x, α) > 3 for someα.
If such pointsx exist, it is interesting to know the measure of
the set{α ∈ S2 : M(x, α) > 3} as a function ofx.

Following the approach of [10], we have

µ(x) :=
1
|S2|

∫
S2

∑
j

n(sj , x, α)dα

=
1
|S2|

∫
IP I(x)

1
|x− y(s)|

×
∫ 2π

0

|α(θ) · ẏ(s)|n(s, x, α(θ))dθds,

(12)

where α(θ) ∈ β(s, x)⊥, y(sj) ∈ Π(x, α) ∩ CPI(x) and
n(s, x, α) is some function. One possible choice forn is given
by

n(sj , x, α) = 1/M(x, α). (13)

Substitution of (13) into (12) givesµ(x) ≡ 1. Another
possibility is

n(sj , x, α) =

{
0, M(x, α) ≤ 3,
1/M(x, α), M(x, α) > 3.

(14)

Substitution of (14) into (12) shows that in this caseµ(x) is
precisely the measure of the set{α ∈ S2 : M(x, α) > 3}. If
M(x, α) never exceeds three for a pointx, thenµ(x) = 0.

The integral on the right in (12) can be computed as follows.
Pick y(s) on the helix andx such thats ∈ IPI(x). Then
compute the functionmC(s), s ∈ [sb(x), st(x)]. By finding
local maxima and minima ofmC(s), we split [0, 2π] into
the subintervals, over whichM(x, α(θ)) is constant. This
also allows an efficient calculation ofM(x, α(θ)) in each
subinterval according to the following algorithm.

1) Let s1, s2, . . . , sj , where sb < s1 < s2 < · · · <
sj < st(x), be the extreme points ofmC(s). Property
mC(sb(x)) = mC(st(x)) implies j ≥ 1. Consider the
sequence

mC(sb(x)), mC(s1), mC(s2), . . . ,
mC(sj), mC(st(x)).

(15)

2) Pick α(θ), where θ is, for example, a midpoint of an
interval identified earlier. Letm(θ) be the slope of
Π(x, α(θ)) ∩DP (s0)).

3) By going through the pairs of neighboring slopes in
(15), find how many pairs containm(θ) between the
two slopes in the pair. ThenM(x, α(θ)) equals one
plus that number. Here{mC(sb(x)),mC(s1)} is the
first pair, {mC(s1),mC(s2)} is the second pair, and
{mC(sj),mC(st(x))} is the last pair.

If n(s, x, α) depends only onM(x, α), thenn(s, x, α(θ)) is
constant over each subinterval. Hence the interior integral can
be easily evaluated by summing a few terms. Then the integral
with respect tos can be updated with the help of a conventional
numerical integration technique.

Choice (13) can be used for testing the code, and (14) - for
sensitivity analysis.
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VI. PRACTICAL APPLICATIONS AND NUMERICAL

EXPERIMENT

The main results of this work together with paper [7] can be
summarized as follows. If the convexity condition holds, the
region of interest (ROI) where the 1PI FBP algorithm applies
extends all the way to the gantry. If the convexity condition is
violated, the ROI where we can reconstruct exactly and effi-
ciently shrinks. Our experiments showed that for non-dramatic
violations of the condition, the ROI may still be of acceptable
size (within the standard CT geometry). In particular, consider
the following function

g(s) := ψ̇(s) +
...
ψ(s), (16)

which represents the sum of the translational velocity and
derivative of acceleration of the source. For the convexity
condition to hold, we require thatg(s) not change sign. Suppose
now that g(s) is temporarily negative. In particular, suppose
we have the following choice ofg(s), so that a temporary sign
change occurs:

g(s) =

{
c |s| > sc

d |s| ≤ sc

(17)

where d < 0 is the amount thatg “drops” below zero. By
changing the free parametersc, d, sc we can study different
extremes in the violation of the convexity condition. To recover
the actual source trajectoryψ(s) from g(s), we have to solve
(16) as a differential equation.

In the following experiment, a simplified CT geometry was
used (source to isocenter distance was 500 mm, source to
detector distance was 1000, the detector had 1200 columns, and
129 rows, each detector was 1mm square, and 1000 views per
rotation), with c = 4, d = 1.6, sc = π/8. The resulting trans-
lational velocity as a function ofs is shown in Figure 1. Note
that g(s) = 0 has sinusoidal solutions forψ(s) corresponding
to a gantry tilt. Hence, the general sinusoidal velocity variation

Fig. 1. Theψ̇(s) (translational velocity) andg(s) (convexity function) for
the test case.

in the case withd = 1.6 is attributable to a gantry tilt. For
this choice ofc, d and this geometry, the sensitivity analysis in
Section V showed that image reconstruction is possible for up
to r/SID ∼ 0.5, which corresponds to a display field of view
of 500mm diameter. The clock phantom fits inside this field of
view, and we thus expected artifact free reconstructions, which
we observe in Figure 2 and Figure 3. Furthermore, we observed
that makingd more negative resulted in the artifact-free ROI
becoming smaller than the phantom, and artifacts do indeed
appear in the reconstructions. More details and results will be
presented at the conference.

Fig. 2. Reconstruction of the standard clock phantom with a window of 100
HU, and a level of 1000 HU.

Fig. 3. Profile through reconstruction in Figure 2.
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VII. C ONCLUSIONS

We have demonstrated that the convexity condition can be
relaxed to a certain degree and that artifact-free reconstructions
can still be achieved provided that for a given point in the ROI,
any plane through this point intersects the corresponding PI
segment at most three times. For trajectories that violate the
convexity condition (i.e., thatv + ȧ does not change sign) in
a mild way, we have shown that the “bad” points are outside
a certain radius, and that all points inside the actual scanner
ROI may still be artifact free. Further details on this sensitivity
result and further numerical experiments will be presented at
the conference.
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 Abstract- In this paper we present an exact FBP-type 
reconstruction algorithm for helical cone-beam CT in which 
the pitch of the helix varies with rotation angles. The proposed 
algorithm needs only the geometric condition that there at 
least exists one PI-line passing through any point of the object. 
And moreover the algorithm can exactly reconstruct the 
object image only using the theoretical minimum cone-beam 
projection data within the Tam-Danielsson window. The 
above two specialities are the most different to all the other 
existing reconstruction algorithms for helical cone-beam CT. 
The algorithm is (at least) computationally as efficient as 
Katsevich’s one [9] and requires less projection data than it. 
Furthermore, we test the proposed algorithm using the 3D 
Shepp-Logan phantom and prove it can get perfect numerical 
results. 
  Index Terms- Cone-beam CT, Variable Pitch Helix, Image 
Reconstruction, Hilbert Transform, PI-line 
 

I. INTRODUCTION 
In recent years, numerous reconstruction algorithms have 

been proposed to resolve the long object problem in helical 
cone-beam CT, including both approximate and exact 
algorithms. In the approximate algorithms G Wang’s 
expanded FDK method play an important role because of 
its great computational efficiency [1]. Then in the 
following decade many approximate algorithms were 
designed to improve the reconstruction quality [2], [3], [4]. 
In them the most important method is the PI-method, which 
is a very approximate algorithm [5]. There are also some 
exact algorithms which can reconstruct accurate images if 
projection data are complete, but they need too much 
computation. Till 2002 Katsevich proposed an exact and 
efficient FBP-type algorithm which can provide excellent 
image quality [6], [7]. Because it need not the projection 
data from multiple spiral turns, which are required by 
earlier algorithms, Katsevich’s algorithm is much more 
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efficient than other ones.  However the Katsevich’s 
algorithm can only work with standard helical cone-beam 
CT. In 2004 Ye and Ge Wang firstly researched the helical 
cone-beam scanning of variable pitch [8]. Then Katsevich 
expanded his helical algorithm to variable pitch helical 
scanning [9]. But as we all know, Katsevich’s algorithm 
needs a little more projection data than the theoretically 
minimum data. At the almost same time Liang Li proposed 
an alternative approach to reconstruct exactly images from 
variable pitch helical cone-beam scanning [10], which is a 
generalization of the exact FBP-type algorithm proposed by 
Yu Zou and Xiaochuan Pan [11] and requires only the 
theoretically minimum data. 

In this paper, we expend our former algorithm and 
present an approach to reconstruct exactly images from 
variable pitch helical cone-beam scanning, which needs 
only the geometric condition that there exist one or more 
PI-lines passing through any point of the object. This is the 
most difference to the other existing algorithms which all 
need there has a unique PI-line passing through any point 
of the object. And our algorithm is (at least) 
computationally as efficient as Katsevich’s one and 
requires less projection data. So the proposed algorithm can 
be used in more flexible scanning cone-beam CT system. 
    This paper is organized as follows. In section II, the 
background is described and we introduce a necessary and 
sufficient geometrical condition for the existence of PI-
lines in the case of variable pitch helical scanning. In 
section III, we give the minimum detection windows, so 
called Tam-Danielsson, under this geometry. In section IV, 
we present an exact reconstruction algorithm on PI-lines 
from projection data only within the Tam-Danielsson 
windows. In section V, we describe an implementation of 
the above algorithm and conduct a numerical study to 
demonstrate and validate the algorithm using computer-
simulated data. Finally, we present our conclusion and 
discuss the extension of the work and indicate our next 
research work. 

II. MATHEMATICAL BACKGROUND AND GEOMETRIAL 
CONDITION 

Let us start with general notations required. In the fixed 
coordinate system ),,( zyx , for variable pitch helical path 
the x-ray source location can be expressed as 

         ))(,sin,cos()(0 λλλλ hRRr =
r

                 (1) 
where R  denotes the distance between the x-ray source 
and the rotation axis (i. e. the z-axis). To the variable pitch 

An Exact Reconstruction Algorithm on PI-line Segments 
in Variable Pitch Helical Cone-beam CT when PI-line 
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)(λh  is a nonlinear function of λ , indicating the 
translation distance of the x-ray source along the z-axis. 

],[ maxmin λλλ ∈  stands for the rotation angle, while minλ  

and maxλ  respectively correspond to the starting and 
ending points of the rotation angle. 

Let )(rf r
 denote the 3-D object, where Tzyxr ),,(=

r
 

denotes the spatial distribution of the subject. We assume 
that the actual support of the object is confined within a 
cylinder of radius R, which has the central axis along the z-
axis. Therefore, it can be described as 

             




>+=
≤+≠

Ryx
Ryx

rf
22

22

0
0

)(r                      (2) 

We also assume that )(rf r
 is continuous. And the cone-

beam projection from any point on the variable pitch 
helical spiral can be expressed as 

dttrfrD )ˆ),(()ˆ),(( 000 βλβλ
rr

∫
∞

=                    (3) 

where the unit vector β̂  indicates the projection direction 
of the x-ray. For a given point rr  of the objection )(rf r

 
and a given place of the x-ray source, we can get the unit 
direction vector of a specific x-ray that pass through the 
point rr  as 

                      
)(
)(),(ˆ

0

0

λ
λ

λβ
rr
rrr rr

rr
r
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−

=                                (4) 
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Fig. 1. Local coordinate system for cone-beam projection 

measurement on a planar detector and a rotation-coordinate system fixed 
on the rotating gantry. 

  
As shown in Fig. 1, we also define a rotation-coordinate 

system ),,( wvu  that is fixed on the rotating gantry and 

the plane ),( vu  is always vertical to )(0 λrr . In the fixed 
coordinate system, we can respectively define three unit 
vectors to represent it and express as 

            








−−=
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and 

w

u

e
eDu
ˆˆ
ˆˆ

⋅
⋅

=
β
β

,
w

v

e
eDv
ˆˆ
ˆˆ

⋅
⋅

=
β
β

                      (6) 

Now we turn to the problem of PI-lines. As we all know, 
there exists a unique PI-line containing rr  for any point 

Ur ∈
r

 in the constant pitch case [11]. And U  is defined 
as 

             { }222: RyxrU <+⊂
r

                          (7) 
In the variable pitch case, we also need there exists a 
unique PI-line to exactly reconstruct the image. Let Ur ∈

r
, 

and we consider two points, )( 10 λrr  and )( 20 λrr , on the 
helix and are separated by less than one turn, i.e. 

πλλ 212 <− . A PI-line is a straight line connecting the 

two points )( 10 λrr  and )( 20 λrr , and a PI-line segment is 
the portion of a PI-line within the helix cylinder.  

Now we would introduce a necessary and sufficient 
helical scanning condition. Under this condition there exist 
at least one PI-line through any point of Uzyx ∈),,( . 
And for our following algorithm it is the only condition 
required to exactly reconstruct the object. The condition as 
following was proposed by Ye and Ge Wang et. al. in 2004.  

Ye and Ge Wang’s condition- Let )(λh  be a continuous 
and monotone function, and piecewise differentiable. 
Assume 0)( ≥′ λh  for all ],[ maxmin λλλ ∈  with finitely 

many exceptions. Then for any point Uzyx ∈),,( , there 
exists a PI-line passing through it. 

III. MINIMUM PROJECTION DATA AND TAM-DANIELSSON 
WINDOW 

It is well known that an object can be exactly 
reconstructed from the projection data only within the so-
called Tam-Danielsson window on the detector plane, 
which is the theoretically minimum. The Tam-Danielsson 
window plays a key role and is widely used in many exact 
and non-exact algorithms of the PI-detector. We also use 
the Tam-Danielsson window in this variable pitch helical 
scanning to get the minimum projection data, which is only 
required for the following proposed algorithm. 

Consider a variable pitch helical path as expression (1). 
As shown in in Fig. 2, for a given rotation angle 0λ  the 
minimum detection window is defined as the region on the 
detector bounded by the cone-beam projections of the per 
and lower turns of the helix onto the detector plane. 
Conventionally, we assume the detector plane is parallel to 
the axis of the helix and tangent to the helical cylinder. And 
we define the boundaries of minimum detection window as 

21, dd . 
Ye and Ge Wang gave their boundary equations: 
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Where )/(cos2 1 Rr−=∆  is determined by the ratio of 
the radiuses of the object and helix. 
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Fig. 2. Illustration of the PI-line and minimum detection window, so-
called Tam-Danielsson window 
 

IV. A EXACT RECONSTRUCTION ALGORITHM FOR 
VARIABLE PITCH HELICAL SCANNING 

In 2004, Zou and Pan proposed an exact FBP-type 
reconstruction algorithm on PI-lines in helical cone-beam 
CT [11], [13]. Our helical reconstruction algorithm with 
variable pitch is based on Zou and Pan’s work. And our 
algorithm can handle a wide class of variable pitch helical 
paths, and is (at least) computationally as efficient as 
Katsevich’s one, but requires less projection data [14]. 
    We define the helical scanning path with variable pitch 
as expression (1) in section. Furthermore, we assume that 
the pitch function satisfies Ye and Ge Wang’s condition in 
section II, so 0)( ≥′ λh  for ],[ maxmin λλλ ∈ . Then we 
know there exist a PI-line and PI-segment for any point 

Uzyx ∈),,( . 
  We can get the exact reconstruction algorithm for 

variable pitch helical scanning, which consists of the 
following five steps. 

 
Step 1. Differentiation of the projection data from 

minimum detection window: 

Using the formula (4) and keeping ),(ˆ λβ rr  fixed, the 
differentiation of the projection data with respecting to λ  
can be written as 

        

),,())((
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22
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∂
∂+

+
∂
∂

=

=
        

(10) 
Step 2: Determinate the PI-line through the given point 
Under the Ye and Ge Wang’s condition, there exists at 

least a PI-line segment through the given point. To 
determinate the PI-line passing through any point Ur ∈

r
, 

we can get the formulation, 
              ))(()( 1020 λλ rrtrr rrrr

−+=                       (11) 

where max21min λλλλ ≤<≤ , πλλ 212 <− and 

0>t . The process is as follows. For a given point Ur ∈
r

 
firstly we choose a freewill )( 10 λrr . Using (11) we get a 

line passing through rr  from )( 10 λrr . Then changing 1λ  

from minλ  to maxλ , we get a serial lines, in which there 
exists at least one line intersecting with the helical locus at 
point )( 20 λrr  and πλλ 212 <− , then the line 

)()( 1020 λλ rr rr
−  is a PI line passing through the point rr . 

And as we know, there is maybe more than one PI-line for 
any point in U  and from any one of them )(rf r

 can be 
exactly reconstructed. As a proposal we are inclined to the 
shortest one. 
 

Step 3: Weighted backprojection onto the PI-line 
segment 

This step mainly gets the object image on PI-line 
segment, and the weighted backprojection is calculated 
onto the fixed PI-line segment. 

λ
λ
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λπ d
rr
vuGrg
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where ),,( 21 λλπxr =′r
. 

 
Step 4: Inverse Hilbert transform 
Getting the object function on the PI-line segment as 

below 

π
ππ

ππ
ππ

λλ
π

λλ xd
xx

xgxf
R

′
′−

′
= ∫

),,(
2

1),,( 21
221       (14) 

 
Step 5: Get the object’s image 
We can get the 3D object ),,( zyxf  from the PI-line 

segment image ),,( 21 λλππ xf  using the following 
relationship, 
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where ]1,0[∈t . 

V. NUMERICAL EXPERIMENTAL RESULTS 
We perform computer-simulation studies to verify the 

proposed algorithm for image reconstruction on PI-line 
segments in variable pitch helical scanning from only 
within the Tam-Danielsson window. 

In our simulation we use the variable pitch helical path 

described by )
2

,sin4,cos4()(
2.1

0 π
λ

λλλ =rr , and the 

distance between x-ray source and the detector is 
cmD 8= . Scanning range is ]25.1,0[ πλ ∈  and angle 

sampling interval is 512/π . The planar detector’s size is 
cm5.45.4 × , whose unit’s size is 0.0176cm.  

 For the object we use the 3D Shepp-Logan phantom, 
which was described in Turbell’s paper [15]. In fig. 4, we 
give two reconstructed images ),,( 21 λλππ xf  on PI-line 
segments. In fig. 3 the PI-line segments were specified by 

01 =λ  and a set of ]25.1,75.0[2 ππλ ∈ .  
 

-1 0 1
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Fig. 3. Numerical experimental results using 3D Shepp-Logan phantom. The 
upper one is the reconstructed image on PI-line segments specified by 

01 =λ  and  ]25.1,75.0[2 ππλ ∈ . The lower one is a profile of the 
image. 

VI. DISCUSSIONS AND CONCLUSION 
In this work we base on Zou and Pan’s results and get an 

exactly reconstruction algorithm for variable pitch helical 
scanning only using the minimum projection data. And the 
final numerical simulation demonstrates and validates the 
proposed algorithm, which can produce object’s image with 
very high quality. The author must mention that Katsevich 
also presented his work in variable pitch helical scanning. 
But his algorithm uses the data in the extended Tam-
Danielsson window. And our algorithm needs less data 
than theirs. Ours only needs the theoretical minimum data. 
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A shift-invariant FBP image reconstruction
algorithm with variable data usage for helical

cone-beam CT
Tingliang Zhuang, Brian E. Nett, Shuai Leng, and Guang-Hong Chen

I. INTRODUCTION

Recently, a variety of image reconstruction algorithms via
filtered backprojection (FBP) for helical cone-beam CT have
been developed [1], [2], [5]. In this paper, we present a new
FBP image reconstruction algorithm with variable data usage
for helical CT. There are four important features of this new
algorithm. First, the new algorithm allows use of cone-beam
projection data from those view angles beyond the pi-line
ending points. Second, the new algorithm has the same shift-
invariance property as conventional FBP image reconstruction
algorithms. Third, the new algorithm survives the long-object
problem. Fourth, the new algorithm is suitable for any variant
of the helical trajectory as long as the existence of a pi-line
may be established for all the points inside a region of interest
(ROI). Due to the practical importance of a gantry tilt in
helical CT [8], we apply the new FBP algorithm to this case
to illustrate the validity of new algorithm beyond the standard
helical scan.

II. SHIFT-INVARIANT FBP ALGORITHMS FOR A GENERAL

SOURCE TRAJECTORY

A. Notations

The mathematical notations used throughout this paper will
be introduced in this section. An image point inside an ROI is
denoted as a vector

�� or by its components
����������
	��
�� . The

density of the image object is denoted as � � ��� . The cone-beam
projection of the object from the source point

�	����� is written
as:

�������� �	����������� �! "�# � � �	�����%$ # ��&�(' (1)

Following the notations used in [7], the normal vector to the
plane containing an image point

�� and a source point
�	�����

may be parameterized by an angle ) and denoted as
�*�+

. This
plane will be denoted by , � ��-���/. )  in this paper.

1Tingliang Zhuang is with Department of Medical Physics, University of
Wisconsin-Madison, Madison, WI 53792, Email: tzhuang@wisc.edu

2Brian E. Nett is with Department of Medical Physics, University of
Wisconsin-Madison, Madison, WI 53792, Email: benett@wisc.edu

3Shuai Leng is with Department of Medical Physics, University of
Wisconsin-Madison, Madison, WI 53792, Email: sleng@wisc.edu

4Guang-Hong Chen is with Department of Medical Physics, University of
Wisconsin-Madison, Madison, WI 53792, Email: gchen7@wisc.edu

B. General FBP image reconstruction formula with constraint
on the weighting function

For a complete source trajectory, which fulfills Tuy’s data
sufficiency condition [11], an FBP image reconstruction for-
mula has been derived [6], [7]:

� � ���0� 132465�7 � " � 28 ��91 �	����� 86:�;=< ; � ��-����
� >? > "A@ 2B�CED @GFF�H

���I��J� @ � ) ; /� �	�� H
�� 8 K�L�M ' (2)

Due to the symmetry, the angle ) has been restricted to the
angular range � NJ� 5  . The structure factor < ; � ��%���� is given
below:< ; � ��-����O� # ��PO� �*6+RQ �	TS��U����WVR� ��-� �*6+ .
��� 8 + L +&XZY�[+ L +&X ? [ � (3)

where VR� ��\� �*6+ .���� is a general weighting function. As discussed
in [7], in order to derive the above reconstruction formula, the
following constraint on the weighting function is necessary:

FF )
V]� ��-� �*�+ .�������N^' (4)

Therefore, the task of developing an exact cone-beam image
reconstruction algorithm boils down to devising an appropriate
weighting function subject to the above constraint, and the
normalization property of the weighting function. An obvious
choice of a weighting function which satisfies this condition
is the equal weighting scheme. Namely,VR� ��%� �* + .
�����_2` � (5)

where
`

is the number of the intersecting points between
the plane , � ��%� �*�+ �
�� and the source trajectory. Unfortunately,
the resulting reconstruction formula often has a complicated
backprojection structure. It is believed that there is no general
principle to devise weighting function for a general source
trajectory [6].

One of the major contributions of this paper is to provide a
working principle from which one may devise a weighting
function for an FBP image reconstruction algorithm for a
general source trajectory.

C. Factorized weighting function

Recently, an image reconstruction algorithm based upon fil-
tering the backprojection image of the differentiated projection
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data (FBPD) for a general source trajectory has been devel-
oped. The following factorization property of the weighting
function was found to be crucial [4]:VR� ��%� �*6+ .������ V � � ��%� �*6+  V 7 � ��-���� # ��PO� �*6+ Q �	 S �������' (6)

As demonstrated in [4], the component V � � ��%� �* +  andV 7 � ��%���� in the above factorized weighting function are related
to one another by the normalization condition on the weighting
function. This relation is given by:V � � ��%� �*�+  � � " � V 7 � ��%�
�� FF

� � � ���� �*6+ �
��O� 2 � (7)

where � � ��-� �* + �
��O� 2� # ��PO� �* + Q � �� 1 �	�����
�� ' (8)

Therefore, once the component V 7 � ����
�� is chosen to be
a piece-wise constant function, the component V � � ��%� �* +  de-
termined by (7) will automatically be a piece-wise constant
function. Consequently, the factorized weighting function will
satisfy the condition given by (4).

Thus, using a factorized weighting function 6, and a piece
wise constant function V 7 � ��-���� , an FBP image reconstruction
algorithm may be readily developed as follows. Substituting
(6) into (3), the structure factor is simplified to be:< ; � ��%���� � V � � ��%� �* +  V 7 � ��%���� 8 +&XOY�[+&X ? [ ' (9)

Therefore, the difficult task of constructing a weighting
function VR� ��\� �* + .
��� is reduced to the selection of a piece wise
constant function V 7 � ��%�
�� . This method is valid for any source
trajectory satisfying Tuy’s data sufficiency condition. In the
rest of the paper, we develop a new image reconstruction
algorithm for cone-beam helical CT with a gantry tilt [8], [9].

III. HELICAL SOURCE TRAJECTORY WITH A TILT GANTRY

A. Existence and Uniqueness of PI-line

As shown in Figure 1 the source trajectory for helical CT
with a tilted gantry, where this tilt is about the � -axis, may be
parameterized as:�	�����O�������
	 B �/�����
	 B� B
CED �/��� B
CED� B
CED ��$ �� 5 �� � (10)

where  is the gantry tilt angle. When tilted angle  � N , this
trajectory smoothly reduces to a standard helix.

In the following, we briefly illustrate the proof for the exis-
tence and uniqueness of a PI-line for the tilted helical source
trajectory. This is equivalent to proving that the following
equation ��-����(� � 2 1��� �	��U� � �$�� �	��U� 7  � (11)

has one and only one solution for N�� � 7 1 � � � � 5
and��� � N � 2 � .

In terms of components, Equation (11) may be rewritten as:� � � �E� 2 1�� ���	 B � � $����
	 B � 7 � �	 � ���
	 B� � � 2 1��� B
C D � � $�� B�CED � 7 � � (12)� � � B�CED� � � 2 1��  B
CED � � $�� B�CED � 7 �$ �� 5 �E� 2 1��� � � $�� � 7 � '

Fig. 1. A demonstration of the source trajectory where the tilt angle is given
by  .

After the following coordinate transformations are introduced
[9]: � S � � �	 S � !"$#�%'& �� S � � 1 	)(+* D, ' (13)

Equation (11) may be further simplified as:� S � � � � 2 1������	 B � � $��-��	 B � 7 � �	 S � � � � 2 1��� B
C D � � $�� B�CED � 7 � � (14)� S � �� 5 �E� 2 1��� � � $��J� 7 �(�
These equations are equivalent to (12) when the tilt angle
is zero. In this case the general tilted helix is reduced to a
standard helix. Note that the transformations defined in (13)
are one-to-one. Therefore, the existence and uniqueness of
the PI-line for a standard helix source trajectory [10] may
be readily carried over to the case of a helical trajectory with
a tilted gantry. We conclude that there exists a unique PI-
line associated with a point inside the tilted helical source
trajectory.

B. Prescription of the piece-wise constant function V 7 � ��%�
��
The corresponding arc of a PI-line associated with an image

point
�� is denoted by . � ��� � � � >0/ � ��� ��� > 1 � ����� . For any given

point along the source trajectory corresponding to view angle��2 , the following function may be chosen for the componentV 7 � ��%�
�� of the weighting function:

V 7 � ��%�
��O�
3445 446
2 � C87 �9� � � >:/ ����2��(�1 2 � C87 �9� � � 2 ��� > 1 �(�N � otherwise ' (15)

Using this function V 7 � ��%���� , the integral in (7) is calculated:� � " � V 7 � ��%�
�� FF
� � � ���� �*6+ �
��O� # ��PO� �*�+ Q � ��91 �	��U��2 ��� � (16)
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where the fact that a PI-line passes through the object point
��

has been used. Using (7), the function V � � ���� �* +  is obtained:V � � ��-� �*�+  � # ��PO� �*�+ Q ��:2 � ��� �(� (17)

where �� 2 � ���O���� ? �!�� M��	�
 �� ? �!�� M � � 
 .
C. Structure factor

After the choice of the component V 7 � ��%�
�� and the cal-
culation of the component V � � ��-� �*�+  , the structure factor< ; � ��%�
�� in (2) may be readily calculated by determining
the discontinuous points of the function V � � ��%� �*�+  . This is
equivalent to solving the following function�* + Q �� 2 � ���O� N^' (18)

Denote the solution ) to the above equations as ) 2 . The
structure factor can be calculated as given below:

< � ��%����O�
3445 446
< � � ����
�� � C 7 �9� � � > / �
� 2 � �< 7 � ����
�� � C 7 �9� � � 2 �
� > 1 � �NJ� otherwise ' (19)

where,

< � � ��%�
��O� # ��PO� �* + Q �� 2 � ����� 8 + � Y�[+ � ? [ �
3445 446
� � C 7 � 2�� � > / �1 � � C 7 � 2 � � > / �NJ� otherwise ' (20)

and

< 7 � ��%�
��O� 1 # ��PO� �* + Q �� 2 � ����� 8 + � Y�[+ � ? [ �
3445 446
1 � � C87 ��2 � � > 1 �� � C 7 � 2 � � > 1 �NJ� otherwise ' (21)

Together the above structure factor and (2) yield a new FBP
image reconstruction algorithm.

D. Filtering lines

According to (2), the filtering line is along the intersection
line between the plane , � ��%�
�/. ) 2  and the detector plane. As
shown in Fig. (2), the filtering line is the cone-beam projection
of the line represented by a unit vector �� 2 � ��� onto the detector
plane. Note that the position of � 2 may be chosen as a
point outside . � ���R�=� � > / � ���/�
� > 1 � ��� � (Fig. 3). This variable
data usage differentiates this new algorithm from Katsevich’s
algorithms [1], [2].

IV. EXPLICIT FBP IMAGE RECONSTRUCTION FORMULA

USING A FLAT-PANEL DETECTOR

The implementation steps given below utilize a flat-panel-
detector geometry. We choose a rotating coordinate system for
the detector:� ��� 1 B
C D �/����	 B� ��	 B �/� B�CED� ��	 B �� ��V �����
	 B �/����	 B� B
C D �/� B�CED� B�CED ��/��� � �V�� �-' (22)

Fig. 2. Illustration of the geometrical meaning of the filtering line.

The cone-beam projection data is written as � ; ��%��� �
�� . Using
these notations, the new image reconstruction algorithm is
summarized as follows.
� Differentiate the cone-beam projections���6��-��������O��� � 7 $� 7� FF

 $ ��� FF
� 1 FF

�  ����%��� �
��
� Pre-weight the differentiated cone-beam projections� � ��-��������

�����%��� �
��O� �
� � 7 $� 7 $�� 7 � � ��-��������

� Filter the differentiated and pre-weighted data along a
line in the detector plane using a Hilbert kernel

� 2 � �-� �������O� � Y �? � " 
��� �� 1 �� �����%��� 2 �
��/�

where the parameters � 2 and � 2 are defined as:

� 2 � �� $ � 2 �� 1 �� �
� 2_� ��

�91 � �
	 ( M ? M��7
� Backproject the filtered projections along two segments

 � � ���O� 1 24 5 7 � M �M�!
/ "
� < � � ��%�
��" � ��-���� � 2 � ���#�$����� � �� �%��$����� �����

and

 7 � ���O� 1 24 5 7 � M ! 1M � " � < 7 � ��-����" � ��-���� � 2 � ���% $ ���� � �� �#� $ �U��/����� '
The backprojection weight

" � ����
�� and the projection
points  $ �U�� and � $ ���� are defined as follows:

" � ����
�� � ��1 ����	 B �%1 	 B
CED �
 $ ���� � � B�CED �-1 	��
	 B ���
	 B  1 �U� 1 �� ����
	 B ���
	 B�� 1 ���
	 B �-1 	 B
C D ���
	 B� 1 ��� 1 �� �� B
C D � B
C D�
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Fig. 3. Illustration of all the possible relative positions the PI-line end points
and the source point corresponding to view angle ��� . Thus variable data usage
is allowed in this framework.

� $ ����O� 1 	 B
C D� $��U� 1 �� ����
	 B�� 1 ����	 B �-1 	 B
C D ���
	 B� 1 ��� 1 �� �� B
C D � B
C D�
where a short hand notation of

�� � ��� � 5 is used.� Sum the backprojection values to obtain the image den-
sity � � ���O�  � � ����$  7 � ���/' (23)

Note that this formula is different from the one derived by
Katsevich [1]. In our new algorithm, the two terms represent
backprojection from two different segments of the source
trajectory.

V. COMPUTER SIMULATIONS AND RESULTS

In this section, computer simulations are conducted to
validate the new algorithm for helical cone-beam CT with a
gantry tilt. The implementation scheme described above for
the case of a flat-panel detector was used in order to recon-
struct a standard low contrast 3D Shepp-Logan phantom [12].
The cone-beam projections were calculated analytically. The
derivatives with respect to � ,  and � were implemented using
a 3-point formula. After the pre-weighting and differentiation
steps backprojection was performed over each of the seperate
segments using linear interpolation of the filtered data. The
backprojection operation was voxel-driven.

The results of the simulation of reconstruction of the 3D
Shepp-Logan phantom are given in Figure 4 and Figure 5

(a) (b)

Fig. 4. The expected phantom of the xy plane (z=0) (a). The reconstruction
result (  ����
	�� ) (b).

(a) (b)

Fig. 5. The expected phantom of the yz plane (x=0) (a). The reconstruction
result (  ����
	�� ) (b).

where in each case a compressed gray scale of [.95 1.1]
has been used for display. The parameters used for this
reconstruction may be summarized as: gantry radius=3, the
gantry tilt= 2 N� , the helical pitch=2, the detector sampling is� N6N � � N N and the view sampling is

� 5 ��� N6N . Figure 4 demon-
strates reconstruction of the axial z=-0.25 plane of the 3D
Shepp-Logan phantom. Figure 5 demonstrates reconstruction
of the x=0 plane of the 3D Shepp-Logan phantom, and has
been included in order to demonstrate that this reconstruction
algorithm survives the long object problem. In summary, a
mathematical phantom has been used in order to validate this
new helical FBP algorithm for the case of a tilted gantry.

(a) (b)

Fig. 6. The expected phantom of the xy plane (z=0) (a). The reconstruction
result (  ���	 � ), where the detector sampling was ��	�	����
	�	 (b).

Additional simulations were performed for the case of an
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(a) (b)

Fig. 7. The expected phantom of the yz plane (x=0) (a). The reconstruction
result (  ��	 � ), where the detector sampling was ����	 � � 	�	 (b).

un-tilted gantry in order to demonstrate the utility of this
reconstruction algorithm for reconstruction of standard helical
cone-beam data. The parameters used for this reconstruction
may be summarized as: gantry radius=3, the gantry tilt= N  , the
helical pitch=.5, and the view sampling is

� 5 �������
. Figure 6

demonstrates reconstruction of the axial z=-0.25 plane of the
3D Shepp-Logan phantom for the standard helical trajectory.
Figure 7 demonstrates reconstruction of the x=0 plane of the
3D Shepp-Logan phantom. Thus, a mathematical phantom
has also been used in order to validate this new helical FBP
algorithm for the case of a standard helical trajectory.

VI. CONCLUSION

In this paper, a factorized weighting function has been
utilized as a working principle for the development of an
FBP cone-beam image reconstruction algorithm for a general
source trajectory. Using this framework, a shift-invariant FBP
image reconstruction algorithm has been developed for helical
cone-beam CT with a gantry tilt. Our reconstruction algorithm
for the helical source trajectory with a tilted gantry is different
from that presented in [9]. In [9], a transformation of image
object was introduced and thus, a regridding scheme is needed
to obtain the reconstructed image. The algorithm presented
here does not require a transformation of the image object.
Instead, an effective source trajectory in the world system has
been utilized. Another important feature of this new algorithm
is that it enables variable data usage from different view
angles. Namely, the projection data acquired outside of the
pi-line segment � � >:/ ��� > 1 � may be utilized. This algorithm
was validated using computer simulations to reconstruct a
mathematical low contrast phantom.
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An exact FBPD image reconstruction algorithm for
helical cone-beam CT with a gantry tilt and N-PI

data acquisition
Shuai Leng, Tingliang Zhuang, Brian E. Nett, and Guang-Hong Chen

I. INTRODUCTION

Recently, the problem of cone-beam image reconstruction
for helical CT with a gantry tilt has attracted a lot of attention
[1]–[4]. In clinical applications, it is important to have the
flexibility to tilt the gantry. CT scan with a gantry tilt may
effectively reduce the risk of the direct X-ray exposure to the
human eyes. It is also beneficial for the observation of tem-
poral bone without suffering the metal artifact caused by the
teeth filling. Based on the developments in cone-beam image
reconstruction algorithms, a general reconstruction theory [3]
has been proposed to solve the problem of cone-beam image
reconstruction for helical CT with a gantry tilt. In this theory,
the image reconstruction problem of helical CT scan with a
gantry tilt is transformed into a problem of a virtual image
object placed in a helical CT gantry without tilt. Thus, the
image reconstruction algorithms developed for the standard
helical trajectory may be utilized to reconstruct the virtual
object. Finally, the reconstruction volume of the virtual object
is transformed back to the original image object.

In this paper, we propose a different method for the image
reconstruction problem of a helical CT scan with a gantry
tilt. In our method, the image object is not transformed into
a virtual object. Instead, we directly utilize the geometrical
properties of the effective source trajectory when the gantry is
tilted. The key observation is the existence of a generalized pi-
line for the effective scan trajectory. Although the Katsevich-
type algorithm [5], [6] for 1-pi data acquisition scheme may be
utilized to reconstruct images in our framework, we propose to
reconstruct an image object using an algorithm via filtering the
backprojection image of differentiated projection data (FBPD)
[7], [9]. The advantage of this algorithm is that it is directly
applicable to a more general case of helical scan with a gantry
tilt and N-PI data aquisition.

1Shuai Leng is with Department of Medical Physics, University of
Wisconsin-Madison, Madison, WI 53792, Email: sleng@wisc.edu

2Tingliang Zhuang is with Department of Medical Physics, University of
Wisconsin-Madison, Madison, WI 53792, Email: tzhuang@wisc.edu

3Brian E. Nett is with Department of Medical Physics, University of
Wisconsin-Madison, Madison, WI 53792, Email: benett@wisc.edu

4Guang-Hong Chen is with Department of Medical Physics and Department
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II. FBPD IMAGE RECONSTRUCTION ALGORITHM FOR THE

HELICAL SOURCE TRAJECTORY WITH A GANTRY TILT AND

N-PI DATA ACQUISITION SCHEME

A. Helical source trajectory with a gantry tilt

In this subsection, the coordinate system to describe the
helical source trajectory with a gantry tilt is introduced. As
shown in Figure 1 (a), a world system ��������� and a tilted
system �����
	����	 fixed on the gantry are introduced. The tilted
gantry may be obtained by rotating about the x axis. Since
the x-ray tube always rotates about the ��	 axis, the motion
of the source may be described as a circular motion in the������	 plane. The patient translation is assumed to be along
the negative z-direction in the world system. Therefore, in
the patient reference frame, the effective source trajectory for
helical CT with a tilted gantry may be parameterized by:

��������������������� �"!#�$�&%(')�* � 	 !,+-/. �� �10 (1)

where � is the gantry radius, + is the helical pitch.
Throughout the present paper, the unit vectors along the axes�20&�30���	405� are denoted by  �607 �807 �
	407 � . Note that  �
	8�9������:; �"!

�&%<'):= � , (1) may be explicitly written as:

��3�����>�=�?�$�@����A0&�B�&%<')���@��7:C0&�B��%('):���%('D�2! +-E. ����FG0 (2)

where : is the gantry tilt angle. This is the effective source
trajectory seen in the patient reference system. To the best of
the author’s knowledge, this equation first appeared in Noo
et al. [3]. This source trajectory is shown in Figure 1 (b).
The projection of this source trajectory onto the x-y plane isHJIK I ! L IM KONQP5RTS/U I �WV , i.e., an ellipse. Therefore this trajectory
will be referred to as an elliptical helix. This trajectory differs
from the standard helical trajectory whose projection onto the
x-y plane is a circle. Note, this source trajectory smoothly
reduces to a circular helix when the tilt angle : goes to 0.

B. Existence of PI-line for 1-PI acquisition and generalized
PI-lines for N-PI acquisition schemes

For the standard helical source trajectory, computationally
efficient and mathematically exact cone-beam image recon-
struction algorithms have been developed [5]–[10], which each
use a so-called 1-PI acquisition [15], [16]. To increase the
flexibility of the data acquisition, the 1-PI acquisition concept
has been generalized to an N-PI acquisition by extending
the detector boundary symmetrically by one or more helical
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Fig. 1. (a)The tilted system is defined as the rotation of the world system
about the x axis by an angle � . (b) A demonstration of the effective source
trajectory for helical CT with a tilted gantry, where the region of object support
is a cylinder.

pitches [11]. Geometrically, the reconstruction for 1-PI ac-
quisition mode utilizes the projection data from the source
positions which lie within the helical arc defined by the
intersection of a 1-PI line and the source trajectory. Thus, the
existence of a 1-PI line is necessary for each image point. If
the N-PI acquisition mode is used for reconstruction, then the
existence of an N-PI line, introduced below, is required.

In this subsection, we sketch the proof of the existence
of generalized PI-lines for a tilted helical source trajectory.
As shown in Defrise et al. [13], the existence of a PI-line
is equivalent to the existence of a solution to the following
equation:

��6���8�>� ��V)���8� �� �4���@�2!�� ��3�4���J��0 (3)

for �
	�� V � .�� � � ��� � � �
	�!9V � . and ���� � 0�V�� .
In terms of components, (3) may be written as:

� � ���(� V)��� ������� � � !�� �@��� � � � 0
� � �B�@���:��<��V)���8���&%<')����!�� ��%(')����� 0 (4)
� � �B��%('D:��<��VO��� ���&%(')����!�� ��%(')�����

! +-E. �(� V ���8�Q����!�� �������
In order to simplify the discussion, we introduce the following
coordinate transformations [3]:�� �G�20 �� � LNQP5RTS 0 ��"�9���B�����E'):�� (5)

Using these coordinates, (4) is rewritten as:�� � ���(� V)��� ������� ���C!�� �@��� ����� 0�� � ���(� V)��� ���&%('O���C!�� ��%(')�����>0 (6)�� � +-E. �<��V)���8�Q���>!�� �������
Formally, these equations are identical to the equations used
to determine PI-lines in a conventional helical trajectory [13].
Therefore, the effective source trajectory for helical CT with a
tilted gantry (an elliptical helix) has been reduced to a standard
circular helix. Using the fact that the transformations defined
in (5) provide a one-to-one map, the geometrical property of
the existence of 1-PI-line and N-PI-lines (for odd number and

�! �"
) naturally carries over to the elliptical helical trajectory

that corresponds to the helical CT with a gantry tilt.

C. Brief review of the FBPD algorithm for a general source
trajectory

In Zhuang et al. [9], an FBPD image reconstruction algo-
rithm, which was originally developed for a standard helical
trajectory with 1-PI data acquisition [7], has been developed
for a large class of source trajectories. In order to use the
FBPD image reconstruction formula the existence of a PI-
line or a generalized PI-line for any point inside a region of
interest (ROI) is indispensable. Denoting the projection data by#$�? %70 ����4���&�3�('*)+-,/.10 � ��8�4��� ! .  % � , this algorithm is summarized
by the following formulae:

0 � ��8���32/4�5 , �� 	76 � ��20 �� 	 �98 � �� 0 �� 	 � 0 (7)

where 6 � ��20 �� 	 ��� V
-E.$: 2 4 5; , �<>= �/� �� 0  < ��?1@ ��ACBD1E M BHGF BHIH U 0 (8)8 � �� 0 �� 	 ��� 2/J , � = �� �� 0����K �� 	 � ��3�4��� KMLLON #QP��  R BH H 0 ��3� N �S� K T�U$V 0 (9)

and # P �  R BH H 0 ��3�����S���W#O�  R BH H 0 ����4���&� �X#$� �  R BH H 0 ��8�4���&�Y� (10)

In these formulae, functions
= � � �� 0  < � and

= � � ��60���� are two
components of a factorized weighting function

= � �� 0  <[Z ��� := � �� 0  <[Z ����� = � � ��60  < � = ��� �� 0&��� . #/	��  <]\ �� 	 �4������� (11)

As shown in Zhuang et. al [9], the components
= � � ��60  < � and= � � �� 0&��� are related to one another as follows:= � � �� 0  < � 2 J , � = � � ��60���� LL � + � �� 0  < 0&����� V 0 (12)

where + � �� 0  < 0���� � �� . #Q	��  <�\ � �� � ����4�����&�&� Therefore, once the
component

= � � ��60���� is chosen, the component
= � � ��60  < � may

be readily calculated. If component
= � � �� 0&��� is a piece-wise

constant function, component
= � � ��60  < � will also be a piece-

wise constant function.
In the next subsection we will demonstrate that the afore-

mentioned FBPD image reconstruction algorithm for a general
source trajectory can be utilized to reconstruct images for
helical CT with gantry tilt and N-PI data acquisition.

D. N-PI FBPD image reconstruction algorithm for helical CT
with a gantry tilt

As shown in the previous section, the existence of a PI-line
or an N-PI-line has been established for a helical trajectory
with a gantry tilt. Examples of 1-PI-line and 3-PI-line are
shown in Figure 2. For N-PI data acquisition, an FBPD image
reconstruction algorithm can be obtained by choosing the
component

= � � ��60���� in the weighting function as follows := ��� �� 0&�����_^ V 0 %a`=�b�c�d � ��3��0�
0 otherwise 0 (13)
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Fig. 2. A visual demonstration of the concept of the N-PI lines used in this
reconstruction scheme. In this case the 1-PI line (a) and the 3-PI line (b) are
drawn for a sample image point (1,1,0), where a gantry tilt of 10 � was used.
The scan-path of projection data for the 1-PI acquisition (red) is a subset of
the scan-path of projection used in the 3-PI acquisition (green).

where, c�d�� ��3�>� � ��A � � ��3�@0���A � � ����&� denotes an N-PI-line angular
interval on the source trajectory, which is associated with an
image point

�� .
With this choice of

= � � ��60���� , = � � ��60  < � may be determined
as: = �/� �� 0  < ��� . #Q	��  <]\ � �������A � �6� ����4��A � ���&��� (14)

Using this explicit expression for
= � � ��60  < � , the kernel function6 � �� 0 ��8	 � is calculated from (8) as:6 � �� 0 �� 	 ��� V

-/.$: 2 4 � ; , �< . #/	��  <]\ �?1A�� ����&� ?I@ � A��D1E M BHGF BHIH U 0 (15)

where
�?1A�� ��3� � �������A � �)� �������A � � has been introduced. If we

align the z-axis of the vector
�<

along the N-PI-line, we obtain:6 � ��20 �� 	 ��� � V
-E. � V

�1A��B� 	A � ��� A ��� 	A � � �4� A �B� 	A �@0 (16)

where
�� and

��8	 are now along N-PI-lines, viz.
�� �;���OA�0�� A 05�1A
�

and
��8	8�;��� 	A 0���	A 0&�	A � . Therefore, an explicit one-dimensional

Hilbert filtering kernel along N-PI-line has been obtained for
the FBPD image reconstruction algorithm. For an object that
is contained within a cylindrical volume inside the gantry, a
finite Hilbert transform may be utilized to perform the filtering
process [17], [18]. Thus the FBPD image reconstruction
formula may be written as:0 � ��8� � � V

-/. � V� � �+ � � A � (17)

�
	 2�� K�F K  , � 	A�� � �+ � � 	A �� 	A �B�1A 8 � �� 0 �� H �2!�����0
where 8 � �� 0 �� H � is given in (9). The integral limits �O� + and� + are determined by the region of the image volume along
the filtering line. The filtering line dependent constant � may
be determined as [18]:� � � -E. #3�@ ?IA3� ��3�@0�� + ��� (18)

where #3�@ ?1A�� ����A0&� + � is the projection along the filtering line
with � + �G��A � � ��3� .

III. DETECTOR SIZE REQUIREMENT FOR TILT GANTRY

WITH N-PI DATA AQUISITION

In this section the required detector size for a tilted gantry
helical scan will be analyzed. A flat-panel-detector and a
third-generation scanning geometry are utilized to conduct the
theoretical analysis and computer simulations.

The Tam-Danielsson window which is used to determine
the necessary detector size for a 1-PI acquisition using a
standard helical trajectory [15], [16] has been generalized to
an N-PI window for the case of N-PI data acquisition, where
this window is determined by the cone-beam projection of N
successive helical turns to the detector plane [11]. In order
to determine the detector size, the following rotating detector
coordinate system is introduced:

 � �;�4�&%<')�A0T�1�@���7:��������A0T� �&%(' :���������� 0
 = �=� �1�@����A0��1�@��7:���%(')�A0��1�&%<'D:���%('D���A0
 �"�  = �  � � (19)

The N-PI window, i.e. the cone-beam projection of the source
trajectory

�������� onto the detector plane, can be obtained:�"� +��-/. � �@���: � � !�� �� � � ��� ��%(')� + �&%<'):O� ��� 	 .- ! ���5��� � ' �� � 0 (20)

where

� � � ! � ��%(')� + � � '): 0!� �"�"!#�>�@���� + ���E'): 0 (21)

and D is the source to detector distance.
Suppose the image function support is a cylinder with radius% . The cone-beam projection of the cylinder onto the detector

plane is bounded by two straight lines. These lines are the
cone-beam projection of two specific generating lines of the
cylinder. When the gantry is tilted, these two lines are not
parallel to each other. The equations for these two lines can
be obtained by the cone-beam projection of four special points
on the two generating lines onto the detector plane,$ @ ��!#% @ � !�� @ �b� 0 : �=V 0 - (22)

where the linear coefficients are given as below:$ @ �;�
% �@����& @ �B�B�@���� + �Q� �E'): 0% @ � �O� ! % ������& @ ������� + !�%C�&%<''& @ �&%(' � +)( �@���: 0(23)� @ � � � % ������& @ �&%(')� + �X%C�&%<'*& @ ������� +)( �@���:2� 0
with & @ �9�2!G����VJ� @ �+� ���@�� ,K.- NQP&R I V � R0/ 1 I V NQP&R I SBased upon the results presented above, assuming no axial
truncation of the projection data, the boundary of the ge-
ometric requirements for the detector is determined by the
intersection points between the boundary curves of the N-PI
window and the cone-beam projection of the function support.

Compared with the standard helical scan, the required
detector window is view angle dependent in the case of a
helical scan with a tilted gantry. It is difficult to analytically de-
termine the required detector size. Therefore, we numerically
determine the required detector size for a given set of scan
parameters. In our numerical analysis, the scanning parameters
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Fig. 3. The maximal and minimal value of the u coordinates and the
v coordinates respectively of the intersection points for a tilt angle ���������� � �	�
� � which are normalized to the respective results for a standard helix
( ��� � ) are presented. The ratio of the radius of the support cylinder of
the image function to the gantry radius is � � ��� �
� . The upper row (a-b)
correspond to a 1-PI acquisition mode: (a) Normalized maximal and minimal
u coordinates for ��� � (solid line), ��� ��� (dotted line), and ��� �
� (dashed
line). (b) Normalized maximal and minimal v coordinates for ��� � (solid
line), ��� ��� (dotted line), and ��� �
� (dashed line). The lower row (c-d)
correspond to the 3-PI acquisition mode where each column within this row
displays the analogous results as those described above for the 1-PI acquisition
mode. The view angles corresponding to the maximum and minimum values
of u and v for ����� ��������� are denoted by ( � ) for � � ��� � and ( ! ) for��� �
� � .
were: the gantry radius � �#" , the radius of the support
cylinder of the image function %�� V , the helical pitch + �b� � $
for a 1-PI acquisition and + � � � " for a 3-PI acquisition,
and the tilt angle :W� �
0�V&%('/0 " �)' . These numerical results
demonstrate that in the case of a tilted gantry the required
detector size is heavily dependent on the scanning parameters
(Figure 3).

For the ratio ,K � � � - % , the detector is slightly shorter
(along the direction parallel to the gantry rotation axis, ie.
the v direction); however, the detector must be wider (in the
perpendicular direction, ie. the u direction) so that no axial data
truncation occurs. The required detector dimensions can be
determined by the difference between the maximal value and
the minimal value of the u and v coordinates for � �W� � 0 -E. �
respectively (Figure 3).

IV. COMPUTER SIMULATIONS AND RESULTS

A. Numerical implementation

Implementation steps summarized below utilize a flat-panel-
detector geometry. Denoting the measured cone-beam projec-
tion data as #(* �0� 0 � 0&��� , the implementation steps for the N-PI

FBPD image reconstruction algorithm for a tilted helix are
summarized below:+ Differentiate the cone-beam projections#(,�� �60 �80������;� � � ! � �� LL � ! ���� LL � � LL � �S#-*��0� 0 � 0&��� (24)

+ Calculate the N-PI-line for a given image point
�� , whose

ending points are labeled by � A � � ���� and � A � � ��8� .+ Backproject the differentiated cone-beam projection data.8 � ��60 �� 	 �>�b2 V/. � M BH UV . � M BH U , � V
0 � �� 	 0���� #(,�� �60 �80���� (25)

where
�� 	 �;��� 	 0�� 	 05� 	 � ,

0 � �� 	 0&����� K �� 	 � ����4��� K 0 (26)

and the expression of
�������� is given in (2).+ Filter the backprojection image along the N-PI-line, using

a finite range Hilbert transform0 � ���� � � V
-/. � V- � � �B� A � (27)

� 	 2#� KF K , � 	A�� � � �B� 	A �� 	A �B� A 8 � �� 0 �� H �2!�� � �
In the next section the numerical studies performed using

the implementation steps described above are presented.

B. Results

In order to validate this algorithm, we have conducted com-
puter simulations using a standard 3D Shepp-Logan phantom
[14]. In all simulations the gantry radius is set to be 4. For
each helical turn, 800 uniformly distributed view angles were
used. The detector sampling was 1 �G� 1 � � � � � V2" . Each
of the images in this section is displayed using a condensed
display window of [0.95 1.05].

Several reconstructions were performed using helical trajec-
tories corresponding to 1-PI, 3-PI and 5-PI acquisitions. The
1-PI FBPD reconstruction results are demonstrated in Figure
4 where the gantry tilt is : � V�%)' and the helical pitch is

+ � � � $ . The 3-PI FBPD reconstruction results are illustrated
in Figure 5 where the gantry tilt is : � V&%(' and the helical
pitch is + � � � " . The 5-PI FBPD reconstruction results are
presented in Figure 6 where there is no gantry tilt and the
helical pitch is + �W� � - .

After reconstructing a sagital slice from the phantom it is
clear that the new algorithm survives the long object problem.

In summary the new FPBD based reconstruction algorithm
for a tilted gantry and using N-PI (N=1, 3, 5) data acquisition
has been numerically validated.

V. CONCLUSION

In this paper we have developed a robust image reconstruc-
tion algorithm for helical cone-beam CT with gantry tilt and
N-PI data acquisition. Without transforming the image object
into a virtual object, the image object may be reconstructed by
utilizing the filtering the backprojection image of differentiated
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Fig. 4. The 1-PI FBPD reconstruction results where the gantry tilt is ��� ��� �
and the helical pitch is � � ��� � : (a) Axial image, (b) central horizontal
line profile, (c) central vertical line profile, (d) Sagital image, and (e) central
horizontal line profile. In each of the density profiles the solid line corresponds
to the reconstructed result and the dashed line corresponds to the theoretical
result.

(a) (b)

Fig. 5. The 3-PI FBPD reconstruction results where the gantry tilt is ��� ��� �
and the helical pitch is � � ��� � : (a) Axial image, and (b)Sagital imag.

(a) (b)

Fig. 6. The 5-PI FBPD reconstruction results where the gantry tilt is ��� � �
and the helical pitch is � � ��� � : (a) Axial image, and (b) Sagital imaged.

projection data (FBPD) algorithm, and a geometric property of
the elliptical helical source trajectory directly from the cone-
beam projection data. The required detector size has also been
investigated and the numerical study demonstrated that it is
heavily dependent upon the scanning parameters. Numerical
simulations were conducted to validate this algorithm for 1-
PI, 3-PI and 5-PI data acquisition modes. By simply setting
tilt angle to be zero, the algorithm developed here is readily
applicable to a conventional helical trajectory with N-PI data
acquisition.
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Ì Ê�¿}À�Í�ÇvÅSÎ�Ç�¾ Ì`Ï ¿�½xÅx¼ÂÃ�Ð�»§¼ Ï Ä-Ñ�¼ÂÉpÑÒÇ�Í`½nÁp¿�Áp¿�Ä1À=Ä1É�À�½nÁp¿�Áp¿�Ä-Åj½Ó�Ô1Õ_Ö$Õ¹×�ØÚÙ�Û�Ü Ä1Ã�½Ò¼ Ï Ä-Ñv¿*Å�¿}Ã¡Ç�É�Ê�½xÅ Ì Ã�½n¼rÇ�É�Í�Å�Ç Ï À`Ä�½�Ä6Ä1Ã¡Ý Ì ¼�Å�¿}À
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Õ ½xÁ�¿Ã�Ç�Ép¿ ë ËL¿�Ä Ï ß�Å�ÇvÆQ¿}Ã�½n¼�Ç�É�Ç�Í�Ä1É�ÇvË�ÆQ¿}Ã�½�Í Ì É`Ã�½n¼rÇ�É f(~r)
Ã}Ä1É�ËL¿¿ Ü ß�Å�¿}ÊxÊj¿}À Ï Ä�½nÁp¿ Ï Ä�½n¼ÂÃ}Ä1¾�¾rÈ¤Ä1Ê

P (ud, vd, λ) =

∫ ∞

0

dt f(~r0(λ) + t β̂),
æ T ê
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(ud, vd)

Ã}Ä1É6ËL¿2Ã}Ä1¾�Ã Ì ¾ÂÄ�½x¿}À Ë�È A(ud, vd) =
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u2
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d + S2
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1

2π2
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[fbp(~r) + fbc(~r)].
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×
∫ λ2

λ1

dλ
1

|~r′ − ~r0|2
P ′(u′d, v

′
d, λ),

æon�ê

Þ Áp¿¡Å�¿

P ′(u′d, v
′
d, λ) = −

[
d~r0

dλ
· β̂
]
P (u′d, v

′
d, λ)

+ A
d~r0

dλ
· ∇ud,vdP (u′d, v

′
d, λ),

æop�ê
Ä1É�À

[xA, xB] ⊇ [xc1, xc2]
Õ Ä1É�À¤½nÁp¿�Êj¿}Ã�Ç�É`À¤½x¿¡Å Ï fbc(~r)

Ã}Ä1ÉËL¿Ò¿ Ü ß�Å�¿�Ê�Êj¿�À)Ä1Ê

fbc(~r) = P (ud0, vd0, λ1)

×
[
π
√

(2l − xB)(2l − xA)

2l − xc
+
π
√
xBxA
xc

]æ Ô�q ê

Þ Áp¿¡Å�¿ ud0, vd0
¼�Ê�½nÁp¿�Ã�Ç�Ép¿ ë ËL¿�Ä Ï ß�Å�ÇvÆQ¿�Ã�½n¼rÇ�É)ÇvÍº½nÁp¿2ßLÇ�¼ÂÉv½ ~rÄ�½f½nÁp¿*Î�¼r¿ Þ λ1

Ùsr Ç1½x¼ÂÃ�¿*½nÁAÄ�½ Û Ý Ù æmlvê�¼ÂÊ�Î1Ä1¾Â¼�À�ÍïÇ1ÅÒßLÇ�¼�É�½xÊ
~rÊxÄ�½n¼ÂÊ�ÍÂÈ�¼�ÉpÑ

xc ∈ (xA, xB)
Ù

` tvuxw�by`!azcfe g O3P�h�i�Nkj
»�Á�¿2í â ë éSã�èaÄ1¾�ÑvÇvÅx¼�½nÁ Ï Ã}Ä1É¬Ä1¾�Ê�Ç�ËL¿ Þ Åx¼r½�½�¿�É)Ä1Ê

f(~r) =
1

2π2

1√
(xB − xc)(xc − xA)

[fbp(~r) + fbc(~r)].
æ ÔvÔ ê

{<Ç Þ ¿�Î�¿¡Å Õ ½nÁp¿=å�ÅxÊj½2½x¿¡Å Ï fbp(~r)
Á`Ä1Ê*Ä)Í�ÇvÅ Ï À�¼E|L¿¡Å�¿}É�½*ÍïÅ�Ç Ï½nÁ`Ä�½<¼�É ½nÁp¿ Û Ý Ù æon�ê Õ Þ Á�¼�Ã�Á)¼�Ê�Ñ�¼�Î�¿}É¤Ë�È

fbp(~r) =

∫ λ2

λ1

dλ [(1− uc)w2 + uc w1]

×
∫ xB

xA

du′c
uc − u′c

√
(xB − x′π)(x′c − xA)

(1− u′c)w2 + u′cw1

× 1

|~r′ − ~r0|2
P ′(u′d, v

′
d, λ),

æ Ô�Ö ê
Þ Áp¿¡Å�¿ uc À�¿}ÉpÇ1½x¿}Ê�½nÁp¿<Ã�Ç�Ép¿ ë ËL¿�Ä Ï ß`Å�Ç1Æ�¿}Ã�½n¼rÇ�É�Ç�Í xc Ç�Év½xÇ2½xÁ�¿Àp¿�½x¿}Ã�½�ÇvÅ Õ Ä1É`ÀÒ¼�½ºÃ�Ä-ÉÒËL¿�Å�¿�¾ÂÄ�½x¿}Àf½xÇ

xc
Ë�È
uc = w2xc

w1(1−xc)+w2xc

Õ
Þ ¼�½nÁ w1 = − [~r0(λ1)− ~r0(λ)]·êw

Ä1É`À
w2 = − [~r0(λ2)− ~r0(λ)]·

êw
ÙSñ ½�Ã�Ä1É6ËL¿ÒÊj¿¡¿�É�½xÁAÄ�½�½nÁp¿få`¾r½xÅnÄ�½x¼�Ç�É�æ[¼ Ù ¿ ÙÂÕ ½nÁ�¿f¼ÂÉv½x¿¡ÑvÅnÄ�½n¼�Ç�ÉÇ�Î�¿¡Å
u′c
ê�¼�Ê<ßL¿¡ÅxÍ�ÇvÅ Ï ¿}À)ËL¿}ÍïÇvÅ�¿2½nÁp¿*ËAÄ1Ãxä$ß�Å�ÇvÆQ¿}Ã�½n¼�Ç�É�æ[¼ Ù ¿ Ù�Õ ½xÁ�¿¼�É�½x¿¡ÑvÅnÄ�½n¼rÇ�É Ç�Î�¿¡Å

λ
ê Ùñ É`ÊjßL¿}Ã�½x¼ÂÉpÑ Ä1¾rÑvÇvÅx¼r½nÁ Ï Ê�Ä-ËLÇ�Î�¿ Õ Þ ¿*Ã}Ä1É�Ä1¾�Ê�Ç�Àp¿}Åx¼�Î�¿*Ã�Ç�É`À�¼ ë½n¼rÇ�É�Ê�ÍïÇvÅ Ï ¼�É`¼ Ï�Ì�Ï�ë ÀAÄ�½nÄ�Ä1Ã}Ý Ì ¼ÂÊ�¼r½n¼rÇ�É�ÍïÅ�Ç Ï Þ Á�¼�Ã�Á)½nÁp¿�ã�èYéÄ1É�À¤í â ë éSã�èaÄ1¾rÑvÇvÅx¼r½nÁ Ï Ê�Ã}Ä1É Å�¿�Ã�Ç�É�Ê�½xÅ Ì Ã�½�¿ Ü Ä1Ã�½n¾�È6½xÁ�¿2¼ Ï¨ëÄ-Ñv¿¬ÇvÉaÄ8ÃnÁ�Ç1ÅnÀ§Ê�ßL¿}Ã¡¼�å�¿}ÀìË�È

λ1
Ä1É�À

λ2

Ù »�Á�¿ Ï ¼ÂÉ�¼ Ï�Ì�ÏÀ`Ä�½�ÄÒÃ�Ç�É`À�¼�½n¼�ÇvÉ`ÊYÍ�ÇvÅd½nÁp¿<ã�èYé8Ä-É`À=í â ë éSã�è�Ä1¾rÑvÇvÅx¼r½nÁ Ï ÊKÄ-Å�¿½nÁp¿Ò¼�Àp¿�Év½n¼�Ã�Ä1¾ Õ Þ Á�¼ÂÃnÁ)Ä�Åx¿<½nÁ`Ä�½2æDÄ�ê�½nÁp¿ÒÊxÃ}Ä1É6Ã¡Ç�Îv¿¡ÅnÊ�Ä1É Ä1É�Ñ Ìpë¾ÂÄ-ÅÒÅnÄ1ÉpÑv¿
[λ1, λ2]

Ä1É�À©æOËLê�Ä�½f¿�Ä-Ã�Á�Îp¼r¿ Þ λ ∈ [λ1, λ2]
Õ À`Ä�½�ÄÇ�É=½xÁ�¿�ß�Å�ÇvÆQ¿}Ã�½n¼�Ç�É�Ç�Í¹½xÁ�¿fÃnÁpÇvÅxÀ6Ê�¿¡Ñ Ï ¿}É�½ [xA, xB]

Ä�Åx¿fÄ¡ÎvÄ1¼Â¾ ëÄ-Ë`¾�¿ Ù ãK¿}Ã�Ä Ì Êj¿¨Ç�ÍdÃ�Ç�É�À`¼�½n¼rÇ�É©æOËLê Õ ËLÇ1½nÁlã�èYé(Ä1É`Àlí â ë éSã�èÄ1¾rÑvÇvÅx¼r½xÁ Ï Ê¤Ã}Ä1É�Å�¿�Ã�Ç�É�Ê�½xÅ Ì Ã�½¤½nÁp¿!¼ Ï Ä-Ñv¿!ÇvÉ#Ä�Ã�ÁpÇvÅxÀ�ÍïÅ�Ç Ï½xÅ Ì É�Ã�Ä�½x¿�À¤À`Ä�½�Ä Ù
°�} Y�öA·¹´G±@[¡²�³A¶G·A²¹¸�~�\�öMY���°

ò Ép¿�Ã}Ä1ÉlÄ1¾�Ê�Ç6Àp¿�½x¿¡Å Ï ¼�Ép¿¨Ä1É à�ò�ñ Å�¿}Ã¡ÇvÉ`Ê�½xÅ Ì Ã�½x¼�Ë`¾�¿�Ë�È Ì Ê�¿Ç�Í�Ç Ì Å ã�èYéðÇvÅ6í â ë éSã�èçÄ1¾rÑvÇvÅx¼r½nÁ Ï Í�Å�Ç Ï Ä!Ñ�¼rÎv¿�ÉìÊ�¿�½6Ç�ÍÃ�Ç�Ép¿ ë ËL¿�Ä Ï À`Ä�½�Ä Ù�W ßL¿}Ã¡¼�å`Ã}Ä1¾Â¾�È Õ Í�ÇvÅ�Ä�Ñ�¼�Î�¿}É§Ê�Ã�Ä1É�Ç�Î�¿¡Å�½xÁ�¿½xÅnÄ�Æ�¿}Ã�½xÇvÅjÈ Õ Ç�Ép¿�Ã�Ä-É�À�¿�½x¿¡Å Ï ¼ÂÉp¿6Ä1¾Â¾YÃ�ÁpÇvÅxÀ�Ê2½nÁ`Ä�½�Ã}Ä1É8ËL¿=Å�¿ ëÃ�Ç�É�Êj½xÅ Ì Ã�½x¿}À�¿ Ü Ä1Ã�½n¾�È©Í�Å�Ç Ï ½nÁp¿�Êj¿¤ß�Å�ÇvÆQ¿}Ã�½x¼�Ç�É©À`Ä�½�Ä Ù »�Áp¿¡Å�¿ ëÍ�ÇvÅ�¿ Õ Ä6Å�¿}Ã�Ç�É�Êj½xÅ Ì Ã�½n¼�Ë`¾r¿ à�ò<ñ ¼ÂÊ�½nÁp¿¨Åx¿¡Ñ�¼rÇ�É�½nÁ`Ä�½�¼�ÊÒå`¾�¾�¿}À�Ë�È½nÁp¿}Ê�¿ÒÅ�¿}Ã¡ÇvÉ`Ê�½xÅ Ì Ã�½x¼�Ë`¾�¿2ÃnÁ�ÇvÅxÀ�Ê Ùò Ì Å�ß�Å�¿�Î�¼rÇ Ì Ê�Ê�½ Ì ÀpÈ!Á`Ä1Ê�Ê�ÁpÇ Þ Él½nÁAÄ�½ Õ ¼�É�Ä¤Á�¿}¾�¼ÂÃ}Ä1¾YÊ�Ã}Ä1É Õ½nÁp¿�Å�¿}Ã�Ç�É`Ê�½xÅ Ì Ã�½n¼�Ë`¾�¿ à�ò�ñ ¼ÂÊY½nÁp¿ ×1â Î�Çv¾ Ì�Ï ¿fÊxÄ1É�À Þ ¼�ÃnÁ�¿}À�ËL¿ ë½ Þ ¿¡¿}ÉÒ½ Þ Ç�Ã Ì ÅjÎ�¿}À�Ê Ì ÅxÍ Ä1Ã�¿}Ê Õ Þ Á�¼�Ã�Á*Ä-Å�¿YÍ�ÇvÅ Ï ¿}ÀÒË�Èf½nÁp¿KÃnÁpÇvÅxÀ�ÊÃ�Ç�ÉvÎ�¿¡Å�Ñ�¼ÂÉpÑ!½xÇ�½nÁp¿¬ÊxÃ}Ä1É�É�¼ÂÉpÑ�Ê�½�Ä-Åj½6Ä1É�Ñv¾�¿
λmin

Ä1É�À�½xÇ!½xÁ�¿Ê�Ã�Ä-É`É�¼�É�Ñì¿}É�À«Ä1ÉpÑ�¾�¿
λmax

Õ Å�¿}Êjß¹¿}Ã�½n¼�Î�¿}¾rÈ Ù ò Ép¿�Ã}Ä1É�Å�¿�Ä-À ë¼�¾rÈ�ÊxÁpÇ Þ ½nÁ`Ä�½ Õ Í�ÇvÅ�½xÁ�¿�½n¼Â¾�½x¿}ÀlÁp¿�¾�¼ÂÃ}Ä1¾G½xÅnÄ-ÆQ¿}Ã�½xÇ1Å�È Õ ½nÁp¿�Å�¿}Ã¡ÇvÉ ëÊ�½xÅ Ì Ã�½n¼rË`¾�¿ à�ò<ñ ¼�ÊK½xÁ�¿ ×-â Î�Ç�¾ Ì`Ï ¿fÊxÄ1É`À Þ ¼�Ã�Áp¿}À6ËL¿�½ Þ ¿¡¿�É=½ Þ ÇÃ Ì ÅjÎ�¿}À Ê Ì ÅxÍ Ä1Ã¡¿}Ê Õ Þ Á�¼ÂÃnÁ¤Ä-Å�¿ÒÍ�ÇvÅ Ï ¿}À6Ë�È=½nÁp¿ÒÃ�ÁpÇvÅxÀ�Ê�Ã�Ç�É�Îv¿¡ÅxÑ ë¼�É�Ñ�½xÇ
λmin

Ä1É�Àf½xÇ
λmax

Õ Å�¿}Ê�ßL¿}Ã�½n¼rÎv¿}¾rÈ Ùºñ É�éS¼rÑ ÙKÔvÕ Þ ¿KÀ�¼ÂÊjß`¾�Ä¡È½nÁp¿<½x¼Â¾�½x¿}À6Á�¿}¾�¼ÂÃ}Ä1¾`½xÅnÄ-ÆQ¿}Ã�½�ÇvÅjÈ Õ Ä1É�À=½nÁp¿�Ã¡ÇvÅ�Å�¿}Êjß¹ÇvÉ`À�¼�É�Ñ*Å�¿}Ã¡ÇvÉ ëÊ�½xÅ Ì Ã�½n¼rË`¾�¿ à�ò�ñ�Ù J�¿<Ä1¾ÂÊjÇ�À`¼�Ê�ß`¾ÂÄ¡È=¼�É=éS¼�Ñ ÙdÖ ½nÁp¿<¼ÂÉv½x¿¡ÅxÊ�¿}Ã�½n¼rÇ�É�ÊÇ�Í_½nÁ�¼ÂÊ à�ò<ñ Þ ¼�½nÁ ½xÁ�Å�¿¡¿ÒßA¾ÂÄ1Ép¿�Ê�Ä�½ x = 0
Ã Ï Õ y = 0

Ã Ï Ä1É�À
z = 0

Ã Ï Ù
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x = 0
&��������'�

y = 0
&��!�-þ�������&#�

z = 0
&m����� ý�����ý�&o��
 "xý#� ��?$ûAü�ý@�ïý#&o�=�����o� ÿ�&���
 ��� ý@�ïým�=
 �=�����=���[ü�ý�� ý@��� þ���ý#�Aþ��ïý

�[ü�ýºþ��ïýQþ��Aý#��&m� �=�ïý#�����!�[ü�ý�� ý�&Qÿ���"xý��m?%���+�Oý��[ü¡þ����[ü�ý��H&Úþ�� ý@�������[ü�ý
z
B�þ�F�
 ��
 �

&o�=����
 ��ý��Oþ+��� �����Sþ�� � ý����[ü¡þ����Dü¡þ#�����f�Dü�ý
x
B%�=�

y
B�þ�F�
 �m?

ñ ½�¼ÂÊ Þ ¿�¾�¾Kä$É�Ç Þ É8½nÁ`Ä�½ Õ Í�ÇvÅ�Ä�ÊxÄ1À�À`¾r¿6½xÅnÄ�Æ�¿}Ã�½xÇvÅjÈ Õ ½nÁ�¿ ×1âÎvÇ�¾ Ì�Ï ¿f½nÁ`Ä�½�Ã�Ä-É ËL¿få`¾Â¾r¿�À6Ë�È=½nÁp¿2ÃnÁpÇvÅxÀ`Ê�¼ÂÊK½nÁp¿fÅx¿¡Ñ�¼rÇ�É Ã¡ÇvÉ ëå`Ép¿�À Ë�È6½nÁp¿2ÍïÇv¾Â¾rÇ Þ ¼ÂÉpÑ�½ Þ Ç=Ê Ì ÅnÍ Ä1Ã�¿}Ê'�

zupper(x, y) = h(1− 2y2/R2)

zlower(x, y) = h(2x2/R2 − 1).
æ Ô�× ê

»�Áp¿¡Å�¿�Í�ÇvÅ�¿ Õ ½nÁp¿KÅ�¿}Ã¡Ç�É�Ê�½xÅ Ì Ã�½n¼rË`¾�¿ à�ò�ñ ¼ÂÊG½nÁp¿ ×1â Î�Ç�¾ Ì`Ï ¿�ÊxÄ1É�À ë
Þ ¼�Ã�Áp¿}À¬ËL¿¡½ Þ ¿¡¿}É)½ Þ Ç Ã Ì ÅjÎ�¿}À�Ê Ì ÅxÍ Ä1Ã�¿�Ê Õ Ä1Ê�ÊxÁpÇ Þ É�¼�É�éS¼�Ñ Ù�×pÙ
J8¿¬Ä-¾ÂÊjÇ8À�¼�Ê�ß`¾�Ä¡È�¼ÂÉ©éS¼rÑ Ù�á ½nÁp¿)¼ÂÉv½x¿¡ÅxÊ�¿}Ã�½n¼rÇ�É`Ê¨Ç�Í�½nÁ�¼ÂÊ à�ò�ñ
Þ ¼�½nÁ�Í�Ç Ì ÅÒß`¾�Ä1Ép¿}Ê2Ä�½ x = 0

Ã Ï Õ y = 0
Ã Ï Õ z = 0

Ã Ï Õ Ä1É�À
z = −1.02

Ã Ï Ù�ñ ½¨Ã}Ä1É�ËL¿ Êj¿}¿}É!½nÁAÄ�½ Õ ½nÁ�¿�Å�¿}Ã¡Ç�É�Ê�½xÅ Ì Ã�½n¼rË`¾�¿Å�¿¡Ñ�¼�ÇvÉ`Ê Þ ¼r½nÁ�¼ÂÉ¤½nÁp¿}Êj¿�ßA¾ÂÄ1Ép¿}ÊfÄ-Å�¿Ò½nÁp¿�Ä-Å�¿�Ä1Ê�¿}É�Ã}¾rÇ�Êj¿�À)Ë�È¤½xÁ�¿¼�É�½x¿¡ÅxÊj¿�Ã�½n¼rÇ�É2Ã Ì ÅjÎ�¿}Ê Ù�ò É�¿YÃ}Ä1É2ÊxÁpÇ Þ ½nÁ`Ä�½_½nÁ�¿dÅ�¿}Ã�Ç�É�Êj½xÅ Ì Ã�½n¼�Ë`¾r¿à�ò�ñ Þ ¼�½nÁ�¼ÂÉ¬½nÁp¿�ßA¾ÂÄ1Ép¿¨ßAÄ-ÅnÄ1¾Â¾r¿}¾º½xÇ xy ë ß`¾�Ä1Ép¿¨Á`Ä1ÊÒÄ�Å�¿}Ã�½nÄ1É ëÑ Ì ¾�Ä�Å�Ê�Á`Ä-ßL¿ Ù�ñ É6ßAÄ-Å�½x¼ÂÃ Ì ¾�Ä-Å Õ Ç�É�½nÁp¿ z = 0
ß`¾�Ä1Ép¿ Õ ½nÁ�¿fÅ�¿}Ã�Ç�É ëÊ�½xÅ Ì Ã�½n¼rË`¾�¿ à�ò�ñ ¼ÂÊ*Ä)Ê�Ý Ì Ä-Å�¿ Ù�ñ É�Ä1À�À`¼�½n¼rÇ�É Õ ½nÁp¿�ÊxÄ1À�À`¾r¿�ÀAÄ�½�ÄÄ1Ã¡Ý Ì ¼�Êx¼�½n¼rÇ�É6ÁAÄ1Ê�Ä1ÉpÇ1½nÁp¿¡Å�Í�¿�Ä�½ Ì Å�¿f��ÍïÇ1Å�¿�Ä1ÃnÁ6ßLÇ�¼�É�½ Þ ¼r½nÁ�¼�É�½xÁ�¿Å�¿}Ã�Ç�É`Ê�½xÅ Ì Ã�½n¼�Ë`¾�¿ à�ò<ñ�Õ ½nÁp¿}Å�¿Ò¿ Ü ¼ÂÊ�½ Ï Ç1Åx¿f½nÁ`Ä1É Ç�Ép¿�ÃnÁ�ÇvÅxÀ ÑvÇ½nÁpÅ�Ç Ì Ñ�Á8¼�½ Ù »�Á�¼ÂÊÒß`Å�ÇvßL¿¡Åj½QÈ!Ã}Ä1É!ËL¿=¿ Ü ßA¾rÇ�¼r½�¿�À8Í�ÇvÅ�É�Ç�¼�Êj¿=Å�¿ ëÀ Ì Ã�½x¼�Ç�É Ù
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J8¿YÁ`Ä¡Î�¿�ßL¿}ÅxÍ�ÇvÅ Ï ¿�À2Ä�Ã�Ç Ï ß Ì ½x¿¡Å ë Êx¼ Ï�Ì ¾ÂÄ�½n¼�ÇvÉÒÊj½ Ì À$È�½xÇ�À�¿ Ï Ç�É ëÊ�½xÅnÄ�½x¿�Ä1É�À ÎvÄ1¾�¼ÂÀ`Ä�½x¿Ò½xÁ�¿ à�ò<ñ Å�¿}Ã�Ç�É�Êj½xÅ Ì Ã�½n¼�Ç�É¤Í�Å�Ç Ï À`Ä�½�Ä�Ä-Ã ëÝ Ì ¼rÅ�¿}À Þ ¼�½nÁ©½nÁp¿)½n¼Â¾�½x¿}ÀìÁ�¿}¾�¼ÂÃ}Ä1¾�½xÅnÄ�Æ�¿}Ã�½xÇvÅjÈìÄ1É�À©½nÁp¿�ÊxÄ1À`À�¾r¿½xÅnÄ�Æ�¿}Ã�½xÇvÅjÈ Õ Å�¿}Ê�ßL¿}Ã�½n¼rÎv¿}¾rÈ Õ Ë�È Ì Ê�¿ÒÇ�ÍºÇ Ì Å�ã�èYé©Ä1É�À)í â ë éSã�è
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High Resolution CT Reconstruction Algorithm based on Exact
Methods

Peter Koken, Claas Bontus, Thomas Köhler

Abstract— We present a new reconstruction algorithm for
helical cone-beam CT that utilises the quarter detector offset
to increase the in-plane spatial resolution of the reconstructed
images. The new algorithm is based on exact filtered back-
projection methods for an n-PI acquisition. Since the ray-offset
technique requires at least data from a full gantry rotation, n
has to be≥ 3. The new method significantly increases the spatial
resolution while maintaining the excellent low cone-beam artefact
level of the exact methods.

I. I NTRODUCTION

During the last years, efficient exact reconstruction methods
for helical cone-beam CT using data from a PI [1], 3-
PI [2], [3], and ann-PI acquisition [4] were published. These
publications focus on a proper mathematical solution of the
continuous inversion problem, while only little attention is
paid to sampling issues. For the use in medical application,
it is important to support advanced sampling features of the
acquisition system, in particular methods to improve the spatial
resolution. One possibility to increase the spatial resolution is
the so-called ray offset technique, which is originally a 2-
dimensional technique. The 1-dimensional detector is shifted
by a quarter pixel width relative to the central beam of the
X-ray source. During a 360◦ acquisition, line integrals from
opposite sides can be interleaved to one set of parallel pro-
jections with doubled density of rays, but covering 180◦ only.
The resolution can be improved, because the data acquisition
provides redundant data (360◦ of projection data), which are
sampled such, that a non-redundant data set with improved
sampling can be generated.

However, if this technique is applied to a cone-beam ge-
ometry, problems arise due to the fact that the divergence
of the beam inz-direction prohibits the generation of a non-
redundant data set with improved sampling. A way to handle
this problem in the context of the approximate WEDGE
method was shown in [5]. Here, we present a method to use
the quarter detector offset to improve spatial resolution in the
framework of the quasi-exact EnPiT reconstruction [4].

II. M ETHOD

We briefly review the main steps of the EnPiT reconstruc-
tion method [4] and point out the modifications for the high
resolution version of the algorithm. The helical acquisition
trajectory can be described by the vectory(s) pointing from
the origin to the position of the source

y(s) = (R cos s,R sin s, sP/(2π)) (1)

All authors are with Philips Research Laboratories, Sector
Technical Systems, R̈ontgenstraße 24-26, 22335 Hamburg, Germany.
Emails: peter.koken@philips.com, claas.bontus@philips.com, and
thomas.koehler@philips.com

Fig. 1. Cone-beam data are acquired using a focus-centred cylindrical
detector (left). In a first pre-processing step for the proposed high resolution
method, these data are interleaved with zero data (right).

whereR is the radius of the helix,P is the helical pitch, and
s is the angular position of the source. For every positiony(s)
on the trajectory, the measured projection dataDorg can be
described by

Dorg(y(s),θ) =
∫ ∞

0

dlf(y + lθ) , (2)

where f(x) is the object function andθ is the unit-vector
describing a ray intersecting with the focus-detector at a
certain position.

In the same manner as for the high resolution WEDGE
method [5], we now generate a second projection data set
Dii. The measured cone-beam dataDorg are interleaved
with virtual detector columns containing zero values. In other
words, the new detector contains twice the number of detector
columns as the original detector, and every second detector
column contains zero, see Fig. 1.

The first step, following the EnPiT reconstruction scheme,
is the differentiation. It is applied to both data setsDb, i.e.
Dorg andDii:

D′
b(y(s),θ) =

∂Db(y(s),θ = const.)
∂s

, (3)

Using a Fourier filter for this task provides the possibility to
reduce high frequency contributions, which is usually done
by a modified ramp filter within approximate filtered back-
projection algorithms. Here, we use this feature on both data
sets, see the next section for details. Next, the data have to be
filtered using the1/ sin γ-filter. For this, the filter directions
have to be determined, first.

A. Filter-directions and Radon-plane separation

For every source positions and for every object point at
position x, there can be more than one filter-direction. We
define the unit vectorβ pointing from the source to the object
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TABLE I

FILTER LINES AND WEIGHTSµm,q FOR THE SEPARATION OFm-PLANES IN

A 3-PI ACQUISITION.

m = 1 m = 3

q filter set weightµ filter set weightµ

1 L (R)
1

1
2

L (R)
1 − 1

2

2 P(L)
1

1
2

P(L)
1 − 1

2

3 L (R)
3 +1

point at positionx. The filter-directions can be characterised
using unit vectorse, which are perpendicular toβ [4].

We want to utilise redundancies in the data acquisition
together with the described interleaved sampling to increase
the in-plane resolution. As a matter of fact, the domain of line
integrals through the object is not appropriate to describe the
redundancies, but plane-integrals have to be used. The planes,
over which the object function is integrated, are called Radon-
planes, the value of the integration over the Radon-plane is
called Radon-value. In then-PI acquisition, which is a pre-
requisite for the EnPiT method, any Radon-value is measured
1, 3, . . . , n, or n + 2 times. Each of these measurements is
taken implicitly, when the source trajectory intersects with the
Radon-plane. We call a Radon-plane withm intersections with
the n-PI segment of the helix anm-plane. For a typicaln-
PI acquisition, the majority of Radon-planes measured are
n-planes. Radon-planes with less intersections are almost
perpendicular to the rotation axis. Obviously, an exact method
that uses the quarter detector offset to improve the spatial
resolution must take care about these different amounts of
redundancies. In order to do this, we define some filter-lines
such, that the Radon-planes with a certain number ofm
intersections are separated. In other words, we will be able to
reconstruct the individual contributions ofm-planes separately.
We define different sets of filter-lines, parameterised asL

(R)
m ,

P
(R)
m andP

(L)
m for differentm. The setL (R)

m is the usual set,
which is also used in the original EnPiT reconstruction [4].
The additional linesP(L)

m andP
(R)
m are required to separate

the contributions of Radon-planes with different numbers of
intersections with the back-projection interval. Now we can
perform the filter step for all contributions ofm-planes for
eachm with 1 ≤ m ≤ n separately:

Pm(s,β) =
Nm,f∑
q=1

µm,q

π∫
−π

dγ

sin γ
D′

b(y(s), cos γ β+sin γ em,q) .

(4)
Fig. 2 shows the filter-lines on the planar detector for the
case of a 3-PI acquisition and Table I gives the corresponding
weightsµm,q. The solid curves in Fig. 2 are the boundaries
of the 1-PI and the 3-PI window.

As mentioned before, 1-planes are measured only once, and
their contribution is not influenced by the quarter detector
offset. Consequently, their contribution is reconstructed in the
usual way using data setD′

org. For all other Radon-plane
contributions, the interleaved data setD′

ii is used. This means
that b = org for m = 1 and b = ii for m > 1 in (4). Back-

|↑
vPl

−→ uPl

|↑
vPl

−→ uPl

|↑
vPl

−→ uPl

Fig. 2. Filter lines for high resolution EnPiT reconstruction forn = 3. From
top to bottom:L (R)

1 , P(L)
1 , andL (R)

3 .

projection is performed for eachPm independently, taking into
account that we can restrict the back-projection interval to the
m-PI window for the contribution ofm-planes

fm(x) =
(−1)
2π2

1
m

∫
Im-PI(x)

ds

|x− y(s)|
wm,x(s)Pm(s,β(s,x)) ,

(5)
where Im-PI(x) is the back-projection interval of anm-PI
acquisition. Alternatively, the back-projection can be per-
formed after a further rebinning step into parallel geometry.
We have introduced the new object point and source position
dependent weighting functionwm,x(s) to take the interleaving
into account. Since the contributions from the 1-planes are
reconstructed in the usual way, we obtainw1,x(s) = 1 for
m = 1.

For the 3-planes in 3-PI acquisition, there is a threefold
redundancy inP3. We choose the weighting such, that the
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projection data ofP3 inside the 1-PI window obtains twice
the weight as the data outside the 1-PI window. This reflects
the fact, that the sampling of a Radon-plane, which is parallel
to the rotation axis, is equivalent for the intersection points
outside the 1-PI window and interleaved to the sampling at
the intersection point inside the 1-PI window. For the general
case, we introduce

J1-PI(x) = I1-PI(x) (6)

Jm-PI(x) = Im-PI(x)− I(m−2)-PI(x) for m > 1 . (7)

In other words,Jm-PI(x) is them-PI interval without the (m-
2)-PI interval. The weighting functionwm,x(s) is a piecewise
constant function defined as

wm,x(s) =



2n
n+1 for s ∈ Jk-PI(x)

with k = m,m− 4,m− 8, . . .
andk > 0

2n
n−1 for s ∈ Jk-PI(x)

with k = m− 2,m− 6,m− 10, . . .
andk > 0

,

(8)
For the most important casen = 3, we obtainw3,x(s) = 3
inside the 1-PI interval andw3,x(s) = 3/2 inside the 3-PI
interval but outside the 1-PI interval. Note that the sum of
the weights of all angular positions inside the complete back-
projection intervalIm-PI(x) always yields 2m, instead ofm.
This compensates the interleaved detector columns containing
zeroes.

The final image is computed by summing over allfm:

f(x) =
n∑

m=1
m odd

fm(x) . (9)

III. R ESULTS

The new algorithm was applied to simulated cone-beam data
of the forbild head phantom. Some additional ellipsoids were
placed opposite to the inner ear atz=0 mm in order to measure
the in-plane resolution. The periodicities of the ellipsoid
patterns range from 10 to 17 line pairs per cm. The parameters
of the 3-PI acquisition simulation are given in Table II. Poisson
noise was added to the projection data, assuming an average
number of1.8× 105 Photons reaching each detector element
during each reading. The in-plane Nyquist frequency of the
given detector corresponds to approximately 12.7 line pairs
per cm. During filtering, for the new high resolution method,
a cosine fall-off was imposed starting at 0.7 times the Nyquist
frequency (≈ 17.8 lp/cm) and reaching zero at 0.8 times the
Nyquist frequency (≈ 20.3 lp/cm). In contrast to this, for the
standard EnPiT method no low-pass filter was applied.

Results of the standard EnPiT method and the proposed
high resolution EnPiT method are shown in Fig. 3 to 6. The
new method does not introduce any cone-beam artefacts. The
contrast resolution is reduced due to an increased noise level.
But the spatial resolution of the new method is superior to the
standard EnPiT method. Fig. 5 shows the reconstruction of
the ellipsoid patterns. Structures up to 17 line pairs per cm,
which are finer than the Nyquist frequency of the original

Fig. 3. Reconstruction results for the forbild head phantom atz=6.5 mm.
Top: exact reconstruction, bottom: proposed high resolution method. Level 35
HU, window 100 HU.

detector sampling, are recovered. In contrast, they are not
visible in the standard EnPiT reconstruction. The column-plot
of the ellipsoids representing 14 line pairs per cm shown in
Fig. 6 demonstrates the difference between the standard and
high resolution EnPiT, too. It was generated from the same
simulated data as images shown in Fig. 3 to 5, but without
noise.

IV. D ISCUSSION

We presented a new method for reconstructing high res-
olution images in the framework of the quasi-exact EnPiT
method. Contributions from Radon-planes with a different
number of intersection points with the back-projection interval
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Fig. 4. Reconstruction results for the forbild head phantom, MPRs at
x=0.25 mm andy=0.25 mm. Top: exact reconstruction, bottom: proposed
high resolution method. Level 35 HU, window 100 HU.

Fig. 5. Reconstruction results for high contrast ellipsoids (800 HU)
placed inside the forbild head phantom atz=0 mm. The periodicities of the
ellipsoids range from 10 to 17 line pairs per cm. Top: phantom, middle:
exact reconstruction, bottom: proposed high resolution method. Level 260
HU, window 100 HU.

are separated. This separation seems not to be possible for the
recently published exact methods, which perform the filter-
ing on the back-projected image [6], [7]. Within the EnPiT
method, the separation makes it possible to handle Radon-
plane contributions, which are measured more than once, such
that the in-plane resolution is increased. This is achieved by
interleaving the measured data with zero data and using a
modified piecewise constant angular weighting function during
back-projection. It is known from the Fourier-slice theorem,
that Radon-planes with one intersection point contribute only
to the low frequency components of the image. Therefore, it is
valid to handle the contributions from these Radon-planes the
conventional way and make use of the redundancies of the
other Radon-planes only. The spatial resolution is increased

TABLE II

SCAN SIMULATION PARAMETERS.

Detector rows 64
Detector columns 672
Projections per rotation 1160
Fan angle 26.07◦

Detector height 72.98 mm
Table feed per rotation 21.2 mm
Distance source-rotation axis 570 mm
Distance source-detector centre 1040 mm

−3 −2 −1 0 1 2 3
0

100

200

300

400

H
U

y/cm

Fig. 6. Column plot of the ellipsoids with 14 line pairs per cm (fifth column in
Fig. 5). Dashed line: exact reconstruction, solid line: proposed high resolution
method.

without decreasing the good image quality of the quasi-exact
methods. While a 3-PI acquisition is the most important case in
clinical practice, the method can also be applied to acquisitions
with a smaller table feed. Furthermore, it can be extended to
use data outside then-PI segment of the helix, as described
in [8].
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An iterative algorithm for time-resolved
reconstruction of a CT scan of a beating heart.

B. De Man, P. M. Edic, and S. Basu

Abstract— We present a new method to image a beating heart
in CT. The method enables generation of time-resolved images
even when using a slow gantry rotation speed. This paper focuses
on the first step of a three-step approach: a new cardiac phase-
weighted iterative reconstruction algorithm. To demonstrate the
method, we imaged a rabbit heart in vivo using a flat-panel
volumetric CT system. The 2D, 3D and 4D results show a
strong reduction of motion artifacts and good preservation of the
temporal information.

I. I NTRODUCTION

One of the most challenging applications in modern CT is
cardiac CT. The ultimate goal is to reliably image the coronary
arteries, including possible stenosis and plaque, at high spatial
resolution and low image noise, while eliminating any motion
blur or artifacts. Acquisition modes can include both axial
(no table translation) or helical scan modes. The conventional
approach is to use segment reconstruction: an image is recon-
structed based on projection data that correspond to an angular
range of only about180◦ and using a short scan (or super
short scan) reconstruction method [1] [2]. The corresponding
temporal window is about half the gantry rotation period, for
example 200 ms in the case of a 400 ms gantry rotation period.
In order to further improve the temporal resolution, multi-sector
reconstruction is applied [3]: data sets from multiple cycles of
the heart and corresponding to different angular intervals, are
combined into one dataset covering the required angular range
of about180◦. Since each part corresponds to only a smaller
temporal interval in each heart cycle, the temporal resolution
is improved, ideally by a factor equal to the number of sectors,
for example 70ms for a 3-sector approach. Further improving
the temporal resolution with a third-generation geometry would
require increasing the rotation speed, which poses tremendous
challenges on the mechanics and electronics of the CT system,
or increasing the number of sectors, which might be very
challenging given that there is limited flexibility in varying
the gantry speed and table speed to account for heart rate
variability. Alternate geometries have been proposed consisting
of two or more sources and detectors [4] [5], but these are
generally considered expensive and impractical.

The authors are with the CT Systems and Applications Laboratory, GE
Global Research, 1 Research Circle, Niskayuna, NY 12309, USA. B. De
Man: Telephone: (518) 387-7730. E-mail: deman@research.ge.com. P. M.
Edic: Telephone: (518) 387-7239. E-mail: edic@research.ge.com. S. Basu:
Telephone: (518) 387-7430. E-mail: basu@research.ge.com.

II. T HEORY

We recently presented [6] a new method for imaging a
beating heart using a slow gantry rotation. The method consists
of three steps (Figure 1):

1) Phasic reconstruction: Each phase of the cardiac cycle
is reconstructed separately based on its corresponding
projection data.

2) Motion estimation: Based on all the phasic reconstruc-
tions the motion of the heart is estimated as a function
of time and location, for example using correlation-based
motion estimation techniques.

3) Combined 4D reconstruction: for each phase, a time-
resolved 3D reconstruction is performed based on all the
combined projection data, by incorporating the motion
vectors in the reconstruction process. These reconstruc-
tions can for example be achieved by warping the recon-
struction grid, combined with either direct or iterative
reconstruction.

The focus of this paper is on the first step: given a full
rotation worth of projection data corresponding to a large num-
ber of heart cycles (10-60), reconstruct images for each phase
of the heart, preserving the temporal resolution and therefore
eliminating motion blur. Consider an example scenario with
a heart rate of 60 bpm, a gantry period of 15 sec, and a data
rate of 1000 views per sec. If we assume that the duration of
one phase is 1 ms (corresponding to 1 view), we would have

Fig. 1. Flow diagram describing the method for reconstructing a beating heart
from a slow gantry rotation CT scan.
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Fig. 2. Schematic representation of the cardiac cycles and phases and their
corresponding angular ranges.

Fig. 3. Flow diagram describing the corrected FBP method.

a total of 1000 phases and only 15 views to reconstruct each
phase (illustrated in Figure 2). Increasing the duration of each
phase to 20 ms (corresponding to 20 views), we would have a
total of 50 phases and15× 20 views per phase, still angularly
grouped and therefore sparsely sampled. Given the sparse view
sampling, a conventional reconstruction algorithm would results
in severe view aliasing artifacts [7].

In a first attempt to reduce the view artifacts in a conventional
FBP reconstruction, we use the fact that most view aliasing
artifacts originate from outside of the cardiac region as well
as from bone structures inside the cardiac region. As shown in
Figure 3, we first perform an FBP reconstruction of the entire
scan field-of-view (FOV) using all the projection data, resulting
in an image with all the heart motion blurred out, but with
good detail in the non-moving regions. We then take the non-
cardiac region together with all the thresholded bones inside
the cardiac regions, reproject those, and subtract the reprojected
sinogram from the measured sinogram. Applying FBP to this
new corrected sinogram results in significantly reduced (but still
disturbing) view aliasing artifacts.

A second and preferred method uses iterative reconstruction.
Iterative reconstruction allows one to assign weights to each

Fig. 4. PW-MLTR is based on a conventional iterative reconstruction algorithm
in which the airscan has been synthetically downscaled outside the phase of
interest.

of the projection data, whether it is a weighted least squares
approach [8] [9] or a maximum likelihood approach [10] [11].
If we applied conventional iterative reconstruction (where the
weights are based only on the actual projection data values)
to the full sinogram, we would get an image with all the car-
diac motion blurred out. Similarly, if we applied conventional
iterative reconstruction to only the part of the projection data
corresponding to a certain phase, we would get severe view
aliasing artifacts (although iterative reconstruction by itself is
somewhat more robust against aliasing artifacts than FBP).
Instead, we chose to give a high weight to all the projection
data corresponding to the phase being reconstructed (or nearby)
and a low weight to all the other projection data. We achieve
this by using the MLTR algorithm (maximum likelihood for
transmission, [12]) and synthetically dividing the airscan by a
factor of 1000 in the low weight angular intervals (Figure 4).
We call this phase-weighted MLTR (PW-MLTR). Given that
the data of the phase of interest has much higher weight, the
temporal information is well preserved. And given that the data
outside of the phase of interest is also used, but only in the
absence of any more reliable information, the view aliasing
artifacts are strongly reduced.

Further improvements include initializing with a smoothed
FBP reconstruction (with or without artifact correction) and
performing iterative reconstruction only on a smaller region
including the heart, optionally using the corrected data. The
procedure is shown in Figure 5. There are a lot of choices
for the weighting function: change the range of ’good’ views,
combine the phasic weighting with statistical weighting, use
smoothly varying weighting windows, etc.

III. E XPERIMENTAL RESULTS

We scanned a rabbit heart (contrast-enhanced)in vivo using
a flat-panel VCT prototype [13] (Figure 6 and Figure 7) with
1024× 370 (200µm)2 detector cells, a mag of 1.5, and a focal
spot size of 0.7 mm× 0.9 mm.

In a first experiment (Figure 9), we acquired data for one
single 18 sec rotation spanning 45 cardiac cycles corresponding
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Fig. 5. Flow diagram describing PW-MLTR. PW-MLTR is initialized with a
static reconstruction, and only the cardiac region is updated in every iteration.
The icons on the right show which part of the data is used in each step.

Fig. 6. Schematic representation of a flat-panel volumetric CT system.

to an average heart rate of about 150 bpm. Hence only 45
views are available for each of the 45 phases. In a second
experiment (Figure 8), we acquired data for one single 18 sec
rotation spanning 54 cardiac cycles corresponding to an average
heart rate of about 180 bpm. Hence only 54 views are available
for each of the 40 phases. We applied FBP reconstruction with
corrections and compared it to PW-MLTR reconstruction, as
described above. Even though this is only the first step of
the method and the results are best viewed as a movie (4D),
Figure 9 and Figure 8 show a partial reduction of view aliasing
artifacts in the FBP reconstructions, and almost complete
elimination of artifacts using the PW-MLTR reconstruction.
The most convincing results are the movies we produced of
the 4D dataset, showing a beating rabbit heart with complete
preservation of the temporal information.

Fig. 7. Picture of the flat-panel volumetric CT system.

IV. CONCLUSIONS

We presented a new method for imaging a beating heart
using a slow gantry rotation, and we presented two methods
for generating phasic reconstructions of the heart in a sparse
view sampling situation. Images and movies of the beating
heart were obtained using both methods and compared. The
algorithms result in a dramatic improvement in image quality
compared to conventional reconstruction algorithms. Motion
artifacts are strongly reduced and the phase information is very
well preserved. Research with respect to the motion estimation
step and the final combined reconstruction step is on-going.
We are also considering extensions such as combining the FBP
corrections with a PW-MLTR approach.
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(a)

(b)

Fig. 8. Experiment 2: two longitudinal reformations corresponding to two
different phases of the cardiac cycle of a rabbit heart scanned with a flat-
panel VCT system using an 18 sec gantry period. Both images correspond to
PW-MLTR reconstructions.

(a)

(b)

Fig. 9. Experiment 1: reconstructions of a beating rabbit heart scanned with
a flat-panel VCT system using an 18 sec gantry period: (a) corrected FBP and
(b) PW-MLTR.
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Motion compensated cone beam filtered back-projection for

3D rotational X-ray angiography: A simulation study

Dirk Schäfer, Jörn Borgert, Andreas Engler, Michael Grass

Abstract— This paper presents a method to reconstruct moving
objects from cone beam X-ray projections acquired during a sin-
gle rotational run using a given motion vector field. The method
is applicable to voxel driven cone-beam filtered back-projection
reconstruction approaches. Here, a formulation based on the
algorithm of Feldkamp, Davis and Kress (FDK) is presented.
The motion correction is applied during the backprojection
step by shifting the voxel to be reconstructed according to the
motion vector field. The method is applied to 3D rotational
X-ray angiography. Projections from a beating coronary heart
phantom are simulated. A motion-compensated reconstruction
is carried out for a late diastolic heart phase and compared
to the reconstruction obtained with the standard FDK-method
from projections of the corresponding motion-free model in the
same heart phase. With the motion-compensated reconstruction,
the image quality of the standard reconstruction from the
corresponding motion-free coronary model can be recovered.
The motion-compensated reconstructions provide sharp images
of the coronaries far surpassing the image quality of gated
reconstructions.

I. INTRODUCTION

Patient motion during any kind of tomographic imaging
leads to inconsistent data and hence to artifacts such as blur-
ring and ghost images. Therefore, motion has to be avoided or
compensated. Fixation is often difficult or impossible [18]. The
vast majority of the presented motion compensation methods
in literature focuses on how to obtain consistent projection data
that all belong to the same motion state and use this sub-set
of projection data for reconstruction. Using multiple of such
sub-sets, different motion states of the measured object can be
reconstructed [17][13][12][19].
Grangeat et al. proposed a parallel re-binning cone-beam
backprojection method to compensate for object motion and
time evolution of the X-ray attenuation [8][2]. A motion field
is estimated by block matching of sliding window reconstruc-
tions, and consistent data for a voxel under consideration is
approximated for every projection angle by linear regression
from temporally adjacent projection data from the same di-
rection. The filtered projection data for the voxel is chosen
according to the motion vector field. The latter idea is adapted
in our paper.
Few algorithms are presented, that can be used in case of a
single rotational acquisition, e.g. C-arm based cone beam CT
[9][11][4][5]. Blondel et al. [1] used a precomputed motion

All authors are with Philips Research Hamburg, Roentgenstraße 24–26,
22335 Hamburg, Germany. Email: dirk.schaefer@philips.com,
joern.borgert@philips.com, andreas.engler@philips.com,
michael.grass@philips.com

vector field to modify the projection operator and calculate a
motion-compensated reconstruction with ART.
In the presented paper, a given motion vector field is incorpo-
rated into a voxel-driven filtered back-projection reconstruc-
tion algorithm. The motion correction is applied during the
backprojection step by shifting the voxel to be reconstructed
according to the motion vector field. The motion field can
be estimated using coronary modeling approaches [14][1],
however, this problem is not addressed in this paper.

II. RECONSTRUCTION METHOD

A filtered back-projection method for the reconstruction of
3D objects from 2D projections obtained along a circular
source trajectory has been suggested by Feldkamp, Davis
and Kress [7]. The proposed motion correction reconstruction
method compensates the motion of a voxel during the back-
projection step. It is assumed that a motion vector for every
voxel is known. The motion vector field mλ0

= m(x, λ0, λ)
specifies the displacement of a voxel x at the time corre-
sponding to the source position S(λ0) to the location of
that voxel at the time corresponding to the source position
S(λ) (see Fig. 1). For a given motion vector field mλ0

, the
reconstruction algorithm is modified according to Eq. (1) (see
top of second page). This means, that for the reconstruction
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Fig. 1. Geometry for motion-compensated FDK-reconstruction formula.

of a voxel at position x at the time corresponding to λ0,
the filtered detector value corresponding to the ray passing
through (x+m(x, λ0, λ)) is post-weighted and backprojected.
For a stationary object point, this formulation simplifies to
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f(x, λ0) = π

∫

Λ

SO
2

|SO − (x + mλ0
) · Ŝ(λ)|2

∞∫

−∞

SO

SA(x + mλ0
)
Xf(p′, q(x + mλ0

), λ) hR(p(x + mλ0
) − p′) dp′dλ (1)

with: hR(ρ) =

∞∫

−∞

|P |ej2πρP dP, p(x, λ) =
SO x · p̂

SO − x · Ŝ(λ)
, q(x, λ) =

SO x · q̂

SO − x · Ŝ(λ)

a b c d

Fig. 2. (a) Sample points for the motion field of the LCA tree. (b) Sample points of the LAD for the first 17 projection frames covering a complete cardiac
cycle. (c) Corresponding sample points of the LAD of subsequent cardiac phases are connected, and (d) of gated models.

Feldkamp’s original approach, while the motion vector field
is applied to moving object points during the reconstruction
process. The algorithm can be broken into the four well-
known steps: 1. pre-weighting, 2. filtering, 3. post-weighting
and 4. backprojection. Pre-weighting and the filtering can be
carried out as usual. Just the right detector value has to be
picked and post-weighted appropriately in the back-projection
step.
The impact of the motion compensation on the redundancy
compensation for a circular short scan known as Parker
weighting [15] has not been included in this study. For sparse,
high contrast objects like contrast filled vessel trees, we do not
expect that this effect is significant.
The motion vectors are usually known at a certain number of
positions (e.g. centerlines, marker, landmarks, etc.). Therefore,
a motion vector has to be interpolated for every voxel to be
reconstructed. The interpolation of the motion vector field
is achieved by three-dimensional Thin-Plate-Spline warping
[3],[16].

III. CORONARY ANGIOGRAPHY SIMULATION STUDY

The motion-compensated reconstruction method is applied
to a simulated coronary angiography data set. The coronary
artery model presented by Dodge et al. [6] has been extended
to a fully continuous, periodic model by spline interpolation
of the transformation matrices in the temporal domain [10].
The modeled heart beat rate is 90 beats per minute. The
minimal and maximal coronary diameter are 0.8 mm and

3.5 mm, respectively. Rotational angiography projection data
of the coronary artery tree, which is filled with contrast agent
throughout the acquisition, are simulated along a circular
trajectory sampled equally spaced with an angular coverage
of 240 degree. During an 8 second scan, 200 projections are
simulated. Each projection image is assigned to a specific
phase within the cardiac cycle. A voxel representation of
the coronary model is calculated for every time point cor-
responding to the acquisition of a projection. Every 3D voxel
model is calculated on a 5123 grid covering a volume of
(140 mm)3. Partial filling of voxel with coronary branches is
incorporated by adjusting the attenuation value according to
the volume fraction covered by the vessel. The attenuation
for a voxel completely filled with a coronary vessel is set
to 1000 Hounsfield units (HU). Every simulated projection
is calculated from the corresponding 3D voxel model using a
detector size of (200 mm)2 with 5122 pixel. The focus-detector
distance is 1150 mm with a magnification factor of 1.37.
The centerlines of the coronary model in every motion state are
stored and used for the calculation of the motion vector field.
For this purpose, the whole LCA centerline tree is sampled
by 116 points, which is shown in Fig. 2a. The left coronary
artery (LCA) consists of the left circumflex (LCX) and the
left anterior descending (LAD) coronary artery and their sub-
branches on the left and right side of Fig. 2a, respectively.
The sample points of the LAD are plotted in Fig. 2b for the
first 17 projection frames, that cover a whole cardiac cycle.
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The plotted lines connect neighboring LAD points of the same
cardiac phase. In Fig. 2c every third LAD point of Fig. 2b is
shown, where the lines now connect the corresponding sample
points in subsequent cardiac phases. These correspondences
define the motion vector field at the location of the sample
points. The heart is projected in exactly the same motion state
only every third cycle (i.e. every 50th projection), because
of the frequency mismatch of the heart rate (1.5 Hz) and
the projection acquisition rate (25 Hz). This leads to residual
motion inconsistencies for gated reconstruction approaches.
This effect is visualized in Fig. 2d, where the LAD sample
points are plotted for all available motion states corresponding
to nearest neighbor gating around a phase point of 66% with
respect to the whole cardiac cycle. The maximal and mean
deviation of the sample points of the LCA tree at the time
positions of the gated frames from their position corresponding
to the motion state at projection Nr. 11 (exactly 66%) are
1.1 mm and 0.3 mm, respectively. Considering all 200 LCA
models these maximal and mean deviations are 16.1 mm and
4.1 mm. For the specific coronary model corresponding to a
phase point of 66% (projection Nr. 11) a complete rotational
run with 200 projections is simulated to obtain a reference
reconstruction without motion.

IV. RESULTS

A standard reconstruction, an ECG-gated reconstruction and
a motion-compensated reconstruction have been carried out to
evaluate the presented method. All reconstructions use a 3D
cube of (100 mm)3 in size with 2563 voxel.
A volume rendered view of the standard reconstruction is
shown in Fig. 3a. In the distal part of the LAD ghost images
appear. The LCX, the majority of the small branches and the
main bifurcation are severely blurred.
A volume rendered view of a gated reconstruction from
12 projections is shown in Fig. 3b. A nearest neighbor gating
has been applied for a phase point of 66% with respect to the
whole cardiac cycle, i.e. a late diastolic phase point has been
chosen. There are no ghost images visible for the distal part
of the LAD, however, the distal tip of the LAD is still missing
and streak artifacts dominate in the upper part of the LCA.
A volume rendered view of a motion-compensated reconstruc-
tion is shown in Fig. 3c. The 3D centerline corresponding to
projection Nr. 11 is used as reference motion state, which
belongs to the 66% cardiac phase. The complete LCA tree
is reconstructed very sharp. Visually, the reconstruction can
not be distinguished from the reference reconstruction without
motion (see Fig. 4).
The root mean squared differences (RMSD) of the four
above mentioned reconstructions with respect to the voxel
model have been computed are listed in Table I. The RMSD
for the motion-compensated reconstruction is significantly
reduced with respect to the standard and gated reconstruction.
However, the static reconstruction exhibits an even smaller
RMSD. Compared to CT acquisition protocols the number
of acquired projections with 3D X-ray angiography is small
causing significant streak artifacts for high-contrast objects like

TABLE I

reconstruction RMSD [HU]
standard 64
gated 154
motion-compensated 45
static 26

contrast agent filled vessels. The RMSD as an image quality
measure is biased by these artifacts.
For visual inspection of the image quality, axial slices of the
difference images of the standard, the gated and the motion-
compensated reconstruction with respect to the static refer-
ence reconstruction are shown in Fig. 3d-f. For the motion-
compensated reconstruction, the difference decreases in the
central part of the vessels to zero. Streak artifacts and motion
vector interpolation errors are responsible for the residual
deviation.

V. CONCLUSIONS

A flexible reconstruction method has been presented, that
allows the recovery of the image quality of a reconstruction
from a corresponding motion-free object provided that the
correct motion vector field is given. The motion-compensated
3D coronary angiography reconstructions show the potential
of the method for the 3D quantitative analysis of vascular
structures and anomalies.
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Fig. 3. Volume rendered views of reconstructions from simulated coronary projections: (a) standard, (b) gated, (c) motion-compensated and (d)-(f)
corresponding axial difference slices to the static reference reconstruction with level/window 0/1000.
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Fig. 4. Volume rendered cranio-caudal view of (a) static reference reconstruction and (b) motion-compensated reconstruction.
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Complimentary Reconstruction Algorithm  
for Low-dose CT Cardiac Imaging
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Abstract—Cardiac imaging with computed tomography (CT) 
is one of the most recent advancements in CT clinical 
applications.  Because of the low helical pitch employed in 
most of the cardiac acquisition protocols, radiation dose to 
patient is quite high.  In this paper, we propose a different 
data acquisition protocols that potentially presents a 67-83% 
dose reduction.  The key to the proposed protocol is the large 
volume coverage (40mm) enabled by the VCT scanner.  
Compared to an average heart size of 12cm to 16cm, the new 
VCT scanner is capable of covering the entire organ in 3 to 4 
steps.  In conjunction with the new acquisition, we present a 
complimentary reconstruction algorithm that overcomes the 
lack of projection samples in certain local regions.  Computer 
simulation and phantom experiments were conducted to 
validate our approach.  

Keywords: computed tomography; cardiac imaging, cone 
beam reconstruction, complimentary dataset  

I.  INTRODUCTION 
Only a few years ago, CT cardiac imaging is rarely 

discussed by either research scientists or clinicians.  Two 
major technology advancements are key to the recent 
growth in cardiac applications with conventional CT 
scanners [1].  The first is the faster scan speed of the state-
of-the-art scanners.  Scanners are now capable of rotating at 
0.35s per gantry rotation or faster.  Compared to a typical 
scan speed of one second per gantry rotation nearly a 
decade ago, this represents a factor of three improvement in 
terms of temporal resolution.  Although the scan speed is 
still slower as compared to an electron beam scanner, 
advanced reconstruction algorithms partially compensate 
for some of the deficiencies.  The second advancement is 
the introduction of multi-slice CT.  State-of-the-art scanners 
collect up to 64 projections simultaneously.  This allows a 
large coverage of the heart at sub-millimeter slice thickness.  

The most challenging CT cardiac application is 
coronary artery imaging (CAI).  The objective is to 
visualize the vascular structure of the heart to detect stenosis 
or narrowing of a vessel.  It also enables physicians to 
examine the dynamic motion of the muscles to detect 

abnormalities.  To visualize the narrowing of a small vessel, 

CT scans not only have to freeze the cardiac motion (higher 
temporal resolution) but also need to accurately depict the 
size of the vessel (higher spatial resolution).  

To reduce the impact of cardiac motion, CAI data 
acquisition relies on the assistance of EKG signals to 
indicate the phase of the heart.  Many studies have been 
conducted in the past to develop algorithms and protocols 
[2-13].  Figure 1 shows an example of a recorded EKG 
signal.  To ensure the reconstruction is performed at the 
same phase of the cardiac cycle, the data reconstruction 
window (shown by the shaded rectangles in the figure) is 
selected at the same location relative to the R-to-R interval 
of the EKG.  

In CAI studies, low-pitch helical mode is employed to 
ensure that the entire heart volume is properly covered.  
For illustration, we plot the detector row position as a 
function of time in Fig. 2.  In this figure, the cardiac cycles 
are separated by horizontal dotted lines.  The detector-row 
locations are depicted by the solid diagonal lines.  Every 
point on these lines represents a single-row projection 
collected at a certain z location and a particular time 
(therefore a particular projection angle).  For simplicity of 
illustration, we depict a four-row system.  The shaded 
boxes in the figure show the reconstruction windows for 
the cardiac images.  These boxes, therefore, depict a unique 
set of time intervals and z-locations.  Width of the box 
represents the volume in z that can be covered with 
reconstructions corresponding to a particular cardiac cycle.  
The adjacent set of reconstructions take place only after the 
heart reaches the same cardiac phase in the next cardiac 
cycle.  If the combination of gantry speed and helical pitch 
is not properly selected, the entire heart volume will not be 
uniformly covered in the reconstructed images.  For 
example, if the table travels too fast (helical pitch is too 
high), gaps will be present between adjacent volumes as 
shown in the figure.  Although small gaps could be filled 
by image space interpolation, larger gaps will lead to 
discontinuities and artifacts in the volume rendered images.  
This is particularly problematic when considering the 
variation of heart rate in a typical patient.    

Jiang Hsieh is with Applied Science Lab., GE Healthcare Technologies,
3000 N. Grandview Blvd., W-1190, Waukesha, WI 53188 USA.
Telephone: (262) 312-7635.  E-mails:  jiang.hsieh@med.ge.com. 
All other authors are with GE Healthcare Technologies, Waukesha,
Wisconsin, USA. 

To ensure complete volume coverage, helical pitches 
between 0.1 and 0.3 are commonly used to account for the 
worst case scenario.  This translates to a higher dose to 
patients since regions exposed to the x-ray radiation are 
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highly overlapped.  Note that in a typical helical scan, the x-
ray is continuously turned on.   
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Fig. 1 Illustration of EKG-gated data reconstruction 

To reduce x-ray dose, the current to the x-ray tube is 
modulated such that the current is reduced outside the 
reconstruction window.  Despite of these efforts, cardiac 
imaging remains to be one of the highest x-ray dose 
applications in CT.  In this paper, we propose a different 
acquisition technique that allows significant reduction of x-
ray dose to patient.  Due to the non-uniform coverage of the 
scanned volume, a complimentary reconstruction technique 
is developed to ensure the fidelity of the reconstructed 
images. 
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10mm in z at iso-center when acquiring 0.625mm slices, 
while LightSpeed VCT64 covers 40mm in z.  Compared to a 
typical heart size of 12 to 16cm, the 64-slice scanner is 
capable of covering the entire heart in 3 to 4 steps, as shown 
in Fig. 3.  Considering inter-scan delays of roughly 1s, the 
need for helical acquisition is significantly reduced.   

 

 

 

 

 

 

Fig. 3 Illustration of step-and-shoot cardiac scan 

For analysis, let us compare the acquisition time at a 
gantry speed of 0.4s per rotation.  Helical data acquisition 
completes a CAI study in roughly 5s.  If a step-and-shoot 
mode is used, the study can be completed in 7s.  It has been 
shown that for CAI, image quality and artifacts are directly 
linked to variations of patient heart rate during the scan.  A 
recent study of 92 EKG signals has shown that by reducing 
the data acquisition time from 20s to 7s, the standard 
deviation in heart rate reduces form 5.74 to 4.54, a 20% 
reduction.  This translates directly to an improved image 
quality and reduced motion artifacts.  As the number of 
detector row increases, the time difference between the two 
scan modes will become smaller.  When the volume 
coverage is sufficiently large, the step-and-shoot acquisition 
will be superior to the helical mode in term of acquisition 
time.  

There are several advantages of the proposed scan 
protocol.  The first is the improved ability to deal with 
irregular heart rate.  Note that the patient table will not 
index to the next location until a good dataset is collected.  
When abnormal EKG signal is detected, the scanner simply 
waits for the next cardiac cycle.  This is difficult to 
accomplish with the helical mode. 

The second advantage is the significantly reduced x-ray 
dose to patient.  Note that x-rays can be turned on only 
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during the active data acquisition and reconstruction phase 
of the heart and completely off during other phases.  
Because of the data acquisition timing and location can be 
treated independently, the gating is more effective.  Even 
for the case in which all cardiac phases need to be acquired 
and reconstructed, the acquisition mode ensures that there is 
no x-ray exposure overlap in the covered regions.  That is, 
all the regions are scanned only once, unlike the low-pitch 
case where majority of the volume is scanned multiple 
times.  Careful analysis has shown that this translates to a 
67% to 83% reduction in dose. 

To improve temporal resolution, half-scan is typically 
used in image reconstruction.  In half-scan mode, 
projections over the projection angle of π+2γm are used 
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instead of 2π, where γm is the fan angle of the detector.  A 
FDK-based reconstruction formula can be described by the 
following equation [14]: 

×
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where w(s, β) is the well-known half-scan weight [15]: 
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Here, D is the source to iso-center distance, s and v are the 
projection channel and row locations corresponding to the 
reconstructed pixel (x, y, z), β is the projection angle, and γ 
is the detector fan angle corresponding to s. 

For step-and-shoot acquisition mode, it is well known 
that the completely sampled region is less than a cylindrical 
disc with its height equal to the detector iso-center 
coverage.  The cone beam geometry reduces the coverage of 
each projection to a region with areas much narrower than 
the desired volume near the source, as shown in Fig. 4.  If 
proper attention is not paid, image artifacts will result even 
in the case of step-and-shoot scans over 2π angular range 
[16].  The artifact level increases significantly for the half-
scan case. 

Although in theory one could reduce the reconstructed 
volume to the smallest coverage of the cone beam to avoid 
missing samples, it results in an unnecessary increased dose 
to patient.  Note that for a typical CT scanner geometry, a 
46% reduction in the reconstructed volume will result if this 
approach is utilized.  To overcome this difficulty, we 
propose the following approach.  Note that because of the 
cone beam geometry, the region closer to the detector 
covers a z-extent that is significantly higher than the 
coverage at iso.  Therefore, if we consider two projections 
that are spaced one detector width (at iso) apart and their 
projection angles differ by π, there is little sampling gap in 
the reconstructed volume.  The two projections, therefore, 
form a complimentary pair. 

Unfortunately, cardiac acquisitions require the data 
acquisition to be synchronized with the cardiac cycle.  It is 
impossible to ensure that the projection angle of the current 
half-scan and its neighboring scans differ by exactly π.  
However, since the patient heart rate is known prior to the 
data acquisition, we can always selecting a gantry speed to 
ensure that the center angles of the two neighboring scans 
differ within a range of the π angle: 

ΓπββΓπβ ++≤≤−+ ABA  (3) 

where Γ is a parameter shown in Fig. 5, βA and βB are the 
center projection angles of the neighboring half-scans.  
Analysis and experiments has shown that Γ=π/4 works quite 
well.  
 

 

 

 

 

 

Fig. 4 Reduction in coverage due to cone beam geometry 

Next, we want to make use of the neighboring scans 
during image reconstruction.  In the reconstruction process, 
we combine the contributions of the neighboring halfscans 
to compensation for the missing sampling regions in any 
halfscan alone.  The projection dataset first undergoes a 
row-by-row fan-to-parallel beam rebinning.  For each 
projection sample, pA(s, v, β), we examine the neighboring 
projection sample, pB(s’, v’, β’), where |β’−β|=nπ with n 
being an integer.  By comparing v and v’, a weighting 
function, ξΑ(x, y, z), is defined during the backprojection 
step of the reconstruction: 
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The same set of calculations are carried out for the ajacent 
scan to produce image fB(x, y, z).  The final image, f(x, y, 
z), is then the summation of the neighboring 
reconstructions: 

),,(),,(),,( zyxfzyxfzyxf BA +=  (6) 

III. 

IV. 

EVALUATION 
To evaluate the proposed reconstruction algorithm, we 

performed both computer simulations and phantom 
experiments.  The goal of the experiment is to ensure that 
the proposed reconstruction algorithm does not produce 
artifacts or distortions in the region where sampling “gap” is 
present. 

For the evaluation, we used helical scan to provide the 
“gold standard”.  Note that in helical mode, the volume 
coverage in z is highly uniform.  We select a helical pitch of 
1:1 to ensure that projection extrapolation is not required in 
the reconstruction. 

We first performed phantom experiments with a water-
filled balloon which inflates and deflates triggered by the 
input EKG signal.  The phantom was scanned with both 
helical and step-and-shoot mode.  For the step-and-shoot 
case, four datasets were acquired with each scan spaced by a 
distance equal to the detector coverage at the iso-center.  
Reconstructed images from the step-and-shoot mode were 
compared with the helical mode.  Little difference can be 
observed in terms image quality. 

Next, we scanned phantoms with more complex internal 
structures.  We scanned a large apple and a large onion.  
Sagittal images were then generated to examine the 
potential degradations of the image due to the sampling 
gaps.  The reconstructed images are shown in Figs. 6 and 7.  
Compared to the helically reconstructed images, little 
difference in image quality can be observed.  This again 
demonstrates the fact that the proposed correction 
adequately compensate for the missing projection samples. 

CONCLUSION 
In this paper, we proposed a new acquisition and 

reconstruction approach for cardiac CT imaging.  The 
proposed approach has the advantage of a significantly 
reduced dose to patient, due to the fact that overlaps in the 
scan volume are completely eliminated.  Because of the 
cone beam geometry and the use of half-scan 
reconstruction, the reconstructed volume is not adequately 
samples in all regions.  To overcome this shortcoming, we 
propose a reconstruction algorithm that makes use of 
complimentary samples in the adjacent scans (Because of 
the data acquisition is gated by the EKG signal, neighboring 
scans rarely provide completely complimentary data).  The 
proposed reconstruction algorithm employs a pixel 

dependent weighting function to ensure the contribution to 
the final image is scaled with the quality of the data.  Both 
projection and image domain algorithms are presented.  
Extensive computer simulation and phantom experiments 
were conducted.  Results have shown that the proposed 
reconstruction provides image quality that is comparable to 
that obtained with the helical scan mode. 

 
 (a) (b) 

Fig. 6 Sagittal view of a reconstructed apple 
(a) helical scan collected at 1:1 pitch 

(b) multiple step-and-shoot half-scans 
 

 
 (a) (b) 

Fig. 7 Sagittal view of a reconstructed onion 
(a) helical scan collected at 1:1 pitch 

(b) multiple step-and-shoot half-scans 
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Improvement of the temporal resolution of cardiac
CT reconstruction algorithms using an optimized

filtering step
Sébastien Roux, Laurent Desbat, Anne Koenig and Pierre Grangeat

Abstract— In this paper we study a property of the filtering
step of multi-cycle reconstruction algorithms used in the field of
cardiac CT. We show that the common filtering step procedure
is not optimal in the case of divergent geometry and decrease
slightly the temporal resolution. We propose to use the filtering
procedure related to the work of Noo at al [7] and show that
this alternative allows to reach the optimal temporal resolution
with the same computational effort.

I. I NTRODUCTION

Modern scanners using helical acquisition and fast rotation
speed can now be used in cardiac imaging [8]. However
due to the still limited temporal resolution of the gantry,
dedicated reconstruction methods have to be used. A wide
class of algorithms typically use a periodicity hypothesis on
the temporal evolution of the heart to improve the quality of
the reconstructed images.
Despite these progresses, the temporal resolution is still insuf-
ficient to freeze the motion of the heart along all the cardiac
cycle for all heart rates. In this paper, we show that the current
algorithms in cardiac CT make a approximation in the filtering
step, which decreases slightly the temporal resolution. We
propose a simple modification using Noo et all [7] work on
the so-called very short scan approach to improve the filtering
step.
We first give some properties of the temporal resolution in
periodic CT in section II. Then we point out in section III
the approximation made in the current cardiac CT algorithms
concerning the filtering step. We propose our modification of
these algorithms in section IV and illustrate the gain in section
V.

II. B EST REACHABLE TEMPORAL RESOLUTION IN

DIVERGENT BEAM PERIODICCT

In this section we calculate the best temporal resolution
achievable in cardiac CT where the evolution of the object
is supposed to be periodic in time in the case of a divergent
beam acquisition geometry.

sebastien.roux@freesbee.fr; this work was mainly done during a PhD at
the TIMC-IMAG and CEA LETI laboratories, granted by CNRS and CEA;
L. Desbat is with TIMC-IMAG, Joseph Fourier University of Grenoble, UMR
CNRS 5525; A. Koenig and P. Grangeat are with LETI, CEA-DRT, Grenoble;
This work is supported by an ACI GRID grant (CiGri, Ministère de la
Recherche) and the Grant RAGTIME of the Région Rĥone-Alpes.

A. Reduction to a 2 dimensional problem and notations

We first show how to reduce the temporal resolution study
to a 2 dimensional problem.
As pointed out by Grass [2], 3D reconstruction algorithms in
helical cardiac CT have to be approximate. The reason why is
that the Tuy sufficiency condition is not satisfied with a source
trajectory composed by discontinuous helix segments centered
on the same phase in different heart cycles. Thus approximate
methods using a 3D backprojection are widely used in 3D
cardiac CT. These approximate algorithms use a definition of
needed source position sets formulated in transverse planes.
Therefore their property regarding temporal resolution doesn’t
depend on the third dimension and can be studied as a 2-
dimensional problem.
In the following, we suppose that the projections of a periodi-
cally time varying object are acquired in a divergent geometry.
These projections are noted :

g(λ, ~α(γ)) =
∫ ∞

0

f(~a(λ) + l ~α(γ)) dl (1)

In equation (1),λ denotes the angular parameter of the source
position,~α the unit vector of the integration line parametrized
by the angleγ ∈ [−γm, γm] (see figure 1). We noteTrot the
scanner rotating period,Tf the period of the object evolution
and take an integer numberN of cycles for the acquisition
time: T = NTf .

λO
x1

x2 )(λar

γ

γm
α
r

Fig. 1. Divergent geometry

B. Calculation of the temporal resolution

1) Without periodicity hypothesis:The temporal resolution
is commonly defined as the temporal window of the data
that contribute to the reconstruction (another definitions that

Propriétaire
Pierre Grangeat
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we don’t consider here can take into account the redundancy
weight in the calculation of the temporal resolution). In the
case of the divergent geometry, the best temporal resolution
is consequently obtained when using the shortest trajectory
segment in the reconstruction. From the work of Noo [7], the
corresponding set is called the very short scan, and corre-
sponds for a given point to be reconstructed to the minimum
segment of the trajectory satisfying the condition stating that
all line passing through this point intersect the trajectory. Then
the temporal resolution is point-dependent as shown in figure
2, bounded byTrot

2
π−2γm

2 and Trot

2
π+2γm

2 . In the center, the
temporal resolution is equal toTrot

2 .
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Fig. 2. Map of the optimal temporal resolution using a standard reconstruction
algorithm. Three trajectory segments centered on the same parameter value
λrec associated to three points are represented

2) With periodicity hypothesis:When the periodicity hy-
pothesis is used, the temporal resolution definition become
the length of the temporal window of contributing datawithin
the cardiac cycle. It can be evaluated numerically, for a given
point and a given phase to be reconstructed by first extracting
from the acquired projection set, for each line direction, the
line with closest phase passing through the point. Then the
temporal resolution is equal to the maximum phase difference
between two projections of this set of lines.
The corresponding temporal resolution map is more complex
than in the static case, due to the periodicity use. We give two
examples in the figure 3.

Trot=0.665s

0.31s

0.18s
Trot=0.715s

0.14s

0.07s

Fig. 3. Map of temporal resolution for two cases Trot = 0.665s and Trot =
0.715s with Tf = 1, N = 6.

III. D ESCRIPTION OF THE FILTERING PROCEDURE IN

CARDIAC CT RECONSTRUCTION ALGORITHMS

A. Main cardiac CT algorithms description

The cardiac CT algorithms can be organized in two classes
depending on the nature of the 3D static algorithm that
is coupled with the use of the periodicity hypothesis. The
first class uses an interpolation step before applying a 2D
algorithm. For example Kachelriess method [3] [5] consists
in interpolating ray by ray from a multislice helical CT
acquisition a 2D projection set closer to the cardiac phase
that is to be reconstructed. Then a 2D fan-beam algorithm
is performed on this set. Flohr [1] proposed also a method
based an 2D slice interpolation, but using a adapted number
of heart cycle depending on the patient heart rate. This
method includes divergent to parallel rebinning. More recent
approaches in cardiac CT combine an approximate reconstruc-
tion algorithm using 3D backprojection with the use of the
periodicity hypothesis. More precisely, Grass [2] and Manzke
[6] recently proposed an algorithm called ECR (Extended
Cardiac Reconstruction) consisting in the following steps :
• row by row geometric rebinning of the acquired data from

the divergent geometry to the parallel fan beam geometry,
• conical weighting,
• row by row 1D ramp filtering,
• weighting to handle the periodicity and the redundancy

of the data and back-projection.
Kachelriess [4] proposed a similar approach where the filtering
step was performed on the detector along lines parallel to the
tangent of the trajectory.

B. Approximation due to the filtering step

An important property of all these algorithms is thatthe
filtering step is never performed on projections acquired
on the same instant.
• In the method that we will denotemethod Afrom Grass

[2], Manzke [6] and where rebinning into the parallel ge-
ometry is made firstly, the difference between acquisition
times within a rebinned projection can reach2γm

ω .
• In the method that we will denotemethod Bfrom Kachel-

riess [3] [5], because of the ray by ray interpolation
coupled with the use of the symmetry property, the
acquisition times within a projection used in the filtering
procedure can differ in the worst case from a lenght equal
to the temporal resolution.

IV. I MPROVEMENT OF THE RETROSPECTIVE GATING

ALGORITHMS USING NOO’ S FILTERING FORMULA

A. Principle

In order to obtain the best temporal resolution, the following
two constraintsC1 andC2 must be satisfied :
- C1: the symmetry property and of the shortest illumination
window have to be used,
- C2: the high pass and non local filter has to be applied on
consistent data acquired on the same time.
Existing methods don’t satisfy this two constraints. We pro-
pose to use some steps of the method from Noo [7] to solve
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this problem. We give two versions of our solution : one in
the divergent geometry, and a second with rebinning to the
parallel geometry:

1) Algorithm in divergent geometry:The algorithm steps
are the following :

• 1) Filtering of the acquired projectionsg(λ, ~α) according
to Noo’s filtering formula to obtaingF (λ, ~θ):

gF (λ, ~θ) = −
∫

S1
d~α hH(~θ · ~α)g′(λ, ~α) (2)

with :

{
g′(λ, ~α) = ∂

∂λg(λ, ~q)|~q=~α

hH(x) = 1
2π

∫ +∞
−∞ −isign(ν)eiνx dν

• 2) Cardiac interpolation (i.e. periodicity based interpola-
tion)

• 3) Redundancy handling and reconstruction with the very
short scan approach.

2) Algorithm with rebinning to the parallel geometry:
Rebinning to the parallel geometry is often desired, since it
generally improves the algorithm computational efficiency and
allows the use of dedicated backprojection hardware. We can
satisfy the constraintsC1 andC2 and include rebinning to the
parallel geometry with the following method:

• 1) Filtering and rebinning according the the rebinning
formula (3) from Noo [7] . This formula performs the
ramp filter on data acquired on the same time and the
rebinning to the parallel geometry, giving access to the
ramp filtered projectionspF :

pF (~θ,~a(λ) · ~θ) =
1

2π~a′(λ) · ~θ
gF (λ, ~θ) (3)

with gF defined in (2)

• 2) Cardiac interpolation (i.e. periodicity based interpola-
tion)

• 3) Backprojection

Due to its efficiency, we keep in the following this second
algorithm and will denote it asmethod C. We summarize the
structural difference between the three methods A,B and C in
the figure 4.

V. I LLUSTRATION OF THE GAIN USING A SIMPLE TEST

A. Simulated time varying object

We use a simple phantom composed by five spheres. We
make it appear and disappear periodically in time. The spheres
are visible during2δ around the instantst0 + kTf with k =
0..N (see figure 5). We use the theoretical temporal resolution
map of the figure 3 to get a setting where the theoretical
temporal resolution is sufficient only for some regions of the
image. TakingTf = 1, N = 6, δ = 0.14s, t0 = 0.5s, Trot =
0.665s, the temporal resolution is not sufficient in the center
but allows the exact reconstruction of the vertical spheresC4
andC5.

sinogram of the 
time-varying object

rebinning 
+cardiac interpolation

filtering
back-
projection

filtering
rebinning cardiac

interpolation
back-
projection

Parallel geometry

Divergent geometry

Parallel geometry

B:

C:

rebinning
cardiac
interpolation

back-
projection

A:
filtering

cardiac interpolation

Parallel geometry

Fig. 4. Structural difference of the proposed method (C) with the existing
approaches. Method (A) corresponds to [2], [6] [4], and method (B) to [5]. In
our scheme, the position of the filtering step is different. It is performed as a
first step using formula (3) which allows the use of data acquired on the same
time. �

t

�
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Fig. 5. Description of the phantom. The phantom is composed by five spheres
that are periodically visible. We take N = 6, t0 = 0.5s and δ = 0.14s. Top:
definition of the static phantom. Bottom : sinogram before and after masking
the projections to obtain the time-varying phantom.

B. Reconstruction results

We have tested the algorithms A,B and C on this phantom.
The results are gathered in figure 4. All cardiac interpolation
scheme are nearest neighbor interpolation in the phase domain.
With this kind of phantom, the lack of temporal resolution is
visible in the sinogram as holes (see figure 6) . Thanks to the
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B C

AEx

Fig. 6. Comparison of sinograms before backprojection for reconstruction
methods A,B et C applied to the time varying phantom with the parameters :
Trot = 0.665s, Tf = 1, N = 6, t0 = 0.5s and δ = 0.14s. ”Ex” denotes the
exact phantom in its visible state. Method C give the best results.

formula (3), our method performs the filtering on data acquired
on the same time. On this example, we verify that this method
is the only one that reach the theoretical temporal resolution
and correctly reconstructs the spheres located inx2 = ±0.3.
(see figure 7). Moreover, less artifacts in the central region are
present.

VI. CONCLUSION AND DISCUSSION

In this work we have studied the property of the filtering
step in cardiac CT algorithms. We have pointed out an
approximation which decreases the temporal resolution and
propose a method to improve the existing methods, which
has been tested on a simulated data. The propose approach is
easy to integrate in recent helical cardiac CT algorithms and
permit to reach the best theoretical temporal resolution and
seems to reduce some artefacts when the temporal resolution
is still not sufficient to reconstruct correctly. Tests on clinical
data must be performed to confirm this last statement. This
is the aim of our future work.
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Abstract — To further improve pinhole SPECT imaging, 

various collimator designs and acquisition geometries have been 
investigated. Homogeneous coordinates provide convenient 
framework to describe these imaging geometries, which 
facilitates the development and implementation of iterative 
reconstruction algorithms in these studies. We demonstrate this 
convenience through the development of OS-EM reconstruction 
algorithms for several special pinhole SPECT imaging methods.  
This approach can be easily adapted for use with other novel 
imaging geometries in SPECT and CT.  

I. INTRODUCTION 

PECT imaging using pinhole collimators is of great 
importance in small animal molecular imaging. Using 

properly designed pinhole collimators and acquisition 
strategies, the high resolution and high detection efficiency 
required in such applications can be achieved. Further 
enhancements of this technique are possible through, for 
example, the use of double or triple detectors [1], multi-
pinhole collimation [2, 3], helical scanning orbits [4], and 
other image acquisition approaches [5]. The efficient 
implementation of iterative image reconstruction algorithms 
is valuable for these imaging techniques.  

Homogeneous coordinates are widely used in the world of 
computer graphics for describing perspective, clipping, and 
other three-dimensional (3D) representations and operations 
[6-8]. They are also increasingly used in facilitating the 
development of image reconstructions algorithms, notably, in 
cone-beam CT reconstruction [9] and in tomographic 
reconstructions using C-arm X-ray systems [10, 11] for 
interventional radiology. It has been shown that the use of 
homogeneous coordinates provided a convenient framework 
in describing these imaging geometries so that 
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projector/back-projector pairs can be easily developed [10]. It 
has also been shown that they may facilitate efficient 
implementation of the reconstruction algorithms [11].  

In this study, we will further demonstrate the usefulness of 
homogeneous coordinates by applying them in the 
description of several special pinhole SPECT imaging 
geometries and in the development and implementation of 
projector/back-projector pairs used by iterative pinhole 
SPECT image reconstruction algorithms.  

II. THEORY 

A. Homogeneous Coordinates 

In Cartesian space, unlike rotations, translations can not be 
expressed by 3x3 matrices. In order to integrate all 
transformations into a single matrix descriptor, we need a 
framework with four basis coordinates. This new framework, 
also known as homogeneous coordinates, is simply defined as 
a quad of real numbers ( , , , )x y z t  with non-zero t. A point 

( , , , )x y z t  in homogeneous coordinates is corresponding to the 

point ( / , / , / )x t y t z t  in the Cartesian coordinates.  

In homogeneous space, we added a new coordinate to each 
vector in the 3D space, but not a dimension. In doing so, we 
have freed ourselves from the limitation of the Cartesian 
coordinates framework, so that we can unify all rigid-body 
transforms as simple 4 by 4 matrix multiplications.  For 
example, we can denote both rotation and translation in one 
matrix multiplication step as: 

"

"

"

10 0 0 1

T

T

T

xx x

yy y

zz z

t

′ ⎡ ⎤⎡ ⎤ ⎡ ⎤
⎢ ⎥⎢ ⎥ ⎢ ⎥′ ℜ⎢ ⎥⎢ ⎥ ⎢ ⎥=
⎢ ⎥′⎢ ⎥ ⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥′⎣ ⎦ ⎣ ⎦⎣ ⎦

.                   (1) 

When describing a projection process in the Cartesian 
coordinates framework, we have two sets of coordinates: 

" " "( , , )p p px y z defining a point in the 3D object space, ( , )d dx y  
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defining a point in the 2D detector space – where all the 
projection images are acquired. The description of an ideal 
geometric projection process results in two equations as: 

 " " "( , , )d x p p px x y z= Ρ ,                             (2) 

" " "( , , )d y p p py x y z= Ρ .                             (3)  

In homogeneous coordinates, without loss of generality, we 
can write the same point in object space as " " "( , , ,1)p p px y z .  

Recall that the detector space is in 2D, in order to unify the 
transformations in homogeneous coordinates, we define a third 
dimension that is perpendicular to the detector and denote a 
point in the extended detector space as ( , , , )D D D Dx y z n . Note 

that all the projection data are acquired at 0Dz = , and can be 

converted to Cartesian coordinates by /d D Dx x n=  and 

/d D Dy y n= . Our goal is to derive a transformation described 

by ℑ  such that 

[ ] " " " 1
TT

D D D D p p px y z n x y z⎡ ⎤= ℑ× ⎣ ⎦ ,         (4) 

from which we can obtain (2) and (3).  

In the following discussions, the directions of the rows and 
columns of the projection images will be used as the directions 
of the basis vectors of the ( , , , )D D D Dx y z n  space. The origin of 

the Cartesian coordinates will be at the center of the projection 
images.  

B. Pinhole SPECT with a Single Planar Circular Orbit 

The discussion of pinhole SPECT with a single planar 
circular orbit has been done thoroughly in [9] in terms of cone-
beam geometry, which is mathematically equivalent to pinhole 
geometry. In this section, we briefly reiterate the 
transformations in homogeneous coordinates under the context 
of pinhole SPECT imaging.  

For a pinhole SPECT imaging geometry, we assume the 
axis-of-rotation (AOR) wobbling and detector non-uniformity 
are negligible. Two Cartesian coordinate systems can be set up. 
The first is a XYZ coordinate system attached to the detector 
with the X -axis parallel to the row, the Y-axis parallel to the 
columns of the projection data, and the Z -axis perpendicular to 
the detector plane and passing its center. The second is a 
X Y Z′′ ′′ ′′  coordinate system describing the object space and 
having its Y˝ axis on the AOR. The origin of the X Y Z′′ ′′ ′′  
system is defined as the crossing point of Y˝ axis and the X-Z 
plan of detector system.  The rotation of the imaging system 
around the AOR is defined by α , such that when 0α = , the 
X ′′ -axis will be parallel to the X-Y plane of the detector 
system. 

When geometric misalignments exist, at any acquisition 
angle α , several rotation steps are needed to align the object 
system and the detector system. First, with Y˝-axis fixed, the 
X Z′′ ′′−  plane of the object system is rotated by an angle α .  
Next, with the new X˝-axis fixed, the Y Z′′ ′′−  plane is rotated by 
an angle τ , such that the Y˝-axis is parallel to the detector X-Y 
plane, resulting in new Z˝-axis that is parallel to the Z –axis of 
the detector system. With the new Z˝-axis fixed, the X Y′′ ′′−  
plane is rotated by an angle ρ , so that both X ′′  and Y ′′  axes 

will be parallel to X and Y axes respectively.  The above steps 

can be written as a matrix hR in homogeneous coordinates 
(details in [9]). 

 At this point, the two coordinate systems would only have 
translational differences defined by 

AOX  and 
AZ   (Fig. 1). 

Using homogeneous coordinates, these translations can be 
expressed by hT . 

The projection process is finalized by describing the 
magnification of a pinhole geometry at 0Dz =  using hA , 

where the center of a single pinhole aperture is defined by 
Fz , 

Fx , and
Fy  in the detector system:   

1 0 / 0

0 1 / 0

0 0 0 0

0 0 1/ 1

F F

F Fh

F

x z

y z
A

z

−⎡ ⎤
⎢ ⎥−⎢ ⎥=
⎢ ⎥
⎢ ⎥−⎣ ⎦

.                      (5) 

Parameter 
Fz  is the distance from pinhole center to the 

detector. The overall projection process ℑ  defined in (4) can 
be summarized as (again, details in [9]): 

h h hA T Rℑ = × × .                               (6) 

 

 
Fig. 1. Transformations from the object system to the detector 
system in a pinhole imaging geometry. 

C. Multi-Pinhole SPECT with a Single Circular Orbit 

We can extend the above notations to the multi-pinhole 
geometries.  Here the centers of additional pinhole apertures 
can be simply defined with different values of Fx , Fy , and Fz .  

Every pinhole aperture will contribute to the projection process 
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through (4), but each has a different ℑ  due to the difference in 
hA  ( hR  and hT  are independent of pinhole aperture). This can 

be written as: 

[ ] " " " 1
TT h h h

D D D D n p p px y z n A T R x y z⎡ ⎤= × × × ⎣ ⎦ .  

(7) 

The final projection image will be the sum of all 
contributions from the multiple pinholes represented by n=1,2, 
…, N, where N is the number of pinhole apertures and the 

transformation specific for each pinhole is h
n A .  

D. Single Pinhole SPECT with a Helical Orbit 

In the helical acquisition geometry, between every two 
adjacent angular positions, there is a longitudinal shift of the 
object in the X Y Z′′ ′′ ′′  coordinate system.  This shift, which is 
not necessarily parallel to the AOR, can be denoted as: 

"

"

"

0

0 0 0 1

h

h h

h

x

y
S

z

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

,                             (8) 

and the projection process becomes: 

[ ] ( ) " " " 1
i TT h

D D D D p p px y z n S x y z⎡ ⎤= ℑ× × ⎣ ⎦ ,   (9) 

where i is the number of times the shift has occurred at the 
current acquisition angle α .  

E. Single Pinhole SPECT using Dual Camera-Detectors 

In single pinhole SPECT using dual camera-detectors, we 
assume that both camera-detectors rotate around a common 
AOR during the entire data acquisition. To describe the 
imaging geometry of the additional detector as shown in 
section II.B, two new coordinate systems are needed.: 

2 2 2X Y Z  for the projection space defined by the new detector 

and 
2 2 2X Y Z′′ ′′ ′′  for the object space, where the 

2Y ′′  axis is on 

the AOR.  

For an arbitrary point " " "( , , ,1)p p px y z  in the X Y Z′′ ′′ ′′  system 

described in section II.A, "
px  and "

pz  can be replaced with r  

and 
0α  in the polar coordinates, where r  is the distance 

between the point and the AOR, and 
0α  is the polar angle of 

the point (Fig. 1). Similarly, in the 
2 2 2X Y Z′′ ′′ ′′  system, r , 

2 0α , and "
2 py can be used to describe the same point, where 

0 2 0 0α α α∆ = −  denotes the angular difference between the 

two detectors, and 
2p p py y y′′ ′′ ′′∆ = −  indicates the mismatch 

of the 
2 2 2X Y Z′′ ′′ ′′  and  X Y Z′′ ′′ ′′  systems on the AOR.  Thus, 

the two coordinate systems are related by a matrix: 

0 0
"

0 0

cos( ) 0 sin( ) 0

0 1 0

sin( ) 0 cos( ) 0

0 0 0 1

ph y
B

α α

α α

∆ − ∆⎡ ⎤
⎢ ⎥∆⎢ ⎥=
⎢ ⎥∆ ∆
⎢ ⎥
⎣ ⎦

,              (10) 

and the projection process for the second detector with 
respect to the object defined in X Y Z′′ ′′ ′′  (instead of 

2 2 2X Y Z′′ ′′ ′′ ) system  can be expressed as:  

[ ] " " "
2 2 2 2 1

TT h
D D D D p p px y z n B x y z⎡ ⎤= ℑ× × ⎣ ⎦ .   

(11) 

III. IMPLEMENTATION 

To implement iterative reconstruction algorithms such as 
an OS-EM method, developing an accurate projector/back-
projector pair is essential. Equation (4) provides a foundation 
for a voxel-driven approach – for each voxel in the object 
space, we can calculate where the object projects on the 
detector space accordingly.  The matrix representation also 
has two additional advantages: allowing efficient numerical 
implementations (discussed in [11]) and facilitating ray-
driven implementations through Tℑ . More importantly, the 
similarities in (4), (7), (9), and (11) can make one 
implementation easily adaptable to other pinhole imaging 
geometries. Iterative OS-EM reconstruction algorithms were 
implemented for the imaging geometries discussed in II. B, 
C, D, and E using a voxel–driven projector/back-projector 
pairs based on these equations.   

IV. RESULTS 

Simulation and experimental studies were performed to 
validate the development and implementation of image 
reconstruction algorithms using the homogenous coordinates. 
For multi-pinhole SPECT, Monte-Carlo simulated projection 
images were generated from a mouse phantom using a multi-
pinhole collimator with 5 apertures as shown in Fig. 2. 
Examples of simulated projections and reconstructed images 
were shown in Fig. 3.   

Helical SPECT studies were performed using a special 
Gamma Medica Inc. X-SPECT SPECT/CT small animal 
imaging system. A normal mouse was injected with Tc99m-
MDP and imaged using a pinhole collimator and a helical 
scanning orbit. Fig. 4 and 5 showed the acquired sample 
projection images and the 3D-rendered reconstructed volume 
respectively.  

A number of sets of dual-head pinhole SPECT data of a 
calibration phantom and a hot-rod micro SPECT phantom 
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(Data Spectrum Inc.) with the smallest rod diameter of 1.2 mm 
were acquired using a clinical dual-head SPECT system, with 
both camera heads fitted with a pinhole collimator.  Estimation 
of the geometric parameters were first performed for the dual-
head system, and then image reconstructions were done using 
these estimated parameters. Fig. 6 and 7 showed sample images 
from the study. 

 

 

          (a)                                                 (b) 

Fig. 2. (a) The simulated 5-pinhole collimator. (b) Sample slices 
of a mouse phantom used in the Monte-Carlo studies of multi-
pinhole SPECT imaging.  

 
 

 
(a) 

 
                                          (b) 

Fig. 3. (a) Sample simulated 5-pinhole projection images. (b) 
Sample reconstructed images from the corresponding  phantom 
slices shown in Fig. 2 (b).  

 

 

 

Fig. 4. Sample projections of a helical SPECT scan with a 
normal mouse injected with 99mTc-MDP using a Gamma 
Medica Inc. X-SPECT SPECT/CT small animal imaging 
system. 
 

 

Fig. 5. The 3D rendering (through MIP method) view of the 
helical SPECT reconstruction showing the whole mouse above 
the bladder.  

 

  

Fig. 6. Sample projection images acquired using the dual-head 
SPECT system (a) from camera head H1 and (b) from camera 
head H2 at the same time.  

 

Fig. 7. Reconstructed transaxial image slices of the  Data 
Spectrum micro hot-rod phantom using (a) projection data 
acquired from camera head H1 only, (b) projection data 
acquired from camera head H2 only, and (c) projection data 
from both camera heads H1 and H2.  

V. DISCUSSION 

These development and implementations of image 
reconstruction algorithms using the homogenous coordinates 
can be easily extended to more complex imaging geometries, 
such as multi-pinhole SPECT with a helical scanning orbit or 
pinhole SPECT using three or more detector heads. It’s also 
possible to add image correction methods, such as collimator-
detector response correction and attenuation correction, into 
the implementations [12]. 

The geometric parameters defined in this paper are fully 
general, and estimation methods proposed by [13] can be 
used to obtain proper parameter values before reconstructing 
the experimentally acquired data.  Methods of estimating 
system parameters in pinhole SPECT imaging geometries 
described in sections II.C, D, and E were also derived from 
those methods designed for the type of data acquisitions 
described in section II.B.   

 
a b

a b c
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VI. CONCLUSION 

We described various pinhole SPECT imaging geometries 
using homogeneous coordinates, and successfully developed 
and implemented iterative OS-EM reconstruction algorithms 
accordingly. Homogeneous coordinates form a natural basis 
for unconventional imaging geometries to project a 3D object 
onto a 2D imaging plane. The projection process can be 
represented by multiplications of a series of 4 by 4 matrices, 
which provides a convenient geometric “lookup table” for 
implementing a voxel-driven projector/backprojector pair – a 
foundation for implementing image reconstruction 
algorithms. This will contribute to not only ease of software 
implementation, but greater flexibility in adapting the process 
to new or modified data acquisition geometries.  
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Abstract— The simple cubic Cartesian grid and constant voxel
size are often used in iterative reconstruction algorithms for
parallel-hole single-photon emission computed tomography
(SPECT) imaging. In pinhole SPECT imaging, the voxel size, v,
is usually determined as p/M0, where p  is the pixel size in
projection data, and M0 is the magnification of the voxels in
the axis of rotation (AOR), explicitly depending on the radius
of rotation and the focal length. However, as the magnification
varies from slice to slice in the image space, the constant-
voxel-size method suffers improper sampling for those image
slices that are not on the AOR, either working with the regular
voxel-driven or ray-driven approach. In the ray-driven
approach, for example, the voxels closer to the pinhole than
the AOR are sampled more than once, whereas some other
voxels further than the AOR are completely or partially
ignored. This present study proposed a new approach using
slice-variant voxel sizes for the projector and backprojector in
maximum-likelihood image reconstruction for pinhole SPECT.
Simulation studies using a uniform flood phantom and a
uniform cylinder phantom were performed to compare the
projectors, backprojectors and reconstructed images. Results
showed the new approach improved the accuracy of the
projector/ backprojector and the quality of the reconstructed
image.

I. INTRODUCTION

In general, the goal of medical imaging is to estimate some
set of parameters distributed in a real-world target object. For
single-photon emission computed tomography (SPECT),
those parameters are the radioisotope concentrations. A
SPECT imaging system can be modeled with the equation

€ 

g(j) = H ⋅ f (r) + n(j) (1)
where g is the projection data, a discrete measurements of the
detected counts of photons in detector pixels (indexed by j) at
all acquisition angles, f is a continuous function of the
spatial position vector r , representing the radioisotope
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distribution in the organ being imaged, H  is the imaging
operator, and n is the noise in data. From the mathematical
point of view, image reconstruction is a procedure to estimate
image f given data g.

The discrete-continuous problem described above is
usually transformed to a discrete-discrete form by
representing the continuous function f as a linear combination
of a finite number of basis functions:

€ 

f = fi ⋅ Ai
i
∑ (2)

where Ai is the ith basis function and fi is its coefficient.
A widely used basis function for iterative reconstruction

is the simple cubic Cartesian "voxels", of which the basis
function has unit value in the cubic region and zero value
outside. Although some alternative localized basis functions
are available, like the spherically-symmetric "blobs" [1][2],
voxels are still the primary choice for iterative reconstruction
due to its simplicity. In the discrete form, SPECT imaging
can be modeled as

€ 

gj = hijfi
i
∑ + nj (3)

where gj is the counts of the jth pixel in the data, fi is the
coefficient value of the ith voxel in the object, hij is the
discrete transition matrix element, representing the
probability that the photon emitted from the ith voxel is
detected in the jth pixel, and nj is the noise. Now image
reconstruction is to estimate all the coefficients fi given g.

The maximum-likelihood expectation-maximization
(MLEM) algorithm [3] has the outstanding advantages
including the ability to incorporate realistic imaging models,
flexibility for different imaging geometries and orbits,
assured convergence and non-negativity, etc. A pair of
projector and backprojector that precisely describe the
acquisition geometry and physical issues of the imaging
system play the most important roles in the MLEM
algorithm. To accelerate the convergence in practice, ordered-
subsets version (OSEM) [4] has been widely used.

Pinhole-collimated SPECT systems have been used for
small animal imaging, due to its ultra-high resolution and
small field-of-view.  Some early filtered backprojection
methods for pinhole SPECT [5] were adapted from
Feldkamp's method for cone-beam [6]. More recently,
iterative ML algorithms (MLEM or OSEM) [7-11], and

3D Maximum-Likelihood Reconstruction for Pinhole
SPECT using a Projector/Backprojector Based on Slice-

Variant Voxel Sizes
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algebraic reconstruction techniques [12] have been developed
for pinhole SPECT. Those iterative algorithms have
demonstrated advantages over analytic algorithms for
quantitative image reconstruction, noise reduction, resolution
recovery, etc.

For conventional parallel-, fan- or cone-beam, the simple
cubic Cartesian grid and constant voxel size, v, are often used
in voxel- or ray-driven approaches for projector and back-
projector in iterative algorithms. In pinhole SPECT imaging,
v is usually determined as p/M0, where p is the pixel size in
projection data, and M0 is the magnification of the voxels in
the axis of rotation (AOR), depending on the radius of
rotation and the focal length. However, as the magnification
varies from slice to slice in the image space, the constant-
voxel-size method suffers improper sampling for those image
slices that are not on the AOR, either working with the
regular voxel-driven or ray-driven approach. This present
study proposed a new approach using slice-variant voxel sizes
in the projector and backprojector for pinhole SPECT, which
described the sampling geometry of the pinhole imaging
more accurately than using a constant voxel size.

II. MATERIALS AND METHODS

A. Single-Head Rotating SPECT System
This study simulated a single-head pinhole SPECT system

that rotated around the object in a regular circular orbit. Some
of the system parameters are given in Table I.

 rotate object

18 cm

detector

 pinhole

40 cm

3 cm

Fig. 1. Scheme of the single-head rotating pinhole SPECT system.

 TABLE I. SYSTEM PARAMETERS IN SIMULATION

Parameter Value

photon energy 140 keV (99m Tc)
linear attenuation coefficient 35.9 cm-1 (tungsten)
projection angles 64 over 360 degree
radius of rotation 3 cm
focal length 18 cm
physical size of detector 40 cm × 40 cm
intrinsic detector resolution 3 mm (FWHM)
opening angle of pinhole 120 degrees
discrete dimension of phantom 256 × 256 × 256
voxel size of phantom 0.295 mm
discrete dimension of projection 128 × 128
pixel size of projection 3.56 mm
discrete dimension of reconstruction 128 × 128 × 128
voxel size of reconstruction 0.59 mm

B. Regular Voxel-Driven and Ray-Driven Methods
The voxel-driven approach goes through all the voxels in

the image space, and conducts a "ray" from each voxel to the
detector, following the pinhole imaging geometry. For the
projector, the value of that voxel is added into the count of
the corresponding pixel; for the backprojector, the count of
the pixel is added back into the that voxel. A scaling factor
may be multiplied before the adding. As illustrated in Fig. 2,
when working with a constant voxel size, one voxel within
the image slice on the AOR is properly sampled by one pixel
in the detector. However, this one-to-one correspondence does
not hold for all the voxels in the image space. Some pixels
are unused for the image slices closer to the pinhole than the
AOR, whereas some pixels are used more than once for the
image slices further than the AOR.

The ray-driven approach goes through all the pixels in
projection data, and conducts a "ray" from each pixel to the
image space. The ray intercepts with each image slice at one
or more voxels. The values of the voxels and the count of the
pixel are then processed differently for projector and
backprojector, just like the voxel-driven approach does.
Three-dimensional linear interpolation is usually used to
distribute a value to adjacent voxels. As illustrated in Fig. 3,
when working with a constant voxel size, the voxels closer to
the pinhole than the AOR are sampled by more than one
pixel, whereas some voxels further than the AOR are ignored.

improper sampling

proper sampling

improper sampling
image space

AOR

pinhole

Fig. 2. Illustration of the voxel-driven approach using a constant voxel size

improper sampling

proper sampling

improper sampling

detector

image space
AOR

pinhole

Fig. 3. Illustration of the ray-driven approach using a constant voxel size.
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C. New Approach using Slice-Variant Voxel Sizes
Instead of using a constant size for all voxels, the new

approach computes a variant voxel size for each individual
image slice: v=p/M, where p is the pixel size and M is the
actual magnification of that image slice.  Note that the
reconstructed image is still represented in a fixed Cartesian
grid, of which the spacing is chosen to equal the voxel size
in the AOR (i.e., v0=p/M0.) Each variant-size voxel is rotated
from any particular angle back to the fixed Cartesian grid to
calculate its value by a volume-based method, instead of
simple liner interpolation. As a simplified example in two-
dimensional, Fig. 5 illustrates how the variant-size voxel and
volume-based (now 2D area-based) method is more accurate
than the constant-size voxel and linear interpolation.

detector

image space
proper sampling

proper sampling

proper sampling

pinhole

Fig.4. Illustration of the new approach using slice-variant voxel sizes.

2D linear
interpolation

1/16

   0   0

   0

   0

   0

9/16

3/16 1/16

3/16

 1/4

 1/4

3/16

3/16

   1

 3/4 9/16

 3/4

area-based
method

Σ=4

Σ=1

Fig.5. Illustration of area-based method and linear interpolation method.

D. Simulated Phantom Studies
Projection data from phantoms were generated using an

analytic Monte Carlo simulation method, in which the
pinhole aperture and edge penetration were simulated by
computing the path lengths of random photons passing
through the double-knife-edge collimator [13]. No attenuation
or scattering in the object or collimator was considered. To
make the data realistically smooth, the voxel size used in
simulation is half of that used in reconstruction.

Two phantoms were simulated. The first was a uniform
flood phantom placed parallel to the collimator plane by two

distances: closer or further than the AOR, illustrated as A and
B in Fig. 6, respectively, aiming at a direct evaluation of
three projectors and backprojectors. The second phantom was
a uniform cylinder phantom placed on or not on the AOR,
illustrated as C and D in Fig. 6, respectively, aiming at an
evaluation of the reconstruction. Note that a full set of data
were collected from 360 degree for the cylinder phantom,
while for the flood phantom the data were only collected at
the parallel position.

AOR

detector

image spaceA.

     

AOR

detector

image spaceB.

AOR

C.

AOR

D.

Fig. 6. Phantoms and the placements. A and B are the uniform flood
phantoms placed closer and further than the AOR. C and D are the uniform
cylinder phantoms placed on and not on the AOR.

III. RESULTS

A. Evaluation of Projectors and Backprojectors
Fig. 7 shows the resulting projections of the flood

phantom using three projectors and Monte Carlo simulation.
Fig. 8 shows the resulting backprojections using three
backprojectors. The voxel-driven approach suffered in
projection because some pixels were ignored, but not in
backprojection since all voxels were processed. Conversely,
the ray-driven approach suffered in backprojection because
some voxels were ignored, but not in projector since all
pixels were processed. In both projection and backprojection,
our new approach did not suffer from any sampling problem.

B. Evaluation of Reconstructed Images
Fig. 9 shows reconstructed images of the uniform

cylinder phantom and profiles. Three approaches produced
similar and faithful reconstructions when the phantom was
placed on the AOR (top). When the phantom was not on the
AOR (bottom), the reconstruction using the voxel-driven
approach showed artifacts of some pattern while its profile
showed some degradation of uniformity. The ray-driven
reconstruction showed some slighter artifacts while its profile
did not show obvious degradation. No artifact or loss of
uniformity was observed for the new approach.
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voxel-driven  ray-driven   new approach   Monte Carlo

Fig. 7. Projections of the uniform flood phantom. Top: Phantom was placed
closer than the AOR. Bottom:  Phantom was further than the AOR.

    

    
voxel-driven  ray-driven new approach

Fig. 8. Backprojections from a uniform projection image. Top: Phantom was
placed closer than the AOR. Bottom:  Phantom was further than the AOR.

 

  
voxel-driven  ray-driven new approach

Fig. 9. Reconstructed images and profiles of the uniform cylinder phantom
by OSEM (8 subsets, 10 iterations). Top: The phantom was placed on the
AOR. Bottom: The phantom was not placed on the AOR.

IV. DISCUSSIONS

Regular voxel-driven and ray-driven approaches using a
constant voxel size were observed to cause improper

sampling problems. A new approach using slice-variant voxel
sizes was proposed to develop a more accurate projector/
backprojector for maximum-likelihood reconstruction for
pinhole SPECT. The new approach improved the accuracy of
projection and backprojection, as well as the final
reconstructed images. We understand that increasing the
number of rays for each pixel in the ray-driven approach may
also eliminate the sampling problem. The comparison of our
new approach to that is under investigation.

All three projector/backprojector approaches assumed
ideal (zero-diameter) pinhole geometry and no edge
penetration. Angular-dependent geometric sensitivity was
modeled, which explains why the projections of the uniform
flood phantom were not uniform (Fig. 7 and 8). We have
developed a resolution-recovery version of the voxel-driven
approach, which models the non-zero pinhole diameter and
angular-dependent edge penetration. The resolution-recovery
algorithm based on the slice-variant voxel sizes is under
developing.
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Abstract— In order to reconstruct attenuation maps with 
enhanced resolution and accuracy, we developed a method of 
incorporating the detector resolution compensation (DRC) in the 
ordered-subset transmission (OSTR) algorithm for transmission 
imaging, which approximately models the blur caused by the 
finite intrinsic detector resolution, the non-ideal source 
collimation and detector collimation. We derived the 
formulation using the optimization transfer principle as in the 
derivation of the OSTR algorithm. The formulation includes one 
forward-blur step and one back-blur step, which do not severely 
slow down reconstruction. The formulation could be applicable
to various transmission geometries, and easily adapted to 
compensation for finite energy resolution of the transmission 
system. We used a digital rod phantom to validate our method. 

I. INTRODUCTION

N SPECT attenuation and finite distance-dependent 
resolution of the detector are two sources of image 

degradation [1-4]. Patient-specific attenuation map is needed 
to perform accurate attenuation compensation (AC). 
Attenuation maps are normally obtained from transmission 
acquisition using various transmission sources (Ba-133, Tc-
99m, Gd-153 …) and imaging geometries (point, line, sheet 
source …) [5-12]. The finite intrinsic spatial resolution and 
non-ideal collimation cause an imprecision in the detected 
location and assumed origin of the transmission photons, 
which results in the blurred attenuation maps [13, 14]. For 
point source transmission system, Manglos et. al. [15] showed 
that the spatial resolution of the system is close to the intrinsic 
detector resolution.  For extended sheet source transmission 
system, Cao and Tsui [16] showed that the spatial resolution 
is further decreased by the non-ideal source and camera
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collimation. For line-source [5, 13] or scanning line-source 
[10, 17] transmission systems, the spatial resolution could be 
different between the transverse and longitudinal directions, 
since in one direction the position of the source is well-defined
or the source is well-collimated via electronic collimation and 
in another direction it should be treated as the extended source
[18]. 
  As in the emission imaging, finite spatial resolution of 
detector causes degradation of transmission reconstruction
[13, 14]. To model the Poisson statistics in transmission 
imaging, compensation for the finite spatial resolution should 
be incorporated in the iterative transmission reconstruction 
algorithms [19, 20], which models the overall blur caused by 
the finite intrinsic resolution and non-ideal source and camera 
collimation. For an ideal system with perfect resolution, a 
photon is detected in a certain detector bin.  For a realistic 
system with finite resolution, the system-blur-function (SBF) 
is defined to describe the probability of detecting that photon 
in other detector bins. This is an approximation in which the 
imaging system is assumed with an ideal system matrix and 
counts disperse into neighboring detector bins due to the finite 
spatial resolution.
  Erdoğan and Fessler [21] proposed a monotonic 

transmission reconstruction algorithm called “Separable 
Paraboloidal Surrogates” (SPS) algorithm which models 
Poisson statistics in transmission imaging and can be easily 
penalized with piece-wise smoothness prior.  The Ordered-
Subset Transmission (OSTR) algorithm [22] is the ordered-
subset version of SPS which accelerates efficiently the 
reconstruction. Our work is to incorporate compensation for 
the finite spatial resolution of detector into the OSTR 
algorithm. Similar to the derivation of the SPS and OSTR 
algorithms, we adopted optimization transfer principle [23, 
24] which transfers the original optimization task to another 
easier optimization task or series of easier tasks. We derived 
the formulation for detector spatial resolution compensation in 
the frame of the SPS algorithm and adapted it to the OSTR 
algorithm, and finally in DISCUSSIONS we adapted it to 
compensation for the finite energy resolution of detector.  To 
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Transmission (OSTR) Algorithm for
Transmission Imaging in SPECT
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make our derivation general, we made no assumptions on the 
form of the system-blur-function. 

II. METHODS

  In transmission imaging, the measurement model is

}{~ ii yPoissony ,

where dni ,...,1  denotes the detector index, the measurement 

means for a detector with ideal spatial resolution are

i
i

ii reby   ][0
)( Axx , (1)

where T
pnj xxx ]......[ 1x is a vector describing the three-

dimensional distribution of the linear attenuation coefficient, 

pn is the number of voxels, pndn
ija


 }{A denotes the system 

matrix for the transmission system, 
0

iy , ib , and ir are the 

ideal counts, blank scan, and average background (like scatter
or crosstalk) at thi detector bin, respectively. For a realistic 

detector with system-blur-function dndn
imgG  }{ , where 

img denotes the detection probability of
0

iy in thm detector, the 

measurement means for this realistic detector are

m
dn

m
im

m
m

dn

m
im

m
m

m
dn

m
imm

dn

m
imi

rgebg

rebgygy















1

][

1

][

1

0

1
)()(

Ax

Axx

, (2)

where 0img only for rays within the same projection view, 

since there is no blurring from one projection view into 

another . If we define mimim bgb  , m
dn

m
imi rgR 

1
, we have

i
m

dn

m
imi Reby  



][

1
)( Axx . (3)

The negative log-likelihood is 

))(,()(
1

xx i

dn

n
i yy


 , (4)

where the KL divergence vu
v

u
uvu  log),( , so the gradient 

  im
dn

i i

im
dn

m
mmj

mj
m

dn

m
im

dn

i i

i

j

idn

i i

i

j

g
y

y
eba

aeb
y

y

x

y

y

y

x

)1()[(

)]()
)(

1[(
)(

)
)(

1(
)(

1

][

1

][

111

  

 



 














x

x

x

x

x

Ax

Ax

. (5)

  Instead minimizing )(x  directly, we tried to construct the 

separable surrogate function of )(x  [21, 22]. By minimizing 

or decreasing the surrogate function at each iteration, the 
optimization transfer principle will guarantee a monotonic 
decrease of )(x at each iteration and convergence to at least a 

local minimum [21]. From (3) and (4), we have
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rays within the same projection view, these blurring steps are 
performed frame-by-frame within projection/backprojection 
process and does not affect severely the reconstruction. By far 
the monotonicity still holds. 
  To adapt our method to the OSTR algorithm, we replaced 
the sum over m in (16) with the sum over subsets of the rays, 
and approximated )(n

j
d  with jd which is independent of the 

iteration number to achieve fast implementation [22]. From 
(13) we have
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Since the blur caused by the finite detector resolution is weak, 
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Finally we obtained the formulation of incorporating the 
detector resolution compensation in the OSTR algorithm 
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where S  is one of M subsets of the rays. For simplicity we 
omitted the usual terms for regularization [21]. Taking into 
account 0img only for rays within the same projection view, 

we rewrite (19) explicitly as
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III. SIMULATIONS AND RESULTS

  Our method applies to various transmission geometries. As a 
special case to evaluate our method, we approximately 
simulated the transmission acquisition of a digital rod
phantom (Fig. 1) using a SPECT camera equipped with sheet 
source and parallel collimators. The blur on camera is 
attributed to two parts. One is from the finite intrinsic 
resolution of the camera, assumed a two dimensional (2D) 
Gaussian with 5 mm FWHM. The second is from the non-
ideal source and camera collimation, assumed a 2D Gaussian 
with 12 mm FWHM when measured at the source position, 
which was 70 cm from the camera. The radius-of-rotation was 
assumed 30 cm. The rod phantom consists of three groups of 
uniform cylindrical rods whose radii are 2, 3, and 4 pixels, 
respectively. The size of detector bin is 3.17 mm, the same as 
the pixel size into which the rod phantom was digitized (with 
a 50-fold sub-sampling). We used a ray-driven cone-beam
projector to generate 120-frame transmission projections
through 360 degrees, modeling the source and camera 
collimation blur by multiplying each cone-beam ray with a 
weight calculated from the 2D Gaussian with 12 mm FWHM. 
To simulate the intrinsic blur caused by the finite intrinsic
resolution, the transmission projections were further smoothed 
by a two-dimensional Gaussian with 5 mm FWHM.  The 
average system-blur-function was calculated at the center of 
object, which was a 2D Gaussian with 7.2 mm FWHM, taking 
into account the contributions from collimations (5.1 mm 
FWHM) and intrinsic resolution (5 mm FWHM).
  The resultant noise-free transmission projections were 
reconstructed using the OSTR algorithm with and without 
compensation for the finite spatial resolution. A weak 
regularization term with Huber’s type [25] was included each 
case. Each case we stopped the reconstruction at the 50th 
iteration. The reconstructions are shown in Figure 2.  From 
the simulation it was clear that inclusion of the detector 
resolution compensation greatly enhanced the resolution and 
accuracy of the transmission reconstruction. 

IV. DISCUSSIONS

  We derived the formulation of compensation for the finite 
spatial resolution of detector in the transmission 
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reconstruction with the OSTR algorithm. Though it was 
derived for compensation of the finite spatial resolution, it 
could be adapted to compensation for the finite energy 
resolution of detector. If we assume that monoenergetic 
photons disperse into the nearby energy bins according to one-
dimensional energy-response-function, there is analogy 
between compensation for energy resolution and 
compensation for spatial resolution. Following the above 
derivation, we could arrive at the same formulation as (20), 
except for interpreting that the forward-blur and back-blur in 
(20) are performed in the energy dimension.

Fig. 1. (Left) The trans-axial view of original digital rod phantom. (Middle) 
Trans-axial view of the OSTR reconstructions from the noise-free transmission 
projections simulated for a parallel detector with a 12 mm collimation resolution
and 5 mm intrinsic resolution, without detector resolution compensation. 
(Right)With detector resolution compensation for the average blurring measured 
at the center of the object.

V. CONCLUSION

  We developed a method of incorporating the compensation 
for the finite spatial and energy resolution of detector in the 
OSTR algorithm for the transmission reconstruction in 
SPECT, which enhances the resolution and accuracy of the 
attenuation map, and therefore enhances the attenuation 
compensation for the emission reconstruction.
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Image Reconstruction from Truncated Data in Circular
Cone-beam CT and Its Application to Radiotherapy

Lifeng Yu, Dan Xia, Yu Zou, Xiaochuan Pan, Charles A. Pelizzari, Peter Munro

Abstract—Circular cone-beam CT is widely employed for data acquisi-
tion despite the fact that it does not lead to exact 3D image reconstruction.
In many applications of circular cone-beam CT, it is not uncommon that
the size of the field of view (FOV) is smaller than that of the imaged object,
resulting in data truncation in projections. From such truncated data,
conventional filtered-backprojection(FBP)-based algorithms reconstruct
images with significant truncation artifacts. Recently, an exact algorithm
for image reconstruction on PI-line segments in helical cone-beam CT has
been proposed. This algorithm, which we refer to as the backprojection-
filtration (BPF) algorithm, requires minimum data and can natually ad-
dress the region of interest (ROI) reconstruction problems from truncated
data and/or data acquired in a short angular range. In the present work,
we modify this algorithm to reconstructing images in a circular cone-beam
scan. In addition, we propose an algorithm that utilizes the data redun-
dancy in order to improve the image quality. These proposed algorithms
can reconstruct exact ROIs in mid-plane and approximate ROIs in off-
mid-planes from truncated data. We have performed computer simula-
tion to validate and evaluate the proposed algorithms. We also applied
the proposed algorithms to a radiotherapy cone-beam CT system to solve
the truncation problem caused by limited FOV size.

I INTRODUCTION

It is well-known that a CT scan with circular orbit does not
lead to exact 3D image reconstruction [1]. Despite this, be-
cause of its minimal mechanical complexity, circular orbit is
widely employed for data acquisition in many applications,
such as micro-CT, dedicated breast CT, and CT imaging in
radiation therapy [2]. Among these applications, it is not un-
common that the size of the field of view (FOV) is smaller
than that of the imaged object, leading to transverse trunca-
tion in projection data. From such truncated data, conventional
filtered-backprojection(FBP)-based reconstruction algorithms
cannot reconstruct exact images in any region (including the
mid-plane) and can generate significant truncation artifacts in
reconstructed images. Researchers have proposed to estimate
the missing data from the measured data and empirically com-
pensate for the effect of data truncation [3].

Recently, an exact algorithm for image reconstruction on
PI-line segments in helical cone-beam CT has been proposed
[4, 5]. This algorithm, which we refer to as the backprojection-
filtration (BPF) algorithm, reconstructs images by first comput-
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ing the cone-beam backprojection of the data derivatives on PI-
line segments and then performing a 1D filtering of the back-
projected function along PI-line segments. It requires mini-
mum data and can naturally address the region of interest (ROI)
reconstruction problem from truncated data and/or data acquired
in a short angular range. In the present work, we modify this al-
gorithm to reconstructing images in a circular cone-beam scan.
In addition, we propose an algorithm that utilizes the data re-
dundancy in order to improve the image quality. The unique
property of these modified algorithms is that they can recon-
struct exact ROIs in midplane and approximate ROIs in other
planes from transversely truncated data. We have applied the
proposed algorithms to a radiotherapy cone-beam CT system
to solve the truncation problem caused by limited FOV size.

II THEORY

A A review of the BPF algorithm in helical cone-beam CT

We first briefly review the BPF algorithm in helical cone-
beam CT [4]. The source trajectory in a helical cone-beam scan
can be written as ~r0(λ) = (R cosλ,R sinλ, h2πλ)T , where R
denotes the distance from the source point to the rotation axis,
and h the pitch of the helical trajectory. The cylindrical vol-
ume enclosed by the helical trajectory is referred to as the he-
lix cylinder. We define a rotational coordinate system fixed on
the source using three unit vectors: êu = (− sinλ, cosλ, 0)T ,
êv = (0, 0, 1)T , êw = (cosλ, sinλ, 0)T . Considering a flat-
panel detector with normal direction along êw and at a distance
of S from the source point, the cone-beam projection of an im-
age function f(~r) on detector bin (u, v) at view angle λ can be
expressed as

P (u, v, λ) =

∫ ∞

0

ds f(~r0(λ) + s β̂), (1)

where the support of f(~r) is within the helix cylinder and the
unit vector β̂ is defined as

β̂ =
1√

u2 + v2 + S2
[u êu(λ) + v êv(λ)− S êw(λ)].(2)

A PI-line is a straight line intersecting with the helical trajec-
tory at two points labeled by λ1 and λ2, where |λ2−λ1| ≤ 2π;
and its portion within the helix cylinder is referred to as the
PI-line segment. It is known that a given point ~r within the he-
lix determines a unique PI-line and the PI-lines can completely
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fill the helix cylinder [6]. We use xπ to denote the coordinate
of a point on the PI-line segment and refer (xπ, λ1, λ2) as the
PI-line coordinates. The relation between PI-line coordinates
and the Cartesian coordinates ~r is given by

~r = ~rc +
~r0(λ2)− ~r0(λ1)

|~r0(λ1)− ~r0(λ2)|xπ, (3)

where ~rc = ~r0(λ1)+~r0(λ2)
2 . The reconstruction of f(~r) is equiv-

alent to the reconstruction of the image function fπ(xπ, λ1, λ2)
on PI-line segments, which can be related to a gπ function by
[4, 5]

fπ(xπ, λ1, λ2) =
1

2π2

1√
(xB − xπ)(xπ − xA)

[2πP0

+

∫ xB

xA

dx′π
xπ − x′π

√
(xB − x′π)(x′π − xA)

× gπ(x′π, λ1, λ2)] (4)

where [xA, xB] ⊇ [xπ1, xπ2], xπ1 and xπ2 denote the two end
points of the intersection of the PI-line segment and the object
support cylinder, x′π ∈ [xA, xB], P0 indicates the cone-beam
projection of the point ~r at angle λ1 or λ2, and gπ(x′π, λ1, λ2)
denotes the backprojection image on the PI-line segment:

gπ(x′π, λ1, λ2) =

∫ λ2

λ1

sgn(−β̂ · êw)dλ

|~r ′ − ~r0(λ)|
d

dλ
P (u, v, λ)

∣∣∣∣
β̂

,

(5)
where ~r ′ can be uniquely determined by (x′π, λ1, λ2) through
Eq. (3).

B Circular cone-beam scans and virtual PI-lines

The BPF algorithm reconstructs the image on a PI-line seg-
ment by first backprojecting the data derivatives onto the PI-
line segment and then performing a filtering along the PI-line
segment. In the case of a circular cone-beam scan, the BPF
algorithm cannot directly be applied by setting h = 0 because
the PI-lines in a circular cone-beam scan exist only in the mid-
plane. To make use of the BPF algorithm, we use the concept
of virtual circular trajectory and virtual PI-line segments as in
Ref. [7]. A virtual circular trajectory within a plane at z 6= 0
uses the z-axis as its central axis and has a radius R identical
to that of the actual circular trajectory in the plane at z = 0.
Clearly, the collection of the actual and a stack of virtual circu-
lar trajectories within planes at different z encloses a 3D vol-
ume, which we refer to as the virtual cylinder. We define a
straight line segment that connects any two points on the ac-
tual circular trajectory at z = 0 as an actual PI-line segment.
Similarly, we define a straight line segment that connects any
two points on a virtual circular trajectory at z 6= 0 as a virtual
PI-line segment.

In a helical cone-beam scan, a point within the helix cylin-
der can be specified completely by three PI-line coordinates
(xπ, λ1, λ2). However, in the circular cone-beam case, we

need four PI-line parameters (xπ, λ1, λ2, z0) to identify a point
within the virtual cylinder, where xπ indicates the location of
the point on the PI-line segment specified by (λ1, λ2) in the
plane at z = z0. These PI-line coordinates are related to the
fixed coordinates through

x = R [(1− t) cosλ1 + t cosλ2]

y = R [(1− t) sinλ1 + t sinλ2]

z = z0. (6)

where t is related to xπ through

xπ = (t− 1

2
) |~r0(λ1)− ~r0(λ2)|. (7)

C A modified BPF reconstruction algorithm for circular
cone-beam CT

Based upon the BPF formula and the geometry described
above, we derive an algorithm for image reconstruction on an
actual or a virtual PI-line segment from data acquired in a cir-
cular cone-beam scan.

Corresponding to the function gπ(x′π, λ1, λ2) in Eq. (5), a
function gπc(x′π, λ1, λ2, z0) on virtual or actual PI-line seg-
ments can be expressed in a form on flat-panel detector coor-
dinate system [4, 8]:

gπc(x
′
π, λ1, λ2, z0) =

∫ λ2

λ1

sgn(−β̂·êw) dλ

|~r ′−~r0(λ)|2
{
−d~r0(λ)

dλ · β̂P (u, v, λ)

+A
[
d~r0(λ)
dλ · êu(λ)

]
∂P (u,v,λ)

∂u

+ A
[
d~r0(λ)
dλ · êv(λ)

]
∂P (u,v,λ)

∂v

}

+ sgn(−β̂·êw)P (u,v,λ)
|~r ′−~r0(λ)|

∣∣∣
λ2

λ1

, (8)

where ~r ′ can be determined by (x′π, λ1, λ2, z0) through Eq.
(6), A =

√
u2 + v2 + S2,

u =
S ~r ′ · êu(λ)

R− ~r ′ · êw(λ)
, and v =

S z

R− ~r ′ · êw(λ)
. (9)

Furthermore, one can show that d~r0(λ)
dλ · β̂ = Ru

A , d~r0(λ)
dλ ·

êu(λ) = R, d~r0(λ)
dλ · êv(λ) = 0, and A

|~r−~r0(λ)| = S
R−~r·êw(λ)

. Therefore, Eq. (8) can be simplified as

gπc(x
′
π, λ1, λ2, z0) =

∫ λ2

λ1

dλ
sgn(−β̂ · êw)S2

[R− ~r′ · êw(λ)]2

× ∂

∂u

[
R

A
P (u, v, λ)

]

+
sgn(−β̂ · êw)P (u, v, λ)

|~r ′ − ~r0(λ)|

∣∣∣∣∣

λ2

λ1

,(10)

Using this result in Eq. (4), the image function on PI-line
segments (actual or virtual) can be obtained. This algorithm
reconstructs the image on a PI-line segment (actual or virtual)
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by first backprojecting the data derivatives onto the PI-line seg-
ment and then performing a filtration along this PI-line seg-
ment (actual or virtual). The major difference between this
algorithm for circular cone-beam scan and the original BPF al-
gorithm for helical cone-beam scan is that the choice of the
PI-line segments in the former situation can be arbitrary.

D A weighted BPF algorithm for exploitation of data
redundancy

In the algorithm discussed above, for reconstructing a PI-
line segment (actual or virtual) specified by λ1 and λ2, the
angular range of necessary projection data is between λ1 and
λ2. If the actual scanning angular range is [λmin, λmax], where
[λ1, λ2] ∈ [λmin, λmax], data acquired over the angular ranges
[λmin, λ1) and (λ2, λmax] contain redundant information with
respect to the image reconstruction on the PI-line segment spec-
ified by λ1 and λ2. It has been proved that, in fan-beam case,
this redundancy can readily be incorporated into the BPF al-
gorithm by appropriately weighting the data acquired over the
actual scanning angular range [λmin, λmax] [9]. In circular cone-
beam case, although the incorporation of data redundancy is
approximate in the off-mid-planes, this operation provides an
alternative to data usage in all the available angular range. The
backprojection in the weighted BPF formula in circular cone-
beam scan that exploits the redundant information can be ex-
pressed as

g(ω)
πc (x′π, λ1, λ2, z0) =

∫ λmax

λmin

dλ
sgn(−β̂ · êw)S2

[R− ~r′ · êw(λ)]2

× ∂

∂u

[
R

A
ω(u, λ)P (u, v, λ)

]

+
sgn(−β̂ · êw)ω(u, λ)P (u, v, λ)

|~r ′ − ~r0(λ)|

∣∣∣∣∣

λmax

λmin

(11)

where the weighting function ω(u, λ) satisfies

ω(u, λ)− ω(−u, λ+ π − tan−1 u

S
) = 1. (12)

The combination of Eq. (11) and Eq. (4) constitutes a new
algorithm capable of exploiting the data redundancy.

III RESULTS

A Computer-simulation studies

We have performed computer-simulation studies to validate
the proposed algorithms in Sec. II C and D. We considered a
circular cone-beam configuration in which the trajectory has a
radius of 290 mm and a source-detector distance of 450 mm.
A modified low-contrast 3D Shepp-Logan phantom was used,
which has an ellipsoidal support with half axes of 49 mm, 98
mm and 90 mm along x-, y- and z-axis, respectively. Com-
pared to the standard 3D Shepp-Logan phantom, this phantom
has a shorter support along x-axis and a longer support along

Fig. 1. 2D slices in 3D images reconstructed by use of the FDK algorithm (upper row),
our algorithms in Eq. (10) (middle row) and Eq. (11) (lower row), respectively, from
noiseless data containing no truncation. The left, middle, right columns represent the 2D
slices in planes of x = 0, z = 0, z = 6.4 mm, respectively. The display window is
[1.0, 1.04].

y-axis, which was designed to clearly demonstrate the trans-
verse truncation effect. The detector plane consists of 256 ×
256 elements each of which has a size of 1.3 × 1.3 mm2. We
generated cone-beam data with 300 projection views uniformly
distributed over 2π. This geometry simulated a circular cone-
beam scan without data truncation. Transversely truncated data
were obtained by setting 35 bins on each side of the detector
panel as zero. From these noiseless datasets, noisy data were
generated by adding Gaussian noise with a standard deviation
of 0.063%.

In Fig . 1, we display 2D slices in 3D images reconstructed
by use of the FDK algorithm (upper row), our algorithms in
Eq. (10) (middle row) and Eq. (11) (lower row), respectively,
from noiseless cone-beam data containing no truncation. The
left, middle, right columns represent the 2D slices in planes
of x = 0, z = 0, z = 6.4 mm, respectively. The display
window is [1.0, 1.04]. In Fig. 2, we display the corresponding
2D slices reconstructed from transversely truncated cone-beam
data. In Figs. 3, we plot the profiles obtained by use of our al-
gorithm in Eq. (11) (solid curve), the FDK algorithm (dashed-
dotted curve), and the original phantom (dotted curve) at (a)
x = 0, y = 25 mm and (b) x = 17 mm, z = 0, respectively.
We also show in Fig. 4 the reconstructed images from noisy
data containing transverse truncation. From these results, one
can observe that the truncation leads to severe artifacts in im-
ages obtained with the FDK algorithm, while such truncation
has no impact on the images obtained with the proposed algo-
rithms inside the ROIs. In addition, the images obtained with
the weighted BPF formula in Eq. (11) have lower noise level
than those obtained with the formula in Eq. (10).
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Fig. 2. 2D slices in 3D images reconstructed by use of the FDK algorithm (upper row), our
algorithms in Eq. (10) (middle row) and Eq. (11) (lower row), respectively, from noise-
less data generated from the truncated cone-beam scan. The left, middle, right columns
represent the 2D slices in planes of x = 0, z = 0, z = 6.4 mm, respectively. The
display window is [1.0, 1.04].

(a) (b)

Fig. 3. Profiles obtained by use of our algorithm in Eq. (11) (solid curve), the FDK
algorithm (dashed-dotted curve), and the original phantom (dotted curve) at (a) x = 0,
y = 25 mm and (b) x = 17 mm, z = 0, respectively.

B Phantom studies in a radiotherapy cone-beam CT system

We acquired data in a radiotherapy cone-beam CT system
(Acuity, Varian Medical Systems) using a head phantom. The
system includes a kV x-ray source, a patient couch, and an
amorphous silicon flat-panel detector (Varian PaxScan 4030CB)
which was operated for our measurements at a source to isocen-
ter distance of 1000 mm and a source to detector distance of
1500 mm. The detector has 1024×768 pixels, each with a
size of 0.388×0.388 mm2. Data collected from the head phan-
tom consist of 683 projections. The radius of the full field in
transverse plane covered at the isocenter is 131 mm. To sim-
ulate the data truncation, we assumed that the detector only
has 760×768 pixels by setting 132 columns of pixels in each
side of the detector as zero. In Fig. 5, we show the recon-
struction results by use of the FDK algorithm (upper row), our
algorithms in Eq. (10) (middle row) and Eq. (11) (lower row),
respectively. These results demonstrate that the truncation has

Fig. 4. Same as Fig. 2 except that the data contains Gaussian noise.

Fig. 5. Reconstructed images at a coronal plane (left column), mid-plane (middle column),
and a transverse plane that is 30 mm away from the midplane (right column) by use of the
conventional FDK algorithm (upper row) and the modified BPF algorithm (lower row),
respectively.

no impact on the images obtained with the proposed algorithms
inside the ROIs.

IV CONCLUSION

Based upon the BPF formula for image reconstruction on
PI-line segments in a helical cone-beam scan, we presented a
new algorithm for image reconstruction in circular cone-beam
CT. This algorithm reconstructs the image on a PI-line seg-
ment (actual or virtual) by first backprojecting the data deriva-
tives onto the PI-line segment and then performing a filtration
along this PI-line segment (actual or virtual). In addition, we
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presented a weighted BPF algorithm that utilizes the data re-
dundancy to improve noise properties. These algorithms can
be implemented in a pipeline for reconstructing exact ROIs in
mid-plane and approximate ROIs in off-mid-planes from trun-
cated data. Both computer-simulation and real phantom stud-
ies have been performed. Preliminary studies demonstrated
that the proposed algorithms provide a solution to the trunca-
tion problem caused by limited FOV size. We also developed
an algorithm in a filtered-backprojection (FBP) type that al-
lows for ROI reconstruction from truncated circular cone-beam
data based upon a recently proposed minimum-data FBP (MD-
FBP) algorithm [10], we will report these results in the meet-
ing.

V ACKNOWLEDGEMENT

This work was supported in part by National Institutes of
Health grants EB00225 and EB02765. Its contents are solely
the responsibility of the authors and do not necessarily repre-
sent the official views of the National Institutes of Health. This
work was also partially supported by a grant from Varian Med-
ical Systems.

REFERENCES

[1] H. K. Tuy. An inversion formula for cone-beam reconstruction. SIAM J.
Appl. Math., 43:546–552, 1983.

[2] D. A. Jaffray, J. H. Siewerdsen, J. W. Wong, and A. A. Martinez. Flat-
panel cone-beam computed tomography for image-guided radiation ther-
apy. Int. J. Radiat. Oncol. Biol. Phys., 53:1337–1349, 2002.

[3] J. Hsieh, E. Chao, J. Thibault, B. Grekowicz, A. Horst, S. McOlash, and
T. J. Myers. A novel reconstruction algorithm to extend the CT scan
field-of-view. Med. Phys., 31:2385–2391, 2004.

[4] Y. Zou and X. Pan. Exact image reconstruction on PI-line from minimum
data in helical cone-beam CT. Phys. Med. Biol., 49:941–959, 2004.

[5] Y. Zou and X. Pan. An extended data function and its backprojection
onto PI-lines in helical cone-beam CT. Phys. Med. Biol., 49:N383–N387,
2004.

[6] P. E. Danielsson, P. Edholm, and M. Seger. Towards exact 3D-
reconstruction for helical cone-beam scanning of long objects. A new
detector arrangement and a new completeness condition. In D. W.
Townsend and P. E. Kinahan, editors, Proceedings of the 1997 Inter-
national Meeting on Fully Three-Dimensional Image Reconstruction in
Radiology and Nuclear Medicine, pages 141–144, Pittsburgh, 1997.

[7] X. Pan, D. Xia, Y. Zou, and L. Yu. A unified analysis of FBP-based
algorithms in Helical cone-feam and circular cone- and fan-beam scans.
Phys. Med. Biol., 49:4349–4369, 2004.

[8] Y. Zou and X. Pan. Image reconstruction on PI-lines by use of filtered
backprojection in helical cone-beam CT. Phys. Med. Biol., 49:2717–
2731, 2004.

[9] X. Pan, Y. Zou, and D. Xia. Peripheral and central ROI-image recon-
struction from and data-redundancy exploitation in truncated fan-beam
data. Med. Phys., (submitted), 2004.

[10] E. Y. Sidky, Y. Zou, and X. Pan. Minimum data image reconstruction
algorithms with shift-invariant filtering for helical, cone-beam CT. Phys.
Med. Biol., (in press), 2005.

Fred Noo


Fred Noo
The Eighth International Meeting on Fully Three-dimensional Image Reconstruction in Radiology and Nuclear Medicine      395  

Fred Noo


Fred Noo

Fred Noo
Session 13: circular cone-beam tomography      8:15 - 9:55 Saturday 9 July 2005  



A cone-beam FBP reconstruction algorithm for
short-scan and super-short-scan source trajectories

Brian E. Nett, Tingliang Zhuang, and Guang-Hong Chen

I. INTRODUCTION

Recently, the cone-beam reconstruction problem in x-ray CT
has attracted increased attention due to the rapid development
of multi-row detectors. There are two types of analytic cone-
beam reconstruction algorithms: exact and approximate. The
first and most practical approximate cone-beam reconstruction
algorithm was proposed by Feldkamp, Davis and Kress (FDK)
for a circular x-ray source trajectory [1]. It is a heuristic
extension of standard fan-beam reconstruction to the cone-
beam case by introducing a ”cosine” factor. Extensions to this
approximate algorithm have been developed [2]–[6]. Due to
its one-dimensional shift invariant filtering kernel, or Filtered
Backprojection (FBP) structure, it has been applied to various
medical imaging systems. The original FDK algorithm is
applied to a complete circular scanning path. Recently, two
groups [6], [7] have extended fan-beam super-short-scan FBP
reconstruction formulae [8], [9] to the cone-beam cases to
obtain the super-short-scan FDK-type algorithms.

There is an alternative method to obtain an approximate
cone-beam reconstruction algorithm; namely, apply a mathe-
matically exact algorithm to an incomplete source trajectory.
In the case of a single arc used to reconstruct a 3D volume
the data is incomplete according to Tuy’s data sufficiency
condition [10]. Recently, a general procedure to generate
shift-invariant cone-beam reconstruction algorithms has been
proposed [11], [12]. In this paper, we apply the procedure
illustrated in [12] to a segment of a circular scanning path.
The scanning path may be a full circle (full-scan), an arc
satisfying Parker’s [13] short scan condition (short-scan), or
an arc with a shorter scanning path (super-short-scan). The
resulting algorithm is not mathematically exact; however,
the shift-invariant feature is preserved. The new algorithm
includes backprojections from three adjacent segments of the
arc defined by

��������	��
 �������	� and
�������	� . Each backprojection

step consists of a weighted combination of 1D Hilbert filtering
of the modified cone-beam data along both horizontal and
non-horizontal directions. The non-horizontal filtering is a
new feature which is significantly different from other FDK-
type algorithms which are obtained directly from extending
the 2D fan-beam case. For the full circle scanning path, this
algorithm reduces to the conventional FDK algorithm plus a

1Brian E. Nett is with Department of Medical Physics, University of
Wisconsin-Madison, Madison, WI 53792, Email: benett@wisc.edu

2Tingliang Zhuang is with Department of Medical Physics, University of
Wisconsin-Madison,Madison, WI 53792, Email: tzhuang@wisc.edu

3Guang-Hong Chen is with Department of Medical Physics, University of
Wisconsin-Madison, Madison, WI 53792, Email: gchen7@wisc.edu

Fig. 1. The coordinate system.

term involving a first order derivative filter [14].

II. CONE-BEAM RECONSTRUCTION ALGORITHM FOR A

COMPLETE SOURCE TRAJECTORY

A. The data acquisition geometry

In this paper, a third-generation cone-beam source-detector
configuration is used. The coordinate system is shown in Fig.
1.

Letter O labels the iso-center of rotation. The coordinate
system ��������� located at O is lab system, and the � axis
is the axis about which the detector and source rotate. The
detector plane is perpendicular to the iso-ray originating from
the source point S. The distance along the iso-ray between
the source and detector is � . In the lab system, the point

��
of the object is written as

���� � ��
��	
���� . The density of a 3D
object to be reconstructed is denoted as � ����	� . The cone-beam
projection of the object from the source point

�� �! � is written
as:

" ��#$�
  �%�'&)(* +�, �.- �� �/ ��0 , #$�132 (1)

B. Review of cone-beam FBP reconstruction algorithm for a
complete source trajectory

In this subsection, we restate the main results of the cone-
beam FBP reconstruction algorithm [11], [12] for a general
source trajectory fulfilling Tuy’s data sufficiency condition
[10].
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The Katsevich-type cone-beam reconstruction formula [12]
is given by:

� ���� � � � ���� ����� & +  
	 � ���� 
  �� �� � �� �! � �
&�� � +��

������ � ���� " - #$ � � 
�� � ��
 �� � � � 1 � ����� 2 (2)

with � �! - " 
 � � , not - " 
�# � 1 and where 	 � �����
  � is called
structure factor. It is determined as follows:	 � �����
  � � , "%$ - #&('*) ��%+ �! � 1�, - ��.
 #&('.-  1 � ' � '0/2143' � '0/ � 3 
 (3)

where at � � either the function , "%$ - #& ' ) �� + �/ � 1 or the weighting
function , - ���
 #& ' -  1 as a function of � is discontinuous. As
discussed by Chen [12], to obtain the above reconstruction
formula, a necessary condition on the weighting function has
to be imposed: �� � , - ���
 #&5'.-  1	� " 2 (4)

An obvious choice of a weighting function which satisfies the
above condition is:, - ���
 #&5'6-  1	� �$ - ���
 #&5'.-  1 
 (5)

where $ - ���
 #& ' -  1 is the number of intersecting points between
the plane 7 �����
  - �	� and the source trajectory.

III. CONE-BEAM RECONSTRUCTION ALGORITHM FOR AN

ARC SOURCE TRAJECTORY

An arc source trajectory with radius $ can be parameterized
by

 
. Any source point S is denoted as�� �/ �%� $ �98;: �  
 ���<�  
 " � 
   -  �= 
  ?> 1 
 (6)

where
 =

and
 >

are the parameters for the two ending points
of the arc.

A. Rotation system and detector coordinate

In the geometry introduced above the detector plane is
always perpendicular to the iso-ray. It is convenient to define
the following rotation system:#,'� � � 8@: �  
�� �����  
 " � 
 #A � � �����  
 � 8;: �  
 " � 
 #B � � " 
 " 
 � � 2
The detector Cartesian coordinates A 
?B are measured in the
detector plane along direction

#A�
 #B . The origin of the detector
coordinates is defined by the iso-ray projection of the source
position onto the detector plane. In this paper, the detector-to-
source distance � �C# $ is employed.

Using detector coordinates [15],A � � #$ ) #A#$ ) #, 
DB�� � #$ ) #B#$ ) #, 
 (7)

the following reconstruction formula may be obtained:

� ����� � � ���� ���E� & +  	 � �����
  �F �����
  �HG � - A.I �! ��
?B0I �! � -  1 
 (8)

whereF �����
  � � � # � � 8@: �  � � ���<�  

G � -KJA�
 JB -  1 � & 1 (� ( & 1 (� ( + A + BML - B � JB �ON � � A � JA� 1PRQ � A � JA	� J" � A 
?B 
  � 
"5S � A 
?B 
  � � � � � 0OA �

�
�� A 0 A.B

�
�� B � ��  � " � A�
�B 
  �J" � A 
?B 
  � � �T � � 0UA � 0UB � "5S � A 
?B 
  � 
 (9)

and A I � � � ���<�  � � 8;: �  F �����
  � 
?B I � � �F ���� 
  � 
 (10)P.Q � � �%� �V is the kernel of Hilbert filter, and N � is the slope
of the filtering line where the plane 7 ���� 
  - � � � intersects
the detector plane. Denote

� A � � #$���
?B � � #$���� as the detector
coordinates of the intersection point between the detector plane
and the straight line along

#$ which is emanated from the source
point

�� �/ � and within the plane 7 ���� 
  - � � � , and the slope of
the filtering line is denoted as N � .

B. Structure factor

Using an equal weighting scheme 5 and the definition of
the structure factor (3), one may obtain the following structure
factor for �XW� " :	@Y � � 
	 = � Z � �� 
 �<[   � � ����� 
�� 
 �<[   ��� ����	��\ �������	� 


	 > � Z � �� 
 �<[   � � ����� 
�� 
 �<[   �������	��\ �������	� 
 (11)

and for � � " :

	 � Z # 
 �<[   � � ����� 
� 
 �<[   ��� ����	��\ �������	� 2 (12)

The three sets
��������	��
 �������	� and

�� ���� � are defined as:

��� ����� �^]  �  �=`_  ba) ?c�����	�ed 
�������� �^]  �  ?c ����	� _  b_  ?f������gd 
 (13)�������� �^]  �  ?f ���� � a  h_  ?> d 

where

 c ����� and
 f ����� are the view angles corresponding

to the intersection points between the source trajectory and
the straight line which passes through both the projection of
the image point (

�� ) onto the xy plane and the ending and
beginning points of the source trajectory respectively (Figure
2).
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Fig. 2. Here ���������� and ��	
������ are the view angles corresponding to
the intersection points between the source trajectory and the straight line
connecting the projection of the image point ( �� ) onto the xy plane and either
the ending and or beginning point of the source trajectory.

C. Reconstruction formula

After substituting (11) and (12) into (8), we obtain the
reconstruction formula for an arc scanning path:

� ��� � � ���� � � & ����� +  
�F �����
  �5G Y - A.I �! � 
�B0I �! � -  1

0 �# � & ���� � � & � �� � � +  �F �����
  � G = - A I �! ��
?B I �/ � -  1
� �# � & ������ � & � ���� � +  �F �����
  �5G > - ARI �/ � 
?B0I �/ � -  13


(14)

where
 ?c 
  ?f are shown in Fig. (2). The expression for the

slopes N used in the filtering process are given below,N Y � " 
 N � � JA�
 JB -  � � JBJA � � 8;:���� � � � /� � 
�� ��� 
 � 2 (15)

IV. DISCUSSION

A. Relationship with the conventional FDK algorithm

To see the relation to the conventional FDK algorithm, we
apply (14) to a complete circle. Namely, ?> �  �= 0 # � 2 (16)

In this case, for the fixed value
�� the resulting reconstruction

formula is given by,

� ���� � � �� � ��� +  � ���� � � � 8;: �  � � �?���  � �
& 1 (� ( & 1 (� ( + A + BML - B � B I �! � 1 P�� - A � A I �! � 1��" � A 
?B 
  �
� ��5� ��� +  �� � � � � 8@: �  � � ���<�  � �
- �� B & 1 (� ( + A �" � A 
?B 
  � 1 � ! � !�"$# ��% 
 (17)

where
P � � � �%� � �V'& is the kernel of ramp filter, and

�" � A 
?B 
  � � �T � � 0OA � 0UB � " � A�
�B 
  � 2

We see that, the first term of the above equation represents
the standard FDK algorithm [1], the second term was derived
by Hu [14].

B. Non-horizontal filtering lines

Comparing with the original FDK algorithm and its mod-
ified versions [1], [5], [14], our algorithm enables a super-
short-scan mode for ROI reconstruction using a reduced scan
path. Another significant difference between this algorithm and
the FDK based algorithms is the addition of non-horizontal
filtering lines which enable more of the cone-beam data to
be used in each filtering operation (Figure 3). Thus, one
may anticipate that this new algorithm should improve the
visualization of out of plane structures. This new feature also
significantly distinguishes this algorithm from super-short-scan
FDK-type algorithms [6], [7].

V. IMPLEMENTATION STEPS OF THE RECONSTRUCTION

FORMULA

The reconstruction steps are:( Differentiate the cone-beam projections to obtain"5S � A 
?B 
  �( Pre-weight the differentiated cone-beam projections"5S � A 
?B 
  � to obtain J" � A 
?B 
  �( Compute the 1D Hilbert filter of the pre-weighted cone-
beam data to obtain G � 
 G � 
 G � according to the follow-
ing equations:G � � JA�
 JB 
  �%� P Q � JA��) ] J" - A�
 JB 
  1 0 �# J" - A�
�B = 
  1 � �# J" - A 
?B > 
  19d 
G ��� JA�
 JB 
  �%� PRQ � JA��) ] J" - A�
 JB 
  1 0 �# J" - A�
�B = 
  1 0 �# J" - A 
?B > 
  19d 
G � � JA 
 JB 
  �%� PRQ � JA�*) ] J" - A 
 JB 
  1 � �# J" - A�
�B = 
  1 0 �# J" - A�
�B > 
  19d 

where B � is given byB � � JBJA � � 8;:���� � � � /� � - A � � 8;:����  �  �# � 13
+� �,� 
 � 2

( Backproject G � 
 G � 
 G � according to the following equa-
tions to obtain � ����� for each point

�� .

� ��� � � ����	� � & � ���� +  G � - A.I �/ � 
�B0I �! ��
  1F �����
  �
0 & ���� � +  G � - A I �! ��
?B I �/ � 
  1F �����
  �
0 & � ���� +  G � - A.I �/ � 
�B0I �! � 
  1F �����
  � 2 (18)

VI. COMPUTER SIMULATIONS AND RESULTS

The reconstruction formula (14) was validated for the three
cases of full-scan, short-scan, and super-short-scan mode using
3D standard Shepp-Logan phantom [16]. The circular scanning
path is located at transverse plane ( � � � 2 #�- ) with radius$ �/. and parameterized by angular variable

 
. For full-scan,

the scanning path is a full circle. For short-scan, the scanning
path is an arc with

  - � � � 
 � 0 � � 1 , where � � is the fan
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(a)

(b) (c)

Fig. 3. A comparison of the filtering lines used in this algorithm with those
used in the heuristic FDK algorithm. In the FDK case the filtering is performed
only along a single horizontal line in the detector plane (a). In this new
algorithm for each reconstructed point a linear combination of three different
weighting groups, two of which may not be horizontal, is used in forming the
sets of filtered data. The new algorithm contains the horizontal filtering lines as
in the case of the FDK but now also contains two filtering lines in alternative
directions. Each of these non-horizontal filtering lines may be defined as the
intersection between the detector plane and the � ������ ����� � planes associated
with the beginning and ending points of the trajectory (b). The combination
the horizontal and non-horizontal filtering directions is demonstrated for a
given sample point (c).

angle, in this paper, the radius of FOV is
� 2�� , so � � � . "	� .

For the super-short-scan, the scanning path is a semi-circle
with

  - " 
 � 1 .
The sampling rate is 
  � � �� * * * . The number of detectors

in the u direction is
� "�"5" . The reconstruction image matrix

is #�-��� #�-�� . The derivatives with respect to
 
, A and B were

implemented using 3-point formula. The cone-beam projec-
tions were calculated analytically. After the pre-weighting was
applied linear interpolation was used to obtain the filtered
data, and then a voxel-driven approach was utilized in the
backprojection step.

Figure 4(a),(b),(c) show the reconstructed image of the
original slice at � � � " 2 # - of the standard 3D Shepp-
Logan phantom in full-scan, short-scan, super-short-scan mode
respectively. The gray-level of 0.95 is mapped to black, and
1.05 to white. We may note that the entire image matrix has
been faithfully reconstructed in the case of the full scan and the
short scan. In the case of ROI reconstruction using a super-
short-scan mode the upper portion of the image which lies
within the supported region has been correctly reconstructed.

Another set of simulations have been performed in order to
demonstrate the advantage of utilizing non-horizontal filtering
lines. In this case an orthogonal plane is reconstructed so that

(a)

(b) (c)

Fig. 4. In plane results validating the algorithm for the case of the three
different scanning modes: (a) Full scan mode ( ������� ), (b) Short scan mode
( ����� � ), (c) Super-short scan mode ( ����� � ).

one may appreciate the ability of this algorithm to reduce
the out of plane artifacts typically present in cone-beam
reconstruction from a circular trajectory. The Shepp-Logan
phantom has been used again, and during this acquisition the
scanning path is in the � � " plane. The view sampling rate
was 
  � � ���* * for each of these acquisitions, and there are#	� .� #	� . detector elements used in the projection acquisition.
The image has been reconstructed using a # -��� #�-�� matrix
and each of the images in Figures 5 and 6 is displayed with
a gray scale mapping of [.98 1.05]. In order to compare this
algorithm with the standard heuristic algorithms simulations
were performed in both the full-scan mode (Figure 5) and the
short-scan mode (Figure 6). In Figure 5 the ability to visualize
out of plane artifacts using this algorithm is compared with
the standard FDK [1]. In Figure 6 (a-b) a similar comparison
is shown for the case of a short-scan in which the FDK
algorithm was modified for the short-scan mode using the
Parker weighting scheme [13]. In each case it is apparent
that given a compressed window-level that this new algorithm
offers improved visualization of out of plane structures. In
addition the possibility of region-of-interest reconstruction
using a super-short scan trajectory has been demonstrated
Figure 6 (c).

VII. CONCLUSION

In this paper, we obtained a new cone-beam FBP recon-
struction formula by applying Katsevich-type algorithm to the
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(a)

(b) (c)

Fig. 5. (a) The expected phantom from an orthogonal plane through the
center of the phantom, (b) The reconstructed result using the FDK algorithm
in the full scan mode ( ����� � ), (c) The reconstructed result using this new
algorithm in the full scan mode ( ����� � ).

arc scanning path. Examples of this path include the full-scan,
a short-scan and a super-short-scan mode depending upon the
angular range of the arc. The new reconstruction formula has
a 1D shift invariant Hilbert filtering kernel. In the case of the
full-scan mode, this algorithm reduces to the standard FDK
algorithm plus a term involving a first order derivative filter.
The novel feature is that each backprojection step includes not
only horizontally filtered data but also non-horizontally filtered
data. The non-horizontal filtering represents a significant dif-
ference from the FDK-like algorithms obtained by extending
2D fan beam reconstruction. Computer simulation results were
also presented to validate the reconstruction formula using a
standard 3D Shepp-Logan phantom for each of the scanning
modes.
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A FBP-type Cone-beam Reconstruction Algorithm with Radon
Space Interpolation Ability for Axially Truncated Data from a

Circular Orbit
Haiquan Yang, Meihua Li, Kazuhito Koizumi, and Hiroyuki Kudo

Abstract— An algorithm, which has the radon space inter-
polation ability to fill the shadow zone and is written in the
form of shift-variant filtered-backprojection (FBP), is given for
reconstruction from axially truncated cone-beam data taken from
a circular orbit. It is known that FDK-type algorithm works well
with axially truncated projections, but Radon-based methods
not. However, Radon-based methods can fill the shadow zone
by interpolation from the measured data on the shadow zone
boundary in the radon space. Grangeat’s formula [1] relates
the derivative of the three-dimensional (3D) Radon transform
to a set of line-integrals on the projection plane. By observing
that, the line-integrals which correspond to derivative of 3D
Radon transform on the boundary of the shadow zone is along
the non-truncated fan-direction, we develop an interpolation
formular to fill the shadow zone which is suitable for axially
truncated data from a circular orbit. Hu [2] discovered that
an arbitrary function to be reconstructed, f , can be expressed
as a sum of three terms,f = fFDK + fH + fN , where fFDK

corresponds to FDK reconstruction, fH represents information
derived from the circular scan but not utilized in FDK algorithm,
and fN represents information from shadow zone. Using our
interpolation formular, a shift-variant FBP algorithm to estimate
fN is proposed in this paper. Thus, an improved cone-beam
reconstruction algorithm for the circular orbit is proposed. The
proposed method is tested by simulation studies.

I. I NTRODUCTION

Three-dimensional reconstruction from a set of cone-beam
projections has been the subject of many studies. Applications
of cone-beam reconstruction include cone-beam x-ray micro-
tomography and cone-beam x-ray medical and industrial com-
puted tomography.

The theoretical development [3][4][1] of analytical inversion
formular for exact cone-beam reconstruction revealed the suffi-
cient condition (Tuy’s condition) of an exact 3D reconstruction
which requires that any plane intersecting the object intersect
the scanning orbit. The scanning orbit is the curve along which
the vertex of the cone-beam moves during a scan. Grangeat’s
algorithm [1] also revealed the relationship between cone-
beam projections and the first derivative of the 3D Radon
transforms. Defrise and Clack [5] and Kudo and Saito [6]
demonstrated that Grangeat’s algorithm can be reformulated
into the shift-variant filtering and cone-beam backprojection
form.
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and Development Department, Uni-Hite System Corporation. Shimotsuruma
505-1, Yamato, Kanagawa 242-0001, Japan. Telephone: (Country code: 81)
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Hiroyuki Kudo is with Image Science Laboratory, Graduate School of
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Fig. 1. The circular trajectory measures Radon values within a torus. The
unmeasured data are positioned in a shadow-zone around the z-axis.

In practice, the cone-beam scanning configuration with a
circular orbit remains one of the most popular configura-
tions and has been widely employed for data acquisition in
CT imaging because of its simplicity, rotational symmetry
and minimal mechanical complexity. Unfortunately, a circular
orbit does not satisfy Tuy’s condition and therefore only
approximate reconstructions are possible. The FDK algorithm
[7], which is a 3D generalization of the conventional 2D
fan-beam filtered backprojection algorithm, was developed
for approximately reconstructing 3D images from cone-beam
data acquired with a circular orbit. FDK algorithm can be
implemented efficiently and is suitable for axially truncated
cone-beam data. For this reason, it has become the most
popular cone-beam reconstruction algorithm for circular orbit,
and has many variations [8][9][10].

Apart from the FDK-type algorithm, Grangeat’s cone-beam
algorithm can also be used in the circular orbit case. From
this general algorithm, Grangeat demonstrated that cone-beam
projections acquired from a circular orbit only support a torus-
shaped region (Fig. 1) in the 3D Radon space. He proposed to
fill by interpolation the region outside the torus, also called the
shadow zone, which is not supported by the circular orbit. Ex-
periments showed that this improves the reconstruction quality
considerably. However, the algorithms based on Grangeat’s
formula only work for non-truncated projection data, which
in many applications, such as medical CT, is infeasible.

In [2], Hu reformulated Grangeat’s algorithm for the circular
orbit. He showed that an imagef(~x) can be decomposed into
three terms:

f(~x) = fFDK(~x) + fH(~x) + fN (~x), (1)

where fFDK(~x) corresponds to the FDK reconstruction,
fH(~x) represents information derived from the circular scan
but not utilized in the FDK algorithm, andfN (~x) is the term
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due to the incompleteness of the circular geometry. In [2], Hu
also gave a FBP-type algorithm to reconstructfH(~x), which
is suitable for axially truncated data.

In this paper, a shift-variant filtering and cone-beam back-
projection algorithm is given to estimate the third termfN (~x)
by filling the shadow zone by interpolation from information
of the shadow zone boundary. This algorithm is also suit-
able for axially truncated data, because Grangeat’s formula
allows us to obtain the derivatives of 3D Radon transform on
the shadow zone boundary by line-integrals along the non-
truncated fan-direction.

We have performed computer simulation studies to test
the proposed method. Numerical results in these studies
demonstrated that the proposed method improves the FDK
reconstruction quality considerably and no artifact could be
observed by the axial truncation.

II. PRELIMINARIES

A. Cone-beam Data acquisition geometry

We consider the following cone-beam geometry where cone
vertices lie along an orbit that is parametrically expressed as

~Sβ = (R cos(β), R sin(β), 0)>, β ∈ [0, 2π) (2)

where β denotes the rotation angle of the x-ray source,R
denotes the rotation radius. We assume that the orbit is outside
of the object support.

As shown in Fig. 2, the orthonormal unit vectors~eu and
~ev denote the detector coordinate system, and the unit vector
~ew = ~eu × ~ev denotes the normal to the detector. Then, for
coordinates on the detector,(u, v), we get the following cone-
beam projections.

p(u, v, β) =
∫ ∞

0

dt f(~Sβ + t~α) (3)

where, the vector~α is defined by

~α = (u~eu + v~ev −R~ew)/
√

u2 + v2 + R2. (4)

Here, we suppose that the detector plane contains the rotation
axis,x3-axis. Thus it is virtual andx3-axis coincides with~ev.
Let p̂(u, v, β) denote the weighted projection, defined by

p̂(u, v, β) =
R√

u2 + v2 + R2
p(u, v, β). (5)

B. Radon inversion formula

The 3D Radon transformRf (ρ, ~n) of the imagef(~x) can
be written as follows:

Rf (ρ, ~n) =
∫ ∫

~x∈Π(ρ,~n)

dΠ f(~x) (6)

where ρ is a radial variable,~n is a unit vector,Π(ρ, ~n) =
{~x|~x · ~n = ρ} is a plane which is normal to~n and has a
distanceρ from the origin.

The vector~n is parameterized using spherical coordinates

~n = (cos φ sin θ, sin φ sin θ, cos θ)>, (7)

then Marr’s algorithm, which provides an efficient FBP
method for inverting the Radon transform, says that the image
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Fig. 2. cone-beam data acquisition geometry.R = SO, ~ew = ~eu × ~ev .

f(~x) is recovered by performing successive 2D backprojec-
tions with respect to the variablesθ and φ. Writing as ~x =
(x1, x2, x3)>, we have

f(~x) = − 1
4π2

∫ π

0

dφ g(t, x3, φ)|t=x1 cos φ+x2 sin φ, (8)

g(t, x3, φ)=
∫ π

2

−π
2

dθ | sin θ| ∂2

∂ρ2
Rf (ρ, φ, θ)|ρ=t sin θ+x3 cos θ (9)

whereRf (ρ, φ, θ) is the spherical coordinates representation
of the Radon transformRf (ρ, ~n).

C. Grangeat’s formula

Grangeat’s formula relates
∂

∂ρ
Rf (ρ, ~n) to a set of line-

integrals on the detector. We define a straight lineL(s, γ) (see
Fig. 2) on the detector which makes an angleγ with v-axis
and has a radial distances. Then, we define

Jβ(s, γ) =
∫

(u,v)∈L(s,γ)

dL p̂(u, v, β) (10)

In [1], Grangeat showed that

∂

∂ρ
Rf (ρ, ~n) =

s2 + R2

R2

∂

∂s
Jβ(s, γ) (11)

where

ρ = ~n · ~Sβ , (12)

~n =
R cos γ~eu + R sin γ~ev + s~ew√

s2 + R2
. (13)

III. PROPOSEDMETHOD

A. Shadow zone and its boundary

In [1], Grangeat demonstrated that there is a shadow zone
which is not supported by cone-beam projections acquired
from a circular orbit (Fig. 1) in the 3D Radon space. The
shadow zone is expressed as|ρ| > R| sin θ| in the spherical
coordinates.

Consider a vector~n on the meridian planeφ = φ0, (Fig.
1.B), the shadow zone boundary is the point(ρ, φ0, θ) where
ρ = R sin θ. From equation (12), the unique cone vertex
used in equation (11) is~Sφ0 . Thus, the vectors~n,~ev, ~ew are
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coplanar. Furthermore, equation (13) also meanscos γ = 0.
So, the integration in equation (10) can be performed along
the~eu-direction, which is also called the fan-direction.

Denote

J ′φ(v) =
∂

∂v

∫
du p̂(u, v, φ), (14)

Ĵφ(v) =
v2 + R2

R2
J ′φ(v), (15)

then on the shadow zone boundary, Grangeat’s formula be-
comes

∂

∂ρ
Rf (ρ, φ, θ) = Ĵφ(v), (16)

whereρ = R sin θ, v = R tan θ. For fixedρ, we define

θ(ρ) = sin−1 ρ

R
, v(ρ) =

Rρ√
R2 − ρ2

. (17)

B. Linear interpolation in shadow zone

In this study, we use the linear interpolation [11] along the
θ-axis in the spherical coordinates to estimate missing data in
the shadow zone.

Fix ρ = ρ0, define θ0 = θ(ρ0), v0 = v(ρ0), then in the
shadow zone, the first derivative of the radon transform can
be estimated as follows.

∂

∂ρ
Rf (ρ, φ, θ)|ρ=ρ0

.= Ĵφ(v0)(
1
2

+
θ

2θ0
) + Ĵφ+π(v0)(

1
2
− θ

2θ0
). (18)

Thus,

∂2

∂ρ2
Rf (ρ0, φ, θ) .= K0(ρ0, φ, θ) + K1(−ρ0, φ + π, θ), (19)

where

Ki(ρ0, φ, θ) =
1√

R2 − ρ2
0

{− θ

2 sin−1 ρ0
R

Ĵφ(
(−1)iRρ0√

R2 − ρ2
0

)

+
R3

2(R2 − ρ2
0)

(1 +
θ

sin−1 ρ0
R

)Ĵ ′φ(
(−1)iRρ0√

R2 − ρ2
0

)}. (20)

C. FBP-type estimation offN (~x)

According to Marr’s algorithm,fN (~x) can be reconstructed
by rewriting equations (8) and (9) as

fN (~x) = − 1
4π2

∫ π

0

dφ gN (t, x3, φ)|t=x1 cos φ+x2 sin φ, (21)

gN (t, x3, φ) (22)

=
∫ θ+(t,x3)

θ−(t,x3)

dθ | sin θ| ∂2

∂ρ2
Rf (ρ, φ, θ)|ρ=t sin θ+x3 cos θ

whereθ−(t, x3) = tan−1 −x3
R+t and θ+(t, x3) = tan−1 x3

R−t if
x3 ≥ 0; otherwiseθ−(t, x3) = tan−1 x3

R−t and θ+(t, x3) =
tan−1 −x3

R+t .

Substituting equation (19) into equation (22), we get

gN (t, x3, φ) (23)

.=
∫ θ+(t,x3)

θ−(t,x3)

dθ | sin θ|K0(ρ, φ, θ)|ρ=t sin θ+x3 cos θ +

∫ θ+(t,x3)

θ−(t,x3)

dθ | sin θ|K1(−ρ, φ + π, θ)|ρ=t sin θ+x3 cos θ.

So, fN (~x) can be estimated as follows.

fN (~x) .= − 1
4π2

∫ 2π

0

dφ hN (t, x3, φ)|t=x1 cos φ+x2 sin φ, (24)

where if φ < π

hN (t, x3, φ) (25)

=
∫ θ+(t,x3)

θ−(t,x3)

dθ | sin θ|K0(ρ, φ, θ)|ρ=t sin θ+x3 cos θ,

otherwise

hN (t, x3, φ) (26)

=
∫ θ+(−t,x3)

θ−(−t,x3)

dθ | sin θ|K1(−ρ, φ, θ)|ρ=−t sin θ+x3 cos θ.

Note that equation (25) and (26) can be regarded as shift-
variant filtering, then equation (24) is the backprojection step
of this estimation because the angleφ is same as the projection
angleβ (See equations (14), (15), (20), (25), and (26)).

D. Algorithm

In [2], Hu decomposed an image into three terms as
equation (1), and gave a FBP-type reconstruction for the
term fH(~x). Our new circular orbit cone-beam reconstruction
algorithm includes FDK reconstruction forfFDK(~x), Hu’s
second termfH(~x), and our FBP-type estimation offN (~x).

The algorithm can be implemented as follows.

Set the initial valuef(~x) = 0, then for all projection angles
β, do the following

• Filtration:

– FDK: convolving the weighted projection data in
the~eu-direction with the Shepp-Logan or other filter
kernel and getq(u, v, β).

– Hu: calculateJ ′β(v) by equation (14). This is also
in the~eu-direction.

– Shadow: calculatehN (t, x3, β) by equations (25),
(26), (20), and (15) fromJ ′β(v).

• Backprojection:

– FDK: f(~x) := f(~x)+ ∆β
4π2

R2

(R+~x·~ew)2 q(ũ, ṽ, β), where

ũ = R~x·~eu

R+~x·~ew
, ṽ = Rx3

R+~x·~ew
.

– Hu: f(~x) := f(~x)− ∆β
4π2

x3
(R+~x·~ew)2 J ′β(ṽ), whereṽ is

same as FDK backprojection.
– Shadow:f(~x) := f(~x)− ∆β

4π2 hN (t̃, x3, β), wheret̃ =
~x · ~ew.
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1

C: FDK

D: FDK+HuB: Proposed

A: Phantom

Fig. 3. A x1-x3 plane in the Shepp-Logan Phantom and the reconstructed
images by FDK, FDK plus Hu’s improvment, and the proposed algorithm.
Greyscale interval[1.0, 1.04].

IV. SIMULATION RESULTS

We evaluated the proposed algorithm by using a 3D Shepp-
Logan phantom represented by a256 × 256 × 256 matrix.
We assume that the pixel size for the phantom is0.11548
mm×0.11548 mm×0.11548 mm, thus the length of each side
of the volume is29.563 mm. The radius of the circular orbit is
30 mm. We generated the cone-beam projection data, whose
size is300× 300 pixels for covering the phantom completely,
and the number of projections is 360 uniformly distributed
over 2π.

In Fig. 3, we show a vertical slice of the phantom (A),
and the corresponding images reconstructed by use of the
FDK (C), FDK plus Hu’s improvement (D), and the proposed
method (B) with a greyscale interval[1.0, 1.04]. The corre-
sponding profiles along the dashed line in Fig. 3.A are shown
in Fig. 4. The computation time of the proposed method is
about twice of that of the FDK method.

We also tested the proposed method with the axially trun-
cated projection data, which is obtained by settingp(u, v, β) =
0 when v < 0. A vertical slice and the profile are shown in
Fig. 5.

V. SUMMARY

By interpolating the shadow zone from the Radon values of
its boundary, we proposed a shift-variant filtering and cone-
beam backprojection algorithm for axially truncated data from
a circular orbit. The proposed method is also efficient to the
case where the cone angle is large. The basic observation
is that the line integration related with the radon values of
the shadow zone boundary can be performed along the non-
truncated fan-direction. The simulation results demonstrate
that the proposed method improves the image quality consider-
ably and no artifact could be observed by the axial truncation.
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Fig. 4. Profiles along the dashed line in Fig. 3.A and those in the
reconstructed images.
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Fig. 5. Reconstructed image from the axially truncated projection data and
its profile. Greyscale interval[1.0, 1.04].
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Dynamic Cardiac CT Imaging using 
Detectors with large Cone Angle 

Herbert Bruder, Karl Stierstorfer, Thomas Flohr 

  
Abstract—At the advent of Multi-slice Computed 
Tomography (MSCT), cardiac volume imaging is an exciting 
and promising tool to image the heart’s anatomy and 
dynamics. Volume reconstruction algorithms have been 
implemented successfully for detector systems with small cone 
angle allowing for gated cardiac spiral imaging at any heart 
phase within the cardiac cycle. However, the conical shape of 
projection data is neglected. For larger cone angles the conical 
shape of projection data has to be taken into account even for 
cardiac CT data.  
We present a cardiac volume reconstruction technique for 
large multi-slice detector systems and area detectors based on 
3D-backprojection. For gated image reconstruction a temporal 
rebinning of scan data is needed. High temporal resolution is a 
prerequisite for high quality imaging of the coronary 
anatomy. Multi-segment techniques ([1],[2]) allow for an 
increase of temporal resolution. We present a multi-segment 
method  taking data of up to four consecutive cardiac cycles 
for image formation. Two different approaches will be 
discussed: in the first method the temporal rebinning is 
applied to the CT acquisition data; partial images of arbitrary 
orientation are reconstructed and added to full CT images. In 
the second method the acquisition data are subdivided in very 
small data segments that are reconstructed to a stream of 
segment images. In this case the temporal rebinning is applied 
on the image data. The benefit of this approach is the potential 
for a very rapid change of cardiac phase. This is  of essential 
importance for dynamic cardiac volume imaging where a fast 
computation of a multitude of image volumes at different 
cardiac phases is needed.  
A simulation study using sequential data of a 256 slice detector 
covering the entire heart volume is presented. It is shown that 
multi-segment approaches in combination with fast gantry 
rotation time allow for a very sharp delineation of the 
coronary vessel anatomy. In addition, it is shown that even for 
detectors with large cone angles no cone artifacts are visible 
within the cardiac volume although only a Feldkamp-type 
reconstruction scheme was used.  
 

Index Terms—cardiac volume imaging, multi-segment cardiac 
reconstruction, area detector 
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I. INTRODUCTION 
 
In the recent past cardiac volume imaging with CT was 
boosted to high quality imaging using multi-slice detector 
technology. Whereas magnetic resonance imaging is highly 
effective imaging the morphology and functional dynamics 
of the human heart due to its excellent low contrast 
detectibility and its capability of diffusion imaging, CT has 
its domaine in detecting coronary artery disease by 
visualizing the coronary anatomy. Hence it can be very 
useful to detect stenotic malformations and in case of 
negative prediction avoid additional catheter study with 
classical angiography. Moreover, cardiac CT imaging might 
have the potential to detect soft plaques in an early stage of 
development thus providing a powerful tool to diagnose 
risk for infarction. Early cardiac CT techniques using 
prospective triggering in sequence mode are now extended 
by retrospective imaging methods in spiral scanning. The 
breakthrough of this technology came with multi-slice 
detectors in the last few years. Calcium scoring, for 
example, thus becomes a reliable and efficient tool to 
predict plaque frequency and increase in the coronary 
arteries.  
Cardiac volume imaging currently implemented for detector 
systems with small cone-angle is characterized by 
continuous data sampling and retrospective volume 
reconstruction of the human heart at any phase in the 
cardiac cycle. Basically the temporal resolution is 
adjustable using multi-segment reconstruction approaches 
[1]. For detectors with large cone angle the conical shape of 
the multi-slice projection data have to be taken into 
account. 
We present a multi-segment reconstruction based on a 
Feldkamp-type cone-beam reconstruction. Dynamic volume 
visualization of the cardiac anatomy requires the fast 
computation of a multitude of cardiac phases. A 
modification of this algorithm that allows for a rapid 
change of cardiac phase is also presented.  
 
 
 
 
 
 

Fred Noo


Fred Noo
The Eighth International Meeting on Fully Three-dimensional Image Reconstruction in Radiology and Nuclear Medicine      405  

Fred Noo


Fred Noo
Session 13: circular cone-beam tomography      8:15 - 9:55 Saturday 9 July 2005  



II. METHOD 

A. Feldkamp-type image reconstruction 
We assume that the data have been rebinned from fanbeam 
data to a pseudo-parallel multi-slice sinogram P(θ,p,q) 

),( pθ   denote the parallel coordinates and q the detector 
slice number. These data are filtered along the row direction 
with a standard (e.g. Shepp-Logan) kernel K: 

(1)  )(),,(),,( ppKqpPpdqpPconv ′−′′= ∫ θθ
It can be shown that this filtering is effectively a filter of the 
pseudo-parallel data along the spiral tangent. For each 
voxel (x,y,z) and for each projection angle θ  a weighted 
projection is calculated: 
 

(2)  )q,p̂,(P)(W)(V convz,y,x θθθ ⋅=
 
where  is the parallel coordinate of the ray hitting the 
voxel, 

p̂

 
(3)  θθ cossinˆ yxp −=  

)(W θ is needed for transition weighting of angular 
segments in the multi-segment reconstruction and will be 
defined below. The backprojection is now performed in the 
following way: 

 
(4) , )ˆ,ˆ,()()(,, qpPWV conv

R
zyx θθθ

θ
∑
∈

=

 
where   is given by q̂

(5) 
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R
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ϑ
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= . 

θθ sincosˆˆ 22 yxpRl f −−−=  

 
Rf denotes the focus ico-center distance, zrot the tablefeed 
and coneϑ is the cone-angle of the detector. R denotes the 
projection interval needed for reconstruction. In multi-
segment reconstruction it has variable length (see below). 
For sequential scans we have  zrot=0.

B. Temporal Rebinning  for multi-segment 
reconstruction 

 
1) Temporal Rebinning on Acquisition data 

 
For cardiac imaging the ECG of the patient is recorded 
simultaneous to the continuous data acquisition. The R-
peak positions [ ]cycleR N0,l (l),T ∈ of the ECG and a user-
selected delay Tdelay that is needed to adjust the cardiac 

phase, are required to correlate the ECG data to the scan 
data. Ncycle is the number of cardiac cycle contained in the 
ECG of the patient. For reconstruction of an image voxel at 
position (x,y,z) that cardiac cycle is selected from the 

stream of ECG data for which 
rot

delayR
rot T

T)l(T
zz

+
⋅−  

is minimal. Trot denotes the rotation time of the CT gantry. 
For convenience we omit the index l for the cycle number 
in the equations below, if not needed.  
In a multi-segment cardiac reconstruction the reconstruction 
intervals are selected from consecutive cardiac cycles at the 
same cardiac phase. In addition, the data segments have to 
be complementary. To minimize the temporal resolution of 
the images the total angular length of the stream of 
projection data used for image reconstruction should be π/2. 
From these conditions the length of the segments 

[ ]Kss ,1, ∈∆θ  is uniquely defined. K defines the number 
of segments used for image reconstruction. We define the 
set of projection angles belonging to the segments s with 
start angle  and length  asstart

sθ sθ∆ ( )s
start
ssM θθ ∆= , . 

Two different permutations are possible depending whether 
the segments have just to be appended (A) or 
complementarily (B) combined. If 

2/mod)2( πππ ≤⋅
rotT
RRT

 then permutation A is needed 

(TRR  denotes the length of the momentary cardiac cycle). In 
this case the different segments are related by the start 
angles as follows: 
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For permutation B the different segments are related 
according to: 

(7) 
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The backprojection is done as follows: 
 

(8)  )(V)z,y,x(V
K

s M

s
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s
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θ
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−

= ∈
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For transition weighting the weighting function )(θW is 
needed: 
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The length of the segment is denoted by and segθ∆ transθ is 

a transition angle for smooth transition of adjacent data 
segments. 
The temporal resolution Ttemp is determined by the largest 
segment maxθ∆ and is given by: rotmaxtemp T/T ⋅= πθ 2 . 
As might be derived from equations (6) and (7) it is a 
function of the frequency of the heart beat. An example is 
given in Fig. 1. 
 
 

2)  Temporal Rebinning on Image data 
 
In this section a modification of the multi-segment 
technique is presented. A domain of cardiac imaging is the 
imaging of coronary anatomy. A sharp delineation of 
coronaries requires a careful adjustment of cardiac phase. In 
addition, multi-phase reconstructions are needed for cardiac 
functional imaging. In any case this implies a recalculation 
of the entire image volume for each user-selected cardiac 
phase.  
This can be avoided by subdividing the entire stream of 
spiral or circular acquisition data into small sectors of 

length 
segN

π
θ

2
=∆ where Nseg denotes the number of 

sectors per full turn. The basic idea is to reconstruct a 
subset of projection data in the range of cardiac phases 
needed for diagnosis and apply the temporal rebinning 
procedure  (see previous section) not to projection data but 
to image data. The backprojection is done as follows: 
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where m denotes the number of spiral or sequential turns 
and the set Nk is a sector of parallel projections of length 

θ∆ . To be able to perform the temporal rebinning on these 
image data, the start angles of Ms have to coincide with the 
grid of start angles of Nk. Hence, the user-selected cardiac 
phase can only be shifted within a temporal grid of length 

rotT⋅
∆

π

θ

2
. In addition it might be necessary to adapt  the 

length of the segments . Let be the indices 
where the start (end) positions of M

sθ∆ end
s

start
s k,k

s and Nk coincide. The 
final image data is calculated as: 
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A change in cardiac phase  (within a temporal grid of length 

rotT⋅
∆

π

θ

2
) would only require to shift the indices  

by 1. In contrast, the method presented in the 
previous section would require a new reconstruction of all 
image data needed for the segments 

end
s

start
s kk ,

[ )1,0 −∈ Ks . If a 
multitude of cardiac phases are needed this means that 
many projection data are backprojected a multiple times.  
 
  C.  Limitation of the table feed  
 
In order to guarantee gapless volume coverage of the entire 
cardiac volume it is required to adjust the table feed. For 
multi-segment cardiac reconstruction the spiral feed has to 
be strongly reduced. A maximum pitch value pmax can be 
calculated (here the pitch is defined as the table feed 
normalized to the detector size): 

(11) 
KRRT

rotT
p

1
max

⋅≤    

Here TRR denotes the maximum length of cardiac cycles.
  

III. SIMULATION RESULTS 
 
We present a simulation study based on a semi-
anthropomorphic phantom of the human heart and thorax. 
In order to demonstrate the potential of the presented 
volume reconstruction technique we simulated the dynamic 
behavior of the coronary arteries. We show image data 
acquired with a 256 slice area detector. Even for higher 
heart rates excellent image quality is achieved using bi-
segment rebinning mode (Fig. 2). 
 

IV. CONCLUSION 
 
A new cardiac volume reconstruction technique has been 
presented. The method is based on a Feldkamp-type 
reconstruction taking into account the conical shape of 
projection data in multi-slice CT. Thus the new algorithm is 
well suited for multi-slice CT systems using large cone-
angle detectors. A multi-segment temporal rebinning is 
applied to the scan data in order to increase the temporal 
resolution of CT images. In addition, a modification of  the 
algorithm allows for a rapid change of cardiac phase The 
fast computation of image volumes is a major benefit when 
adjusting the cardiac phase for coronary artery imaging and 
for dynamic volume visualization of the heart.  
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Fig 1:  Temporal resolution as a function of heart frequency for a 2-, 3-, 
and  4-segment reconstruction, respectively. Below a certain threshold a 
mono-segment reconstruction is assumed. (2-segment: blue line, 3-
segment: green line, 4-segment: red line) The gantry rotation time is 330 
ms.  
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Fig 2: Bi-segment reconstruction of a dynamic, anthropomorphic heart 
phantom. The simulation data are obtained in a circular acquisition using 
an area-like detector covering the entire cardiac volume.  Only two cardiac 
cycles are needed for image reconstruction. Hence the temporal resolution 
is increased compared to multi-slice scanning, because it is  not affected by 
heart rate variability. Please note: although a Feldkamp-type image 
reconstruction has been used no cone-artifacts are visible.  
(top) 16x0.75 mm detector, temporal resolution ≈140ms  
(bottom)   256x0.5 mm area detector, temporal resolution 85ms. The gantry 
rotation time was 330 ms. 
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Abstract-- One of the greatest challenges facing iterative
fully-3D PET reconstruction is the issue of long reconstruction
times due to the large number of measurements for 3D data as
compared to 2D data.  We have developed a rotate-and-slant
projector (and backprojector) which takes advantage of
symmetries in the geometry to compute projections to multiple
oblique sinograms in a computationally efficient manner.  It i s
based upon the 2D rotation-based projector using the fast 3-
pass method of shears, and conserves the 2D rotator
computations for multiple projections to each oblique
sinogram set.  The projector is equally applicable to both
conventional evenly-spaced projections and unevenly-spaced
line-of-response (LOR) data (where the arc correction i s
modeled within the projector).  The LOR-based version models
the exact location of the direct and oblique LORs, including
the radial dependence of the polar angle for obliques.  The
projector is implemented in C, where optimizations for speed
have been studied for numerous data symmetries.  These
include the vertical symmetry of the oblique projection
process, angular symmetries in the rotator, and differences in
array indexing which affect computer data flow and
processing times.  Projection and full reconstruction times
using the rotate-and-slant projector were analyzed in terms of
the level of detail of the projection model, the various
opt imizat ions  implemented ,  and  v e r s u s  2D
projection/reconstruction.  The new projector is capable of
providing fully-3D iterative reconstruction in less than twice
the time of 2D reconstruction.

I. INTRODUCTION

We have developed a rotate-and-slant projector and
backprojector for iterative fully-3D positron emission
tomography (PET) reconstruction which takes advantage of
certain symmetries in the fully-3D projection process to
provide very efficient projection to multiple oblique
sinogram sets.  The projector is an extension of the 2D
rotation-based projector for parallel-beam projections [1-3],
which essentially re-samples the image (via rotation) so that
the columns align with the projection bins at a given
azimuthal angle φ .  The rotate-and-slant projector was
designed with computational efficiency in mind, and it
provides projection to fully-3D PET data with even large
numbers of ring differences in times fast enough for regular

Dan Kadrmas is with the Utah Center for Advanced Imaging Research
(UCAIR), Department of Radiology, University of Utah, 729 Arapeen
Drive, Salt Lake City, UT  84108-1218, USA.  Telephone:  (801) 581-5937.
E-mail:  kadrmas@ucair.med.utah.edu.

Vladimir Panin is with CPR Innovations, 810 Innovation Drive,
Knoxville, TN  37932-2571, USA.  Telephone:  (865) 966-4444.  E-mail:
Vladimir.Panin@cpspet.com.

clinical use.  The projector has a number of other desirable
properties, including:  (1) an efficient method to incorporate
the arc correction into the projector for direct line-of-response
(LOR)-based reconstruction; (2) it provides a convenient
image-based framework for modeling the spatially-variant
geometric point response function and for modeling scatter;
(3) it is easily adaptable to a wide variety of scanner
geometries; and (4) it has modest memory requirements.  In
this abstract we present the projector, discuss modeling of
various object- and system-dependent responses, discuss a
number of computational optimizations, and characterize their
effect upon projection and reconstruction times.

II. METHODS

A. Rotate-and-Slant Projector
Figure 1 shows the (s, φ , z, δ) coordinate system used to
parameterize fully-3D PET LORs.  Like the rotation-based
projector for 2D tomography [1-3], the rotate-and-slant
projector works by resampling the image estimate to align
the columns of the image matrix with the rays of the
projection matrix.  Projection is then accomplished by
summing the columns of the resampled image matrix.  In
2D, this resampling amounts to rotating the image matrix to
azimuthal angle φ.  We use the 3-pass method of shears [2,
4] for this rotation, which breaks down the 2D rotation
process into a series of three 1D shears (Fig. 3, top row),
which are computationally efficient.

For fully-3D PET reconstruction, the 2D rotation-based
projector can be used for projecting to direct sinograms (ring
difference δ=0).  For oblique sinograms (δ≠0), the projection
rays are not perpendicular to the axis of symmetry of the
scanner (i.e., they lie at some polar angle θ).  Here, the image
matrix is slanted (axial shear) and resampled so that the
resampled columns align with the oblique projection rays as
shown in Fig. 2.  This axial slant is a 1D depth-dependent
interpolation operation than can be performed much faster
than the 2D rotation operation of Step 1.  Furthermore, since
the rotated image can be saved and slanted to all ring
differences, the computational cost of projecting to multiple
ring differences is a relatively small increase over projecting
to a single ring difference.  As a result, the rotate-and-slant
projector has high computational efficiency for projecting to
datasets with large numbers of ring differences.

Rotate-and-Slant Projector for Fast LOR-Based
Fully-3D Iterative PET Reconstruction

Dan J. Kadrmas and Vladimir Panin
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Figure 1.  (Left) Coordinate system (s, φ, z, δ) used to parameterize an LOR.  Note that the length of the LOR (here called Δy, where the y-
direction is defined perpendicular to s), is dependent upon s.  As a result, the polar angle θ is not only dependent upon the ring difference δ, but
there is also a secondary dependence upon s.  (Right) For cylindrical ring PET tomographs, the LORs grouped into a parallel projection at a
given angle are unevenly spaced in s.

B. Modeling of System- and Object-Dependent Effects
Another feature of the rotate-and-slant projector is that it

provides a convenient image-based framework for modeling
object- and system-dependent measurement effects.  These
effects can be separated into three distinct classes:  (1)
multiplicative        effects    such as attenuation, uniformity and
deadtime, which affect the sensitivity of individual LORs;
(2)    additive        effects    such as randoms and scatter, which
contribute to the number of prompt coincidences measured
but do not provide high resolution spatial information; and
(3)    geometric       effects    which map the precise location of each
individual LOR including finite point responses caused by
positron range, non-collinearity effects, and depth-of-
interaction.  Multiplicative effects alter the sensitivity of
individual LORs and are relatively straightforward to
implement once the LOR sensitivities are measured.

Additive effects require image-based modeling or projection-
space estimations, and the rotate-and-slant projector provides
a convenient image-based framework for such modeling.
Finally, geometric effects include exactly localizing each
LOR for the specific geometry of the scanner being used,
plus spatial resolution effects which are spatially-variant.  We
address each of these in turn below.

LOR Position  The rotate-and-slant projector can
incorporate the interpolation to unevenly-spaced LORS, or
“arc correction”, directly into the rotator as described in Fig.
3.  The resampling is incorporated into the final shear of the
3-pass method-of-shears rotator.  By incorporating the
resampling directly into the rotator, a separate interpolation
step for the arc correction is avoided, thus yielding both less
interpolation error and high computational efficiency.  This is
described in detail for the 2D case in [3].

Figure 2.  The proposed rotate-and-slant projector follows three major steps.  Note that Step 2, slanting to ring difference δ, involves only a 1-
dimensional slant, which is very fast and can be done repeatedly to all ring differences after a single rotation from Step 1.  This makes the rotate-
and-slant projector very computationally efficient for fully-3D projections to a large number of ring differences.
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Figure 3.  Projection to / backprojection from unevenly-spaced PET LORs can be efficiently accomplished by incorporating the arc correction
directly into the third shear of a rotator utilizing the 3-pass method of shears.  The top row shows the conventional 3-pass rotator, and the bottom
row shows the rotator which resamples to uneven LOR spacing.  This reduces the interpolation error while maintaining the speed advantage of
this rotator.

For fully-3D data, there are additional complexities in the
exact positioning of oblique LORs.  For example, as shown
in Fig. 1, the polar angle θ  for a given ring difference δ
actually changes as a function of s for a cylindrical scanner.
Similarly, “direct plane” and “cross plan” slices are usually
stacked by alternating between even and odd ring differences
to form a final slice thickness that is one-half the ring
spacing.  This causes the polar angle for oblique LORs at
adjacent slices to alternate in value.  In both cases described
above, the exact position and polar angle of each LOR is
easily modeled in the slant step of the rotate-and-slant
projector, providing an exact LOR-based projector which
avoids many of the approximations commonly used in other
PET projectors.

Point Response Function  The PET point response
function (PRF) is spatially variant and depends in a complex
manner upon the geometry of the scanner, positron range
effects, non-collinearity effects, and depth-of-interaction
effects. (Note that we exclude scatter and randoms from the
geometric PRF, as they are classified as additive effects and
handled separately.)  While the PRF is object-dependent, the
object dependence is mainly 2nd order, and to good 1st order
approximation the PRF is system-dependent.  The PRF can
be directly measured at points throughout the scanner field-
of-view using a point source and robotic positioning
apparatus as in [5].  The measured PRFs are then stored in a
look up table and applied using a spatially-variant
convolution within the rotate-and-slant projector after the
rotation and prior to the column-summing operation.  This is
analogous to depth-dependent collimator-detector response
modeling in SPECT with a rotation-based projector, and we
are currently working on optimizing the compensation by
separating the axial and transverse components into separate

1D convolutions. and also by investigating incremental
blurring techniques.

C. Computational Efficiency and Optimizations
The rotate-and-slant projector has been implemented in C,

and a number of optimizations have been employed to reduce
the processing time required for projection and
reconstruction.  There are a number of symmetries and other
numerical matters that can be exploited to greatly improve
the computational efficiency of the projector, some of which
are not widely recognized by the tomographic reconstruction
community.  We have implemented a number of
computational enhancements and measured their effects upon
projection and reconstruction times using the 3D ordered-
subsets expectation-maximization (OSEM) algorithm.
Measurements of CPU processing times were performed on a
single-CPU 2.4 GHz 64 bit AMD Opteron 250 Linux
workstation running Red Hat Advanced Server 3.0 (cost
~$2,000).

Array Indexing  The orders in which the reconstructed
image matrix and projection data matrix arrays are indexed
were found to have a significant impact upon processing
time.  Accounting for the manner in which the arrays are
accessed within the projector routine, the array indices can be
ordered in such a way as to access contiguous blocks of
memory when possible.  For example, the 3D reconstructed
image matrix would typically be indexed with three indices:
the i,j position within transaxial slice k.  This array would
commonly be ordered such that i varies fastest, followed by
j, and k would vary the slowest; we will refer to this ordering
as “i:j:k”.  In order words, the (i,j,k) element of the image
a r r a y  w o u l d  b e  a t  m e m o r y  location
i+(Xdim*j)+(Xdim*Ydim*k), where Xdim, Ydim, and Zdim
are the dimensions of the i, j, and k directions, respectively.
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The i:j:k ordering is often efficient for applications which
treat the image one slice at a time, e.g. a transaxial image
display program.  For fully-3D projection and reconstruction,
however, the image volume is better treated as a whole.
Considering the 3 steps of the rotate-and-slant projector as
shown in Fig. 2, several different ordering schemes may be
considered.  We compared projection and reconstruction
times for three ordering schemes:  i:j:k, k:i:j, and k:j:i..  The
degree of improvement for the different ordering schemes was
dependent upon the image dimensions.  The k:i:j ordering
scheme consistently provided projection and reconstruction
times that were 41-66% as long as for i:j:k ordering, with
k:j:i falling in between.  This was not surprising, given that
the innermost projection loop is a 1D axial interpolation
procedure, and the k:i:j indexing allowed contiguous memory
blocks to be accessed for this interpolation.

Two different projection data indexing orders were also
studied, bin:slice:angle and slice:bin:angle.  The
slice:bin:angle indexing order was consistently found to be
about 12-17% faster, and hence it was used throughout this
work.  Overall, optimizing the image and projection data
array ordering schemes resulted in almost a factor of 2
savings in projection and reconstruction times.

Vertical Projection Symmetry  The approximately
cylindrical geometry of most modern PET scanners provides
what we refer to as a vertical symmetry for the projection
operation.  Referring to Fig. 2, Step 2 of the rotate-and-slant
projection requires a depth-dependent axial slant of the
rotated image matrix.  If we define the zero depth to be at the
center of the image matrix (i.e., at the depth of the axis of
symmetry of the scanner), then the slant for rows at positive
depths is the negative of the slant for rows at negative
depths.  Since the slant requires a row-by-row 1D linear
interpolation, the interpolation factors can be shared for the
positive and negative depths.  In effect, this replaces 2
multiplications with 2 additions for each voxel in the row,
and this occurs within the innermost loop of the slanting
routine.  This resulted in a time savings of about 18%.

Other Optimizations  A number of other optimizations
have also been performed with lesser impact upon the total
processing time.  For example, once the image matrix has
been rotated to angle φ (Step 1), the rotated image at angle
φ+90° can rapidly be obtained by swapping the i- and j-
indices of the rotated matrix.  This can provide a moderate
reduction in processing times, but it is less effective when
the arc correction (to LOR-spacing) is incorporated directly
into the rotator.

III. RESULTS

The rotate-and-slant projector was successfully
implemented and tested on both simulated and experimental
phantom data.  Datasets representative of the Hi-Rez
Biograph PET/CT scanner (Siemens Medical Solutions) were

used, and for comparison image sizes representative of the
Advance scanner (General Electric Medical Systems) operated
in 3D mode were also simulated.  The projection and
reconstruction CPU times were measured as a function of the
number of oblique angles included in the reconstruction.  For
example, using a maximum ring difference of 25 and a span
of 3, 17 sets of oblique sinograms are obtained:  (0,±1),
(+2,+3,+4), (-2,-3,-4), …, (-23,-24,-25).  Figure 4 shows the
full projection and iterative reconstruction times for fully-3D
PET as a function of the number of oblique datasets
included.  The points on these curves which are representative
of common image and projection sizes for the two scanners
are marked.  The projection and reconstruction times for 2D
data using the rotation-based projector (same C code with
same optimizations) are also marked on the figure.
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Figure 4.  Projection times (top) and full reconstruction times (bottom)
for 4 iterations fully-3D LOR-OSEM with 14 subsets, plotted as a function
of the total number of oblique angles included.  Two sets of data are shown,
128 × 128 × 81 slice images representative of one bed position of the
Biograph Hi-Rez scanner, and 128 × 128 × 35 slice images representative
of the Advance scanner.  All cases used 283 bins and 168 angles with the
arc correction included in the projector/backprojector.
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IV. CONCLUSIONS

The rotate-and-slant projector offers accurate fully-3D
iterative PET reconstruction in times on the order of twice as
long as for 2D reconstruction, and these times are fast enough
for routine clinical use.  The projector provides direct LOR-
based reconstruction in a framework amenable to image-based
modeling of scatter and the spatially-variant PRF.

V. REFERENCES

[1] E.C. Frey, Z.W. Ju, and B.M.W. Tsui, "A fast projector-
backprojector pair modeling the asymmetric, spatially varying scatter
response function for scatter compensation in SPECT imaging," IEEE
Trans. Nucl. Sci., vol. 40, pp. 1192-97, 1993.

[2] E.V.R. Di Bella, A.B. Barclay, R.L. Eisner, and R.W. Schafer, "A
comparison of rotation-based methods for iterative reconstruction
algorithms," IEEE Trans. Nucl. Sci., vol. 43, pp. 3370-3376, 1996.

[3] D.J. Kadrmas, "LOR-OSEM: statistical PET reconstruction from raw
line-of-response histograms," Phys Med Biol, vol. 49, pp. 4731-44, 2004.

[4] A. Paeth, "A fast algorithm for general raster rotation," Graphics
Interface, pp. 77-81, 1986.

[5] V.Y. Panin, F. Kehren, H. Rothfuss, D. Hu, C. Michel, and M.E.
Casey, "PET reconstruction with system matrix derived from point
source measurements," presented at IEEE Nuclear Science
Symposium and Medical Imaging Conference, Rome, IT, 2004.

Fred Noo


Fred Noo
The Eighth International Meeting on Fully Three-dimensional Image Reconstruction in Radiology and Nuclear Medicine      415  

Fred Noo


Fred Noo
Session 14: iterative reconstruction in PET      10:45 - 12:00 Saturday 9 July 2005  

Fred Noo



MAP Image Reconstruction for Arbitrary Geometry PET 
Systems with Application to a Prostate-Specific Scanner 

 
Jicun Hu, Jinyi Qi, Jennifer S. Huber, William W. Moses and Ronald H. Huesman 

 
     Abstract − PET systems are usually constructed with multiple 
detector blocks composed by arrays of rectangular scintillation 
crystals, which function as the basic element for positron 
annihilation detection.  Conventional PET scanners have a 
circular geometry with detector blocks uniformly placed on a 
ring. Recently, several PET systems with different geometries 
have been developed to meet specific applications. In this paper, 
we propose a method to obtain MAP reconstruction from 
arbitrary geometry PET systems. It is well known that precise 
modeling of the system matrix, which relies heavily on the 
scanner geometry, is the key to obtaining an accurate image 
reconstruction. In our reconstruction software, the scintillation 
crystals can be located at any position with any orientation so that 
arbitrary geometry PET systems can be accurately modeled. Each 
line of response is modeled using numerical calculation of the 
solid angle effect in coincidence detection and penetration effect 
of 511 keV photons through multiple detector blocks, while 
accounting properly for the gaps between them. No rebinning is 
used. This accurate modeling of geometric response and precise 
calculation of the penetration distance of the chord within crystals 
are the main advantages of the proposed reconstruction method. 
We implemented both an EM-type algorithm and a 
preconditioned conjugate gradient algorithm for image 
reconstruction. The method can handle both list mode and 
histogrammed data. We validate our method using Monte Carlo 
simulations and data collected from the prostate specific scanner 
developed at Lawrence Berkeley National Laboratory. 
 

I. INTRODUCTION 

 
ositron emission tomography (PET) is an important 
modality for functional imaging. Most existing PET 

systems are composed of detector blocks, which are arrays of 
multiple rectangular scintillation crystals. Conventional PET 
scanners have a circular geometry with detector blocks 
uniformly placed on a ring. With the advances in 
instrumentation technology, various noncircular PET systems 
have been developed to meet specific practical applications. 
These systems include the parallel two-planar [1,2] and 
rectangular positron emission mammography (PEM) [3] for 
 
Jicun Hu, Jennifer S. Huber, William W. Moses, and Ronald H. Huesman are 
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breast imaging, hexagonal HRRT brain scanner [4], the dual- 
layer MADPET-II small animal scanner [5] and elliptical  
prostate-specific PET [6]. It is very likely that more PET 
systems of different geometries will be designed in the future. 
This presents a challenge for the image reconstruction software 
since it is usually based on specific geometries and has to be 
developed separately for different PET systems. In order to 
meet this challenge, we propose a generalized PET 
reconstruction method based on detector blocks.  
 
In this work, we proposed a method that can reconstruct data 
collected from virtually any PET system as long as the 
software is provided with an input file accurately describing 
the geometry of the system - the size, location and orientation 
of all the detectors composing the camera.  For computational 
efficiency, we first group scintillation crystals into detector 
blocks, and then group detector blocks into detector heads, 
which are rectangular arrays of detector blocks with the same 
orientation. Each detector head can have a flexible number of 
detector blocks and be located at any position with any 
orientation in the three-dimensional space, so that arbitrary 
PET systems can be modeled. For example, our rectangular 
PEM system is composed of four detector heads with each 
head facing the center of the field of view. In a single ring PET 
system, each head corresponds to a single detector block facing 
the center of the ring.  In addition to the flexibility to model 
arbitrary PET systems, the proposed method also has the 
advantages of accurate geometrical registration of coincidence 
chords and the precise calculation of the penetration distance 
of the chord into crystals. We validate our method using Monte 
Carlo simulation and real data collected from a prostate-
specific scanner [6], which has an elliptical geometry to 
maximize the tumor detection efficiency while reducing the 
cost. 
 

II. METHOD 
 
PET data are modeled as a collection of independent Poisson 
random variables with the expectation y  related to the 
unknown image x by an affine transform 
 

y Px r s= + +                                    (1) 
 

where P is the system matrix with the (i,j)th element 
containing the probability of detecting an event from voxel j at 

P
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the LOR i, r and s account for the randoms and scatters. The 
system matrix P can be factorized as follows [7]. 
 

det .sens atten geom rangeP P P P P=                                 (2) 
 

rangeP  is an image domain blurring matrix that models the 
positron range effect. It is dependent on the radioisotope used 
in the clinical task. It is not included in the system matrix 
calculated in this work.  
 

geomP  models the geometric probability that a photon pair 
emitted from one voxel is detected by a detector pair, in the 
absence of attenuation and assuming perfect photon 
conlinearity and uniform detector efficiency. We used a 
numerical calculation that models both solid angle and crystal 
penetration effects in the coincidence detection. 
 

attenP  is a diagonal matrix containing the attenuation factors for 
each LOR. When an attenuation map is available, the 
attenuation effect can also be included into geomP  to model the 
variation of attenuation inside each LOR. 
 

det .sensP  is a diagonal matrix that contains normalization factors. 
 
In this work, a MAP reconstruction is obtained by 
 

0
ˆ( ) arg max[ ( ) ']

2x
x y L y x xRxβ

≥
= −                      (3)    

                                        
( ) ( log log !)i i i i

i

L y x y y y y= − −∑                    (4)   

                                      
where y is the projection data, R is a positive definite (or semi-
definite) matrix and β is the smoothing parameter that controls 
the resolution of the reconstructed image.  
 
In order to obtain a good image reconstruction, each 
component in the system matrix represented by equation (2) 
has to be accurately calculated. In modeling the scanner 
geometry, the block structure, the orientation and location of 
the scintillation crystals, the gap between the detector blocks 
are the main concerns. In order to account for above concerns, 
we propose a method that can accurately calculate the 
projection matrix geomP for arbitrary geometry PET scanners 
based on detector blocks. 
 
The basic component of a PET camera is a scintillation crystal, 
whose size (length, width and height) and material are known. 
Multiple scintillation crystals compose a detector block and 
multiple detector blocks compose a detector head. Finally, a 
number of detector heads are placed at different locations with 
different orientations to compose a PET tomograph (Fig. 1). 
The block and detector head structure is purely for 
computation efficiency and does not reduce the generality of 
the reconstruction software. 

 

Scintillation Crystal

Detector Block

Detector Head

PET Scanner
 

 
Fig. 1 Composition of a PET tomograph 

 
Fig. 2 shows an illustration of the detector head, which is 
defined as a rectangular array of multiple detector blocks.  A 
gap may exist between detector blocks along the axial and 
transaxial directions, and its effect is accounted for in the 
system matrix calculation. 

Detector 
Block

Gap_transaxial

G
ap_axial

Transaxial direction

A
xial direction

 
Figure.2 Illustration of a detector head 

 
With the detector head defined as above, any PET tomograph 
can be composed by placing multiple detector heads at 
different positions with different orientations. This information 
can be completely described by an initialization file, which 
acts as an input file to the reconstruction code.  
For a detector block, the following information is specified in 
the initialization file. 

• Number of crystals in transaxial direction 
• Number of crystals in the axial direction 
• Number of depth levels in the crystal. Some detector 

modules have the capability to measure the depth of 
interaction [8]. 

• Size of the crystal in axial direction 
• Size of the crystal in transaxial direction 
• The length of the crystal 

For a detector head, the following information is specified in 
the initialization file. 

• Location of the head 
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• Orientation of the head 
• Number of detector blocks in transaxial direction 
• Number of detector blocks in axial direction 
• The gap between detector blocks in transaxial 

direction 
• The gap between detector blocks in axial direction 

The software also allows the specification of the detector head 
pairs within which there is no coincidence detection. 
 
The method we used to compute the system matrix can be 
either detector head driven for histogrammed data or event 
driven for list mode data. In both cases, we iterate through 
crystal pairs that detect coincidences. If the chord defined by 
the crystal pair intersects the image volume, then we calculate 
the distance the chord travels in each image voxel. Also the 
penetration distance of the chord into the crystals is calculated. 
The modeling of the physics of the data acquisition process for 
a crystal pair is similar to that in [9]. The probability of a 
coincidence from a voxel j detected by crystal pair k is defined 
as follows. 
 

01 2
( )( )

, 2

k k
l dlw w

kj
k j

k

l e e
P c

r

µµ −− + ∫
 =
  
 

                          (5) 

 
where c is a constant, µ  is attenuation coefficient of the 
scintillation crystals. kjl  is the distance the chord k defined by 
crystal 1 and 2 travels within voxel j. 0µ is the attenuation 
coefficient of the object to be imaged. kr is the length of chord 
k. 1kw  is the distance the chord travels through the crystals 
before interaction happens within crystal 1 and 2kw  is the 
distance chord k travels through the crystals before interaction 
happens within crystal 2. One of the advantages of the 
proposed software is that 1kw  and 2kw  can be very accurately 
calculated, while accounting properly for the gap between 
detector blocks and the multiple layer structure in some PET 
systems.  Fig. 3 shows how a chord may travel through 
multiple detector blocks before interaction. Fig. 3(a) shows a 
single layer system. Fig. 3(b) shows a dual-layer system that 
also measures interaction depth. In either case, we firstly 
search the detector modules which intersect the chord and 
calculate the attenuation of the chord within those modules. 
Here the chord is a line segment instead of an infinite line. 
 
In order to account properly for the geometric response of each 
chord, we sub-divide each crystal into m n q× ×  smaller 
regions along each dimension and average the response over a 
large number of lines. Thus, each crystal pair k corresponds to 

2( )mnq  chords and equation (5) becomes: 
 

2 01 2 ( )( )( )

, 2
1

i ik ki i

i

i

l dlw wmnq
k j

k j
i k

l e e
P c

r

µµ −− +

=

∫
= ∑                      (6) 

 

Crystal 1
Crystal 2

Crystal 2

Crystal 1

(a)

(b)

coincidence

coincidence

 
 

Fig. 3 Calculation of penetration distance into crystals for (a) a single layer 
system (b) a dual layer system 

 
 

where ik  represents ith chord for crystal pair k. 
ik jl  is the 

length of ith chord within voxel j. 0( )i il dlµ∫  denotes the line 
integral of the source density over ith chord. The larger the 
values of (m,n,q) are, the more accurate the system model is. 
 
From the information provided in the initialization file, the 
geometrical factors of detector heads, such as locations, 
orientations and the gap between the detector blocks or 
crystals, can be easily and accurately modeled.  Therefore, the 
spatial location and orientation of all crystals which determine 
the coincidence chord in the PET tomograph can be precisely 
known. This is one of the main advantages of the proposed 
software.  
 

III.  RESULTS 
 

We applied the developed software to the prostate scanner 
developed at our laboratory, which has a very irregular 
geometry to maximize the prostate cancer detectability while 
minimizing cost. The proposed camera can achieve twice the 
detection efficiency as a conventional 2D PET camera with 
approximately one-quarter the detector costs. 
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(a) 

Prostate

 
(b) 

 
 

Fig. 4 (a) Transaxial view of the scanner  
 (b) Sagittal views of the scanner 

 
Fig. 4 shows the transaxial and sagittal views of the developed 
two-ring prostate camera design. The bottom bank is fixed 
below the patient bed, and the top bank moves upward for 
patient access and downward for maximum sensitivity. Each 
bank consists of 40 conventional block detectors such as those 
in the Siemens/CTI ECAT HR+ (8 x 8 array of 4.5 mm x 4.5 
mm x 30 mm BGO crystals), forming two arcs with a minor 
axis of 44 cm and major axis of 60 cm with each detector 
block angling towards the camera center near the prostate 
location to reduce the penetration effect for photons emitted 
from prostate. The prostate camera has one-half the axial 
coverage and uses about one-fourth the number of detectors as 
in a conventional PET system. However, since the average 
distance to the detectors is approximately one-half that of a 
conventional 2D PET system, the solid angle for a central 
source is approximately double. Annihilation photons from 
other parts of the field of view (FOV) will suffer increased 
penetration effects, but these FOV regions are less important. 
Both detector banks can be tilted to image the prostate while 
minimizing attenuation. 
 
Monte Carlo Simulation 
 
Fig. 5(a) shows a reconstruction from the Monte Carlo 
simulated data representing 850k counts without adding any 
scattering and random. Fig. 5(b) shows a reconstruction from 
Monte Carlo simulated data (850k counts) with 50% scattering 
fraction. The white spot in the center simulates a prostate 
tumor whose diameter is 1 cm.  The tumor to background 
activity ratio is 2:1. The voxel size in the reconstruction is 
0.45cm3.  

(a)

(b)  
Fig. 5 Reconstructions from Monte Carlo simulations   

(a) No scattering and random added  (b) Scattering added 
 
Real Data 
 
A 37 points and a co-centric cylinder phantom were scanned. 
Both phantoms were filled with 18F-water. The initial activity 
density for the 37-point phantom was 30 µ Ci/ml and 7 million 
counts were collected. The initial activity density for the co-
centric cylinder phantom was 0.4 µ Ci/ml for the outside and 
1.2 µ Ci/ml for the inside cylinder. 20 million counts were 
collected.  Figure 6 shows the illustration (a) and reconstructed 
image (b) of the 37-point phantom. Figure 7 shows the 
illustration (a) and reconstruction (b) for the concentric-
cylinder phantom with three times higher activity density in 
the inner cylinder than the outer cylinder. Random and 
attenuation are corrected for both reconstructions. In the read 
data reconstruction, data collected within the same detector 
bank are not included. The artifacts shown in the upper and 
lower portions of the reconstructed cylinder phantom are due 
to the incomplete data sampling. Since both phantoms are 
uniform axially, the images shown are reconstructions of 2D 
sinograms obtained by single-slice rebinning. However, the 
reconstruction software is intrinsically 3D. 
 

   IV.  CONCLUSION AND DISCUSSION 

An MAP reconstruction software, which can process both 
histogrammed and list mode data, has been developed for 
image reconstruction from arbitrary PET scanners constructed 
with scintillation crystals. The scanner geometry can be 
defined using an initialization file. The size of the detector 
block and detector head is flexible so that scintillation crystals 
can be placed in arbitrary locations in the 3D space. The 
proposed method can model the exact LOR location and its 
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(a) (b)
 

Fig. 6 Illustration (a) and reconstruction (b) of a 37 points phantom 
 

(a) (b)
 

Fig. 7 Illustration (a) and reconstruction (b) of a co-centric cylinder phantom  
 
geometric response, while accounting properly for the crystal 
penetration effect and the gap between detector modules. It can 
also handle LORs that pass through multiple detector blocks. 
This feature is important to those new PET scanners using 
multiple layers of detectors. We tested the reconstruction 
software using Monte Carlo simulations and the real data 
collected from the prostate scanner developed at our 
Laboratory and obtained very good results despite of the 
irregular sampling.  
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Fully 3D PET reconstruction with system matrix derived from 
point source measurements 

Vladimir Y. Panin, Frank Kehren, Christian Michel, and Michael E. Casey 
 

 Abstract -- The quality of images reconstructed by 
statistical iterative methods depends on an accurate model of 
the relationship between image space and projection space 
through the system matrix. A method of acquiring elements 
the system matrix on the clinical CPS Innovations HiRez 
scanner was developed and reported in our previous work [1]. 
The system matrix was derived by positioning the point source 
in the scanner field of view and processing the response in 
projection space. Such response includes geometrical and 
detection physics components of the system matrix and was 
parameterized to correct for point source location and to 
smooth projection noise. The projection operator for iterative 
reconstruction was constructed, taking into account the 
estimated response parameters. In this work we extended our 
reconstruction method from 2D to 3D. Experimental data 
were used to compare images reconstructed by the standard 
reconstruction software and the one modeling the response 
function. Results showed that both better spatial resolution 
and improved noise properties can be achieved. 

I. INTRODUCTION 
The quality of reconstructed images that use algebraic 

methods depends on an accurate model of relationships 
between image and projection spaces. The elements of a 
system are commonly computed using simple geometric 
models, such as line integral, and assuming perfect 
detection. More complicated geometrical models take into 
account linear attenuation and inter crystal penetration in 
the detector response [2,3]. Monte Carlo simulations can 
further enrich system matrix models by incorporating 
detection physics effects such as inter crystal scatter [4,5]. 
Eventually, any model should be verified and corrected by 
measurements on a real scanner. Then the system matrix 
can be derived directly from these measurements. In our 
previous work, we exploited one aspect of the system 
matrix, the spatially variant point spread function (PSF), 
derived from measurements on the CPS HiRez scanner and 
restricted reconstruction to the 2D subset of the data [1]. In 
this work we extended our method into fully 3D 
reconstruction which improves dramatically the statistics of 
experimental data and allows for reconstructing patient 
data. Images obtained by standard HiRez algebraic 
reconstruction software and the new reconstruction 

software with better system matrix modeling are presented. 
Experimental data were exclusively used in this work. 

                                                           
The authors are with CPS Innovations, 810 Innovation Dr, Knoxville, 

TN 37932, USA. 
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2427, e-mail: christian.michel@cpspet.com. Michael Casey’s telephone: 
(865) 218-2253, e-mail: mike.casey@cpspet.com. 

II. METHOD 

A. The HiRez scanner 
The system matrix modeling should be performed for 

every particular scanner. Fig. 1 represents a schematic view 
of the clinical HiRez scanner. It consists of three rings of 48 
LSO blocks. Each block is composed from 13x13 crystals. 
The crystal size is 4x4x20 mm. This scanner has a barrel 
shape, so that the radius of each crystal ring depends on the 
axial coordinate. When comparing with a cylindrical 
scanner, the HiRez has no more axial translation symmetry, 
which complicates the modeling. There are also gaps 
between the blocks in both radial and axial direction. We 
assumed the gaps to be equal to the size of one crystal. 

The projection data were sorted with a maximum ring 
difference of 27 in span 11, which produced a 
336x336x313 sinogram, organized in 5 segments (copolar 
bin). Every plane with index ζ is a sinogram in line-of-
response (LOR) space, parameterized by a radial coordinate 
ρ and an azimuthal angle θ. The radial bin size is 2 mm at 
the center of the field of view (FOV). The axial bin size is 
also 2 mm. Due to axial compression (span) each plane is a 
combination of either five or six (individual/original) axial 
LORs. Images were reconstructed on a 336x336x81 grid 
with a 2 mm isotropic voxel. 

B. System matrix acquisition tool: a 3D robot 
A 68Ge point source (PS) with a diameter of 0.5 mm and 

an activity of 100 µCi was used in the measurements. Fig. 2 
shows the positioning device (3D robot). The robot allowed 
moving the point source along three orthogonal axes with a 
minimum step of 0.01mm. The robot was first aligned with 
respect to the scanner axes. The point source was placed 
inside a sector (blue area on Fig. 1), corresponding to the 
symmetry of one block in the transverse plane. The PS was 
located on a coarse grid of 1 cm. Axially, the PS locations 
covered half of the FOV with a step size of 2 mm. 
Additional measurements along x and y axis were acquired 
in a couple of planes with fine sampling. The data were 
acquired for five minute per source position. The sinograms 
consisted of unscattered true events. The standard 
normalization procedure was applied to the data. 
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Fig. 1. HiRez scanner with a sinogram schematic presentation and PS locations 
(blue area). Fig. 2. PS  positioning device. 

C. PSF modeling 
Ideally the PS data could be used directly as a system 

matrix. Practically, the projection response needs to be 
modeled with some approximations because of limited 
precision in PS and scanner block locations, limited number 
of source positions and projection noise. It is difficult to 
separate the geometrical and detector blurring components 
in the processing of acquired data in comparison with 
Monte Carlo data. Moreover, the axial rebinning (span) 
results in a significantly less sparse geometrical component. 
Consequently we did not model such component separation 
and used a different matrix space conserving technique. 
First we ignored block edge effects (by excluding 
projection data too close from block edges) when 
estimating the parameters of our model. We also assumed 
the PSF model was independent of azimuthal and polar 
angles. This approximation allowed us to use ordered 
subsets algorithms. A separation of radial and axial 
response components was further assumed and each 
component was modeled differently. 

The scanner ring was modeled as continuous media 
sampled by crystals in the case of the radial component. 
This component was an asymmetrical function combined 
from two half Gaussian functions. The discrete nature of the 
crystals was taken into account in the modeling of the axial 
component, due to axial rebinning (with span). The axial 
component was a superposition of symmetrical Gaussian 
responses. Each LOR axial position was modeled according 
to the scanner geometry with a known depth of interaction 
(DOI). The DOI value was derived from a set of radial 
components with zero depth. More details about PSF 
modeling and the model parameter estimation can be found 
in [1]. 

D. Reconstruction algorithm 
The HiRez scanner has no axial translation symmetry and 

the storage of the system matrix requires large memory, 
even when all transverse plane symmetries are taken into 
account. We decided to use a pixel driven approach and 

stored the system matrix components for one angle only 
sampled using at a fine grid. The radial component was a 
function of both radial and axial pixel positions, but was 
assumed to be depth independent. This required about 1 Mb 
memory space and the components were the same for each 
segment, because of the small acceptance angle. The axial 
component was radial, axial and depth dependent, so its 
storage requirement was about 500 Mb for all segments. 
Currently it is assumed that 2 mm pixels were well 
represented by the point source. 

We reconstructed images with an OS-EM algorithm [6] 
with various weighting schemes [7]. The backprojector was 
matched with the forward projector. The reconstruction 
with the PSF modeled system matrix will be referred to as 
PSF reconstruction. 

The HiRez standard algebraic reconstruction tool is 
based on the OS-EM algorithm [8]. All sinograms first 
underwent geometrical arc correction in both radial and 
axial direction to produce a parallel beam (PB) sinograms. 
The forward projection used linear interpolation in the 
approximation of the line integral and roughly speaking 
assumed square PSF with a width equal to the PB bin size. 
The reconstruction obtained by the standard reconstruction 
tool will be referred to as PB reconstruction. 

Attenuation and scatter corrections for the PSF 
reconstruction were obtained by applying inverse arc 
correction on the corresponding PB components. The 
attenuation weighted OS-EM reconstruction used 21 
subsets or 16 angles per subset. 

III. RESULTS 
The main objective was the investigation of the benefits 

of a better system matrix modeling with respect to our 
standard reconstruction software. We have previously 
observed improved resolution in both radial and axial 
direction in PSF reconstruction of PS data [1]. In this work 
we illustrate the properties of the PSF reconstruction of 
standard phantoms and patient data. In clinical environment 
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regularization is implemented as early stopping before OS-
EM convergence. Consequently we also used the same 
approach in this study. 

The bias-noise tradeoff was illustrated on a 20 cm 
diameter phantom with hot and cold spheres on a warm 
background  loaded with 0.4 mCi 68Ge. The phantom is 
shown in the top part of Fig. 3. The phantom was placed off 
center. Data were acquired in true mode for four hours. We 
chose the cold sphere region as a measure of convergence. 
The hot spots tend to reach an asymptotic value at a 
relatively small number of iterations, while the cold region 
converges much more slowly. We defined the noise as the 
pixel-to-pixel standard deviation in the background ROI. 
The left bottom part of Fig. 3 presents the curve of the noise 
in a background ROI versus residual activity in the cold 
sphere for a set of reconstructions with various numbers of 
iterations. The iterative reconstruction with the better bias-
noise tradeoff results in a curve closer to origin. According 
to this figure of merit, the PSF reconstruction provided 
superior noise properties and both algorithms converge 
similarly. At higher numbers of iterations, the cold spot of 
the PSF reconstruction had lower values, likely because of 
less noise influence. When reconstructing noiseless 
simulated data, (data not shown), both PB and PSF 
converged to similar small cold spot contrast value. Noise 
affects the cold spot value because of the non-negativity 
constraint of the OS-EM estimation. We also observed that 
recovery of smaller spheres was improved in PSF 
reconstruction at higher iteration number. The profile 
through a 6 mm diameter sphere is displayed in the lower 
right part of Fig. 3 and confirms this statement. 

Hoffman’s brain phantom 18F data were acquired for 110 
min. Reconstructions are presented on Fig. 4 versus number 
of iterations (up to 15). The better resolution property of the 
PSF reconstruction leads to a better definition of the 
phantom structure. For example, the sagittal view revealed 
the discrete physical axial structure of the phantom 
reconstructed with PSF, emphasizing the improved 
resolution obtained when modeling the PSF. This is 
consistent with the observations from the spheres phantom 
where PSF modeling also offered visually better noise 
property. 

While phantom studies showed the advantages of better 
system matrix modeling, the main objective is the 
reconstruction of clinical patient data with low statistics, 
where these advantages, might be offset by the high noise 
level. Fig. 5 shows an example of reconstruction of a 

patient with a lung tumor. The whole body coronal images 
were post-smoothed with 5 mm Gaussian filter in order to 
produce clinically acceptable images. While the noise 
structure differed between the two reconstruction methods 
in un-smoothed images, post-smoothing greatly reduced 
those differences. However, when looking only at the lung 
tumor, the un-smoothed PSF image provides a sharper 
description than the PB one. These results are preliminary 
and more investigation will be conducted. 

IV. DISSCUSSION 
A method for acquiring and modeling the elements of the 

system matrix was developed for the HiRez clinical 
scanner. Despite the approximations, PSF modeling readily 
provide images with superior quality when compared to 
those obtained with the present clinical software. Currently 
we are working on a more efficient implementation of the 
algorithm. The feasibility of faster reconstruction time, 
suitable for clinical environment, will be discussed. 
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Fig. 3. Sphere recovery 68Ge phantom reconstructions (transaxial and coronal view) for a various iteration number along with plot of figures of merit and 
profile through image. Images of 10th iteration were used in profile plot.
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PB 
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Fig. 4. Hoffman brain 18F phantom reconstructions for a various number of iterations: The upper images are transaxial views and the lower 
images are sagittal views. 
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PB PSF

Fig. 5. The whole body patient data reconstructions after five iterations: The left images are PB reconstruction, the right images are PSF
reconstruction. Seven bed positions were used in this whole body scan. The wholebody coronal images were post smoothed with 5 mm
Gaussian filter and scaled to better visualize the low level activity inside the patient. The small inserts show a zoom on the hot lung
tumor (from a different coronal slice) and were not post- smoothed. 
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